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ABSTRACT: Many model potential energy surfaces (PESs) have been reported for water;
however, none are strictly from “first-principles”. Here we report such a potential, based on a
many-body representation at the CCSD(T) level of theory up to the four-body interaction.
The new PES is benchmarked for the isomers of the water hexamer for dissociation energies,
harmonic frequencies, and unrestricted diffusion Monte Carlo (DMC) calculations of the zero-
point energies of the Prism, Book, and Cage isomers. Dissociation energies of several isomers
of the 20-mer agree well with recent benchmark energies. Exploratory DMC calculations on
this cluster verify the robustness of the new PES for quantum simulations. The accuracy and
speed of the new PES are demonstrated for standard condensed phase properties, i.e., the
radial distribution function and the self-diffusion constant. Quantum effects are shown to be
substantial for these observables and also needed to bring theory into excellent agreement with
experiment.

Potential energy surfaces (PESs) are critical to our
understanding of molecular interactions, their dynamics,

and their structures. Among these surfaces, perhaps the most
important are those that predict the behavior of life’s signature
molecule, water. Ideally such a PES would employ the highest
level of electronic structure theory and be developed for a
complete many-body interaction. A major step in this direction
was the CC-pol potential published in 2007.1 This potential was
based on fits to CCSD(T) interaction energies for rigid
monomers at the two-body (2-b) level of interaction and
sophisticated treatments of long-range many-body induction
effects. Since then numerous studies have examined the
importance of 3-b, 4-b, and 5-b interactions, and the latest
work2 shows definitively that truncating at the four-body level
accounts for virtually all of the many-body interactions. So it is
clear now that an ideal approach for a water PES would include
2-b, 3-b, and 4-b interactions for flexible monomers and using
CCSD(T) level of theory. In addition, studies of structural and
transport properties of water, ranging from clusters to
condensed phase, should ideally be based on quantum
simulations, which require a robust PES reaching energies well
beyond the zero-point energy. Finally, the PES should be
invariant with respect to permutation of monomers, and each
monomer should also be invariant with respect to interchange of
the two H atoms.
We report such a PES here and apply it to a variety of

important “stress tests” for clusters and the condensed phase.
The form of this PES is based on the well-known, many-body
expression for the total energy of N water monomers:
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We indicate terms up to 4-b interactions explicitly because the
potential in the present paper is truncated at this term. Each of
these terms is obtained using a machine-learned fit to
corresponding data sets of CCSD(T) interaction energies.
Specifically, the fits are done using a basis of permutationally
invariant polynomials (PIPs).3−5 This particular ML method
has been used by us previously in developing a water potential,
denotedWHBB,6 and by Paesani and co-workers for theMB-pol
water potential.7,8 These potentials are truncated at the ab initio
level of 3-b interactions. Also, both use semiempirical TTMn-F
water potentials for higher-body interactions but in different
ways. The WHBB PES uses TTM3-F,9 while the MB-pol PES
uses TTM4-F.10 There are significant differences in how these
potentials are used in WHBB and MB-pol, and these are
described in detail in the Supporting Information. Finally we
note that there are numerous empirical water potentials, and we
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refer the reader to a recent review11 of these along with the
WHBB and MB-pol potentials.
The new fits reported here make use of new 2-b and 3-b data

sets, which are at the CCSD(T) level andmore extensive in both
energy and range than the CCSD(T) 2-b and 3-b data sets used
for theMB-pol potential. In addition, a 4-b data set, employed by
us in a preliminary CCSD(T) PIP 4-b PES,12 is extended and a
new 4-b PIP fit is reported. Here we note the numbers of
CCSD(T) energies in the data sets are 71,892, 45,332 and 3692
for the 2-b, 3-b, and 4-b interactions, respectively. Additional
details are given in the last section and in the Supporting
Information. These new 2-b, 3-b, and 4-b PIP PESs together
with the spectroscopically accurate Partridge and Schwenke13

water monomer (1-b) PES constitute the new PES. The new
potential is denoted “q-AQUA”.
We now demonstrate the accuracy and robustness of q-

AQUA for standard “stress” tests, namely, the dissociation
energies, harmonic frequencies, and diffusion Monte Carlo
(DMC) calculations of zero-point energies of isomers of the
water hexamer and the dissociation energies of several isomers of
the 20-mer, for which benchmark values have recently been
reported.14 We also report molecular dynamics (MD) and path
integral molecular dynamics (PIMD) calculations for the radial
distribution function (RDF) and MD and semiquantum ring
polymer MD (RPMD) calculations of the diffusion constant
over a range of temperatures. Significant 4-b and quantum
effects are found for these properties.
MB-pol is a highly successful water potential, and so we

present selected results using that potential as part of the
assessment of q-AQUA. The first comparisons are for the 2-b
interaction with CCSD(T) benchmark calculations. For the 2-b
interaction, attractive and repulsive cuts are presented in the
Supporting Information where both q-AQUA and MB-pol are
shown to be in excellent agreement with the CCSD(T)
calculations.
Panels A and B of Figure 1 show attractive and repulsive cuts,

respectively, for the 3-b potential as one monomer is moved
relative to the remaining dimer. The q-AQUA potential provides

excellent agreement with CCSD(T) calculations throughout the
2−10 Å region. MB-pol is almost as accurate as q-AQUA for the
attractive cut but underestimates the repulsive 3-b potential in
the 4−5.5 Å range and overestimates it considerably when the
OO distance is less than 4 Å.
Panel C of Figure 1 shows a 4-b potential cut as one monomer

is moved with respect to the remaining trimer. The 4-b potential
labeled “MB-pol” is the TTM4-F 4-b potential embedded in
MB-pol. As seen, it is low compared to the CCSD(T)
calculations in the range of about 3−5 Å and is in strong
disagreement with them below about 2.5 Å. The q-AQUA
potential is in good agreement with CCSD(T) energies
throughout the range shown. For moving one water dimer
with respect to the other, panel D of Figure 1 shows that while
the MB-pol has strong deviations from the CCSD(T) results
below 2.5 Å, the q-AQUA potential is in good agreement with
the CCSD(T) results throughout the range. One might expect
that the TTM4-F four-body potential embedded in MB-pol
would be uniformly accurate in the long-range, but this is not the
case. This is shown in Figure S11 of the Supporting Information,
which plots the difference between CCSD(T)-F12 four-body
energy and the MB-pol/TTM4-F four-body energy against the
maximum OO distance in the tetramer for all the configurations
in our four-body data set. The TTM4-F potential has large errors
even when the OO distance is around 7 Å. The RMSE for
TTM4-F, as compared to the CCSD(T)-F12 benchmark, is 21.2
cm−1, whereas the RMSE for the q-AQUA 4-b potential against
the same benchmark is 7.2 cm−1. Note that the average absolute
value of the 4-b energy in the data set is 31.9 cm−1, so an RMSE
of 21.2 cm−1 from TTM4-F is large. A correlation plot between
the q-AQUA 4-b energies and the CCSD(T)-F12 ones is
provided in Figure S10 of the Supporting Information, where
additional precision metrics and properties of the present 2-b, 3-
b, and 4-b PIP potentials can be found.
Next, we present tests of the accuracy of q-AQUA against

benchmark results for the water hexamer and the 20-mer. Table
S1 in the Supporting Information provides results for each of the
eight hexamer isomers, comparing the dissociation energies and

Figure 1.Comparison of the new 3-b fit andMB-pol with direct CCSD(T) energies for an attractive cut (A) and a repulsive cut (B). Comparison of the
new 4-b fit and direct CCSD(T) energies for a monomer−trimer cut (C) and a dimer−dimer cut (D).
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the 2-b, 3-b, and 4-b energies for the q-AQUA potential, theMB-
pol potential, and the CCSD(T)/CBS calculations.15,16 The
mean absolute errors (MAEs) are lower in general for the q-
AQUA potential, although both appear to be fairly accurate.
These results are shown graphically in Figure 2, where different
levels of agreement with the CCSD(T) results are seen. The De
results, particularly for the Ring, Boat1, and Boat2 isomers are
more accurately predicted by q-AQUA than MB-pol, mostly
because of differences in the 4-b contribution. Comparisons of
the harmonic vibrational frequencies for four of the hexamer
isomers are provided in Table S2 of the Supporting Information.
As compared to the CCSD(T) benchmark calculation, q-AQUA
andMB-pol are about equally good in predicting the frequencies
of the Prism and Cage isomers, whereas q-AQUA does
somewhat better than MB-pol on Book and Ring isomers.
The zero-point energies (ZPEs) of three hexamer isomers,

Prism, Cage, and Book1, are calculated using the unrestricted
diffusion Monte Carlo method.17−19 Details of these calcu-
lations are provided in the Supporting Information. The ZPEs of
the three isomers (all referenced to the electronic energy of the
Prism equilibrium structure) using the full q-AQUA potential
and without the 4-b contribution are listed in Table 1, along with

the statistical uncertainties. Note that due to a finite number of
walkers and a finite step size, systematic errors on the absolute
ZPE values exist, but early studies20,21 have shown that the
energy differences between isomers are relatively insensitive to
the number of walkers. The walker numbers used in this work
are sufficient for a good estimate of the energy differences. As
seen, the ZPE of the Cage is the lowest among the three isomers

by about 100 cm−1, and thus the Cage is predicted to be the
lowest energy isomer at 0 K. This is in agreement with
experiment22,23 and also the tentative conclusion of earlier DMC
calculations using the WHBB PES21 and even earlier
calculations using rigid-body DMC.22 Further analysis of these
DMC results and also those for larger clusters will be the subject
of a future paper.
As noted, the DMC calculations are unconstrained, unlike

studies using MB-pol, where geometric constraints are
applied.20,24 We have run unconstrained DMC calculations
using MB-pol potential and found many “holes”, i.e.,
configurations with unphysical very negative energies. By
contrast, q-AQUA is “hole-free” when running unconstrained
DMC, and this finding was further corroborated by DMC runs
on the 20-mer which we discuss briefly next.
Table 2 shows the binding energies for three isomers of

(H2O)20 and compares the benchmark MP2/aV5Z and MP2/

CBS calculations14 with the predictions of q-AQUA and MB-
pol. The q-AQUA prediction for the A3 isomer is in good
agreement with the MP2/CBS value, whereas the MB-pol value
is more than 4 kcal/mol too low. Similarly, for the A2d and 9
isomers, the q-AQUA results are within 1 kcal/mol as compared
to the available MP2/aV5Z results, while the MB-pol prediction
is again to low by about 6−7 kcal/mol. It is interesting to note
that without the 4-b interaction the binding energies from q-
AQUA are close to those from MB-pol, and so the present 4-b
interaction is needed to close the gap with the benchmark
results. Preliminary DMC calculations for the 20-mer have been

Figure 2. Binding energies (A), two-body energies (B), three-body energies (C), and four-body energies (D) for water hexamer isomers from q-
AQUA, MB-pol, and benchmark CCSD(T) calculations (taken from refs 15 and 16). (E) Structures of water hexamer isomers.

Table 1. Zero-Point Energies (in cm−1) of Three Isomers of
Water Hexamer from Diffusion Monte Carlo Calculations

with 4-b without 4-b

Prism 32647 ± 9 32598 ± 12
Cage 32553 ± 19 32465 ± 9
Book1 32652 ± 12 32740 ± 16

Table 2. Binding Energies (in kcal/mol) of Three (H2O)20
Isomers

isomer MP2/aV5Z MP2/CBS q-AQUA MB-pol

A3 −202.1 199.2 ± 0.5a (−200.8 ± 2.1b) −199.8 −195.2
A2d −202.1 na −201.7 −195.3
9 −201.5 na −200.5 −194.9

aReference 14. bCCSD(T)/CBS binding energy from ref 14.
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performed successfully, and this validates the robustness of the
q-AQUA potential for a large cluster.
Finally we examine the q-AQUA potential for simulations of

bulk water properties. Specifically, classical molecular dynamics
(MD), path integral molecular dynamics (PIMD), and ring
polymer molecular dynamics (RPMD)25,25,26 were used to
calculate both static and dynamic properties of liquid water. All
the MD simulations were performed with the i-PI software,27

and more computational details about calculations are provided
in the Supporting Information.
Figure 3 shows the OO radial distribution function obtained

from classical molecular dynamics simulations at 298 K with

only 1-b and 2-b interactions included. As seen, the simulated
OO radial distribution deviates significantly from the exper-
imental measurement. The inclusion of 1-b and 2-b interactions
cannot sufficiently describe the water interactions in the
condensed phase. Panels A and B of Figure 4 show the q-
AQUA results for MD and PIMD simulations of the OO radial
distribution function over a range of temperatures for 1-b, 2-b, 3-
b, and 1-4 body interactions compared to experiment (data
taken from refs 28 and 29). Although the classical MD
prediction agrees substantially with the position of the peaks
in the distribution, it is noteworthy that the amplitudes of the
peaks do not agree well. For the quantum calculations, the
agreement is substantially better. These plots do lead to the

conclusion that for this property the 4-b interaction is not
needed to obtain the graphical level of agreement seen. Figure
S14 in the Supporting Information shows this RDF using q-
AQUA truncated at the 2-b, 3-b, and 4-b levels. As seen there,
truncating at the 2-b level does not give an accurate result.
Interestingly the peaks move to shorter OO distances in going
from the 2-b to 3-b and finally 4-b level of truncation. This
implies the presence of an effective additional attraction in going
to the higher level of n-body interaction. Figure S14 also
demonstrates that for these simulations, the many-body
expansion converges rapidly. The differences between the 1−
2-body, 1−3-body, and 1−4-body results decrease progressively
to a few percent, as does the difference between these results and
the experiment. Figure S16 compares the radial distribution
functions for the OO, OH, and HH distributions to
experimental results.
Next consider the self-diffusion constant as a function of

temperature obtained with q-AQUA using MD and RPMD
calculations. The results are given in Table 3. As seen, MD gets

the trend correctly but is low compared to the experiment,
whereas RPMD succeeds in coming close to the experiment.
The extent of quantum effects in the self-diffusion constant has
been discussed previously in the context of the approximate and
largely empirical q-TIP4P/F potential.26 This effect is estimated
at 1.15 using that potential, which is less than the factor of

Figure 3. OO radial distribution function from classical MD
simulations at 298 K using reduced q-AQUA potential up to and
including the 2-b interaction. The experimental data are from ref 28.

Figure 4.OO radial distribution function from classical (A) and path integral (B) molecular dynamics simulations at different temperatures. The blue
dashed lines are from reduced q-AQUA potential up to and including the 3-b interaction. The red dashed lines are from the full q-AQUA potential up
to and including the 4-b interaction. The experimental data are taken from refs 28 and 29.

Table 3. Dynamical properties of liquid water from classical
and quantum simulations with q-AQUA potential

self-diffusion coefficient D (Å2/ps)

temperature (K) classical RPMD expta

278 0.080 ± 0.016 0.130 ± 0.015 0.131
288 0.102 ± 0.017 0.177 ± 0.015 0.177
298 0.145 ± 0.012 0.226 ± 0.020 0.230
320 0.248 ± 0.011 0.331 ± 0.016 0.360

orientational relaxation time τ2 (ps)

temperature (K) classical RPMD exptb

298 3.2 ± 0.1 2.4 ± 0.2 2.5
aFrom refs 31 and 32. bFrom ref 33.

The Journal of Physical Chemistry Letters pubs.acs.org/JPCL Letter

https://doi.org/10.1021/acs.jpclett.2c00966
J. Phys. Chem. Lett. 2022, 13, 5068−5074

5071

https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.2c00966/suppl_file/jz2c00966_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.2c00966/suppl_file/jz2c00966_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.2c00966/suppl_file/jz2c00966_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.2c00966/suppl_file/jz2c00966_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.2c00966/suppl_file/jz2c00966_si_001.pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.2c00966?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.2c00966?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.2c00966?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.2c00966?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.2c00966?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.2c00966?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.2c00966?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.2c00966?fig=fig4&ref=pdf
pubs.acs.org/JPCL?ref=pdf
https://doi.org/10.1021/acs.jpclett.2c00966?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


around 1.5 in the present calculations. With respect to this
difference, we note the statement in ref 26 about “competing
quantum effects” and also where it was concluded that “... in our
q-TIP4P/F model, these two effects nearly cancel one another,
leading to a comparatively small net quantum effect on the
diffusion coefficient.” Evidently for the current water potential,
which is the first one including an ab initio 4-b interaction, there
is less cancellation of competing effects. The orientational
relaxation time at 298 K is also given and, as seen, is in much
better agreement when quantum RPMD is compared to the
classical MD.
Thus, for both the radial distribution function and especially

the diffusion constant, quantum effects are significant for liquid
water. And it is clear that q-AQUA provides accurate results
when coupled with quantum dynamics. Space does not permit a
detailed discussion of these studies, but we simply note that the
present calculations find significant quantum effects in both, and
especially for the diffusion constant the magnitude seen here is
consistent with recent results using an empirical water
potential.30 For the first time the effect of the 4-b has been
shown to decrease the diffusion constant somewhat. This
implies that overall the 4-b is an added attraction that retards the
diffusion, a result that seems quite reasonable to us.
Finally, we present some timing results for q-AQUA. For the

dynamics of 256 water molecules, Table S5 in the Supporting
Information provides information for the time required for each
of the n-body steps and for the total, with and without periodic
boundary conditions (PBC), for one 2.4 GHz Intel Xeon core or
eight using OpenMP, and for both the energy alone and for the
energy and gradients. The number of calculations required for
each n-body component is also shown. The energy cost for the
combined n-body components is about 2 s without PBC and
about 4.5 s with PBC. The cost to get all gradients is about 2.3−
2.4 times the cost of the energy due to the efficiency provided by
the implementation of reverse derivatives.5 Using eight cores
rather than one speeds up the process by a factor of 6.2−6.6. The
most expensive part of the process is the calculation of the four-
body interactions, of which 268 304 or 115 922 are evaluated
with or without PBC, respectively. For a single 200 000-stepMD
trajectory with 256 water molecules under PBC, it takes around
40 h when 15 CPU cores are used. For some calculations, it may
be possible to truncate the MBE after the 3-b interactions, in
which case the times are cut by more than a factor of 2.
In summary, q-AQUA is a new water potential that is fully ab

initio-based and robust for quantum simulations. An interesting
aspect of this potential is that it can be used very efficiently at
lower levels of the many-body expansion and higher-body
interactions can be investigated via approximate methods such
as perturbation theory. This opens up a new line of investigation
that can be studied in the future.

■ COMPUTATIONAL DETAILS

The q-AQUA potential is composed of separate PIP fits for each
of the n-body interactions with n = 1−4. The 1-b fit is the
spectroscopically accurate water monomer PES calculated by
Partridge and Schwenke.13 The 2-b through 4-b fits are purified,
compacted fits (2-b is not purified) to new, expanded data sets
containing CCSD(T) energies for 71892, 45332, and 3692
geometries, respectively. The processes for purification and
compaction as well as for the addition of reverse derivatives to
provide gradients are described in the Supporting Information,
along with additional details for each of the fits.

Briefly, the 2-b fit used a basis set of PIPs with seventh-order,
42 symmetry; it has an RMS error of 25 cm−1. The data set was
limited to OO distances in the range from 2 to 8 Å, whereas the
long-range 2-b interaction was accounted for by a dipole−dipole
interaction using a high-level dipole moment surface34 and a
smooth switching function.
The new PIP 3-b PES is a significant advance over the earlier

one used in theWHBB PES. First, 45 332 electronic energies are
calculated at the CCSD(T)-F12a/aVTZ level of theory with
BSSE correction included. This new 3-b data set extends over a
broader energy range and covers a larger maximumOO distance
range from 2.1 to 10.0 Å. We then divided the new 3-b data set
into two separate sets: one with maximum OO distance in the
range from 2.0 to 7.0 Å with 42 145 structures and another with
maximum OO distance in the range from 5.0 to 9.5 Å, with
15 282 structures. The short-range data set was fit using fourth-
order 222111-symmetry PIPs ofMorse variables, while the long-
range data set is fit using third-order 222111-symmetry PIPs of
inverse internuclear distances. The fitting RMS errors for the
short-range and long-range data sets are 9 and 11 cm−1,
respectively. A smooth switching function is used to join the two
fits.
We recently reported the first CCSD(T)-based PES for the

12-atom 4-b interaction,12 and the 4-b used in q-AQUA is an
improved version of that PES. Here we just briefly describe the
improvement. First, the size of the data set is expanded to 3692
from the original 2119 in order to cover more tetramer
configurations. Second, we grouped the polynomials with the
same coefficient into one polynomial so that the data set does
not have to be replicated 24 times for the fit, and the number of
polynomials is greatly reduced. Lastly, the polynomial basis is
augmented with a selection of fourth-order PIPs. The final basis
set consists of 200 (grouped) polynomials, and the RMS fitting
error is 7.2 cm−1. (For comparison, the RMS is 10.2 cm−1 if the
original basis is used to fit the expanded data set.)
Details of the hexamer results, the diffusion Monte Carlo

calculations, and theMD and PIMD simulations are found in the
Supporting Information.
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