arXiv:2207.01936v2 [math.AG] 27 Sep 2022

A CALABI-YAU THREEFOLD COMING FROM TWO BLACK HOLES

DINO FESTI, BERT VAN GEEMEN

ABsTRACT. In this paper, we show that a set of six square roots of homogeneous polynomials
in four variables, related to a binary system of black holes studied by Stefan Weinzierl, is not
rationalizable. We prove it by showing that the variety X associated to the product of four of
the six square roots is not unirational. In particular, we show that the smooth model of X is a
Calabi—Yau threefold.

1. INTRODUCTION

Experiments in high energy physics often require predictions based on the computation of Feyn-
man integrals, see for example [16]. Unfortunately, an exact evaluation of these integrals is often
unfeasible and so practitioners resort to numerical integration. In order to achieve results of high
enough precision in a reasonable time, it is useful to “solve” the square root of polynomials appearing
in the arguments of these integrals. Motivated by this problem, Marco Besier and the first author
introduced the concept of rationalizability of a square root, cf. [2].

Definition 1.1. Let f € Clzy,...,x,] be a squarefree polynomial. We say that /f is rationalizable
if there is a morphism of fields ¢: C(z1,...,2,) = C(x1,...,x,) such that ¢(z) = z for every z € C
and ¢(f) = h?, for some h € C(x1,...,xy).

In the same article, they show that the rationalizability of a square root is equivalent to the
unirationality of a certain algebraic variety associated to it, [2, Theorem 1]. This equivalence is
then used to give some criteria to decide rationalizability of given square roots. The notion of
rationalizability can be extended to sets of square roots of polynomials, also called alphabets.

Definition 1.2. Let A :={f1,..., f.} be a set of squarefree polynomials in C[z1,...,z,]. We say
that A is rationalizable if there is a morphism of fields ¢: C(x1,...,2,) — C(z1,...,z,) such that
#(z) = z for every z € C and for i = 1,...,r we have ¢(f;) = h?, for some h; € C(x1,..., 7).

The notion of rationalizability is further generalised to algebraic field extensions in [6] by Andreas
Hochenegger and the first author, allowing for more results to decide rationalizability of given (sets
of) polynomials.

Discussing these new developments, Stefan Weinzierl asked us about the rationalizability of an
alphabet of six square roots of homogeneous polynomials in four variables related to the production
of gravitational waves from a binary system of two black holes [10]. After some straightforward
changes of variables and reordering of the roots, we write Weinzierl’s alphabet as the set A of the
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square roots of the following six homogeneous polynomials in R := Clz, y, 2, t]:

fii=4x — z,

f2 = 4y - %

f3 =42y — 2(y — 1),

fa = 4day® — z(x — t)z,

fs=(x -y =20 +y)t + 1,

for=(2—y)* —2@+y)(z +1) + (2 +1).
Unfortunately, this set seems too complicated for the methods presented in the previous papers,
and requires an ad-hoc study that we present in this paper. As by-product, we also developed a
strategy to guess (but not prove/disprove) the rationalizability of square roots in certain cases.

The rationalizability of A would imply the rationalizability of the square root of every product

of the polynomials f;. Conversely, if one can prove that the square root of one of the products is
not rationalizable, then A is not rationalizable. Weinzierl has studied several products of two and
three polynomials (see Proposition 2.1), proving the rationalizability of all of them but leaving the

rationalizability of the whole alphabet open. In these notes we are going to show that the set is not
rationalizable.

Theorem 1.3. The square root «/ f1 fof3f4 is not rationalizable and hence neither is the set A.

The proof of Theorem 1.3 is presented in §3. In §4 we propose a method to guess the ratio-
nalizability of square roots in certain cases. This method provided a decisive hint towards the

non-rationalizability of v/ f1 f2 f3f1, see §4.6.
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2. THE DOUBLE OCTIC

As stated above, Stefan Weinzierl studied the rationalizability of several products of two and
three polynomials, obtaining the result below.

Proposition 2.1 (Weinzierl, private communication). The square roots of the following products

are rationalizable:
f1f5a f2f57 f1f2f3a
fifefa, fifefs, fifafs,
fifsfs, faofafs, fafafs.

The proof of the proposition above is made easier by the relations between the polynomials,
stated below.

Lemma 2.2. The involution of R defined by switching x and y, exchanges f1 with fo and f3 with
fa; it fizes f5 and fs.
The automorphism of R defined by t — z 4+t sends f5 to f¢ and fizes f1 and fs.

Proof. Immediate by direct computations. O

The next natural step in the study of A is then to consider the product of four polynomials.



2.1. A product of four polynomials. We define the polynomial f of degree 8 as the product

(1) = fifafafa

Let P denote the weighted projective space P(1,1,1,1,4) with coordinates x,y, z,t,w of weights
1,1,1,1,4, respectively. We define the variety X C P as

(2) X: w?=f.

Then the rationalizabilty of v/f is equivalent to the unirationality of X' (cf. [2, Theorem 1.1]).
Notice that X is a threefold given as a double cover of P? branched along the octic surface V C P3
defined by

(3) V: f=0.

If V were smooth, then X would also be smooth. Moreover, a smooth double cover of P? branched
above an octic surface (a double octic threefold or octic double solid) is a Calabi-Yau threefold
(cf. Definition 4.1), hence it is not unirational. This would already answer the question about the
rationalizabilty of \A. Unfortunately, V is (very) singular, making hard to see whether there is a
desingularization of X that is a Calabi-Yau or not. This is why we look for a more convenient
birationally equivalent model.

2.2. A more convenient model. Consider the Cremona-like transformation of P? given by
o: PP - P, (ziy:ziy) e (wz:yz:day:tz).
Let X C P be the threefold defined by
(4) X: w?=ay(z—2)(y —2)(yz — (@ = 1)*) (22 = (y = 1)%) .
Notice that X is again a double cover of P3 ramified above an octic surface, namely the surface
B: zy(r—2)(y —2)(yz — (z = t)*)(zz = (y = 1)) =0 C P°.

Lemma 2.3. The following statements hold.
(1) o is a rational involution; in particular it is a birational map.
(2) o induces a birational morphism between X and X.

Proof. Tt easy to see that o o o is the identity, proving the first statement.
The map o sends the surface V to the surface B’ C P? defined by

B': 2y’ (a - 2)(y — 2)(yz — (x = )*) (22 = (y — 1)*) = 0.

Let X’ C P(1,1,1,1,8) be the double cover of P? branched above B’ and let w’ be the coordinate of
weight 8. As B’ is birationally equivalent to V (via o), we have that X’ is birationally equivalent to
X: on the other hand, the change of variable w’ = 2yz?w shows that X and X’ are also birationally
equivalent, concluding the proof of the second statement. O

Corollary 2.4. X is unirational if and only if X is.

Proof. By Lemma 2.3, X and X are birationally equivalent. As unirationality is preserved by
birational morphisms, the statement follows. O

As X is a double cover of P3, its singularities can only come from the singularities of the branch
locus B.
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Lemma 2.5. The surface B has six irreducible components, named By, ..., Bg, defined as follows:
Bl L= 0,
B2 ‘Y= 07
Bs:xz—2=0,
By:y—2=0,

Bs:yz—(x—1)2=0,
Bs:xz—(y—1)*=0.

The components Bi, Ba, Bs, By are planes. The components Bs, Bg are singular quadrics, with a
single node in (1:0:0:1) and (0:1:0:1), respectively.

Proof. By direct computations. O

2.3. The singular locus. In this section we study the singular locus of the branch locus B.
From Lemma 2.5 we know that B has six irreducible components: four planes and two quadrics;
each quadric has a single node. The singular locus of B is given by the intersection of the irreducible
components (the two nodes lying in these intersections).

Definition 2.6. For i,j € {1,...,6}, i < j, we define B; ; := B; N B;.

Lemma 2.7. The singular locus of B is the union of 18 rational curves. It is non-reduced. More
specifically, the following statements hold:
o the intersections By 2, By 3, B1.4, B23, B2 4, B3 4 are lines;
o the intersections By, resp. Bas, is a double line, that is, By and Bg, resp. Ba and Bs,
are tangent in their intersection;
® Bi5,B26,B35,Bi6 are smooth conics;
® B3¢ and By s are the union of two incident lines, we write
- B3g = 33176 U B:)?’G, with the two lines meeting in (0:1:0:1
— Bys = Bi5 U Bi5, with the two lines meeting in (1:0:0:1
e Bs is the union of two smooth conics meeting in (1 :1:0:1),(1:1:4:3), we write
Bss = B5176 U Bgﬁ.

),
)
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Proof. By direct computations. O

Remark 2.8. Notice that the equations defining the irreducible components of B3 g, B4 5, and Bs g
can be retrieved from Table 1.

Definition 2.9. Let B denote the set of the irreducible components of the singular locus of B, that
is, B is the set of the 18 rational curves defined in Lemma 2.7.

Lemma 2.10. The curves in B intersect in 16 points.
In Table 1, for each intersection point we indicate its multiplicity in B, the components on which
it lies, and the singular curves on which it lies.

Proof. By direct computations. O



(1:0:0:1) 4 | By, By, Bs B2747B2,57Bi757Bi5
(0:1:0:1) 4 | By, B3, Bg 31,3731,673117,6733,6

(O c—=1:-1: 1) 3| B1, By, Bs 3174,317573275
(~1:0:—1:1) | 3| Ba, B3, Bg Bs3,Bs6,B3

(1:0:0:0) 3 | B2, By, Bs B2,4, B2,6, Ba,o

(0:1:0:0) 3| B1,Bs, Bs B3, Bis, B35

(0:0:1:0) 4| Bi, By, Bs, Bs | Bi,2, B3, Bi,6, Ba,5, B2, BS
(0:0:0:1) 4| B1,By, B3, By | B12,B1,3,B1,4,B23,B24,B34
(0:1:1:1) 4| Bi, By, Bs, Bs | Bi,a, Bi,5, B16, Bi 5, Bug: B3 g
(1:0:1:1) 4| Bz, B3, Bs, B | Ba3, Bas, Ba6, Bs 5, B3, B3 g
(1:1:0:1) 2 | Bs, Bg Bé,t}?Bg,G

(1:1:1:0) 4 | B3, By, Bs, Bs | B3, B35, B3 5, Bi 5, Bus, B2 g
(1:1:1:2) 4 | Bs, By, Bs, Bg B3,4aB3,57B%,ﬁvBi,SvB&ﬁng,ﬁ
(1:1:4:3) 2| Bs, Bs Bs¢, B 6

(1:4:1:3) 3| Bs, Bs, Bs Bss, B3 g, By g

(4:1:1:3) 3 | By, Bs, Bs B35, Bas, Bi g

TABLE 1. For each point, we indicate its multiplicity on B, the irreducible compo-
nents of B on which it lies, and the singular curves on which it lies.

3. RESOLUTION OF THE SINGULARITIES

In this section we show that by suitably resolving the singularities of X we obtain a Calabi—Yau
threefold, hence X is not unirational. We follow the procedure to desingularize X described in [4,
§2] and, later, in [12, §4.1]. Some concrete applications can be found in [3, Example 3] and [5,
Example 5.2]|.

Definition 3.1. Let U be a smooth threefold and S C U a surface. We call S an arrangement
if locally it looks like an union of planes, that is, S is the union of smooth irreducible surfaces
S1, ..., S, such that:
(1) for any i # j, the surfaces S;, S; either intersect transversally along a smooth curve C; ; or
are disjoint;
(2) the curves C; j, Ci either intersect transversally or coincide.
If U = P2 and the surfaces S1,...,S, are of degree d,...,d, such that d; +---+ d, = 8, then
S is called an octic arrangement.
An irreducible curve C' C S is said to be g-fold if it lies on exactly ¢ of the surfaces Si,...,S:;
a point P € S is said to be p-fold if it lies on exactly p of the surfaces Sy, ..., S,.

Remark 3.2. One sees immediately that B is not an octic arrangement: the two quadric com-
ponents Bs and Bg are not smooth (cf. Lemma 2.5); moreover, they are tangent to By and By,
respectively, and the intersections Bs g, B4 5 and Bs ¢ are reducible.

As noted in Remark 3.2, the branch locus B of X C P2 is not an octic arrangement. We want to
show that by blowing up P? in some of the curves in B we obtain threefold U such that the strict
transform B(®) ¢ U®) of B is an arrangement. Then we proceed as in [4] and [12, Chapter 4].

3.1. The first blow up. In this subsection we illustrate the first step of the resolution process,
the blow up of P? along the line B ¢.
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Definition 3.3. We define
oM. UW =Bl 4P := Blg, ,P* — P> = U®
to be the blow up of P? =: U(®) along the line By ¢.

We denote by BN ¢ UM the strict transform of B ¢ P3 and by Bl-(l) c BW the strict
transform of its components. Also, let K := Kps and KM denote the canonical divisors of P? and
UM respectively.

Lemma 3.4. The divisor BM) < UW s linearly equivalent to —2K ") and it inherits all the
singularities of B, cf. Lemma 2.7, except:

° Bél) s smooth,

. B§1) and Bél) intersect transversally in a line,

° Bél) and Bél) intersect in two disjoint lines.

Proof. The branch surface Bg is a singular quadric with a node in P := (0 : 1 : 0 : 1) which is
tangent to the branch plane B; in the line By g: ¢ = y —t = 0. The node P also lies on the
branch surfaces By (and hence on the tangency line By ¢) and Bs. For convenience, we introduce
the variable v := y — t, so that we can write

Bi:x=0, B3:x—2=0, Bs:azz=u? Big:x=u=0, P=(0:0:0:1)
in P3(z,u, 2,t). )
Identify the subset {t # 0} C P? with A3(x,u,2) and consider the blow up o: A — A% of A3 in
Ag n Bl.,G:
A% = {((z,u,2), (vo : v1)) : vor —viu} C A% x PL.
The exceptional divisor is then
E:={((0:0:2),(vo:v1))} A" x P,
We denote the standard affine open subsets of A3 by
Ag = {v1 # 0} = A%(z, z,v0), (u = vox);
A? = {UO 3& 0} = Ag(uvzvvl)a (.I = vlu)'
Notice that
Eo:=ENA3={z=0},
Ey:= ENA} = {u=0}.
The inverse image of By: x = 0 in A3 lies in {v1u = 0}; since u is not identically zero on Bj, the

strict transform B£l) of By lies in v; = 0. Hence, B£l) N A3 = (). Therefore, to study Bgl) we only
need to consider A3. The preimages of B3 and Bg are given by

o (B3): viu=z,

o (Bg): u(viz —u) = 0;
denote by Bl-(l) the strict transform of B; in A3. As E; = {u = 0} we have
(5) o*(B1 + By + Bs) N A3 =25, + BV + BV + BV

By construction, A3 c UM and the projection o) : UM — P3 restricted to A3 is 0. From (5)
it follows that E is not in the branch locus of X ().
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Then, to compute the canonical divisor Ky of X ()| notice that the branch locus of X on P3
is B = By +---+ Bg, a divisor of degree 8 and hence

(6) B = —2Kps.

Its strict transform is

(7) BW ="' B _2F.
By adjunction

(8) oM Kps = KO — E.
Equations (6), (7), and (8) yield

(9) BW = —og ™),

proving the first statement.

The second statement follows immediately from the definition of blow up, noticing that the node
P of B; lies on B g, and this point is also the point of intersection of the two components of
Bsg. ]

3.2. The second blow up. We proceed by blowing the strict transform of By 5.

Definition 3.5. We define
2. y®@ Ly

as the blow up of U") along Bé}g, the strict transform of By 5 in U™,

We denote by B and BZ-(Q) the strict transforms in U of BM) and BZ-(l), respectively. We also
denote by K(? the canonical divisor of U,

We obtain a result analogous to Lemma 3.4.

Lemma 3.6. The divisor B is linearly equivalent to —2K ) and it inherits all the singularities
of BM | ¢f. Lemma 3.4, except:

° BéQ) s smooth,

. B§2) and Béz) intersect transversally in a line,

. Bf) and Bé2) intersect in two disjoint lines.

Proof. Let E be the exceptional divisor of U(?) introduced by the blow up ¢(?). Then, reasoning
as in the proof of Lemma 3.4, one can show that B®) = ¢@*B1) —2F and ¢@ KM = K2 _ E.
As above, these two equalities and (9) yield

B® = _9K®)

Again, the second statement follows immediately form the definition of blow up, noticing that
the node of Bél) lies on Bé}g, and this node is also the intersection point of the two components of

B, 0
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3.3. The third blow up. We proceed as above, blowing up the strict transform of one of the
components of Bs . Recall that Bs ¢ has two irreducible components meeting in two points. The

strict transform Bé?g C U@ stays reducible, with the two components still meeting in two points.

This feature prevents B(®) from being an arrangement. In order to solve this obstruction, we blow
up one of the two components.

Definition 3.7. We define
»®. U® _ g®
as the blow up of U?) along (B! ), the strict transform of (B} o)) in U®).

We denote by B(®) and Bl-(g) the strict transforms in U®) of B and Bl-(2), respectively. We also
denote by K ) the canonical divisor of U,

Lemma 3.8. The divisor B®) is linearly equivalent to —2K®) and it inherits all the singularities
of B, ¢f. Lemma 3.6, except that Bég) and Bég) intersect in a single smooth conic.

Proof. As for Lemma 3.6. g

3.4. The fourth and fifth blow ups. We proceed our plan of resolving the singularities of B in
order to obtain an arrangement. In order to do so, we have to make sure that the strict transform of
B3 and Bg, respectively B, and Bs, meet in a smooth irreducible curve. As B3N Bg, resp. B4 N Bs,
meet in two incident lines, and so do their strict transforms in U®), it is enough to blow up one
component of each intersection. Therefore, we define the blow up

oW U@ 5 y®
of U®) along (B§76)(3). Subsequently, we define

. B 5 @
as the blow up of U*) along (Bi75)(4). For j = 4,5, we define BY) and ng) as the strict transforms
in UY) of BU=1 and Bi(j), respectively. Moreover, for j = 4,5 we denote by K ) the canonical
divisor of UV,

Lemma 3.9. The divisor B®) is linearly equivalent to —2K®) and it is an arrangement in the
sense of Definition 3.1; it only has 2-fold curves and at most 4-fold points.

Proof. The first statement is proven as in the previous cases.

To see that B(®) is an arrangement, note that B(®) is isomorphic to B = B outside the curves
that have been blown up: By, Bz s, By 6, B3 ¢, Bl 5. As noted in Remark 3.2, these are exactly the
loci not meeting the conditions for B to be an arrangement. Indeed, B®) is the union of six smooth
surfaces:

o B ... B!
° BE()S) and BéS) are the strict transforms of quadrics with a node blown up (also) along a line
containing the node, hence they are smooth;

%) are strict transforms of planes;

e foreveryi,j € {1,...,6},i # j, the intersection BZ-(S) N B§5) is a smooth curve: either a line

or a conic.
As B only has 2-fold curves and at most 4-fold points, so does B(®). Notice that some of the
4-fold points have not been affected by the blow ups, e.g., (0:0:0: 1), hence B®) does have 4-fold
points. O
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3.5. Further blow ups. Following [4] and [12, §4.1], we proceed by blowing up the 4-fold points
and then the double curves of B®) ¢ U®) eventually obtaining a smooth surface B := B™
U™ =: U. Let X be the double cover of U ramified above B.

For the convenience of the reader, we also recall the definition of a Calabi—Yau threefold: a
smooth threefold Y is a Calabi—Yau threefold if and only if its canonical divisor Ky is trivial and
HY{(Y,Oy) =0 for i = 1,2; see also Definition 4.1.

Proposition 3.10. The threefold X is smooth and birationally equivalent to X. Moreover, it is a
Calabi—Yau threefold.

Proof. Let 0 = 0™ o...00W be the composition of all the blow ups
o U=UM 5 y-1 ...yt 5y — p3

Then o is a birational map between U and P2, inducing a birational map between B and B.
Therefore X and X are birationally equivalent.

It remains to prove that X is a Calabi-Yau threefold, i.e. it is smooth, has trivial canonical
divisor, and HZ(X, Oz)=0fori=1,2.

As X is the double cover of U, which is smooth, branched above the smooth (reducible) surface
B, we have that X is also smooth.

After every blow up we have that B*) = —2K(*) where K*) is the canonical divisor of U®*).
Hence

B=B" = _9g™ = 2K,
yielding K ¢ = 0.

Let m: X — U denote the double cover projection. As 7 is finite, it is affine and hence
HY(X,0%) = HY(U,7.0y) for each i > 0. As X is the double cover of U branched above
B = —2Ky, it follows that

1.0 = Oy & Oy(Ky),
and hence
H(X,03) =2 H(U 0g)® H (U, 0% (Ky)).
By Serre duality we have that
HY(U,0p(Ky)) = H> (U, Op).

So we are only left to compute H* (U, Oy) for i = 1,2.
To see this, consider the sequence of blow ups

U=U0" 5y 5.0 5y .= p3,

where (@ : U®) — U1 is the blow up of U“~Y along a curve or a point, say Z¢=1) or P¢-1),
respectively.

If (© is the blow up along the curve Z¢—Y then codimg - Z¢~Y = 2. From [15, Theorem
7.31], it follows that

Hi(U(é), Z) ~ Hi(U(Z—l), Z) P Hi—2(Z(€—1), Z).
Then, for ¢ = 1, we have
HY(UW, 7))~ H (U"Y, 7);
for i =2,
HX(UW, 7) = H2(UYY, z2) o H (2, 72) =~ H>(U“Y, 7)) @ Z,
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as Z'~1 is a curve and hence HO(U*~1,7Z) = Z. Moreover, H*(U“~1 7Z) is of type (0,0), and
hence its contribution to H2(U*,Z) is of type (1,1).

The above reasoning applies also if o(®) is the blow up along the point P®*). In this case
codimy;y P¥) = 3. Then, from [15, Theorem 7.31], it follows that

H(UY, z)=H U, 2) o H (P, Z) 0 H*(P'"V, 7).
From this it follows that
HY(UW, z2)= H' (U, 7),
HUWY, z)y= UV, z2)8Z,
exactly as in the previous case. Also in this case, the contribution to H?(U®) Z) comes from

HO(PY=1),7) = Z and it is of type (1,1).
For ¢ = 1 we then have

H' (UMW, 2) = H'(P*,2) =0,
H>(UW, 7))~ H*(P®,2) @ H(ZW,2) ~ 72 .
As H?(P?,Z) is of type (1,1), so is H*>(U™,Z). Then, proceeding by induction, we obtain
HY(U,z) = H (P, Z) =0,
H*(U,Z) = H*(U™,z) = 2"+ |

with H?(U, Z) purely of type (1,1). From H'(U,Z) = 0 it follows that 0 = h'(U) = h'® + h%! and
hence

0 =A% =dim HY (U, Op),
concluding that H'(U, Oy) = 0; from H?(U,Z) =2 Z"*1, of type (1,1), it follows that
n+1="r*U)=r*°U) + " (U) + 1" = h*°(U) + (n+ 1) + b2,

yielding h?0 = h%2 = 0. In particular, h%? = 0 means that H?(U,Oy) = 0, concluding the proof.
O

We are now ready to prove the main theorem.

Proof of Theorem 1.3. From [2, Proposition 18], the square root v/f1 f2 f3 f4 is rationalizable if and
only if Y is unirational. As Y is birationally equivalent to X, then the condition above is equivalent
to the unirationality of X. From Proposition 3.10 we know that X is birationally equivalent to
X and that X is a Calabi-Yau threefold, hence it is not unirational. Therefore \/fif2f3 4 is
non-rationalizable.

The non-rationalizability of A follows immediately from the first statement and [2, Proposition
47]. O

Remark 3.11. Notice that in order to prove the theorem, it would have been enough to show that
X has a trivial, and in fact even just effective, canonical divisor. Indeed, this would already imply
that h3% =1 > 0 and hence X cannot be unirational.
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4. GUESSING UNIRATIONALITY VIA POINT COUNTING

In this section we show how to use modularity and point counting to guess the unirationality of a
given threefold Y defined over Q, cf. Corollary 4.21. The technique reported below is very quick to
employ but subject to assumptions that are often hard to check, making this method not viable to
give a proof. A consistency check can be made under the assumption that the smooth model Y of
Y is a K3 surface or a Calabi-Yau threefold, cf. Conjecture 4.25 and Conjecture 4.31, respectively.

4.1. Introduction to modularity of Calabi—Yau varieties. In what follows, Y will denote a
(not necessarily smooth) complex projective variety of dimension d that can be defined over Q. In
this subsection we will mostly follow [12, Chapter 1].

Definition 4.1. We say that Y is a Calabi—Yau variety if it is smooth, H (Y, Oy) = 0 for every
0 < i < d, and the canonical divisor Ky ~ 0 is trivial.

From the second condition and by Serre duality we get that
ROO(Y) = h*O(Y) = hOUY) = YY) =1,
where h?(Y') := dimc HY(Y, ©}.) is the p, ¢-th Hodge number of Y.

Example 4.2. A Calabi-Yau variety of dimension d = 1 (equipped with a rational point) is an
elliptic curve. It has the following Hodge diamond.

1

1

Example 4.3. A Calabi—Yau variety of dimension d = 2 is a K& surface. It has the following
Hodge diamond.

1
0 0
1 20 1
0 0
1

Example 4.4. A Calabi—Yau variety of dimension d = 3 is an Calabi—Yau threefold, from now on
abbreviated into CY 3-fold. It has the following Hodge diamond.

1
0 0
0 YY) 0
1 h21(Y) h12(Y) 1
0 h%2(Y) 0
0 0
1

Remark 4.5. CY manifolds are Kéhler, hence h'1(Y) > 0. For CY 3-folds, all 2-cycles are
algebraic, hence H?(Y,Z) = PicY, that is, h*(Y) = h2(Y) = p(Y), the Picard number of Y.

Definition 4.6. We say that a CY 3-fold Y is rigid if h**(Y') = 0, otherwise we call it non-rigid.

As Y is defined over Q, it admits a model over Z.
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Definition 4.7. Let Y be a CY variety. We say that a prime p is of good reduction for Y if the
reduction Y}, of Y over F), is again a CY variety. So, in particular, Y, is smooth.

Let p be a prime of good reduction for Y. Then the Frobenius map Frob,: Fp_ — E,, x +— P, acts
on Yj; it induces an action on the cohomology groups, in particular on Hgt(Yp, Q) = Hgt (Y, Qy),
where £ # p is a prime. We can then consider the trace of the pullback of Frob, on HY (Y, Qy),
denoted by

tr(Frob;, | HE (Y, Qu)).

Definition 4.8. We recall that the L-function of Y (or H(Y)) is a series

— a(Y)
ks

L(Y,s) :=
k=1
and one has
[ ] al(Y) = 1,
e for every prime p of good reduction, a, = tr(Froby, | HZ, (Y, Q).

Theorem 4.9 (Lefschetz trace formula). Let Y be a smooth variety over Fy, and, for r > 1, let
#Y,r denote the number of points of Y over Fy,-. Then

2d
#Y,r =) (=1)" tr((Froby)" | HE (Y, Q0)).
i=0
Theorem 4.10 (Weil-Deligne). Let Y be a smooth complex variety that can be defined over

Q and let p be a prime of good reduction for Y. Then, for every i = 0,...,2d the quantity
tr(Frob, | H,,(Y,Q¢)) is an integer and

| tr(Froby, | H(Y, Qo)) < b (Y)p*/2.

So, in particular,
jap(Y)] < R4V )p?/2.

Using the knowledge of the Hodge diamond it is possible to give formulas to compute a,(Y")
when Y is a CY variety that can be defined over Q, see below.

Example 4.11. Let E be an elliptic curve, p a prime of good reduction and ¢ # p another prime,
then

e a1(E) =1,

o ay(E) = tr(Frob, | Hy(E,Qy)),

o #E, = S o(~1)" tr(Froby, | H}y (B, Q) = 1~ ay(E) +p,

from which it follows that a,(E) = p+ 1 — #E,.

Example 4.12. Let Y be a complex K3 surface that can be defined over Q, p a prime of good
reduction and £ # p another prime, then

[ ] al(Y) = 1,

e a,(Y) = tr(Frob} | H(Y, Q0)).

o #Y, =31 o(=1) tr(Froby | Hjy (Y, Q) = 1 -0+ ap(Y) — 04 p%,
from which it follows that a,(Y) = #Y, — 1 — p?. Notice that the same computations hold for any
smooth surface with h! = h3 = 0.
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Theorem 4.13 (Modularity of singular K3 surfaces [11]). Let S be a K3 surface defined over Q
having mazimal Picard number over Q, and let ¢ = €™ with Im(z) > 0. Then there exists a
newform

Fl@) =7 brd" € S5(T(N))
k=1

of weight 3 with respect to a congruence subgroup I' < PSLa(Z) and N = —m? - det Pic S for some
m €N (cf. [13, Prop. 7.1]), such that

for all the primes p of good reduction forY .

Example 4.14. Let Y be a CY 3-fold that can be defined over Q, p a prime of good reduction
and ¢ # p another prime, then

[ ] al(Y) = 1,

o ap(¥) = tr(Frobj, | H3,(Y,Q0)),

#Y, = Z(—l)itr(Frob; | Hy (Y, Qu)) =
i=0

=1-0+ tr(Froby [ H*(Y,Qp)) — ap(Y) + tr(Frob} | H*(Y,Qq)) — 0 + p°.
By definition of CY 3-fold, we have that H?(Y,C) = H'1(Y) and hence PicY = H?(Y,Z). Then
tr(Froby, | H*(Y,Qq)) = ky(Y)p,
where k,(Y) € Z and |k,(Y)| < h%(Y) = hY1(Y). The equality k,(Y) = h11(Y) holds if and only if
HZ(Y,Qp) = Pic(Yg) @z Q¢ is generated by divisors defined over Q. By Poincaré duality it follows
that
tr(Froby, | H* (Y, Qr)) = k,(Y)p?,
yielding
ap(Y) =1+ (p+p")kp(Y) +p* — #Y,.

Theorem 4.15 (Modularity of rigid CY 3-folds [8]). Let Y be a rigid CY 3-fold, and q = *™*,
with Im(z) > 0. Then, for some integer N, there exists a new form

Fla) = brd" € S{=(To(IN))
k=1

of weight 4 with respect to I'o(N), such that
by = ap(Y')

for all the primes p of good reduction for Y. The level N is only divisible by the primes of bad
reduction of Y; the maximal exponent e, of a prime dividing N is bounded:

(1) ep <2 forp>3;

(2) ez < 5,’

(3) €9 S 8.

Remark 4.16. A similar result should hold for every smooth complex variety Y of dimension 2k —1
with h2*=1(Y,C) = 2 and h?*~1.0(Y) = 1 if we replace S}V with Say, see [8, §2|. So in particular
it should hold for possibly singular threefolds Z such that its desingularization Z has h3 (Z ,C)=2
and h3°(Z) = 1.
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4.2. Non-unirationality via point counting. Let Y be a complex variety, possibly non-smooth,
and let Y — Y be a smooth resolution of singularities.

Assumption 4.17. The resolution Y — Y is defined over Q and Y is projective.

Definition 4.18. By assumption, Y has a non-singular projective model Y that can be defined
over Q and hence over Z. This means that there exists a Z,-scheme )} — SpecZ, such that its
generic fiber Y, is isomorphic to Y.
We say that a prime p is of good reduction for Y if Y, /F, is a smooth variety, for any ¢ = p™.
Notice that Y, can be viewed as the reduction Yp of Y modulo p.

Assumption 4.19. For every prime of good reduction p,
#YVp(Fp) = #Y,(Fp) mod p.

Lemma 4.20. [1, Theorem 1.1] Let Y — Spec Zy, be a smooth Zy,-scheme of dimension d. Let Y,
denote the fiber above n = (0) € SpecZ,, and Y, the closed fiber above (p). If h*°(Y,) = 0 for
every k=1,...,d, then #Y,(F,) =1 mod p.

Using Lemma 4.20, one can make a first guess about the unirationality of Y via point counting
under Assumption 4.19, as shown by the following result.

Corollary 4.21. Let Y be defined as before and let p be a prime of good reduction for Y. Un-
der Assumption 4.19, if #Y,(Fp) 1 mod p, then Y is not unirational.

Proof. Assume that Y is unirational, then it follows that ¥ and hence Y, are unirational too. In par-
ticular, h*°()),) = 0 for k = 1,2, 3, Then, as p is a prime of good reduction for Y, c.f. Definition 4.18,
we have that #),(F,) = 1 mod p by Lemma 4.20. Moreover, by Assumption 4.19, it holds that
#YV,(F,) = #Y,(F,) mod p. So, in particular,

1=#Y,(Fp) = #Y,(Fp) #1 mod p,
a contradiction. This proves that Y is not unirational. O

We can apply the above tools to the more specific cases of K3 surfaces and Calabi—Yau threefolds,
for which, in some cases, we can use the modularity theorems to perform a consistency check. In
what follows, we will need the following definition.

Definition 4.22. Let B € N a positive integer. Then we define the sets:
Y(B) = {p prime : p < B and p is of good reduction for Y}, and
So(B) = {p € S(B) : #Y,(F,) Z1 mod p}.

4.3. Point counting for K3 surfaces. In this subsection we assume that dimY =2 and Y sat-
isfies assumptions 4.17 and 4.19. We denote by Y a fixed minimal smooth model of Y.

Lemma 4.23. IfY is a K3 surface, then the following congruence holds:
ap(Y) = #Y,(F,) =1 mod p
for every prime of good reduction p.

Proof. AsY is a K3 surface and p is a prime of good reduction, we know that

ap(}}) = #yp(Fp) -1 _pz,
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see Example 4.12. By Assumption 4.19, this yields
ap(f/) = #Y,(Fp) =1 mod p,
concluding the proof. O

If we suspect that Y is not unirational (for example by Corollary 4.21) and, moreover, that
its desingularization Y is a singular K3 surface, i.e. a K3 surface with maximal Picard number
over Q, we can use Lemma 4.23 to do a consistency check via point counting, instead of explicitly
computing the cohomology of Y. To do so, we consider the set of primes of good reduction X(B),
cf. Definition 4.22, and we compute the number of points #Y (F,) for p € £(B). In the examples
below, this set does not need to be very large, we took B = 100. So, upon computing the number
of points #Y,(F,) for a finite set X(B) of primes of good reduction, we can look for levels N,
congruence subgroups I' < PSLy(Z) and modular forms

fl@) =Y brg" € SyV(IT(N)
k=1

such that b, = #Y,(F,) — 1 mod p for any p € X(B).

Assumption 4.24. For some N € N, subgroup I' < PSLy(Z), and a positive integer B such that
#%0(B) > 10, there exists a newform f € S§¥(I'(IV)) such that

by = #Y,(F,) —1 modp
for every p € X(B).

Conjecture 4.25. If'Y satisfies Assumption 4.24, then Y 1s birationally equivalent to a smooth
surface Y with h*°(Y) > 1. In particular, Y is not unirational.

Remark 4.26. It is important to take all the primes up to a certain bound B: given a surface
Y such that Y is a singular K3 surface, it might still happen that all for the primes p satisfying a
certain congruence one has #Y,(IF,) =1 mod p, giving the false impression that Y is unirational.
In fact this happens for the surface S in §4.5: in this case we find that #Y,(F,) =1 mod p for all
the primes p = 5,7 mod 8. The same happens for the Fermat quartic and all the primes p = 3
mod 4.

Remark 4.27. If Y is a K3 surface with Picard number 20 over Q, then the level N of the form
f determines the discriminant of PicY modulo squares, cf. Theorem 4.13. In this case we expect
that b, = #Y,(F,) —1 mod p for all primes p of good reduction.

If Y is a K3 surface with Picard number 20 over Q, then we expect even more: #Y,(F,) =
1+ 20p + by + p*.

4.4. Point counting for Calabi—Yau threefolds. In this subsection we assume that dimY =3
and Y satisfies assumptions 4.17 and 4.19. We denote by Y a fixed smooth model of Y.

Remark 4.28. If Y has only ordinary double points, then Assumption 4.19 is satisfied. Indeed, an
ordinary double point gets resolved after one blow up, introducing a P* x P! as exceptional divisor.
Then the claim follows from the computations in [12, §1.6.1].

Lemma 4.29. IfY is a Calabi-Yau threefold, then the following congruence holds:

ap(Y) =1 —#Y,(Fp) mod p

for every prime of good reduction p.
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Proof. As Y is a CY 3-fold, we know that
ap(f/) =1+ +p2)kp(i/) +p° - #Yp(Fp),
cf. Example 4.14. By Assumption 4.19, this yields
ap(i/) =1+ (kp(y) —ap)p + (kp(i/) - Bp)pQ +p° - #Y,(Fp) mod p
=1—-#Y,(F,) modp.
O
Analogously to the previous section, Lemma 4.29 tells us that if we suspect that Y is not uni-
rational (for example by Corollary 4.21) and that, moreover, its desingularization Y is a rigid CY
3-fold, then we can do a consistency check via point counting instead of explicitly computing the
cohomology of Y. To do so, it is enough to consider the primes in the set X(B), cf. Definition 4.22,

for some bound B. Also in the example below, we take B = 100.
We can then look for levels N and modular forms

F@) = brd" € S§™(To(N))
k=1

such that b, = 1 — #Y,(F,) mod p for any p € ¥(B). Note that in this case the congruence
subgroup is fixed, and Theorem 4.15 gives us a hint about the possible values for IV, making the
search more practical.

Assumption 4.30. For some N € N and a positive integer B such that #3(B) > 10, there exists
a newform f € S}V(T'g(N)) such that

by =1—#Y,(F,) modp
for every p € X(B).

Conjecture 4.31. If'Y satisfies Assumption 4.30, then Y s birationally equivalent to a smooth
threefold Y with h3°(Y') > 1. In particular, Y is not unirational.

4.5. Application to two surfaces. Let Q C P? be the quartic surface defined by
Q: —23(x} — wm2) + (21 + 22) (z127 + Toxh — dwy 2974 + 2329 + 2125) = 0,
and S C P(3,1,1,1) the double sextic defined by

Stoys = (i +v3 — 2u3) (Yys — vs),
both studied in [7]. The two surfaces have several singular points, so we cannot immediately
conclude that they are birationally equivalent to K3 surfaces. After counting points of the reductions
modulo all the odd primes smaller than 100, one sees that #Q,(F,), #S5,(F,) Z 1 mod p for many
primes p. Moreover (Q and S both satisfy Assumption 4.24 with

flg)=q—- 6¢° 4+ 9¢° + 10¢*® — 30¢'7 + 11¢%° + 42¢*° — 70¢>" + O(q‘“) € S3V(I'1(16)),
9(q) = ¢ — 24> — 2¢° + 4¢* + 4¢° — 8¢® — 5¢° + 14¢"" — 8¢"* + O(¢**) € S3*¥(I'1(8))

respectively. Therefore we expect () and S not to be unirational.

The prediction for S is confirmed by |7, Theorem|, where it is shown that its smooth model Sa
K3 surface whose Picard lattice has rank 20 and discriminant —8. In the same paper, the authors
suggest that Q and S are birationally equivalent, which contradicts the heuristic associating them
to two distinct modular forms, moreover of levels differing by 2, which is not a square. Below we
show that the suggestion is indeed wrong.
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Proposition 4.32. The surfaces Q and S are not birationally equivalent.

Proof. Let Q and S denote the smooth models of Q and S, respectively. It is easy to check that Q
has only ADE singularities, and hence Q is a K3 surface. The same holds for S and S. Recall that
if two K3 surfaces are birationally equivalent then they are isomorphic. This means that if @ and
S are birationally equivalent, Q and S are isomorphic; in particular, they have isometric Picard
lattices.

From |7, Theorem| we know that Pic S has rank 20 and discriminant —8. By projecting from
a node of @), we obtain a model of ) as double sextic. It is then easy to find some —2-curves on
this model. Using these curves and the exceptional divisors we generate a lattice A C Pic Q of rank
20, discriminant —16 and index [PicQ : A] < 2. It follows that Pic Q has rank 20 and discriminant
either —16 or —4. In any case, det Pic Q 2 det Pic S, showing that @ and S are not birationally
equivalent. O

Remark 4.33. Note that the level of f is a square multiple of det Pic Q, as predicted by Theorem 4.13.
The same holds for g and S.

4.6. Application to the double octic. Let X be the double octic defined in (4). Notice that it
is reasonable to assume that X satisfies 4.17 and 4.19. We proceed then with the point counting,
obtaining Table 2.

P 3 5 7 11 13 17 19 23
#X,(F,) 46 180 500 1716 2732 6060 8132 13932
1—#X,(F,) modp|0 1 5 1 12 10 1 7
D 29 31 37 41 43 47 53 59
#X,(F,) 27492 33476 55580 75276 86612 112380 159492 219492
1—#X,(F,) modp|1 5 32 1 34 45 39 48
P 61 67 71 73 79 83 89 97
#X,(F,) 241916 317300 376716 409532 517892 599172 735132 948330
1— #X,(F,) modp| 11 13 11 72 33 6 9 87

TABLE 2. Point counting on X, for every odd prime smaller than 100.

For many primes p we see that X,(F,) # 1 mod p, hence by Corollary 4.21 we expect X not
to be unirational. In an attempt to gather more evidence towards the non-unirationality of X,
we look for a modular form satisfying Assumption 4.30. We then find that the unique newform

f(q) = Y2 brg® € 53°¥(To(6)), with
(10) flg)=q— 2¢> — 3¢% + 4¢* + 6¢° + 6¢° — 1697 — 8¢% + 9¢° — 12¢*° + 12¢' + O(q12),

satisfies Assumption 4.30, giving yet a stronger hint, cf. Conjecture 4.31. The heuristics suggesting
that X is not unirational are indeed confirmed by Proposition 3.10.

Remark 4.34. In this particular case, the evidence is even stronger: indeed, one can check that
(11) bp = 1—8p+4p2+p3 — #X,(Fp)

for every prime 3 < p < 100, suggesting that X is a rigid CY 3-fold. This is confirmed by B.
Naskrecki in a private communication: he proves that the L-function of X is indeed (10) and
deduces the rigidity of X. The same result was suggested also by S. Cynk.
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In [14], van den Bogaart and Edixhoven compute the cohomology of varieties defined over Q and
satisfying even stronger conditions on the number of rational points of their reduction modulo a
prime p. In particular, they show that if Y/Q is a smooth variety such that #Y,(F,) behaves
polynomially for all primes p, then all the cohomology groups of odd degree vanish and they
determine the dimension of the cohomology groups of even degree.

Remark 4.35. The fact that (11) does not hold for p = 3 is consistent with the level of f being 6,
suggesting that p = 3 is a prime of bad reduction for X, cf. Theorem 4.15. Indeed, if X3 denotes
the reduction of X modulo 3, then, looking at Table 1, one can see that the four singular points

(1:1:1:0),(1:1:4:3),(1:4:1:3),(4:1:1:3)e X

collapse to the singular point (1:1:1:0) € X3. One can then check that X5 has a non-ordinary
singularity in (1:1:1:0), whereas X has an ordinary one.

Remark 4.36. The same newform f in (10) appears also in [9] and [12, §5.7], in relation to other
CY 3-folds.
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