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We consider a homogeneous Bose gas in the Gross–Pitaevskii limit at temperatures that are
comparable to the critical temperature for Bose–Einstein condensation in the ideal gas. Our main
result is an upper bound for the grand canonical free energy in terms of two new contributions: (a)
the free energy of the interacting condensate is given in terms of an effective theory describing its
particle number fluctuations, (b) the free energy of the thermally excited particles equals that of a
temperature-dependent Bogoliubov Hamiltonian.
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1. Introduction and main results

1.1. Background and summary

The dilute Bose gas, that is, a bosonic system with rare but strong collisions, is one of the most fundamental
and interesting models in quantum statistical mechanics. Its prominence is mostly due to the occurrence of
the Bose–Einstein condensation (BEC) phase transition and its numerous phenomenological consequences.
Triggered by the experimental realization of BEC in ultra cold alkali gases in 1995, see [4, 23], and by
the subsequent experimental progress, in the past two decades there have been numerous mathematical
investigations of dilute Bose gases in different parameter regimes.

The most relevant parameter regime for the description of modern experiments with cold quantum gases is
the Gross–Pitaevskii (GP) limit. Here the scattering length of the interaction between the particles is scaled
with the particle number N in such a way that the interaction energy, in the limit N → ∞, is of the same order
of magnitude as the spectral gap in the trap. It has been shown in [43] that the ground state energy per particle
can, in this limit, be approximated by the minimum of the GP energy functional. Moreover, approximate
ground states of a trapped Bose gases display BEC and superfluidity, see [39, 41]. The derivation of the GP
energy functional has later been extended in [40, 56] to the case of rotating gases, see also [49]. In such a
system, the one-particle density matrices of approximate ground states can be shown to converge to a convex
combination of projections onto the minimizers of the GP energy functional.

As predicted by Bogoliubov in 1947 in [14], the subleading correction to the ground state energy of a
dilute Bose gas is given by the ground state energy of a certain quadratic Hamiltonian (called Bogoliubov
Hamiltonian). Recently, this claim could be proved in the GP limit for a homogeneous Bose gas in [10, 12],
for a homogeneous Bose gas with a slightly more singular interaction (Thomas-Fermi limit) in [2, 15], and
for a trapped Bose gas in [17, 18, 48, 50]. The two-dimensional case has been investigated in [20, 21]. In
all these works it was also possible to compute the low-lying eigenvalues of the Hamiltonian as well as the
corresponding eigenfunctions. Simplified approaches in the homogeneous case have been provided in [34, 35],
and a second order upper bound for a system with hard core interactions was proved in [5]. A Bose gas in a
box with Neumann boundary conditions has been studied in [13].

Low energy eigenstates provide an accurate description of a Bose gas at zero temperature. However, the
understanding of the model at positive temperature is essential for the full description of experiments and
crucial for the mathematical understanding of the BEC phase transition. In this case one is interested in the
free energy and the Gibbs state, which are natural equivalents of the ground state energy and the corresponding
eigenfunction. A trapped Bose gas in a combination of a thermodynamic limit in the trap and a GP limit was
studied in [26]. There it could be shown that the difference between the free energy of the system and that of
the ideal gas is approximately given by the minimum of the GP energy functional. Moreover, the one-particle
density matrix of approximate minimizers of the free energy are, to leading order, given by the one of the ideal
gas, where the condensate wave function has been replaced by the minimizer of the GP energy functional. This,
in particular, establishes the existence of a BEC phase transition in the system. Comparable results have been
obtained also for a homogeneous Bose gas, see [25].

Consider an approximate ground state of a trapped Bose gas. Its dynamics after the trapping potential has
been switched off can, in the GP limit, be described by the time-dependent GP equation, see [7,16,28,29,36,53].
The dynamics of approximate positive temperature states has so far been studied only for mean field (high
density) systems. More information about the derivation of effective evolution equations for bosonic many-
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particle systems can be found in the reviews [8, 51].

The GP limit is appropriate to describe experiments with 102−106 alkali atoms. In contrast, truly macroscopic
samples with particle numbers of the order of the Avogadro constant NA ≈ 6.022 × 1023 are well-described
by the thermodynamic limit followed by a dilute (i.e., low density) limit. The asymptotic behavior of the
specific energy in this setting has been obtained in [27, 45]. Results in two and one space dimensions can be
found in [46] and [3], respectively. Also the next-to-leading order correction (Lee–Huang–Yang (LHY) term)
predicted in [37] could recently be established, see [6, 60] (upper bound), [31, 32] (lower bound), and [30]
(comparable result in two space dimensions). A two-term expansion for the free energy of the three-dimensional
system has been proved in [61] (upper bound) and [58] (lower bound), and for the two-dimensional system
in [47] (upper bound) and [24] (lower bound). In the latter case the result depends on the critical temperature
of the Berezinskii—Kosterlitz—Thouless critical temperature for superfluidity. Finally, a LHY type lower
bound for the free energy at suitably low temperatures, where the contribution of the excitation spectrum and
the LHY correction are of the same order, has been proved in [33]. For a more extensive list of references
concerning static properties of Bose gases we refer to [42, 54].

In the present article we consider a homogeneous Bose gas in the GP limit at temperatures of the order of the
critical temperature for BEC. Our main result is an upper bound for the grand canonical free energy in terms
of two new contributions. The first is the free energy of the particle number fluctuations of the interacting
condensate and is described by a suitable effective theory. The second new contribution is related to the free
energy of thermal excitations over the condensate. For temperatures of the order of the critical temperature,
the number of excited particles may be of the same order as the number of particles in the condensate, and
Bogoliubov modes need to be described in terms of a temperature-dependent Bogoliubov Hamiltonian. To
obtain our upper bound, we construct a trial state as follows: particles in the condensate are described by
a convex combination of coherent states, which allows us to increasing their entropy. The excitations are
described by a Gibbs state of free bosons with Bogoliubov dispersion relation. The resulting state is a convex
combination of quasi-free states, which we further transform to include two-body correlations. To do this
we employ a suitable second quantized quartic operator. When computing the energy of our trial state, this
operator allows us to renormalize the interaction potential and to show that the result only depends on the
scattering length.

1.2. Notation

For two functions a and b of the particle number and other parameters of the system, we use the notation
a ≲ b to say that there exists a constant C > 0 independent of the parameters such that a ≤ Cb. If we want to
highlight that C depends on a parameter k we use the symbol ≲k. If a ≲ b and b ≲ a we write a ∼ b and a ≃ b
means that a and b are equal to leading order in the limit considered. By C, c > 0 we denote generic constants,
whose values may change from line to line. The Fourier coefficients of a periodic function f : [0, L]3 → C are
denoted by f̂ (p) =

∫
[0,L]3 e−ipx f (x) dx, and for two Fourier coefficients f̂ , ĝ we define their convolution as

f̂ ∗ ĝ(p) = L−3
∑

p∈(2π/L)Z3

f̂ (p − q)ĝ(q). (1.1)

This, in particular, implies f̂ g(p) = f̂ ∗ ĝ(p).

1.3. Fock space and Hamiltonian

We consider a system of bosons confined to a three dimensional flat torus Λ with side length L. In what follows,
we could set L = 1 but we prefer to keep a length scale to explicitly display units in formulas. The one-particle
Hilbert space of the system is given by L2(Λ, dx), with dx denoting Lebesgue measure. We are interested in
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the grand canonical ensemble, that is, in a system with a fluctuating particle number. The Hilbert space of the
entire system is therefore given by the bosonic Fock space

F (L2(Λ, dx)) =
∞⊕

n=0

L2
sym(Λn, dx) (1.2)

over L2(Λ, dx). Here L2
sym(Λn, dx) denotes the closed linear subspace of L2(Λn, dx) consisting of those

functions Ψ(x1, ..., xn) that are invariant under any permutation of the coordinates x1, ..., xn ∈ Λ. As usual, we
define L2

sym(Λ0, dx) = C.

On the n-particle Hilbert space L2
sym(Λn, dx) with n ≥ 1 we define the Hamiltonian

H
(n)
N =

n∑
i=1

−∆i +
∑

1≤i< j≤n

vN(d(xi, x j)), (1.3)

where ∆ denotes the Laplacian on the torus Λ and d(x, y) is the distance between two points x, y ∈ Λ.
In the realization of Λ as the set [0, L]3, ∆ is the usual Laplacian with periodic boundary conditions and
d(x, y) = mink∈Z3 |x − y − kL|. We also defineH (0)

N = 0. The interaction potential is of the form

vN(d(x, y)) = N2v(Nd(x, y)) (1.4)

with a measurable, compactly supported function v : [0,∞) → [0,∞] and a parameter N > 0. We will later
choose N as the expected number of particles in the system. Our assumptions on v guarantee that it has a
finite scattering length a ≥ 0. The scattering length is a combined measure for the range and the strength of
an interaction potential. For its definition we refer to [42, Appendix C] and Appendix A. A simple scaling
argument shows that the scattering length of vN is given by aN = a/N. Finally, the HamiltonianHN acting on
F is defined by

HN =

∞⊕
n=0

H
(n)
N . (1.5)

1.4. Grand canonical free energy, Gibbs state and Gibbs variational principle

We are interested in a gas of bosons in the grand canonical ensemble. The usual thermodynamic variables used
to describe such a system are the inverse temperature, the chemical potential and the volume of the container.
The chemical potential can later be chosen to obtain a desired particle number. In this article we replace the
chemical potential in the above list of variables by the expected number of particles, which yields an equivalent
description of the system. This motivates the following definitions.

The set of states on the bosonic Fock space F (L2(Λ, dx)) with an expected number of N ≥ 0 particles is
defined by

SN = {Γ ∈ B(F ) | Γ ≥ 0,Tr Γ = 1,Tr[NΓ] = N}, (1.6)

where

N =

∞⊕
n=0

n (1.7)

denotes the number operator on F . For a state Γ ∈ SN , the Gibbs free energy functional reads

F (Γ) = Tr[HNΓ] −
1
β

S (Γ) with the von-Neumann entropy S (Γ) = −Tr[Γ ln(Γ)] (1.8)
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and the inverse temperature β > 0. The grand canonical free energy of the system is defined as the minimum of
F in the set SN :

F(β,N, L) = min
Γ∈SN
F (Γ) = −

1
β

ln
(
Tr[exp(−β(HN − µN))]

)
+ µN. (1.9)

Here the chemical potential µ is chosen such that the unique minimizer

G =
exp(−β(HN − µN))

Tr[exp(−β(HN − µN))]
(1.10)

of F satisfies Tr[NG] = N. The state G is called the (grand canonical) Gibbs state.

1.5. The ideal Bose gas on the torus

The bound that we prove for the free energy F(β,N, L) in (1.9) depends on several quantities related to the
ideal Bose gas on the torus. In this section we recall their definition and briefly discuss their behavior as a
function of the inverse temperature β.

The chemical potential µ0(β,N, L) < 0 of the ideal gas is defined as the unique solution to the equation

N =
∑
p∈Λ∗

1
exp(β(p2 − µ0(β,N, L))) − 1

, (1.11)

where Λ∗ = (2π/L)Z3. The expected number of particles with momentum p = 0 and their density read

N0(β,N, L) = (exp(−βµ0) − 1)−1 and ϱ0(β,N, L) = N0(β,N, L)/L3, (1.12)

respectively. The asymptotic behavior of N0 in the limit N → ∞ is given by

N0(β,N, L)
N

≃

[
1 −

βc

β

]
+

with βc =
1

4π

(
N

L3ζ(3/2)

)−2/3

. (1.13)

We note that β in (1.13) usually depends on N. By ζ we denote the Riemann zeta function and [x]+ = max{0, x}.
The above formula implies that the ideal Bose gas displays a BEC phase transition: If β = κβc with κ ∈ (1,∞)
then N0 ≃ N[1 − 1/κ] and |µ0| ∼ L−2N−1/3. In contrast, for β = κβc with κ ∈ (0, 1) we have N0 ∼ 1 and
|µ0| ∼ L−2N2/3. Finally, the grand canonical free energy of the ideal gas is given by F0 = FBEC

0 + F+0 . Here

FBEC
0 (β,N, L) =

1
β

ln
(
1 − exp (βµ0)

)
+ µ0N0 (1.14)

denotes the free energy of the condensate and

F+0 (β,N, L) =
1
β

∑
p∈Λ∗+

ln
(
1 − exp

(
−β(p2 − µ0)

))
+ µ0(N − N0) (1.15)

that of the non-condensed particles.

1.6. Main results

Our main result is the following upper bound for the free energy of the homogeneous Bose gas in the GP limit.
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Theorem 1.1. Assume that the function v : [0,∞)→ [0,∞] is nonnegative, compactly supported, and satisfies
v(| · |) ∈ L3(Λ, dx). By ϱ = N/L3 we denote the particle density. In the combined limit N → ∞, β = κβc with
κ ∈ (0,∞) and βc in (1.13), the free energy in (1.9) satisfies the upper bound

F(β,N, L) ≤F+0 (β,N, L) + 8πaN L3ϱ2 +min{FBEC − 8πaN L3ϱ2
0, F

BEC
0 }

−
1

2β

∑
p∈Λ∗+

[
16πaNϱ0(β,N, L)

p2 − ln
(
1 +

16πaNϱ0(β,N, L)
p2

)]
+ O(L−2N7/12), (1.16)

with ϱ0 in (1.12), FBEC
0 in (1.14), F+0 in (1.15), and

FBEC(β,N0, L, aN) = −
1
β

ln
(∫
C

exp
(
−β

(
4πaN L−3|z|4 − µ|z|2

))
dz

)
+ µN0(β,N, L). (1.17)

Here dz = dx dy/π, where x and y denote the real and imaginary part of the complex number z, respectively.
The chemical potential µ in (1.17) is chosen such that the Gibbs distribution

g(z) =
exp

(
−β

(
4πaN L−3|z|4 − µ|z|2

))∫
C

exp
(
−β

(
4πaN L−3|z|4 − µ|z|2

))
dz

satisfies
∫
C
|z|2g(z) dz = N0(β,N, L). (1.18)

The terms on the r.h.s. of (1.16) are listed in descending order concerning their order of magnitude in the
limit N → ∞. The free energy of the non-condensed particles satisfies F+0 ∼ L−2N5/3. The second term is
a density-density interaction of the order L−2N. As we will see with Proposition 1.2 below, the energy of
the interacting condensate (the third term), contributes on two orders of magnitude (if κ > 1): L−2N and
L−2N2/3 ln(N). The term in the second line is a correction to the free energy of the non-condensed particles
coming from Bogoliubov theory, and is of the order L−2N2/3.

The following proposition provides us with a simplified expression for FBEC above and below the critical
point. This, in particular, allows us to compute the minimum on the r.h.s. of (1.16).

Proposition 1.2. The following statements hold for given ε > 0 in the limit N → ∞:

(a) Assume that N0 ≳ N5/6+ε. There exists a constant c > 0 such that

FBEC(β,N0, L, aN) = 4πaN L−3N2
0 +

ln
(
4βaN/L3

)
2β

+ O
(
L−2 exp

(
−cNε)) . (1.19)

(b) Assume that N0 ≲ N5/6−ε. Then

FBEC(β,N0, L, aN) = −
1
β

ln(N0) −
1
β
+ O

(
L−2N2/3−2ε

)
(1.20)

holds. In particular, FBEC(β,N0, L, aN) is independent of aN at the given level of accuracy.

The interpretation of Proposition 1.2 is as follows: if the number of particles in the BEC is sufficiently large,
we see a contribution of the order L−2N2/3 ln(N) in addition to the density-density interaction 4πaN L−3N2

0 . This
new contribution (the second term on the r.h.s. of (1.19)) is a consequence of the particle number fluctuations
in the BEC and will be discussed in more detail in Remark 1.4.(b) below. In contrast, if the expected particle
number inside the BEC satisfies 1 ≪ N0 ≤ N5/6−ε its free energy equals that of an ideal gas to leading order.
The appearance of the exponent 5/6 is explained by the fact that 4πaN L−3N2

0 ∼ L−2N2/3 if N0 ∼ N5/6. This
should be compared to 1/β times the classical entropy of g (for a definition see (1.25) below), which, for
Nε ≤ N0 ≤ N5/6 with ε > 0, is always of the order ln(N)/β ∼ L−2N2/3 ln(N). That is, in the parameter region
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N5/6−ε ≲ N0 ≲ N5/6+ε the effective theory of the condensate transitions from a regime where the interaction is
relevant to a regime where it is not. For those values of N0 the free energy FBEC does not have a form that is as
simple as that in (1.19) or (1.20).

Proposition 1.2 allows us to bring our main result into a form that is better suited for a comparison to the
existing literature, as stated in the following Corollary.

Corollary 1.3. Assume that the function v : [0,∞)→ [0,∞] is nonnegative, compactly supported, and satisfies
v(| · |) ∈ L3(Λ, dx). By ϱ = N/L3 we denote the particle density. We consider the combined limit N → ∞,
β = κβc with κ ∈ (0,∞) and βc in (1.13). If κ ∈ (1,∞) the free energy in (1.9) satisfies the upper bound

F(β,N, L) ≤F+0 (β,N, L) + 4πaN L3
(
2ϱ2 − ϱ2

0(β,N, L)
)
+

ln
(
4βaN/L3

)
2β

−
1

2β

∑
p∈Λ∗+

[
16πaNϱ0(β,N, L)

p2 − ln
(
1 +

16πaNϱ0(β,N, L)
p2

)]
+ O(L−2N7/12) (1.21)

and if κ ∈ (0, 1) we have

F(β,N, L) ≤ F0(β,N, L) + 8πaN L3ϱ2 + O(L−2N1/2) (1.22)

with F0 defined above (1.14).

If κ ∈ (1,∞) the minimum in (1.16) is attained by the first term and one obtains (1.21). In contrast, for
κ ∈ (0, 1) it equals the second term, which leads to (1.22). At the critical point (κ = 1) the minimum is needed.
We have the following remarks concerning the above statements.

Remark 1.4. (a) The first two terms on the r.h.s. of (1.21) and (1.22) already appeared in an asymptotic
expansion of the canonical free energy in the GP limit in [25] (with a remainder of the order o(L−2N)).
To be precise, the result in (1.21) has been stated with F+0 replaced by the canonical free energy Fc

0 of the
ideal gas. From [25, Lemma A1] we, however, know that Fc

0 and F+0 agree up to a remainder of the order
L−2N2/3 ln(N). It is to be expected that the result in [25] also holds if the grand canonical ensemble is
considered. That is, the two ensembles are expected to be equivalent if one allows for remainders of the
order o(L−2N). We highlight that the first two terms on the r.h.s. of (1.21) had for the first time been
justified in the thermodynamic limit, see [61] (upper bound) and [58] (lower bound). The inclusion of
the remaining two (negative) terms in the upper bound for the free energy in (1.21) is therefore our main
new contribution.

(b) The third term on the r.h.s. of (1.21) is related to the particle number fluctuations in the BEC. Let us
explain this in some more detail: it is well known that a c-number substitution for one momentum mode
in the spirit of [25, 44] (method of coherent states) introduces only a small correction to the free energy.
Motivated by this, we use a trial state of the form

Γ0 =

∫
C
|z⟩⟨z| p(z) dz, where |z⟩ = exp(za∗0 − za0)|vac⟩ (1.23)

to describe the BEC. Here a∗0 and a0 denote the usual creation and annihilation operators of a particle in
the p = 0 mode and |vac⟩ is the related vacuum vector. Moreover, p(z) is a probability distribution on
C w.r.t. the measure dz defined below (1.17). Let us assume that the interaction energy of the BEC is
described by the effective Hamiltonian 4πaN L−3a∗0a∗0a0a0. The free energy of Γ0 is then given by

F BEC(Γ0) = 4πaN L−3
∫
C
|z|4 p(z) dz −

1
β

S (Γ0). (1.24)
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From the the Berezin–Lieb inequality, see e.g. [9, 38], we know that the last term on the r.h.s. is bounded
from above by −1/β times

S (p) = −
∫
C

p(z) ln(p(z)) dz. (1.25)

When we minimize F BEC(Γ0) with S (Γ0) replaced by S (p) under the constraint
∫
|z|2 p(z) dz = N0 over

all probability distributions p, we obtain FBEC in (1.17). The unique minimizer is the Gibbs distribution
g in (1.18). With the above considerations, Proposition 1.2.(a), and

∫
C
|z|2g(z) dz = N0 we conclude that

4πaN L−3

∫
C
|z|4g(z) dz −

(∫
C
|z|2g(z) dz

)2 − 1
β

S (g) =
ln

(
16βaN/L3

)
2β

+ O
(
L−2 exp

(
−cNε/2

))
(1.26)

provided that N0 ≥ N5/6+ε holds for some fixed ε > 0. That is, the term on the r.h.s. of the above
equation indeed describes the free energy related to the particle number fluctuations in the BEC. It is
interesting to note that this contribution vanishes in the thermodynamic limit because it is bounded from
above by a constant times ln(N)/β.

(c) The Gibbs distribution g in (1.18) satisfies

Varg(|z|2) =
∫
C
|z|4g(z) dz −

(∫
C
|z|2g(z) dz

)2

∼ N5/3 (1.27)

for (κ > 1), which should be compared to the grand canonical ideal Bose gas. Here the same quantity is
of the order N2. This decrease of the number fluctuations in the BEC is a well-known effect caused by
the repulsive interaction between the particles. Motivated by the recent experimental realization of a
system with grand canonical number statistics, see [55], a discrete version of g in (1.18) has recently
been used in [59] to compute the particle number fluctuations in an interacting grand canonical trapped
BEC. To rigorously justify the computations in [59], it is necessary to show that g(z) approximates
Tr[|z⟩⟨z|G] with the interacting Gibbs state G in (1.10). This is a very interesting mathematical problem,
whose solution is beyond the scope of the present investigation.

(d) The term in the second line of (1.21) is a correction to the free energy of the non-condensed particles
coming from Bogoliubov theory. It can be motivated by the following heuristic computation: We write
the HamiltonianHN in (1.5) in terms of creation and annihilation operators ap and a∗p of a particle with
momentum p ∈ Λ∗. Next we replace a0 and a∗0 by

√
N0, and v̂(p) by 4πaN L−3. When we additionally

neglect cubic and quartic terms in ap and a∗p, we obtain the Bogoliubov Hamiltonian

HBog =
∑
p∈Λ∗+

p2a∗pap + 4πaNϱ0(β,N, L)
∑
p∈Λ∗+

(
2a∗pap + a∗pa∗−p + apa−p

)
. (1.28)

A careful analysis shows that the grand potential ΦBog(β, µ0, L) associated to HBog with µ0 in (1.11)
satisfies (compare to Lemma B.1 in Appendix B)

ΦBog(β, µ0, L) =
1
β

∑
p∈Λ∗+

ln
(
1 − exp

(
β|p2 − µ0|

√
p2 − µ0 + 16πaNϱ0

))
=

1
β

∑
p∈Λ∗+

ln
(
1 − exp

(
−β(p2 − µ0)

))
+ 8πaN L3(ϱ − ϱ0)ϱ0

−
1

2β

∑
p∈Λ∗+

[
16πaNϱ0(β,N, L)

p2 − ln
(
1 +

16πaNϱ0(β,N, L)
p2

)]
+ o(L−2N2/3). (1.29)

The first term on the r.h.s. contributes to F+0 , the second term is part of the density-density interaction
energy, and the third term is the novel contribution in the second line of (1.21).
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(e) In [10] it has been shown that eigenvalues E ofH (N)
N in (1.3) that satisfy E ≪ L−2N1/8 are, to leading

order, as N → ∞, approximated by those of a Bogoliubov Hamiltonian. If we compare this energy scale
to our temperature 1/β ∼ 1/βc ∼ L−2N2/3, which is a measure for the energy per particle in our system,
we see that the result in [10] is far from being sufficient to draw conclusions about the free energy.

(f) It is interesting to note that if one replaces aN by a and takes the thermodynamic limit (N, L→ ∞ with
ϱ = N/L3 fixed) of the last term in (1.29) divided by L3, one obtains

−
1

2β(2π)3

∫
R3

[
16πaϱ0

p2 − ln
(
1 +

16πaϱ0

p2

)]
dp = −

16
√
π

3β
(aϱ0)3/2. (1.30)

The r.h.s. has been conjectured to appear in the asymptotic expansion of the specific free energy in the
dilute limit, see [52, Theorem 11]. There it is shown that minimizing the free energy functional (1.8)
over the class of quasi-free states leads to (1.30) with the scattering length replaced by its first Born
approximation.

(g) The minimum in the third term on the r.h.s. of (1.16) is needed because FBEC fails to describe the free
energy of the BEC correctly if N0 ∼ 1 (⇔ κ < 1). This is related to the fact that we describe the discrete
random variable associated to the operator a∗0a0 by one that is continuous.

(h) Theorem 1.1 is stated and proved for fixed κ ∈ (0,∞). Our proof can, however, easily be extended to
cover the case when κ depends on N provided κ ≳ 1 holds.

(i) We expect the upper bound in Theorem 1.1 to be accurate up to a remainder of the order o(L−2N2/3).
That is, we expect it to be possible to prove a matching lower bound.

(j) In case of the canonical ensemble we expect that F+0 + FBEC needs to replaced by Fc
0 + 4πaNϱ2

0, where
Fc

0 denotes the free energy of the canonical ideal gas. This is a consequence of the fact the variance of
the number of condensed particles in the canonical ideal gas lives, for β = κβc with κ > 1, on the scale
N4/3. This needs to be compared to (1.27) and (1.26). For a thorough analysis of condensate fluctuations
in the canonical ideal gas we refer to [22].

1.7. Organization of the article

We prove Theorem 1.1 with a trial state argument. In Section 2 we define our trial state and establish some of
its properties that are needed for proving an upper bound for its free energy. In Section 3, which is the core of
our analysis, we provide an upper bound for the energy of our trial state, and Section 4 is devoted to an estimate
for its entropy. Finally, in Section 5 we use these results to give the proof of Theorem 1.1. To not dilute the
main line of the argument, we deferred some technical parts of our proof to an Appendix. In Appedix A we
collect known properties of the solution to the scattering equation in a ball with Neumann boundary conditions.
Appendix B contains the proof of an expansion of the free energy related to a Bogoliubov Hamiltonian in the
spirit of (1.29). Finally, in Appendix C we prove Proposition 1.2 as well as some lemmas concerning FBEC in
(1.17) and g in (1.18).

2. The trial state

In this section we define our trial state and collect some of its properties.

2.1. Definition of the trial state

We start our analysis with the definition of a trial state. To be able to distinguish between different parts of
the system as e.g. the condensate, thermally excited particles, and the microscopic correlations between the
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particles induced by vN , we start by introducing several subsets of the momentum space Λ∗. Let δB, δL, δH > 0
with δB < 1/3 and δL + δH < 2/3 and define

PL :=
{
p ∈ Λ∗ | |p| ≤ N1/3+δL/L

}
,

PB :=
{
p ∈ Λ∗ | 0 < |p| ≤ NδB/L

}
,

PI :=
{
p ∈ Λ∗ | NδB/L < |p| ≤ N1/3+δL/L

}
,

PH :=
{
p ∈ Λ∗ | |p| ≥ N1−δH/L

}
. (2.1)

Our assumptions on the parameters assure that PB ⊂ PL and PL ∩ PH = ∅. Later, all parameters defined above
will be chosen independently of N. The meaning of our sets in (2.1)–(2.1) is the following: the set PL is
appropriate to describe the BEC and the thermally excited particles described by our trial state. To that end, it
is sufficient to choose δL > 0 as small as we wish. For any δB > 0, the set PB is large enough to describe the
Bogoliubov excitations in the system. The part of the trial state with support in F (L2(PI)) will be chosen as the
Gibbs state of an ideal gas. That is, for these modes Bogoliubov theory is not relevant. Finally, the microscopic
correlations between the particles induced by the singular interaction vN will be chosen to live in the set PH.

It is convenient for us to introduce the following decomposition of the bosonic Fock space:

F (L2(Λ, dx)) � F0 ⊗FB ⊗FI ⊗F>, (2.2)

where F0 denotes the Fock space over the p = 0 mode, FB is the Fock space over L2(PB), FI denotes the
Fock space over L2(PI), and F> is the Fock space over all remaining momentum modes. Moreover, by � we
denote unitary equivalence. In the following we will, without explicitly mentioning it, use the same symbol
for an operator acting on F and for its unitary image acting on F0 ⊗FB ⊗FI ⊗F>. By a∗(g) and a(g) we
denote the usual creation and annihilation operators of a particle in the function g ∈ L2(Λ, dx), which satisfy
the canonical commutation relations

[a(g), a∗(h)] = ⟨g, h⟩, [a(g), a(h)] = 0 = [a∗(g), a∗(h)]. (2.3)

We also use the notation ap = a(φp) with the plane wave L−3/2eipx. In this special case the first identity in (2.3)
reads [ap, a∗q] = δp,q.

We are now prepared to define our trial state and start by introducing the Bogoliubov Hamiltonian

HB =
∑
p∈PB

(p2 − µ0)a∗pap +
ϱ0(β,N, L)

2

∑
p∈PB

v̂N ∗ f̂N(p)
[
2a∗pap + (z/|z|)2a∗pa∗−p + (z/|z|)2apa−p

]
(2.4)

with µ0 in (1.11), ϱ0 in (1.12), and the Fourier coefficients f̂N =
∫
Λ

e−ipxvN(x) dx of the solution fN(x) to a
version of the zero energy scattering equation that will be introduced more carefully below. We also recall our
definition of the convolution in (1.1). By

GB(z) =
exp(−βHB)

TrFB[exp(−βHB)]
(2.5)

we denote the Gibbs state related toHB, which acts on FB. We also introduce the Gibbs state of the ideal gas

Gfree =
exp(−β dΓ(1(−i∇ ∈ PI)(−∆ − µ0))

TrFI exp(−β dΓ(1(−i∇ ∈ PI)(−∆ − µ0))
, (2.6)

acting on FI. With these definitions at hand, we define the state Γ0 without microscopic correlations between
the particles by

Γ0 =

∫
C
|z⟩⟨z| ⊗GB(z)ζ(z) dz ⊗Gfree. (2.7)
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Here |z⟩ is the coherent state in (1.23). The probability distribution ζ(z) is given by

ζ(z) =
exp

(
−β

(
4πaN L−3|z|4 − µ̃|z|2

))∫
C

exp
(
−β

(
4πaN L−3|z|4 − µ̃|z|2

))
dz

(2.8)

i.e., it equals g(z) in (1.18) except for the fact that the chemical potential µ̃ in the definition of ζ is chosen s.t.
Tr[NΓ0] = N holds (see also (2.34) below). Since the chemical potential in the definition of GB(z) is fixed this
may be possible only if N is large enough. We define Ñ0 by

Ñ0 =

∫
C
|z|2ζ(z) dz. (2.9)

In Lemma 2.6 we show that Ñ0 equals N0 in (1.12) up to a correction of the order L2N0/(βN) ∼ N2/3 if N0 ∼ N.
In the computation of the free energy of our trial state we obtain the term FBEC(β, Ñ0, L, aN). To replace this
free energy by the same expression with Ñ0 replaced by N0, we use Lemma C.1 in Appendix C. It is important
to note that the difference between these two free energies yields a contribution of the order L−2N2

0/N. More
details concerning this issue can be found in Section 5 in the analysis following (5.16).

The definition of the condensate part and the part of our trial state related to the Bogoliubov modes
p ∈ PB have been motivated in Remark 1.4.(b) and (d), respectively. For higher momenta the Bogoliubov
dispersion relation

√
p2 − µ0

√
p2 − µ0 + 16πaNϱ0 resembles p2 − µ0, to leading order. We find it therefore

more convenient to describe the thermally excited particles with momenta in PI by Gfree. The Bogoliubov
Hamiltonian in (2.4) depends on z/|z| because the condensate is described by the coherent state |z⟩⟨z|. The
complex phase z/|z| will cancel out in the computation of the energy but its inclusion here is crucial for certain
terms not to vanish.

In the final step, we dress our trial state with a correlation structure that describes the microscopic correlations
introduced by vN . Let fN denote the ground state solution to the Neumann problem

(−∆ + vN(x)/2) fN(x) = λN fN(x) (2.10)

on the ball Bℓ(0) with some fixed 0 < ℓ < L/2. We assume that fN is normalized such that it equals 1 on ∂Bℓ(0)
and we interpret it as a function on Λ by extending it by 1 outside of Bℓ(0). Eq (2.10) is a finite volume version
of the zero energy scattering equation ∆ f (x) = v(x) f (x)/2 with boundary condition lim|x|→∞ f (x) = 1 on R3.
We also define

ηp = f̂N(p) − |Λ|δp,0. (2.11)

More information on the functions fN and ηp can be found in Appendix A. With ηp at hand, we define the
two-body operator

B =
1

2|Λ|

∑
p∈PH, u,v∈PL

ηp a∗u+pa∗v−pauav (2.12)

on F . Except for the restriction of the momenta, it is a multiplication operator with the inverse Fourier
transform of the function ηp. We apply the spectral theorem to write Γ0 =

∑
α λα|ψα⟩⟨ψα| and define our trial

state Γ by

Γ =

∞∑
α=1

λα|ϕα⟩⟨ϕα|, where ϕα =
(1 + B)ψα
∥(1 + B)ψα∥

. (2.13)

The general idea behind the way we introduce correlations is as follows: let us for the sake of simplicity
consider an N-particle wave function ψ that we want to dress. A natural way to introduce correlations is
to multiply ψ with a Jastrow factor

∏
i< j fN(xi − x j). When we write fN = 1 − wN and expand the product

in powers of wN , we obtain (1 −
∑

i< j wN(xi − x j))ψ plus higher order contributions in wN . Except for our
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momentum cut-offs, these first two terms equal (1+B)ψ. Since higher order corrections in wN are not necessary
to obtain the correct energy in the GP limit, we omit these contributions. The restrictions of the momentum
sums in the definition of B turn out to be mathematically convenient. Intuitively, p ∈ PH and u, v ∈ PL because
ηp can be well approximated with momenta in PH and GB(z) and Gfree can be well approximated with momenta
in PL. Correlation structures that are similar to the one introduced by B have been used at zero temperature
in [10,12]. A similar approach to describe correlations can be found in [60,61]. In the remainder of this article,
we prove an upper bound for the free energy of Γ that implies Theorem 1.1.

2.2. Preparatory lemmas

In this section we state and prove several lemmas that are needed for the computation of the free energy of Γ in
(2.13). We present them here to not interrupt the main line of the argument in Section 3.

Properties of the state GB(z) ⊗Gfree

The first lemma provides us with a Bogoliubov transformation that diagonalizes the Bogoliubov Hamiltonian
HB in (2.4). Before we state it, we introduce the following notation. For fixed z ∈ C and p ∈ Λ∗, we define the
functions φp,z(x) = (z/|z|)L−3/2eipx, which are planes waves with a z-dependent phase. By a∗p,z = a∗(φp,z) and
ap,z = a(φp,z) we denotes the operators that create and annihilate a particle in the function φp,z, respectively.
Since {φp,z}p∈2πZ/L is an orthonormal basis of L2(Λ, dx) the operators a∗p,z and ap,z satisfy the canonical
commutation relations in the form stated below (2.3). We also define the (unitary) Bogoliubov transformation
Uz by its action on our z-dependent creation and annihilation operators in the following way (p ∈ PB):

U∗z a∗p,zUz = upa∗p,z + vpa−p,z, U∗z ap,zUz = upap,z + vpa∗−p,z. (2.14)

The z-independent coefficients up and vp are defined by

up =
1
2

(
p2 − µ0

p2 − µ0 + 2v̂N ∗ f̂N(p)ϱ0

)1/4

+
1
2

(
p2 − µ0

p2 − µ0 + 2v̂N ∗ f̂N(p)ϱ0

)−1/4

and

vp =
1
2

(
p2 − µ0

p2 − µ0 + 2v̂N ∗ f̂N(p)ϱ0

)1/4

−
1
2

(
p2 − µ0

p2 − µ0 + 2v̂N ∗ f̂N(p)ϱ0

)−1/4

(2.15)

with µ0 in (1.11) and ϱ0 in (1.12), respectively. The function v̂N ∗ f̂N(p) may take negative values. However,
we claim that there exists Ñ ∈ N such that it is nonnegative uniformly in p ∈ PB provided N ≥ Ñ. To prove
this, we note that

v̂N ∗ f̂N(p) ≥ v̂N ∗ f̂N(0) − |p|
∫ 1

0
|∇v̂N ∗ f̂N(tp)| dt ≥ v̂N ∗ f̂N(0) − NδB L−1

∫
Λ

vN(x) fN(x)|x| dx. (2.16)

By Lemma A.1 we know that 0 ≤ fN ≤ 1; we use this and
∫

vN(x)N |x| dx/L = N−1∥ | · |v∥1 to see that
the last term on the r.h.s. is bounded by a constant times LNδB−2. Since 0 < δB < 1/3 by assumption, and
v̂N ∗ f̂N(0) = N−1

∫
v(x) f (x) dx ≳ LN−1 by (A.3), the claim is proved. In particular, it assures that up and vp

are well defined. In the following we will always assume that N ≥ Ñ, and hence v̂N ∗ f̂N(p) ≥ 0 for p ∈ PB.

We are now prepared to state our first lemma.

Lemma 2.1. The Bogoliubov HamiltonianHB in (2.4) satisfies

U∗zH
BUz = E0 +

∑
p∈PB

ε(p)a∗pap (2.17)
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with

ε(p) =
√

p2 − µ0

√
p2 − µ0 + 2v̂N ∗ f̂N(p)ϱ0 and E0 = −

1
2

∑
p∈PB

[
p2 − µ0 + ϱ0v̂N ∗ f̂N(p) − ε(p)

]
.

(2.18)

Proof. To see that the Bogoliubov transformationUz diagonalizesHB, we note that the latter can be written as

HB =
∑
p∈PB

(p2 − µ0)a∗p,zap,z +
ϱ0(β,N, L)

2

∑
p∈PB

v̂N ∗ f̂N(p)
[
2a∗p,zap,z + a∗p,za

∗
−p,z + ap,za−p,z

]
. (2.19)

Eq. (2.17) now follows from a standard computation that uses (2.14) and (2.19), see e.g. [11, Lemma 5.2]. □

Remark 2.2. It is worth noting that, althoughHB depends on z ∈ C, the r.h.s. of (2.17) is independent of z.
This is related to the fact that the z-dependence ofHB is quite simple: all functions of the plane wave basis are
multiplied by the same complex phase.

Next, we compute the 1-pdm and the pairing function of the state GB(z) ⊗Gfree.

Lemma 2.3. The 1-pdm and the pairing function of the state GB(z) ⊗Gfree with GB(z) in (2.5) and Gfree in
(2.6) are for p, q ∈ PB ∪ PI given by

TrFB⊗FI[a
∗
qapGB(z) ⊗Gfree] = δp,qγ(p) and TrFB⊗FI[apaqGB(z) ⊗Gfree] = δp,−q(z/|z|)2α(p), (2.20)

respectively. Here

γ(p) = 1(p ∈ PB)
(
(u2

p + v2
p)

1
exp(βε(p)) − 1

+ v2
p

)
+ 1(p ∈ PI)

1
exp(β(p2 − µ0)) − 1

and

α(p) = 1(p ∈ PB)upvp

(
2

exp(βε(p)) − 1
+ 1

)
(2.21)

with ε(p) in (2.18).

Proof. We start by noting that the special form of the 1-pdm and the pairing function in (2.20) follows
immediately from the translation invariance of the state GB(z) ⊗Gfree. To compute γ(p), we write

TrFB⊗FI[a
∗
qapGB(z) ⊗Gfree] = TrFB⊗FI[U

∗
z a∗qapUzU

∗
z GB(z)Uz ⊗Gfree]. (2.22)

Using ap = (z/|z|)ap,z and Lemma 2.1, we see that

TrFB⊗FI[a
∗
qapU

∗
z GB(z)Uz] = δp,q

1
exp(βε(p) − 1

,

TrFB⊗FI[a
∗
qa∗pU

∗
z GB(z)Uz] = 0 = TrFB⊗FI[aqapU

∗
z GB(z)Uz] (2.23)

holds for p, q ∈ PB. We also have

TrFB⊗FI[a
∗
qapGfree] = δp,q

1
exp(β(p2 − µ0) − 1

,

TrFB⊗FI[a
∗
qa∗pGfree] = 0 = TrFB⊗FI[aqapGfree], (2.24)

for p, q ∈ PI. Since GB(z) ⊗Gfree is a quasi-free state we know that the expectations in (2.20) vanish if one
momentum is in PB and the other in PI. When we use (2.14), ap = (z/|z|)ap,z, (2.23) and (2.24) on the r.h.s.
of (2.22), we obtain the claimed formula for the 1-pdm. The formula for the pairing function follows from a
similar computation. □
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We highlight that the pairing function of GB(z) ⊗Gfree depends on z/|z|, while the 1-pdm does not. We state
now a result useful to estimate momentum sums. Its proof can be found in [25, Lemma 3.3].

Lemma 2.4. Let f : [0,∞)→ R be a nonnegative and monotone decreasing function and choose some κ ≥ 0.
Then ∑

p∈Λ∗+

f (|p|)1(|p| ≥ κ) ≤
(

L3

2π

) ∫
|p|≥

[
κ−
√

3 2π
L

]
+

f (|p|)
(
1 +

3π
L|p|
+

6π
L2 p2

)
dp. (2.25)

The next lemma provides us with bounds for the functions γ and α.

Lemma 2.5. The functions γ and α in (2.20) satisfy the pointwise bounds

γ(p) ≲ 1(p ∈ PL\{0})
1

exp(βp2) − 1
+ 1(p ∈ PB)

1
L4 p4 and

|α(q)| ≲ 1(p ∈ PB)
1

L2 p2

(
1 +

1
βp2

)
. (2.26)

Moreover, for n ∈ {0, 1} we have

∑
p∈Λ∗+

|p|1γ(p) ≲ L3β−(3+n)/2 + L−ncn(N) with cn(N) =

1 if n = 0
ln(N) if n = 1

as well as∑
p∈Λ∗+

|p|n|α(p)| ≲ L−n+2β−1cn(N) + L−nN(n+1)δB . (2.27)

Finally, the number of particles with momenta in PB is bounded by∑
p∈PB

γ(p) ≲ 1 +
L2NδB

β
. (2.28)

Proof. We start by noting that

v2
p =

1
4

(
p2 − µ0

p2 − µ0 + 2v̂N ∗ f̂N(p)ϱ0

)1/2

+
1
4

(
p2 − µ0

p2 − µ0 + 2v̂N ∗ f̂N(p)ϱ0

)−1/2

−
1
2
. (2.29)

As already remarked above, we can assume that 2v̂N ∗ f̂N(p) ≥ 0 holds uniformly in p ∈ PB (see (2.16)). In
combination with the bound 0 ≤ (1 + x)−1/2 + (1 + x)1/2 − 2 ≤ x2/4 for x ≥ 0 and µ0 < 0, this implies

v2
p ≤

(ϱ0v̂N ∗ f̂N(p))2

4p4 . (2.30)

Using 0 ≤ fN ≤ 1, we see that

|v̂N ∗ f̂N(p)| ≤
∫
Λ

vN(x) fN(x) dx ≤ N−1
∫
Λ

v(x) dx, (2.31)

and hence

v2
p ≲

N2
0

N2L4 p4 ≤
1

L4 p4 . (2.32)

The bounds for γ(p) and |α(p)| now follow from (2.21), (2.32), u2
p−v2

p = 1 and ε(p) ≥ p2−µ0 ≥ p2. The bounds
in (2.27) and (2.28) are a direct consequence of the pointwise bounds for γ(p) and |α(p)| and Lemma 2.4. □
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Properties of the state Γ0

Recall definition (2.9) for Ñ0, the expected number of particles in the condensate of our trial state Γ0. We
highlight that if we know Ñ0 we can compute the chemical potential µ̃ in the definition of ζ, see the discussion
below (2.7). In the following lemma, we prove a bound for Ñ0 showing that it is close to N0 in (1.12) in a
suitable sense.

Lemma 2.6. Assume that β ≳ βc. There exists a constant c > 0 such that Ñ0 satisfies the bound

|Ñ0 − N0| ≲
N0L2

Nβ
+

N2
0

N2 + exp(−cN2δL). (2.33)

Proof. The expected number of particles in the state Γ0 equals N, that is,

N =
∫
C

Tr[N |z⟩⟨z| ⊗GB(z) ⊗Gfree]ζ(z) dz =
∫
C
|z|2ζ(z) dz +

∑
p∈Λ∗+

γ(p), (2.34)

where we used Lemma 2.3 to obtain the second identity. We apply Lemma 2.3 and the identity u2
p − v2

p = 1 to
see that the part of the sum on the r.h.s. that runs over PB can be written as∑

p∈PB

γ(p) =
∑
p∈PB

1
exp(βε(p)) − 1

+ 2
∑
p∈PB

1
exp(βε(p)) − 1

v2
p +

∑
p∈PB

v2
p (2.35)

with ε(p) in (2.18) and v2
p in (2.29). We use ε(p) ≥ p2, (exp(x) − 1)−1 ≤ 1/x, and the bound for v2

p in (2.32) to
see that the second term on the r.h.s. is bounded by

2
∑
p∈PB

1
exp(βε(p)) − 1

v2
p ≲

∑
p∈Λ∗+

1
βp2

N2
0

N2L4 p4 ≲
N2

0 L2

N2β
. (2.36)

Moreover, for the third term ∑
p∈PB

v2
p ≲

N2
0

N2 (2.37)

holds.

We also claim that ∣∣∣∣∣∣∣∣
∑
p∈PB

(
1

exp(βε(p)) − 1
−

1
exp(β(p2 − µ0)) − 1

)∣∣∣∣∣∣∣∣ ≲ N0L2

Nβ
. (2.38)

To see this, we write

1
exp(βε(p)) − 1

=
1

exp(β(p2 − µ0)) − 1
−

∫ 1

0

β(p2 − µ0)
(√

1 + 2ϱ0v̂N∗ fN (p)
p2−µ0

− 1
)

4 sinh2 (
(t(p2 − µ0) + (1 − t)ε(p))/2

) dt. (2.39)

Using |
√

1 + x − 1| ≤ x/2 for x ≥ 0 and (2.31), we check that∣∣∣∣∣∣∣∣
√

1 +
2ϱ0v̂N ∗ fN(p)

p2 − µ0
− 1

∣∣∣∣∣∣∣∣ ≤ ϱ0v̂N ∗ fN(p)
p2 − µ0

≤
2ϱ0∥v∥1

N(p2 − µ0)
≲

N0

NL2(p2 − µ0)
. (2.40)
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In combination, (2.39), (2.40), ε(p) ≥ p2 − µ0 and µ0 < 0 imply∣∣∣∣∣∣∣∣
∑
p∈PB

(
1

exp(βε(p)) − 1
−

1
exp(β(p2 − µ0)) − 1

)∣∣∣∣∣∣∣∣ ≲ N0β

NL2

∑
p∈PB

1
sinh2(β(p2 − µ0)/2)

≤
N0

NβL2

∑
p∈Λ∗+

1
p4 , (2.41)

which proves (2.38).

When we put (2.34)–(2.37) and (2.38) together and use (2.21), we find

N = Ñ0 +
∑

p∈PL\{0}

1
exp(β(p2 − µ0))

+ O
(

N0L2

Nβ

)
(2.42)

with Ñ0 in (2.9). The second term on the r.h.s. can be written as∑
p∈PL\{0}

1
exp(β(p2 − µ0)) − 1

=
∑
p∈Λ∗+

1
exp(β(p2 − µ0)) − 1

−
∑
p∈Pc

L

1
exp(β(p2 − µ0)) − 1

, (2.43)

where Pc
L denotes the complement of the set PL. The first term on the r.h.s. equals N − N0 with N0 in (1.12)

and the second term satisfies the bound∑
p∈Pc

L

1
exp(β(p2 − µ0)) − 1

≤

(
1

exp
(
βN2/3+2δL

)
− 1

)1/2 ∑
p∈Λ∗+

(
1

exp(β(p2 − µ0)) − 1

)1/2

≲ exp(−cN2δL)N (2.44)

for some c > 0. To obtain (2.44), we used β ≳ βc and the definition of PL in (2.1). When we put (2.42)–(2.44)
together, and use the assumption δL > 0, we obtain a proof of (2.33). □

For the computation of the energy of Γ0 we need to know its 2-particle density matrix (2-pdm), which is
stated in the next lemma.

Lemma 2.7. The 2-pdm of the state Γ0 in (2.7) reads

TrF
[
a∗u1

a∗v1
au2av2Γ0

]
= δu1,0δv1,0δu2,0δv2,0

∫
C
|z|4ζ(z) dz

+ Ñ0
[
γ(v1)δv1,v2δu1,0δu2,0 + γ(u1)δu1,u2δv1,0δv2,0 + γ(u1)δu1,v2δv1,0δu2,0 + γ(v1)δv1,u2δu1,0δv2,0

]
+ Ñ0

[
α(u2)δu2,−v2δu1,0δv1,0 + α(u1)δu1,−v1δu2,0δv2,0

]
+ γ(u1)γ(v1)δu1,u2δv1,v2 + γ(u1)γ(v1)δu1,v2δv1,u2 + α(u1)α(u2)δu1,−v1δu2,−v2 (2.45)

with Ñ0 in (2.9) and γ, α in (2.21).

Proof. We denote byWz = exp(za∗0 − za0) the Weyl transformation that implements the condensate. Using
W∗

z a0Wz = a0 + z, we find

TrF [a∗u1
a∗v1

au2av2Γ0] =
∫
C

TrFB⊗FI[Au1,v1,u2,v2GB(z) ⊗Gfree]ζ(z) dz (2.46)

with the operator

Au1,v1,u2,v2 =|z|
4δu1,0δv1,0δu2,0δv2,0

+ |z|2
(
a∗v1

av2δu1,0δu2,0 + a∗u1
au2δv1,0δv2,0 + a∗u1

av2δv1,0δu2,0 + a∗v1
au2δu1,0δv2,0

)
+ z2au2av2δu1,0δv1,0 + z2a∗u1

a∗v1
δu2,0δv2,0 + a∗u1

a∗v1
au2av2 . (2.47)
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An application of Lemma 2.3 allows us to compute the terms proportional to |z|2, z2 and z2. It remains to
compute the expectation of the last term in (2.47). Since GB(z) ⊗Gfree is a quasi-free state we can apply the
Wick theorem and find

TrFB⊗FI

[
a∗u1

a∗v1
au2av2GB(z) ⊗Gfree

]
=TrFB⊗FI

[
a∗u1

au2GB(z) ⊗Gfree
]
TrFB⊗FI

[
a∗v1

av2GB(z) ⊗Gfree
]

+ TrFB⊗FI

[
a∗u1

av2GB(z) ⊗Gfree
]
TrFB⊗FI

[
a∗v1

au2GB(z) ⊗Gfree
]

+ TrFB

[
a∗u1

a∗v1
GB(z)

]
TrFB

[
au2av2GB(z)

]
. (2.48)

The claimed identity in (2.45) follows when we apply Lemma 2.3 to compute the expectations in (2.48). □

Our last preparatory lemma contains bounds for the 2, 3 and 4-pdms of Γ0.

Lemma 2.8. The state Γ0 in (2.7) satisfies∑
u1,v1∈PL
u2,v2∈PL

∣∣∣ TrFB⊗FI

[
a∗u1

a∗v1
au2av2Γ0

]∣∣∣ ≲ N2,

∑
u1,u2,u3∈PL
v1,v2,v3∈PL

∣∣∣ TrFB⊗FI[a
∗
v1

a∗v2
a∗v3

au1au2au3Γ0]
∣∣∣ ≲ N3, and

∑
u1,u2,u3,u4∈PL
v1,v2,v3,v4∈PL

∣∣∣ TrFB⊗FI[a
∗
v1

a∗v2
a∗v3

a∗v4
au1au2au3au4Γ0]

∣∣∣ ≲ N4. (2.49)

Proof. The first bound is a direct consequence of Lemma 2.5 and Lemma 2.7. To prove the second and the
third bound we first need to compute the 3-pdm and the 4-pdm of Γ0 as in the proof of Lemma 2.7. Afterwards,
applications of Lemma 2.5 and Lemma C.3 prove the claim. Carrying out these steps is straightforward but a
little lengthy. We therefore leave the details to the reader. □

3. Bound for the energy

We compute now the expectation of the HamiltonianHN , defined in (1.5) and (1.3), on our trial state. The main
result of this section is Proposition 3.1 below. This, together with Proposition 4.1 for the entropy contribution
(in Section 4) will be the main ingredient to prove Theorem 1.1.

Proposition 3.1. Assume that v : [0,∞)→ [0,∞] is nonnegative, compactly supported, and satisfies v(| · |) ∈
L3(Λ, dx). Let Γ be defined in (2.13) and β = κβc, with κ ∈ (0,∞). Then we have

Tr
[
HNΓ

]
− EHN ≲ L−2EHN (3.1)

where

EHN =TrFI

[( ∑
p∈PI

p2a∗pap
)
Gfree

]
+ TrFB

[ ∑
p∈PB

(
p2a∗pap +

N0(β,N, L)
2|Λ|

(v̂N ∗ f̂N)(p)
(
2 a∗pap + (z2/|z|2)a∗pa∗−p + (z̄2/|z|2)apa−p

))
GB(z)

]
+

4πa
N |Λ|

[∫
C
|z|4ζ(z) dz + 2Ñ0

∑
u∈PL\{0}

γ(u) + 2Ñ0

∑
q∈PI

γ(q) + 2
∑

u,v∈PL\{0}

γ(v)γ(u)
]

(3.2)

and
EHN = N1−δH + NδH+2δB + N−1/3+δH+2δL + N1/3+δB . (3.3)

The parameter Ñ0 has been introduced in (2.9), while N0(β,N, L) has been defined in (1.12).
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Remark 3.2. The z-dependence of the Bogoliubov Hamiltonian and of GB(z) in the second line of (3.2) cancel
out exactly. This explains why this term is not integrated over z.

To prove Proposition 3.1, we split the Hamiltonian in two contributions: we define

K =
∑
p∈Λ∗+

p2a∗pap and VN =
1

2|Λ|

∑
p,u,v∈Λ∗

v̂N(p) a∗u+pa∗v−pauav (3.4)

so thatHN = K +VN . We have therefore

Tr
[
HNΓ

]
=

∑
α

λα
⟨(1 + B)ψα, (K +VN)(1 + B)ψα⟩

⟨(1 + B)ψα, (1 + B)ψα⟩
=: GK + GV. (3.5)

We will prove Proposition 3.1 in Section 3.3, using the results of Lemma 3.3 below for the analysis of GV and
Lemma 3.4 for the analysis of GK .

3.1. Analysis of GV

In this section we prove an upper bound for GV, as stated in the following lemma.

Lemma 3.3. Under the assumptions of Proposition 3.1, we have

GV − EVN ≲ L−2(N1−δH + N1/3 + NδH
)
, (3.6)

where

EVN =
4πa
N |Λ|

∫
C
|z|4ζ(z) dz +

8πaÑ0

N |Λ|

∑
u∈PL\{0}

γ(u)

+
Ñ0

2|Λ|2
∑

p,q∈Λ∗
v̂N(p − q) f̂N(p)

[
2γ(q) + α(q) + α(q)

]
+

8πa
N |Λ|

∑
u,v∈PL\{0}

γ(v)γ(u) (3.7)

+
1

2|Λ|2
∑

p1∈PH
u1,v1,u2,v2∈PL

ηp1

[
v̂N(p1 + u1 − u2) +

1
|Λ|

∑
p2∈PH

v̂N(p1 + p2 + u1 − u2)ηp2

]
Tr[a∗v1

a∗u1
av2au2Γ0].

The functions γ(p) and α(p) are defined in (2.21).

Proof. Recall definition (2.12) for B. Acting on ψα (i.e., the eigenfunctions of Γ0, defined in (2.7)) with
annihilation operators of momenta in PH gives zero. Therefore ⟨ψα, Bψα⟩ = ⟨ψα, B∗ ψα⟩ = 0, and we can
estimate the denominator in (3.8) as ∥(1 + B)ψα∥2 = ⟨ψα, (1 + B∗B)ψα⟩ ≥ 1 so to have the upper bound

GV ≤
∑
α

λα ⟨ψα,VN(1 + B)ψα⟩ +
∑
α

λα ⟨ψα, B∗VN(1 + B)ψα⟩ =: G(1)
V + G

(2)
V . (3.8)

With definitions (3.4) forVN and (2.12) for B we write

G
(1)
V = Tr[VN(1 + B)Γ0] =

1
2|Λ|

∑
p1,u1,v1∈Λ∗

v̂N(p1) Tr[a∗u1+p1
a∗v1−p1

au1av1Γ0]

+
1

4|Λ|2
∑

p1,u1,v1∈Λ
∗

p2∈PH, u2,v2∈PL

v̂N(p1)ηp2 Tr[a∗u1+p1
a∗v1−p1

au1av1a∗u2+p2
a∗v2−p2

au2av2Γ0]

=: G(1,1)
V + G

(1,2)
V . (3.9)
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Using the commutation relations (2.3), we bring the monomial au1av1a∗u2+p2
a∗v2−p2

in G(1,2)
V to normal order.

When we exploit again that acting on Γ0 with annihilation operators of momenta in PH gives zero, we remain
with

G
(1,2)
V =

1
2|Λ|2

∑
p1,u1,v1∈Λ

∗

p2∈PH, u2,v2∈PL

v̂N(p1)ηp2 Tr[a∗u1+p1
a∗v1−p1

au2av2Γ0]δv1,v2−p2δu1,u2+p2 , (3.10)

where in addition we used the symmetry under exchange of u1 with v1 and p1 with −p1. We add and subtract
the contributions where p2 ∈ Pc

H = {p ∈ Λ
∗ | |p| < N1−δH/L}; using the definition of ηp in (2.11) we find

G
(1,2)
V = −

1
2|Λ|

∑
p1,u1,v1∈Λ

∗

v̂N(p1) Tr[a∗u1+p1
a∗v1−p1

au1av1Γ0]

+
1

2|Λ|2
∑

p1∈Λ
∗

p2∈Λ
∗, u2,v2∈PL

v̂N(p1) f̂N(p2) Tr[a∗u2+p2+p1
a∗v2−p2−p1

au2av2Γ0]

+
1

2|Λ|2
∑

p1,u1,v1∈Λ
∗

p2∈Pc
H, u2,v2∈PL

v̂N(p1)ηp2 Tr[a∗u2+p2+p1
a∗v2−p2−p1

au2av2Γ0] (3.11)

The first contribution in (3.11) cancels with the first contribution in (3.9). In the following, we denote the
second and the third term on the r.h.s. of (3.11) by G̃V and E(1)

V , respectively.

Using Lemma 2.8 to estimate the trace, equation (A.9) to estimate the sum of ηp2 over p2 and the bound
|v̂N(p1)| ≤

∫
vN(x) dx ≲ LN−1, we see that

|E
(1)
V | ≤

1
2|Λ|2

[
sup

p1∈Λ∗
|v̂N(p1)|

] ∑
p2∈Pc

H

|ηp2 |
∑

p1∈Λ
∗,u2,v2∈PL

∣∣∣ Tr[a∗u2+p2+p1
a∗v2−p2−p1

au2av2Γ0]
∣∣∣ ≲ L−2N1−δH . (3.12)

We consider now G̃V ; we compute the trace using Lemma 2.7 and obtain

G̃V =
1

2|Λ|2
∑

p1,p2∈Λ
∗

v̂N(p1) f̂N(p2)
[
δp1+p2,0

∫
C
|z|4 ζ(z) dz + 2Ñ0δp1+p2,0

∑
u∈PL\{0}

γ(u) + 2Ñ0γ(p1 + p2)

+ Ñ0α(p1 + p2) + Ñ0α(p1 + p2) +
∑

u∈PB\{0}

α(u + p2 + p1)α(u)

+ δp1+p2,0

∑
u,v∈PL\{0}

γ(v)γ(u) +
∑

u∈PL\{0}

γ(u + p2 + p1)γ(u)
]
=:

8∑
j=1

G̃V, j. (3.13)

Using (A.3) we see that ∑
p∈Λ∗

v̂N(p) f̂N(p) =
|Λ|

N

∫
v(x) f (x) dx =

|Λ|

N
(8πa +CL/N) , (3.14)

and therefore the first contribution in (3.13) satisfies

G̃V,1 =
1

2|Λ|2
∑
p∈Λ∗

v̂N(p) f̂N(p)
∫
C
|z|4ζ(z) dz ≤

4πa
N |Λ|

∫
C
|z|4ζ(z) dz +CL−2. (3.15)

To obtain a bound for the integral over |z|4 we applied Lemma C.3.
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We consider now G̃V,2. From
∑

u∈Λ∗+ γ(u) ≤ N and (3.14) we know that

G̃V,2 =
Ñ0

|Λ|2

∑
p∈Λ∗

v̂N(p) f̂N(p)
∑

u∈PL\{0}

γ(u) ≤
8πaÑ0

N |Λ|

∑
u∈PL\{0}

γ(u) +CL−2 (3.16)

holds. The sum of G̃V,3, G̃V,4 and G̃V,5 is left untouched, i.e.,

G̃V,3 + G̃V,4 + G̃V,5 =
Ñ0

2|Λ|2
∑

p,q∈Λ∗
v̂N(p − q) f̂N(p)

[
2γ(q) + α(q) + α(q)

]
. (3.17)

Next, we consider G̃V,6; from (A.3) it follows that

sup
p∈Λ∗

∣∣∣∣ ∑
q∈Λ∗

v̂N(q) f̂N(p − q)
∣∣∣∣ ≤ |Λ|N

(
8πa +

CL
N

)
; (3.18)

using in addition (2.27) and δB < 1/3 we see that

|G̃V,6| =
1

2|Λ|2

∣∣∣∣∣ ∑
p,q∈Λ∗

v̂N(q) f̂N(p − q)
∑

u∈PB\{0}

ᾱ(u + p)α(u)
∣∣∣∣∣≤ CL−2N1/3. (3.19)

Using (3.14) and (3.18) we see that the last two terms in (3.13) are equal at leading order:

G̃V,7 + G̃V,8 =
1

2|Λ|2
∑
p∈Λ∗

v̂N(p) f̂N(p)
∑

u,v∈PL\{0}

γ(v)γ(u) +
1

2|Λ|2
∑

p,q∈Λ∗
v̂N(q) f̂N(p − q)

∑
u∈PL\{0}

γ(u + p)γ(u)

≤
8πa
N |Λ|

∑
u,v∈PL\{0}

γ(v)γ(u) +CL−2. (3.20)

It remains to consider G(2)
V in (3.8).

To that end, we write

G
(2)
V = Tr[B∗VN(1 + B)Γ0] = Tr[B∗VNΓ0] + Tr[B∗VN BΓ0] =: G(2,1)

V + G
(2,2)
V . (3.21)

We have
B∗VN =

1
4|Λ|2

∑
p1∈PH

u1,v1∈PL

ηp1

∑
p2,u2,v2∈Λ

∗

v̂N(p2) a∗v1
a∗u1

au1+p1av1−p1a∗u2+p2
a∗v2−p2

av2au2 ; (3.22)

commuting au1+p1av1−p1 to the right and observing that only the contributions with v2, u2 ∈ PL give a non zero
contribution, we arrive at

G
(2,1)
V =

1
2|Λ|2

∑
p1∈PH

u1,v1∈PL

ηp1

∑
p2∈Λ

∗

u2,v2∈PL

v̂N(p2) Tr[a∗v1
a∗u1

av2au2Γ0]δu2+p2,u1+p1δv2−p2,v1−p1

=
1

2|Λ|2
∑

p1∈PH
u1,v1,u2,v2∈PL

ηp1 v̂N(p1 + u1 − u2) Tr[a∗v1
a∗u1

av2au2Γ0]δv2,u1+v1−u2 . (3.23)

This term contributes to (3.7). Note that δv2,u1+v1−u2 can be dropped here because Γ0 is translation invariant.

To compute G(2,2)
V we need to study

B∗VN B =
1

8|Λ|3
∑

p1,p3∈PH
u1,v1,u3,v3∈PL
p2,u2,v2,∈Λ

∗

ηp1 v̂N(p2)ηp3 a∗v1
a∗u1

au1+p1av1−p1a∗u2+p2
a∗v2−p2

av2au2a∗u3+p3
a∗v3−p3

av3au3 . (3.24)
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We bring the monomial av2au2a∗u3+p3
a∗v3−p3

to normal order; the symmetries under exchange of u2 with v2, of
u3 with v3 and η−p2 = ηp2 allow to organize the result of the commutation in the following three contributions:

G
(2,2)
V = J1 + J2 + J3 (3.25)

with

J1 :=
1

8|Λ|3
∑

p1,p3∈PH
u1,v1,u3,v3∈PL
p2,u2,v2,∈Λ

∗

ηp1 v̂N(p2)ηp3 Tr[a∗v1
a∗u1

au1+p1av1−p1a∗u2+p2
a∗v2−p2

a∗u3+p3
a∗v3−p3

av2au2av3au3Γ0],

J2 :=
1

2|Λ|3
∑

p1,p3∈PH
u1,v1,u3,v3∈PL
p2,u2,v2,∈Λ

∗

ηp1 v̂N(p2)ηp3 Tr[a∗v1
a∗u1

au1+p1av1−p1a∗u2+p2
a∗v2−p2

a∗u3+p3
au2av3au3Γ0]δv2,v3−p3 ,

J3 :=
1

4|Λ|3
∑

p1,p3∈PH
u1,v1,u3,v3∈PL
p2,u2,v2,∈Λ

∗

ηp1 v̂N(p2)ηp3 Tr[a∗v1
a∗u1

au1+p1av1−p1a∗u2+p2
a∗v2−p2

av3au3Γ0]δu2,v3−p3δv2,u3+p3 . (3.26)

In J1 we bring the monomial au1+p1av1−p1a∗u3+p3
a∗v3−p3

to normal order; using that we obtain zero when we act
with annihilations operators of momenta in PH on Γ0 and exploiting the symmetry under exchange of v1 and u1
we obtain

J1 =
1

4|Λ|3
∑

p1∈PH
u1,v1,u3∈PL
p2,u2,v2,∈Λ

∗

ηp1 v̂N(p2)ηp1+u1−u3 Tr[a∗v1
a∗u1

a∗u2+p2
a∗v2−p2

av2au2av1+u1−u3au3Γ0]. (3.27)

When we apply Lemma 2.8 and the Cauchy-Schwarz inequality, and use the bound in (A.8) as well as
|v̂N(p)| ≲ LN−1, we see that

|J1| ≲
L

N |Λ|3
∑

u1,v1,u3∈PL
p2,u2,v2,∈Λ

∗

∣∣∣ Tr[a∗v1
a∗u1

a∗u2+p2
a∗v2−p2

av2au2av1+u1−u3au3Γ0]
∣∣∣ ∑

p1∈PH

|ηp1ηp1+u1−u3 | ≲ L−2NδH (3.28)

holds.

In J2 we bring the monomial au1+p1av1−p1a∗u3+p3
to normal order (so we obtain zero when a∗u3+p3

acts on Γ0,
since u3 + p3 ∈ PH ) and find

J2 =
1
|Λ|3

∑
p1,p3∈PH

u1,v1,u3,v3∈PL
p2,u2,v2,∈Λ

∗

ηp1 v̂N(p2)ηp3 Tr[a∗v1
a∗u1

av1−p1a∗u2+p2
a∗v2−p2

au2av3au3Γ0]δv2,v3−p3δu1+p1,u3+p3 (3.29)

Now we normal order av1−p1a∗u2+p2
a∗v2−p2

(with the aim of commuting av1−p1 to the right, since v1 − p1 ∈ PH)
obtaining

J2 =
2
|Λ|3

∑
p1,p3∈PH

u1,v1,u3,v3∈PL
p2,u2,v2,∈Λ

∗

ηp1 v̂N(p2)ηp3 Tr[a∗v1
a∗u1

a∗u2+p2
au2av3au3Γ0]δv2,v3−p3δu1+p1,u3+p3δv1−p1,v2−p2

=
2
|Λ|3

∑
p1∈PH

u1,v1,u3,v3,u2∈PL

ηp1 v̂N(v3 + u3 − v1 − u1)ηp1+u1−u3 Tr[a∗v1
a∗u1

a∗u2−v1+v3−u1+u3
au2av3au3Γ0]. (3.30)
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Again we exploited that v1 can be exchanged with u1 and v2 with u2. Using Lemma 2.8, (A.8) and |v̂N(p)| ≲
LN−1, we obtain the bound

|J2| ≲ L−2N−1+δH . (3.31)

Normal ordering of au1+p1av1−p1a∗u2+p2
a∗v2−p2

and analogous considerations as above lead to

J3 =
1

2|Λ|3
∑

p1,p3∈PH
u1,v1,u3,v3∈PL
p2,u2,v2,∈Λ

∗

ηp1 v̂N(p2)ηp3 Tr[a∗v1
a∗u1

av3au3Γ0]δu2,v3−p3δv2,u3+p3δv1−p1,v2−p2δu2+p2,u1+p1

=
1

2|Λ|3
∑

p1,p3∈PH
u1,v1,v3,u3∈PL

ηp1 v̂N(p1 + p3 + u3 − v1)ηp3 Tr[a∗v1
a∗u1

av3au3Γ0]. (3.32)

We combine J3 with G(2,1)
V in (3.23) and obtain

G
(2,1)
V +J3 =

1
2|Λ|2

∑
p1∈PH

u1,v1,v2,u2∈PL

ηp1 v̂N(p1 + u1 − u2) Tr[a∗v1
a∗u1

av2au2Γ0]

+
1

2|Λ|3
∑

p1,p2∈PH
u1,v1,v2,u2∈PL

ηp1 v̂N(p1 + p2 + u2 − v1)ηp2 Tr[a∗v1
a∗u1

av2au2Γ0] (3.33)

=
1

2|Λ|2
∑

p1∈PH
u1,v1,u2,v2∈PL

ηp1

[
v̂N(p1 + u1 − u2) +

1
|Λ|

∑
p2∈PH

v̂N(p1 + p2 + u1 − u2)ηp2

]
Tr[a∗v1

a∗u1
av2au2Γ0].

In the last line we used the symmetry under exchange of v1 with u1. Collecting the results of (3.8), (3.15),
(3.16), (3.17), (3.20), (3.21), (3.25), (3.33) and the bounds on the error terms in (3.12), (3.19), (3.28), (3.31)
we obtain (3.6). □

3.2. Analysis of GK

We recall from definitions of K in (3.4) and GK in (3.5). In this section we prove an upper bound for GK , as
stated in the following lemma.

Lemma 3.4. Under the assumptions of Proposition 3.1 we have

GK − EK ≲ L−2(NδH+2δB + N−1/3+δH+2δL + N1/3 ln(N)
)

(3.34)

with
EK =

∑
p∈PL

p2γ(p) +
1
|Λ|2

∑
p1∈PH

u1,v1,u2,v2∈PL

ηp1(p1 + u1 − u2)2ηp1+u1−u2 Tr[a∗v1
a∗u1

av2au2Γ0]. (3.35)

The function γ(p) is defined in (2.21).

Proof. It is convenient to introduce the operators

KB =
∑
p∈PB

p2a∗pap, KI =
∑
p∈PI

p2a∗pap and K> =
∑
p∈Pc

L

p2a∗pap (3.36)
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and to denote the corresponding expectations w.r.t. Γ by GKB , GKI , GK> , i.e.,

GK =
∑
α

λα
⟨(1 + B)ψα,

(
KB +KI +K>

)
(1 + B)ψα⟩

⟨(1 + B)ψα, (1 + B)ψα⟩
= GKB + GKI + GK> . (3.37)

In the next subsections we will prove upper bounds for GKB ,GKI and GK> . We will need to compute the
commutators of KI and K> with B. Indicating with P# either PI or Pc

L and with K# either KI or K>, we will
use the result

[K#, B] =
1

2|Λ|

∑
q∈P#,p∈PH,

u,v∈PL

q2ηp[a∗qaq, a∗u+pa∗v−pauav]

=
1
|Λ|

∑
q∈P#,p∈PH,

u,v∈PL

q2ηp
(
δq,u+pa∗qa∗v−pauav − δq,u a∗u+pa∗v−pavaq

)
, (3.38)

where we exploited the symmetry ηp = η−p.

3.2.1. Analysis of GKB

Using the positivity of KB we estimate the denominator by one; observing that ⟨ψα, (B∗KB +KBB)ψα⟩
vanishes (because the creation operators in B commute with KB and give zero when acting on ψα), we have

GKB =
∑
α

λα
⟨(1 + B)ψα,KB(1 + B)ψα⟩
⟨(1 + B)ψα, (1 + B)ψα⟩

≤
∑
α

λα ⟨ψα,
( ∑

p∈PB

p2a∗pap
)
ψα⟩ +

∑
α

λα ⟨ψα, B∗KBBψα⟩

=
∑
p∈PB

p2γ(p) + EKB . (3.39)

To estimate the error term in (3.39) we contract the annihilation operators with momenta in PH in B∗ with those
in B, and obtain

|EKB | =
1

2|Λ|2

∣∣∣∣∣ ∑
p1∈PH, q∈PB
u1,v1,u2∈PL

q2 ηp1 ηp1+u1−u2 Tr[a∗u1
a∗v1

a∗qaqau2au1+v1−u2Γ0]
∣∣∣∣∣

≲
N−3+δH+2δB

L2

∑
q∈PB

u1,v1,u2∈PL

∣∣∣ Tr[a∗u1
a∗v1

a∗qaqau2au1+v1−u2Γ0]
∣∣∣ ≲ L−2NδH+2δB . (3.40)

The inequalities follow from |q| ≤ NδB , the Cauchy-Schwarz inequality, the bound in (A.8) and Lemma 2.8.
We therefore have

GKB −
∑
p∈PB

p2γ(p) ≲ L−2NδH+2δB . (3.41)

3.2.2. Analysis of GKI

Here we need to exploit crucial cancellations between the numerator and the denominator. We commute KI to
the right and obtain

GKI =
∑
α

λα
⟨(1 + B)ψα,KI(1 + B)ψα⟩
⟨(1 + B)ψα, (1 + B)ψα⟩

=
∑
α

λα
⟨(1 + B)ψα, (1 + B)KIψα⟩

⟨(1 + B)ψα, (1 + B)ψα⟩
+ EGKI
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with
EGKI

:=
∑
α

λα
⟨ψα, (1 + B∗)[KI, B]ψα⟩
⟨(1 + B)ψα, (1 + B)ψα⟩

. (3.42)

Let us introduce the notation ψα = ξα1 ⊗ να2 with α = (α1, α2), where ξα1 and να2 denote the eigenfunctions of
GB and Gfree, respectively. Calling Eα2 the eigenvalues of KI, so that KIνα2 = Eα2να2 , we see that

GKI =
∑
α

λαEα2 + EGKI
(3.43)

holds.

Next, we estimate EGKI
. With ∥(1 + B)ψα∥ ≥ 1 we have

|EGKI
| =

∣∣∣∣∣∣∣∑α λα
⟨ψα, B∗[KI, B]ψα⟩
⟨(1 + B)ψα, (1 + B)ψα⟩

∣∣∣∣∣∣∣ ≤∑
α

λα| ⟨ψα, B∗[KI, B]ψα⟩ |. (3.44)

When we contract the high momenta in B∗[KI, B], we see that the inner product inside the absolute value equals

⟨ψα, B∗[KI, B]ψα⟩ = −
1
|Λ|2

∑
u1,v1∈PL

p1∈PH, u2∈PI

u2
2 ηp1+v1−u2ηp1 ⟨ψα, a∗u1

a∗v1
au2au1+v1−u2ψα⟩ . (3.45)

Applying the Cauchy-Schwarz inequality, using (A.8), and estimating |u2| ≤ N1/3+δL/L we find∑
α

λα| ⟨ψα, B∗[KI, B]ψα⟩ | ≤
1
|Λ|2

∑
α

λα
∑

u1,v1∈PL
u2∈PI

| ⟨ψα, a∗u1
a∗v1

au2au1+v1−u2ψα⟩ |
∑

p1∈PH

|ηp1+u1−u2ηp1 u2
2|

≲ L−2N−7/3+δH+2δL
∑
α

λα
∑

u1,v1∈PL
u2∈PI

| ⟨ψα, a∗u1
a∗v1

au2au1−v1+u2ψα⟩ |. (3.46)

We observe now that since u2 ∈ PI, at least one of the momenta u1 or v1 needs to be in PI (this is due to the
fact that the eigenfunctions of Gfree are symmetric tensor products of plane waves). Let us assume without loss
of generality that v1 ∈ PI. We distinguish now the three cases u1 = 0, u1 ∈ PB and u1 ∈ PI.

If u1 = 0, then v1 − u2 = 0 (this again follows from the structure of the orthonormal set {ψα}α∈N), and the
expectation ⟨ψα, a∗0a∗u2

au2a0ψα⟩ is positive. In this case we estimate the sum on the r.h.s. (3.46) by∑
α

λα
∑

u2∈PI

⟨ψα, a∗0a∗u2
au2a0ψα⟩ =

∑
u2∈PI

Tr
[
a∗0a∗u2

au2a0 Γ0
]

=

∫
C

TrF0

[
a∗0a0 |z⟩⟨z|

]
ζ(z) dz TrFI

[ ∑
u2∈PI

a∗u2
au2 Γfree

]
=

∫
C
|z|2ζ(z) dz

∑
u2∈PI

γ(u2) ≤ N2. (3.47)

To obtain the last inequality we used Ñ0 +
∑

p∈Λ∗+ γ(p) = N.

In the case u1 ∈ PB we have v1 = u2 and u1−v1+u2 = u1 because GB and Gfree are both translation-invariant
states. In particular, the relevant expectation value is again positive. Using (2.28) we obtain the following
bound for the sum on the r.h.s. of (3.46):∑

α

λα
∑

u1∈PB
v1,u2∈PI

| ⟨ψα, a∗u1
a∗v1

au2au1−v1+u2ψα⟩ | =
∑
α

λα
∑

u1∈PB
u2∈PI

⟨ψα, a∗u2
au2a∗u1

au1ψα⟩

=

∫
C

TrFB

[ ∑
u1∈PB

a∗u1
au1 GB(z)

]
ζ(z) dz TrFI

[ ∑
u2∈PI

a∗u2
au2 Gfree

]
≲ N5/3+δB (3.48)
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To conclude the discussion, we examine the case u1 ∈ PI. This implies that u1 − v1 + u2 ∈ PI. Moreover, we
have that either v1 = u2 or u1 = u2; in both cases the expectation is positive. An application of Lemma 2.8
shows ∑

α

λα
∑

u1,u2∈PI

⟨ψα, a∗u1
a∗u2

au2au1ψα⟩ =
∑

u1,u2∈PI

TrFI

[
a∗u1

a∗u2
au2au1 Γ0

]
≲ N2 (3.49)

as a bound for the sum on the r.h.s. of (3.46).

In combination, (3.44), (3.46)–(3.49), and δB < 1/3 imply

|EGKI
| ≲ L−2N−1/3+δH+2δL (3.50)

as well as ∣∣∣GKI −
∑
α

λαEα2

∣∣∣ = ∣∣∣GKI −
∑
p∈PI

p2γ(p)
∣∣∣ ≲ L−2N−1/3+δH+2δL . (3.51)

To obtain (3.51), we additionally used (3.43) and Lemma 2.3.

3.2.3. Analysis of GK>

In the analysis of GK> we estimate the denominator again by one. When we additionally commute K> to the
right we find

GK> ≤
∑
α

λα ⟨(1 + B)ψα,K>(1 + B)ψα⟩

=
∑
α

λα ⟨(1 + B)ψα, (1 + B)K>ψα⟩ +
∑
α

λα ⟨ψα, (1 + B∗)[K>, B]ψα⟩ . (3.52)

The first contribution clearly vanishes because it contains annihilation operators with momenta in Pc
L acting on

ψα. Using additionally (3.38), we see that

[K>, B] =
1
|Λ|

∑
p∈PH

u,v∈PL

p2ηp a∗u+pa∗v−pauav +
2
|Λ|

∑
p∈PH

u,v∈PL

ηp u · p a∗u+pa∗v−pauav =: Kη + EK , (3.53)

which implies

GK> ≤
∑
α

λα ⟨ψα, (1 + B∗)
(
Kη + EK

)
ψα⟩ = Tr[B∗KηΓ0] + Tr[B∗EKΓ0]. (3.54)

When we contract operators with high momenta this allows us to write the first term on the r.h.s. as

Tr[B∗KηΓ0] =
1
|Λ|2

∑
p1∈PH

u1,v1∈PL

ηp1

∑
p2∈PH

u2,v2∈PL

p2
2ηp2 Tr[a∗v1

a∗u1
av2au2Γ0]δu2+p2,u1+p1δv2−p2,v1−p1

=
1
|Λ|2

∑
p1∈PH

u1,v1,u2,v2∈PL

ηp1(p1 + u1 − u2)2ηp1+u1−u2 Tr[a∗v1
a∗u1

av2au2Γ0]δv2,v1+u1−u2 . (3.55)

Because Γ0 is translation invariant the factor δv2,v1+u1−u2 can be dropped. This term contributes to (3.35).

We consider now the second term in (3.54), that is,

Tr[B∗EK Γ0] =
2
|Λ|2

∑
u1,v1∈PL

∑
p2∈PH

u2,v2∈PL

ηp2+u2−u1ηp2 p2 · u2 Tr[a∗v1
a∗u1

av2au2Γ0]. (3.56)
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An application of Lemma 2.7 shows that the trace in (3.56) can be written as Tr[B∗EK Γ0] = D1 + D2 with

D1 = 2Ñ0|Λ|
−2

∑
p2∈PH,u2∈PL

[(
ηp2 + ηp2+u2

)
ηp2 p2 · u2 γ(u2) + ηp2+u2ηp2 p2 · u2 α(u2)

]
,

D2 = 2|Λ|−2
∑

p2∈PH
v2,u2∈PL

[(
ηp2 + ηp2−v2+u2

)
ηp2 p2 · u2 γ(u2)γ(v2) + ηp2−v2+u2ηp2 p2 · u2 α(v2)α(u2)

]
. (3.57)

Let us introduce the set Pr := {p ∈ Λ∗ : |p| ≥ rN}, where r > 1; for p2 ∈ Pr we have

sup
u∈PL

∑
p2∈Pr

|ηp2−uηp2 ||p2| ≤

( ∑
p∈Pr/2

|ηp|
2
)1/2(∑

q∈Pr

|ηq|
2q2

)1/2
≲r L5N−2, (3.58)

which follows from the Cauchy-Schwarz inequality, (A.7) and (A.4) (the latter implies ∥∇ fN∥L2 ≲ L2N−1/2).
Instead, for p2 ∈ Pc

r , (A.7) implies

sup
u∈PL

∑
p2∈PH∩Pc

r

|ηp2ηp2−u||p2| ≲
L2

N2 sup
u∈PL

∑
p2∈PH∩Pc

r

1
|p2|(|p2| − |u|)2 ≲

L5 ln(N)
N2 . (3.59)

To obtain the second bound we used |p2| − |u| ≳ 1, which follows from the assumption δL + δH < 2/3. Using
(2.27), (3.58), (3.59) and δB < 1/3, we conclude that

|D1| ≲ (Ñ0/|Λ|
2) sup

u∈PL

∑
p2∈PH

|ηp2−uηp2 ||p2|
∑

u2∈PL

|u2|γ(u2) + (Ñ0/|Λ|
2) sup

u∈PL

∑
p2∈PH

|ηp2−uηp2 ||p2|
∑

u2∈PL

|u2||α(u2)|

≲ L−2N1/3 ln(N). (3.60)

With similar considerations we see that

|D2| ≲
1
|Λ|2

sup
u∈PL

∑
p2∈PH

|ηp2−uηp2 ||p2|
∑

u2,v2∈PL

|u2|γ(u2)γ(v2)

+
1
|Λ|2

sup
u∈PL

∑
p2∈PH

|ηp2−uηp2 ||p2|
∑

u2,v2∈PL

|u2||α(u2)α(v2)| ≲ L−2N1/3 ln(N). (3.61)

Collecting the results of equations (3.54)–(3.56) and the bounds (3.60), (3.61), we conclude that

GK> −
1
|Λ|2

∑
p1∈PH

u1,v1,u2,v2∈PL

ηp1(p1 + u1 − u2)2ηp1+u1−u2 Tr[a∗v1
a∗u1

av2au2Γ0] ≲ L−2N1/3 ln(N).
(3.62)

The bounds (3.41), (3.51) and (3.62) imply (3.35) and conclude the proof of Lemma 3.4. □

3.3. Proof of Proposition 3.1

The results of Lemma 3.3 and Lemma 3.4 imply

Tr
[
HNΓ

]
−

(
EK + EVN

)
≲ L−2EN , (3.63)

with EVN in (3.7), EK in (3.35) and

EN = N1−δH + NδH+2δB + N−1/3+δH+2δL + N1/3 ln(N). (3.64)
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Separating the contributions from momenta in PB and PI, EVN + EK can be written as

EK + EVN = TrFI

[( ∑
p∈PI

p2a∗pap
)
Gfree

]
+

Ñ0

|Λ|

∑
q∈PI

(v̂N ∗ f̂N)(q)γ(q)

+ TrFB

[ ∑
p∈PB

p2a∗pap +
Ñ0

2|Λ|

∑
q∈PB

(v̂N ∗ f̂N)(q)
(
2a∗qaq + (z/|z|)2a∗qa∗−q + (z̄/|z|)2aqa−q

)
GB(z)

]
+

4πa
N |Λ|

[∫
C
|z|4ζ(z) dz + 2Ñ0

∑
u∈PL\{0}

γ(u) + 2
∑

u,v∈PL\{0}

γ(v)γ(u)
]
+E1 (3.65)

with

E1 =
1
|Λ|2

∑
p1∈PH

u1,v1,u2∈PL

ηp1

[
(p1 + u1 − u2)2ηp1+u1−u2 +

1
2

v̂N(p1 + u1 − u2)

+
1

2|Λ|

∑
p2∈PH

v̂N(p1 + p2 + u1 − u2)ηp2

]
Tr[a∗v1

a∗u1
av2au2Γ0]. (3.66)

An application of the scattering equation in (A.6) allows us to write E1 as

E1 =
1
|Λ|

∑
p1∈PH

u1,v1,u2∈PL

ηp1

[
λN

(
1̂|x|≤ℓ ∗ f̂N

)
(p1 + u1 − u2) −

1
2|Λ|

∑
p2∈Pc

H

v̂N(p1 + p2 + u1 − u2)ηp2

]
Tr[a∗v1

a∗u1
av2au2Γ0]

=: E11 + E12. (3.67)

We now prove
|E11| ≲ L−2N−1/2+δH/2 and |E12| ≲ L−2N1−δH . (3.68)

To obtain the bound for E11, we first note that (A.4) and fN ≤ 1 imply∑
p1∈Λ

∗

|
(
1̂|x|≤ℓ ∗ f̂N

)
(p1)|2 = ∥1|x|≤ℓ fN∥

2 ≲ L3N−2. (3.69)

Applications of the above bound, Cauchy-Schwarz, (A.2) (which implies λN ≲ 1/(NL2)), (A.8) and Lemma 2.8
prove the bound for E11. An application of (A.7) shows

sup
u∈Λ∗

∑
p∈PH

|v̂N(p + u)||ηp| ≤
L∥v̂∥∞

N2

∑
p∈PH,
|p|≤N

1
p2 +

(∑
p∈Λ∗
|v̂N(p)|2

)1/2( ∑
|p|>N

L2

N2 p4

)1/2

≲ L4N−1. (3.70)

The bound for E12 follows when we combine this bound, (A.9) and Lemma 2.8.

Next, we use (2.27) and (3.18) to estimate

Ñ0

|Λ|

∑
q∈PI

(v̂N ∗ f̂N)(q)γ(q) ≤
8πaÑ0

N |Λ|

∑
q∈PI

γ(q) +CL−2. (3.71)

Finally, we can replace Ñ0 by N0(β,N, L) in the second line of (3.65). More precisely, we apply Lemmas 2.5,
2.6 and (3.18) and find that the error term is bounded by

|Ñ0 − N0|

|Λ|

∑
q∈PB

∣∣∣(v̂N ∗ f̂N)(q)
∣∣∣(2γ(q) + |α(q)| + |α(q)|

)
≲ L−2N1/3+δB . (3.72)

In combination, (3.63), (3.65)–(3.68), (3.71) and (3.72) prove (3.1).
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4. Bound for the entropy

In this section we establish the following lower bound for the entropy of our trial state.

Proposition 4.1. There exists a constant C > 0 such that the entropy of the state Γ in (2.13) satisfies

S (Γ) ≥
∫
C

S (GB(z))ζ(z) dz + S (Gfree) + S (ζ) −CN−1+δH , (4.1)

where
S (ζ) = −

∫
C
ζ(z) ln(ζ(z)) dz (4.2)

denotes the classical entropy of the probability distribution ζ.

The remainder of this section is devoted to the proof of Proposition 4.1. In the first step, we estimate the
influence of the correlation structure with the following lemma. It appeared for the first time in [57, Lemma 2].

Lemma 4.2. Let Γ be a density matrix on some Hilbert space with eigenvalues {λα}α∈N, let {Pα}α∈N be a family
of one-dimensional orthogonal projection (for which Pα1 Pα2 = δα1,α2 Pα1 need not necessarily be true), and
define Γ̂ =

∑
α λαPα. Then we have

S (Γ̂) ≥ S (Γ) − ln Tr

∑
α

PαΓ̂

 . (4.3)

An application of Lemma 4.2 shows

S (Γ) ≥ S (Γ0) − ln Tr

∑
α′

|ϕα′⟩⟨ϕα′ | Γ

 = S (Γ0) − ln

∑
α,α′

λα |⟨ϕα, ϕα′⟩|
2

 (4.4)

with Γ0 in (2.7) and λα, ϕα in (2.13). Let us have a closer look at the term inside the logarithm. Using
∥(1 + B)ψα∥ ≥ 1, B∗ψα = 0 and the fact that {ψα}α∈N is an orthonormal set, we see that∑
α,α′

λα |⟨ϕα, ϕα′⟩|
2 ≤

∑
α,α′

λα |⟨ψα, (1 + B∗)(1 + B)ψα′⟩|2 = 1 + 2
∑
α

λα⟨ψα, B∗Bψα⟩ +
∑
α

λα⟨ψα, (B∗B)2ψα⟩

≤ 1 + δ + (1 + δ−1) Tr
[
(B∗B)2Γ0

]
(4.5)

holds for δ > 0.

The last term on the r.h.s. reads

Tr
[
(B∗B)2Γ0

]
=

1
16|Λ|4

∑
pi∈PH;ui,vi∈PL

4∏
i=1

ηpi

× Tr
[
a∗u1

a∗v1
au1+p1av1−p1a∗u2+p2

a∗v2−p2
au2av2a∗u3

a∗v3
au3+p3av3−p3a∗u4+p4

a∗v4−p4
au4av4Γ0

]
. (4.6)

Since no momenta in PH − PL are present in the state Γ0, we know that the operators with momenta in PH − PL
need to be paired among each other in order to obtain a non-zero contribution. A short computation therefore
shows that the r.h.s. of (4.6) is bounded from above by a constant times

1
|Λ|4

 ∑
p,q∈PH+PL

|ηpηq|


2 ∑

ui,vi∈PL

Tr
[
a∗u1

a∗v1
au2av2a∗u3

a∗v3
au4av4Γ0

]
. (4.7)
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We apply the Cauchy-Schwarz inequality and (A.8) to bound the proportional to ηpηq by
∑

p∈PH+PL η
2
p ≲

L6N−3+δH . Afterwards, we use Lemma 2.8 to show that the second factor is bounded by a constant times N4.
When we put the above considerations together together, use δL + δH < 2/3, and choose δ = N−1+δH , we find∑

α,α′

λα |⟨ϕα, ϕα′⟩|
2 ≤ 1 +CN−1+δH (4.8)

as well as
S (Γ) ≥ S (Γ0) −CN−1+δH . (4.9)

It remains to find a lower bound for the entropy of Γ0.

To that end, we need the following lemma, which provides us with a Berezin–Lieb inequality in the spirit
of [9, 38].

Lemma 4.3. Let {G(z)}z∈C be a family of states on a Hilbert space, let p : C→ R be a probability distribution
and define the state

Γ =

∫
C
|z⟩⟨z| ⊗G(z)p(z) dz. (4.10)

Then we have

S (Γ) ≥
∫
C

S (G(z))p(z) dz + S (p) with S (p) = −
∫
C

p(z) ln(p(z)) dz. (4.11)

Proof. We use the spectral theorem to write

G(z) =
∑
α

gα(z) |vα(z)⟩⟨vα(z)| as well as |z⟩⟨z| ⊗G(z) =
∑
α

gα(z) |z ⊗ vα(z)⟩⟨z ⊗ vα(z)|. (4.12)

Because G(z) is a state for fixed z ∈ C, we know that {vα(z)}α∈N is an orthonormal basis. In combination with
the completeness relation

∫
|z⟩⟨z| dz = 1, this implies∫

C

∞∑
α=1

|⟨w, z ⊗ vα(z)⟩|2 dz = 1 (4.13)

for any fixed vector w with ∥w∥ = 1.

For x ∈ [0, 1] we define the function φ(x) = −x ln(x) and denote by {wα}α∈N the eigenbasis of Γ. An
application of Jensen’s inequality shows

Trφ(Γ) =
∑
α

φ (⟨wα,Γwα⟩) =
∑
α

φ

∫
C

∑
α′

gα′(z)|⟨wα, z ⊗ vα′(z)⟩|2 p(z) dz


≥

∑
α

∫
C

∑
α′

φ(gα′(z)p(z))|⟨wα, z ⊗ vα′(z)⟩|2 dz =
∫
C

∑
α′

φ(gα′(z)p(z)) dz. (4.14)

This is justified because x 7→ φ(x) is concave and (4.13) holds. In the last step we used that {wα}α∈N is a
complete orthonormal basis. With xy ln(xy) = xy ln(x) + xy ln(y) for x, y ≥ 0 and

∑
α′ gα′(z) = 1, we see that

the r.h.s. of (4.14) equals the r.h.s. of the inequality in (4.11), which proves the claim. □

An application of Lemma 4.3 on the r.h.s. of (4.9) and the additivity of the entropy w.r.t. tensor products
prove Proposition 4.1.
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5. Proof of the main results

Propositions 3.1 and 4.1 imply the following upper bound for the free energy of our trial state:

Tr[HNΓ] −
1
β

S (Γ) ≤
∑
p∈PI

p2 TrFI[a
∗
papGfree] −

1
β

S (Gfree) +
∫
C

(
TrFB[HBGB(z)] −

1
β

S (GB(z))
)
ζ(z) dz

+ µ0

∑
p∈PB

γ(p) +
4πa
N |Λ|

∫
C
|z|4ζ(z) dz −

1
β

S (ζ)

+
4πa
N |Λ|

[
2Ñ0

∑
u∈PL\{0}

γ(u) + 2Ñ0

∑
u∈PI

γ(u) + 2
∑

u,v∈PL\{0}

γ(v)γ(u)
]
+L−2EHN . (5.1)

The Bogoliubov HamiltonianHB and the error term EHN are defined in (2.4) and (3.3), respectively. The first
two terms on the r.h.s. can be written as

1
β

∑
p∈PI

ln
(
1 − exp(−β(p2 − µ0))

)
+ µ0

∑
p∈PI

1
exp(β(p2 − µ0)) − 1

(5.2)

with µ0 in (1.11), and an application of Lemma 2.1 shows that the third term equals

E0 +
1
β

∑
p∈PB

ln
(
1 − exp(−βε(p))

)
. (5.3)

We refer to the same lemma also for the definitions of E0 and ε(p). One easily checks that E0 is negative and
can be dropped for an upper bound. Let us define

ε̃(p) =
√

p2 − µ0

√
p2 − µ0 + 16πaNϱ0. (5.4)

The function x 7→ ln(1−exp(−x)) is monotone increasing (x ≥ 0). This and (3.18) allow us to replace v̂N ∗ f̂N(p)
in the definition of ε(p) by 8πaN(1 +C/N). Moreover, a first order Taylor expansion then shows

1
β

∑
p∈PB

ln
(
1 − exp(−βε(p))

)
≤

1
β

∑
p∈PB

ln
(
1 − exp(−βε̃(p))

)
+

CN0

L2N2

∑
p∈PB

p2 − µ0

exp(β(p2 − µ0)) − 1
1
p2 . (5.5)

Using (exp(x) − 1)−1 ≤ 1/x for x ≥ 0 and δB < 1/3, we check that the second term on the r.h.s. is bounded by
a constant times 1/L2. Moreover, from Lemma B.1 we know that

1
β

∑
p∈PB

ln
(
1 − exp(−βε̃(p))

)
≤

1
β

∑
p∈PB

ln
(
1 − exp(−β(p2 − µ0))

)
+ 8πaNϱ0

∑
p∈PB

1
exp(β(p2 − µ0)) − 1

−
1

2β

∑
p∈Λ∗+

[
16πaNϱ0(β,N, L)

p2 − ln
(
1 +

16πaNϱ0(β,N, L)
p2

)]
+

C
L2

(
NδB + N2/3−δB

)
(5.6)

holds.

Next, we have a closer look at the first term in the second line of (5.1). In (2.35)–(2.38) we showed∣∣∣∣∣∣ ∑
p∈PB

(
γ(p) −

1
exp(β(p2 − µ0)) − 1

) ∣∣∣∣∣∣ ≲ N0L2

Nβ
+

N2
0

N2 , (5.7)

and hence
µ0

∑
p∈PB

γ(p) ≤ µ0

∑
p∈PB

1
exp(β(p2 − µ0)) − 1

+CL−2N1/3. (5.8)
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To obtain the second bound we also used −µ0 = ln(1 + 1/N0)/β ≤ 1/(βN0) (which follows from (1.12)). In
combination, the considerations in (5.2)–(5.8) and δB < 1/3 imply∑

p∈PI

p2 TrFI[a
∗
papGfree] −

1
β

S (Gfree) +
∫
C

(
TrFB[HBGB(z)] −

1
β

S (GB(z))
)
ζ(z) dz + µ0

∑
p∈PB

γ(p)

≤
1
β

∑
p∈PL\{0}

ln
(
1 − exp(−β(p2 − µ0))

)
+

∑
p∈PL\{0}

µ0

exp(β(p2 − µ0)) − 1
+

∑
p∈PB

8πaNϱ0

exp(β(p2 − µ0)) − 1

−
1

2β

∑
p∈Λ∗+

[
16πaNϱ0(β,N, L)

p2 − ln
(
1 +

16πaNϱ0(β,N, L)
p2

)]
+CL−2(N1/3 + N2/3−δB). (5.9)

In the first two terms on the r.h.s. it remains to replace the sums over PL\{0} by sums over Λ∗+. One easily
checks that this can be done at the expense of an error term that is bounded by a constant times L−2 exp(−cN2δL)
with some c > 0.

The second and the third term in the second line of (5.1) equal

FBEC(β, Ñ0, L, aN) = −
1
β

ln
(∫
C

exp
(
−β

(
4πaN L−3|z|4 − µ̃|z|2

))
dz

)
+ µ̃Ñ0, (5.10)

where the chemical potential µ̃ is chosen such that the Gibbs distribution ζ in (2.7) satisfies (2.9). The first
term on the r.h.s. is a concave function of µ̃. But this implies

−
1
β

ln
(∫
C

exp
(
−β

(
4πaN L−3|z|4 − µ̃|z|2

))
dz

)
≤ −

1
β

ln
(∫
C

exp
(
−β

(
4πaN L−3|z|4 − µ|z|2

))
dz

)
+ µN0

− µ̃N0. (5.11)

Here we also used that the first derivative of the first term on the r.h.s. equals −N0.

The identity Ñ0 +
∑

p∈PL\{0} γ(p) = N allows us to write the terms in the third line of (5.1) plus the third term
on the r.h.s. of (5.9) as

4πa
N |Λ|

[
2N2 − 2N2

0 + 2(N2
0 − Ñ2

0 ) + 2N0

∑
p∈PB

1
exp(β(p2 − µ0)) − 1

− 2Ñ0

∑
u∈PB

γ(u)
]
. (5.12)

In the following, we denote γ0(p) = exp(β(p2 − µ0) − 1)−1. Another algebraic manipulation, equations (2.28),
(2.21) and (5.7), the bound

∑
p∈Pc

L
γ(p) ≲ exp(−cN2δL) for some c > 0, and δL > 0 imply

N2
0 − Ñ2

0 ≤ 2Ñ0

∑
p∈PB

(γ(p) − γ0(p)) + 2
( ∑

p∈PB

γ(p)
) ∑

p∈PB

(γ(p) − γ0(p))

+
∑
p∈PB

(γ0(p) − γ(p))
∑
p∈PB

(γ(p) + γ0(p)) +C exp(−cN2δL)

≤ 2Ñ0

∑
p∈PB

(γ(p) − γ0(p)) +CN4/3+δB . (5.13)

A similar argument that additionally uses Lemma 2.6 shows

2N0

∑
p∈B

γ0(p) − 2Ñ0

∑
p∈PB

γ(p) ≤ −2Ñ0

∑
p∈PB

(γ(p) − γ0(p)) +CN4/3+δB . (5.14)

When we collect the results in (5.12)–(5.14), we find that (5.12) is bounded from above by

4πa
N |Λ|

[
2N2 − 2N2

0

]
+

8πa
N|Λ|

[
Ñ0

∑
p∈PB

(γ(p) − γ0(p))
]
+CL−2N1/3+δB . (5.15)
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We combine now the second term above with the last terms on the r.h. sides of (5.10) and (5.11), that is, we
consider

8πa
N |Λ|

[
Ñ0

∑
p∈PB

(γ(p) − γ0(p))
]
+ µ̃(Ñ0 − N0). (5.16)

We distinguish two cases and assume first that N0 < N5/6+δ for some δ > 0. In this case applications of
(5.7) and Lemma 2.6 show that the first term in (5.16) is bounded by a constant times L−2N1/2+δ. Inspection
of (C.6) (recall that Ñ0 =

∫
|z|2ζ(z) dz and note that also Ñ0 < N5/6+δ, due to Lemma 2.6) shows |̃µ| ≲

1/(βÑ0) + Ñ0/(L2N). We use this estimate and again Lemma 2.6 to bound the second term in (5.16) by a
constant times L−2N1/3+2δ. If N0 ≥ N5/6+δ we apply part (a) of Lemma C.1 to bound the second term in (5.16)
from above by

8πaN L−3Ñ0(Ñ0 − N0) +C exp(−cNδ) ≤ −8πaN L−3Ñ0

∑
p∈PB

(γ(p) − γ0(p)) +C exp(−cNδ) +C exp(−cN2δL).

(5.17)
To obtain the second bound, we also used

∑
p∈Pc

L
γ(p) ≲ exp(−cN2δL) for some c > 0. We highlight that the

first term on the r.h.s. of (5.17) cancels the first term in (5.16). We collect the above considerations, make the
choice δ = δB/2 > 0, and find

8πa
N |Λ|

[
Ñ0

∑
p∈PB

(γ(p) − γ0(p))
]
+ µ̃(Ñ0 − N0) ≲ L−2N1/3+δB . (5.18)

It remains to collect our results.

In combination, (5.9)–(5.11), (5.15) and (5.18) imply the final upper bound

Tr[HNΓ] −
1
β

S (Γ) ≤
1
β

∑
p∈Λ+

ln
(
1 − exp(−β(p2 − µ0))

)
+ µ0(N − N0) + 8πaN L3(ϱ2 − ϱ2

0) + FBEC(β,N0, L, aN)

−
1

2β

∑
p∈Λ∗+

[
16πaNϱ0(β,N, L)

p2 − ln
(
1 +

16πaNϱ0(β,N, L)
p2

)]
+CL−2(N1−δH + NδH+2δB + N−1/3+δH+2δL + N1/3+δB + N2/3−δB). (5.19)

The parameter δL needs to be strictly positive but can otherwise be chosen as small as we wish. The requirement
δL ≤ 1/6 assures that it plays no role in the optimization. The optimal choice δH = 1/2 − δB with error N1/2+δB

follows by combining the first and the second term. Moreover, the optimal choice δB = 1/12 results if we
combine N1/2+δB and the last term in the last line of (5.19). This leads to an overall error term that is bounded
by a constant times L−2N7/12 ≪ L−2N2/3.

As explained in Remark 1.4.(g), the bound in (5.19) is appropriate as long as N0 ≫ 1. If N0 ∼ 1 the
condensate free energy above is strictly larger than FBEC

0 in (1.14). We therefore prove a second bound that is
appropriate in this parameter regime. As undressed trial state we choose the Gibbs state

G0 =
exp(−β( dΓ(−∆ − µ0)))

TrF [exp(−β( dΓ(−∆ − µ0)))]
. (5.20)

We define the dressed trial state Γ̃ as in (2.13) with Γ0 replaced by G0. To obtain an upper bound for the free
energy of Γ̃ we can use a simpler version of the above proof. This is related to the following facts: (a) A
coherent state in the definition of our trial state in not needed and the pairing function of G0 equals zero. (b)
The eigenfunctions of G0 are also eigenfunctions of dΓ(−∆). Accordingly, the special treatment of momentum
modes in PB at several places in the proof is not needed. We therefore simple state the result and leave further
details to the reader:

Tr[HN Γ̃] −
1
β

S (̃Γ) ≤ F0(β,N, L) + 8πaN L3ϱ2 +CL−2N1/2 (5.21)
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with F0 defined above (1.14).

We are now prepared to provide the missing proofs in Section 1.6. Theorem 1.1 follows from (5.19), (5.21)
and fact that the absolute value of the term in the second line of (5.19) is bounded by a constant times N2

0/(βN2).
The proof of Proposition 1.2 is provided in Appendix C, see Proposition C.2. Finally, Corollary 1.3 is a direct
consequence of (5.19), (5.21) and Proposition 1.2.
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— Appendix—

A. The scattering equation

In this appendix we collect some known properties of the finite volume scattering equation (2.10). It is
convenient to define f (Nx) = fN(x), where f satisfies the eigenvalue equation[

− ∆ +
v
2

]
f = λℓ f (A.1)

on the ball |x| ≤ Nℓ with Neumann boundary conditions. It is normalized such that f (x) = 1 holds for |x| = Nℓ.
By scaling, we have N2λℓ = λN . In the next Lemma we collect the properties of fN , f and λℓ that are useful for
our analysis. The proof can be found in [12, Appendix A].

Lemma A.1. Let v ∈ L3(R3) be nonnegative, compactly supported and spherically symmetric. Fix 0 < ℓ < L/2
and let f denote the solution to (A.1) and fN the solution to (2.10). For N ∈ N large enough the following
properties hold true.

1. We have
λℓ =

3a
(Nℓ)3 (1 + O

(
a/ℓN)

)
. (A.2)

2. We have 0 ≤ fℓ ≤ 1. Moreover there exists a constant C > 0 such that∣∣∣∣∣∫ v(x) f (x)dx − 8πa
∣∣∣∣∣ ≤ Ca2

Nℓ
. (A.3)

3. There exists a constant C > 0 such that, for all x ∈ R3,

1 − f (x) ≤
C

1 + |x|
and |∇ f (x)| ≤

C
1 + x2 . (A.4)

4. There exists a constant C > 0 such that, for all p ∈ Λ∗+,∣∣∣ ̂(1 − fN)(p)
∣∣∣ ≤ C

N p2 . (A.5)

By definition (2.11), the function ηp = − ̂(1 − fN)(p) solves the equation

p2ηp +
v̂N(p)

2
+

1
2|Λ|

∑
q∈Λ∗

v̂N(p − q)ηq =
λN

|Λ|

∑
q∈Λ∗

f̂N(p − q)1̂|x|≤ℓ(q), (A.6)
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where 1̂|x|≤ℓ(q) is the Fourier coefficient of the characteristic function of the ball with radius ℓ. Note that we
have reinstated units in (A.6). Moreover, by (A.4) and (A.5) we have

|ηp| ≲
L

N p2 . (A.7)

Inequality (A.7) implies ∑
p∈Λ∗+:|p|≥ 1

2L N1−δH

|ηp|
2 ≲ L6N−3+δH (A.8)

as well as ∑
p∈Pc

H

|ηp| ≲ L3N−δH , (A.9)

where Pc
H denotes the complement of PH in (2.1).

B. Bogoliubov free energy

The goal of this section is to prove the following lemma.

Lemma B.1. We consider the limit N → ∞, β = κβc with κ ∈ (0,∞) and βc in (1.13). Recall definition (5.4)
for ε̃(p). There exists a constant C > 0 such that

1
β

∑
p∈PB

ln
(
1 − exp(−βε̃(p))

)
≤

1
β

∑
p∈PB

ln
(
1 − exp(−β(p2 − µ0))

)
+ 8πaNϱ0

∑
p∈PB

1
exp(β(p2 − µ0)) − 1

(B.1)

−
1

2β

∑
p∈Λ∗+

[
16πaNϱ0

p2 − ln
(
1 +

16πaNϱ0

p2

)]
+

CN2
0

N2

[
NδB

L2 +
1

βNδB
+

L2

β2N0

]
.

Proof. We first assume µ0 = 0 and then comment on how to adjust the proof to µ0 < 0. Let us define the
function

F(α) =
∑

p∈β1/2PB

ln
(
1 − exp

(
−|p|

√
p2 + α

))
. (B.2)

For α = 16πaNϱ0β it equals β times the l.h.s. of (B.1). In the following we derive an asymptotic expansion of
F for small values of α. We also define the functions

g1(x) =
1

exp(x) − 1
and g2(x) = −

1
4 sinh2(x/2)

(B.3)

and note that the bounds
g1(x) ≥

1
x
−C and g2(x) ≤

−1
x2 +

C
x

(B.4)

hold for 0 < x ≤ 1. The first and the second derivative of F can be written in terms of g1 and g2 as

F′(α) =
∑

p∈β1/2PB

g1

(
|p|

√
p2 + α

)
|p|

2
√

p2 + α
,

F′′(α) =
1
4

∑
p∈β1/2PB

[
g2

(
|p|

√
p2 + α

)
p2

p2 + α
− g1

(
|p|

√
p2 + α

)
|p|

(p2 + α)3/2

]
, (B.5)
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and hence

F(α)−F(0)−F′(0)α =
1
4

∫ α

0

∑
p∈β1/2PB

[
g2

(
|p|

√
p2 + t

)
p2

p2 + t
− g1

(
|p|

√
p2 + t

)
|p|

(p2 + t)3/2

]
(α− t) dt. (B.6)

It remains to investigate the r.h.s. of this above identity.

Using the bounds in (B.4), we see that it is bounded from above by

−
1
2

∫ α

0

∑
p∈β1/2PB

(α − t)
(p2 + t)2 dt +Cα

∫ α

0

∑
p∈β1/2PB

|p|
(p2 + t)3/2 dt. (B.7)

Here, the integral in the second term is bounded by∑
p∈β1/2PB

∫ α

0

1
p2 + t

dt =
∑

p∈β1/2PB

ln
(
1 +

α

p2

)
≤

∑
p∈β1/2PB

α

p2 ≲
L2αNδB

β
. (B.8)

A straightforward computation also shows∫ α

0

(α − t)
(p2 + t)2 dt =

α

p2 − ln
(
1 +

α

p2

)
. (B.9)

In combination, (B.6)–(B.9) imply

F(α) − F(0) − F′(0)α ≤ −
1
2

∑
p∈β1/2PB

[
α

p2 − ln
(
1 +

α

p2

)]
+

CL2α2NδB

β
. (B.10)

Finally, using ln(1 + x) ≥ x − x2/2 for x ≥ 0 we see that∑
p∈β1/2Pc

B

[
α

p2 − ln
(
1 +

α

p2

)]
≤
α2

2β2

∑
p∈Pc

B

1
p4 ≲

α2L4

β2NδB
. (B.11)

When we put our findings together, we obtain a proof of (B.1) if µ0 = 0 (the last error term excluded).

If µ0 < 0 our proof applies without changes and we obtain the first term in the second line of (B.1) with p2

replaced by p2 − µ0. It is not difficult to check that the difference between these two terms is bounded by a
constant times N0L2/(β2N2), which proves the claim of the lemma. □

C. Properties of the free energy of the condensate

In this appendix we prove several statements concerning the effective condensate free energy in (1.17), one of
which is Proposition 1.2. The other statements are needed for the proof of Theorem 1.1. We start our discussion
with a lemma that provides us with the asymptotic behavior of the chemical potential.

Lemma C.1. We consider the limit N → ∞, β = κβc with κ ∈ (0,∞) and βc in (1.13). Let g be the Gibbs
distribution in (1.18) and assume that

∫
C
|z|2g(z) dz = M. The chemical potential µ related to g satisfies the

following statements for a given ε > 0:

(a) If M ≳ N5/6+ε then there exists a constant c > 0 such that∣∣∣µ − 8πaN M/L3
∣∣∣ ≲ L−2 exp

(
−cNε) . (C.1)
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(b) If M ≲ N5/6−ε then we have ∣∣∣∣∣µ + 1
βM

∣∣∣∣∣ ≲ N−2ε

βM
. (C.2)

Proof. We write the two-dimensional integration over C w.r.t. the measure dz = dx dy/π in polar coordinates
(r, φ) and afterwards introduce the variable x = r2. This allows us to write

M =
∫
C
|z|2g(z) dz =

∫ ∞
0 x exp

(
−β

(
hx2 − µx

))
dx∫ ∞

0 exp
(
−β

(
hx2 − µx

))
dx

, (C.3)

where h = 4πaN/L3 ∼ L−2N−1. A short computation shows the integral in the numerator equals

1
2βh
+
µ

4h

√
π

βh
exp

(
βµ2

4h

)
erfc

−√
β

h
µ

2

 , (C.4)

where erfc(x) = (2/
√
π)

∫ ∞
x exp(−t2) dt denotes the complementary error function. For the integral in the

denominator we find
1
2

√
π

βh
exp

(
βµ2

4h

)
erfc

−√
β

h
µ

2

 . (C.5)

Let us introduce the notation η = µ
√
β/(4h). Using (C.4) and (C.5), we bring (C.3) to the form

√
πβhM =

1 +
√
πη exp(η2)erfc(−η)

exp(η2)erfc(−η)
C Υ(η). (C.6)

The function Υ is strictly positive, strictly monotone increasing, and satisfies limx→−∞Υ(x) = 0 as well as
limx→∞ Υ(x) = +∞. In the following we study the asymptotic behavior of the (unique) solution to this equation.
We start with the parameter regime M ≳ N5/6+ε, which implies

√
πβhM ≳ Nε.

In this case the l.h.s. of (C.6) diverges in the limit N → ∞, and hence η → ∞. From [1, Eq. 7.1.13] we
know that

1

x +
√

x2 + 2
< exp

(
x2

) ∫ ∞

x
exp

(
−t2

)
dt ≤

1

x +
√

x2 + 4/π
(C.7)

holds for x ≥ 0. In combination with erfc(−η) = 2 − erfc(η), this implies

2 exp
(
η2

)
−

2
√
π
(
η +

√
η2 + 4/π

) ≤ exp
(
η2

)
erfc(−η) < 2 exp

(
η2

)
−

2
√
π
(
η +

√
η2 + 2

) (C.8)

as well as √
πβhM =

1 +
√
πη

[
2 exp

(
η2

)
+ O(1/η)

]
2 exp

(
η2) + O(1/η)

. (C.9)

We already know that η ≫ 1, and hence η ≃
√
βhM. Using this and our assumption M ≳ N5/6+ε, which

implies η ≳ Nε, we easily check that (C.1) holds. It remains to prove (C.2).

If M ≲ N5/6−ε the l.h.s. of (C.6) satisfies
√
πβhM ≲ N−ε and we therefore have η → −∞. To obtain the

leading order behavior of η, the approximation provided by (C.7) is not sufficiently accurate. A more precise
approximation is provided by [1, Eq. 7.1.23], which implies

√
π exp(x2)erfc(x) =

1
x
−

1
2x3 + Q(x), where Q satisfies |Q(x)| ≤

3
4x5 (C.10)
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for x ≥ 0. We use this approximation in (C.6) and find√
βhM =

1
2|η|

(
1 + O

(
η−2

))
. (C.11)

Eq. (C.2) is a direct consequence of (C.11). This proves our claim. □

We are now prepared to give the proof of Proposition 1.2. Because of technical reasons, we prove it in a
slightly more general situation.

Proposition C.2. We consider the limit N → ∞, β = κβc with κ ∈ (0,∞) and βc in (1.13). The following
statements hold for given ε > 0:

(a) Assume that M ≳ N5/6+ε. There exists a constant c > 0 such that

FBEC(β,M, L, aN) = 4πaN L−3M2 +
ln

(
4βaN/L3

)
2β

+ O
(
L−2 exp

(
−cNε)) . (C.12)

(b) Assume that M ≲ N5/6−ε. Then

FBEC(β,M, L, aN) = −
1
β

ln(M) −
1
β
+ O

(
L−2N2/3−2ε

)
(C.13)

holds. In particular, FBEC(β,M, L, aN) is independent of aN at the given level of accuracy.

Proof. The free energy FBEC(β,M, L, aN) in (1.17) consists of two terms. In the following, we denote the first
by Φ(β,M, L, aN). When we apply the same coordinate transformations that led to (C.3), we can write it as

Φ(β,M, L, aN) = −
1
β

ln
(∫ ∞

0
exp

(
−β

(
hx2 − µx

))
dx

)
= −

1
β

ln

1
2

√
π

βh
exp

(
βµ2

4h

)
erfc

−√
β

h
µ

2

 , (C.14)

where the second identity follows from the fact that the denominator in (C.3) is given by (C.5).

We first consider the parameter regime M ≳ N5/6+ε, where η ≃
√
βhM ≳ Nε. An application of (C.8) shows

that the r.h.s. of (C.14) equals

−
1
β

ln
(√

π

βh
exp(η2)

(
1 + O

(
exp(−η2)/η

)))
=

1
2β

ln
(
4βaN

L3

)
− 4πaN M2L−3 + O

(
L−2 exp

(
−cN2ε

))
. (C.15)

From Lemma C.1 we know that

µM = 8πaN M2L−3 + O
(
L−2 exp

(
−cNε)) . (C.16)

In combination, these consideration show

FBEC(β,M, L, aN) = Φ(β,M, L, aN) + µM =
1

2β
ln

(
4βaN

L3

)
+ 4πaN M2L−3 + O

(
L−2 exp

(
−cNε)) , (C.17)

which proves (C.12).

Next, we consider the case M ≲ N5/6−ε, where η ≃ −1/(2
√
βhM) ≲ −Nε. We use (C.10) to write Φ as

Φ(β,M, L, aN) = −
1
β

ln


√

1
βh

1
2|η|

(
1 + O

(
η−2

)) = − ln(M)
β
+ O

(
N−2ε/β

)
. (C.18)

To obtain the second equality we applied Lemma C.1. Another application of the same lemma yields

µM = −
1
β

(
1 + O

(
N−2ε

))
. (C.19)

In combination, (C.18) and (C.19) prove (C.13). □
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The last lemma provides us with a bound for the moments of the distribution ζ, which is needed in our proof
of Lemma 2.8 in Section 2.2. We recall that ζ equals g in (1.18) except that the chemical potential µ̃ is chosen
s.t.

∫
C
|z|2ζ(z) dz = Ñ0 holds with Ñ0 in (2.9).

Lemma C.3. We consider the limit N → ∞, β = κβc with κ ∈ (0,∞) and βc in (1.13). The probability
distribution ζ defined below (2.7) satisfies the bound∫

C
|z|2kζ(z) dz ≲ Nk (C.20)

for k ∈ {1, 2, 3, 4}.

Proof. Let us again use the notation h = 4πaN L−3. We claim that∫
C
|z|2n+2ζ(z) dz =

µ̃

2h

∫
C
|z|2nζ(z) dz +

n
2βh

∫
C
|z|2n−2ζ(z) dz (C.21)

holds for n ≥ 1. To prove this, we first use the same coordinate transformations as above (C.3) and find∫
C
|z|2kζ(z) dz =

1
Z

∫ ∞

0
xk exp(−β(hx2 − µ̃x)) dx with Z =

∫ ∞

0
exp(−β(hx2 − µ̃x)) dx (C.22)

for k ≥ 0. We also have

−1
2βh

∫ ∞

0
xn d

dx
exp(−β(hx2 − µ̃x)) dx =

∫ ∞

0
xn+1 exp(−β(hx2 − µ̃x)) dx

−
µ

2h

∫ ∞

0
xn exp(−β(hx2 − µ̃x)) dx. (C.23)

When we integrate by parts in the first term on the l.h.s. and use n ≥ 1, this implies∫ ∞

0
xn+1 exp(−β(hx2 − µ̃x)) dx =

µ̃

2h

∫ ∞

0
xn exp(−β(hx2 − µ̃x)) dx +

n
2βh

∫ ∞

0
xn−1 exp(−β(hx2 − µ̃x)) dx.

(C.24)
Eq. (C.21) is a direct consequence of (C.22) and (C.24).

If µ̃ ≤ 0 we have ∫
C
|z|2n+2ζ(z) dz ≤

n
2βh

∫
C
|z|2n−2ζ(z) dz ≲ nN5/3

∫
C
|z|2n−2ζ(z) dz, (C.25)

where we used β ∼ L2N−2/3 to obtain the second inequality. It is easy to check that (C.25),
∫
ζ(z) dz = 1, and∫

|z|2ζ(z) dz = Ñ0 ≤ N imply (C.20) in this case.

Inspection of (C.6) shows that the chemical potential assumes its largest (positive) values when Ñ0 ∼ N.
This follows from the fact that the l.h.s. of (C.6) is strictly increasing in M and that the two maps η̃ 7→ Υ(̃η)
with Υ in (C.6) and µ̃ 7→ η̃ = µ̃

√
β/(4h) are strictly increasing. Application of part (a) of Lemma C.1 and

the bound Ñ0 ≤ N therefore show that µ̃ can be bounded by 4πaN NL−3 ≲ L−2. When we use this bound and
β ∼ L2N−2/3 in (C.21), we find∫

C
|z|2n+2ζ(z) dz ≲ N

∫
C
|z|2nζ(z) dz + nN5/3

∫
C
|z|2n−2ζ(z) dz, (C.26)

which implies (C.20) in the case µ > 0. □
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