L~

UNIVERSITA DEGLI STUDI DI MILANO

Ph.D. School in Physics, Astrophysics and Applied Physics
Physics Department “Aldo Pontremoli”

Ph.D. Course in Physics, Astrophysics and Applied Physics
Cycle XXXVII

Year One Hundred Refoundation:
a Didactic Proposal
for a Cultural Understanding
of Quantum Mechanics

Disciplinary Scientific Sector PHYS-06/B (ex FIS/08)

Supervisor: Prof. Marco GILIBERTI
Co-supervisor: Prof. Matteo PARIS
Director of the School: Prof. Aniello MENNELLA

Ph.D. Thesis of:
Luisa LOVISETTI

Academic Year 2023-2024



Commission of the nal examination:

External Referees:

Prof. Grzegorz KARWASZ (Institute of Physics, Nicolaus Copernicus University, Toru n,
Poland)

Prof. Enrico GIANNETTO (Universit a degli Studi di Bergamo, Italy)

External Members:

Prof. Grzegorz KARWASZ (Institute of Physics, Nicolaus Copernicus University, Toru n,
Poland)

Prof. Enrico GIANNETTO (Universit a degli Studi di Bergamo, Italy)

Internal Member:
Prof. Marco GILIBERTI (Universit a degli Studi di Milano, Italy)

Final examination:

Date: 28 October 2024

Universit a degli Studi di Milano, Physics Department “Aldo Pontremoli”
Via Celoria 16, 20133 Milano, Italy



Quantum physics is no longer an abstract theory for specialists. We must now abso-
lutely include it in our education and also in our culture. [1]
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Premise

In the last decades of the nineteenth century, classical physics seemed to rest on abso-
lutely solid foundations consisting of Newton's mechanics for the motion of macroscopic
bodies, and on Maxwell's electromagnetic theory for radiation and the manifestations of
its interactions with matter. At the time, the strong faith in the universal validity of clas-
sical physics was further deeply reinforced by in the great successes of its technological
applications, which highlighted a turning point in the industrial revolution of the second
half of the nineteenth century.

In reality, the situation was not as peaceful as it seemed, and new dif culties were
emerging in classical physics, requiring new horizons to be opened. Some subtle ele-
ments of contradiction, concerning various experimental facts that classical physics was
unable to frame in its theoretical structure, were crucial in cracking these sedimented
and apparently steadfast certainties.

The earliest attempts to understand microscopic phenomena —now known as the
old quantum theory— led to the full development of a new theory in the mid-1920s.
Quantum mechanics thus arose gradually from those early ad hocmodels, which tried
to explain observations which could not be reconciled with classical physics, and devel-
oped with the contributions of numerous physicists over more than half a century, being
able to provide a satisfactory explanation for all these empirical rules and apparent con-
tradictions.

That is why quantum mechanics constitutes an extraordinary scienti ¢ process, and
its development deserves to be discovered and reconstructed, not only from an historical
point of view, but also and more importantly through a cultural and educational mean-
ing. In fact, quantum mechanics represents one of the pillars of modern physics, along
with a scienti ¢ revolution, having radically changed our way of understanding real-
ity; therefore, it should constitute a fundamental cultural heritage for everyone. Despite
this, even today, a century after its foundation, this theory appears almost completely
extraneous to students' educational path, being often perceived as a mysterious and in-
comprehensible eld.

It is thus time that quantum mechanics becomes part of people knowledge, start-
ing from student's formation. In fact, embracing quantum mechanics as part of cultural
knowledge encourages critical thinking, problem-solving, and a deeper appreciation of
the natural world. It stimulates interest in STEM elds, which are essential for future
innovation and scienti ¢ literacy. Moreover, quantum mechanics challenges our under-
standing of reality, causality, and the nature of the universe. Engaging with these con-
cepts enriches our intellectual and philosophical outlook, fostering a more curious and
thoughtful society.

This research project, developed within the cultural framework of the research group
in physics education of the University of Milan, is thus aimed to give quantum mechan-
ics a central role in physics education, analysing the approaches currently proposed by

Xiii
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manuals, highlighting their criticalities and problems, and trying to outline an effective

didactic reconstruction of such a theory (together with the report of its accurate histor-
ical development), in order to provide a coherent and detailed path for introducing its
physics and mathematical foundation.

The goal is to design, on the so-called educational reconstruction model, a didactic
approach for teaching quantum mechanics at high school and in non-physics degrees
courses, which —as happens for mechanics, thermodynamics and electromagnetism—
is con gured as a signi cant and formative itinerary as well as a cultural framework.
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CHAPTER 1

The state of the art: quantum physics in high school and in
society

1.1 Quantum physics and our understanding of the world

The knowledge and understanding of modern physics are two indispensable aspects
of every citizen's life. Their cultural signi cance lies in the fact that the two pillars that
constitute it —the theory of relativity and that of quantum mechanics— have engen-
dered a revolution in thought and in how we perceive ourselves and the world around
us. Indeed, quantum physics (understood as the general structure of a quantum theory)
constitutes the theoretical framework for the current description of the world. Further-
more, together with relativity, it lays the groundwork for the most powerful physical
theory at our disposal: the standard model.

Quantum physics, speci cally, has played the role of guiding theory in the construc-
tion of new knowledge and constitutes the theoretical paradigm for describing the mi-
croscopic world. Despite appearing so distant from the way the world appears to us —
or seems to appear to us— it in uences almost every aspect of our lives: from the most
advanced technologies to chemistry, from biology to medicine. Furthermore, quantum
technologies will be the answer to some of the great challenges we face, both in the en-
ergy eld, regarding climate change, and in the elds of health and cybersecurity [2, 3].
For this reason, quantum mechanics is a socially relevant and culturally signi cant topic,
constituting an indispensable cultural asset for every citizen [4]. Therefore, itis no longer
possible to ignore qguantum mechanics in a person's education [5, 6].

Due to the signi cant role played by quantum physics and modern physics in gen-
eral, and since one of the objectives of education, besides transmitting content, is to
address and disseminate culturally and socially relevant themes —which on one hand
facilitate a deep and meaningful understanding of the world we live in and on the other
hand provide basic knowledge about the reality that surrounds us—, there is no doubt
that teaching such a discipline is fundamental today [7, 8].

Quantum mechanics has thus become the subject of attention in physics education
research since approximately the 1990s. The initial phase was characterized by extensive
debate between those who believed it was too complex to be meaningfully presented in
schools and those who instead believed it should be part of the cultural heritage of new
generations; however, within a few years, researchers realized how fundamental it was
for the culture and awareness of individual citizens and society as a whole [7].

To achieve this goal, the entire international landscape, starting from 2005, has im-
plemented profound reforms within the education system, mainly in secondary schools,
making the teaching of modern physics in general, and quantum physics in particular,
mandatory. This has led to a signi cant expansion of research and debate on teach-
ing/learning methods that continues to this day.



4 1.1 Quantum physics and our understanding of the world

On an international level, the physics education research community has developed
several pathway proposals for quantum physics, and several universities have begun
collaborating to train teachers in this area. At the core of this effort is the idea that
sharing perspectives and research outcomes derived from the implementation of these
proposals can enrich each one of them and provide insights for their integration.

In the United States, the National Quantum Initiative [9] was proposed in 2018 to ex-
plore and promote Quantum Information Science (QIS) in order to increase the develop-
ment of quantum technologies and teaching methodologies useful for making quantum
physics accessible to students.

Starting from 2015, also China has been developing programs and initiatives in quan-
tum technology that run parallel to those in the United States. Some of the key Chinese
programs and initiatives in quantum technology include:

- Mega Project on Quantum Information Science (Mozi), one of China's major gov-
ernment programs aimed at promoting research and development in quantum in-
formation science, including qguantum communications, quantum cryptography,
and quantum computing;

- National Laboratory for Quantum Information Sciences, established to conduct
advanced research in quantum information science and quantum technologies, fo-
cusing on quantum supercomputers, quantum networks, and other applications;

- Quantum Experiments at Space Scale (QUESS, or Micius), a Chinese space project
that has achieved signi cant milestones in quantum key distribution via satellites,
contributing to quantum entanglement over long distances.

In addition, at the European level, on 17 May 2016, the European Commission an-
nounced the launch of the Quantum Technologies Flagship (QTFlagship) [10], a decade-
long research program initiated in 2018 involving all member states, with thousands of
researchers and a signi cant nancial investment, aimed at both increasing and dissemi-
nating knowledge and the development of quantum technologies. The QTFlagship aims
to position Europe at the forefront of the second quantum revolution, which began at the
beginning of the twenty- rst century, bringing revolutionary advancements in science,
industry, and society. It has sparked signi cant development in quantum technologies
and technological advancements in computing, sensing, simulations, cryptography, and
telecommunications.

In support of the QTFlagship, the QTEdu project [11] (namely, Coordination and Sup-
port Action for Quantum Technology Education) has been created, aimed at establishing
the necessary learning ecosystem to inform and educate society as a whole about quan-
tum technologies. The goal is to create a “quantum society” with adequate knowledge
and positive attitudes towards quantum technologies, so that modern physics knowl-
edge becomes part of the cultural and educational heritage of every individual.

With this purpose in mind, in 2019, during the annual conference of GIREP (Groupe
International de Recherche sur 'Enseignement de la Physique), the most important in-
ternational association for physics education [12], another initiative was launched [13].
This initiative involved building an international community for the teaching and learn-
ing of quantum physics in secondary schools.

In the context of the signi cant appreciation of quantum physics, the 2022 Nobel
Prize in Physics, awarded jointly to Alain Aspect, John F. Clauser, and Anton Zeilinger
“for experiments with entangled photons, establishing the violation of Bell inequalities and pio-
neering quantum information science’is a recognition that underscores even more clearly

Ihttps://iwww.nobelprize.org/prizes/physics/2022/summary/
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the extraordinary power of quantum mechanics and emphasises how this theory is of
central importance to society as a whole.

1.2 Quantum physics at high school

1.2.1 The ltalian scenario

In Italy, with the implementation of the Gelmini Reform in 2010 [14], speci ¢ learning
objectives were introduced for secondary schools regarding the study and understand-
ing of modern physics, including quantum physics. It is worth noting that, with the
recognition of educational autonomy in 1999 [15], the concept of a “school curriculum”
was abandoned, granting teachers greater freedom in managing the content of various
subjects. This decree aims to provide guidelines through which schools and teachers
establish the educational offerings to ensure that preparation and skills are as homoge-
neous as possible at the national level.

Upon closer examination of these national guidelines, it is evident that the objective
of introducing competencies in the context of modern physics involves all types of high
schools, not just scienti ¢ ones.

- Regarding non-scienti ¢ high schools — i.e, artistic high school (Attachment B),
classical high school (Attachment C), linguistic high school (Attachment D), and
music high school (Attachment E)— the provided indications are vague and lim-
ited to giving some suggestions (desirable but not mandatory):

Itis desirable for students to engage in paths of twentieth-century physics related
to the microcosm and/or macrocosm, addressing the issues that historically led
to new concepts of space and time, mass and energy. It is understood that the re-
sponsibility for coherent implementation of these pathways, tailored to the type
of high school in which they operate, lies with the professionalism of the teacher.
([14], pp. 25, 57, 87, 118, 148-149, 178, 215, 244, 270, 374, 405)

- In scienti ¢ high schools, both traditional and with the applied sciences option, the
provided indications are instead more detailed and speci c:

The educational pathway will encompass the knowledge developed in the twen-
tieth century concerning both the microcosm and the macrocosm, addressing the
historical issues that led to the emergence of new concepts of space and time,
mass, and energy. The emergence of the quantum of light model can be intro-
duced through the study of thermal radiation and Planck’s hypothesis (also ap-
proached only qualitatively). It will be further developed, on one hand, through
the study of the photoelectric effect and its interpretation by Einstein, and on the
other hand, through the discussion of theories and experimental results high-
lighting the presence of discrete energy levels in the atom. The experimental ev-
idence of the wave nature of matter, postulated by de Broglie, and the principle
of indeterminacy could provide a signi cant conclusion to the pathway. ( [14],
pp. 313-314, 342)

In March 2010, the Regulation Concerning the Revision of the Structural, Organi-
zational, and Educational Framework of High Schools [16] introduced the teaching of
physics in the rst two years of the scienti ¢ high school, bringing the total hours to 13
over the ve years, compared to the 8 hours in the previous system.

The focus on teaching physics became even more important and necessary in 2015
with the Ministerial Decree No. 10 of 29 January 2015 [17] published in the Of cial
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Gazette No. 45 of 24 February 2015, which, for the rst time, included physics, along
with mathematics, as a possible choice for the Minister for the second written test of the
nal state exam (that is, the so-called Matura exam) for all scienti ¢ high school tracks
and options. Then, the Reference Framework for the Second Written Physics Test for the
State Exams was published with protocol note 13577 of 15 December 2015 [18], following
validation by a technical committee appointed by the Director of the Directorate General
for Education. On 25 January 2016 the rst simulation of the second written physics test
for scienti ¢ high schools was conducted (as per protocol note 286, of 14 January 2016).

This protocol outlines with even greater precision the knowledge that students should
acquire (see Table 1.1).

Prerequisites

Essential Contents

Skills Related to Con-
tent

Sector-speci ¢ Compe-
tencies

Rutherford's exper-
iment and  atomic
model. - Interference

and diffraction (waves,
optics). - Discovery of
the electron. - Classical
collisions.

emis-
Planck's
- Lenard's
and Ein-
explanation
photoelectric
effect. - The Comp-
ton effect. - Bohr's
atomic model and in-
terpretation of atomic
spectra. - The Franck-
Hertz experiment. - de
Broglie wavelength. -
Wave-particle  duality.
Limits of validity of
classical description.
- Electron diffrac-
tion/interference. - The
uncertainty principle.

Black-body
sion and
hypothesis.
experiment
stein's

of the

lllustrate  the black-
body model by inter-
preting its emission
curve based on Planck’s
distribution law. - Ap-
ply Stefan-Boltzmann
and Wien's laws,
recognizing their phe-
nomenological nature.
- Apply Einstein's
equation for the photo-
electric effect to solve
problems. - lllustrate
and apply the law of
the Compton effect. -

Discuss wave-particle
duality. - Calculate
emitted frequencies

for transitions between
Bohr's atomic levels.

Demonstrate, referring
to speci c experiments,
the limitations of the
classical paradigm of
explanation and inter-
pretation of phenomena
and argue the necessity
of a quantum view. -
Recognize the role of
quantum physics in
real-life situations and
technological appli-
cations. - Be able to
understand and argue
about popular science
texts and scientic
criticism that deal with
the topic of quantum
physics.

- Calculate the wave-
length of a particle
and compare it with
the wavelength of a
macroscopic object. -
Describe the quantiza-
tion condition of the
Bohr atom using the
de Broglie relation. -
Calculate the quantum
uncertainty on the
position/momentum

of a particle. - Ana-
lyze interference and
diffraction experiments
of particles, also for-
mally illustrating how
they can be interpreted
starting from the de
Broglie relation based
on the principle of
superposition.

Table 1.1: Reference Framework for the Second Written Physics Test for the State Exams ( [18], pp.
8-10).
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As can be seen, the approach suggested by these indications predominantly relies on
what is referred to as the so-called old quantum theory, namely the set of models devel-
oped ad hodetween 1900 and 1924 by scientists of that era to justify phenomenologies
that were not explainable through classical physics (such as the black-body spectrum,
the photoelectric effect, the Compton effect, Bohr's atomic model, etc.).

These models are commonly presented in a vaguely and/or predominantly chrono-
logical order: in this way, they constitute a set of unstructured information without a
coherent logical framework or didactically effective structure, as research in physics ed-
ucation has extensively shown [19-21]. This results in an approach, which is a frag-
mented and inconsistent reconstruction of quantum physics. Many studies emphasise
that this approach leads to profound misunderstandings and confusions, rendering the
discipline obscure and incomprehensible.

1.2.2 The international scenario

Once analysed what the Italian scenario considers desirable for high school students to
know about quantum physics, it is interesting to identify similarities and/or differences
in approach in other countries.

Over the years, several very interesting analyses have been conducted, the most re-
cent of which was carried outin 2019 and again in 2021 [22,23], comparing the way quan-
tum physics is presented in 15 different countries: Australia, Austria, Belgium, Canada,
Denmark, Finland, France, Germany, Italy, the Netherlands, Norway, Portugal, Spain,
Sweden, and the United Kingdom.

Content item mentioned in the curriculum document Countries (/15) Documents (/23)
Black-body radiation 9

Bohr's atomic model 13 15
Discrete energy levels (line spectra) 15 22
Interactions between light and matter 13 21
Wave-particle duality or complementarity 15 23
Matter waves, quantitative (de Broglie) 12 20
Technical applications 13 18
Heisenberg's uncertainty principle 9 16
Probabilistic or statistical predictions 8 15
Philosophical consequences or interpretations 5 9
One-dimensional model or potential well 3 8
Tunneling 4 7
Atomic orbital model 1 5
Exclusion principle or periodic table 2 4
Entanglement 2 3
Schrddinger's equation 2 3
Calculations of detection probability 1 3

Table 1.2: Frequency of quantum physics curriculum items for different countries and all scruti-
nized documents ([22], p. 11)

As can be observed (see Table 1.2), the curricula of different states are very similar,
and the topics covered in most of the countries examined include:

- black-body radiation,
- Bohr's atomic model,

- discrete energy levels (line spectra),

interactions between light and matter (photoelectric effect and Compton effect),
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- wave-particle duality or complementarity,

- matter waves (de Broglie wavelength),

Heisenberg's uncertainty principle,

probabilistic or statistical predictions (inherently probabilistic nature of the the-
ory).

1.3 The “pseudo-historical” approach

From what has emerged so far, regarding quantum physics contents, high school cur-
ricula proposed in various countries essentially follows what is called a “traditional”
or “pseudo-historical” approach, much like the Italian one, based on the old quantum
theory [22—26].

Despite its widespread use, this approach is widely criticised in physics education
research both nationally and internationally, with several studies suggesting that dealing
with the old quantum theory is not the most effective way to introduce quantum physics
[27].

The reasons underlying this fact are often motivated by the idea that an educational
approach encompassing both the old quantum theory and quantum mechanics requires
excessive time; time that could be more pro tably spent focusing solely on quantum
mechanics contents [27]. This would allow for a thorough analysis of the theoretical
and physical aspects of the theory, often with particular attention to its technological
applications.

Furthermore, it is often argued that the presentation of the old quantum theory does
not directly contribute to the understanding of quantum mechanics since all the concep-
tual and formal obstacles associated with quantum aspects should be addressed again
by discussing quantum mechanics [27].

Moreover, there is a widespread conviction that introducing semi-classical models of
the old quantum theory could even lead to misconceptions among students [28, 29].

Finally, many are of the opinion that transposing both the old quantum theory and
guantum mechanics into educational settings is challenging. This idea is likely fuelled
by the fact that, in the vast majority of textbooks (used in high school and in non-
physics/mathematics majors), the old quantum theory (and, often, also some aspects
of quantum mechanics, such as Heisenberg's uncertainty principle and the Schr ddinger
equation) is presented as a narrative on a substantial (and essential) qualitative level of
content, thus employing an approach certainly not conducive to effective teaching from
a didactic standpoint [27]. In this way, the models of the old quantum theory constitute
a set of unstructured information without a coherent logical framework or didactically
effective structure, as research in physics education has widely shown.

In fact, in the way it is proposed on physics textbooks and in school curricula, the
“pseudo-historical approach” tends to force students to abandon concepts and thought
categories of classical physics to which they have been accustomed throughout their
studies, without providing them with new tools to understand the new interpretation of
phenomena offered by quantum physics.

The outcome is that this approach leads to deep misconceptions, mainly due to the
use of two different methodologies throughout the entire educational process. Classi-
cal physics has been reformulated and reconstructed didactically a posteriorisimplifying
and adapting its language and methods without altering the essence of the problems
addressed, but rather maintaining the sense and content unchanged. This is not the
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case, however, with modern physics and, in particular, with quantum physics, which is
presented using a semi-classical approach focused mainly on old quantum theory, por-
traying quantum physics as a simple product of a crisis in classical physics. Therefore,
it is not surprising that numerous studies in physics education, including at the univer-
sity level, have highlighted dif culty for most students in addressing the key conceptual
aspects of quantum physics as presented in schools today.

Why, then, is this type of approach still being proposed in educational practice? The
choice to limit to semi-classical models of old quantum theory is often justi ed by teach-
ers by the idea that the mathematics required for presenting a coherent theory of quan-
tum physics, such as quantum mechanics, is inaccessible to students. However, in our
opinion (as well as in the opinion of many researchers), this idea is substantially un-
founded and mainly arises from attempts to circumvent dif culties related to the lack of
adequate knowledge of fundamental physics concepts and mathematical tools of quan-
tum physics by teachers (many of whom have degrees in mathematics and have never
addressed such issues in their academic and professional training) [19, 30, 31]. Addi-
tionally, the inadequacy of most school textbooks, which traditionally propose such an
approach, contributes to this perception [32-52].

1.4 Research in quantum physics education: various approaches and
different proposals

How, then, can quantum mechanics be effectively presented in high school curricula? It
is undeniable that we are facing an extremely delicate situation. At the European level,
the DESIRE (Disseminating Educational Science, Innovation and Research in Europe)
project [53] encourages teachers from various countries to share their experiences, aim-
ing to integrate teaching practices with innovative tools and methodologies.

Entire issues of highly regarded journals, such as the special issue 70(3) ofAmerican
Journal of Physic$54] and the special issue 35(6) of Physics Educationf55], have been
dedicated to the study of learning dif culties in quantum physics among students and
the proposal of new educational approaches.

Several studies have explored dif culties secondary school students encounter when
being introduced to quantum concepts [19,56—-67]. The most comprehensive study (at
least, among the most recent ones), which analyses much of the literature on this topic
within the context of high school teaching, dates back to 2017.

The main nding emerging from this review, which analysed 74 articles, is that many
of the dif culties students experience are related to their inability to create a connection
between quantum behaviour and physical reality as it appears. This underscores the
importance of explicitly discussing epistemological aspects with students, with the aim
of facilitating their appropriation of the theory. Furthermore, it has been demonstrated
that in quantum physics courses where the instructor chooses not to take a stance on
interpretative aspects, creating an implicit curriculum, students are more likely to persist
in maintaining conceptions based on classical realism [65].

More speci cally, this review highlights the most problematic points concerning the
topics present in the majority of school curricula.

- Regarding wave-particle duality, several studies [64, 66] have shown that some
students mistakenly view electrons exclusively as particles and photons as spheri-
cal luminous spheres with a de ned position or trajectory. Furthermore, different
students believe that the wave-like behaviour of electrons is due to a pilot wave
that forces them into a sinusoidal path [67,68]. Other studies [69] observed that
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students seem to nd it easier to “accept” the quantum behaviour of photons com-

pared to that of electrons and attribute this to the fact that photons are introduced
later in the curriculum. Problems have also been highlighted in interpreting the

double-slit experiment: some students believe that photons are de ected by the
edges of the slits before moving in a straight line towards the screen [70].

- For some students [61], the uncertainty principle is attributed to external effects,
errors, or disturbances during measurement.

- Regarding atoms, three main atomic models used by students have been identi-
ed [71]: (1) the planetary model, where the electron orbits along a circle of con-
stant radius, (2) the transient model, where the electron moves along a sinusoidal
path, and (3) the probabilistic model, where the electron's position is uncertain.
Students use them differently depending on what is required of them, without
fully understanding their differences. Some articles [29, 72] highlight the tendency
of students to not abandon the planetary atomic model, which could be attributed
to the dif culty of separating the model from physical reality.

Numerous studies have also investigated the learning dif culties and understand-
ing of quantum physics among university students [21]. Particularly concerning the
mathematical formalism [73], eigenvectors and eigenvalues [74], operators and observ-
ables [75], and quantum measurements [21, 76].

The issues identi ed in the scienti c literature, some of which have just been pre-
sented, have been known for many years.

Research in physics education, both at national and international levels, has devel-
oped a wide range of studies aimed at proposing solutions to these issues and analysing
conceptual dif culties in the context of upper secondary schools. Consequently, there is
a vast body of literature on the teaching and learning of modern physics [19].

Indeed, between 2000 and 2024, over 1700 articles on quantum physics have been
published worldwide, and this production is continuously increasing [77]. In recent
years, there has been a shift in the focus of research: while previously, teaching proposals
were predominantly published, there is now an increase in empirical studies on learning
[83].

In these studies, the rst observation is the lack of consensus among research groups
regarding the content to be covered and the strategies to be adopted, despite a surprising
uniformity observed in classroom practice and textbooks [22].

Some proposals suggested internationally include those from France [78, 79], Brazil
[80], the United States [81], the Netherlands [82], Germany [83], and others [84—86].
Many pilot projects are currently in the implementation/experimentation phase within
the context of QTEdu [87].

The approaches proposed by various research groups are numerous and varied, and
an accurate overview is provided by [27]. In this work, we will focus on three approaches
in particular, which correspond to the most commonly used ones:

1. the Dirac approach;
2. the approach through linear system models;
3. Feynman's path-integral approach.

These approaches will be outlined concisely, and their main strengths and limitations
will be brie y discussed [88].
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1.4.1 The Dirac approach

One of the most widely used approaches to quantum physics both nationally and in-
ternationally is the Dirac approach [89-93], which typically starts with experiments on
photon polarization or physical systems composed of a spin-1/2 particle (such as sil-
ver atoms in a Stern-Gerlach apparatus). In this way, the spin state space remains of
dimension two, similar to the case of light polarization phenomenology, allowing for a
comparison between the two different physical systems.

Numerous experiments have been conducted to test this approach [94-97]. Accord-
ing to researchers, it allows for the treatment of key concepts and peculiar elements of
guantum mechanics in a formal manner without the need to introduce advanced mathe-
matics, as would be required for an approach based on wave mechanics. The latter relies
on competency prerequisites in physics and mathematics not commonly found at the
secondary level.

The positive aspect of this approach, as also emphasized by the authors of these pro-
posals, is that it allows for the partial recovery of a simpli ed version of the quantum
formalism of states and linear operators in a two-dimensional Hilbert space. This pro-
vides students with the ability to perform simple algebraic calculations to obtain prob-
ability distributions of measurement outcomes. However, the same simplicity also con-
stitutes the limitation of these proposals, as they fail to address the more general case of
in nite-dimensional Hilbert spaces and, consequently, neither the properties of position
nor momentum operators.

Proposals starting from polarization experiments undoubtedly have several advan-
tages. Studying the phenomenology of linear polarization is in fact within the reach of
high school students. Moreover, experiments with polarizers and crystals can be easily
obtained and used to organize experimental activities. However, it should be noted that
revisiting these wave phenomena from a quantum perspective may not help grasp the
profound difference between classical and quantum behavior.

On the other hand, also proposals that choose spin as a starting point face a potential
immediate issue: assuming a certain familiarity with a distinctly quantum characteristic
of particles, spin, which may not be straightforward for students to grasp.

Lastly, another limitation in both these proposals lies in the unclear manner in which
the constructed formalism explains physical phenomena, unless limited to very peculiar
cases like the qubit.

1.4.2 The approach through linear system models

The idea behind this approach consists of identifying and exploiting formal analogies
between different elds of physics, particularly analogies between the formal structure
of quantum mechanics and the mathematics of classical linear systems (such as a system
of coupled harmonic oscillators) [98—102].

More speci cally, considering a nite system of coupled harmonic oscillators, the
following concepts can be introduced to the student:

a) the principle of superposition (the linear combination of arbitrary solutions of mo-
tion is still a solution of the equations of motion);

b) the concept of orthonormal basis (the normal modes of oscillation of the system
form a basis in the vector space of solutions of the equations of motion and are
orthogonal and normalized with respect to an appropriate inner product and as-
sociated norm);
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c) the possibility of representing classical observables using suitable linear operators;

d) the concept of discretization of certain classical quantities following the imposition
of boundary conditions.

From a mathematical perspective, there do not seem to be excessive dif culties re-
garding the symbolic and formal problems of Dirac notation, introduced to use a com-
pact algebraic-vector language. The main dif culty encountered by researchers is indeed
the indispensable need to use complex numbers. For these reasons, they have high-
lighted how the teaching of modern physics must involve the creation of constructive
interference with the teaching of mathematics.

In general, however, the advantages of this approach derive from the possibility of fa-
cilitating the study of quantum formalism by familiarizing the student in advance with
the rudiments of linear algebra in a simpli ed context. However, despite the analo-
gies between certain classical systems and the formalism of quantum mechanics, it is
necessary to emphasize the different interpretative status of the concepts introduced in
the two cases, such as the concept of state superposition, which in quantum mechan-
ics enjoys an interpretation that has no analogue in the classical world, and quantum
indeterminism, which must be assumed without experimental motivations.

1.4.3 Feynman's path-integral approach

The approach originates from following the method of “sum over many paths” (path
integral) that Feynman suggests in his book QED: The Strange Theory of Ligft03].

Several researchers [104] argue that this approach, as advocated by Feynman, is well-
suited for secondary school students for several reasons. Firstly, it quickly leads to the
essence of the problem, and secondly, the prerequisites are minimal, both from the per-
spective of physics (mass, velocity, energy, momentum, straight-line propagation of a
light ray, refraction, re ection, basic concepts regarding wave motion such as wave-
length, frequency, phase of the wave) and mathematics (knowledge of vector compo-
sition, including the Pythagorean theorem and trigonometry; however, differential or
integral calculus is not required). Therefore, students can perform simple yet mean-
ingful calculations that are not merely formulaic applications but help to understand
fundamental aspects of the theory in an almost “visual” manner.

For a concrete implementation, various approaches are possible. In some educational
proposals, the calculation setup closely follows the approach of E.F. Taylor: electronic
spreadsheets inspired by Taylor's software are created using Excel [105]. Although an
Excel spreadsheet is less attractive and less user-friendly than dedicated software, ac-
cording to the authors, it has additional potential because students can build it them-
selves, modify it according to their needs, and introduce new calculations or graphs.

The main problem encountered by the authors from experimentation on secondary
school teachers and students is related to the fact that the simulations are closely tied to
the use of Excel spreadsheets, which present a certain level of complexity. The authors
assert that beyond the understanding of the physical phenomenon, which was generally
good, the outcome depends heavily on the user's familiarity or “liking” for this com-
putational tool. Another aspect that emerged is that some comments from the partici-
pants suggest the persistence of a classical way of thinking about the “different paths”:
they are seen not as different paths of the same quantum object but as different paths of
distinct quantum objects; the concept of superposition was misinterpreted in this con-
text. her educational proposals have developed teaching pathways using GeoGebra soft-
ware [106—108] instead of Excel. Indeed, in recent years, the group from the University
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of Pavia has provided an innovative contribution in this eld by re-evaluating proposals
regarding the Feynman path-integral approach, reworking and extending them using
a xed-energy approach, independent of time [109]. Utilizing this approach in educa-
tional reconstruction has essentially allowed for preserving all the advantages of the tra-
ditional approach, as well as achieving a conceptually clear treatment of the emergence
of discrete energy levels in bound systems and the time-energy uncertainty relationship.

Despite the advantages of such a didactic approach, Feynman's path integral method
runs the risk of causing misunderstandings among students. For instance, they might be
erroneously led to believe in the physical existence of trajectories even in the orthodox
formulation of quantum mechanics, which generally prohibits a particle from having
well-de ned position or momentum at every instant in time; Feynman paths represent
merely a convenient computational tool for probability amplitudes of quantum events
and do not possess any physical reality.

Moreover, a serious limitation of the didactic approach of Feynman paths [110] is also
the fact that it is not easily extendable, due to formal complications, to the treatment of
guantum observables other than position, such as momentum or spin.

1.5 The importance of a careful and continuous analysis of the exist-
ing literature

From what has been said so far, it is therefore evident how important it is, before design-
ing and implementing an educational curriculum, to know the approach proposed by
the several research groups and to have carefully analysed the existing literature.

Reading, analysing, and understanding the existing educational literature on quan-
tum mechanics is, in fact, an essential aspect for developing an effective teaching ap-
proach and creating meaningful learning pathways for several reasons:

- Understanding challenges and common dif culties: quantum mechanics is noto-
riously dif cult to understand due to its counter intuitive nature and complex as-
pects. Educational literature provides in-depth analysis of the common challenges
and misconceptions students face. Knowing these challenges allows educators to
anticipate them and develop speci ¢ strategies to address them. Moreover, by be-
ing aware of common misconceptions, educators can design their instruction to
explicitly address and dispel these incorrect notions, leading to a deeper and more
accurate understanding of the subject.

- Proven teaching methods: the educational literature includes a wealth of research
on various teaching methods that have been tested and re ned over time. By
studying these methods, educators and researchers can identify best practices and
avoid approaches that have proven ineffective. This knowledge helps in designing
instructional strategies that are more likely to engage students and enhance their
understanding of complex quantum mechanics concepts.

- Innovative approaches and techniques: staying updated with the latest educa-
tional research exposes educators to innovative teaching techniques and tools. For
instance, the use of simulations, interactive modules, and modern technology in
teaching quantum mechanics has been shown to signi cantly improve student
comprehension. By integrating these new approaches, educators can create a more
dynamic and interactive learning environment.



14 1.5 The importance of a careful and continuous analysis of the existing literature

- Assessment and feedback mechanisms: effective teaching requires continuous as-
sessment and feedback. The literature provides insights into various assessment
techniques that can help measure student understanding and identify areas where
they struggle. This allows educators to adjust their teaching methods and provide

targeted support to students, ensuring a more personalised and effective learning
experience.

- Building a community of practice: engaging with the educational literature con-
nects educators to a broader community of practice. Sharing experiences, insights,
and resources with other educators who are also focused on teaching quantum
mechanics can lead to collaborative improvements and innovations in teaching
methods. This community support fosters ongoing professional development and
encourages the exchange of ideas.

All these aspects are essential for rigorous and effective research, and cannot be over-
looked, neither in the design phase nor in the implementation and evaluation phases of
an educational proposal. This because scienti ¢ and educational literature is constantly
evolving and being updated, a fundamental aspect that cannot be neglected or ignored.
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CHAPTER 2

A cultural framework for quantum physics: the proposal
of Milan

2.1 Theories, languages and cultural aspects

Theories in physics are interpretations and explanations of the world based on abstract
mathematical structures. Thus, although grounded in experimental observations, classi-
cal mechanics is structured upon the three principles of dynamics, and “without these, it
is vain to wander through a dark labyrinth(’'[111], p. 25). Even though in educational prac-
tice, Maxwell's equations are often presented towards the end, nevertheless, it is they
that shape our understanding of electromagnetism.

We truly cannot grasp a physical theory without reference to its general axiomatic
construction [112]. This does not imply that physics should be presented solely through
a hypothetical-deductive approach, without considering experiments and their interpre-
tation. On the contrary, as an experimental science, it is from the analysis of experiments
that the axioms of the theory will be induced, and it is from its axiomatic structure that
not only interpretations of known facts will be derived but also predictions of yet unob-
served results. It is precisely this structure that instils con dence in a theory and shapes
our worldview. This constitutes a signi cant part of its “cultural expression”.

Indeed, quantum physics has sparked a revolution in how we perceive ourselves
and the world around us, in uencing virtually every aspect of our lives. This impact
extends both practically, through technological applications, and culturally, through the
advancement of human knowledge and thought.

Despite the signi cant efforts and colossal work carried out in the eld of physics
education over more than twenty years of research, there is still no general consensus on
the content to be presented and the approaches to be adopted [12,27,113,114]. Further
re ection is therefore necessary to achieve a meaningful educational reconstruction of
guantum physics in secondary education. Such a reconstruction should be:

1. effective in leading students to undergo adequate conceptual change —that is, a
gradual replacement of their existing conceptual framework with the explanatory
framework associated with the structure of quantum physics through the estab-
lishment of new ontological categories;

2. able to convey a profound cultural signi cance of quantum theory —that is, to
demonstrate how quantum physics has the power to change our perception of the
world around us.

The second point we mentioned requires, in our opinion, special attention. What
is truly lacking in school teachings and university courses is a cultural understanding

17
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of the subject being studied. However, it is important to re ect on what is meant by
understanding the cultural aspects related to different disciplines, especially in physics.
There are several ways to perceive culture.

- Culture of a society: this refers to the overarching set of customs, traditions, values,
norms, and institutions that characterize a society. It shapes the collective identity
and in uences every aspect of life within that society.

- Personal culture: this encompasses an individual's unique set of values, beliefs,
preferences, and experiences. It is shaped by personal history, education, and in-
dividual interests.

- Culture of a speci c group based on intent or political/religious belief: this in-
volves subgroups within a larger society, formed around shared interests, goals,
beliefs, speci c values, ideologies, and objectives.

- Culture as a tool for social elevation: culture can be a means to improve one's social
status or mobility, often through education, art, and intellectual engagement.

- Culture as a means for personal well-being: culture signi cantly enhances personal
well-being by providing emotional expression, intellectual growth, social connec-
tions, and overall life satisfaction.

In some cases, culture is viewed as a duty imposed from outside or as a tool for
social prestige; however, culture can be also interpreted as the pleasure of continuous
pursuit of knowledge: this last perspective interprets culture as the pleasure of continu-
ous pursuit of knowledge and self-improvement as a lifelong and intrinsically reward-
ing endeavour [115]. It is clear that when a topic is perceived as useful, beautiful, or
fascinating, the level of curiosity and desire for knowledge is very high. However, it is
deeply ingrained in common thinking that a poem, a painting, or a musical piece en-
hances a person's cultural and “spiritual” perspective more than a mathematical theory
or a physical law. In fact, high school students are rarely emotionally engaged in the
study of physics and seldom recognise the cultural signi cance of the topics discussed
as equivalent to that of humanities subjects.

Why, then, is studying and teaching physics so crucial? What kind of culture —
understood as the development of individuals as whole persons, akin to the Greek con-
cept of paideiaand the Latin humanitas— emerges from it? To answer this, it is evident
that we rst need to comprehend the conceptual, philosophical, historical, and general
shifts in thinking that accompany the acquisition of new knowledge. We have also to
understand that new knowledge changes the way we relate to the world around us, giv-
ing us new eyes to look at the universe, thus making us, using Feynman words, “atoms
with consciousness. . . matter with curiosity[116], p. 14).

Physics is de ned by the study of phenomena, the construction of theories, and the
formulation of laws, all articulated through the discipline's speci ¢ language. To un-
derstand these laws and phenomena, it is essential to grasp their epistemological foun-
dations and historical development. This enables us to establish the meaning of a phe-
nomenon and its role within the theory that interprets it.

Therefore, at all levels of teaching and learning, language should re ect a deep un-
derstanding and an acquired awareness. This approach allows us to marvel at a physical
law, appreciate its cultural signi cance, and recognize its intrinsic greatness and beauty,
thereby imparting a strong cultural meaning to physics. Indeed, physics and culture
are deeply interconnected and intertwined. However, this connection, while inherently
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close, often appears confused, intricate, and tangled to many. It is thus crucial to unravel
and illuminate this bond.

At this point, one may ask, “How does the study of physics change usti what ways can
physical knowledge help us live better or worsél’physics only useful for building and oper-
ating machinery?’ Certainly, throughout life, humans grapple with profound existential
questions about life, death, the world, and the universe, often seeking and expressing
answers through art. However, physics should also be recognized as a fundamental pil-
lar of human culture. It represents a signi cant component of the social framework in
which we live and plays a crucial role in shaping and transforming our worldview.

If we truly believe that physics should be widely perceived as a form of culture, we
must ask ourselves whether the images and worldviews that emerge from physics en-
rich our lives. Society needs to invest in the value of knowledge before being able to
reap its bene ts, which are not limited to technological advancements 1. The greatest
cultural contribution of physics lies more in its ability to pose profound questions about
nature than in the answers it provides. When the subjects explored are perceived as
useful, beautiful, or fascinating, people's interest, attention, and desire to understand
grow. From our perspective, one of the most important challenges for physics education
research is demonstrating how physics is a vital part of culture and showcasing its signif-
icant cultural impact by revealing how physical knowledge is created and applied [117].

2.2 A historical perspective for a cultural understanding of quantum
physics

As we have already seen, in school curricula and also in the textbooks mainly used at
a secondary school level (or in non-physics majors), quantum physics issues are gener-
ally introduced by starting from many models of the so-called old quantum theory. The
undeniable cultural value of the old quantum theory is substantially recognized by ev-
eryone [27,118,119]. However, the vast majority of contemporary research in physics
education argues that, for effective and meaningful teaching of quantum mechanics, es-
pecially in STEM degree programs other than physics and mathematics, discussing and
addressing the old quantum theory is not a useful choice [27] and also that an approach
starting from the historical context can hardly be translated into an ef cient educational
path for high school [27].

Therefore, as previously discussed, within the international research landscape of
physics education, approaches to teaching quantum physics proposed by different re-
search groups, while highly diverse, often share a common characteristic: they pre-
dominantly begin directly with quantum mechanics contents. This approach typically
involves signi cant omission or reduction of topics related to the old quantum the-
ory, with few exceptions that may address isolated topics, mainly the black-body spec-
trum [120-129], the photoelectric effect [130-138] and atomic models (in particular, that
of Bohr) [139-150]. In this sense, there is a lack of a comprehensive and uni ed frame-
work.

As we have observed, various approaches are proposed and employed to introduce
guantum physics. One of the most common practices involves beginning with a se-
lection of carefully chosen experiments —such as those involving spin, Stern-Gerlach
experiments, or photon polarisation— to highlight anomalies and thereby illustrate the

1In this sense, we believe that a cultural understanding of quantum physics needs even greater and more
urgent effort, as required by a society increasingly based on scienti ¢ knowledge and quantum technologies,
where the application of physical knowledge risks overshadowing the true meaning of physics itself.
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need for a new theory, namely quantum mechanics.

While these approaches are logically structured, we believe they warrant further ped-
agogical re ection. Although these experiments are undoubtedly pivotal, they alone do
not constitute conclusive evidence or the sole reason for the profound shift in worldview
brought about by quantum mechanics. In other words, they do not fully explain why
guantum mechanics emerged or why it is structured in the precise manner that it is.

In this context, these approaches may even pose a risk of creating signi cant con-
fusion and profound misunderstandings regarding the true essence of the Nature of
Science (NOS).

Indeed, the process of scienti ¢ development and paradigm shifts does not solely
arise from dif culties in interpreting isolated “details” or problems (such as those en-
countered in the aforementioned experiments). Instead, it typically involves the grad-
ual accumulation of anomalies, interpretive challenges, and the development of ad hoc
conceptual models over time. It is through this continuous buildup of tension within
existing theories that conceptual revolutions occur, leading to signi cant revisions of sci-
enti ¢ conceptions and ultimately the establishment of a new reference paradigm, such
as the theory of quantum mechanics.

Therefore, while the mentioned experiments undoubtedly provide valuable insights
for re ection and study; it is crucial not only to integrate them but also to approach them
from a different perspective in the teaching of quantum mechanics. It is essential to
supplement these experiments with a wider array of examples and concepts. Only by
doing so can we fully grasp the complexity and depth of this theory and comprehend its
profound impact on our understanding of the physical world.

Certainly, one effective method to enhance the cultural perception of a discipline is
through historical contextualisation [151]. By understanding the origins of certain prob-
lems within their social and temporal contexts, we gain deeper insights and awareness
of the topics under discussion. This approach elucidates why issues arose during spe-
ci ¢ periods and addresses particular needs, enriching our understanding of the subject
matter. This aspect is also facilitated by asking oneself “How do | know that...?" For
example, one might ask, “How do | know that matter is composed of atoms?"“How do |
know that atoms have a nucleus&hd so on. Often, such questions are met with a precise
and uniform response that is almost memorised automatically. This tendency certainly
hinders students from developing a deeper understanding of the aspects that are more
intricately linked to culture.

In light of the observations made so far, as a research group in physics education at
the University of Milan, we believe it is not only appropriate but also necessary to pro-
pose an introduction to quantum mechanics based on a physical approach, but framed
within an adequate appropriate historical context that should highlight the signi cant
cultural value of this physical theory

2.3 0Old quantum theory for a cultural introduction of quantum me-
chanics

From this standpoint, we contend that studying the old quantum theory is advantageous
because it enables the development of pathways in quantum physics that are closely
intertwined with aspects of the NOS. This approach establishes a robust framework for
implementing active teaching and learning sequences.

Furthermore, as education aims for practical applicability, starting with the old quan-
tum theory is bene cial because it is already a common topic taught in schools today.
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While teaching only quantum mechanics independently might obviously require less
time than covering both old quantum theory and quantum mechanics, the fact remains
that old quantum theory is already part of the school curriculum. Therefore, the avail-
able time for teaching quantum mechanics would be limited regardless. Hence, from
our perspective, it is more effective to integrate the teaching of old quantum theory and
guantum mechanics together, ensuring that the former serves as a functional precursor
to the latter and allowing adequate time to cover quantum mechanics comprehensively.

Regarding the risk of misconceptions deriving from semi-classical models of the old
quantum theory [28,152], we believe that the core issue lies in students not fully grasping
the theoretical framework of quantum mechanics. Consequently, they may rely on the
more familiar semi-classical models as a heuristic tool. It might sound provocative, but
historically, there has not been a suggestion to avoid teaching the Ptolemaic system for
fear it would hinder understanding of Copernicus' system, or to skip Thomson's atomic
model for fear of obstructing comprehension of Bohr's.

In this context, it is not evident that semi-classical models of the old quantum theory
inherently lead to misconceptions. Rather, the challenge appears to stem from dif cul-
ties in transitioning to a full understanding of the quantum model itself, rather than
confusion caused by classical models. A shift in models occurs when students perceive
the new model as superior and more powerful than the previous one. Therefore, from
our perspective, the issue lies not in presenting Bohr's model —which indeed offers
useful advantages [139]— but in inadequately discussing its limitations (and those of
semi-classical old quantum theory models in general [153]), along with highlighting the
advantages of the qguantum mechanical counterpart. On the other hand, the ability to
overcome one's own conceptions and revise one's hypotheses is an important cultural
objective, closely linked to the understanding of the NOS.

The approach we propose —aiming not to be strictly historical but rather a physics
approach that includes (but that is not limited to) elements of history— undoubtedly
extends beyond just quantum mechanics, at least from our perspective, and should be
applied to the entire teaching of physics. We rmly believe in the importance of em-
phasising the historical and conceptual contexts in which physical theories emerged,
not only modern ones but also classical theories like classical mechanics, thermodynam-
ics, and electromagnetism [154]. This contextualisation is crucial for understanding the
guestions, problems, challenges, and motivations that shaped these theories. Such an
approach not only enhances educational effectiveness but also ensures that teaching is a
genuine and well-founded exploration of scienti ¢ development, rather than a distorted
or super cial recounting of scienti c history.

Often, physics education risks being perceived as detached from reality, present-
ing abstract and disjointed concepts. Alternatively, there is a danger of presenting a
“pseudo-historical” narrative in quantum physics, where a distorted portrayal of his-
tory or motivations is given, which may not re ect actual events or reasons [155, 156].
This approach can lead to a mistaken view of the NOS and a distorted perception of
physics, appearing disconnected from real-world applications.

Conversely, we argue that an integrated approach, which examines the origins of
scienti ¢ theories and the motivations behind them, is essential for a comprehensive un-
derstanding of the NOS [157]. Such an approach ensures that physics education re ects
the true historical and conceptual underpinnings, providing students with a deeper and
more accurate portrayal of how scienti ¢ knowledge develops and its relevance to the
real world.
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2.4 Nature of Science and quantum physics

As already mentioned, we believe crucial to integrate physics education into a broader
cultural framework, emphasising the NOS. Although past decades of physics educa-
tion research underscored the importance of integrating NOS into curricula [158—164],
a notable absence of explicit guidance for incorporating physics history and philoso-
phy into courses [165] still remains. In fact, although NOS has long been regarded as a
fundamental component of scienti ¢ education, empirical studies consistently report a
worldwide limited representation of NOS in physics textbooks [166]. This de ciency also
exists within university curricula, where the dominance of current scienti ¢ paradigms
often hinders the integration of aspects related to the NOS. As a consequence, there are
widespread misconceptions about how scienti ¢ progress occurs among individuals not
pursuing research careers.

Furthermore, even today, many school physics presentations emphasise a supposed
“scienti c method” with “rigid” steps that are not effectively implemented in teaching
practices. This conventional method, in its typical form, inaccurately portrays scienti ¢
activity [167].

This situation holds signi cant implications for teaching methodologies. It contrasts
with an active teaching and learning approach where students are encouraged to en-
gage in scienti c inquiry “like a scientist” [162, 168]. It is evident that, if the theoretical
framework guiding scienti ¢ activities does not align with the actual process of scienti ¢
inquiry [169], it creates a disconnect in learning, causing tensions at a methodological
level [170,171].

To overcome this situation, the importance of the cultural NOS —that is, of the epis-
temological aspects of science, of science as a way of knowing, of the cultural values
attributed by society to scienti ¢ knowledge, and of the values and positioning of man
in his relationships with nature and with other human beings— is now recognized as a
fundamental element in scienti ¢ curricula [172].

The growing demand for a culturally informed physics education [173], integrating
interdisciplinary connections [174] with epistemological and historical aspects [175], is
evident [176,177]. Notably, one of the thematic groups within GIREP speci cally focuses
on studying how to enhance cultural aspects in physics education.

This recognition is certainly not recent. In fact, already in 1855, George Campbell, 8th
Duke of Argyll and President of the British Association for the Advancement of Science,
argued that

What we want in the teaching of the young, is, not so much the mere results, as the
methodsand, above all, the history of science. How, and by what steps it has advanced;
with what large admixture of error every new truth has been at rst surrounded; by
what patient watchings and careful reasonings; [...]; this is what we ought to teach,
if we desire to see education well conducted [...]. It is not merely for the sake of
investing the abstractions of science with something of a living and human interest,
that we should recall and revive these passages in her history: nor is it merely to
impress her results better on the memory, as we Il up from biographies and other
sources of information, the meagre page of the general historian. It is for something
more than this. It is both that they may be more encouraged to observe nature, and
that they may better understand how to do so with effect. ([178], p. Ixxxiii)

Our research aims to build an approach to quantum mechanics theory closely in-
tertwined with NOS so that it can build a framework for an approach to active teach-
ing/learning sequences. Among the various characterisations of the constituent ele-
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ments of the NOS [166] we are particularly interested in building awareness on the fol-
lowing intertwined aspects.

1. Empirical aspect: empirical scienti c statements derive from the observation of
natural phenomena, but the observations are mediated by the assumptions under-
lying the functioning of “scienti c¢” devices, and/or interpreted within pre-existing
theoretical frameworks.

2. Inferential aspect: inferences are statements about phenomena that are not directly
accessible to the senses. Many scienti ¢ constructs (such as forces) are inferential;
in fact they can be accessed and/or measured only through their manifestations or
effects.

3. Creative aspect: science is not just a rational or systematic activity and creativity is
needed.

4. Problematic aspect: scienti c observations acquire meaning in light of questions
and problems derived from precise theoretical perspectives.

5. Provisional aspect: scienti ¢ knowledge is reliable and durable, but never absolute
or certain. Scienti ¢ notions are subject to change; reinterpreted in the light of new
or revised theoretical ideas.

6. Theoretical aspect: science relies on well-established and internally coherent theo-
ries that provide systematic explanations for a wide range of seemingly disparate
observations across various elds. These theories generate numerous questions,
often more than they resolve, and they are typically built upon assumptions or
axioms, often involving the existence of unobservable entities. Direct testing of a
theory is inherently impossible. Instead, scientists formulate testable predictions
derived from theories and then compare these predictions with empirical observa-
tions. Consistency between predictions and observations strengthens con dence
in the tested theory. Conversely, discrepancies and anomalies diminish con dence
in the theory's validity.

7. Social aspect: scienti ¢ knowledge is discussed among peers. It in uences and is
in uenced by various cultural elements and spheres, including the social factors,
worldview, philosophy, religion, political and economic factors, etc.

2.5 A widespread lack of critical thinking and a general unawareness
of the Nature of Science

As already mentioned, we are interested in investigating the effectiveness of physics
presentations more in terms of methodological aspects (i.e, in conveying a signi cant
understanding of physics concepts, in stimulating a critical attitude, and in developing
a deep awareness of the NOS) than in terms of contents. Therefore, before starting de-
signing our experimentations, we asked ourselves some guiding questions that would
allow us to understand which conceptual aspects usually remained and become back-
ground of students and graduates, regardless of the mnemonic acquisition of facts and
mathematical structures.

To this purpose, we carried out a survey with university students and high school
teachers concerning several topics, such as the black-body spectrum, Thomsons' atomic
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model, the photoelectric effect, Rutherford's structure of the atom, Bohr's atomic model,
the Compton effect, the wave-particle duality and the entanglement.

Different aspects emerged, many of them speci ¢ of each topic. However, in all these
cases, common features appeared (that we believe are worth discussing), which raise
serious questions about the real effectiveness of physics courses in schools, and partly
also in universities.

2.5.1 Two glaring examples

In this section, we will address these aspects, focusing on two particular examples —
Thomson's atomic model, and the transition from the photoelectric effect to the Compton
effect—, in order to highlight the critical aspects of common physics teaching.

We will focus on these two examples because they are two topics traditionally pre-
sented internationally, in high school and in related textbooks, for more than 70 years
[179-193]. In addition, they are also two glaring examples that highlight how practices
commonly used in physics education (both at the high school and university levels) de-
serve re ection in terms of learning quality.

Thomson's atomic model

As previously mentioned, we wanted to know which is the awareness of the NOS and
evaluate the level of critical attitude, as well as investigating the effectiveness of physics
presentations in conveying a meaningful understanding of physics contents. Therefore,
concerning the speci ¢c example of Thomson's model, the guiding questions we followed
were:

Q1. Isthere an awareness/understanding of the fact that the model has a precise math-
ematical structure or is it interpreted literally as a plum pudding, with electrons
randomly arranged?

Q2. Is there an awareness/understanding of the problem of mechanical stability?

Q3. Is there an awareness/understanding of the irradiation problem (electromagnetic
stability)?

Q4. Isthere an awareness/understanding of the explanatory/predictive capacity of the
model?

Concerning books, in usual high school physics textbook [32-52] the atomic model of
Thomson is almost always described as a plum pudding. In fact, on 21 textbooks anal-
ysed, 17 describe it as composed of a uniformly distributed sphere of positive charge
(corresponding to the dough), inside which electrons are arranged in a completely ran-
dom way, like raisins; 3 of the remaining do not even mention the model; and just one
highlight —in only a single page, and without going into detail— the fact that it had a
precise geometrical structure.

Moreover, Thomson's model is always presented shortly after all the electromagnetic
issues; nevertheless, the problem that electrons randomly arranged in a positive sphere
cannot be in stable equilibrium unexpectedly does not arise. This lack of critical thinking
undermines the very foundations of teaching concerning the NOS. In fact, students and
teachers do not usually wonder how a model —made by a great physicist, winner of sev-
eral prestigious prizes, among which also the Nobel Prize, and much appreciated by the
scienti c community for about ten years, so much so that it had to be mentioned in any
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high school textbook— can simply be a substantially inconsistent qualitative framework
rather than a precise and accurate mathematical structure, capable of both explaining
known facts and making new predictions.

In addition, it is widely known that an accelerated charge emits an electromagnetic
wave, and, always in textbooks, especially when considering the so-called Rutherford
model, it is stated that a stable model with electrons moving around a central nucleus
is thus not possible. Also in this sense, the knowledge of Thomson's model —which
involves electrons in motion, to obtain stable con gurations— should make us re ect
on the inconsistency of non-quantitative statements: if the energy loss is small, it can be
regained, for example, in collisions. It is therefore necessary that physics students and
graduates are aware that, without estimations and calculations, the purely qualitative
aspects can be sometimes misleading: the problem is not that an accelerated charge emits
—in a sense, indeed, the emission could be a good feature of the model, given that the
emission of light by the atoms must also be explained—, but rather how much energy is
lost.

Starting from these considerations, in AY 2021-2022 and AY 2022-2023, in parallel to
the analysis of the quantum physics presentations contained in textbooks, we prepared
an anonymous written test, administered to university students attending the course
“General Physics 3" (3rd-year undergraduates in Mathematics and Physics) and high
school teachers teaching to 13th-grade students.

The test, aimed at investigating their ideas about Thomson's model, was adminis-
tered to 137 students and 92 teachers overall.

To avoid that the answers could be in uenced or guided by researchers' ideas, and to
control the spontaneous reconstruction of the participants, we asked a single question,
leaving 10 minutes to respond:

Q. One of the rst atomic models presented in textbooks is that proposed by Thom-
son. Describe it and explain its importance.

Participants were left free to choose which aspects they considered important and
useful to report in their answers. Answers obtained were evaluated separately by each
researcher (to be more homogeneous and impartial in the evaluation), and the results
were then discussed. The categorization of answers obtained (of which we report some
extracts) was based on the research questions. Research questions involved in the indi-
vidual answers are indicated in brackets.

Students' answers

Concerning students, the situation is as follows: 8% said they did not remember or did
not know how Thomson' atom was structured. 76% described it as an unstructured
plum pudding (Q1). Here an example:

A. Thomson's model considered the atom as a plum pudding, in which positive and
negative charges were mixed together.

Some students mixed up ideas coming from different models: 10% of them described
Thomson's atom as a planetary model, and 3% of them stated that it had a nucleus with
protons and neutrons. For example:

A. It had a positive nucleus and electrons rotating around it.

A. It had a positive nucleus made of protons and neutrons, and elliptical orbits on
which electrons rotated.
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As can be seen, these students attributed a structure to Thomson's atom, but only
because they confused it with a model similar to that of Bohr (Q1).

No student made references to the periodic table of elements nor to atomic spectra
(Q4), and only 5% of students spoke of the stability of the atom:

A. The atom had some electrons which balanced the positive sphere. In this way the
atom was neutral and stable.

Among those who described the model as a plum pudding, none raised the question
of the mechanical or electromagnetic stability of the system. In fact, it is interesting
to note that the concept of stability is associated only with the electrical neutrality and
not with the problem of atomic emission (Q2-Q3). Also the idea of “cloud” associated
with Thomson's atom and the image of the charges “hanged” in the atom are interesting
elements which emerged. For example:

A. The atom consists of a positively charged “cloud” with random negative charges
(like raisins in the plum pudding).

A. The atom is modelled as a sphere with a positive charge delocalized throughout
the volume, and negative charges hanged in this space. This object has a total charge
equal to zero.

Only 6% described it as a regular structure, with non-randomly arranged negative
charges (a result in line with percentages related to textbooks). For example (Q1):

A. The atom was composed of a spherical distribution of positive charge, containing
electrons regularly arranged on circles. The negative and positive charges balanced
each other, and the atom was neutral.

A. The positive charge was distributed everywhere in a sphere, with electrons on
circles and oscillating around stable positions. The atom was neutral, kept together
by the Coulomb force.

Even in these cases, the problem of electromagnetic stability was not addressed, but
we believe that the issue of mechanical stability (Q2) was implicitly understood or im-
plied.

Teachers' answers

85% of teachers showed a knowledge of the model equal to that proposed by textbooks.
Here an example for all, since answers are substantially equivalent (Q1):

A. Electrons are arranged like raisins in a plum pudding or seeds in watermelon. In
both cases the positive charge is uniformly distributed in the dough/pulp.

However, teachers seem to have a slightly greater awareness of the real structure of
Thomson's model than what is reported in textbooks. In fact, 13% wrote that Thomson's
atom was not a plum pudding, having instead a precise and regular geometry (but we
must keep in mind that this percentage might not correspond with general data, since
the sample considered is not suf ciently wide). For example (Q1):

A. Itis what is called —almost mockingly— a “plum pudding” model, but, in reality,
the geometry behind it is precise, and anything but simple. Basically, the atom con-
sists of a distributed and diffused positive charge, within which the negative charges
are arranged in a regular manner (for stability issues). The atom is neutral and lled.
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A. Thomson proposed an atomic model in which the atom was represented as a uni-
form distribution of positive charge, containing negative charges arranged in a regu-
lar manner, on concentric circumferences, in order to have a situation of equilibrium.

A. The atom is a positive sphere with negative charges inside it, arranged in a reg-
ular manner, so that the overall system is neutral and stable. It is commonly —and
improperly— known as “plum pudding model.

72% of teachers highlighted how Thomson's atom was electrically neutral, while only
11% referred to the stability of the structure (Q2-Q3).

9% of teachers recalled that Thomson's model was abandoned after Rutherford's ex-
periments. Only 5 people mentioned the link to the periodic table (Q4):

A. Thomson's atom was a good model, since it explained the periodic table of ele-
ments.

It also emerged that a more accurate awareness concerning the necessity that an
atomic model (as that proposed by Thomson) must have a precise structure and the
ability to explain speci ¢ phenomena generally corresponds to teachers with a master's
degree in physics. In the sample analysed, 68 teachers had a master's degree in math-
ematics, 19 in physics and 5 in other subjects (engineering). In fact, 6 of the physicists
(32%) recalled the regular structure of Thomson's model, in contrast to only 6 of the
mathematicians (9%). This result leads us to think that the different study programmes
might produce a different awareness of some concepts, (since the Fisher's exact test—
concerning the sets “mathematicians/physicists” and “believing that Thomson's model
has/does not have a precise structure”™— gave a probability of 9% of obtaining the null
hypothesis), but the relative number of physicists considered with respect to mathemati-
cians is too small to have a meaningful picture of the situation.

Furthermore, it turned out that, among the 12 teachers who described Thomson's
atom as a model with a very precise geometry, 10 (83%) did follow speci ¢ post-graduate
training courses on the old quantum theory; a percentage that becomes only 11% among
those who described it as a random structure. In this case, the Fisher's exact test gives a
probability of only 0.0068% of obtaining the null hypothesis: therefore, it seems that an
adequate training does help in having a more conscious and critical understanding of
the discipline, highlighting the importance of these training activities.

The photoelectric effect and the Compton effect: general considerations

Unfortunately, the conceptual and didactic problems related to Thomson's atomic model
are not an isolated case. In the context of the old quantum theory, there are also other
situations that highlight a deep lack of critical thinking, as well as a real ineffectiveness
of physics teaching.

For example, when the photoelectric effect is presented in high-school textbooks
[32-52], all the calculations are based only on the conservation of energy (81%), with-
out taking into account the conservation of momentum, despite the fact that in physics
courses both elastic and inelastic collisions are always previously studied in detail.

The momentum conservation, instead, is magically resumed (90%) while dealing
with the Compton effect (presented immediately after the photoelectric effect, often also
within the same lesson). This fact creates a profound inconsistency from a didactic point
of view, since —at least in the way in which they are generally presented at school—
they are both collisions between a photon and an electron of a material target. The only
difference between them being that the photoelectric effect is a low-energy phenomenon
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(a few eV), while the Compton effect is a medium-energy one (above 10 keV). At school
and on textbooks, however, these aspects are never highlighted.

It is true that in his famous paper of 1905 [196], Einstein, among other things, intro-
duced his heuristic model for the photoelectric effect by only making an energy balance,
but already in 1909 [197] he also spoke of the momentum of light quanta. However, it
was necessary to wait for Compton's experiments [198, 199] for the physical reality of
the momentum of the photon to be recognised experimentally.

This fact, however, does not invalidate our didactic considerations. In fact, what we
want to observe is not a problem of historical correctness, but that of a didactic inconsis-
tency of the usual presentations. Indeed, a consideration should be made to explain the
differences in modelling. In fact,

1. in the case of the photoelectric effect, the electron can be considered linked to the
photocathode and, therefore, in the momentum and energy balance, one can think
that the electron ends up with all the energy of the photon, while the photocathode
takes away all the necessary momentum without transporting energy;

2. in the case of the Compton effect, on the contrary, the electron can be considered
as free, and cannot absorb all photon's energy.

In addition to the aforementioned issues, historical elements are largely ignored or
distorted in the textbooks for what concerns the common presentation of the photoelec-
tric effect and the Compton effect. A detailed study to this regard, is provided by [132],
in which 103 university general physics textbooks were analyzed. The results obtained
indicate that these historical elements are largely overlooked or misrepresented in the
textbooks. Only three of the texts received a satisfactory score, and none received an
excellent score.

Therefore, together with test on Thomsons' atomic model, another anonymous sur-
veys was administered to 137 students and 92 teachers, containing two questions con-
cerning the photoelectric effect and the Compton effect. Here are the results.

Students' answers

For the photoelectric effect, only 11% of students took into consideration the conserva-
tion of both energy and momentum. However, not all of them were able to explain why:

A. De nitely the conservation of energy. Probably also momentum, but I do not know
why.

On the other hand, 72% of students used both the conservation laws for explaining
the Compton effect. It is interesting to note how, for many students, the photoelectric
effect and the Compton effect are seen as two completely distinct phenomena: in the
photoelectric effect the photon is in fact “absorbed” by the electron (43%), while in the
Compton effect the electron is “bumped and pushed away” by the photon (49%).

17% of students recalled the fact that, dealing with photons, the relativistic formulas
must be used, while 21% of them highlighted that the photon must be considered as a
small material body.

A. The photons, colliding with the electrons, behave like small material bodies, and
for this reason both momentum and energy are conserved in the collision.

Moreover, several students (51%) referred to the quantization of energy:
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A. In the photoelectric effect and in the Compton effect, Planck's hypothesis and the
conservation of momentum and energy are used.

No students described the two effects as the same phenomenon, at different energy
values.

Teachers' answers

22% of teachers used both the conservations laws for the photoelectric effect, compared
to 88% for the Compton effect, in line with the percentages related to textbooks. Only
9% of teachers focused on the difference in energy between the two phenomena:

A. The principle of conservation of energy and momentum are requested in both (as
in all elastic collisions). The only difference is the energy involved in the two phe-
nomena.

A. The energy involved in the Compton effect is higher than the one involved in the
photoelectric effect.

Only 4 people recalled the aspects related to the three-bodies problem:

A. Considering both the conservation of energy and the conservation of momentum,
it turns out, at some point, that the equations are incompatible unless the energy is
zero (there would be no interaction!). And this is because we have three bodies and
not two: namely, the photon, the electron, and the metal.

In addition to this, 15% of teachers mentioned the quantisation of energy:

A. For both the phenomena, the quantisation of energy introduced by Planck is re-
quired.

2.5.2 Still a lot of work to be done for physics education

The examples we have mentioned require us to re ect on the general effectiveness of
current physics courses, which apparently do not stimulate and do not develop enough

a critical approach to the subject. And this does not only happen at high school level,
since, as we have seen, even physics graduates and teachers often do not realize the
inconsistencies we have mentioned.

The process of development of critical skills in physics is probably a very long pro-
cess, that could go on for a lifetime. From the considerations made above, we may ob-
serve that critical skills of physics graduates and teachers are generally lower than those
we might expect. Evidently, a lot of work still needs to be done so that the contents pre-
sented are at least as correct as possible from a historical point of view, and didactically
coherent among each other.

By analysing current physics textbooks and comparing them with older manuals
[179-193] we realize that, although the basic concepts of early quantum physics have
been part of didactic curricula for almost 70 years, up to now, the contents presented
have never been subjected to a deep and an accurate revision, aimed at correcting the
errors and at removing all the inconsistencies highlighted above (a fact highlighted also
by the existing literature [132, 194]). In fact, the same misinterpretations and incongru-
ences contained in older manuals still appear in modern textbooks. It is therefore time
for things to change...
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2.6 Conceptual and learning knots in quantum physics

In addition to what said up to this point, our research included also an in-depth analysis
of the literature to identify the main conceptual and learning knots related to quantum
physics [21,28,195,200-214]. The literature review enabled us to pinpoint the most com-
mon dif culties encountered by students, for both the old quantum theory and quantum
mechanics (details will be discussed in the respective sections, in Chap. 4 and Chap. 5).
The abstract nature of quantum physics is often at the root of students' conceptual
challenges. Because of this abstractness, students tend to rely on common-sense reason-
ing or classical thinking when trying to make sense of quantum physics phenomena.
Literature review closely examines and nuances the concept of abstractnesso uncover
the underlying reasons for the dif culties students encounter. Typically, four reasons are
reported that underlie students' conceptual dif culties [208]. According to researchers,
students primarily struggle:

- to relate the mathematical formalism to experiences in the physical world;

to interpret counter-intuitive aspects of quantum physical phenomena,;

to transit from deterministic to a probabilistic worldview;

- to understand the limitations of language to explain and express quantukm physics
phenomena, concepts, and objects.

By combining these four reasons, we can gain a clearer understanding of the ori-
gins of conceptual dif culties in quantum physics and why these challenges persist over
time. These knots pose signi cant dif culties for students, as they require a deep under-
standing of abstract concepts.

Therefore, to gain a comprehensive and applicable view in the educational context,
we decided to integrate this information with experimental investigations conducted
directly in our experimentations.

In fact, analysing and discussing conceptual and learning challenges in educational
settings is crucial for several reasons.

From the point of view of improving understanding and retention:

- By recognizing common conceptual challenges, educators can identify and address
students' misconceptions early. This helps prevent the reinforcement of incorrect
ideas and promotes a deeper understanding of the subject matter.

- Understanding speci c learning dif culties allows teachers to develop targeted
teaching strategies that cater to the needs of their students. This can involve us-
ing analogies, visual aids, interactive simulations, or hands-on activities to clarify
complex concepts.

For what concerns the enhancement of students' engagement:

- Discussing conceptual nodes makes it easier to relate abstract concepts to real-
world applications and experiences. This relevance can increase student interest
and motivation to learn.

- Engaging students in discussions about challenging concepts encourages active
learning. This active involvement helps students develop critical thinking skills
and fosters a deeper engagement with the material.
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With respect to effective assessment and feedback:

- Understanding where students typically struggle allows educators to design for-
mative assessments that accurately gauge students' comprehension of dif cult con-
cepts. This ongoing assessment helps teachers provide timely and speci c feed-
back, guiding students toward improvement.

- Knowing the common learning dif culties enables teachers to differentiate their in-
struction, providing additional support to students who need it while challenging
those who are ready for more advanced material.

From the perspective of professional development for educators:

- Analysing conceptual and learning knots encourages educators to re ect on their
teaching practices and identify areas for improvement. This re ective practice can
lead to more effective teaching methods and improved student outcomes.

- Discussing these knots in professional learning communities allows educators to
share insights, strategies, and resources, fostering a collaborative approach to teach-
ing complex subjects.

Moreover, for what concerns the building a supportive learning environment:

- Recognising that certain concepts are inherently dif cult helps create a support-
ive learning environment where students feel understood and encouraged to ask
guestions and seek help.

- Acknowledging the challenges and normalising the struggle with dif cult con-
cepts helps students build resilience and perseverance. They learn that encounter-
ing dif culties is a natural part of the learning process and that persistence leads
to mastery.

In addition, it is also bene cial in the sense of long-term learning:

- Addressing conceptual and learning challenges ensures that students build a strong
foundation in fundamental concepts. This solid foundation is crucial for their suc-
cess in advanced studies and future academic pursuits.

- By teaching students how to approach and overcome learning dif culties, edu-
cators equip them with lifelong learning skills. Students learn to tackle complex
problems, think critically, and adapt to new challenges beyond the classroom.

In summary, carefully analysing and discussing conceptual and learning knots is vi-
tal for designing and implementing effective experimentations because it leads to im-
proved understanding and retention, enhanced student engagement, effective assess-
ment and feedback, professional development for educators, a supportive learning envi-
ronment, and long-term academic success. By addressing these challenges thoughtfully
and strategically, educators can create more effective and inclusive learning experiences.

During our experimentations, we thus observed how students interacted with quan-
tum mechanics concepts through a series of educational activities designed to highlight
the identi ed conceptual challenges. These activities included interactive lectures, com-
puter simulations, practical experiments, and guided discussions. The data on the spe-
ci ¢ dif culties encountered by students allowed us to further re ne our understanding
of the learning knots.
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Subsequent re nements focused on optimising teaching strategies to address these
dif culties. For instance, we developed analogies and simpli ed models to make com-
plex concepts more accessible and introduced visual and interactive tools to facilitate in-
tuitive understanding. Additionally, we used student feedback to continuously improve
our methodologies, ensuring they were effective in clarifying concepts and resolving the
identi ed learning knots.

2.7 Pillars and research questions

From our perspective, it is both feasible and valuable to introduce a coherent teach-
ing/learning sequence for quantum physics focusing on both the old quantum theory
and on quantum mechanics, to aid students in comprehending the shift from a period
of normal sciencéin Kuhn's words) towards the genesis of a new theory (quantum me-
chanics), thereby fostering a deeper understanding of the NOS [157,177].

The NOS encompasses fundamental characteristics, principles, and mechanisms that
delineate and in uence the development of scienti c knowledge. Pro ciency in under-
standing the NOS is crucial for both scientists and the general public alike, as it facilitates
informed engagement with scienti ¢ concepts, encourages the development of critical
thinking abilities, and fosters a profound recognition of the dynamic and evolving na-
ture of scienti ¢c knowledge.

From the perspective of physics education, quantum physics undeniably resides on
treacherous and disjointed terrain. As we aim to build an educational framework that
is stable, we therefore questioned how many and what kind of foundations should be
laid at its base. Considering that the ideal number of legs (or pillars) required for maxi-
mum stability is equal to the size of the supporting surface plus one, and since (jokingly
speaking) we are studying everything on the educational plane (which, being a plane, is
a two-dimensional surface), the ideal number of legs needed for our educational build-
ing is three. Thus, we focused ourselves on three legs that encompassed: 1) the physics
contents stemming from the old quantum theory and useful for quantum mechanics, 2)
the active approach for a teaching-learning sequence, and 3) the exploration of the NOS
by means of the historical-epistemological aspects [175].

Since our research endeavours to identify an effective approach for presenting both
the old quantum theory and quantum mechanics in an educational context, it becomes
imperative to assess the ef cacy of our approach. Therefore, based on the insights de-
rived from the existing research literature and the concise overview provided earlier, the
following research questions have guided our investigation:

RQ1. Can the old quantum theory be presented at high school in a coherent, meaning-
ful, and effective way?

RQ2. Is it feasible to achieve this, without making radical changes to topics, mathe-
matical formalism, prerequisites, and without substantially altering the total time
typically devoted to the old quantum theory?

RQ3. What are the principal disciplinary and learning knots of the old quantum theory?

RQ4. How can we develop an active learning path based on the ideas and considera-
tions outlined above?

RQ5. What is the effectiveness of including some aspects of the old quantum theory,
regarding the NOS?
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Moreover, as seen so far, our research work is aimed at studying methods for the
actual presentation of quantum mechanics at school. Therefore an assessment of the
validity of our path in this respect is important. This consideration leads to the following
additional research questions:

RQ6. Can we use some aspects of the old quantum theory to foster the construction of
guantum mechanics as a comprehensible theory with its proper axioms? In the
af rmative case, which of them are crucial?

RQ7. Is it possible to propose in Italian high school such a formalized and structured
path for quantum mechanics in a sustainable way ( i.e, the path provides learning
outcomes that, once assessed with the same standard school evaluating metrics as
other common topics, provides similar outcomes)?

RQ8. How can we develop an active learning path for quantum mechanics?

RQ9. What is teachers' opinion concerning the concrete possibility of presenting the
path at school, and about mathematics used?

RQ10. What are the principal disciplinary and learning knots of quantum mechanics?

RQ11. What is the effectiveness of the proposed approach regarding the NOS?

Moreover, from what emerges in the research literature and brie y summarised pre-
viously, it is of particular interest to know what is the understanding of the presented
formalism and its use by the students. This leads to our last research question.

RQ12. Are the students able to use the formalism in cases similar, but different, from
those presented during the path, and to explain and to motivate their use?






CHAPTER 3

Physical principles and postulates

3.1 A didactic framework for quantum mechanics: the importance of
the old quantum theory

The old quantum theory included important contributions such as Planck's quantiza-
tion of energy, Bohr's model of the atom, and Einstein's explanation of the photoelectric
effect. Despite these signi cant advances, the old quantum theory was not entirely sat-
isfactory and there was a need for a more comprehensive theoretical framework, that is,
quantum mechanics.

In fact, the old quantum theory relied on a series of ad hocassumptions to explain
speci ¢ phenomena. These assumptions were not derived from speci ¢ principles and
were often applied only to speci ¢ cases.

Moreover, even using such rules, many problems still remained open, e.g, physi-
cists had dif culties in describing non-hydrogen-like atoms, in describing spin, in un-
derstanding the link between the frequency of the radiation emitted by a charge and the
motion of the charge, and so forth. As a consequences a new general —and notad hoe—
theory was needed.

Nevertheless, despite its limitations, studying the old quantum theory as an intro-
duction to quantum mechanics offers several undeniable advantages, particularly in the
context of educational and historical perspectives.

1. Historical understanding: exploring the old quantum theory provides valuable in-
sights into the historical development of modern physics. Understanding the pro-
gression from classical physics to quantum mechanics helps appreciate the chal-
lenges and breakthroughs that shaped current scienti ¢ thought.

2. Conceptual foundations: the old quantum theory introduces fundamental con-
cepts that are crucial for grasping more advanced topics in quantum mechanics.
Concepts such as quantisation of energy, discrete energy levels, and the dual na-
ture of light and matter are rst encountered in this context.

3. Appreciation of scienti ¢ method: studying the old quantum theory exempli es
how scienti ¢ models evolve. It shows how empirical observations drive theoret-
ical advancements and how new models are proposed to address the limitations
of existing theories. This process of re nement and improvement is central to the
scienti ¢ method.

4. Simpli ed models: the old quantum theory often employs simpler mathematical
models compared to the full formalism of quantum mechanics. These models can
be more accessible for beginners and provide a stepping stone to understanding
more complex quantum mechanical principles.
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5. Key experiments: many pivotal experiments, such as those related to the black-
body radiation, photoelectric effect, and atomic spectra, are best and most ef -
ciently introduced through the lens of the old quantum theory. These experiments
are crucial for demonstrating the need for quantum theory and for understanding
how experimental evidence guides theoretical developments.

6. Building intuition: the old quantum theory helps build physical intuition about
guantum phenomena. By working through problems and models from this period,
students develop a better sense of how quantum effects manifest and why classical
physics fails at atomic and subatomic scales.

7. Connection to classical physics: the old quantum theory bridges classical and mod-
ern physics. It shows how classical concepts were modi ed to account for new
experimental data, highlighting the continuity and shifts in scienti ¢ paradigms.

8. Motivation for quantum mechanics: understanding the limitations and failures of
the old quantum theory provides strong motivation for the development of quan-
tum mechanics. It underscores the necessity of a more comprehensive framework
and prepares students to appreciate the power and elegance of quantum mechan-
ics.

9. Practical applications: some aspects of the old quantum theory still have practical
applications. For example, the Bohr model of the atom, despite its limitations,
provides useful insights into the structure of hydrogen-like atoms and is a useful
approximation in various contexts.

In summary, even if the old quantum theory is not the nal word in our understand-
ing of quantum phenomena, it plays a crucial role in the education and development of
physicists. It provides historical context, conceptual foundations, and a stepping stone
to more advanced quantum mechanics, making it an essential part of the physics cur-
riculum.

3.2 The didactic framework: the physical principles

Approaching the old quantum theory adequately may thus serve as a “privileged” path
for introducing quantum mechanics, aiding in understanding its challenges and pecu-
liarities, and fostering the right perspective on quantum physics, stressing the impor-
tance of investigating its conceptual intricacies.

Moreover, from the old quantum theory and from some simple experiments concern-
ing guantum aspects some physical principles can be derived. In the following chapters,
we will detail how to achieve each of these principles one by one. However, we believe
useful to report here a brief summary.

Principle I: wave-particle duality

Particle aspects
From the laws of chemistry (multiple proportions, constant ratios, equivalents, etc.), the
hypothesis of the existence of atoms follows. Atoms become necessary for interpreting
the laws of “chemical reactions”, i.e, of matter interacting with other matter.

From the discovery of the electron, made in 1897 by Thomson, it follows that the
atoms of chemistry are composite structures.
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From the interaction between matter and radiation the hypothesis of a corpuscular
aspect of radiation follows as well. Indeed, the explanation of the photoelectric effect
by Einstein and the Compton effect show corpuscular aspect of radiation and matter.
Moreover, much more modern experiments at very low intensity show the granularity
of both electromagnetic and matter beams [215, 216]; they show the existence of suitable
“‘guanta”.

In this regard, it is important to note that what we are saying does not imply contex-
tualising the discourse within a presumed “crisis of classical physics”, nor does it mean
that the photoelectric effect and the Compton effect cannot be explained without the hy-
pothesis of quantisation of electromagnetic radiation [217]. Rather, it only suggests that
a certain set of ideas will prove extremely functional to the birth of a new theory which,
once emerged, will be taken as a reference for interpreting reality, relegating all previous
hypotheses to the role of aiding in the construction of the theoretical framework.

Wave aspects: interference experiments

The rst step is to analyze behavioural analogies between suitably prepared beams
of matter particles, mechanical waves, and electromagnetic beams in interference and
diffraction experiments.

All of them show wave properties. Indeed, in the absence of interactions or self-
interactions, wave propagation becomes the dominant aspect. The discussion is intro-
duced starting from the historical experiment of Davisson and Germer, and the pro-
posal of matter waves by de Broglie, and progresses through much more modern ex-
periments: electron interference from electron biprism [215, 218], diffraction of macro-
molecules [219] —C60, etc.—, Mach-Zehnder interferometer experiments, neutron beam
interference [220], Kapitza-Dirac effect [221], and interference of light by two calcite crys-
tals [222].

Statistical uctuations
Starting from the discussion of the 1909 paper by Einstein, On the present status of the ra-
diation problen{197], it is demonstrated that, in the description of statistical uctuations
of electromagnetic radiation in a cavity, both particle-like and wave-like terms simulta-
neously appear.

From what has been observed, we can elucidate a rst physical principle:

Principle I: wave-particle duality — Particles such as electrons, atoms, molecules, pho-
tons, and so on, exhibit both wave-like and particle-like properties.

Principle II: statistical aspects

Statistical aspects

The analysis of single-quantum interference experiments (typically “which-path” ex-
periments, such as the double-slit experiments, Mach-Zehnder interferometers, experi-
ments with birefringent crystals, and Fresnel biprisms), and the distributions of observed
guanta highlight the necessity of a probabilistic nature of our description.

Principle II: statistical aspects — The wave-like aspects of the theory emerge as a sta-
tistical description of a large number of “quanta”, each of which can be attributed a
given probability of being revealed in a given zone of space.

Principle 1lI: quantization

Quantum aspects
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The discussion then moves to the structure of matter, in particular to the dif culties en-
countered in building an atom model based on “classical” hypotheses (mainly, Kelvin's
vortex atoms, Thomson's atomic structure and Nagaoka's Saturnian model).

The atomic model of Bohr, and later also that of Sommerfeld, together with Planck's
solution to the problem of black-body spectrum introduce the need for a quantized de-
scription. Einstein's heuristic explanation of the photoelectric effect and the explanation
of the Compton effect all push for the introduction of a quantization principle.

Principle Ill: quantization — Certain physical properties, such as energy levels in har-
monic oscillators, angular momentum in Bohr's atom, etc. are quantized, meaning
they can only take on multiple values of a minimum quantity; also other quantities
take on discrete, speci c values rather than continuous ones.

Principle IV: same formulas

The formulas used to express physical quantities employed by Planck for explaining the
black-body spectrum (energy, harmonic motion, etc.), those used by Einstein for explain-
ing the photoelectric effect, those used by Bohr for his atomic model (energy, angular
momentum, electron velocity, use of the second law of dynamics, use of conservation
principles, etc.), those for interpreting the Franck-Hertz experiment, and so forth, are all

conventional mechanical formulas formally identical to their classical counterparts. To

them are “simply” added appropriate, albeit ad ho¢quantization hypotheses.

Principle I1V: same formulas — The formulas used for physical quantities with classical
analogues are identical to classical ones.

Principle V: state “uncertainty”

If, when measuring a physical quantity on a system, we nd the value g, then we will
still nd the same value g if we immediately perform a subsequent measurement of the
same quantity.

However, the statistical aspect that generally arises from measurements performed
on a physical system leads us to believe that the state of a physical system can be de-
termined only by having access to a statistical ensemble consisting of a large number of
systems that we consider to be in the same state. Therefore, we formulate an additional
principle:

Principle V: state “uncertainty” — It is still possible to attribute physical quantities to
a quantum physical system. However, from a measurement on a single system, one
cannot (in general) deduce the state of the system itself.

In other words, while in classical mechanics a set of measurements of physical quan-
tities allows us to determine the state of the system, in quantum mechanics the situation
is different: we can still prepare a system according to known procedures as in the clas-
sical case, but we cannot (in general) come to know what a state is unless we know how
it was prepared.

Naturally, in our path, we will ensure that the induced postulates of quantum me-
chanics evidently adhere to all these principle.
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3.3 The didactic framework: from principles to postulates

Our objective is to develop a culturally informed educational proposal that can be read-
ily implemented, with minimal disruption to existing practices, while considering es-
tablished traditions in teaching and education. While alternative approaches may well
exist, our focus is on solutions that can be feasibly applied in university and high school
courses without signi cant upheaval.

Therefore, following extensive analysis of prominent teaching proposals [27] and
commonly used formulations in university quantum mechanics courses [223], we have
chosen to adopt a relatively standard set of reference postulates (or axioms)*. This deci-
sion aims to facilitate smooth transitions to more advanced studies for students, ensur-
ing coherence and continuity in their educational journey.

The axiomatic formulation —a little bit simpli ed, as it concerns only discrete spec-
trum observable— is the following [224] (the case of continuous spectrum observables is
proposed as a generalization, and is thus not postulated in a rst instance).

Postulate I: Hilbert spaces

Postulate I: Hilbert spaces — To every physical system, a Hilbert spaceH (with nite
or in nite dimensions) is associated. Every state of the system is represented by a unit
vectorin H.

Following the notation proposed by Dirac [225], we denote such a vector with the

symbol j i given by 0o 1
1
2

ji= % 3%1

With this notation, a column vectors of the Hilbert space is indicated. In Dirac no-
tation, objects like H j represent the conjugate transpose row vector of j' i. In this way,
the usual row-column product, i.e, the inner product between H jandj i, is written as
h j i;formsof kind h j are called bras while those of kind j i are called kets

The square modulus of its components, j ;j?, corresponds to the probability of ob-
taining one possibility rather than another, and therefore it must satisfy

jai?+] e+ et =l

a fact that explains why the state vector must be normalized to 1.

By denoting jei as the basis stateswhich are also unit vectors representing the axes
corresponding to different possibilities, we can (evidently) write the state as a linear
combination in this way:

ji= e+ gjeni+ gjesi+ o

Iwe nd it useful to spend a few words on the choice of the terms —principles and postulates— that we
have selected, and with which we indicate two classes of objects with different statuses. Principles are gen-
eral and fundamental guidelines that, in our framework, are based on observations (experimental and/or
theoretical) and are applicable to a wide range of situations. Postulates, on the other hand, are speci ¢ and
fundamental assumptions that are accepted without proof (even if we naturally require for them to be reason-
able assumptions) within a particular theoretical system (in our case, quantum mechanics) and serve as the
basis for further deductions and theoretical developments. We will call them postulates and not axioms, as
axioms tend to have a more general and universal scope, whereas postulates are more speci ¢ to particular
theories or contexts.
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where, using the de nition of the scalar product, we have that:
i = hej i:
Postulate II: effect of measurement on the state

Assuming that the quantum system we are studying is in an initial state written as a
superposition

J 1= ajedi+ ojedi + gjesi +
where

- jgi are the basis states,
- 2= heji % indicate the probabilities,

then, if we perform a measurement on this system, it collapses/falls into a different state
that corresponds to the basis state representing the measurement result.
We can thus formulate a second postulate for quantum mechanics.

Postulate II: effect of measurement on the state — The state of the physical system,
immediately after a measurement of the quantity G yields the result gk, is given by
jgki .

Postulate IlI: observables and self-adjoint operators

In quantum mechanics, we associate self-adjoint operators with observables that contain
information about the possible states in which the system can be found after measure-
ment and about the measurement outcomes themselves. Speci cally, we know that:

- the eigenvectors correspond to the base states, that is, the possible states in which
the quantum system can be found after measurement. For this reason, they are
also called eigenstates

- the eigenvalues, on the other hand, are the possible outcomes of the experiment;
the set of all eigenvalues of an operator, which corresponds to the set of all possible
measurement results, is called the spectrum of the observable

We can therefore state an additional postulate:

Postulate 1ll: observables and self-adjoint operators — In quantum mechanics, each

observable is associated with a self-adjoint operator. The spectrum of this opera-

tor represents the set of possible measurement outcomes, and its eigenvectors, also
known as eigenstates, represent the possible states in which the system can be found
after measurement.

Postulate IV: time evolution of a system

Postulate IV: time evolution of a system — The time evolution of the state vector j (t)i
is governed by the Schrédinger equation

B (t)= i~%;

where H (called the Hamiltonian) is the observable associated with the total energy
of the system.
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Similarly to what we did with the principles, in our approach (for details, see Chap. 6
and Chap. 7), also the postulates are induced step by step, from a series of experimental
considerations. However, for the reader's convenience, we found it useful to summarise
them brie y here as well.
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CHAPTER 4

Old quantum theory

4.1 The experimentations at the University of Milan

The old quantum theory represents a moment of physical, historical, and cultural tran-
sition, which slowly led to the decline of the classical conception, revealing the rst rays
of the quantum dawn. Like all scienti ¢ revolutions, quantum physics brought about a
new worldview and the subsequent formulation of a new theory.

Understanding the old quantum theory is important for several reasons. Firstly, it
provides insight into the historical development of quantum physics, illustrating the
evolution of scienti ¢ thought and the challenges faced by early physicists in reconciling
classical physics with emerging quantum phenomena. Additionally, studying the old
guantum theory allows to appreciate the foundational concepts and experimental evi-
dence that laid the groundwork for modern quantum mechanics. Furthermore, explor-
ing the limitations and shortcomings of the old quantum theory highlights the necessity
for the development of more comprehensive and accurate theoretical frameworks, lead-
ing to a deeper understanding of quantum mechanics as it is understood today.

Studying and understanding the old quantum theory is thus doubly bene cial for
deeply comprehending quantum mechanics and its peculiarities. In essence, a thorough
grasp of the old quantum theory serves as a stepping stone to a more profound under-
standing of the fundamental principles and conceptual framework of quantum mechan-
ics.

Therefore, the rst part of this research project thus consisted in a detailed and ac-
curate historical analysis of old quantum theory and early quantum mechanics, based
on about 800 primary sources (read in their original language, mainly German, English
and French), accompanied by about 300 secondary sources. The underlying idea was
to illustrate the genesis of quantum physics, with a broad cultural perspective aimed at
promoting, through history, those cultural aspects of the discipline often lacking even
among young physics graduates. This huge work of historical research was turned into
a book titled Old Quantum Theory and Early Quantum Mechanics: A Historical Perspective
Commented for the Inquiring Read@26] and has formed the basis upon which the experi-
mentations organized by the University of Milan have been designed, implemented and
conducted.

For greater clarity, we will divide the description of these experimentations into two
parts: in this chapter, we will present the activities related to the old quantum theory,
while in the next one, we will focus on those concerning quantum mechanics.

The aim of this chapter is thus to delineate the outcomes derived from the design,
implementation and assessment of a pilot experimentation on the old quantum the-
ory [227]. The experimentation spanned three educational laboratories conducted in
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AY 2022-23 and AY 2023-24, involving a total of 210 high-school students and 93 teach-
ers: two 15-hour didactic laboratories (held in presence) titled “Old (but Gold) Quan-
tum Theory” and focused entirely on the old quantum theory, and another 30-hour (8
of which devoted to the old quantum theory) online course titled “Principles and Equa-
tions of Physics Ill: Quantum Mechanics” and featuring the old quantum theory as an
introduction to quantum mechanics.

In parallel, the approach was also tested in three re nements with 59 students of
master's degree in physics or mathematics, during the courses “Preparation of Didactic
Experiences”.

The path followed during the experimentations, with all the contents presented, is
reported in details in Chap. 6.

4.1.1 “Old (but Gold) Quantum Theory”: the educational laboratory of the Univer-
sity of Milan

In AY 2022-23, the physics education research group of the University of Milan designed,
implemented, and tested a rst educational laboratory entitled “Old (but Gold) Quan-
tum Theory” [227]. Conducted from January to February 2023, this initiative was em-
bedded within the Italian National Plan of Recovery and Resilience (Piano Nazionale di
Ripresa e Resilienza — PNRR), targeting a cohort comprising 36 high school students of
the last three years (grades 11th-13th) and 9 teachers.

The course structure encompassed ve weekly afternoon sessions, of three hours
each, for a total duration of 15 hours. Drawing from the literature and prevalent topics
presented at school, we chose to focus on three central themes: black-body spectrum,
guantisation of radiation, and atomic models. To this end, we carefully examined not
only the research literature and textbooks most used at school, but also hundreds of
primary sources concerning these subjects (chosen from those used for the book Old
Quantum Theory and Early Quantum Mechanics: A Historical Perspective Commented for the
Inquiring Reade). Utilising an active-learning approach, the laboratory thus engaged
participants in a conceptual exploration of models derived from the old quantum theory
concerning: black-body radiation, early atomic models (Kelvin, Thomson, Nagaoka, and
Rutherford), the photoelectric effect, the Compton effect, and Bohr's hydrogen atom.

The deliberate decision to incorporate certain topics that are not strictly “quantum-
related”, such as the atomic models proposed by Kelvin, Thomson, Nagaoka, and Ruther-
ford, was driven by three key reasons. Firstly, these subjects, particularly those per-
taining to Thomson's and Rutherford's models, are typically part of the foundational
knowledge acquired by high school students, often covered in chemistry courses during
the initial years of high school. Additionally, these topics are commonly included in the
curriculum of most physics textbooks used in the nal year of high school. Furthermore,
delving into the examination and evaluation of these early atomic models, despite their
lack of quantum aspects, serves to enhance students' comprehension of Bohr's hydro-
gen atom. This is because it enables students to appreciate the challenges involved in
constructing a stable atomic model capable of elucidating well-established phenomena
(such as atomic spectra or the periodic table of elements) and making predictions about
new discoveries.

All participants, including both students and teachers, actively participated in the
meetings. This arrangement, where teachers and students are present simultaneously, is
customary in the training courses held in Milan. It allows teachers to gauge the effec-
tiveness of the proposed curriculum and assess student comprehension rsthand. Im-
portantly, this course marked the students' rst exposure to aspects of quantum theory,
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as they had not previously studied quantum physics in school.

The meetings comprised various experimental activities, such as conducting exper-
iments with spectral lamps, utilising a thermal camera, and performing experiments
to determine the electron charge-to-mass ratio. Additionally, there were guided read-
ings of 24 excerpts extracted from original papers, accompanied by numerous 10-minute
group assignments aimed at promoting active reading and comprehension. These as-
signments followed a conceptual inquiry approach, focusing on theoretical tasks. The
chosen readings were selected based on their readability and their relevance to disci-
plinary and learning objectives identi ed in the literature. Furthermore, groups were
encouraged to re ect on both qualitative examples and quantitative aspects through-
out the sessions [228]. Additionally, problems not typically covered in textbooks were
addressed and discussed in combined groups.

For example, in the case of the photoelectric effect, excerpts from Einstein's origi-
nal paper published in 1905 were read aloud, followed by group discussions among the
participants. Commencing with Einstein's heuristic model, participants were prompted
to consider how the model could be employed to forecast novel phenomena and elu-
cidate more intricate scenarios. Below, we present two distinct examples of questions
posed during these discussions, along with the corresponding responses obtained (from
now on, we will denote with “ Q.” the question posed and with “ A.” an example of the
answers obtained).

Q. Consider Einstein's heuristic model of 1905. Suppose a photon hits the metal plate
and is absorbed by an electron but does not have enough energy to eject it and induce
the photoelectric effect. What do you think will happen to the energy of the photon?
What effects will it produce in the metal?

A. If a photon strikes the metal plate but lacks suf cient energy to extract an electron,
the energy of the photon will still be absorbed by the electron. This process will lead
to an increase in the electron's energy within the material, but the electron will remain
anchored to the metal. The excess energy of the photon will be dissipated as thermal
energy, resulting in a localised increase in the metal's temperature in the region of
interaction between the photon and the electron.

Q. Consider Einstein's heuristic model of 1905. What do you think could happen if
the intensity of the incident light (always monochromatic) became several orders of
magnitude larger?

A. When the intensity of the incident light increases by several orders of magnitude, it
means there is a greater number of photons striking the photosensitive surface within
a given time interval. This would result in a higher number of photoelectrons being
emitted.

4.1.2 *"Old (but Gold) Quantum Theory II”

A second edition of the course (as part of the PNRR orientation activities) was offered
in January 2024 to 30 students of 12th and 13th grades. The educational laboratory was
organised through two full-day meetings, for a total of 15 hours. To improve the second
edition, we started by addressing and facing the disciplinary and learning knots that had
emerged during the rst experimentation (which will be discussed in a speci ¢ section,
in this chapter).

Some of the disciplinary and learning knots emerged during the rst experimentation
were more explicitly elaborated, and participants were repeatedly prompted to use the
speci ¢ model to explain different situations, articulating their expectations in diverse
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scenarios through targeted and precise questions (e.g, “What happens to the photon?”
“Where does the electron gg?”

There was an explicit request for a “pictorial” rendering and imagination of the situ-
ation. This explicit instruction facilitated students in better anticipating and visualizing
various scenarios that could arise from the models, such as the possibility of multiple ab-
sorption with a lowering of the threshold, metal heating, and a prototype of the Auger
effect (that is, when in presence of a signi cant increase in radiation frequency, the emis-
sion of inner electrons and the rearrangement of others occur).

4.1.3 “Principles and Equations of Physics Ill: Quantum Mechanics”

An online experimentation of 22 hours overall (8 of which devoted to the old quantum
theory), featuring the old quantum theory as an introduction to quantum mechanics
—a crucial aspect, being quantum mechanics our main goal—, was held from October
2023 to January 2024, within the National Plan for Science Degrees (Piano Nazionale
Lauree Scienti che — PNLS), and involving 144 students and 84 teachers. The online
format enabled the delivery of the course to a signi cantly larger audience, comprising
participants from various regions across Italy. On the other hand, it made the group-
work activities more dif cult, resulting in a less-active learning.

lllustrating the context in which a new physical theory emerges, including partial
models, attempts, and errors, is valuable for understanding the scienti ¢ process. This
endeavor, tracing the path from the old quantum theory to quantum mechanics, aimed
to exemplify an approach that we believe should be general: that is, elucidating how
problems, attempts, and partial models contribute to the fertile soil from which a theory
eventually blossoms.

Moreover, this experimentation allowed us to formulate a further research question,
namely “Can we use some aspects of the old quantum theory to foster the construction of quan-
tum mechanics as a comprehensible theory with its proper axioms? In the af rmative case, which
of them are crucial TRQ6], which we will discuss in the following chapters.

4.1.4 “Preparation of Didactic Experiences”

The approach to the old quantum theory was also tested in three re nements with 59
students of master's degree in physics or mathematics, during the courses “Preparation
of Didactic Experiences”.

The students were assigned the same questionnaires given to the students, and ad-
ditionally, they were asked to provide comments and suggestions, and to think and pro-
pose further questions that, in their opinion, could be useful to investigate other aspects
related to the topics discussed, to assess their understanding, and to stimulate active
learning and a critical approach to the presented content.

4.2 Experimentation's effectiveness: data analysis

The effectiveness of the experimentation was evaluated through diverse data sources,
encompassing all written group assignments, ve individual ongoing tests, a satisfac-
tion questionnaire, and a nal test comprising 10 open-ended questions that were not
previously encountered or discussed during the course.

It is worth noting that a range of assessment methods were utilised, going beyond
conventional practices typically favoured by educators, to thoroughly assess effective-
ness, also from the perspectives of the research group.
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Each response was assessed individually by the researchers actively involved in the
experimentation. Subsequently, a comparative analysis of these evaluations was con-
ducted, and the scores reported in this paper re ect the consensus reached after the
comparison process.

4.3 Questions and answers: a rst analysis

The proposed questions (both during the sessions and in the questionnaires adminis-
tered at the end of each session) aimed to investigate learning on two fronts: rstly,
regarding the acquisition of content covered during the sessions by the participants; sec-
ondly, regarding the level of understanding achieved and the ability to extend what was
learned to more complex contexts, by making connections between different ideas.

Below, we present the questions on which we want to focus more, but please note that
these are only a small part of those administered to the students in the questionnaires
related to the old quantum theory.

4.3.1 Black-body spectrum

Black-body spectrum: questionnaires

A central question was the following:

Q. In common textbooks, a black body is often depicted as shown in gure below.
Why could an image like this be misleading and deceptive? What are the critical
aspects of such a depiction?

Figure 4.1: Common representation of black-body cavity. Picture taken from: https://tikz.
net/blackbody/)

A total of 201 students (across all three experimentations with high school partici-
pants) responded to the question. The majority of the students highlighted the following
aspects:

- inthe image, it appears that the incident light ray is repeatedly re ected inside the
box, and it also seems that the same incoming ray is the outgoing ray (49%);

1please, keep in mind that some students highlighted more than one aspect; therefore, the sum of the
percentages is greater than 100%.
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- itis not clear that the incident beam is gradually absorbed by the black body (34%);
- the origin of the outgoing ray is not clear (18%);

- the image should have more clearly shown that a different type of radiation exits
the black body compared to the incident radiation (27%).

Most students (87%) have understood that what comes out of the black body is not
the same radiation as what enters. However, in general, for only 62% of students was
clear that, by de nition, a black body absorbs all incident radiation. Furthermore, only
19% of students explicitly speci ed both that all incident radiation is absorbed and that
the black body then emits a different radiation.

About 87% of the students observed that, from the image, it seems that the incoming
ray is also the outgoing ray, but this is impossible given the de nition of a black body.
Therefore, the rst issue is that this gure does not distinguish between incident radi-
ation and emergent radiation, or it is unclear whether the yellow beam is incoming or
outgoing radiation.

Some students (12%) suggested, as an initial correction to the image, to add arrows
to indicate the direction followed by the ray.

Moreover, as highlighted by 30% of the students, the incoming yellow ray is absorbed
by the black body, but this is not clearly visualized from the image, where, instead, it
seems that the ray is re ected inside the black body: in fact, the students would have
imagined a beam that gradually attenuates inside the black body until complete absorp-
tion. A drawing in which the ray fades inside the black body with an arrow indicating
the incoming direction would better illustrate the concept.

Finally, 26% of the students agreed that the black body emits, but the image should
more clearly show that the outgoing radiation exiting the hole is different from the in-
coming one.

For completeness, we provide two examples of comprehensive and well-articulated
responses provided by the students:

A. The term “black body” refers to an object endowed with the property of absorb-
ing all electromagnetic radiation incident upon it without re ecting any. Based on this
de nition, it cannot be claimed that the image depicted here is incorrect, as it portrays
a body with an internal cavity and a small hole through which radiation enters with-
out exiting, while also emitting electromagnetic waves (which depend on the body's
temperature). Nevertheless, this depiction can be misleading. Firstly, it is dif cult to
discern whether the radiation is entering the body or if it is generated by the body
itself and exiting through the hole: this ambiguity could be resolved by adding one or
more arrows indicating the direction of the radiation (entering the body). Secondly,
it is unclear what produces the electromagnetic waves, as the segmented arrows de-
picted seem to originate from the radiation (yellow line) rather than from the body
itself.

A. This image may appear unclear because it seems that the radiation enters through
the aperture, re ects off the cavity walls, bouncing from one point to another, and
remains trapped inside. What is not apparent is the emission of radiation from the
cavity walls, as any body emits radiation. The small red arrows might suggest that
something is de nitely coming out of the aperture, but its nature is unclear. One
might speculate that the arrows represent the incoming radiation, which at some
point nds the aperture again and exits after several internal re ections.
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Black-body spectrum: further questions

As already mentioned, the same approach was also proposed to the students of the
course “Preparation of Didactic Experiences”, who were also asked to think about ad-
ditional useful questions to propose. Part of these questions were proposed during the
second and third experimentations with high school students.

Below are several examples of questions that emerged, along with their respective
comments (denoted by “C.").

Q. Why do the two pieces of tape applied to an aluminum box, even though they are
made of two different materials and one is light-colored while the other is dark, both
appear very bright when viewed through a thermal camera?

C. This question could help in gaining a clear and deep understanding of the concept
of radiation emission from a body. One might intuitively think that the light-coloured
tape, being white, re ects all the light and thus emits little radiation. However, in
reality, this occurs because the amount of radiation emitted depends on the material
of the object.

Q. Why does the hole always emit a large amount of radiation, regardless of the ma-
terial?

C. This question, in my opinion, could help delve deeper into some aspects covered
in class, particularly by contrasting the opposite behavior between, for example, the

tapes, where the emitted radiation depends on the material, and that of the perforated

box, whose emission is always signi cant regardless of the material. In this case, the
box behaves like a black body, where radiation enters through the hole and is entirely

absorbed by the inner walls. Consequently, the greater the absorption, the greater the
emission.

Q. Where does the need to study a black body originate from?

C. It seems important and useful for students to question why they study something
and why physicists have deemed certain things important. The black body arises
from the need to integrate the major theories previously formulated, particularly ther-
modynamics and electromagnetism. Additionally, it arises from the observation of
certain phenomena that already seemed to connect electromagnetic waves with the
temperature and heat of a body.

Q. Isit useful to create diagrams or drawings or to see images of what is being studied
in physics? In what ways do you nd them effective for understanding?

C. | would answer yes, it is useful and important for understanding, especially if
seeing a drawing/diagram or creating one clari es the parts that compose it and
therefore what is being studied. | thought of this question based on the example
mentioned above, from the fact that students often rely on gures to understand,
and if they are not suf ciently explained, they may understand different or incor-
rect things. Conversely, sometimes the gure seems to be disregarded because it is
not understood and therefore considered useless. Lastly, in my experience, students
try to avoid making gures because they consider them useless tools for a problem,
giving importance to formulas and data instead. | believe this stems largely from
an approach conveyed by the teacher, but also from the dif culty of understanding
what is in front of them, leading to the choice of not asking questions and avoiding
something “dif cult”. This question seems important to understand how students
actually perceive the importance or usefulness of using gures, diagrams, perhaps
even videos, and what needs they have. Additionally, this question could prompt
the teacher to consider how much they emphasize and delve into, even starting from
students' questions, an image/diagram proposed by the textbook or themselves.
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Q. Hypothesizing the total absence of re ection of electromagnetic waves (thus, in

this universe, every object would be a perfect black body), what would be one of the

rst “visible” consequences for humans? How could this dif culty be addressed?

C. By exploiting an evidently absurd hypothesis, this question aims to revisit the ex-
perience with the thermal camera. Indeed, the thermal camera allows us to “discard”

the entire visible spectrum (which is not emitted by most objects, but rather re ected

by them, enabling our vision) and observe only the portion in the infrared that they

emit. This question enables us to extend the de nition of a black body, observing any
object not for what it re ects but for what it emits, thus opening up the possibility for
inquiries such as “Knowing that the Sun emits mostly in the visible spectrum, at what tem-
perature does it burn?dr “Assuming a uniform temperature of the human body at 37.5°C, in
which part of the spectrum does it emit?These questions certainly oversimplify reality

but fall within the perspective of “everything emits radiation”; the question remains

in which section of the spectrum.

Moreover, after addressing the introduction of black-body radiation using thermal
cameras, some questions were considered particularly useful:

Q. How do we interpret the difference in images shown in the visible and infrared
spectra? Why does it seem that there is no correspondence between the black hole in
the visible spectrum and the white one seen in the infrared? Why do different materi-
als of tape, which appear differently in the visible spectrum, respond in the same way
in the infrared region?

C. Possible answers are the following. The aluminum box with a small hole represents
a black body, as the hole appears black in the visible spectrum because it absorbs all
incident radiation and simultaneously emits a large amount of radiation in the in-
frared. The pieces of tape attached to the aluminum box, despite being different ma-
terials (paper and plastic), emit a lot of infrared radiation (in the same way) because
they contrast with the aluminum, which re ects most of the emitted radiation.

To this regard, an observation arose, regarding the fact that it would be bene cial for
students to approach the use of thermal cameras and discover on their own how different
materials emit radiation independently of the color we perceive in the visible spectrum.
Furthermore, to avoid confusion between the different colors displayed by the thermal
camera and the wavelengths of the visible spectrum, it would be more comprehensible
to visualize the thermal camera images in black and white.

In addition, another aspect was highlighted, namely,

Q. Why, in school, is it usually not proposed for students to start from an experiment
or observation?

In fact, typically, at school, students are not often encouraged to start from an exper-
iment or observation for several reasons. Firstly, there is often a lack of resources and
necessary equipment to conduct complex experiments in the classroom. Additionally,
the limited time available during lessons could make it dif cult to organize and execute
practical activities.

Furthermore, there is sometimes a preference for a more traditional approach to
teaching, which primarily focuses on the transmission of theoretical concepts and the
development of problem-solving skills through written exercises. This approach may be
considered more ef cient in terms of covering the curriculum and preparing for stan-
dardised exams.

However, there is an increasing awareness of the importance of experiments and ob-
servations in science education. These activities can promote more engaging learning,
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allowing students to directly experience concepts and develop their own observation,
analysis, and problem-solving skills. Integrating experiments into teaching often re-
quires greater commitment from teachers in lesson planning and sourcing appropriate
resources, but it can lead to a deeper and more lasting understanding of scienti ¢ con-
cepts by students.

This arises from the fact that the history of scienti ¢ and physics developments shows
us that theory is developed from observations of phenomena and curiosities that arise
from observing them or conducting experimental tests, and then seeking a more rigorous
explanation at the base.

How can a student truly understand that radiation comes out of a black body without
having seen something different from what is visible? The student does not see anything
coming out of the black body, and usually at school, students take for granted what the
book shows or what the teacher says. Using a thermal camera, for example, allows us
to see things beyond what we can usually see. This “hands-on experiences” stimulate
curiosity among students and engage them about the fact that there is radiation beyond
what is visible.

Black-body spectrum: general considerations

Approaching the concept of the black body from a physical standpoint with students,
including a historical presentation of the content and experimental activities, is useful for
several reasons. Firstly, it provides students with a deeper understanding of the physical
principles underlying the phenomenon of the black body, allowing them to directly see
how theory and practice intertwine in the scienti ¢ process. Additionally, the historical
approach offers insight into conceptual development over time and the challenges faced
by scientists in formulating and understanding such concepts.

Experimental activities enable students to experiment with concepts tangibly, mak-
ing learning more engaging and memorable. Through hands-on exploration, students
can rsthand verify the theoretical principles discussed in class and develop practical
skills in observation, analysis, and problem-solving.

Moreover, the multidisciplinary approach engages students in various aspects of sci-
ence, integrating knowledge from physics, history of science, and experimental method-
ology. This fosters a more comprehensive and articulated view of the subject, preparing
students to understand the complexity of scienti ¢ research and apply scienti ¢ methods
in various contexts.

4.3.2 Early atomic models
Early atomic models: questionnaires

Regarding the early atomic models, signi cant attention was devoted to the Thomson
model, on which several questions were posed, both during the meetings and in the
nal questionnaires.

Here is a rst example.

Q. We presented the Thomson atomic model. Provide a description of its structure,
indicating its characteristics (number and arrangement of charges, shape, mass, etc.)?
What was it able to state and explain? Why was it important at that time?

By considering 194 responses, we can assert that:
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- 76% of the participants understood that the model of Thomson has a complex and
precise structure; in fact, only 24% of the students claimed that the atomic model
proposed by Thomson is the so-called “plum pudding model”. To this regard it
must be highlighted the percentage varies signi cantly when considering students
who attended the two in-person experiments compared to those who participated
in the online laboratory. In the former case, 95% of the participants understood that
Thomson's model was anything but a plum pudding, a percentage that dropped
to 67% in the case of the online course.

- For 14% of the students, the analogy with the “plum pudding” coexists with the
concept of a positive nucleus surrounded by electrons.

- Approximately 12% of the students, despite having understood that the model is
not a plum pudding, did not grasp that the geometrical arrangement of electrons.

- 6% of the students, although providing a substantially correct response, argue that
the mass of the atom is determined only by the positive charge.

- About 2% of the students suggest an answer according to which the Thomson atom
envisages a nucleus consisting of protons and neutrons, which however had not
yet been discovered at the time.

The obtained result highlights how challenging it is to correct pre-existing informa-
tion. Indeed, before presenting Thomson's model, a quick quiz was administered to un-
derstand what preconceived notions the participants had regarding the model in ques-
tion. It emerged that 65% of the participants (both teachers and students) had encoun-
tered Thomson's model only during chemistry/science classes, while 27% had encoun-
tered it in both physics and chemistry/science classes. For 81% of the sample, Thom-
son's model was likened to a “plum pudding model” (electrons scattered like raisins in
a positive dough), while for 9%, it resembled a planetary system (positive nucleus at the
centre and electrons orbiting). Despite the percentage of participants who continue to
identify Thomson's model with a plum pudding having markedly decreased following
the session, it is evident that it is dif cult to overturn certain pre-existing images, even
when demonstrated as absurd or inconsistent.

Itis also worth noting that the same idea of the “plum pudding” model is not always
clearly presented. As an example, we propose a couple of responses:

A. Thomson's atomic model depicted the atom as a sphere with a diffuse positive
charge and electrons randomly arranged inside (which are not static, rotating around
the centre of the cloud forming a negative charge cloud) like raisins in plum pudding.
The mass of the electrons was much smaller than that of the entire atom. These elec-
trons balance the positive charge, making the atom neutral. This model provided an
explanation for the electrical stability of the atom. It was important at the time be-
cause it represented an advancement over previous atomic models, such as Dalton's
atomic model, and led to a more complex view of the atom, consisting of subatomic
particles and thus divisible.

A. The model was developed in 1904 by the physicist J.J. Thomson and is also known
as the plum pudding model. It consists of positive and negative particles distributed
homogeneously within the atomic volume, resembling candied fruits. The model
explains the neutral nature of the atom.

As we have already said, the majority of students correctly describe the structure of
Thomson's model. However, only 47% was able to answer in a clear and articulated way.
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A. Thomson's model was characterized by a concentration of positive charge in the
form of a spherical, massless entity, within which electrons were arranged in con-
gurations aimed at stabilizing the electronic con guration, thus preventing inter-
electronic repulsion from tearing the atom apart. These con gurations envisioned
electrons positioned at the vertices of regular polygons inside the sphere of positive
charge, arranged on concentric and rotating shells. It is important to emphasize that
the high number of electrons necessary to give the atom its mass (in the order of thou-
sands, as the positive charge was assumed to be massless) led to de factaancellation
of photon emissions associated with the rotation of electron shells, thereby ensuring
the stability of individual orbits. Furthermore, the arrangement of electrons on con-
centric shells allowed for an explanation of the periodic properties of elements, which
supported the model. Despite this model being erroneous, the mathematical deduc-
tion underlying it rested on the same foundations as those of more accurate models
that would follow, and generally provided an interpretation of atomic structure that
would furnish key ideas for the construction of subsequent atomic models (foremost
among which, the electron shell structure as the cause of periodic properties).

A. Thomson's model was revolutionary at the time because it postulated the exis-
tence of something positively charged that could neutralize the negative charge of
what would later be called “electrons'. The structure features a large, uniform sphere
of positive charge and numerous negative charges in motion at the vertices of regular
polygons. Moreover, to prevent the atom's decay, Thomson hypothesized its rotation.
The positive charge of the atom is massless, while tens of thousands of electrons ro-
tate and vibrate; their vibrations explain the electromagnetism and radioactivity of
some atoms. The importance of his discovery lies in the fact that not only did he
manage to provide a mathematically sensible structure of the atom, but through his
discovery, he also dismantled the idea of an indivisible atom, demonstrating that it
was actually made up of something else. Thomson performed numerous calculations
and explained through tables how the properties of the atom changed depending on
the quantity of electrons. The stability of the atom lies in the quantity of its electrons;
the fewer they are, the lower the emission.

Indeed, even students who correctly explain the structure have dif culty explaining
some fundamental aspects, such as the fact that the positive charge is massless, hence
requiring a large number of electrons to account for the atom's mass (28%); or the issue
of mechanical stability (24%) and emitted radiation (12%).

Q. Based on the description of Thomson's atomic model presented during the session,
how would you represent this model in a drawing?

Q. Based on the description of Thomson's atomic model presented during the session,
how would you draw a hydrogen atom?

We decided to address these two questions together, as they are closely related. With
these questions we wanted to verify rst whether the students' answers were consistent
with the theoretical description given during the courses, and secondly if the students
could start from the general idea and adapt it to the more particular case (the hydrogen
atom).

Let us begin by analyzing all the collected responses:

- 38% of students drew a “plum pudding” model, presenting only one electron in
the case of the hydrogen atom. Unfortunately, some students who had answered
correctly to the theoretical question also fell into this category.
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149% presented the same “plum pudding” drawing, with many electrons immersed
in a positively charged sphere, even for the hydrogen atom, showing that Thom-
son's model holds considering a very large number of electrons.

12% made a drawing consisting of a positive nucleus and electrons placed around
it, with only one electron depicted in the case of the hydrogen atom. Additionally,
we observe that the nucleus is represented either as a positive sphere or as a cluster
of protons.

5% draw a sphere containing positive charges, protons, and negative charges, elec-
trons. In the case of the hydrogen atom, the sphere consists of only one proton and
one electron.

4% proposed a sort of planetary model for the hydrogen atom, where there was
a positive nucleus around which multiple electrons rotate arranged on concentric
rings.

Only 27% of students correctly answered the question by drawing a positively
charged sphere containing electrons placed at the vertices of polygons, arranged
in rings. Additionally, multiple electrons were depicted even for the drawing con-
cerning the hydrogen atom.

The discrepancy between the accurate verbal description of Thomson's atomic model

and the drawing of the plum pudding model may stem from several didactic and peda-
gogical factors.

- Preconceived mental image: students may have a preconceived mental image of

Thomson's atomic model based on previous explanations or commonly presented
images in textbooks. Even though they verbally understand the precise geometric
structure of the model, they may struggle to translate this understanding into an
accurate drawing.

Excessive simpli cation: to simplify complex concepts, students tend to reduce
information to simpler schemes or mental models. The plum pudding model could
represent an overly simpli ed version of the concept, as students may focus only
on the most obvious or visible aspects of the model, such as the presence of positive
and negative charges within the atom.

- Abstractness problem: students may struggle to visualize abstract or complex con-

cepts such as the arrangement of electrons within the atom. Lack of familiarity with
spatial and geometric concepts could affect students' ability to accurately draw
Thomson's atomic model.

From a didactic and pedagogical standpoint, this discrepancy underscores the impor-

tance of providing students with opportunities for active and hands-on learning. Teach-
ers should encourage students to engage in practical activities, such as creating models
or using manipulative materials, to translate their verbal understanding into accurate
visual representations. Additionally, it is essential to encourage critical re ection and
class discussion to explore the differences between verbal and visual representations of
scienti ¢ concepts.

Several questions were also posed regarding Rutherford's atomic structure.
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Q. During the meeting, the concept of Rutherford's idea of the atom was discussed.
Describe its structure, taking into account the following aspects: arrangement/position
of the positive charge and arrangement/position of the negative charge.

Q. From which experimental considerations did Rutherford's atom emerge?

Regarding these two questions, 74% of the students were able to correctly explain the
structure of Rutherford's model (which was no longer seen as a planetary system in a
strict sense) and the experiments from which it was rst hypothesized and then veri ed.

Differing opinions regarding the possible motion of the negative charge emerged, but
all students agreed that electrons should be placed external to the nucleus. Regarding
the possible motion of the negative charge:

- 27% of the students stated that electrons orbit in precise trajectories around the
nucleus, without specifying the type of trajectory;

- 25% simply stated that electrons are arranged at a distance from and external to
the nucleus;

- 28% stated that electrons orbit in precise trajectories around the nucleus, specifying
that these trajectories cannot be circular;

- 7% asserted that they cannot express an opinion on the type of motion, as it is not
speci ed in the model itself;

- 6% erroneously claimed that the orbits are circular.

Itis also interesting to note that 31% of the students have highlighted how, according
to Rutherford, there was doubt about the actual charge of the nucleus.

A. Rutherford's atomic model is not exactly planetary in structure: it is characterized
by a nucleus, presumed to be positive (not de nitively proven, as Rutherford's results
are not able to establish its charge), within which all the mass is concentrated. For
reasons of stability, the nucleus is surrounded by electrons. This new model emerged
from a scattering experiment conducted by Geiger, who observed a de ection be-
tween alpha particles and atoms at an angle too wide to be explained by Thomson's
model.

A. Based on his scattering experiments, Rutherford sought to understand the struc-
ture of the atom, given that Thomson's model had already been abandoned by its
own creator. He deduced from these experiments that there must be a charge within
the atom that de ects alpha particles, even at large angles (as observed in the experi-
ments). He also realized that the atom's mass must be concentrated in this “nucleus”.
However, he was unable to determine the charge of the nucleus, only hypothesizing
that it was positive. Furthermore, he could not explain why electrons orbiting the
nucleus in circular motions did not collapse into it. Thus, Rutherford did not create a
precise model but provided solid foundations upon which subsequent models were
developed.

Additionally, 43% of the students pointed out that the experimental considerations
leading to Rutherford's model were not those mentioned in textbooks about the leg-
endary gold foil experiment. This experiment was not a single experiment conducted
by Rutherford from which he derived his theoretical model. Instead, it constituted the
experimental veri cation of Rutherford's proposed idea and was not even conducted by
Rutherford himself.
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A. The considerations leading to Rutherford's model were conducted by different
physicists and through different steps. Firstly, experimental activities were conducted
(by Rutherford, Geiger, and in a second moment, also by Marsden). Then, Rutherford
focused on the model and the formulation of a precise law, while Geiger and Mars-
den performed the subsequent experimental veri cation to test the theoretical model.
The experiment involved observing a beam of positively charged alpha particles as
they passed through matter. Only a relatively small number of these particles were
de ected, and very few were re ected. From this experiment, the presence of empty
space within the atom was inferred. However, the model was de cient as it did not
provide deductions regarding the fundamental dimensions of the atom. It was possi-
ble to verify the dependence on the nuclear charge. During the experimental phase,
the theory of errors was not taken into account.

A. Rutherford's atom model originated from the experiments conducted by Geiger
and Marsden, who studied the behaviour of alpha particles when they interacted
with matter. These experiments revealed that alpha particles, when directed at a thin
foil, were de ected at varying angles, with only a small fraction being de ected. To
explain why an alpha particle could be de ected in different ways, Rutherford needed
to propose a new atomic model. This new model de nitively disproved Thomson's
model, which posited that negative charges orbited within a positively charged sub-
stance. Rutherford asserted that the atom consisted of positively charged particles,
which made up nearly all of the atom's mass, concentrated in the nucleus. He further
stated that electrons orbited around the nucleus at a radius of approximately 10 © m,
rendering the atom electrically neutral.

However, as was the case with the Thomson model, there was a dif culty and a
resistance to abandoning preconceived ideas and established knowledge (even if they
have been proven incorrect). Indeed,

- 26% of the students still referred to Rutherford's model describing it as a planetary
system, as it is presented in school textbooks;

- 8% of the students explicitly referred to the concept of the proton when discussing
the positive nucleus.

A. Rutherford formulated his planetary atomic model: he believed that the atom
consisted of a nucleus with positively charged particles, like the sun, and elec-
trons, negatively charged particles, which represented the planets. Additionally,
the protons were contained within the nucleus and the electrons orbited around
it. To formulate his atomic model, Rutherford was inspired by previous experi-
ments conducted by Geiger and Marsden, such as the gold foil experiment.

In this regard, as previously done for Thomson's model, before presenting Ruther-
ford' model, a quick quiz was administered to understand the participants' preconceived
notions about the model in question. It emerged that 64% of the participants (comprising
both teachers and students) had encountered it only during chemistry/science classes,
while 21% had encountered it both during physics and chemistry/science classes. For
89% of the sample, Rutherford's model resembled a “planetary” system (with 49% de-
picting a positively charged nucleus at the centre and electrons orbiting in circular orbits;
21% depicting a positively charged nucleus at the centre and electrons in elliptical orbits;
20% depicting a positively charged nucleus at the centre and electrons in orbits that were
neither elliptical nor circular).

Despite the percentage of participants who continue to identify Rutherford's model
with a planetary system having signi cantly decreased, it is once again evident how
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challenging it is to dismantle certain preconceived images, even when it is shown how
absurd or inconsistent they may be.

These observations indicate that, despite the introduction of new scienti ¢ models,
there exists a certain inertia in changing established ideas. This inertia can be attributed
to various factors, including:

- In uence of educational materials: textbooks often simplify scienti c models to
facilitate understanding, but these simpli cations can lead to a misunderstanding
or incomplete grasp of the concepts. The reference to the “planetary system” is an
example of how simpli ed representations can in uence students' understanding.

- Memorization vs. critical understanding: students may memorize information
without critically understanding it. When a new model is introduced, they tend
to overlay it onto their preexisting knowledge rather than integrating and under-
standing the fundamental differences. This explains why some continue to men-
tion protons in contexts where Rutherford had not yet clearly de ned the nature
of the nucleus.

- Dif culty in knowledge transfer: students may nd it challenging to transfer knowl-
edge from one context to another, especially when it comes to abstract concepts like
atomic models. This can explain why some students continue to refer to familiar
concepts even when presented with a model that requires a paradigm shift.

These points highlight the importance of a teaching approach that not only presents
new scienti ¢ models but also guides students through a process of critical re ection on
their preexisting knowledge. This could include:

- explicit discussions on the differences between old and new models,
- activities that encourage students to compare and contrast the models,

- practical experiments that allow visualization of the principles underlying the new
models,

- use of historical contexts to illustrate how and why scienti c models evolve.

In conclusion, addressing the resistance to change in established scienti ¢ ideas re-
quires an integrated teaching approach that goes beyond the mere presentation of new
information, promoting instead a deep and critical understanding of the concepts.

Another question that we nd useful to report is the following:

Q. Based on the description of Rutherford's atomic idea presented during the meet-
ing, how would you draw a neon atom?

For this analysis, we will separately address the following aspects: nucleus, number
of orbitals, and electron arrangement.

79% of the students claimed that the neon atom, according to Rutherford's model,
is composed of ten electrons. Only 13% of the students correctly remembered that elec-
trons, according to Rutherford's model, must be several ( i.e, much more than 10).

Moreover, 85% of the students depicted a three dimensional structure.

For what concerns the nucleus

- 85% of the students drew a positively charged nucleus;
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- 9% depicted a nucleus consisting of protons and neutrons;
- 6% portrayed the nucleus as a set of ten protons.
Concerning the shape of orbits

- 41% of the drawings depicted circular orbits.

- 35% of the drawings depicted elliptical orbits.

- 24% of the students did not draw any orbit, distributing the electrons (in general,
ten) around the nucleus.

Concerning the number of orbits and lling

- 59% of the students drew two orbitals, and 89% of these students placed two elec-
trons in the innermost orbit and eight electrons in the outermost orbits.

- 4% drew ten orbits, each with one electron.
- 6% drew a single orbit with ten electrons.

From these results it emerges that, in representing multi-electron atoms, many stu-
dents resorted to the “octet rule”. hence the tendency to refer to somewhat familiar
structures to shape the “missing” details. However, there is an increase in the percent-
age of students abandoning the preconception of circular orbits in favour of elliptical
orbits and depictions of non-bidimensional atoms.

Early atomic models: further questions

As already mentioned, the same approach was also proposed to the students of the
“Preparation of Didactic Experiences” course, who were also asked to think about addi-
tional useful questions to propose.

Below are several examples of questions that emerged, along with their respective
comments (denoted, once again, by “C.").

Q. How does Thomson explain spectral lines through his model?

C. Up to that time, not much was known about atomic structure. Speci cally, only the
existence of the electron, spectral lines, and the electron's charge-to-mass ratio were
understood. Thomson thus developed a model based on these assumptions, manag-
ing to explain the spectral lines of gases as well: they correspond to the frequency at
which the electron oscillates when it returns, moving in harmonic motion, to its equi-
librium position on the stable orbit. This question seems useful to delve deeper into
Thomson's model, starting from the knowledge he had at that time.

Q. Where does the need to nd a model for atomic structure arise from?

C. This question seeks to re ect on the epistemological dimension of the atomic struc-
ture problem, on the fact that once the existence of atoms is taken for granted, the
next step is necessarily to try to answer the question “What are atom made of?"This
highlight the dif culty of investigation at the very small scale; hence the impossibility

of direct observation emerges, leading to the necessity for an indirect investigation. In
this way, Thomson's experimental observation of the presence of negatively charged
particles should naturally lead to the re ection on how these negative charges can
coexist in mechanical and electrical equilibrium in a composite (but neutral) structure
(i.e, the atom).
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Q. Why, according to Thomson's atomic model, does it not make sense for alpha par-
ticles to be bounced backward?

C. This question aims to verify the student's understanding of Thomson's model. A
student who has understood Thomson's model should recognize that in this theory,
the positive quantity in which electrons are immersed does not have mass; it simply
serves to balance the negative charge due to electrons. Starting from easy electro-
magnetic considerations, students could be easily led to understand that, if the atom
were structured as in Thomson's model, incident particles should not be bounced
backward with a probability of 1/8000.

To this regard, the following question can be also interesting:

Q. Why was Rutherford surprised by the results in the alpha particle scattering ex-
periment against a thin foil?

C. I would like to ask this question primarily for two reasons: the rst is closely re-
lated to the importance of encouraging students to reason and re ect on what the
word “problematic” or “surprising” could mean in reference to experimental results.

In the speci ¢ case of Rutherford, this “surprise” ( i.e, the fact that one particle in 8000
bounces back; in fact, according to Thomson's model, all particles should have passed
through because there was nothing to “repel” them) led him to depart from Thom-
son's model and formulate his own. The second reason is to encourage students to
think about the history of physics and how things really went. For example, Ruther-
ford's experiment is often misrepresented in textbooks: the classic diagram with the
foil in the centre is incorrect and was not even created by him, as well as the whole
story of the “single” experiment! Furthermore, his model is treated somewhat simi-
larly to Thomson's in textbooks: poorly explained, in a few lines. In reality, Ruther-
ford derived a precise mathematical formula from his model. Rutherford's model is
thus a rigorous model, but this aspect is often overlooked. And even worse, he is also
attributed with the planetary model, but in reality, he had no idea how the electrons
were arranged, only that they were at a great distance from the nucleus and balanced
the charge to achieve a neutral atom.

Moreover, the value of discussing also the mathematical and geometrical aspects of
the atomic model was grasped, as we can see from the following question:

Q. What kind of orbits are expected in the Coulomb scattering between incident al-
pha particles and electrons? Are the predicted orbits consistent with those observed
by Rutherford?

C. Since the scattering is a Coulombian one, the forces involved follow a 1=r? be-
haviour, thus hyperbolic or elliptical orbits are expected. Those observed by Ruther-
ford, in particular, are hyperbolic. | believe useful and interesting to make students
re ect also on the mathematical/geometrical aspects such as the shape of the orbits
and to show them how some theoretical results are obtained.

To this regards, we believe useful for students to re ect on the geometric and math-
ematical aspects of atomic models, as well as on their physical and chemical properties,
for several reasons:

- Deepens conceptual understanding: grasping the geometric and mathematical foun-
dations of atomic models as well as their physical properties helps students move
beyond mere rote memorization. It allows them to develop a more profound un-
derstanding of the structure and behaviour of atoms, developing links between
physical and mathematical aspects.
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- Enhances problem-solving skills: understanding the mathematical relationships
and geometric con gurations within atomic models (together with their links to
the respective chemical aspects) equips students with the tools to solve complex
problems. This skill is transversal, being essential not only in academic settings
but also in real-world scienti ¢ challenges.

- Facilitates predictive capabilities: being able to use these models to make accu-
rate predictions about atomic behaviour and interactions is a critical scienti c skKill.
It allows students to anticipate the outcomes of experiments and understand the
implications of theoretical concepts.

- Promotes scienti c literacy: a solid grasp of these models (seen from different per-
spectives) and their implications fosters scienti c literacy. Students can better ap-
preciate the development of scienti ¢ theories and the experimental evidence that
supports them, making them more informed and critical thinkers.

- Encourages interdisciplinary learning: the geometric/mathematical, chemical and
physical aspects of atomic models intersect different areas of studying. This inter-
disciplinary approach can enhance students' overall educational experience.

Early atomic models: general considerations

Approaching the formulation of the early atomic models (such as those proposed by
Thomson, Nagaoka, and Rutherford) from a physical standpoint with students, while
also incorporating a historical presentation of the content and experimental activities, is
bene cial for several reasons.

Firstly, it provides students with a deeper understanding of the historical context in
which these models were developed. Exploring the evolution of atomic theory allows
students to appreciate the scienti ¢ process, including the challenges, controversies, and
breakthroughs that shaped our current understanding of atomic structure.

Secondly, engaging students in experimental activities related to atomic models en-
ables them to explore scienti ¢ concepts rsthand. Through hands-on experiments,
students can observe phenomena, collect data, and draw conclusions, fostering critical
thinking and problem-solving skills.

Additionally, presenting the development of atomic models from a physical perspec-
tive helps students grasp the underlying principles of atomic structure. By discussing
the experimental evidence that led to the formulation of each model, students can better
understand the scienti ¢ reasoning behind each theory and evaluate their strengths and
limitations.

Furthermore, integrating historical context and experimental activities into the cur-
riculum enhances student engagement and motivation. By connecting abstract concepts
to real-world examples and historical narratives, students can develop a more holistic
and meaningful understanding of atomic theory.

4.3.3 The photoelectric effect and the Compton effect

The photoelectric effect and the Compton effect: questionnaires

The questions posed about the photoelectric effect were primarily focused on Einstein's
heuristic model. The main objective was to assess whether the students could indepen-
dently explore the model in order to answer in-depth questions.

Let us examine some of these questions.
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Q. Why is Einstein's explanation for the photoelectric effect “the simplest picture”?
Try to imagine what situations might be more complicated.

177 students answered this question. 95% of them were able to adequately justify
why Einstein's explanation of the photoelectric effect is the simplest picture.

The dif culty arises in answering the second part of the question, which asks them
to imagine more complicated situations:

- 12% of the students did not respond to this question or admitted they did not know
how to answer.

- 21% of the students hypothesized the involvement of multiple electrons, suggest-
ing that the photon could be absorbed by multiple electrons simultaneously, or that
the photon might only partially distribute its energy. In this regard, we present the
most well-argued responses:

A. There are two main complicated situations: one where a quantum of energy
is absorbed by multiple electrons, and another where a quantum is absorbed by
an electron not located on the surface of the material. The rst situation could re-
sultin an increase in the intensity of the photoelectric effect with increasing light
intensity, as even a partial charge can provide enough energy to leave the body.
The second situation would lead to electrons needing more energy to leave the
body, thus having a similar effect to the rst situation because, at high frequen-
cies, even deeper electrons could escape.

A. More complicated situations could include scenarios where photons interact
with more than one electron or where the energy transfer is not immediate but
involves intermediate processes. For example, multiple photon interactions with
multiple electrons could occur, creating complex multi-event processes. Einstein
signi cantly simpli es the phenomenon to make it easier to understand, but in
more complex contexts, more detailed and sophisticated descriptions would be
necessary.

A. A case where this situation would be more complicated is precisely by remov-
ing the basic condition of the simple picturei.e, that light transfers all its energy
to a single electron.

Undoubtedly, these responses stand out for their complexity of re ection on the
subject but share the same point, namely the possibility that the photon does not
transfer energy discretely, interacting with more than one electron. However, this
would violate the condition that energy is quantized because, as previously stated,
a photon (which possesses a single packet of energy) cannot distribute its energy
to multiple electrons.

- 13% of the students argued that the situation could become more complicated de-
pending on the type of material used for the plate, especially if the photon inter-
acted with “deeper electrons”. This may be considered as an attempt to express
the concept of a potential well for a single electron, which is deeper the greater the
binding energy.

- 7% of the students added that, in a more complicated situation, the emission angle
of the electron might vary, so it would no longer emerge perpendicularly from the
plate.

A second question we believe interesting to discuss is the following:
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Q. What do you think might happen if the intensity of the incident monochromatic
light became several orders of magnitude larger?

To this regard

- 42% of the students responded that increasing the intensity increases the energy,
and thus more electrons are emitted. Of these students, 37% added that the emitted
electrons gain more kinetic energy and are “shot out” more quickly.

- According to 10% of the students, there would be no change compared to what
was stated in the previous point.

- Despite the fact that the relationship between intensity and frequency is not al-
ways clear, 7% of the students stated that for the photoelectric effect to occur, the
threshold condition must be met regardless of the experimental context.

It is immediately evident that the most commonly shared tendency among students
is to believe that as the intensity of the incident light increases, the number of photo-
emitted electrons increases proportionally. In particular, many students added that not
only does the number of electrons increase, but these electrons should also have greater
kinetic energy, while others hypothesize that if the number of electrons does not increase,
then the kinetic energy of the emitted electrons must necessarily increase.

To provide a reference, here are a couple of the most relevant responses:

A. In the case of an increase in light intensity, | imagine that the number of released
electrons would increase depending on how much the intensity becomes greater.
Since the number of photons becomes higher, more electrons will be hit by them and
thus will be able to escape from their positions. However, this would not work in-
de nitely because, at some point, the photon's energy would not be suf cient to free
some electrons located much deeper.

A. When the intensity of the incident light increases by several orders of magnitude, it
means that there are more photons hitting the photosensitive surface in a given time
interval. This would result in a higher number of photoelectrons.

It is also interesting to report other possible situations hypothesized by the students:
- 6% of the students hypothesized more than one possible situation:

A. Two cases could occur: 1) where the light quantum itself is not strong enough
to move the electron. In this case, no matter how much the intensity of the light
increases, the photoelectric effect will not occur. 2) if the light quantum itself
is able to displace the electron, increasing the intensity means proportionally
increasing the number of electrons emitted by the photoelectric effect, even if we
are talking about several orders of magnitude.

A. Considering that the frequency is always adequate, we have two situations:
1) The electron absorbs all the energy and thus would leave the body at a much
higher speed. 2) The electron can only absorb a maximum amount of energy,
which will then be absorbed by other electrons.

- Only 29% of the students explicitly mentioned the concept of frequency threshold:
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A. Itdepends. If the energy provided by a single photon, independent of the light
intensity describing the number of emitted photons, is less than that required for
ionization, then increasing the intensity will not cause any emission of cathode
rays. Conversely, if the energy of a photon is above the so-called threshold the
light intensity, or the number of photons involved in the photoelectric effect, will
be directly proportional to the number of electrons ejected.

Thus, it becomes clear that the concept of a “threshold” is not so immediate and
intuitive for the students.

Furthermore, it is deduced that, in general, students do not clearly understand the
difference between the intensity and energy (and often also the frequency) of radiation. It
is true that, if the intensity increases, meaning the photon ux hitting the plate increases,
the overall energy increases, but this does not affect the energy of the individual photon.
Therefore, if a single photon lacks suf cient energy to exceed the threshold, it will not
trigger the photoelectric effect. In other words, more energy is directed at the plate by
increasing the bombardment, but from the perspective of the photoelectric effect, if the
threshold condition is not met, nothing happens. This concept is often unclear.

Additionally, either some students (9%) had a slip and wrote “emitted photon” in-
stead of “electron”, or it was not clear to them that the photon is completely absorbed
by the electron and that it is the electron involved in the interaction that is emitted.

Concerning the photoelectric effect, we believe useful to report a last question.

Q. Suppose a photon strikes a metal plate and is absorbed by an electron, but it does
not have enough energy to eject the electron (and cause the photoelectric effect). What
do you think happens?

Despite not being explicitly covered during the course, approximately 71% of the
students have already encountered or intuitively understand the concept of thermal ag-
itation.

Approximately 83% of the students asserted that the electron is not emitted through
the photoelectric effect but, by absorbing the photon, it increases its energy.

Some (12%) added that the electron's speed increases; others (19%) suggested that the
electron jumps to higher energy orbitals; still others (31%) believed that heat is produced
and the metal warms up.

Let us examine some of the answers provided:

A. If a photon strikes the metal plate but does not have enough energy to cause the
photoelectric effect, the photon's energy is insuf cient to overcome the work function
of the metal. In this situation, the photon's energy will be absorbed by the electron,
but the electron will not be able to leave the metal. Thus, the photon will be com-
pletely absorbed by the metal. Looking at the formula K = h W, I would get a
negative kinetic energy since the work function ( W) is so large that it prevents the
electron from escaping.

A. There are several possible scenarios. For example, the photon could excite the elec-
tron to a higher energy orbital, being absorbed, but then be immediately re-emitted
when the electron falls back to its previous orbital. In this case, we would observe
re ection or transparency. Alternatively, if the photon does not cause an orbital jump
because it lacks suf cient energy for the electron to reach a free orbital, it will merely
increase the energy of the single electron permanently, which will be perceived exter-
nally as heating.

A. The energy of the photon that does not escape heats the body.
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A. The energy of the photon would be absorbed upon impact and distributed over
the surface of the object, causing it to heat up.

From the examples above, we can get an idea of the range of responses. Some are im-
pressively well-argued, while others are more concise than expected. In any case, from
answers obtained, it seems that the expression “the photon is absorbed by the electron”
for the majority of students was considered as equivalent to saying “the photon is ab-

sorbed by the atoms”, “the photon is absorbed by the plate”, or “the photon is absorbed
by the metal”.

The photoelectric effect and the Compton effect: further questions

Also in this case, the students of the “Preparation of Didactic Experiences” course were
asked to think about additional useful questions. We report some examples, with the
corresponding comments.

Q. In the treatment of black-body radiation, Planck quantizes the energy of the har-
monic oscillators considered in the system in question. The energy of these oscillators
is a multiple of h . According to Planck, therefore, radiation is absorbed in packets of
energy. Is this the same thing that Einstein states in his model?

C. This question aims to focus attention on the fact that Planck asserts that radiation
is absorbed in packets, but that it is continuous. Einstein, on the other hand, states
that in the photoelectric effect, each electron absorbs a packet of energyh , but he
also claims that radiation has a corpuscular nature and propagates constituted by in-
dividual corpuscles.

This is a crucial point. Indeed, it is often mistakenly said that Planck introduced the
concept of energy quantization for black-body radiation and that Einstein later extended
this to the photoelectric effect. However, this is a fundamentally incorrect idea. There-
fore, we believe it is important to clarify this aspect to students (at every level, both at
school and at university) and also to teachers.

In fact, Planck considered this quantization as a mathematical device, a sort of the-
oretical “trick” to explain the experimental data. He did not attribute an autonomous
physical reality to the quanta of energy, but viewed them as an arti ce to describe the
behaviour of oscillators in the black body. Einstein considered instead light quanta as
real physical entities, not merely a mathematical device. This view represented a more
radical departure from classical physics compared to Planck's interpretation. Moreover,
Planck applied quantization only to oscillators in objects emitting radiation. Einstein,
instead, applied quantization to the radiation itself (light), treating it as composed of
discrete particles (photons). Therefore, physical consequences of these facts were differ-
ent: Planck's model for the black-body spectrum did not imply fundamental changes in
the understanding of the nature of light; on the contrary, Einstein's model for the pho-
toelectric effect implied a radical change, suggesting that (especially with the paper of
1909) light has a dual nature, both wave-like and particle-like.

Q. According to the models seen in class, under what limit is the hypothesis that
radiation is composed of individual corpuscles valid? What happens in the opposite
limit?

C. With this question, the student should try to sort out the models seen and the
events presented chronologically. The point is that Einstein introduces his model by
proposing the hypothesis of the corpuscular nature of light valid at high frequencies
or, even better, valid for =T 1. For low frequencies ( =T 1), the Wien curve
is consistent with Planck's model, and the Rayleigh-Jeans model describes well what
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happens. This should highlight the fact that the introduction of a new model does
not necessarily completely discredit the models that preceded it. The point is not that
the classical theories introduced were completely inadequate; simply, the scienti c
community ( rst and foremost Einstein, when he introduced his model) decided to
embrace a new approach to explain experimentally observed phenomena.

Q. After explaining the photoelectric effect as described by Einstein, but without men-
tioning the work of Richardson, it would be useful to ask the students if they think
there is also a “classical” alternative to explain the phenomenon, so as to make them
reason “historically” about how things really went at that time.

C. This is because even at the university, what is explained is simply that only with
quantum physics do we arrive at the same conclusion and that therefore classical
physics has suddenly been abandoned in favour of quantum physics, but this is com-
pletely false! | consider this question important precisely to reason about the historic-
ity and complexity of physics because sometimes teaching “in broad strokes” makes
it trivial and often incorrect.

The photoelectric effect and the Compton effect: general considerations

As can be seen, approaching the photoelectric effect from a physical standpoint with stu-
dents, while also incorporating a historical presentation of the content and discussing
guestions aimed at exploring the use of Einstein's heuristic model in more complex sit-
uations than those for which it was initially formulated, is advantageous for several
reasons.

Firstly, delving into the photoelectric effect from a physical perspective allows stu-
dents to understand the underlying principles behind this phenomenon. By exploring
the interaction between light and matter at the atomic level, students can gain insight
into how photons transfer energy to electrons, leading to the emission of photoelectrons.

Secondly, presenting the historical context of the photoelectric effect enables students
to appreciate the scienti ¢ developments that led to our current understanding of this
phenomenon. By discussing the contributions of scientists such as Einstein and their
experimental ndings, students can see how scienti ¢ theories evolve over time in re-
sponse to empirical evidence.

Moreover, discussing questions aimed at exploring the use of Einstein's heuristic
model in more complex situations encourages critical thinking and problem-solving
skills among students. By challenging students to apply the principles of the photoelec-
tric effect to different scenarios, educators can help them deepen their understanding of
the underlying concepts and their practical implications.

Additionally, integrating historical context and heuristic modeling into the curricu-
lum enhances student engagement and motivation. By connecting theoretical concepts
to real-world applications and historical narratives, students can develop a more com-
prehensive and meaningful understanding of the photoelectric effect and its signi cance
in the broader context of physics.

On the other hand, approaching the explanation of the Compton effect from a physi-
cal standpoint with students, including a historical presentation of the content, and con-
ducting a critical comparison between the photoelectric effect and the Compton effect
(situations often perceived —erroneously— as completely different) is valuable for sev-
eral reasons.

Firstly, providing students with a historical context for the development of the Comp-
ton effect enhances their understanding of the scienti ¢ process. By exploring the con-
tributions of scientists such as Compton and the experimental evidence that led to the
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discovery of this phenomenon, students gain insight into the iterative nature of scienti ¢
inquiry and the role of empirical evidence in theory development.

Additionally, conducting a critical comparison between the photoelectric effect and
the Compton effect helps students recognise the underlying similarities and differences
between these two phenomena.

4.3.4 Bohr's hydrogen atom
Bohr's hydrogen atom: questionnaires

Several questions were also proposed concerning Bohr's model for the hydrogen atom.
Let start from a rst question:

Q. During the meeting, Bohr's atomic model was discussed. Describe its structure,
taking into account the following aspects: 1) arrangement/position of the positive
charge, 2) arrangement/position of the negative charge, 3) atomic dimensions.

A total of 181 students (across all three experimentations with high school partici-
pants) responded to the question. 71% of them were able to explain Bohr's model brie y
butin an adequate way, while 18% of them erroneously mentioned the concept of proton
and/or neutron.

A. Arrangement/position of the positive charge: in Bohr's atomic model, the positive
charge is concentrated in a small, dense nucleus at the centre of the atom. This nu-
cleus is responsible for most of the atom's mass and carries a high positive charge.
Arrangement/position of the negative charge: electrons, which carry negative charge,
revolve in xed orbits around the nucleus. These orbits are called “stationary orbits”

or “energy levels”. Each orbit represents a speci ¢ energy state for the electrons.
Atomic dimensions: in Bohr's model, the atomic dimensions are not speci ed in de-
tail. However, Bohr introduced the concept of stationary orbits corresponding to
guantized energy states, meaning that electrons can only exist in discrete orbits and
not in continuous orbits as predicted by Rutherford's model.

A. Bohr's model differs from Rutherford's model by introducing the quantisation of
the potential energy of orbits. In this model, the electron can only reside in specic
orbits at certain distances from the nucleus, and it is assumed that on these orbits it
does not decay due to photon emissions caused by its revolution. The positive charge
is still concentrated in a central region called the nucleus, while the negative charge
is still composed of electrons in orbits, where the radius of each orbit is n? times that
of the smallest orbit, with n being the number of the considered orbit. The electron
can thus exist only in these prede ned orbits, and it can jump from one orbit to an
adjacent one by absorbing or emitting a quantum of energy (a photon).

A. Bohr's atomic model was founded on three postulates, two of which were non-
classical and imposed ad hocas additional constraints to Rutherford's classical plan-
etary model. Electrons move around the nucleus in stationary elliptical orbits with

de ned and constant energy. Electrons moving in such orbits do not radiate and
therefore do not emit energy continuously (contrary to what is predicted by classical
electromagnetism). An atomic electron radiates energy only when it transitions (via
a discontinuous quantum leap) from one stationary orbit to another. It moves to a
more outer stationary orbit in the case of absorbing electromagnetic radiation, while
it jumps to a more inner orbit in the case of emission.
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A. According to Bohr's atomic model, the atom consists of a nucleus containing pro-
tons, which have a positive electric charge, around which electrons orbit. Addition-
ally, the negatively charged particles do not collapse into the nucleus but rotate with-
out emitting energy along stationary states. These orbits have well-de ned character-
istics, differing in shape, size, energy, and spatial orientation.

A. Bohr's atomic model posits the presence of a nucleus at the centre, composed of
protons and neutrons, with electrons orbiting around it in stationary circular orbits,

all equally spaced. A key aspect is the “jump” that electrons make between differ-
ent orbits, as this explains the emission of electromagnetic radiation. When electrons
transition from one orbit to another, they emit a frequency equal to the energy differ-
ence between the orbits(E = h ).

During the experimentations, it was speci ed that Bohr, to further simplify the as-
sumptions of his model, considered the stationary orbits on which electrons revolve to
be circular. Therefore, it is surprising that 4% of the students claimed that the orbits were
elliptical. For example:

A. Bohr's atomic model posits that the positive charge is concentrated exclusively in
the nucleus, around which electrons “orbit” in elliptical orbits and well-de ned levels
called “shells”, with increasing energy. Electrons in these elliptical orbits do not emit
electromagnetic waves; otherwise, they would eventually collapse into the nucleus.
Instead, they only radiate when they transition from one level to another.

To this regard, it might be that students imagine Bohr's model as a sort of planetary
system, with electrons rotating around a central nucleus. Despite Bohr's model is always
represented with circular orbits in physics textbooks, students might have been mislead
by this mental image.

Another interesting question was the following:
Q. Is Bohr's atom a stable structure? Justify your answer.

Firstly, we can observe that 83% of the students believed that Bohr's model is stable,
compared to 15% who asserted its instability. Here we report some examples of typical
responses:

A. In my opinion, Bohr's structure is more than stable. The hypothesis that the elec-
tron does not emit any type of electromagnetic wave during its circular motion allows
Bohr's atom to be extremely stable. Furthermore, the signi cant distance between the
various electrons makes this structure even more stable, as any interaction between
the particles can be “ignored”, given their minimal values.

A. From my point of view, Bohr's model, despite appearing unreasonable in some
aspects, fully adheres to the principle in nature where minimal energy corresponds to
maximum stability. In fact, according to the physicist, electrons within the atom rst
occupy orbits close to the nucleus with lower energy levels.

A. Bohr's atom is a stable structure because electrons in stationary positions on vari-
ous orbits do not emit energy and therefore do not risk collapsing onto the atom.

A. Although Bohr's atomic model contributed to explaining some aspects of atom
behaviour and introduced the concept of quantized energy levels, it cannot be con-
sidered a stable or accurate model according to modern quantum mechanics theory.
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In Bohr's atomic model, electrons are placed on xed orbits around the nucleus, im-
plying that electrons must move on well-de ned orbits with constant velocity. Fur-
thermore, Bohr's model does not account for Heisenberg's uncertainty principle. Fi-
nally, Bohr's atomic model was primarily developed to explain the emission spectra
of atoms with a single electron.

A. It is not a stable model because the electron, in its accelerated motion around the
nucleus, would have to continuously gain energy until it spirals down onto the nu-
cleus.

A. Atoms do not have xed orbits like planets around the sun, but rather a proba-
bilistic distribution of electrons. The stability of an atom depends on its electronic
distribution and various factors. Atoms tend to achieve an electron con guration
with lled outer orbitals, which makes them more stable. However, atom stability

can vary. In summary, Bohr's atom is a simpli ed model and does not fully represent
the complexity of atomic structure.

As can be seen, the responses are fairly consistent with each other. In fact, students
have followed two different lines of reasoning: some see Bohr's model as stable because
it surpasses previous models, while others see it as unstable because it fails to explain
why an electron in motion on a stationary orbit does not emit electromagnetic radiation.

We believe useful to report also the following question:

Q. Based on the description of Bohr's atomic model presented during the meeting,
draw the rst four electron orbits in the hydrogen atom.

A consistent part of the students (39%) draw a single electron and four orbits linearly
spaced apart as the principal quantum number increases.

17% of the students, on the other hand, proposed multiple electrons on different
orbits.

Moreover, 26% of the students drew a single electron and four orbits, where the ra-
dius is proportional to n?, where n is the principal quantum number.

Finally, it is interesting to note that 17% of the students chose not to draw any elec-
trons but represented only 4 empty orbits.

In general, students conceived Bohr's atom as having a central nucleus surrounded
by circular orbits, where the radius increases linearly with the principal quantum num-
ber, and electrons are distributed on these orbits. Only about a quarter of students have
understood the correct proportionality in which the orbit radius grows. On this subject,
it is worth noting that over 90% of textbooks erroneously depict the Bohr atom with
equally spaced orbits. Since students are introduced to this model during their early
years of high school in science and chemistry classes, it is possible that the image re-
tained was so strong that it overrided the conceptual knowledge acquired during the
course, leading students to represent an atom with equally spaced orbits.

Another question proposed was the following:

Q. What do you think could be the strengths of Bohr's atomic model? Justify your
answer.

For this question, students' responses are particularly aligned. In fact, the dominant
trend, in 80% of cases, concerns the discussion from an energetic perspective of Bohr's
model: quantized energy; orbits with precise energy levels; spectrum; electron not emit-
ting energy on the stationary orbit but only during transitions.

Examples of more common responses were the following:
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A. Over the years, Bohr's atomic model will inevitably be surpassed. However,

among the characteristics described by the physicist, one that will continue to be
considered is the quantization of atomic orbits. Indeed, Bohr stated that each orbit
corresponds to an energy level, which increases as the orbit moves further from the
nucleus. He also explained that when an electron transitions from one orbit to an-

other, it releases energy corresponding to the energy difference between the orbits,
which equals h .

A. Bohr's model was the result of a series of assumptions that, however bold and
seemingly unconventional, could not be avoided. Traditional electromagnetism and
experimental observations on the behaviour of atoms unequivocally contradicted each
other. The former predicted the instability of electronic orbits, which obviously could
not reconcile with the existence of atoms as we know them. In a context where there
were no tools yet to abandon the concept of electronic orbit and atom as a planetary
system, postulating the stability of certain orbits was the only solution. Secondly, the
mathematical framework of the model remarkably predicted the emission spectral
lines of elements with unparalleled precision.

A. The model explains atomic spectra by attributing changes to energetic jumps be-
tween levels. Additionally, as mentioned earlier, it introduces the quantization of
orbits around the nucleus. Despite explaining a complex concept, it shares the sim-
plicity of other models, which contributed to one of its most signi cant aspects in
my opinion: its in uence on subsequent discoveries and the evolution of quantum
theory.

A. The strenghts of Bohr's model were the following:

- Experimental aspects: it explains the spectral lines: it clari es the frequencies and
energies electrons acquire;

- Introduction to quanta: Bohr states that electrons can exist only in speci ¢ energy
levels;

- Atomic stability: it explains the incorrectness of Rutherford's atom, stating that elec-

trons should not collapse into the atom, thus the presence of quantized orbits has
allowed atomic stability.

Itis interesting to note that 7% of the students highlighted solely the predictive nature
of Bohr's model as its strength:

A. Despite Bohr's model being entirely unreasonable, besides explaining several ex-
perimental data, it predicts a large quantity of them (later experimentally veri ed),
and this is why it couldn't be overlooked.

It is also worth noting that 8% of the students highlighted a signi cant weakness of
the model related to the number of electrons. This response was unexpected and partic-
ularly interesting, since this aspect had not been previously discussed at the point when
the question was posed. It was interesting to observe that some of these students au-
tonomously made connections with Thomson's and Nagaoka's models, which required
thousands of electrons.

A. It certainly had a signi cant aw, as with the increasing number of electrons in the
atom, Bohr's model as described was no longer valid. At the time, it was believed
that the number of electrons inside the atom varied, although not thousands as in
Thomson's and Nagaoka's models (because experiments had shown they couldn't
be thousands). It is interesting to note how an aspect that was a cornerstone (and a
strength) of previous models, namely a large number of electrons (Thomson's atom
was stable precisely because it had thousands of electrons, otherwise electromagnetic
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emission would not have been small), became a problem for Bohr's model just a few
years later. This makes us re ect on how scienti ¢ ideas evolve continuously and
rapidly change, even in a short time, when there is no well-de ned theory, but only a
series ofad hoanodels.

We can therefore conclude that the students have generally understood the merits
of the Bohr model, with 31% of the students providing answers that were particularly
comprehensive, accurate, and detailed. Speci cally, we recall the following examples:

A. The Bohr atomic model had several strengths:

- Explanation of spectral lines: One of the main successes of the Bohr model was its
ability to explain atomic spectral lines. The model successfully predicted the frequen-
cies and energies of radiations emitted or absorbed by electrons when they transi-
tioned between quantized orbits. This signi cantly contributed to the understanding
of atomic structure.

- Concept of quantization: The Bohr model introduced the concept of energy quanti-
zation for electrons, emphasizing that electrons can only exist in speci ¢ energy levels.
This idea was a crucial step towards quantum theory and had a signi cant impact on
the development of quantum mechanics interpretation.

- Atomic stability: The Bohr model helped explain why electrons should not collapse
into the nucleus, as predicted by the Rutherford model. The notion of quantized or-
bits with de ned angular momentum provided an explanation for atomic stability.

- However, it should be noted that the Bohr model had some limitations, particularly
in its inability to precisely explain the exact positions of electrons within the atom.
Nonetheless, it laid the groundwork for the development of more advanced theories
such as quantum mechanics.

A. The Bohr atom is seemingly “strange” (in the sense that it postulates a series of
things that initially may not seem so evident or reasonable), but it has multiple and
evident strengths. Firstly, the model works extremely well experimentally; more-
over, the values obtained from it perfectly match the emission spectrum. The model
also successfully hypothesized the existence of certain line frequencies that had never
been observed before and were discovered much later. Bohr himself was aware of the
absurdity of his model; however, as absurd as it seemed, it exhibited all the charac-
teristics of a perfect model because it aligned with experimental data and managed to
hypothesize the existence of something unobserved.

A. The Bohr atomic model has several strengths:

1. Explanation of the Bohr model successfully explained the emission spectrum of
hydrogen, demonstrating that electrons in atoms exist in quantized orbits with well-
de ned energy states.

2. Ease of understanding: the Bohr model provides a relatively simple and intuitive
explanation of atomic structure, accessible even to those without advanced training
in physics.

3. Transition to quantum mechanics: the Bohr model represented a signi cant step
towards the formulation of quantum mechanics by introducing the concept of quan-
tized orbits.

Furthermore, we have posed a question regarding Bohr's correspondence principle.
The correspondence principle states that the predictions of quantum mechanics should
converge with the predictions of classical mechanics for large quantum numbers or in
the limit of large quantum states. It is important because it ensures that the established
principles of classical physics, which are well understood and validated in everyday
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macroscopic scenarios, are not contradicted by the emerging quantum theory. This prin-
ciple helps to bridge the gap between classical and quantum physics, providing a con-
sistent framework for understanding physical phenomena across different scales and
contexts. It also highlights the continuity of physical laws and theories as we transition

from the classical realm to the quantum realm, thereby maintaining coherence in our
understanding of the universe.

Q. Bohr formulated the correspondence principle.

1. Search for its statement online, and transcribe what the correspondence principle
asserts.

2. Explain the meaning of this principle in your own words.

64% of the responses obtained re ected what was discussed in class and demonstrate
a general understanding of the reference de nition. For example:

A. In developing the theory, one must be guided by the concept that as the quantum
numbers of a system are given progressively higher values, the radiation emitted
asymptotically approaches what the system would emit following classical rules. Ac-
cording to Bohr's correspondence principle, therefore, quantum physics should be a
natural extension of classical physics, and the result of a quantum theory approaches
the classical result as the quantum number becomes large.

A. Bohr's correspondence principle states: “The results of quantum mechanics must
revert to those of classical mechanics in situations where the classical interpretation
can be considered valid”. This means that within the limits where classical mechanics

is valid —such as working on macroscopic scales or beyond purely atomic scales—
if an accurate model is used, the predictions of classical mechanics tend to coincide
with those of quantum mechanics.

A. 1. The correspondence principle states that the behavior of a quantum system re-
duces to that of a classical counterpart for large values of the quantum numbers.

2. When considering large quantum numbers, the inaccuracies of the classical system
become so negligible that its behavior corresponds to that of the equivalent quan-
tum system. Therefore, observing an atom with a high quantum number, it would
have dimensions large enough to apply the laws of electromagnetism, hence classical
mechanics, rather than quantum mechanics.

23% of the students, while correctly proposing the de nition, then struggled to re-
work the concept by relating the different scales of classical and quantum physics. For
example, 18% of the students substantially repeated the de nition:

A. In physics, the correspondence principle states that the results of quantum me-
chanics must reduce to those of classical mechanics in situations where the classical
interpretation can be considered valid. This principle asserts that the results of quan-
tum mechanics must reduce to those of classical mechanics when the latter can be
considered valid.

A. 1. The correspondence principle states: “The principles of quantum mechanics
must consistently reduce to the laws of classical physics when dealing with macro-
scopic systems or energy scales much higher than those typical of quantum phenom-
ena”.

2. Bohr, with the correspondence principle, asserts that quantum mechanics corre-
sponds to classical physics when considering systems that are large with equally high
energies. This demonstrates that the two theories are complementary under certain
conditions.
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When do these conditions occur? It was suf cient to rework the content of the given
de nition.

4% of the students gave an answer citing the uncertainty principle:

A. 1. In physics, the correspondence principle states that the results of quantum me-
chanics must reduce to those of classical mechanics in situations where the classical
interpretation can be considered valid. 2. With the correspondence principle, Bohr
asserts that, when the uncertainty principles of classical physics are negligible, then
classical laws should be followed rather than those of quantum mechanics.

A. In physics, the correspondence principle states that the results of quantum me-
chanics must reduce to those of classical mechanics in situations where the classical
interpretation can be considered valid. If we measure the velocity and position of a
particle, they will never be precise due to measurement errors, and if the interpre-
tation of classical mechanics can be considered correct, then the values of quantum
mechanics must reduce and become like those of classical mechanics.

7% of the students cited the concept of probability:

A. In physics, the correspondence principle states that the results of quantum me-
chanics must reduce to those of classical mechanics in situations where the classical
interpretation can be considered valid. This is because classical mechanics is the one
that best describes macroscopic physics, so in a situation where one can move away
from the quantum to approach the classical, the latter is the most ideal; classical me-
chanics is based on precise facts and data, while quantum mechanics is more based
on probabilities.

Another interesting response that we nd worth mentioning is the following, which
concerns the aspect of modelling:

A. 1. In physics, the correspondence principle states that the results of quantum me-
chanics must reduce to those of classical mechanics in situations where the classical
interpretation can be considered valid.

2. The correspondence principle helps us model through classical mechanics the limit
situations where quantum theory is applied to “macroscopic” systems. For example,
according to Bohr, if an electron orbit O, had a very large quantum number n, the
electrons would behave like small spheres in circular motion.

As anticipated, most of the students have met the requirements by elaborating on the
information found about the correspondence principle. We report two particularly clear,
succinct, and comprehensive answers:

A. 1. The correspondence principle states that the results of quantum mechanics must
reduce to those of classical mechanics in situations where the classical interpretation
can be considered valid.

2. Quantum mechanics should clearly predict microscopic phenomena, but it should
not interfere with the understanding of macroscopic phenomena experienced in ev-
eryday life.

A. 1. Bohr's correspondence principle states: “The predictions of classical physics
hold when the quantum constants tend to in nity, that is, when quantum states be-
come macroscopic”.

2. In other words, Bohr's correspondence principle suggests that the principles of
classical physics, which work well for macroscopic objects, should coherently emerge
from the principles of quantum mechanics when the scales involved become very
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large. This principle relates the macroscopic world of classical physics to the mi-
croscopic and quantum world, suggesting that at the macroscopic level, quantum
physics should approximate the principles of classical physics. It is a key concept
in understanding how the principles of classical physics connect to the quantum be-
haviour of particles on a small scale.

Bohr's hydrogen atom: further questions

The students of the “Preparation of Didactic Experiences” course were asked to think
about additional useful questions. Here are some examples of conceptual questions that
could be asked about Bohr's atomic model, concerning four different aspects:

- emission spectrum of hydrogen,

guantization of electron energy.

limitations of Bohr's model,
- subsequent experiments and model validity.
A rst question proposed by students was the following:

Q. How does Bohr's atomic model explain the structure of the hydrogen emission
spectrum? What are the main predictions of the model that are con rmed by experi-
ments?

C. Bohr's atomic model explains the hydrogen emission spectrum by proposing that
electrons orbit the nucleus in quantized energy levels. When an electron transitions
from a higher energy level to a lower one, it emits energy in the form of photons. The
energy of these emitted photons corresponds exactly to the difference in energy be-
tween the electron's initial and nal states. This explains why the emission spectrum
of hydrogen consists of discrete lines rather than a continuous spectrum. Experi-
mental veri cation of Bohr's model con rms that the observed spectral lines match
the predicted energies calculated using Bohr's formula E = %‘, where Ry is the
Rydberg constant and n is the principal quantum number. This agreement between
theory and experiment provides strong support for Bohr's model.

| think that these questions could encourage students to delve into the experimen-
tal evidence supporting Bohr's model and its ability to explain fundamental atomic
properties, fostering a deeper understanding of quantum concepts and the historical
progression of atomic theory.

A further question that emerged was:

Q. Why is the concept of energy quantization, introduced by Bohr's model, crucial
for understanding the atom? What are the implications of this idea for the stability of
the atom?

C. These questions prompt students to explore the foundational concept of energy
guantization in Bohr's model, encouraging them to grasp how this idea resolves clas-
sical physics' inadequacies and lays the groundwork for modern quantum theory.
Understanding this concept is crucial for comprehending atomic stability and the
transition from classical to quantum physics.

Bohr introduced the concept of quantized energy levels to explain why electrons
in atoms occupy discrete orbits rather than collapsing into the nucleus, as classical
physics would predict. According to Bohr's model, electrons can only exist in spe-
ci ¢ orbits with xed energies. This quantization of electron energy levels is crucial
for understanding the stability of atoms because it prevents electrons from continu-
ously losing energy and spiraling into the nucleus. The concept implies that electrons
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absorb or emit energy only in discrete amounts, corresponding to the energy differ-
ences between allowed orbits. This idea laid the groundwork for quantum mechan-
ics, which further elaborated on the probabilistic nature of electron positions and the
wave-particle duality. Thus, Bohr's quantization concept not only explains atomic
stability but also underpins our modern understanding of particle behavior at micro-
scopic scales.

Another student provided the following comment, which slightly differs from the
previous one:

C. Bohr's model revolutionized atomic theory by introducing the concept of energy
guantization, which states that electrons in atoms can only occupy discrete energy
levels. This idea was pivotal because it resolved the instability predicted by classical
physics, where electrons would radiate energy and collapse into the nucleus. Instead,
Bohr proposed that electrons exist in speci ¢ orbits where their angular momentum
is quantized, meaning they can only have certain allowed energies. This concept ex-
plains the discrete lines in atomic spectra and is essential for understanding atomic
structure and behavior. It also set the stage for the development of quantum mechan-
ics, which extended the notion of quantization to all particles and elds, fundamen-
tally changing our understanding of physics at the subatomic level.

A third question concerns the limitation of Bohr's model:

Q. What are the main limitations of Bohr's atomic model in describing the atom?
How have these limitations stimulated the development of subsequent atomic mod-
els, such as quantum mechanics?

C. In my opinion, with this question, students are encouraged to critically analyze the
strengths and weaknesses of scienti ¢ models. This attitude fosters an understanding
of how scienti ¢ theories evolve in response to experimental challenges. They also il-
lustrate the iterative nature of scienti ¢ progress and the development of increasingly
accurate models over time.

In fact, Bohr's atomic model, despite being the best model of its time, faced several
limitations, primarily due to its inability to explain complex multi-electron atoms and
phenomena such as ne and hyper ne structure in spectral lines.

Another student provide an additional comment that we believe interesting to report:

C. Bohr's atomic model was limited in its ability to explain the intricacies observed
in atoms with more than one electron. It could not account for the splitting of spec-
tral lines in magnetic elds (Zeeman effect) or the ne structure observed in atomic
spectra. These limitations prompted the development of quantum mechanics, which
revolutionized atomic theory. Quantum mechanics introduced principles which pro-
vided a robust theoretical framework that reconciled experimental observations with
theoretical predictions. Thus, Bohr's model, while foundational, spurred the evolu-
tion toward more comprehensive atomic models capable of explaining a wider range
of phenomena.

Itis important to discuss the strengths and weaknesses of a physical model because it
fosters a more nuanced understanding of its applicability and limitations. Students gain
a balanced perspective when they see both the strengths (advantages) and weaknesses
(limitations) of a model. This helps them develop critical thinking skills, encourages
them to question assumptions, and promotes a deeper appreciation of the complexities
involved in scienti c theories. Understanding both sides allows students to recognize
when a model is appropriate for certain scenarios and when its application might be
limited or requires re nement.
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Q. How have subsequent experiments contributed to con rming or challenging the
predictions of Bohr's model? What new experimental evidence emerged after the in-
troduction of Bohr's model?

C. It is interesting and important to observe how scienti ¢ knowledge is constantly
updated and modi ed by experimental discoveries.

Experimental validation of Bohr's model initially focused on con rming its predic-
tions regarding atomic spectra and energy levels. Observations of hydrogen and
other atoms consistently matched the energy transitions predicted by Bohr's formula.
Spectroscopic observations have consistently shown discrete emission and absorp-
tion lines corresponding to electron transitions between energy levels, as predicted by
Bohr. However, challenges arose with the observation of ne structure and deviations
from predicted spectral patterns, especially in multi-electron atoms. Moreover, chal-
lenges emerged with the observation of Zeeman and Stark effects, which indicated
that electron behavior in atoms was more complex than Bohr's model suggested. Sub-
sequent experiments using more advanced spectroscopic techniques and theoretical
developments in quantum mechanics revealed the need for a probabilistic description
of electron positions and the inclusion of electron spin. These experiments not only
challenged aspects of Bohr's model but also paved the way for the development of
guantum mechanics, which provided a more comprehensive framework capable of
explaining the ner details of atomic behavior. Thus, while con rming many aspects
of Bohr's initial insights, subsequent experiments played a crucial role in re ning and
expanding our understanding of atomic structure.

This kind of questions highlight the role of empirical evidence in validating or re-
ning theoretical models. They demonstrate the iterative nature of scienti ¢ inquiry
and the importance of experimental veri cation in establishing the validity of scien-

ti ¢ theories.

It is important to connect experimental facts and theoretical development in physics
because this combination allows for the validation and re nement of scienti ¢ theories.
Experiments provide concrete data and empirical observations that can con rm or chal-
lenge theoretical hypotheses. This process helps students understand how scienti ¢ the-
ory evolves in response to experimental evidence, promoting a deeper understanding
of the nature of science and its methodology. Moreover, this connection highlights the
importance of empirical veri cation in constructing accurate and predictive models that
can explain the physical world.

According to the students of the “Preparation of Didactic Experiences” course, these
guestions can be used to explore different facets and implications of Bohr's atomic model,
stimulating a thorough discussion of its historical and conceptual importance in atomic
physics.

Moreover, we believe that these questions are important in high school education
because they promote critical thinking, deepen understanding of fundamental physics
concepts, and illustrate the progression of scienti ¢ thought from classical to quantum
mechanics. They encourage students to engage with experimental evidence and theoret-
ical frameworks, fostering a deeper understanding of atomic theory and its development
through the time.

Bohr's hydrogen atom: general considerations

As emerged from the discussion made so far, approaching Bohr's model for the hydro-
gen atom from a physical standpoint with students, while also comparing it to previ-

ous models (particularly those of Thomson, Nagaoka, and Rutherford), incorporating a
historical presentation of the content, drawing parallels between theoretical and experi-
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mental aspects, and discussing questions aimed at investigating both the limitations and
merits of this model is bene cial for several reasons.

Firstly, exploring Bohr's model within the context of its predecessors allows students
to appreciate the evolution of atomic theory. By comparing Bohr's revolutionary model
to earlier ones proposed by Thomson, Nagaoka, and Rutherford, students can under-
stand the scienti ¢ advancements that led to Bohr's groundbreaking insights into atomic
structure.

Secondly, presenting the historical context of Bohr's model provides students with
insight into the scienti ¢ debates and experimental discoveries that shaped its develop-
ment. By discussing the contributions of scientists such as Bohr and their experimental
ndings, students can gain a deeper understanding of the empirical basis for Bohr's
model and its signi cance in the history of physics.

Moreover, drawing parallels between theoretical concepts and experimental obser-
vations helps students connect abstract ideas to real-world phenomena. By highlighting
the correspondence between Bohr's model and experimental data, students can see how
theoretical frameworks are validated and re ned through empirical testing.

Additionally, discussing questions aimed at exploring the limitations of Bohr's model
encourages critical thinking and scienti ¢ inquiry among students. By challenging stu-
dents to consider the shortcomings of Bohr's model, educators can foster a more nu-
anced understanding of its applicability and scope, paving the way for further explo-
ration of quantum mechanics.

Overall, therefore, approaching Bohr's model for the hydrogen atom from a physi-
cal perspective, while also incorporating historical context, experimental evidence, and
critical analysis, enriches students' understanding and prepares them for making steps
forward within the development of a new theory: quantum mechanics.

4.4 Students' average grade

As can be seen from the research questions highlighted before, one of the aims of this
research was to demonstrate to teachers that the old quantum theory can be effectively
presented at school, yielding students outcomes comparable to those achieved in classi-
cal topics (RQ1, RQ2) [227].

We asked 6 teachers among those who had attended the courses to help us preparing
an evaluation grid similar to those traditionally used in school. We reached a consensus
upon a grid based on 4 categories (each divided into 10 levels of marks, from 1 to 10):
a) knowledge of the contents; b) logical development and technical skills; c) correctness,
clarity of procedures, use of specic language; 4) completeness and originality of the
resolution.

Students were evaluated using the grid but without teachers' support to be more ho-
mogeneous and impartial in the evaluation. Questions and answers were made anony-
mous, only keeping track of the school grade attended.

Students achieved an average score of 6.1 out of 10 in the tests, with a standard devi-
ation of 0.7 (in Italian grading system, the passing threshold is set at 6.0)2.

The obtained average aligns with the average grades typically observed in physics
tests. This result signi cantly contributed to fostering a perception among teachers that
the proposed approach is both viable and suitable for implementation in a school context

2This value is referred to all three experimentations with high school students, considered all together.
Actually slight differences were obtained in the three activities: in the rst edition of the course “Old (but)
Gold Quantum Theory” the average score was 6.6 (SD 0.7), in the second edition it was 6.7 (SD 0.6), and in the
course “Principles and Equations of Physics Ill: Quantum Mechanics” it was 5.7 (SD 0.8).



Old quantum theory 79

(RQ1), without necessitating radical changes to topics, mathematical formalism, prereq-
uisites (RQ2). Moreover, in this regard, it is pertinent to note that during the course
students were not provided with handouts or slides, relying solely on notes taken dur-
ing the meetings.

4.5 Critical thinking

Concerning the learning signi cance, participants appear to have recognized that the
addressed issues possess intrinsic cultural meaning. This recognition stems, for example,
from the realisation that the development of physics is far from a linear, brief, and simple
path [155, 156, 227].

Additionally, participants seem to have developed a heightened capacity for critical
thinking in responding to the presented questions ( RQ1).

For instance, when tasked with delineating the characteristics of a good physical
model, students highlighted the necessity for the model to offer an explanation of the de-
scribed phenomenon (89%), be underpinned by mathematical foundations (42%), antic-
ipate and foresee new phenomena (64%), and integrate into the physical universe (81%),
aligning with the existing framework of already established theories. This way of pro-
ceeding also helped students in a better understanding of the NOS [157,177] (RQ5).

Q. In your opinion, what characteristics (from a physical, mathematical, conceptual
point of view) must a good physical model have? What must it be able to say and do?
Justify your answer.

A. A good physical model must possess various characteristics to be considered valid
and useful in the context of understanding nature. From a physical standpoint, the
model should be able to accurately represent and explain observed phenomena, pro-
viding also a coherent and predictive description of reality. This entails a close cor-
respondence between the model's predictions and the experimental data collected.
From a mathematical perspective, the model must be expressed rigorously, using a
consistent mathematical language. Furthermore, the model should be capable of inte-
grating existing theories and extending them to explain a wide ensemble of phenom-
ena. Conceptually, a good model should contribute to the construction of a uni ed
view of the physical world, providing a logical connection between different areas of
physics. Additionally, a physical model should be adaptable to new discoveries and
theories, offering a exible framework capable of evolving with progress.

The student demonstrated a strong understanding of the characteristics that a good
physical model must possess. He/she correctly identi ed the importance of accurately
representing observed phenomena, using rigorous mathematical formulations, and con-
tributing to a uni ed view of the physical world. Moreover, the answer is clear and
coherent; the student effectively communicated his/her points in a structured manner,
making it easy to follow their reasoning. In addition, the answer exhibits depth of analy-
sis by delving into the physical, mathematical, and conceptual aspects of a good physical
model. The student provided insightful explanations and justi cations for each charac-
teristic, demonstrating a thorough understanding of the topic. He/she effectively de-
scribed the general characteristics of a good physical model without the need for addi-
tional examples. Finally, the student accurately described the essential characteristics of
a good physical model and provides coherent explanations for each one without intro-
ducing inaccuracies or imprecisions.

Overall, this answer demonstrates a comprehensive understanding of the character-
istics that a good physical model should possess. The student effectively analysed and
articulated the key points, making for a strong and well-supported response.
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4.6 Textbooks' ambiguities and errors

A critical approach emerged also in interpreting explanations, diagrams, and gures pre-
sented by textbooks, with participants autonomously expressing criticism for perceived
inaccuracies or misleading contents (RQ1, RQ4). For example, as we have already seen,
the common representations of black-body cavities 3, in which is not clear which is the
ingoing, and which is the outgoing radiation.

During the experimentation, it emerged that 44% of teachers had never realised this
fact before, having always thought that the ingoing radiation was the same of the outgo-
ing one, due to textbooks depictions.

Q. Why might an image like the one often depicted in textbooks be misleading or
unclear?

A. In physics, a black body is an idealised object that absorbs all incident electromag-
netic radiation and does not re ect any. The gure is misleading because it seems that
the light entering the cavity (for example, the radiation coming from the Sun, in the
visible region of the spectrum) is the same as the light exiting the black body. How-
ever, the thermal radiation generated inside the object (which has a different nature)
is not shown, leading to a lack of understanding of the actual radiation emerging from
the opening of the black-body cavity. This omission arises from not representing the
thermal radiation emitted by the internal walls of the object.

A second example is constituted by the common representations of the photoelectric
effect, in which the incident photon is always represented as a wave (or a wave packet)
while the emitted photoelectron is depicted as a particle (Fig. 4.2).

Figure 4.2: Photoelectric effect in a solid as usually represented on textbooks.

In addition to this inexplicable asymmetry, another question arose during the course:
that is, how the photoelectron can be emitted from the metal plate on the same side of
the incident photon? It is evident that an image of this kind, when scrutinised closely, in-
duces confusion in both students and teachers. During the experimentation, it emerged
that 77% of teachers had never considered these issues before.

3Similar pictures can be found at: https://tikz.net/blackbody/
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On the other hand, even the way in which the photoelectric effect is narrated in text-
books can easily lead to misunderstandings and incorrect ideas. In fact, the version
commonly provided by textbooks

of the history of the photoelectric effect is grossly oversimpli ed and contains several
myths or plain errors. Among the myths which usually enter the quasi-historical
presentation, are the following: (1) Einstein's theory of 1905 relied upon and was a
natural extension of Planck's theory of 1900, which Einstein adopted and applied to
the nature of light; (2) Einstein's work was a theory of the photoelectric effect; (3) The
core of Einstein's theory was an explanation of experiments which proved that the
kinetic energy of the photoelectrons depends linearly on the frequency of light, but
is independent of its intensity; (4) This experimental fact was (and is) inexplicable
without the photon hypothesis; (5) Since there thus was no classical alternative to
Einstein's explanation, it was of course accepted; (6) The nal veri cation of Einstein's
theory was provided by Millikan in experiments of 1916. [...] all these assertions are
misrepresentations of the actual history [...]. ([155], p. 352)

A third example concerns the famous description of Thomson's mythical “plum pud-
ding” model, which is completely erroneous (as well as totally unreasonable) in the way
it is proposed on almost all textbooks 4.

A fourth example regards the usual presentations of Rutherford's alleged gold foll
experiment®, which never occurred [156] as usually described in textbooks; in fact, it con-
sisted of multiple experiments, with apparatuses that differed from the circular screen
often depicted in textbooks, and not only gold but foils of different materials were used.

4.7 Knowledge Integration Construct

Research on knowledge integration has demonstrated that students construct their un-
derstanding from various sources such as experience, instruction, peer interactions, me-
dia representations, and scienti ¢ activities [229, 230]. Often, students do not actively
engage in comparing, contrasting, or connecting new ideas with their existing beliefs.
The challenge of making meaningful connections between different concepts is well-
documented in literature on knowledge transfer [231]. Students typically apply scien-
ti ¢ knowledge only within the context in which it was initially learned, resulting in a
transfer problem.

To effectively address this issue, science education should support students in artic-
ulating their existing ideas, incorporating new normative and compelling ideas, estab-
lishing criteria for evaluating these ideas, and developing a more coherent and consistent
understanding of scienti c phenomena. While many educational programs are striving
to achieve these goals, current assessment methods used for program evaluation have
hindered their success and sustainability ( [232,233].

Therefore, we have also exploited the Knowledge Integration Construct (KIC) to as-
sess students' ability to connect ideas within a speci ¢ context (see Table 4.1).

In fact, since students develop ideas from experience, education, peer interaction,
and other scienti ¢ activities, a multi-modal approach, such as that proposed in the
course, assists students in articulating their ideas, incorporating new concepts and ideas,
developing criteria for distinguishing among these ideas, and forming a more coherent
and consistent understanding of scienti c phenomena. The result is that 68% of the

4A similar picture can be found also at: https://tikz.net/atom_model/
5Common pictures usually reported in textbooks are similar to the one available at:  https://
radioactivity.eu.com/articles/phenomenon/rutherford_experiment
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4.7 Knowledge Integration Construct

Knowledge Integration Categories

Score

Response Characteristics

Systemic link. Students have a systemic Not applied Compare similarities and differences be-

understanding of science concepts. tween contexts, and apply concepts rele-
vant to each context.

Complex link. Students understand how 5 Elaborate two or more scienti cally valid

more than two science concepts interact in links among ideas relevant to a given con-

a given context. text.

Full link.  Students understand how two 4 Elaborate a scientically valid link be-

scienti ¢ concepts interact in a given con- tween two ideas relevant to a given con-

text. text.

Partial link.  Students recognize poten- 3 Indicate a link between relevant ideas but

tial connections between concepts but can- do not fully elaborate the link in a given

not elaborate the nature of the connections context.

speci ¢ to a given context.

No link.  Students have non-normative 2 Make links between relevant and irrele-

ideas and/or make scienti cally invalid vant ideas.

links in a given context.

Off task. Students make statements about 1 Have non-normative ideas.

non-scienti ¢ situations.

No answer 0 Blank

Table 4.1: Knowledge Integration Construct and Iltem Examples ([229], p. 39).

students demonstrated the capacity to establish scienti cally valid connections between
(at least) two relevant ideas in a given context (RQ1, RQ4). Additionally, 72% of them
successfully tackled and solved new problems in situations they had never encountered

before.

Q. Based on your idea of a “good physical model”, do you think that Einstein's ex-
planation of the photoelectric effect was a “good model"? Justify your answer.

A. Einstein's heuristic model of 1905 can be considered a good model to describe the
photoelectric effect, since it manages to explain many aspects of the phenomenon
with the introduction of the simple concept of quantum and with the extension to it

of some laws of classical mechanics ( rst of all, why electrons leave the atom; then,
why this happens or not, depending on incident light's frequency). The model thus
provides a description which is consistent with a corpuscular interpretation of light.
However, this model does not integrate at all with the well-established model that
interprets light as a wave, and fails to explain the phenomena that are so accurately
described by the latter.

As we can see, the student adequately justi ed his/her answer, starting from the

concept of quantum of light employed by the model, and understanding its links with

classical laws. Furthermore, the student highlighted the challenges associated with rec-
onciling the corpuscular interpretation of light with its wave counterpart, an aspect not
discussed in the course. Hence, the evaluation assigned using the KIC was categorised

as “Complex link” with a score of 5.

Q. Based on your idea of a “good physical model”, do you think that Bohr's model
for the hydrogen atom was a “good model”? Justify your answer.
A. Yes, in my opinion, Bohr's atomic model for the hydrogen atom can be considered

a good model for several reasons:

1. Explanatory power: Bohr's atomic model introduced the concept of quantized en-
ergy levels, where electrons could exist only at speci ¢ energy levels, explaining why
atoms emit light only at certain wavelengths in atomic spectra (in fact, it successfully

explained the Balmer and Lyman spectral series).
2. Predictiveness: Bohr's model accurately predicted the helium spectrum. This pre-
dictive capability is a distinctive feature of a good physical model.
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3. Consistency with existing laws of physics: Bohr's atomic model was compatible

with the principles of classical mechanics and the quantization concepts introduced

by Planck. It served as a bridge between classical physics and emerging quantum
physics.

4. Simplicity and elegance: Bohr's model was relatively simple and elegant in its

conceptual and mathematical approach.

As we can see, the student was able to accurately justify his/her answer, manag-
ing to make a link between classical physics and quantum aspects. In addition, he/she
connected different ideas concerning different elds, such as physical consistency, con-
ceptual simplicity and mathematical elegance (the last one, never mentioned during the
meetings). In this case, therefore, the evaluation we gave with the KIC was “Complex
link” (score 5).

4.8 Comparison with peers

Finally, we conducted a comparative analysis between the answers provided by the par-
ticipants of our courses and those from a cohort consisting of 86 students majoring in
mathematics or physics, along with 46 teachers. Participants of our courses appear to
have developed a more profound comprehension of the topics addressed (72% vs. 33%)
and a greater awareness of the addressed topics compared to peers who encountered
similar subjects through traditional educational approaches ( RQ1).

Q. In your opinion, how will the photon-electron interaction work in the case of the
photoelectric effect produced by X-rays? Which electrons will be involved? What will
happen differently than the situation described by Einstein?

A. In my opinion, compared to the situation described by Einstein, the photoelectric
effect produced by X-rays must have some important differences. Since X-ray photons
have a very high energy compared to UV light, the atoms of the target material will
be expelled faster and easier than photons in UV region. [...] Furthermore, not only
the most super cial electrons will be involved, but also those more internal. Conse-
quently, | believe that, given such a high electron release, a higher amperage will be
recorded than by using UV light.

The student demonstrated an adequate understanding of the photoelectric effect and
the differences between X-ray and UV light interactions with matter. He/she correctly
identi ed that X-ray photons have higher energy compared to UV light, leading to faster
and easier expulsion of photoelectrons from the target material.

Q. Let consider the photoelectric effect. What do you think could happen if the inten-
sity of the incident monochromatic light became several orders of magnitude larger?
A. When the intensity of the incident light increases by several orders of magnitude, it
means there is a greater number of photons striking the photosensitive surface within
a given time interval. This would result in a higher number of photoelectrons being
emitted.

The student demonstrated a solid understanding of the photoelectric effect and the
relationship between incident light intensity and the emission of photoelectrons. He/she
correctly identify that an increase in the intensity of incident light leads to a higher num-
ber of photons striking the photosensitive surface and consequently a higher number of
emitted photoelectrons. The answer is clear and coherent. The student effectively com-
municated their understanding of the topic in a concise manner, making it easy to follow
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their reasoning. In addition, the student identi ed the expected outcome of increasing

the intensity of incident light. Finally, the answer is accurate and precise. The student
accurately explained the expected outcome of increasing the intensity of incident light
in relation to the photoelectric effect. Overall, the student's answer demonstrates a solid
understanding of the topic, with clear and accurate explanations.

4.9 Nature of Science

The old quantum theory, when adequately explained to students, allows for a correct
understanding of the NOS in several ways .

First of all, the old quantum theory illustrates how scienti ¢ knowledge evolves in-
crementally. This shows students that scienti ¢ theories are often re ned and built upon
by successive contributions from multiple scientists.

A. One of the key concepts | have grasped regarding the nature of science is that it
is a dynamic and ever-evolving process. By studying the old quantum theory, | have
understood that science isn't a static body of knowledge, but rather an ongoing pro-
cess of discovery and revision. For example, when Planck introduced the concept of
energy quantisation to explain black-body radiation, he had to abandon the previous
notion of continuous energy and accept that it was quantised into discrete quanta.
This illustrates that science relies on accepting new experimental evidence and the
ability to amend existing theories accordingly.

A. Studying the old quantum theory, | have come to realise that science is not just a
collection of facts, but also a process of constructing models that can be subjected to
experimental veri cation. For instance, Bohr's atomic model successfully predicted
the spectral lines of hydrogen, but it was later expanded and modi ed to account for
new discoveries and anomalies. This demonstrates that science relies on the formula-
tion of hypotheses and models that can be empirically tested, and the ability to adapt
and modify these models based on new evidence is essential for scienti ¢ progress.

Moreover, the development of the old quantum theory showcases the dynamic in-
terplay between theoretical predictions and experimental veri cation. For example, the
guantisation rules proposed by Bohr were initially theoretical, but their validity was sup-
ported by the observed spectral lines. This highlights to students that scienti ¢ progress
often involves a feedback loop between theory and experiment.

A. Studying Rutherford's model has shed light on the intricate interplay between
theoretical frameworks and experimental observations in scienti ¢ inquiry. Ruther-
ford's proposal of his atomic model stemmed from several meticulous experimental
investigations (not the “mythical” gold foil experiment), which revealed unexpected
scattering patterns inconsistent with the previous model (made by Thomson). This
exempli es how experimental ndings can drive theoretical innovation, prompting
scientists to rethink existing paradigms and develop new models that better align
with empirical evidence. Rutherford's theoretical model (which was tested, to ver-
ify its experimental correctness), in turn, provided theoretical insights that guided
further experimental research, facilitating a dynamic feedback loop between theory
and experiment that continues to propel scienti ¢ progress in understanding atomic
structure.

Furthermore, the old quantum theory faced several anomalies and limitations, such
as its inability to explain the ne structure of spectral lines or the Zeeman effect. These
limitations eventually led to the development of the more comprehensive framework of
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guantum mechanics. This teaches students that scienti ¢ theories are always provisional
and subject to revision or replacement in light of new evidence.

A. Understanding the limitations and anomalies inherent in Bohr's atomic model has
been an eye-opening experience for me, highlighting the importance of acknowledg-
ing the provisional nature of scienti c theories and embracing uncertainty in the pur-
suit of knowledge. Bohr's model, while revolutionary in its time and successful in
explaining certain phenomena like the discrete spectral lines of hydrogen, faced sig-
ni cant challenges and anomalies that could not be fully resolved within its frame-
work. One such anomaly is the inability to account for the ne structure of spectral
lines observed in more complex atoms or ions, which deviated from the predictions
of Bohr's model. As | delved deeper into the historical context surrounding Bohr's
model, | realised that scienti c progress often involves grappling with anomalies and
contradictions that push the boundaries of existing theories. Rather than dismissing
these anomalies as failures, scientists like Bohr viewed them as opportunities for re-
nement and expansion of scienti ¢ understanding. Bohr's willingness to accept the
limitations of his model while simultaneously recognising its successes exempli es
the spirit of scienti ¢ inquiry characterised by humility, curiosity, and a commitment

to empirical evidence.

Regarding the NOS, also the concept of scienti ¢ revolutions is fundamental. The
transition from classical mechanics to quantum mechanics represents a scienti ¢ revolu-
tion. Kuhn's idea of paradigm shifts can be illustrated by the old quantum theory, show-
ing how scienti ¢ progress sometimes involves radical changes in our understanding of
fundamental concepts. This helps students appreciate that science is not a straightfor-
ward accumulation of facts but can involve profound shifts in perspective.

Additionally, the old quantum theory demonstrates the crucial role of mathematics in
formulating and understanding scienti ¢ concepts. For example, Planck's quantisation
of energy and Bohr's quantisation of angular momentum both rely on mathematical
issues. This reinforces the importance of mathematical skills in the study and practice of
science.

A. For me, studying the old quantum theory has highlighted the crucial role of math-
ematics in science. It is not just about “crunching” numbers; it is about using math-
ematical concepts to express and understand the fundamental principles of nature.
For instance, Einstein's equation, E = h , which relates energy to frequency, embod-
ies the mathematical elegance that underpins our understanding of quantum phe-
nomena. Similarly, Bohr's quantisation condition for angular momentum, mvr =
n~, demonstrates how mathematical relationships can reveal the quantised nature of
physical systems. Through these examples, | have learned that mathematics serves
as the language of science, providing a powerful tool for describing and analysing
natural phenomena.

Another fundamental aspects concerns historical context and scienti ¢ culture. Un-
derstanding the historical context in which the old quantum theory developed provides
insight into the scienti ¢ culture of the time. It shows students how scienti ¢ discoveries
are in uenced by contemporary technological advancements, such as spectroscopy and
X-ray crystallography, and the collaborative nature of the scienti c community. By using
these examples and explanations, educators can effectively convey the NOS through the
lens of the old quantum theory, helping students develop a deeper appreciation for how
scienti ¢c knowledge is constructed, validated, and sometimes revolutionised.

A. Studying the old quantum theory made me realise how deeply intertwined sci-
enti ¢ progress is with the historical context and scienti ¢ culture of the time. Take
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Planck's groundbreaking work on the quantisation of energy, for example. In the late
nineteenth century, when Planck was formulating his theory, the scienti c commu-
nity was grappling with unresolved questions in physics, particularly regarding the
behaviour of black-body radiation. The prevailing scienti ¢ culture at the time was
rooted in classical physics (Newtonian mechanics and Maxwell's electromagnetism),
which had successfully explained many natural phenomena but struggled to account
for certain observed phenomena, such as the spectrum of black-body radiation.
Planck's theory emerged from this milieu of scienti ¢ inquiry and cultural context.
His willingness to challenge established scienti ¢ beliefs and his deep understanding
of thermodynamics led him to propose an ad hoc (but revolutionary) idea: that the
energy of the oscillators is quantised. Moreover, Planck was interested to the prob-
lem of “absolute” and devoted himself to the construction of a new absolute system
of physical units, based on fundamental constants of physics (among them also h).
Understanding the historical context and scienti ¢ culture of Planck’s time helps us
appreciate the signi cance of his contributions and the transformative nature of sci-
enti ¢ revolution. It underscores the importance of questioning established theories,
being open to new ideas, and recognising the role of cultural and societal factors in
shaping scienti c progress. Through studying the old quantum theory, | have gained
a deeper understanding of how scienti ¢ knowledge is constructed within a larger
historical and cultural framework.

Many of these aspects emerged naturally during the meetings, often explicitly articu-
lated by students verbally, without a speci ¢ question being posed regarding it, showing
a deep understanding of how science develops and works (RQ5).

It is therefore of fundamental importance to demonstrate how science is a dynamic
and evolving process, requiring a combination of theoretical creativity and experimental
rigour. This will help students understand that science is not merely a collection of static
facts, but an investigative method that evolves and adapts over time, thus conveying a
correct image of the NOS.

4.10 Disciplinary and learning knots

By the reading of literature and by analysing the answers provided in the tests and in
the questions and observations made during the meetings, several points concerning the
disciplinary and learning knots (RQ3) emerged, which deserve special attention.

In this work, we will focus on some selected examples which we believe are quite
explicative.

4.10.1 Thomson's atomic model

For example, regarding the atomic model of Thomson, all participants understood that
the negative charges were arranged in rings, in motion, numbering in the thousands and
constituting the entire mass of the atom (to this regard, a student commented: “Itis wrong
to de ne Thomson's model as a “plum pudding': in reality it was just raisipsHowever, the
fact that charge can exists independently of matter (as in the case of the positive charge
in Thomson's model) is not a simple concept to imagine and constitutes an important
conceptual knot: 61% of the participants admitted to being unable to picture an entity
with charge but without mass; 17% envisioned it as a kind of “ethereal uid”, and 22%
visualized it as a “sort of glue, with essentially zero density”.

The vast majority (87%) grasped why a “plum pudding” description (as commonly
presented in textbooks) is absurd and inconsistent. One of the students commented that
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A. A “plum pudding” description, as presented by textbooks, is absolutely unrea-
sonable and would never have been accepted by the scienti c community having no
logical, physical or mathematical foundation. [...] It does not explain how many neg-
ative charges are present, or how the atom can be neutral, it does not explain whether
the electrons are stationary or in motion, or what the sphere of positive charge is made
of: it is thus absurd to think that an authoritative physicist like Thomson could have
developed such a model.

However, only a minority was able to explain the issue of radiation and why it is
small. Few (24%) understood why there was a problem with the stability of the atom:
the problem is related to the fact that the image that students generally have in mind is
that of a planetary-style motion, but in planetary motion there is no experience of energy
emission.

Moreover, there is the crucial aspect related to what students have in mind when talk-
ing about stability, because they confuse the neutrality of total charge with electrostatic
stability (several students stated that “Thomson's model is stable because it is neutjalThe
problem is that the atom, even if is neutral, needs a speci ¢ con guration of charges
(even in the case they are stationary) to be stable. And even if students are able to under-
stand this fact, the problem of what happens to dynamic stability (due to the emission
of electromagnetic energy, given that the charges are rotating) arises; and for 75% of the
students any movement generated electromagnetic instability because they were usually
told at school that accelerated charges radiate. In this sense, from a conceptual point of
view, they struggle to make the transition that leads to questioning (and verifying) that
the emission is small.

These are clearly learning knots, since students show dif culties in consistently and
coherently applying their prior knowledge of electrostatics or electrodynamics, or of
energy balance.

4.10.2 The photoelectric effect

Also concerning the photoelectric effect, several knots can be noted.

Firstly, it must be stressed that the study of the photoelectric effect is not an “ex-
clusive” to Einstein but rather the result of a long and articulated process (started with
Hertz [234, 235]) and various studies conducted by different scientists; a fortiori since
we are ltalian, we felt essential, for example, to highlight the extraordinary contribution
given by Righi (never mentioned in textbooks), to whom, inter alia, the name “photoelec-
tric effect” is due [236]. This point constitutes a historical-disciplinary issue.

Furthermore, it is important to highlight that Einstein's model was a response to
a general problem concerning the emission and absorption of radiation. Within this
context, it certainly provided a solution to the experimental data obtained by Lenard,
but such a solution was not Einstein's primary objective (contrary to what might seem
from textbooks). This aspect is a disciplinary knot.

Moreover, the title of Einstein's 1905 paper, On a Heuristic Viewpoint Concerning the
Production and Transformation of Liglit96], includes the word “heuristic”, indicating that
the proposed model is not detailed but as simple as possible, and designed “for under-
standing”. What can thus be understood from it? For instance, it can be understood
that, in physics, good models are those capable of predicting and explaining phenom-
ena for which they were not originally conceived. This point is a problem of educational
approach (as well as a disciplinary knot, in the topic at stake).

A further fundamental knot, of a conceptual nature, concerns the existence of mo-
mentum for the photon —which is entirely reasonable but was historically hypothesised
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by Einstein only in a second moment, in 1909 [197]. It is important that this fact is put in
evidence, also for reasons of historical accuracy.

Another crucial issue pertains to the principles of conservation in the photon-electron
collision. The aspect of conservation principles is fundamental because it connects and
establishes coherence between the photoelectric effect and the Compton effect. These
two effects, despite being separated by nearly 20 years, are linked by a strong concep-
tual chain that needs to be emphasised (considering that, in textbooks, they are generally
presented side by side, in two adjacent pages, but often explained in two completely dif-
ferent and inconsistently ways —the former as absorption, while the latter as collision).
How is it possible that, during the early years of high school, students study collisions
with the conservation of momentum, and the same ideas are not then applied, in the
last year, to the photoelectric effect? Why is the conservation of momentum used in the
Compton effect not connected with that in the photoelectric effect? Why do students
know (from electromagnetism knowledge) that radiation has momentum E=c, but do
not apply this knowledge to the photon when studying the photoelectric effect? These
are problems of coherence and organisation of prior knowledge (which exist individ-
ually, but are not then integrated into a uni ed and coherent framework) and clearly
represent important learning knots.

In addition to these considerations, a further example of learning knot concerns the
photoelectric effect, which initially seems quite straightforward (at least in Einstein's
heuristic model of 1905). However, students and teachers encounter dif culties in using
the heuristic potentialities of this quite simple model to explain different situations and
make predictions, and they tend to resort to using other prior knowledge, attempting to
nd analogies with things they already know (for example, by applying knowledge of
geometric optics with a shiny surface or transparent sheet) in an incorrect way. There-
fore, several students (43%) showed a lack in the ability to explore the model, which is
essential for achieving a deep conceptual understanding.

Q. If instead of the metal plate, you used a transparent substance (transparent to the
light directed onto it), what do you expect would happen to the incident light on the
plate? Justify your answer.

A. When light passes through air, it does not change direction. However, if it passes
through water or glass (that is, two transparent substances), the light changes its di-
rection. The light ray will thus not be a re ected ray but a refracted one that changes
depending on the medium through which the light passes. It also changes based on
how the light arrives on the transparent substance.

4.11 Conclusions

The ndings from these educational laboratories indicate that it is feasible to teach the
old quantum theory at the high school level and in non-physics graduate courses at
universities in a meaningful and coherent manner. At the same time, they made teachers
aware of the fact that even an accurate presentation of the old quantum theory does not
offer the same pedagogical value of a true physical theory, like quantum mechanics.
The common didactic ineffectiveness of the old quantum theory stem, in our opin-
ion, from the logical incoherence in how the material is presented. However, we believe
this incoherence is more a result of teaching traditions than a fundamental physical is-
sue. Despite the absence of a comprehensive reference theory at the time, the conceptual
foundations of the old quantum theory developed logically. This theory represents a co-
herent and systematic progression of ideas, advancing through deliberate steps towards
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a speci c goal. It becomes clear why, despite a signi cant logical and epistemological
jump, the old quantum theory paved the way for quantum mechanics.

Teaching the old quantum theory should not simply follow a historical approach but
rather offer a thoughtful cultural introduction. This should start from historical aspects
but focus on addressing physics problems through an inquiry-based approach, empha-
sising its connection to quantum mechanics [155].

Meetings conducted so far revealed that the old quantum theory creates a profound
sense of bewilderment among both teachers and students due to interpretative dif -
culties (probably because of a general lack of familiarity with the interpretation of such
phenomena). However, this dif culty can be advantageous in understanding why quan-
tum mechanics logically follows from experimental facts and has evolved in its speci ¢
manner, even if it seems counter-intuitive to how one might expect a physical theory
to develop. In fact, the old quantum theory demonstrates that a reasoned exploration
of models, along with experiments, helps in understanding theory construction and ex-
plaining a broad range of phenomena. Properly approaching the old quantum theory
can serve as an effective pathway for introducing quantum mechanics, aiding in under-
standing its challenges and unique aspects, and fostering an appreciation for its concep-
tual intricacies.






CHAPTER 5

Quantum mechanics

5.1 The experimentations at the University of Milan

As we have already anticipated in the rst chapters, introducing quantum mechanics
effectively and meaningfully in high school and in non-physics degrees at a university
level is of paramount importance for several reasons. Quantum mechanics, with its pro-
found implications and fundamental principles, represents a major cultural and scien-
ti ¢ milestone. As we mark a century since its development, it is essential to appreciate
both its historical signi cance and its foundational role in modern physics.

In fact, not only quantum mechanics revolutionised our understanding of the physi-
cal world but it also challenged and expanded the boundaries of human knowledge. By
exploring quantum mechanics in high school, students can gain valuable insights into
the nature of reality, the behaviour of particles at the smallest scales, and the complex
interactions that govern the universe. This cultural value extends beyond the scienti ¢
community, in uencing technology, philosophy, and even art, thereby enriching our col-
lective intellectual heritage.

To do justice to this profound eld, it is crucial that quantum mechanics be taught
with a focus on its core physical concepts. Students should be introduced to the funda-
mental ideas in a way that is both accurate and engaging. By grounding these concepts
in their physical context, educators can help students appreciate the elegance and power
of quantum mechanics.

Nevertheless, the abstract and often counter-intuitive nature of quantum mechanics
poses unique challenges in education. This necessitates the development of accessible
didactic translations that bridge the gap between complex theories and students' exist-
ing knowledge. Simplifying without oversimplifying is the key; educational materials
must convey the essence of quantum mechanics while remaining comprehensible to high
school students. This involves the use of analogies, visual aids, and interactive learning
tools that can make abstract concepts more tangible and relatable.

The bene ts of introducing quantum mechanics in high school are manifold. Firstly,
it fosters critical thinking and problem-solving skills, as students grapple with challeng-
ing and novel concepts. Secondly, it prepares students for future studies in science and
engineering, providing a solid foundation for more advanced coursework. Additionally,
an early exposure to quantum mechanics can inspire a sense of wonder and curiosity, en-
couraging students to pursue careers in scienti ¢ research and innovation.

The aim of this chapter is thus to delineate the outcomes derived from the design, im-
plementation and assessment of a pilot experimentation on quantum mechanics [237].
The experimentation spanned three educational laboratories conducted in AY 2021-22,
AY 2022-23 and AY 2023-24, involving a total of 254 high-school students and 116 teach-
ers: two laboratories (one held online and another in presence, within a school), re-
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spectively of 15 hours and 20 hours, titled “The Elegance of Quantum Mechanics” and
focused only on quantum mechanics, and another 30-hour (22 of which devoted to quan-
tum mechanics) online course titled “Principles and Equations of Physics Ill: Quantum
Mechanics” and featuring the old quantum theory as an introduction to quantum me-
chanics.

In parallel, the approach was also tested in three re nements with 59 students of
master's degree in physics or mathematics, during the courses “Preparation of Didactic
Experiences”.

The path followed during the experimentations, with all the contents presented, is
reported in details in Chap. 7.

5.1.1 *“The Elegance of Quantum Mechanics”

On these bases, in AY 2021-22, the physics education research group of the University
of Milan designed, implemented, and tested a rst educational laboratory entitled “The
Elegance of Quantum Mechanics”.

Conducted from October 2021 to January 2022, the activity was embedded within
the Italian National Scienti ¢ Degree Project (Progetto Nazionale Lauree Scienti che —
PNLS) and was proposed jointly to 90 students of the last three years of high school
(grades 11th-13th) and 30 teachers.

The laboratory was held through 10 weekly appointments of an hour and a half each,
for a total duration of 15 hours. This means that all the students, whatever their grades,
and all the teachers attended together the meetings. The course was the rst occasion
in which students approached gquantum mechanics, since they had not previously at-
tended any other quantum physics classes taught by their physics teachers. Given the
pandemic and the large number of participants, the course was held online, integrating
the lessons with slides, questions with Kahoot!, and interactive graphic examples created
with GeoGebra.

To encourage active participation from students during the sessions, as well as con-
sistent engagement in completing the questionnaires proposed at the end of each lesson,
the course was also offered as a Paths for Transversal Skills and Orientation (Percorsi per
le Competenze Trasversali e I'Orientamento — PCTO) activity, totalling 25 hours.

5.1.2 “The Elegance of Quantum Mechanics II”

A second experimentation was conducted in AY 2022-23, in a high school in Casale Mon-
ferrato (AL), with 20 students of the last year. The activity, spanning 20 hours, was led
by a school teacher who had attended the course during the second experiment. This
activity was conducted through weekly afternoon classroom sessions, as part of the in-
tervention plan of the National Operational Program (Programma Operativo Nazionale
— PON). The course involved 20 nal-year students and another teacher from the school.

This fact provided us with the opportunity to test the path again, this time delivered
in person and in a formal educational setting.

Research in physics education has shown [238] that effective experiments are those
where the course is co-designed with the teacher, planning each lesson in detail, both in
terms of presentation methods and content. The importance/necessity of co-designing,
however, is highly limiting as it effectively restricts the dissemination of effective pro-
posals. Therefore, the opportunity to follow an experiment based on our course, but
implemented and directly managed by the school teacher, constituted a signi cant op-
portunity to evaluate both the effectiveness of our proposal and the feasibility of its
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autonomous use by the teacher.

In addition, the two teachers decided to replicate the course during the AY 2023-24
with a class they have in common: one teacher having already introduced the fundamen-
tal mathematical aspects necessary for the course during the fourth year in mathematics
classes, and the other proposing the course during physics classes as part of the cur-
ricular activities. These two experimentations, conducted in a standard school setting,
reinforce our con dence in the practical feasibility of our proposal in a school environ-
ment.

One of the main results of this experimentation concerns the importance of using
multiple representations, which became evident. Indeed, it is known that different rep-
resentations are not didactically equivalent, both because each highlights particular as-
pects of the concepts represented, and because they resonate differently with each stu-
dent [239]. Speci cally, in the case of teaching quantum mechanics, one of the learning
obstacles is the abstract nature and dif culty in visualizing the mathematics used. There-
fore, more and more research groups are focusing their work on making these concepts
visualizable and manipulable [240, 241].

Aware of the importance of multiple representations, the development of the ed-
ucational proposal also focused on devising a graphical representation method for n-
dimensional complex vectors. The new delivery of the course was therefore also an
opportunity to design and experiment with a web app 1, developed in R", for the visual-
isation and manipulation of complex vectors and for the graphical search for eigenvalues
and eigenvectors of 2 2and 3 3 Hermitian matrices.

5.1.3 *“Principles and Equations of Physics IlI: Quantum Mechanics”

In AY 2023-24, the physics education research group at the University of Milan designed
and organised an additional experimentation, once again conducted remotely, within
the framework of the PNLS (also offered as a PCTO activity). The experiment, which
enrolled 84 teachers and 144 students from the last three years of high school, was deliv-
ered between October 2023 and January 2024 through 11 weekly sessions of two hours
each, totalling 22 hours (14 of which were dedicated to quantum mechanics).

5.1.4 *“Preparation of Didactic Experiences”

The approach to quantum mechanics was also tested in three re nements with 59 stu-
dents of master's degree in physics or mathematics, during the courses “Preparation of
Didactic Experiences”.

The students were presented the same approach and assigned the same question-
naires given to high-school students. Additionally, they were asked to provide sugges-
tions and comments, and to think and propose further questions that, in their opinion,
could be useful to investigate other aspects related to the topics discussed, to assess their
understanding, and to stimulate active learning and a critical approach to the presented
content.

5.2 Experimentation's effectiveness: data analysis

During the experimentations, we collected data from different kinds of sources: indi-
vidual ongoing tests, a satisfaction questionnaire, and (in the rst two experimentations

1The web app is available at: https://didatticafisicaunimi.shinyapps.io/realVector/ and
at: https://didatticafisicaunimi.shinyapps.io/complexVector/ .



94 5.2 Experimentation’s effectiveness: data analysis

with high school students) also individual interviews, with 8 open-ended questions that
were not previously encountered or discussed during the course.

Itis notable that a variety of assessment techniques were employed, surpassing tradi-
tional methods commonly preferred by educators, in order to comprehensively evaluate
effectiveness, including the viewpoints of the research team.

Every answer was evaluated individually by the researchers who actively partici-
pated in the experimentation. Following this, a comparative examination of these as-
sessments was undertaken, and the scores presented in this document represent the
agreement reached following the comparison phase.

Tests administered during the course (one at the end of each meeting) contained a
total of 38 open questions and 24 exercises. Questions and exercises were written by
researchers, and before being given to students, they were shared and discussed with
some university professors and high school teachers to reach agreement on the meaning
of the questions and to verify that the questions were suf ciently well posed. Subse-
quently, they were administered to a sample of 95 university students enrolled in the
course “General Physics 3” (of the bachelor's degree course in mathematics), in which
guantum mechanics issues are presented, to check their understanding of the questions'
meaning.

Moreover, in the rst two experimentations, 33 students were chosen for individual
interviews of about 30 minutes each. They were selected by their teachers (who had also
joined the course), on the basis of their attendance (at least 90% of meetings) and their
active participation during the lessons. The students interviewed were not necessarily
those with the highest marks in physics, the greatest interest in the subject, or the best
results in the course tests. For instance, in the rst round of experimentation, one student
admitted to consistently performing poorly in physics and never having a particular
fondness for the subject. She chose the course to see whether a different approach might
spark her interest in the topics, which indeed happened.

The interviews were conducted by researchers and aimed to analyse the students'
understanding of the course content. Additionally, the interviews sought to grasp their
reasoning and strategies for tackling problems not covered in the lessons, both in math-
ematics and physics.

Interviews were composed of three main issues, substantially equal for all students:

I1. Students had to determine the state of a system (an electron in a hypothetical hy-
drogen atom with 3 energy levels) from numerical data, to speak about the energy
levels, and to write them with the correct formalism:

Q. Let us take a hydrogen atom and suppose, for simplicity, that it is character-
ized by three energy levels: E; = 13:6eV,E; = 34eV,andEz = 15eV.If
the state of an electron is such that it has a probability 1/3 of having energy E1,
1/2 of having energy E» and 1/6 of having energy Egs, how do we represent its
state in quantum mechanics? What can we say about the energy?

After that, a new situation (never encountered during the course) was presented:

Q. Let us now suppose that a measurement is performed, whose result is that the
energy is not E,. What is the state of the electron after the measurement?

These two problems were designed to evaluate students' reasoning regarding su-
perposition, probability, and measurements. They aimed to test the students' abil-
ity to interconnect these concepts, use the correct formalism, and transition smoothly
between different representations.
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I2. Students were asked to determine whether a given 3 3 matrix (in C) represented
or not a self-adjoint operator, motivating the answer. Students were also asked to
Il'in a partially empty 4 4 matrix to obtain a self-adjoint operator. Moreover,
the de nition of self-adjoint operators was asked. These questions were intended
to verify the knowledge of mathematical aspects discussed during the course (but
usually not presented at school).

I3. Students were asked to explain the essence of quantum mechanics and what makes it
different from classical mechanics. This was an open question, on the general com-
prehension of physics. After two very formal issues, we wanted to leave students
free to express their ideas in their own words.

5.3 Questions and answers: a rst analysis

5.3.1 Alinear, complex and probabilistic theory
A linear, complex and probabilistic theory: questionnaires
A central question among those proposed was the following:

Q. What characteristics suggested by phenomenology should the theory we are con-
structing (quantum mechanics) presumably have?

A total of 231 students (across all three experimentations with high school partici-
pants) responded to the question. The majority of the students highlighted the follow-
ing aspects: 94% of the students recognised the probabilistic aspects, 92% the complex
aspect, 91% the linear aspect, and 8% an ondulatory (or wave-like) aspect. 90% of stu-
dents recognised all three characteristic aspects of quantum mechanics: the complex
aspect, the probabilistic aspect, and the linear aspect.

The complex aspect
Among the students who speci ed the complex aspect, several categories can be ob-
tained from their answers:

- 63% of students highlighted an analogy with waves but where nothing seems to
oscillate:

A. Complex because complex functions are able to represent something that os-
cillates, whose squared modulus remains constant. In matter waves, in fact, we
do not see anything oscillating.

- for 10% of students, the complex aspect is linked to the wave-like nature:

A. Complex because one must represent something that oscillates.

A. Complex, meaning using complex numbers to explain the wave-like nature of
matter beams.

- for 3%, it is used for describing phenomena we cannot see:

A. Complex because complex numbers are used to describe phenomena that we
cannot even visualize.

2To this regards, it is interesting to observe that, among the students that highlited an ondulatory aspect,
73% used the terms “linear” and “wave-like” as if they were synonyms.
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- for 24%, is linked to the duality aspect:

A. Complex because it must account for both the particle-like and wave-like be-
haviours of quanta.

The probabilistic aspect
Among the students who speci ed the probabilistic aspect, we present representative
examples of some categories:

- for 68% of the students, the probabilistic aspect emerges evidently from the phe-
nomenology:

A. Probability means that the result of a measurement, in general, cannot be
predicted with certainty even if one has complete knowledge of the state.

- 39% of the students referred only to the double-slit experiment:

A. From observing the low-density beam experiment, we deduce that the rst

guantum never occupies the same position as that of the previous experiment,
but we can determine where it is most likely to arrive based on the interference
bands.

A. The statistical nature of quantum mechanics is evident in the double-slit ex-
periment, where individual particles, such as electrons, create an interference
pattern over time. This phenomenon becomes clear when the experiment is re-
peated many times. By observing where each individual quantum lands on the
screen, we notice that while we cannot predict the exact position of a single par-
ticle, a pattern emerges from the collective results. Each time an electron is sent
through the slits, it appears to land at a random location, but as the number of
electrons increases, an interference pattern gradually forms. This indicates that
we can only predict the probability of where each particle will land, not its exact
position. The interference pattern, characteristic of wave behaviour, arises from
the probability distribution of the electrons, demonstrating the fundamental sta-
tistical aspect of quantum mechanics.

- 14% referred to the “path” followed by the quanta:

A. Probabilistic because quanta do not follow a precise path and thus one can
only deduce which paths they will take through probability.

It is worth spending a few words on the issue of “path” or “trajectory” of a particle.

In classical mechanics, the concept of trajectory is straightforward: it refers to the
path that a particle follows through space as a function of time. This path is determined
by the particle's initial position and velocity, and it can be precisely calculated given
the forces acting on the particle. However, in quantum mechanics, the notion of trajec-
tory becomes much more complex and problematic. Unlike classical particles, quantum
particles do not have de nite paths.

On one hand, it is often said that in quantum mechanics particles do not have a de-
ned trajectory due to the so-called “Heisenberg's uncertainty principle”. This principle
implies that we cannot simultaneously know both the position and momentum of a par-
ticle with arbitrary precision. The more accurately we know one, the less accurately we
can know the other. As a result, it is impossible to de ne a precise trajectory for a quan-
tum particle. On the other hand, however, experiments conducted in cloud chambers
make the tracks of particles visible. Similarly, in experiments like the double-slit exper-
iment, particles such as electrons create an interference pattern on a screen, suggesting
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that they behave like waves. However, when we try to measure which slit the parti-
cle goes through using detectors, we see that it is always only one detector that clicks,
not two. This leads us to think that, in some way, our electrons behave analogously to
particles.

Clearly, there is a dif culty in de ning a trajectory in quantum mechanics. Perhaps,
though, the problem lies in the question being asked. Thatis, “What is the trajectory of the
particle?” is probably a poorly posed question in quantum mechanics. This is an aspect
that we believe is important to discuss with students (and also with teachers). In fact,
since physics aims to answer fundamental questions about the universe, it is essential
to ensure that these questions are well-posed. This involves careful consideration of
the problem's formulation, the assumptions made, and the context within which the
guestion is asked.

A well-posed question, instead, is to inquire why probability should be de ned in a
new way in quantum mechanics. In fact, the classical de nition appears not to function
properly in describing the outcomes of experiments such as the double-slit.

Q. Explain why, in the new theory called quantum mechanics, it is necessary to de ne
probability in a new way.

Regarding why a new way of de ning probability is necessary, several aspects were
put in evidence:

- for 77% of the students, classical probability does not explain physical phenomena:

A. In the new theory, quantum mechanics, a novel approach to de ning probabil-
ity is imperative due to the inherent probabilistic nature of quantum phenomena.
Traditional classical probability theory, while adequate for macroscopic systems,
fails to adequately explain the behaviour of particles at the quantum level.
Classical probability models are insuf cient to describe phenomena observed in
guantum experiments, such as the double-slit experiment. Attempting to apply
classical probability concepts to quantum scenarios leads to inconsistencies with
experimental observations. For instance, when analyzing the interference pat-
terns in the double-slit experiment, classical probability calculations yield pre-
dictions that contradict experimental results, indicating a fundamental mismatch
between classical probability theory and quantum phenomena.

A. Inthe new theory, a new way to de ne probability is necessary because, when
analysing the phenomenon of the low-intensity double-slit experiment, if one
tries to calculate the probability that an electron is detected in an area of destruc-
tive interference using the simple method of the area of a rectangle [referring to
the proposed drawing to represent classical probabilities through the measure-
ment of Borel sets in a space of measure 1].

A. One obtains a probabilistic prediction that is clearly inconsistent with the ex-
perimental results, which, on the contrary, suggest a much lower probability.

- for 11%, the new de nition of probability allows for de ning the axes of space:
A. Probability also allows for de ning the Cartesian axes.

The linear aspect
Among the students who speci ed the linear aspect,

- for 67%, it is a characteristic emerging from phenomenology
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A. It must be a linear theory, because in the double-slit experiment at low in-
tensity, even sending a single quantum, an interference pattern predicted by the
superposition principle is obtained.

A. The linearity characteristic is because phenomenology suggests that we have
interference typical of wave-like behaviour, as observed in matter beams where

we have evidence showing that the behaviour of material beams is somehow

similar to the behaviour of light.

- for 19%, it is a characteristic due to the fact that quanta are like waves (since they
add up and do not collide):

A. Linear, in fact quanta can be summed just like waves, with constructive and
destructive interference.

A. Linear theory allows for the superposition of states. This means that if a quan-
tum system can be in state A and state B, it can also be in any linear combination
of these states. This superposition is fundamental to quantum mechanics and is
essential for explaining phenomena such as interference patterns.

A. The linear aspect of quantum mechanics emerges from the double-slit exper-
iment because when we send single particles, like electrons, through two slits,
they create an interference pattern on the screen behind the slits. This pattern
can only be explained if we think of each electron as a wave that goes through
both slits at the same time and then interferes with itself. This interference is a
result of the linear superposition of the wave functions. If quantum mechanics
wasn't linear, we wouldn't see this kind of wave-like interference pattern. In-
stead, we would expect to see two distinct spots on the screen, corresponding to
the two slits, but the experiment shows us a series of bright and dark fringes, just
like with light waves, con rming the linear nature of quantum mechanics.

Itis interesting also to analyse what students believe the use of a linear theory entails:

Q. Explain what the choice to use a linear theory to represent the state of a quantum
entails.

Concerning the answers provided,
- for 25% of the students, it is linked to summing the quantum states:

A. The use of a linear theory implies that a linear combination of the possible
states of the system (superposition principle) is considered, and the result ob-
tained is still a possible state of the system.

- for 39%, is related to the introduction of vectors to describe quanta:

A. The choice to use a linear theory to follow the evolution of the state of a quan-
tum implies the introduction of vectors, rather than scalars, to describe the state
of a quantum. They can indeed obey the superposition principle, as required by
experimental results.

Regarding this response, 7% of the student also mentioned that vectors indicate
the directions and orientations of quanta:

A. Itimplies the use of vectors indicating the directions and orientations of quanta;
these vectors will be positioned according to probability.
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- for 18%, it means summing the quanta:

A. It implies the possibility of summing the various quanta without issues, as
with waves.

- for 6%, it implies the ability to explain phenomenology:

A. The choice to use a linear theory implies the possibility of having destruc-
tive and constructive interference, which would not be possible without a linear
theory.

A. This choice enables the description of constructive and destructive interfer-
ences.

A further question was also posed:

Q. Explain clearly and comprehensively how a linear space is de ned and provide at
least two examples of it.

To this regard,
- for 8% of the students, it is the space that originates from the linear combination:

A. Alinear space is de ned by considering a linear combination of possible states
of the system under consideration.

A. Alinear space is a linear combination of possible states of a system from which
further possible states of the system are obtained.

- for 44%, it is the space in which the superposition principle holds:

A. A linear space is a mathematical structure in which, considering any linear
combination of possible states of the system, the result obtained is still a possible
state of the system (superposition principle).

Moreover, 8% of the students mistakenly used as examples of linear space those that
were used during the course regarding the state space in classical mechanics (position
vs. velocity, volume vs. pressure):

A. An example is a system of orthogonal axes with time as the abscissa and velocity
as the ordinate for kinematics; or a system of orthogonal axes with volume as the
abscissa and pressure as the ordinate for thermodynamics.

86% of the students provided an adequate explanation in their responses. The major-
ity expressed reasonable understanding regarding the complex (64%) and probabilistic
(80%) nature of the theory. However, the most problematic point concerned linearity.
Many students showed signi cant uncertainty about what a linear space is and what it
entails.

Moreover, the process of modelling appeared to be lacking. From the given re-
sponses, about 30% of the students explicitly believed that the quanta themselves com-
bine like waves, rather than their states. This led us to think that other students might
also have this confusion between the state of the quantum and the quantum itself, even
if they did not explicitly state it.

This issue has been already noted in the research literature. Some articles on students'
understanding of models have shown that they have dif culty distinguishing between
a model and the reality described by that model [72], as some of them often consider
models to be exact, scaled-up, or scaled-down representations of the “real thing” [242].
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A linear, complex and probabilistic theory: further questions

Also in this case, the students of the “Preparation of Didactic Experiences” course were
asked to think about additional useful questions or comments that could be provided in
an educational path.

One thing that struck a lot was the possibility that there are questions that seem rea-
sonable but are actually ill-posed. According to the students, re ecting on the possibility
that some questions in physics might be ill-posed, especially within the context of quan-
tum mechanics, is a useful exercise that carries signi cant educational advantages.

C. Understanding that some questions might be ill-posed in quantum mechanics can
deepen our conceptual understanding of the subject. For instance, the wave-particle
duality of matter challenges our classical notions of particles having de nite paths.
Asking for the exact path of an electron in a double-slit experiment disregards the
fundamental principles of quantum mechanics. By re ecting on why such questions
are ill-posed, we can better appreciate the probabilistic nature of quantum mechanics
and the role of the observer in measurement. This not only helps us grasp the core
concepts more thoroughly but also allows us to communicate these ideas more effec-
tively to others, fostering a more nuanced and accurate understanding of physics.

C. Recognising the potential for ill-posed questions in quantum mechanics promotes
intellectual humility. It reminds us that our current understanding is limited and that
the framework of quantum mechanics may challenge our intuitions and expectations.
For example, pondering the problem related to the use of some common concepts (for
example, the concepts of trajectory) make us re ect on the importance of asking our-
selves whether a question is reasonable or not in a precise context. Moreover, it forces
us to confront the limitations of classical logic and of the aws of the “usual gaze”.
This humility is crucial for scienti c inquiry, as it keeps us open to new ideas and
encourages continuous learning and adaptation of our way of looking at things. By
embracing this mindset, we are better prepared to tackle complex problems and con-
tribute to the advancement of physics, knowing that sometimes, the most profound
insights come from questioning our (apparently rm) assumptions.

In this sense, as recognized also by students, apparently naive questions as“What
path does an electron follow as it moves through an atasn?What trajectory does an electron
follow in the double-slit experiment?&quire instead deep re ections.

A linear, complex and probabilistic theory: general considerations

Approaching the characteristics of quantum mechanics theory (linearity, complex do-
main, and statistical aspects) through the study of selected experiments, such as the
double-slit experiment, is important for several reasons.

From the point of view of the educational impact:

- Experiments provide concrete examples that help students grasp abstract concepts.
For instance, the double-slit experiment vividly illustrates the probabilistic nature
of quantum particles, making these concepts more tangible. Moreover, also the
linear aspect of the theory emerges clearly.

- Engaging with experiments promotes active learning: students are not just pas-
sive recipients of information but are actively involved in observing, questioning,
and drawing conclusions from experimental data. For example, the discussion on
the concept of “trajectory” is not straightforward for students, who struggle to un-
derstand that a question —seemingly innocuous and reasonable— can actually be
ill-posed in a particular context.
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From the point of view of critical thinking and reasoning:

- Experiments encourage scienti ¢ inquiry and the development of critical thinking
skills. Students learn to formulate hypotheses (“How should this new probability
be?”), design experiments, analyse data, and draw evidence-based conclusions.

- Working through the implications of experimental results helps students develop
problem-solving skills. They learn to navigate the complexities and uncertainties
inherent in quantum mechanics, which mirrors the challenges of real-world scien-
ti c research.

From the point of view of conceptual understanding:

- Experiments help students move beyond rote memorisation to achieve a deeper
understanding of fundamental principles. By seeing how theoretical concepts man-
ifest in real-world scenarios, students can integrate and apply their knowledge
more effectively.

- Studying experiments allows students to see the connections between different
concepts. For example, the double-slit experiment links the behaviour of matter
beams and electromagnetic beams, showing the granularity, the linearity and the
statistical aspects of both of them.

5.3.2 The double-slit experiment and the Mach-Zehnder interferometer
The double-slit experiment and the Mach-Zehnder interferometer: questionnaires

The double-slit experiment is one of the most famous and intriguing experiments in
physics, particularly in quantum mechanics. The “strangeness” of the experiment can
be summarised in the following points:

- Interference with single particles: when a beam of particles (such as electrons or
photons) is red through two slits, an interference pattern appears on the detection
screen, similar to that of waves. This occurs even when the particles are sent one
at a time, suggesting that each patrticle interferes with itself.

- Probability and observation: the nal position of the particles on the detection
screen cannot be predicted with certainty, but only in terms of probability. Fur-
thermore, if an attempt is made to observe which slit the particle passes through,
the interference pattern disappears, and the result obtained by summing the out-
comes with only one slit open at a time is not equal to what we obtain when both
slits are open simultaneously.

The surprising result is that, when the experiment is performed with only one slit
open at a time and the results are summed, the interference pattern observed is not the
same as when both slits are open simultaneously. This suggests that particles behave
differently when passing through a single slit compared to when passing through both
simultaneously. It is as if, somehow, the particle “knows” how many slits are open even
before encountering them.

Regarding the single-slit scenario with a single quantum, it is indeed strange that
the sum of the results observed when one slit is observed at a time does not produce
the same interference pattern observed when both slits are open simultaneously. This
discrepancy challenges classical expectations, as one might intuitively assume that the
sum of individual results corresponds to the combined outcome.
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However, only 9% of the students (across the three experimentations) were struck or
surprised by the outcome of the double-slit experiment and its peculiarity. It was only
after explicit re ection on the “strangeness” of the experiment that most students (both
high school and university students...and even many teachers!) grasped this aspect and
realised the uniqueness of the situation.

So why do students generally not perceive any strangeness when observing it? In
this regard, we considered it important and useful to discuss this aspect, posing speci c
guestions about it.

Q. In your opinion, what is strange (or counterintuitive) about the single-quantum
double-slit experiment? Justify your answer.

Q. Regarding the single-slit experiment performed with single-quantum, do you nd
it odd that the result obtained by summing the two outcomes observed when one
of the two slits is closed is different from what is obtained when both slits are open
simultaneously? Or do you think it is reasonable? Justify your answer.

The responses provided varied and highlighted different aspects. Here are the most
signi cant and detailed ones (at least, as to us).

A. Considering a source that emits a single quantum, one might expect it to behave
like a particle and therefore obey the usual laws of classical physics. Once the quan-
tum leaves the source, it should (seemingly randomly) choose one of the two slits
to pass through (in the sense that, considering it as a particle, the only possible way
for it to arrive at the screen is by passing through only one slit, and therefore it is
impossible for it to pass through both simultaneously), and then randomly position
itself on the screen along the emission trajectory, concentrating more in the vicinity
of the slits. However, what occurs on the screen is an interference pattern, as if the
individual quanta somehow knew in advance where to position themselves on the
screen so as to collectively form interference maxima and minima with other quanta
that subsequently arrive. This collective behaviour that occurs is instead attributable
to wave-like behaviour. If one imagines that the source emits a wave, it will pass si-
multaneously through both slits, and these, as if they were two sources themselves,
will create two waves that, upon interacting, produce interference maxima (where the
waves are in phase) or minima (where they are in opposition) on the screen.
Therefore, what is counterintuitive, in my opinion, is this seemingly wave-like be-
haviour of something, the quantum, which | intuitively do not imagine as a wave
but as a particle. Moreover, if we were to close one of the two slits, the interference
phenomenon would no longer occur, but rather a more intense zone in the center and
faded on the sides would be observed. This is also dif cult to understand because,
as mentioned earlier, even in the case of two slits, the quantum was constrained (if
thought of as a particle) to pass through only one of the two slits, and therefore we
should obtain the same result, but this is not the case.

This leads us to reconsider the idea of the quantum and imagine it as a wave rather
than a particle, capable of simultaneously passing through both slits. However, even
in this case, a problem arises: in the double-slit experiment, if we were to try to deter-
mine with a detector through which slit the quantum passes, the interference pattern
on the screen would no longer be visible.

A. Being two formally distinct experiments, at rst glance, | would not expect the
outcome to be the same. However, | would still anticipate the same result because the
presence or absence of a second slit does not change the likelihood of a photon passing
through the other slit; this depends only on how the photon exits the source, and its
motion is not in uenced by anything else. Itis as if, with two slits, after recording the
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emission of a certain number of photons, we were to edit the video into individual
emissions and rearrange them based on whether they end up in the rst or second
slit. Conceptually, it is like emitting photons that can pass only through the rst slit,
then only through the second. It would be reasonable to expect the gure observed
in the end to be the same; if it were different, | would think that the photons already
emitted could in uence the trajectory of those yet to be emitted.

A. The double-slit experiment highlights the necessity, in the study of the in nitely
small, to change one's way of thinking about reality —that is, in this case, physical
phenomena— moving away from the now natural Newtonian conception.

Firstly, by emitting only one particle at a time, it is impossible to determine its trajec-
tory with certainty, but only to record on the screen the point where it arrives: after
the emission of a few particles, an apparently random distribution of arrival points
is observed,; this alone could undermine a purely deterministic view of physical phe-
nomena.

Secondly, after the emission of a large number of particles, an interference pattern typ-
ical of wave propagation is observed on the screen. This fact is even more surprising:
the way one can imagine a wave, passing through two slits, producing an interference
pattern has nothing to do with the image of a source emitting one particle at a time.
Itis indeed very complicated to think that particles, launched one at a time towards a
screen, in uence each other's “trajectory” (a concept that inevitably comes into play),
as if each one “knew” that many other particles would be emitted afterwards, all part
of the same wave.

One realizes, therefore, the inadequacy of the Newtonian approach to address these
problems.

A. Considering rst the case where light passes through a single slit of very small
width compared to the distance from the panel, a diffraction pattern will form on the
wall. At the point on the screen corresponding to the centre of the slit, a maximum
intensity of light will form, while on the sides there will be alternating dark and light
fringes, with smaller width and height compared to the central fringe. This happens
because light propagates as a wave, and each point of the wave along the aperture
generates secondary waves that propagate in all directions and interfere with other
waves.

However, if we consider two slits, one would expect to obtain the superposition of
the two diffraction patterns, each of which would be obtained if there were only one
slit. The individual patterns would be the same but simply spatially offset. What
actually happens and is seen on the screen is a diffraction pattern with a maximum
intensity of light in the centre and light and dark fringes on the sides, which decrease
in intensity as they move away from the central fringe.

Re ecting on this, what happens is explained by the fact that each of the two slits
now acts as a source of waves. Thus, what we see is the sum of two waves where
we encounter two extreme cases: the case of waves in phase where the resultant is
a wave with the same intensity but double amplitude compared to the original one,
resulting in constructive interference, corresponding to a bright fringe, and then the
case of waves in opposition of phase where the resultant is zero and we see a dark
fringe.

In the case of the passage of a single quantum, it cannot interfere with other particles
because it is emitted only after the previous quantum has reached the screen. There-
fore, in this case, without constructive or destructive interference between multiple
waves, | cannot explain how the opening or closing of a slit can affect the passage of a
guantum and thus the difference in the two patterns formed on the screen in the two
cases.

In our opinion, considering the responses obtained, most students do not perceive
any strangeness because they view the experiment with both slits open simultaneously
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and the one with one slit open at a time as two separate and, therefore, independent
experiments.

This may indicate a lack of conceptual connection between the two experimental con-
ditions, with students failing to recognise the relationship between the slit openings and
the behaviour of the particles. This fragmented approach could stem from an inade-
guate understanding of the implications of the double-slit experiment (which might not
be the most effective way to introduce quantum aspects). Additionally, it might re ect a
tendency to conceive of physical events as separate and isolated rather than as part of a
larger framework.

The issue lies in the necessity for students to grasp that the model should also func-
tion in slightly different (yet closely related) situations from the initial one. Whether we
open one slit at a time or both together, these are two situations that are closely related
to each other. Hence, we should have a single model that explains both scenarios.

To further expand the analysis, we might consider that students may be in uenced
by a reductionist view of physical phenomena, tending to compartmentalise the experi-
ence into individual events rather than examining it in the context of a broader system.
Encouraging a more integrated perspective, where students consider the connection be-
tween different experimental conditions and seek to understand how these integrate
into a uni ed conceptual framework, could be bene cial. Furthermore, emphasising the
importance of conceptual coherence and the search for connections between different as-
pects of quantum physics could be advantageous in developing a deeper understanding
of quantum phenomena.

The double-slit experiment and the Mach-Zehnder interferometer: further questions

One of the main questions that emerged with the students of the “Preparation of Didactic
Experiences” courses was the following:

Q. Do you think the double-slit experiment is more peculiar with photons or with
fullerenes? Why?

Several interesting answers were given. Here, we report some examples:

A. The experiment is probably stranger with fullerenes than with photons. What is
obtained with photons is certainly unexpected, but less shocking. Photons are parti-
cles that already have inherently unusual characteristics: they are massless patrticles,
constituting electromagnetic radiation, such as light; one can almost expect some-
thing so elusive to exhibit unexpected behaviours. The fact that the same behaviours
are also assumed by atoms and molecules, particles of which matter is composed, is
much more dif cult to absorb, as it goes against every possible sensory experience.

A. With fullerenes, because they have an order of magnitude, in terms of spatial di-
mension, greater than photons. Furthermore, their structure can be observed. So, if
for particles much smaller than dimensions we are accustomed to dealing with daily
(simply put, if | throw small spheres of a rigid material with a diameter of a few
centimetres against slits large enough to let them pass and mark their positions after
passing through the slits, | won't observe the same outcome as photons emitted to-
wards slits of the order of one- ftieth of a millimetre), | obtain a certain result of the
experiment, the closer | get to these dimensions, the more | expect different results.
While it seems strange to me that for fullerenes, whose shape can even be determined,
the same outcome as photons persists.
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A. | nd the double-slit experiment with fullerenes more peculiar because, given their
mass, | would expect them to behave like material points. However, experimentally,
fringes are observed on the screen behind the slits. The behaviour of material points
would be to concentrate without gaps in the area between the two slits, decreasing in
number as they move away from the central zone.

Since light behaves like a wave, the behaviour of photons seems less strange to me,
even though it's counterintuitive that they arrive as points on the screen.

These responses are interesting from a didactic standpoint because they highlight a
discrepancy between classical intuition and the experimental results of quantum me-
chanics.

Many students re ected on the nature of fullerenes, which have mass and therefore
(in their opinion) should behave like material particles. However, the experiment shows
wave-like behaviour, with the formation of interference fringes on the screen behind
the slits. This contrast between classical expectation and experimental observation is
a key point in highlighting the peculiar nature of quantum physics. This awareness of
the counterintuitive aspects of quantum results were considered particularly stimulating
for a deeper discussion on the nature of light and particles, since they can encourage
students to challenge their classical intuitions and explore new physical concepts.

In addition, one crucial aspect regarding the experiment of Mach-Zehnder interfer-
ometer (at least according to some students) that emerged is that the general feeling may
be that we do not truly understand why the photon ends up exactly where we expect it
to. It might seem more like a kind of mathematical “game” or trick that works and is
coherent, but does not really explain what happens (that is, when the photon interacts
with a beam splitter, how does it behave?). In fact, until the mathematical calculations
are explicitly performed, students completely understand what happens and why.

The double-slit experiment and the Mach-Zehnder interferometer: general consider-
ations

Approaching experiments like the double-slit experiment and the Mach-Zehnder inter-
ferometer is crucial for a meaningful presentation of quantum mechanics in an educa-
tional context for several reasons:

- Visualizing wave aspects: these experiments vividly demonstrate the the wave-like
behaviour of quantum objects. The double-slit experiment shows how particles
like electrons exhibit interference patterns characteristic of waves, challenging the
classical notion of particles as discrete entities. This visual demonstration helps
students understand this peculiar aspect of quantum mechanics.

- lllustrating quantum superposition: both experiments exemplify quantum super-
position. In the double-slit experiment, the superposition of wave functions leads
to interference patterns, while the Mach-Zehnder interferometer can demonstrate
the coherence and interference effects of quantum states. These concepts are fun-
damental to understanding how quantum systems can exist in multiple states si-
multaneously, a concept that contrasts sharply with classical mechanics.

- Highlighting measurement and observer effects: quantum mechanics emphasizes
the role of measurement in determining the outcome of an experiment. These ex-
periments illustrate how the act of measurement in uences the behavior of quan-
tum particles. The Mach-Zehnder interferometer, for instance, shows how different
paths and measurements can affect interference patterns, reinforcing the idea that
observation is intrinsic to quantum phenomena.
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- Encouraging critical thinking and conceptual challenges: these experiments chal-
lenge classical intuitions and encourage students to think critically about the na-
ture of reality and the limitations of classical physics. The results often defy common-
sense expectations, prompting deeper inquiry into the philosophical implications
of quantum mechanics.

- Fostering experimental design and analysis skills: studying these experiments re-
quires students to engage in experimental design, data analysis, and interpretation.
They learn to analyse interference patterns, understand statistical distributions of
outcomes, and appreciate the precision and careful planning required in experi-
mental physics.

- Connecting theory with practical applications: these experiments bridge theoret-
ical concepts with practical applications. For example, the Mach-Zehnder inter-
ferometer is not only fundamental in understanding quantum mechanics but also
serves as a basis for technologies like quantum computing and precision measure-
ment instruments. This connection helps students see the relevance of quantum
mechanics beyond theoretical discussions.

In conclusion, these experiments are essential in an educational context because they
provide tangible demonstrations of key quantum principles, foster critical thinking, and
bridge theoretical knowledge with practical applications, thereby enriching students'
understanding of the complex and counter-intuitive nature of quantum mechanics.

5.3.3 Spaces, axes and coordinates
Spaces, axes and coordinates: questionnaires
A crucial question we posed was the following:

Q. When considering a quantum system on which we perform experiments, what sig-
ni cance do the axes of the linear space in which we describe the state of the quantum
system have?

215 students answered the question. 87% of them correctly associated the number of
axes with the number of possibilities. Of these:

- 77% proposed a generalisation of the concept, providing authonomous reasonings:

A. Considering a quantum system on which | perform experiments, the axes
of the linear space in which | describe the state of the quantum system corre-
spond to the possibilities of the system.

A. The axes of the linear space in which the state of the quantum system is
described represent the different possibilities that can be obtained with the
experiment being conducted.

- 17% simply referred to the examples given during the meetings:

A. The axes of the linear space in which | describe the state of the quantum sys-
tem represent the possibility of the quantum system passing through one of the
two slits and the possibility of the quantum system being detected in the inter-
ference zone or not.

On the other hand, 9% of the students erroneously associated the axes with “proba-
bility”, as seen in these responses:
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A. The axes indicate the probability of the position that the quantum system can have.

A. In a linear space in which | describe the state of the quantum system, the axes are
equivalent to the probabilities.

Although, in general, the students seem to correctly distinguish the two concepts
(that of possibilities of the system and that of probability of each possibility), these latter
responses suggest that some students might confuse the two terms.

In addition, several exercises and problems were proposed. Here some selected ex-
amples:

Q. Based on what you have seen, nd the coordinates (x;y;z;w) of a point P in a
4-dimensional space that is 1 unit away from the origin and lies on one of the “bisec-
tors”.

Q. Represent, using a vector, the state of a loaded die knowing that the probability of
rolling a 3 is twice that of the other outcomes.

Only 9% of the students did not grasp that the coordinates represent the square root
of the probabilities. It is reasonable to think that these students have not understood
why the state vector in quantum mechanics must have a unit modulus, meaning that
the sum of the squares of its components must equal one, as these components represent
probabilities.

Another exercise that deserve some re ections is the following:

Q. Represent, using a vector, the state of a loaded die knowing that the probability of
rolling a 5 is four times that of the other outcomes.

Even though almost all students recognized the impossibility of drawing/representing
a vector in a 6-dimensional space (and therefore relied primarily on an algebraic ap-
proach to the problem to determine how the vector should be constructed), some stu-
dents attempted a graphical representation:

- 18% of the students, overwhelmed by the complexity of drawing vectors in such
spaces, were unable to even begin the reasoning process and complete the exer-
cises.

- 10%, on the other hand, transformed the 6D spaces into 2D spaces, attempting to
represent the six axes and the vector on a plane (typically by drawing the six axes
as the main diagonals of a regular hexagon), or by considering the two axes x and
y and the two bisectors (considered separately in the four quadrants).

The responses indicate that almost a third of the students tend to prefer a “graphi-
cal/geometric” representation over an “algebraic” one and try to nd or produce one.
This reveals a widespread dif culty in relying solely on “abstract/algebraic representa-
tions” and a preference for a graphical counterpart. However, this preference becomes
a limitation in cases where a graphical representation is not feasible (e.g, in all cases
involving spaces with more than three dimensions). In such situations, most students
struggle to understand how to proceed because they cannot “see” the situation.

For this reason, from the rst experimentation onwards, we have tried to implement
a way to make spaces with more than three dimensions visualise through a histogram
representation®.

SAvailable here: https://didatticafisicaunimi.shinyapps.io/realVector/ and here:
https://didatticafisicaunimi.shinyapps.io/complexVector/ .
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Spaces, axes and coordinates: general considerations

From the responses obtained, we can understand that, for some students (28%), it is chal-
lenging to work with spaces that cannot be visually represented. Numerous questions
about how we can represent high-dimensional spaces also arose during the meeting.
It is interesting to see the strategies that students employ to try to represent vectors in
high-dimensional spaces. These attempts could be studied in more detail and taken into
account for future proposals.

Moreover, it is evident that most students expressed themselves quite accurately re-
garding the main concepts intended to be conveyed: the axes are correctly associated
with the possibilities of the quantum system (87%), and the components of the vector
representing the state, when squared, provide the probability (77%).

Itis of crucial importance for students not to confuse the concept of probability with
that of possibility for several reasons:

- From a conceptual point of view, probability and possibility refer to different as-
pects of quantum systems. Probability quanti es the likelihood of a particular
outcome, whereas possibility simply indicates that an outcome can occur without
specifying how likely it is. Confusing these terms can lead to misunderstandings
about the behaviour and predictions of quantum systems.

- From the mathematical perspective, probability is a numerical value between 0 and
1. Possibility, on the other hand, is not quanti ed and does not have a numerical
value. Mixing up these concepts can lead to incorrect calculations and interpreta-
tions in quantum mechanics.

- In experiments, probabilities are used to predict and interpret outcomes, while
possibilities indicate the various states a system can be in. For example, the proba-
bility density function helps determine where a particle is most likely to be found.
Confusing this with mere possibility can lead to incorrect experimental setups and
misinterpretations of data.

That is why is of paramount importance of being aware of this distinction. In scien-
ti ¢ discourse, clear and precise terminology is essential. Using the terms “probability”
and “possibility” interchangeably can lead to confusion and miscommunication among
students, educators, and researchers, hindering effective learning and collaboration.

For educational purposes, distinguishing between probability and possibility helps
students build a correct and thorough understanding of quantum mechanics. It aids in
grasping complex concepts such as quantum measurement, where probabilities play a
crucial role in determining measurement outcomes.

By maintaining a clear distinction between these terms, students and teachers can
develop a more accurate and nuanced understanding of quantum mechanics, leading to
better theoretical insights and practical applications.

5.3.4 Hilbert spaces, scalar product and Dirac notation

Hilbert spaces, scalar product and Dirac notation: questionnaires

Various questions were asked regarding the concepts of Hilbert space, scalar product,
and Dirac notation. We report the most signi cant and interesting ones.

Q. What are the main differences between “classical mechanics” and “quantum me-
chanics?
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Referring explicitly to the responses given to this rst question, the interesting aspect
is that 46% of the students contrasted the possibility in classical mechanics to describe
the evolution of a system, starting from its initial state and arriving at its nal state, with
the fact that in quantum mechanics, only the state of the system can be de ned in a
certain space. Here are some examples of responses:

A. In classical mechanics, starting from an initial situation, formulas are used to derive

its subsequent states, and the graph used to represent it is not linear. While in quan-
tum mechanics, the state of the quantum system is studied in a linear space through
vectors related to axes representing possibilities. Furthermore, complex numbers are
necessary in qguantum mechanics to obtain something with a constant modulus but
oscillating.

A In classical mechanics, we have an initial state, a time evolution operator, and a
nal state. In quantum mechanics, however, we have a linear space in which the state
is represented by a vector. Additionally, we have a different de nition of probability
and the use of complex numbers.

A. Classical mechanics is based on the study of the evolution of a body, unlike quan-
tum mechanics, which studies the various possibilities.

Another question concerned the characteristics of a Hilbert space.

Q. What characteristics does a Hilbert space possess?

The three characteristics possessed by a Hilbert space —linearity, complexness, and
endowed with a scalar product— were fully recognised by 78% of the students.

Moreover, three different questions were posed concerning the importance of intro-
ducing a scalar product. We report here all the three question with some examples of
answers obtained.

Q. Why is it important to introduce a scalar product in a real linear space?

Overall, 79% of the students recognized the utility and the importance of the scalar
product in a real space. More speci cally, 46% effectively highlighted the multifaceted
importance of the scalar product in real linear spaces, demonstrating a comprehensive
understanding of its signi cance in both geometric and numerical contexts. Here some
examples of answers.

A. A scalar product, depending on whether it is less than, greater than, or equal to
zero, provides information about the angle between two vectors, telling us whether
it is obtuse, acute, or right. This can be particularly useful in spaces with more than
three dimensions, as it allows formalizing the concept of angle even when it is not
visually observable in a classical sense.

A. The introduction of a scalar product in a real linear space is important for several
reasons. Firstly, the scalar product allows measuring the length of a vector, provid-
ing a notion of distance and enabling the de nition of concepts such as vector norms.
Additionally, the scalar product enables the de nition of vector projection onto an-
other, which is useful in various practical applications. Furthermore, the scalar prod-
uct allows de ning concepts such as orthogonality and the angle between two vec-
tors, which are fundamental in many geometric contexts. Finally, the scalar product
enables the introduction of the notion of orthogonal spaces and the de nition of or-
thonormal bases, which are highly useful in the study of linear transformations and
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matrices. In summary, introducing a scalar product in a real linear space provides a
geometric and numerical structure that allows for deeper exploration and analysis of
vector properties and their interactions.

A. The scalar product in a linear space is fundamental. Depending on what is known
and what needs to be found, it allows calculating the magnitudes of individual vec-
tors, their projections, but above all the cosine of the included angle. Knowing the
cosine of the included angle allows determining whether the angle is acute, obtuse,
or null; the scalar product is respectively positive, negative, or the two vectors are
parallel. The most important case is when the included angle between the two vec-
tors is 90°, and thus the scalar product is 0: the condition of orthogonality is indeed
fundamental to construct a space of in nite dimensions with axes all perpendicular
to each other and intersecting at a single point, the origin.

A. The scalar product provides a measure of angle and length, which is essential for
understanding the geometric relationships between vectors in space. This measure
allows de ning fundamental concepts such as orthogonality and the angle between
vectors, which are relevant in many practical and theoretical applications. Moreover,
it enables the de nition of concepts of orthogonality and projection, which are crucial

in elds such as numerical analysis, optimisation, and applied linear algebra. These
concepts are used to solve systems of linear equations, minimise errors, and optimise
solutions in various scienti ¢ and engineering contexts.

The answers provided by these students are all well-structured and demonstrate a
clear understanding of the importance of the scalar product in real linear spaces. The
students accurately identi ed several key reasons why the scalar product is signi cant,
that can be summarised as follows:

- Measurement of vector length: students correctly highlighted that the scalar prod-
uct allows for the measurement of the length of a vector, which provides a funda-
mental understanding of distance within the space.

- Vector projection: students recognised the utility of the scalar product in de n-
ing vector projection onto another vector, emphasising its practical applications in
various elds.

- Orthogonality and angle de nition: students acknowledged the role of the scalar
product in de ning concepts such as orthogonality and the angle between vectors,
which are fundamental in geometry and have wide-ranging applications.

- Introduction of orthogonal spaces and orthonormal bases: students correctly noted
that the scalar product facilitates the introduction of orthogonal spaces and the def-
inition of orthonormal bases, which are crucial for the study of linear transforma-
tions and matrices.

A similar question was proposed, concerning complex linear spaces.

Q. Why is it important to introduce a scalar product in a complex linear space?
Here some examples of answers obtained:

A. Introducing a scalar product in a complex linear space is important for many of

the same reasons as in a real linear space, but with some key differences:
De nition of length and angles: In the case of complex linear spaces, the generalised
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scalar product not only allows de ning the length of a vector but also takes into ac-
count the complexity of the numbers involved.

Concept of generalised orthogonality: In the complex context, orthogonality between
vectors involves not only geometric perpendicularity but also the notion of “Hermi-
tian orthogonality”.

A. The reasons previously outlined for the real space become even more relevant in
a complex space, as it would be necessary to represent2n orthogonal axes to visu-
alise an n-dimensional space. This limitation con nes us to imagining exclusively
one-dimensional spaces, which is evidently a cumbersome constraint. By using the
scalar products, the lack of a graphical representation becomes less problematic, as
the scalar product between vectors allows us to formalise the concept of angle be-
yond any visual representation.

A. In a complex linear space, its importance can also be attributed to the fact that
it is not possible to accurately graphically represent even a two-dimensional space
because it would involve four axes (real and imaginary parts for each vector). There-
fore, through the scalar product, it is possible to construct a space in which, even if
the two vectors cannot be represented, it is still possible to determine whether they
are perpendicular to each other or not.

A last question was posed, concerning the importance of the scalar product for quan-
tum mechanics.

Q. Why do you think it is particularly useful to use the scalar product in quantum
mechanics?

We report some of the most signi cant answers:

A. In quantum mechanics, the use of the scalar product is particularly useful for sev-
eral reasons. Firstly, the scalar product is employed to compute the probabilities of
various measurements on a quantum state. The squared modulus of the scalar prod-
uct between two quantum states represents the probability of obtaining a particular
state in a measurement. Additionally, the scalar product enables the calculation of
the probability amplitude of a quantum state, which is crucial for determining the
temporal evolution of a state. Moreover, the scalar product is utilized to de ne the
notion of orthogonality between quantum states, which is essential for constructing
bases and determining transition probabilities. Lastly, the scalar product allows for
the de nition of Hermitian operators and the computation of the mean value of an
observable on a quantum state. In summary, the use of the scalar product in quantum
mechanics provides a mathematical structure that enables the calculation of probabil-
ities, probability amplitudes, and mean values, thereby allowing for the precise and
rigorous description and analysis of quantum systems.

A. In quantum mechanics, the scalar product plays a crucial role for several reasons.
Calculation of probabilities: in quantum mechanics, the state of a system is repre-
sented by vectors in a complex Hilbert space. The scalar product between two state
vectors allows calculating the transition probability between these states.
Normalization of states: state vectors in quantum mechanics must be normalized,
meaning they must have a length of one in the complex environment of Hilbert space.

A. | believe that in quantum mechanics, the scalar product is particularly useful

because it allows for extending the concept of orthogonality and angle even in n-
dimensional spaces. This way, it becomes possible to determine the perpendicularity
of the axes that identify the possible states of the system in the Hilbert space in a
relatively straightforward manner.
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In general, 79% of the students recognized the usefulness of the scalar product in
the eld of real numbers, 71% in the eld of complex numbers, and 47% in quantum
mechanics.

By recognising the “importance” and “usefulness”, we mean that students were able
to acknowledge at least the following facts:

- the scalar product in R and C is necessary for the de nition of orthogonality;

- the scalar product in quantum mechanics is necessary to identify, through the con-
cept of orthogonality, independent possibilities.

Among the students who do not recognise the utility of the scalar product in quan-
tum mechanics, few (7%) argued that the scalar product “combines” two of its charac-
teristics (mainly, the linear and complex aspects).

A. The scalar product is useful and important because two characteristics of quantum
mechanics are linearity and the fact that it is a complex theory, so the scalar product
allows us to combine them to determine the state of the quantum.

This perspective suggests a recognition of the scalar product's role in integrating fun-
damental aspects of quantum mechanics, such as linearity and complexity, to describe
the quantum state. However, it appears to overlook the speci c mathematical signi -
cance and applications of the scalar product in quantum mechanics, such as determining
probabilities, amplitudes, and orthogonalities of quantum states.

Regarding the scalar product, several exercises have been proposed. Here are some
examples:

Q. Calculate the scalar product of the following vectors ( jai and jbi; jci and jdi; jei
and jf i) and indicate the type of angle between them (acute, right, or obtuse).

0o .1 o .1
001 0 101 011 061 12 ;
2 3 2 5
3 2 3 4 S 0
jai = ;jb = ;jci = ;jdi = ;jel = 0C;jfi= 2
5 1 4 3 1 1
1 0 5 2 3 9
1 5 6 1 0 5

Q. Calculate the scalar product of the following vectors ( jzi and jwi; jki and jji; jsi
and jti) and indicate which vectors are orthogonal.

0 o1 0 1
3 i 1 5i
jzi= @4+2i A jwi=@ 2 A
2 3 i
1 0 1
1 2 9+
jki= @ 1+2iA jji = @+ A
3 0
0 1 0 1
1 0

|
jsi=@ 2i A jti= @5 A
12 i 6+4i
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From the solutions proposed by the students, some interesting aspects emerged.

Firstly, let us consider the rst exercise (which asked to de ne the type of angle
formed between two real vectors). It is interesting to note that 16% of the students pro-
ceeded by directly calculating the angle while the remaining 84% simply deduced it from
the sign of the scalar product.

Referring, instead, to the second exercise proposed (which asked to calculate the
scalar product of pairs of complex vectors and indicate which ones are orthogonal), 88%
of the students employed the correct de nition of the scalar product necessary in the
complex eld, thus taking into account the need to take the conjugate.

One nal aspect that emerged from this analysis is the use of Dirac notation by the
students. Focusing on the students who used it, we notice that many of them (83%) used
it when dealing with complex vectors, while only 47% used it consistently also in the real
case. This suggests that many students might have formed the idea that this notation is
used exclusively for complex numbers 4.

Hilbert spaces, scalar products and Dirac notation: general considerations

From the analysis of the provided responses, an interesting observation regarding the
concept of state evolution emerged: 37% of the students seemed to believe that only in
classical mechanics is it possible to follow the evolution of a state, whereas this is not
possible in quantum mechanics.

Regarding Hilbert space, 78% of the students were able to list its characteristics. As
for the concept of the scalar product, it was noted that, from an operational standpoint,
the majority of them (82%) used it correctly. However, conceptually, few students recog-
nised its importance/usefulness in quantum mechanics (18%).

Furthermore, the limited use of Dirac notation may be linked to the fact that this no-
tation was introduced alongside various other “new” concepts for the students, such as
the notion of the scalar product (which, although formally part of the students' knowl-
edge base from the rst two years of high school, is rarely addressed in depth until the
nal year of high school. Therefore, all students in the 11th and 12th years were only
super cially familiar with it, if not even familiar at all).

As we have seen from some of the approaches reported in Chap. 1, Dirac notation
is used in many proposals by different research groups. The literature contains several
studies [93, 243], especially at the university level, highlighting students' dif culties and
their inconsistency in using such a notation [244]. In this sense, the choice not to limiting
to bi-dimensional situation, but to extend our path also to n-dimensional cases, can be
helpful, since it seems to aid in improving student understanding of Dirac notation, as
literature suggests [245].

5.3.5 Superposition state and measurement process

Superposition state and measurement process: questionnaires

We nd it particularly interesting to present a question related to the concept of super-
position of states in quantum mechanics:

Q. What does it mean for a quantum physical system to be in a state of “superposi-
tion"? Give some examples.

4This aspect emerged clearly during the rst experimentation. That was why, during the second and the
third experimentations, we stressed the importance to use Dirac notation also in the real case. The result was
that, while in the rst esperimentation, only 19% of students had used Dirac notation also in the real case, this
percentage strongly increased during the following experimentations, reaching 45% and 66% respectively.
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Regarding the concept of “superposition state”, 97% of the students highlighted that
a superposition state is equally possible and is derived from the sum of two other possi-
ble states, such as:

A. A quantum physical system is in a state of superposition when it can be written as

a sum (superposition) of other distinct states. Examples include a photon interacting

with a beam splitter, a double slit, or a calcite crystal, where the photon's state can be
expressed as a combination of possible states according to their likelihood.

A. When we say that a quantum system is in a state of superposition, it means that
it does not have a single de ned state but is a combination of multiple states. For
example, a photon can be in a superposition of vertical and horizontal polarizations.

Only when we measure it do we see one of the polarizations. This concept is very
different from our everyday thinking, where an object can only be in one place at a

time.

A. A quantum system in a state of superposition means it is simultaneously in mul-
tiple quantum states. For instance, a qubit in a quantum computer can be in a su-
perposition of the states 0 and 1, rather than just O or just 1 as in classical computers.
This allows quantum computers to perform many calculations in parallel, leveraging
superposition to enhance computing power.

A. In a quantum system, a state of superposition means that the system exists in a
combination of basis states. For example, in a double-slit experiment, a single photon
passes through both slits simultaneously until it is measured. Superposition is one of
the features that make quantum mechanics so different from classical physics, where
objects always have de ned states.

It is interesting to note that some students have successfully integrated prior knowl-
edge (acquired in formal and/or informal settings) with what they learned during the
course. Indeed, aspects related to quantum computers were not presented during the
three experimentations, but evidently, some students had encountered this topic before
and used this prior knowledge to answer the question posed.

Regarding the measurement process, we present a question that we nd particularly
interesting:

Q. What does the measurement process in quantum mechanics entail?

The majority of students expressed themselves reasonably when referring to the char-
acteristic aspects of the measurement process in quantum mechanics, almost all associat-
ing it with the idea of state collapse. We provide some examples of responses obtained:

A. In quantum mechanics, the process of measurement collapses a superposition of
states into one of the possible outcomes. Before measurement, a quantum system
can exist in multiple states at once, but when we measure it, we force the system to
“choose” one of those states. This is known as wavefunction collapse. For example,
if an electron is in a superposition of spin up and spin down, measuring the spin
will make it either up or down. This collapse is a fundamental aspect of quantum
mechanics and shows that the act of measuring in uences the system.

A. Measurement in quantum mechanics means that the act of observing or measuring
a quantum system changes its state. This is different from classical mechanics, where
measurement does not affect the system. In quantum mechanics, when we measure
a property like position or momentum, the system collapses from a superposition of
states to a single state. This makes the outcome of measurements inherently proba-
bilistic.
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A. In quantum mechanics, when you measure a system, the act of measurement forces
the system into one of the possible states it can occupy. This is called the collapse of
the state. Before measurement, a system like an electron can be in a superposition of
different states, but measuring it “chooses” one state to be the result. This means that
the outcome of a measurement can only be predicted probabilistically.

A. The measurement process in quantum mechanics involves collapsing a superposi-
tion of states into one de nite state. For example, if a particle is in a superposition of
being in two places at once, measuring its position will force it to be in one specic
place. This concept is different from classical physics, where measurement does not
alter the state of the system.

These responses demonstrates a reasonable understanding of the measurement pro-
cess in quantum mechanics.

In general, 94% of the student correctly identi ed that measurement forces a quan-
tum system into one of the possible states it can occupy, a process known as the collapse
of the state. This is a fundamental concept in quantum mechanics.

Moreover, 91% of the students accurately mentioned that before measurement, a sys-
tem can be in a superposition of different states. This indicates an understanding of the
principle that quantum systems exist in multiple states simultaneously until measured.

In addition, 88% of the answers obtained correctly highlighted that the outcome of a
measurement can only be predicted probabilistically. This re ects an understanding of
the inherent uncertainty in quantum mechanics, where we can only calculate the proba-
bilities of different outcomes.

Superposition state and measurement process: general considerations

The term “superposition state” might give students the impression that certain states are
privileged or fundamentally different from others within a quantum system for a couple
of reasons:

- Misconception of basis states: students might incorrectly assume that the basis
states used to describe a superposition are more fundamental or “real” than the
superposition itself. In reality, all states in a quantum system, whether they are
basis states or superpositions, are equally valid and fundamental.

- Intuitive bias: the word “superposition” implies that something is built upon or
added to something else. This can lead to the incorrect belief that the superposed
state is somehow secondary or derivative compared to the basis states, rather than
an equally valid representation of the system's state.

In this sense, it important to highlight the fact that in quantum mechanics, all states
—whether pure basis states or superpositions— are equally fundamental. The concept
of superposition simply re ects the quantum system's ability to exist in multiple states
simultaneously, and there are no states that hold a privileged or more fundamental status
over others.

5.3.6 Self-adjoint operators, eigenvalues and eigenvectors

Self-adjoint operators, eigenvalues and eigenvectors: questionnaires

Regarding the concept of eigenvectors, several questions were pose. We start from a rst
speci c example:
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Q. What does it mean for a vector to be an eigenvector of an operator? Provide an
example.

Slightly more than half of the students (56%) responded reasonably and satisfactorily
to the question. Here are some examples of adequate responses obtained:

A. An eigenvector of an operator is a vector that, when the operator acts upon it,
yields only a scalar multiplication of the vector itself. For instance, if we consider the
time derivative operator in quantum mechanics and a vector representing the state of
a system, an eigenvector of this operator could be a function that remains unchanged
when differentiated with respect to time.

A. The eigenvector of an operator is a vector that, when the operator is applied to it,
returns the same vector, possibly multiplied by a scalar factor. For example, in the
spin operator in quantum mechanics, an eigenvector could represent a state in which
the measurement of spin along a speci c direction always yields the same result.

A. An eigenvector of an operator is a vector that remains unchanged when the oper-
ator is applied to it, except for a possible scale factor. For example, considering the
position operator in qguantum mechanics, an eigenvector could represent a state in
which the position of the system remains unchanged when measured.

A. An eigenvector of an operator is a vector corresponding to a system state in which
the measurement of the observable associated with that operator always returns the
same value. For example, in the angular momentum operator in quantum mechanics,
an eigenvector could represent a state in which the measurement of angular momen-
tum along a speci c direction always yields the same result.

A. An eigenvector of an operator is a vector representing a system state in which
the action of the operator simply results in a scalar multiplication of the vector itself.
For example, in the energy operator in quantum mechanics, an eigenvector could
represent an energy state in which the energy of the system remains constant when
measured.

These answers provide accurate explanations of eigenvectors in quantum mechan-
ics, showcasing a solid understanding of the concept. Students correctly described an
eigenvector as a vector that undergoes scalar multiplication when operated upon by the
operator. The example provided with the energy, position or angular momentum op-
erator in quantum mechanics effectively illustrates this concept, demonstrating how an
eigenvector represents a state where the energy/position/angular momentum remains
constant upon measurement. Moreover, these response show a clear grasp of the funda-
mental properties of eigenvectors and their signi cance in quantum mechanics. Overall,
these answers showcase a good comprehension of eigenvectors and effectively relate the
concept to concrete examples in quantum mechanics.

13% of the students also attempted to integrate their response by providing a numer-
ical example. In Fig. 5.1 we report one example.

We nd it useful to also report the following exercise, which was proposed to the
students.

Q. Consider the following operator &= B with jui the corresponding eigenvector.
What is its eigenvalue (excluding the trivial one 0)?

Only 41% of the students were able to provide a correct answer. In Fig. 5.2 is an
example.
Concerning the concept of operator, another question is interesting to discuss:
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Figure 5.1: Example provided by one of the students (excerpted from the document uploaded by
the student).

Figure 5.2: Example provided by one of the students (excerpted from the document uploaded by
the student).

Q. Why are we led to associate an operator with an observable in quantum mechan-
ics??

73% of the students answered in an adequate way to this question. From a didactic
point of view, answers obtained provided a clear explanation of why operators are asso-
ciated with observables in quantum mechanics, emphasizing their role in representing
physical quantities that can be measured in experiments. 44% of the answers gave spe-
ci c examples of observables like position, momentum, energy, and spin, which helps to
illustrate the concept in a concrete way. Additionally, 29% highlighted the importance
of this association in describing the behaviour of quantum systems and mathematically
representing measurement outcomes. Here some examples:

A. In quantum mechanics, we associate an operator with an observable because oper-
ators represent physical quantities that can be measured in experiments. These opera-
tors correspond to observables such as position, momentum, energy, and spin, which
are fundamental in describing the behavior of quantum systems. For example, the
position operator corresponds to the observable of position, allowing us to determine
the position of a particle in space. By associating operators with observables, we can
mathematically represent the measurements and outcomes that characterize the be-
havior of quantum particles.

A. Operators in quantum mechanics are associated with observables because they
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allow us to describe the properties of physical systems and predict the results of mea-
surements. Each observable quantity, such as position or momentum, is represented
by a corresponding operator. For instance, the momentum operator corresponds to
the observable of momentum, enabling us to calculate the momentum of a particle.

A. The association of operators with observables in quantum mechanics arises from
the need to mathematically describe the outcomes of measurements. Operators rep-
resent physical quantities that can be observed in experiments, such as position, mo-
mentum, and energy. For instance, the Hamiltonian operator corresponds to the ob-

servable of energy, allowing us to calculate the energy of a quantum system. By asso-
ciating operators with observables, we can formulate mathematical expressions that

relate the state of a system to the results of measurements, facilitating the analysis and
prediction of experimental outcomes.

A. In quantum mechanics, operators are associated with observables to represent
measurable quantities in physical systems. Observables, such as position, momen-
tum, and energy, characterize the properties of quantum particles and are represented
mathematically by corresponding operators. For example, the position operator cor-
responds to the observable of position, enabling us to determine the position of a par-
ticle in space. By associating operators with observables, we can perform calculations
and make predictions on quantum systems based on the mathematical properties of
these operators.

A. The association of operators with observables in quantum mechanics is essential
for describing the behavior of physical systems and predicting experimental out-
comes. Operators represent measurable quantities, or observables, such as position,
momentum, and energy, in quantum mechanics. For instance, the momentum opera-
tor corresponds to the observable of momentum, allowing us to calculate the momen-
tum of a particle. By associating operators with observables, we can formulate math-
ematical expressions that describe the evolution of quantum states and the results of
measurements, providing a comprehensive framework for understanding quantum
phenomena.

We report one last question, which concerns an exercise proposed in all three experi-
mentations:

Q. We have seen that the projector is a self-adjoint operator, that is, it satis es:

B, ji=h b i:
Recalling that, given c a complex constant, these properties hold for the scalar prod-
uct,
hc jJi=chji
hjci=chji

if we consider an operator written as a linear combination of two orthogonal projec-

tors
R= B+ B,

where and are real coef cients, is it still a self-adjoint operator?

35% of the students were able to correctly answer the question. In Fig. 5.3, an exam-
ple of answer provided can be seen.

These questions were proposed to verify the practical understanding of the concepts
of eigenvector, eigenvalue, and self-adjoint operator. From the responses received, it is
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Figure 5.3: Example provided by one of the students (excerpted from the document uploaded by
the student).
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evident that these concepts are challenging to understand and manipulate for students.
The problems that emerged, however, should not come as a surprise, as they re ect those
already highlighted in the literature regarding the learning of concepts such as operators,
eigenvectors, and eigenvalues [73, 74, 246].

Visualising tools

To overcome these dif culties, we purposely implemented some material with GeoGe-
bra and, starting from the second experimentation, also with a speci ¢ software %), to
allow students to visualise the concepts of eigenvectors and eigenvalues.

In fact, as has been often (and for a long time) showed in literature [247—-256], visual-
ising tools (such as GeoGebra) can signi cantly aid students in understanding abstract
concepts such as operators, eigenvectors, and eigenvalues in quantum mechanics. Here
is how:

- Intuitive understanding: GeoGebra-like tools provide interactive visualizations
that allow students to see mathematical concepts in action. For instance, students
can observe how operators transform vectors geometrically, making abstract ideas
more tangible and easier to grasp.

- Exploration and experimentation: with GeoGebra-like tools, students can manipu-
late vectors and operators in real-time, allowing them to explore different scenarios
and observe the outcomes. This hands-on approach encourages experimentation
and deepens understanding by allowing students to see the effects of various op-
erations.

- Visual representation; GeoGebra-like tools can represent complex mathematical
structures visually, making it easier for students to interpret and analyze them.
For example, students can visualize eigenvectors as arrows in a vector space, and
eigenvalues as scalars corresponding to their lengths. This visual representation
enhances comprehension and retention of key concepts.

- Dynamic feedback: GeoGebra-like tools provide immediate feedback on students'
actions, helping them quickly identify and correct misconceptions. Interactive vi-
sualizations enable students to see the consequences of their decisions, fostering
active learning and engagement.

- Multimodal learning: visualizations complement traditional teaching methods by
appealing to different learning styles. Some students may nd it easier to under-
stand abstract concepts through visual representations rather than purely sym-
bolic or textual explanations. GeoGebra-like tools offer a multimodal approach
that caters to diverse learning preferences.

Overall, integrating visualizing tools like GeoGebra into the learning process can en-
hance high school students' understanding of complex mathematical concepts in quan-
tum mechanics by providing intuitive, interactive, and dynamic learning experiences.

Therefore, after addressing the same concepts with the support of software that al-
lowed for better visualization, further questions regarding the same concepts were posed.
Below, we report some examples.

SAvailable at: https://didatticafisicaunimi.shinyapps.io/realVector/ and at: https://
didatticafisicaunimi.shinyapps.io/complexVector/ .
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Q. Using the “graphical” method (with GeoGebra) seen during the course, determine
the eigenvectors and their corresponding eigenvalues of the following operators:

- 01 https://www.geogebra.org/m/u3fhnnvr
- 0 https://www.geogebra.org/m/eykd4scq
- Os: https:/www.geogebra.org/m/tywbw7w

98% of the students were able to algebraically write the eigenvalues and 77%, start-
ing from graphical identi cation, managed to also write the corresponding eigenvectors
(Fig. 5.4).

Figure 5.4: Example provided by one of the students (excerpted from the document uploaded by
the student).

Among these, 16% did not recognize the sign of the eigenvalue, writing all the eigen-
values with a positive sign.

An interesting aspect that emerged is that 24% of the students interpreted vectors
with the same direction but different orientation as different eigenvectors.

A further question that we believe useful to discuss is the following:

Q. Suppose you have the following operator written as a linear combination of three
projectors:

®,= g8evib + 6evid+ lev b

After rewriting the operator in matrix form, indicate what the two possible measure-
ment outcomes will be if we associate this operator with the observable energy.

Given the measurement results of a certain observable on a system, 97% of students
were able to write the associated operator. In Fig. 5.5 is an example of answer obtained.

Self-adjoint operators, eigenvalues and eigenvectors: general considerations

The use of GeoGebra and the web app as support tools for the theoretical treatment of the
content allowed for a graphical visualisation of the concept of eigenvectors and eigen-
values, which has undoubtedly improved students' understanding. Itis noteworthy that
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Figure 5.5: Example provided by one of the students (excerpted from the document uploaded by
the student).

almost all students (98%) were able to correctly recognise eigenvectors and eigenvalues
of the operator, at least graphically. However, it is interesting to note that despite this,
about a quarter of the students identi ed vectors with the same direction but different
orientation as different eigenvectors.

The confusion among students regarding vectors with the same direction but differ-
ent orientation might stem from a misunderstanding or oversight of the fundamental
concept of eigenvectors. Here are some potential reasons for this situation:

- students may not have a clear understanding that eigenvectors are de ned by their
direction rather than their orientation. They might focus more on the visual repre-
sentation of vectors rather than their mathematical properties;

- students may have dif culty distinguishing between vectors that have the same
direction but different orientations when represented graphically. They might mis-
takenly perceive slight differences in orientation as indicative of distinct vectors.

5.3.7 Physical systems with two or more than two levels
Physical systems with two or more than two levels: questionnaires

Besides discussing two-level systems, our course also included the treatment of systems
with more than two levels. In fact, by incorporating multi-level quantum systems into
high school physics curricula, students can be provided with a more comprehensive
and engaging understanding of quantum mechanics, better preparing them for future
academic and professional pursuits in science and technology.

Q. Suppose you want to know the energy possessed by an electron in an atom. You
know that:

- the state it is in, before the measurement is taken, is

'Ai—g'ei+}' i+g' i;
J —311 3192 3193,
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- the operator associated with the observable energy is

0 1
2 00

=@ 6 OA:
0 0 1

1. How many and what are the possible results of this measurement?
2. What is the probability of obtaining each possible result?

3. What is the expectation value of the energy <E > ?

From the analysis of the responses, several interesting aspects related to the study
of two/three-level physical systems have emerged. Regarding the study of physical
systems, given a state written as a superposition and the observable written as a matrix,
97% of the students were able to identify the probability of obtaining a result, 82% also
recognised the result, and 91% correctly calculated the expectation value (an example of
answer is reported in Fig. 5.6).

Figure 5.6: Example provided by one of the students (excerpted from the document uploaded by
the student).
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These results, compared to those obtained previously, demonstrate how the use of
software for visualising abstract mathematical aspects plays a signi cant role in learning.
There are numerous projects, such as the Physics Education Technology (PhET) project
[139], the Quantum Interactive Learning Tutorials [257], and the Physics Applets [258],
which aim to create useful tools to help students become more familiar with abstract
concepts.

Physical systems with two or more than two levels: general considerations

Discussing physical systems and exercises with more than two levels in quantum me-
chanics can be highly bene cial for high school students for several reasons:

- Broadening conceptual understanding: quantum systems with more than two lev-
els introduce students to a richer variety of quantum behaviours and phenomena.
This helps them understand that quantum mechanics is not limited to simple two-
level systems (like qubits in quantum computing) but applies to more complex
systems, which are more representative of real-world scenarios.

- Enhanced problem-solving skills: working with multi-level systems enhances stu-
dents' problem-solving skills. These systems often require more sophisticated math-
ematical tools and techniques, such as matrix mechanics and linear algebra, which
are crucial for understanding advanced quantum mechanics. Engaging with these
tools early can improve students' analytical abilities and prepare them for higher
education in physics or related elds.

- Real-world applications: many real-world quantum systems, such as atoms, or
molecules, and certain solid-state systems, involve more than two or three energy
levels. Introducing these systems helps students connect theoretical concepts with
real-world applications, making the subject more relevant and engaging.

- Foundation for advanced topics: understanding multi-level systems lays a solid
foundation for advanced topics in quantum mechanics and quantum technologies.
For example, topics like quantum entanglement, quantum state superposition, and
guantum computing algorithms often involve multi-level systems. Early exposure
to these concepts can spark interest in pursuing further studies in quantum physics
or engineering.

- Visualisation and conceptual clarity: discussing multi-level systems can improve
students' ability to visualise and conceptualise abstract quantum concepts. Tools
like GeoGebra can be used to create visual representations of these systems, aiding
in the comprehension of complex ideas such as superposition, eigenstates, and
transitions between energy levels.

- Critical thinking and misconceptions: engaging with more complex systems helps
address and correct common misconceptions about quantum mechanics. It chal-
lenges students to think critically about the principles underlying quantum theory
and to differentiate between classical and quantum behaviors.

- Motivational aspect: presenting challenging and intriguing problems related to
multi-level quantum systems can be highly motivating for students. It can inspire
curiosity and a deeper interest in quantum mechanics by demonstrating the depth
and breadth of the eld.
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5.4 Students' average grade

In the same way as done with the contents of the old quantum theory, we asked 11 teach-
ers among those who had attended the courses to help us preparing an evaluation grid
similar to those traditionally used in school. We reached a consensus upon a grid based
on 4 categories (each divided into 10 levels of marks, from 1 to 10): a) knowledge of
the contents; b) logical development and technical skills; c) correctness, clarity of proce-
dures, use of speci c language; 4) completeness and originality of the resolution [259].

Students were evaluated using the grid but without teachers' support to be more ho-
mogeneous and impatrtial in the evaluation. Questions and answers were made anony-
mous, only keeping track of the school grade attended.

Students obtained an average score of 6.1 out of 10 on the tests, with a standard
deviation of 0.7,

These results align with the general trend in physics performance at the school level,
irrespective of the speci c topic.

Without the claim of statistical signi cance, it is worth noting that 12th-year stu-
dents achieved a slightly higher average score (6.4) compared to 11th-year students (6.1)
and 13th-year students (6.0). This observation suggests that the necessary mathematical
knowledge (such as matrices and complex numbers) for tackling our quantum mechan-
ics course is within the reach of students of the 12th year.

The fact that the average marks obtained by students was above the suf ciency
threshold, helped a lot in making teachers perceive the path as actually feasible in high
school (RQ7, RQ9).

5.5 Critical thinking

Research has ascertained that there is a signi cant correlation between critical thinking
skills and learning outcomes in physics education [260-262].

In particular, critical thinking become more and more important in the study of quan-
tum mechanics for several reasons:

- Quantum mechanics involves concepts that are highly abstract and counterintu-
itive, such as wave-particle duality, superposition, and entanglement. Critical
thinking helps students grapple with these challenging ideas, moving far beyond
surface-level understanding to a deeper comprehension of the underlying princi-
ples.

- Quantum mechanics fundamentally relies on probabilistic interpretations rather
than deterministic ones. Critical thinking enables students to interpret and apply
probability distributions and statistical methods correctly, which is essential for
understanding quantum phenomena.

- In quantum mechanics, many classical assumptions are challenged or overturned.
Critical thinking encourages students to question these assumptions, explore alter-
native explanations, and understand why classical intuitions may not apply in the
guantum realm.

6This value encompasses all three experimentations conducted with high school students. There were
minor variations across the three activities: in the rst experimentation the average score was 6.2 (SD 0.8);
the second experimentation had an average score of 6.0 (SD 0.6); and the course “Principles and Equations of
Physics Ill: Quantum Mechanics” had an average score of 6.1 (SD 0.7).
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- The problems encountered in quantum mechanics often require innovative and
non-traditional approaches to problem-solving. Critical thinking fosters the abil-
ity to approach problems from multiple angles, develop new methods, and apply
theoretical knowledge to practical situations.

- Quantum mechanics heavily relies on experimental data that can be dif cult to in-
terpret. Critical thinking skills help students critically analyze data, understand
experimental limitations, and draw valid conclusions from complex and often am-
biguous results.

- The theoretical implications of quantum mechanics, such as the uncertainty prin-
ciple and the measurement problem, have profound philosophical and practical
consequences. Critical thinking enables students to grasp these implications, re-
ect on their broader impact, and engage in meaningful discussions about the na-
ture of reality.

- Quantum mechanics intersects with various elds, including chemistry, materials
science, and information technology. Critical thinking helps students make con-
nections between disciplines, applying quantum principles to solve problems in
diverse areas such as quantum computing and quantum cryptography.

- A skeptical attitude, fostered by critical thinking, is essential for scienti ¢ inquiry.
In quantum mechanics, where many results may seem paradoxical or counterin-
tuitive, maintaining a healthy skepticism ensures that students rigorously test hy-
potheses and validate results before accepting them.

- Finally, critical thinking enhances students' ability to communicate complex quan-
tum concepts clearly and effectively. Whether in academic settings, professional
environments, or public discourse, the ability to explain quantum mechanics accu-
rately and persuasively is invaluable.

Several questions were thus explicitly designed posed to ascertain the level of critical
thinking reached by students. We report here some meaningful examples and the related
comments.

Q. Why, in your opinion, is the probabilistic nature of quantum mechanics counterin-
tuitive but fundamental? How does it differ from classical physics?

A. The probabilistic nature of quantum mechanics is counterintuitive because it con-
tradicts the deterministic framework that underpins classical physics and everyday
experiences. In classical physics, the future behaviour of a system can be precisely
predicted if its current state is known. For example, if we know the position and ve-
locity of a ball, we can accurately predict its future trajectory and where it will land.
This predictability aligns with our daily experiences and expectations: objects have
speci ¢ locations and paths, and their movements follow clear, understandable rules.
However, quantum mechanics introduces a fundamentally different perspective. At
the quantum level, particles such as electrons and photons do not have de nite prop-
erties until they are measured. Instead, their properties are described by a wavefunc-
tion, which provides the probabilities of nding the particle in various states. This
leads to several counterintuitive implications.

First of all, guantum particles can exist in multiple states simultaneously. For exam-
ple, an electron in an atom can be in a superposition of being in different energy levels.
This is unlike any classical object, which can only be in one state at a time.

Moreover, Heisenberg's uncertainty principle states that certain pairs of properties,
like position and momentum, cannot be precisely known simultaneously. The more
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accurately we know one property, the less accurately we can know the other. This
inherent uncertainty is a stark departure from the precision of classical mechanics.

In addition, in guantum mechanics, the act of measurement affects the system be-
ing observed. Before measurement, a particle exists in a superposition of all possible
states. Measurement forces the particle to “choose” a speci c state, a process known
as wavefunction collapse. This concept challenges the classical notion that observa-
tion merely reveals pre-existing properties without altering the system.

Therefore, unlike the deterministic and predictable world of classical physics, quan-
tum mechanics reveals a reality where outcomes can only be described in terms of
likelihoods, and where the act of measurement plays a crucial role in determining
the state of a system. This shift from certainty to probability challenges our everyday
intuitions and demands a new way of understanding the physical world.

The student demonstrated a clear understanding of key concepts such as wavefunc-
tion collapse, superposition, and Heisenberg's uncertainty principle. He/she accurately
explained how these concepts contribute to the probabilistic nature of quantum mechan-
ics. Moreover, he/she effectively contrasted the probabilistic nature of quantum me-
chanics with the deterministic framework of classical physics. He/she provided a thor-
ough explanation of classical principles and highlight the differences between classical
and quantum physics. The student demonstrated depth of analysis by going beyond
surface-level explanations. He/she explored the underlying principles and implications
of quantum mechanics in depth, showing evidence of critical thinking and insight into
the counterintuitive nature of the subject. In addition, he/she integrated relevant ex-
amples to support his/her points effectively, providing also examples that illustrate key
concepts and help clarify the differences between classical and quantum physics, en-
hancing the overall comprehensibility of the answer. Overall, the student's answer dis-
plays a strong grasp of quantum mechanics concepts, critical thinking skills, and the
ability to communicate complex ideas effectively ( RQ7).

Q. Why are operators important in quantum mechanics?

A. Operators are important in quantum mechanics because in almost all the experi-
ments we have seen during the course of the lessons, experiments aimed at explaining
the behaviour of individual or large groups of quanta, there was a factor capable of
“changing the state” of the quantum. In the experiments with calcite, this factor was
precisely the operator, while in those with the interferometer, not only were there
multiple factors, but additional factors could be added to reach further conclusions,
such as an obstacle. In general, therefore, the operator is able to give a mathematical
identity to all these factors, which are ultimately the reasons why the results of quan-
tum mechanics experiments appear “unusual” or almost “impossible” at rst glance.

The student demonstrated a good understanding of the role of operators in quan-
tum mechanics. He/she recognised that operators are involved in experiments aimed
at explaining the behaviour of quantum particles and acknowledge their signi cance in
changing the state of the quantum system. Moreover, the student attempted to integrate
examples from experiments involving interferometers to illustrate the role of operators
(RQ12).

Q. What are the dif culties or the oddities that emerge in interpreting the single-
photon/electron double-slit experiment? Justify your answer.

A. At the end of the experiment, many doubts arise. By placing detectors on both slits,
it is observed that the quantum does not pass through both, but rather through one
or the other. However, by blocking one slit at a time and ring a beam of quanta, it is
noticed that the screen does not detect any “dark” spots. Comparing the two results
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of the cases where different slits are blocked will not nd any conformity with that of
both slits open.

These quanta, therefore, seem not to pass through both slits simultaneously, but nei-
ther through one of them at a time. Moreover, the double-slit experiment suggests
that talking about a “trajectory” taken by the quantum from the source to the screen
is not appropriate, and that the question “Which path does the electron take®"thus a
ill-posed question.

The student demonstrated a solid understanding of the key dif culties and oddi-
ties that arise in interpreting the single-photon/electron double-slit experiment. He/she
correctly identi ed the observation that the quantum does not pass through both slits
simultaneously when detectors are placed on both slits, and he/she understood the
implications of blocking one slit at a time. The student also correctly highlighted the
challenge of discussing the trajectory of the quantum in this experiment. The answer is
clear and coherent: the student effectively communicated the observed phenomena and
their implications in a concise manner, making it easy to follow his/her line of reason-
ing. The answer demonstrates depth of analysis by critically examining the results of the
experiment and drawing insightful conclusions, since the student accurately identi ed
the non-conformity of the results when different slits are blocked and correctly ques-
tioned the appropriateness of discussing the trajectory of the quantum in this context.
Moreover, the answer is accurate and precise. In fact, the student accurately described
the observed phenomena in the experiment and effectively communicated their impli-
cations without introducing inaccuracies. Overall, the student's answer demonstrates
a thorough understanding of the dif culties and oddities associated with the single-
photon/electron double-slit experiment. He/she effectively analysed the results of the
experiment and draw insightful conclusions, making for a strong and well-supported
response.

In general, for what concerns students' ability in critical thinking, experimentations
conducted so far have revealed promising results. Students exhibited signi cant im-
provements in their capacity to critically analyse complex quantum mechanical con-
cepts. There were indications of enhanced ability to challenge their own ideas, evaluate
empirical evidence, and formulate well-structured arguments.

Speci cally, students demonstrated a better understanding of fundamental quantum
mechanical concepts, and they were able to apply critical thinking in analyzing and in-
terpreting the results of quantum experiments, questioning intuitions based on classical
physics and recognizing the conceptual implications of quantum mechanics.

These ndings suggest that teaching quantum mechanics both from a quantitative
and a qualitative point of view, with an active-learning approach which takes into con-
sideration also historical and epistemological aspects, can play a signi cant role in the
development of high school students' critical thinking skills. Educators can adopt teach-
ing approaches that encourage critical re ection and active discussion of quantum con-
cepts, thereby fostering a deeper and more authentic understanding of quantum physics.

5.6 Knowledge Integration Construct

The Knowledge Integration Construct (KIC) evaluation was conducted on a question-
by-question basis for each student, where applicable (as some questions did not involve
links between different concepts or ideas). Each response was independently assessed
by the researchers. In instances where their assessments differed, they engaged in a dis-
cussion to reach a consensus. The overall KIC assessment for a student was determined
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by averaging the KIC levels of the various responses and then considering the following
factors:

- ensuring consistency between the KIC scores obtained in the modules and those in
the interview, with greater weight given to the interview responses;

- placing more emphasis on the most frequently obtained score by the individual
student, considering whether the scores showed an increasing or decreasing trend,
with an emphasis on rewarding improvement over time.

Each student provided 53 responses in the ongoing tests, 22 or 23 (depending on the
student) of which were eligible for KIC evaluation. Additionally, in the interview, 5 out
of 8 questions were assessed using the KIC.

The result is that 66% of students demonstrated the capacity to establish scienti cally
valid connections between (at least) two relevant ideas in a given context (RQ7, RQ8).
Additionally, 73% of them successfully tackled and solved new problems in situations
they had never encountered before.

Q. In your opinion, is it possible to associate an operator also with the double slit, as
was done during the meeting with the beam-splitter? Justify your answer.

A. Yes, | think so. If a photon encounters a double slit, its initial state should change
into a superposition of states that contemplates the two possibilities. Therefore, it
should be possible to nd an operator that allows this transformation.

Q. Inyour opinion, is it possible to associate an operator (as we de ned the operators
during the meeting) to the measurement process? Justify your answer.

A. The measurement process determines a change of state, therefore, if the operator
is the tool that allows to pass from one state to another, it seems legitimate to me to
be able to de ne an operator for this operation as well.

As we can see from the answers given, the student was able to independently un-
derstand (since this aspect had not yet been highlighted at that point of the course) how
the beam-splitter and the double slit are substantially comparable in terms of it concerns
their action on the state. The evaluation of the KIC was therefore equal to “Complex
link” (score 5), showing that he/she understood how at least two science concepts inter-
act in a given context.

Q. Suppose you want to know the energy of an electron in an atom. You know that 1.
the state it is in, before carrying out the measurement, is: A = 2jeii + ijei + Zjesi
2. The operator associated with the energy variable is:

2 0 01
=@ 6 OA:
0 0 1

Determine: a) how many and what are the possible results of this measure; b) with
what probability you get one of the possible outcomes; c) the average energy value
<E>.

The answer provided by one student is reported in Fig. 5.7.

As we can see, the student was able to answer the theoretical question about the
measurement process and the action of an operator. He/she solved the problems with
clarity and using the correct formalism. He/she was able to move from matrix notation
to the one with projector operators; he/she correctly calculated probabilities and he/she
de ned in a correct way the mean value. The evaluation we gave with the KIC was,
therefore, “Complex link” (score 5).
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Figure 5.7: Calculations made by one of the students (excerpted from the document uploaded by
the student).

5.7 Comparison with peers

We carried out a comparative examination of responses given by participants in our
experimentations with those from a group comprising 95 students of the course “General
Physics 3" (of the third year of the bachelor's degree in Mathematics), as well as 62
high-school teachers. It appears that participants in our courses have acquired a deeper
understanding of the discussed topics (71% vs. 28%) and demonstrated a heightened
awareness of the addressed topics compared to peers who encountered similar subjects
through conventional educational methods ( RQ7).
For example, we posed the following question:

Q. Calculate the probability that the photon has, after passing the rst lter, of being
detected by the detector R.

The exercise was correctly solved by 89% of the participants in the experimentations,
while only 41% of students enrolled in the university course were able to solve it. Cal-
culations made by one of the students of the experimentation are shown in Fig. 5.8.

5.8 Nature of Science

Quantum mechanics, as a fundamental theory in physics, embodies several key princi-
ples and aspects of the scienti ¢ method, making it an excellent tool for teaching about
the NOS.

Firstly, quantum mechanics challenges students to think critically and analytically.
Quantum concepts require students to question their classical intuitions and develop
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Figure 5.8: Calculations made by one of the students (excerpted from the document uploaded by
the student).

a deeper understanding of the underlying principles. This process of grappling with
abstract and counterintuitive ideas mirrors the scienti ¢ process itself, where hypotheses
are tested and revised based on empirical evidence.

A. Quantum mechanics forces us to think outside the box. The theories are so different
from classical physics that it is almost like we are learning a whole new language. It
is challenging, but it is also exciting to explore these abstract ideas.

A. Studying quantum mechanics challenges us to question what we think we know.
It is not just about memorising formulas; it is about grappling with ideas that do not
always make sense at rst, like how particles can exist in multiple states at once.

Additionally, quantum mechanics emphasises the importance of experimentation
and observation. The theory was developed through a combination of theoretical in-
sights and experimental discoveries, highlighting the iterative nature of scienti ¢ in-
quiry. By engaging with experiments such as the double-slit experiment, students learn
rsthand how scienti c theories are validated and re ned through observation and mea-
surement.

A. Quantum mechanics really stresses the signi cance of doing experiments and mak-
ing observations. It is not just about learning theories from textbooks; it is about get-
ting our hands dirty in the lab and seeing how things actually work. In this sense,
studying quantum mechanics shows us that science is not just about sitting in a class-
room and listening to lectures. It is about going out there and conducting experiments
to test ideas and theories. It is very stimulating to see how aspects like those from the
double-slit experiment are proven or re ned through actual observation.

A. Quantum mechanics teaches us that theories are not set in stone; they are con-
stantly evolving based on new evidence. When we study experiments like the double-
slit experiment, we see rsthand how scienti c theories are tested and re ned through
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observation and measurement. Moreover, it shows how theories do not just come out
of thin air; they are developed through years of experiments and observations. It is
inspiring to see how scienti ¢ knowledge evolves through time thanks to hands-on
experimentation.

A. Studying quantum mechanics reminds us that science is a collaborative effort be-
tween theory and experimentation. The theory did not just emerge from someone's
imagination; it was built upon years of experimental data and observation. It is fas-
cinating to see how experiments like the double-slit experiment contribute to our un-
derstanding of the quantum world.

Overall, quantum mechanics provides a rich and multifaceted lens through which
students can explore the NOS. By grappling with its complex concepts and engaging
with its experimental underpinnings, students develop essential skills in critical think-
ing, experimentation, and probabilistic reasoning, all of which are foundational to a cor-
rect understanding of the scienti c process ( RQ11).

5.9 Disciplinary and learning knots

Several disciplinary and learning knots ( RQ10) can be obtained by the analysis of the
existing literature since many researchers [63, 195, 263—-266] attempted to determine and
understand students' comprehension of quantum mechanics.

Common misconceptions about quantum mechanics are different from those about
classical mechanics and principally derive from its impossibility to visualize its ideas in
day-to-day situations [139]. Some fallacies about quantum mechanics are more common
than others. These include, for example, the ideas of quantum states [28, 214, 267—-269]
and time evolution [60, 270-273].

In addition, quantum measurement is a foundational concept in quantum mechanics.
However, many students may nd it dif cult to understand many of the ideas linked
to quantum measurement [274] since the formalism is distinct from that for classical
measurement and hard to ground in real-world experience.

Moreover, there have been various errors documented about wavefunctions and
probability densities [195, 266, 275].

Furthermore, according to some researchers [276], high-school students' learning
challenges are caused by an excessive focus on classical physics, which leaves little to
no room for teaching quantum topics.

Additionally, pupils lack the needed mathematical training [277,278] to meet the pre-
requisites. Both a thorough grasp of the conceptual framework and a multitude of math-
ematical manipulations are necessary for an ef cient learning of quantum mechanics.

Researchers [279] found a strong correlation between the students' physics and math-
ematics scores. Nonetheless, [280] clari ed that one of the many factors required to com-
prehend physical notions was mathematical aptitude.

It is also interesting to note that, for college students, however, merely enrolling in
and passing standard beginning mechanics and calculus courses does not demonstrate
a mental grasp of physics. Even after nishing their university education and taking
courses, students may still exhibit misconceptions [281-283].

Several knots emerged also from the experimentations conducted so far.

For example, most of the students expressed themselves with reasonable words re-
garding the complex (64%) and probabilistic (80%) nature of quantum theory. The most
problematic point concerned linearity: in fact, some students were uncertain about what
a linear space is, and what this entails. It also emerged how the modelling process is
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de cient: about 18% of the students explicitly believe that it was the quanta themselves
that added up (like waves), not the states.

It thus emerged a confusion between the state of the quantum and the quantum it-
self. This aspect has already appeared in the literature: some articles on students' un-
derstanding of models have shown how they have dif culty distinguishing between a
model and the reality described by that model [72], as some of them often consider the
models as exact representations, magni ed or resized, of the “real thing” [242].

Additionally, there is an evident and widespread confusion (37% of the students) be-
tween the trajectory of the state vector in Hilbert space and the trajectory of the particle in
physical space (similar to how, in the classical case, they confuse the position-time graph
with the trajectory). The problem is that they do not understand what these graphs
represent and therefore confuse them, both in classical mechanics and in quantum me-
chanics.

Moreover, concerning the concept of state evolution, it seemed a widespread idea
(45% of the students) that only in classical mechanics is it possible to follow the evolution
of a state, while in quantum mechanics itis not. There is also be a confusion between the
concept of object trajectory and the concept of state evolution (22% of the students).

As far as the Hilbert space is concerned, 78% of the students were able to list its
characteristics; as far as the concept of scalar product is concerned, it was noted that,
from an operational point of view, most of them (82%) made correct use of the concept
of scalar product, but, from a conceptual point of view, only less than half of students
recognised its importance/utility in quantum mechanics (47%).

So, students generally know how to use the scalar product, but they have not concep-
tualised its true meaning. What they do not understand is the importance of the scalar
product because, in their minds, the concept of perpendicularity is absolute and exists
independently of mathematical modelling. In geometry, perpendicularity is introduced
through angles, and the concept of an angle exists on its own. In a Euclidean usual space,
angles are present from the beginning. However, in quantum mechanics, there is no a
priori scalar product, and students do not understand that the function of the scalar prod-
uct is precisely to de ne angles. Therefore, they do not grasp why it is essential to talk
about the scalar product. In general, when we have a space, it does not automatically
have properties similar to our usual space unless they are introduced. Even the idea of a
vector as an arrow brings with it the automatic idea of parallelism and perpendicularity
because arrows are very common geometric objects. Perhaps, students might not even
understand the sense of the question “How do we know if they are perpendicular?”

Moreover, some students faced some dif culties in using Dirac's notation (17% were
not able at all to use it); this result was not a surprise, since there are several studies [73,
243] in the literature, especially at the university level, which highlight these students'
dif culties, and the inconstancy students show in its use (with evident differences in its
adequate use between the real case and the complex case).

The use of GeoGebra during the explanation allowed students to have a graphical
vision of the concept of eigenvector and eigenvalue and this certainly improved the gen-
eral understanding: in fact, everyone managed, at least graphically, to recognise the
eigenvectors and eigenvalues of simple operators. However, it was interesting to note
that almost a quarter of the students (24%) recognised vectors having the same direction
but opposite orientation as different eigenvectors.

This is because students see “arrows” pointing up and down as two different objects
and do not understand that what matters is the line on which these “arrows” lie .

7And that was why, in the web app used for identifying eigenvectors and eigenvalues, we purposely
avoided to depict vectors with arrows, but represented them only with segments (with a dot on the “head”).
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Figure 5.9: Example provided by one of the students in which eigenvalues and eigenvectors were
correctly identi ed (excerpted from the document uploaded by the student).

Students not always understand that the two arrows (the one associated to the orig-
inal vector and the one corresponding to the vector transformed by the operator) must
have the same direction. So, 22% of them did not grasp that an eigenvector pointing
down with an eigenvalue pointing down is still an eigenvector.

Moreover, students struggle to recognise the eigenvalue when it is negative. In fact,
when the vector was multiplied by a negative number, 16% of the students did not recog-
nised that negative number as an eigenvalue and the corresponding vector as an eigen-
vector. This happens because, in their minds, the eigenvector “stretches” or “shrinks”
—and thus does not reverse direction (which is a topologically different operation). It
becomes even more apparent that the sign is not important when looking at complex
eigenvectors (because here, the direction also changes as they rotate, when an operator
is applied).

Some issues also arose regarding the probabilistic aspect. If the dots arrive in differ-
ent positions each time, it is evident that the process, when repeated, will yield different
results. Otherwise, if that were not the case, we could obtain the same sequence of dots
each time we repeat the experiment only in the case the number of emitted quanta is
xed. Repeating the experiment is equivalent to making a translation of the initial time,
and only if we had an un xed number of events could we set the initial time wherever
we want. Therefore, it is impossible for a sequence to be repeated. Students generally
recognised the statistical aspects of quantum mechanics, but only a few of them under-
stood the profound reasons behind this phenomenon. In fact, if we restart after 1000 dots
and redo the experiment, this is equivalent to continuing after the 1000 ™ dot by setting
zero after the thousandth shot. This would mean that, if, instead of doing 1000 shots we
did 2000 shots, we would obtain exactly the same pattern as after doing 1000 (because
the second 1000 would perfectly overlap with the rst 1000). However, experience tells
us that, if we let more time pass, we obtain an increasingly dense and numerous pattern.
Thus, there is no xed frequency, and the distribution is random.

Finally, 63% of the students confused the operation of measurement with the action
of the operator on the state. This is partly due to a language problem commonly used.
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Also in educational contexts, it is continuously said “How do we change the state? We apply
an operator, for example, by making a measurement,buf’'making a measurement is not
actually acting with the corresponding operator; otherwise, the evolution of the state
would be deterministic. Instead, to make a measurement, we randomly project onto one
of the eigenstates (the operator is only used to nd eigenvalues and eigenvectors).

Additionally, almost all students do not understand the strangeness of the double-slit
experiment when performed with one slit open and with two slits open (in our experi-
mentations only 9% perceived something strange in the outcomes). To this regards, one
might say, "The wave model explains diffraction well from a single slit, so the same model should
explain diffraction from two slits” In fact, it does, because a good model explains slightly
different situations. The same should happen with a model for the double-slit experi-
ment with quanta. However, this is not the case. Therefore, the model is not adequate as
we have conceived it.

Finally, many students implicitly or explicitly classify the base states (eigenstates) as
more fundamental than other states obtainable through the principle of superposition.
This fact might be reinforced not only by the term used in common language (that is,
“superposition state”) but also by the fact that in the common examples given —that is,
with the harmonic oscillator, with the potential well, with the hydrogen atom, etc.— we
always nd the eigenstates, because they are all stationary states. Therefore, students
could be led to think that in quantum mechanics there are states with different impor-
tance or dignity. It is thus of paramount important to highlight the fact that in quantum
mechanics, all states —whether pure basis states or superpositions— have the same sta-
tus.

There are therefore a series of nodes —conceptual, disciplinary, and learning— that
emerge clearly and must be kept in mind when designing, constructing, and experiment-
ing with an educational path. These knots are key concepts or fundamental ideas that
form the foundation of quantum mechanics, representing the core that students need to
understand, and are thus crucial for building a deep understanding of the subject.

Itis thus important to understand both the conceptual and learning nodes, as well as
the dif culties students face in quantum mechanics education, for several reasons:

- Effective instruction: understanding conceptual nodes helps educators prioritize
essential ideas that form the foundation of quantum mechanics. Clear identi ca-
tion of learning nodes ensures that teaching strategies effectively target key learn-
ing milestones and activities.

- Addressing student challenges: awareness of the speci c dif culties students en-
counter allows for targeted interventions and instructional strategies to address
misconceptions, gaps in understanding, and common pitfalls.

- Enhanced learning outcomes: by addressing both conceptual and learning nodes
effectively, educators can enhance student comprehension and retention of funda-
mental concepts. This leads to improved learning outcomes and a deeper under-
standing of quantum mechanics principles.

- Curriculum design: knowledge of these nodes informs the design and re nement
of curricula, ensuring they are structured to support student learning and devel-
opment in quantum mechanics.

- Continuous improvement: regular assessment and re ection on conceptual and
learning nodes help in re ning teaching methods and materials, ultimately foster-
ing continuous improvement in quantum mechanics education.
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5.10 Conclusions

The ndings from these educational laboratories indicate that presenting quantum me-
chanics in high school (and also in non-physics university programs) in a meaningful
and coherent manner is achievable.

Regarding the feasibility of the proposed approach in Italian high school, we believe
that, if learning outcomes are assessed using methodologies similar to those currently
employed in Italian schools, average grades align well with those achieved in other tra-
ditional topics covered in high school physics courses. Additionally, assessments from
the KIC suggest a substantial level of interconnectedness among the topics by students
and a skill of critically analyse the contents proposed.

Furthermore, the fact that one of the experimentations was conducted by a teacher
and that this path will be proposed again as a curricular experimentation in a high school
indicates that the educational reconstruction carried out, although still in progress of de-
velopment for what concerns some aspects (in particular related to experimental activi-
ties and concrete examples), is progressing in the right direction.

As we have seen, in many instances, quantum physics education in schools tends
to be super cial and overly simpli ed, often focusing on observable phenomena and
relying heavily on semi-classical analogies, while neglecting fundamental principles and
theoretical aspects [19, 22,23, 284].

Conversely, the literature strongly advocates against oversimpli cation [58, 63, 66,
284-287]. It underscores the need to depart from misleading classical analogies and
emphasises that, just like classical mechanics, thermodynamics, electromagnetism, and
other subjects, quantum physics should be presented with a rigorous framework of log-
ical principles.

As we tried to do in the path we developed, we believe important to culturally
present quantum physics by means of an approach strongly based on physics content,
both quantitative and qualitative observations and aspects, and anchored in a correct,
coherent and meaningful educational dimension for signi cant learning. There are sev-
eral reasons underlying this choice and they can be summarised in the following ve
points:

- Conceptual depth: quantum physics introduces profound and abstract concepts
that challenge classical intuitions. A culturally informed presentation helps stu-
dents grasp these concepts within a broader scienti ¢ context, aiding in deeper
understanding.

- Contextual relevance: understanding the cultural and historical development of
guantum physics enhances its relevance and signi cance in modern science and
society. It connects theoretical principles to real-world applications and technolog-
ical advancements, fostering student engagement and interest.

- Correcting misconceptions: quantum mechanics often de es common sense and
classical notions. A culturally embedded presentation can help dispel misconcep-
tions by emphasising accurate scienti ¢ principles and experimental evidence, pro-
moting a more accurate understanding among students.

- Critical thinking: by exploring the cultural and philosophical implications of quan-
tum physics, students develop critical thinking skills. They learn to analyse com-
plex ideas, evaluate evidence, and appreciate the interdisciplinary nature of scien-
ti ¢ inquiry.
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- Long-term understanding: a culturally grounded approach supports long-term
retention and application of knowledge. It encourages students to see quantum
physics not just as a set of equations, but as a dynamic eld with ongoing discov-
eries and implications for our understanding of the universe.

In addition to these aspects, we would like to highlight that an effective presentation
for quantum mechanics cannot neglect the fact that the approach used must be aligned
to the quantitative approach used for classical contents,in which several computational
exercises are exploited and presented. In fact, we believe that computational exercises
must be tackled as itis done in classical physics and electromagnetism: this fact adhere to
the “coherence” aspect that we previously mentioned, since education coherence means
also a uniform approach for the building of physics meaning and the development of
understanding.
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CHAPTER 6

Old quantum theory

6.1 Physics and the end of the nineteenth century

By the end of the nineteenth century, the three major physical theories of the time were
well formulated: mechanics, thermodynamics, and electromagnetism.

In particular, thermodynamics took shape as a scienti ¢ discipline in the early and
mid nineteenth century through a rather concrete and experimental development, linked
to the construction of machinery. In 1824, Sadi Carnot (1796-1832), generally considered
the “father” of thermodynamics, published the book R& exions sur la puissance motrice du
feu et sur les machines propres a developper cette puigZa@iein which he presented the
rst successful theory of the maximum ef ciency of heat engines and laid the founda-
tions of this newborn discipline. Moreover, in the 1840s, both Julius Robert von Mayer
(1814-1878) and James Prescott Joule (1818-1889) studied the nature of heat, and inde-
pendently discovered its relationship to mechanical work [289,290]. Finally, the rstand
second laws of thermodynamics emerged in the late 1840s and early 1850s, primarily
from the works of Rudolf Clausius (1822-1888) [291], and William Thomson, 1st Baron
Kelvin (1824-1907) [292-294].

Electromagnetism, on the other hand, reached a comprehensive formulation in 1873,
with the treatise of James Clerk Maxwell (1831-1879) on electricity and magnetism, titled
A Treatise on Electricity and Magnetisfi295], where he formulated the equations for the
electric and magnetic elds, predicting the existence of electromagnetic waves.

His uni ed model for electromagnetism is considered one of the greatest achieve-
ments of nineteenth-century physics, the second major uni cation in physics after that
achieved by Isaac Newton. In fact, Maxwell uni ed the works on electricity and mag-
netism of Michael Faraday (1791-1867), André-Marie Amp ere (1775-1836), and many
others into a set of 20 scalar differential equations, which described the electric eld, the
magnetic eld, and their interactions with matter, and which were presented to the Royal
Society as early as 1864 [296]. They were reformulated in the mid-1880s by Oliver Heav-
iside (1850-1925) using vector calculus, in the form they are known today as Maxwell's
equations [297].

At this point, the question arose as to whether these three subjects could be encom-
passed within a single overarching theory.

From this the formulation of statistical thermodynamics emerged with the aim of
bridging mechanics and thermodynamics, and thus arose the interest in connecting ther-
modynamics with electromagnetism as well. After all, physicists of the time had already
observed phenomena where the two theories found a connection, for example, in situa-
tions where a body placed under the sun, and therefore “hit” by electromagnetic waves,
heats up.

141
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6.2 Black-body radiation

In most thermodynamics experiments, the system under study consists of a container
with suitable pistons containing a gas. Similarly, in the phase of bridging thermody-
namics and electromagnetism, we start with a system consisting of a box containing
electromagnetic radiation.

In 1860, Gustav Kirchhoff (1824-1887) introduced the concept of a black body as fol-
lows:

the supposition that bodies can be imagined which, for in nitely small thicknesses,
completely absorb all incident rays, and neither re ect nor transmit any. | shall call
such bodies perfectly blackor, more brie y, blackbodies. ([298], p. 2)

According to Kirchhoff, a black body can be likened to a closed cavity (an oven or
a box) with a small hole through which external radiation enters and internal one exits.
Except in exceptional cases, the radiation is re ected by the walls of the cavity, inside
which it remains trapped. At this point, one might expect there to be an exchange of
energy between the incident radiation and the wall following an interaction, or that the
wall itself could emit radiation in turn.

Proposing images to depict the situation can indeed ensure better comprehension;
however, care must be taken in selecting the type of image. Two possible representations
of the cavity with a small hole and the incident radiation are usually proposed (Fig. 6.1
and Fig. 6.2).

Figure 6.1: A rst typical representation for the black-body cavity with incident radiation.

Observing Fig. 6.1, it is evident that the incident radiation is repeatedly re ected by
the walls of the cavity without being able to escape from it. In Fig. 6.2, two types of rays
are visible: the yellow ray representing the incident radiation, progressively absorbed
by the walls of the cavity, and the blue rays associated with the emission of radiation
from the walls themselves. Thus, radiation enters the box without re-emerging, but from
the small hole on the wall emerges radiation due to the emission from the cavity walls,
which is of a completely different nature compared to the incident radiation. This latter
aspect is not apparent at all in Fig. 6.1.
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Figure 6.2: A second typical representation for the black-body cavity with incident radiation.

The question arises as to whether it is clear that a body emits radiation at any tem-
perature or if it is a concept that is dif cult to understand.

To address this issue, the use of a thermal camera is proposed, an instrument sensi-
tive to far infrared radiation ( i.e, with a frequency greater than 10'* Hz). This type of
device allows the detection of radiation emitted by a body at any temperature and as-
signs a color scale based on the object's temperature €.g, red = 25° C). By turning off the
lights and observing the captured images, even without detailed knowledge of how the
thermal camera works, it becomes evident that objects emit radiation even when they
are not illuminated.

Moreover, another observation can be easily made. By resting a hand on a metal
surface for a few seconds and then removing it, one can observe with the thermal camera
that the imprint of the hand remains on the surface (see Figure 6.3).

Figure 6.3: Picture taken during the experimentations with a thermal camera.

Another example to further understand that bodies emit radiation based on their
temperature is as follows: placing a lit stove in a completely dark room, it appears per-
fectly visible and “bright” in the thermal camera. Even objects surrounding the stove
become more visible as they emit radiation linked to their temperature and re ect the
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radiation coming from the stove.

At this point, it becomes clear why we see the objects around us: in the visible spec-
trum, a light source emits radiation that hits a given object, which partly absorbs and
partly re ects the incident electromagnetic radiation. Therefore, in the visible spectrum,
the radiation we see emitted by bodies is actually the radiation they re ect. It follows
that the visual perception we have depends on light.

According to what has been said so far, it is widely agreed that the thermal camera
is of great utility for understanding the emission of radiation from bodies at a given
temperature. Additional examples of images captured with a thermal camera can thus
be usefully provided.

Let us consider, for example, a moka pot heated on the stove with a piece of tape at-
tached to it. As observed in Fig. 6.4, captured with the thermal camera, the piece of tape
appears much brighter than the moka pot, even though the two objects are practically at
the same temperature. Indeed, the emission of radiation depends on temperature, but
not all bodies at the same temperature emit the same amount of radiation. It is inferred
that the quantity of emitted radiation depends on the material composing the body.

Figure 6.4: Moka pot with a piece of tape heated and captured with a thermal camera [299].

Consider now an aluminium box with a small hole and two pieces of tape attached
to the walls (Fig. 6.5 on the left). One of the two pieces is regular adhesive tape while the
other is paper tape. On the right side of Fig. 6.5, the thermal camera capture is shown:
the extremely visible elements in the infrared are the two pieces of tape and the small
hole on the wall of the box. In particular, despite the two pieces of tape being of different
colors in the visible spectrum, they appear equally visible in the thermal camera.

What is observed might seem counter intuitive: in the visible spectrum, the hole
appears black, and one would not expect it to appear so bright in the infrared when not
illuminated by an external source.

Metallic materials re ect a large portion of the radiation incident on them (mirrors,
for instance, are made of metallic elements); the more radiation is re ected, the less is
emitted by the body. Therefore, experimentally, it emerges that aluminium, in particular,
emits little radiation in the infrared spectrum. However, regardless of the material con-
stituting the box (wood, plastic, ceramic, etc.), the hole would still be much more visible
in the infrared than the wall itself.

In other words, regardless of the shape and material of the box, the hole emits a sig-
ni cant amount of radiation, making it clearly visible in the infrared. This holds as long
as the hole is small enough. Indeed, increasing its size transitions this effect regularly.
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Figure 6.5: Aluminum box with pieces of tape heated and captured with a thermal camera.

The cavity described, with a small hole in the wall, is what has been de ned as a black
body.

The term “black” refers to the fact that it appears black to us in the visible spectrum
since it absorbs all incident radiation. However, it is important to note that this fact does
not exclude the possibility of radiation being emitted from the hole; on the contrary, as
evidenced by experimental evidence, a signi cant amount of radiation is emitted from it.
In light of this, a body perceived as black in the visible spectrum may appear white in the
infrared. Another practical example is black plexiglass, which appears black in the vis-
ible spectrum but perfectly transparent in the infrared. Hence, whether a body appears
black or white depends on the subjective perception we have in the visible spectrum. It
can be said that a black body is a body that absorbs all incident radiation, analogous to
an object appearing black to us in the visible spectrum.

Thanks to experimental studies conducted on radiation emission, Kirchhoff con-
cluded that a cavity, i.e, a box with a small hole, emits radiation that depends solely
on the absolute temperature and not on the material of the box, and that in general,
every material emits differently.

The black-body problem is indeed a thermodynamic problem and constitutes a sys-
tem entirely analogous to a gas contained in a box.

6.2.1 The black-body spectrum

The next step is to investigate the spectrum emitted by such a system in thermodynamic
equilibrium. The interest arises from the fact that, as long as the hole is small, the emis-
sion of radiation does not depend on the shape and material of the container: it seems to
be a completely general problem, and the emission spectrum appears to be a universal
quantity.

At the time (late nineteenth century), there was also a more practical concern: light
bulbs were replacing gas lighting systems, and a lighting standard was needed. One of
the standards found is precisely the black body; indeed, by discovering that what is emit-
ted from the hole depends only on the temperature, a universal standard is established:
it is found that a given light bulb illuminates like a black body at a certain temperature
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expressed in Kelvin degrees.

The system used for the experiments is very simple: essentially, it consists of a porce-
lain cylinder with a small hole containing a metal winding that heats up due to Joule
effect, surrounded by a Dewar ask that prevents heat dissipation.

The radiation emitted from the hole is studied with a spectroscope that measures the
energy e d emitted per unit of time per unit of surface area within a given range of
frequencies ( and +d ).

The issue is whether it is possible to nd a theoretical formula that explains why the
emission spectrum is indeed the one measured. We will see shortly that the fact that the
emission spectrum does not depend on the container allows us to imagine the structure
of the emitting body as we prefer (harmonic oscillators, pendulums, etc.), and this is a
great advantage in the theoretical treatment of the problem.

An experimental law known at the time of these experiments was the one for the
total power radiated by a black body per unit surface area:

P=T" (6.1)

with =5:67 10 & W=m?K?,

It is evident that the amount of emitted power at high temperatures is very high.
Heating a body emits more and more energy until it reaches a maximum emission limit,
corresponding to the situation where it emits all the energy supplied to it.

6.2.2 Wien's laws

Another known experimental law at the time was the displacement law obtained by
Wilhelm Wien (1864-1928), which governed the emission maximum:

max1 = constant: (6.2)

Wien's displacement law shows how the energy density emitted as a function of fre-
guency or wavelength by a black body at a certain temperature has a peak that shifts
towards lower frequencies as the temperature decreases. As the temperature increases,
the emission maximum shifts towards shorter wavelengths and therefore higher ener-
gies. It follows that with the variation of the body's temperature, the colour changes.

The concept of colour temperature can thus be introduced, which is the temperature
corresponding to a speci ¢ emission peak. This method is used, for example, to deter-
mine the temperature of particularly powerful furnaces for which the use of a common
thermometer is clearly impossible. In practice, the hotter an object is, the shorter the
wavelength at which it will emit radiation. For example, the surface temperature of the
Sun is 5777 K, which gives a peak emission at 501.6 nanometers, corresponding to the
cyan-green colour.

In 1896, Wien observed a remarkable similarity between the shape of black-body
spectrum and Maxwell's distribution of energies in a gas at a xed temperature [300].
Starting from Maxwell's idea and adding some heuristic considerations, Wien obtained
a formula which described the black body spectrum:

a 3
u(;T)d = —d: (6.3)

eT

Wien's formula, however, did not adequately describe all the data obtained experi-
mentally in frequency (or wavelength) measurements (Fig. 6.6) *.

IWe must keep in mind that frequency measurements were remarkably precise already in the mid-
eighteenth century.
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Figure 6.6: Graph of the energy emitted per unit time per unit area as a function of wavelength in
micrometers ([301], p. 217). The curve of experimental data is compared with the curve predicted
by Wien's theoretical model.

Moreover, the formulas proposed by Wien were not based on a reasonable theoret-
ical model, but rather on a t of the obtained data. Indeed, his theoretical model was
generally quite consistent with the experimental data, except for some regions of dis-
agreement, but it did not explain why the measured results were obtained.

It is worth noting that often, when using a pseudo-historical approach to introduce
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quantum physics, the discrepancy between Wien's model and the experimental data
is illustrated by portraying Wien's theory as absolutely incorrect and incapable of de-
scribing what is experimentally obtained. In reality, the issue concerning the regions of
disagreement between theory and experimental data certainly does exist, but the main
problem is primarily the fact that the theory constructed by Wien was not based on a
reasonable theoretical model. That is to say, more than a theoretical model, Wien built a
formulation that describes the data obtained experimentally quite well, but not perfectly.

6.2.3 Planckad hocidea

This problem was overcome by Max Planck (1858-1947), a renowned German physicist.

A discursive explanation of what Planck introduced [302, 303] is proposed here, to
make it as understandable as possible to students.

Planck started from the fact that the radiation con ned inside the box is given by
stationary electromagnetic waves emitted and absorbed by the walls in thermal equilib-
rium. The stationary waves are sinusoidal waves produced by a sinusoidally charged
oscillator. Since the emission spectrum does not depend on the shape or material of the
box, it is possible to conceptualize the problem as desired: it is convenient to consider
the black-body system as a set of oscillators, such that each oscillator emits an electro-
magnetic wave. Thus, the thermodynamics of radiation becomes isomorphic to the ther-
modynamics of oscillators (or classes of oscillators). The electromagnetic waves in the
box correspond to speci ¢ values of energy and frequency of the analogous oscillators,
for which a statistical treatment is proposed.

The thermodynamic quantity that helps most to understand the thermal equilibrium
condition of a state is entropy. In fact, Planck introduced this quantity by stating that
at equilibrium, entropy is maximum. He arbitrarily constructed the entropy of the os-
cillator system in question: he de ned for each oscillator the entropy and hypothesizes
that the energy of the individual oscillator can only take values that are multiples of the
oscillation frequency. Furthermore, he considered the analogy between the black-body
system and the gas contained in a container in the following way: the black-body spec-
trum has a similar trend to the distribution of velocities of gas molecules exiting from
a hole made on the container (Maxwell-Boltzmann distribution). In this way, by x-
ing the Boltzmann constant and the constant known as Planck's constant, he obtained
a spectrum that perfectly matches the experimental data. The function describing the
spectrum is as follows:

3
u(;T)d = 823 hl d (6.4)
esT 1

with h=6:55 10 3* Jsandkg =1:346 10 2 J/K.

The fundamental assumptions leading to this conclusion are that the energy of the
oscillators can only take values that are multiples of the oscillation frequency, and that
entropy is xed at thermal equilibrium 2.

6.2.4 Rayleigh-Jeans classical formula

After Planck, between 1900 and 1905, physicists John William Strutt, 3rd Baron Rayleigh
(1842-1919) and James Hopwood Jeans (1877-1946) attempted (independently from each

2At this point, one might wonder why Planck had to necessarily introduce the counter intuitive concept
of energy quantization. The answer is simply that by doing so, a reasonable and well-constructed theoretical
model was obtained, that perfectly described the experimental data.
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other) to reformulate the function u( ;T ) using a classical approach and describing the
state of thermal equilibrium through the equipartition of energy [304-312].

The standing waves in a box are in nite, and each of these represents a degree of
freedom (recall that a normal mode of any oscillator system is a degree of freedom).
In nite degrees of freedom therefore correspond to in nite standing waves and hence to
energy that tends to in nity. It is clear that reasoning of this kind cannot lead to correct
conclusions. And indeed, that is precisely what happened to Rayleigh and Jeans.

The formula obtained by Rayleigh and Jeans is as follows:

_8h 2

u(;T)d =

ke Td (6.5)

that is, given the temperature, u( ; T ) varies as 2.

Such formulation led to a discrepancy with the experimental data commonly referred
to as the “ultraviolet catastrophe” —but it must be highlighted that the term “ultraviolet
catastrophe” was introduced only in 1911, by Paul Ehrenfest (1880-1933) [313].

It is common for quantum physics to be introduced to students with the observa-
tion of this “ultraviolet catastrophe”, interpreted as a crisis in classical physics. This is
actually inaccurate, as quantum physics emerged with Planck's introduction of energy
quantization, which chronologically predates the formulation by Rayleigh and Jeans.

Therefore, it is commonly acknowledged that describing the “ultraviolet catastro-
phe” and the alleged “crisis” of classical physics to students is not entirely faithful to
what actually happened. For an accurate historical introduction to quantum mechanics,
it is essential to present the events chronologically, as mentioned above.

Moreover, it is worth making further considerations about the name “Rayleigh-Jeans
law” commonly used in reference to the result obtained by the two physicists. Textbooks
often fail to specify that both scientists arrived at the same result (discounting some
initial errors by Rayleigh in calculating a numerical coef cient) independently of each
other. Additionally, during Rayleigh and Jeans' time, “their” formula was not called the
Rayleigh-Jeans formula at all.

It is therefore natural to wonder when this name was introduced. What is observed,
consulting the literature after 1901, is that, at the time, physicists used the term “Rayleigh
formula” without mentioning Jeans, although the latter was often mentioned immedi-
ately afterwards, in comments or explanations, to specify that he had indeed found the
same result. Even Jeans himself referred to this formula as the Rayleigh formula, a clear
sign that, in fact, the authorship of the formula was attributed to Rayleigh rst.

In 1914, Morton Masius (1883-1979), an American chemist-physicist, translated the
second edition of Planck's book Vorlesungen tber die Theorie der Warmestrahlitgrally,
Lectures on the Theory of Heat Radiadiamo English [314]. Masius added an appendix to
the book with various bibliographic references and his own comments on their contents,
and it is in this appendix that we nd the wording  “Rayleigh-Jeans radiation formula”

We have not found any other articles or books dated before 1914 in which the expres-
sion “Rayleigh-Jeans law/formula” was used, nor have we found any in the years that
followed until the 1920s 3.

It could have been Masius, therefore, the rst (or at least one of the rst) to use the
denomination “Rayleigh-Jeans”. However, we believe that the diffusion of the term is
unlikely to be attributed to him, primarily due to the “hidden” position within the book,

3In 1924, John Hasbrouck van Vleck (1899-1980) wrote two articles titled The Absorption of Radiation by
Multiply Periodic Orbits, and its Relation to the Correspondence Principle and the Rayleigh-Jearf815\816], in
which the term “Rayleigh-Jeans Law” explicitly appears.
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and also because otherwise, we would nd several other works using it between 1914
and 1924.

6.2.5 A system of absolute units of measurement

Finally, it is worth highlighting how the introduction of Planck's constant, along with
the speed of light in vacuum c and the universal gravitational constant G, enables the
construction of a system of absolute units of measurement:

- unit of length

hG
= 10 3 m; (6.6)
- unit of mass ro
h
EC 10 8 kg; 6.7)
- unit of time ro
%G 10 ® s (6.8)
- unit of temperature r
é % 10* K: (6.9)

6.2.6 The cosmic microwave background

Referring to the black-body spectrum, it is useful and also interesting to discuss the
discovery of the cosmic microwave background radiation, which occurred in 1964 by
radio astronomers Arno Penzias (1933-2024) and Robert Wilson (b.1936).

Conducting measurements in the infrared spectrum, they detected isotropic radia-
tion. The Big Bang model predicts that light has decoupled from matter, and this lumi-
nous radiation has expanded throughout the universe. This radiation, initially at 5 K, is
currently at 2.7 K and exhibits a perfect black-body spectrum (see Fig. 6.7).

Hence, the light that, over 13 billion years, has reached thermal equilibrium with
the universe is what we currently measure as the cosmic microwave background radi-
ation (this holds under the assumption that there are no energy exchanges with other
universes).

6.2.7 Comments, observations and re ections

The practical example of the cosmic microwave background radiation, along with the
fact that stars themselves are black bodies, should further underscore the importance of
studying the black body.

Introducing the black body as done in this manner, through a series of historical as
well as physical considerations, is certainly useful for understanding the starting point
of the birth of quantum physics.

The use of a thermal camera and black Plexiglas, for instance, prompts students to
reason and re ect on the topics discussed: this actively engages students in the expla-
nation, fostering active learning of the content. When using a thermal camera, it could
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Figure 6.7: A graph comparing the intensity of radiation as a function of frequency, overlaying
experimental data obtained for the cosmic microwave background radiation with the black-body
spectrum [317].

be also interesting to opt for a grey scale instead of a colour scale to visualise the tem-
perature of the bodies captured. Since students know that each colour is associated with
a wavelength, they might erroneously think that the colours displayed on the thermal
camera are associated with the wavelength of the radiation emitted by the bodies them-
selves. Using a grey scale avoids this misunderstanding.

An additional question arising during the experimentations concerns the introduc-
tion of the black body alongside its diametrically opposed concept: the white body,
which re ects all incident radiation. Considering the opposite limit situation to the black
body, students may better grasp the concept, and Kirchhoff himself, in studying radia-
tion emission, had also considered investigating the white body. However, the latter
does not involve radiation emission but only re ection, and is therefore considered mis-
leading.

As mentioned earlier, quantum physics is often introduced to students by discussing
the “ultraviolet catastrophe” and the crisis of classical physics (as also seen in commonly
used textbooks). In light of the discussion presented in these pages, it is evident that the
issue is not one of crisis but rather a matter of inconsistency between certain experimen-
tal evidence and proposed theoretical models, which Planck resolved by introducing an
innovative but ad hochypothesis.

In the introduction of Planck's formula, particularly with the introduction of the con-
stant h, it could be useful to make the parallelism with relativity, which also relies on
a universal constant, the speed of light in vacuum c, to help students understand the
concept of absolute measurement units.

Finally, it is highlighted that introducing a concept with a correct chronological his-
torical context should increase awareness of the cultural signi cance of physical theories.
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6.3 Early atomic models

One of the earliest questions that humans have asked since antiquity is “What is the world
made of?'[318].

An initial answer comes to us from the Greek world, with the atomism of Leucippus
(5th century BC) and his disciple Demaocritus (450-350 BC), later taken up by Epicurus
(341-270 BC) and the Roman poet Titus Lucretius Carus (99-55 BC). According to Dem-
ocritus, all reality is composed of atoms that move incessantly in the void. Atoms are
indivisible and differ from one another only in quantitative or objective characteristics
such as shape, size, order, and position. They possess eternal motion, which is inherent
to them. This incessant motion causes atoms to combine and separate, leading to the
birth, transformation, and death of everything that exists. Thus, things are combinations
of atoms. The diversity of things is explained based on the variety of shape, size, and
arrangement of the atoms that combine.

Whereas, in ancient times, the concept of the atom and its implications were objects
of philosophical thought, the situation changed when it was discovered that chemical
reactions exist in which two or more substances interact and give rise to a completely
“new” substance. Towards the end of the eighteenth century, chemists began to under-
stand how substances combine to form compounds in various reactions. Starting from
the 1700s, it was primarily chemists, such as Antoine-Laurent de Lavoisier (1743-1794),
who focused on atoms and molecules (understood as aggregates of atomsy.

Chemists are those who study the composition and properties of bodies and matter,
how it transforms and combines, and the laws that govern these processes. Through
their various experiments, it becomes evident that some results could be easily explained
by hypothesising the existence of atoms, ions, and molecules.

Indeed, if we consider two substances, A and B, and combine them, various outcomes
may occur. Let us examine some of these:

- Nothing may happen if, for example, the two substances combined at room tem-
perature are sand and our. In this case, we obtain a heterogeneous mixture where
the grains of sand and our are distinctly separate from each other.

- Homogeneous mixtures that vary continuously may form, such as more or less
watery wine (by mixing wine and water) or alloys, for instance. In this case, the
substances mix with each other in extremely variable ratios, and their properties
vary continuously. This is a chemistry of continuous materials, which does not
essentially require the idea of atoms for its explanation.

- Chemical reactions may occur in which two or more substances interact and result
in an entirely “new” substance, creating new compounds.

It is the last scenario that led to the hypothesis of the existence of atoms.

Indeed, if a reaction occurs between substance A and substance B, experimentally we
can highlight several phenomenological laws which, despite the enormous diversity of
various reactions, are few and simple. Let us outline them:

1. Lavoisier's Law of Conservation of Mass in Chemical Reactions [320]: in a chemi-
cal reaction, the total mass of the reactants is equal to the total mass of the products.

4The rst (or one of the rst) to coin the term “molecule”, de ned as two or more atoms joined together in
an attachment, was Pierre Gassendi (1592-1655), in 1649 ( [319], p. 261).
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2. Proust's Law of De nite Proportions [321]: in any sample of a given compound,
the elements that compose it are present in a de nite and constant weight ratio.
This means that a given compound has a precise and invariable composition.

3. Dalton's Law of Multiple Proportions [322]: if two elements, A and B, combine to
form different compounds, then, if the weight of A is xed, the weights of B in the
various compounds are in ratios of small whole numbers.

4. Gay-Lussac's Law of Combining Volumes [323]: in reactions between gases under
the same conditions of pressure and temperature, the volumes of the reactants and
the volumes of the products are in ratios of small whole numbers.

5. Law of Equivalents [324]: if two elements, A and B, combine with each other and
also with a third element, C, then the quantities of A and B that combine with a
xed quantity of C also combine with each other.

Itis precisely these simple laws that drive the emergence of atomic theory, primarily
due to the contributions of John Dalton (1766-1844):

- all matteris composed of microscopic, indestructible, and indivisible particles called
atoms;

- all atoms of the same element are identical and have the same mass;
- atoms of one element cannot be converted into atoms of another element;

- atoms of one element combine with whole numbers of atoms of other elements to
form compounds;

- atoms can neither be created nor destroyed, but they transfer whole from one com-
pound to another.

The concept of the atom arises to describe chemical interactions between continuous
materials. Where interactions are absent (as in the previously mentioned homogeneous
mixtures), the idea of the atom is unnecessary. However, when dealing with (chemical)
interactions, it becomes indispensable.

The ideas of atoms and molecules do not remain con ned to chemistry: physicists in
the mid-nineteenth century also begin to use these concepts to explain the properties of
gases. However, by the late-nineteenth century, the notion of the atom as an indivisible
entity and the fundamental building block of matter starts to falter.

6.3.1 Lord Kelvin's vortex model

For W. Thomson (from now, on, simply Lord Kelvin), the hypothesis of atoms was con-
sidered an unacceptable assumption. Let us read directly from one of his writings:

For the only pretext seeming to justify the monstrous assumption of in nitely strong
and in nitely rigid pieces of matter, the existence of which is asserted as a probable
hypothesis by some of the greatest modern chemists in their rashly-worded introduc-
tory statements, is that urged by Lucretius and adopted by Newton —that it seems
necessary to account for the unalterable distinguishing qualities of different kinds of
matter. ([325], p. 94)
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It is interesting to re ect on Lord Kelvin's words regarding the atomic hypothesis.
On one hand, he found it “necessary to account for the unalterable distinguishing qualities of
different kinds of matter,"but on the other hand, he also found it absurd because it seemed
to imply “the monstrous assumption of in nitely strong and in nitely rigid pieces of matter”

Stated more clearly: how can we truly imagine a piece of microscopic matter —like
a very small ball, to make it clear— that is indivisible but nite in size? This is almost a
philosophical question, but an atom of nite size (therefore not point-like), held together
by internal forces, should in principle be divisible, shouldn't it? It is not a point; it is
something extended, even if small (and let us remember that, at least classically, the def-
inition of a point —as given, for example, in Euclid's Elements— states that“a point is that
which has no part)! In short, an atom of nite size should not, in principle, be indivisible
and, since dealing with elementary point-like structures did not seem reasonable, the
hypothesis of an atom as understood by the ancients appears inconsistent.

It is interesting that the famous scientist, even at the end of the nineteenth century,
struggled to conceive of the existence of atoms —an idea already particularly supported
in chemistry— and called this theory a “monstrous assumption”If we momentarily aban-
don the idea that atoms exist and ask ourselves how science arrived at such a claim,
we must recognise how such an idea is neither immediate nor obvious. The fact that
something could exist without a “substructure” and could not be further divided, as we
believe, for example, an electron to be, is something that should surprise us. How can
something have nite dimensions yet appear indivisible and not constituted by some-
thing smaller? To explain the dif culty we have in thinking about such objects, we can
refer to the concept of a point presented in geometry. A pointis, by de nition, that which
has no part. Now, such a characteristic seems to belong only to abstract concepts, but it is
hard to believe that something real and physical could have this characteristic, which we
would attribute only to purely abstract entities of our reason or to objects in the “world
of ideas” (to use Plato's words).

By the late-nineteenth century, the rst atomic theories were being formulated. Kelvin
himself, proposed his model, that diverged from the idea of a solid, indivisible particle.

The idea is linked to the studies of Maxwell on his analysis of the stability of Sat-
urn's rings [326—329]. Maxwell, who was a contemporary and collaborator of Kelvin,
conducted signi cant research on the behaviour of Saturn's rings, trying to determine
whether they could be solid, liquid, or composed of separate particles. His conclusion
was that the rings were most likely composed of numerous small particles that did not
aggregate, a discovery that helped solidify the idea of stable systems —those that do not
get destroyed by small perturbations— formed by moving components and subject to a
gravitational-like potential (analogous to the electrostatic one).

This research in uenced Kelvin in formulating his “vortex” atom model. Kelvin was
fascinated by the idea that complex and stable structures could emerge from uid and
continuous movements. He thus proposed that atoms could vortices (or, better, knotted
vortex tubes) in the luminiferous ether (the substance believed to carry electromagnetic
waves), to explain the different characteristics of matter —what we would now call dif-
ferent atoms— with different types of rings. Their stability explained the apparent sta-
bility of matter, and more complex knots could easily correspond to heavier atoms (Fig.
6.8).

6.3.2 The discovery of the electron

A further fundamental step in discovering the nature of matter occurred in 1897, when
Joseph John Thomson (1856-1940) (not to be confused with W. Thomson) discovered the
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Figure 6.8: Knotting or knitting as represented by Kelvin ( [325], p. 244).

electron, following his experiments with cathode ray tubes [330, 331].

In the second half of the nineteenth century, physicists such as Johann Wilhelm Hit-
torf (1824-1914), Eugen Goldstein (1850-1930), and especially William Crookes (1832-
1919) contributed to the development and study of cathode ray tubes [318]. These de-
vices consisted of glass tubes evacuated of air, inside which a potential difference was
applied between two electrodes (anode and cathode)®.

By varying the pressure and the potential difference, the appearance of a luminous
beam whose colour depends on the type of gas was observed; the lower the pressure,
the less visible the beam becomes. Furthermore, it was noted that the glass on the side
of the anode (opposite to the cathode) takes on a greenish coloration. This occurred
consistently, whether changing the gas or changing the glass.

As metallic shapes were inserted between the cathode and the end of the tube, shad-
ows were observed, leading physicists to speculate that all these phenomena were due
to something emitted from the cathode. These emissions are called “cathode rays,” and
further experiments revealed that they:

- propagate in a straight line;

- their trajectories are de ected by the application of magnetic elds, indicating they
carry charge, speci cally negative charge;

- have a mass.

Thomson, through his experiment, was able to determine that the luminous beam
inside the tube when a potential difference was applied was composed of small particles
with mass, small “corpuscles”. He was able to estimate the ratio of their electric charge
to their mass. This ratio was 1000 times greater than that of ionized hydrogen and did
not depend on the material that constituted the anode. Charged substances (ions) were
already known, but now this characteristic pertained to something that could be emitted
from matter when a certain potential difference was applied in a vacuum.

Thomson did not immediately call these particles “electrons” but referred to them as
“negatively charged corpuscles”. This discovery posed a problem: it revealed that mat-
ter is not uniform but is made up of atoms that must contain small, electrically charged
particles, which are all identical.

5This is the same principle used in old cathode-ray tube televisions that displayed images using the beam
generated by the two electrodes.
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Thus, Thomson's work led to a signi cant paradigm shift. The realisation that atoms
themselves contained smaller particles —these negatively charged corpuscles— chal-
lenged the notion of atoms as indivisible entities. This discovery was a crucial step
toward the modern understanding of atomic structure, where atoms are composed of
a nucleus containing protons and neutrons, surrounded by a cloud of electrons.

6.3.3 Thomson's atomic model

Thanks to this discovery, the idea of the atom as a “vortex” lost its plausibility. Therefore,
a different model was necessary. What was then known about matter? It was known that
electrons existed, and furthermore, that when a substance was excited, spectral lines
were emitted. Additionally, it was known that the charge-to-mass ratio of the electron is
a thousand times greater than that of the hydrogen ion. One could pose the question to
students: how can a model of an atom be constructed with only this knowledge?

The points we could highlight are:

1. Knowing that matter is overall neutral and the electron is negatively charged, there
must exist another part of the atom that balances the negative charge of the elec-
trons.

2. We must be able to bring together positive and negative charges with forces (of
electrical nature) and think about stability.

3. We have the problem that electrons are negatively charged and repel each other, so
we must consider a situation where electrons do not repel but remain in a certain
equilibrium.

4. We must explain the optical spectra: we know that, for any given element, the spec-
tra are always the same. In this regard, we can think of the emission mechanism
as the oscillation of electric charges, which we know can produce electromagnetic
waves. The idea could then be to consider the oscillations of the electrons, each at
its own frequency, in order to produce the spectral lines. For Thomson, since each
spectral line is associated with its own frequency of oscillation of an electron from
its equilibrium position, and since we see hundreds or thousands of lines in the
spectrum, there must be thousands or hundreds of electrons in the atom vibrating,
like many oscillators each with its own frequency.

In 1899, in a paper addressed to the British Association for the Advancement of Sci-
ence [332], Thomson introduced the essential ingredients of a new atomic model:

| regard the atom as containing a large number of smaller bodies which | will call
corpuscles [...]. In the normal atom, this assemblage of corpuscles forms a system
which is electrically neutral. Though the individual corpuscles behave like negative
ions, yet when they are assembled in a neutral atom the negative effect is balanced
by something which causes the space through which the corpuscles are spread to act
as if it had a charge of positive electricity equal in amount to the sum of the negative
charges on the corpuscles. ([332], p. 565)

Finally, in his paper On the Structure of the Atonfpublished in 1904) [333], Thomson
presented his atomic model, which was described by a precise geometrical structure:

We suppose that the atom consists of a number of corpuscles moving about in a sphere
of uniform positive electri cation: the problems we have to solve are (1) what would
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be the structure of such an atom, i.e, how would the corpuscles arrange themselves
in the sphere; and (2) what properties would this structure confer upon the atom. The
solution of (1) when the corpuscles are constrained to move in one plane is indicated
by the results we have just obtained —the corpuscles will arrange themselves in a
series of concentric rings. This arrangement is necessitated by the fact that a large
number of corpuscles cannot be in stable equilibrium when arranged as a single ring,
while this ring can be made stable by placing inside it an appropriate number of cor-
puscles. When the corpuscles are not constrained to one plane, but can move about
in all directions, they will arrange themselves in a series of concentric shells; for we
can easily see that, as in the case of the ring, a number of corpuscles distributed over
the surface of a shell will not be in stable equilibrium if the number of corpuscles is
large, unless there are other corpuscles inside the shell, while the equilibrium can be
made stable by introducing within the shell an appropriate number of other corpus-
cles. ([333], p. 255)

Thomson's model thus consisted of a uniformly charged sphere of positive electric-
ity with discrete corpuscles, arranged at the vertices of regular polygons, and resting
on internal circumferences (called, as we can read, “rings” by Thomson), concentric to
the sphere. In this con guration, the electric forces were thus “balanced” by charges'
arrangement and by the circular motion of the rotating corpuscles (whose total charge
was equal and opposite to the positive cloud).

If the corpuscles [...] are constrained to move in one plane, they would, even if not
in rotation, be in equilibrium when arranged in the series of rings just described. The
rotation is required to make the arrangement stable when the corpuscles can move at
right angles to the plane of the ring. ([333], p. 255)

Each orbit was forced to occupy an invariable position with respect to the aggregate,
like arigid circular path. Furthermore, the negative particles were subject to their mutual
repulsion and, if displaced just a little from their equilibrium, they were pushed back
by a restoring force proportional to the displacement. If the atom had radius R and
total charge Ne, and the circumference circumscribed to the regular polygon (on which
the electrons were arranged) had radius r and contained n electrons —of massm and
charge e each— all rotating with the same angular velocity !, Thomson's model led to
the condition of mechanical equilibrium given by (in CGS-ESU):

Ne?r €

el pSn +mr! 2 (6.10)

where
X1t o
Sh = csc—: (6.11)
i=1 n
For what concerns n, we have to observe that in Thomson's model of the atom, the
positive charge is essentially massless, so that to get the right mass the number of elec-
trons per atom had to be in the order of the thousands —another fact which is absolutely
not taken into account in school presentations. Therefore, in each ring, the number of
electrons could easily be several tens.

The problem of accelerated charges' radiation

Common textbooks agree in stating that accelerated charges radiate and, consequently, a
model with electrons moving around the nucleus cannot be stable, since electrons would
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spiral around the nucleus (due to the emission of electromagnetic waves), collapsing on
it, and destroying the atom.

Thomson's model (which predicts electrons in motion on circular orbits —and there-
fore subjected to a centripetal force— in order to obtain a stable con guration) helps us
to re ect on the too simplistic vision highlighted by previous considerations. In fact, if a
charge g moves with acceleration ain a vacuum, the power P that it radiates is given (in
dipole approximation) by:

P = kqg?a? (6.12)

where k = 0:44 10 15 s/m. This equation was derived in 1897, by Joseph Larmor (1857-
1942) [334]. Larmor also remarked, however, that in the special case in which there are
more than one charge, the sum of whose accelerations is the null vector, the situation is
simpli ed, and the emitted energy is very small:

when the steady orbital motions in a molecule are so constituted that the vector sum
of the accelerations of all its ions or electrons is constantly null, there will be no radia-
tion, or very little from it, and therefore this steady motion will be permanent. ( [334],
p. 512)

Thomson demonstrated that, if n electrons are arranged on regular rotating polygons,
the radiation emitted is equal to (r= )*" times that emitted by a single particle with the
same acceleration [335], where is the wavelength of the emitted light (corresponding
to the mechanical rotation frequency of the charges). Therefore, sincer= is small and n
large, he showed the substantial stability of the atom.

In fact, let us make a rough estimation: if the wavelength has an order of magnitude
of a few hundred nanometres (a value which is typical for the visible part of the elec-
tromagnetic spectrum), if the atomic radius is taken in the order of 1 nm (as we know
today and as could already be estimated at the time from chemical considerations) and
if the value for the number of electrons in a circumference is taken as n = 10, the value
of (r= )2n results equal to about 10 4%, giving thus rise to a very little irradiation and,
therefore, to a very small energy loss. We can imagine, for instance, that the lost en-
ergy could be recovered by means of “thermal” interactions, for example in collisions
with other atoms. From a didactic perspective, we believe it important that students and
teachers realize that, without calculations, purely qualitative aspects can sometimes be
misleading and deceiving.

Atomic spectra

The ideathat, in any case, there was some electromagnetic emission, was an advantage of
Thomson's model, that could thus, at least qualitatively, explain the existence of atomic
spectra. Given that the emission due to the rotational motion in the rings was negligible,
he considered it to be due to electrons oscillating perpendicularly to the plane of their
ring.

From a didactic point of view, it is interesting to give a rough estimate of the order
of magnitude of the frequency of such an electromagnetic emission. To do this, let us
consider the simplest case: that is, let us take into account only one electron (which —
as we now know— corresponds to the case of the hydrogen atom). In this situation,
the single electron must necessarily be arranged in the centre of the uniformly (positive)
charged sphere, having radius R. Remembering that the electron is subjected to the
Coulomb force, if the electron is displaced by a quantity x < R from the centre of the
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atom, its equation of motion will be (in the more modern SI):

1 €

ma = 4,—,Oﬁx. (6.13)
Therefore, the electron will move of harmonic mation, given by
x+12x=0 (6.14)
with angular frequency
1 €
12= _— = .

! 4" MRS (6.15)

Since in Eqg. (6.15) both! and R appear, we have found a link between the oscillation
frequency (which is the same as the frequency of the emitted electromagnetic radiation)
and the size of the atom. If we now make a little test, using frequencies of the order of
the visible light, we obtain atomic dimensions (thatis, R) of the order of 10 1° m, which
correspond precisely with the values currently known for the dimension of the hydrogen
atom. The model provided by Thomson was thus at least qualitatively consistent with
experimental data: here another proof of the fact that Thomson's model was de nitely
anything except a mere and random “plum pudding”.

Stable con gurations

With long calculations, Thomson found that there could be no stable con gurations for
more than 5 electrons in a ring unless there are other electrons inside the same ring; he
also found

that a single corpuscle in the centre is suf cient to make rings of 7 and 8 corpuscles
stable; [...] When the number of corpuscles exceeds 8 the number of central corpuscles
required to ensure stability increases very rapidly with the number of corpuscles in
the ring. ([333], p. 353)

If pis the number of corpuscles inside the ring,

we can calculate the least value of p which will make a ring of n corpuscles stable.
The values of p for a series of values of n are given in the following table

n x5 6 7 8 9 10 15 20 30 40
p = 0 1 1 1 2 3 15 39 101 232

For large values of n the values of p are proportional to n®. ([333], p. 353)

The complexity at play can be understood through an experiment that involves ar-
ranging magnets, with like poles facing each other, in a basin of water to reach an equi-
librium position

This experiment mirrors one conducted by Alfred Marshall Mayer (1836-1897) in the
late 1870s. Mayer allowed small magnets, with their like poles inserted in corks (so that
they behaved as monopoles), to oat on water while being attracted by an electromagnet
placed above them. He observed the stable con gurations of magnets obtained (see Fig.
6.9).

Let us try to imagine this model with just one electron at the centre: by moving it
from its central position, it will oscillate harmonically. Through calculations, it can be

6Such an experiment is showcased at:https://youtu.be/__TrSMQsoZk
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Figure 6.9: Results of Mayer's experiment with oating magnet nails ( [336], p. 249).

observed that the frequency is that of visible light, which aligns with the spectral lines.
Therefore, we can imagine that other electrons may have different frequencies in order
to reproduce the structure of the atom and the emitted spectra. The spectra are thus due
to small displacements (excitations) from the equilibrium position of electrons rotating
in “stable” con gurations.

Since the positive charge is thought to reside in the ether and has zero mass, the
responsibility for the mass of the atom must lie solely in the mass of the electrons. It was
known that an electron weighed 1/1000 of the mass of a hydrogen atom, so at least 1000
or 2000 electrons are needed for each atom, each responsible for producing a particular
spectral line.

The periodic table

According to Thomson, his model served as a heuristic device and was aimed to explain
the stability and unity of atomic phenomena, both from a chemical and electrical point
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5 electrons: (5)! one single ring with 5 electrons

10 electrons: (8,2) two rings: one external with 8 electrons, and one
internal with 2 electrons

30 electrons: (15,10,5)

60 electrons: (20,16,13,8,3)

61 electrons: (20,16,13,9,3)

62 electrons: (20,17,13,9,3)

of view. In fact, his model was also able to provide a rst physical interpretation of the
periodic table of the elements.

Inside the positive sphere, electrons were arranged in a series of parallel rings, the
number of corpuscles in a ring varying from ring to ring; rings were arranged in the way
that those which contained a larger number of corpuscles were near the surface of the
sphere while those in which there were a smaller number of corpuscles were more inside
([333], p. 258). In the case of relatively few electrons, the structure of the atom was as
follows:

We can thus arrange different atoms into series in which each atom of a series derives
from the immediately previous one by the addition of a ring of electrons; each of the
series constitutes a column of the periodic table.

The alleged “plum-pudding”

It is thus clear that the plum pudding image —which depicts Thomson's atomic model
as a spherical and uniform distribution of positive charge, with electrons randomly ar-
ranged inside it— is based on a deep misunderstanding of Thomson's model. Such an
image is misleading for at least three reasons, since, according to it,

1. everything is still (while in Thomson's model electrons were in motion),

2. charges are randomly arranged (while Thomson's model has a precise geometrical
structure),

3. itis unclear what it explains or predicts (contrary to Thomson's model).

In fact, as it can be easily understandable, the expression “plum pudding model” was
not provided by Thomson in the original paper of 1904, nor in any of his subsequent
publications.

However, even if we have shown that such an expression misrepresents Thomson
theory, it is usually mentioned in common textbooks, both in high school and at univer-
sity. And what strikes us most is not so much the playful name given to the model, but
rather the fact that many people do believe this name depicts the real model and that
a famous physicist could have built a model —as said, highly regarded at the time—
without any mathematics, without providing numerical evaluations and without pre-
dicting anything new. Which scienti c journal of the twentieth century could have ever
published such a model? Clearly, no one.

Now, there is still a question to be answered: what could have hence been the source
for such a curious and imaginative name? Combing through documents of the time,
this expression can be found in an anonymous article entitled What is matter?that ap-
peared in December 1906, inMerck's Reporta journal of pharmacy, containing the latest
advances in the medicinal and therapeutic chemistry of the time. The author wrote:
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Professor Thomson suggests, [...] while the negative electricity is concentrated on the
extremely small corpuscle, the positive electricity is distributed throughout a consid-
erable volume. An atom would thus consist of minute specks, the negative corpus-
cles, swimming about in a sphere of positive electri cation, like raisins in a parsimo-
nious plum pudding, units of negative electricity being attracted toward the center,
while at the same time repelling each other. ([337], p. 359)

Of course, it is not possible to state with certainty that this was the rst occasion
ever in which Thomson's model has been compared to a plum pudding (although it
seems to be —at least as far as we know— the rst publication in press in which this
happened), and not even that the origin of this misleading image can be attributed pre-
cisely to the journalist of the Merck's Reportevidently little expert in the eld of atomic
models. However, what is interesting to observe is how the expression “plum pudding”
made its appearance already a couple of years after the publication of Thomson's paper,
managing to resist for almost 120 years without any dif culty, and still being widely
used today, in numerous books and even in authoritative manuals, but without the due
proper comments.

6.3.4 Nagaoka's Saturnian model

In 1904, in the same volume where Thomson's model appeared, the Japanese scientist
Hantar o Nagaoka (1865-1950) proposed his atomic model [338].

Nagaoka rejected Thomson's model on the grounds that opposite charges are im-
penetrable. His own model was a “Saturnian” model, in direct analogy to a proposal
by Maxwell [339] in his discussion of Saturn's rings (which Maxwell assumed to be
composed of positive charges), but with negatively charged electrons —thousands or
hundreds— orbiting about a massive central positive charge ’.

As motivation for his proposal for atomic structure, he stated:

The investigations on cathode rays and radioactivity have shown that such a system
is conceivable as an ideal atom. In his lectures on electrons, Sir Oliver Lodge calls
attention to a Saturnian system which probably will be of the same arrangement as
that above spoken of. The objection to such a system of electrons is that the system
must ultimately come to rest, in consequence of the exhaustion of energy by radiation.
([338], p. 446)

Nagaoka cautioned that his system was the simplest conceivable and therefore inca-
pable of explaining all the complexities of chemical properties, especially due to mathe-
matical dif culties.

Furthermore, he promptly recognised the challenge of radiative instability, although
he envisioned that his model would

serve to illustrate a dynamical analogy of radioactivity. ( [338], p. 445)

Nagaoka also demonstrated that for certain resonant frequencies, the ring structure
would be mechanically unstable. Similar to Thomson, he proposed that the destruc-
tion of unstable rings could explain the production of atomic radiation. In establishing
further connections with known phenomena, he suggested that forced oscillations from

"Actually, a planetary model had already been presented in 1901, by the French physicist Jean Baptiste Per-
rin (1870-1942) [340]. Perrin's atomic model presented all the fundamental characteristics of Nagaoka's model:
an electrically neutral structure, composed of numerous negative corpuscles that orbited around positive suns
(more than one, in Perrin's model) under the action of electric forces.
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incident electromagnetic waves might elucidate the effect of selenium exhibiting less re-
sistance when exposed to light, and could also potentially explain phenomena such as
uorescence and phosphorescence. Despite being aware of the simplicity of his model,
he foresaw its potential applications across various elds of study.

There are various problems which will possibly be capable of being attacked on the
hypothesis of a Saturnian system, such as chemical af nity and valency, electrolysis
and many other subjects connected with atoms and molecules. The rough calculation
and rather unpolished exposition of various phenomena above sketched may serve
as a hint to a more complete solution of atomic structure. ([338], p. 455)

Additionally, he readily admitted that his model did not align well with experimental
data.

An important difference between the present result and the empirical formulae must
not be forgotten. When [the integer values are] very great, the difference between
successive lines begins to diverge, but in the empirical formulae given by various
investigators in this eld of research, the frequency ultimately tends to a limiting
value. It seems doubtful if very large values will ever be observed. ([338], p. 451)

In fact, certain details of the model were disproved by experiments (for example,
the number of electrons in atoms, which were discovered to be much more less than
thousands or hundreds), and Nagaoka abandoned the model in 1908.

6.4 The photoelectric effect

The photoelectric effect involves the emission of electrons from a metal surface when
the latter is struck by electromagnetic radiation of a frequency not lower than a certain
characteristic threshold value (called photoelectric threshold) for each metal [341].

The beginning of the study of this phenomenon can be dated back to 1887 when
Heinrich Hertz (1857-1894) discovered that ultraviolet light could cause electric spark
between two electrodes.

Ayear later, Wilhelm Hallwachs (1859-1922) demonstrated that a negatively charged
metal discharges rapidly when exposed to ultraviolet light, a phenomenon known as the
Hallwachs effect.

Subsequently, Augusto Righi (1850-1920) expanded the understanding of the effect,
introducing the term “photoelectric” and studying the speci ¢ absorption of ultraviolet
rays in the atmosphere.

| recognized from the very rst tests that the radiations capable of causing the new
photoelectric phenomena are the most refractable among the ultraviolet rays ( [236],
p. 20)

I intend to study this considerable absorption by the gases with better devices; but,
in the meantime, it seems proven that the atmosphere absorbs the rays capable of
generating the new photoelectric phenomena. These active rays are therefore proba-
bly nothing but ultraviolet rays whose wavelength is less than 0.0000295 centimetres.
([342], p.134)

6.4.1 Lenard's experiment

In 1889, Philip Lenard (1862-1947) made several experiments and identi ed electrons
as the particles emitted during the photoelectric effect. In 1902 [343], he formulated
three laws governing the maximum velocity of electrons and the relationship between
photocurrent and light intensity:
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1. The maximum velocity of electrons depended on the type of light employed. He
thus proposed that “light in uences a cathode in a manner characteristic of its
spectral composition”.

2. The maximum velocity at which electrons depart from a metal plate, when illumi-
nated with ultraviolet light, remains unaffected by changes in light intensity (ob-
tained by adjusting the arc lamp position or increasing the current passing through
it).

3. There exists a maximum velocity for any given cathode material.

In Lenard's model, the emission was susbtantially based on a resonance phenomenon.
Therefore, only the frequencies that resonate with the electron could cause the emission
of electrons, indicating a discrete conception of the phenomenon.

In addition, a fourth law was already known. In fact, in 1889 the Russian physi-
cist Alexandr Stoletov (1839-1896) had discovered the direct proportionality between
the light intensity and the induced photocurrent (a fact known as Stoletov's law) [344].

6.4.2 Einstein's heuristic model

In 1905, Albert Einstein (1879-1955) published a groundbreaking paper titled On a Heuris-
tic Point of View about the Production and Transformation of Li§t®6], introducing a new
perspective on the nature of light . Contrary to classical theories based on Maxwell's
equations, which describe light as an oscillating electromagnetic wave at extreme speeds,
Einstein highlighted some inherent contradictions in these models.

Maxwell's equations treat light in terms of observable average values over time.
However, Einstein emphasized that while such theories were effective in describing opti-
cal phenomena from a macroscopic standpoint, they might not be suitable for explaining
the generation and transformation processes of light at the microscopic level.

The usual understanding, that the energy of light is distributed across the space
through which it travels in a continuous way encounters extraordinarily large dif-
culties in attempts to explain photoelectric phenomena, as has been presented in the
groundbreaking article by Mr. Lenard.

According to the idea that the incident light consists of energy quanta with an energy
h , one can picture the production of cathode rays [photoelectric effect] by light as
follows. Energy quanta [photons] penetrate into a surface layer of the body, and their
energy is at least partly transformed into electron kinetic energy. The simplest picture
is that a light quantum transfers all of its energy to a single electron; we shall assume
that that happens [...]. Moreover, we must assume that each electron on leaving the
body must produce a work Wy, which is characteristic of the body. Electrons that are
excited at the surface and at right angles to it will leave the body with the greatest
normal velocity. The kinetic energy of such electrons is Kmnax = h Wo. ([196], pp.
145-146)

This innovative perspective allowed the explanation of the photoelectric effect, which
wave theories of light could not fully clarify. According to the model proposed by Ein-
stein, a quantum of light transfers its entire energy to a single electron. Consequently, the
kinetic energy of the electrons emitted from the photoelectric effect is determined by the
difference between the energy of the absorbed photon and the work function necessary
to liberate the electron from the material.

8However, it must be highlighted that Einstein's paper was not primarily aimed at explaining the photo-
electric effect.
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The nature of models in physics: a re ection

Using this model for a broader re ection on the nature of models in physics is partic-
ularly interesting. It highlights how we use models to describe complex phenomena,
aiming to understand the boundaries within which a model is applicable.

This exercise prompts several questions and considerations that we believe useful to
discuss.

1. Einstein writes that his explanation is “the simplest picture [...]! In what sense?
The model assumes as an initial hypothesis that the energy of a single quantum
h is entirely absorbed by a single electron. This simpli cation is appropriate pre-
cisely because it is a heuristic model that does not aim to precisely and formally
describe a phenomenon, but only to provide a general and informal overview. It is
not possible to simplify the model further. How can we interpret more complicated
phenomena in light of the heuristic model? Let us consider some examples.

2. What happens in the case in which not all the energy of a single quantum is ab-
sorbed by the electron?
In that case, there would be no evidence of a minimum frequency below which no
electron can be extracted from the metal sheet, thus the hypothesis of the threshold
frequency would not be supported.

3. Could it be that only half of the quanta are absorbed?
The model assumes the simple hypothesis of the interaction between a single quan-
tum of energy h and a single electron, and also assumes that each single quantum
cannot be partially absorbed or emitted. It does not provide further information. If
we hypothesise that half of the quanta are absorbed, the model becomes essentially
useless because it does not explain the investigated phenomenon; the hypotheses
become too weak to draw conclusions. In particular, the idea that there are “parti-
cles” (Einstein calls them “corpuscles”) and these are not absorbed has no logical
basis. This fact is neither cited nor developed in the article.

4. An electron, while being extracted, hits another.
We can suppose that in the collision with other electrons, they disperse energy, and
thus, considering the simplest case of an elastic collision between two electrons,
neither of them would have suf cient energy to escape from the sheet after the
collision. From a macroscopic point of view, the consequence of the collision is an
increase in the body's temperature.

5. What if the work depended on the electron?
From the model, it is deduced that electrons exit the body with kinetic energy K =
h Wy, with Wy being the work required to extract the electron from the body,
which is characteristic of the body. If this were not the case, i.e, if Wy depended
on the electron, some electrons would struggle more to escape, transforming the
absorbed energy into heat. This does not occur in reality: the work depends on the
body.

6. Considerations on electron layers and values estimates.
The dimensions of an atom are 10 1° m; therefore, in 1 cm? there are 10'® atoms
(rst atomic layer), while there are 10?° atoms if the rst atomic layer is surpassed.
Another possible hypothesis is that a photon reaches an internal electron.
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7. Could it happen that multiple quanta h hit the same electron almost simultane-
ously?
There would not be a well-de ned threshold that we observe; in fact, it must be
. . W,
h Wy > 0 for the electron to exit the metal, i.e, the threshold must be > TO'

If n photons were absorbed by an electron, we would have nh , Wy > 0, i.e,

W . - . .
n > =9 meaning the frequency , depends on n, thus contradicting Einstein's
model because there would not be a well-de ned threshold frequency.

8. What happens with increasing intensity?
We observe that if the intensity doubles, then the number of photons also doubles.
In this case, if the frequency is greater than the threshold frequency, more elec-
trons are emitted, so the electron current is proportional to the intensity (we are
still considering electrons in the surface layer).
If the frequency is lower than the threshold frequency, according to Einstein's
model, the photoelectric effect should not occur.
Suppose, however, we increase the light intensity signi cantly.
Are we sure that being very high, the intensity cannot release an electron? A
low-frequency photon hits an electron, cannot release it because it has a frequency
lower than the threshold, but it excites it, so the electron has kinetic energy.
Then if another photon arrives almost simultaneously and hits it, meaning it does
not have time to disperse energy, it could at that point release the electron from the
sheet? Yes, the phenomenon, con rmed by some experiments, is called multiple
absorption. The electron, while trying to escape, absorbs another photon, thus re-
ceiving double energy, so even if the frequency is not appropriate, it manages to
exit.
If the number of photons is very high in a very small region, the intensity is signif-
icant, and the electron manages to absorb even 10 photons.

Example: an estimate on the intensity of incident radiation

On a sunny day, we can estimate the intensity of the radiation incident on the Earth
to be approximately 1000 Y.

Let us try to estimate the intensity of radiation incident on a surface under the
following assumptions: we consider a surface S = 1 c¢cm?, estimate that n = 1016
atoms are involved (and thus considering one electron for each atom, we will have
106 electrons interacting with an equal number of photons), and suppose a time
interval t =10 0 s. Let the radiation have a wavelength =1 m. Knowing
that = &, the intensity will be:

nhc _ 10'® 6:62607015 10 3* 2:99792458 108ﬂ_

tS 106 1010 106 m?2

=1:986 1013ﬂ2:
m

In that case, we can simplify the calculation without using a calculator. Given that
hc=6:6 3 10 3% =20 10 %6=2 10 ?.
Then, we have an intensity of approximately

nhc 106 2 102 w w
| = = — =2 108 —:
tS 106 10 10 10 €m2 2
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The value found differs from the intensity of solar radiation on Earth by 10 orders
of magnitude. The photoelectric effect actually occurs even with lower light inten-
sities.

9. What do we expect if we consider a particularly re ective metal surface ( i.e, one
that behaves like a mirror)?
If we consider the hood of a car, we observe that it re ects and heats up; however,
it cannot be a good example of a perfectly smooth mirror. Indeed, an object with
such characteristics does not heat up much in the sun but re ects a lot.
How does Einstein's model explain this phenomenon? Let us assume that consid-
ering an electron, it absorbs a photon, becomes excited, and subsequently emits
radiation. From geometric optics, we know that this occurs because the angle of
incidence equals the angle of re ection, although his model does not address it ex-
plicitly.
Regarding optics, Einstein states the following in the introductory part of his arti-
cle.

It should be kept in mind [...] that the optical observations refer to time averages
rather than instantaneous values. ([196], p. 133)

Therefore, Einstein's model does not address re ection. We do not expect to be
able to describe optical phenomena using this model, which is effectively just a
heuristic perspective on the emission and absorption of radiation. In particular,
it provides information regarding the proper functioning of these phenomena un-
der appropriate assumptions, but it does not in any way illustrate other types of
phenomena such as the re ection of metal.

These questions and considerations we have just discussed allow us to understand
within which limits it is possible to use a model explicitly declared as “heuristic”, how
to use it to try to investigate analogous phenomena, and how it can be exploited as a
foundation for the construction of more complex models. We observe that it is concep-
tually different to attempt to explain a phenomenon based on previous knowledge and
to explain a phenomenon based solely on what Einstein knows and proposes as a hew
perspective.

The interesting didactic aspect is that working with a model, understanding how it
works, and attempting to ask questions is useful for understanding the model itself and
comprehending how to “do” physics.

Einstein and the black-body radiation problem

In his 1905 paper, Einstein also considers the black-body radiation problem and derives
the Rayleigh-Jeans law using the hypothesis of energy equipartition. However, he ob-
serves that within certain limits, the model is compatible with Wien's law, particularly
for=! 0.

IIIe guestions how to explain the behaviour of the Wien law curve when considering
high frequencies (for + ! +1 ), particularly attempting a statistical treatment.

He imagines radiation composed of many corpuscles, and thus considers radiation
as if it were a gas (as illustrated by Boltzmann some years earlier), with its own entropy,
as Planck had hypothesised to justify the Wien curve.

Furthermore, he considers Stokes' law on photoluminescence, where the absorbed
(incident) frequency is lower than the emitted frequency.
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Later on, he delves into the study of emission from a metal struck by radiation at
certain frequencies, pondering what happens when investigating low values of +. In
fact, he is not interested in these aspects, but only in high values of this quantity, where
the photoelectric effect occurs.

A related issue is the phenomenon of cathodoluminescence: if a plate is struck by an
electron beam, does it emit photons? The answer is af rmative, although we have not
further investigated the reasons behind it.

What are the differences in approach between Planck and Einstein? Planck quantizes
the energy of harmonic oscillators, which are located inside the black body and are con-
ned to its walls. The black body emits electromagnetic radiation, and the energy of the
oscillators is a multiple integer of h .

Essentially, according to Planck, the radiation is continuous (following Maxwell's
model), but it is absorbed in packets. For Einstein, on the contrary, the nature of radiation
is discrete, not continuous; radiation travels in “corpuscles”.

We can make observations regarding a portion of the radiation spectrum, yet we can-
not make any assertions regarding optics, except to say that it is an average, as Einstein
himself states. The connection with Planck's assumptions about entropy lies in its dis-
cretization.

6.4.3 Millikan experimental validation of Einstein's equation

Einstein's model predicts that the energy absorbed by each electron is h , so the maxi-
mum energy with which it can be ejected from the body is Eqax = h Woy. Therefore,
the maximum energy forms a straight line as a function of frequency , with a slope of
h, independent of the metal (Fig. 6.10).

Figure 6.10: Diagram of photoelectron's maximum kinetic energy (measured by the stopping po-
tential Vsiop) VS. incident light frequency obtained by Millikan ( [345], p. 373).

The y-intercept depends on Wy. This is a prediction of the model not justi ed by
Einstein but con rmed after ten years of work by Robert Andrews Millikan (1868-1953),
who actually worked to refute Einstein, as he writes in one of his articles:
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Perhaps it is still too early to assert with absolute con dence the general and exact
validity of the Einstein equation. Nevertheless, it must be admitted that the present
experiments constitute very much better justi cation for such an assertion than has
heretofore been found, and if that equation be of general validity, then it must cer-

tainly be regarded as one of the most fundamental and far reaching of the equations
of physics; for it must govern the transformation of all short-wave-length electro-

magnetic energy into heat energy. Yet the semi-corpuscular theory by which Einstein
arrived at his equation seems at present to be wholly untenable. ( [345], p. 383)

6.4.4 Classical explanations of the photoelectric effect

Can the photoelectric effect and the equation found by Einstein be explained in a classical
way? Physics textbooks usually state that no, this is not possible...but actually it is.

In fact, in 1912, Owen Willans Richardson (1879-1959) derived Einstein's equation
using thermodynamic arguments, thus from a macroscopic perspective [217]. He partic-
ularly likened the photoelectric effect to the phenomenon of liquid evaporation, identi-
fying the work W, with the latent heat of vaporisation.

The explanation then usually offered to account for these asymmetric effects in sec-
ondary emission is that the energy in the radiations is not continuously distributed,
but exists in a very concentrated form in limited regions. In this way a single electron
may be made to receive the major part of both the energy and momentum in a radi-
ation unit. As the case against such a view of the nature of light is at least arguable,
it is worthwhile to examine the question from a rather wider stand-point, to see if an
estimate of the maximum effects to be observed may be obtained without making any
de nite hypothesis about the structure of the radiation. ( [217], p.145)

6.5 Rutherford's idea for the atomic structure

As we have seen, neither Thomson's atomic model nor Nagaoka's model proved to be
entirely satisfactory, and after 1904, the question “What are atoms made of?émained an
open issue.

It was one of Thomson's students, the New Zealander Ernest Rutherford (1871-1937),
who made the crucial step, opening new horizons for research [346].

6.5.1 Scattering experiments

Starting in 1908, Rutherford began conducting numerous alpha particle scattering ex-
periments [347], aided by Hans Geiger (1882-1945) and then, from 1909, also by Ernest
Marsden (1889-1970).

Consider a metal foil to which alpha particles are directed, that is, particles with the
same ionized charge as helium with low penetrating power. Around the foil, screens are
placed to detect the radiation.

Rutherford's experiments involved ring alpha particles at a thin metal foil (not only
gold) and observing their scattering patterns using these detection screens. Most alpha
particles passed straight through the foil, but some were de ected at large angles, and
a few even bounced back. This surprising result could not be explained by the then-
accepted Thomson model of the atom, which posited a uniform distribution of positive
charge.

From these observations, Rutherford concluded that the atom must consist of a small,
dense, positively charged nucleus, where most of the mass is concentrated, surrounded
by a cloud of electrons. This nuclear model of the atom was revolutionary and marked
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a signi cant departure from previous atomic models, laying the groundwork for the
development of modern atomic physics.

Rutherford noticed that alpha particles were de ected, sometimes at considerable
angles, and that about 1 in 8000 was even re ected backward with a signi cant velocity
(v =10° miles per second = 107 ) (see Fig. 6.11).

Figure 6.11: Scattering curves reported by Geiger ( [347], p. 176).

Rutherford was surprised that the number of these particles (which at rst glance
might seem extremely small) was actually quite large. This is because, if the atom's
structure were as described by Thomson's model, one would expect that almost all the
particles would pass through the foil in a straight line.

According to Thomson's model, the atom is neutral, with positive charge distributed
uniformly without mass, and contains a large number of negatively charged electrons.
Mechanically, the mass of the alpha particles is about 8000 times greater than that of an
electron. Furthermore, in Thomson's model, the atom is compact and globally neutral,
meaning the total charge density is zero. Therefore, the probability of alpha particles
being re ected backward or de ected at large angles should be essentially zero.

Rutherford's observations indicated that the structure of the atom must be very dif-
ferent from Thomson's model. The signi cant de ection and backward scattering of
alpha particles suggested the presence of a small, dense, positively charged nucleus at
the centre of the atom, which could exert a strong enough force on the alpha particles to
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cause such de ections. This led Rutherford to think of a new idea of the atom, one that
had a structure different from Thomson's model. This structure had to explain why most
alpha particles passed through the foil unaffected, while a small fraction were de ected
at large angles or bounced back.

Let us delve into some considerations regarding Rutherford's experiment:

- the foil used in the experiment must be thin, as collisions occur with only a single
or very few atoms;

- no signi cant de ection of the rays is observed for most particles, suggesting that
the atom is mostly empty space (unlike Thomson's model);

- the interaction with the atom involves a force that is assumed to be electrostatic,
and thus inversely proportional to the square of the distance ( r) between two par-
ticles;

- given this assumption, the force must be very strong, and there cannot be positive
and negative charges distributed everywhere. Therefore, electrons and positive
charge must be separated.

6.5.2 A new theoretical atomic model

In 1911, Rutherford hypothesised a new atomic model [348], illustrating it not based on
the periodic table but in terms of the acting forces.

The model is based on the following considerations, which we will explain in more
detail below: collisions between the rays and the atoms are elastic, the atomic structure
consists of a central positive nucleus with electrons located externally and at a distance
from the nucleus (thus not exactly “planetary” as illustrated in some school texts).

Delving into the details, the hypotheses of the scattering model are:

1. scattering at large de ection angles is due to a single violent collision;

2. the target atom consists of a nucleus, which we assume to be point-like and carry-
ing a charge Ze, containing practically all the mass of the atom, and surrounded
by a spherical uniform distribution of charge  Ze and radius R;

3. during the collision, the nucleus remains practically stationary and does not absorb
energy;

4. the only force acting during the scattering is the electrostatic force;

5. for de ection angles that are not too small, the interaction occurs only with the
nucleus of the atom.

We observe that the interaction is described in non-relativistic terms and using classi-
cal mechanics, as quantum mechanics had not yet been developed at the time Rutherford
proposed this model.

To explain the wide-angle scattering of a particle, Rutherford proposed that the atom
consists of a small, positively charged nucleus in which almost all of the atom's mass is
concentrated. He also supposed that the nucleus is surrounded by a distribution of elec-
trons that renders the atom electrically neutral and extends to distances from the nucleus
comparable to the commonly accepted radius of the atom, approximately 10 1° m.
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This model accounted for the experimental results obtained with alpha particles,
where these particles, when approaching the nucleus, are subjected to a Coulomb force,
the only force acting in the scattering process.

The possible trajectories of material points subjected to this type of force are branches
of conic sections (ellipses, hyperbolas, and parabolas). Indeed, the trajectory is described
by hyperbolas (Fig. 6.12).

Figure 6.12: The trajectory of a de ected particle in Rutherford's scattering experiment is typically
described by a hyperbola ( [348], p. 672).

The image depicts the trajectory of the de ected particle described in polar form,
explicitly indicating the de ection angle.
The main outcome of Rutherford's model is summarised in the description of the
. . . d Zze’E °
differential cross-section a = 16 o coseéi, where
0

Ze is the charge of the nucleus (where Z is the atomic number);

zeis the charge of the particles being sent to the atom;

"o is the vacuum permittivity constant;

is the angle obtained relative to the incident direction;

d is the area of the circular ring that needs to be invested for the scattering be-
tweenthe angle and + d inthe solid angle of widthin the solid angle of width
d;

d
a is a probability representing a quantity proportional to the number of scattered
particles.
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6.5.3 A necessary experimental validation

Rutherford's model was theoretical, and was experimentally tested by Geiger and Mars-
den in 1913. In their experiment, they counted the number of particles de ected at vari-
ous angles within a certain time interval, investigating whether the angular dependence
followed coseé-, as described by Rutherford. The experiment is described as follows:

The apparatus used [Fig. 6.13] [...] mainly consisted of a strong cylindrical metal
box B, which contained the source of particles R, the scattering foil F, and a mi-
croscope M to which the zinc-sulphide screen S was rigidly attached. The box was
fastened down to a graduated circular platform A, which could be rotated by means
of a conical airtight joint C. By rotating the platform the box and microscope moved
with it, whilst the scattering foil and radiating source remained in position, being at-
tached to the tube T, which was fastened to the standard L. The box B was closed
by the ground-glass plate P, and could be exhausted through the tube T. The source
of particles [...] consisted of a small thin-walled glass tube about 1 mm in diame-
ter, containing a large quantity of well puri ed radium emanation. [...] A thin pencil

of particles exiting from the source R was directed orthogonally on the sheet F after
passing through the diaphragm D. Rotating the platform A the particles scattered
in different directions could be observed on the zinc sulphide screen [through the
microscope that allowed to see the scintillations they produced]. ( [349], pp. 606—-607)

Figure 6.13: The apparatus used by Geiger and Marsden ( [349], p. 607).

The variation of scattering of incident alpha particle, with respect to the angle, was
carefully measured (Fig. 6.14).

The correct dependence on the energy of the incident particles was con rmed in sev-
eral experiments performed in the subsequent years [350]. Increasing the energy of the
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Figure 6.14: Variation of scattering with respect to angle ([349], p. 604).

alpha patrticles and considering the nucleus to have non-zero mass, at least some of the
particles physically collide with the nucleus. Consequently, de ection occurs not only
due to Coulomb interaction but also from the collision. The graph illustrates how de ec-
tion occurs at 60° (Fig. 6.15).

The dashed line represents the theoretical model proposed by Rutherford, while the
experimental data yields the de ected line. At the point where a kink is observed, a
collision with the nucleus occurs, con rming the presence of an internal nucleus and
determining the nuclear size of the atoms. Thus, the validity of the model is con rmed.

Rutherford's model thus constituted a signi cant improvement over previous mod-
els. However, it still presented some criticalities (as one might expect):

- Given the de ection, it is not guaranteed that the model is unique. In fact, even a
rigid collision against a rotating paraboloid would result in a de ection described
by a force proportional to 5.

- The formula of the distribution does not explain why the nucleus of the atom is
positive since the quantities are squared. Although it is highly plausible, Ruther-
ford himself described the model assuming the presence of a positive nucleus.

- The problem arises regarding how the orbits can be formed: the negative charges
are as numerous as the atomic number z of the nucleus (a value that can be exper-
imentally obtained) and are signi cantly fewer than predicted by Thomson (about
10* electrons). They are situated around the nucleus in closed orbits, particularly
conic orbits because they are subject to a force proportional to 1=r2.

However, such electrons must emit radiation since they are accelerated charges
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Figure 6.15: The scattered intensity versus the energy of the alpha particles ( [346], p. 254). At
about 27.5 MeV the intensity becomes different from that calculated by Rutherford, indicating that
a collision has occurred with the nucleus (which has nite dimensions).

(according to the Larmor formula, they must emit radiation of h ). If this happens,
it would imply that the electrons should lose energy and collapse onto the nucleus.
Thus, even Rutherford could not determine the orbits of the electrons around the
nucleus because it would require a new theory to explain this inconsistency, or it
would have to be that the electrons, which emit radiation, must also reabsorb it.
The Rutherford atom is unstable.

6.6 Bohr's model for the hydrogen atom

In 1913, it was evident that Rutherford's model was not the “correct” model to describe
the structure of atoms. It was precisely in that year that a new atomic model was pro-
posed for the hydrogen atom by the Danish physicist Niels Bohr (1885-1962) [351].

In 1911, Bohr, thanks to a fellowship, had travelled to England, where most of the
theoretical work on the structure of atoms and molecules was being done. There, he
had met J.J. Thomson and Rutherford, thus becoming interested on the problem of the
structure of the atom. In 1913 he published three papers, which later became famous as
the “trilogy”, in which he dealt with his own model for the hydrogen atom [352—354].

According to Bohr

In order to explain the results of experiments on scattering of  rays by matter Prof.
Rutherford has given a theory of the structure of atoms [...]. As Rutherford has shown,
the assumption of the existence of nuclei, as those in question, seems to be necessary
in order to account for the results of the experiments on large angle scattering of the
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rays. [...]

The result of the discussion of these questions seems to be a general acknowledgment
of the inadequacy of the classical electrodynamics in describing the behaviour of sys-
tems of atomic size. Whatever the alteration in the laws of motion of the electrons
may be, it seems necessary to introduce in the laws in question a quantity foreign to
the classical electrodynamics,i.e, Planck's constant, or as it often is called the elemen-
tary quantum of action. By the introduction of this quantity the question of the stable
con guration of the electrons in the atoms is essentially changed, as this constant is
of such dimensions and magnitude, that it, together with the mass and charge of the
particles, can determine a length of the order of magnitude required. ( [352], pp. 1-2)

Bohr observes that the atomic model proposed by Rutherford is based on the as-
sumption of a central force potential, much like a gravitational system. However, he
notes that while gravitational systems can have different sizes, atoms all have the same
size regardless of the amount of charge present or the mass.

Why do not we have larger or smaller atoms if the only force at play is electrostatic? It
is evident that in this sense, Rutherford's model was de cient because it did not contain
any quantity from which the size of the atom can be determined.

The solution to this problem emerges when we consider that Planck's constant h

comes into play in this theory. Indeed, if we take m and e to be the mass and charge of

an electron, respectively, and " as the permittivity of free space, then the quantity *r‘nzTg

has the dimensions of length and is on the order of 10 ° m.

We observe that this yields a measurement on the atomic scale. This provides addi-
tional support for the notion that this is not merely a coincidence, and that the introduc-
tion of the constant h in this context is meaningful.

Subsequently, Bohr postulates that the electron in a stationary orbit does not emit
any radiation. He considers a simple system consisting of a positively charged nucleus
of very small dimensions and an electron that describes closed orbits around it.

For simplicity, he assumes that the mass of the electron is negligibly small compared
to that of the nucleus and that the electron's velocity is small compared to the speed
of light. This way, relativistic problems are avoided. In this scenario, the electron will
describe stationary elliptical orbits, allowing these states to be discussed using classical
mechanics, without invoking Planck's constant.

Bohr arrives at the same conclusions by starting from three seemingly different con-
siderations:

1. Itis assumed that at the beginning of the interaction with the nucleus, the electron
is at a large distance from it, essentially in nite, and does not have an apprecia-
ble velocity relative to the nucleus. It is further assumed that the electron emits n
guanta and stabilizes in a stationary orbit around the nucleus. Assume that the or-
bit in question is circular (this assumption, however, will not alter the calculations
for systems containing a single electron). Finally, it is assumed that the frequency
of the emitted radiation  is equal to half the revolution frequency of the electron in
the orbit, % This intuition derives from an averaging concept between a frequency

and a zero frequency, leading to the formulas that we illustrate in the following
subsection.

2. Quantization of angular momentum: Bohr supposes that the angular momentum
L is an integer multiple of ~, thatis, L = n~.

3. When we consider a large n, an electron transitioning from a state n to a state
n 1, has orbits that are close together and the emission is classical in nature, with
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frequencies ; = , = ,where isthe revolution frequency. This is known as the
“correspondence principle”, and states that as we transition from the microscopic
to the macroscopic, quantum physics becomes compatible with classical physics.

Bohr thus nds a formula that describes the amount of energy emitted in the transi-
tion from an energy level with n = n; to another with n = nj:

me* 1 1

E Ei= —— — — A
2 BiZgom 7w (6.16)

This energy difference corresponds to h and thus he supposes that in the transition

from one energy level to another, the electron emits a photon, and consequently, the
frequency of the emitted radiation is

E, E:_me* 1 1

ho D8I 2 n? (6.17)

We observe that this formula is not entirely clear in light of previous observations
regarding the emission of radiation by an electron that stabilizes in a stationary orbit
from in nity.

We note that this law reveals all possible spectral frequencies, even more than those
found up to that moment in the studies of the hydrogen spectrum.

Thus, we nd Bohr's postulates. Here is what is commonly found in textbooks:

1. An electron in an atom moves in circular orbits around the nucleus under the in-
uence of Coulomb attraction, obeying the laws of classical mechanics. Such orbits
are called stationary orbits or states.
Unlike in classical mechanics, not all orbits are possible. An electron can move only
in orbits for which the angular momentum L is an integer multiple of ~. These or-
bits are called stationary orbits or states.

2. An electron moving in a permitted orbit does not radiate electromagnetic energy.

3. The atom emits electromagnetic radiation only when the electron transitions from
an orbit with total energy E; to an orbit with total energy E;. In such a case, the
frequency of the emitted radiation is given by:

E;i E

= ==L (6.18)

This model clearly presents some critical aspects, which we highlight: it considers
only phenomena related to atoms with a single electron, and even with this simpli ca-
tion, it does not provide a procedure to calculate the intensities of spectral lines. Fur-
thermore, the angular momentum L is assumed to be an integer multiple of ~ = ZL as
a consequence of Bohr's second postulate. However, in the ground state (n = 1), which
is the state of minimum energy of the hydrogen atom, the estimation of L is incorrect,
as it turns out to be zero, despite the fact that under the assumptions just illustrated, the
electron in the ground state must necessarily rotate. Finally, observing Bohr's postulates,
we can say that they lack a convincing theoretical or empirical motivation because the
assumptions of the model are made ad hoc

Despite these criticisms, the model is of fundamental importance for several reasons.
For example, it manages to relate the Rydberg constant for hydrogen to known quanti-
ties, determines the correct value of the hydrogen ionization energy, coherently describes
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atomic sizes, and correctly explains the Balmer series. Moreover, the model predicts
some spectral series that will be con rmed later through appropriate experiments.

In conclusion, we cannot claim that the Bohr model is perfect, since it presents many
aws. However, this does not imply that it should be considered an insigni cant or
inconsistent model. On the contrary, we can consider it a good model for all the reasons
we have illustrated in this section.

Calculation of quantized energy in Bohr's atom

Through the following calculations, we highlight that the employed formulas are clas-
sical, with the addition of some form of quantization of certain quantities. In our case,
these quantities are the energy E and the angular momentum L.

From the assumptions regarding the emission of an electron, which is ideally brought
from an in nite distance onto a stationary Bohr orbit, the following formulas are derived:

me?Q? 1 _me*Q?2 1  h?y
8'2h2 n2 = 8'2hd n® ' meQ

2u
2 h="o

E = aO:meQ

(6.19)

where E is the emitted energy, is the emission frequency, r is the radius of the n-th
orbit, and ag is the radius of the fundamental orbit, also referred to as the Bohr radius.

To obtain these formulas, it is suf cient to make some simple considerations. Let us
assume an electron subjected to a Coulomb force determined by a nucleus of chargeQ,
We calculate the energy of an electron at a distancer from the nucleus as the sum of
kinetic energy and potential energy:

E=K+U (6.20)

where we assume U = 0 for an electron at an in nitely large distance.
The potential energy can be expressed as:

1 eQ.

U= .

(6.21)

For the kinetic energy, let us derive the velocity. We know that the Coulomb force
acts as a centripetal force on the electron:

v? 1 eQ
— = — 6.22
r 4" o r2 (6.22)
and, thus, the velocity is r
1 eQ
= 6.23
v 4" o mr ( )
Therefore, the kinetic energy is:
1 ., 1 1 eQ
K = 2mv = 2m o mr (6.24)
We observe that K = %jUj; hence,E = %jUj. In absolute value, the formula for
energy is:
E = 1 Q. (6.25)

8" o r
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Up to this point, we have essentially dealt with a generic problem with a central
potential. Let us add the assumption of quantization of angular momentum L

L = mvr = n~ (6.26)

This implies that
VZ B n2_,2 B 1 @
m2r2 4" gmr’

(6.27)

We deduce the radius as:
h2u0 ’.

me 2

r= (6.28)

. ) h2n ) .
We observe that, with n = 1, we obtain the constant ag = T;, i.e, the Bohr radius,

and for every n we have the orbit radius r = agn?.
Substituting into the energy formula, we obtain the electron's energy for each orbit
n. From the relation
E = nh (6.29)

we can calculate the rotational frequency, obtaining the formula reported at the begin-
ning of the section.
The rotational frequency of the electronis o = 1. We observe that

_n~ 1 _ n-m? 2¢2Q%? _ nh m? 2e2Q?
0= ——— =

r2r  2m h#*Zn* = 4 2m h4"Zp?

(6.30)

that is 202 1 L
me

= <~ = = = 6.31

0 4"Sh3 n3 2 ( )

with  being the emission frequency, as reported above.

6.6.1 From Bohr's model to Sommerfeld's idea

Building on Bohr's calculations, the energy emitted by an electron transitioning from a
state n to the ground state (minimum energy state, n = 1) is given by

En Ei=(n? n)h, (6.32)

where | is the electron's revolution frequency in the orbit n.

If we examine the terms of the electron's rotation, we observe that it does not emit
with the classical frequency . Consequently, several questions immediately arise: why
does it not emit energy in terms of photons at the classical frequency? Why does it not
emit with the frequency at which it revolves? Could it emit at the classical frequency but
always in a quantised manner? It seems that the electron does not rotate.

From Bohr's formulation, the quantisation of angular momentum L is derived, whose
expression is

L=n~= nzﬂ: (6.33)

With the approach proposed by Arnold Sommerfeld (1868-1951), instead, is the ac-

tion in a periodic system that is quantised:

S=nh (6.34)
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with S the action, n 2 N the number of degrees of freedom of the system and h Planck’s
constant.
For example, in Bohr's atom, the electron has one degree of freedom, namely, the
angle on its circular orgit, the period of rotation T is equalto 2 and pis the momentum.
By de nition S= | pdgwith T the period, pthe vector momentum, dgthe in nites-
imal displacement in polar coordinates. Since pand dgare parallel, then p dg= pdg
Therefore, 7 z,

S= p dg= pdg=2 rp =2 mrv: (6.35)
T 0
Adding the hypothesis of quantisation, we obtain:

2mrv = nh (6.36)

and thus

L = mvr = n2i = n~ (6.37)

thus obtaining the same result as Bohr, but “more general”.
In the case of the harmonic oscillator where q(t) = x(t) = A sin(!t ) the action is:

z z A Z
S= p dx= pdx = p(t)dx(t) = mv (t)dx(t) =
7. T T 0 7. 0 (6.38)
= mA! cos(t )Al cos(t )dt= mA212  coslt 2dt = %m! 202
0 0

Let us consider the energy of the classical harmonic oscillator

2
E = p7+}m!2

2.
o+ oMt X (6.39)

Since we know that energy is conserved, we can calculate E at any preferred point.
By substituting p=0 and x = A we obtain

E= %m! 2p2 (6.40)

noting that the difference between E and S is only by a factor T (i.e, E = %). Adding
the hypothesis of quantization S = nh we have that

h
E = nT = nh: (6.41)

We conclude that Sommerfeld's quantization is equivalent to Bohr's approach, there-
fore quantizing the energy E is equivalent to quantizing the action S. The overarching
unifying idea is that an orbit with frequency has action S which is a multiple of h.

Moreover, in an attempt to account for the structure of line spectra, Sommerfeld's
extensions of Bohr's model of the hydrogen atom take into account the possibility to
have elliptical orbits. In fact, while keeping Bohr's rst circular orbit unchanged, he
introduced one elliptical orbit to Bohr's second orbit, two elliptical orbits to Bohr's third
orbit, and so on (see Fig. 6.16).
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Figure 6.16: Sommerfeld's allowed electronic orbits ( [355], p. 272).

6.7 The Compton effect

The Compton effect is a phenomenon in particle physics discovered by the American
physicist Arthur Holly Compton (1892-1962) in 1923 [198,199].

Regarding the Compton effect, instead of starting with the reading of the original
articles, let us begin with a brief description of the experimental setup [356].

Compton took an X-ray tube, extracts the outgoing X-ray beam, and collimated it (to
obtain a straight beam). Since the beam contained X-rays of different wavelengths, he
used a pure crystal to select the wavelength he needed and obtained a monochromatic
beam. Therefore, the experimental apparatus consisted of three components: an X-ray
source, a collimator, and a monochromator (see Fig. 6.17).

Figure 6.17: Compton apparatus used in his 1923 experiments ([199], p. 410).

The beam was directed towards a detector, which measured the intensity and fre-
guency of the incoming rays. In front of the detector, which could be moved to form
different angles with respect to the direction of beam propagation, a plate was placed.
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The plate scattered the X-rays that impinged on it (thus dispersing them at various an-

gles).
In such a situation, what can be observed from an experimental standpoint?

- Without the plate (because there are no scattered rays): we place the detector in
front, and receive the rays produced by the source, collimated and monochro-
mated. This is exactly the spectrum incident on the screen.

- If we consider =45 , we see that one line is identical to the incident one, but we
have a second line (related to the scattering) with a wavelength °> ;.

- As we increase the angleto =90 (90° essentially means that we are at the edge
of the plate), we notice that the scattered radiation is greater than the incident one
at =135 . The two peaks are even more separated.

So, we observe that the wavelength has two peaks: one for the incident radiation and
another one with a wavelength %> ; (which depends on the angle). And that exactly
what Compton himself observed (Fig. 6.18).

6.7.1 Compton's model

How did Compton explain and interpret these experimental results? Let us read the
conclusion of Compton's article [199], from 1923:

The present theory essentially depends on the assumption that each scattering elec-
tron de ects a complete quantum. It also implies the hypothesis that the radiation
guanta come from de ned directions and are de ected on de ned directions. The
experimental support of the theory indicates, very convincingly, that a quantum of
radiation carries a momentum with direction, just as it carries energy. ([199], p. 500)

According to Compton, the situation is as follows: a photon (a quantum of light)
arrives with a certain energy and momentum. The momentum is related to the energy
through the formula p= E=c = h =c (for the photon).

A collision (Fig. 6.19) occurs between the photon and an electron in the plate: the
electron recoils and the photon bounces back (losing energy in the process). Therefore,

Es=h%h =E ! %% 1 09 (6.42)

thus, there is no contradiction with what we would expect from classical collisions!
Compton performs calculations with relativistic collisions and understands that the
deviation of the photon depends on how much energy it transfers to the electron.
Depending on the angle (which gives us the deviation of the photon), the photon
has a different energy (or, equivalently, a different wavelength).
If we indicate the wavelength of the incident and scattered radiation with and ©
respectively, from the laws of conservation of momentum and energy it can be calculated
that:

_ h .
0 —R(l cos ): (6.43)

Therefore, the radiation scattered at an angle with respect to the incident direction will
have a wavelength () thatis given by

p— h .
()= +R(1 cos ): (6.44)

So Compton calculates this wavelength change and nds ° = n2‘7(1 cos )
(which provides the wavelength change due to scattering).
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Figure 6.18: Diagrams showing (in the two columns) the different results of the measurements,

using slits of two different widths.  “Curves A represent the spectrum of thke line, and curves B, C

and D are the spectra of this line after being scattered at angles of 45°, 90° and 135° with respect to the
primary beam”([199], p. 411).
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Figure 6.19: Original diagram given by Compton ( [198], p. 486).

Compton's scattering model

With some simple calculations it is possible to obtain the relation given by Eq. (6.44).

Let us see how. For simplicity, let us consider the scattering between an incident
photon and a free particle, and let us denote by E, pand E°, §° respectively the energy
and the momentum of the photon before and after the scattering. Moreover, by E. and
E% we denote the energies of the particle of mass m before and after the scattering,
and by g, the momentum transferred to the particle. Therefore, from the principles of
conservation of energy and momentum, we have that

the scattering electron will recoil with a momentum equal to the change in momen-
tum of photon, [...] and the energy [...] in the scattered quantum is equal to that of

the incident quantum [...] less the kinetic energy of recoil of the scattering electron.
([198], pp. 485-486)

By using relativistic formulas, this means:

(
p= P+ &

6.45
E°=E (En mc®)=E P pZc2 + m2c*  mc? (6-45)
and we can write: (
p= P+ &
6.46
E0= E+mc2=+" pEZT mZd (6.46)

By using Carnot's theorem to the triangle given by the conservation of momentum,
and squaring and solving for p®, we obtain:

p& = p>+ p®  2pp’cos = L(E2+ E® 2EE°cos) (6.47)
p2 = Exme? E® m2ct= L[E2+ E®+2E E%mc? 2EE( '

from which, equating previous expressions, we have:

0
E E°=E1—|(E:2(1 cos ) (6.48)
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and dividing by EE?°
1 1

E0 E
Recallingthat E = h and E°= h © then, we have:

= %(1 cos ): (6.49)

1 1

h
- — = m—cz(l cos ) (6.50)

which corresponds, in wavelength terms, to
o =N cos) (6.51)
mc '

which coincides with Eq. (6.43).
Therefore, the radiation scattered at an angle with respect to the incident direction
will have a wavelength (), which is given by Eq. (6.44).

A non-relativistic description of Compton's model

Compton's theoretical model was based (quite naturally) on relativistic formulas for the
conservation of energy and momentum. However, an approximate non-relativistic de-
scription is also possible and useful to develop with student. Let us see how.

In the case of a non-relativistic description we would have:

02
— O, P
E=E% 5

p= P+ B (6.52)
from which (Carnot's theorem)
pﬁ = p*+p® 2pp’cos = L(E2+ E® 2EE°cos) (6.53)
PR =2m(E E9
therefore, equating the two previous expressions and dividing by EE °we obtain
%) ézﬁlcz §)+EEO 2cos (6.54)
Let " be the energy transferred by electromagnetic radiation to the particle, i.e,
" E E® (6.55)
then, we have . v
% EE =2+ gy (6.56)

Let us now suppose (this will be the interesting case) that, in the interaction, only
a small fraction of the energy of the electromagnetic perturbation is transferred to the
material particle, that is:
" E (6.57)

then
n2

EE 9 0: (6.58)
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Therefore, up to second order in nitesimals in  "=E, we have

E EC
g)+E 2 (6.59)

and 1 1 1
0 E m—cz(l cos ): (6.60)

Taking now into account that E = h and E°= h % we immediately get Eq. (6.50)
and then Eq. (6.51) had developed.

6.7.2 Some considerations concerning collisions

The question that could now be posed to the students is: what happens if the photons
do not collide? Clearly, if the photons do not collide, they continue straight ahead (there
is no interaction with the plate).

Now, let us consider what happens during the collision. In the collision, both energy
and momentum are conserved, which means that we are considering the electron as if
it were free (in the sense that the plate —as such— does not intervene in the collision
between the photon and the electron). It is as if the photon and the electron were two
billiard balls.

However, it is evident that there could be electrons that are tightly bound: what
happens in this case (another question to pose in class)? Well, if the electron is tightly
bound to the atom, the electron does not recoil and the photon returns back with the
same velocity, as it would if it were a ball thrown against a wall. So essentially, the
photon does not lose energy and therefore there is no change in wavelength.

And indeed, if we use the mass of the plate instead of the mass of the electron in the
formula © = %(1 cos ), since the mass of the plate is much greater, we have
that © = 0 (and everything ts). So itis all perfectly consistent with what students
already know from high school courses.

6.7.3 A comparison between the photoelectric effect and the Compton effect

Now, we have presented to the students the photoelectric effect and the Compton effect:

- in the photoelectric effect, we explained that the electron absorbs all the energy of
the photon (and the photon “disappears” as it is absorbed by the electron),

- in the Compton effect, instead, the electron does not absorb all the energy of the
photon (and in some cases, it does not absorb any), because the photon rebounds.

How do we explain this difference? Or rather, these explanations do not seem logi-
cally inconsistent. Let us explain further: in textbooks, the photoelectric effect and the
Compton effect are often presented on consecutive pages: does the photon get absorbed
by the electron or does it collide and rebound? Neither the photon nor the electron
knows if we are conducting an experiment with the photoelectric effect or the Compton
effect, so how do they “decide” how to behave?

This is a very important question to ask the students because often this difference is
grasped by the students, but they cannot understand what the critical point is.

The answer is that the photoelectric effect and the Compton effect are both collisions,
but at very different energies (in the Compton effect, the frequencies are about 1000 times
those of the photoelectric effect).
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Therefore, being collisions means that both energy and momentum are conserved,
even in the photoelectric effect (and yet very few textbooks mention this).

What does this entail? Well, it means that the situation changes a bit and we have
to pay attention to how many bodies we need to consider in the photoelectric effect. In
fact, not only the photon and the electron are involved, but also the plate. And how do
we understand this?

We might be surprised to know that we can actually intuit this by carefully looking
at the textbooks (which, however, never mention the fact that the plate should also be
considered). And where is this clue? In the gures used by the manuals to represent
the photoelectric effect, which essentially depict a situation like the one shown in the
following gure.

Figure 6.20: Photoelectric effect as commonly represented in physics textbooks.

Here we have an incident beam of light (monochromatic) hitting a sodium plate and
extracting an electron. But where does the electron go? It moves from the same side of
the plate from which the light arrives. Is not that somewhat bizarre? Let us think about
a collision; if we throw a ball (photon) against another ball (electron), we do not expect
the electron to move towards us afterwards, but rather to move away.

So how does the electron manage to exit from the same side it is struck by the light
(and with the entire energy acquired from the photon)? For this to happen, there must
be a third object involved in the collision: this third object is precisely the plate.

But if the electron rebounds against the plate, it means that the plate takes away the
excess momentum, ensuring that the total momentum is correct and conserved.

This fact leads to a problem: if the plate takes away some momentum, should not
it also take away some energy, since momentum and energy are related? According
to Einstein, this does not happen because the photon is completely absorbed. So, the
photon transfers its momentum to the electron, which rebounds backward, meaning
that, for each photon (and thus for each electron), the plate will take away a momentum
that is twice the initial momentum of the photon (as in the ball-wall collision).

As for the energy taken away by the plate, this is effectively zero because the mass of
the plate is much greater than that of the electron (exactly as in the ball-wall collision).
Mathematically, one can also make calculations a bit less roughly than what we just said.

So, itis not a contradiction that the plate takes away a bit of momentum but does not
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take away energy, although this fact usually seems a bit strange at rst glance. This hap-
pens because, if the velocity is small (because the plate essentially remains stationary),
the velocity squared is very small, so even if the momentum is not zero, the energy is
effectively zero because it is much smaller than p.

Of course, for this to happen in the photoelectric effect, the electron must be bound
to the plate because otherwise, it could not interact with it. So, the photon must have
an energy slightly higher than the binding energy of the electron, otherwise, it could not
rebound (because it would simply detach from the atom and leave).

Thus, Einstein's heuristic description works perfectly well in the ultraviolet range,
but it fails in X-rays.

Why then, in the Compton effect, does the electron not absorb the entire photon?
Because a free electron cannot completely absorb a photon (and this can be demonstrated
through calculations, not particularly complicated and perfectly accessible to students,
using relativity).

We can therefore conclude that both effects require a multi-body model to be properly
analyzed.



CHAPTER 7

Quantum mechanics

7.1 Matter beams

As we have already seen in Chap. 6, in 1897 Thomson discovered the electron. In the
subsequent years, with the discovery of radioactivity and the succession of new ex-
periments, other particles were discovered: in 1919 the proton, discovered by Ruther-
ford [357], and in 1932 the neutron [358,359] —whose existence had been proposed more
than a decade earlier, without effective experiments to reveal it—, discovered by James
Chadwick (1891-1974).

Before delving into the realm of particles (electrons, protons, neutrons, etc.), physics
dealt with rays, with beams that we can refer to as “beams of matter” (electron beam,
proton beam, neutron beam, etc.).

In the last decades of the twentieth century, numerous experiments in “optics of mat-
ter beams” were conducted by interfering precisely such beams of matter.

Since producing material beams is not always straightforward and the necessary in-
struments are highly sophisticated technically, these experiments are challenging to con-
duct. Another issue is that they interact signi cantly with both the surrounding matter
and themselves (self-interaction), which makes free propagation (necessary for conduct-
ing such experiments) problematic.

Assuming these dif culties are overcome, let us explore what happens when con-
ducting interference experiments using an electron beam. We can generate an electron
beam through an electron gun, which can be schematically outlined as follows: in a vac-
uum tube, a metal lament (acting as a cathode) is heated; at a certain distance from the
cathode, there is an anode which, being perforated, also acts as a collimator for the beam
generated by the lament; an appropriate potential difference is established between the
cathode and the anode to accelerate the produced beam.

To conduct interference experiments, for instance, one can direct the beam to impinge
on a double slit. By doing so, a pattern emerges on the screen (Fig. 7.1) characterised by
alternating bright areas (constructive interference fringes) and dark areas (destructive
interference fringes). Similar results can be obtained through an electronic biprism and
also by overlapping different beams of matter (such as neutron beams, neon beams,
fullerene beams, etc.) [215, 360—-362].

7.1.1 Phenomenology of waves

We thus note that the patterns obtained by interfering material beams are analogous to
those observed in wave phenomena, such as the interference of mechanical waves and
electromagnetic radiation.

189
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Figure 7.1: Interference fringes ( [363], p. 564).

Let us consider a wave tank, a partially water- lled container with a motor capable
of vibrating pins or a bar up and down, creating waves in the water. Placing obstacles
to create two suf ciently narrow slits can easily generate interference from the waves
diffracted by each slit, producing an interference pattern.

Now, let us consider electromagnetic radiation. If we direct light onto an opaque
screen with two adjacent slits, the light diffracted from each slit will interfere, in a man-
ner entirely analogous to what happens with waves in the wave tank. The resulting
pattern is still an interference pattern.

Similarly, with sound waves, we observe acoustic interference phenomena.

Itis important to remember that interference occurs when the overlapping waves are
coherent, meaning their phase difference remains constant over time.

A distinguishing characteristic of wave phenomena is linearity: waves are not objects
in the traditional sense, so they do not “collide” as material objects like balls would.
Instead, they interfere. At the same point, they “coexist” and overlap constructively
when they are in phase and destructively when they are out of phase. Let us visualise
this fact by considering two propagating waves and see how, when they occupy the
same point, the disturbance becomes the sum of the two:

- if we consider two waves with the same phase, when they meet, we get construc-
tive interference, and the disturbance at that point increases;

- if we consider two waves out of phase, when they meet, we get destructive inter-
ference, and the disturbance at that point cancels out.

Thus, material beams seem to exhibit this characteristic of linearity.

7.1.2 Photons

As we have seen in Chap. 6, between the late nineteenth century and the early twenti-
eth century, physicists encountered some problems in explaining phenomena related to
radiation-matter interaction.

Various ad hocmodels were therefore created (e.g, Planck's model for black-body
radiation, Einstein's heuristic model for the photoelectric effect, Bohr's model for the
hydrogen atom, etc.), each capable of explaining certain speci ¢ phenomena.

Additionally, we have seen that by the end of the nineteenth century, the existence
of “atoms” of matter had been accepted. At the beginning of the twentieth century, the
idea was proposed that one could also hypothesise the existence of “atoms of light”, later
called “photons”—a term used (but not coined) in association to light by Frithiof Wolfers
(1891-1971) [364] in July 1926, and few months later also by American chemist-physicist
Gilbert Lewis (1875-1946) [365].
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Thus, we can refer to atoms, molecules, electrons, etc., agjuanta of matteand refer to
photons as quanta of light

7.2 Single-quantum experiments

Assuming the existence of quanta, which allow us to explain many experimental phe-
nomena, it is natural to think of these as actual particles. Thus, it is correct to say
that a beam of light is “made of” photons and a material beam is “made of” electrons.
Moreover, how do we obtain the wave-like phenomenology typical of light and material
beams from these particles?

To answer these questions, let us analyse some important experimental facts.

7.2.1 The double-slit experiment

Let us consider a matter or light beam emitted from an appropriate source that strikes
a double slit. In both cases, if we place a screen behind the double slit, on the screen an
interference pattern (with an alternation of bright and dark fringes) will appear.

Now, suppose we want to repeat this experiment but lower the source's intensity so
that there is only one quantum (of matter or light) within the apparatus at a time. What
will appear on the screen?

Initially, we will see individual spots where each quantum “hits” (or, better, is re-
vealed on) the screen. However, as more and more quanta pass through the slits and are
revealed —one by one— on the screen, an interference pattern will gradually emerge,
similar to the one observed when a continuous beam is used. This result indicates that
even individual quanta exhibit wave-like behaviour, interfering with themselves as they
pass through the slits?.

Let us analyse the experiment conducted with electrons by Tonomura in 1989 [215].
The original video of the experiment is available at the following link:  https://www.
youtube.com/watch?v=alXb_iAullQ

In this video, we are observing the screen placed as a detector, and, as can be seen,
initially, individual points appear one at a time, which we assume correspond to the
arrival of single electrons. By sending a single quantum at a time, what appears on the
screen is not a faded and diffused image of the interference fringes but rather individual
bright spots.

As these points accumulate on the detector, they initially seem to be distributed ran-
domly, almost uniformly. However, by waiting long enough (the video is sped up; the
experiment actually took more than 20 minutes), an interference pattern gradually starts
to appear. When a large number of quanta are detected (around 50,000-70,000), the
fringes become clearly visible.

This remarkable observation underscores the fundamental principles of quantum
mechanics, where patrticles like electrons exhibit wave-like properties, creating interfer-
ence patterns even when they are sent through the apparatus one at a time. The buildup
of these patterns over time is a vivid demonstration of the dual nature of particles and
waves, a cornerstone concept in quantum physics.

Thus, we observe one of the rst important aspects of quantum behaviour: their
probabilistic nature. In the repetition of a single experimental act, we will generally
not be able to predict where the quantum will be detected. However, by repeating the

1Experiments of this kind, after remaining theoretical for a long time, have been conducted in laboratories.
The rst such experiments using electrons were carried out in Italy, starting in 1971 at the Institute of Physics
in Bologna, by Pier Giorgio Merli, Gian Franco Missiroli, and Giulio Pozzi [366, 367].
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experimental act a suf ciently large number of times, we will obtain a repeatable and
predictable distribution of arrivals —in this speci c case, the interference pattern.

The brightness of the fringe is related to the number of electrons arriving in the area of
the screen corresponding to the fringe (and, therefore, is proportional to the probability
that the electron will arrive in that speci c area). Therefore,

- the electron is more likely to arrive in a region of constructive interference (bright
fringes);

- the electron is less likely to arrive in a region of destructive interference (dark
fringes).

Suppose we repeat the experiment by closing one of the slits:

- if we close slit 1 we nd that electrons are detected on the screen in points closely
clustered together, primarily in front of slit 2 (aside from some diffraction effects);

- similarly, if we close slit 2 and leave slit 1 open, we nd that electrons are all clus-
tered in front of slit 1.

Summing the two results obtained with each slit open individually, however, does
not yield the same pattern as when the experiment is performed with both slits open.
This is because there are regions where electrons do not arrive (referring to the inter-
ference pattern minima), which are reached by electrons when the slits are open one at
a time. This occurs even when we send electrons one at a time, thus avoiding any ef-
fects due to electron-electron interactions. It is as if the two possibilities offered to the
electrons —that is, to pass through slit 1 or slit 2— result in a sort of impossibility!

We can then consider leaving both slits open and placing two detectors immediately
after each slit to track their paths. However, by performing the experiment in this way;,
we observe that knowing through which slit the electron passed causes the interference
pattern to disappear. Instead, what appears is the pattern obtained by adding the two
distributions that are created by alternately keeping the two slits open.

The same situation arises regardless of the type of beam used: whether it is light,
electrons, or even macromolecules like fullerenes (at both high and low intensities).

The double-slit experiment is not the only one to exhibit unusual strangeness. Some-
thing “unexpected” is indeed observed when using a Mach-Zehnder interferometer as
well.

7.2.2 The Mach-Zehnder interferometer
The Mach-Zehnder interferometer (see Fig. 7.2) is an experimental apparatus composed
by:

- two mirrors M; and M that simply re ect the incident radiation;

- two beam splitters BS; and BS,, which are semi-re ective mirrors that transmit
half of the incident radiation and re ect the other half;

- two detectors D; and D, that measure the intensity of light.

Suppose now, as we did in the two previous experiments, that we lower the intensity
of the source so that inside the interferometer, we have only one photon at a time. What
do we obtain?

Considering a photon incident on the rst beam splitter from the left, if we place two
detectors beyond it along the two possible paths, we observe that:
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Figure 7.2: Schematic representation of the Mach-Zehnder interferometer.

- 50% of the time it is transmitted,
- 50% of the time it is re ected.

Let us suppose, to clarify, that the photon is transmitted. At this point, it will reach
the mirror, which, upon re ection, directs it towards the second beam splitter. Here, the
photon again has a 50% chance of being transmitted and reachingD 1, and a 50% chance
of being re ected and reaching D,. A completely analogous situation would occur for
the photon that is re ected by the rst beam splitter.

We expect to have light in both detectors. However, if we conduct the experiment,
we nd that all photons are detected by detector D, and none by D!

Furthermore, as we observed in the case of electrons in the double-slit experiment,
if we attempt to determine the path of the photon inside the interferometer by inserting
two detectors immediately after the beam splitter, we can observe detector D; being
triggered as well.

Let us re ect on what we observe experimentally. We have ideally understood how
the double-slit experiment or the Mach-Zehnder interferometer work. Why should open-
ing one slit at a time and summing the outcomes give us a different result than keeping
both slits open? After all, the two situations are very similar: why then is the result
markedly different?

This compels us to reconsider our interpretation of the double-slit experiment and
tells us something precise: namely, that the mental model we have formed of the double-
slit experiment with both slits open is inadequate because it cannot be consistently ap-
plied to slightly different cases (such as when we open the slits one at a time).

On the other hand, we realise that even the models of the old quantum theory do
not help us interpret the experimental results obtained in these cases of the double slit
and overcome this apparent “strangeness”. Therefore, we cannot simply create another
speci ¢ model for the double-slit experiment to add to all the models of the old quantum
theory.

We must therefore take a step forward: we need to develop a new theory that uni es
what has been described so far, one that explains all the phenomena of the old quantum
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theory and also the experimental results obtained with the double-slit experiment.

7.3 The necessity for a new theory

Let us summarise what emerges from what has been presented so far:
- guantum systems exhibit inherently probabilistic/statistical behavior;

- each quantum shows one of the typical characteristics of wave-like behaviour: lin-
earity. It appears to interfere with itself in a constructive and destructive manner.
This aspect makes it impossible to think of the quantum as a particle (since, for
particles, quantum + quantum 6 non-quantum). However, we cannot think of
the quantum as a wave either, because at the moment of detection it appears as a
localised small spot.

Therefore, it naturally arises to ask the following question: what exactly is a quan-
tum? In reality, posing this question is not appropriate, at least at the current stage of
our construction. Indeed, attempting to give an a priori ontological meaning to quanta is
misguided, since a quantum “does not exist” in the way we might think a soccer ball or
a computer to exists.

Just as we interpret electric (or magnetic) elds as waves within Maxwell's theory
because they obey certain equations, so too must we approach quanta. It is only through
theories that we can interpret the world, and since the classical theories available up to
that point do not allow us to understand these phenomena, we need a new theory to
do so. Once this theory is formed (and only then), we can provide an interpretation of
guanta that is consistent with it.

Therefore, we must understand how our new theory —quantum mechanics— is to
be constructed. And constructing a theory means coherently formulating a set of prin-
ciples and laws that serve to describe, explain, interpret (both known and new phe-
nomena), and make predictions —that is, anticipate results that will be tested by future
experiments. This process starts from crucial experimental facts, just as we are doing by
starting from the phenomenology of matter beams from single-quantum experiments.

7.3.1 How is a new theory constructed?

To understand how to proceed, let us examine the structure of a theory we know well,
that is, classical mechanics. Let us consider a physical system, such as an apple falling
from a tree or a planet orbiting its star, and let us call the statethat which contains all
the information about such a system, such as the position vector x and the momentum
vector p. We can denote this with the following notation

jx g (7.1)
which we call ket. Considering a physical system, the initial state, thus the values of

position and momentum at time t = 0, through the laws and equations de ned by the
theory, we can determine the state of the system at a later time:

% ft (7.2)

and, representing these states on a graph, we can visualise their evolution (Fig. 7.3). A
graph/diagram of this type is called a state space

2Details on these notation, called Dirac notation, will be provided in Sect. 7.7.
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Figure 7.3: Example of the evolution of the state of a system.

The set of equations, or laws, that allow us to determine the subsequent states will
be called the evolution operatoof the system.

Let us consider an example taken from classical mechanics. Suppose we want to
calculate the velocity of an apple that s falling from a tree when it is halfway between the
top and the ground. Knowing the initial conditions, i.e, the initial state of the system, the
evolution operator allows us to obtain all values of position and velocity at subsequent
times. Thus, we can determine the position at all times, and at this point, we simply
inquire about the velocity corresponding to when the position is halfway up.

Therefore, we can proceed in a similar manner in quantum mechanics: determine the
state of a quantum system, the space in which to represent it, and an evolution operator
that allows me to determine the evolution of this state.

7.4 The characteristics of the new theory of quanta

7.4.1 The linear aspect

Since experiments conducted so far have revealed the linear aspect of the theory, when
de ning the state of a quantum system, we must impose that it adheres to the principle of
superposition: if we consider a linear combination of possible states in which the system
can exist, then this combination is always) also a possible state in which the system can
exist.

In classical mechanics, was it like this? To answer, let us consider the example of a
falling apple and the p&ssible states assumed by the system along the curve represented
by the equation v = = 2gx. Let us take any two points on this curve, A and B, which
represent two possible states, and let us make a linear combination of them, such as:

C= A+ ZB: (7.3)
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Point C obtained in this way is not a possible state of the system because it generally
does not lie on the curve. Therefore, in classical mechanics, the principle of superposition
does not apply to the state.

The same result is obtained in thermodynamics, if we consider the example of an
isothermal transformation diagram: thus, the principle of superposition does not extend
to the description of states in thermodynamics.

We then ask ourselves, what are the mathematical entities that possess this property
and through which we can represent the state of the system? The choice easily falls
on vectors. Indeed, vectors are quantities characterised by magnitude, direction, and
orientation, and for which the parallelogram law holds true. We know that, in a vector

space, if we consider two vectors aand B, their linear combination
ca+ b (7.4)

still gives a vector which possess a direction, a sense, and a magnitude, belonging to the
space we are in.

In quantum mechanics, the state is thus represented by a vector in a space that is no
longer just a simple diagram or graph used to represent the evolution of the state. It
becomes a “proper space” analogous to the space in which we move and live, where the
axes are geometrically orthogonal, and where it makes sense to calculate the length of a
segment, rotate it, make projections, calculate distances, and de ne angles.

At this point, spontaneous questions arise:

- How are the components of the vector de ned?
- What dimensions does the space have?
- How do we identify the axes?

We will see that, as we gradually construct all the elements and characteristics of our
theory, we will provide answers to all these questions.

7.4.2 The complex aspect

At the beginning of this chapter, we discussed matter waves and observed how, under
certain conditions, they can generate interference and diffraction patterns similarly to
electromagnetic waves (light). This is one of the reasons why we concluded that the
theory we are constructing must be a linear theory.

With the intention of building this theory, given the analogous behaviour of matter
waves, light waves, and mechanical waves, it is natural to also develop a wave theory to
describe the propagation of matter waves through a wave equation. But waves of what?
What is the quantity that oscillates in matter waves?

When it comes to mechanical waves, like waves in water or on a string, it is evident
that something moves up and down (the string itself and the water), since we can see
such oscillations. Even in sound waves (longitudinal in air or transverse in a solid), there
is something that oscillates relative to the equilibrium position (the gas molecules or the
solid).

Similarly, if we consider light, which we know to be an electromagnetic wave, some-
thing oscillates as well: it is the electric and magnetic elds. We cannot see this oscilla-
tion with our eyes (like with a string or water waves) or hear it with our ears (like with
sound), but we can detect it using an antenna. An antenna is a device used for transmit-
ting or receiving electromagnetic waves ( e.g, radio waves), which propagate through
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space carrying signals for television, radio, or cellular communication. An antenna can
be transmitting or receiving, depending on whether it sends waves over a distance or
captures them. In a transmitting antenna, an electric current ows through it, produc-
ing electromagnetic waves emitted into the surrounding space. Conversely, a receiving
antenna works oppositely: when it is struck by waves travelling through the air, it gen-
erates an electric current inside, which is then decoded into images or sounds.

Therefore, we observe the oscillation of the electric eld using an antenna, where we
see the generation of an electric current. So, even in electromagnetic waves, there is a
guantity that oscillates —namely, the electric eld— and we can express this simply as
E = Egcos(t).

Furthermore, in electromagnetic waves, we can de ne the energy carried by an elec-
tromagnetic wave through the energy density u, which is the energy per unit volume,
proportional to the square of the electric eld:

ul/ E?: (7.5)

From this, we can de ne the wave intensity |, which is the energy transported by
the wave passing through a unit area per unit time orthogonal to the direction of wave
propagation. Since it is proportional to the energy density, it is also proportional to the
square of the electric eld:

|/ ul EZ2 (7.6)

The result is that if the eld oscillates, its square, cos(t )?, also oscillates: an electro-
magnetic plane wave has an oscillating intensity, varying periodically over time.

Let us return to the initial question: what oscillates in beams of matter? Is there a
guantity that oscillates, analogous to the electric eld of electromagnetic waves?

The point is that we cannot immediately identify a oscillating physical quantity in
beams of matter. For instance, for a beam of electrons, we could consider charge den-
sity or mass density. However, from experiments conducted, neither of these quantities
shows signs of oscillation. When a beam of matter strikes a detector, we do not ob-
serve any type of oscillation, but rather a steady accumulation of matter and charge. For
beams of matter, there is no direct evidence of wave-like behaviour except in interference
patterns.

We are exploring how to build a theory of waves, or something similar, where wave-
like aspects exist even though no visible oscillation is apparent. The hypothesis is that
there might exist a quantity that actually oscillates, but whose square remains constant.
Following this line of thought, the solution could be to formulate a complex theory.
Complex monochromatic waves are characterised by an entity that oscillates, while the
square of this entity remains constant:

f(x;t) = Aellkx 't) (7.7)
where
- k = Z is the wave vector,
-1 = % is the angular frequency.
This expression, indeed, has all the characteristics we are looking for:
- represents something that oscillates. In fact, from Euler's formula we know that
i

€ =cos( )+ isin() (7.8)
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and thus
h i
f(x;t)= Ae'™ ) = A coskx It)+ isin(kx It) ; (7.9)

- the squared modulus is constant. Indeed, we know that the squared modulus of a
complex number z is given by
jzi=z z (7.10)

and, therefore,

Jf (X,t)jz - jAei(kX It )J2 - Aei(kx t) Ae i(kx 1t) — JAJZ (711)

7.4.3 The probabilistic aspect

Besides its linear and complex nature, our quantum theory is also characterised by a
probabilistic aspect. Let us see why.

Consider, in general, any experiment. The set ( nite or in nite) of all possible out-
comes is called the sample spaceS (or, better, ). For example, in the case of a single coin
toss, the sample space consists of only two elements: the event “heads” and the event
“tails”.

Probability P is a rule that assigns a weight v; to each event. In fact, the axiomatic
de nition of probability formulated in 1933 by the Russian mathematician Andrey Kol-
mogorov (1903-1987) [368] consists of three axioms:

I. the probability of an event is a non-negative real number: 0 v; 1;

Il. the probability of the entirg, sample space , that is, the probability of a certain
event,isequalto 1:P( )= [, vi =1;

lll. for any pair of mutually exclusive events, the probability of their union is the sum
of their individual probabilities: P(A[ B)= P(A)+ P(B).

From these three axioms, two fundamental and important properties follow, which
we will prove here, and which will be useful in our discussion.

1. The probability of the complement of an event is equal to 1 minus the probability
of the event itself.

Demonstration: let E be an event in the sample space . The complement of E,
denoted E, is the set of all outcomes in  that are not in E. Since E andE are
mutually exclusive and their unionis

E[E= : (7.12)

Moreover
P(E[ E)=P()=1 : (7.13)

Using axiom IIl for mutually exclusive events, we have that:
P(E[ E)= P(E)+ P(E): (7.14)

Therefore, -
1=P(E)+ P(E) (7.15)
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that is
P(E)=1 P (E): (7.16)

Thus, we have shown that the probability of the complement of an event E is 1
minus the probability of the event E itself.
2. The probability of the impossible event is zero.

Demonstration : from the properties of the complement of a set, we know that the
complement of the universal set is equal to the empty set:

S (7.17)
Therefore,
PG)=P(): (7.18)
But the probability of the complement of an event is equal to 1. Therefore,
PG)=P(O=1 P () (7.19)
and using axiom ||
P(;)=1 P ()=1 1=0: (7.20)

Classical probability

There are various ways to de ne probability. One visually effective and immediate
method, often used for an initial introduction to probability in schools, consists of rep-
resenting the sample space with a rectangle of area 1. By doing so, we can associate
portions of this rectangle with individual possible events € (which we consider to be
independent).

It is very easy to notice that the sum of the areas of the individual portions is equal
to 1, and each of them lies between 0 and 1. Therefore, the area of each portion satis es
all the Kolmogorov axioms, and we can say that it corresponds to the probability of the
individual event. Let us consider some examples.

Let us take a coin and represent the sample space using a rectangle of area 1. We
know that the possible events are two: heads (H) and tails (T); they are independent
events because if we getH , we do not get T and vice versaSince we can be dealing with
either a fair coin or a biased coin, the areas we associate with the two possible outcomes
will be different in the two cases.

- If the coin is fair, then we know that the probability of getting heads ( Py ) and the
probability of getting tails ( Pt) are the same, and the areas corresponding to the
two events (denoted as Ay and A1) will be equal. In this case, we have:

AH+AT:l (721)
AH:AT '

thatis, Ay = Py = $and At = Py = 1.
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Sample space ( ): area= 1

Head (H) Tail (T)

Fair coin

_1 _1
Area = 5 Area = 5

Figure 7.4: Representation of a fair coin, in terms of the probability of obtaining head or tail.

- If the coin is biased, then we have that the probability of getting heads and the
probability of getting tails are different; suppose the probability of getting tails is
twice the probability of getting heads ( P+ = 2Py ). The areas associated with the
two events will no longer be equal, but one will be twice the size of the other. In
this case we have that

AT + AH =1

(7.22)
AT = 2AH

2

that is, Ay =Py = %andAT = Pr = 3-

Sample space ( ): area= 1

Head (H) Tail (T)
Biased coin
Area= % Area= 2

Figure 7.5: Representation of a biased coin, in terms of the probability of obtaining head or tail.

Similar examples can also be made with the game of rock-paper-scissors (which has
three possible outcomes), or with a roll of a standard six-sided die.

Does the “classical” method work?

We now question whether this method of de ning probability is suitable for quantum
mechanics. To verify this, let us revisit the double-slit experiment: we have a source of
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electrons that are red at a screen with two slits (which we call slit 1 and slit 2). Behind
this screen, there is another screen acting as a detector.

If we conduct the experiment in such a way that only one quantum is present at a
time in the experimental setup, on the detector screen beyond the two slits, we observe
one point appearing at a time, which we interpret as the arrival of an electron. As we
wait for the arrival of many electrons, we observe an interference pattern emerging,
characterised by alternating bright and dark regions.

We want to calculate, using the “classical” de nition, the probability that an electron
is detected in a destructive interference band: we expect this probability to be very small,
close to zero.

Let us identify the different zones of the detecting screen:

- let us denote with C the constructive interference zones,
- let us denote with D the destructive interference zones,

and now let us calculate the probability that an electron is detected in a destructive in-
terference zone:P (D).
Classically, this probability will be given by:

P(D)= Py Pup+ P2 Pap (7.23)
where:

- P is the probability that the electron arriving on the screen has passed through slit
1.

- P, is the probability that the electron arriving on the screen has passed through slit
2.

- P11 p is the probability that the electron, passing through slit 1, arrives in a de-
structive interference zone (D).

- P, p is the probability that the electron, passing through slit 2, arrives in a de-
structive interference zone (D).

Given the symmetry of the experimental setup, we can assume that P; and P, are
equal, and therefore Py = P, = 1.
Suppose now that we know the electron passed through slit 1. In this case, we have

two (independent) possibilities:
- arrives in a destructive interference zone (Py; p);
- arrives in a constructive interference zone (P11 ¢).

To calculate these values, for example, we can conduct the experiment by closing slit
2 and observe how the electrons distribute on the detector screen. The result is that,
despite P;y p < P11 ¢, the probability of nding the electron in the destructive inter-
ference zones is not as small as one might expect, and we can suppose it, for illustrative
purposes, to be %.

Using the representation of probability with the rectangle, we have:
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P11 b Piu ¢

where we supposed Py, p = 3.
Given the symmetry of the experimental setup, we can apply the same reasoning
even in the case where the electron passes through slit 2

P21 b P2 ¢

obtaining that Py p = 1.
In conclusion, we have all the values to calculate the probability that an electron

arrives in a destructive interference zone:

11 11 1
= + = — —4+ - —= — .
P(D)= Py Py p+ P2 Pap > 2v5 2712 (7.24)
We immediately see that this numerical result differs from the experimental one be-
cause we certainly cannot consider this value as small. In fact, it is de nitely not small
enough to explain the interference pattern! This is an proof that the “classical” way of
calculating probabilities does not properly work in the theory we have in mind to con-

struct to explain the experimental facts.

7.4.4 A new method for quantum probability

Since the “classical” way of de ning probability does not explain the experimental result
of the double-slit experiment, we are driven to seek a new method.

The starting point is, of course, always the axioms of Kolmogorov.

Classically, we began our reasoning from a rectangle of area 1 that represented the
entirety of events, and individual probabilities were related to the areas of portions of
this rectangle. However, this approach through the sum of areas does not work: thus,
we cannot use summable areas.

Therefore, we reason about some aspects that have emerged from the experiments
conducted so far and consider, for this purpose, the double-slit experiment. Let us re-
ect on how our double-slit experiment works. The bright or dark zones we see on
the screen tell us how many photons (or electrons, etc.) have arrived in a certain area
of the screen. What does it mean to calculate the probability that an electron arrives
in a constructive/destructive interference zone? According to the de nition of proba-
bility, it means calculating the ratio between the number of electrons detected in con-
structive/destructive interference zones and the total number of electrons arriving on
a screen. The number of photons is related to the intensity of our beam, and the beam
intensity is linked to the square of the (electromagnetic) eld we are considering.

It therefore seems quite natural to think that the way to calculate this new probability
is probably somehow related to squared values.

So we are in a situation where, given two possible independent events (namely, “the
electron arrives in a destructive interference zone D" and “the electron arrives in a con-
structive interference zone C"), there are two squares that sum up to 1.
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Visually, therefore, we need to imagine a situation where we have two objects (corre-
sponding to the two events in question) whose squares add up to a unitary object. But
this image reminds us of something familiar: the Pythagorean theorem!

Indeed, instead of a rectangle of area 1, if we consider a line segment of length 1 to
represent the universal set, we can construct two segments (of lengths between 0 and
1) that correspond to the two possible events in our system, whose squares add up to
exactly 1. And we can immediately extend this operation to n dimensions, where n is the
number of possible events. Geometrically, this situation involves having n orthogonal
segments (representing independent events), from which we draw the “bisector”, or
better yet, the diagonal D.

H

Figure 7.6: Representation of quantum probability of a two-faced and biased coin toss.

D rock

paper

scissor

Figure 7.7: Representation of quantum probability of unbiased rock-paper-scissor game.

So here is a method we could use to calculate probability in our new quantum theory.
Concretely, it starts with a unit segment (representing our initial vector). This initial state
has n possible outcomes; the probability of each outcome is given by the square of the
projection of the initial vector onto the n orthogonal axes corresponding to the n possible
outcomes.

Theoretically, everything seems to work well, but before celebrating, we need to ver-
ify if this approach works in practice.

Does the “quantum” method work?

Using this new method of de ning probability, do we effectively manage to overcome
the problem encountered in explaining the experimental result of the double-slit experi-
ment?

Let us return to consider the previous situation and proceed to calculate the proba-
bility that an electron has of being detected in a destructive interference zone D.

As a rst step, let us determine the state of the electron after it has passed through
the two slits, which we denote as je i, and proceed with the same reasoning as before.
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In this case, we have two possibilities:
- the electron passes through slit 1,
- the electron passes through slit 2,

and we have seen how these are independent because, by inserting detectors in the ap-
paratus, we observe how the electron always passes through only one slit at a time and
never through both simultaneously. je i will thus be a unit vector in a two-dimensional
space:

(7.25)

We know that the square modulus of the component indicates the probability of one
of the possibilities occurring; in detail:

- jk1j? represents the probability that, having passed through the slits, it passed
through slit 1;

- jkoj? represents the probability that, having passed through the slits, it passed
through slit 2.

Given the symmetry of the experimental setup, let us assume that jkij? = jk»j? and,
since it must hold true that jkij? + jk2j? = 1, we thus obtain the following:

1 1 1
ikii2 = jkoi2= = | = : =
jkaj = jkoj > ! Ky P ko P (7.26)
from which we determine the state:
!
je i = p% 7.27
je 1= p% ( . )

Previously, we observed that the theory we want to construct must be linear. This ts
well with our idea of probability obtained by projecting a unit vector onto orthogonal
axes. Recall that in previous examples (coin, rock-paper-scissors game, and die), it was
a simple unit segment; here, we can think of it as an actual vector. Therefore, we can
write the state je i as a superposition of two other states, which we call basis states
representing possible states in which the electron can be found:

- j1i that is, the state of the electron passing through slit 1,
- j2i that is, the state of the electron passing through slit 2.

These basis states are also unit vectors, and the squared modulus of their compo-
nents represents the probability. Having set the axes with respect to the electron passing
through the two slits, these states are aligned along those axes. Speci cally, we have:

- j1i it will be directed along the axis that identi es the possibility “passes through
1"l = L
Hj= g

- j2i it will be directed along the axis that identi es the possibility “passes through

LLPEEEg H— O
2" )2 = 1
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These basis states can be thought of as unit vectors that de ne the axes of our space.
Based on what was just said, therefore, it means that we can write the state je i as a
superposition of these two basis states:

je i = kqjli + kpj2i = 191—é jli +j2i (7.28)
Let us focus now on an electron that we know has passed through slit 1. It will be in
the state we have calledjli and it will have two possibilities:
- being detected in D, in a region of destructive interference;
- being detected in C, in a region of constructive interference.
The vector j1i representing the state can be seen as a unit vector belonging to a two-

dimensional space whose axes represent these two possibilities:

. K
jli = k; 2 (7.29)

where

- jku pj? indicates the probability that the electron, passing through 1, is detected
inD,

- jku ¢j? indicates the probability that the electron, passing through 1, is detected
in C,

and they are such that
jku pi?+ jku ci®=1; jku pj® j ku cj* (7.30)

In this case as well, we can de ne the two basis states that identify the axes of the
space:

- |Di that represents the state of the electron if it has been detected in a region of
destructive interference,

- jCi that represents the state of the electron if it has been detected in a region of
constructive interference,

and we can write j1i as superposition
jll = ku D]DI + Ky CjCI (731)

If we now focus on an electron that we know has passed through slit 2, we can apply
the same reasoning as before and obtain

j2i = i” P (7.32)
2! C

that, written as a superposition of the two basis states jDi ejCi, becomes:
j2| = kzg DJDI + k2! CJCI (733)

where
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- jkor pj? indicates the probability that the electron, passing through 2, is detected
in D,

- jkor ¢j? indicates the probability that the electron, passing through 2, is detected
in C,

and they are such that
jkai Djz+jk2! 012:12 jkai Dj2 J ka 0123 (7.34)

Starting from Eq. (7.28) and keeping in mind that Eq. (7.31) and Eq. (7.33) hold true,
we obtain that

L 1 L 1 .
je i = FFE ki p + kai D lDl"’FFé ki ¢ + ko ¢ jCi (7.35)

where

2
- % ki p + koy p indicates the probability P (D) of detecting the electron in a re-

gion of destructive interference,
2
- % ki c+ka ¢ indicates the probability P (C) of detecting the electron in a region
of constructive interference.

For our purposes, we are interested in the rst one

1 2
P(D) = > ki p+ka p (7.36)

Does this expression succeed in explaining the result of the double-slit experiment?
The answer is af rmative! In fact, ki p and ko p are two coef cients that can also be
negative; their sum can therefore be a very small value or even zero if kyy p = Kz p.
Only the probabilities (their squared magnitudes) must be positive

0 jkupj? 1 and 0 j ky pj? 1 (7.37)

7.4.5 Comparison between the two methods

Let us now compare the probability expressions obtained by applying the two different
methods, using (for simplicity) the same notation:

- “classical” probability:
P(D)= Py Py p+ Pz Py p =jcij® jeu pj+ jcj? jca pj®=
- % jcu pi®+jca pi? ; (7.38)
- “quantum” probability:

2
P(D)= >Cup*+Crp (7.39)

=
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In the rst case, we have the sum of two terms squared, while in the second case, we
have the square of the sum. As we discussed earlier, in the rst case, we cannot obtain
a very small value for the probability of detecting an electron at a point of minimum, as
should be the case. In the second case, however, we can.

These two approaches imply different physical realities, and it is the second approach
that allows us to explain the physical reality that we observe.

It is therefore clear that the physical theory we are constructing must be able to ex-
plain the experimental evidence obtained so far, unifying the various ad hocmodels of
the old quantum theory into a single comprehensive framework.

7.5 Construction of quantum physics theory: the fundamental princi-
ples

As we have seen, when constructing a new theory, it is important to understand the
fundamental physical principles on which it is based.

One of the most famous principles on which quantum mechanics is based in common
presentation is the so called “Heisenberg's uncertainty principle”, otherwise expressed
by Heisenberg's uncertainty relations.

7.5.1 Uncertainty relations

The uncertainty relations, formulated by Werner Heisenberg (1901-1976) in 1927 [369],
are a crucial concept in guantum mechanics, and state that certain pairs of physical prop-
erties, such as position and momentum, cannot be simultaneously known to arbitrary
precision. In other words, the more precisely one property is measured, the less pre-
cisely the other can be known.

Following Heisenberg, to illustrate the uncertainty relations is useful [370] to discuss
the thought experiment of Heisenberg's microscope [371].

In the double-slit experiment, we have discussed about the concept of “position of
an electron” several times. To determine the position of an electron, one might consider
using a gamma-ray microscope because to interact and detect an object, one must use
radiation/waves with a wavelength that is similar to the size of the object. To illustrate
this point more clearly, let us imagine a pole submerged in water and consider the system
where waves are propagated. If the pole is of small dimensions, it will not be detectable
with the propagated waves unless the wavelength is suf ciently small, on the order of
the size of the pole, to cause wave re ection and related diffraction phenomena.

Interacting with the electron, the radiation —or, in other words, the photons— ex-
changes momentum with it: the photon will be de ected in the microscope after hitting
the electron, and simultaneously, the electron will move slightly. In other words, to de-
termine the position of the electron, we must send radiation towards it, which will alter
the electron's momentum.

As a result, the electron will have a range of possible momenta because it can be
detected within a certain region of space (which corresponds to the aperture of the mi-
croscope).

If we attempt to relate the two quantities involved, position and momentum, we
realize that the uncertainty in measuring position is given by the wavelength

X = (7.40)
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while the variation in the electron's momentum is
p= h=: (7.41)

In this passage, we have exploited the de Broglie relations for the momentum of the
scattered photon. In fact, in 1923-1924, Louis de Broglie (1892-1987) had explored the
possibility of particles with mass exhibiting wave-like characteristics.

When | conceived the rst basic ideas of wave mechanics in 1923-1924, | was guided
by the aim to perform a real physical synthesis, valid for all particles, of the coex-
istence of the wave and of the corpuscular aspects that Einstein had introduced for
photons in his theory of light quanta in 1905. | did not have any doubts at that time
about the physical reality of the wave and the localization of the particle in the wave.
([872], p. 5)

In 1924, in his PhD thesis [373], de Broglie proposed that just as light has both wave-
like and particle-like properties, electrons also have wave-like properties 2, with their
wavelength as the ratio of Planck's constant to their momentum = h=p.

From this, the formulation for the variation in momentum used earlier can be de-
rived. In fact, returning to Heisenberg's experiment, we can thus derive the relationship

L (7.42)

obtaining what will be the formulation of the uncertainty principle:
X p h: (7.43)

In particular, this tells us that the more precise we are in determining the position of
an electron (thus having uncertainty  x which is small), greater will be the uncertainty
associated with the measurement of momentum p.

7.5.2 Double-slit experiment and non-commutativity

Let us now revisit the double-slit experiment and try to see if we can calculate the posi-
tion and momentum of the particles hitting the screen. What we notice is that the nar-
rower the slit—meaning the more we try to identify a precise position for the particle—,
the more the pattern on the screen tends to spread out, making it dif cult to obtain a
precise measurement of the momentum in the direction x.

Conversely, if we widen the slit, we lose information about the position of the elec-
tron.

In this way, we nd a relationship that aligns with the uncertainty relation

x p h (7.44)

If, on the other hand, we measure position and momentum in different orders, we
will nd differing results. Measuring the position attime  t will result in an alteration of
the momentum measurement at that instant t +

3We believe useful to highlight the fact that de Broglie derived this formula through a different approach
from the one used in this path [374]: in his doctoral thesis, he envisioned photons with mass and studied their
potential motion tied to both internal frequency (particle-like component) and external frequency (wave-like
component). These frequencies, if de ned in this manner, must be related due to relativistic considerations.
Subsequently, he attempted to generalise this concept to all massive particles.
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If, instead, we measure momentum rst at time t, we will have an alteration of the
position measurement at that instant. t +
We thus nd that the two measurement operations do not commute, since

P(t+ )X(t)8 P()X(t+ ): (7.45)

Therefore, in some sense, Heisenberg's uncertainty relations implies a kind of non-
commutativity of certain physical quantities.

A rst example: polarizing lters

We are not very accustomed to working with non-commutative operations; usually,
we deal with measurements/calculations where the result does not change even if we
change their order.

A rst practical example of this nhon-commutativity can be easily and pro ciently
seen with polarizing Iters. When light passes through a polarizer, it becomes polarized
in the direction of the lter. If the light then passes through a second polarizer oriented at
an angle to the rst, the intensity of the transmitted light depends on the angle between
the two polarizers.

Here is how it illustrates non-commutativity (see Fig. 7.8):

- Single polarizer: when unpolarized light passes through a single polarizer, it then
emerges polarized in the direction of the lter.

- Two polarizers at 90 degrees: if a second polarizer is placed perpendicular to the
rst, no light passes through because the two polarizations are orthogonal.

- Three polarizers: introducing a third polarizer between the rst two, at 45 degrees
to each, changes the outcome. Light passing through the rst Iter becomes po-
larized. When it passes through the second lIter (at 45 degrees), some light is
transmitted, polarized at 45 degrees. When this light encounters the third lter (at
90 degrees to the rst), some of it is again transmitted.

Unp. light 0° Pol. 45° Pol. Some light
—_—

P1 —

P3

No light No light

Unp. light °
p1 0° Pol.

A
P3

Figure 7.8: Two different combinations of polarizing lters illustrating non-commutativity of the
sequence.

This sequence demonstrates non-commutativity because the order of lters matters.
Placing the 45-degree Iter between the 0-degree and 90-degree lters allows some light
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to pass through all three, whereas without the intermediate lIter, no light would pass
through the rst and last lters alone. The intensity and polarization state of the light

depend on the sequence of the lIters, illustrating the principle that certain operations in
quantum mechanics do not commute.

7.5.3 Non commutativity of quantities

In our theory —beyond the statistical, linear, and complex aspects, and in addition to the
natural requirement that our theory allows for measurement repeatability— it is there-
fore necessary to assert the non-commutativity of certain observable quantities, a fact
derived from the principle of uncertainty.

This aspect will become clearer once the concept of an operator associated with an
observable will be introduced in detail. For now, we just need to keep in mind the follow-
ing: consider the position x and the momentum p. Non-commutativity can be conveyed
by stating that measuring x rst and then p yields a different result compared to mea-
suring p rstand then x, even though the system's state on which the measurements are
made remains the same.

In this context, non-commutativity has been derived from the uncertainty principle,
but historically, it was the opposite; it was the uncertainty principle to be derived from
the non-commutativity of operators.

In fact, the uncertainty principle, as we mentioned, was introduced in 1927 as a the-
orem, not as a principle or an axiom, when Heisenberg realized that it was necessary
to introduce an aspect that accounted for the uncertainty in the conjugate variables in
Hamiltonian mechanics, which led to an imprecise determination of the variables.

On the other hand, non-commutativity historically stems from the Rydberg-Ritz rule,
introduced in 1908 to de ne the wave number of the spectral lines of the hydrogen atom.

7.5.4 Fundamental principles of quantum mechanics

Putting together what has been said so far (including aspects from the old quantum
theory), we can therefore outline some fundamental principles on which our theory is
based.

Principle I: wave-particle duality

Particle aspects

From the laws of chemistry (multiple proportions, constant ratios, equivalents, etc.), the
hypothesis of the existence of atoms follows. Atoms become necessary for interpreting
the laws of “chemical reactions”, i.e, of matter interacting with other matter.

From the discovery of the electron, made in 1897 by Thomson, it follows that the
atoms of chemistry are composite structures.

From the interaction between matter and radiation the hypothesis of a corpuscular
aspect of radiation follows as well. Indeed, the explanation of the photoelectric effect
by Einstein and the Compton effect show corpuscular aspect of radiation and matter.
Moreover, much more modern experiments at very low intensity show the granularity
of both electromagnetic and matter beams [215, 216]; they show the existence of suitable
“‘guanta”.

In this regard, it is important to note (once again) that what we are saying does not
imply contextualising the discourse within a presumed “crisis of classical physics”, nor
does it mean that the photoelectric effect and the Compton effect cannot be explained
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without the hypothesis of quantization of electromagnetic radiation (as we have already
seen in [217]). Rather, it only suggests that a certain set of ideas will prove extremely
functional to the birth of a new theory which, once emerged, will be taken as a reference
for interpreting reality, relegating all previous hypotheses to the role of aiding in the
construction of the theoretical framework.

Wave aspects: interference experiments

The rst step is to analyze behavioural analogies between suitably prepared beams
of matter particles, mechanical waves, and electromagnetic beams in interference and
diffraction experiments.

All of them show wave properties. Indeed, in the absence of interactions or self-
interactions, wave propagation becomes the dominant aspect. The discussion is intro-
duced starting from the historical experiment of Davisson and Germer, and the pro-
posal of matter waves by de Broglie, and progresses through much more modern ex-
periments: electron interference from electron biprism [215, 218], diffraction of macro-
molecules [219] —C60, etc.—, Mach-Zehnder interferometer experiments, neutron beam
interference [220], Kapitza-Dirac effect [221], and interference of light by two calcite crys-
tals [222].

Statistical uctuations
Starting from the discussion of the 1909 paper by Einstein, On the present status of the ra-
diation problen{197], it is demonstrated that, in the description of statistical uctuations
of electromagnetic radiation in a cavity, both particle-like and wave-like terms simulta-
neously appear.

From what has been observed, we can elucidate a rst physical principle:

Principle I: wave-particle duality — Particles such as electrons, atoms, molecules, pho-
tons, and so on, exhibit both wave-like and particle-like properties.

Principle II: statistical aspects

Statistical aspects

The analysis of single-quantum interference experiments (typically “which-path” ex-
periments, such as the double-slit experiments, Mach-Zehnder interferometers, experi-
ments with birefringent crystals, and Fresnel biprisms), and the distributions of observed
guanta highlight the necessity of a probabilistic nature of our description.

Principle II: statistical aspects — The wave-like aspects of the theory emerge as a sta-
tistical description of a large number of “quanta”, each of which can be attributed a
given probability of being revealed in a given zone of space.

Principle 1lI: quantization

Quantum aspects

The discussion then moves to the structure of matter, in particular to the dif culties en-
countered in building an atom model based on “classical” hypotheses (mainly, Kelvin's
vortex atoms, Thomson's atomic structure and Nagaoka's Saturnian model).

The atomic model of Bohr, and later also that of Sommerfeld, together with Planck's
solution to the problem of black-body spectrum introduce the need for a quantized de-
scription. Einstein's heuristic explanation of the photoelectric effect and the explanation
of the Compton effect all push for the introduction of a quantization principle.
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Principle Ill: quantization — Certain physical properties, such as energy levels in har-
monic oscillators, angular momentum in Bohr's atom, etc. are quantized, meaning
they can only take on multiple values of a minimum quantity; also other quantities
take on discrete, speci ¢ values rather than continuous ones.

Principle 1V: same formulas

The formulas used to express physical quantities employed by Planck for explaining the
black-body spectrum (energy, harmonic motion, etc.), those used by Einstein for explain-
ing the photoelectric effect, those used by Bohr for his atomic model (energy, angular
momentum, electron velocity, use of the second law of dynamics, use of conservation
principles, etc.), those for interpreting the Franck-Hertz experiment, and so forth, are all

conventional mechanical formulas formally identical to their classical counterparts. To

them are “simply” added appropriate, albeit ad ho¢quantization hypotheses.

Principle 1V: same formulas — The formulas used for physical quantities with classical
analogues are identical to classical ones.

Principle V: state “uncertainty”

If, when measuring a physical quantity on a system, we nd the value g, then we will
still nd the same value g if we immediately perform a subsequent measurement of the
same quantity. However, the statistical aspect that generally arises from measurements
performed on a physical system leads us to believe that the state of a physical system
can be determined only by having access to a statistical ensemble consisting of a large
number of systems that we consider to be in the same state. Therefore, we formulate an
additional principle:

Principle V: state “uncertainty” — It is still possible to attribute physical quantities to
a quantum physical system. However, from a measurement on a single system, one
cannot (in general) deduce the state of the system itself.

In other words, while in classical mechanics a set of measurements of physical quan-
tities allows us to determine the state of the system, in quantum mechanics the situation
is different: we can still prepare a system according to known procedures as in the clas-
sical case, but we cannot (in general) come to know what a state is unless we know how
it was prepared.

In addition, let us observe that, in educational literature, there is generally a prefer-
ence to choose either the so-called “Heisenberg's uncertainty principle” or Bohr's prin-
ciple of complementarity as a fundamental physical principle. However, we consider
our alternative approach to be more intuitive, potentially leading more readily to funda-
mental consequences (such as the no-cloning theorem), and substantially equivalent to
the two previously mentioned principles.

Some considerations on the so-called “Heisenberg's uncertainty principle”

Concerning what has just been said, with regards to fundamental principles, we believe
important and useful to spend a few words concerning whether or not Heisenberg's
uncertainty relations represent a true principle of quantum mechanics.

First of all, because they can be derived as theorems from the postulates of quantum
mechanics, it can be argued that these do not constitute a fundamental principle. There-
fore, labelling them as the “uncertainty principle” might be deemed —in this sense—
inappropriate.
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However, one might consider their signi cance akin to an empirical principle, foun-
dational to the theory similar to how the constancy of the speed of light is crucial in
special relativity, or the second law of thermodynamics in governing heat transfer. Yet,
unlike these examples which are explicitly postulated principles in their respective the-
ories, Heisenberg's relations do not appear universally as principles across various for-
mulations of quantum mechanics. Hence, it may be misleading or at least inappropriate
to regard them as such.

On the other hand, one can also think, as Heisenberg did, that it is fundamentally
impossible to simultaneously measure the position and momentum of a particle pre-
cisely. Therefore, Heisenberg's relations stand as an experimental fact deeply rooted in
our understanding of the physical world.

In fact, introduced a la Heisenberg, through heuristic examples, these relations as-
sume a similar epistemological status as the initial models of the old quantum theory.
They can be seen as a guiding principle for constructing the axioms of the theory, stip-
ulating that any formal representation of particle states must inherently forbid exact
simultaneous determination of position and momentum, even in mathematical terms.

In any case, from a pedagogical point of view, our preference is for the use of a some-
what neutral terminology, such as “Heisenberg's relations”, without using the words
“principle”, “uncertainty” or “indeterminacy” which, we believe, could lead one astray.

And this is also the rationale behind our choice (agreeable or not) of not including
a supposed “indeterminacy principle” among the fundamental principles of the theory
we are constructing.

As we have already anticipated in Chap. 3, we distinguish between the concept of
principle and that of postulate. This distinction is not always obvious or common: in me-
chanics, for instance, principles and postulates often refer to the same thing. However,
in our reconstruction of quantum mechanics, we start with a set of physical principles
(derived from experimental and/or theoretical considerations) from which we derive
postulates. In this sense, principles serve as a guide to construct the theory of quantum
mechanics and its postulates.

7.5.5 A rst physics application: the harmonic oscillator

Let us put together all the considerations made so far, starting from a reasonably simple
(but useful) example in physics: the harmonic oscillator, the same one used by Planck in
his ad hoanodel for black-body radiation.

Consider the energy of the harmonic oscillator. This energy is given by:

2 | 2y2
E - P m X
2m 2

which corresponds to the classical energy, since we have seen that the formulas of quan-
tum mechanics reduce to classical mechanics with the addition of quantization. There-
fore, we introduce the presence of ~.

(7.46)

E - p2+m!2x2_~' p? miX 2
" 2m , 2 2m~ 2 -
r— (7.47)
= ~I p ; + ﬂ
' 2m-~! 2~
Let us put
P=pt (7.48)
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r

m!
X = — X 7.49
o (7.49)
We thus have that
E=~ P2+ X2 : (7.50)
From the quantization of Bohr's energy, we have that
E = n~! (7.51)
and thus
X2+ P2 = n+ constant (7.52)

on each state, thus obtaining a speci ¢ condition for each state n.
It comes naturally to us to seek in C a factorization of this sum of squares, so let us
now assume
a=X+iP

a¥=X P (7:53)
from which follows * 8
> at+ a
X =
. 3 2ay : (7.54)
T T

De ning the dimensionless Hamiltonian of the system H and substituting a and a¥
we have
E aa¥ + a’a
H:= — = Bl (7.55)
~! 2
Previous equation makes it clear why the operator N is called the number operator
Considering that X and P do not commute, then neither will aand &'.

Given the non-commutativity of the various operations, and assuming
c=[a;d’]= aa¥ a’a (7.56)

(which we call the commutatotbetweena and @) and N := a¥a, which we substitute into
H, we thus have

aa¥( aYa+ aYa)+ a¥a _ 2a¥a+ ¢ _ N +

c
H = =
2 2 2

(7.57)

The central point, then, is to determine the value of ¢ :=[a;a’]= aa¥ aYa. Sincea
and @’ do not commute, we know that c := [a;a’] is not equal to zero. What could its
value be? It is reasonable to proceed in the following way by asking: what could be the
simplest value it could take? Well, the simplest value that comes to mind is 1.

Let us thus suppose that ¢ := [a;a’] = 1 and see if this hypothesis leads us to the
correct results.

We have that 1 1
E:Eaay+aya ~l =~ n+é : (7.58)

4For now, we will use a simpler notation without hats, because we have not de ned the operators yet.
When we give a formal de nition of such a concept in a few sections, the notation we use to denote them will
correspond to that commonly used in quantum mechanics textbooks.
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And this is consistent with what we already know. Indeed, if we consider the har-
monic oscillator, the energy difference between two states is multiples of h . Based on
what has been found, (n + %) will be the distance between the energy values, and the
zero-point energy willbe Eq = %~! .

Before concluding this section, just a brief observations concerning X and P (and,
therefore, also a and a¥). To satisfy the linearity hypothesis and the non-commutativity,
it is natural to wonder what kind of mathematical entities they could be. What is quite
familiar to students, which has the property of being non-commutative and respects
linearity? We recall that such properties belong, for example, to vectors.

Furthermore, we recall that we have requested that our theory should also have an-
other characteristic: namely, the possibility of repeating the measurement of a quantity
multiple times, each time obtaining the same result. Therefore, we must have something
acting on the state vector of system, , that, even when applied multiple times, yields
the same result. In other words, we need a mathematical entity (which we will call A)
that (in a somewhat rough notation)

AAZ(A )= A: (7.59)

This observation seems important to us; however, we must observe that it could
lead to misunderstandings. In fact, one must not think that, in quantum mechanics,
the measurement is obtained through the action of an appropriate operator on a state
vector (as the previous writing might seems to imply) —and to this regard, we must
note that the teaching literature already highlights the presence of this misconception
in students. Rather, due to the fact that for the probabilistic interpretation of the values
of an observable we will be led to, it is necessary that the state of the system after a
measurement ends up in an eigenstate of the operator associated with the observable.

To satisfy all the hypothesis, it comes to our mind that we could consider matrices
(which, indeed, do not commute) acting on the system, when making a measurement.
Indeed, we will see that in quantum mechanics, matrices play a fundamental role in
relation to the measurable quantities of the system.

We will delve into these aspects in detail later on, but as a brief aside, let us emphasize
the fact that from a historical perspective, various approaches have been proposed in this
regard:

- Paul Dirac (1902-1984) used mathematical objects he called}-numbers for his cal-
culations but did not yet de ne them as matrices [377].

- Heisenberg, on the other hand, only realised after the calculations that they could
be matrices. Actually, Heisenberg himself did not notice this, as he was unfamil-
iar with matrices: it was Max Born (1882-1970) and Pascual Jordan (1902-1980) —
especially the latter, who was not only an expert in physics but also in mathemat-
ics — who understood that they were matrices [375, 376]. Initially, for Heisenberg,
they were just tables, and he struggled to understand how they worked.

- Erwin Schradinger (1887-1961), instead, introduced the wave function [378], whose
equation solves a kind of continuity equation.

7.6 Scalar product

The new way of de ning probability, discussed earlier, allows us to answer the questions
we started with: what are the dimensions of the vector space space? How do we choose
a basis (or the axes)?
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However, at the same time, we immediately nd ourselves needing to reason with
spaces of large dimensions: as the number of possibilities increases, so does the number
of axes, and therefore the dimensions of the space. 10 possibilities mean 10 axes, 100
possibilities mean 100 axes, and in nite possibilities (such as asking for the position of a
guantum particle) mean in nitely many axes. How can we de ne such a large number
of mutually orthogonal axes?

As long as we are in a real 2D or 3D space, we can geometrically visualize orthog-
onality: orthogonal axes form an angle of - radians with each other. When we try to
imagine a complex space or a real space with more than three dimensions, we can no
longer refer to angles to de ne orthogonality in a straightforward manner.

We need a mathematical tool that allows us to do this, and that tool is the scalar
product In this rst section, we will delve into why the scalar product precisely allows
us to do this, starting with real spaces and vectors, and then transitioning to complex
spaces and vectors.

7.6.1 Scalar productin R

The operation of the scalar product arises from the need to multiply quantities that can-
not be directly represented on the same axis, particularly non-parallel vectors. How does
one de ne an operation of this kind?

Let us start by examining what it means to multiply “quantities” directed along the
same direction, like numbers, which can be represented along a line.

Geometrically, multiplying two numbers involves multiplying the length value of
two segments to obtain a third segment whose length equals the product of the two
previous lengths. The quantity involved here is therefore the length of the segments.

Similarly, when multiplying two non-parallel vectors, we consider lengths of seg-
ments that must somehow align in the same direction. For this reason, we de ne the
scalar product between two vectors as follows: we project one of the vectors onto the
other, so that we obtain two segments directed in the same direction, and then multiply
their lengths. The result of this product is therefore a number belongingto R.

Let us take an example considering two vectors aand B, with  the angle between
them (Fig. 7.9).

Figure 7.9: Two vectors aand b, with  the angle between them.
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We proceed as follows. We project the vector Balong the direction of vector & obtain-
ing b, , with
b, = bcos(): (7.60)

Then, we multiply the magnitude of vector -4, denoted as a, by the length of the
projection b, obtaining the result:

ab, = abcos(): (7.61)

Of course, we can make a similar argument by reversing the situation geometrically.
Therefore, we project vector -aalong the direction of vector Bobtaining a, , with

a, = acos(): (7.62)

Now, we multiply the magnitude of vector 1, denoted asb, by the length of the pro-
jection ba, obtaining the result:

ba = bacos(): (7.63)

Mathematically, we see that the two expressions found above are equal. Indeed, to
calculate the projections, we use the same angle between the two vectors. Therefore,
the scalar product is an operation between two vectors that shows the commutative
property. If we denote this operation as “ ”, the scalar product is a binary operation that
associates a scalar to two vectors as follows:

a b=b a= abcos()=c2 R: (7.64)

7.6.2 The sign of the scalar product

Depending on the angle , the scalar product will vary according to how the two vectors
are oriented relative to each other. Speci cally, since the magnitudes of the vectors a and
b are always positive, the sign of the scalar product depends on the sign of cos():

-if0< < 5,then0< cos() < 1. Therefore, the scalar product will be positive:
ab>0;

-if ;< < ,then 1< cos() < 0. Therefore, the scalar product will be negative;

ab<o:
Looking at some particular cases:
- if = 0 then aand D are in the same direction, and since cos(0) = 1, the scalar
product will be equal to:
a b= ab
- if = then-aandDare in opposite directions, and since cos( ) = 1, the scalar

product will be equal to:
a b= ab
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- if = 5 then aand Bare perpendicular, and since cos(z) = 0, the scalar product
will be equal to:

a b=0:

The sign of the scalar product is therefore related to how the two vectors are respec-
tively positioned; if it equals 0, we know that the two vectors are orthogonal. This latter
aspect is particularly useful in quantum mechanics theory because, in the de nition of
the scalar product, the angle explicitly appears, which is what we want to de ne in a
multidimensional space. But let us proceed step by step.

7.6.3 From angle to coordinates

Let us consider again the two vectors -aand Bassuming we are in a two-dimensional real
spaceR?:
aQ v}
a= and b= 7.65
a by (7.65)
where aj;az;b;; b 2 R.
Let us calculate the scalar product:

a D= abcos() = abcos( )= (7.66)
= ab cos( )cos( )+sin( )sin( ) = (7.67)
= acos( ) bcos( )+ asin( ) bsin( ) = (7.68)
= aib; + asby: (7.69)

By carrying out algebraic steps, we have found a way to de ne the scalar product
that refers to the vector components rather than the included angle.

It can be shown that even when considering a 3D space, we can generalize the previ-
ous formula in a straightforward manner:

a b= ab + axhp + azhs: (7.70)

At this point, we can assume the n-dimensional version of the previous formula as the
de nition of the scalar product in the general n-dimensional case:

a b= ab + 1+ apby: (7.71)

Let us now try to calculate the scalar products of vectors in a 4D space, a space that
we cannot visualise in our 3D reality.

1. Suppose we have the following two vectors

0 51 0 31
a:%)gg and ‘b:%)ggz
2 2

The scalar product will be:

ab=( 5) ( 3)+4 0+0 3+( 2) 2=15+0+0 4=11:
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2. Suppose we have the following two vectors

0 -1 0,1
az%gg and ’b=%)512:
1 4

The scalar product will be:
ab=( 7) 2+0 5+2 ( 1)+1 4= 14+0 2+1= 15

3. Suppose we have the following two vectors

0 51 0 11
-a=%pig and ’b=%}24gz
0 1

The scalar product will be:
ab=( 2) 1+3 2+1 ( 49+0 1= 2+6 4+0=0:

If we look at the results obtained, we notice that the rst is positive, the second is

negative and the third is equal to zero. Knowing this, what can we say about the vectors
for which we calculated the scalar product?

Based on what was said about the sign of the scalar product:
1) inthe rstcase, given that @ B > 0, the angle formed by the two vectors is acute;

2) in the second case, given thata B < 0, the angle formed by the two vectors is
obtuse;

3) in the third case, given that & D=0, the angle formed by the two vectors is right.
Since we have demonstrated that calculating the scalar product using the angle

a D= abcos() (7.72)
or using the coordinates is equivalent:

a b= agb + a)hy + aghs + ayly (7.73)
we can also directly derive the angle using the inverse formula of Eq. (7.64):

cos() = aib + azbZ;basbs + ayhy (7.74)

and, therefore,

1) in example 1 we have that the magnitudes of the two vectors are:

q p_
a= a’+as+ai+aj=3 5

0 ——— p__
b= b% + l% + tﬁ + b‘% = 22
from which we can calculate the angle:

- arccos & ;
- ab 18’
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2) in example 2 we have that the magnitudes of the two vectors are:

a=3pé
b="145
from which we can calculate the angle:
3.
5 )
3) in example 3 we have that:
0
arccos — = arccos(0) = E:

ab

Therefore, the scalar product provides us with a way to de ne angles, even in the
n-dimensional case. We can assume that through the de nition of the scalar product,
we de ne a way to think about angles even in higher dimensions. Therefore, even if
we cannot visualize the two vectors or represent them, if their scalar productis =0, we
know for sure that they are orthogonal.

In addition to what has already been mentioned, the scalar product is generally ex-
tremely useful because through it, we can express signi cant geometric quantities.

The length (magnitude) of a vector

Suppose we take a generic vector in a two-dimensional real space (for simplicity, though
the same reasoning can be applied to higher dimensions):

_ Vi
vE o (7.75)

If we want to calculate its length (magnitude), then we proceed using the Pythagorean
theorem: q

V= V24 V3= P ViV + VoVa! (7.76)

The expression that appears under the square root is nothing but the scalar product
of the vector v with itself. Therefore, we can de ne the length of the vector by taking the

square root of the scalar product:
p___
VAR AR S (7.77)

This also highlights how, since the length of a vector is always a positive quantity
(it corresponds to a distance between two points), if we calculate the scalar product of a
vector with itself, the result must be, as it naturally is 0:

¥y v O (7.78)
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The projection

Let pdenote the projection of -aalong the direction de ned by B. Then we have:

p= acos() B (7.79)

where B = % is the unit vector indicating the direction of B. In terms of the scalar

product, we can write:

o= P 1. (7.80)
b

The length of this projection, denoted as a, , will therefore be:

a = po . (7.81)
DD
7.6.4 Properties of the scalar productin R

Therefore, based on what we have seen, we are able to summarize the properties of the
scalar product in R:

- itis commutative:
ab=Db g (7.82)

- itis positive de nite:
a4a 0 (7.83)

and it is equal to 0 only when -ais the zero vector;

- have the distributive property:

a b+e =4abt+ta g (7.84)

- if and are real coef cients, then linearity holds:

a b= ab and a B = 4ab: (7.85)

7.6.5 The scalar productin C

Will the way of de ning the scalar product be identical to that used in ~ R? That is, given
two complex vectors
Z;

W
z= and w= !

i . (7.86)

sothat z;; z,; wq; Wy 2 C, would it still be correct to de ne the scalar product in this way:
Z W= Z3W1 + ZoWo

as done in the real case?
One way to verify this is to compute, using this de nition, the magnitude of a com-
plex vector: by calculating the length of a vector, which is a distance between two points
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by de nition, we expect to nd a real and positive value (zero only if the two points
coincide). If this is not the case, then the de nition needs correction.

Actually, we might wonder why we expect the length to have these properties even
in C. In theory, nothing prevents us from de ning a length that could be, for example,
negative. However, proceeding in this manner would require us to rede ne everything
we already know: what meaning could we give to a negative perimeter? Or to a negative
area? We would then nd ourselves working with geometric properties that are very,
indeed vastly different from those we are accustomed to.

However, at least initially, what we are inclined to do is not stray too far from what
we already know and try to maintain the properties we are familiar with as much as
possible.

Of course, since we are moving from R to C, it will be inevitable to make adjustments
along the way. However, it is convenient for us to think that there might exist a way
to “preserve” the fact that the magnitude remains a real and positive number, while
simultaneously being a generalization of the scalar product in real spaces. This would
help us avoid many complications.

Let us thus see what happens in a complex space if we maintain the de nition of the
scalar product given by Eq. (7.71).

Consider, for example, the following vectors:

zZ= a and w= 2+ |
1 -1 3

and let us try to calculate their magnitude:

J"Zi=p;:pzlzl+zzzzzp2i 2i+1 1=" a+1=" "3=3i

w=" @+ @rnrad 3 @ =" 5+ &

If we use the previously given de nition, we obtain a pure imaginary number for  z;
and a complex number for z,. It is therefore evident that if we limit ourselves to extend-
ing the scalar product in C without making appropriate adjustments, we will encounter
cases where the vector's magnitude would be a pure imaginary number or a complex
number, which we have said is not reasonable. It is clear then that we need a new de -
nition: how can we nd it?

Let us return for a moment to R? and consider a vector whose components are real
numbers. Using the Pythagorean theorem, we can write the magnitude of this vector as
the square root of the scalar product of the vector with itself:

q
v= i+ V3= P VIV + VoV = ¥ W (7.87)

Let us instead see what happens now in the case of a vector

_ A
Zz= Z, (7.88)

whose components are complex numbers z;;z, 2 C.

The rst question we must ask is whether it is possible to represent the space C?
and therefore the vector z as we did with the vector ¥ and the spaceR?, in a usual two-
dimensional space (i.e, a usual Cartesian plane). The answer is negative. In this case, in
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fact, every point on the axes (such asz; and z,) is a complex number (and complex num-
bers, in turn, require two axes to be represented). Immediately, therefore, the space C2
becomes impossible to draw. The two dimensions indeed “become” four: C? is indeed
analogous to a 4D space with two privileged planes, namely the two Gaussian planes, in
which it is possible to perform operations between complex numbers such as addition
and multiplication.

Despite this dif culty of representation, we continue the analogy with  R? and assume
that even in C? an analogue to the Pythagorean theorem holds:

P
2= jnj+jzj? (7.89)

where, in this case, absolute values are necessary because; and z, are complex hum-
bers.
Knowing that we can write

jz1)? = zyz1 and jzpj® = 2,2, (7.90)
where z, and z, are the complex coniugate of z; and z,, we obtain:
=" na+ 5,5 (7.91)
from which p L
2= ;i t+2,2= Z Z (7.92)

Let us then see if, by de ning the scalar productin C in this way
N N= 2021+ Z,2; (7.93)

this de nition resolves the problem we encountered in calculating the length of the two
previous vectors.
In this case, we obtain:

. pP—«— P_ P—
1= 2 2= z1;1+2,2= S5w= w w= 15 (7.94)
The answer is af rmative. We have therefore found a way to de ne the scalar product
for the complex case that is essentially analogous to the de nition in the real case.
Therefore, given two vectors

Z; W1

z= and w= (7.95)
V4] Wo
such that z3; z,; wy; W 2 C, the scalar product is de ned in this way:
¥ W= Z;Wq t+ Z,Wo! (7.96)

The result is therefore a complex number (it should be a real number only when
computed with the same vector).
In general, for an n-dimensional space, given two vectors:

0_1 0 1
71 Wi
Zy Wo
zZ= %: and w= % : (7.97)
Zn Whn

then

Y W= ZWi = ZgWy + i+ W+ iz Wy (7.98)
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7.6.6 Properties of the scalar productin C
Let us now see which properties the scalar product enjoys in the complex eld.

1. The scalar product in C, unlike in R non is not commutative. Given two complex
vectors, we have that

Z w6 w Z andthat z w=(w 2 : (7.99)
In fact, let us consider two vectors:

10 4 ,e 3*2
2+ B 5i

We have that:

Z W= Z;Wp + Z,Wp =
=@+ )@+2i)+(2 i) 5i)=
=3+2i+3i 2 10 5=
4 5
= W25 + Wy2Zp =
3 2)1 H+GBIHR+I)=
=3 3 2 2+10i b5i=
4 +5i:

&3
N
[

2. The scalar product is positive de nite:

zz 0 (7.100)
and is equal to = 0 only when zis the null vector.

3. The scalar product have the distributive property:
Z wW+KR =2 w+ 2z K (7.101)

4. Given two complex vectors 2, wand a scalarc 2 C, then we have:

- antilinearity with respect to the rst component: (c2d w= c (2 w),
- linearity with respect to the second component: z (cw) = ¢(z w).

7.6.7 Angle between vectors

When we discussed the scalar product in R we saw how its sign provides information
about the orientation of two vectors and allows us, even when considering vectors in an
n-dimensional space, to de ne the angle between them. Speci cally, if the scalar product
is positive, then the angle between the two vectors is acute; if it is negative, then the angle
is obtuse; if it is zero, the two vectors are orthogonal. Can we do the same for complex
vectors?

In general, when performing the scalar product between two complex vectors, we
obtain a complex number, and the complex number does not have a sign. Therefore, we
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cannot speak of the sign of the scalar product, but if it equals zero, then we can say that
the two vectors are orthogonal.
Let us consider the following vectors
4 i 1+2i

2= 543 and w= T4y

and calculate the scalar product:

Z W= ZyW1 + Z,Wo =
@4+ hH@a+2i+(2 3Si) 3 &)=
=4+8i+i 2 6 100+9i 15=

=19 +8i:

Let also consider the following ones

_ 6 i 1+
r= 6+i and 3= 1+i

and calculate the scalar product:

=( 6+iA+i)+(6 HA+i)=
6 6Gi+i 1+6+6i i+1=

=0:

The vectors Z e w are evidently not orthogonal; the angle they form is obtained by
solving this expression:

= arccos ﬂ : (7.102)
121

The vectorstand s, on the other hand, are clearly orthogonal, since their scalar prod-
uct is zero.

The scalar product is therefore a very powerful tool in quantum mechanics: even
though we cannot draw/imagine vectors in  C? (meaning we cannot represent these vec-
tors visually and we do not know what angle means in a complex plane), with the scalar
product we can still determine if vectors are orthogonal. And this suf ces for us to do
everything we need.

7.6.8 Comparison between the scalar productin R and thatin C

As we know, complex humbers are composed of a real part and an imaginary part. Ad-
ditionally, we know that the set of real numbers is contained (set-theoretically, meaning
it is a subset) within the set of complex numbers.

We can therefore consider that the scalar product de ned for complex humbers is a
generalization of that de ned for real numbers, where the latter is just a speci ¢ case.
Suppose we have two real vectors:

a= & and b=

by
y b (7.103)
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Let us calculate the scalar product using the de nition we just found:
a b= a b+ ap = aibh + axly (7.104)
since for real numbers, the conjugate of a real number is still the same real number a; =

a;ea, = ap.

7.7 Dirac notation

The notation for the scalar product found in most quantum mechanics books is different

from what we have used so far. In these books, it is customary to use Dirac notation,
which we already introduced earlier when discussing states. Let us recall that the state,
which is a vector in our linear space, is represented by a vector denoted with ketnotation.

ji (7.105)

This notation was introduced in 1939 by Dirac to describe a quantum state [225,379].
In this notation, the scalar product becomes:

hji (7.106)

where h jis called bra. Therefore, the scalar product is the bra-ket
Referring to the bra h j, if we have a vector

0,1

k1
jki = &K (7.107)

to obtain the bra, we need to transform it into a row vector in this way:
jKi = (Ky s kyposo): (7.108)

Continuing with the properties in this new notation, given two complex vectors  jzi
and jwi, it is customary to use the rule of row-vector times column-vector to perform the
scalar product:

hejwi = Z; Wi (7.109)

and it has the following properties:
1. hejwi = (hwjzi) ;
2. rejwi 0, and hejwi = 0 only when zis the null vector;
3. hej(jwi + jti) = hzjwi + hejti;
4. given 2 C,then:
hejwi,
hejwi.

a) hz jwi
b) hej wi
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This means that the scalar product in Cis asesquilinear formin physics, a sesquilinear
form over a complex vector space is a function that associates a complex number to each
pair of vectors in the space, and it is linear in the second argument and antilinear in the

rst argument.

In particular, in quantum mechanics, states are represented by unit vectors, meaning
their length is one. Therefore, given two general states jai and jhi, then:

hajai =1 and hhb =1 (7.110)

and if we want to project the state jbi onto the state jai, the length of the projection,
denoted asb, , will be given by:
b, = hajhi: (7.111)

7.8 Hilbert spaces

In summary, given two vectors jAi and jBi, they are orthogonal if their inner product is
zero:
hAjBi = 0: (7.112)
If jJAi and jBi are the two basis states referring to different possibilities and de ning
two axes, then, if their inner product is zero, we know that the two axes are orthogonal
(and the possibilities are independent) even though we cannot visualise the space.
Taking into account what has been said in the rst part of this chapter, in quantum
mechanics the space in which to represent the states of a system must therefore be:

1. linear,
2. complex,
3. equipped with an inner product.

Although with little mathematical rigour, we will say that a space having these charac-
teristics is called a Hilbert space

7.8.1 Are there some reasonable spaces that are not complete?

The lack of mathematical rigour is due to the fact that the rigorous de nition of a Hilbert
space also requires completeness, meaning a space where all Cauchy sequences converge
to an element within the space.

To this regard, it is worth to highlight the fact that there exist examples of vector
spaces that are linear, complex, equipped with a scalar product but are not complete
(and, therefore, they are not Hilbert spaces).

- A notable example is the space of sequences of complex numbers("?(C)), which
cansists of all sequenced(f z, gi-; ) where the sum of the squares of the components
( izl iznj?) is nite. This space is endowed with a scalar product de ned by:

3
hfz, gjf wngi = ZaWp (7.113)

n=1

Despite having a scalar product and being linear over C, “?(C) is not complete
with respect to the Euclidean norm induced by the scalar product. This means that
not all convergent subsets of sequences in*2(C) have a limit that belongs to “?(C),
therefore “2(C) is not a complete space.
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- In addition, let us consider the space C([0; 1]; C) of continuous functions from [0; 1]
to C. This space is equipped with a inner product de ned as:
z 1
thgi= f(x)g(x) dx]:
0

Despite having a well-de ned inner product and linearity over C, C([0;1];C) is
not a complete space with respect to the norm induced by the inner product. This
means that not all convergent subsets of continuous functions on [0; 1] have limits
that belong to C([0; 1]; C). Therefore, C([0; 1]; C) is not a complete space.

- Finally, let us consider the space P (C) of all polynomial functions with complex
coef cients. This space is equipped with an inner product de ned as:

X
hpjai = p(k)a(k) ;

k=0

where p and g are polynomials of degree n or less with complex coef cients.
Despite having a well-de ned inner product and being linear over C, P(C) is not
complete with respect to the norm induced by the inner product. This means that
not all convergent sequences of polynomials in P(C) have limits that belong to
P (C). Therefore, P(C) is not a complete space.

Certainly, completeness is an important aspect. However, in the “simpli ed” situa-
tion we nd ourselves in, all the spaces we will consider are complete. Therefore, we do
not need to worry about verifying the completeness aspect.

7.9 The rst postulate of qguantum mechanics

In the previous sections, we have seen what the initial ingredients are for constructing a
guantum theory, which we can translate into what we call the rst postulate of quantum
mechanics.

Postulate I: Hilbert spaces — To every physical system, a Hilbert spaceH (with nite
or in nite dimensions) is associated. Every state of the system is represented by a unit
vectorin H.

Following the notation proposed by Dirac [225], we denote such a vector with the

symbol j i given by 0o 1
1
2

ji= % 3%3

With this notation, a column vectors of the Hilbert space is indicated. In Dirac no-
tation, objects like H j represent the conjugate transpose row vector of j' i. In this way,
the usual row-column product, i.e, the inner product between H jandj i, is written as
h j i;formsof kind h j are called bras while those of kind j i are called kets

The square modulus of its components, j ij?, corresponds to the probability of ob-
taining one possibility rather than another, and therefore it must satisfy:

AP ot aife =1
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a fact that explains why the state vector must be normalized to 1.

By denoting je i as the basis stateswhich are also unit vectors representing the axes
corresponding to different possibilities, we can (evidently) write the state as a linear
combination in this way:

j i= e+ e+ 3jesi+
where, using the de nition of the scalar product, we have that:
i = hgj i

7.9.1 The states of quantum systems in single-quantum experiments

In light of this rst postulate, we proceed to de ne the states of quantum systems that
we have analyzed by studying single-quantum experiments.

The double-slit experiment

We have already de ned the state of the electron in the double-slit experiment, after it
has passed through the slits, denoting it as je i. To brie y summarise, we have found
two ways to de ne the state of the system, which depend on two different questions we
have asked ourselves:

1. Through which slit does the electron pass?
2. In which area of the screen is the electron detected?

Changing the questions changes the axes, the basis states, and the way of writing the
state.

1. The possible answers to the rst question are two:

- it passes through slit 1,

- it passes through slit 2,
and the state will therefore be represented by a vector in a two-dimensional Hilbert
space (two possibilities = two axes). We de ne the two basis states jli and j2i
which represent, respectively, the state in which the electron would be if we mea-
sure, through a detector, that it has passed through slit 1, and the state in which
the electron would be if it has passed through slit 2. These two states, referring

to independent possibilities, are orthogonal to each other, that is, hlj2i = 0, and
therefore identify the two axes of the Hilbert space.

The state in which the electron is found after having passed through the two slits,
in the case where we do not measure which slit it passed through, will be:

jei= pl—z jli+j2 (7.114)

2. Also for the second question, we have two possible answers:

- itis detected in D (region of destructive interference)
- itis detected in C (region of constructive interference)
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and the state, also in this case, will be represented by a vector in a two-dimensional
Hilbert space. We de ne the two basis states jDi and jCi which represent, respec-
tively, the state in which the electron would be if we measure it being detected in
a region of destructive interference and the state in which the electron would be if
we measure it being detected in a region of constructive interference. These two
states, referring to independent possibilities, are orthogonal to each other, that is,
D jCi =0, and therefore identify the two axes of the Hilbert space.

The state in which the electron is found after having passed through the two slits,
in the case where we do not measure at which point it arrives on the detector, is
given by:

L 1 . 1 .
je i = %cll p+Cup JD|+% Ci ct+ Cy c JCi (7.115)

Therefore, changing the questions changes the axes, the basis states, and the way of
writing the state.

Il beam splitter

We now determine the state j gsi in which the photon is found after passing through
the beam splitter. Experimentally, we have observed that when a photon is incident on
the beam splitter, there are two possibilities:

- 50% of the time, the photon is transmitted;

- 50% of the time, the photon is re ected.

We denote the respective basis states as:

- jli , representing the state where the photon is measured to be transmitted;
- j"i , representing the state where the photon is measured to be re ected.

These states are such that!j"i =0, as they represent independent possibilities and
thus identify the two orthogonal axes of the Hilbert space.

If we do not place any detector beyond the beam splitter and, therefore, do not mea-
sure which path the photon takes, the state of the photon | gsi after passing through the
BS will be represented by a two-component vector:

.. G
Jr= Cz
where the squared magnitudes of the coef cients jc;j? and jc,j? represent the probabili-
ties of obtaining either possibility jcij? + jcj? = 1; speci cally:

* jcij? = jhlj ij 2 is the probability that the photon is transmitted, whichis 3.

* jcj? = jh"j ij 2 is the probability that the photon is re ected, also 1.
Thus, we can write and represent the state of the system

I

. C

J|: 1 =
C2

I\JTHNTH'
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Graphically, this vector is directed along the bisector of the two axes.
We can also express the state as a superposition of the two basis states:

ji=cjli o +ojtio= 191—z oo+ (7.116)

7.10 Vectors with in nite components

Since the state of a quantum system is represented by a unit vector in Hilbert space, and
the dimension of Hilbert space depends on the possible outcomes of the measurement
being performed on the system, when one wants to measure the position of a quantum
particle and the possibilities therefore become in nite, such a state will be represented
by a vector with nite components in an in nite-dimensional Hilbert space.

How can we visualise vectors of this type? To do this, it is possible (and useful) to
use a graphical method based on histograms.

7.10.1 Histograms

Starting with the case of nite-dimensional vectors, we can represent them as histograms,
where the n-th column corresponds to the n-th component of the vector j i.
Let us see some examples. Let us start from a vector with 8 components (Fig. 7.10).
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Figure 7.10: Example of a vector with 8 components.

Let us now consider a vector with 12 components (Fig. 7.11).
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Figure 7.11: Example of a vector with 12 components.

Let us thus consider a vector with 16 components (Fig. 7.12).
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Figure 7.12: Example of a vector with 16 components.

From the images we have just seen, we observe that this representation loses the

geometric aspect of the orientation of the axes.

Moreover, as we consider more components, it becomes appropriate for the blue
rectangles to narrow. When considering in nite components, these rectangles become

points, and the histogram becomes a function.
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7.10.2 The wave function

Using this representation, we can visualise vectors with in nite components through
functions a(x), where each point of such a function represents a component of the vector
and thus, guratively speaking, an “axis”. Let us thus use this representation to visualise
state vectors. Let us go through a few examples.

State vector with 3 components

Suppose we want to determine the position of an electron and we have only three possi-
ble outcomes: 1, 2, and 3 (corresponding to three distinct and equally sized zones on the
screen in the double-slit experiment).

Let jesi, jeoi, and jesi be the basis states representing the possible states after mea-
surement, identifying the three axes of the Hilbert space: respectively, being in zone 1,
being in zone 2, and being in zone 3.

The statej i in which the electron is before measurement is given by:

j = ajei+ ojedi + gjesi:

In vector form, we can write it as a unit-length vector with 3 components:
0 1

1
ji=@ A
3

Suppose, through measurements, we obtain:

- the probability of being in zone 1beP; =j j2 =

IS

- the probability of being in zone 2beP, =j ,j2 =

N[

=

- the probability of being in zone 3beP3 = j 3% = 7.

Therefore, we can write the state as:
0

ji=@

1
A

N[
I\JH—\I\J-\T

and we can represent it using the previous histogram (Fig. 7.13).
We know that the squared magnitude of these vector components represents the
probability of obtaining a certain outcome, and since it must hold that

j AP+ ad?+jei? =1

if we now plot the squared components on the histogram, the total area of the graph (in
red) that is created must be equal to 1 (Fig. 7.14).

From this graph, we see that the value associated with the probability of nding the
electron in a particular zone is equal to the area of the rectangle corresponding to the
component representing that possibility.
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Figure 7.13: Values of the components of the state vector in the histogram.
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Figure 7.14: Squared components of the state vector in the histogram.

State vector with in nite components

If, nally, we ask ourselves, in general, where the electron is located, then we must con-
sider in nite possibilities: the state j i in which the electron is before measuring its po-
sition is, therefore, a unit-length vector with in nite components that we can visualize
through a function  (x).

This function is called the wave function and, as we have seen, each of its points
represents a component of the vector and thus an axis of the Hilbert space.

Again, since the vector is unitary, and the squared modulus of each component repre-
sents the probability of obtaining a certain position as a result, the sum of all the squared
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