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Upper bound for the grand canonical free energy of
the Bose gas in the Gross—Pitaevskii limit
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We consider a homogeneous Bose gas in the Gross—Pitaevskii limit at temperatures that are
comparable to the critical temperature for Bose—Einstein condensation in the ideal gas. Our main
result is an upper bound for the grand canonical free energy in terms of two new contributions: (a)
the free energy of the interacting condensate is given in terms of an effective theory describing its
particle number fluctuations, (b) the free energy of the thermally excited particles equals that of a
temperature-dependent Bogoliubov Hamiltonian.
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1. Introduction and main results

1.1. Background and summary

The dilute Bose gas, that is, a bosonic system with rare but strong collisions, is one of the most fundamental
and interesting models in quantum statistical mechanics. Its prominence is mostly due to the occurrence of
the Bose—Einstein condensation (BEC) phase transition and its numerous phenomenological consequences.
Triggered by the experimental realization of BEC in ultra cold alkali gases in 1995, see [4, 23], and by
the subsequent experimental progress, in the past two decades there have been numerous mathematical
investigations of dilute Bose gases in different parameter regimes.

The most relevant parameter regime for the description of modern experiments with cold quantum gases is
the Gross—Pitaevskii (GP) limit. Here the scattering length of the interaction between the particles is scaled
with the particle number N in such a way that the interaction energy, in the limit N — oo, is of the same order
of magnitude as the spectral gap in the trap. It has been shown in [43] that the ground state energy per particle
can, in this limit, be approximated by the minimum of the GP energy functional. Moreover, approximate
ground states of a trapped Bose gases display BEC and superfluidity, see [39,41]. The derivation of the GP
energy functional has later been extended in [40, 56] to the case of rotating gases, see also [49]. In such a
system, the one-particle density matrices of approximate ground states can be shown to converge to a convex
combination of projections onto the minimizers of the GP energy functional.

As predicted by Bogoliubov in 1947 in [14], the subleading correction to the ground state energy of a
dilute Bose gas is given by the ground state energy of a certain quadratic Hamiltonian (called Bogoliubov
Hamiltonian). Recently, this claim could be proved in the GP limit for a homogeneous Bose gas in [10, 12],
for a homogeneous Bose gas with a slightly more singular interaction (Thomas-Fermi limit) in [2, 15], and
for a trapped Bose gas in [17, 18,48, 50]. The two-dimensional case has been investigated in [20,21]. In
all these works it was also possible to compute the low-lying eigenvalues of the Hamiltonian as well as the
corresponding eigenfunctions. Simplified approaches in the homogeneous case have been provided in [34,35],
and a second order upper bound for a system with hard core interactions was proved in [5]. A Bose gasin a
box with Neumann boundary conditions has been studied in [13].

Low energy eigenstates provide an accurate description of a Bose gas at zero temperature. However, the
understanding of the model at positive temperature is essential for the full description of experiments and
crucial for the mathematical understanding of the BEC phase transition. In this case one is interested in the
free energy and the Gibbs state, which are natural equivalents of the ground state energy and the corresponding
eigenfunction. A trapped Bose gas in a combination of a thermodynamic limit in the trap and a GP limit was
studied in [26]. There it could be shown that the difference between the free energy of the system and that of
the ideal gas is approximately given by the minimum of the GP energy functional. Moreover, the one-particle
density matrix of approximate minimizers of the free energy are, to leading order, given by the one of the ideal
gas, where the condensate wave function has been replaced by the minimizer of the GP energy functional. This,
in particular, establishes the existence of a BEC phase transition in the system. Comparable results have been
obtained also for a homogeneous Bose gas, see [25].

Consider an approximate ground state of a trapped Bose gas. Its dynamics after the trapping potential has
been switched off can, in the GP limit, be described by the time-dependent GP equation, see [7,16,28,29,36,53].
The dynamics of approximate positive temperature states has so far been studied only for mean field (high
density) systems. More information about the derivation of effective evolution equations for bosonic many-



particle systems can be found in the reviews [8,51].

The GP limit is appropriate to describe experiments with 10?—10° alkali atoms. In contrast, truly macroscopic
samples with particle numbers of the order of the Avogadro constant Ny ~ 6.022 x 10> are well-described
by the thermodynamic limit followed by a dilute (i.e., low density) limit. The asymptotic behavior of the
specific energy in this setting has been obtained in [27,45]. Results in two and one space dimensions can be
found in [46] and [3], respectively. Also the next-to-leading order correction (Lee—Huang—Yang (LHY) term)
predicted in [37] could recently be established, see [6, 60] (upper bound), [31, 32] (lower bound), and [30]
(comparable result in two space dimensions). A two-term expansion for the free energy of the three-dimensional
system has been proved in [61] (upper bound) and [58] (lower bound), and for the two-dimensional system
in [47] (upper bound) and [24] (lower bound). In the latter case the result depends on the critical temperature
of the Berezinskii—Kosterlitz—Thouless critical temperature for superfluidity. Finally, a LHY type lower
bound for the free energy at suitably low temperatures, where the contribution of the excitation spectrum and
the LHY correction are of the same order, has been proved in [33]. For a more extensive list of references
concerning static properties of Bose gases we refer to [42,54].

In the present article we consider a homogeneous Bose gas in the GP limit at temperatures of the order of the
critical temperature for BEC. Our main result is an upper bound for the grand canonical free energy in terms
of two new contributions. The first is the free energy of the particle number fluctuations of the interacting
condensate and is described by a suitable effective theory. The second new contribution is related to the free
energy of thermal excitations over the condensate. For temperatures of the order of the critical temperature,
the number of excited particles may be of the same order as the number of particles in the condensate, and
Bogoliubov modes need to be described in terms of a temperature-dependent Bogoliubov Hamiltonian. To
obtain our upper bound, we construct a trial state as follows: particles in the condensate are described by
a convex combination of coherent states, which allows us to increasing their entropy. The excitations are
described by a Gibbs state of free bosons with Bogoliubov dispersion relation. The resulting state is a convex
combination of quasi-free states, which we further transform to include two-body correlations. To do this
we employ a suitable second quantized quartic operator. When computing the energy of our trial state, this
operator allows us to renormalize the interaction potential and to show that the result only depends on the
scattering length.

1.2. Notation

For two functions a and b of the particle number and other parameters of the system, we use the notation
a < b to say that there exists a constant C > 0 independent of the parameters such that a < Cb. If we want to
highlight that C depends on a parameter k we use the symbol <. If a S band b < awe writta ~banda =~ b
means that a and b are equal to leading order in the limit considered. By C, ¢ > 0 we denote generic constants,
whose values may change from line to line. The Fourier coefficients of a periodic function f : [0, L]* — C are
denoted by f(p) = f[o, L e~PX f(x) dx, and for two Fourier coefficients f, § we define their convolution as

Frap=17 > fr-9a@. (1.1)

per/L)Z3

This, in particular, implies ?E(p) = f*8(p).

1.3. Fock space and Hamiltonian

We consider a system of bosons confined to a three dimensional flat torus A with side length L. In what follows,
we could set L = 1 but we prefer to keep a length scale to explicitly display units in formulas. The one-particle
Hilbert space of the system is given by L*(A, dx), with dx denoting Lebesgue measure. We are interested in



the grand canonical ensemble, that is, in a system with a fluctuating particle number. The Hilbert space of the
entire system is therefore given by the bosonic Fock space

F (LA, dx)) = @Lz (A", dx) (1.2)

sym
n=0

over L*(A, dx). Here Lfym(A”, dx) denotes the closed linear subspace of L?>(A", dx) consisting of those
functions ¥(xi, ..., x,,) that are invariant under any permutation of the coordinates xi, ..., x, € A. As usual, we

define L3, (A, dx) = C.

On the n-particle Hilbert space Lfym(A”, dx) with n > 1 we define the Hamiltonian

n

HD = Z —A; + Z v (d(x;, X)), (13)

i=1 1<i<j<n

where A denotes the Laplacian on the torus A and d(x,y) is the distance between two points x,y € A.
In the realization of A as the set [0, L]*, A is the usual Laplacian with periodic boundary conditions and
d(x,y) = mingezs |x —y — kL|. We also define H 1(\? ) = 0. The interaction potential is of the form

vw(d(x,y)) = N*v(Nd(x, )) (1.4)

with a measurable, compactly supported function v : [0, c0) — [0, co] and a parameter N > 0. We will later
choose N as the expected number of particles in the system. Our assumptions on v guarantee that it has a
finite scattering length a > 0. The scattering length is a combined measure for the range and the strength of
an interaction potential. For its definition we refer to [42, Appendix C] and Appendix A. A simple scaling
argument shows that the scattering length of vy is given by ay = a/N. Finally, the Hamiltonian Hy acting on
Z is defined by

Hy = P H,. (1.5)
n=0

1.4. Grand canonical free energy, Gibbs state and Gibbs variational principle

We are interested in a gas of bosons in the grand canonical ensemble. The usual thermodynamic variables used
to describe such a system are the inverse temperature, the chemical potential and the volume of the container.
The chemical potential can later be chosen to obtain a desired particle number. In this article we replace the
chemical potential in the above list of variables by the expected number of particles, which yields an equivalent
description of the system. This motivates the following definitions.

The set of states on the bosonic Fock space .# (L*(A, dx)) with an expected number of N > 0 particles is
defined by

Sy={TeB(F)|T>0,TrT = 1, Tr[NT] = N}, (1.6)

where -
N=EPn (1.7)

n=0

denotes the number operator on .%. For a state I' € Sy, the Gibbs free energy functional reads

FT) = Tr[HyI] - éS (I')  with the von-Neumann entropy  S(I') = — Tr[I" In(I")] (1.8)



and the inverse temperature § > 0. The grand canonical free energy of the system is defined as the minimum of
¥ in the set Sy:

1
F(B,N,L) = %nén FI) = W In (Tr[exp(=B(Hy — uN))]) + uN. (1.9)
€EON
Here the chemical potential u is chosen such that the unique minimizer

_ _Xp(B(Hy — uN))
Trlexp(=B(Hn — uN))]

of F satisfies Tr[NG] = N. The state G is called the (grand canonical) Gibbs state.

(1.10)

1.5. The ideal Bose gas on the torus

The bound that we prove for the free energy F (8, N, L) in (1.9) depends on several quantities related to the
ideal Bose gas on the torus. In this section we recall their definition and briefly discuss their behavior as a
function of the inverse temperature 3.

The chemical potential uo(B, N, L) < 0 of the ideal gas is defined as the unique solution to the equation

1
N = , 1.11
Z exp(B(p* — po(B. N, 1)) — 1 (1D

PEN*
where A* = (2r/L)Z3. The expected number of particles with momentum p = 0 and their density read
No(B, N, L) = (exp(-Bug) = )™' and  0o(B, N, L) = No(B, N, L)/ L, (1.12)

respectively. The asymptotic behavior of Ny in the limit N — oo is given by

NoB.N.L) [ B _ 1 N P
T =~ [1 - E:|+ with ﬂc = E (m) . (113)

We note that 8 in (1.13) usually depends on N. By £ we denote the Riemann zeta function and [x], = max{0, x}.
The above formula implies that the ideal Bose gas displays a BEC phase transition: If § = k. with k € (1, 00)
then No =~ N[1 — 1/«] and |up| ~ L72N~13_ In contrast, for B = kB, with x € (0,1) we have Ny ~ 1 and
luol ~ L~>N*/3. Finally, the grand canonical free energy of the ideal gas is given by Fo = FEEC + F;. Here

1
FgEC(B.N, L) = 510 (1= exp (Buo)) + oo (1.14)
denotes the free energy of the condensate and

FEBN.D = 7 3 n(1 - exp (B0 — ) + 1oV ~ No) (115)
PEA]

that of the non-condensed particles.

1.6. Main results

Our main result is the following upper bound for the free energy of the homogeneous Bose gas in the GP limit.



Theorem 1.1. Assume that the function v : [0, 00) — [0, o] is nonnegative, compactly supported, and satisfies
v(| - ) € L3(A, dx). Byo=N/ L3 we denote the particle density. In the combined limit N — oo, B = kf3; with
k € (0, 00) and B in (1.13), the free energy in (1.9) satisfies the upper bound

F(B,N,L) <F;(B,N, L) + 8mayL’0* + min{ FBEC — 8mayL30?2, FEEC)

1 16 ,N,L 16 N, L -
) [ raneol )—ln(l 4 LOTNB ))] + O(L72N12), (1.16)
ﬁpeAj p p
with og in (1.12), Fg¥C in (1.14), F} in (1.15), and
1
FBEC(B, Ny, L, ay) = 3 In ( f exp (B (4mayL7\2l* - plal?)) dz) + uNo(B, N, L). (1.17)
C

Here dz = dxdy/n, where x and y denote the real and imaginary part of the complex number z, respectively.
The chemical potential u in (1.17) is chosen such that the Gibbs distribution

( exp (—,8 (47raNL‘3|z|4 - ,ulzlz))
Z =
S T exp (B (dran L3l — k) dz

satisfies f lz2g(z)dz = No(B, N, L). (1.18)
C

The terms on the r.h.s. of (1.16) are listed in descending order concerning their order of magnitude in the
limit N — oo. The free energy of the non-condensed particles satisfies F; ~ L2N°/3. The second term is
a density-density interaction of the order L™2N. As we will see with Proposition 1.2 below, the energy of
the interacting condensate (the third term), contributes on two orders of magnitude (if x > 1): L™2N and
L™2N?/3 In(N). The term in the second line is a correction to the free energy of the non-condensed particles
coming from Bogoliubov theory, and is of the order L2N?/3,

The following proposition provides us with a simplified expression for FBEC above and below the critical

point. This, in particular, allows us to compute the minimum on the r.h.s. of (1.16).

Proposition 1.2. The following statements hold for given € > 0 in the limit N — oo:

(a) Assume that Ny > N>/%*¢. There exists a constant ¢ > 0 such that

In (4Bay/L>
FBEC(B, Ny, L, ay) = 4nayL N2 + % + O (L7 exp (-cN%)). (1.19)
(b) Assume that Ny < N°/°7%. Then
1 1
FPEC(B, Ny, L, ay) = 3 In(No) — 5t O (L72N?37%) (1.20)

holds. In particular, FBEC(B8, Ny, L, ay) is independent of ay at the given level of accuracy.

The interpretation of Proposition 1.2 is as follows: if the number of particles in the BEC is sufficiently large,
we see a contribution of the order L=2N2/3 In(N) in addition to the density-density interaction 47raNL_3N§. This
new contribution (the second term on the r.h.s. of (1.19)) is a consequence of the particle number fluctuations
in the BEC and will be discussed in more detail in Remark 1.4.(b) below. In contrast, if the expected particle
number inside the BEC satisfies 1 < Ny < N°/%7¢ its free energy equals that of an ideal gas to leading order.
The appearance of the exponent 5/6 is explained by the fact that 47raNL‘3N§ ~ L72N?3 if Ny ~ N>/6. This
should be compared to 1/ times the classical entropy of g (for a definition see (1.25) below), which, for
N? < Ny < N6 with e > 0, is always of the order In(N)/B ~ L72N?/3In(N). That is, in the parameter region



N3/6-¢ < No S N 3/6+¢ the effective theory of the condensate transitions from a regime where the interaction is
relevant to a regime where it is not. For those values of N the free energy FBEC does not have a form that is as
simple as that in (1.19) or (1.20).

Proposition 1.2 allows us to bring our main result into a form that is better suited for a comparison to the
existing literature, as stated in the following Corollary.

Corollary 1.3. Assume that the function v : [0, 00) — [0, o] is nonnegative, compactly supported, and satisfies
(| -]) € L3(A, dx). By o = N/L* we denote the particle density. We consider the combined limit N — oo,
B = kB with k € (0, 00) and B. in (1.13). If k € (1, 00) the free energy in (1.9) satisfies the upper bound

In (4Bay /L?)
F(B.N,L) <F§(B.N., L) + 4mayL? (20” - g§(B.N. L)) + —5
1 16 N, L 16 N, L
- Z [ ﬂaNQOi,B, L) ln(l N ﬂaNQogﬁ, ; ))] + O(L2N12) (121
B x p p
and if k € (0, 1) we have
F(B,N,L) < Fo(B,N, L) + 8nayL30* + O(L2N'/?) (1.22)

with Fy defined above (1.14).

If k € (1, 00) the minimum in (1.16) is attained by the first term and one obtains (1.21). In contrast, for
k € (0, 1) it equals the second term, which leads to (1.22). At the critical point (k = 1) the minimum is needed.
We have the following remarks concerning the above statements.

Remark 1.4. (a) The first two terms on the r.h.s. of (1.21) and (1.22) already appeared in an asymptotic
expansion of the canonical free energy in the GP limit in [25] (with a remainder of the order o(L™2N)).
To be precise, the result in (1.21) has been stated with Fj replaced by the canonical free energy F7 of the
ideal gas. From [25, Lemma A1] we, however, know that F; and Fj agree up to a remainder of the order
L72N?/31n(N). It is to be expected that the result in [25] also holds if the grand canonical ensemble is
considered. That is, the two ensembles are expected to be equivalent if one allows for remainders of the
order o(L™2N). We highlight that the first two terms on the r.h.s. of (1.21) had for the first time been
justified in the thermodynamic limit, see [61] (upper bound) and [58] (lower bound). The inclusion of
the remaining two (negative) terms in the upper bound for the free energy in (1.21) is therefore our main
new contribution.

(b) The third term on the r.h.s. of (1.21) is related to the particle number fluctuations in the BEC. Let us
explain this in some more detail: it is well known that a c-number substitution for one momentum mode
in the spirit of [25,44] (method of coherent states) introduces only a small correction to the free energy.
Motivated by this, we use a trial state of the form

Iy = f lz)(z| p(z)dz,  where |z) = exp(zay — Zao)|vac) (1.23)
c

to describe the BEC. Here a;; and ag denote the usual creation and annihilation operators of a particle in
the p = 0 mode and |vac) is the related vacuum vector. Moreover, p(z) is a probability distribution on
C w.r.t. the measure dz defined below (1.17). Let us assume that the interaction energy of the BEC is
described by the effective Hamiltonian 47raNL‘3a(’§a(’;aoao. The free energy of I'y is then given by

FBEC(Ty) = dmay L3 f l2* p(z) dz — %,S(Fo). (1.24)
C



From the the Berezin—Lieb inequality, see e.g. [9,38], we know that the last term on the r.h.s. is bounded
from above by —1/f times

Sp)=- fc P(2) In(p(2)) dz. (1.25)

When we minimize ¥ BE¢(I'y) with S (I'g) replaced by S (p) under the constraint f 21> p(z) dz = Ny over
all probability distributions p, we obtain FBEC in (1.17). The unique minimizer is the Gibbs distribution
g in (1.18). With the above considerations, Proposition 1.2.(a), and fc l21%g(z) dz = Ny we conclude that

2B

provided that Ny > N3/6+& holds for some fixed € > 0. That is, the term on the r.h.s. of the above
equation indeed describes the free energy related to the particle number fluctuations in the BEC. It is
interesting to note that this contribution vanishes in the thermodynamic limit because it is bounded from
above by a constant times In(N)/f.

(c) The Gibbs distribution g in (1.18) satisfies

2 In(16B8ay/L?
4rayL™ ( f l2l*g(z) dz - ( f 218 (2) dz) ]— %S(g) = M +0(L ™ exp(-cN®?)) (1.26)
C C

2
Var,(z1*) = f |Z|4g(z)dz—( f Izlzg(z)dz) ~ N33 (1.27)
C C

for (« > 1), which should be compared to the grand canonical ideal Bose gas. Here the same quantity is
of the order N2. This decrease of the number fluctuations in the BEC is a well-known effect caused by
the repulsive interaction between the particles. Motivated by the recent experimental realization of a
system with grand canonical number statistics, see [55], a discrete version of g in (1.18) has recently
been used in [59] to compute the particle number fluctuations in an interacting grand canonical trapped
BEC. To rigorously justify the computations in [59], it is necessary to show that g(z) approximates
Tr[|z){z|G] with the interacting Gibbs state G in (1.10). This is a very interesting mathematical problem,
whose solution is beyond the scope of the present investigation.

(d) The term in the second line of (1.21) is a correction to the free energy of the non-condensed particles
coming from Bogoliubov theory. It can be motivated by the following heuristic computation: We write
the Hamiltonian Hy in (1.5) in terms of creation and annihilation operators a;, and a), of a particle with
momentum p € A*. Next we replace ag and a;, by v/No, and $(p) by 4rayL~3. When we additionally
neglect cubic and quartic terms in a;, and aj,, we obtain the Bogoliubov Hamiltonian

J{Bos _ Z pasa, + 4mayoo(B, N, L) Z (Zaf,ap +a,a, + apa_p). (1.28)
pEAi pEAi

A careful analysis shows that the grand potential ®B°¢(8, uo, L) associated to HB¢ with g in (1.11)
satisfies (compare to Lemma B.1 in Appendix B)

|
DP2(B, o, L) =5 > ln(l — exp (ﬁlp2 — ol \/p2 — o + 167raNQo))

PEA]
1
-3 D" In(1—exp(=B(p? - o)) + 8man L3 (@ - e0)eo
PEN
1 16 N, L 16 N, L
1 Z manoo(B, N, )—ln 14+ manoo(B, N, L) +o(L2N*3).  (1.29)

The first term on the r.h.s. contributes to F;, the second term is part of the density-density interaction
energy, and the third term is the novel contribution in the second line of (1.21).



(e)

()

(2

(b)

®

@

In [10] it has been shown that eigenvalues E of H I(VN) in (1.3) that satisfy E < L2N'/® are, to leading
order, as N — oo, approximated by those of a Bogoliubov Hamiltonian. If we compare this energy scale
to our temperature 1/8 ~ 1/8. ~ L™2N*/3, which is a measure for the energy per particle in our system,
we see that the result in [10] is far from being sufficient to draw conclusions about the free energy.

It is interesting to note that if one replaces ay by a and takes the thermodynamic limit (N, L — oo with
o = N/L? fixed) of the last term in (1.29) divided by L?, one obtains

__ l6magy 167009 _16VT g
26(2n)3 fw[ 2 ln(1+ 72 )] dp = N (a00)™'*. (1.30)

The r.h.s. has been conjectured to appear in the asymptotic expansion of the specific free energy in the
dilute limit, see [52, Theorem 11]. There it is shown that minimizing the free energy functional (1.8)
over the class of quasi-free states leads to (1.30) with the scattering length replaced by its first Born
approximation.

The minimum in the third term on the r.h.s. of (1.16) is needed because FBEC fails to describe the free
energy of the BEC correctly if Ny ~ 1 (& « < 1). This is related to the fact that we describe the discrete
random variable associated to the operator ajap by one that is continuous.

Theorem 1.1 is stated and proved for fixed « € (0, o). Our proof can, however, easily be extended to
cover the case when « depends on N provided « > 1 holds.

We expect the upper bound in Theorem 1.1 to be accurate up to a remainder of the order o(L™2N?/3).
That is, we expect it to be possible to prove a matching lower bound.

In case of the canonical ensemble we expect that Fj + F BEC needs to replaced by F ot 47T(INQ(2), where
F denotes the free energy of the canonical ideal gas. This is a consequence of the fact the variance of
the number of condensed particles in the canonical ideal gas lives, for § = k8. with k > 1, on the scale
N*/3. This needs to be compared to (1.27) and (1.26). For a thorough analysis of condensate fluctuations
in the canonical ideal gas we refer to [22].

1.7. Organization of the article

We prove Theorem 1.1 with a trial state argument. In Section 2 we define our trial state and establish some of
its properties that are needed for proving an upper bound for its free energy. In Section 3, which is the core of
our analysis, we provide an upper bound for the energy of our trial state, and Section 4 is devoted to an estimate
for its entropy. Finally, in Section 5 we use these results to give the proof of Theorem 1.1. To not dilute the
main line of the argument, we deferred some technical parts of our proof to an Appendix. In Appedix A we
collect known properties of the solution to the scattering equation in a ball with Neumann boundary conditions.
Appendix B contains the proof of an expansion of the free energy related to a Bogoliubov Hamiltonian in the
spirit of (1.29). Finally, in Appendix C we prove Proposition 1.2 as well as some lemmas concerning FBF€ in
(1.17) and g in (1.18).

2. The trial state

In this section we define our trial state and collect some of its properties.

2.1. Definition of the trial state

We start our analysis with the definition of a trial state. To be able to distinguish between different parts of
the system as e.g. the condensate, thermally excited particles, and the microscopic correlations between the



particles induced by vy, we start by introducing several subsets of the momentum space A*. Let dg, o1, 0y > 0
with 6g < 1/3 and 61, + 0y < 2/3 and define

Py :={peA"|lpl < N'/L),

Py :={peA"|0<|pl <N"/L},

Py:={pe A"|N°/L<|p| < N'3*u/L},

Py :={peA"||pl 2 N'™"/L}. 2.1

Our assumptions on the parameters assure that Pg C Pp and Pr. N Py = (. Later, all parameters defined above
will be chosen independently of N. The meaning of our sets in (2.1)—(2.1) is the following: the set Pr is
appropriate to describe the BEC and the thermally excited particles described by our trial state. To that end, it
is sufficient to choose ¢r, > 0 as small as we wish. For any 65 > 0, the set Py is large enough to describe the
Bogoliubov excitations in the system. The part of the trial state with support in .7 (L?(Py)) will be chosen as the
Gibbs state of an ideal gas. That is, for these modes Bogoliubov theory is not relevant. Finally, the microscopic
correlations between the particles induced by the singular interaction vy will be chosen to live in the set Py.

It is convenient for us to introduce the following decomposition of the bosonic Fock space:
F(LAA, dx)) = Fo® T ® F1 ® F-, (2.2)

where .%( denotes the Fock space over the p = 0 mode, .%p is the Fock space over LZ(PB), 1 denotes the
Fock space over L*(Py), and .%. is the Fock space over all remaining momentum modes. Moreover, by = we
denote unitary equivalence. In the following we will, without explicitly mentioning it, use the same symbol
for an operator acting on .% and for its unitary image acting on .%( ® . ® %1 ® .%-. By a*(g) and a(g) we
denote the usual creation and annihilation operators of a particle in the function g € L*(A, dx), which satisfy
the canonical commutation relations

la(g),a" (W] = (g, h), la(g),a(m] =0 =[a"(g),a"(W)]. (2.3)

We also use the notation a, = a(y¢,) with the plane wave L3/2¢1P* Tn this special case the first identity in (2.3)
reads [ap,aj‘l] =0pg-

We are now prepared to define our trial state and start by introducing the Bogoliubov Hamiltonian

N 9N’L A 7~ * * ok =
H® = > (0 - po)dya, + % > o fup) [2apa, + Gl ayal, + Gl apa,| (2.4
pGPB pEPB

with uo in (1.11), 0o in (1.12), and the Fourier coefficients fN = fA e~ iP¥yy(x) dx of the solution fy(x) to a
version of the zero energy scattering equation that will be introduced more carefully below. We also recall our
definition of the convolution in (1.1). By

exp(—BH®)
Tr 7, [exp(—BHB)]

Gp(2) = 2.5

we denote the Gibbs state related to H®, which acts on .%5. We also introduce the Gibbs state of the ideal gas

exp(-BdI'(1(-1V € P)(-A — )

G Tee — - ,

(2.6)

acting on .%1. With these definitions at hand, we define the state I’y without microscopic correlations between
the particles by

Lo = fc |2){zl ® GB(2){(2) dz ® Gree- 2.7
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Here |z) is the coherent state in (1.23). The probability distribution {(z) is given by

exp (~ (4man L31el* — )
[ exp (=B (4may L3121 — FlzP)) dz

{(z) = (2.8)

i.e., it equals g(z) in (1.18) except for the fact that the chemical potential z in the definition of ¢ is chosen s.t.
Tr[NTo] = N holds (see also (2.34) below). Since the gllemical potential in the definition of Gg(z) is fixed this
may be possible only if N is large enough. We define Ny by

No = f 21%¢(2) dz. (2.9)
C

In Lemma 2.6 we show that ]VO equals Ny in (1.12) up to a correction of the order L*Ny/ (BN) ~ N23if Ny ~ N.
In the computation of the free energy of our trial state we obtain the term FBEC(g, No, L, ay). To replace this
free energy by the same expression with No replaced by Ny, we use Lemma C.1 in Appendix C. It is important
to note that the difference between these two free energies yields a contribution of the order L‘ZNS /N. More
details concerning this issue can be found in Section 5 in the analysis following (5.16).

The definition of the condensate part and the part of our trial state related to the Bogoliubov modes
p € P have been motivated in Remark 1.4.(b) and (d), respectively. For higher momenta the Bogoliubov
dispersion relation \/ P — 1o \/ p* — 1o + 16mayo) resembles p2 — Uo, to leading order. We find it therefore
more convenient to describe the thermally excited particles with momenta in Py by Ggee. The Bogoliubov
Hamiltonian in (2.4) depends on z/|z| because the condensate is described by the coherent state |z){z|. The
complex phase z/|z| will cancel out in the computation of the energy but its inclusion here is crucial for certain
terms not to vanish.

In the final step, we dress our trial state with a correlation structure that describes the microscopic correlations
introduced by vy. Let fy denote the ground state solution to the Neumann problem

(=A +vn(0)/2) fn(x) = AN fn () (2.10)

on the ball B;(0) with some fixed 0 < £ < L/2. We assume that fy is normalized such that it equals 1 on dB.(0)
and we interpret it as a function on A by extending it by 1 outside of B,(0). Eq (2.10) is a finite volume version
of the zero energy scattering equation Af(x) = v(x) f(x)/2 with boundary condition limj, f(x) = 1 on R3.
We also define

My = fv(p) — IAI5 0. @2.11)

More information on the functions fy and 1, can be found in Appendix A. With 7, at hand, we define the
two-body operator
1 * *
B = m Z Mp Ay pQy—pQudly 2.12)
PEPH, u,vePyL,
on .%. Except for the restriction of the momenta, it is a multiplication operator with the inverse Fourier
transform of the function 77,. We apply the spectral theorem to write I'g = }}, Ao/ ){¥«| and define our trial
state I by
(I + B

(T + B)all

The general idea behind the way we introduce correlations is as follows: let us for the sake of simplicity
consider an N-particle wave function ¢ that we want to dress. A natural way to introduce correlations is
to multiply ¢ with a Jastrow factor [];.; fn(x; — x;). When we write fy = 1 — wy and expand the product
in powers of wy, we obtain (1 — ;. jwn(xi — x;))¥ plus higher order contributions in wy. Except for our

T= ) Aalga)gal, where g, = (2.13)

a=1
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momentum cut-offs, these first two terms equal (1 + B)y. Since higher order corrections in wy are not necessary
to obtain the correct energy in the GP limit, we omit these contributions. The restrictions of the momentum
sums in the definition of B turn out to be mathematically convenient. Intuitively, p € Py and u, v € P because
1, can be well approximated with momenta in Py and Gg(z) and Gyree can be well approximated with momenta
in Pp. Correlation structures that are similar to the one introduced by B have been used at zero temperature
n [10, 12]. A similar approach to describe correlations can be found in [60,61]. In the remainder of this article,
we prove an upper bound for the free energy of I' that implies Theorem 1.1.

2.2. Preparatory lemmas

In this section we state and prove several lemmas that are needed for the computation of the free energy of I in
(2.13). We present them here to not interrupt the main line of the argument in Section 3.

Properties of the state Gg(2) ® Grree

The first lemma provides us with a Bogoliubov transformation that diagonalizes the Bogoliubov Hamiltonian
H?B in (2.4). Before we state it, we introduce the following notation. For fixed z € C and p € A*, we define the
functions ¢, .(x) = (z/ |lz))L=3/%€'P*, which are planes waves with a z-dependent phase. By a;z =a*(¢p,) and
ap. = a(y, ;) we denotes the operators that create and annihilate a particle in the function ¢, ., respectively.
Since {¢) ;) pe2rz/1 1s an orthonormal basis of L*(A, dx) the operators a;‘,’z and a,; satisfy the canonical
commutation relations in the form stated below (2.3). We also define the (unitary) Bogoliubov transformation
U, by its action on our z-dependent creation and annihilation operators in the following way (p € Pp):

cay, Uy = upa, , +vpa_p., Uiap, U, = upay, +vpa’, . (2.14)
The z-independent coeflicients u, and v, are defined by
1/4 ~1/4
; _l( P’ = ko ) +l( P> = o ) and
p - ~ A ~ A~
2\p? — o + 205 * fn(p)oo 2\p? — o + 205 * fn(p)oo
1 2 1/4 1 2 -1/4
vp:_( . ) __( F—m_ ) 2.15)
2\p? = po + 20n * fv(p)oo 2\p? — po +20n * fn(p)oo

with o in (1.11) and gg in (1 12), respectively. The function ¥y * fN( p) may take negative values. However,
we claim that there exists N € N such that it is nonnegative uniformly in p € Pg provided N > N. To prove
this, we note that

1
Py fv(p) = D = fiv(0) — Ipl fo IViy * fu(tp)ldt > Dy + fiy(0) — NL™! f yv()fylxldx.  (2.16)

A

By Lemma A.1 we know that 0 < fy < 1; we use this and va(x)lel dx/L = N7Y| |- v to see that
the last term on the r.h.s. is bounded by a constant times LN°®~2. Since 0 < g < 1/3 by assumption, and
Py fN(O) =N"! f v(x)f(x)dx 2 LN~ by (A.3), the claim is proved. In particular, it assures that u, and v,
are well defined. In the following we will always assume that N > N, and hence Py * fu(p) =0 for p € Pg.

We are now prepared to state our first lemma.
Lemma 2.1. The Bogoliubov Hamiltonian H® in (2.4) satisfies

UHPU = Eg+ ) s(p)ajay (2.17)

PePy
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with

~ 1 o
£0) = NP>~ o \[p? = o + 20+ fulploo and  Eo = p; [ = o + 00dn * fv(p) - &(p)].
B
(2.18)

Proof. To see that the Bogoliubov transformation U, diagonalizes B, we note that the latter can be written as

* QO([B’ N7 L) N A * P
HB = Z (p2 - ,uo)ap,zap,Z + B — Z w * fv(p) [ZaP’Zap,Z +a,.a’, + apgza_p,z] . (2.19)
PEPB pEPy

Eq. (2.17) now follows from a standard computation that uses (2.14) and (2.19), see e.g. [11, Lemma 5.2]. O

Remark 2.2. It is worth noting that, although H® depends on z € C, the r.h.s. of (2.17) is independent of z.
This is related to the fact that the z-dependence of H® is quite simple: all functions of the plane wave basis are
multiplied by the same complex phase.

Next, we compute the 1-pdm and the pairing function of the state Gg(2) ® Gree-

Lemma 2.3. The I-pdm and the pairing function of the state Gg(z2) @ Ggree With Gg(z) in (2.5) and Gyree in
(2.6) are for p,q € Pg U Py given by

Tt 7407 (a,0,GB(2) ® Grieel = 0pg¥(p)  and  Trzye71aya,GB(2)  Gireel = 6, g(z/I2Y a(p),  (2.20)

respectively. Here

_ 2,2 ! 2 1
v =Hpers) ((”" V) e — 1 T ”P) e B oy -1
2
a(p) =1(p € PB)upr (W + 1) (2.21)

with &(p) in (2.18).

Proof. We start by noting that the special form of the 1-pdm and the pairing function in (2.20) follows
immediately from the translation invariance of the state Gg(z) ® Gfree. To compute y(p), we write

Trﬁg&% [af]apGB (2) ® Gfreel = Tr,%g&% [w;a;apﬂzﬂ; G()U; ® Greel. (2.22)

Using a, = (z/|z])a, . and Lemma 2.1, we see that

1
TroyeslagayU;Ge(DU] = 6pg——7F—,
t e layay U, Ge()U,] P9 exp(Be(p) — 1
Trzes [a;a;ﬂ;GB(Z)q/{z] =0=Treesn [aqapw;GB(Z)wZ] (2:23)

holds for p,q € Pg. We also have
1

@ exp(B(p? — po) — 1’
Trﬁg&fﬁ [a;a;Gfree] =0= Trfﬁ;@f[ [aqaprree], (2.24)

Trfg@f] [aj]aprree] = 617

for p,q € P1. Since Gp(2) ® Gy 1s a quasi-free state we know that the expectations in (2.20) vanish if one
momentum is in Py and the other in P;. When we use (2.14), a, = (z/lzl)a,z, (2.23) and (2.24) on the r.h.s.
of (2.22), we obtain the claimed formula for the 1-pdm. The formula for the pairing function follows from a
similar computation. O
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We highlight that the pairing function of Gg(z) ® Ge depends on z/|z|, while the 1-pdm does not. We state
now a result useful to estimate momentum sums. Its proof can be found in [25, Lemma 3.3].

Lemma 2.4. Let f : [0,00) — R be a nonnegative and monotone decreasing function and choose some « > 0.
Then

L3 3r 6
Z SUpDL(pl = «) < (ﬂ) f|p|z[K— 3], SApD (1 + il + Ll_pz) dp. (2.25)

PEA]
The next lemma provides us with bounds for the functions y and a.

Lemma 2.5. The functions vy and « in (2.20) satisfy the pointwise bounds

1
y(p) < 1(p € PL\{O}) +1(pe PB)L4_p4 and

exp(Bp?) - 1

1 1
la(g)l < 1(p € PB)L2_p2 (1 + —2) (2.26)

Moreover, for n € {0, 1} we have

1 ifn=0
! < L33 G2 L 17 (N)  with ¢,(N) = as well as
2, Ipl'(p) W(N) W =GN e

peEA}
D IpMedp)l § LB eu(N) + LN Do 2.27)
PEA;
Finally, the number of particles with momenta in Py is bounded by

2N63
Zy(p)s1+ 5 (2.28)

pePy

Proof. We start by noting that

» 1 P* = 1o 1 P* = Mo

1/2 -1/2
e s ey v MR s ery v R
P> — o + 20n * fn(p)oo P> — o + 20n * fn(p)oo

(2.29)

N —

As already remarked above, we can assume that 29y * fN(p) > 0 holds uniformly in p € Py (see (2.16)). In
combination with the bound 0 < (1 + x)™1/2 + (1 + x)!/?2 =2 < x?/4 for x > 0 and p < 0, this implies

(00w * fN<p>>2'

vy < P (2.30)
Using 0 < fy < 1, we see that
oy * fv(p)l < j;\ () fy(x)dx < N7! f;\ v(x) dx, (2.31)
and hence N2 |
s sz“ < (2.32)

The bounds for y(p) and |a(p)| now follow from (2.21), (2.32), ulz,—vlz, = land &(p) > p?>—po > p*. The bounds
in (2.27) and (2.28) are a direct consequence of the pointwise bounds for y(p) and |@(p)| and Lemma 2.4. O
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Properties of the state I'j

Recall definition (2.9) for ﬁo, the expected number of particles in the condensate of our trial state I'y. We
highlight that if we know No we can compute the chemical potential x in the definition of Z, see the discussion
below (2.7). In the following lemma, we prove a bound for No showing that it is close to Ny in (1.12) in a
suitable sense.

Lemma 2.6. Assume that 8 > .. There exists a constant ¢ > 0 such that No satisfies the bound
NoL? N§
Ng N2

INo — Nol < + exp(—cN¥L). (2.33)

Proof. The expected number of particles in the state I'y equals N, that is,

V= [TV e 6a @ ekt = [ EPE &+ Y ) (2.34)

PEAL

where we used Lemma 2.3 to obtain the second identity. We apply Lemma 2.3 and the identity uf, - vf, =1to
see that the part of the sum on the r.h.s. that runs over Pg can be written as

1
= 2 op@en =1 2 v2 235
,,;B ) ,;B expBe(p) 1 ,,; exp(ﬁe(p»—l "+,;B 23

with &(p) in (2.18) and vlz, in (2.29). We use &(p) > p?, (exp(x) — 1)~! < 1/x, and the bound for vlz7 in (2.32) to
see that the second term on the r.h.s. is bounded by

1 1 N2 N2L2
2z—lv§s — 0 (2.36)
S exp(Be(p) — 17~ L4 Bp? N2Lip* = N
Moreover, for the third term
N2
2
2. S (2.37)
PEPB
holds.
We also claim that
1 1 NoL?
> ( - > ) < == (2.38)
L \expBe(p) =1 exp(B(p? —po) —1)| ~ NP
To see this, we write
| 1 fl ﬁ(PZ _,UO)( ’1 + ZQo;N*l]:N(P) 1)
= - - (2.39)
exp(Be(p)) =1 expB(p> — o)) — 1 Jo 4sinh? ((¢(p? - o) + (1 — Ne(p))/2)
Using | V1 4+ x — 1] < x/2 for x > 0 and (2.31), we check that
2 2
2009w * N (P) _q QOVN * fn(p) < 9(2)||V||1 < — 1\;0 ' (2.40)
P> = 1o T N(p* — o) ~ NL(p* — po)
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In combination, (2.39), (2.40), &(p) > p?> — uo and pg < 0 imply

1 1 NoB No 1
Z(ex Be(p)) -1 exp(B(p? — —1) NL2Z 2 NLZZ_4’ (241)
Py \EXP(BE(P exp(B(p” — Ho)) sinh (,B(P — Ho0)/2) B pens P
which proves (2.38).
When we put (2.34)—(2.37) and (2.38) together and use (2.21), we find
— 1 NoL?
N =Ny + Z . +0( 0 ) (2.42)
exp(B(p~ — Ho)) NB

pePL\{0}

with N in (2.9). The second term on the r.h.s. can be written as

2.43
2 xp(B ﬂo))—l = 2\ o ,uo))—l P e /10))—1 (243)

pePL\{0 PEN; peP]

where Pi denotes the complement of the set Pr.. The first term on the r.h.s. equals N — Ny with Ny in (1.12)
and the second term satisfies the bound

12 12
1 1 1

< < exp(—cNPY)N (244
p;c exp(B(p? = po)) ~ 1 (exp(ﬂNZ/WL)—l) ,,GZA“* (expw<p2—uo)>—1) eXp(-eNTRN (2.44)
L +

for some ¢ > 0. To obtain (2.44), we used 8 = . and the definition of P in (2.1). When we put (2.42)—(2.44)
together, and use the assumption ¢, > 0, we obtain a proof of (2.33). O

For the computation of the energy of I'y we need to know its 2-particle density matrix (2-pdm), which is
stated in the next lemma.

Lemma 2.7. The 2-pdm of the state T'y in (2.7) reads

Tro [am v auzaver] = 5u1,06v1,06ug,06v2,0 f |Z|4§(Z) dz
C
+ ﬁo [7(V1)5t’1,vz5u1,05u2,0 + 7(”1)6u1,u26v1,05vz,0 + 7(”1)5141,\/251)1,05142,0 + y(vl)évl,M26u1,05V2,O]
+ No [@(2)01,,v26u.080,.0 + @WUDGu; 2,01 08,0

+ Y@1YV 1)0uy ur Oy vy + YWD YV1)Ouy 200y ur + @) @(U2)0y,—y; Oy, v, (2.45)
with No in (2.9) and y, @ in (2.21).

Proof. We denote by ‘W, = exp(za; — zap) the Weyl transformation that implements the condensate. Using
WiayW, = ap + z, we find

Tre [au] Haugavzr‘O] = f Trﬂg@?[ [AM],Vl,MQ,VQGB(Z) ® Gireell(z) dz (2.46)
C
with the operator

4
AM1,V1,M2,V2 =|z| 6141,06V1,06L12,06V2,0
2( * % * *
+ |z| (avlavzéul 06L12 o+ aulau26v1 051)2 o+ aulavz6v1,06u2,0 + avlau25u|,06vz,0)
+7 611,211‘,25”1 00,0 + 2a a’ 81,.000,.0 + A, @) Ay, @y, . (2.47)

uyp—vy uj Vl
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An application of Lemma 2.3 allows us to compute the terms proportional to |z|*, z*> and Z2. It remains to
compute the expectation of the last term in (2.47). Since Gg(z) ® Grree 1S a quasi-free state we can apply the
Wick theorem and find

Trﬂg@fﬁ [a:;l aﬁl Ay, Ay, Gp(2) ® Gfree] = Tr,%g@ﬂ} [a;; 1 GQuy Gp(2)® Gfree] Tr,%g@ﬂ} [a:I ay, Gp(2)® Gfree]
+ Trfg&% [aZI aszB ()® Gfree] Tr,ffg&% [a:l auzGB (@® Gfree]
+ Tr, a;, a, G(2)] Trz, [ay,a,,Gr(2)]. (2.48)

uyp vy

The claimed identity in (2.45) follows when we apply Lemma 2.3 to compute the expectations in (2.48). O

Our last preparatory lemma contains bounds for the 2, 3 and 4-pdms of I'y.
Lemma 2.8. The state I'y in (2.7) satisfies

* % 2

Z |Tr32-3®«?[ [au|a\/| altzaVZFO]l s N s
up,viEPL
uy,vyEPL

* * * 3
Z |TrgrB@,yI[avlavzav3aulau2aL,3Fo]| < N°, and

uy,up,u3€PL
Vi,V2,v3EPL

> | Trsenla) al,a;,a;,auananagTol| s N*. (2.49)

v %y Y3 My
U ,Up,U3,Us€PL
V1,V2,V3,V4€PL,
Proof. The first bound is a direct consequence of Lemma 2.5 and Lemma 2.7. To prove the second and the
third bound we first need to compute the 3-pdm and the 4-pdm of Iy as in the proof of Lemma 2.7. Afterwards,
applications of Lemma 2.5 and Lemma C.3 prove the claim. Carrying out these steps is straightforward but a
little lengthy. We therefore leave the details to the reader. O

3. Bound for the energy

We compute now the expectation of the Hamiltonian H}y, defined in (1.5) and (1.3), on our trial state. The main
result of this section is Proposition 3.1 below. This, together with Proposition 4.1 for the entropy contribution
(in Section 4) will be the main ingredient to prove Theorem 1.1.

Proposition 3.1. Assume that v : [0, 00) — [0, 0o] is nonnegative, compactly supported, and satisfies V(| - |) €
L3(A, dx). Let T be defined in (2.13) and B = «B., with k € (0, co). Then we have

Tr [HNT] = Eqqy < L7260, (3.1
where
Egy, =Trg [( Z pza;ap)Gfree]
pEP1
* N ’N’ L) A 7 * k% =
+ Tz, | ) (Pajay + OfT(vN P2 apa, + @ /lPayas, + @ /iPapa,)) Ge()|
PEPB
4ma ~ —
vare| [Erc@a M Y e 2Fo Y@z Y yenw) (32)
c uePL\(0} ey u,vePL\{0}
and
87—(1\] — Nl—éﬁ + N6H+25B + N—1/3+6H+26L + N1/3+6B (33)

The parameter N() has been introduced in (2.9), while Ny(B, N, L) has been defined in (1.12).
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Remark 3.2. The z-dependence of the Bogoliubov Hamiltonian and of Gg(z) in the second line of (3.2) cancel
out exactly. This explains why this term is not integrated over z.

To prove Proposition 3.1, we split the Hamiltonian in two contributions: we define
* 1 ~ * *
K= Z pzapap and Vy = JA] Z UN(P) yy py— paudy (3.4)
PpeEN’ DPu,veA*
so that Hy = K + Vy. We have therefore

(14 B)a, (K + V(1 + B))
Tr[HvT] = Z A+ B, (1 + Byd)

= Gx +Gv. (3.5)

We will prove Proposition 3.1 in Section 3.3, using the results of Lemma 3.3 below for the analysis of G and
Lemma 3.4 for the analysis of G.

3.1. Analysis of G
In this section we prove an upper bound for G+, as stated in the following lemma.

Lemma 3.3. Under the assumptions of Proposition 3.1, we have

Gv — E, < L2(N'™%" + N'/3 + NOW), (3.6)
where
4ra f 4
Eyy = l<I"¢(z) dz 48 y(w)
NIA| I I ePZL\{O}
No ——  8ma
*SIAF 2 W= Dfp)|2v@ +e@+al@] + G5 )L yonw 3.7)
P.gEN” u,veP\{0}
1 ) 1
MEYNE Z Moy [PV (1 + 101 — 1) + N Z IN(p1 + P2+ 11 = w2y, | Trla, @}, v, Tol.

P1€PY P2€Py

uy,vy,u2,v2€PL

The functions y(p) and a(p) are defined in (2.21).
Proof. Recall definition (2.12) for B. Acting on ¢, (i.e., the eigenfunctions of I'y, defined in (2.7)) with

annihilation operators of momenta in Py gives zero. Therefore (o, BYy) = (Yo, B ¥o) = 0, and we can
estimate the denominator in (3.8) as ||(1 + B)L//all2 = (Ya,(1 + B*B)yy) > 1 so to have the upper bound

Gv < ) Ao War V(L + BWa) + > Ao Was BVi(1 + Bia) =: G + G (3.8)
a a
With definitions (3.4) for Vy and (2.12) for B we write

1
D _ ~ * *
G\ = Te[Vy(1 + B)Tg] = A DT D) Trla), 4, @, -y @y @ Tol

P1,U1, V1 EA*
1 A T * * * * F
+ 4|A|2 VN(pl)npz r[au1+p|avl—p|aulavlau2+pzavz—p2auzavz 0]
P11,V EAT
DP2€Py, up,v2€PL
_. (LD (1,2)
= GID 4 g2, (3.9)
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*

Using the commutation relations (2.3), we bring the monomial ay, a,,a;,,.,a;,-,, in Q(Vl’z) to normal order.
When we exploit again that acting on I'g with annihilation operators of momenta in Py gives zero, we remain
with
ay _ 1 P Trld}, , , a: Tol6 5 3.10
gv - W VN(pl)r]pz r[aul+p1avl—plau2aV2 0] vi,v2a—p2Yuy,ur+pas ( . )
piu1viEN”
P2€PH, Uz, v2€PL
where in addition we used the symmetry under exchange of u; with v; and p; with —p;. We add and subtract

the contributions where p; € Pf{ ={peA||pl<N 1=6u /13 using the definition of 77, in (2.11) we find

1

apy_ 1
GV = oA

Z f}N(pl) Tr[a;kt]+p|a:1—p|au1avlr0]

P1.U1, V1 EAT

1 A r * *
o DL WOV T ey @y B T0]
207 A,

szA* ,up,Va€EPL,

1 R . .
+ 2|A|2 Z VN(PI)Upz 'I‘l‘[Cquererp1 vy pr—p, Ay, Ay, 1 0] (3.11)
P11,V EN"

szPﬁ,uz,VzEPL
The first contribution in (3.11) cancels with the first contribution in (3.9). In the following, we denote the
second and the third term on the r.h.s. of (3.11) by Gy and e, respectively.
Using Lemma 2.8 to estimate the trace, equation (A.9) to estimate the sum of 7, over p, and the bound
Pn(pI < [vn(x)dx s LN™!, we see that

1
2IAP

1
8] <

sup |9N(p1)|] Dbl D T e @y @@ Tol| S LN (3.12)

PiIEA® P2EPy P1EA" uz 2 €PL,

We consider now Gy; we compute the trace using Lemma 2.7 and obtain

~ 1 . R — —
Gv =575 Z Un(pfn(p2) [5p1+p2,o f l2l* £(2) dz + 2NoSp,+ps.0 Z y() + 2Noy(p1 + p2)
2|A . C
PL.p2€A ueP\{0}
+ Noa(p1 + p2) + Noa(p1 + p2) + Z a(u+ py + pr)a(u)
uePp\{0}
8
Fopamo D, YW@ Y Yk prt pvl|= Y G (3.13)
u,vePr \{0} ue P \{0} j=1
Using (A.3) we see that
N 2 A A
Z In(p)fn(p) = N v(x)f(x)dx = N (8ra+ CL/N), (3.14)
PEN*

and therefore the first contribution in (3.13) satisfies

= S ovmi [ < T [ 2
Gvi = AP Z VN(p)fN(P)Lm {(z)dz < NIA] fCIZI {(z)dz+ CL™. (3.15)

pEN®

To obtain a bound for the integral over |z|* we applied Lemma C.3.
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We consider now Qm. From },c AL v(u) < N and (3.14) we know that

~ -2
Gra = |2 Z WP D, v < N| A| > yw+CL (3.16)
PEN” uePp \{0} uePp \{0}
holds. The sum of ém, QNVA and GV,S is left untouched, i.e.,
Gva+Gva+Gvs = 500 D Wn(p— ) iv(p)|2¥(9) + alg) + (). (3.17)
2|A|
P.qeEN®
Next, we consider Gv,ﬁ; from (A.3) it follows that
CL
sup | 3, (@ i(p - o] < (8ra+ 5); (3.18)

geN*

using in addition (2.27) and 65 < 1/3 we see that

Gyl = < CL2N'3. (3.19)

Z @ fvip—q) Y, aw+plaw

uePg\{0}

2|A|2

Using (3.14) and (3.18) we see that the last two terms in (3.13) are equal at leading order:

A 1 A
Gra+Gvs = 5 A|2 2 WD) DL vy s D @i e =) D) vt pyw
peEN” u,vePr \{0} P.qeN” ue Py \{0}
8ma _n
< — y(W)y(u) + CL™~. (3.20)
NIA| u,v;:\{O}

It remains to consider g<V2> in (3.8).

To that end, we write

G\ = Tr[B* V(1 + B)To] = Tr[B*VyTo] + Tr{B*VyBLo] = 6" + G2 (3.21)
We have |
B*Vy = W Z Mp, Z DN (P2) @y, yy, Quy .y Gy = py By 1y By Oos iy (3.22)
PlEP;I) P22, v2EN"
uy,viery

commuting a, +p,dy,—p, to the right and observing that only the contributions with vo, u> € Py give a non zero
contribution, we arrive at

2,1 1
g( = 2|A|2 Z Tpy Z Un(p2) Tr[avl ulavZaM2F0]5M2+p2,u1+P|6V2—P2,V1—P1
P1EP, p2eN®
up ,lvl G}—I)L uz,izepL
1
= AR Z Np PN (p1 + ur — uz) Tr[avl ulavzau2r0]6v2,u1+vl—u2- (3.23)
P1€Py

ul,vl,uz,VZEPL
This term contributes to (3.7). Note that d,, 4, +v,-u, can be dropped here because I'y is translation invariant.

To compute gg,z) we need to study

1
* _ A % % * * * *
B (VNB - W Z UprN(pZ)Ups avlaulau1+PlaVl—171au2+p2avz—p2avzauzau3+p3QV3—p3aV3au3' (324)
P1,P3€PH
ur,vi,u3,v3ePL
P2,t2,v2,€N*
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*

We bring the monomial a,,a,,d,, , ,,dy,_,, to normal order; the symmetries under exchange of uy with v,, of

uz with v3 and _,, = 1, allow to organize the result of the commutation in the following three contributions:
Gr =)+ +0; (3.25)

with

1
R A * * * * * *
hi:= 8IAP Z M VNP2 ps Ty, By Qs+ py Qo =py Byt py @y~ py Dy .y B = p B G s Aus Lo ],
p1.P3€PH

ui,vi,u3,v3ePL
P2.u2,v2,EN”

1
i A~ P * % *
Jo = 2IA3 Z M VN (P2 ps Tr[avlaulau1+l’1avl—Plau2+pzaV2—P2aM3+P3a”2a"3a”3r0]6vz’v3_p3’
P1,P3€PH

uy,v1,u3,v3EPL
*
P2,U2,v2,EN

1
o E A * % * *
J3 - 4|A|3 npl VN(pZ)T]p} Tr[avl aul aul +P1 avl —P1 au2+p2avz—p2av3au3 rO]éuz,Vs—Ps 5V2,M3+P3 . (326)
p1.p3€Py

uy,vy,u3,v3EPL
*
DP2,U2,V2,€A

*

In J; we bring the monomial ay, +p, dy,—p, dy, 4 p, @y, -, t0 normal order; using that we obtain zero when we act
with annihilations operators of momenta in Py on I’y and exploiting the symmetry under exchange of vy and u;

we obtain

1

Ji= —
BVTINE

Z Mp1 VNP2, +uy —us Tr[a:laz‘,laftﬁma:z_pzawauzavl+ul_u3au3F0]. 3.27)
p1€Py
ul,vl,u3€PL
P2,2,v2,EN*
When we apply Lemma 2.8 and the Cauchy-Schwarz inequality, and use the bound in (A.8) as well as
[Pa(p)l < LN, we see that

L
-2 70
Uil S —— Z | Tela, a5, a5y s o @,y vy Gaiy Gy -3 G 0] | Z p 1+ —us| S LN (3.28)

3
NIA| up,vi,u3ePL P1€PH
P2,iz,v2,EN*
holds.
In J, we bring the monomial ay, +p, @y, -p,d,, ,, to normal order (so we obtain zero when a,,_, ,. acts on I'y,
since u3 + p3 € Py ) and find
I, = L v Trla a y . I'olo 0 3.29
2= |A|3 npl vN(pQ)UP} r[avlaulavl_Plau2+p2avz—p2au2a\/3au3 0] Vv2,v3—p3Yui+pi,u3+p3 ( . )
P1,.p3€Py
up,vi,u3,v3EPL
P2,u,v2,EN"
Now we normal order ay,—p,a,, ,,a,,—,, (With the aim of commuting a,,, to the right, since vi — p; € Pp)
obtaining
I, = —2 v Trla’ a a I'glo 0 o
2 = |A|3 UplvN(pZ)nm r[avlaulau2+p2au2a1)3au3 0] v2,v3—p3Yui+p1,uz+p3Vvi—pi1,va—p2
P1,p3€PH
ui,vi,u3,v3ePL
P2,U2,v2,EA"
= —2 D Trla’ a’ a I 3.30
- |A|3 TlplvN(V?) +tuz—vy— ul)ﬂp1+ul—u3 r[avlaulauz—V1+V3—u1+u3aM2aV3aM3 0]' ( . )
P1€PH

uy,v1,u3,v3,u€PL
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Again we exploited that v can be exchanged with u; and v, with up. Using Lemma 2.8, (A.8) and [Vx(p)|
LN~!, we obtain the bound
ol < LT2N"1*0n, (3.31)

Normal ordering of a4, a,, _,, and analogous considerations as above lead to

%
Ayi—p) au2+172 V2=p2

1
J3 = 2|A|3 Z 77p1VN(p2)77p3 Tr[avl ulaV3au3F0]6uz,V3—P36V2,u3+P3‘5\’1—171,\/2—1726M2+P2,u1+171
P1,p3€PH
up,vi,u3,v3EPL
D2,U2,v2,EN"
1
= ST Z M NP1+ P3 + uz — v, Trldl, @ ay,auTol. (3.32)
P1,p3€Py

u1,v1,v3,U3EPL

We combine J3 with Q(VZ’I) in (3.23) and obtain

1
2,1
g( ) 2|A|2 Z UpIVN(pl +up — uz) TI‘[CIVl ulavzauzro]

p1€Pu

uy,v1,v2,u2€PL
1 A
+ _2|1\|3 Z Np Vn(p1 + p2 +ux —vi)np, Trl avl ulaV2au2Fo] (3.33)
P1,P2€Pn

ui,vi,vo,upePy
1
C2IAP

1
Z npl[VN(pl +up —up) + — A Z n(p1+ p2+uy — MZ)npz]Tr lay, ay, av,au,Tol.
P1€PY P2€PY
ui,Vvi,u,v2€PL

In the last line we used the symmetry under exchange of v; with u;. Collecting the results of (3.8), (3.15),
(3.16), (3.17), (3.20), (3.21), (3.25), (3.33) and the bounds on the error terms in (3.12), (3.19), (3.28), (3.31)
we obtain (3.6). O

3.2. Analysis of G«

We recall from definitions of K in (3.4) and G in (3.5). In this section we prove an upper bound for Gy, as
stated in the following lemma.

Lemma 3.4. Under the assumptions of Proposition 3.1 we have

Gx — Egc < L2(NO1T208 4 N~13+0n+20n o N1 In()) (3.34)
with
Ex = ) 0V + s A|2 DT P+ = 0 s, Trla @) anan ol (3.35)
pEPL pi1€Py

uy,vy,uz,v2EPL

The function y(p) is defined in (2.21).
Proof. 1t is convenient to introduce the operators

‘KB—Zpaap, K = Zpaap and 7<>—Zpaap (3.36)

PEPy pePy peP¢
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and to denote the corresponding expectations w.r.t. I' by G, Gk, Gx. . 1.€.,

gq{ — Z A, <(1 + B)l//m((](B + 7<I + (](>)(1 + B)‘J’a) _ ngB + gq(l + gq(>. (337)

(1 + B, (1 + B)a)

In the next subsections we will prove upper bounds for Gy, Gx; and G . We will need to compute the
commutators of Kj and K- with B. Indicating with Py either Py or P| and with K either K or K., we will
use the result

1 * * *
[(](#’ B] = Z qznp[aqaq’ au-{-pav—pauav]

2IA] q€Py,pePy,
u,vePr,
_ i 2 S * % S * * 3.38
- |A| q np q,u+paqav—pauav — Uq,u au+pav—pavaq ) ( . )
q€Py,pePy,
u,veP,

where we exploited the symmetry 17, = n_,.

3.2.1. Analysis of Gy,

Using the positivity of Kp we estimate the denominator by one; observing that (¥, (B*Kp + KgB) o)
vanishes (because the creation operators in B commute with Kp and give zero when acting on ), we have

_ ((1 + B)a, Ks(1 + B)a) 2 . .
G = ;ﬂa YRR Zg:/la <wa,(p;Bp ahap o) + Za:/la (Was B K Bra)

= > PY(p) + & (3.39)
pePs

To estimate the error term in (3.39) we contract the annihilation operators with momenta in Py in B* with those
in B, and obtain

1
_ 2 * k%
&6, | = AR Z q Mpi Mpi+ui—us Tr[aulavlaqaqauzaulwu—uzFOJ
2|A|
p1€PH,q€PB
up,vy,u2€PL

N—3+5H+25B

-2 A7OH+20]
< B Z |Tr[a,jla:IaZaqauzaL,l+vl_L,2F0]|$L NCHT=0B (3.40)

q€Py
uy,vi,up€PL

The inequalities follow from |g| < N8, the Cauchy-Schwarz inequality, the bound in (A.8) and Lemma 2.8.
We therefore have

Gy — ), PY(p) s LT2NO200, (3.41)
PEPp

3.2.2. Analysis of G

Here we need to exploit crucial cancellations between the numerator and the denominator. We commute Kj to
the right and obtain

(1 + B)Wo. Ki(1 + B)gy) (1 + BWq. (1 + BYKitra)
=) A =) Ay Egy
G =2, (1 + BWra, (1 + Brg) 2. (L+ B, (14 By | 9

a (02
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with

Z’l (Yo, (1 + B)[KL, Blgya) (3.42)

A+ B (1 + BWra)

Let us introduce the notation i, = &y, ® Vo, With @ = (a1, a2), where &,, and v,, denote the eigenfunctions of
Gp and Gy, respectively. Calling E,, the eigenvalues of K, so that Kiv,, = Eqy,V,,, We see that

Sg’(l =

G = Z /l(zEaz + 89,(1 (3.43)
a

holds.
Next, we estimate SQKI. With ||(1 + B)¢,|| = 1 we have

_ (Yo, B [, Blya)
e Zﬂ T Bt Bs| S 2l W BBl | (3.44)

a

When we contract the high momenta in B*[K], B], we see that the inner product inside the absolute value equals

(lr//(x’ [«I’ B]‘//a> Z 2 Mp1+vi—uxpy <lr//m aulavlauzauﬁvl—uzd/a) . (345)

uy,viePL
p1€PH,u2€PI

AR

Applying the Cauchy-Schwarz inequality, using (A.8), and estimating |us| < N'/3*9L/L we find

. 1 2
Zal /10| <'7[’0z, B [(]<I, B]‘J’a) | < W ; /la Z | <'7[’0za aul vlauzau1+v1—uzl//a> | Z |77P1+u1—u277pl Lt2|

up,viePL P1€PH
uyEPy
=2 A7—=7/3+0u+26
SL°N [3+ou+261 § Ao E |<¢a,au1 vlauzaul—vﬁuzww”- (3‘46)
a uy,vi€PL
urePy

We observe now that since u, € Py, at least one of the momenta u; or v needs to be in Py (this is due to the
fact that the eigenfunctions of Gy are symmetric tensor products of plane waves). Let us assume without loss
of generality that v; € P;. We distinguish now the three cases u; = 0, u; € Pg and u; € Pr.

If u; = 0, then v; — up = 0 (this again follows from the structure of the orthonormal set {i/,}4en), and the
expectation (4, a(*)a,*;zauzaot,//a> is positive. In this case we estimate the sum on the r.h.s. (3.46) by

Z/la Z (W oay, auyaoa) = Z Tr [agay, au,a0 To]

a ur€ePy urePy

= f Tr 7, [agao @10 dz T | D @, au; Tivee| = f (L@ dz Y ) <N (347)
c quPI C quP[
To obtain the last inequality we used Ny + 2pen; Y(p) =N

In the case u; € Pg we have vi = up and u; —v; +up = u; because Gg and Gy are both translation-invariant
states. In particular, the relevant expectation value is again positive. Using (2.28) we obtain the following
bound for the sum on the r.h.s. of (3.46):

Z/la Z |<'ﬁa,aul vlauzaul—vﬁuzwa” = Z/la Z <WQaa:2au2aZlau|'ﬁa>
a

u1€Pg a ui€Pg
vi,Up€PT ur€Py
5/3+6
- f Trz, [ ) dyan Ge@@de Trg [ ) iy, Gree| S N0 (3.48)
C u1€Pg ur€Py

24



To conclude the discussion, we examine the case u; € Py. This implies that u; — v{ + up € P1. Moreover, we
have that either vi = uy or u; = up; in both cases the expectation is positive. An application of Lemma 2.8
shows

P P 2
Dl D WGty = Y. Trz |al 6, ana, To| N (3.49)
a uy,ur€Py up,up€Py

as a bound for the sum on the r.h.s. of (3.46).
In combination, (3.44), (3.46)—(3.49), and 65 < 1/3 imply

|8g;(]| S L—ZN—1/3+5H+25L (350)
as well as
|G - Z AaEoy| = |G — Z pHy(p)| s L2N71/3+onr20, (3.51)
@ pePr

To obtain (3.51), we additionally used (3.43) and Lemma 2.3.

3.2.3. Analysis of G«

In the analysis of Gy we estimate the denominator again by one. When we additionally commute K. to the
right we find

G < ) Aa (1 + BWa, Ko (1 + B

= > A0 (1 + B, (1 + BYKotha) + D Ao W (1 + BONK, Bla) . (3.52)

The first contribution clearly vanishes because it contains annihilation operators with momenta in P acting on
V. Using additionally (3.38), we see that

1 . 2 .
(K-, B] = m Z pznp Ay py—pQudy + m Z Mp U~ P Ayl Quly =: K, + Ex, (3.53)

pEPH pEPH
u,vePL u,vePr,
which implies
Gx. < Z Ao Yo (1 + B)K + ExcWra) = Tr[B I o] + Tr[B* ExcLol. (3.54)

When we contract operators with high momenta this allows us to write the first term on the r.h.s. as

s 1 2 * %
Tr[B (I(HFO]z_ Z Mp, Z PaMp> Tr[avlaulavzau2F0]6M2+p2,M1+P161’2—172’\/1—171

Al2
Al P1€PY P2€PY
uy,v1€PL uy,VyEPL
1
2
= |A|2 § np|(pl + u1 — up) Np1+ui—uy Tr[a;a;;lavzau2FO]6vz,v1+u1—u2- (3.55)

P1€PY
uy,vy,uz,v2€PL

Because I' is translation invariant the factor 6y, ,,+4,-4, can be dropped. This term contributes to (3.35).
We consider now the second term in (3.54), that is,
k. 2 * *
TelB'Ex Tol = 715 D Mpsiewlipp2 w2 Tl avanTol. (3.56)

up,v1€EPL p2€Py
le,V2€PL
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An application of Lemma 2.7 shows that the trace in (3.56) can be written as Tr[B*Ex ['g] = Dy + D, with
= 2NO|A|_2 Z [(Upz + 77p2+u2)77pzp2 U y(u2) + np2+u277p2p2 s up a’(”Z)]a
P2EPH,U2EPL
D, = 2|A[ Z | Glps + Mprvsvas s P2 < U2 YWY (D) + Ty saaTlps P2 - 2 @)a(w)]. (3.57)

P2€PH
Vo, up P,

Let us introduce the set P, := {p € A* : |p| = rN}, where r > 1; for p, € P, we have

1/2 1/2
sup 3 peapllpal < ( 3 o) (D b)) s N2 (3.58)

uePy, D2€P, PEP, 2 qeP,

which follows from the Cauchy-Schwarz inequality, (A.7) and (A.4) (the latter implies ||V fy|l,2 < LZN~1/?).
Instead, for p, € PS¢, (A.7) implies

L2 1 L’ In(N)
swp D ppllpal S G5 S0 D) s S T (3.59)
uePy, szPHﬁPC uePL szPHﬂPf p2 p2 u

To obtain the second bound we used |p>| — |u| = 1, which follows from the assumption 1, + g < 2/3. Using
(2.27), (3.58), (3.59) and 6 < 1/3, we conclude that

D1l < (No/IAPY sup " Inpy-aipsllpal D luaky(ea) + (No/IAPY sup " Ip-atpllpal D laller(u)

uePy, uePr,

szPH urePr, p2€PH uyeP,
< L72NYB (). (3.60)
With similar considerations we see that
Dol S5 sup D" Wpp-itipallpal D lialy(ua)y(v2)
|A| uep Lp GPH MZ,VZEPL
—>sup > pyatipsllpal ) luallaua)a(va)l s LN In(N). (3.61)
|A| ueh L ZEPH uz,V2EPL

Collecting the results of equations (3.54)—(3.56) and the bounds (3.60), (3.61), we conclude that

1 —
Gx. ~ 05 Z 77p1(171 +up — ”2) Mp1+uy—uy Tr[av1 ulaVZaMZFO] <L I In(N).

2
|A ul,v{”iﬁg‘eh (3.62)
The bounds (3.41), (3.51) and (3.62) imply (3.35) and conclude the proof of Lemma 3.4. O
3.3. Proof of Proposition 3.1
The results of Lemma 3.3 and Lemma 3.4 imply
Tr [HNT] - (Ex + Ev,) < L72Ey, (3.63)
with Eq, in (3.7), E¢ in (3.35) and
Ey = N'70u 4 NOWH2B 4 = 1/3+0u+201 4 NS (), (3.64)
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Separating the contributions from momenta in Pg and P;, Eq,, + Eg can be written as

Ex +Ev, =Trz |( D) pa a,,)Gfree] + o R0 S o s @@
pePr qePr

+Trg, | ) Payay + 2| Al 2O @(2aja, + /1 agaly + @l aga-,) Ga ()

pePy qePp
4dra —
+ NIA| [f 12*¢(2) dz + 2N, Z y(u) +2 Z y(v)y(u)]+E1 (3.65)
c ueP\{0} u,vePr \{0}
with
1 2 1,
El = W Z npl [(pl + up — MZ) Tlp1+u1—u2 + EVN(p] + uy — I/t2)
P1€PY
ui,vi,ur€PL
1 A
o D w1+ pa + wr = wanp, | Trlal, af, av, a0l (3.66)
P2€Py

An application of the scattering equation in (A.6) allows us to write E as

1
E| = Al Tlpl[/lN(11|x|<€ « i) (p1 + uy — up) — 2|A| Z On(p1 + p2 + w1 — u2)ny, Trlay, a, av,au, ol
P P
up €:EMQZPL 2
=:E;1 + Epns. (3.67)
We now prove
|Eqi| < L2N"V2¥0u/2 and  |Epy| < L72N'01, (3.68)
To obtain the bound for E;;, we first note that (A.4) and fy < 1 imply
> (A s = A)POP = MygefulP s LN, (3.69)
P1EA®

Applications of the above bound, Cauchy-Schwarz, (A.2) (which implies Ay < 1/(V L?)), (A.8) and Lemma 2.8
prove the bound for E;;. An application of (A.7) shows

LIl 1 12 2 \'?
sup Y [on(p + wlinyl < ——— — + v (p) < LN (3.70)
N pZ N2p4

uen” pePu pEPy, peEN® |pI>N
[pIsN

The bound for E;, follows when we combine this bound, (A.9) and Lemma 2.8.
Next, we use (2.27) and (3.18) to estimate

lZ(vN m@ra) < N| A Zy(q>+CL2 (3.71)

qePr qePy

Finally, we can replace No by No(B, N, L) in the second line of (3.65). More precisely, we apply Lemmas 2.5,
2.6 and (3.18) and find that the error term is bounded by

In combination, (3.63), (3.65)—(3.68), (3.71) and (3.72) prove (3.1).

2N1/3+5B (372)

q<Pp
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4. Bound for the entropy

In this section we establish the following lower bound for the entropy of our trial state.

Proposition 4.1. There exists a constant C > 0 such that the entropy of the state I in (2.13) satisfies

S(T) > f S(Gp(2)){(2) dz + S (Gfree) + S () — CN™1H0H, 4.1
C

where

S =~ L {(2)In({(z)) dz (4.2)

denotes the classical entropy of the probability distribution (.

The remainder of this section is devoted to the proof of Proposition 4.1. In the first step, we estimate the
influence of the correlation structure with the following lemma. It appeared for the first time in [57, Lemma 2].

Lemma 4.2. Let I be a density matrix on some Hilbert space with eigenvalues {1, }qen, let {Py}oen be a family
of one-dimensional orthogonal projection (for which Py, Py, = 04, ,a,Pa, need not necessarily be true), and
define T = Y, Ao Po. Then we have

S{)>ST)-InTr (Z Paf) . (4.3)

3

An application of Lemma 4.2 shows

S 2 S(To) - InTr (Z b0 X r] = 5Ty -In [Z Ao [ ¢af>|2J (4.4)

a,a’

with I’y in (2.7) and A,, ¢, in (2.13). Let us have a closer look at the term inside the logarithm. Using
(1 + B)Y,ll = 1, B, = 0 and the fact that {i/,}4en is an orthonormal set, we see that

D A Kbar o) < ) A (W (1 + B+ B = 142 D" AW B BYa) + ) Aa(Wras (B*BY )

a,a’ a,a’

<1+6+(1+067)Tr[(B"BYT| (4.5)

holds for ¢ > 0.

The last term on the r.h.s. reads

4
Tr [(B*B)zro] = 16|1A|4 Z 1—[ Mpi

pi€Pu;u;,viePy i=1

* * * * 3k k * *
x Tr [aulavlau1+p1avl_plau2+mav2_mau2aV2au3av3au3+p3av3_p3au4+p4av4_p4au4av4l"0] . (4.6)
Since no momenta in Py — Pr. are present in the state I'y, we know that the operators with momenta in Py — P
need to be paired among each other in order to obtain a non-zero contribution. A short computation therefore
shows that the r.h.s. of (4.6) is bounded from above by a constant times

1

2
W Z Inpnql] Z Tr[aZla’v‘lauzaVZaZ}a’v‘3au4av4F0]. (C))

P.gePu+PL ui,viePr,
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We apply the Cauchy-Schwarz inequality and (A.8) to bound the proportional to 17,7, by X ,ep,+p, 77127 <
LON73+%  Afterwards, we use Lemma 2.8 to show that the second factor is bounded by a constant times N*.
When we put the above considerations together together, use §. + y < 2/3, and choose 6 = N~!*91_ we find

S A s o < 1+ CN71500 (48)

as well as
ST >STy) - CN~'*ou, 4.9

It remains to find a lower bound for the entropy of I'y.

To that end, we need the following lemma, which provides us with a Berezin—Lieb inequality in the spirit
of [9,38].

Lemma 4.3. Let {G(2)},cc be a family of states on a Hilbert space, let p : C — R be a probability distribution
and define the state

I'= f 12Xzl ® G(2)p(z) dz. (4.10)
C

Then we have
ST > fS(G(Z))P(Z) dz+S(p) with S(p)= —fp(z) In(p(2)) dz. 4.11)
C C

Proof. We use the spectral theorem to write

G(2) = Z 8a(2) Va(2))(va(2)]  as wellas  [2){(z] ® G(2) = Z 8a(2) [2® Vo (D)2 ® Vo (2)I. (4.12)

Because G(z) is a state for fixed z € C, we know that {v,(2)}4en 1S an orthonormal basis. In combination with
the completeness relation f |z){z| dz = 1, this implies

f Z K, z2® Vo)) dz = 1 (4.13)
C a=1

for any fixed vector w with ||w|| = 1.

For x € [0, 1] we define the function ¢(x) = —xIn(x) and denote by {wy}qeen the eigenbasis of I. An
application of Jensen’s inequality shows

Tro() = ) @ (waTwa) = > ¢ [ f@ > 8 (@DWar 2@ var @Pp(2) dz]

a

> Z fc Z ¢(80/ (PR Wa, 2® Vo (D)) dz = fc Z W(go (2)p(2))dz. (4.14)

This is justified because x — ¢(x) is concave and (4.13) holds. In the last step we used that {wg}een is a
complete orthonormal basis. With xy In(xy) = xyIn(x) + xyIn(y) for x,y > 0 and }, g+ (z) = 1, we see that
the r.h.s. of (4.14) equals the r.h.s. of the inequality in (4.11), which proves the claim. O

An application of Lemma 4.3 on the r.h.s. of (4.9) and the additivity of the entropy w.r.t. tensor products
prove Proposition 4.1.
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5. Proof of the main results

Propositions 3.1 and 4.1 imply the following upper bound for the free energy of our trial state:

1 1 1
TeHNT] - 28 (T < D PP Tezlaya,Greel - 35 Grree) + fc (T% [HEGp(2)] - BS(GB(Z») {(2)dz

pePy

i Y yp)+ I f e dz— 150
P;B NIA B

2z [2N0 D v 2Ny ) v +2 Y y(v)y(u)]+L_2874N. (5.1)

NlAI uePy \{0} UuePy u,vePr \{0}

The Bogoliubov Hamiltonian {2 and the error term Eq, are defined in (2.4) and (3.3), respectively. The first
two terms on the r.h.s. can be written as

1 1
= D, In(1—exp(=B(p” — o)) + o (5.2)
B ,,ZP: ( ) ,,Z,; exp(B(p? — o) ~ 1
with o in (1.11), and an application of Lemma 2.1 shows that the third term equals
1
Eo+ 7z ), In(1 - exp(-pe(p)). (5.3)
B PEPR

We refer to the same lemma also for the definitions of Ey and &(p). One easily checks that Ey is negative and
can be dropped for an upper bound. Let us define

§(p) = \P? — Ho|P? - po + 16maygp. (5:4)

The function x +— In(1 —exp(—x)) is monotone increasing (x > 0). This and (3.18) allow us to replace Dy * fN( 1)
in the definition of &(p) by 8may(1 + C/N). Moreover, a first order Taylor expansion then shows

p* —Ho 1
exp(B(p* — po)) — 1 p?

LS (1 - exp(—Bo(p) < = 3 In(1 - exp(~BE(p) + L2N2 5 (5.5)

B pePy B pEPB pEPp

Using (exp(x) — 1)"! < 1/x for x > 0 and 65 < 1/3, we check that the second term on the r.h.s. is bounded by
a constant times 1/L2. Moreover, from Lemma B.1 we know that

1 1 1
= > In(1 —exp(-B&(p) < = » In(1 = exp(=B(p* = o)) + 8mago
B p;B B ,,;B ,,;B exp(B(p? — o)) — 1
1 1 N, L 1 N, L
- = Z [ 677aNQO£ﬂ’ ,L) _ ln(l 677aNQO§ﬂ )) (N6B N2/3—5B) (5.6)
B p p i
holds.
Next, we have a closer look at the first term in the second line of (5.1). In (2.35)—(2.38) we showed
1 NoL? N?
> (y(p)— 5 1)‘ S5t (5.7)
e exp(B(p? — o)) - B
and hence
to ) ¥(p) < o +CL7N'", (5.8)
p;‘B pez,;B exp(B(p? —,uo)) -1
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To obtain the second bound we also used —uo = In(1 + 1/Ng)/B < 1/(BNy) (which follows from (1.12)). In
combination, the considerations in (5.2)—(5.8) and 65 < 1/3 imply

1 1
2P T[4,y Giree] = 58 Gie) + f (Tr,% [HPGr(2)] - —S(GB<z>>) (@) dz+po Y ¥(p)

= C ﬁ pEPB
1 Ho 87TONQO
<= Z ln(l — exp(-B(p* —ﬂo))) + Z 2 * Z 2
B pebrio perriio) SXPBPT = o) = 1 S5 exp(B(p” = o)) =~ 1
1 16 N,L 16 N, L
b Z [ ﬂaNgogﬁ’ s ) _ 1n(1 + ﬂaNQOgﬂ’ s ))] + CL—Z(N1/3 + N2/3_6B). (59)
28 p p

PEA

In the first two terms on the r.h.s. it remains to replace the sums over P \{0} by sums over A’. One easily
checks that this can be done at the expense of an error term that is bounded by a constant times L2 exp(—cN>°.)
with some ¢ > 0.

The second and the third term in the second line of (5.1) equal

FBEC(B, No, L, ay) = —% In (f exp (—/5’ (47raNL_3lzl4 - ,Tﬂzlz)) dz) + ﬁﬁo, (5.10)
C

where the chemical potential i is chosen such that the Gibbs distribution ¢ in (2.7) satisfies (2.9). The first
term on the r.h.s. is a concave function of z. But this implies

—é In (f exp (—,B (47raNL_3|z|4 - ﬁlzlz)) dz) <- é In (f exp (—ﬁ (47raNL_3|z|4 —,ulzlz)) dz) + ulNy
C C

— TiNp. 5.11)

Here we also used that the first derivative of the first term on the r.h.s. equals —Nj.

The identity No + 2pep 0y Y(p) = N allows us to write the terms in the third line of (5.1) plus the third term
on the r.h.s. of (5.9) as

1
exp(B(p* — o)) — 1

4na 2 2 232
NIATIZN ~2NG + 20V — N§) + 2N >

~2N Y y(u)]. (5.12)

pEPp uePg

In the following, we denote yo(p) = exp(B(p?> — to) — 1)~!. Another algebraic manipulation, equations (2.28),
(2.21) and (5.7), the bound ¥ ,epe ¥(p) S exp(—cN?%1) for some ¢ > 0, and 6. > 0 imply

NG =N <2No )" (r(p) = yo(p)) + 2( D y(p)) D o) = v0(p)

PEPB PEPB PEPB

+ D 00 =) ), ((p) + ¥o(p) + C exp(—eN>)

PEPR PEPB
<2No ), 0/(p) = yo(p)) + CN*3*+%%, (5.13)
PEPB

A similar argument that additionally uses Lemma 2.6 shows

2No ) vo(p) = 2No ) ¥(p) < —2No ) (v(p) = yo(p)) + CN*/3*0. (5.14)
pGB pEPB pGPB

When we collect the results in (5.12)—(5.14), we find that (5.12) is bounded from above by

4ra

8ma
—_— + —_—
NIA|

2N? — 2N2]
[ O " NIA|

[Fo " o) = volpn| + cL2n1on, (5.15)
pePy
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‘We combine now the second term above with the last terms on the r.h. sides of (5.10) and (5.11), that is, we

consider
8ma

W[No p;B () = yo(p))| + HNo = No). (5.16)

We distinguish two cases and assume first that Ny < N+ for some § > 0. In this case applications of
(5.7) and Lemma 2.6 show that the first term in (5.16) is bounded by a constant times L2N1/2+6, Inspection
of (C.6) (recall that ]Vo = f l2°¢(z) dz and note that also ﬁo < N°/%%9_due to Lemma 2.6) shows [i] <
1/ (,Bﬁo) + ﬁo/ (L*N). We use this estimate and again Lemma 2.6 to bound the second term in (5.16) by a
constant times L™2N1/3+20 If Ny > NY/6+0 we apply part (a) of Lemma C.1 to bound the second term in (5.16)
from above by

&%mﬁﬁﬂ%—Nw+Cmmﬂw%s—&mﬂﬂﬁbZﬂﬂm—wﬂm+Cwmﬂw%+CamwN%y
PEPB
5.17)
To obtain the second bound, we also used 3., P ¥(p) < exp(—=cN?%) for some ¢ > 0. We highlight that the
first term on the r.h.s. of (5.17) cancels the first term in (5.16). We collect the above considerations, make the
choice 6 = 6g/2 > 0, and find
8ma

AN 2 ) = y0lp)) |+ o = No) < LN, (5.18)

PEPp
It remains to collect our results.
In combination, (5.9)—(5.11), (5.15) and (5.18) imply the final upper bound

THHAT] = 80 s In(1 = exp(A(p = o)) + uo(N = o)+ $7n(@* = 3) + P (8, No. L)

PeA,
1 16 ,N, L 16 ,N,L
- D [ ”aNQOEB ) 1 (1 .\ ﬂazv@ogﬁ ))]
BpeA’; p p
+ CL_2(N1_6H + N6H+263 + N_1/3+6H+26L + N1/3+(5B + N2/3_6B). (519)

The parameter J1, needs to be strictly positive but can otherwise be chosen as small as we wish. The requirement
8L < 1/6 assures that it plays no role in the optimization. The optimal choice 6y = 1/2 — 8g with error N1/2*%
follows by combining the first and the second term. Moreover, the optimal choice 6 = 1/12 results if we
combine N'/2+%8 and the last term in the last line of (5.19). This leads to an overall error term that is bounded
by a constant times L 2N"/12 <« L72N?/3,

As explained in Remark 1.4.(g), the bound in (5.19) is appropriate as long as Ng > 1. If Ny ~ 1 the

condensate free energy above is strictly larger than F gEC in (1.14). We therefore prove a second bound that is
appropriate in this parameter regime. As undressed trial state we choose the Gibbs state

_ _ exp(=B(dI'(=A — p)))
* 7 Trrlexp(-A(d0(=A — po))]

We define the dressed trial state T as in (2.13) with I'g replaced by Gy. To obtain an upper bound for the free
energy of I we can use a simpler version of the above proof. This is related to the following facts: (a) A
coherent state in the definition of our trial state in not needed and the pairing function of Gy equals zero. (b)
The eigenfunctions of G are also eigenfunctions of dI'(—A). Accordingly, the special treatment of momentum
modes in Pp at several places in the proof is not needed. We therefore simple state the result and leave further
details to the reader:

(5.20)

- 1 ~
nmmyﬁung%@Mm+&wﬁf+aﬂMﬂ (5.21)
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with F( defined above (1.14).

We are now prepared to provide the missing proofs in Section 1.6. Theorem 1.1 follows from (5.19), (5.21)
and fact that the absolute value of the term in the second line of (5.19) is bounded by a constant times Ng / (,BNZ).
The proof of Proposition 1.2 is provided in Appendix C, see Proposition C.2. Finally, Corollary 1.3 is a direct
consequence of (5.19), (5.21) and Proposition 1.2.
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Thanh Nam, Marcin Napiérkowski and Robert Seiringer for inspiring discussions.

— APPENDIX —

A. The scattering equation

In this appendix we collect some known properties of the finite volume scattering equation (2.10). It is
convenient to define f(Nx) = fy(x), where f satisfies the eigenvalue equation

[—A+g]f=/lgf (A1)

on the ball |x| < N¢ with Neumann boundary conditions. It is normalized such that f(x) = 1 holds for |x| = N¢.
By scaling, we have N?1; = Ay. In the next Lemma we collect the properties of fy, f and A, that are useful for
our analysis. The proof can be found in [12, Appendix A].

Lemma A.1. Let v € L3 (R?) be nonnegative, compactly supported and spherically symmetric. Fix 0 < € < L/2
and let f denote the solution to (A.1) and fy the solution to (2.10). For N € N large enough the following
properties hold true.

1. We have
3a

=Wy

(1 +O(a/EN)). (A.2)

2. We have 0 < fr < 1. Moreover there exists a constant C > 0 such that
2

Ca
‘fv(x)f(x)dx— 8ma| < NC (A.3)

3. There exists a constant C > 0 such that, for all x € R3,

= ) <~ and VFW) <

. A4
1+ |x| 1+ x2 (A4)
4. There exists a constant C > 0 such that, for all p € A%,
)] < —. (AS)
Np?
By definition (2.11), the function 17, = —(1/—7N)(p) solves the equation
2 v(p) 1 . An ~ 5

+ + — - =— -g)1 , A6
T+ =5t o qZA (P = g = T qZA It = Dlze(@) (A6)
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where 1,<(¢) is the Fourier coefficient of the characteristic function of the ball with radius ¢. Note that we
have reinstated units in (A.6). Moreover, by (A.4) and (A.5) we have

Iyl < Ny (A7)
Inequality (A.7) implies
D P s LN (A8)
peEA’:|pl>5- N'~H
as well as
D Il s N7, (A.9)

PEP}
where P;I denotes the complement of Py in (2.1).
B. Bogoliubov free energy

The goal of this section is to prove the following lemma.

Lemma B.1. We consider the limit N — oo, 8 = k3. with k € (0, ) and . in (1.13). Recall definition (5.4)
for E(p). There exists a constant C > 0 such that

1 1 1
— % In(1-exp(-B&(p))) <= > In(1 —exp(=B(p* - o)) + 8maoo (B.1)
ﬁp;B ﬁp;B ( ) p;B exp(B(p? — o)) — 1
1 16 16 CN2 [ N%8 1 12
__Z[w_ln(“' mzNQO)]"' 20[ > Y ove TN
2841 p p N2 | L2 BN BN,

Proof. We first assume ug = 0 and then comment on how to adjust the proof to g < 0. Let us define the
function

F(a) = Z ln(l — exp (—|p| P2 +a/)). (B.2)
peBl2Py
For a = 16maypep it equals S times the Lh.s. of (B.1). In the following we derive an asymptotic expansion of
F for small values of a. We also define the functions

1 1
g1(x) = ———— and g (x) = -

_ B.3)
exp(x) — 1 4 sinh?(x/2) (
and note that the bounds 1 | ¢
g1 2 --C and X< —+— (B.4)
X X X
hold for 0 < x < 1. The first and the second derivative of F' can be written in terms of g; and g; as
, Pl
Fl(a) = g1 (Ipl NV ks cv) —,
peﬁZ/;PB 2 sz ta
ey | o\ 7 S\ Inl
F(CV)—Z Z [82(|P| P +a)p2+a_gl IplyP” +a o] (B.5)

peB! 2Py
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and hence

, L[ p? Ipl
F(a)-F(0)-F'(0)a = Zf Z [gz (IPl PP+ f) 2 (Ipl PP+ t) m} (@—1dt. (B.6)

0 pep'/2Py

It remains to investigate the r.h.s. of this above identity.

Using the bounds in (B.4), we see that it is bounded from above by
1 f ¢ (-1 f ¢ Pl
- E ——— dr+Ca E ———dr. B.7)
2 112 2 1 £)3/2
2 Jo eiiip, (P +1) 0 egiip, (P7HD
Here, the integral in the second term is bounded by

LA | a a L*aN®%
dr = Infl+—=]< — 3 . B.&
Z fo pr+t Z n( p2) Z p? B (B5)

pep PPy pep PPy pep' P

A straightforward computation also shows

Y (@ -1 a a
jo‘ mdtzp—ln(l+p). (B.9)

In combination, (B.6)—(B.9) imply

1 CL?>a*N%
F@)-FO) -FOa<-5 Y [% - ln(l + %) L= (B.10)
2 p p B
pep'2Py
Finally, using In(1 + x) > x — x?/2 for x > 0 we see that
a a a? 1 *L*
——ln(1+—)]s— 1 ool (B.11)
Y |5 -m(i+ %) <55 X < v

peP PPy

When we put our findings together, we obtain a proof of (B.1) if gy = O (the last error term excluded).

If 1o < 0 our proof applies without changes and we obtain the first term in the second line of (B.1) with p?
replaced by p? — uo. It is not difficult to check that the difference between these two terms is bounded by a
constant times NyL?/ (,82N 2), which proves the claim of the lemma. O

C. Properties of the free energy of the condensate

In this appendix we prove several statements concerning the effective condensate free energy in (1.17), one of
which is Proposition 1.2. The other statements are needed for the proof of Theorem 1.1. We start our discussion
with a lemma that provides us with the asymptotic behavior of the chemical potential.

Lemma C.1. We consider the limit N — oo, B = k3. with k € (0, ) and B. in (1.13). Let g be the Gibbs
distribution in (1.18) and assume that fc Izlzg(z) dz = M. The chemical potential u related to g satisfies the
following statements for a given € > 0:

(a) If M 2 N°/*¢ then there exists a constant ¢ > 0 such that

| — 8mayM/L?| < L% exp (—cN¥). (C.1)
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(b) If M < N°/7¢ then we have

1 N—2€
U+ — < .
M|~ pM

(C2)

Proof. We write the two-dimensional integration over C w.r.t. the measure dz = dxdy/x in polar coordinates
(r, @) and afterwards introduce the variable x = 2. This allows us to write

* xexp (=B (hx* — ux)) dx
M= f l2l*g(z) dz = b = ( ( )) ; (C3)
C fo exp (-8B (hx? — ux)) dx
where /1 = 4ray /L3 ~ L™2N~!. A short computation shows the integral in the numerator equals
1 u [7 Bu? Bu
—+— [ — |erfc|—+/>== |, C4
280 " an /BheXp(4h TV 2 €4

where erfc(x) = (2/ V) fx * exp(—tz) dr denotes the complementary error function. For the integral in the
denominator we find

— . [=exp (— erfc [— ——) . (C5)
Let us introduce the notation 7 = y +/B8/(4h). Using (C.4) and (C.5), we bring (C.3) to the form

_ 1+ vapexp(perfe(-n)
O R

(). (C.6)

The function T is strictly positive, strictly monotone increasing, and satisfies lim,_,_. Y(x) = 0 as well as
limy_, Y(x) = +00. In the following we study the asymptotic behavior of the (unique) solution to this equation.
We start with the parameter regime M > N>/%*¢_ which implies \/nfhM 2 N°.

In this case the 1.h.s. of (C.6) diverges in the limit N — oo, and hence n — oco. From [1, Eq. 7.1.13] we
know that

—<e exp(—t)dt £ ———— (C.7)
x+ Va2 +2 Xp(x) x xp( ) x+ \x2+4/n
holds for x > 0. In combination with erfc(—n) = 2 — erfc(n), this implies
2 2
2 exp r]2 - <exp 172 erfc(—n) < 2exp 772 - (C.8)
() Va(n+ N +4/x) () () Va(n+ 2 +2)
as well as )
1+ 2 +O(1/n)
M v [ exp (77 ) (1/n ] ©9)

2exp (n*) + O(1/m)

We already know that > 1, and hence n ~ \/ﬁM . Using this and our assumption M 3 N>/%*¢ which
implies n > N?, we easily check that (C.1) holds. It remains to prove (C.2).

If M < N°/%7¢ the L.h.s. of (C.6) satisfies nBhM < N~¢ and we therefore have 7 — —co. To obtain the
leading order behavior of 1, the approximation provided by (C.7) is not sufficiently accurate. A more precise
approximation is provided by [1, Eq. 7.1.23], which implies

1 1
\/;exp(x2)erfc(x) = - - —+ 0(x), where Q satisfies |Q(x)| < i (C.10)
x  2x3 4x>
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for x > 0. We use this approximation in (C.6) and find

1
WM = — (1+0(n7?)). (C.11)
i = 5 (1 0(y)
Eq. (C.2) is a direct consequence of (C.11). This proves our claim. O

We are now prepared to give the proof of Proposition 1.2. Because of technical reasons, we prove it in a
slightly more general situation.

Proposition C.2. We consider the limit N — oo, B = kB with k € (0,00) and B. in (1.13). The following
statements hold for given & > 0:

(a) Assume that M > N>/°*¢. There exists a constant ¢ > O such that

In (4Bay /L?)
FBEC(B, M, L, ay) = 4mayL > M? + — 5 +0 (L—2 exp (—cN'S)). (C.12)
(b) Assume that M < N>/%7¢. Then
1 1
FBEC(B, M, L, ay) = 3 In(M) — 3t O (L72N?37%) (C.13)

holds. In particular, FBEC(8, M, L, ay) is independent of ay at the given level of accuracy.

Proof. The free energy F BEC(ﬁ, M, L,ay) in (1.17) consists of two terms. In the following, we denote the first
by ®(5, M, L, ay). When we apply the same coordinate transformations that led to (C.3), we can write it as

1 > 1. (1 2
OB, M, L,ay) = _,E In (fo exp (—,8 (hx2 —,ux)) dx) = _,E ln[i \/,BZheXp (%)erfc [— \/ég)], (C.14)

where the second identity follows from the fact that the denominator in (C.3) is given by (C.5).

We first consider the parameter regime M > N°/6*¢, where 1 ~ \/,B—hM > N?. An application of (C.8) shows
that the r.h.s. of (C.14) equals

1 ln(\/ﬁzh exp(n®) (1+0 (exp(—nz)/n))) _ L ln(4’8 “N) — 4mayM*L™ + O (L2 exp(-cN*)). (C.15)

B 2\ L
From Lemma C.1 we know that
puM = 8rayM*L™ + O (L7 exp (~cN¥)). (C.16)
In combination, these consideration show

4Bay

1
FPEC(B M, L,ay) = ©(B. M, L, ay) + uM = = In (T

T ) +4mayM’L™ + O (L™ exp (-cN?)),  (C.17)

which proves (C.12).
Next, we consider the case M < N°/97¢, where nx~-1/2 \/ﬁ_hM) < —N%. We use (C.10) to write ® as

OB, M, L,ay) = —é ln(\/ﬁzh%nl (1 + O(n_Z))] _ _1l’l(ﬁM) + O(N_zs/ﬁ) (C.18)

To obtain the second equality we applied Lemma C.1. Another application of the same lemma yields

uM = —}g (1+0(N%)). (C.19)

In combination, (C.18) and (C.19) prove (C.13). O
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The last lemma provides us with a bound for the moments of the distribution ¢, which is needed in our proof
of Lemma 2.8 in Section 2.2. We recall that { equals g in (1.18) except that the chemical potential [ is chosen
s.t. [L1224(z) dz = Ny holds with Ny in (2.9).

Lemma C.3. We consider the limit N — oo, § = kf3. with k € (0,00) and B. in (1.13). The probability
distribution { defined below (2.7) satisfies the bound

f 2% ¢(z) dz < N (C.20)
C
fork e {1,2,3,4).

Proof. Let us again use the notation & = 4rayL™3. We claim that

fc P2 dz = 2 f P i+ o fc LP"22(2) dz (C21)

holds for n > 1. To prove this, we first use the same coordinate transformations as above (C.3) and find
I — . « —
f 2 ¢(2) dz = ~ f Fexp(—p(hx® = ix))dx  with Z = f exp(—B(hx® = [ix)) dx (C.22)
C 0 0
for k > 0. We also have

i;h joxoo X"% exp(_ﬁ(hxz — 7)) dx = fo"x’ Y eXp(—,B(hx2 — 7ix)) dx

_E f e exp(—B(hx? — Tix)) dx. (C.23)
20 Jo

When we integrate by parts in the first term on the Lh.s. and use n > 1, this implies

o 00

f ) exp(—ﬂ(hx —ux))dx = Ll X" exp(—,B(hx —ux))dx + — f X! exp( B(hx — ux)) dx.
0

2h 2ph
(C.24)
Eq. (C.21) is a direct consequence of (C.22) and (C.24).
If 7 < 0 we have
f P dz < o f 127"%¢(2) dz < nN*" f 62"2¢(2) dz, (C.25)
C 2ph Jc c

where we used 8 ~ L2N~2/3 to obtain the second inequality. It is easy to check that (C.25), f {(z)dz =1, and
[12P%¢(z)dz = Ny < N imply (C.20) in this case.

Inspection of (C.6) shows that the chemical potential assumes its largest (positive) values when Ny ~ N.
This follows from the fact that the 1.h.s. of (C.6) is strictly increasing in M and that the two maps 77 — Y(77)
with 1" in (C.0) and {f — 77 = u+/B/(4h) are strictly increasing. Apphcatlon of part (a) of Lemma C.1 and
the bound No < N therefore show that i can be bounded by 4rayNL™3 < L™2. When we use this bound and
B~ L*N~%3in (C.21), we find

f P20y dz < N f tP"¢(2) dz + nN*P f eP" () dz, (C.26)
C C C

which implies (C.20) in the case u > 0. O
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