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Abstract

Free-Electron Lasers (FELs) constitute the last generation of synchrotron
light sources: they are conventionally driven by a radio-frequency linear electron
accelerator (LINAC), where the electron beam is accelerated to relativistic ener-
gies, followed by a chain of undulator magnets, which force the electron beam to
oscillate and emit radiation. High brightness, tunable and transversely coherent
radiation pulses with unique properties are �nally delivered to the downstream
experimental stations for a wide range of applications in the �elds of physics,
biology, medicine and chemistry. External seeding techniques aimed at im-
proving the intrinsically poor temporal coherence and shot-to-shot stability of
a FEL starting from shot noise have been proposed and experimentally demon-
strated. State-of-the-art fully coherent FELs make use of an external coherent
signal, which is basically a high-power laser system seeding and imprinting its
coherence properties on the electrons at the undulator entrance, and exploit
seeded schemes based on frequency up-conversion to increase the low frequency
of the seed laser and generate fully coherent radiation at shorter wavelengths.
Independently of the speci�c seeded scheme, the output FEL radiation prop-
erties, such as wavelength and repetition rate, strongly depend on those of the
seed laser. In particular, the repetition rate capability of conventional high-
power lasers is limited to few kHz at maximum, which is incompatible with the
MHz-class ones of a superconducting LINAC, while their wavelength limits the
minimum output wavelength that can be achieved with reasonable harmonic
up-conversions: the study of alternative seeding sources and FEL con�gurations
overcoming this limitation, thus exploiting the potentials of superconducting
LINACs, is the new frontier of FEL science. Such research line has synergies
with another ambitious and innovative frontier of accelerator science, the study
and development of plasma-based accelerators as well as advancements towards
their application in light sources, whose ultimate goal is to make advanced radi-
ation sources available to a wide range of users with the realisation of compact
user facilities that could be built in small-scale laboratories.

This thesis deals with theoretical and numerical studies of novel schemes for
a fully coherent FEL driven by a compact LINAC at high repetition rate or by
a plasma-wake�eld accelerator. Coherent and high repetition rate FEL pulses
would enable high resolution experiments and more data collection in shorter
experimental times respectively, greatly improving the ongoing science at FELs
by supporting new experiments. In this scenario and in the framework of the
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MariX and BriXSinO projects in Milan, Italy, I investigated the FEL oscillator
(FELO) con�guration in di�erent spectral regions from the THz down to the
X-rays by means of a simulation code, written in Fortran, which iterates the
required simulation steps for its study.
Based on the acquired knowledge of the FELO scheme, producing high-power
coherent pulses suitable for FEL seeding, this thesis proposes two novel FEL
oscillator-ampli�er setups capable of generating high repetition rate and coher-
ent radiation at short wavelengths in the tender X-ray range (0.3 − 0.5 nm).
In these two schemes, the seed pulses are provided by an Extreme-Ultra-Violet
(EUV) FELO equipped with Molibdenum/Silicium multilayer mirrors and fre-
quency up-conversion based on the electron beam phase space manipulation is
performed. The �rst proposed scheme, seeded by the EUV FELO, similarly
to a fresh bunch High-Gain Harmonic Generation (HGHG) FEL scheme, is a
three-stage harmonic FEL cascade made of di�erent undulator sections, where
the seed modulates the electron bunches inducing non-linear phase space mo-
tions and the emission of higher harmonics in the following undulators. FEL
emission in the �nal radiator up to the 35th harmonics of the FELO wave-
length has been predicted by simulations, with the generaton of 109 − 1010

coherent photons per shot in the tender X-ray range at 0.5 MHz. The same
EUV FELO has been considered for seeding an Echo-Enhanced Harmonic Gen-
eration (EEHG) FEL cascade: the generation of intense (108 − 1010 photons
per shot), ultra-short (down to 1 fs) and coherent FEL pulses up to the 50th
harmonics of the seed has been simulated, demonstrating a higher versatility,
tunability and e�ciency.

The second topic of this thesis is the ongoing collaboration with the SPARC
_LAB laboratory of INFN in Frascati in the framework of the EuPRAXIA
project: objects of this collaboration are the demonstration of FEL lasing with
a compact beam-driven plasma-wake�eld accelerator at SPARC, whose plasma
module is made of a cm-scale, 3D-printed capillary, and the design study of the
EuPRAXIA FEL beamlines.
I contributed to the analysis of the experimental data obtained in two exper-
iments at SPARC and the connected simulation of the FEL process. Single-
spike FEL ampli�cation at about 827 nm from shot noise with up to tens-nJ
energy, characterized by high shot-to-shot energy �uctuations, has been mea-
sured and observed from both the experiment and simulations. A second ex-
periment with the same FEL, driven by the plasma-accelerated electron beam
and seeded by a portion of the same laser used for the electron photo-emission,
has shown increased energy levels and stability conditions. This cumulative
thesis �nally presents the still ongoing design study of the second beamline
of the EuPRAXIA@SPARC_LAB project, a compact and seeded low-energy
beamline in the standard HGHG con�guration, which can be driven by either
the plasma accelerator or the EuPRAXIA X-band LINAC. Simulations of its
performances in the whole spectral range of operation and in the two electron



v

beam modes are compared, showing the production of fully coherent single-
spike pulses in the Vacuum-UV range from 50 to 180 nm starting from a long
wavelength state-of-the-art laser pulse.
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Chapter 1

Introduction: the Free-Electron

Laser

Free-Electron Lasers (FELs) constitute the last generation of synchrotron light
sources (a brief overview of light sources is given in Appendix A): they are lin-
ear machines, where the radiation is longitudinally emitted by a high-brightness
relativistic electron beam propagating in the periodic �eld of an undulator mag-
net, through which the electron beam kinetic energy is transformed into elec-
tromagnetic radiation with laser-like properties.

In analogy to conventional lasers, in 1971 John Madey described its emission
mechanism by means of a quantum mechanical description, based on stimulated
emission between quantum states of the electron beam [1]. The name of this de-
vice, Free-Electron Laser, comes from the fact that the electrons are not bound
to any optical medium; moreover, the lasing medium is the electron bunch it-
self, whose power corresponds to the pump power, o�ering continuously tunable
resonant wavelength by changing either the energy of the driving electron beam
or the strength of the undulator �eld [2, 3]. Thanks to their high tunability,
these machines can be used as sources of coherent light down to spectral regions
such as the X-ray range, where conventional lasers are not available.
The FEL process takes place in vacuum, so that another important advantage
with respect to solid-state sources of coherent radiation is that the ampli�ca-
tion is not constrained by dispersion or absorption processes. Appendix B deals
with the FEL theory.

Since the �rst studies in the late 1960s [4, 5] and their implementation [6, 7],
it has been clear that FELs are capable of bridging the gap between conventional
electron-based sources, such as synchrotrons, and lasers, allowing experiments
intrinsically impossible at storage ring-based facilities and to explore nature at
ultra-small spatial and ultra-short temporal scales. Appendix A also contains
a small digression on the science enabled by X-ray FEL facilities compared to
Synchrotrons.
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1.1 FEL physics and con�gurations

As shown in Appendix B, the resonant interaction between the transverse mo-
tion of the wiggling electrons, the undulator magnetic �eld and the emitted
transverse electromagnetic �eld leads to an instability that converts the elec-
tron kinetic energy into the electromagnetic radiation.

Accelerator technology is the basis for both synchrotron radiation sources
and FELs: however, while synchrotron radiation is emitted incoherently by
independent radiating electrons, the FEL radiation process bene�ts from multi-
particle coherence, resulting in coherent photon beams (10 to 100 times better
than in synchrotron beam lines) combining the intensity and coherence of a
laser with the broad spectral coverage of a synchrotron. In addition, depending
on the repetition rate of the FEL, the average �ux and brilliance can exceed
the ones achieved by storage rings.

Thanks to their high peak brilliance, implying a signi�cant number of pho-
tons impinging on the sample in a very short time, FELs allow multi-photon
processes and time-resolved experiments; on the other hand, the high average
brilliance enables more sophisticated and selective experiments in a shorter ex-
perimental time [8].

FELs are highly �exible and tunable radiation sources: the wavelength
emission range as well as the pulses' bandwidth, peak power and temporal
structure can be tailored for any kind of experiment, making di�erent design
strategies possible, including multi-frequency operation, polarization control
and pump-probe con�gurations with naturally synchronized beams.

On the contrary, other laser light sources are limited in tunability: for
instance, Optical Parametric chirped pulse Ampli�ers o�er large wavelength
tune-ability in the UV regime and laser diodes radiate down to about 346 nm,
but the soft and hard X-ray regime are out of reach. The FEL therefore o�ers
to the users the unique possibility of tailoring the radiation characteristics for
speci�c applications.

Scaling laws

Some important scaling laws governing the FEL emission are here reported,
while more details on FEL theory and their derivation are given in Appendix
B.

FEL sources are driven by a high-brightness relativistic electron beam pre-
viously accelerated in a linear accelerator (LINAC) up to an energy E = γmc2

(γ being the electron Lorentz factor) and sent through an undulator, whose
main parameters are its period length λu and its normalized magnetic �eld
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strength au = eB0/(
√
2mcku), usually referred to as undulator parameter1,

where e represents the electron charge, m its mass, c the speed of light, B0

the undulator peak on-axis magnetic �eld and ku = 2π/λu the undulator wave
number.

The undulator transverse periodic magnetic �eld induces transverse sinu-
soidal oscillations of the electron beam, resulting in the longitudinal emission of
synchrotron radiation at each bend of their trajectory, and allowing an energy
exchange with the co-propagating electric �eld. Appendix B also deals with
basic concepts of undulator physics.

The radiation �eld naturally moves faster than the electron bunch: by re-
ducing the mean longitudinal velocity vz of the bunch, the transverse oscil-
lations can enhance the rate at which the emitted radiation slips ahead the
electrons in the bunch. Depending on the electron-radiation relative phase, the
electrons can indeed gain or lose energy: the electrons oscillate in phase with
the radiation �eld, losing energy for the bene�t of the radiation �eld, when the
radiation slips one optical wavelength per undulator period, meaning that the
optical wavelength λ is such that λ = λu(1− vz/c).

The �eld power grows with the rate of the electron energy loss, and the en-
ergy modulation induced by the radiation �eld within the undulator is then con-
verted into a spatial modulation of the electrons, the so-called electron bunch-
ing, with the periodicity of the radiation wavelength. As a result of the density
modulation, the electrons get concentrated in regions where the energy trans-
fer from particle to �eld is maximized, and the radiation becomes coherently
ampli�ed.

For an electron beam with a given energy travelling in a planar undulator,
the resonance condition for the wavelength of the emitted radiation is

λ =
λu
2γ2

(1 + a2u) . (1.1)

The e�ciency of energy transfer and the gain of the process are summarized
by the Pierce parameter

ρ =
1

4πγ
3

√
2π
Je
IA

(JJλuau)
2 (1.2)

where JJ(χ) = J0(χ)−J1(χ) is the planar undulator Bessel correction factor of
argument χ = a2u

4+2a2u
and IA ∼ 17 kA the Alfvén current. The current density

1Another notation is ofter used in literature, which expresses the undulator parameter as
Ku = au/

√
2
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Je is given by

Je

[
A

m2

]
=

Ipeak[A]

2πσx[m]σy[m]

where σx,y =
√
βx,yϵnx,y/γ are the rms (root mean squared) transverse dimen-

sions of the electron beam2 (Σe ∼ 2πσxσy is the beam cross section), and the
peak current Ipeak can, for a Gaussian beam, be expressed as

Ipeak[A] =
Q[C]√
2πστ [s]

in terms of the bunch rms time duration στ and of the bunch charge Q.

The gain length, determining the FEL growth rate and expressing the dis-
tance over which the power grows by a factor e, can be expressed in terms of ρ
as follows:

Lg =
λu

4π
√
3ρ

. (1.3)

The solution of the third order equation describing the FEL process in the 1D
theory (in Appendix B) leads to the �eld

E =
E0

3

[
exp

(
i+

√
3

2
Γz

)
+ exp

(
i−

√
3

2
Γz

)
+ exp (−iΓz)

]
(1.4)

with Γ = 4π
λu
ρ and z the longitudinal undulator coordinate. The last two

terms describe an exponentially decaying and an oscillating mode respectively,
whereas the exponentially growing mode of the �rst term is the dominant
one while z increases. The oscillatory term is important in the so-called FEL
lethargy regime, where the �eld amplitude remains constant for the �rst two
gain lengths in the undulator. Following the model described in Appendix B,
the power growth is �tted by the logistic function, which can be written in the
simpli�ed form:

P (z) =
P0

9

exp(z/Lg)

1 + P0
9Psat

exp(z/Lg)
, (1.5)

where P0 is the input seed power and Psat ∼=
√
2ρPbeam the power at saturation,

with the power carried by the electron beam Pbeam = mc2γIpeak.
Saturation is reached after about 20 gain lengths; the resonance condition

is no longer satis�ed in this regime, often called non linear FEL regime, where
the energy is transferred back and forth between the electron beam and the
radiation. The saturation length, which is namely the required length to reach

2The basic concepts of electron beam physics are outlined in Appendix B. βx,y are the
transverse Twiss beta functions of the beam, while ϵnx,y refers to its normalized transverse
emittance in x,y respectively.
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the power Psat, is

Lsat = 1.066Lgln

(
9Psat
P0

)
. (1.6)

The Pierce parameter ρ gives an estimate of both the FEL power at saturation
Psat and natural bandwidth:

∆ω

ω
∼= ρ (1.7)

as well as of the energy conversion and FEL process e�ciency (Eq. (B.68) in
Appendix B).

The gain deterioration due to non ideal electron beam qualities (non negli-
gible energy spread and emittance), can be embedded in the previous formulas
[9] as discussed in Appendix B.2.2.

The number of emitted photons per pulse can be estimated as

Nph/pulse =
Psat
h̄ω

σph (1.8)

where Eph = h̄ω represents the photon energy and σph is the photon pulse time
duration. The number of emitted photons per second is easily obtained by
multiplyng this last expression by the FEL repetition rate, that is the number
of emitted pulses per second.

The output FEL phase correlation is given by its degree of temporal coher-
ence (see Appendix A), which can be evaluated by considering the normalized
correlation function [10, 11, 12]

Γnm(τ) =

∣∣∣∣∣∣
∫
dtEn(t)Em(t− τ)√∫
dt |En|2

√∫
dt |Em|2

∣∣∣∣∣∣ , (1.9)

between two di�erent pulses (n ̸= m, representing the shot-to-shot stability)
or for one single pulse (n = m) respectively. The cooperation (or coherence)
length

Lc =
λ

2πρ
(1.10)

represents the longitudinal length over which the electrons emit coherently.

The longitudinal density modulation of a pre-bunched beam is quanti�ed
with the so-called bunching factor bn =< e−inψ >, where n is the harmonic
number and ψ the electron beam ponderomotive phase [13, 14]. The coherent
emissiuon from pre-bunched beams evolves as

P (z) =
1

3
ρ|b|2Pbeam

(
z

Lg

)2

. (1.11)
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This quadratic growth is valid up to a threshold Pth = ρ|b|2Pbeam, after which
the power grows exponentially. The saturation level is always the same, while
higher bunching values allow a faster transition.

A similar FEL process is also valid for the harmonics of the fundamental
wavelength:

λn =
λu

2γ2n
(1 + a2u) (1.12)

where n is an odd integer for a planar undulator. Planar undulators indeed
allow for a resonant on-axis FEL interaction with odd harmonics of the funda-
mental resonant �eld, while even harmonics are emitted o�-axis and therefore
weakly ampli�ed. The radiated spectrum is composed by a series of square sinc
functions, centered on odd harmonics.

Referring to the case of a single electron, the relative linewidth of the har-
monics is given by ∆λ/λn = 1/(nNu), where Nu represents the number of
undulator magnetic periods. The emission is narrow in the frequency domain,
even if undulator line broadening may result from the electron beam energy
spread, size and divergence [15].

The Pierce parameter of the harmonics is

ρn = ρ

[
JJn
JJ1

] 2
3

→ Lg,n =
λu

4π
√
3ρn

with JJn = Jn−1
2
(nχ)− Jn+1

2
(nχ). The harmonics' power at saturation is

Psat,n =
1√
n

(
JJn
nJJ1

)2

Psat .

The number of photons per pulse emitted at the nth harmonics is given by

Nph,n =
Psat,n
nh̄ω

σph = χnNph , (1.13)

where the parameter χn = 1
n
√
n

(
JJn
nJJ1

)2 σph,n
σph

represents the harmonic conver-

sion e�ciency (which for the third harmonics is around 0.1%).

Main FEL con�gurations

A sketch of the basic layout of a FEL machine, featuring the electron injection,
acceleration and radiation ampli�cation, is shown in Fig. 1.1.
The �rst building blocks of any FEL machine are the electron beam injec-
tion and acceleration stages. Linear accelerators for FELs tipically use photo-
injectors, where the electrons are extracted via photo-electric e�ect from a drive
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Figure 1.1: Sketch of the basic FEL scheme. The typical
injection scheme consists of a drive laser beam impinging on a
cathode and emitting the electrons via photo-emission in the
radio-frequency (RF) gun. Electron acceleration occurw in the
linear accelerator (LINAC) and the electron longitudinal phase
space is manipulated with a bunch compressor, followed by the

undulators for FEL ampli�cation.

laser beam incident on a photo-cathode, allowing to control the electron beam
distribution by laser pulse shaping. The LINAC itself, constituted by radio-
frequency (RF) cavities, either normal-conducting (NC) or super-conducting
(SC), and generating high gradient electric �elds for particle acceleration, fol-
lows.

A magnetic bunch compressor is tipically placed at an intermediate stage
of acceleration and before the light ampli�cation stage, constituted by a chain
of undulator magnets.

The electron beam properties at injection, such as charge and current, are
in�uenced by the cathode and LINAC type. The warm cathodes of a NC
system work at low repetition rates in the 1-100 Hz range, allowing the ex-
traction of long (ps-scale) and high charge (nC range) electron bunches with
low emittances, as needed for successful FEL operation. On the other hand,
the cathode of a SC accelerator requires a cooling system and works at high,
MHz-class, repetition rates. This operating mode comes with a few drawbacks:
the maximum electron average current (of the order of tens-mA) is the main
constraint, limiting the extracted bunch charge per shot to about hundreds-pC,
while the moderate beam peak current (below the kA-range at high repetition
rate) can be increased by compressing the electron bunches.
SC RF cavities are the most e�cient accelerating devices to convert the RF
power into charged particles' energy: despite requiring a cryogenic system,
they are usually preferred thanks to the very small energy dissipation in the
cavity and the fact of being well suited for continuous-wave (CW) operation at
high repetition rate.

The beam repetition rate from the injector a�ects the temporal pulse struc-
ture. Accelerators can operate in two main modes: pulsed operation allows the
acceleration of only few electron bunches per second, while SC LINAC-based
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facilities can also operate in CW mode, characterized by the production of mil-
lions of bunches per second with a µs-scale equidistant temporal separation,
which is recorded as a continuum by any detector.
A typical example of pulsed operation mode is Eu-XFEL [16], featuring an hy-
brid structure made of several micropulses with hundreds-ns separation and
grouped in macropulses with a spacing of hundreds-ms. Examples of CW
LINACs are LCLS-II [17] and SHINE [18].

Depending on the required number of passes of the electron beam in the
undulator before FEL saturation, FELs are grouped in two main con�gurations:

� Single-pass FEL

� Multi-pass FEL

The choice of FEL con�guration and radiation scheme is based on user-de�ned
requirements of the output FEL pulse properties, as radiation wavelength, peak
power, polarization and average repetition rate. The time structure of the pulse
needs as well to be matched to the characteristic time-scales of the physical
processes under study. High intensity applications, such as X-ray imaging,
require photons to be delivered in ultra-short, high-intensity pulses. On the
other hand, spectroscopic studies require limited peak intensity so as to avoid
non-linear processes, but also high repetition rates in order to collect su�cient
data in acceptable experimental periods [8].

1.1.1 Multi-pass FEL

Historically, the �rst operating FELs were multi-pass FELs, also called FEL
oscillators.

Similar to a conventional laser oscillator, this FEL scheme features an un-
dulator embedded in an high-Q optical cavity, allowing the radiation power to
build up during successive passes of several electron bunches in the undulator
until an equilibrium state is reached at saturation.

It is a low-gain device with reasonable accelerator requirements: the use of
the optical cavity makes oscillator FELs less demanding in terms of electron
beam quality and allows working with lower values for peak current. Conven-
tionally, the FEL process is started by the electron beam spontaneous emission
(the shot noise), and the interaction between trapped light and electron bunches
lead to micro-bunching and fully coherent emission.

The optical cavity itself poses the most stringent requirements and strongly
in�uences the FEL characteristics, such as its repetition rate, the transverse
size of the radiation �eld and its synchronization with the electron beam. Its
operation and design is strictly linked to the wavelength operation range and
the mirror availability in that range. Besides, to ensure a good synchronization
of the radiation �eld and the successive electron bunches at the beginning of
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each passage in the undulator, the cavity length needs to be consistent with
the electron beam repetition rate and may need to be adjusted during operation.

During the �rst two decades of the operation of FELs, the technological lack
of reasonably re�ective mirrors below 100 nm has restricted the use of these
devices to a wavelength range from THz to Ultra-Violet (UV) [19, 20, 21].
Most oscillator FELs operate in the infrared (IR) and optical regime [22, 23, 24,
25, 26, 27, 28, 29]. However, multi-layer mirrors have been proved successful for
wavelengths in the deep-UV and beyond, where no broad-band high re�ectivity
mirrors for normal incidence are available [30, 31, 32].

In the last few years, thanks to technological advancements in the �eld of
mirror fabrication aimed at extending their operation at short wavelengths,
there have been a growing number of studies also on high-gain FEL oscillators,
referred to as regenerative ampli�er FELs (RAFELs)[33, 34], or oscillators re-
lying on Bragg re�ectors and mirrors [35, 36, 37, 38, 39].

A RAFEL combines a high-current electron beam and a low-Q resonator,
with relaxed requirements on re�ectivity: in this case the radiation intensity
grows exponentially in each pass and requires only a few passes to reach satu-
ration.

The underlying physics, design strategies and operation of FEL oscillators
are discussed in more details in Chapter 3.

1.1.2 Single-pass FEL

Single-pass FELs were developed on the basis of theoretical works in the 1980s
[7, 40, 41] and have been used since the 1990s for wavelength regimes from UV
down to X-rays, where mirrors were not available.

In this FEL con�guration, saturation needs to occur within one single pass
of the electron bunches through the undulator. Therefore, in this case the ac-
celerator performances should ful�ll the best qualities in terms of high bright-
ness electron beams, with low emittance and energy spread: such stringent
requirements can be satis�ed by using the new generation of injectors based on
photo-electron guns. In order to preserve the beam transport from the electron
source to the undulator and operate these FELs with a small energy spread, a
laser heater is usually employed before entering the undulator line.

The FEL emission in a single-pass FEL can be initiated either by the elec-
tron shot noise in the so-called Self Ampli�ed Spontaneous Emission (SASE)
FEL, or by an external signal in a seeded FEL con�guration.
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1.2 SASE FEL

Self-Ampli�ed Spontaneous Emission is a straightforward approach to single-
pass ampli�cation, where the FEL process is initiated by the electrons' inco-
herent spontaneous emission at the beginning of the undulator.

It presents an ample and solid experimental validation in all the wavelength
domains from optical to X-rays [42, 43, 44, 45, 46, 47, 48, 49], and best explains
the basic working principle of a FEL (see Appendix B).

The electron bunch driving a SASE FEL consists of stochastically dis-
tributed electrons and the emitted radiation from the di�erent trains of bunches
is not correlated. Depending on the electron beam quality and the undulator
length, such FEL operation results in highly brilliant, high peak power (∼GW
) radiation pulses with quite high transverse coherence, but the random phase
and amplitude of the initial shot noise limit its longitudinal coherence and result
in strong pulse-to-pulse �uctuations in both spectral and temporal domains.
In the �rst part of the ampli�cation, many transverse modes are excited (low
transverse coherence). As the electrons travel within the undulator, di�raction
e�ects get counteracted by the gain guiding mechanism, in which the selective
ampli�cation of the central part of the co-propagating �eld overlapping with
the area of high electron bunch density takes place. In combination with the
natural di�raction of the co-propagating �eld, this e�ect leads to mode selec-
tion: by the end of the exponential growth, only the highest growth rate mode
dominates. Therefore, this process results in a radiation pulse characterized by
a quite high transverse coherence level, which can exceed 90% before high-order
mode ampli�cation occurs in deep saturation. The bandwidth of the sponta-
neous emission spectrum is larger than the FEL ampli�cation bandwidth, so
that the SASE FEL is always tuned at the resonant frequency with the largest
growth rate.

Due to the poor temporal coherence of the SASE process, the output ra-
diation exhibits a sequence of M uncorrelated temporal spikes, whose duration
as well as spectral width are about 2πLc, where Lc is the cooperation length
(Eq. 1.10). Tipically, the electron bunch length is several cooperation lengths
long, and the output FEL longitudinal structure is made of several spikes, sep-
arated by 2πLc. The approximate number of uncorrelated radiation spikes, or
longitudinal modes in frequency domain, is therefore

M =
Lbeam
2πLc

. (1.14)

The frequency spectrum of the emitted radiation corresponds to the white
noise associated to the initial electron random distribution, �ltered by the FEL
gain bandwidth, and the spectral spikes correspond to the excited longitudinal
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modes. SASE FEL pulses' duration is approximately a replica of the electron
bunch duration and, due to the ampli�cation of many longitudinal modes, they
su�er from very low longitudinal coherence.

The radiation beam quality can be improved and its frequency coverage
increased by means of various techniques.

The longitudinal coherence of a SASE FEL can be partially improved by
driving the FEL emission with electron bunches shorter than the cooperation
length (Lbeam < 2πLc), so as to con�ne all electron that contribute to lasing
within one coherence length. This single-spike SASE regime [50, 51, 52] leads
to one single longitudinal mode in the temporal distribution of the FEL ra-
diation, as well as to a single-spiked spectral distribution. However, despite
permitting operation at low charge, with good control of emittance and energy
spread, this single-spike operation results in the ampli�cation of pulses charac-
terized by 100% shot-to-shot �uctuations of the photon pulse energy due to the
stochastic behaviour of the SASE radiation; saturation may help in reducing
such �uctuations.
Therefore, a substantial coherence in each single radiation shot is achieved
(�rst-order coherence), but with very low shot-to-shot stability. In this regime,
the FEL pulse length is of the order of the cooperation length Lc, which is
limited by the maximum current.

The spectral range of operation can be extended by operating the FEL in
other modes. Two basic mechanisms able to create coherent micro-bunching
at harmonic frequencies in FELs are non-linear harmonic generation and har-
monic lasing. The former method [53, 54, 55] is driven by the fundamental FEL
interaction close to saturation, when the electron density modulation becomes
non-linear; the relative spectral bandwidth of the harmonic radiation is similar
to that of the fundamental, but the harmonics' intensity is weaker (tipically
at a level of a percent or less) and is more strongly subjected to shot-to-shot
�uctuations. As already anticipated, this harmonic microbunching regards the
odd harmonics generated in the forward direction for a planar undulator. Har-
monic microbunching of the electron beam can also be exploited by tuning the
last part of the undulator on some harmonics.

Harmonic lasing, �rst proposed and experimentally demonstrated for FEL
oscillators [56, 57, 58], is an FEL instability in which the SASE ampli�er is in-
terrupted when the bunching is maximum before saturation (at roughly 80%),
and the bunched beam current containing large Fourier components at the har-
monics of the SASE fundamental frequency is injected into a radiator (called
afterburner undulator) tuned at one of the harmonics. The advantages over
non-linear harmonic generation can include much higher power, better stabil-
ity, smaller bandwidth and no need for �lters, if lasing at the fundamental
frequency is suppressed [59, 60].
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The performances of a SASE FEL are strictly dependendent on the elec-
tron beam qualities at the undulator entrance. For instance, an enhancement
of the electron peak current entering the SASE FEL can lead to a considerable
reduction of the FEL gain length. This has been demonstrated with the so-
called Enhanced Self Ampli�ed Spontaneous Emission (ESASE) con�guration
[61, 62], in which the electron peak current is increased by using a conventional
short optical laser with high peak power, overlapping with a short longitudi-
nal section of the electron beam in a �rst undulator segment. The electrons
interact with the laser �eld in the undulator and acquire an energy modulation
exceeding their uncorrelated energy spread. A second acceleration stage fol-
lows, not a�ecting the introduced energy modulation and allowing to reach the
�nal energy needed for FEL emission. The electron beam then passes through
a dispersive magnetic chicane, which produces microbunching of the electrons
and periodic enhancement of the electron peak current, and are �nally driven
in the long undulator of the standard SASE FEL.

A similar technique, called High-Brightness SASE (HB-SASE) and aimed at
improving the SASE radiation production, has been also proposed [63]: many
small delay chicanes in-between the di�erent undulator sections are employed
to enhance the slippage e�ect, delocalising the collective FEL interaction and
breaking the dependence of the radiation coherence length on the FEL cooper-
ation length.
The SASE performance with energy-chirped beams, as well as the e�ect of un-
dulator tapering, has been also investigated [64, 65].

Due to its di�erent velocities, the radiation �eld moves faster and slips over
the electron beam along the undulator: the so-called slippage length Lslip ∼
Nuλ (Nu indicates the number of undulator periods) is the di�erence between
the distance covered by light and electrons in the undulator. When slippage
of the radiation with respect to the electrons can be neglected, in the so-called
steady-state regime, the emitted radiation intensity scales as N , where N is
the number of electrons in a cooperation length.

In case of unbunched electrons, the intensity of the emitted radiation is
initially proportional to N (spontaneous radiation); when interacting with the
spontaneous and undulator radiation, the electrons begin to bunch and to emit
radiation with an intensity proportional to N2. In this second situation, the
FEL operates in the superradiant regime [66]: this can occur when operating
both with short electron pulses (shorter than the slippage length) or in the
tails of the electron pulse with long-pulse high-gain FELs, if slippage is not
negligible. In the former case, where N is the total number of electrons, the
regime is usually called weak superradiance and leads to lower peak intensities
than the one predicted in the steady-state theory; in the latter, emission arising
from the trailing region of a long electron pulse evolving as a short electron
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pulse and exhibiting a spiking behavior with intensities much greater than the
steady-state saturation value (N is the number of electrons in a slippage length)
is referred to as strong superradiance.
The substantial di�erence between the steady-state and superradiant regimes is
given by the slippage e�ect. Radiation intensities scaling as the squared number
of electrons may also arise from coherent synchrotron radiation emitted by pre-
bunched electrons3.

As discussed in the next section, the stability and longitudinal coherence of
SASE FEL pulses can be improved by means of FEL seeding.

1.3 FEL seeding

The poor quality and coherence degree of single-pass SASE FEL pulses have led
to the development and application of seeding techniques, whose basic principle
is based on the injection of a coherent signal superimposed to the electron beam
at the undulator entrance [67, 68, 15].

FEL seeding aims at improving the longitudinal coherence and shot-to-shot
stability of a SASE FEL con�guration, simultaneously increasing its brilliance,
and at synchronizing the FEL signal with an external seed signal for pump-
probe experiments.
Nearly fully coherent radiation beams, whose temporal coherence can be of the
order of tens of femtoseconds, are produced in the seeded operation. Longitu-
dinal coherence of the pulses is achieved by phasing the emitting electrons and
is one of the biggest advantages of FELs compared to Synchrotron-based light
sources.

Nevertheless, as pointed out in the next chapters, the produced pulses come
with some limitation posed by the seed laser itself. The next sections will also
address di�erent seeding techniques for an high-gain FEL.

Seed requirements

In a seeded con�guration, the FEL ampli�es an initial external seed, tipically
a laser pulse superimposed to the electron beam, which imprints its coherence
properties on the electron modulation and provides electron bunching, thus
allowing to improve the phase stability, longitudinal coherence as well as shot-
to-shot stability of the ampli�ed FEL pulses.

The emitted peak power is simultaneously increased to approximately the
SASE power level at saturation within a shorter distance. At the beginning of
the undulator, power is emitted incoherently from the electron beam and grows
linearly, till the FEL ampli�cation process starts after a few gain lengths; as the

3Pre-bunching of the electrons is tipically achieved by means of a strong external laser
�eld.
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electrons emit coherently, the radiated power grows quadratically. The e�ect
of the seed is a shorter FEL lethargy regime.

The FEL pulse spectral and temporal distributions get cleaned from the
SASE multiple spikes but may be then altered by the FEL saturation process,
due to slippage and the earlier saturation of the radiation �eld with respect to
the electron beam. Depending on the seed pulse duration Lseed with respect
to the slippage length Lslip, di�erent regimes can occur [15]: when Lslip ≪
Lseed, the local heating of the electrons at saturation leads to a pulse splitting
regime[69], characterized by an intensity drop at the peak of the pulse and
deeply used for pump-probe two-color experiments; when Lslip ∼ Lseed, the
FEL dynamics enters a strongly non-linear superradiant regime [70], with pulse
duration narrowing and simultaneous emission of harmonics (up to the 11th
order).

Depending on the laser seed intensity, the result is a coherent emission at the
undulator resonance and its higher order harmonics in the following sections
of undulator. Furthermore, the ampli�ed FEL pulses are naturally synchro-
nized with the seed pulse for pump-probe experiments. Wavelength tuning of
a seeded FEL can be achieved by simultaneously changing the seed wavelength
and the undulator gap or by applying a chirp on the modulated electron bunch.

The seed choice plays a major role for seeded FELs. It in�uences the output
FEL properties and performances, its length, wavelength and repetition rate
a�ecting the ampli�ed FEL pulses.

In order to be e�ective, any seeding source needs to ful�ll few important
conditions: the main constraint is linked to the required seed intensity, which
should overcome the electron beam shot-noise power level without exceeding
the FEL saturation power [15, 67]. The shot-noise intensity is estimated as
Isn ∼ ωρ2γmc2, being proportional to the square of the Pierce parameter ρ and
growing linearly with the resonant frequency ω and the electron beam energy
mc2γ. For typical high-gain FEL parameters, it can bary around hundreds of
watts to tens of kilowatts. SASE performances are achieved when seeding with
a power below the spontaneous radiation level, and a contrast ratio of at least
10− 102 between the seed and the background noise is needed.

Ultra-Violet (UV) lasers are the most suitable candidates for external seed-
ing setups: due to the heat load of laser systems, which is proportional to the
pulse energy and repetition rate, the high peak power requirements often limit
the repetition rate of these lasers to few tens of Hz up to the kHz regime.
Furthermore, shorter-wavelength seeding sources are poor and tipically have
lower e�ciency in terms of output power, while the shot-noise power increases
with frequency, making laser seeding at short wavelengths another non-trivial
problem.
Moreover, only a fraction of the input seed power is matched to the FEL growing
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mode: based on the one-dimensional theory, approximately 1/9th of the power
contributes to the exponential growth and requires about two gain lengths (see
Eq. 1.3) to overcome the lethargy regime of seeded FELs and be able to mea-
sure proper ampli�cation by the seed pulse; such fraction is also a�ected by
transverse coupling [67, 68]. The seed duration determines the minimum FEL
pulse duration, which a�ects its maximum bandwidth. Even the bandwidths
have to be matched: in particular, the SASE FEL peak brightness is improved
if the seed has a smaller bandwidth (length greater than the FEL coherence
length).

Seeded FELs, such as FERMI [71], tipically work with long electron bunches,
with a low peak current, to which the seed is easily superimposed; the seed pulse
moves longitudinally on the electron beam current distribution and the output
pulse properties are determined by laser pulse shaping techniques. Other FELs,
such as DALIAN in China [72], use a di�erent approach that relies on a long
seed pulse and short electron bunches.

Therefore, FEL seeding requires a tunable seeding source with approxi-
mately hundreds nJ-tens µJ pulse energy, excellent stability, less than 1% rms
energy �uctuations and wavelength stability below 1% rms with respect to the
spectral bandwidth.

1.3.1 Conventional seeding schemes

Starting from direct laser seeding, where the wavelength of the seed signal
equals the FEL resonance wavelength (see Eq. 1.1), various techniques have
been studied and experimentally applied.

Their layouts, relative advantages and main motivations behind their pro-
posal are here discussed.

Direct seeding and harmonic generation

Direct seeding is the basic seeding scheme, where the seed signal gets ampli�ed
along the undulator. The shortest wavelength achievable through direct seeding
is limited by the seed laser wavelength. Despite the huge e�orts and develop-
ments of laser technology, commercial seed laser systems for FEL seeding with
high-power levels suitable for FEL seeding cannot go beyond the Vacuum-UV
spectral range.
However, high intensity seed pulses can induce non-linear electron beam phase
space motions and the ampli�cation of high-order harmonics of the seed funda-
mental wavelength, if the undulator is properly tuned at that harmonic. Such
operation is exploited in cascaded high-gain FEL schemes.

In order to reach shorter wavelengths, the FEL can be seeded by laser har-
monics: in this direction, High Harmonic Generation (HHG) [73] is a promising
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technique to produce high harmonics from the interaction of an intense laser
pulse with a noble gas. Some other seeding techniques, combining laser seeding
with electron beam phase space manipulation, have been proposed and are also
used nowadays to extend FEL seeding to short wavelengths.

Three common and successfully demonstrated approaches are High-Gain
Harmonic Generation (HGHG) [74, 15, 68], Echo-Enabled Harmonic Genera-
tion (EEHG) [75, 76] and Self-seeding [77, 78, 79]; the �rst two are harmonic
up-shift cascaded schemes that take advantage of a pre-bunched electron beam
to transfer the coherence properties of a relatively long-wavelength laser seed
to a much shorter-wavelength FEL output pulse.

High Gain Harmonic Generation (HGHG)

Due to the di�culty in reaching a large ratio (order 103) between the seed
and the shot-noise intensities at short wavelengths, a successful strategy is
that of seeding the FEL in a more accessible spectral range and then exploit
the higher harmonic bunching generation process to extend this modulation to
shorter wavelengths.

The scheme of a typical HGHG FEL cascade is shown in Fig. 1.2.

Figure 1.2: Schematic layout of an FEL in the high-gain har-
monic generation con�guration. The scheme consists in a mod-
ulator, where the seed (indicated by the yellow arrow) modu-
lates the electron beam (in gray) in energy, followed by a disper-
sive section (DS) generating electron bunching at the desired

harmonics and the �nal radiator.

The electron bunches initially overlap with the external seed (usually a UV
laser beam) and get energy-modulated in a short undulator segment, the mod-
ulator, which is about two gain lengths long and resonant with the seed laser
wavelength. The undulator encodes the phase and amplitude information of
the seed onto the electron beam longitudinal phase space: as a result, the elec-
tron bunches are sinusoidally modulated in energy with a periodicity equal to
the seed laser wavelength. The interaction with the seed of intensity IL induces
the initial energy modulation ∆γ: it depends on the laser power and transverse
size, as well as on the undulator length and strength [68], and for a di�raction
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dominated setup4 it can be expressed as:

∆γ

γ
=

1√
2Nmod

√
IL

Is,mod
, (1.15)

where Is,mod ∝ 1
2Nmod

Pbeam
σbeam

is the saturation intensity in the modulator (charac-
terized by Nmod periods). Such energy modulation can be also expressed as an

induced energy spread ∆γ =
√
2
√
σ′2γ − σ2γ , where σ

′
γ is the total energy spread

after the modulator and σγ the uncorrelated electron beam energy spread at its
entrance. It is typical referring to the normalized energy modulation A = ∆γ

σγ
.

The electron beam then traverses a chromatic dispersive chicane, characterized
by a certain dispersion strength R56, where the energy modulation is converted
into spatial density modulation having signi�cant harmonic content at har-
monics of the seed fundamental wavelength: the �nal position of each particle
changes according to

∆ζ = R56(∆γ/γ) . (1.16)

The e�ect of the chicane can be expressed as a normalized dispersion B =
R56kseedσγ

γ , where γ is the reference electron energy and kseed the seed laser
wavenumber. By tuning the seed intensity and the dispersion R56, the electron
beam gets bunched, corresponding to the formation of current peaks equally
spaced at some harmonics of the seed wavelength, and coherently emits it in
the following longer radiator, properly tuned at this harmonic frequency. The
emission at higher harmonics of the seed wavelength during the FEL interaction
in the radiator is therefore a direct consequence of the periodic modulation of
the electron beam at the emission wavelength [68].

The harmonic current generated from the HGHG process can be character-
ized by calculating the bunching factor at a certain harmonic n of the seeding
laser. The bunching factor at the nth harmonic, resulting from the energy
modulation ∆γ and the dispersion R56, can be expressed as [68]:

bn = |Jn(nAB)|exp(−1

2
n2B2) = Jn

(
2πn

λL

∆γ

γ
R56

)
exp

[
−1

2

(
2πn

λL

)2(
σγ
γ

)2

R2
56

]
,

(1.17)
where λL and λ0 = λL/n are the seed laser wavelength and the resonance in
the ampli�er, respectively. This expression assumes a Gaussian energy spread
distribution ∝ exp(−γ2/2σ2γ) with standard deviation σγ , an in�nitely long
laser and electron beam, thus in the limit Lbeam ≫ λL.
The pre-existing beam energy spread becomes more critical at high harmonic
orders and results in the decaying exponential function in Eq. (1.17), while

4This condition is veri�ed for most external seeding experiments.
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the Bessel function of the �rst kind is maximized when the energy modula-
tion is larger than the uncorrelated energy spread and its argument equals
X(n) = 2πn

λL

∆γ
γ R56.

The bunching coe�cient depends on both the harmonic number n and the
ratio between the induced modulation and the intrinsic energy spread, and
draws a hyperbole in the space (∆γ,R56) at a given n: thus, for a given seed
wavelength and harmonic conversion factor, the lower is the energy modulation
∆γ the larger has to be the dispersion R56. On one hand, the presence of R56

in the decaying exponential (Eq. 1.17) imposes a low value of the dispersion
when the initial energy spread is large: for su�cient bunching, the contribu-
tion of the exponential term in Eq. 1.17 should be minimized by setting B ≈ n
while the Bessel function should be maximized, corresponding to A ≈ n for the
normalized energy modulation.
On the other hand, an increase of the energy spread, required to induce the den-
sity modulation (higher harmonics require larger energy modulations), will af-
fect the exponential growth in the �nal ampli�er, according to the gain/saturation
power scaling relations, and the relative uncorrelated electron beam energy
spread must satisfy the condition σ′γ/γ ≪ ρ.

E�cient energy extraction occurs when saturation is reached at the end of
the ampli�er, when the induced energy spread is the minimum required to gen-
erate "su�cient" induced bunching, signi�cantly above the shot-noise level [67].
This is more likely to happen when the laser induced energy modulation ∆γ is
about as large as the energy spread of the electron bunch σγ multiplied by the
harmonic number n, i.e. ∆γ ≃ nσγ . By combining the induced bunching in
Eq. (1.17) with the scaling relations of the exponential growth, and inverting
the resulting equation, the bunching factor required to reach the power ΓPsat
(the condition with Γ = 1 is reached only asymptotically at z → ∞) can be
derived [68]

|bn|2 ∼ B(Lu, Lg,3d) =
Γ

0.8

[
1
3(Lu/Lg,3d)

2

1 + 1
3(Lu/Lg,3d)

2
+

1

2
exp

[
Lu/Lg,3d −

√
3
]]−1

.

(1.18)
The presence of the bunching allows to reach saturation with very short undu-
lators, Lu being only few gain lengths long. Anyway, even starting with such a
large bunching factor, about two gain lengths are always required to reach the
saturation power Psat. When the bunching factor becomes comparable to that
associated to the electron beam shot noise, the seed is not e�ective anymore in
preparing the pre-bunched beam, resulting in SASE operation.

In the common case of a seed laser pulse shorter than the electron bunch,
the output FEL pulse duration σFELτ depends strongly on the seed laser one
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Lseed. Moreover, the harmonic conversion leads to a natural shortening of the
output pulse; when the Bessel function of Eq. 1.17 is maximized, the FEL and
seed pulse durations scale as

σFELτ =
Lseed√
n

.

When the Bessel function is not maximized, the scaling is expected to be

σFELτ =
6Lseed
7n1/3

.

Furthermore, by increasing the argument of the Bessel function further after
the value corresponding to the Bessel function for maximum bunching, over-
bunching leads to pulse-splitting.

The limiting factor for the maximum practical harmonic up-shift ratio n for
which reasonable microbunching values can be maintained over multiple radia-
tors in a single-stage HGHG con�guration is therefore the overall electron beam
energy spread, given by the intrisic one and the induced energy modulation by

the seed: σtotγ (σγ ,∆γ) =
√
σ2γ +

∆γ2

2 .
Both FEL gain and power are sensitive to the electron beam and undulator
parameters (as current, σγ , au): for this reason, there is a maximum harmonic
order n for which the HGHG output power can approach reasonably large sat-
uration levels, beyond which the saturated power generally decreases exponen-
tially with increasing n. High-gain seeded FELs typically feature around 100
keV of uncorrelated energy spread and a ρ parameter of about 10−3 or less, in
which case the single-stage HGHG scheme is limited to harmonics up to n=15.

Shorter wavelengths can be achieved by minimizing the uncorrelated beam
energy spread; however, its minimum value is limited by space charge e�ects in
the gun and by the bunch compression.

Multi-stage harmonic cascades in which the micro-bunching or output radi-
ation from one stage is used to seed a following stage, whose radiator is resonant
at an integral harmonic of the previous one, were proposed to circumvent this
limitation and extend the useful operating range of HGHG to short wavelengths
[80]. In a two-stage example, if the �rst stage performs the harmonic up-shift
ratio n1 and the second stage n2, the �nal output wavelength is λseed/(n1n2).
In its simplest form, if high-power seeds are available and dispersive chicanes
for harmonic bunching are not needed, a two-stage cascade can be con�gured
by splitting the radiator of a nominally one-stage cascade into two consecutive
sections, with the �rst resonant at λseed/n1 and the second at λseed/(n1n2).

The HGHG sensitivity to energy spread is not improved, since the accu-
mulated energy spread for each stage can degrade the performance of the �nal
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radiator and is therefore the main problem. In particular, the energy spread
induced by both the laser seed and the FEL interaction in the �rst-stage mod-
ulator and radiator, respectively, are sources of degradation for the FEL gain
and �nal saturation power in the second stage. The short region toward the
head of the seeded portion of the electron beam, where electrons not strongly
energy modulated by the seed can be reached by the radiation "slipping" for-
ward, can produce ultra-short pulses characterized by quite high peak power
but low longitudinal coherence [70].

The "fresh-bunch" two-stage cascading scheme [81, 82, 83, 68] allows to
preserve the coherence. In this scheme, seed pulses much shorter than the
electron beam duration (τseed ≪ τe−beam) are employed, and the second stage
is separated from the �rst by a strong chicane that delays the electron beam
by an amount τd ≥ τseed (of about few hundreds of fs), that allows the �rst-
stage radiation to seed a "virgin" electron beam region for which the energy
spread has not been heated by the previous light-electron interaction. Such a
scheme features two identical HGHG stages separated by a delay line which
lengthens the electron path with respect to the radiation straight path. In the
�nal radiator, harmonic conversion factors up to 5�6 of the �rst-stage seed can
be generated, providing a signi�cant shortening of the �nal wavelength.
The energy spread is no longer a crucial limitation of this setup. In practice, the
number of stages and �nal wavelength are limited by phase noise ampli�cation
problems, insu�cient FEL gain at very short wavelengths (due to a very low
resonant undulator strength parameter au) and the �nite electron beam pulse
length. Furthermore, since the entire process operates only locally with a slice
of the bunch moving slowly from the tail to the head of the bunch, a small
fraction of electrons contribute to lasing in the �nal radiator and the overall
pulse energy is smaller than in SASE operation. So far, only two-stage cascades
have been operated successfully.

Since the �rst experiments on HGHG, the production of pulses with im-
proved energy and central wavelength stability, reduced spectral line-width and
a larger longitudinal coherence, that can be a large fraction of the seed duration,
has been demonstrated, thus showing the advantages of HGHG seeding over the
SASE con�guration. Besides providing the intensity amd spatial coherence of
SASE FELs, the output radiation features a Fourier transform limited spectral
bandwidth as well as temporal coherence, and the saturation length is reduced,
leading to a more compact system. The �rst proof-of-principle experiments
demonstrating the HGHG process were conducted at Brookhaven by L.H. Yu
et al. at infrared [74] and UV wavelengths [84] employing harmonic up-shift ra-
tios of three. Demonstrations at FERMI FEL-1 [83] have extended the output
wavelength range down to the XUV regime with power saturation for harmonic
ratios n ≥ 13. Unconventional seeding methods at shorter wavelengths for the
HGHG scheme, such as laser harmonics produced in gases (HHG), have been
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also investigated and experimentally tested [73, 85, 15]; frequency mixing tech-
niques applied on the pump laser or a chirp on both electron beam and laser
pulse can be exploited to achieve tuneability.

Two-stage harmonic cascades have been experimentally studied at the SPARC
_LAB facility, starting with an HHG source as a seed [86, 87] and at FERMI [88],
for which the net harmonic up-shift value n1n2 has been as large as 65. Fresh-
bunch HGHG cascades made tremendous progress towards shorter wavelength
down to 5 nm. The fresh-bunch injection technique has been demonstrated at
SDUV-FEL [89] and at FERMI [80].

A similar process to HGHG occurs in an optical klystron [90, 91], a rather
simple scheme consisting of two undulator sections for electron energy modu-
lation and radiation ampli�cation, tipically tuned at the same resonance and
separated by a dispersive section for electron density modulation. Its main
outcome is an enhancement of the gain process, and it has been also used in
high-gain FELs to reduce the needed saturation length [92, 93].
The major di�erence compared to HGHG is the smaller energy modulation and
the usual absence of harmonic conversion.

Variants of the HGHG con�guration have been recently investigated for
decreasing the seed peak power requirements and extend the operational range
of a seeded FEL to even shorter wavelengths and higher repetition rates [94,
95, 96, 97, 98].
As discussed in Chapter 3, I propose few alternatives in this direction.

Echo-Enhanced Harmonic Generation (EEHG)

Echo-enabled harmonic generation was �rst proposed by G. Stupakov in 2009 [76]
as a means to overcome the limitations posed by incoherent energy spread in
the previously discussed HGHG scheme. Its ultimate goal is that of reaching
extremely high harmonic numbers (n > 100) for generation of soft X-ray radi-
ation when starting from an external UV seed laser.

It is a more complex con�guration, sketched in Fig. 1.3, which relies upon
multiple seed lasers, dispersive sections, modulator and radiator sections to
�rst produce a coherent "shearing" of the longitudinal phase space followed by
subsequent modulation that, via an echo-like e�ect, leads to a coherent density
bunching exceeding the incoherent shot-noise background [68, 67].
At the beginning, a strong seed laser (seed 1) at wavelength λ1 induces a mod-
erate (∆γ ∼ 0.5σγ), coherent energy modulation on the input electron beam
in a short modulator. The following dispersive section is su�ciently strong
such that R56

σγ
γ ≫ λ1, thus over-rotating the longitudinal phase space and,

at a given phase, leading to multiple, alternating narrow bands of large and
small density as a function of the energy. The purpose of this �rst part is
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Figure 1.3: Schematic layout of an FEL in the echo-enabled
harmonic generation con�guration. The scheme consists in a
double modulation-dispersion stages (Mod.1-DS1 and Mod.2-
DS2 respectively) generating the density modulation at the de-
sired wavelength via a harmonic frequency mixing of two seed-
ing signals (seed 1 and seed 2, indicated by yellow arrows).

to over-compress the energy modulation well beyond maximum bunching with
a strong magnetic chicane, rather than optimizing its harmonic content as in
HGHG [68].
The second part, generating a current spike for each band, replicates an HGHG
FEL: the electron beam passes into a second modulator section where it inter-
acts with a second seed laser (wavelength λ2), producing a new energy modu-
lation of amplitude ∆γ2 ∼ σγ on top of the sheared bands produced in the �rst
section. A second chromatic dispersion is then tuned in strength to rotate the
longitudinal phase of these ripples by approximately π/2. The resulting phase
space is rich in harmonic content and can be tuned, by choosing an appropriate
seed laser and dispersion strength, to produce an echo e�ect whose maximum
bunching appears at a net harmonic n ≫ 1 relative to the initial seed wave-
length.

The electron bunching at the �nal radiator can be expressed in terms of
four parameters, the dispersion strengths of the two chicanes R56,1/2 and the
normalized electric �elds A1,2 of the seeds:

A1,2 =
eauλO
mc2πσ1,2

√
P1,2

cε0π
(1.19)

where P1,2 and σ1,2 are the peak power and the rms transverse dimension of
the seeds, e and m the electron charge and mass, c the speed of light and ε0
the vacuum dielectric constant.
The overall seed wavenumber can be de�ned as kseed = k2/k1, where k1 and
k2 are the wavenumbers of the two seed pulses respectively; the wavenumber
of the density modulation after the second chicane is kE = ak1 +mk2, where
a and m are a negative, tipically small, and a positive, tipically large, integer
numbers de�ning the harmonic number n = m+ a.
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The bunching at the n-th harmonic from EEHG can be calculated as [99]

bn,m = |exp(−1

2
(aB1 + (kseedm+ a)B2))| (1.20)

and is tipically maximized for a = −1, when the current spikes of all energy
bands are spaced at the �nal radiation wavelength and add up coherently.

The �rst stage of the EEHG process arti�cially reduces the intrinsic energy
spread per band due to the strong over-compression, which allows much higher
harmonic conversion in the HGHG stage at the cost of a slight increase in the
energy spread [75, 100].
Assuming a Gaussian distribution for the incoherent energy spread, in contrast
to HGHG scheme that has the coherent bunching fraction bn decaying expo-
nentially as n2 for high harmonic numbers, EEHG has bn decaying only as n1/3

in the absence of other e�ects such as incoherent intra-beam scattering.
Therefore, it is in theory possible to achieve very high harmonics with a

bunching e�ciency up to bn = 0.39/n1/3 [101]. The wavelength and pulse en-
ergy stability is also improved and less a�ected by energy chirps with respect
to HGHG.
The ability to preserve the energy bands throughout the seeding line, together
with the strong �rst chicane, is the limiting factor, which makes the bunches
more susceptible to collective e�ects such as intra-beam scattering, incoherent
and coherent synchrotron radiation.

Its potential for achieving very high numbers makes it an attractive alter-
native to HGHG methods, despite its intrinsic and complex coupling of two
energy modulation and two chicane strengths. Experimentally, the scheme has
been �rst investigated and con�rmed from the optical to soft X-ray regions
(λ ∼ 160− 2 nm) at harmonic numbers as high as 100 [47, 99, 102, 103]. The
minimum wavelength produced by this scheme is 2.6 nm [104], while di�er-
ent methods are needed to reach higher frequencies. A cascaded con�guration
combining HGHG with EEHG has been recently investigated [105].

Self-seeding

The two previous methods require an external signal synchronized to the beam
arrival time at the undulator location. To avoid shots with no overlap, the sta-
bility of the jitter in the seed signal and the beam arrival time needs to be less
than the bunch length. In order to relax the arrival tolerance, most externally
seeded FELs foresee a lower current: as a result, the FEL Pierce parameter and
the power at saturation are reduced. In addition, the lower FEL bandwidth re-
stricts the amount of energy modulation of the seeding schemes, thus reducing
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the ability to scale to very short wavelengths in the 1 nm range [67].

In a self-seeding technique [78, 79] the seed signal is derived from the same
bunch in a two stage con�guration. Fig. 1.4 shows its schematic layout.

Figure 1.4: Schematic layout for a self-seeding con�guration.
The SASE FEL pulse is �ltered by a monochromator to seed
the electron beam in the �nal undulator. The bypass line (Dis-
persive element) for the electron beam matches its arrival time

with the �ltered signal.

The �rst stage of the self-seeding con�guration operates as a SASE FEL before
saturation, so that the beam preserves the ability to amplify an external signal
to full saturation. Following the SASE FEL, the electron beam and radiation
�eld are separated: the radiation is �ltered by a monochromator transmitting
only a narrow frequency band, thus con�ning the radiation in a small spectral
bandwidth, and then recombined with the electron beam. The �ltered signal
and the electron beam are �nally injected into the second stage of the FEL,
operating as an FEL ampli�er. The electron bypass is used to match the arrival
time of the beam with the monochromatized signal and, secondarily, to remove
the induced bunching by the momentum compaction factor of the chicane.

This technique produces a single-mode FEL radiation pulse, with a signi�-
cantly increased peak brilliance, and is not limited toward shorter wavelengths.
However, the process is internally synchronized but not stabilized to an exter-
nal device. In addition, by selecting a single spike of the SASE spectrum, the
intensity �uctuations of the FEL radiation increase.

The initial idea was proposed for the soft X-ray range by Feldhaus et al. [77]
and its possible implementation was �rst considered at FLASH [106]. However,
conceptual di�culties with the long electron bypass line, where the transport
had to be controlled by a lot of quadrupole and sextuple magnets to preserve
the electron beam properties, prevented its realization. A self-seeding scheme
with the grating has been implemented at LCLS soft x-ray line [107].

A self-seeding scheme using Bragg re�ection was proposed by Saldin et
al. [108] for the hard X-ray regime, and has been successfully demonstrated at
LCLS [109], where a narrowing of the FEL bandwidth by a factor 50 has been
measured. A narrow-bandwidth �lter can be used to stretch the short SASE
spikes, characterized by a coherence length typically smaller than the bunch
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length: this leads to a much longer coherence length, so that a well-de�ned
radiation phase is spread over the entire bunch in the second stage. This e�ect
is also achieved if the slippage is increased to over the entire bunch. Several
methods were proposed [110] to arti�cially increase the slippage per gain length
by either breaking up the undulator, and interleaving the modules with small
chicanes delaying the bunch, or by operating on a sub-harmonic of the FEL,
where the slippage is increased by the harmonic number. All methods reduce
the FEL bandwidth up to a point where the bunch length is limiting the spectral
width. These methods, equivalent to self-seeding methods but avoiding �lters
intercepting the radiation [67], are attractive alternatives if the heat load on
the monochromator, mirrors or crystal is an issue.

Self-seeding has been successfully demonstrated down to the hard X-ray
regime with the generation of narrow and single line spectra. The record for
the shortest wavelength with self-seeding was done at LCLS at a wavelength
of 1.5 Å. No apparent limitations occur in self-seeding schemes, assuming a
su�cient �lter exists to clean up the spectrum. The electron beam parameters
are the same as for SASE operation and an increase in the FEL brilliance is
achieved [67]. Its operation at high repetition rates is challenging due to the
heat load of the crystals used.

1.4 Motivations & Outline of the Thesis

This cumulative thesis is focused on design studies and proposals for the devel-
opment of compact and coherent novel FEL schemes at high repetition rates
and short wavelengths.

External FEL seeding has increased the opportunities in high gain FELs
due to its full coherence and stability. However, the seed laser limits

� Shortest wavelength that can be achieved.

� The tunability of the seeded FEL radiation.

The seeding schemes introduced so far are limited in harmonic conversion, so
that it is desirable to start with a short wavelength seed laser source, as long
as it provides su�cient peak power and stability.
Moreover, accelerators based on superconducting RF technology can provide
electron bunches at MHz repetition rates. More and more burst-mode and CW
accelerators are currently under construction, and there is a clear direction for
increased repetition rate in future FELs.

The studies presented in this thesis aim at pushing the limits of the capa-
bilities of FELs and improve them even further to accommodate the needs of
multiple experiments of di�erent purposes.
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Both the high purity that seeding techniques o�er and high statistics are often
desired. Neither SASE nor external seeding can o�er a good amount of statis-
tics: on one hand, SASE radiation needs to be monochromatized, which leads
to �ux reduction and intensity �uctuations; on the other hand, seeded radiation
is currently only available at a low repetition rate. Extending the wavelength
range below 2 nm would allow new types of experiments that require higher
resolution, such as imaging and di�raction, to take advantage of the unique
properties of seeded radiation.

The main goal is to address the limitations described above and propose
novel schemes that aim to combine the unique properties of externally seeded
radiation with the high repetition rate of superconducting-based FELs.

The theoretical and numerical studies have been carried out in the frame-
work of two main research projects, whose goal is the construction of compact
facilities based on next generation light sources exploiting advanced and revo-
lutionary techniques.

Chapter 1, as well as Appendix A and B, deal with FEL theory, the main
principles and properties of FEL emission and some con�gurations that have
been already proposed in literature for a coherent FEL source.

Possible directions for a compact FEL machine are outlined at the begin-
ning of Chapter 2, followed by an overview of the projects at the basis of the
performed investigations.

Chapter 3 of this thesis deals with simulation studies on the FEL oscillator
con�guration, as direct source of coherent pulses at high repetition rate and
short wavelengths down to the X-rays, in di�erent spectral regions of interest
in its �rst part, followed by the proposal and investigation of two advanced
schemes for an hybrid oscillator-ampli�er con�guration able to produce high
repetition rate FEL photon pulses in the tender X-ray spectral range by means
of harmonic up-conversion techniques.

Other numerical studies based on the innovative plasma-acceleration tech-
nique, carried out in collaboration with the Frascati section of INFN in the
framework of the European ambitious project of a compact plasma-driven FEL
user facility, are outlined in Chapter 4, while Appendix C gives a general
overview of plasma acceleration techniques.

Finally, Chapter 5 draws some conclusions and outlooks.
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Chapter 2

Towards a compact and

coherent Free-Electron Laser

For both circular and linear machines, the dimensions of the accelerator are
strictly linked to the needed particle beam energy, higher beam energies re-
quiring longer accelerating structures. At the same time, also the economic
investment for building an accelerator grows with its dimensions.

Regarding speci�cally the FEL light sources, the emission of higher fre-
quencies up to the X-rays requires large GeV-scale electron beam energies, and
single-pass FEL schemes need a km-long acceleration stage followed by a few
tens to hundreds meters-long undulator chain. Therefore, the demanding FEL
footprint derives from both the acceleration and the ampli�cation lengths, lim-
iting the use of these devices to few large-scale laboratories.

Studies toward a more compact FEL layout aim at being able to build and
operate such machines in any environment, such as hospitals and universities,
simultaneously reducing the needed investment e�orts. This can be achieved by
either shortening the electron linear accelerator (LINAC) or the FEL saturation
length.

2.1 Shorter acceleration stage

The primary way to a more compact light source is that of shortening the
electron acceleration stage. This research line is linked to the technological
advancements in particle acceleration; few promising studies and applications
of advanced acceleration techniques may pave the way to more compact accel-
erators.

Super-conducting (SC) accelerating cavities are the result of the applica-
tion of superconductivity for particle acceleration: their performance depends
on the intrinsic limitation of the critical �eld of the bulk material, which is
tipically Niobium. However, thanks to improvements in fabrication methods
and handling procedures, their improved features with respect to conventional
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normal-conducting (NC) radio-frequency (RF) cavities have driven the design
of large-scale SC accelerators for future applications [111]. Despite requiring a
cryogenic system and being less tolerant against beam loss, SC cavities are free
from the thermal problems of a NC structure, allow operation at higher gradi-
ents with smaller RF power levels and enable acceleration in continuous-wave
mode at high MHz-scale repetition rates. Indeed, SC accelerating structures
can be continuously powered on, thus saving in operational costs, while progress
in simplifying production methods is expected to reduce them further.

As outlined in the next section, the acceleration length of a SC structure
can be reduced by exploiting a speci�c feature of these cavities.

2.1.1 Two-pass two-way acceleration

A peculiar capability of SC cavities, not yet experimentally veri�ed but already
studied and considered for some projects, is that of sustaining standing waves
that allow the acceleration of the beams in both directions [112, 113]. The
concept of two-way acceleration, including beam recirculation and re-injection
for a second pass in the accelerator, was proposed in Ref.s [114, 115], even if
the beam dynamics of such a recirculation was not studied.

Due to the half length of the accelerating section, this two-fold operation
of a SC LINAC allows to reduce the cost on cryogenics. On the RF side, the
power required to accelerate the beam depends on its �nal energy and not on
the LINAC length.

A critical point of the two-pass two-way scheme is related to the quadrupoles,
whose behaviour is not symmetric for both directions and cannot be employed
for beam focusing; SC solenoids can instead be used to contain beam envelopes.

If experimentally veri�ed, this technique would reduce the net acceleration
length of SC LINACs, thus leading to more compact layouts, compatible with
real-estate availability, at high repetition rates.

2.1.2 Plasma acceleration

An important achievement in the �eld of accelerator physics is related to the
use of plasmas for particle acceleration.

Plasma acceleration is a technique for accelerating charged particles using
the large electric �elds generated in a plasma. The possibility to accelerate elec-
tron beams to ultra-relativistic velocities over short distances by using plasma-
based technology holds the potential for a revolution in the �eld of particle
accelerators, including a tremendous reduction in size of accelerators used for
research, medical and industrial applications that could allow the development
of table-top machines accessible to a broad scienti�c community [116].
Thanks to their capability to sustain extremely large accelerating gradients,
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plasma-based accelerators represent the new frontier for the acceleration of
high quality electron beams.

There is no need for metallic or dielectric cavities, the accelerating medium
being the plasma itself: for this reason, unlike conventional Radio-Frequency
(RF) structures, plasma-based ones can sustain electron plasma waves with
electric �elds several orders of magnitude higher than those achievable with ac-
tual technologies. They can provide accelerating �eld gradients of some GeV/m
compared to the maximum 100 MeV/m sustainable in RF-based machines lim-
ited by vacuum breakdown [117].

Its basic concepts and possibilities were originally conceived in 1979 by
Toshiki Tajima and John M. Dawson [118].
The generation of plasma accelerating structures in a plasma target, i.e. a jet
or con�ned channel of ionised gas, is initiated by a drive beam, either a laser
pulse (laser-driven plasma wake�eld acceleration, LWFA) or a relativistic elec-
tron beam (particle-driven plasma wake�eld acceleration, PWFA), propagating
through and inducing electron density oscillations. The excited wake�elds fea-
ture high �eld strengths [119, 120]

E0[V/m] ≈ 96
√
n0[cm−3] .

A short electron beam, termed the witness beam, placed into this plasma wake-
�eld with the correct phase, can be accelerated and focused to reach GeV en-
ergies over centimetre to metre distances.

Both techniques o�er a way to build high-performance particle accelera-
tors of much smaller size than conventional RF devices: current experimental
devices show accelerating gradients several orders of magnitude greater than
conventional particle accelerators over very short distances (1 GeV/m vs 0.1
GeV/m for an RF accelerator [117]). Therefore, plasma accelerators have im-
mense promise for innovation of a�ordable and compact accelerators for various
applications ranging from high energy physics to medical and industrial appli-
cations.

The main challenge is that of preserving the beam quality after acceleration
in the plasma; advanced techniques able to preserve the beam energy spread
or emittance have been demonstrated [121] and make applications based on
plasma-accelerated electron bunches possible. Following such advancements,
the research community focused on demonstrating that the beam qualities from
plasma acceleration are able to trigger FEL emission. Proof-of-princile experi-
ments of FEL lasing based on a laser-driven [122] and beam-driven [123] plasma
accelerator were recently conducted.

An overview of the physics and implementation of plasma-based acceleration
is given in more details in Appendix C.
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2.2 Shorter ampli�cation stage

The FEL ampli�cation stage is the second important contribution to the over-
all footprint of any FEL machine. For a conventional single-pass SASE FEL
scheme, it is basically a long sequence of few meters-long undulator modules,
with the emission of higher frequencies requiring longer undulator chains to
overcome the FEL lethargy regime and reach saturation. The required ampli-
�cation length is therefore determined by the saturation length.

As already stated in Chapter 1, FEL seeding has the capability to shorten
the FEL lethargy, thus reducing the saturation length with respect to a SASE
FEL. The implementation of di�erent FEL schemes also depends on the elec-
tron beam temporal structure. The electron temporal distribution from pulsed
operation is well-suited for a single-pass con�guration, where the footprint of
the FEL ampli�cation stage can be reduced by means of FEL seeding. The
electron bunch trains at high repetition rate provided by CW SC accelerators
is instead suitable for a multi-pass FEL oscillator con�guration.

As remarked later, single-pass FEL seeding schemes are limited in both
repetition rate and wavelength.

2.2.1 High repetition rate FEL seeding

Many experimental applications, such as time-resolved spectroscopy, would
bene�t from radiation pulses combining high coherence and repetition rate.

Although laser systems are continuously improving, their repetition rate
is at the moment limited to 100 kHz, higher repetition rates featuring insuf-
�cient pulse energies for FEL seeding. Furthermore, the shortest attainable
wavelength by conventional lasers falls in the UV-deep UV range, also making
the shortest FEL wavelength dependent on the performance of harmonic up-
conversion mechanisms.

Thanks to a deeper knowledge of FEL science and the growing number of
SC accelerators providing high repetition rate electron bunches, the interest in
high repetition rate FEL seeding is recently rising.

As anticipated in the previous Chapter, seeding at high repetition rates is a
challenging task and FEL seeding schemes have been widely studied and so far
implemented only at low repetition rates. External laser seeding is intrinsically
limited, the highly demanding laser parameters being not easily achievable at
high repetition rates. In particular, the requirements put on conventional laser
systems in terms of peak power limit their repetition rate to the kHz regime,
and the maximum repetition rate of the seeded radiation is determined by the
one of the seeding source.
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The lack of seed laser systems operating at the repetition rate of a SC ac-
celerator mainly comes from the heat loading due to the high peak powers they
need to operate at, proportional to the pulse energy and repetition rate. Some
of the electron bunches of a SC accelerator would therefore remain unseeded,
limiting the average �ux of the FEL pulses.

In order to address this limitation of the standard external laser seeding
techniques, following the development in mirrors, simulation codes and the
increased knowledge of possible FEL schemes, alternatives to increase the repe-
tition rate of seeding schemes up to the MHz range of a SC machine have been
recently studied [94, 95, 96, 97, 124, 98].

In a SC accelerator, more electron bunches per second are extracted from the
cathode and this high repetition rate capability gives rise to a speci�c electron
beam structure made of bunch trains with up to hundreds-meters separation.
The temporal structure and higher repetition rate of the electron bunches gen-
erated and accelerated in a SC machine allow for a multi-pass FEL oscillator
con�guration [21]: FEL saturation is here reached through multiple passes of
the electron bunches in the undulator, thus making the FEL footprint depend-
ing only on the required cavity length and potentially shortening it with respect
to a single-pass scheme.

The oscillator con�guration

In this scenario, I investigated the FEL oscillator con�guration and the possi-
bility to use it as seeding source at short wavelength and high repetition rate
for a downstream FEL ampli�er: this scheme, depending on the availability of
suitable mirrors, can itself generate coherent and high brightness FEL pulses at
short wavelengths or seed a FEL ampli�er to reach even shorter wavelengths.
Its theory and operation in di�erent spectral regions are discussed in Chapter 3.

An oscillator�ampli�er setup can generate both high peak brightness and
high average �ux FEL pulses compared to SASE and standard seeding schemes,
by producing high repetition rate seeded radiation pulses. The repetition rate
is here determined by the cavity, acting as a feedback system which recirculates
the radiation pulses to seed the electron bunches in a bunch train, maintaining
their peak power and pulse properties.

One may either use a low repetition rate seed laser pulse to initiate the
modulation of the �rst electron bunch, or start from shot noise: in the former
case, the laser source and mirror availability determine the shortest wavelength
achievable; in the latter, the radiation peak power builds up with the number
of passes and the shortest wavelength is determined by the mirrors only. Power
ampli�cation within the oscillator is needed to overcome the unavoidable cavity
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losses and allows to reduce the seed laser power requirements, therefore increas-
ing its repetition rate and giving the possibility to use shorter wavelength seed
lasers, that are only available at low peak powers.

2.3 Design study of a compact X-ray Free-Electron
Laser

This section gives an overview of the design project of two compact research
infrastructure, including a seeded X-ray FEL facility at high repetition rate and
its demonstrator, as well as the ambitious European project of a FEL facility
driven by a plasma accelerator.

2.3.1 The MariX project

MariX [8, 125] (Multidisciplinary Advanced Research Infrastructure for the
generation and application of X-rays) is the name of the project of a medium-
size research infrastructure, designed by the INFN-Milan group for the future
scienti�c campus of the University of Milan in the ex-EXPO area, with con-
tributions from Politecnico di Milano and many other universities, institutions
and laboratories in Italy and Europe.

It is a LINAC-based facility with a large energetic e�ciency and a compact
footprint, conceived for multi-disciplinary studies of matter based on an opti-
mized source for ultrafast spectroscopy. It represents a new generation of X-ray
sources, bridging between Synchrotron light sources and Free Electron Lasers
(a brief history of light sources from Synchrotron radiation sources to FELs is
given in Appendix A).
The designed machine shares common technologies (LINACs, undulators, opti-
mized beam optics lattices, high power lasers) with di�erent generations of light
sources, but marryies them into a unique and unprecedented layout blending
energy recovery LINACs with arc compressors and recirculated acceleration.

The main motivation behind the project design is to enable fundamental and
applied research with photon beam performances tailored to linear spectroscopy
and imaging experiments, with a temporal resolution at the femtosecond level
and MHz-class pulse repetition rate. MariX scienti�c mission is pursued by a
combined radiation source with two cutting-edge techniques for ultra-high bril-
liance X-ray generation, namely an Inverse Compton Scattering source (ICS)
and a Free-Electron Laser, into a single machine.

The innovative machine layout, shown in Fig. 2.1 and developed directly
from Beam Dynamics simulation results and site constraints, is compatible with
the limits imposed by real estate availability, sustainable construction and oper-
ation costs, thus allowing the integration in highly urbanized areas or university
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Figure 2.1: Conceptual layout for MariX, based on a two-
pass Super-Conducting, CW and GeV-class LINAC driven by a
folded push-pull Energy Recovery 100 MeV LINAC, from [125].
BriXS: injector. L1 and L2: superconducting LINACs. HHL:
high harmonic cavity. AC: arc compressor, DBA: double bend
achromat. TL: transfer lines, UliX1 and UliX2: undulators.

campuses [8]. In order to generate, accelerate, control, diagnose and deliver to
the users an ultra-high phase space density electron beam with kA-class peak
currents, very small transverse and longitudinal emittances, ultra low energy
spreads, at an electron bunch charge in the tens to a few hundreds pC range,
operated in CW mode, a LINAC-based scenario, operating with Superconduct-
ing Radio Frequency (RF) Cavities and a two-fold Energy Recovery scheme,
has been conceived.

The whole infrastructure has a footprint about 500 m long and 100 m wide,
mainly 8-10 m underground. MariX ultra-high �ux and compact footprint
come from the use of SC-LINACs supporting the CW mode. On the contrary,
conventional X-ray FEL accelerators in operation (as EuXFEL [16]) or under
construction (as LCLS-II [17]) are few km-long, with key services and exper-
imental halls at the opposite ends. Furthermore, most operational FELs are
driven by warm LINACs and support 100 Hz operation at maximum.

The MariX project is split in two main parts, named BriXS (Bright and com-
pact X-ray Source) and MariX itself, working in series and sharing a common
acceleration line. The injector and early acceleration section includes an energy
recovery scheme based on a modi�ed folded push-pull CW-SC twin LINAC en-
semble (ERL1 and ERL2), allowing to handle very large beam powers (in the
MW range) by smartly recovering most of the active power and reducing signif-
icantly its impact on electrical power consumption and radio-protection issues.
It delivers a twin CW 100 MHz, 100 MeV electron beam to BriXS, depicted in
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the enlarged box at the bottom of Fig. 2.1, for scattering the photons of optical
laser pulses in two specular Fabry-Pérot cavities (marked as FP1 and FP2).

The second block of the MariX accelerator complex is a two-pass SC LINAC
(Linac1 in Fig. 2.1) exploiting the two-way acceleration capability of the SC
RF cavities. It is equipped with a bubble-arc compressor (AC) similar to a
conventional Double Bending Achromat (DBA) magnetic lattice of a storage
ring (e.g. Elettra-like [126]). A high harmonic cavity and a dedicated transfer
line are placed between Linac1 and the arc for chirping and optimizing the
matching of the electron beam to the compressor.

After a second short LINAC devoted to �ne tuning of the beam energy
(Linac2), the electron beam reaches a maximum 3.8 GeV energy, therefore
allowing the FEL to radiate up to 8 keV actually operating only a 1.5 GeV
LINAC (that also includes the BriXS ERL delivering the initial 0.1 GeV injec-
tion energy). The MariX FEL line includes two undulators: UliX1, with period
λu = 2.8 cm and generating radiation from 200 eV to 4 keV, and UliX2, with
period λu = 1.2 cm and delivering 2-8 keV. The FEL and ICS experimental
halls are contiguous permitting a possible mutual interaction. Fig. 2.2 gives a
perspective view of the buildings hosting the infrastructure [125].

Figure 2.2: Schematic perspective representation of the build-
ings hosting the MariX infrastructure, from [125].

Table 2.1 summarizes the electron beam properties driving the two light sources.

The most peculiar characteristics of the project is the operation in CW mode
at high repetition rate of the two radiators: around 93 MHz at high charge (200
pC) for the ICS and almost 1 MHz at lower charge (50 pC) for the FEL [8].

The ultimate goal is the generation of low intensity pulses, suitable for time-
resolved experiments but not for multi-photon techniques, thus pointing at the
soft and tender X-ray ranges. The main �elds of research that can be explored



2.3. Design study of a compact X-ray Free-Electron Laser 35

Table 2.1: MariX ICS and FEL working points. ϵ indicates
the slice normalized transverse emittance.

Source Q (pC) E (GeV) ∆E/E (%) ϵ (mm mrad) Ipeak (A) Rep.
rate (MHz)

ICS 200 0.1 0.016 0.7-0.8 20 100
FEL 50 3.2 0.028 0.3-0.5 1600 1

by MariX are: imaging of proteins and nano-objects with nano-metric reso-
lution, linear time-resolved femtosecond spectroscopy, new radiotherapy tech-
niques that harness monochromatic hard X-rays, advanced multi-color X-ray
based imaging. The lower number of photons per pulse would greatly mitigate
the risk of space-charge e�ects distorting the spectra in high energy photo-
emission spectroscopy [8].

BriXS, an ICS X-ray source

BriXS constitutes the �rst block of the MariX accelerator complex and works
as injector for the second block. It is a compact machine capable of generating
high-brilliance, mono-chromatic and tunable X-rays with an energy in the range
from 20 to 180 keV via Compton scattering.

Enabled applications by such a machine are medical oriented research,
mainly in the radio-diagnostics and radio-therapy �elds as well as material
studies, crystallography and museology for cultural heritage investigations.

The main properties of the Compton X-ray beams produced by BriXS are
summarized in Table 2.2.

Table 2.2: Summary of BriXS Compton X-ray beam speci�-
cations.

Output beam Units

Photon energy keV 20 - 180
Bandwidth bw % 1 - 10

# photons per shot within FWHM bw 0.05-1 x 105

# photons/sec within FWHM bw 0.05− 1x1013

Photon beam spot size (FWHM) cm 40 - 4
Peak Brilliance Photons/s/mm2

/mrad2/bw 1018 − 1019

Radiation pulse length ps 0.7 - 1.5
Repetition rate MHz 100

Pulse-to-pulse separation ns 10
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The CW SC Linac with folding Arc Compressor

After the common acceleration line, the 100 MeV bunches are separated via a
fast kicker: one bunch (50 pC at 1 MHz) out of 100 is sent to the high energy
(HE) MariX line where it is accelerated to about 3 GeV and compressed to
1.5-2 kA range peak current. The unde�ected bunches (200 pC at about 100
MHz) travel to the ICS Interaction Point.

The High Energy MariX section starts at the entrance of the main LINAC
(Linac1 in Figure 2.1), where the electrons are injected by a dedicated transfer
line.

It consists of a SC-LINAC booster, composed of 11 cryomodules with 11
TESLA-like standing-wave (SW) cavities, accelerating the beam in the 0.9-1.8
GeV energy range, followed by few higher-harmonic SC Tesla cavities (giving
the 20 m long HHL linearizer) to pre-correct the longitudinal phase space shape,
which give an extra acceleration of about 50-100 MeV. This pre-correction
is used to compensate for the arc-compressor coherent synchrotron radiation
(CSR) e�ects1. Thanks to the standing-wave operation of the booster, an ap-
propriate injection allows to accelerate electron bunches in both directions with
an accelerating �eld gradient Eacc = 16 MV/m [112].

Arc compressors are tipically used in FELs to raise the peak current of
the electron bunches, simultaneously compressing them, as they pass through
dispersive paths characterized by the presence of bending magnets [127]. The
MariX Arc Compressor (AC), shown in Fig. 2.3, is based on the arc described
in Ref. [128], which uses the arc cells of the Elettra storage ring at Sincrotrone
Trieste. The AC consists of 14 achromatic cells, called Double Bend Achromat
(DBA) and often referred to as �Chasman-Green lattice�, repeated in series.
10 DBAs have positive and 4 negative curvature radius for a smooth matching
to the LINAC: it is able to re-inject the electro beam leaving the LINAC after
being accelerated once, so to get boosted twice in energy.

Microbunching instabilities2 may arise from the in�uence of the CSR emit-
ted by the bunch tail on the upstream particles. This leads to an energy spread

1When a bunch of high current passes through a bending magnet it emits Coherent Syn-
chrotron Radiation (CSR), a collective radiation emission phenomena by neighbouring parti-
cles responsible for the degradation of transverse emittance of the beam, whose power scales

as PCSR[W ] = 2.42 × 10−20 N2

3
√

r2[m]σ4
z [m]

, where N is the number of emitters, r the bending

radius and σz the rms bunch length. CSR emission is strictly related to the bunch length,
shorter bunches and higher peak currents emitting the greater power [8].

2In order to suppress the microbunching instability and its negative e�ects on the higher
harmonic lasing in the FEL seeded operation, an upgrade of the layout may also include a
laser heater (LH) after the cathode, used to induce a uniform heating of the electron beam,
or a collimation system after the last two cryomodules and before the FEL lines.



2.3. Design study of a compact X-ray Free-Electron Laser 37

Figure 2.3: The AC layout, from [8]. It is composed by 2
DBAs that fold the beam to the left (in red), 10 DBAs that
bend to the right (in yellow) and �nally 2 DBAs that bend it

left again bringing it back to the starting point (in red).

increase, that is then translated into transverse emittance dilution in the subse-
quent bending magnets. Moreover, due to non-uniform local energy losses, CSR
emission tend to deform the longitudinal phase space of the bunch. The concept
of the arc compressor preserving the high brightness of an electron beam has
been re-elaborated consistently with the layout of a two-pass two-way acceler-
ation in a SC LINAC, under the constraints of beam quality for X-ray FEL
emission [112, 129]. The only use of quadrupoles inside the two-pass region
deals with the AC beam matching. The combination of the dispersive strength
of the ring with a suitable electron energy longitudinal chirp provides an ultra-
short and high-current electron beam (the peak current increases from 16 A to
1.5 kA).

Downstream the arc compressor matching line, the returning bunch travels
through the L1 booster for the second time. The beam is over focused to few
tens of microns by a SC solenoid at the entrance of the line in the second
passage. Then the bunch naturally defocuses and is partly kept under control
by the RF focusing and the adiabatic damping focusing e�ect of the LINAC.

An advanced FEL source

The parameters of the electron beam at the exit of the acceleration stage, be-
fore entering the photon machine, are summarized in Table 2.3. A maximum
50 pC electron charge is allowed for energy dump need.

The photon machine area is constituted in sequence by undulators, radia-
tion diagnostics and photon beamlines. The layout of the MariX X-ray Free-
Electron Laser source, to be compared to the simple basic FEL scheme of Fig.
1.1, is shown in Fig. 2.4: a couple of quadrupole triples separated by a long
drift constitutes the transport and matching lines (TL1 and TL2).
The goal of the MariX FEL is to radiate with continuity in a wavelength range
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Table 2.3: Nominal MariX electron beam parameters for FEL
operation

Electron beam Units
Energy Ee GeV 1.6 - 3.8
Charge Q pC 8 - 50

Peak current Ip kA 1.5 - 1.8
Norm. rms emittance ϵ (slice) mm mrad 0.4 - 0.6
Energy spread ∆E/Ee (slice) % 0.02 - 0.04

rms pulse duration fs 1.5 - 16

Figure 2.4: Layout of the MariX FEL source.

between about 10 nm and 1.5 Å. In order to remain within the bunker allo-
cated dimensions, to satisfy the widest range of users and to balance risks and
competitiveness, the selection of the FEL parameters, as well as the ones of the
electron machine, has been done by minimizing the dimension of the device,
maximizing the FEL performance in terms of versatility, power, coherence, sta-
bility and using technologies and techniques at the limit or just beyond the
state of the art.

Fig. 2.5 shows the radiation wavelength mapped onto the undulator period
and the electron energy for a maximum undulator magnetic �eld B = 1 T, for
low (left panel) and high (right panel) photon energies.
For radiation wavelength in the nanometer range (left panel), there is a wide
range of options for undulator period and type, all well within the limits of the
state of the art. An undulator with period λu = 2.8 cm allows the MariX elec-
tron beam to emit from 1 nm to more than 12 nm with a magnetic �eld of 1 T
(corresponding to a value of the undulator parameter au = 1.9) and to extend
the range towards λ = 0.5 nm by lowering the magnetic �eld, although with
less e�ciency. As shown in the right panel, for a permanent magnet undulator
(PM undulator), the shorter period undulator device has λu = 1.4 cm, which
is a joint KYMA-ENEA project commissioned and tested at SPARC_LAB in
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Figure 2.5: MariX FEL radiation wavelength λ mapped onto
the undulator period λu and the electron Lorentz factor γ,
from [8], for the undulator peak magnetic �eld in two di�erent
regimes, low (left panel) and high (right panel) photon ener-

gies.

the INFN National Laboratory of Frascati [130].
Fig. 2.5 also shows that the objective of radiating at 1.5 Åcan be attained only
with undulator periods close or less than 1.2 cm. Considering a magnetic �eld
of about 1 T and varying the electron energy, the wavelength domain of the
high photon energy line ranges between 1− 1.5 nm and 1.5 Å.

Table 2.4: MariX undulator parameters

Parameter UliX1 UliX2

Type pern. mag.
perm.mag

perm. mag. segmented

Radiation mode SASE
SASE

Seeded-Cascade
Period λw 2.8cm 1.2cm

aw < 2.5 < 0.8

Length Lw 30− 35m
≈ 60m

total ≈ 70m

Wavelength range 11 nm− 8 Å
9− 1.5 Å
9− 2.5 Å

Polarization linear linear

The undulators for MariX, whose parameters are summarized in Table 2.4, are
supposed to be two: a �rst undulator UliX1 (Undulator Light Infrastructure
for X-rays 1), 30 m-long with undulator period λu = 2.8 cm and strength up
to au = 2.5, and a second one, UliX2, with λu = 1.2 cm and strength up to
au = 0.75 with length of about 60 m. In the last column of Table 2.4, the
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second line refers to a possible sequence of modulators for the cascaded FEL
option, operated with the UliX2 undulator as radiator (see section 3.2).

Fig. 2.6 shows a plot of the wavelength and photon energy domain covered
by the two undulators UliX1 and UliX2 (in the not-segmented version) as func-
tion of the electron beam energy [8].

Figure 2.6: MariX operation wavelength (photon energy) vs
electron Lorentz factor (electron energy) for the two undulators

ULIX1 and ULIX2, from [8].

The yellow area delimits the wavelength domain (from 100 eV to 4 keV, soft
X-ray range) produced in the undulator UliX1, whereas the red area is relevant
to UliX2 (from 2 keV to 8 keV, tender-to-hard X-ray regime).

The MariX FEL lines are able to provide coherent X-rays tailored for time-
resolved spectroscopies, with individual pulses not exceeding the linear response
regime and space charge e�ects. This implies about 108 photons per 10 fs-long
pulses, which is 3-4 orders of magnitude lower than the individual peak intensity
of the current X-ray FELs. However the 4-5 orders of magnitude gain in repe-
tition rate restores the high �ux per second of the most advanced synchrotron
sources, still having ultra-short pulses suitable for time resolved pump-probe
methods in photoelectric e�ect and inelastic X-ray scattering experiments. In-
teresting energies in the soft X-ray range investigated by the low photon energy
line UliX1 are the carbon K-edge (280 eV, 4.4 nm) and the domain of the water
window (around ∼415 eV, 3 nm). Going toward higher energies, the oxygen
(∼500 eV) and the silicon (1.8 keV) K-edges follow. The high energy line UliX2
can access to energies above 5 keV, thus enabling the analysis of key earth-
abundant chemical elements and providing atomic resolution. The dynamics
of molecular and atomic phenomena can be detected by soft X-rays with pulse
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lengths of about 10-100 fs, whereas the electronic processes involving outer and
inner shells develop on atto/femto-second scale and need therefore probes and
methodologies in this duration range.
The trend for newest and future set-ups is that of increasing by orders of mag-
nitude the repetition rate with respect to the 10-100 Hz available in the existing
short wavelength FELs, thus reaching the high repetition rate capability of IR
FEL facilities. A high repetition rate of 1 MHz and an uniform time structure
should provide the possibility to collect more than 108 scattering patterns (or
spectra) per day with sample replacement between pulses, enabling methodolo-
gies as the serial crystallography and the multidimensional X-ray spectroscopy.
The availability of a high average coherent power in the soft-hard X-ray range,
combined with reproducible pulses at high repetition rate, will enable studies
of spontaneous ground-state �uctuations and heterogeneity at the atomic scale
and femtosecond time-scales using powerful time domain approaches such as
the X-ray photon correlation spectroscopy (XPCS).

The MariX extremely large repetition rate locates it among the sources
with largest average �ux worldwide. Moreover, the 200 fs down to 10 fs pulse
durations coupled to the capability for double pulses with independent control
of energy, bandwidth and timing open up experimental opportunities that are
simply not possible on non-laser sources.

The project Conceptual Design Report (CDR) was funded by INFN and
published in 2019. It has been successfully presented in national and interna-
tional conferences and there has been interest from the scienti�c community;
however, the needed investment e�ort prevented its construction.

Both SASE and seeded operation of the MariX FEL have been included
in the CDR. More detailed studies on seeding techniques for the MariX high
repetition rate X-ray FEL have been later investigated and are part of this
thesis (see sections 3.1.2, 3.1.3 and 3.2 in Chapter 3).

2.3.2 BriXSinO

BriXSinO [131] (Brilliant source of X-rays based on Sustainable and innOvative
accelerators) is the project of a high-�ux dual X-ray and THz radiation source
based on Energy Recovery Linacs (ERLs), conceived as a MariX demonstrator
to be built at the LASA laboratory in Segrate, which is devoted to studies and
applications of superconductivity and criogenics.

This section discusses the design and main components of the facility, whose
primary goal is to study the physics and demonstrate the feasibility of the
two-way acceleration and energy recovery in SC Linacs (ERLs) equipped with
bubble arcs.
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Fig. 2.7 shows the layout of the BriXSinO facility.

Figure 2.7: BriXSinO general layout, taken from [132]. From
left: injector with DC gun, bunchers and radiofrequency cav-
ities. Low-energy (LE) dogleg with quadrupoles in red and
dipoles in green. Two-way (or ERL zone) SC Linac that can be
operated in the two-pass two-way acceleration or ERL mode.
High-energy (HE) dogleg. Recirculating loop (Arc), made by
seven Double Bend Achromats (DBA), hosting the light sources
and bringing back the beam to the two-way zone. Fabry-Perot
(FP) cavity. Free-Electron Laser (FEL). Two di�erent beam
dumps for the low- and high-energy electron beams are fore-

seen beside the injector and are not sketched here.

The �rst element from left is the injector: the electron bunches, with 50-150
pC bunch charge per shot, are here generated by means of a DC gun (300 keV
class, Je�erson Lab.-like) driven by an Ytterbium laser and extracted from a
Cs2Te photo-cathode, operating at a maximum repetition rate of ∼ 92.8 MHz.

Downstream the gun and before injection in the main LINAC through a
dispersive path constituted by a low energy dogleg [133, 134], two RF sub-
harmonic bunchers operating at 650 MHz and three short SC cavities compress
the beam and boost its energy up to ∼ 4.5 MeV, respectively.

The main LINAC, where the beam passes twice with alternate verse, is
constituted by a cryostat hosting two or three Standing-Wave SC seven-cell
cavities.
The arc is the last element of the device, which has been designed as composed
of 7 Double Bend Achromats (DBA): it allows the beam to come back to the
two-way main LINAC and hosts two experimental stations in correspondence
of its zero dispersion regions, namely the Inverse Compton Source (ICS) named
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Sors and a THz FEL.

Two operating modes of the two-way LINAC are foreseen: the energy recov-
ery mode, where the beam energy is recovered by the cavities, requires a delay
system for synchronizing the return beam with the decelerating RF wave crest;
in the two-pass two-way acceleration mode, �rst introduced in the framework
of the MariX project [8, 112], the beam is accelerated two times by travelling
the same Linac in opposite directions.
Two di�erent dumps, located on the injector side of the complex, are used to
dump the low-energy and high-energy electron beams respectively.

The injector

The injector of the BriXSinO complex, whose sketch is reported in Fig. 2.8,
has been designed considering the typical goal of injectors and mergers for ERL
machines, including high average beam currents and low injection energies, and
to to provide high-brightness electron beams for experiments.

Figure 2.8: Sketch of the BriXSinO injector: The DC-gun,
the two sub harmonic bunchers, the cryostat booster carrying
three two-cells cavities and the low energy dogleg. The di�erent
phase velocities cause the di�erent length of the two bunchers.

Courtesy of A. Bacci.

The �rst component of the injector is the state-of-the-art 250-350 keV DC-gun,
driven by a Ytterbium laser. The laser pulse characteristics are summarized in
Table 2.5.

Table 2.5: Main characteristics of the laser pulse shape at the
BriXSinO gun photocathode.

Parameter Value

Flattop laser pulse 22.3 ps
Rise time 1.0 ps
σx transverse uniform 0.710 mm
Extracted bunch charge 50-150 pC
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Following the 7 cm-long solenoid for emittance compensation, two normal
conducting RF bunchers working at 650 MHz (the sub harmonic of the main RF
machine frequency). guarantee both acceleration and compression downstream
the gun.

The choice of operating the bunchers at a sub-harmonic is driven by the
fact that a longer RF bucket allows a more linear accelerating �eld with rele-
vant bene�ts in the bunch longitudinal compression and in the energy spread
preservation: the performances of two frequencies (650 MHz vs 1.3 GHz) for
bunch compressors have been compared with the Genetic optimization code
GIOTTO [135] by varying the RF phase velocity, �eld and injection phase.
The best solution values are summarized in Table 2.6.

Table 2.6: Bunchers' best working parameters found using
GIOTTO [135], minimizing the normalized bunch emittance,

the energy spread and the bunch length.

First-buncher Second-buncher

RF phase velocity/c 0.740 0.906
RF Epeak 3.4 MV/m 3.4 MV/m
Injection Phase -30◦ -17◦

It follows a cryostat with three two-cells SC cavities, with accelerating gra-
dient up to 7.5 MV/m in CW, thus giving a low energy boost at 4.5 MeV.
The injector could achieve 100 MHz electron bunches. Conversely, the maxi-
mum sustainable average current of 5 mA in the cavities and on the dump may
limit the single beam charge values at this high repetition rate, while higher
amounts of single beam charge could be achievable at lower repetition rates.

After the injector, the electron bunches have good qualities and can enter
the dispersive path: they are 1 mm-long, have a small-1 µm normalized trans-
verse emittance and small energy spread. From a �rst evaluation, the dark
current has been considered negligible: its maximum value (considering both
the gun and the acceleration cavity) turns out to be below 1 nA.

The dispersive path

As shown in Fig. 2.9, the dispersive path is a standard dogleg.
The beam dynamics in this space charge-dominated dispersive path has been
studied with GIOTTO [135].

The beam emittances are conserved.
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Figure 2.9: Sketch of the BriXSinO low-energy dogleg, com-
posed of a solenoid, three quadrupole magnets and a couple of

dipoles separated by another quadrupole triplet.

Energy recovery superconducting module

The energy recovery SC module is a two-way, energy recovery cryomodule where
the energy of the electron bunches gets boosted to 45 MeV.

Its scheme, consisting of three 7-cells SC cavities, is shown in Fig. 2.10.

Figure 2.10: BriXSinO SC energy-recovery LINAC, com-
posed of three 7-cells SC cavities.

The use of two or three 7-cell cavities in the cryostat was considered: the latter
turns out to be more suitable, allowing a lower accelerating gradient and addi-
tional knobs for beam dynamics control.

The returing electron beam is either decelerated in the energy-recovery
mode or re-accelerated in the two-way acceleration one: in the former case,
it is dimmed to 5 MeV for the low-energy dump, while it is re-acceleration at
lower current by phase matching in the latter case.
From beam dynamics simulation results, the good beam qualities are preserved
both in the forward and in the backward direction, and the presence of two
counter-propagating bunches within the Linac does not deteriorate them [8].

Table 2.7 summarizes the main beam properties in di�erent sections of the
facility: its third column presents the optimized working point after the �rst
passage in the LINAC. The bi-directional dynamics and the presence of multiple



46 Chapter 2. Towards a compact and coherent Free-Electron Laser

Table 2.7: BriXSinO electron beam characteristics during the
various phases.

Property After the injector After the LINAC Before the undulator

Energy 1.4 MeV 43 MeV 43 MeV
Energy spread 0.01 keV 145 keV 145 keV
Emittance in x 1.4 mm mrad 1.6 mm mrad 1.6 mm mrad
Sigma x 1.3 mm 0.23 mm 0.15 mm
Sigma z 1.3 mm 2.2 mm 1.8 mm

consecutive modules that can couple high order radiofrequency modes (HOMs),
which perturb the beam dynamics, are still under investigation.

An optical system of four quadrupoles, placed downstream the SC LINAC,
provides a �exible electron beam matching to the arc.

The arc

The BriXSinO arc is a feedback loop similar to the MariX bubble arc compressor
and constituted by seven DBA sections (two 30-degrees dipole magnets and �ve
quadrupoles).

Its layout is shown in Fig. 2.11.

Figure 2.11: Layout of the BriXSinO arc, rendering of I.
Drebot. The two radiation sources are pointed out: the X-ray
ICS Sors and the THz FEL oscillator TerRa. In green: alter-
native paths of the electron beam, on the left or on the right of
the arc. Quadrupoles are in red or blue, dipoles in green, the
cavity mirrors in yellow. (a) Electron current at the entrance
of the arc. (b) Current at the undulator entrance coming from
right. (c) Current at the other edge of the undulator if the
electron beam comes from left. (d) and (e) Intra-cavity (IC)
power and spectral distribution of the THz radiation at the exit

of the undulator.
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Two light sources are placed in the zero-dispersion regions of its two opposite
branches: the Inverse Compton scattering X-ray source Sors and the TeraHerz
source TerRa.

The transport in the arc contributes also to compress the electron beam, as
explained in Ref [136, 128, 127]: the 100 pC beam shortens from 2.2 mm to 1.8
mm, increasing its peak current from 5.5 A to about 7 A when passing through
the two DBAs along the right branch of the arc, from the exit of the Linac to
the FEL entrance.

Table 2.7, last column, presents the beam parameters at the undulator en-
trance. Fig. 2.12 presents the simulated longitudinal phase space of the electron
bunch at the entrance of the undulator, showing the accumulation of the par-
ticles on the leading edge of the bunch producing coherent radiation, which is
the seed of laser oscillation in the THz regime.
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Figure 2.12: Simulated longitudinal phase space at the
BriXSinO FEL entrance, from [132]: (a) longitudinal coordi-
nates of the particles E(MeV) vs z(m). (b) Electron beam cur-

rent in arbitrary units. (c) Energy density.

In alternative, the electron beam could run across the arc in the opposite direc-
tion, passing through 5 DBAs before reaching the other side of the undulator,
allowing a further compress the beam down to 1 mm, with a corresponding
peak current of 12 A. Operation with a slightly larger charge, up to 120-130
pC, could enhance the current to the value of 15-16 A and is under investigation.

BriXSinO will represent a multitasking device, di�erent from any other
project, where studies of the physics and feasibility of the two-pass two-way
electron beam acceleration and energy recovery in SC LINACs equipped with
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bubble arcs [8, 112] are foreseen. It exploits a di�erent energy recovery scheme,
where the beam either gains or give energy to the same SC cavities in the two
directions, compared to the BriXS folded push-pull Energy Recovery 100 MeV
LINAC scheme within the MariX project, where the beam is accelerated and
decelerated in two di�erent SC LINACs. Regarding the two-way acceleration
mode, it is basically a demonstrative operating mode not exploited in the light
sources.
Furthermore, the radiation sources driven by the electron beams exhibit huge
potentialities for applications. This versatility makes BriXSinO attractive and
complementary to the other THz FEL Oscillators.

The high repetition rate is a distinctive and essential characteristic of the
device. Its compact footprint (maximum length of about 36 meters, see Fig.
2.7), sustainability and versatility make it a new paradigm for sources dedicated
to experiments in various research �elds in medium/small size laboratories, hos-
pitals and university campuses.

The project has been funded by INFN and its Technical Design Report has
been recently published. I contributed to the machine design study focusing on
the THz FEL source: this is detailed in Chapter 3, section 3.1.1.
The bunker and the machine injector are now being built in the LASA labora-
tory.

2.3.3 EuPRAXIA

EuPRAXIA [116, 137] is a European project for the development of a dis-
tributed particle accelerator research infrastructure based on novel plasma con-
cepts and laser technology.

This innovative and ambitious project involves links, knowledge exchange
and synergies between the international laser community and accelerator sci-
ence. Recent breakthroughs in laser technology and parallel advancements in
plasma accelerators worldwide underpin the realisation of a plasma-accelerator-
based user facility for science and research exploiting existing accelerator in-
frastructures in France, Germany, Italy and the UK.

The realisation of the �rst plasma user facility worldwide aims at demon-
strating feasibility and gaining operational and user experience.
As anticipated earlier, a signi�cant reduction in size and possible savings in
cost over current state-of-the-art RF-based accelerators is o�ered by a electron
accelerator using laser- and electron beam� driven plasma wake�eld accelera-
tion.

High-quality beam generation from a plasma accelerator is the fundamental
stepping stone to possible future plasma-based facilities.
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The plasma-based accelerator of the EuPRAXIA project [116, 137] envi-
sions a beam energy of 1 to 5 GeV and a beam quality equivalent to RF-based
LINACs: distributed and versatile user areas will exploit the inherent features
of the plasma accelerator, e.g. multiple parallel user lines, the generation of
ultra-fast electron and short photon pulse lengths, the quasi-point�like emis-
sion of X-rays inside plasmas for ultra-sharp imaging, and unique pump-probe
con�gurations with the synchronised EuPRAXIA particle and laser beams.

The consortium will set up several plasma-accelerator beamlines providing
pilot access to academic and industrial users at the di�erent construction sites.
Versatile applications in various domains, such as compact sources for medical
imaging, table-top test beams for particle detectors, as well as deeply penetrat-
ing X-ray and gamma-ray sources for material testing, will be enabled by the
EuPRAXIA energy range and performances.

Two di�erent sites are supposed to host a user facility based on beam- and
laser- driven plasma wake�eld acceleration. The INFN national laboratories
in Frascati will host the project headquarters and has been agreed as the con-
struction site for a beam-driven plasma accelerator facility driving a FEL: Eu-
PRAXIA@SPARC_LAB [138] is the name of this Frascati contribution to the
EuPRAXIA project, including a beam-driven plasma accelerator based on the
development and construction of a compact X-band RF accelerator, driving two
FEL beamlines. Preliminary results towards the EuPRAXIA@SPARC_LAB
project and its FEL beamlines are discussed in Chapter 4. Regarding the laser-
driven construction site, it will be determined during the preparatory project
phase.

EuPRAXIA will support and further position Europe as a world-leading
competitor in accelerator innovation, also challenging and supporting the laser
industry to further develop and improve their products on high-power pulsed
lasers.
Its Conceptual Design Report was published in 2019, while R&D activities
towards the EuPRAXIA@SPARC_LAB Technical Design Report are underway
and will follow in the next 5 years.

I am involved in the FEL working package: as shown in Chapter 4, section
4.2, my still ongoing contribution to the preparation of the TDR concerns the
design and simulation studies of the two FEL beamlines of the project baseline.
Full operation is expected in 8�10 years.
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Chapter 3

Free-Electron Laser Oscillator:

numerical studies

This Chapter is devoted to numerical studies of the FEL oscillator (FELO)
con�guration and the design of advanced schemes for a seeded FEL source of
high repetition rate X-rays.

The FEL Oscillator, being capable of generating stable and high-power
FEL pulses at high repetition rate, plays an important role in the context of a
compact and coherent FEL at high repetition rate.

Physics and design strategies

In this con�guration, already introduced in Chapter 1, a sequence of high repe-
tition rate electron bunches is driven inside an optical cavity hosting an undu-
lator for FEL emission. The radiation �eld is thus generated by multiple passes
of the electron bunches through the undulator1.

The FELO works as a threshold system, whose successful operation is con-
nected with the electron beam, the undulator length, the total losses as well as
mirror properties. The �eld power needs to approach saturation and evolves
with the number of cavity round-trips n as

Pn+1 = (1−Rtot)(1− Γabs)Pn

where Pn+1 and Pn are the peak power at pass n+1 and n respectively, Rtot is
the total resonator re�ectivity and Γabs accounts for absorption losses. The net
gain of the system is

G =
Pn+1 − Pn

Pn
.

1Basic concepts on the physics and operation of FEL oscillators can be also found in [139].
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The FEL interaction in the undulator deteriorates the used electron bunch,
which is sent outside the cavity and eventually driven to a dump after each
pass. The �eld power in the �rst pass P1 is stored and recirculated inside the
resonator to seed a successive electron bunch. In the start-up regime, the net
gain G is positive. Over a large number of passes, the electrons get bunched and
emit coherently at the resonant wavelength; as the optical intensity increases,
the EFL gain decreases until it is equal to the total cavity losses (G=0) and
FEL power saturates. At saturation, the peak power remains constant as long
as the pulse properties are stable (steady state regime).

The FELO output e�ciency depends on the undulator e�ciency, measure
of the energy extraction e�ciency from the electron beam to the optical pulse,
the outcoupling Γout and total losses Γloss:

η =

(
Γout

Γout + Γloss

)
PFEL
Pbeam

.

The emission process in the �rst pass can start either directly from the
electron shot-noise or from an initial seed pulse spatially and temporally super-
imposed to the electron bunch at the undulator entrance. When starting from
noise, the �eld power P1 arises from incoherent spontaneous emission in the
undulator and the emitted pulses are independent of seed laser systems both
in terms of repetition rate and wavelength. In the second case, the external
seed laser pulse provides precise control over the start-up conditions, shorten-
ing the transition to the steady-state. Its optical properties are retained in
the feedback system, while the repetition rate is determined by the cavity. In
addition, for advanced oscillator-ampli�er setups, the induced energy spread in
the undulator can be controlled and kept far from saturation by choosing the
right undulator length and initial seed laser power for a given wavelength.

The optical resonator is an important and distinctive component of this
con�guration. It is used to increase the low repetition rate of seed lasers and
to recirculate the radiation, which interacts with fresh electron bunches over
many passes. The propagation can be in vacuum or in waveguide.

The primary step in the resonator design is the choice of cavity geometry,
which depends on the wavelength requirement and space constraints of a speci�c
facility. The simplest geometry for the resonator is made up of two concave
mirrors: the high-re�ective rear one is used to re�ect the backward radiation
�eld, while the front mirror (outcoupler) re�ects the radiation and is also used
for radiation outcoupling. FEL resonators may have di�erent symmetries: in
the most common near-concentric design, where the distance between mirrors
is equal to two times their curvature radius (D = 2R), the optical �eld is
focused in the middle and its size gets larger at the mirrors, so that the strong
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beam divergence minimizes the risk of optical damage. In a two-mirror confocal
resonator the mirrors are instead separated by a distance equal to their radius
of curvature (D = R), and the optical beam diameter is much larger than the
electron beam.

A method to estimate the stability of a resonator, inherited from laser
physics, is given by the Fox-Li condition g1g2 ≤ 1, where gi = 1 − D

Ri
. De-

pending on the available dimension for the cavity and the mirror losses, other
resonator geometries consisting of a larger number of mirrors are possible: an
example is the bow-tie cavity layout, in which the �eld is re�ected by four mir-
rors [140].

The most stringent stability requirements are posed by the cavity length
and the electron-radiation transverse alignment. In order to let the process
start and reach saturation, the opticaL pulses need to overlap with the electron
bunches in N passes. For this reason, the round-trip cavity length Lcav (equal to
two times the physical cavity length for a simple two-mirror cavity) is directly
linked to the bunches' separation, represented by their repetition rate frep:

Lcav ≃ c/(mfrep) (3.1)

where the electron bunches are here assumed to move at the speed of light c,
and m is an integer representing the number of round-trips before the radiation
�eld meets a new electron bunch at the undulator entrance.

Therefore, the oscillator footprint is reduced either by considering high rep-
etition rate electron bunches, as the ones accelerated in a SC machine, or by a
factor equal to the number of round-trips in-between two consecutive bunches.
On one hand, the electrons provided by SC machines can drive e�ective FELO
schemes with reasonably compact cavities and low mirror losses; for example,
the MHz repetition frequency of MariX corresponds to 300 m of bunch-to-
bunch separation and needs a 150 m-long cavity at maximum. On the other
hand, despite the reduced total resonator re�ectivity and increased losses, a
larger number of round-trips can allow to drive this scheme with the bunches
provided by a NC accelerator, meeting the lower repetition rate requirements
of some experimental applications (as the 100 kHz range of time-of-�ight mea-
surements).

Once the so-called cold cavity length in Eq. (3.1) is determined, the ac-
tual length needs to take into account the slippage of the optical pulses with
respect to the slower electron bunches. As already stated, the slippage length
accumulated in the undulator amounts to approximately Lslip = Nuλ, where
λ is the pulses' resonant wavelength. Due to slippage e�ects, perfect synchro-
nism is achieved for cavity lengths longer than the cold cavity length (with no
slippage). Moreover, it can cause degradation of the output FEL pulses and
needs to be compensated. For this purpose, it is convenient to operate with



54 Chapter 3. Free-Electron Laser Oscillator: numerical studies

long electron bunches, i.e. σe ≥ Lslip.
Considering both the gain of the system and the slippage, the resonator length
can be adjusted by using a technique called cavity length detuning [141], based
on the fact that a change in cavity length changes the radiation pulse arrival
time AND whose goal is to �nd an optimal cavity length for radiation-electrons
overlapping after each round-trip. it is tipically performed by adjusting the
position of one or more mirrors, the cavity detuning for maximum power gain
being independent of the total re�ectivity and only depending on the total slip-
page per pass.

The mirror choice plays another important role. First of all, it mainly de-
pends on the spectral range of operation: cavity mirrors need to be suitable to
the emission frequency range.
Their material should minimize absorption losses in that range. The mirrors'
re�ectivity and curvature radius are other two important parameters: the re-
�ectivity needs to be as high as possible to avoid losing the radiated power and
is the main challenge; the curvature radius determines the focusing properties
and depends on the radiation beam size and divergence. Furthermore, their
�ltering properties instead depend on their spectral line-width and acceptance.

Resonators have at least two transportation mirrors, one highly re�ective
and the other one either translucent or containing apertures for outcoupling
the radiation. Apart from simple transportation mirrors, the resonators can
additionally include gratings (monochromators) and focusing optics.

Round-trip losses are the result of the radiation-electron overlapping, the
absorption, the mirror losses (due to the limited re�ectivity) and the out-
coupling of the intra-cavity radiation. The latter can be accomplished by means
of a partially transparent mirror, a re�ective window and grating, or a hole in
the end-mirror.

In the hole-outcoupling scenario, out-coupling losses per round-trip refer to
the percentage of light outcoupled from the hole and are determined by the hole
size with respect to the radiation beam size. The hole vs. radiation beam size
ratio is the relevant parameter: for a certain hole radius, the radiation beam
size at the holed front mirror must be large enough to guarantee a fraction of a
few percent of extra-cavity radiation, and the Babinet theorem is used to treat
the re�ection [142].

A typical total round-trip loss is less than 10%, including the transmission
and absorption from each mirror and the extraction e�ciency.
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Model and simulation

The numerical modeling of a FELO scheme requires the evaluation of radiation
emission inside the undulator by means of a FEL code, followed by the ex-
traction of the radiation and its transport within the cavity [143, 35, 144, 145,
39, 124], taking into account its interaction with all the optical elements, back
to the undulator entrance where it is superimposed to the successive electron
bunch for the second pass.

The �rst topic to deal with is the cavity design: its zero-detuning length
(Eq. 3.1) must match the electron bunch repetition rate and be long enough to
host the undulator for su�cient FEL gain, while the detuning length depends
on the slippage length Nuλ accumulated in the undulator. Mirrors with high
re�ectivity, good thermal and �ltering properties in the spectral range of oper-
ation are selected, while the cavity geometry is mainly linked to the maximum
number of mirrors allowed, determining the round-trip losses, and space con-
straints.

Following the resonator design, the simulation of the FELO operation be-
gins with the FEL ampli�cation for the �rst pass of the electron bunch in the
oscillator undulator, and includes the radiation transport through the cavity,
accounting for the e�ects of the optical line components, such as mirrors and
�lters, and propagation. During its propagation, the pulse gets re�ected from
the mirrors and moves back to the undulator entrance.

This simulation process is reiterated at each pass, until a steady state is
reached. It can take from tens to thousands round trips before saturation,
which makes the whole procedure time-consuming.

Di�erent simulation tools, either one- or three- dimensional, can be em-
ployed for the FEL emission and optical propagation.
During my studies I developed a code written in Fortran, which strictly depends
on the cavity con�guration but performs all the required simulation steps au-
tomatically for each round-trip.

According to the optics' matrix formulation [146] (see Appendix B.1), each
cavity component, such as drifts, mirrors and lenses, is described by a transfer
matrix and the entire resonator is represented by a round-trip 2 × 2 matrix,
given by the product of the various transfer matrices in reverse order.
FEL emission at each pass in the undulator is simulated by running the three-
dimensional FEL code GENESIS 1.3 version 2 [147]; in order to simulate the
interaction of the intra-cavity radiation with di�erent bunches and the bunch-
to-bunch �uctuations, the microscopic distribution and the relevant macro-
scopic properties of the electron bunch can be changed shot to shot by chang-
ing randomly the seed of the Hammerslay sequences of the electron phase space
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distribution and the average beam characteristics within the jitter intervals re-
spectively.

The ampli�ed radiation E(x), where x = (x, y, z), is extracted from the
simulation over a three-dimensional grid, given as input to the code and recir-
culated through the optical line2. Mirrors re�ect only a fraction of the incident
light, which therefore gets attenuated, and the remaining part is dissipated
through heating: for this reason, high re�ective mirrors with a suitable damage
threshold at the operating frequency are chosen.

The propagation of the radiation from the undulator exit back to its en-
trance can be evaluated either by treating each pathway separately or by con-
sidering the cumulative cavity transfer function, where attenuation and �ltering
e�ects from the di�erent optical elements are included.
The e�ect of the mirrors on the radiation pulse is described by the convolution
between the electric �eld E in frequency space and their re�ectance R, whose
pro�le is given as input to the code:

E(x′) =

∫
dkR(k)

∫
dxE(x)eik·(x−x

′)

where k is the wave vector of the radiation. As aforementioned, the re�ectance
can include all cavity mirrors at once, representing the whole cavity re�ectivity,
or each mirror can also be treated independently.

The propagation e�ect is then computed by means of the modi�ed Huygens
integral [146]: the �eld after the transport in the cavity is given by

E(x′)=

∫
dxdy

iE(x)

Bλ
e−

iπ
λB

(A(x2+y2)−2(xx′+yy′)+D(x′2+y′2))

where A, B, C and D are the elements of the round-trip matrix describing
the optical path and depending on the drift lengths and on the mirrors' fo-
cal lengths. As before, the propagation can be evaluated for each single drift
length or for the cavity as a whole, depending on the presence of additional
elements in-between the resonator mirrors. In the �rst case, the Huygens inte-
gral is extended from the end of the undulator up to the front mirror at �rst.
Moreover, this case allows to monitor the radiation �eld transverse size after
each component of the cavity.

2The GENESIS source code, written in Fortran in its second version, has been slightly
modi�ed by �xing a given name, i.e. input.in, for the input �le name: such input �le name is
rewritten by using the Fortran code at each step and, by so doing, GENESIS runs do not ask
for it anymore before execution. At the end of each simulation (passage in the undulator),
the radiation is extracted over a three-dimensional grid, whose size is over-sampled in the
Fortran code, before being propagated through the cavity.
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If radiation focusing is important and the resonator includes a focusing sys-
tem, such as a telescopic system, an alternative method based on the Gaussian
optics formulation provides the beam spot size evolution within the cavity.
The FEL pulse is approximated as a Gaussain �eld

E(x, y, z) =
1

q(z)
exp

[
−ikx

2 + y2

2

1

q(z)

]
and described by its complex curvature radius 1

q = 1
R − i λ

πw2 , where R is the
real beam curvature radius and w its spot size.

Along a cavity path z1−z2, described by its transfer matrix M=(A,B,C,D),
the beam complex curvature radius q evolves as q2 = Aq1+B

Cq1+D
. By separating

the real and imaginary parts, the evolution of the spot size and real curvature
radius is respectively

w2 =

√(
A+

B

R1

)2

w2
1 +

(
λB

π

)2 1

w2
1

(3.2)

1
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)
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(
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πw2
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)2
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R1

)2
+
(

λ
πw2

1

)2 . (3.3)

The radiation at the undulator exit (point 1) will have assigned waist size
w1 and curvature radius R1, functions of the radiation beam size σ provided
by the FEL calculation: w1 = 2σ and R1 = σ/θdiv. If the second terms ∝ λ
in Eq.s (3.2-3.3) are negligible, radiation di�raction can be neglected and the
geometric optics' formulation can be employed.

3.1 Few example studies

This section contains a description and the main results of numerical studies I
carried out on FEL oscillator schemes in di�erent spectral ranges.

The example studies are here reported in descending order of wavelength.

3.1.1 THz

I studied and contributed to the design of a FELO scheme, named TerRa (Ter-
aHertz Radiation source), for the THz FEL source of the BriXSinO facility
(described in the last section of Chapter 2) [132].

THz waves are a powerful tool for a wide range of interesting applications
in physics, chemistry, biomedical and material sciences. However, the so-called
THz gap refers to the scarce availability of electron sources in this region of
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the electromagnetic spectrum, where there are few low-frequency electronic
and higher-frequency photonic sources. In particular, coherent THz sources
of high average power and high repetition rate are scarce: on one hand, tra-
ditional microwave sources su�er from metallic wall losses and the need for
higher static electromagnetic �elds and electron beam current [148]; on the
other hand, low-cost and compact electronic technologies, like IMPATT-diodes,
can achieve only moderate power levels [149]. Moreover, sources based on the
interaction of electron beams with targets [150] are characterized by extremely
low repetition rates (tens Hz). The scienti�c community is therefore putting
big e�orts towards the development of novel sources which could �ll this gap,
and accelerator-based sources have the potentiality of achieving high peak and
average powers.

Versatile and tunable sources combining high-power and excellent output
performances are required by a rising number of advanced applications. Free-
Electron Laser sources produce widely tunable pulses in this relatively short
frequency range and satisfy the requests of energy stability, polarization, spec-
tral and spatial distribution posed by the most advanced applications. For
example, FEL pulses in this spectral region can be exploited to excite and test
strongly correlated quantum systems, magnetic states in complex structures,
to study the functioning and transition dynamics in various molecular, atomic
and electronic systems, as well as to analyse impurities in semiconductors and
vibrations in crystalline and amorphous materials [151, 152].

Operating THz FELs in this wavelength domain produce fully coherent
radiation with very short (ps-range) pulse lengths, MW-level peak intra-cavity
powers, continuously tunable wavelengths from 10 µm to 0.2 mm (0.1-30 THz),
available in both continuous wave (CW) and pulsed form. Infrared (IR) and far-
IR FELs mainly operate as oscillators: among the operating FEL oscillators
in this spectral range, FELBE [28], based on a superconducting RF LINAC
operated in CW mode, and UCSB-FEL [29], based on an electrostatic Van
de Graa� accelerator with energy recovery operated in a long pulse mode, are
characterized by the highest power yield. NovoFEL [27], which consists of
a series of 180 MHz normal-conducting RF cavities and an energy recovery
system operated in CW mode, can generate an average power of 400 W and a
micropulse energy of 50 µJ.

As outlined earlier in Chapter 2, BriXSinO [131, 153] is composed by a SC
Energy-Recovery LINAC operating in CW mode and delivering about 100 MHz
electron bunches; a recirculating ring hosting a Fabry-Perot cavity for inverse
Compton scattering in its top branch and a THz FEL source in the bottom
one (see Fig. 2.11) follows the accelerator. The 100 MHz-class SC LINAC
combines the SC technology of FELBE [28] with the energy recovery concept
of UCSB-FEL [29] and NovoFEL.[27]. The range of wavelengths explored and
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the structure of the undulator di�erentiate the BriXSinO THz FELO from sim-
ilar operating devices.

In this framework, TerRa is conceived to be a FEL source of stable, high
repetition rate (multi-MHz-class) short-THz beams for user applications.
The main properties of the electron beam delivered by the BriXSinO SC accel-
erator line and driving the FEL are reported in Table 3.1. Due to the 5 mA

Table 3.1: Properties of the electron beam delivered by the
BriXSinO SC LINAC at the THz FEL oscillator.

Property Unit

Energy MeV 22-45
Bunch charge pC 100
Repetition rate MHz 46.4
Transverse size σx (rms) mm 0.15
Bunch length σz (rms) mm 1.8
Peak current A 7-10
Slice energy spread keV 145
Slice emittance in x mm mrad 1.6

threshold, higher charge values (up to 150 pC) are available at lower repetition
rates.

Layout of the THz FEL source TerRa

The motivation behind the design of a FEL oscillator scheme for the THz
source of the BriXSinO project comes from the lack of alternative THz sources
exploiting its high repetition rate, the electron beam properties provided by the
SC accelerator, such as the high repetition rate as well as stability in energy
and low peak current, and the limited space allocated in the facility bunker
[131].

TerRa, alimented by 100 pC electron bunches at about 50 MHz, has been
conceived as composed by two undulator modules of di�erent periods, named
TU (TeraHertz Undulator) and IO (Infrared Oscillator), separated by a drift
where optical elements and diagnostics can be allocated and embedded into a
two-mirror near concentric cavity based on metal-coated mirrors. Fig. 3.1 (see
next page) shows its layout, while Table 3.2 summarizes the main parameters
of the undulator sections.

Operation at IR-THz wavelengths is characterized by a transversely large
electron beam exciting a highly di�racted radiation: electrons and photons may
interact with the undulator chamber wall if short period undulators with tiny
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Figure 3.1: The undulator TU&IO of the TerRa@BriXSinO
FEL. The electron bunches from the LINAC produce short-
THz radiation through their passage in two short undulator
sections with di�erent periods (TU, Terahertz Undulator, and
IO, Infrared Oscillator) separated by a quadrupole (indicated
in red) and embedded in a two-mirror near concentric cavity
(whose length Lc is equal to four times the bunch-to-bunch sep-
aration). The front mirror is holed for radiation out-coupling.
After the FEL interaction, the used electron bunch is driven to
the dump by means of a dipole. The elements are not in scale.

Table 3.2: TU (TerRa FEL: TeraHertz Undulator) and IO
(Infrared Oscillator) undulator parameters. VG: variable gaps,
LP: linear polarization. The last row speci�es the peak on-axis

magnetic �eld strength.

Parameter Unit TU IO

Gap cm ∼ 1 -VG ∼ 1 -VG
Polarization LP LP
Period λu cm 4.5 3.5
Length Lu m 1.75 1.75

Magnetic �eld B T 0.6-1.2 0.6-1.2

gaps are used. For this reason, undulator gaps of the order of 1 cm or larger
are required. Undulator periods shorter than 3 cm require gaps smaller than
5-7 mm for emission beyond 25 µm; on the other hand, periods larger than 3.7
cm do not allow operation at wavelengths smaller than 30 µm.
A period of 4.5 cm is a good compromise for the TU undulator, while a shorter
period of about 3.5 cm can be considered for the IO module, tuned at shorter
wavelengths. Variable gap undulators allow to extend the radiation spectral
domain and have a more tunable source.

The symmetric cavity is composed by two metal-coated (e.g. gold on cop-
per) mirrors with a total re�ectivity of the order of 93-97% in the short THz
frequency range of operation. As mentioned earlier in this Chapter, the mirror
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choice needs to guarantee the maximum e�ciency on the largest range in the
considered emission interval, which is 25 − 50 µm (long-IR / short-THz fre-
quencies) in this case.
The cavity length, Lc = 12.92 m, is suitable for hosting the undulator sections,
the required diagnostics and for permitting the divergence of the MW-class
intra-cavity radiation on the cavity mirrors. Moreover, the round-trip length
Lrt=25.84 m corresponds to 4 times the bunch-to-bunch separation: therefore,
starting from the 46.4 MHz bunch repetition rate of the 100 pC electron beam,
the oscillator can operate down to a repetition rate of 11.6 MHz without the
need to increase the number of re�ections and the radiation losses.

The radius of the 15 THz optical mode is about 2 mm at the undulator
center, compared to the matched electron beam radius of 0.2 mm. The ra-
diation is Fourier transform limited and diverges from 2 mm up to about 1.5
cm rms downstream the undulator. Besides, its Rayleigh length ZR should be
approximately one undulator module-long and the radiation beam size turns

out to be greater than the electron beam size σe, i.e. σr ≃
√

ZRλ
2π >> σe. A

good coupling between the electron bunch and the radiation is guaranteed, at
the cost of quite high radiation losses, while the mirror radius of curvature is
designed to be about 15-25 m.
The front end-mirror needs to be translucent or have an out-coupling hole with
losses close to 5%. A total round-trip loss of 7%, including 1.5% transmission
from each mirror and resulting in an extraction e�ciency of 4%, energy jitters
of 0.3% and pointing instability of 100 µm are here assumed [132].

TerRa FEL Oscillator working points

This section discusses the choice of the radiation working points, focused mainly
in the short-THz frequency range (6− 30 THz, corresponding to 15− 100 µm).

At a �xed beam energy γ, the two undulators (TU and IO in Fig. 3.1) can
either deliver the same radiation frequency or be tuned independently, thus
enabling two-color operation in the latter case. Fig. 3.2 from [132] shows
the resonant wavelengths λ1 (blue region, λu1 = 3.5 cm) and λ2 (red region,
λu2 = 4.5 cm) as function of the electron beam Lorentz factor γ = E/mc2,
estimated from the FEL resonance relation λ1,2 = λu1,2(1+a

2
u1,2)/(2γ

2), where
au1,2 = eBλu1,2/(

√
22πmc) represent the undulator strengths of the two mod-

ules and considering magnetic �elds B ranging from 0.6 to 1.2 T for the two
undulators.
The intersection between the two regions of the graph corresponds to the wave-
length range where the two undulator segments generate the same color on the
whole magnetic length, while the two-color working points are de�ned by the
adjacent areas. For instance, for an electron energy of E = 40 MeV (γ = 80),
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Figure 3.2: Radiation wavelength λ(m) as function of elec-
tron Lorentz factor γ, from [132]. λ1 achieved with λu,1 = 3.5
cm in blue, λ2 achieved with λu,2 = 4.5 cm period in red. Un-
dulator magnetic �elds range from B=1.2 T (upper curves) to
B=0.6 T (lower curves). The intersection between the two re-
gions corresponds to the two modules being tuned at the same
wavelength. The region related to the beam energies provided

by the SC LINAC is enlightened in yellow.

the two modules can operate in the interval 20-30 µm at the same wavelength,
or can cover the range 10-30 µm and 20-50 µm respectively, thus producing
two-color radiation.

As already mentioned in Chapter 1, an inherent feature of the FEL insta-
bility is the slippage of the radiation pulses along the propagation direction, by
one radiation wavelength every undulator period, with respect to the electrons.
The radiation beam needs to overlap with the electron bunches for a strong
interaction, and slippage e�ect is more pronounced at long wavelengths.
In order to avoid the large slippage e�ect in the THz spectral range and the
pulse deterioration into deep saturation, an optimal value for the electron beam
rms length σe is of the order of two times the slippage length Ls = Nuλ (Nu

being the number of periods of the undulator module), which lowers its peak
current and the gain in the single pass. In two-color operation, when the two
undulators are tuned at di�erent wavelengths, the electron beam length should
exceed the longest slippage length. As shown later, also the cavity length can
be optimized for optimal gain and slippage compensation. At the same time,



3.1. Few example studies 63

long wavelengths are also a�ected by strong radiation di�raction, which limits
the achievable peak current and output radiation quality.

To overcome these limitations, FEL facilities make use of the oscillator con-
�guration, in which the gain builds up over hundreds of micropulses within a
single macropulse; in this case the challenges are the output pulse length and
the availability of electron sources with high peak brightness and high repeti-
tion rates.

Apart from the round-trip losses, the threshold of operation also depends
on the undulator length: when the electron beam is much longer than the
cooperation length (i.e. when σe >> Lc = λ/(2πρ)), a stable condition is given
by 0.27(4πρ)3Nu

3 > Loss, where ρ is the Pierce parameter [4, 41] and Loss is
the percentage of energy lost by the light during the round-trip from the end
to the undulator entrance [154]. The opposite limit leads to a slightly di�erent
threshold, i.e. 0.608(4πρ)3Nu

3 > Loss.
The BriXSinO electron beam length is about 5-10 times the cooperation length,
so that it lays in an intermediate region between the two limiting cases ruled
by the short (σe ≈ Lc) and the long-bunch models [132].

As already mentioned, the radiation beam size is greater than the electron
beam one: for this reason, despite the moderate radiation losses due to the
pulse cycling and extraction along the trajectory outside the undulator, the
electron beam-radiation coupling at the undulator entrance is scarce. Assum-
ing large losses and considering the reported threshold for both bunch limits,
a conservative choice of the number of undulator periods Nu satis�es the con-
straint Nu >

1.54
4πρ in the long bunch scenario or Nu >

1.18
4πρ with a short electron

beam.

Based on these formulae, the graph in Fig. 3.3 represents the required un-
dulator period number Nu as function of the beam peak current I(A) in four
cases: λ = 20 µm (black curve, with λu = 3.5 cm), λ = 35 µm (blue curve,
with λu = 4.5 cm), λ = 40 µm (magenta curve, with λu = 3.5 cm) and λ = 50
µm (red curve, with λu = 4.5 cm) where three-dimensional and inhomogeneous
e�ects have been taken into account in the calculation of the Pierce parameter
[9]. Both long (solid lines) and short (dashed lines) electron beam cases are
reported.

The resulting undulator lengths (Lu < 4 m) are in agreement with the
constraints of the allocated space in the BriXSinO bunker, and reasonable peak
currents (7A < I < 15 A) are needed, in the range attainable by the BriXSinO
accelerator.
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Figure 3.3: Required number of undulator periods Nu ver-
sus electron beam peak current I(A), from [132]. Black curve:
λ = 20 µm, λu = 3.5 cm, γ=80. Blue curve: λ = 35 µm,
λu = 4.5 cm, γ=80. Magenta curve: λ = 40 µm, λu = 3.5
cm,γ=40. Red curve: λ = 50 µm, λu = 4.5 cm,γ=40. Three-
dimensional and inhomogeneous e�ects are taken into account.
The region corresponding to the peak current values of the

BriXSinO electron beam is enlightened in yellow.

TerRa FEL operation & performances

The numerical modelling of the TerRa FELO has been carried out by imple-
menting the iterative procedure described above. The front end-mirror is sup-
posed to be holed for radiation out-coupling: the reported simulation results
consider an out-coupling hole with losses of about 4%.

The accelerated electron bunches, whose nominal parameters are listed in
Table 3.1, are injected into the undulator and FEL emission is simulated with
the three-dimensional, time-dependent FEL code GENESIS 1.3 [147]. The
radiation �eld co-propagates with the electron bunches inside the undulator,
slipping ahead by approximately one radiation wavelength per undulator pe-
riod.

Taking into account both slippage and propagation, the radiation �eld needs
to be delayed by an amount of the order of the total slippage length at the
successive round-trip. A cavity shortening (detuning of the cavity length) of
hundreds-µm allows to synchronize the radiation with the following bunch at
the undulator entrance at each pass: the FEL emission is thus optimized by
maximizing the FEL output power as function of the detuning length [141, 155].
The achieved intra-cavity energy level, at λ=20 µm and in the case of a single
undulator module (Lu=1.75 m), is shown in Fig. 3.4 for di�erent mirror losses,
as function of the detuning with respect to the zero-detuning cavity length Lc.
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Figure 3.4: Intra-cavity radiation energy of a single shot at
saturation E(J) vs. detuning length (mm) for various values of
mirror re�ectivity R, from [132]. Emission at λ = 20 µm with

an undulator length of Lu = 1.75 m is considered.

The expected temporal and spectral pulse pro�les, as well as their transverse
distributions, for each output wavelength and undulator length are character-
ized by shortening the cavity length to the value corresponding to the maximum
energy.

In the case of a 40 MeV (γ = 80) electron beam, the undulators can both
be tuned at λ = 20 µm by setting the following peak on-axis magnetic �elds:
BTU=0.73 T for the 4.5 cm period undulator and BIO = 1.09 T for the other
one with λu = 3.5 cm.
Fig. 3.5 (see next page) shows the intra-cavity radiation energy growth as
function of the number N of shots for an undulator length Lu = 1.75 m, corre-
sponding to the use of IO only (yellow curve, a), and for the value Lu = 4 m
corresponding to the use of both sections (blue curve, b), including the 3.5 m
magnetic length and the 0.5 m drift between the two modules. As aforemen-
tioned, the cavity length is optimized for both undulator settings.
The achieved temporal (left), spectral (middle) amplitudes and transverse dis-
tribution (right) of the radiation at saturation at the end of the undulator are
reported in Fig. 3.6 for Lu = 1.75 m, top line, and for Lu = 4 m, bottom line.

The short-wavelength radiation saturates at low energy in more than 800
round trips when Lu = 1.75 m (case a, top line in Fig. 3.6): this case, with the
total slippage length smaller than the electron beam width, results in a long
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Figure 3.5: Intra-cavity radiation energy growth E(J) vs.
number of shots N for λ = 20 µm, with undulator length
Lu = 1.75 m (yellow curve, a) and Lu = 4 m (blue curve,

b).

single-spiked pulse and narrow spectrum. On the other hand, post saturation
intensity oscillations at few percent level after only 100 shots are present when
operating with Lu = 4m (case b, bottom line), leading to higher energy, shorter
pulse lengths with noisy background3 and wider spectrum with occurrence of
small sidebands. In both cases, the larger transverse dimension of the radiation
�eld with respect to the electron beam limits its divergence due to di�raction
[132].
An intra-cavity energy level up to few hundreds of µJ leads to 3-20 µJ of extra-
cavity energy and 0.1-1 kW of output average power.

According to these results, the oscillator lasing behaviour stands in an inter-
mediate regime between a long bunch and a short superradiant bunch. Figures
3.7-3.8 show the energy growth and the pulse temporal, spectral and trans-
verse distributions for emission at 35 µm respectively, obtained with γ = 60,
BIO = 1.08 T and BTU = 0.72 T. Also in this case, the cavity length is adjusted
to its optimal value through cavity length detuning; such longer-wavelength ra-
diation exhibits spectral sidebands leading to a broadband and less performing
behavior.
When Lu = 4 m (case b, bottom line of Fig. 3.8), a structure of equidistant
spikes, stable from shot to shot, appears and could be exploited in stroboscopic

3The rms pulse length appears to be larger than the previous case, but the FWHM length
is quite lower.
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Figure 3.6: Output pulse at saturation at the undulator exit
for emission at λ = 20 µm: radiation power pro�le P(W) vs
coordinate s(mm) on the left, spectral distribution in arbitrary
units vs λ(µm) in the middle and transverse distribution on the
right. Case a (top line) refers to Lu = 1.75 m, case b (bottom

line) to Lu = 4 m.

N

E
(J
)

a
b

0 100 200 300 400 500 600 700 800
10-11
10-10
10-9
10-8
10-7
10-6
10-5
10-4
10-3

Figure 3.7: Intra-cavity radiation energy growth E(J) vs.
number of shots N for λ = 35 µm, with Lu = 1.75 m (curve a)

and Lu = 4 m (curve b).

measurements [156, 157]. Also in this case, few hundreds of µJ of intra-cavity
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Figure 3.8: Output pulse at saturation at the undulator exit
for emission at λ = 35 µm: radiation power pro�le P(W) vs
coordinate s(mm) on the left, spectral distribution in arbitrary
units vs λ(µm) in the middle and transverse distribution on the
right. Case a (top line) refers to Lu = 1.75 m, case b (bottom

line) to Lu = 4 m.

energy guarantee tens of µJ of extra-cavity energy and up to 1 kW of average
power. A slight component of higher order transverse modes is revealed by the
pulse transverse distribution (bottom right window of Fig. 3.8).

When the total slippage is of the order of the electron beam length, shorter
pulses with an accordingly broader spectrum are produced (Fig.s 3.6-Fig 3.8,
top line), while subsequent spikes in the trailing edge begin to develop.
At longer wavelengths and magnetic lengths (Lu = 4 m), corresponding to to-
tal slippage larger than the beam length, the system enters a quasi-stationary
superradiant regime characterized by frozen multiple spikes [156] (Fig. 3.8, bot-
tom line) similar to the one observed in the JAERI experiment [132, 155]. FEL
oscillators can exhibit unstable behavior in the superradiance regime. Prob-
lems associated with the dynamic behavior of superradiant oscillators, such
as the energy �uctuations, are here mitigated by the very short FEL pulse
bandwidth4.

4Such unstable behaviour can be also mitigated by assuming a realistic spectral response
for the cavity mirrors, which would limit the cavity spectral acceptance, or by inserting a
band-pass �lter within the cavity.



3.1. Few example studies 69

Other important characteristics of the ampli�ed radiation are its polariza-
tion, as well as its longitudinal and transverse coherence and stability. The
polarization is about the same of the undulator's, which is supposed to be lin-
ear in the vertical direction at 100%. Table 3.3 summarizes the main properties
of the ampli�ed pulses, including the values of self and mutual coherence rms
lengths evaluated through the corresponding correlation factors (see Eq. 1.9)
[10, 12]5.

Table 3.3: Characteristics of the TerRa FEL radiation at λ =
20 µm and λ = 35 µm at the undulator exit. IC: intra-cavity,
EC: extra-cavity. Round trip losses 7%, extraction e�ciency
4%. Repetition rate= 46.4 MHz. The rms pulse coherence

(coh.) lengths are reported in the last three rows.

Wavelength 20 µm 20 µm 35 µm 35 µm

Undulator length 1.75 m (IO) 4 m (TU&IO) 1.75 m (IO) 4 m (TU&IO)

Single-shot IC energy 84 µJ 420 µJ 250 µJ 420 µJ

Single-shot EC energy 3.36 µJ 16.8 µJ 10 µJ 17 µJ

Average power 0.156 kW 0.78 kW 0.46 kW 0.8 kW

Bandwidth 0.65 % 2.5% 1.85% 4.2 %

Size 2 mm 2.6 mm 2.4 mm 2.8 mm

Divergence 2.8 mrad 4 mrad 4.2 mrad 5 mrad

Pulse rms length 635 µm 830 µm 749 µm 1000µm

Self coh. length 755 µm 1330 µm 800 µm 1300 µm

Mutual coh. length 700 µm 1000 µm 600 µm 1000 µm

Transverse coh. length 1.48 mm 2.98 mm 2.42 mm 4. mm

TerRa FEL: two-color radiation

The two undulator modules of TerRa@BriXSinO can be tuned at di�erent wave-
lengths, thus producing two-color radiation in the wavelength range indicated
in the intersection between the two coloured regions of Fig. 3.2. The frequency
tuning of two-color sources based on FELs is operated either by changing the
undulators' magnetic �eld, which requires small adjustments of their gaps, or
by choosing a di�erent electron beam working point, which allows for a larger
shift of the radiation frequency but needs an ad-hoc preparation and transport
of the electrons.

Following the line of the pivotal experiment reported in [158], systematic
two-color operation [157] is expected to widely increase the number and interest
of the possible applications of THz radiation.

5The coherence degree is a property connected with the radiation electric �eld: for this
reason, the coherence length could be larger than the width of the pulse power pro�le.
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Regarding speci�cally the designed FELO, the FELO could be in princi-
ple fed by both sides by circulating the electron beam clockwise or counter-
clockwise in the BriXSinO arc: the order of both the two colours and undula-
tors could therefore be shifted.
In the set-up shown in Fig. 3.1, the �rst longer wavelength color (pump) is
generated by driving the electron beam in the �rst undulator module TU. The
second color (probe) is emitted by the same electron beam proceeding along the
second module IO, tuned at a shorter wavelength. The same electron bunch is
driven in the two di�erent undulators: di�erent matching conditions are pos-
sible, and the electron bunch is here matched to the second undulator module
tuned at the shorter wavelength6. Simulations indicate that the induced energy
spread by the emission in the �rst module does not a�ect the radiation in the
second module.

The two produced photon pulses are temporally synchronized, apart for the
slippage ∆z = Nλ1 accumulated from the �rst radiation pulse with respect to
the electron beam in the �rst module, a time delay of the order of 1 ps that
can be recovered in the transfer line to the user station downstream the FEL
source.
The relation λ1/λ2 ∼ λu,1/λu,2 identi�es the cases where the slippage of the
pulses in the two undulator modules is similar and the optimization of the cav-
ity shortening e�ciently compensates the delay between electrons and radiation
for both colors [132]. Table 3.4 shows two di�erent combinations of two-color
radiation for which cavity length detuning works e�ciently7.

Table 3.4: Characteristics of the TerRa@BriXSinO two color
FEL radiation. IC: intra-cavity, EC: extra-cavity. Extraction

e�ciency 4%. Repetition rate = 46.4 MHz.

Undulator IO TU IO TU

Electron energy 40 MeV 40 MeV 20 MeV 20 MeV

Wavelength 20 µm 35 µm 40 µm 50 µm

Single shot IC energy 84 µJ 305 µJ 340 µJ 46 µJ
Single shot EC energy 3.36 µJ 12.2 µJ 13.6 µJ 1.84 µJ
Average power 0.156 kW 0.6 kW 0.63 kW 0.085 kW
Bandwidth 0.65% 0.7% 0.49% 0.46% 0.5%
Size 2 mm 2.5 mm 2.5 mm 2.2 mm
Divergence 2.8 mrad 3.8 mrad 5 mrad 6.3 mrad
Pulse rms length 635 µm 830 µm 720 µm 1200µm
Self coherence rms length 755 µm 1000 µm 1300 µm 1500 µm
Mutual coherence rms length 700 µm 900 µm 1000 µm 1200 µm
Transverse coherence rms length 1.48 mm 2.63 mm 2.44 mm 2.9 mm

6This is a typical choice in cascaded undulator setups and is driven by the fact that beam
matching is more and more important at shorter emission wavelengths.

7An equal value of mirror re�ectivity for the two colours is here assumed.
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In the second and third columns, an electron beam energy of 40 MeV is consid-
ered, with the two undulator modules tuned at 20 µm with BIO = 1.09 T and
at 35 µm with BTU= 1.02 T respectively. A di�erent case with 25 MeV electron
beam energy and the two undulators tuned at 40 µm (BIO= 0.94 T) and at 50
µm (BTU= 0.72 T) is outlined in the forth and �fth columns respectively.
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Figure 3.9: Energy growth of two-color radiation as function
of the number of shots N, from [132]. (a) γ = 80, λ = 20 µm;
(b) γ = 80, λ = 35 µm; (c) γ = 50, λ = 40 µm; (d) γ = 50,

λ = 50 µm.

These two possible two-color working points are highlighted in Fig. 3.9 and Fig
3.10, showing the radiation energy growth as function of the number of round-
trips, and the temporal and spectral amplitudes at the end of the undulator
line respectively.
The intra-cavity energy reaches a level of 50-300 µJ , delivering to the users
1-20 µJ , meaning 0.06-1 kW of average power in each color. The spectra in
the right windows of Fig. 3.10 feature two narrow, tunable and well separated
spikes: in case (c), at 40 µm and done with the 3.5 cm period, the radiation
presents superradiance, with two temporal and spectral frozen peaks.
The transverse distribution of both pulses at the end of the emission process
is reported in Fig. 3.11, the top line showing the cases λ = 20 and 35 µm
while λ = 40 and 50 µm in the bottom one. Deviations from the single spike
structure in the spectral domain (as in the bottom right plot of Fig. 3.10 at
λ = 40 µm) are connected to slight occurrence of higher order transverse modes.

The designed FELO is based on a compact, rather simple THz cavity and
features interesting characteristics; the inclusion of two short undulator mod-
ules may facilitate a modular realization of the source.
The reported simulation results assess the capability of this scheme for typical
wavelengths of interest (in the 10−50 µm range). In view of a Technical Design
and its future implementation, deeper studies of its two-color operation, includ-
ing the in�uence of slippage and its dependence on the undulators' ordering, as
well as further investigations on the radiation out-coupling, would be required.
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Figure 3.10: Two color radiation at TerRa@BriXSinO, from
[132]. Top line: single-shot power distribution P(W) at satura-
tion vs coordinate z(mm) on the left and corresponding spec-
tral amplitude (arbitrary units) vs λ(µm) on the right for (a)
γ = 80, λ = 20 µm; (b) γ = 80, λ = 35 µm; Bottom line: the
same as in top line for (c) γ = 50, λ = 40 µm; (d) γ = 50,

λ = 50 µm.

The foreseen performances of TerRa@BriXSinO, reaching 0.1 − 1 kW av-
erage power levels between 20 and 50 µm wavelength (frequency ν = 3 − 15
THz), are comparable to the ones achieved by only a few devices worldwide
and may open the way to many novel experiments and studies.

These studies contributed to the BriXSinO Technical Design Report [131].
A similar THz FELO was also considered for the design study of a dual source
of THz and soft X-ray pulses [159], generated in sequence through FEL las-
ing and Compton/Thomson back-scattering by two successive bunches of the
electron beam train and therefore naturally synchronised within the character-
istic temporal jitters of the SC accelerator. In this case, the need to have a
THz beam focused down to hundreds-µm leads to a slightly modi�ed cavity
geometry composed by four mirrors.

3.1.2 Extreme-UV

In the framework of the MariX project [8] (introduced in Chapter 2) and its
seeded FEL source, I studied an FEL oscillator working in the Extreme-UV
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Figure 3.11: TerRa@BriXSinO two-color radiation: trans-
verse distribution of single-shot radiation at saturation, from
[132]. Top line: electron beam with γ = 80. Left: λ = 20 µm,
right: λ = 35 µm. Bottom line: electron beam with γ = 50.

Left: λ = 40 µm, right: λ = 50 µm.

(EUV) range at λO=13.6 nm to be used as seed for a downstream FEL ampli-
�er [124, 160]. The FEL oscillator-ampli�er schemes I investigated are discussed
in the next section.

As mentioned in Chapter 2, the injector of the MariX project is able to
deliver 100 MHz electron bunches for the Inverse Compton Scattering source
BriXS, and 1 out of 100 is driven to the main booster and high energy part
of the complex. The MariX electron beam parameters for FEL operation,
after compression in the arc and the double acceleration in the LINAC, are
summarized in Table 2.3 of the previous Chapter.

Another injection working point has been considered for the FEL oscillator.
The injector can also produce trains of four electron bunches spaced by 2 µs
(repetition rate of 0.5 MHz) with a spacing of 10 ns between electron bunches.
The designed oscillator is alimented only by the front electron bunch (b1 in
Fig. 3.12), at the head of each train; the other three bunches are sent to the
subsequent FEL ampli�er.
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EUV FELO layout and mirror choice

The layout of the FEL oscillator to be employed as seeding source of the MariX
FEL is sketched in Fig. 3.12: only the front bunch of each train drives the
oscillator and is here reported and indicated as b1. The decreased repetition
rate in this injector working point of the MariX LINAC, providing 0.5 MHz
electron bunches at 2.04 GeV (see Table 2.3 for more details on the beam
properties), and the need to limit its longitudinal dimension lead to a more
complex, four-mirror resonator design.

Figure 3.12: EUV FEL Oscillator scheme: b1 represents the
electron bunch driving the oscillator, which is dumped after
each passage in the undulator. M1,...,M4 are the mirrors of the

oscillator (M3, M4 spherical mirrors).

The EUV FELO is constituted by an undulator segment with period λu = 5 cm
and au = 2.77, embedded into a folded etalon with a minimum of four mirrors,
of which two are assumed bent and focusing.

The length of the optical round-trip is given by the recirculation distance of
600 m, matching the 0.5 MHz bunches' repetition rate, minus the rather short
slippage length accumulated in the undulator. The detuning-length, giving the
correction of the round-trip length, is of the order of 1 µm. Its optimal value
is determined through a scan of the detuning length as function of the accu-
mulated slippage length between the radiation and the electron beam at the
undulator entrance. In order to ensure su�cient electron-radiation overlapping,
compensating small shifts, and stabilize the output, the mirrors are supposed
to be micrometrically movable and turnable [124].

The emission wavelength, λO=13.6 nm, corresponds to the optimum wave-
length for Mo/Si multilayer mirrors [32, 161]. As shown in Fig. 3.13 from [124],
the y of these mirrors in normal or quasi-normal incidence exceeds R=0.75.
Moreover, the width of the transfer function of the optical line is much larger
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than the SASE or seeded radiation spectra [161], so that the spectral �ltering
of the mirrors is inessential and can be neglected. The angular �ltering is also
ine�ective, since the mirror acceptance, exceeding 0.15 rad [162], is extremely
larger than the pulse divergence of the order of tens-hundred µrad.

Figure 3.13: Re�ectance of the Mo/Si multilayer mirrors as
function of the wavelength λ, from [124], for one mirror (R) and
four mirrors (R4), compared with the �rst-pass SASE oscillator
spectrum (green curve) and multi-pass seeded spectrum (red
curve) at saturation in the oscillator. Incidence angle: 3◦ from

normal.

The puri�cation of the pulses' spectral and temporal distributions occurs via
the reiterated ampli�cation of the best SASE spike [124]. The re�ectivity after
four re�ections is about R4=0.3, while the fraction coupled to the line matching
the seed to the ampli�er, characterized by two more mirrors, consists of 25%
of the oscillator yield.

EUV FELO operation: undulator length optimization

The simulation of the oscillator is performed by means of GENESIS 1.3 [147]
and the cycling technique previously described.

Fig. 3.14 reports the energy loading as function of the number of round-
trips for di�erent values of the undulator length Lu. Best FEL operation should
be at about Lu = 2πZR, where ZR is the Rayleigh length: for an electron beam
with σx,y ≈ 35µm transverse dimensions, the Rayleigh length is about 1.1-1.2
m and Lu turns out to be of the order of 7.5 m. Various undulator lengths from
6 to 10 m are explored in Fig. 3.14, whereas cavity detuning is here neglected.
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Figure 3.14: FEL oscillator at 13.6 nm, from [124]. Radiation
energy growth E(J) as function of the round-trip number. (a)

Lu = 6m, (b) Lu = 7m, (c) Lu = 8m, (d) Lu = 10m.

Depending on the undulator length Lu, saturation is reached in about 10-50
passages and the ampli�ed radiation presents slight intensity oscillations around
the average saturation value Esat, a sort of breathing of the system already ob-
served in Ref. [39]. A general irregularity deriving from the di�erent microscopy
of the successive electron beams �owing in the oscillator is superimposed to the
natural oscillations: this is more evident in the shorter undulator cases and
tend to delay the saturation. This e�ect is assumed to be stronger if other
beam �uctuations, such as energy or current, were included.
Fig. 3.15 highlights the dependence of the saturation energy with respect to
the undulator length.
The radiation yield saturates at a very low level (E∼1 nJ) in the case of shorter
undulators (Lu<7 m), in which case the coherence stage is not reached; mod-
erate energy values (E∼10 nJ -10 µJ) and high coherence levels are achieved in
30-50 cycles for intermediate states with 7 m< Lu<9 m, while tens-hundreds
µJ with moderately good longitudinal coherence are emitted in few tens cycles
for undulators larger than 9 m. The coherence degree gets deteriorated due to
non linear saturation e�ects in the case of longer undulators (Lu ≥9 m). This
analysis indicates an emission threshold around 7 m [124].

Fig. 3.16 reports the pulse temporal and spectral densities at saturation for
various undulator lengths.
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Figure 3.15: FEL oscillator at 13.6 nm. Saturation energy
Esat(J) vs undulator length Lu(m), from [124]. The coherence

level for each case is speci�ed.
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Figure 3.16: EUV FELO output pulse pro�les. Top row:
temporal distribution of the oscillator output. Bottom row:
output spectral density at the exit of the oscillator for (a) Lu =

6m, (b) Lu = 7m, (c) Lu = 8m, (d) Lu = 10m.

The undulator length is chosen by searching the optimal intensity of the
output pulse for FEL seeding: on one side, the oscillator seed must overcome
the undulator spontaneous emission in the following FEL ampli�er; on the
other side, a too intense seed might produce very strong non linear e�ects
in the electron beam with not-controllable harmonics' production. The seed
energy should fall between few tens and hundred nJ at the entrance of the FEL
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ampli�er (i.e. 20-100 nJ).

EUV FELO cavity

The EUV FELO optical line is composed by two plane (M1,M2 in Fig. 3.12)
and two spherical (M3,M4) mirrors with curvature radiusR, all interspersed by
drifts. The distance between the second focusing mirror M4 and the undulator
entrance is about 225 m and, in order to have the maximum radiation focusing
around the undulator center and stable operation of the oscillator, mirror focal
lengths of f = R/2 = 225.7 m were assumed.
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Figure 3.17: Top plot: transverse �eld pattern of the oscilla-
tor pulse at saturation along the propagation in the cavity, from
[124]. Bottom plot: enlarged view of the transverse power pat-
tern before (left) and after (right) the propagation in the cavity.

The structure of the �eld can be analyzed in terms of the cavity modes: as
shown in the top plot of Fig. 3.17, a �eld with a transverse structure substan-
tially constituted by the fundamental mode develops, while the higher trans-
verse FEL modes get soon depleted in the undulator by the FEL interaction
itself, and such structure is not deteriorated by the transport line. An enlarged
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view of the transverse �eld power patterns after the undulator and at its en-
trance, after the propagation in the cavity, is also shown in the bottom plot of
Fig. 3.17.

The radiation hits the mirrors with a maximum transverse rms dimension
of σx,y ∼ 1 mm and enters the undulator with σx,y ∼ 150− 200 µm. It is then
further focused by the FEL ampli�cation process, till about 100 µm [124].

Hundreds nJ�tens µJ are obtained with undulator modules of the order
or longer than 7.5 m for the oscillator, con�rming the best operational points
given by undulator lengths in the range Lu = 7.5− 9 m. Given the rather low
re�ectivity of state-of-the-art multilayer mirrors, radiation out-coupling is here
performed by means of the mirror transmission: the light transmitted from the
front cavity mirror (M2 in Fig. 3.12), also taking into account EUV power
losses from absorption, therefore constitutes the out-coupled radiation. The
resulting coherent and high-power pulses from the EUV FELO, whose main
properties are summarized in Table 3.5, can seed a FEL cascade scheme for the
production of shorter wavelengths down to the X-rays (see section 3.2 of this
Chapter).

Table 3.5: Main properties of the 13.6 nm pulse, generated by
the EUV FEL oscillator with undulator length Lu=8 m (case
c in Fig. 3.16). The repetition rate of the source is 0.5 MHz.

$=Photons/s/mm2/mrad2/bw(0.1%).

λO (nm) 13.6 E (µJ) 20
Nph/shot 1.3× 1012 Nph/s 0.05× 1018

bw 1.7× 10−3 duration (fs) 6.6
div (µrad) 50 size (µm) 80

peak brilliance ($) 0.7× 1031 average brilliance ($) 2.3× 022

The design study of this EUV FELO, based on the capabilities of the MariX
complex, relies upon state-of-the-art technologies. Higher repetition rates of
the accelerator would allow to conceive more compact, easier-to-realize cavity
lengths. Moreover, further studies on this con�guration are foreseen prior to its
possible implementation, including feasibility and tolerance studies of the con-
sidered multi-layer mirrors8 and the inclusion of other relevant electron beam
�uctuations as well as its full phase space distribution 9.

8Useful simulation codes already exist and are currently used for this purpose.
9A preliminary simulation campaign in this direction has shown good agreement between

the FEL performances starting from the average beam parameters and the complete distri-
bution arising from beam dynamics simulations.
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3.1.3 X-ray FELO

In the framework of the MariX project and in collaboration with Politecnico
di Milano, I also investigated the possibility to use a FEL Oscillator based on
an X-ray cavity (XFELO) as direct source of coherent X-rays in the 5�2 Å
wavelength range [163].

My analyses rely on the electron beam foreseen by the accelerator of the
MariX project [8], whose main characteristics were evaluated through start-to-
end simulations from the injector to the undulator entrance and are listed in
Table 2.3. A beam charge of 50 pC has been considered for driving the XFELO.

The XFELO con�guration requires a single short undulator module equipped
with a sequence of X-ray crystal mirrors. Considering the moderate electron
energy provided by the MariX accelerator (3.8 GeV at maximum), production
of radiation pulses in the desired wavelength range (5�2 Å, or in energy 2�5
keV) can be achieved by a short-period undulator: from the resonance relation,
a 2.4 GeV electron beam emits at 3 keV in an undulator with period λu = 1.2
cm and with a peak on-axis magnetic �eld B=0.93 T.

XFELO layout and mirrors

As shown in Fig. 3.18, the scheme of the coherent source is constituted by a
short (about 7�10 m-long) undulator module with period λu = 1.2 cm, embed-
ded within a ring cavity, similar to the one designed for the EUV FELO (see
Fig. 3.12) but based on X-ray mirrors.
For an electron beam repetition rate of 1 MHz, the round-trip length of the
cavity must be 300 m10. The sequence of the accelerated beam packets entering
the undulator is synchronized with the radiation re�ected and recirculated by
hard X-ray mirrors. Moreover, due to the very short emission wavelengths, radi-
ation slippage is very low and the zero-detuning cavity length can be considered.

Three Diamond mirrors and one beam splitter, made by Zincblend perfect
single crystals (lattice parameters: a=b=c=3.566 Å, α = β = γ = 90) op-
erating in the 3.0�3.5 keV range, namely 3.6�4 Å, have been considered. At
least two of the mirrors are assumed to be bent and focusing [163]; focusing of
the intra-cavity X-rays could also be performed by adding compound refractive
lenses in the radiation transport line through the cavity.

The mirror and beam splitter re�ectivities have been simulated with the
XOP (X-ray Oriented Programs) code [164]. Fig. 3.19 presents the cavity
transfer function T, including all cavity mirrors, as a function of the photon
energy for a central energy of 3.015 keV and a quasi-orthogonal re�ection (in-
cidence angle θ0 = 3◦), compared with the natural SASE spectral line.

10Also in this case, higher repetition rates of the SC accelerator would shrink the needed
cavity dimension.
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Figure 3.18: Scheme of the X-ray FEL Oscillator: short
undulator module embedded in a ring cavity made of three
Diamond mirrors (M2, M3, M4) and one beam splitter (M1)
for radiation out-coupling. The X-ray radiation is emitted from
right to left. θ0 is the incidence angle on the cavity mirrors with
respect to the normal. The distance M1,4 −M3,2 between two
mirrors is 75 m, giving a cavity round-trip length of 300 m,
equal to the distance between two successive electron bunches.

The mirror transfer function is narrower than the natural FEL spectral line,
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Figure 3.19: Transfer function T of an optical line made by
three Diamond mirrors and one beam splitter (in blue), com-
pared with the SASE spectrum in arbitrary units (in red) vs.
the photon energy for an incidence angle Θ0 of 3◦ with respect
to the normal, from [163]. . The re�ectivities were simulated

with the XOP code [164].

so that the spectral �ltering of the mirrors is the dominant e�ect in the spectral
width reduction. On the contrary, the angular width of the transfer function
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(about 2 mrad) is much larger than the SASE divergence of 25 µrad and the
angular �ltering is ine�cient and negligible.

XFELO performances

As a reference case, SASE emission at 4.16 Å is illustrated in Fig. 3.20.
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Figure 3.20: SASE emission at 4.16 Å from the MariX elec-
tron beam. SASE energy growth for the high-charge SASE (a)
and low-charge single-spike (b) working points (left window)
and corresponding spectral pro�les at saturation (right boxes).

The energy growth along the undulator is shown on the left for (a) high (50
pC) and (b) low (8 pC) charge cases: saturation is reached in about 50 m with
a level of (a) 8×1011 and (b) 4×109 photons/pulse, respectively. The windows
on the right report the spectral pro�les, showing the SASE �uctuations in the
high charge case (a) and the single-spike features in the low charge one (b).
Fig. 3.21 from [163] shows the patterns of the SASE power (a) and spectral
distribution (b) as a function of the number of shots, highlighting the modest
size of the coherence areas and the poor stability of the SASE process.

As already anticipated, the XFELO operation was analysed by considering
the 50 pC electron beam. The left window in Fig. 3.22 shows the intra-cavity ra-
diation energy as a function of the number of round-trips: saturation is reached
in about 50 cycles, with an intra-cavity energy level of about 20 µJ ; jitters due
to the di�erent microscopy of the successive electron bunches occur.
Due to the short undulator and wavelength, the slippage is very low: for this
reason, the simulated time window (12 µm) is adjusted to the electron beam
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Figure 3.21: SASE emission at 4.16 Å from the MariX elec-
tron beam. SASE (a) power vs. s=ct and (b) spectral ampli-
tude vs. λ as a function of the number of shots, from [163].
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(bottom box) distributions at saturation.

and reported in the right windows of Fig. 3.22, which present the pulse tem-
poral and spectral distributions at saturation.
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The power longitudinal distributions along s = ct (a) and the spectral am-
plitude structure (b) resulting from the XFELO are shown in Fig. 3.23 as a
function of the round-trip number in the X-ray cavity.
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Figure 3.23: XFELO at 4.16 Å: intra-cavity power (a) vs.
s = ct and spectrum (b) vs. λ as a function of the round-trip

number in logarithmic scale, from [163].

The enhanced stability, as well as monochromaticity, of the XFELO with re-
spect to the SASE radiation are pointed out by comparing the radiation pat-
terns of Fig. 3.23 and 3.21 respectively, whereas Fig. 3.24 shows the coherence
degrees, evaluated from the correlation function between two di�erent generic
pulses (Γ1,2) or for one single pulse (Γ), for both the SASE (left) and XFELO
(right) radiation.
The SASE mode (case (a)) is characterized by both poor phase coherence in
one single pulse and shot-to-shot stability, with a coherence length less than
1 µm over a 10 µm-long pulse and an equal time coherence degree of about
4 × 102. In the single-spike mode (case (b)), the coherence length coincides
with the pulse length, but the shot-to-shot stability is low and the equal time
coherence is about 2× 101.

Table 3.6 reports the main properties of SASE (third column) and XFELO
(fourth column) radiation.
As shown in the bottom right windows of Fig. 3.22-3.20, the spectral pro�le of
the X-ray radiation from the oscillator is narrower than the SASE spectrum;
the large rms bandwidth of the XFELO radiation in Table 3.6 is determined
by the phase �uctuations11.

11These �uctuations are about 10% and such noise is not detected by measurement systems.
For this reason, in order to compare the simulated value with experimental results, a cut of
about 4% of the spectra is tipically performed.
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Figure 3.24: Left plots: SASE self (Γ, upper row) and mutual
(Γ1,2, lower row) coherence degrees vs. s = ct for the (a) high-
charge and (b) low-charge working points. Right plots: XFELO

coherence factors vs. s = ct.

Table 3.6: Main properties of the tender X-ray pulses at 4.16
Å (3 keV) from the MariX FEL, alimented by 50 pC electron
bunches in SASE and XFELO modes. The repetition rate of
the source is 1 MHz. $=Photons/s/mm2/mrad2/bw(0.1%).

Property Unit SASE XFELO

Photon/shot 1010 80 4.4
Photon/s 1016 80 4.4

Pulse energy µJ 55 21
Bandwidth 0.1% 2.1 4
Pulse length fs 10 16

Pulse divergence µrad 25 14
Pulse size µm 130 35

Peak brilliance 1030$ 3.6 3.8
Average brilliance 1022 $ 3.6 4

Highly stable and collimated pulses, even if characterized by a lower num-
ber of photons with respect to the SASE case, are produced with the designed
and simulated XFELO con�guration. The studied X-ray FEL Oscillator con-
�guration, based on diamond mirrors, is able to produce 107 − 1010 coherent
photons per pulse at 3�3.5 keV at 1 MHz, characterized by a very small spectral
bandwidth.
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Such design study contributes to the ongoing e�orts for the study and devel-
opment of light sources based on X-ray cavities. The choice of crystal mirrors
relies on studies [36, 37] and is supported by preliminary experiments [165].

3.2 Investigation of advanced schemes for a coherent
X-ray FEL

In the framework of the MariX project and in order to conceive a seeded FEL
source of high repetition rate and coherent pulses down to the X-ray range, I
studied and investigated two di�erent cascaded FEL schemes, seeded by the
EUV FELO described in section 3.1.2. The FEL oscillator-seeding scheme
described in this section allows to operate any FEL ampli�er at the high, MHz-
class repetition rates of SC LINACs, thus overcoming the limitation of single-
pass seeding schemes in delivering FEL pulses at high repetition rate.

The oscillator recirculates the spontaneously emitted radiation to seed the
next head electron bunch in the bunch train, or can also helps in increasing the
low repetition rate of a laser source seeding the electron bunch in the �rst pass.

Here two cascaded FEL schemes are discussed, namely a three-stage har-
monic FEL cascade and an echo-enabled harmonic generation FEL: the oscil-
lator provides the seeding pulses for the following ampli�er and accomplishes
both the transport of the radiation emited by the electron bunches back to the
undulator entrance, where it interacts with the next, fresh electron bunch, and
the attenuation of the pulse energy to the correct seed power.

Compared with conventional external seeding techniques, the advantage of
this scheme is twofold: the oscillator operation increases the repetition rate by
many orders of magnitude, thus allowing to exploit the high repetition rate of
SC machines, and, thanks to the higher oscillator frequency and peak power,
allows to more easily reach the soft-hard X-ray range with a lower harmonic
up-conversion by means of cascaded FEL ampli�ers.

Strarting from the proposed schemes, another possibility that has been stud-
ied is that of using the oscillator as �rst stage of the FEL ampli�er [94].

3.2.1 Multi-stage harmonic cascade seeded by the EUV FELO

At �rst, I investigated an advanced oscillator-ampli�er set-up, where the am-
pli�er consists of a three-stage harmonic FEL cascade (introduced in Chapter
1). For this purpose, the MariX injector working point I considered is the one
delivering electron bunch trains at 0.5 MHz, in which case only the front bunch
of each train drives the FEL emission in the oscillator; the other three electron
bunches are instead driven to the FEL cascaded ampli�er.
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In order to meet the successive electron bunch of each train at the cascade
entrance, the EUV oscillator seed needs to be retarded by 1 µs, corresponding
to a distance of about 300 m.

The radiation transfer line from the oscillator to the cascade provides the
needed radiation focusing and is constituted by 2n mirrors, so that its atten-
uation amounts to R2n ∼ 0.56n (with n = 1�3) [124]. Spherical mirrors for
the transport line might focus the radiation beam further and deplete the re-
maining high-order modes, while multi-purpose stations and beam stabilization
systems (as the ones described in Ref.s [166, 167, 168]) can be used to check
and adjust the oscillator seed pointing stability and transverse overlap with the
electron bunches after the transport line.

FELO seed pulses of the order of 1 µJ allow to reach seed energies of tens
to hundreds nJ at the cascade entrance.

In a multi-stage harmonic cascaded technique, the high-power seed pulse
excites non-linear electron beam phase space motions and the ampli�cation of
harmonics of the seed pulse along di�erent undulator stages, obtaining a coher-
ent FEL pulse at higher photon energies.
The seeded FEL cascade considered for MariX is shown in Fig. 3.25.

Figure 3.25: Scheme of the three-stage harmonic cascade
driven by the EUV FEL oscillator: M5 and M6 are mirrors
of the transport line, b2,b3,b4 are the three successive electron
bunches of the bunch train, spaced by 3 m and delivered to the
three cascade stages, two long period modulators and a short
period radiator, connected by two small delay lines for the ra-
diation (indicated by orange lines). The di�erent modules of
the undulator stages are separated by quadrupoles and other

radiation diagnostics. The elements are not in scale.

The segmented undulator scheme consists of two stages of longer period undu-
lators (respectively of period λu = 5 cm and 2.8 cm), where electron energy
modulation and generation of high-order harmonics of the seed fundamental
wavelngth occur, and a third shorter period (λu = 1.2 cm) undulator as radia-
tor, in which the desired harmonics is ampli�ed.

The oscillator seed forces the electron beam in the �rst undulator segment
to coherently emit the seed frequency itself and its higher harmonics. The nth

harmonics is extracted at the end of this �rst stage, and seeds the second stage,
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which is tuned at this harmonics. In the second undulator, the mth harmonics
of the seed is generated and extracted. The radiator, tuned at the (n ×m)th

harmonics of the seed, then forces the electron beam to emit this resonant
frequency (namely λ0/nm).

In order to avoid deteriorating the electron beam and the FEL pulse quality,
the high repetition rate operation and the modest electron bunch duration (up
to tens of femtoseconds) allow to consider a variant of the fresh-bunch injection
technique [81] (see Chapter 1): three di�erent transport lines deliver the other
three electron bunches (b2,b3,b4 in Fig. 3.25), belonging to each bunch train
and following the head electron bunch alimenting the oscillator, to the di�erent
cascade stages. The electron arrival time and the radiation from the di�erent
stages are synchronized by means of two small delay lines of about 3 m between
the �rst two stages and before the radiator.

The electron envelope is con�ned by the natural focusing power of the un-
dulators and the use of quadrupoles in-between the undulator modules.

Table 3.7 reports various resonance options from 9 Å to 2.7 Å, resulting
from a double harmonic up-conversion of two odd integers.

Table 3.7: Possible operational working points of the har-
monic FEL cascade, seeded by the EUV FEL oscillator at 13.6
nm. The left column indicates the required electron beam en-
ergy E and the considered harmonic up-conversion, while the
second column indicates the required undulator �eld strength

au and the emitted wavelength λ for each cascade.

1st Mod. 2nd Mod. Radiator
λu (cm) 5 2.8 1.2

E=1.8 GeV au 2.39 1.18 0.93
5× 3 λ(nm) 13.6 2.72 0.906

E=2.04 GeV au 2.77 1.1 0.85
7× 3 λ(nm) 13.6 1.94 0.647

E=2.04 GeV au 2.77 1.45 0.67
5× 5 λ(nm) 13.6 2.72 0.544

E=2.45 GeV au 3.31 1.48 0.701
7× 5 λ(nm) 13.6 1.94 0.388

E=2.66 GeV au 3.61 1.66 0.5
7× 7 λ(nm) 13.6 1.94 0.277

I investigated two example cases of interest for linear spectroscopic appli-
cations, namely a 5× 5 cascade down to about 5.4 Å and a 7× 5 cascade down
to 3.8 Å.
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The spectral pro�les from SASE FEL emission at 5.44 Å at saturation (after
about 40 m in the undulator), corresponding to the 5 × 5 cascade and driven
by the 50 pC (case (a)) and 8 pC (case (b)) electron beam of Table 2.3, are
presented in Fig. 3.26.
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Figure 3.26: SASE radiation from the MariX FEL at satura-
tion at 5.44 Å: spectral distributions in arbitrary units for (a)

50 pC (SASE) and (b) 8 pC (single-spike SASE) mode.

The output pulses at saturation achieve peak powers of about 2 GW and 0.3
GW in the high-charge SASE and single-spike SASE regimes, respectively.

In the case of the 5×5 cascade operation mode, as can be seen in Table 3.7,
the second modulator (au=1.45) is resonant with the 5th harmonics of the �rst
module, λ = 2.72 nm, while the radiator (au =0.67) resonates at about 0.54
nm, corresponding to the 5th (25th) harmonics of the second (�rst) modulator.
The output pulse of the cascade performing a 5×5 frequency up-shift is shown
in Fig. 3.27: its temporal and spectral distributions at the extraction point
after 10 m of radiator are here reported.
The radiation features single spiked temporal and spectral pro�les up to the
onset of saturation, occuring in a total undulator length of 35 m, made of 8 m
for the �rst modulator, 12 m for the second one and other 10 m of radiator.
The output consists in 2 × 1010 photons per shot in a relative bandwidth of
about 1.7× 10−4.

The enhanced coherence and stability of the seeded output with respect
to SASE and single-spike modes can be noticed by comparing the coherence
factors in Fig. 3.28.
In the cascaded case, the factor Γ decays much more slowly, and the equal-time
mutual coherence factor Γ12(0) is 1 compared to 10−1 in the high charge SASE
and to 2× 10−1 in the single spike case.



90 Chapter 3. Free-Electron Laser Oscillator: numerical studies

s(μm)

P
(G

W
)

 1.5
1.25

 1.0

0.75

 0.5

 0
 6      8     10       12     14

0.25

5.43 5.435 5.44 5.445 5.45

Sp
ec

tr
um

 (a
.u

.)

λ(A)
o

Figure 3.27: Performance of the 5x5 harmonic cascade seeded
by the EUV FELO. Left window: temporal distribution; right
window: spectral distribution of the radiation at 10 m in the

radiator (32 m total).
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Figure 3.28: Performance of the 5x5 harmonic cascade seeded
by the EUV FELO. Degree of self-coherence Γ (top plots) and
mutual coherence Γ12 (bottom plots) of the output pulse vs
s = cτ for (a) high-charge SASE, (b) low-charge single-spike

regimes on the left and (c) cascaded mode on the right.

A more energetic, 2.4 GeV, electron beam allows to deliver radiation at 3.88
Å through a 7×5 cascade. The values of the undulator parameters are reported
in Table 3.7, while the undulator lengths are the same of the other cascade.
The temporal and spectral amplitudes at saturation and the coherence factors
are presented in Fig. 3.29.
The 7 × 5 cascade (λ = 3.88 Å) results in 2.1 × 109 photons per shot in a
bandwidth of 3.2×10−4. The main radiation properties of the high charge and
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radiation (top line); spectral distribution at 10 m in the radiator
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coherence Γ and mutual coherence Γ12 vs s = cτ .

low charge SASE case, as well as the outputs of the 5× 5 and 7× 5 cascades,
are respectively presented in the third, forth and �fth columns of Table 3.8.

This study demonstrates that the radiation from a EUV FEL oscillator can
be used as seed for a cascaded FEL ampli�er, performing a frequency up-shift
conversion factor of 20-40, thus generating about 1010−109 fully coherent pho-
tons per shot in the tender X-ray range. The described ampli�er has a rather
complex con�guration, compatible with the MariX electron beam character-
istics, that would require further feasibility studies for a future experimental
realization: in particular, the operation of the transfer lines and synchroniza-
tion with the radiation �eld at the end of each stage may be hampered by the
jitters of the electron bunches and should be studied in more details.

3.2.2 EEHG cascade seeded by the EUV FELO

Another option of FEL ampli�er, seeded by the same Extreme-UV FEL oscilla-
tor and driven by the MariX electron beam (see Table 2.3), is an Echo-Enabled
Harmonic Generation FEL cascade (introduced in Chapter 1) [160].

I studied this ampli�er option for the MariX FEL seeded by the EUV FEL
oscillator considering the conventional injector working mode, in which 1 MHz
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Table 3.8: MariX FEL characteristics of the analyzed work-
ing points, namely SASE, single-spike and two di�erent fre-
quency up-conversions using the harmonic cascade seeded
by the EUV FELO. The SASE results are reported at 40
m for the high and low charge case. The repetition rate
of the source is 1 MHz (SASE) and 0.5 MHz (seeded).

$=Photons/s/mm2/mrad2/bw(0.1%).

Radiation mode SASE-Single spike 5x5 7x5

Electron charge pC 50-8 50 50
Photon energy keV 2.27 2.27 3.22

Radiation wavelength Å 5.44 5.44 3.88
Photon/shot 1010 3.5-0.21 1.9 0.21
Bandwidth 0.1% 5-7.5 0.17 0.32
Pulse length fs 10-2 3 4.5

Pulse divergence µrad 39-48 3.6 5
Photon/s 1016 3.5-0.21 0.95 0.11

Average brilliance 1020 $ 3.5×10−3-1.2× 10−4 200 10
Γ12(0) 0.1-0.2 1 0.94

electron bunches are produced and, after acceleration in the main booster, al-
ternatively driven in the oscillator or matched to the ampli�er. The electron
beam alimenting the oscillator is extracted at an energy of about 2 GeV up-
stream the LINAC end, while, depending on the beam energies required in the
ampli�er, the ones driving the EEHG device may have the same energy or be
further accelerated.

The intra-cavity seed pulse temporal and spectral densities at saturation are
shown in Fig. 3.30 (corresponding to the output oscillator pulse in the window
(c) of Fig. 3.16), while Fig. 3.31 presents the EEHG cascaded scheme for the
FEL ampli�er.

The oscillator seed pulse is split in two di�erent pulses by an optical transport
line and synchronized to the electron bunches at the beginning of both modu-
lators. The two seeds, with the same wavelength of 13.6 nm, interact with the
electron bunches and modulate them in energy along the two short modulators,
followed by the two dispersive chicanes. A short period radiator, i.e. λu = 1.5
cm, allows emission at λ = 5− 2 Å, namely 2− 5 keV, with the MariX's mod-
erate energy electron bunch (2�3.8 GeV).

In order to generate and amplify 5-2 Å radiation starting from the 13.6 nm
seed, signi�cant electron bunching (at few percent level) on harmonics' order n
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Figure 3.30: Signal (a) and spectrum (b) of the intra-cavity
EUV oscillator seed pulse at saturation.

Figure 3.31: Scheme of the echo-enabled harmonic genera-
tion FEL driven by the EUV FEL oscillator. M5,M6,M7 are
mirrors of the optical line splitting and coupling the seed to
the modulators Mod. 1,2, with a period λu = 5 cm and respec-
tively 1.6 m and 1.5 m-long. The two dispersive chicanes (C1,2)
are both 0.45 m long and their dipoles are indicated in blue.
The radiator, composed by a sequence of undulator modules
with a period λu = 1.5 cm, is about 20 m long. The elements

are not in scale.

from 25 to 70 is required.
By following the uni-dimensional model exposed in Ref.s [76, 169], the electron
bunching is expressed in terms of the dispersion strengths R56,1 and R56,2 of
the two chicanes and the normalized electric �elds A1,2 of the seeds (see Eq.
1.17 in Chapter 1). Assuming to split the oscillator pulse in two pulses of peak
power P1,2 = 100, 200 MW (0.86 and 1.72 µJ of total energy) respectively, and
keeping the longitudinal lengths of the two chicanes constant, the dispersion
strengths have been optimized by tuning the dipole's �elds to maximize the
electron bunching on the desired harmonics of the seed.

For an electron beam with 2.66 GeV energy and a slice relative energy spread
of ∆E/E = 3 × 10−4, the needed dispersion strengths of the two chicanes to
provide proper bunching at n=25 at the end of second chicane, corresponding
to λ = 5.44 Å, are respectively R56,1 = 132 µm and R56,2 = 4.7 µm.
The electron beam phase space evolution in di�erent points along the line is
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shown in Fig. 3.32, showing the electron phase spaces (a) after the �rst modu-
lator, (b) after the �rst chicane, (c) after the second modulator and (d) at the
radiator entrance.
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Figure 3.32: Evolution of the electron beam longitudinal
phase space along the MariX EEHG ampli�er, seeded by the
EUV FEL oscillator. Windows (a), (b), (c), (d): electron phase
space, electron Lorentz factor γ vs seed phase ϕ, at the (a) end
of �rst modulator, (b) end of �rst chicane, (c) end of second

modulator and (d) end of second chicane.

Fig. 3.33 reports the result of the EEHG FEL cascade, performing an up-shift
frequency factor n=25.
The bunching on 5.44 Å (in violet in the left window) reaches a peak of 4.5% on
the bunch at the radiator entrance, while the rms energy spread increases from
0.03% to 0.045% in the modulators and in the chicanes. These parameters are
su�cient to trigger a consistent FEL emission in the radiator.
The radiation is extracted at the minimum bandwidth position, occurring after
12 m of radiator (about 16 m of the total device). The resulting single-spike
structures in power and spectral amplitudes at the end of the undulator are
shown in the top line, in blue and red respectively, compared with the corre-
sponding SASE pro�les extracted after 40 m of undulator.
The EEHG coherent source provides an ultra-short pulse with 5 µJ of energy
per shot at λ = 5.44 Å, corresponding to 1.4 × 1010 photons/shot at 0.5 MHz
(0.7 × 1016 photons/s), while the SASE source reaches 14.7 × 1016 photons/s
at 1 MHz. Even if characterized by a smaller number of photons, bandwidth,
coherence and collimation of the EEHG result in quite high average brilliance,
only a factor 5 smaller than the corresponding SASE's.

The auto- and mutual correlation functions, assessing the pulses' coherence
properties, are shown in the bottom-right windows of Fig. 3.33: the FWHM
coherence length of the EEHG pulse (0.67 µm) is about 4 times the correspond-
ing SASE's; the equal-time coherence between di�erent pulses Γi,j(0) is close
to 1, di�erently from the SASE's of 10−1, and the FWHM mutual coherence
length, quantifying the shot-to-shot stability, is 0.1 µm, compared to 0.015 µm
of the SASE one [160].
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Figure 3.33: Radiation pulse at λ = 13.6/25 nm = 5.44 Å
from the EEHG cascade seeded by the EUV FEL oscillator: (i)
bunching on the 25th harmonics at the end of the second chi-
cane, (ii) EEHG (blue) vs SASE (black) power density pro�le
and (iii) EEHG spectral amplitude at saturation (at the radi-
ator exit, after 16 m), (iv)-(v) SASE (red) and EEHG (blue)
coherence degree for one pulse Γ and for di�erent pulses Γi,j

vs. ξ = cτ (dotted segments indicate the FWHM coherence
lengths).

Shorter wavelength radiation is generated by electron beams with progres-
sively larger energies: working points covering the range between 5.44 and 2.7
Å, namely n=25, 35, 45 and 50, are summarized in Table 3.9 and compared
to similar cases simulated with the previously discussed harmonic cascaded
scheme (here referred to as HGHG for brevity) and SASE cases after 40 m
of undulator. The coherence length is from 5 (n=35) to 3 (n=50) times the
corresponding SASE's, while the stability is larger by a factor from 10 (n=35)
to 20 (n=50) [160]. Fig. 3.34 presents powers and spectral amplitudes for both
SASE (black) and EEHG (red) cases for n=35, 45 and 50.
The comparison between the results of the EEHG technique and those of the
fresh-bunch harmonic cascade, performed with a similar electron beam and with
the same oscillator as seeding source, shows a substantial equivalence in terms
of number of emitted photons for n=25 (down to 5.4 Å). For higher harmonic
numbers (n>35), the induced energy spread limits the EEHG radiation, while
the HGHG e�ciency decreases very rapidly and radiation levels comparable
with the EEHG ones cannot be achieved.
The fresh-bunch technique is performed with a total of four di�erent electron
bunches per shot, while only two, one bunch for the oscillator and one for the
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Table 3.9: Performances of the EEHG FEL at satura-
tion at di�erent harmonic orders of the 13.6 nm seed from
the EUV FELO, compared with similar cases obtained with
the fresh-bunch harmonic cascade (HGHG) and with the
SASE FEL at saturation. The average brilliance is speci�ed.

$=Photons/s/mm2/mrad2/bw(0.1%).

SASE EEHG-HGHG SASE EEHG-HGHG SASE EEHG SASE EEHG
Harmonic # 25 5x5 35 7x5 45 45 50 50

λ (Å) 5.44 5.44 3.88 3.88 3.02 3.02 2.72 2.72
Eph (keV) 2.27 2.27 3.22 3.22 4.13 4.13 4.6 4.6

γ 5216 5216 6151 6151 6991 6991 7352 7352
R56,1 (µm) 132 184.7 281.6
R56,2 (µm) 4.72 4.87 6.58

Pulse energy (µJ) 58 5.1-7 58 0.9-3.2 46 0.9 42 0.18
Photons/shot (109) 158 13.9-19 112 1.74-6.2 69 1.36 57 0.245
Photons/s (1015) 158 7-4.7 112 0.87-3.1 69 0.67 57 0.09
Bandwidth (0.1%) 1 0.37-0.17 0.9 0.4-0.32 0.6 0.3 0.5 0.35

Duration (fs) 10 1.5-3 10 0.8-4.5 10 1 10 1
Divergence (µrad) 3.7 3.9-3.6 2.7 3.2-5.1 2.2 2.5 2.05 2.3

Size (µm) 35 27-24 32 25-29 27 25 27 30
Brilliance (1023 $) 94 17-37 151 3.39-5.51 325 5.71 251 0.51
Coh. length (µm) 0.17 0.67-1.3 0.08 0.3-1 0.07 0.21 0.1 0.3
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Figure 3.34: Performances at shorter wavelengths of the
MariX EEHG cascade seeded by the EUV FELO. Top line:
SASE (black) and EEHG (red) power pro�les (SASE power
vs s = ct is on the left axis, EEHG power on the right),
bottom line: corresponding EEHG spectral radiation pro�les
(in arbitrary units) for n=35 (3.8 Å, with R56,1 = 184.7 µm
and R56,2 = 4.86 µm), 45 (3 Å, with R56,1 = 281.6 µm and
R56,2 = 6.58 µm) and 50 (2.7 Å, with R56,1 = 293.2 µm and

R56,2 = 6.07 µm).

FEL, are required in the EEHG case, doubling, in proportion, the radiation
repetition rate. Regarding coherence, the more direct transfer of the coherence
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properties from the seed to the radiation in the fresh-bunch harmonic cascade
leads to a generally better performance.

The advantage of the EEHG cascade is a larger tunability and versatility of
the source, that permits to generate intense (1010 − 108 photons/shot), ultra-
short (down to 1 fs) pulses at all the harmonics n of the seed up to n=50 and
not only at those corresponding to the product of two odd integer numbers [160].

The reported simulations of both the XFELO (section 3.1.3) and FELO-
seeded cascaded schemes (section 3.2) for the MariX FEL do not take into
account possible degradations due to errors, misalignment, pointing as well as
temporal jitters and the losses dealing with the transport of the photon beams
to the experimental stations: however, the estimations widely exceed the target
values set by the MariX scienti�c case and should therefore be capable to satisfy
the conditions requested by the envisaged experiments.
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Chapter 4

Advancements for a

plasma-based FEL

I collaborated with the SPARC_LAB laboratory of INFN in Frascati [170]
on studies and the implementation of a plasma-based FEL. The Frascati lab-
oratories of INFN will host the future plasma beam-driven FEL user facility
of the EuPRAXIA project [116, 137]. This Chapter is dedicated to the de-
scription of the SPARC_LAB laboratory, its FEL test facility as well as the
recent results on plasma-driven FEL lasing towards the implementation of the
EuPRAXIA@SPARC_LAB project [138].

The design and simulation study of its FEL beamlines, also highlighted
in this Chapter, contribute to the ongoing activities towards the EuPRAXIA
Technical Design Report.

4.1 SPARC_LAB

This section gives an overview of the SPARC_LAB test facility at the INFN
laboratories in Frascati, followed by recent studies paving the way to the im-
plementation of the EuPRAXIA infrastructure.

SPARC_LAB (Sources for Plasma Accelerators and Radiation Compton
with Laser And Beam) was born from a collaboration among ENEA, INFN,
CNR, University of Rome Tor Vergata and Elettra Sincrotrone Trieste and was
approved in March 2002. Its mission is to explore both the feasibility of a
ultra-brilliant photo-injector and to perform FEL experiments.
In the following years, the development of a photo-injector using the �velocity
bunching� and of beamlines for THz and Thomson sources improved the labo-
ratory [171].

At present, research at SPARC_LAB aims at very high gradient accelera-
tion with plasma, in the framework of the EuPRAXIA [116] collaboration, and
with RF LINACs, in the Compact-Light [172] collaboration.
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Photo-injector and linear accelerator

The SPARC_LAB photo-injector is a radio-frequency (RF) gun operating at
high gradient, 120 MV/m, after which the electron beam is focused by a solenoid
and enters the RF LINAC structures, whose entrance is placed at 1.5 meters
from the cathode. The electrons stand on the crest of the accelerating wave,
where the beam has the maximum energy gain from the RF.

The LINAC is composed by 3 SLAC-type traveling wave (TW) high gradient
(22 MV/m) sections reaching about 180 MeV of energy and followed by an
higher gradient (>40 MV/m) section (at 5.712 GHz); the remaining space is
occupied by the experimental chamber for plasma acceleration.

Velocity bunching [173, 174, 175] is a technique that uses the RF structure
also to compress the beam, by exploiting the di�erence between the RF wave
phase velocity and the beam mean velocity. A low energy beam (3-5 MeV),
injected in a TW accelerating cavity close to the zero-crossing phase (no ac-
celeration), accumulates RF-induced correlated velocity spread that tends to
compress the beam, giving higher velocities to the slower trailing particles. Dif-
ferently from the ballistic bunching, acceleration and compression take place
simultaneously.
Around the �rst two LINAC sections, two long solenoids composed by a long
iron joke containing 13 coils are used to prevent beam blow up during compres-
sion. By so doing, the amplitude of the on-axis magnetic �eld can be shaped
longitudinally to optimize the beam envelope along the LINAC.

The photo-cathode is capable of generating a comb beam, composed by
two or more bunches at picosecond or less temporal separation [176]. Such an
operation can be very useful for many applications, like plasma acceleration
or two-color FEL. In this injector operating mode, the photo-cathode is illu-
minated by a comb-like laser pulse (characterized by two or more short pulses
spaced by a few picoseconds) in order to produce a train of sub-picosecond
high-charge density pulses within the same RF accelerating bucket. For this
purpose, a possible technique relies on a birefringent crystal, where the input
pulse is decomposed in two orthogonally polarized pulses with a time separa-
tion proportional to the crystal length. Another technique involves the use of a
split and delay line with polarizing beam-splitter and remote controlled delay
lines, that allow a �ne tuning of the intensity and the separation of the pulses.

Downstream the gun exit, the space charge force produces a linear energy
chirp along each pulse, which can be exploited to compress the initial charge
pro�le by means of the velocity bunching. The resulting electron pulse trains
have some hundreds-pC charge, a sub-picosecond length and a repetition rate
of some terahertz.



4.1. SPARC_LAB 101

Plasma stage

After the LINAC and upstream the SPARC FEL, a plasma acceleration stage
was installed. SPARC_LAB is involved in the scienti�c and technological devel-
opment of an experimental setup for plasma-based acceleration (see Appendix
C for more details on plasma acceleration).

Plasma acceleration requires reliable and well known plasma sources. The
plasma properties of any plasma-based acceleration experiment have to match
the requirements of the experimental conditions. The ionization of the neutral
atoms to produce plasma is the �rst problem to take into account: while for
laser-driven acceleration the laser is usually intense enough to ionize the gas up
to a degree in which the ionization is no more a problem for pump depletion,
in the beam-driven case this is not necessarily true.

Given a prepared plasma structure, a �ne external tuning of the plasma
parameters is one of the main requirements. Those parameters include: radial
and longitudinal plasma density distribution, plasma composition and degree
of ionization, the plasma channel spatial dimensions and temporal dynamics,
the plasma temperature: they are very important for injection and propagation
of the laser/electron beams in the plasma channel, in particular for matching
the accelerated electrons phase to the wake�eld along the entire acceleration
path, which may require several centimeters of plasma. An easy online control
of the most of these parameters is possible in a multi-stage capillary discharge
scheme, allowing to �t all the plasma characteristics to the di�erent accelera-
tion stages.

External injection schemes, both laser- or beam- driven, require a uniform,
low (1016˘1017 cm−3) plasma density for centimeter scale length, with su�cient
transverse uniformity and relatively low temperature (<10 eV). On the other
hand, self-injection schemes require a long and uniform distribution with an
higher density (1019 cm−3). In order to control the plasma acceleration process
and the particle bunch properties, very reliable plasma sources are mandatory.

The study and work at SPARC_LAB was mainly devoted to the research
on hydrogen �lled capillaries as plasma source [177, 178]. Gas-�lled capillary
sources can provide a pre-ionized plasma channel for plasma-based acceleration
experiments. In these devices, a current pulse of several amperes, passing
through the capillary �lled with gas at pressure of few tens of millibar, ionizes
the gas and preforms the plasma channel before interacting with the driver
beams. Capillaries allow for long and almost constant density pro�le up to
centimeter scale and are used to extend the interaction length of the drivers
with the plasma.

This kind of capillaries has been primarily used for laser-driven plasma
acceleration: the typical parabolic transverse density pro�le indeed allows to
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guide the laser radiation for distances longer than the Rayleigh length. Nev-
ertheless, the high ionization level tipically reached by the discharge reduces
the ionization losses acting on the driver(s) and is particularly suitable for low
energy particle drivers.

These capillaries are usually made of hard materials, like alumina, quartz,
diamond or sapphire. The SPARC research group has also investigated the
possibility to produce 3D printed plastic capillaries: their use signi�cantly re-
duces the cost and time for prototyping, allowing to easily manipulate their
geometry. Compared with other plasma sources, gas �lled capillaries allow to
locally control the plasma channel properties by varying the capillary shape or
by timing the discharge with the beams. Homogeneous plasma pro�les at low
densities of the order of 1016 − 1017 cm−3 were obtained. The characteriza-
tion of a gas-�lled capillary discharge, including its temporal as well as spatial
evolution, must be always performed experimentally [179, 180]. Some useful
diagnostic tools are reported in Appendix C.

The system implemented at SPARC can detect the spatial and temporal
evolution of the plasma online in single shot analysis inside and even outside
the capillary, allowing to study the interaction of the electron beam with the en-
tire plasma pro�le. Plasma wake�eld acceleration experiments were performed
at the SPARC_LAB test facility by using a gas-�lled capillary plasma source
composed of a dielectric material. Electrons can reach GeV-level energy in a
few centimeters. In this acceleration scheme, wake�elds produced by passing
electron beams through dielectric structures can determine a strong beam insta-
bility with the capability to focus high-current electron beams in the transverse
plane. For these reasons, the estimation of the transverse wake�eld amplitudes
plays a fundamental role in the implementation of the particle wake�eld accel-
eration [181, 182]. The experimental set-up uses cylindrical hydrogen-discharge
plasma capillaries; the plasma channel achieved inside the capillary is 30 mm
long with a radius of 0.5 mm. Two gas inlets with a radius of 0.3 mm feed the
plasma channel with hydrogen gas.

A RF-De�ector and a magnetic spectrometer, with a Ce:YAG screen after
the spectrometer bending magnet downstream the plasma, are used to charac-
terize the time and energy pro�les of the accelerated beam. Advanced methods
for the stabilization of the plasma acceleration have been successfully investi-
gated and implemented at SPARC [178, 183, 121, 184].

Free-Electron Laser and diagnostics

The SPARC_LAB FEL is the result of a collaboration between INFN and the
Free Electron Laser research group of the ENEA research center in Frascati.
It is a single pass FEL, initially designed to produce radiation mainly in the
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visible region of the electromagnetic spectrum, that can be operated in both
SASE and seeded con�guration.

In this test facility, di�erent operational schemes and con�gurations pro-
viding radiation between 800 nm and 40 nm with very short radiation pulse
duration down to few tens of femtoseconds have been tested, ranging from pure
SASE [42] to HGHG [185, 186, 187], seeding with High Harmonics Generation
in gas [86, 188, 189, 87], two-color con�guration in SASE and seeded mode by
using a comb electron beam [190].

In order to optimize transport and maximize the FEL performances, the
electron beam is properly matched to the following undulator by two triplets of
quadrupoles. The undulator line consists of six permanent magnet undulator
modules, 2.15m-long and made by 75 periods (77 including two termination
periods) with λu=2.8 cm [130]. Each module allows a variable gap in the range
from 25 to 8.4 mm, and the achievable undulator strength parameter at the
minimum gap is limited by the presence of a vacuum chamber for the propaga-
tion of the electron beam. Quadrupoles for horizontal focusing and radiation
diagnostic stations are placed in the intersections between the undulator mod-
ules. Each station is equipped with actuators allowing the insertion of screens
to monitor the electron beam size and position, and in-vacuum metallic mirrors
to extract the radiation and send it to a calibrated photo-diode.

A short period 1.5 m-long undulator with λu =1.4 cm, developed by ENEA
and made by KYMA [130], has been tested and can act as an afterburner to
have emission of radiation tuned at harmonics of the main resonance wave-
length.

An in-vacuum imaging spectrometer is used to measure the output radia-
tion at the end of the last undulator. The instrument is a 1 m normal incidence
grating spectrometer with a Princeton UV-grade CCD camera, allowing the de-
tection of spectra both in single shot and in integrated mode. The spectrometer
spectral range covers the interval 35 � 800 nm with three di�erent gratings op-
erating at di�erent wavelengths. The CCD camera and the necessary upstream
optics were calibrated in energy. The spectral image permits the reconstruction
of the total pulse energy together with the spectral parameters as central wave-
length, linewidth, and the spot size and position of the radiation beam in the
vertical direction. Di�erent �lters, mounted on two �lter wheels, are available
along the radiation beam line. Neutral density �lters allow the attenuation of
the radiation intensity at the CCD for wavelengths longer than 350 nm, and
band-pass �lters may be used to remove intense signals from long wavelengths
while observing the higher order harmonics of the FEL [191]. Other diagnos-
tics include photodiodes and energy meters, CCD cameras, a broad-band �ber
spectrometer and a commercial IR FROG.
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4.1.1 Plasma-driven FEL experiment

The �rst proof-of-principle experiment demonstrating SASE emission in a FEL
driven by a centimeter-scale plasma accelerator was recently conducted at
SPARC_LAB [123].

The beam-driven plasma acceleration scheme has been used: the driver is a
relativistic electron bunch generating the accelerating �eld, which is then used
to accelerate the trailing witness bunch. The experimental setup is shown in
Fig. 4.1.

Figure 4.1: Beam-driven plasma acceleration and FEL beam-
line at SPARC_LAB, from [123]. The photo-injector produces
the driver (D) and witness (W) electron bunches and a non-
intercepting, single-shot Electro-Optical Sampling (EOS) diag-
nostics monitors their temporal separation. The bunches are
focused by a triplet of movable permanent-magnet quadrupoles
(PMQs) in a 3-cm-long capillary containing the plasma pro-
duced by ionizing hydrogen gas with a high-voltage discharge.
The accelerated witness is extracted by a second triplet of
PMQs and transported using six electromagnetic quadrupoles.
A dipole spectrometer measures its energy with a scintillator
screen. The FEL beamline consists of six planar undulators
with tunable gaps and �ve quadrupoles in-between to transport
the beam. An in-vacuum metallic mirror collects the emitted
FEL radiation, while an imaging spectrometer equipped with
a di�raction grating and a cooled intensi�ed camera (iCCD) is

used to measure it.

In this case, two short driver and witness bunches, separated by about 1.2
ps, were generated through the photo-emission of a copper cathode illuminated
by two UV pulses. The �rst accelerating sections were properly tuned to com-
press them down to few tens of femtoseconds. The plasma module consists of a
3D-printed capillary, with a length of 3 cm and 2 mm diameter, �lled with Hy-
drogen gas; the gas is pre-ionized with a Nd:YAG laser focused at the capillary
entrance for reducing the discharge timing jitter from tens to few nanoseconds
and the plasma density �uctuations from 12% to 6%, thus improving the sta-
bility and repeatability of the plasma formation, and ionization is achieved by
means of two electrodes providing a high-voltage (5 kV) discharge. The beam
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is focused into the plasma and extracted after acceleration by two triplets of
movable permanent-magnet quadrupoles installed upstream and downstream
the capillary [182].

At the capillary entrance, the driver bunch is 215 ± 5 fs-long (rms) and
characterized by an energy of 88.5 ± 0.1 MeV (its core losing about 8 MeV in
the plasma) with 0.23 ± 0.01 rms energy spread, a charge of 200 ± 5 pC and
2.5, 1.7± 0.2 µm normalized emittance in x, y respectively. The main param-
eters of the witness bunch before and after the plasma are instead summarized
in Table 4.3.

Table 4.1: Plasma-driven FEL at SPARC_LAB: witness
bunch at the plasma and undulator entrance. The reported
values after acceleration, at the undulator entrance, are aver-
ages over 500 consecutive shots. The normalized emittance is

here reported. All the quantities are quoted as rms.

Plasma entrance Undulator entrance

Charge (pC) 20± 2 20± 2
Duration (fs) 30± 3 30± 3
Energy (MeV) 88.1± 0.1 93.9± 0.3
Energy spread (MeV) 0.31± 0.02 0.31± 0.08
Emittance (µm) 1.4(x), 1.2(y)± 0.5 2.7± 0.7(x), 1.3± 0.2(y)

The witness gains about 6 MeV over the 3 cm-long plasma, corresponding to
∼ 200MV/m accelerating gradient, and has FEL-graded properties: it is indeed
reproducible with about 0.3% of energy spread and few microns of emittance
[184]. Its positive energy chirp (higher energy particles on the head) com-
pensates for the plasma wake�eld slope; the achieved 0.3 MeV energy jitter
is mainly due to the �uctuations of the witness-driver distance and plasma
density. The energy spread of the accelerated witness is preserved, while its
higher normalized emittance indicates a transverse mismatch of the beam in
the plasma.

The witness is located in the positively charged region produced by the
driver: its energy spread progressively reduces along the capillary longitudi-
nal coordinate z, until a minimum is reached in the middle of the capillary,
and then grows during the acceleration process in the second half owing to the
phase-space rotation.
The beam is extracted from the capillary by means of the second triplet of per-
manent quadrupole magnets and matched into the SPARC_LAB FEL beam-
line. Both driver and witness bunches are transported through the undulators,
even if the former has a much larger energy spread and is optically mismatched
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to the FEL focusing-defocusing (FODO) lattice.

FEL radiation with spectrum peaked at a resonance wavelength λ ≈ 830
nm is produced by the beam passing through the undulators. After each un-
dulator, the photodiodes collect the light emitted, thus measuring the growth
of the pulse energy. By comparing the photodiode signals with and without
the witness bunch, it was possible to verify that the mismatching and poorer
quality of the driver beam prevent light ampli�cation from the driver alone. For
each photodiode, 200 consecutive shots were acquired, and the average energy
of the 10% most intense pulses has been measured. An average background
signal resulting from the energy-depleted driver was also measured by turning
o� the witness and then subtracted.

The energy growth along the FEL beamline is reported in Fig. 4.2: the
numerical �t computed on the measured energies according to the exponential
law E ∼ exp(z/Lg), in which Lexpg = 1.1 ± 0.1 m is the experimental gain
length, is shown.

Figure 4.2: Exponential energy gain of the ampli�ed light
along the six SPARC undulators, measured with the photo-
diodes (blue circles), from [123]. The red line shows the com-
puted exponential �t over the experimental data. The resulting
FEL simulation (green triangles) is also reported. The error
bars are computed as the standard deviation of the signal am-

plitudes measured at each point.

I contributed with the simulation of FEL ampli�cation by the witness beam.
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A set of 100 independent runs of the code GENESIS 1.3 [147] was processed sim-
ilarly to the measured data, by statistically varying the electron beam macro-
scopic parameters (charge, emittance, energy spread and duration) within the
experimental errors to estimate the energy �uctuations.
The simulated energies, reasonably matching the measured ones, are also re-
ported in Fig. 4.2: the resulting gain length, computed on the 10% most
energetic shots, amounts to Lsimg = 1.26 ± 0.13 m. Due to the large coopera-
tion length with respect to the short electron beam, this FEL operates in the
single-spike SASE regime: as already discussed in Chapter 1, large shot-to-shot
�uctuations are expected and e�ectively observed in both the experiment and
the simulations [11].

The imaging spectrometer at the end of the beamline was used for spectral
measurements. Fig. 4.3 reports the spectral distributions of the 20 shots with
the largest intensities (out of a distribution of 200 samples), together with the
statistical analysis in the bottom windows.

Figure 4.3: Spectral analysis of the ampli�ed light at SPARC,
from [123]. Top line: spectral distributions of 20 shots, selected
out of 200 for the highest pulse energy. Bottom line: histograms
of 200 consecutive experimental spectra, reporting the central

wavelength (left) and bandwidth (right) of the radiation.

The radiation is centred at λr = 826 ± 9 nm with bandwidth σλ = 4.7 ± 1.1
nm (corresponding to ≈ 0.6%).

Fig. 4.4 shows a single shot of the FEL radiation measured with the imaging
spectrometer. Good agreement between the simulations and the experiment is
con�rmed by looking at the simulated spectrum at the bottom. Both plots also
report the respective spectrum traces obtained by projecting the images over
the horizontal axis.



108 Chapter 4. Advancements for a plasma-based FEL

Figure 4.4: Single-shot radiation spectrum from the plasma-
driven FEL at SPARC, from [123]. 2D traces of single-shot
spectra retrieved from experiment (top graph) and simulation
(bottom graph). The horizontal axis maps the wavelength dis-
persed direction and the vertical axis corresponds to the vertical
position on the spectrometer CCD. The spectrum projection on
the horizontal axis is represented by the red traces in both pan-

els.

The �rst lasing of a FEL driven by a plasma beam-driven wake�eld acceler-
ator has been demonstrated in this experiment. The high quality of the plasma-
accelerated witness beam, together with the high stability and reproducibility
of the acceleration process, allowed to transport the beam along a segmented
undulator beamline and amplify FEL light in the near-infrared range. The ob-
served FEL performances closely match the theoretical expectations.
The scalability of this methodology to larger photon energies is enabled by a
precise knowledge of the beam phase space from injection and propagation in
the plasma up to the capture at its exit.

A limiting factor of this experiment is the small achieved transformer ratio
(see Appendix C for its de�nition), mainly linked to the characteristic produc-
tion of the bunches. Possible improvements are under investigation and may
arise from the optimization of the bunches used in plasma acceleration such as
their shaping.

Nevertheless, this is a promising result in view of EuPRAXIA [192], and
indicates an alternative way to similar results achieved with a plasma driven by
a laser source [122]: the generation of electron beams with su�cient quality to
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induce light ampli�cation in a single-pass FEL has been demonstrated by both
techniques. Such results represent an important milestone for next-generation,
compact and multidisciplinary user facilities.

This experiment paved the way to a second experiment at SPARC_LAB
[193], which uses a fraction of the photo-cathode laser for seeding the plasma-
accelerated electron beam with the aim of improving the stability of the am-
pli�ed FEL radiation pulses with respect to the reported SASE performances.

4.1.2 Seeded plasma-driven FEL

As seen in section 4.1.1, the good qualities of the accelerated witness beam
allowed to drive the SPARC_LAB FEL starting from shot-noise [123]. The
instability of the pulses is due to the plasma acceleration process, leading to
�uctuations of the particles' macrosocopic properties, as well as to the intrinsic
�uctuations of the single-spike SASE emission.

A second experiment aimed at improving the stability of the FEL and
demonstrating stable generation of intense ampli�ed radiation from a FEL
driven by a centimeter-scale plasma accelerator has been carried out. In this
case, the plasma-accelerated witness bunch gets seeded by a fraction of the
photo-cathode laser, namely a conventional Ti:Sa laser at about λ = 795 nm.

The Ti:Sa system delivers ≈ 20 mJ energy pulses with ≈ 100 fs duration at
10 Hz repetition rate. The main infrared pulse is sent to two di�erent lines: in
the �rst one, carrying most of the energy (tens of mJ), the signal is converted to
UV and used to generate the driver and witness bunches on the photo-cathode;
the low energy (hundreds of nJ) line is used both to drive an Electro-Optical
Sampling diagnostics and as seed laser for the FEL beamline.
After laser adjustments in terms of temporal duration, transverse size and en-
ergy (1-100 nJ), the transfer line injecting the seed laser consists of two mo-
torized in-vacuum high-re�ective mirrors. Su�cient temporal overlap with the
ultra-short witness is ensured by means of a 15 cm glass material stretching
the pulse and inducing a group-delay-dispersion of about 187 fs2/mm, while
a motorized delay-line allows to tune the delay between the seed laser and the
electron bunches.

The main characteristics of the seed laser are summarized in Table 4.2.
The seed pulse is much larger than the electron bunches and its size corresponds
to a Rayleigh length of about 30 m: for this reason, the pulse dimensions renain
almost unaltered from the entrance to the end of the SPARC undulator line.
The divergence angle is about 0.2 mrad and the angular jitter is computed to
be 0.15 mrad.
Apart from the seeding portion, featuring a transfer line for the seed pulses
and a magnetic chicane used to horizontally displace the beam and allow the
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Table 4.2: Characteristics of the seed laser for the plasma-
driven FEL experiment at SPARC_LAB.

Seed parameter Unit

Wavelength λL nm 797± 3
Bandwidth σλ nm 7± 1
Pulse energy EL nJ 24.2± 0.2

Pulse duration τL (rms) fs ≈ 250
Pulse size σL µm > 500
Transverse jiter µm ≈ 25

injection of the seed laser on the same path, the experimental set-up is the one
already shown in Fig. 4.1.

The bunch properties for the driver and witness bunches are similar to the
one of the previous experiment: the driver bunch at the capillary entrance is
215 ± 5 fs-long (rms) and characterized by an energy of 87 ± 0.1 MeV with
0.23 ± 0.01 rms energy spread, a charge of 200 ± 5 pC and 2.5, 1.7 ± 0.2 µm
normalized emittance in x, y respectively. Its core loses about 8 MeV in the
plasma. The main parameters of the witness bunch before and after the plasma
are instead summarized in Table 4.3.

Table 4.3: Plasma-driven FEL at SPARC_LAB: witness
bunch at the plasma and undulator entrance. The reported
values after acceleration, at the undulator entrance, are aver-
ages over 500 consecutive shots. The normalized emittance is

here reported. All the quantities are quoted as rms.

Plasma entrance Undulator entrance

Charge (pC) 20± 2 20± 2
Duration (fs) 30± 3 30± 3
Energy (MeV) 86.6± 0.1 92.5± 0.3
Energy spread (MeV) 0.31± 0.02 0.31± 0.08
Emittance (µm) 1.4(x), 1.2(y)± 0.5 2.7± 0.7(x), 1.8± 0.2(y)

At the entrance of the �rst undulator, the witness beam size is ≈ 200 µm, with
a transverse jitter of ≈ 20 µm. The results are obtained in the quasi-nonlinear
(QNL) regime, where the driver bunch density exceeds the plasma one and in-
duces blowout but, due to its relatively small charge, the produced disturbance
is linear.

The resonant wavelength of the FEL (≈ 827 nm) is set to be slightly di�erent
with respect to the seed one to be able to discriminate the two contributions
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from the retrieved spectrum traces: the FEL pulse energy may reduce to the
SASE one for large wavelength separations, but this does not prevent the FEL
light ampli�cation and stabilization provided by the seed.
The light is collected by using the calibrated photo-diodes downstream each
undulator: Fig. 4.5 shows the measured energies of the FEL radiation detected
with the photo-diode downstream the last undulator.

Figure 4.5: Seeded plasma-driven FEL experiment at
SPARC, from [193]. Energies of the detected FEL radiation
downstream the last undulator. The total signals, coming from

both driver and witness bunches, are reported.

The total energies coming from both driver and witness bunches, as well as the
background induced by the unampli�ed driver only are reported.
The detected radiation energies (Epd) after each undulator are plotted as a
function of the longitudinal coordinate (z) in Fig. 4.6, with (seeded regime)
and without (SASE regime) the seed laser [193].
The reported energy values correspond to the average of the 30% more intense
pulses out of 200 consecutive shots. The average background signal resulting
both from the seeding laser and the energy-depleted driver was measured by
turning o� the witness, and then subtracted.

The dashed lines show the numerical �t computed on the measured energies
according to the exponential law Epd ∼ exp(z/Lg). SASE operation results in a
gain length of LSASEg = 1.1±0.1m and a maximum energy gain ESASEpd ≈ 30 nJ,
while Lseededg = 1.03± 0.1 m and Eseededpd ≈ 1.1 µJ in the seeded con�guration.
An exponential growth of about four orders of magnitudes is observed in both
regimes.

The observed ampli�cation is con�rmed by simulation results, also shown
in Fig. 4.6: a set of 100 independent runs were simulated with the code GEN-
ESIS 1.3 [147] and processed similarly to the measured data, by statistically
varying the beam macroscopic parameters (charge, emittance, energy spread
and duration).
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Figure 4.6: Seeded plasma-driven FEL experiment at
SPARC, from [193]. Energy gain obtained with the seed laser
on and o� along the undulators (red crosses and blue diamonds,
respectively). The dashed lines show the exponential �t of the
experimental data. The resulting FEL simulations (green and
purple stars) are also reported. The error bars are computed
as the standard deviation of the signal amplitudes measured at

each point.

The simulation includes the propagation of the seed laser pulse: the best agree-
ment of the simulated exponential gain with the experimental data is obtained
by delaying the seed laser pulse by 100 fs with respect to the witness bunch.
Such delay mimics the average spatio-temporal misalignment between the seed
laser and the electron bunch paths that occurred experimentally.

The energy �uctuations are mainly due to the jitters of the macroscopic
witness beam parameters (in terms of energy, spread and emittance) and the
microscopic shot noise initiating the ampli�cation process. The 100% intensity
�uctuations observed in a FEL ampli�er starting from shot noise and supporting
a single longitudinal mode are reduced by the seed pulse [193]. The radiation
reproducibility is enhanced, resulting in a stability of 89 ± 3%, compared to
27± 5% in SASE mode.

Spectral measurements were carried out with the imaging spectrometer at
the end of the undulator sequence. Fig. 4.7 shows 100 consecutive shots ac-
quired in SASE (left) and seeded (right) con�guration, with the seed laser
turned o� or on respectively.
By averaging the acquired signals, the resulting central wavelength is λr =
827 ± 7 nm, with a bandwidth σλ = 4.5 ± 1.2 nm (corresponding to ≈ 0.6%).
A similar result is obtained in the SASE con�guration (λr = 826± 9 nm with
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Figure 4.7: Seeded plasma-driven FEL experiment at
SPARC, from [193]. Comparison between 100 shots acquired
in SASE and seeded FEL con�gurations with the seed laser

turned o� and on, respectively.

σλ = 4.7± 1.1 nm): therefore, the seeded emission occurs at close to the undu-
lator resonance and there is a redshift with respect to the seed laser wavelength
(see Table 4.2), similarly to what observed in [194]. Comparing the two regimes,
the pulse energy rms �uctuation is 17% in SASE and it reduces to 6% in the
seeded scheme.

Fig. 4.8 shows a single-shot of the seeded FEL radiation measured with
the imaging spectrometer (left), to be compared to a simulated single-shot of
the seeded FEL radiation (right); the respective spectrum trace obtained by
projecting the images over the horizontal axis is also reported.
Also in this case, the redshift from the seed wavelength is con�rmed.

This is the �rst proof-of-principle experiment demonstrating stable and re-
producible generation of coherent ampli�ed FEL radiation driven by a centimeter-
scale plasma accelerator. The results indicate that the use of an external laser
allows to seed the emission process from a plasma-accelerated bunch and stabi-
lize its ampli�cation along six undulators, strongly suppressing the �uctuations
observed in previous experiments operating in the SASE regime. Further im-
provements of the stability of the emitted radiation from the witness beam
could only be available by stabilizing the plasma formation and acceleration
process, thus depend on the intrinsic electron beam �uctuations.
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Figure 4.8: Seeded plasma-driven FEL experiment at
SPARC, from [193]. Snapshot of the radiation spectrum. Two-
dimensional traces of single-shot spectra retrieved from the ex-
perimental (left) and simulated (right) data in the seeded con-
�guration. The horizontal axis reports the wavelengths and the
vertical axis corresponds to the vertical size of the radiation.
The orange line shows the spectrum projected along the hori-

zontal axis.

4.2 EuPraXiA@SPARC_LAB: FEL beamlines

A short introduction to the EuPRAXIA project was given at the end of Chapter
2. This section is dedicated to EuPRAXIA@SPARC_LAB [138], the Italian
contribution to the project.

As aforementioned, the R&D activities and experiments at SPARC_LAB
are fundamental steps towards the implementation of the plasma beam-driven
FEL concept in Frascati. For this reason, the study and development of the X-
band RF LINAC, the beam-driven plasma module and the FEL beamlines fall
under the name EuPRAXIA@SPARC_LAB, the Frascati beam-driven plasma
accelerator and related applications of the EuPRAXIA project.

This facility, to be built in the INFN laboratories in Frascati, includes an X-
band normal-conducting RF LINAC [195] combined to the beam-driven plasma
accelerator to drive two FEL beamlines, discussed in the next sections.
The design of the layout of both the acceleration stages and FELs is still in
progress: the preliminary up-to-date layout of the compact accelerator driving
the FEL sources is shown in Fig. 4.9.
The design aims at a slice energy spread of 0.05% or lower [121], keeping the
energy spread and transverse quantities under control by operating at 0.85
GeV/m accelerating gradient.

The space allocated in the bunker for the gun, S-band, X-band LINAC and
the plasma module amounts to about 130 meters, followed by about 25 meters
for the undulators.

In conjunction with the optimization and experimental realisation of the
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Figure 4.9: Sketch of the preliminary Eu-
PRAXIA@SPARC_LAB acceleration and undulator chain,
currently under study: two pairs of eight X-band accelerating
cavities, separated by a magnetic bunch compressor (BC)
and followed by the plasma module; the accelerated electron
bunches are driven in two parallel FEL beamlines (AQUA and

ARIA).

acceleration stages, two di�erent FEL beamlines have been proposed and are
still under study.

The main FEL source in the project baseline is a soft X-ray SASE FEL,
named AQUA and aiming at the water window around 3-4 nm [196]. Recently,
a second seeded FEL beamline in the VUV range, named ARIA, has been
proposed and included in the project baseline [197].

4.2.1 AQUA FEL beamline

The AQUA beamline is the baseline and fully-funded FEL of the EuPRAXIA@
SPARC_LAB infrastructure: it is a SASE FEL facility driven by 1 GeV elec-
tron bunches, accelerated in the X-band LINAC and the plasma wake�eld ac-
celeration stage, and working at 3− 4 nm (310− 410 eV photon energy) [196,
198].

Its goal is to deliver highly brilliant photon pulses with variable polariza-
tion photons for user applications in the water window, where 3D images of
biological samples, viruses or cells in their native environment can be obtained
processing several X-ray patterns by means of coherent di�raction imaging ex-
periments.
The switchable FEL polarization would allow to study chemical properties of
materials.

Table 4.4 shows the electron beam parameters expected from the EuPRAXIA
@SPARC_LAB accelerator at the repetition rate of 100 Hz and assumed for
evaluating the AQUA FEL performance in [198]. A maximum repetition rate
of 400 Hz could be sustained and an upgrade in this direction is planned.
The high-frequency operational range of the source and the limiting space con-
straints lead to demanding requests in terms of both electron beam quality and
undulator technology. The requests to the undulator con�guration include se-
lectable linear and circular polarization, high de�ection strength (K ≈ 1) and
�exibility in the wavelength tuning range.
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Table 4.4: EuPRAXIA@SPARC_LAB electron beam param-
eters for the AQUA FEL operation. The normalized emittance

is here reported. Repetition rate of 100 Hz.

Charge 30 pC
Bunch length (rms) 2 µm
Energy 1 GeV
Peak current 1.8 kA
Proj. energy spread 0.95 %
Slice energy spread 0.05 %
Proj. x,y emittance 1.7 mm mrad
Slice x,y emittance 0.8 mm mrad

Two undulator options are considered for the AQUA FEL: a 16 mm period
length super-conducting undulator and an APPLE-X variable polarization per-
manent magnet undulator with 18 mm period length. APPLE-type undulators
provide variable polarization, and the APPLE-X geometry is foreseen for its
higher magnetic �eld strengths.

The undulator chain is about 25 m-long and constituted by an array of ten
2 m-long undulator sections, separated by drift lengths of 60 to 80 cm for the
matching quadrupole magnets and diagnostics.

Few 1011 photons/pulse at 3− 4 nm wavelength are expected from prelim-
inary simulations [196, 198].

4.2.2 ARIA FEL beamline

ARIA is the name of the second FEL beamline of the EuPRAXIA@SPARC_LAB
project [197]. As sketched in Fig. 4.9, it could be placed in a parallel line with
respect to AQUA.
It has been recently included in the project baseline, although not yet fully
funded.

Layout and operationg modes

ARIA is a VUV seeded FEL source, whose layout and operational range is
similar to the original ones of FERMI FEL-1 [71]. It features the standard High-
Gain Harmonic Generation (HGHG) con�guration [82] (introduced in Chapter
1) and operates between 50 and 180 nm, thus extending the FERMI FEL-1
wavelength domain to longer wavelengths and being the only source to cover
this full spectral range in Europe.

Its layout is shown in Fig. 4.10 [199].
The electron bunches are energy modulated by the laser seed pulse, realised
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Figure 4.10: Layout of the ARIA HGHG FEL. The modula-
tor is a short undulator segment (in orange), where the electron
beam interacts with the external seed pulse and is modulated
in energy. The dispersive chicane (whose four bending dipoles
are sketched in black) converts the energy modulation into a
spatial one, therefore providing electron bunching at certain
harmonics of the seed. The radiation is ampli�ed in the radi-
ator stage, composed by four undulator modules (in dark red)
separated by a quadrupole magnet (in white), properly tuned

at the desired harmonics.

with commercial optical-parametric ampli�ers in the range 410-560 nm, in a
short modulator; the following dispersive section is a four-dipole chicane used
for electron density modulation at higher harmonics of the seed, and the desired
harmonics is ampli�ed in a �nal ampli�cation stage made up of four radiators.
The speci�cs of the undulators and seed pulse are summarized in Table 4.5.

Table 4.5: ARIA line: undulator (top) and seed laser (bot-
tom) speci�cations.

Undulator Modulator Radiator

Length (m) 3 4 x 2.1
Period length (cm) 10 5.5

Type Apple-II Apple-II

Seed Range Simulated

Wavelength (nm) 410-560 460
Pulse energy (µJ) 1-30 6-30

FWHM Duration (fs) 150-200 170

A long seed pulse with quite low intensity can be employed.
It is a compact beamline, based on consolidated undulator technology, where

the use of APPLE-II undulators leads to the ampli�cation of pulses with vari-
able polarization. Furthermore, it can operate with non excellent electron beam
qualities, making it potentially ready for user experiments since the �rst com-
missioning phase of the project.
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Its high �exibility allows operation with either plasma- or LINAC-driven
electron beams, characterized by poorer beam qualities and at an energy even
lower than 1 GeV. If plasma-acceleration is employed, a dogleg for the electron
transport or a second plasma stage can be foreseen.

Plasma acceleration provides low-charge short electron bunches, while the
LINAC can also deliver high-charge long electron bunches. It can therefore
work in two di�erent beam modes: a short beam mode, where low-charge and
short electron bunches from plasma are seeded by the long seed pulse, result-
ing in very short FEL pulses with a large gain bandwidth, and a long beam
mode, with high-charge and long electron bunches combined to the long seed,
resulting in narrow line-width FEL pulses which can be exploited for spectro-
scopic studies and further reduced by using a monochromator. These modes
are complementary to the conventional seeded regime used at FERMI [83],
where an ultra-short laser pulse seeds long electron bunches, leading to narrow-
bandwidth FEL pulses whose properties can be tuned by laser pulse shaping.
The synchronization with high harmonic generation sources or external lasers
enables multi-color multi-pulse pump and probe operation.

The main electron beam properties in the two operation modes are summa-
rized in Table 4.6.

Table 4.6: EuPRAXIA@SPARC_LAB electron beam param-
eters provided by the X-band LINAC and by the plasma wake-
�eld acceleration (PWFA). The normalized emittance is here

reported.

LINAC LINAC+PWFA

Charge (pC) 200 30
Bunch length (rms, µm) 34 2
Energy (GeV) 1 1
Peak current (kA) 0.7 1.8
Slice energy spread (%) 0.01 0.05
Slice emittance (mm mrad) 0.5 0.8

Due to the much longer seed duration, jitter issues are moderate.
When starting from shot-noise, without the seed, the FEL operates in single-

spike SASE mode [50] (see Chapter 1), characterized by �rst-order coherent
pulses with 100% intensity �uctuations: considering undulator modules similar
to the radiators, FEL saturation requires three to �ve more undulators and
FEL pulse lengths of the order of the cooperation length, dominated by the
bunch duration, are achieved.

In the seeded case, the short electron bunches lead to the single spike,
while the seed stabilizes the output by producing electron bunching for each
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pulse. Operation with a long seed and short electron bunch has not been widely
investigated.

Simulations and expected performances

This section deals with the expected and simulated performances of this FEL
source [199].

The expected pulse energies can be estimated according to the Xie model
[9], in both linear and circular polarization. Fig 4.11 show the results of this
analysis when the line is driven by the low-charge electron beam.

Figure 4.11: Low-charge beam mode from LINAC+PWFA
at EuPRAXIA@SPARC_LAB: expected pulse energy of the
ARIA FEL (µJ) vs electron beam energy (GeV) from Ming-
Xie relations in linear (left) and circular (right) polarization.

From [197].

In the analyzed electron beam energy range, pulse energies below 20 µJ are
achieved in linear polarization between 50 and 70 nm, while slightly larger
energies are obtained at longer wavelengths. The circular polarization enables
larger photon energies for medium wavelengths around 100 nm.

The performance with high-charge long electron bunches is shown in Fig.
4.12.
In this case higher, hundreds-µJ pulse energies are obtained in both linear and
circular polarization.

The expected pulse durations can be calculated as the Fourier Transform-
limit of the bandwidth resulting from Xie scaling relations: for a Fourier
Transform-limited pulse, the pulse duration is inversely proportional to the gain
bandwidth. Gain bandwidth is itself proportional to the FEL Pierce parame-
ter ρ, corrected for three-dimensional e�ects through the Ming-Xie formulas [9]

(see Appendix B), and to
√

LSASE
sat
Lu

: it is therefore larger for undulators shorter
than the length needed for saturation in SASE mode.
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Figure 4.12: High-charge beam mode from LINAC at Eu-
PRAXIA@SPARC_LAB: expected pulse energy of the ARIA
FEL (µJ) vs electron beam energy (GeV) from Ming-Xie re-
lations in linear (left) and circular (right) polarization. From

[197].

A large ρ parameter in the long wavelength range and the presence of the
seed, together with short and high-current electron bunches, enable the gener-
ation of ultra-short pulses. Short pulses feature large bandwidths; the goal is
going around or below 15 fs FWHM with the pulse duration.

Fig. 4.13 shows the expected pulse duration in the low-charge operation
mode.

Figure 4.13: Expected pulse duration (fs), calculated as the
Fourier-Transform limit of the bandwidth in the low-charge
working point, vs electron beam energy (GeV) for a 15 fs-long
(left) and 8 fs-long (right) electron bunch in circular polariza-

tion.

For a 15 to 8 fs-long bunch duration in circular polarization, 5-20 fs pulses are
produced in the wavelength range of operation.

Three-dimensional and time-dependent simulations have been carried out
by using GENESIS 1.3 version 2 [147] with the maximum available precision,
considering an ideal electron beam, with a Gaussian current pro�le and the
average properties listed in Table 4.6 at a maximum energy of 1 GeV, and a
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Fourier Transform-limited long seed pulse at 460 nm and tens-µJ pulse energies
(see the bottom part of Table 4.5 for the seed speci�cations).

The harmonic emission has been optimized by tuning the seed intensity and
the dispersion strength, so as to reach saturation at the end of the radiator; the
dispersion strength R56 is tuned by varying the dipole magnetic �elds [199].
Fig. 4.14 shows a plot of the needed seed energy (left axis) and dispersion
strength (right axis) to e�ciently amplify di�erent harmonic numbers HN, when
starting from the 460 nm seed.
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Figure 4.14: Required seed energy (µJ , left axis) and dis-
persion strength (µm, right axis) as function of the ampli�ed
harmonic number HN of the 460 nm seed pulse, from [199].

The result is independent of the two beam modes. In order to avoid early satu-
ration, seed intensity and electron bunching should be as minimum as possible,
exspecially at long wavelengths.

The simulated pulse energies at saturation are shown for the di�erent am-
pli�ed harmonic numbers and in both low-charge and high-charge beam modes
in Fig. 4.15. The plots show the achieved FWHM pulse duration on top of
each data point.
The numerical results presented in Fig.s 4.15 about pulse energy and duration
agree with the theoretical estimations described above (see Fig.s 4.11-4.12-4.13).
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Figure 4.15: a) Low-charge beam mode from
LINAC+PWFA, b) High-charge beam mode from LINAC:
achieved pulse energies (µJ) at saturation for the various
harmonic numbers of the 460 nm seed, from [199]. The FWHM

pulse duration is also speci�ed for each data point.

Regarding FEL emission at the third (∼ 153 nm) and nineth (∼ 51 nm)



4.2. EuPraXiA@SPARC_LAB: FEL beamlines 123

harmonics of the seed, Fig. 4.16 (see next page) shows the temporal and spectral
amplitudes of the FEL radiation obtained at saturation with the low-charge
(left) and high-charge (right) beam mode, respectively.
The �nal FEL pulses have a GW-peak power level and are quite narrow.

The radiation pulse properties of the two reported harmonic orders in the
short (a) and long (b) beam modes are summarized in Table 4.7.

Table 4.7: Radiation properties at about 153 and 51 nm (har-
monics orders 3 and 9, respectively) at saturation, in the short
(a) and long (b) pulse mode. *=saturation after 3 radiators.

Radiation properties / HN 3a∗ 3b 9a 9b

Wavelength (nm) 153 153 51 51
Pulse energy (µJ) 100 880 5 180

FWHM Duration (fs) 21 212 10 150
Time-BW Product (#) 2 2.7 0.69 3.8

Pulse size (mm) 0.74 0.85 0.43 0.35
Pulse divergence (mrad) 0.1 0.26 0.04 0.11

The lowest wavelength radiation pulses provided by the ARIA FEL feature
small bandwidths close to the Fourier limit. The FEL pulses can be further
narrowed by considering larger seed intensities and opening one radiator mod-
ule, which can then be used for pulse gymnastics or to generate double pulses.

The source could also operate in other interesting beam con�gurations, al-
ready investigated at SPARC [190] and FERMI [200]. For example, double
electron bunches and a common long seed pulse can be used to produce mul-
tiple phase-locked pulses, and change the relative electric �eld phase by using
the phase shifter in-between radiator modules. A chirped laser pulse as seed of
the double bunches could allow to amplify di�erent colors. The radiators can
be also tuned at di�erent harmonics.

The ARIA FEL beamline, seeded by a near UV/blue laser, is a promising
resource to build a user community from the early start-up of the facility. Tol-
erance studies of the electron beam parameters and their �uctuations, including
the in�uence of the full 6D electron beam phase space distribution in the sim-
ulations, are foreseen; preliminary results obtained with the inclusion of the
electron phase space from plasma acceleration show comparable performances
to the one reported here.

Scienti�c goals

Di�erent experimental opportunities in the �elds of atomic, molecular and clus-
ter physics are envisioned with the ARIA FEL beamline [197].
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Figure 4.16: Low-charge, short beam (top) and high-charge,
long beam (bottom) mode: temporal (bottom part of the
graph) and spectral (on top) distributions at saturation for the
third (λ = 153 nm, in yellow) and nineth (λ = 51 nm, in or-
ange) harmonics of the seed pulse. The power pro�le for the
shorter wavelength case in the low-charge beam case has been

shifted and ampli�ed for a better visualization.
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Its photon energy range will give access to the photo-ionization thresholds
and to the valence ionic states of atmospheric constituents, and its pulsed time
structure makes it an ideal source for spectroscopy and to study dynamics
induced by light in such complex media.

Such a VUV-FEL would enable the production of tunable radiation pulses
from the visible into the deep UV, suitable to probe new electronic transitions
within the 7�20 eV range for classes of cluster materials, such as nano-carbons.
Due to the extremely low number of target particles in cluster experiments,
great advances are expected at a VUV-FEL; studies on aggregates of elements
with high vaporization temperatures, whose main goal is to look at the for-
mation of free clusters of varying chemical nature [201] by means of resonant
techniques, would be possible.

The variable polarization of the light pulses allows to obtain important in-
formation on correlating chirality and natural dichroism in biotic media. More-
over, the high brightness of this FEL source could enable the �rst direct analysis
of systems with low density, as well as spectroscopic studies of exotic species.

The photo-dissociation of molecules by the bright and tunable FEL pulses
and subsequent analysis of the fragment by time-of-�ight spectroscopy, as al-
ready performed at the Dalian coherent light source [202] in the same photon
energy range covered by ARIA, would also be possible.

In the time-resolved pump (external laser) and probe (FEL) con�guration,
this FEL beamline provides a powerful tool for the investigation of excited
states, such as excitons and polarons.

The ARIA FEL has raised interest from the scienti�c community, e�orts to
get fundings and more detailed studies in the framework of the EuPRAXIA@
SPARC_LAB Technical Design Report are ongoing.
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Chapter 5

Conclusions and Outlooks

The studies reported in this thesis aim at exploring possible solutions to two
main topics at the frontier of Free-Electron Laser (FEL) physics: new advanced
sources and schemes for external seeding techniques are required to overcome
the intrinsic limitations of conventional laser systems in terms of maximum
repetition rate and minimum wavelength, thus simultaneously providing coher-
ent and high repetition rate pulses to enable high resolution and statistics in
experiments; new acceleration schemes, possibly combined to the newly con-
ceived seeding set-ups, have the potential to decrease the demanding footprint
of a FEL machine, paving the way to more compact schemes and making its
high-quality pulses available to a broader community. These research lines have
been here addressed in the framework of two projects, introduced in Chapter
2: on one hand, MariX is the project of a medium-size research infrastructure
exploiting the two-pass two-way acceleration in a super-conducting LINAC to
drive a seeded and high repetition rate X-ray FEL; on the other hand, Eu-
PRAXIA is the European project of a compact FEL user facility driven by a
plasma-based accelerator.

Chapters 3-4 showed simulation results that have been already published
and contributed to the design studies of both MariX and EuPRAXIA. As out-
lined in Chapter 3, the FEL Oscillator con�guration has been modelled, de-
signed and its operation analysed in the THz, Extreme-Ultraviolet (EUV) and
X-ray spectral range, starting directly from the electron shot-noise and pointing
out the possibility to use the produced radiation pulses as a coherent seed at
high repetition rate and short wavelength.
An oscillator scheme based on a THz cavity has been studied in the frame-
work of the BriXSinO project, originally conceived as MariX demonstrator and
composed by a super-conducting energy-recovery LINAC equipped with a re-
circulating arc: suitable working points have been determined, focusing on the
main constraints posed by FEL operation in this long wavelength domain.

A slightly more complex cavity, exploiting a secondary working point of
the MariX injector and equipped with multi-layer mirrors for delivering EUV
pulses at about 13.6 nm, has been also designed and investigated. The reduced
electron beam repetition rate of this injection mode results in a long optical
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cavity with a four-mirror bow-tie con�guration: the needed cavity length is in-
versely proportional to both the electron beam repetition rate and the number
of round-trips performed by the radiation in-between two consecutive electron
bunches, and a more reasonable cavity length could be possible if higher repe-
tition rates or highly re�ective mirrors were available.
The novel idea was to employ the resulting FEL oscillator as seeding source for
an oscillator-ampli�er layout of the MariX FEL: two di�erent cascaded ampli-
�ers have been proposed at the end of Chapter 3, namely a fresh-bunch three-
stage harmonic cascade and an Echo-Enabled Harmonic Generation (EEHG)
FEL set-up seeded by the oscillator pulses. In both cases, the X-ray range
is reached through harmonic up-conversion techniques, thus extending the op-
eration of conventional seeded schemes to higher repetition rates and shorter
wavelengths. The generation of coherent, stable, ultra-short (1 − 10 fs) and
highly brilliant radiation pulses, carrying 108 − 1010 photons/shot at 0.5 MHz,
has been successfully simulated up to the 35th and 50th harmonic of the seed
fundamental wavelength, respectively.
In order to verify the stability of the proposed set-ups, further analysis might
include their simulations with a start to end electron beam, taking into account
possible degradations due to non-ideal electron beam properties and collective
instabilities. Moreover, a very precise timing control is assumed in the inves-
tigated fresh-bunch harmonic cascade, and further tolerance studies and opti-
mizations are crucial for a possible future experiment. The analysis of these
schemes are based on the MariX super-conducting LINAC, which operates in
CW mode at 1 MHz. A proof-of-principle experiment of the proposed schemes
would bene�t from operation at higher repetition rate, and experimental tests
should be foreseen to assess their feasibility and identify technical limitations,
such as the high power density on the mirrors and their re�ectivity. The oscilla-
tor start-up from shot-noise has been considered: even if still depending on the
availability of suitable mirrors, this choice is driven by the fact that the funda-
mental wavelength is independent of seed laser sources and allows to conceive
a more tunable radiation source. The start-up from a low repetition rate seed
laser could be investigated as well: this operation, recently proposed in litera-
ture, allows to synchronize the seed laser with an higher repetition rate seeded
FEL pulse for pump-probe experiments, but an higher frequency up-conversion
ratio would be required to reach the X-ray range.

A similar cavity con�guration has been adopted to study an X-ray Free-
Electron Laser oscillator, whose cavity is equipped with Diamond crystal mir-
rors, as direct source of coherent and high repetition rate tender X-rays for
MariX. This case study contributes to the ongoing e�orts towards the design
and future development of oscillators directly operating in such ambitious and
fruitful spectral range. The ampli�cation of stable and monochromatic radia-
tion pulses at 3 keV and 1 MHz was simulated in this case.
The reported simulations of the oscillator con�guration rely upon the present
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mirror availability in the di�erent spectral ranges as well as experimental stud-
ies that have been published in literature; however, due to the poor availability
of experimental data in some cases, adequate mirrors need to be experimentally
checked and their re�ectivities determined.

Recently published results and design studies in collaboration with SPARC
_LAB in the framework of EuPRAXIA are detailed in Chapter 4. Its �rst
part reports two interesting results: the �rst one concerns the �rst proof-of-
principle experiment demonstrating self-ampli�ed spontaneous emission in a
Free-Electron Laser driven by a centimeter-scale beam-driven plasma accel-
erator; a second experiment demonstrated production of stabilized radiation
pulses by laser seeding the same set-up. Based on the experimentally achieved
electron beam properties, I contributed with the simulation of the ampli�ca-
tion process and analysis of the experimental data. Hundreds nJ to µJ-level
pulse energies at about 830 nm after a chain of six planar undulators were ob-
served and simulated in the two experiments, respectively, and the seed laser
allowed to enhance the radiation stability and reproducibility. Further studies
on the bunches' generation and plasma acceleration are ongoing to increase the
achieved transformer ratio.

The second part of Chapter 4 deals with the design of the EuPRAXIA FEL
beamlines. In particular, I focused on the longer wavelength line, namely a
High-Gain Harmonic Generation Free-Electron Laser seeded by a near-ultraviolet
laser pulse and working between 50 nm and 180 nm: theoretical studies and
simulations of its performances starting from a LINAC-driven high-charge and
a plasma-driven low-charge electron beam were presented, highlighting the �ex-
ibility of the source and showing its potentials for establishing a user community
from the early start-up of the project. As a future step in the design of this FEL,
the inclusion of the full-6D electron beam phase space and tolerance studies of
its �uctuations are foreseen.
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Appendix A

Light sources: from

Synchrotrons to Free-Electron

Lasers

Synchrotron light sources are based on the synchrotron radiation tangentially
emitted by relativistic charged particles travelling bent trajectories under the
in�uence of magnetic �elds [203]. For a particle of energy E and mass m, the
emission of synchrotron radiation power is proportional to (E/m)4, so that
synchrotron light sources are basically particle accelerators for electrons or
positrons rather than protons.

The history of light sources [204] follows the development of particle ac-
celerators: the growing demand for higher electron beam energies and stored
beam currents led to the invention of storage rings, which are the technological
basis for all circular light sources nowadays. Synchrotron radiation was �rst
demonstrated in 1947 in General Electric's research laboratories [203], and was
considered as a limiting factor for high-energy physics experiments, leading to
energy losses. For this reason, the �rst generation of synchrotron light sources
parasitically used the synchrotron radiation emitted in bending magnets of
storage rings operated for particle physics. Two examples, later upgraded into
the second generation, were the DORIS (Double Orbit Ring System) at DESY
and CESR (Cornell Electron-positron Storage Ring) at Cornell. The potential
use of the light produced for studies of matter was soon discovered and led to
the second generation light sources in the 1970s. It was a necessary upgrade
due to the demands of high-energy physics experiments: the machines' geom-
etry was changed and longer arcs delivering more synchrotron radiation were
installed. The third generation features machines optimized for smaller emit-
tance beams and using many straight sections; linear accelerators (LINACs),
aiming at the generation of short and narrow-bandwidth pulses, were developed
in this period. These sections usually host insertion devices, such as undulators
or wigglers, whose concept was proposed by V. Ginzburg in 1947: it is an array
of alternating magnets whose �eld forces the electrons passing through to move
on sinusoidal trajectories. Novel technologies, based on electron accelerators,



132 Appendix A. Light sources: from Synchrotrons to Free-Electron Lasers

lasers and their combination, have determined the upgrade from the third to the
fourth generation of synchrotron radiation sources based on di�raction-limited
storage rings, such as MAX IV [205] and PETRA IV [206], as well as the suc-
cessful implementation of Free-Electron Lasers (FELs) and inverse-Compton
scattering (ICS) light sources. The FEL basic principle and concept, based on
the synchrotron radiation tangentially emitted by relativistic charged particles
travelling bent trajectories under the in�uence of magnetic �elds, was originally
introduced in 1971 by John Madey [1] and was soon demonstrated by Madey
and colleagues [3]: most of the experiments initially used low-gain oscillators,
where the light was generated and ampli�ed in consecutive passes through an
undulator enclosed in an optical cavity. Single-pass high-gain FELs exploiting
long undulators and high quality electron beams to reach saturation were in-
troduced by Kondratenko and Saldin [7], and the FEL collective instability was
then theoretically described by Bonifacio, Pellegrini and Narducci [41]. This
FEL con�guration opened the way to shorter wavelengths reaching the X-rays:
FLASH [] was the �rst X-ray FEL (XFEL) to start operation in 2005, and
many other XFEL user facilites were studiued and built worldwide.

Some peculiar properties of the light generated by radiation sources are its
bandwidth, �ux, coherence and brilliance (also called brightness). The band-
width represents the radiation spectral width BW = ∆λ/λ for a certain wave-
length λ, the �ux Φ = Nph/s is given by the number of photons emitted per
second, while the coherence refers to the pulses' stability. Coherence is an im-
portant property describing the degree of phase correlation of a light wave at
two di�erent spatio-temporal positions. In particular, the transverse (or spa-
tial) coherence degree is estimated by a normalized auto-correlation function []
considering two di�erent positions r1,r2 in the transverse plane:

Gtransverse =
⟨E(r1)E

∗(r2)⟩√
⟨|E(r1)|2|E(r2)|2⟩

(A.1)

where E indicates the electric �eld wave. It is experimentally measured with
the Young's double slit experiment. The longitudinal (or temporal) coherence
can be roughly measured by comparing the wave bandwidth to the bandwidth
of the transform-limited case corresponding to the measured pulse duration, or

the pulse duration to the coherence time τc =
∫ (

exp
(
−σ2

ω(z)t
2

2 )
))2

dt ≈
√
π

σω(z)
.

In this case, the longitudinal coherence degree considers two di�erent temporal
positions t1,t2

Glongitudinal =
⟨E(t)E∗(t− τ)⟩√
⟨|E(t)|2|E(t− τ)|2⟩

(A.2)

where t = t1 and τ = t1 − t2. The longitudinal coherence of a wave pulse is
experimentally measured with a Michelson Interferometer. The range of the
coherence degree is 0 ≤ G ≤ 1.

The source brilliance is an important property and the most signi�cant
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�gure of merit, that describes the number of photons per unit time (�ux), per
0.1% bandwidth (BW) and per unit phase space area, thus quantifying the
radiation quality. It is de�ned as

B =
Φ

(2π)20.1%BWΣxΣ′
xΣyΣ

′
y

where Σx,y =
√
σ2x,y + σ2R and Σ′

x.y =
√
σ′2x,y + σ′2R are a convolution of the

electron beam (σx,y, σ′x,y) and radiation (σR, σ′R) transverse rms sizes and di-
vergences. No optical technique can improve the radiation brightness: adding a
monochromator can improve the longitudinal coherence but it reduces the �ux,
adding an aperture and reducing the vertical size decreases the �ux and in-
creases the divergence, respectively. The peak brilliance of di�erent synchrotron
radiation sources is shown in Fig. A.1. The synchrotron radiation emitted from

Figure A.1: Peak brilliance of synchrotron radiation sources
as a function of photon energy.

bending magnets is characterized by a broad spectral range, which limits the
brilliance to about B = 1012mm−2mrad−2s−1(0.1%BW )−1, not su�cient for
the investigation of atomic structures. The undulator radiation has a narrower
spectral range (smaller bandwidth and opening angle), achieving peak bril-
liances in the order of B = 1021mm−2mrad−2s−1(0.1%BW )−1. One of the most
brilliant third generation synchrotron light sources is the PETRA synchrotron
light source at DESY [206]. FEL radiation provides a peak brightness which
is up to ten orders of magnitude higher compared to third-generation storage
rings. The brilliance, intensity and spectrum improvements from bending mag-
nets to FELs is shown in Fig. A.2. The average brilliance is the product of the
peak brilliance, the pulse repetition rate and the pulse duration with the Super
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Figure A.2: Increase in brilliance due to new technologies
(left) and Spectral range and intensity for di�erent devices used

in radiation sources (right).

Conducting technology providing MHz repetition rates and a strong increase
in average brightness.

Science with synchrotron radiation

The radiation produced from a synchrotron light source, tipically based on a
large infrastructure shared by thousands of users, has become a successful and
widespread advanced analytical tool for the determination of the properties of
matter. Electromagnetic radiation is exceptionally well suited for these pur-
poses as it interacts mainly with the electronic clouds of atoms, ultimately
responsible for the chemical and physical properties of materials [8]; its wave-
length can be adjusted to match the interatomic distances to study structures
with di�raction, while its energy can be tuned to match electronic resonances
to amplify signals and gain chemical selectivity. Photon beams with energies
ranging from 10 eV to 300 keV can be focused onto small samples, usually after
monochromatization, and their scattering or absorption by the material un-
der study provides invaluable information, from the atom positions in crystals
and molecules, to the electronic and magnetic microscopic organization, to the
mesoscopic and microscopic distribution of particles, defects and domains. For
these reasons, despite the drawback of requiring a high level of concentrated
economical investment, synchrotron radiation has grown in popularity in the
last 30 years.
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Science with FEL radiation

Electromagnetic radiation from FELs must be used for experiments otherwise
impossible with the more traditional synchrotron radiation sources. Table A.1
highlights the advantage of using FELs in experiments, compared to other light
sources, while Figure A.4 (see next page) reports the time scales accessible by
FEL based experiments [8].

Table A.1: Properties of di�erent light sources: comparison.

Source Photon Flux Tuneability Brilliance Time resolution

X-ray tube Low No Low (∼ 107) Low (ns)

Synchrotron High Yes High average (∼ 1022) Good (ps)

FEL Medium Yes High peak (∼ 1033) High (fs)

The interest in X-ray FELs is motivated by their characteristics of tuneability,
coherence, high peak power, short pulse length which allow to explore matter
at the length and time scale typical of atomic and molecular phenomena.
With the peak brilliance of an FEL, one has many photons (1011−1013 photons
reaching the sample in a 10 − 100fs �ash). Usually this light is concentrated
in a focal spot of few micron diameter and is absorbed in a depth of the order
of 1 micron in condensed matter. This means that, on average, every atom in
the interaction volume absorbs or scatters one photon in a time of few tens of
femtoseconds: a very strong perturbation to the system, that often leads to the
explosion of molecules and the sublimation of solid samples if the intensity of
the beam is not reduced [8].
Fig.s A.3-A.4 show typical electron beam temporal structures from some ex-
amples of FEL facilities worldwide and time scales investigated in FEL exper-
iments, respectively.
Whenever possible, the sample is made to �ow, as gas or liquid or microcrys-
tal suspension in a liquid, and automatically fresh sample is exposed to each
�ash of UV or X-ray radiation. But even then one has to be con�dent that
the alteration in the molecular and electronic structure does not happen before
the radiation pulse has �nished interacting with the sample: it is the " di�ract
before destroy" approach. The same approach is much more di�cult to realize
in the case of solids, even if one thinks of moving the sample continuously un-
der the beam; therefore, the pulse energy is usually reduced when dealing with
solids.

The large number of photons per pulse allows to determine the structures of
complex molecules or nanosystems in a single shot, to study non linear phe-
nomena and high energy density systems. The transverse coherence gives new
possibilities of imaging at the nano and sub-nano scale. An X-FEL opens a
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Figure A.3: Temporal pulse structure achieved by MariX
compared to other facilities worldwide, from [8].

Figure A.4: Time scales accessible by FEL-based experi-
ments, from [8].

new physics, leading to the observation of new interesting processes like: make
movies of chemical dynamics in action, study the structure and time-resolved
function of single molecules, do 3D imaging and dynamical studies of the bio-
world, solve the transient structure of liquids, characterize the transient states
of matter created by radiation or pressure.
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Appendix B

Free Electron Laser Theory

This Appendix deals with the main notions and equations governing the FEL
physics. Some basics of accelerator physics are given in the �rst section. The
second section deals with undulator physics and the electron motion within. It
follows the FEL theory with the derivation of the FEL integral equation in the
di�erent regimes.

B.1 Accelerator & Electron beam physics

The dynamics of relativistic charged particles in the presence of electro-magnetic
�elds is the main object of accelerator physics.

Here, the case of linear electron accelerators is considered. High-gain FELs
put stringent requirements on beam size, divergence and bunch length (which
is directly associated to the peak current): the �rst two, beam size and diver-
gence, are related to the beam transverse dynamics, while the bunch length is
controlled with the compression and related to the longitudinal beam dynamics.

B.1.1 Transverse Dynamics

The electron beam is described by a 6D phase space (x, x′, y, y′, δ, s), where the
coordinates x and y are the transverse horizontal and vertical displacements
respectively, x′ = px/p and y′ = py/p are the transverse angular displacements
(p is the beam momentum), δ = ∆p/p0 is the relative momentum o�set (p0 is
the nominal momentum) and s is the longitudinal intra-bunch coordinate along
the trajectory. The reference particle has the nominal energy and always stays
on the design trajectory, thus (x=0, x'=0, y=0, y'=0, δ=0, s=0).

Even if the electron bunches follow the nominal trajectory, the single elec-
trons within each bunch tend to diverge. Transverse magnetic �elds are there-
fore used to keep them as close as possible to the nominal trajectory de�ned
by the reference particle: electrons experience the Lorentz force

F = e(E + vxB)
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where e is the electron charge, while E and B represent the electric and mag-
netic �elds. For an electron in equilibrium with the centrifugal force Fc =
mev

2
z/Rc (me is the electron rest mass and Rc the radius of curvature of the

trajectory), moving with a purely longitudinal velocity vz and experiencing a
magnetic �eld By, the Lorentz force is Fx = −evzBy. The magnetic rigidity is
determined by equating these two forces

ByRc =
p

e
.

Assuming relatively small transverse displacements of the electron, the mag-
netic �eld By can be expanded in series; dividing all the resulting terms by p/e,
di�erent multipole terms are found.

The �rst term, scaling as 1/Rc, is the dipole term: in an accelerator,
dipoles are used to keep the electrons close to the nominal path by steering the
trajectory of all electrons independently of their position, if The linear term
in the transverse displacement, scaling as x(p/e)−1, is the quadrupole term:
quadrupoles focus and defocus transversely the beam. The quadratic term in
the transverse displacement, scaling as x2(p/e)−1, is the non-linear sextupole
term: sextupoles are used to compensate for the so-called chromaticity and for
�eld correction.

A matrix formalism in linear approximation is tipically used to describe how
each electron's six coordinates are a�ected along a transport line, and is suitable
to treat beamlines including linear elements such as dipoles and quadrupoles
[207]. Each of the transfer matrix elements, Rij , describes the correlation be-
tween two sets of coordinates (xi, x′i, yi, y

′
i, δi, si) and (xf , x

′
f , yf , y

′
f , δf , sf ): the

�nal set of coordinates can be calculated with the transfer matrix M of the
elements along the transport line causing the change. Each element in the ac-
celerator has its characteristic transfer matrix. A certain sequence of elements
can be described by a single transfer matrix, which is the product of the ma-
trices that describe the independent elements in reverse order:
R56 is the longitudinal dispersion and denotes the correlation between the lon-
gitudinal position s and the energy δ of the electrons.

A snapshot of the single electron trajectories at a certain longitudinal po-
sition z along the line determines an electron bunch, which is an ensemble of
electrons characterized by some parameters.
The bunch properties are usually described as moments of the particle distri-
bution in phase space, for example the squared rms beam size σ2x(z) = ⟨x2⟩,
the squared rms beam angular divergence σ2x′(z) = ⟨x′2⟩ and the rms beam
correlation ⟨xx′⟩. Based on these basic parameters, it is useful to introduce the
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Twiss parametrization1, which de�nes three important parameters describing
the beam envelope and divergence

β(z)

α(z) = −1

2
β′(z)

γ(z) =
1 + α2(z)

β(z)
.

The emittance ϵ is de�ned as the area covered by the bunch in the phase space
divided by π; according to the Liouville's theorem, it is a constant of motion
when conservative forces, such as dipole and quadrupole magnetic �elds, are
considered.

The rms emittance is a statistical property and is also known as geometric
emittance

ϵx =
√
⟨x2⟩⟨x′2⟩ − ⟨xx′⟩2 .

Another commonly used de�nition of emittance is the normalized emittance
ϵN = ϵxγ, which is conserved during acceleration. Its equation in phase space
can be written in terms of the Twiss parameters

ϵ = γ(z)x2(z) + 2α(z)x(z)x′(z) + β(z)x′2(z) .

The emittance describes an ellipse in phase space, and the Twiss parameters
describe its shape and orientation. The beta function, β(z), is the position-
dependent part of the amplitude of the transverse oscillations performed by
each electron along the accelerator and is therefore linked to the rms beam size
σx(z); α(z) is directly proportional to the derivative of the beta function, while
the gamma function γ(z) is related to the rms beam divergence σx′(z)

σx(z) =
√
ϵxβx(z)

σx′(z) =
√
ϵxγ(z) .

The emittance determines the electron beam quality: high-gain FELs need
high-quality electron beams characterized by relatively low emittance levels for
the FEL successful operation. Good electron beam qualities are even more
important for the generation of short-wavelength radiation.

1The matching of an electron beam to the undulator in a FEL machine is performed im-
posing the periodicity of the Twiss functions (α(z) and β(z)), and the existence of the solution
of this problem depends on beam parameters, such as average beam energy and normalized
transverse emittance, and on the emitted radiation wavelength too. The quadrupoles and
the drifts are described by their associated transfer matrix, and the product between the
6D vector associated with the beam and these matrices gives the transferred beam vector
after the propagation. From the transfer line equivalent matrix, obtained multiplying all the
matrices associated with the optic elements, one can obtain the transfer matrix for the Twiss
parameters and �gure out how to design a transfer line.
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The requirements on beam parameters such as emittance, peak current and
energy spread need to be satis�ed in the longitudinal portion of the electron
beam where lasing is desired. The term slice is associated with a portion of the
"lasing" part of the beam, while the term projected refers to a property of the
whole beam.

B.1.2 Longitudinal Dynamics

A �gure of merit of the quality of the electron beam is the 6D electron beam
brightness [208], which is de�ned as the electron bunch charge divided by the
product of the rms horizontal, vertical and longitudinal emittances.

High peak currents, needed for e�cient energy conversion in the FEL, are
achieved by compressing the electron beam. The electron bunch length is then
associated with the output FEL pulse duration.

Magnetic bunch compressors, consisting of dipole magnets that de�ect the
electrons with an energy-dependent angle, are commonly used in FELs for
longitudinal compression. For an e�ective compression, the electron bunch
needs to have a linear energy chirp h, meaning that the energy and longitudinal
position of electrons are linearly correlated. The energy o�set δ of any electron
at the entrance of the bunch compression can be expressed as a function of its
initial longitudinal intra-bunch coordinate si as

δ = δ0 + hsi + h′s2i + ...

where δ0 represents the uncorrelated energy o�set.
The linear energy chirp is de�ned as h = dE

ds
1
E , where E is the electron beam

energy, and can be introduced in the LINAC during the RF acceleration process.
The energy gain ∆Egain of the electrons by the RF wave is described by

∆Egain = eVRF cos(KRF s+ ϕRF ), where VRF is the amplitude of the RF volt-
age, kRF is the RF wavenumber and ϕRF the RF phase. Maximum acceleration
occurs when ϕRF = 0 and the beam is "on crest"; maximum deceleration occurs
for ϕRF = π and beam is at "zero crossing" for ϕRF = π/2.

An "o� crest" acceleration is needed to get a chirped electron bunch. An
energy-chirped electron bunch during acceleration is achieved with −π/2 <
ϕRF < 0 or 0 < ϕRF < π/2.

After a bunch compressor with a longitudinal dispersion R56, an electron of
energy o�set δ has a new longitudinal coordinate

sf = si +R56δ = si(1 + hR56) +R56δ0

where the second expression is obtained by substituting the energy o�set δ for
a linear energy chirped beam.
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The bunch compression factor, proportional to the ratio between the initial
and �nal electron bunch lengths, is derived by di�erentiating

lBC =
dsi
dsf

= (1 + hR56)
−1 .

An energy chirp and longitudinal dispersion of opposite signs allow to reduce
the bunch length longitudinally.

Higher order terms are important for RF acceleration and bunch compres-
sion. A (decelerating) harmonic cavity or optics linearization with sextupole
magnets are usually employed in arc-type bunch compressors to reduce their
contribution and detrimental e�ects on the beam. Typically, bunch compres-
sion stages are used in FEL beamlines to reduce the sensitivity to RF jitter: two
stages are commonly used; FERMI has been operating in the past with only
one bunch compressor in order to minimize the e�ect of the microbunching
instability which plays an important role in seeding.

B.2 Undulator

The hardware part of a Free-Electron Laser (FEL) is an undulator or wiggler.
Its main purpose is to force the electrons to oscillate ('wiggle') while moving
through. The main feature of an undulator and wiggler is a series of paired
magnets along the main axis, placed opposite to each other and separated by
a gap.
If the plane of the gap is �xed, the undulator or wiggler is planar, while the
helical undulator involves the rotation of the magnets along the main axis in
the form of a double helix.

A Cartesian coordinate system, where the z-axis coincides with the undu-
lator axis, will be considered throughout this Appendix. The transverse coor-
dinates x and y are chosen so that the magnetic �eld for a planar undulator or
wiggler is parallel with the y-axis (see Fig. B.1). Due to the rotational symme-
try, the choice of the coordinate system orientation for the helical undulator is
arbitrary.
For sake of simplicity, the case of a planar undulator is treated.

The magnetic �eld on the undulator axis is a harmonic function of the
longitudinal position z:

B = (0, B0 sin(kuz), 0) (B.1)

where λu and ku = 2π/λu are the undulator period length and wave number
respectively. The �eld points in the y-direction and has an amplitude B0 given
by

B0 = 2Br
M

π
sin(

π

M
)

(
1− exp(−2πh

λu
)

)
exp(−πg

λu
)
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Figure B.1: Undulator sketch and coordinate system.

where Br is the remanent �eld, M indicates the number of blocks per period,
h each block height and g the gap size.

Undulator technology

A general undulator magnetic channel is made by several undulator modules
whose total length covers the distance required to reach the saturation in the
FEL. A single undulator (with no segmentation), tens of meters long, presents
di�culties both from the point of view of the construction and of the electron
beam transport: the magnetic �eld of the single undulator module is not able
to impart a signi�cant focusing e�ect to a high-energy electron beam passing
through it, so that the undulator is almost equivalent to a long drift section,
which will make the beam diverging during propagation. The undulator is thus
divided in sections with some Focusing-Drift-Defocusing-Drift (FODO) cells
with alternate gradient quadrupoles.

Fig. B.2 reports the peak magnetic �eld versus the gap to period ratio g/λw
for various magnet types and for the di�erent polarizations.
Depending on the magnet type, the state-of-the-art undulator technologies can
be grouped in four main categories:

� The conventional Halbach schemes (Pure Permanent Magnets PPM)

� The Hybrid Permanent Magnets (HBM)

� The Super conducting (SC)

� The Electromagnetic Undulators

Electromagnetic undulators have limited performances in terms of magnetic
�eld vs. gap to period ratio, and a peak magnetic �eld of 1 T is tipically de-
sired.
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Figure B.2: Undulator technology status, from [8]. Peak
magnetic �eld as function of the gap (g) to period (λw) ratio.

The superconducting technology seems to be the most e�cient, permitting to
produce �elds in excess of 1 T also with g/λw of the order of 0.5. However, due
to the complex cryogenic and mechanical structures, superconducting undula-
tors are not used for routinely operations.
The Pure Permanent Magnet undulator technology is until now the most used
in most FEL facilities: these magnets operate without a cooling system and
can be used both in vacuum or in air, in which case a waveguide between the
two magnet bars should allow the electrons to move under vacuum. The Cor-
nell Synchrotron Undulator [209], with a period λu = 2.4 cm, is an example of
in-vacuum undulator: these devices allow to vertically close the gaps without
constraints and to reach a higher magnetic �eld than the in-air undulators,
where the inter-magnet gap is limited by the dimension of the electron pipe
(typically of several millimeters).

The Apple undulators, �rst designed for the Athos beam line of SwissFEL
at PSI [210] (see Fig. B.3) are based on a modular structure made by four
independent sectors with various shapes, for instance rectangular (Apple II) or
triangular (Apple III). The modularity permits to shift the magnets longitudi-
nally2. All versions in Fig. B.3 feature the room for a round vacuum chamber
of 5-7 mm in the center, with a 2.5 mm space delimited by the magnets for
magnetic measurements.

2Shifting two adjoining magnets with respect to each other allows to vary the �eld intensity,
while shifting alternate magnets permits to change the polarization from linear to circular.
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Figure B.3: Apple undulator scheme, undulator of the Athos
line at SwissFEL [210]. Left: images of the structure. Right
top: various possible magnet con�gurations: APPLE II, AP-
PLE III, DELTA, proposed SwissFEL UE40. Right bottom:
actual magnet scheme of the Radia model of UE40 magnet

structure.

APPLE undulators are routinely used on synchrotrons and FELs since years;
the most recent geometry is represented by the APPLE-X type, allowing to
achieve higher magnetic �eld strengths.

The state of the art of short period undulators actually tested in FEL
experiments is represented by the Kyma-ENEA [130] quadrefoil prototype at
SPARC_LAB, with period of 1.4 cm and peak �eld of about 0.6 T. Apart from
guaranteeing compactness of the structure and smaller transverse dimensions,
the quadrefoil shape facilitates the positioning of a beam pipe, whose external
and internal dimensions are respectively 5 and 4 mm, large enough to allow an
easy control of the electron beam.
Other undulators of similar period (λu = 1.5 cm) were implemented at the
Aramis line at the SwissFEL: they are arrays of planar undulators, made by a
new type of permanent magnet, mounted in vacuum tanks with an inter-magnet
gap of about 4.5 mm.

B.2.1 Electron Motion

The electron motion can be solved assuming the energy loss for radiative e�ects
negligible, meaning γ′ = 0. Under this assumption, the equation of motion for
the electron becomes

p' = mecγβ
′ =

e

c
vxB

where β =
√

1− 1
γ2

represents the modulus of the normalized electron velocity.

By expressing the cross product (vxB) one obtains the �rst derivatives of the
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transverse velocities:

β′x =
e

mecγ
B0 sin(kuz)βz

β′y = 0

β′z = − e

mecγ
B0 sin(kuz)βx .

By integrating β′x, considering that cβzdt = dz, the electron transverse motion
is described by

βx = βx,0 +
e

mecγ

∫ z

0
B0 sin(kuz)dz = βx,0 −

eB0λu
2πmec2γ

(cos(kuz)− 1)

and the coe�cient of the second equality, namely

K =
eB0λu
2πmec2

, (B.2)

represents the undulator strength (in literature it sometimes refers to its rms
value au = K/

√
2. The initial condition is βx,0 = K

γ .
Using the relation β2 = β2x+β

2
y+β

2
z , the longitudinal component of the velocity

is βz ∼ β̄z − K2

4γ2
cos(2kuct), with its average being β̄z = 1− 1

2γ2

(
1 + K2

2

)
.

The electron trajectory in the various directions is then found by integrating
the corresponding velocity components:

x(t) =
K

γku
sin(kuct)

y(t) = 0

z(t) = β̄zct−
K2

8γ2
(
1

ku
) sin(2kuct)

The electrons oscillate around the undulator axis, with an angle of de�ection(
βx
βz

)
max

= K
γ .

The time in which the radiation pulse and the electron beam travel the
undulator length Lu = Nλu (N being the number of undulator periods) are
given by δtp = Lu/c and δte = Lu/cβ̄z respectively. The arrival time di�er-
ence at the end of the undulator, representing the pulse length, is δte − δtp =
Lu

cβ̄z
1

2γ2

(
1 + K2

2

)
= 1

cN
λu
2γ2

(
1 + K2

2

)
. The pulse is a sequence of N optical cy-

cles λ0 = λu
2γ2

(
1 + K2

2

)
. The so-called slippage length of the radiation pulse

with respect to the electron beam is approximately Lslip = Nλ0, and we de�ne

the resonant frequency as ω0 = ωu
2γ2

1+K2

2

, where ωu = 2πc
λu

.
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The spectral brightness of the linear undulator

d

dΩ

(
dI(ω)

dω

)
∝
∣∣∣∣sinc(πN (ω − nω0

ω0

))∣∣∣∣2
is composed by a sequence of harmonics centered at nω0 (n odd integer), with
a width ∆ω/ω ∝ 1

2N .

Electron Dynamics & Collective E�ects

The emission from a single electron moving in the undulator needs to be ex-
tended to an electron beam, characterized by a certain longitudinal charge den-
sity ρt0 . The �eld produced by the whole beam can be expressed as Abeam(t) =∫∞
−∞A1e(t−t0)ρt0dt0, where A1e(t−t0) is the �eld generated by one electron. In
Fourier space, it is simply given by the product between the Fourier transform
of both the �eld A1e and the charge density.

The temporal distribution of the electrons can be represented by a delta
function ρt =

∑ne
i=1 δ(t− ti), where ne is the number of electrons. The normal-

ized electron distribution is ρ̄(t) = 1
ne

∑ne
i=1 δ(t− ti), and

ρ̄(ω) =

∫ ∞

−∞
eiωt

[
1

ne

ne∑
i=1

δ(t− ti)

]
=

1

ne

ne∑
i=1

eiωti

in the frequency space. The power spectrum is |P (ω)|2 = |A1e|2|ρ(ω)|2: for
uncorrelated electrons, |ρ(ω)|2 ∝ ne and the power is proportional to the beam
current (synchrotrons)3; for correlated electrons, |ρ(ω)|2 ∝ n2e.

The electrons exchange energy with the co-propagating optical wave inside
the undulator: this interaction depends on the phase di�erence between the
electron transverse velocity and the electric �eld, ∆γ ∝ β̄⊥ · Ē. The elec-
tron beam is �rst modulated in energy with a periodicity equal to that of the
electromagnetic wave, and this energy modulation is converted into a density
modulation by the dispersion R56−und = 2Nλ0 in the undulator, two particles
with non-equal momentum having a path length di�erence δz = R56−undδγ/γ.

The dynamics of electrons inside the undulator in presence of a radiation
�eld can be described by combining the Field equation derived from Maxwell's
Equations and the Particle equation from Lorentz force equation. Let's start
from the Lorentz force equation.

The electron momentum is p̄ = mecγβ̄ and the Lorentz force is

dp̄

dt
= F̄ = e

[
Ē + cβ̄x(B̄u + B̄)

]
3Regarding SASE FELs, emission is coherent within a spike and the emitted power is

proportional to n2
e.
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where β̄ = (βx, 0, βz), n̂ = nz are the electron beam velocity and direction
of propagation respectively, while Ē = Ex and B̄ = 1

c (n̄xĒ) are the radia-
tion magnetic and electric �elds. By expressing the cross product β̄x(n̄xĒ) =
(−βzEx, 0, βxEx), it simpli�es to(

dp̄

dt

)
⊥
= e

[
v̄xB̄u + (1− βz)Ex

]
.

The derivative of the momentum is explicitly given by dp̄
dt = d

dt(mecγβ) =

mec
[
β d
dt(γ) + γ d

dtβ
]
, and the �rst contribution can be expressed as mec

d
dtγ =

eβ̄cdotĒ.
In the slowly varying envelope approximation (SVEA), the electric �eld Ē

can be expressed as a slowly varying function η multiplied by a fast oscillating
term:

Ē(r̄, t) = Re
[
η(r̄, t)ekrz−ωtx̂

]
where η(r̄, t) = |η(r̄, t)|eiΦ(r̄,t), ω = krc and horizontal polarization has been
assumed.
Using this expression for the electric �eld and the horizontal velocity component
βx = − K

γ(t) cos(kuz(t)), the energy variation is given by

d

dt
γ(t) =

ω

γ(t)
Kr(r̄, t)K cos(kuz(t)) cos(ψ(r̄, t)) .

where ψ(r̄, t)) = krz − ωt + Φ(r̄, t) and Kr(r̄, t) = e|η(r̄,t)|
mecω

, in analogy to the
undulator strength K, is a parameter for the electric �eld of the electromagnetic
wave of wavelength λr.
By explicitly writing z(t), Kr and K, and expanding the exponential of oscil-
lating functions in terms of Bessel functions e−ix sin(y) =

∑∞
−∞ e−imyJm(x),

d

dt
γ =

ωr
2γ
Kr(r̄, t)K

∞∑
n=−∞

(−1)
n−1
2

[
Jn−1

2
(ξ)− Jn+1

2
(ξ)
]
cos θn(t) + Φ(r̄, t)

where n=1-2m, ξ = 1
4

K2

1+K2

2

and θn(t) = (nku + kr)z̄(t) − ωt ≃ nωut
(
nω0−ωr
nω0

)
is the ponderomotive phase.

There is a resonance, with net exchange of energy, when the time derivative
of θn is small, meaning νn(t) = nωu

(
nω0−ωr
nω0

)
∼ 0. For this reason, the term

n=1 in the sum gives the main contribution, while the n > 0 terms account for
coupling with higher order harmonics:

d

dt
ν(t) =

ωrωu
γ2(t)

Kr(r̄, t)K

∞∑
n=1

(−1)
n−1
2

[
Jn−1

2
(ξ)− Jn+1

2
(ξ)
]
cos θn(t) + Φ(r̄, t)
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At the �rst resonance n=1, it follows

d

dt
ν(t) =

d2

dt2
θ(t) =

ωωu
γ2

Kr(r̄, t)K [J0(ξ)− J1(ξ)] cos θn(t) + Φ(r̄, t) .

In the analysis of low gain FELs, the position along the undulator (time) is
tipically scaled with the undulator length Lu, so that time is substituted by
τ = βzct/Lu.
Under this scaling, the equation for the evolution of the electron ponderomotive
phase originally derived by Colson [4] is:

d2

dτ2
θ(τ) = ã(r̄, τ) cos θ(τ) + Φ(r̄, τ) , (B.3)

where ã(r̄, τ) =
(
Lu
βzc

)2
ωωu
γ2
Kr(r̄, t)K [J0(ξ)− J1(ξ)] is mainly linked to the

radiation �eld. Electrons longitudinal motion is described by a pendulum-like
equation: (ν, θ) are canonical variables of this equation, and are given by θ(τ) =

2πN
(
ω0−ωr
ω0

)
and ν(τ) = d

dτ θ(τ) respectively. The Hamiltonian describing the

phase space orbits is H(ν, θ) = 1
2ν

2 − |ã| sin(θ + Φ). The radiation intensity

I comes from its square modulus |ã(r, τ)|2 =
(
N2

γ2
4π2

λr
λuK[JJ ]

)2
|Kr(r, τ)|2,

where [JJ ] = [J0(ξ)− J1(ξ)] and |Kr(r, τ)|2 ∼ I(r, τ).

Radiation �eld dynamics

The �eld equation is derived starting from the wave equation for the vector
potential Ā(r̄, t) = 1

2ωr

[
η(r̄, t)eiϕr(r̄,t) + η∗(r̄, t)e−iϕr(r̄,t)

]
,written in terms of

the complex slowly varying function η(r̄, t) and the fast phase ϕr = kr(z − ct),
in presence of a transverse current J̄⊥(

∇̄2 − 1

c2
d2

dt2
Ā(r̄, t)

)
= −µoJ̄⊥(rr, t) .

In the SVEA, assuming that the relative change of the electric �eld is small
on the time scale of an optical cycle and on the spatial scale of the optical
wavelength, i.e. d

dt |η(r̄, t)| << |η(r̄, t)|ωr ( ddtψr(r̄, t) << ωr) and d
dz |η(r̄, t)| <<

|η(r̄, t)|kr ( ddzψr(r̄, t) << kr), it is possible to discard the second derivatives of
the slow function.

By averaging over a small volume V and over a small time interval λu/βzc,
the fast oscillating phase ϕr averages to zero while the slow functions are con-
stant:

∇̄2
⊥η̄(r̄, t)+2ikr|

d

dz
η̄(r̄, t)+

1

c

d

dt
η̄(r̄, t)| = −2ωrµo

1

V

∫
dV

∫ t+λu/βzc

t
dt′J̄⊥(r̄, t

′)eiϕr(r̄,t
′) .
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Regarding the source term, for a single electron J̄⊥(r̄, t) = ecβx(t)δ(r− ri) and

for a beam of ne electrons in the volume V J̄⊥(r̄, t) = ecβx(ri)ne

[
1
ne

∑ne
i δ(r − ri)

]
.

After some algebra, integrating over space and time, one gets the wave
equation for an electron charge density ne:(

−i
2kr

∇̄2
⊥ +

d

dz
+

1

c

d

dt

)
η̄(r̄, t) =

1

2
ec2µ0

K

γ
ne(z−βzct)

1

ne

ne∑
i=1

e−iθi(t) [J0(ξ)− J1(ξ)]

where the term 1
ne

∑ne
i=1 e

−iθi(t) =< e−iθi(t) >i corresponds to the average of θ
over the �small� volume in which the slowly varying variables may be considered
constant and uniform. Assuming no dependence on the transverse coordinates,
the term containing the operator ∇̄ can be neglected. It is possible to express
the equation for a current density j(z − βzct) = ecne((z − βzct) = Ie(z−βzct

Σe
,

namely (
d

dz
+

1

c

d

dt

)
η(z, t) = −1

2
Z0j(z − βzct)

K

γ
[JJ ] < e−iθi >(

d

dz
+

1

c

d

dt

)
Kr(z, t) = −λr

IA
j(z − βzct)

K

γ
[JJ ] < e−iθi > ,

where IA = ec/r0 = 17040 A is the Alfvèn current, as function of the elec-
tron classical radius r0 = e2/mec2

4πϵ0
, and Z0 =

√
µ0/ϵ0 = 377Ω is the vacuum

impedance.
The e-beam current in the source term drifts with velocity βzc while the

light propagates in vacuum at c: the two variables z and t are strongly cor-
related, this correlation being reduced by scaling the coordinates in a frame
moving with velocity βzc. In addition, even if the �elds are expressed through
the dimensionless parameters Kr and K, distances are still dimensional in the
above equations. The following coordinates transformation allows to derive
dimensionless equations:

t− > u = βzct/L1

z− > ξ = (z − βzct)/L2

where L1,2 have to be de�ned. The wave equation in the new coordinate system,
in terms of Kr and the dimensionless �eld a(u, ξ), reads

L1

[
1

L2

1

2γ2
(1 +

K2

2
)
d

dξ
+

1

L1

d

du

]
Kr(u, ξ) = −λr

IA
j(ξ)

K

γ
[JJ ]L1 < e−iθi >[

L1

L2

λ0
λu

d

dξ
+

d

du

]
a(u, ξ) = −2π2

1

IA
j(ξ)

K2

γ3
L3
1

λu
[JJ ]2 < e−iθi >i .
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By introducing a normalized current density jn(ξ) such that j(ξ) = Ipeak
Σe

jn(ξ),
it is possible to rewrite the second wave equation as[

L1

L2

λ0
λu

d

dξ
+

d

du

]
a(u, ξ) = −Rjn(ξ) < e−iθi >i , (B.4)

where R = 2π2

γ3

[
Ipeak
IAΣe

]
(K[JJ ]λu)

2L3
1.

In the new coordinates, the ponderomotive phase and its derivative are respec-
tively given by

θ(u, ξ) = (ku + kr)L2ξ + kuL1u

[
ω0 − ωr
ω0

]
ν(u) =

d

du
θ(u, ξ) = kuL1

[
ω0 − ωr
ω0

]
,

and assuming βz ≃ 1, the pendulum-like equation becomes

d2

du2
θ(u) = 2a(u, ξ) cos(θ(u) + Φ(u, ξ)) . (B.5)

In literature, the dimensionless �eld is often indicated by ã = 2a.

The particle and �eld equations B.4-B.5 are two coupled equations that
govern the energy exchange between the electron current and the �eld: the
longitudinal motion of charges in presence of an radiation wave is described by
a pendulum like equation, while the wave equation follows from the Maxwell
equations in the SVEA, averaged on the fast wiggling

B.2.2 FEL integral equation

The electron beam temporal distribution ρξ = 1
ne

∑ne
i=1 δ(ξ− ξi) can be equally

written as a distribution over the phases ρθ = 1
ne

∑ne
i=1 δ(θ− θi). The bunching

factors bn(τ, ξ) = 1
λ

∫ ξ+λ
ξ dξ′ρe(ξ

′)e−inθi(τ) are the result of the the density
modulation of the electrons. For a periodic distribution ρe(ξ) of period λ, the
coe�cient bn is the nth Fourier coe�cient of the distribution. the �rst Fourier
component is

b1 = ρ1(ω) =

∫ 2π

0
ρ(θ)e−iθdθ =

1

ne

ne∑
i=1

e−iθi(t) =< e−iθi(t) >i .

There are di�erent regimes of operation: here the high-gain, low �eld regime
is treated, in the simplifying assumption of a transversally and longitudinally
uniform �eld a = a(τ).
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High gain, low �eld

In the limit of low �eld a << 1, the start-up dynamics can be studied by
expanding the pendulum equation (B.8) to the lowest order in τ :

θ(τ) = θ(0) + ν(0)τ + δθ(τ) , with
d2

dτ2
δθ(τ) = 2a(τ, ξ)eiθ(τ) + cc .

Integrating twice with initial conditions d/du(δθ)|u=0 = (δθ)|u=0 = 0, at the
lowest order in a,

d

du
a(u) = −R

〈
e−i(θ0l+ν0lu)

{
1− i

∫ u

0

{
(u− u′)a(u′)ei(θ0l+ν0lu

′) + cc
}
du′
}〉

where l = 1, ..., ne, θ(0) = θ0 and ν(0) = ν0. For a monoenergetic beam
(ν(0l) = ν(0)), by changing variable to u′′ = u− u′

d

du
a(u) =−R

〈
e−i(θ0+ν0u)

〉
− iR

〈∫ 0

u
u′′a(u− u′′)e−iν0u

′′
du′′
〉

(B.6)

+ iR

〈
e−2i(θ0+ν0u)

∫ 0

u
u′′a∗(u− u′′)eiν0u

′′
du′′
〉

,

where b1(u) =
〈
e−i(θ0+ν0u)

〉
and b2(u) =

〈
e−2i(θ0+ν0u)

〉
. The FEL integral

equation starting from a pre-modulated beam reads

d

du
a(u) =−Rb1(0)e

−iν0u + iR

∫ u

0
u′a(u− u′)e−iν0u

′
du′ (B.7)

− iRb2(0)e
−2iν0u

∫ u

0
u′a∗(u− u′)eiν0u

′
du′ .

The �rst term ∝ b1 stands for the emission from shot noise or a pre-bunched
beam, the second term (feedback term), where the derivative of the �eld is
proportional to the input �eld, accounts for the exponential growth, and the
third one ∝ a, b2 vanishes when starting from a uniform beam at start-up.

Small gain, low �eld

In this low-gain regime, the position along the undulator is tipically scaled with
the undulator length, so that L1 = Lu = Nλu and L2 = 1 n Eq. (B.4). In

terms of the small gain coe�cient g0 = 2πN
3

γ3

[
Ipeak
IAΣe

]
(K[JJ ]λu)

2, R = πg0 and,
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by setting u = τ = z/Nλu, the equations become[
Nλ0

d

dξ
+

d

dτ

]
a(τ, ξ) = −πg0jn(ξ) < e−iθi >i (B.8)

d2

dτ2
θ(τ) =

(
L1

βzc

)2 1

γ2(τ)
(ωrKr)(ωuK)[JJ ] cos(θ(τ) + Φ(τ)) (B.9)

= 2a(τ, ξ) cos(θ(τ) + Φ(τ, ξ)) . (B.10)

The integral equation, with ã = 2a, then reads

d

dτ
ã(τ) =− 2πg0b1(0)e

−iν0τ + iπg0

∫ τ

0
τ ′ã(τ − τ ′)e−iν0τ

′
dτ ′

− iπg0b2(0)e
−2iν0τ

∫ τ

0
τ ′ã∗(τ − τ ′)eiν0τ

′
dτ ′ .

By neglecting the terms proportional to the input �eld in the previous, the
integral equation for the spontaneous emission is d

dτ ã(u) = −2πg0b1(0)e
−iν0τ ,

which is easily integrated to give ã(u) = −2πg0b1(0)
1

−iν0 {e
−iν0τ − 1}. At the

end of the undulator τ = 1 and

ã(1) = −2πg0b1(0)e
−iν0/2 sin(ν0/2)

ν0/2
.

The spontaneous emission is proportional to |a|2 and therefore to the sinc2

function of the spectral shape of the undulator radiation. For a beam of ran-
domly distributed point charges, the bunching factor b1 ∝ 1√

ne
∝ 1√

I
, and it

is normalised to one in the expression. For this reason, even if g0 ∝ I, the
undulator radiation power is linearly proportional to the beam current I.

Starting from an input �eld in the low gain approximation, i.e. B1 =
b2 = 0 at τ = 0 with the �eld ã only weakly dependent on τ , one obtains
ã(τ) = ã0 + iπg0ã

intτ0
∫ τ ′
0 τ ′′e−iν0τ

′′
dτ ′′dτ ′.

Integrating both integrals in the previous expression by parts:

ã(τ) = ã0 + iπg0ã
′
{
2i

ν30
(e−iν0τ−1)− τ

ν20
(e−iν0τ+1)

}
.

The small signal gain is de�ned as

G =
|a(1)|2 − |a(0)|2

|a(0)|2
.

Assuming a(0) = 1, G =
∣∣∣1 + iπg0ã

′
{

2i
ν30
(e−iν0τ−1)− τ

ν20
(e−iν0τ+1)

}∣∣∣2 − 1. In
the weak coupling approximation g0 << 1, and setting τ = 1, it follows the
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Madey theorem

G ≃ 2πg0 sin(
ν0
2
)

[
4

ν30
sin(

ν0
2
)− 2

ν20
cos(

ν0
2
)

]
= .πg0

d

dν0

[(
sin(ν02 )

ν0
2

)2
]
,

according to which the gain is proportional to the derivative of the spontaneous
emission distribution, with ν0 = 2πN(ω0−ωr

ω0
). Oscillators operate in this low

gain regime.

Small gain, strong �eld

A strong �eld initiating the FEL emission helps in reaching saturation. In order
to achieve energy growth until saturation, δν0 < 2π

High gain, low �eld

Starting from the wave equation (B.4), we now consider R=1 so that L1 now
reduces to L1 =

λu
4πρ , with

ρ =
1

4π

[
2π2

γ3
(λuK[JJ ])2

Ipeak
ΣeIA

]1/3
.

Being L2 =
λ0
4πρ , the wave equation reads[

d

dξ
+

d

du

]
a(u, ξ) = −jn(ξ) < e−iθi >i

and is still coupled to the electron dynamics

d2

du2
θ(u) = 2|a(u)| cos(θ(u) + Φ(u, ξ)) ,

where θn(u) = nu
2ρ

(
nω0−ωr
nω0

)
and νn(u) = d

duθn(u) =
n
2ρ

(
nω0−ωr
nω0

)
.

The laser power can be derived from the dimensionless �eld de�nition and
the relation with the Poynting vector:

|a(u, ξ)|2 = 4π4

γ4

[
1

4πρ

]4 (λuK[JJ ])2

λ2r
|Kr(u, ξ)

2|

where |Kr(u, ξ)|2 = 8 λ2r
Z0I2A

I(u, ξ). Inverting with respect to the laser intensity,
one �nds

I(u, ξ) = mec
2/e|a(u, ξ)|2

[
Ipeak
Σe

]
[ργ] .
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The power carried by the electron beam and the laser intensity are respectively

Pbeam = mec
2γIpeak/e

I(u, ξ) = |a(u, ξ)|2ρPbeam
Σe

.

Assuming a uniform beam and R=1, the FEL integral equation (B.6) de-
pends only on ν0

d

du
ã(u) = i

∫ u

0
u′ã(u− u′)e−iν0u

′
du′ .

After some algebra, the second derivative leads to a third order equation

∂3

du3
a(u) + 2iν0

d2

du2
a(u)− ν20

d

du
a(u)− ia(u) = 0 .

The associated characteristic polynomial is x3 + 2iν0x
2 − ν20x− i = 0 and the

solution is given by the linear combination of its three roots:

a(u) =
3∑
i=1

αiexp(riu) ,

where the αi are set by the initial conditions.
When ν0 = 0, the associated polynomial is simply x3 = i, with the following

roots (−i, 12/(
√
3 + i), 12/(−

√
3 + i).

The solution is therefore a(u)a03
{
e−iu + e

1
2
/(
√
3+i)u + e

1
2
/(−

√
3+i)u

}
: the only

growing root is a(u)a03 e
1
2
/(
√
3+i)u, which corresponds to a �eld power dependent

on u.
Expressing u in terms of z, i.e. u = z√

3Lg
with Lg = λu

4π
√
3ρ
, the power is

approximately P (z) ∝ 1
9P0e

z/Lg .
The previous equation is valid in the so called 1-d �cold� beam limit, i.e.

mono-energetic and with very low emittances. This simpli�ed one-dimensional
model of the FEL does not consider the transverse motion of the electrons nor
the limited size of the radiation �eld. A dispersion in the beam energy causes
a dispersion in the resonance condition for individual electrons, thus leading to
an inhomogeneous broadening of the FEL resonance condition

ω0 =
2γ2ωu

(1 + K(x,y)2

2 + γ2θ2)
.

A similar e�ect is associated with the electron beam transverse phase space dis-
tribution: the resonant condition depends on the transverse position, via the
undulator K parameter, and on the orbit angle with respect to the undulator
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axis. A dispersion in angle and transverse position induces therefore a disper-
sion in the wavelength of emission. The natural di�raction of the radiation �eld
a�ects the FEL gain as well, setting a lower limit to the transverse size of the
optical mode. The inclusion of all these factors lead to a reduction of the gain,
a growth of the gain length, and a reduction of the �nal output power.

These e�ects have been extensively studied boh numerically and analyti-
cally. They cannot be studied with the 1D FEL theory but relies on �ts to
simulations. The rms radius of a focused electron beam is determined by its
normalized emittance ϵn = γϵx (with the geometric emittance ϵg = ϵx).

β̄ =
σ2beam
ϵg

(B.11)

where β̄ is the transverse Twiss coe�cient. If j = 1, .., N is the index repre-
senting the single electrons in the beam, one has

σ2x =
〈
x2
〉
=

1

N

∑
j

x2j → Beam rms size

σ2ẋ =
〈
ẋ2
〉
=

1

N

∑
j

ẋ2j → Beam rms divergence

⟨xẋ⟩ = 1

N

∑
j

xj ẋj → Correlation coe�cient

(B.12)

and the same for y. The beam rms emittance is de�ned as

ϵx =

√
⟨x2⟩ ⟨ẋ2⟩ − ⟨xẋ⟩2 (B.13)

and it is not a constant of motion when the beam gets accelerated. For this
reason, one tipically introduces the normalized emittance

ϵn,x = βγϵx ≈ γϵx . (B.14)

Optical di�raction is measured by the radiation Rayleigh length zR. For a
radiation beam of wavelength λ and r.m.s. size equal to the projected electron
beam r.m.s. transverse size σbeam, it is given by the square of the electron
beam's rms radius in the undulator divided by the photon beam's emittance
λ/4π

zR =
4πσ2beam

λ
. (B.15)

In order to neglect di�raction 3D e�ecs, the gain length must be shorter than
the Rayleigh length

Lg ≤ zR (B.16)
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Betatron motion slows down the electrons and spreads their velocities, thus
leading to a violation of the resonance condition. For emittance 3D e�ects to
be small, the electron beam's geometric emittance must be smaller than the
photon beam emittance

ϵg <
β̄

2
√
2γ2R

ρ→ ϵn ≤ γλ

4π
(B.17)

There exists another constraint on the electron beam's energy spread: since
particles far from resonance have low gain, electrons must maintain the same
axial velocity during the coherence length lc = Ncλ, where Nc = 1/4πρ is the
number of wavelengths in a coherence length (equal to

√
3 times the number

of periods in one gain length).
In order to neglect 3D e�ects due to energy spread, the relative rms energy
spread must be less than ρ

σγ
γ

≤ ρ ∼ 1

4πNc
(B.18)

A correction taking into account these three-dimensional e�ects, which is widely
used in the design of FEL ampli�ers, is provided by the Ming Xie relations [9].
Starting from the 1D values of the gain length Lg,1d = and the �nal output
power PF,1d =, the correction is of the following form

Lg,3d =
Lg,1d
χ

PF,3d = χ2PF,1d

where χ is the correction factor, which depends on three parameters accounting
for di�raction e�ects, emittance (beam divergence) e�ects, and energy spread
related e�ects 

ηd =
Lg,1d

zR
Di�raction

ηϵ =
Lg,1d

β̄

4πϵg
λ Emittance

ηγ =
4πLg,1d

λw

σγ
γ Energy spread

(B.19)

Ming Xie parameters should be less than 1 to minimize 3D e�ects. The gain
and power deterioration due to non ideal electron beam qualities is described
by the correction factor

χ(ηd, ηϵ, ηγ) =

(
1 +

7∑
n=1

anη
αn
d ηδnϵ η

αn
γ

)−1

with �tted coe�cients, which are not reported here.
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The general solution to the FEL integral equation is a(u)|u=0 =
∑3

i=1 αi =

a0 with d
dua(u) =

∑3
i=1 αiri = 0 and d2

du2
a(u) =

∑3
i=1 α

3
i (ri) = 0.

High gain, strong �eld

As in the low gain case, the spectral bandwidth is linked to the energy detuning
via δω

ω = 2 δγγ and the FEL power is PL = 1
2
δω
ω Pbeam. The e�ciency is therefore

related with the gain bandwidth. - �gura slide 27 lez7
If radiation slippage is neglected, there is no energy transfer from a given

time interval to another and Ptot = Pe + PFEL = const. Only a small fraction
of the beam power Pe gets converted into laser power. The ratio

η =
PFEL
Pe

=
PEf

− PE0

Pe
=
δPe
Pe

=
δγ

γ

de�nes the e�ciency of the process.
The saturation process can be e�ciently described by looking at a FEL

source driven by a single electron. At start-up, the �eld is generated at the
phase and frequency characterised by the highest gain: the frequency is ap-
proximately given by the resonant frequency of the undulator, while the phase
will depend on the start-up shot noise and, w.r.t. the �eld, it will be the phase
of maximum gain ϕ0 = 3π/2. Saturation is an interferential process, the gain
being zero when the bunched beam shifts in phase by δϕ0 ≈ π/2 with respect
to the phase without energy loss ϕ0 and becoming negative if δϕ0 > π/2.

The dispersion in the undulator induces a shift of the position of the bunch-
ing with respect to radiation proportional to the position along the undulator:
after N undulator periods, we have δz = R56

δγ
γ = 2Nλ0

δγ
γ . The �eld power

grows exponentially as P (z, z0) = P0e
z−z0
Lg , where P0 is the power at some posi-

tion z0 along the undulator and Lg is the gain length. According to the energy
conservation,

δγ(z)

γ
=
P0e

z−z0
Lg

Pe

so that the energy detuning induces a phase shift

δz(∆z, z0) = 2(
λ0
λu

)

∫ z0+∆z

z0

P0e
z′−z0
Lg

Pe
dz′ = 2(

λ0
λu

)
P0

Pe
Lg(e

∆z
Lg − 1) .

We indicate as zsat the position where the gain goes to zero because of the
phase shift: zsat = z0 + ∆z, with δz(∆z, z0) ≃ λ0

4 . Inverting the last relation
for δz we �nd

P0

Pe
=

1

8

λu
Lg

(e
∆z
Lg − 1) .
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The e�ective energy loss occurs in the last few gain lengths, and about 60% of
the energy is emitted in the last gain length, where a substantial phase shift
due to the energy loss occurs. Let's then consider the approximation ∆z = Lg:

by using the de�nition of Lg, P0
Pe

= π
2

√
3ρ(e

∆z
Lg − 1)−1 and the laser power at

one gain length from saturation amounts to

PL ≃ P0 =
π
2

√
3ρ

e− 1
Pe ∼ 1.6ρPe .

In the high gain, low �eld regime (R=1), the FEL integral equation starting
from a pre-bunched beam (b1 ̸= 0 with |a(0)| = 0) reduces to

∂

∂u
a(u) = −

〈
e−i(θ0+ν0u)

〉
from which a(u) = −b1 1−e

−iν0u

ν0
→ |acoh(u)|2 = |b1|2u2 in the limit ν0 = 0. In

the �rst part of the undulator, coherent spontaneous emission takes place, where
the radiated power grows quadratically with the position along the undulator

→ Pcoh(z) = |a|2ρPbeam =
1

3
ρ|b1|2Pbeam

(
z

Lg

)2

.

After some distance in the undulator, when the �eld a(ν0) ̸= 0, the homoge-
neous term of Eq. (B.6) becomes larger than the source term, i.e. |−b1e−iν0u| <
|i
∫ u
0 du

′′u′′e−iν0u
′′
a(u − u′′), and the growth will turn from quadratic into ex-

ponential. This occurs at u = 21/3 ∼ 1, when |acoh(u)|2 = 22/3|b1|2: the tran-
sition between these two growth trends corresponds to a threshold distance
zth ∼ 21/3

√
3Lg ∼ 2Lg and a power level Pth = 22/3ρ|b1|2Pbeam ∼ ρ|b1|2Pbeam.

It is possible to de�ne an equivalent input power associated to a given beam
prebunching, by impose that the power associated to the exponentially growing
root starting from a virtual seed of power Peq (or �eld aeq) equals the power at
the threshold from a prebunched beam

|aeq|2

9
e2

1/3
√
3 = 22/3|b1|2 → |aeq|2 ∼ 1.6|b1|2 .

The intensity required to ensure a growth equivalent to the one induced by an
existing pre-bunching is therefore

Ieq = |aeq|2ρ
Pe
Σe

∼ 1.6ρ|b1|2
Pe
Σe

,

so that PF
Peq

= 1
|b1|2 = ne.

The number of electrons in a length corresponding to a single optical wave-
length λ is Ne,1λ =

Ipeakλ0
ec = 2Ipeak[A]λ0[A]. In order to account for the
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interference of the �elds emitted by electrons separated by more than one
wavelength, a characteristic length ∆ and a distribution of correlated electrons

ρcorr(ξ) = e−
ξ2

2∆2 are introduced, from which

ne =
Ipeak
ec

∫ ∞

−∞
dξρcorr(ξ) =

√
2π
Ipeak
ec

∆ .

In general a random, in�nitely extended, point-like electron distribution has a
white-noise spectral distribution, but only the spectral components in the FEL
gain bandwidth will be then ampli�ed up to saturation. For this reason, the
electrons in an interval of length ∆ = cστ ∼ c/σω are considered, where σω is
the bandwidth of the frequency spectrum that will reach saturation, or the end
of the amplifying regions, i.e. the gain bandwidth. The number of correlated
electrons is

ne ∼
√
2π
Ne,1λ

λ0
∆ =

1√
2π
Ne,1λ

√
2z/Lg

6ρ

and the bunching factor is a function of the position z along the undulator

|b1| =

√
6
√
2πρ

Ne,1λ

√
2z/Lg

.

The �e�ective� shot-noise depends on the length of the amplifying region. The
saturation length Lsat can be de�ned as the distance along the undulator such
that 1

9Peqe
Lsat/Lg = Psat. An implicit equation in x = Lsat/Lg follows:

Lsat
Lg

∼ ln

(
9Psat
Peq

)
= ln

(
9
Ne,1λ

√
Lsat/Lg

6
√
πρ

)
.

By setting a = ln
(
Ne,1λ

ρ

)
, the equation reads

x ≈ a+
1

2
ln(x) → xn = a+

1

2
ln(a+

1

2
ln(a+ ...)) .

The solution xn converges rapidly, because ln is a very slowly growing function,
so that x ≈ a + 1

2 ln(a), i.e. tipically Lsat/Lg = 17 − 20. The gain bandwidth
is a function of the square root of the ampli�cation length. In a SASE FEL
starting from shot noise and amplifying radiation up to saturation, we have
z/Lg ≈ 18 and

σω(z)

ω
=

6ρ√
2z/Lg

≈ ρ .

The coherence length is Lc = c
2ω0σ∆ω/ω

= λ0
4πρ .
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Appendix C

Plasma aceleration

This Appendix deals with the basic concepts and implementation of plasma
acceleration.

The worldwide interest in plasma-based electron accelerators is driven by
the need of a new technology to overcome the multi-TeV barrier for particle
accelerators and the desire to make electron-beam and associated radiation fa-
cilities (FELs, synchrotrons, etc.) available to a larger user base [116]. For
this reason, the next generation of light sources should feature a size and cost
reduction for the facility of at least one order of magnitude.

Plasma acceleration is a technique for accelerating charged particles using
the large electric �elds generated in a plasma. In this case, the accelerating
medium is the plasma itself, which can provide accelerating �eld gradients of
some GeV/m compared to the maximum 100 MeV/m sustainable in RF-based
machines [117].

Plasma accelerators can be realised with two main techniques: the drive
beam propagating through the plasma and inducing electron density oscillations
can be either a laser pulse in the laser-driven wake�eld acceleration (LWFA) or a
relativistic electron beam in the particle-driven wake�eld acceleration (PWFA)
[119, 120].
The excited wake�elds feature high �eld strengths

E0[V/m] ≈ 96
√
n0[cm−3]...

with a characteristic plasma wavelength

λp =
2πc

ωp
=

2πc

e

√
mϵ0
n0

≈ 3.3× 104
√
n0[cm−3]

where n0 s the background plasma density, ϵ0 the vacuum permittivity, c the
speed of light in vacuum and e,m the electron charge and mass, respectively
[116].
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A short electron beam, termed the witness beam, placed into this plasma wake-
�eld with the correct phase, can be accelerated and focused to reach GeV en-
ergies over centimetre to metre distances.

Two di�erent mechanisms, the self-injection and the external injection, are
employed to place the witness beam into the plasma wake�eld. In the self-
injection case, the witness beam is directly generated from a fraction of electrons
of the background plasma, which gets trapped co-propagating inside the accel-
erating wake�eld: the plasma target acts primarily as an injector creating the
electron beam, and can also signi�cantly accelerate it. The witness beam is in-
stead pre-generated in case of external injection, and pre-accelerated in an RF-
injector or a plasma injector before being injected into the plasma target where
it gains energy. Both techniques o�er a way to build high-performance particle
accelerators of much smaller size than conventional devices: current experi-
mental devices show accelerating gradients several orders of magnitude greater
than conventional particle accelerators over very short distances (1 GeV/m [3]
vs 0.1 GeV/m for an RF accelerator). Therefore, plasma accelerators have
immense promise for innovation of a�ordable and compact accelerators for var-
ious applications ranging from high energy physics to medical and industrial
applications.

C.1 Laser-Driven Wake�eld Acceleration (LWFA)

In laser-driven plasma acceleration, the plasma wake�eld is driven by a TW-
scale, fs-duration laser pulse. Both the plasma density and the laser parameters,
such as the normalised vector potential A0, determine the properties of the
wake�eld.

The value of the laser normalised vector potential a0 individuates three
di�erent operation regimes: a linear regime, in which a20 << 1, a quasi-linear
regime, in which a20 ∼ 1 and a non-linear one (a20 >> 1). The accelerating
�eld gradient increases with higher nonlinearity, in which case the acceleration
process also becomes less stable: for this reason, the linear and quasi-linear
regimes are more suitable for plasma acceleration stages.

The acceleration length is another factor limiting the maximum electron
beam energy gain, and is mainly a�ected by laser di�raction in linear plasma
accelerators. Before the laser intensity decreases signi�cantly, the useful accel-
eration length is limited to a few Rayleigh ranges zR = π

w2
0
λ , where w0 is the

laser focal spot size and λ its wavelength.
Electron dephasing due to the di�erent velocities of the accelerated beam, mov-
ing close to the speed of light, and the plasma wave, which moves at close to
the group velocity of the driving laser pulse within the plasma, plays another
important role. The beam eventually slips into the decelerating phase of the
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wake�eld and starts to lose energy thus limiting the useful accelerating distance
to the dephasing length [116].

C.2 Beam-Driven Wake�eld Acceleration (PWFA)

In beam-driven plasma wake�eld acceleration (PWFA), a relativistic, charged
particle beam is used as a driver generating the plasma wake�eld. Similarly
to LWFA, di�erent wake�eld regimes can be distinguished depending on the
properties of the drive beam. For a bi-Gaussian electron beam, a single value
α as the ratio of peak beam density and background density is relevant with a
value larger than one designating the blowout regime.

For non-ideal drive bunches of di�erent shape, an additional measure is the
reduced charge factor, which de�nes how much charge the drive bunch carries
compared to the maximum charge that can be contained in a plasma skin depth
volume [116]:

Qrc = Qbunch
k3p
n0e

where kp is the skin depth and Qbunch the bunch charge. Again, values strongly
above one indicate a nonlinear response and formation of a full plasma blowout.
Values below or around unity, on the other hand, point to a linear or weakly
nonlinear wake�eld, respectively.

To maximise the accelerating �eld strength reached in a PWFA stage, the
drive beam dimensions can be optimised with an ideal RMS length of σz =√
2/kp. The radius of the bubble structure in the plasma wake�eld can be

approximated as
Rbubble = 2.5σr

√
α

with σr the radial transverse beam size [116]. Another important variable
for e�cient acceleration in a beam-driven plasma accelerator is the transformer
ratio RT , de�ned as the ratio between maximum accelerating �eld in the witness
bunch and maximum decelerating �eld in the driver bunch.

It determines the ratio between energy gain by the witness beam and energy
loss by the driver, thus determining the maximum energy gain of the witness
bunch inside the beam-driven wake�eld as ∆Ewit,max = RT∆Edriv,max with
∆Edriv,max the average particle energy loss in the driver bunch.

The goal for e�cient PWFA is to achieve a high transformer ratio and to
continue the acceleration process until the drive beam reaches depletion. As
symmetrical drive beams have a limit in RT of at maximum 2, PWFA setups
typically work with asymmetric beams.

Speci�c ways to reach higher transformer ratio values include, for example,
bunch shaping [116].
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