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Introduction

Motivation

The present thesis arises in the context of particle physics and aims to investigate novel
deep learning solutions in the event simulation and reconstruction pipeline. The key
idea is that machine learning provides performance and accuracy speed-ups which the
physics community cannot waive to. We identify two main areas of interest for our
research: hardware acceleration for Monte Carlo simulation and the implementation of
new deep learning-based software for reconstruction algorithms at neutrino detectors.

Hardware acceleration is defined as the process by which an application offloads cer-
tain computing tasks onto specialized hardware components accessible by the comput-
ing system, enabling greater software efficiency than would be possible when running
on a general-purpose CPU alone. Our techniques leverage mainly on Graphics Process-
ing Units (GPUs), but, in principle, other hardware might be worth testing in the future,
such as Tensor Processing Units (TPUs) and, perhaps, Field Programmable Gate Arrays
(FPGAs).

Monte Carlo event simulators are software tools that play a central role in HEP phe-
nomenology. They exploit MC techniques to compute differential cross-sections of par-
ticle physics processes and provide samples of weighted and unweighted events. Sim-
ulation, indeed, is the first step into the production chain of events at hadron colliders,
followed by detector simulation and reconstruction. The quantity of computational re-
sources employed for running these tools is huge. Specifically, it has been estimated [1, 2]
that the two major LHC experiments, namely ATLAS and CMS, collect an order of
O(1010) events for every year of data taking and, correspondingly, they further gen-
erate a factor of 3 more simulated events. Moreover, the quantity of data is bounded
to grow in the future during the High-Luminosity LHC phase, which will start towards
the end of 2027. In this context, one of the ideas to successfully face this challenge is
to optimize existing software to fully leverage modern hardware architectures, such as
Graphics Processing Units (GPUs).

Experimental setups in High Energy Physics (HEP), therefore, produce large
datasets, containing huge amounts of information. As described in section 2.2, there
have been high interest and numerous published results about applying artificial intelli-
gence (AI) models to particle physics. The final goal is to be able to provide end-to-end
data processing solutions. The hope is that AI strategies and deep learning in particu-
lar will eventually manage to scan the physics details hidden inside experimental data.
Although we do not know yet whether this will happen and, further, data processing

xv
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is often an obscure step towards obtaining the results, we cannot leave without the au-
tomation and the speed at which these methods manipulate data. Experiments, indeed,
aim to build larger and more complex machines, which put computing facilities under
extreme stress.

We dedicate a considerable part of the present thesis to investigate deep learning ap-
plications to the reconstruction workflow in the context of the Deep Underground Neu-
trino Experiment (DUNE). In particular, we discuss two algorithms and their solution
employing neural network techniques.

Thesis overview

Main results

Interpolating Parton Distribution Functions on GPUs: PDFFlow is the first Par-
ton Distribution Functions access tool able to run on Graphics Processing Units. We
demonstrated the possibility to implement software that can exploit hardware accel-
eration while maintaining the same level of accuracy as the state-of-the-art methods
in the field. The usage of the software does not require specific knowledge or ex-
perience in low-level programming languages dedicated to hardware accelerators.
Coupling PDFFlow with the existent VegasFlow program, we delivered the first
particle physics phenomenology calculation at next-to-leading order accuracy in per-
turbation theory on GPU.

Automated Monte Carlo event generator on GPU: The MadFlow tool-suite encapsu-
lates the implementations of VegasFlow and PDFFlow in a single software, that au-
tomates the computation particle physics processes on hardware accelerators at lead-
ing order. The program takes advantage of the MG5 AMC@NLO meta-programming
capabilities to automatically produce code for GPU matrix element calculations and
phase space sampling for user-requested particle physics processes. We fully test the
performance and accuracy results of MadFlow for different physical processes, prov-
ing that the tool is able to handle complex computations involving a high number of
Feynman diagrams even despite complying with the memory constraints of modern
GPUs.

ProtoDUNE-SP raw data denoising with Graph Neural Networks: We investigate
different strategies for denoising raw data at the ProtoDUNE-SP experiment design-
ing two novel Graph Neural Networks architectures. The work addresses the first
step of reconstruction for Liquid Argon Time Projecting Chamber detectors. We
train and test our neural networks on simulated datasets generated with the LAr-
Soft framework. We prove that our models’ performance is competitive and, in fact,
outperforms the traditional methods currently employed for denoising raw data by
the latest neutrino experiments.

Slicing algorithm at ProtoDUNE-SP with deep neural networks: In the context of
the neutrino event reconstruction, the slicing method aims to cluster the detector hits
into sets named slices, where all the hits in each group belong to the same main in-
teraction that happened within the detector. We implement a neural network model
to process the detector hits, to replace the traditional slicing method included in the
Pandora reconstruction framework based on topological algorithms. We train our ar-
chitecture on simulated data and design a first test to compare the clustering perfor-
mance of our model against the state-of-the-art one at separate detector hits between
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test beam and cosmic ray interactions. We discover that our approach outperforms
the traditional one implemented in Pandora.

Organizational note

The present thesis consists of three Parts, for a total of six Chapters. Each part is devoted
to the study of an application of deep learning in the context of particle physics. The
three parts split the discussion into an introduction of physical and computer science
background, a presentation of our novel contributions to simulation and a discussion
of the techniques implemented for detector reconstruction. Part I is composed of chap-
ters 1 and 2 and give an overview of the physics and computer science background,
respectively. We discuss the Standard Model of particle physics and give a more de-
tailed insight into neutrino physics and Monte Carlo techniques. On the computer sci-
ence side, we introduce the fundamental concepts of artificial intelligence and machine
learning, providing also an overview of the main state-of-the-art AI applications in the
particle physics research field. Part II comprehends chapters 3 and 4 and presents the
construction and characterization of efficient automated computation methods for par-
ton distribution functions interpolation and Monte Carlo simulation of particle physics
processes on hardware accelerators. Part III encompasses chapter 5 and 6 describing the
implementation of novel deep learning-based algorithms for event reconstruction at the
ProtoDUNE-SP detector. We discuss different strategies designed for experimental raw
data denoising and a clustering approach for detector hits named slicing. Parts II and III
have appeared in peer-reviewed publications in scientific journals and international con-
ference proceedings. Some variations have been made in the presentation of previously
published results, to maintain consistency of style and content structure throughout the
manuscript.

Chapter 1: Physics background We give a high-level overview of the Standard
Model of particle physics, describing the model’s particle content with a focus on
the fermion sector. We introduce the Higgs mechanism, the main technique used
to include mass terms for particle fields without explicitly breaking gauge sym-
metry. We discuss the leptonic sector with a focus on neutrinos, investigating the
neutrino oscillation phenomenon and how to extend the Standard Model to in-
clude neutrino masses both from a theoretical and experimental point of view. The
last section of the chapter is devoted to a presentation of numerical integration
and Monte Carlo techniques. We also describe the most widely used methods for
sample generation following given probability density functions: in this context,
we focus also on the physical phase space sampling techniques for collider events
introducing both a hierarchical and a democratic (RAMBO) approach.

Chapter 2. Introduction to deep learning and its physics applications This chap-
ter includes a review of the machine learning and deep learning algorithms and
a review of the most important applications of these techniques to the particle
physics research field available in the literature. We define the concept of learning
algorithms and neural networks, giving examples of the main operations exploited
in this field such as matrix multiplications, image convolutions and the attention
mechanism. We finally present a study on stochastic optimization methods, used
to train neural networks. The last part of the chapter summarizes the main appli-
cations of such techniques in particle physics, highlighting their great success and
spread in many fields, specifically we concentrate on reconstruction at colliders (jet
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physics and particle tracking) and neutrino physics. Other applications, like fast
event simulation and detection of new physics, are mentioned in passing only.

Chapter 3. Interpolating parton distribution functions Our first novel contribu-
tion is in the field of parton distribution functions (PDF): we design the PDFFlow
software that can exploit hardware acceleration to provide PDF values access. In
this chapter, we briefly set the stage by introducing the concept of PDFs and giving
a detailed description of the state-of-the-art tool for PDF access, namely LHAPDF6.
We present the LHAPDF framework concept from the historical point of view and
its interpolating algorithm. We leverage the TensorFlow library to demonstrate the
performance gain of our software with respect to the LHAPDF6 implementation
while matching their output accuracy. Finally, we benchmark our setup on parti-
cle physics experiments both at leading and next to leading order in perturbation
theory.

Chapter 4. MadFlow: a Monte Carlo event generator on GPUs The work on hard-
ware accelerators continues with the implementation of a full tool suite able to port
a complete Monte Carlo event generator for particle physics processes on Graph-
ics Processing Units (GPUs). We exploit the same concepts of PDFFlow to design a
matrix element generator and a phase space sampler that is compatible with GPUs.
Further, we provide an algorithm to store the generated events asynchronously to
preserve the performance speed-up delivered by our framework when coupled to
hardware accelerators. As in the PDFFlow chapter, the benchmarks are supported
by particle physics processes examples.

Chapter 5. Denoising ProtoDUNE-SP Raw Data with deep learning This chapter
starts the discussion about reconstruction algorithms for neutrino LArTPC detec-
tors, in particular, ProtoDUNE-SP. We introduce first the design of the ProtoDUNE-
SP detector and how Liquid Argon Time Projecting Chambers record information
about physics events. Our work focuses on the first stage of the signal-processing
pipeline: raw data denoising, that is taking the detector signal and automatically
mitigating the noise inherently introduced by the electronics. The state-of-the-art
technique that tackles this problem is deconvolution. Instead, we investigate dif-
ferent deep learning approaches based on graph neural networks.

Chapter 6. Clustering at ProtoDUNE-SP with supervised learning The final chap-
ter of this thesis is devoted to the slicing algorithm. Slicing is a step in the re-
construction chain at LArTPC detectors and is currently managed by the Pandora
framework. Thus, we first describe the Pandora concept and how it implements
event reconstruction. We present, then, our deep learning-based approach to the
slicing algorithm along with a benchmark comparison of our method against the
Pandora one.
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CHAPTER 1

Physics background

Contents
1.1 The standard model of particle physics 3
1.2 Neutrino physics 5

1.2.1 SM neutrino 5
1.2.2 Neutrino oscillation 6
1.2.3 Neutrino masses 11

1.3 Monte Carlo techniques 16
1.3.1 Numerical Integration 16
1.3.2 Monte Carlo Integration 18
1.3.3 Adaptive Monte Carlo: VEGAS algorithm 22
1.3.4 Sample generation 23
1.3.5 Phase space generation from particle collisions 25

In this chapter, we introduce the physics topics which the present thesis is based
upon. We discuss the Standard Model (SM) of particle physics, describing the model’s
particle content and highlighting its gauge symmetries. Then, we restrict our attention to
the physics of neutrinos, given the central role of such particles in part 4.3. In particular,
we focus on the neutrino oscillation mechanism, which implies a non-zero mass of such
particles and requires extending the SM to include lagrangian mass terms for neutrinos.
We give both theoretical and experimental insights into this research field.

We conclude the chapter with a dissertation on Monte Carlo (MC) techniques, the
fundamental tools for phenomenology studies. We present the mathematical formal-
ism behind these methods to show how MC methods are suited to sample from high-
dimensional probability distributions to generate events for particle physics processes.

1.1 The standard model of particle physics

In this section, we set the stage by giving a brief introduction of the standard model [3]
of particle physics. The SM describes our current understanding of three out of four
fundamental interactions in nature: the strong, weak and electromagnetic forces. The
last fundamental force, gravity, is not included in the theory, given that its mathematical
properties, e.g. non-renormalizability, make it incompatible with the model. The SM
lagrangian, containing only 19 free parameters, effectively yields accurate predictions
of physical processes validated by many experimental results [4]. Despite its success,
the model still contains open questions [5], such as the lack of a consistent description

3



4 1.1 The standard model of particle physics

Figure 1.1: The standard model of particle physics. The figure is taken from [8].

of neutrinos, whose discussion will be presented in section 1.2. Here, we present a de-
scriptive overview of the SM, leaving the interested reader to the detailed dissertation of
specialized quantum field theory (QFT) books, such as [6].

Formally, the SM is a Yang Mills theory with SU(3)C×SU(2)L×U(1)Y gauge sym-
metry group, where the subscripts C, L and Y stand respectively for the color group of
Quantum Chromodynamics (QCD), the fact that the weak force couples only to left chi-
ral components of fermion fields and the hypercharge. In such theories, there is always
a one-to-one correspondence between the generators of the symmetry group and the
bosonic fields representing force carriers. The physical fields for the gluons correspond
to the 8 generators of SU(3)C . The 3+1 generators of SU(2)L×U(1)Y , instead, are linked
with the electroweak physical bosons, namely W±/Z/γ, through a spontaneous symme-
try breaking (SSB) mechanism [7]. In QFT, including a mass term for gauge bosons in the
lagrangian would explicitly break the local symmetry. Instead, the SSB is a process that
allows gauge bosons to acquire mass coupling with a scalar field, which gains a non-zero
vacuum expectation value (VEV). In the SM, this scalar field is called the Higgs boson φ
and it is realized as a doublet of fields:

φ =

(
φ+

φ0

)
〈φ〉 =

(
0
v√
2

)
(1.1)

where upper and lower components of φ are two complex scalar fields and the angular
parentheses represent the VEV operator. When φ0 acquires a non-zero VEV v

√
2, it is

responsible to give mass to the SM particles.
The fermionic sector of the SM is organized in three families, containing quark dou-

blets with one up (u/c/t) and one down (d/s/b) quark type each and the leptons, gath-
ering the charged leptons (e/µ/τ ) and their associated neutrinos (νe/νµ/ντ ). Leptons
interact with the electroweak force only. In particular, the SM neutrinos are massless
and carry no electromagnetic charge and, therefore, cannot be easily experimentally re-
vealed. Figure 1.1 schematically shows the elementary particles predicted by the SM.
In particular, quarks in the SM lagrangian acquire masses through Yukawa interactions
with the Higgs boson fields. The lagrangian terms for such interactions are:

−LY,quark = Y dijQ̄
I
Liφd

I
Rj + Y uij Q̄

I
Liεφ

∗uIRj + h.c. (1.2)

where the Y u,d are complex 3×3 matrices, i, j are the generation labels (u, c, t in the case
of up-type quarks), ε is the 2 × 2 anti-symmetric tensor. QIL, dIR and uIR are the quark
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fields in the weak eigenstate basis, namely QIL are left-handed quark doublets and the
others represent the quark right-handed singlets.

When the Higgs field φ acquires a non-zero VEV, the equation 1.2 can be expanded
around that value, yielding the explicit quark mass terms. However, the physical states
are obtained by diagonalizing the Y u,d matrices by the following bi-unitary transforma-
tions:

Y f →Mf
diag = V fL Y

fV † fR (1.3)

for f = u, d and all the V are unitary matrices. This is possible of course only if the quark
fields transform accordingly. In this new basis, i.e. the mass basis, the equation 1.2 is
properly diagonalized, while the charged current weak interactions W± are modified
as:

−g√
2

(ūL, c̄L, t̄L) γµW+
µ VCKM

dLsL
bL

+ h.c, VCKM = V uL V
† d
L =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb


(1.4)

The VCKM is the Cabibbo-Kobayashi-Maskawa (CKM) matrix [9], which mixes the
weak-flavor eigenstates to obtain the mass ones. The standard parametrization of the
CKM matrix [10] involves three angles (θ12, θ13, θ23) and a CP-violating phase δ [11]:

VCKM =

1 0 0
0 c23 s23

0 −s23 c23

 c13 0 s13e
−iδ

0 1 0
−s13e

iδ 0 c13

 c12 s12 0
−s12 c12 0

0 0 1

 (1.5)

where sij = sin θij and cij = cos θij . A review on the latest experimental measures of the
values of the CKM matrix can be found at [12].

1.2 Neutrino physics

1.2.1 SM neutrino

The standard model neutrinos are part of the lepton doublets of SU(2)L:

LLα =

(
να
lα

)
L

(1.6)

where the subscripts α and L indicate the α−th lepton family the left-handed projection
of the fields obtained acting with the projector PL = 1

2 (1 − γ5). We note that within
the SM the right-handed charged leptons are singlets of weak interactions and no right-
handed neutrinos exist. Further, neutrinos do not carry any strong or electromagnetic
charge, but are subject to the following charged-current (CC) and neutral-current (NC)
weak interactions:

−LCC =
g√
2

∑
α

ν̄Lαγ
µl−LαW

+
µ + h.c. (1.7)

−LNC =
g

2 cos θW

∑
α

ν̄Lαγ
µνLαZ

0
µ (1.8)

where g is the weak coupling constant and cos θW is the Weinberg angle. In particular,
the NC interaction influences the decay width of the Z0 boson in the SM, which, in turn,
is related to the number of measured active light neutrinos Nν .
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In general, the SM neutrinos are dubbed active neutrinos since they couple with the
SM interactions as seen above. There exist, however, Beyond Standard Model (BSM)
theories that include the possibility to have other neutrinos that are singlets of the SM
gauge group and therefore are called sterile. Both light (with mass mν ≤ MZ/2) and
heavy sterile neutrino hypotheses are present in BSM theories. Experiments at LEP on
the measurement of the decay width of the Z0 boson constrained the Nν number [13]:

Nν =
Γinvisible
Z

Γ(Z → νν̄)SM
= 2.9840± 0.0082 (1.9)

This measurement excluded the fourth active light neutrino option.
A neutrino mass term cannot be included in the SM because it would break the sym-

metries of the model. In fact, the SM exhibits an accidental global symmetry besides the
gauge SU(3)C×SU(2)L×U(1)Y one:

Gglobal
SM = U(1)B×U(1)Le×U(1)Lµ×U(1)Lτ (1.10)

which reflects the conservation of the baryon numberB and the leptonic flavor numbers
Le,µ,τ . Moreover, also the total lepton number L = Le +Lµ +Lτ is conserved, being the
quantum number associated with the sub-group of Gglobal

SM . We show that these symme-
tries forbid any neutrino mass term in the SM.

The SSB mechanism allows all the SM fermions to acquire a mass coupling with the
Higgs boson field like in equation 1.2. Charged leptons admit a similar contribution:

−LY,lep = Y lαβL̄LαφERβ + h.c. (1.11)

whereERi are the right-handed singlets leptons of SU(2)L and φ is the Higgs boson field.
The Y lαβ is the 3 × 3 Yukawa matrix for leptons analogous to the quark one. Expanding
the Higgs field around is VEV v one obtains terms such as Y lαβ

v√
2
l̄LαlRβ , yielding mass

ml
αβ = Y lαβ

v√
2

to the leptons. Such a lagrangian term cannot be written for neutrinos,
since the right-handed field is not available.

In principle, a mass term like L̄LLcL might arise at loop level in the SM, where Lc =
CL̄T is the charge conjugated field and C is the charge conjugation matrix satisfying
CγµC

−1 = −γTµ . However, this would break the total lepton number conservation acci-
dental symmetry of the model, since the term would produce interactions with |∆L| = 2.
In light of these considerations, the SM neutrinos are, in fact, massless, opening the
problem of consistently describing the neutrino oscillation mechanism (see the next sec-
tion 1.2.2) while preserving gauge invariance and renormalizability of the theory.

1.2.2 Neutrino oscillation

The first intuition of the neutrino oscillation dates back to 1957 by Pontecorvo [14, 15],
which advocated a mechanism similar to the kaon anti-kaon mixing for the mesonium
(µ+e−) and anti-mesonium (µ−e+) oscillation. This matter-antimatter oscillation was
possible only by violating the leptonic number conservation. Some years later, the first
quantitative neutrino mixing model was proposed in [16] and further refined in [17, 18].

The idea is that the left-handed flavor ν(e,µ,τ)L and mass ν(1,2,3)L eigenstates of the
active neutrinos are linked by a unitary transformation, represented by the so-called
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix U :νeνµ

ντ


L

=

Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3

ν1

ν2

ν3


L

(1.12)
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Count Majorana Dirac

Rescalable fields N 2N − 1

Angles θi 1
2N(N − 1) 1

2N(N − 1)

Phases δi 1
2N(N − 1) 1

2 (N − 1)(N − 1)

Total free parameters N(N − 1) (N − 1)2

Table 1.1: The number of mixing angles and phases needed to parametrize the general unitary
N ×N PMNS matrix both in the case of Dirac and Majorana neutrino fields.

Employing greek indices for the flavor states and latin ones for the mass states, the equa-
tion above can be written in short form:

ναL(x) =
∑
i

UαiνiL(x) (1.13)

The matrix U satisfies the unitary conditions:

(UU†)αβ =
∑
i

UαiU
∗
βi = δαβ , (U†U)ij =

∑
α

U∗αiUαj = δij , (1.14)

A 3× 3 unitary matrix can be parametrized by 3 angles and 6 phases. However, it is
possible to transform the neutrino and charged lepton fields with an unobservable global
phase to absorb 5 out of the 6 PMNS phases. The aforementioned transformation can
be made manifest considering the lagrangian term of the CC interaction, equation 1.7,
which is left invariant by the following:

lα(x)→ eiφα lα(x), νi(x)→ eiφiνi(x), Uαi → eiφαiUαi (1.15)

where φαi = φα − φi. There exist indeed only 5 independent phase differences φe1, φe2,
φe3, φµ1, φτ1 among the 9 possible ones.

This is only true when the neutrinos are described by Dirac fields, while it is not the
case if neutrinos are Majorana. Indeed the phase transformation introduced by equa-
tion 1.15 would yield a complex mass for the Majorana fields:

1

2
miν

T
iLCνiL →

1

2
mie

2iφi νTiLCνiL (1.16)

Therefore, in this case, it is not possible to redefine the νi fields to absorb the phases and
we have, in fact, 3 phases left to describe the PMNS matrix. We report a summary of the
number of independent parameters needed to describe the PMNS matrix for the general
case of N lepton flavors in table 1.1.

The standard parametrization of the PMNS matrix for 3 flavor neutrinos is similar to
the CKM one, see equation 1.5, except for the presence of an extra U(1) matrix P in the
Majorana case:

U =

1 0 0
0 c23 s23

0 −s23 c23

 c13 0 s13e
−iδCP

0 1 0
−s13e

iδCP 0 c13

 c12 s12 0
−s12 c12 0

0 0 1

P (1.17)

where cij = cos θij , sij = cos θij with the mixing angles θij lying in the first quad-
rant [0, π/2] and δCP ∈ [0, 2π) is the Dirac phase responsible for the violation of the CP
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symmetry. Multiple representations of the P matrix are present in the literature and all
depend on two Majorana phases, which can be taken in the interval [0, π):

P =

eiα1 0 0
0 eiα2 0
0 0 1

 ,

1 0 0
0 eiφ2 0
0 0 ei(φ3+δCP )

 ,

eiρ 0 0
0 1 0
0 0 eiσ

 (1.18)

Majorana masses do not have any influence on the neutrino oscillation process we are
going to discuss, but enter in the calculation of lepton violating processes such as the
neutrinoless double beta decay 0νββ [19, 20].

In the following, we introduce the description of the neutrino oscillation
phenomenon, which will be described by the transition probability P (να → νβ) of a
certain neutrino with flavor α to become a neutrino with flavor β. We will show that
the oscillation mechanism requires massive neutrinos to be observed. Therefore we will
consider these particles to have a small mass mi for i = 1, 2, 3 and always move at ultra-
relativistic speed as it happens in all realistic experimental conditions. We will present
the main techniques to design neutrino mass terms for BSM lagrangians in the next sec-
tion 1.2.3.

The ideal neutrino oscillation experiment in vacuum involves a three-step process:
the production of a neutrino of pure flavor state α, the propagation of the particle along
a distance L and the detection of the final flavor β at the end of the apparatus setup. Let
us consider, then, an initial state produced by some CC process, (e.g charged pion decay
π+ → µ+νµ):

|ν(t = 0)〉 = |να〉 =
∑
i

U∗αi |νi〉 (1.19)

The propagation through the vacuum is described by the evolution operator obtained
by the exponentiation of the Hamiltonian and leads to the following state at time t:

|v(t)〉 =
∑
i

U∗αie
−iEit |vi〉 =

∑
i

U∗αie
−iEit

∑
β

Uβi |vβ〉 (1.20)

The final probability amplitude is obtained by acting with the state 〈vβ | and the corre-
sponding probability by applying the modulus square to the bra-ket notation:

P (να → νβ) = |〈νβ |v(t)〉|2 =

∣∣∣∣∣∑
i

UβiU
∗
αie
−iEit

∣∣∣∣∣
2

=
∑
ij

(Jαβ)ije
−i(Ei−Ej)t (1.21)

where we have defined the self-adjoint matrix (Jαβ)ij = UαiU
∗
βiU

∗
αjUβj . It is clear from

this definition that the Jαβ matrices do not depend on the Majorana phases, since the P
factor of equation 1.17 cancel out in the product.

The energy eigenvalues Ei in the ultra-relativistic limit are dominated by the particle
kinetic energy and can be expanded for m2

i /p
2 � 1:

Ei =
√
p2 +m2

i = |p|+ m2
i

2E
, with E ' |p| (1.22)

Inserting this approximation into equation 1.21 yields:

P (να → νβ) =
∑
ij

(Jαβ)ij exp

(
i
∆m2

jiL

2E

)
(1.23)
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where L = ct and ∆m2
ji = m2

j −m2
i is the squared mass difference between the neutrino

mass eigenstates. After some algebraic manipulations, we obtain:

P (να → νβ) = δαβ−4
∑
i<j

<(Jαβ)ij sin2

(
∆m2

ijL

4E

)
+2
∑
i<j

=(Jαβ)ij sin

(
∆m2

ijL

2E

)
(1.24)

This result makes evident that in order to have neutrino oscillation, we should not have
a degenerate mass spectrum and a trivial flavor mixing matrix, namely ∆m2

ij 6= 0 and
U 6= I, respectively. The oscillation probability P (να → νβ) depends on the four param-
eters of the PMNS matrix (θ12, θ13, θ23 and δCP ) and the two independent squared mass
differences (∆m2

21, ∆m2
31).

The violation of the CP symmetry is given by the fact that the probabilities for the
particles are not the same as for the anti-particles. We define the CP asymmetry param-
eter as1:

∆Pαβ = P (να → νβ)− P (ν̄α → ν̄β) (1.25)

As a consequence of equation 1.24, the investigation of the CP violation should be done
in the appearance channels (β 6= α), rather than in disappearance ones (β = α). The
latter case, indeed, yields the same probability for neutrino and anti-neutrinos since the
PMNS matrix appear in the formula only in the combination |UαiU∗αi|, which is real.
Constraints on the CP violation in neutrino oscillation can be derived expressing the
asymmetry parameter in the following form [21, 22]:

∆Pαβ = ±16J sin

(
∆m2

21L

4E

)
sin

(
∆m2

31L

4E

)
sin

(
∆m2

32L

4E

)
(1.26)

where the sign of the right-hand side is + for even permutations of (e, µ, τ), − for the
odd ones instead, and the quantity J is called the Jarlskog invariant and equals to:

J = =(Jeµ)12 =
1

8
cos θ13 sin 2θ12 sin 2θ13 sin 2θ23 sin δCP (1.27)

Interestingly, the form of the asymmetry parameter tells that it is universal and do not
depend on the particular observation channel: ∆Peµ = ∆Pτe = ∆Pµτ . The asymmetry
parameter product is non-zero only if all of its factors are non-zero. Therefore, to observe
CP violation, the mass spectrum should be non-degenerate (as it should have been to
observe the oscillation) and, further, the parameters of the PMNS matrix should obey:

θij 6= 0, δCP 6= 0, π (1.28)

Equation 1.24 is valid in general for all numbers of neutrino flavors N . In fact, in
many situations, such as in the oscillation of solar and atmospheric neutrinos, it is pos-
sible to neglect subleading terms and CP violation effects and consider just a two-flavor

1The C, P, T discrete symmetries transform the P (να → νβ) as follows:

P (να → νβ)
CP−−−−−→ P (ν̄α → ν̄β)

P (να → νβ)
T−−−−−→ P (νβ → να)

P (να → νβ)
CPT−−−−−→ P (ν̄β → ν̄α)

Note that the exchange from neutrinos to anti-neutrinos is achieved by CP rather than C, because the latter
would transform νL → ν̄L which, in fact, do not exist in the SM.
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approximation. In these cases, the PMNS matrix reduces to a 2×2 rotation by an angle θ
and there is just one squared mass difference ∆m2 to take into account. The appearance
probability becomes:

P (να → νβ) = P (ν̄α → ν̄β) = sin2 θ sin2

(
∆m2

ijL

4E

)
(1.29)

The oscillation probability for neutrino appearance, equation 1.24, describes the
probability that a neutrino να produced by some source A is revealed after propaga-
tion in the vacuum for a distance L by a detector B as νβ. This ideal scheme, however,
represents only an approximation of the real case. First, source A never produces a
beam of monoenergetic neutrinos, but rather a flux of particles with an energy spectrum
Φ(E). Second, the propagation over long distances does not happen in vacuum, there-
fore, especially in the case of layers of matter with high density, a proper description of
the propagation should be implemented (see [23, 24] for a detailed description of this
topic). Third, detector B does not have infinite energy resolution but rather presents an
efficiency ε(E) to reveal a certain process with cross-section σ(E).

In this context, the final result for the appearance probability, given in equation 1.24,
is an expected value given by the convolution of the theoretical probability Pαβ(E) with
the detection ingredients named above:

〈Pαβ〉 =

∫
dΦ(E)σ(E)Pαβ(E)ε(E)∫
dΦ(E)σtot(E)ε(E)

= δαβ − 4
∑
i<j

<(Jαβ)ij
〈
sin2Xij

〉
+ 2

∑
i<j

=(Jαβ)ij 〈sin (2)Xij〉
(1.30)

where the Xij quantity can be expressed by restoring the SI units of measure:

Xij =
∆m2

ijL

4E
= 1.267

∆m2
ij

eV2

L/E

m/MeV
(1.31)

The above equations highlight that the probability oscillates along the distance trav-
eled by the neutrinos with period: 4πE/

∣∣∆m2
ij

∣∣. Also, the sin functions are averaged,
which brings two alternative behaviors discriminated by the value of the ratio between
energy and distance: if (E/L) �

∣∣∆m2
ij

∣∣, the argument of the oscillating functions is
small and the probability goes to zero, instead if (E/L) ≥

∣∣∆m2
ij

∣∣, the function is rapidly
oscillating and it gets averaged out to

〈
sin2Xij

〉
= 1/2. As a consequence, the experi-

ments looking for measuring the neutrino mass difference will be only sensible to some
mass intervals based on their experimental setup. Table 1.2 collects the neutrino energy
and the baseline distance parameters for the experiments in neutrino oscillation. Each of
these kinds of experiments will be sensible to just a portion of the whole mass difference
spectrum.

So far, most of the PMNS matrix 1.17 parameters have been measured at 3σ precision
by several analyses. The better-known parameters are, indeed, θ12 and θ13, while the
remaining θ23 and the CP violating phase δCP involve major uncertainties. In particular,
the octant of the θ23 angle has yet to be discovered with enough statistical precision,
namely greater than 3σ. Furthermore, CP conservation is still a possible scenario, given
that the hypothesis δCP = π is discouraged, but cannot be completely rejected with a
high enough confidence level.
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Experiment Baseline L(m) E(MeV)
∣∣∣∆m2

ij

∣∣∣ (eV)

Solar 1010 1 10−10

Atmospheric 104 − 107 102 − 105 10−1 − 10−4

Reactor VSBL-SBL-MBL 10− 103

1 1− 10−3

LBL 104 − 105 10−4 − 10−3

Accelerator SBL 102

103 − 104 > 0.1
LBL 105 − 106 10−2 − 10−3

Table 1.2: The list of experiments that are sensitive to certain neutrino mass difference ranges:
characteristic values for L and E and relative ranges of

∣∣∆m2
ij

∣∣. The experiments are categorized
as Very Short Baseline (VBSL), Short Baseline (SBL), Medium Baseline (MBL) and Long Baseline
(LBL) depending on the neutrino source-detection distance. All the numbers neglect matter effects
on the oscillation probability equation. The table is taken from [24].

Regarding the other parameters governing the neutrino oscillation, the square mass
difference ∆m2

21 is known and is positive, yielding m2 > m1. On the other hand,
the known precision measurement of the ∆m2

32 quantity concerns its absolute value
only. Nothing has been discovered yet about the sign of ∆m2

32. This leads to two mass
schemes, named the normal ordering (NO):

m1 < m2 < m3 (1.32)

and inverted ordering (IO):
m3 < m1 < m2 (1.33)

Observations signal less agreement with experimental data of the inverted mass or-
dering compared to the normal ordering. This is measured quantitatively with an excess
in the χ2 test for the IO best fit: ∆χ2 = χ2

IO − χ2
NO > 0. We collect the best-known

measurements of the oscillation parameters in the 3 neutrino scheme in table 1.3.

1.2.3 Neutrino masses

In this paragraph, we present the main techniques exploited to extend the SM and give
mass to neutrinos. The crucial point is to introduce new particles that behave like the
neutrinos but are singlets of the SM interactions, these are called sterile neutrinos νsi for
i = 1, . . . ,m. These new particles do not break the fundamental properties of the SM,
namely, gauge symmetry and renormalizability. It is possible, then, to extend the SM
building two kinds of mass terms:

−LMν
= (MD)ij ν̄siνLj +

1

2
(MN )ij ν̄siν

c
sj + h.c. (1.34)

where the νcsj field is the charge conjugate field for the j−th sterile neutrino and νLj
is the i−th SM left-handed neutrino. We designed two complex mass matrices: MD of
dimensionm×3 andMN of dimensionm×m. The gauge symmetry of the SM is indeed
respected, since the sterile neutrino couples only with the active neutrinos and do not
contribute to any interaction with the SM gauge bosons.

The two lagrangian contributions just written are a Dirac-like term that can arise
from an SSB of a Yukawa interaction with the Higgs boson, such as Y νij ν̄siφ

†LLj , and a
Majorana term that violates the total lepton number conservation but is allowed since
the νSi do not carry any additional conserved charge.
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Table 1.3: Global fits for the 3ν parameters. The two mass-ordering schemes are presented sep-
arately. The excess in the χ2 by the IO is given by the ∆χ2 quantity for each analysis. All the
results include the contribution by the Super-Kamiokande experiment [25], which provided only
the tabulated χ2 test values for their measurements. The table is taken from [24].

Ref [26] Ref [27] Ref [28]
Param bfp±1σ 3σ range bfp±1σ 3σ range bfp±1σ 3σ range

NO Best Fit Ordering Best Fit Ordering Best Fit Ordering

sin2θ12
10−1 3.10+0.13

−0.12 2.75→ 3.50 3.04+0.14
−0.13 2.65→ 3.46 3.20+0.20

−0.16 2.73→ 3.79

θ12/
◦ 33.82+0.78

−0.76 31.61→ 36.27 33.46+0.87
−0.88 30.98→ 36.03 34.5+1.2

−1.0 31.5→ 38.0
sin2θ23

10−1 5.63+0.18
−0.24 4.33→ 6.09 5.51+0.19

−0.80 4.30→ 6.02 5.47+0.20
−0.30 4.45→ 5.99

θ23/
◦ 48.6+1.0

−1.4 41.1→ 51.3 47.9+1.1
−4.0 41.0→ 50.9 47.7+1.2

−1.7 41.8→ 50.7
sin2θ13

10−2 2.237+0.066
−0.065 2.044→ 2.435 2.14+0.09

−0.07 1.90→ 2.39 2.160+0.083
−0.69 1.96→ 2.41

θ13/
◦ 8.60+0.13

−0.13 8.22→ 8.98 8.41+0.18
−0.14 7.9→ 8.9 8.45+0.16

−0.14 8.0→ 8.9

δCP/
◦ 221+39

−28 144→ 357 238+41
−33 149→ 358 218+38

−27 157→ 349
∆m2

21

10−5eV2 7.39+0.21
−0.20 6.79→ 8.01 7.34+0.17

−0.14 6.92→ 7.91 7.55+0.20
−0.16 7.05→ 8.24

∆m2
32

10−3eV2 2.454+0.029
−0.031 2.362→ 2.544 2.419+0.035

−0.032 2.319→ 2.521 2.424+0.03
−0.03 2.334→ 2.524

IO ∆χ2 = 10.4 ∆χ2 = 9.5 ∆χ2 = 11.7

sin2θ12
10−1 3.10+0.13

−0.12 2.75→ 3.50 3.03+0.14
−0.13 2.65→ 3.45 3.20+0.20

−0.16 2.73→ 3.79

θ12/
◦ 33.82+0.78

−0.75 31.62→ 36.27 33.40+0.87
−0.81 30.92→ 35.97 34.5+1.2

−1.0 31.5→ 38.0
sin2θ23

10−1 5.65+0.17
−0.22 4.36→ 6.10 5.57+0.17

−0.24 4.44→ 6.03 5.51+0.18
−0.30 4.53→ 5.98

θ23/
◦ 48.8+1.0

−1.2 41.4→ 51.3 48.2+1.0
−1.4 41.8→ 50.9 47.9+1.0

−1.7 42.3→ 50.7
sin2θ13

10−2 2.259+0.065
−0.065 2.064→ 2.457 2.18+0.08

−0.07 1.95→ 2.43 2.220+0.074
−0.076 1.99→ 2.44

θ13/
◦ 8.64+0.12

−0.13 8.26→ 9.02 8.49+0.15
−0.14 8.0→ 9.0 8.53+0.14

−0.15 8.1→ 8.9

δCP/
◦ 282+23

−25 205→ 348 247+26
−27 193→ 346 281+23

−27 202→ 349
∆m2

21

10−5eV2 7.39+0.21
−0.20 6.79→ 8.01 7.34+0.17

−0.14 6.92→ 7.91 7.55+0.20
−0.16 7.05→ 8.24

∆m2
32

10−3eV2 −2.510+0.030
−0.031−2.601→ −2.419−2.478+0.035

−0.033−2.577→ −2.375−2.50+0.04
−0.03−2.59→ −2.39
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The equation 1.34 can be formatted in a compact shape introducing a vector of 3 +m
neutrinos ν = (νL,ν

c
s):

−LMν
=

1

2

(
ν̄cL ν̄s

)( 0 MT
D

MD MN

)(
νL
νcs

)
+ h.c. = ν̄cMνν + h.c. (1.35)

The resulting matrixMν is symmetric and can be diagonalized to retrieve the mass eigen-
values (m1,m2,m3, . . . ,m3+m) with the transformation induced by a unitary mixing ma-
trix V ν :

ν → νmass = (V ν)†ν, Mν → diag(mk) = (V ν)TMνV
ν for k = 1, . . . 3 +m (1.36)

The neat effect on equation 1.35 is:

−LMν =
1

2

3+m∑
k=1

mk [(ν̄cmass)k(νmass)k + (ν̄mass)k(νcmass)k]

=
1

2

3+m∑
k=1

mk(ν̄M )k(νM )k

(1.37)

where we have defined2:

νM = νmass + νcmass = V ν†ν + (V ν†ν)c (1.38)

It is easy to check that the fields in νM are Majorana neutrinos since they satisfy the
condition νM = νcM . The Majorana condition imposes a further constraint on the spinor
representation of the fields and acts halving the number of independent complex com-
ponents of the spinor from four (Dirac spinors) to two (Majorana spinors). The situation
is analogous to the scalar case, where a two real-component complex field φ reduces to
a single real scalar field imposing the reality condition φ = φ∗.

Equation 1.38 can be inverted to obtain the 3 left-handed active neutrinos of the SM:

νLi = PL

3+m∑
j=1

V νij(νM )j for i = 1, 2, 3 (1.39)

where PL is the left chiral projector as usual.
We presented the generic workflow that allows extending the SM to include neutrino

masses. We see that the neutrino mass terms arise from the inclusion of a number m
of sterile neutrinos. In this context, the SM left-handed neutrinos are retrieved with a
superposition of 3 + m Majorana neutrino fields by a mixing matrix V ν of rank 3 + m.
In the following paragraphs, we will present some examples of practical realizations of
this general framework.

2The charge conjugation matrix acts on spinors like:

Ψc := C−1ΨC = CΨ̄T

Ψ̄c := C−1Ψ̄C = ΨTC

Hence the bilinears (ν̄mass)k(νmass)k + (ν̄cmass)k(νcmass)k cancel in equation 1.37.
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Dirac neutrinos Setting MN = 0 in equation 1.35 equals to exclude Majorana mass
terms from the model lagrangian 1.34, namely to impose lepton number conservation.
In the particular case of m = 3, we have a sterile partner for each neutrino in the SM that
can be seen as the missing right-handed component of a four-spinor Dirac field for the
neutrino.

The mass matrix Mν can be diagonalized with the following transformations:

νLi → (V νL )ijνLj , νsi → (V νR )ijνsj , MD → diag(m1,m2,m3) = V ν†R MDV
ν
L

(1.40)
where V νL and V νR are two 3× 3 unitary matrices.

Then, the lagrangian mass term becomes:

−LMν
=

3∑
k=1

mk(ν̄D)k(νD)k (1.41)

which is obtained by defining:

νD = V νLνL + V ν∗R νcs (1.42)

Hence, the weak doublet of the SM neutrino fields is retrieved inverting the previous
formula acting with the left-handed chiral projector PL:

νL = PLV
ν
LνD (1.43)

This extension of the SM introduces 3 sterile neutrinos that provide the missing right-
handed degrees of freedom to SM neutrinos. The theory presents a low-energy matter
content different from the original SM, which cannot be seen as a low-energy effective
field theory of the model. Moreover, the model does not explain why the neutrinos
are much lighter than the charged leptons. This sounds strange since both leptons and
quarks acquire masses with the same Yukawa mechanism: up and down-type quarks in
the same doublet have comparable masses, while this would not be true for the leptons
and the neutrinos.

The see-saw mechanism The presence of a non-zero Majorana mass matrix MN in
equation 1.35 opens the possibility to explain the appearance of just 3 active light neu-
trinos observed so far, with the introduction of the see-saw mechanism. This model
predicts that the 3 active light neutrinos are accompanied by m heavy neutrinos with
mass much higher then the scale of the electroweak symmetry breaking v.

The mechanism can be understood by inspecting a 2× 2 matrix:

A =

(
0 M
M N

)
(1.44)

with M � N . The eigenvalues of the matrix are given by:

λ(+) =
N +

√
N2 + 4M2

2
→ Nλ(−) =

N −
√
N2 + 4M2

2
→ −M

2

N
(1.45)

One of the two eigenvalues is suppressed by the magnitude of N , while the other is
amplified by it, hence the name see-saw.
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In the general case, the matrix MD from equation 1.35 can be diagonalized through
the adjoint action of a unitary matrix V ν , obtaining the following neutrino mass la-
grangian terms:

−LMν
=

1

2
ν̄lM

lνl +
1

2
N̄MhN (1.46)

where the two mass matrices M l and Mh are given by:

M l ' −V Tl MT
DM

−1
L MDVl, Mh ' V Th MNVh (1.47)

and

V ν '

(1− 1
2M

†
DM

∗−1
N M−1

N MD

)
Vl M†DM

∗−1
N Vh

−M−1
N MDVl

(
1− 1

2M
−1
N MDM

†
DM

∗−1
N

)
Vh

 (1.48)

where Vl and Vh are 3 × 3 and m × m unitary matrices, respectively. Such as in the
2−dimensional toy case, the M l is proportional to the inverse matrix M−1

N , while the
heavier mass matrix contains MN . In this case, the SM is a good low-energy effective
field theory and, further, both the light and heavy neutrinos are Majorana particles.

Neutrino masses from generic new physics In the previous examples, we extended
the standard model introducing new lagrangian terms that respected the fundamental
properties of the SM, namely gauge invariance and renormalizability. In general, new
physics (NP) beyond the standard model might arise at energy scales ΛNP much higher
than those currently probed by the current experiments. Then, like in the first Fermi’s
theory of weak interactions, it should possible to include non-renormalizable terms in
the lagrangian that are suppressed by powers of the characteristic scales of the new the-
ory ΛNP: the theory in this case manifests as non-renormalizable interactions at scales
lower than ΛNP, but is, in fact, renormalizable at higher energies.

The least suppressed NP effects come from dimension 5 operators. Considering the
SM model fields and imposing the gauge symmetry, we can build the following term:

O5 =
Zνij
ΛNP

(L̄Liφ)(φT L̄CLi) + h.c. (1.49)

where the Zν is a n×nmatrix of coefficients, which leads after SSB to the Majorana mass
term for the left-handed neutrinos:

−LMν =
Zνij
2

v2

ΛNP
ν̄Liν

c
Lj + h.c. (1.50)

Then, in this case the mass matrix of the neutrino fields is given by:

(Mν)ij = Zνij
v2

ΛNP
(1.51)

which contains the suppressed factor v2/ΛNP, that would explain why the neutrinos
have such low masses compared to the other particles in the theory (i.e. charged leptons).

The lagrangian term breaks both the total lepton number and the flavor symmetry
U(1)e×U(1)µ×U(1)τ and, in absence of further symmetries at the level of theZνij coeffi-
cients, we expect lepton flavor mixing and CP violation, as discussed in the previous sec-
tion on neutrino oscillation 1.2.2. Moreover, we stress that the see-saw mechanism might
be seen as a particular model of NP theory: if we consider Zν to be a (3 +m)× (3 +m)
matrix and MN = ΛNP, the mass coefficients can be arranged to contain 3 active light
neutrinos with mass suppressed by the NP theory scale plus m heavy sterile neutrinos.
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1.3 Monte Carlo techniques

1.3.1 Numerical Integration

Both theoretical and experimental particle physics need to evaluate complex
high-dimensional integrals whose analytical solution is not always known. It is of
paramount importance to be able to compute them numerically and several methods
are known for centuries. These algorithms in general require to sample points in the
integration domain and evaluate the integrand function in them. The simplest classi-
cal formulae have been developed for 1−dimensional integration and are usually split
between Newton-Cotes type and Gaussian quadrature rules. The former evaluates the
integrand at equally spaced abscissas points, as opposed to the latter. In this discussion,
we focus on the Newton-Cotes type rules only, leaving the reader to specialized articles
for further details [29].

Newton-Cotes type formulae

The Newton-Cotes type rules compute an integral over a finite interval, weighting the
integrand function evaluated at equally spaced abscissas with suitable coefficients. The
following equation shows the simplest rule, namely the trapezoidal rule:

x0+∆x∫
x0

dx f(x) =
∆x

2
[f(x0) + f(x0 + ∆x)]− (∆x)3

12
f ′′(ξ) (1.52)

where ξ ∈ [x0, x0 + ∆x] ⊂ R. This procedure can be repeated to cover macroscopic
intervals [x0, xn], containing a set of n+ 1 abscissas {xi|xi = x0 + i ·∆x}ni=0:

I =

xn∫
x0

dx f(x) =
xn − x0

n

n∑
i=0

wi f(xi)−
1

12

(xn − x0)3

n2
f̃ ′′ (1.53)

with w0 = wn = 1/2 and wi = 1 for 1 ≤ i ≤ n− 1. Also f̃ ′′ is the average of all the f ′′(ξi)
values in the sub-intervals:

f̃ ′′ =
1

n

n∑
i=0

f ′′(ξi) (1.54)

for some ξi ∈ [xi, xi+1]. Equation 1.53 is an exact formula for the integral I. However, the
term with the second derivative of the integrand function should be evaluated in a point
dependent on I itself and, being unknown a priori, it is usually dropped. This approxi-
mation results in an error of order O(n−2) at the price of O(n) function evaluations.

Another formula that leads to a better approximation is Simpson’s rule evaluating
the integrand function in three points:

x2∫
x0

dx f(x) =
∆x

3
[f(x0) + 4f(x1) + f(x2)]− (∆x)5

90
f (4)(ξ) (1.55)

which gives:

I =

xn∫
x0

dx f(x) =
xn − x0

n

n∑
i=0

wi f(xi)−
1

180

(xn − x0)5

n4
f̃ (4) (1.56)
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where this time n should be an even number, w0 = wn = 1/3 and for 1 ≤ i < n, wi = 4/3
if i is odd, wi = 2/3 if i is even. Again, the second term is usually dropped, but this time
it goes to zero way faster than the trapezoidal rule one, namely as O(n−4).

For the sake of completeness, we give here the prescriptions more refined approxi-
mations rules. The Newton’s 3/8 rule, which employs 4 integrand evaluations for each
sub-interval, but does not improve the final approximation error:

x3∫
x0

dx f(x) =
3∆x

8
[f(x0) + 3f(x1) + 3f(x2) + f(x3)]− 3(∆x)5

80
f (4)(ξ) (1.57)

and the five-points Boole’s rule:

x4∫
x0

dx f(x) =
2∆x

45
[7f(x0)+32f(x1)+12f(x2)+32f(x3)+7f(x4)]− 8(∆x)7

945
f (6)(ξ) (1.58)

which has an error that scales as O(n−6).
In general, if the number of derivatives for the error term is k + 1, the rule is said to

be of degree k and the approximation error behaves like O(n−k). It can be shown that
an even 2k−starting point rule does not improve the degree of the odd (2k − 1)−rule:
one has to resort to the (2k+ 1)−point formula to gain better precision. Although higher
degree formulae provide errors that decay faster, it can be verified that the wi coeffi-
cients start growing large in magnitude and with opposite signs, leading to numerical
cancellations that do not improve consistently the approximations. Moreover, k−degree
Newton-Cotes rules assume that the integrand function is differentiable at least k times,
with continuous derivative: applications of the rule to functions not satisfying this re-
quirement provide a wrong error estimate. Therefore, higher-order rules are not used in
practice.

Multi-dimensional integration

The results presented in the previous paragraph refer to 1−dimensional integration only.
Here, we focus on extending the discussion to multi-dimensional integrals. Let f be a
function defined over a d−dimensional volumeM⊆ Rd and consider the integral:

I =

∫
M
dµ(x) f(x1, . . . , xd) (1.59)

where µ(x) is some measure function on the integration domain, such that µ(M) is
the volume of M itself. The trapezoidal formula 1.53 can be extended to the multi-
dimensional case sampling n points along each of the d the 1−dimensional axes pro-
jections of the function f . That is, building a d−dimensional histogram covering the
integration volume:

I =
µ(M)

nd

n∑
i1=0

· · ·
n∑

id=0

wi1 . . . widf(xi1 , . . . , xid) +O(n−2) (1.60)

where the integrand function is evaluated in the nd sampled points xik for i = 0, . . . , n
and k = 1, . . . , d. The total number of points used to cover the d−dimensional set is
N = (n+ 1)d ≈ nd, which leads to an approximation error of orderO(N−2/d). The same
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argument holds for the other Newton-Cotes type formulae, showing how their scaling
behavior is optimum in the 1−dimensional case, but rather poor when the dimensional-
ity increases. This problem can be regarded as the curse of dimensionality, namely the issue
afflicting integration and histogram methods for which the number of points required to
cover a multi-dimensional space grows exponentially with the number of dimensions.
The next paragraph introduces a technique suited for integration in a high number of
dimensions: Monte Carlo integration.

1.3.2 Monte Carlo Integration

Monte Carlo integration relies on a probabilistic approach to the measure of sets: inside
an event space Ω, it could be possible to measure the volume of a subsetM⊆ Ω, drawing
a sequence of random events {ωi}Ni=0 and keeping track of the number of events that fall
inside the subset M, Nin. The measure µ of the subset M, in the limit of large N, is
approximated by the ratio:

µ(M) = lim
N→∞

µ(Ω)
Nin
N

(1.61)

This idea can be transposed to find the value I of the integral of a multi-dimensional
function f , defined as in equation 1.59. Further, we assume that f is square integrable. In
the following, we normalize to unity the volume of the integration domain; the general
case can be retrieved using dimensional analysis, multiplying quantities appearing in
equations by a suitable power of µ(M). The Monte Carlo estimate EN of the integral I
is given by the following formula:

EN =
1

N

N∑
n=1

f(xn) −−−−→
N→∞

I (1.62)

where {xn}Nn=1 represent random points where the function f should be evaluated. In
the large N limit, the MC estimate equals the integral.

An estimation of the error for approximating the integral I with a finite N compu-
tation of the MC estimate EN should be discussed defining the variance σ2[f ] of the
function f :

σ2[f ] :=

∫
M
dµ(x) (f(x)− I)2 (1.63)

The variance for the MC estimate can be found by integrating over each of the randomly
drawn points:

σ2[EN ] =

∫
M
dµ(x1) . . . dµ(xN ) (EN − I)2 =

σ2[f ]

N
(1.64)

which can be derived first proving that
∫
dµ(x)(f(x)− I) = 0 and then working out the

square in equation 1.64, followed by the integration on the drawn points {xn ∈ M}Nn=1.
As opposed to the exact remainders associated with the Newton-Cotes type formulae
(see paragraph 1.3.1) this error has a probabilistic interpretation: evaluating the inte-
grand function on a finite sample of N points, the average error that one commits ap-
proximating I ≈ EN is σ[f ]√

N
. Equivalently, due to Central Limit Theorem, equation 1.64

implies that the sequence of random variables {(En − I)}Nn=1 converges in probability
to a centered gaussian with standard deviation of σ[f ]/

√
N , where σ[f ] is the integrand
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function standard deviation. In practice, the exact value for the variance of the MC esti-
mation σ2[EN ] is unknown and an approximated formula is employed:

S2
N =

1

N − 1

N∑
n=1

(f(xn)− EN )
2

=
1

N

N∑
n=1

(f(xn))2 − E2
N (1.65)

An immediate consequence of equations 1.64 and 1.65 is that the approximation error
of the MC estimation scales asO(N−1/2) with the number of function evaluations, which
unfortunately is rather poor compared to the 1−dimensional trapezoidal or Simpson’s
rules. However, by construction, the error does not depend on the dimensionality d of
the integration domainM. Hence, the MC integration is particularly suited to evaluate
high dimensional integrals. We report here the master formula for MC integration:

I ≈ EN ± SN =
1

N

N∑
n=1

f(xi)±
[

1

N − 1

N∑
n=1

(f(xn)− EN )
2

]1/2

(1.66)

Variance Reducing Techniques

The approximated formula of the variance of the MC integral, equation 1.65, is the ratio
of the variance of the integrand function σ2[f ] and the number of function evaluations
N . It follows that if it is possible to somehow reduce the numerator, the poor O(N−1/2)
behavior can be improved dramatically. Several variance-reducing techniques have been
designed for this purpose: we present the ideas behind the main strategies in this para-
graph.

Stratified sampling Stratified sampling consists in dividing the integration domain
into smaller sub-domains, perform an MC integration in each of them separately and,
finally, gather all the contributions to provide the final MC estimate of the integral.
This technique is supported by the following property of the Riemann integral: let
{Mi}ki=0 a numerable family of disjoint subsets of the integration domainM, such that
∪ki=0Mi =M, then the following equation holds:

I =

∫
M
dµ(x) f(x) =

k∑
i=0

∫
Mi

dµ(x) f(x) (1.67)

Therefore, the MC estimate of the integral I becomes:

EN =

k∑
i=1

µ(Mi)

Ni

Ni∑
n=1

f(xin) (1.68)

where we have drawn Ni random points for each subsetMi.
The variances of the function in each subset add up together to retrieve the variance

of the MC estimate. Note that the µ(M〉) is not unity anymore and must be included
explicitly in the formula (dimensional analysis helps infer the correct power of the inte-
gration volume in each equation):

σ2[EN ] =

k∑
i=0

µ2(Mi)

Ni
σ2[f ]

∣∣∣
Mi

(1.69)
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with:

σ2[f ]
∣∣∣
Mi

=
1

µ(Mi)

∫
Mi

dµ(x)

(
f(x)− I

µ(Mi)

)2

=
1

µ(Mi)

∫
Mi

dµ(x)f(x)2 −
(

1

µ(Mi)

∫
Mi

dµ(x)f(x)

)2
(1.70)

It can be shown that the value of the MC variance in equation 1.69 can be minimized by
an appropriate choice of the points sampled for each subset Ni. Here, we consider the
case with K = 2 and infer the general rule. If there are only two subsets a and b, we
parametrize the number of points where to evaluate the integrand function in the two
subsets with Na and Nb = N −Na respectively, where N stands for the total number of
sampled points {xin}. Taking the derivative with respect to Na, the formula for σ2[EN ]
can be minimized:

∂ σ2[EN ]

∂Na
= −

(
µ(Ma)

Na
σa

)2

+

(
µ(Mb)

N −Na
σb

)2
!
= 0 (1.71)

where σi is a short-hand for σ[f ]
∣∣∣
Mi

. So, solving for Na:

Na
N

=
µ(Ma)σa

µ(Ma)σa + µ(Mb)σb
(1.72)

This result shows how to minimize the variance of the MC integration splitting the in-
tegration domain into 2 parts. We can generalize it by claiming that the least possible
variance for an MC integration can be obtained drawing in each subsetMi a fraction of
points equal to the relative product of the volume of the subset µ(Mi) times the variance
of the integrand function evaluated in it. This means that evaluations of f(x) must be
concentrated in subsets where the potential error given by high variance of the integrand
function is the highest, namely where the function is both large or rapidly changing.

Importance sampling The importance sampling technique refers to a change of vari-
ables in the integration, resulting in a new integrand function. We show in this para-
graph that carefully tweaking this transformation leads to more efficient computation.
Formally, we have:

I =

∫
Mi

dµ(x) f(x) =

∫
M
dµ(x)p(x)

f(x)

p(x)
(1.73)

where the function p(x) can be chosen to be positive and normalized to unity, namely a
probability density function (pdf). Assuming that we can sample random points follow-
ing the pdf distribution xn ∼ p(x), then the MC integration becomes:

EN =
1

N

N∑
n=1

f(xn)

p(xn)
(1.74)

After this transformation, the new variance for the MC integral is given by
σ[f/p]/

√
N , which is estimated by:

S2
N =

1

N

N∑
n=1

(
f(xn)

p(xn)

)2

− E2
N (1.75)
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Zero variance can be achieved by choosing p(x) = f(x)/I , but, of course, this cannot be
done since we do not know the exact value of the integral. However, the variance can
be reduced by choosing p(x) as close as possible to f(x) or, equivalently, requiring that
the new integrand function f(x)/p(x) is as flat as possible. It should be noted, though,
that choosing a p(x) that is zero or approximately zero in a region with non-zero f(x)
results in a divergence in equation 1.75 and a consequent erroneous estimation of the
MC integral variance. Note that this behavior is not detected by the MC integration
algorithm if this region of divergence is small and the randomly sampled points fall
outside it. This argument signal that some attention should be paid when choosing the
function p(x).

Multi-channel Monte Carlo Importance sampling introduces a transformation that
acts on the whole integration domain flattening the integrand function and ensuring that
random sampling produces an efficient computation of the integral. However, when the
integrand function exhibits multiple sharp peaks in localized different regions it is very
unlikely to find a suitable change of variables that accommodates them all. The key idea
behind a multi-channel MC is that when the single peak structures of f(x) are known,
it is possible to transform each contribution with an independent transformation. Each
transformation is called a channel and defines a dedicated probability density function.
An MC integration on a single channel contributes to the final result only for the corre-
sponding peak, since the sampling is inevitably more focused around that region of the
integration domain and probably under-populating the others.

Multi-channel MC requires listing all the probability density functions pi(x) associ-
ated with each change of variables and to select each channel with a probability αi for
i = 1, . . . ,m, such that the αs sum up to unity. The desired integral is computed by
substituting p(x) =

∑m
i=1 αipi(x) in equation 1.73:

I =

M∑
i=1

αi

∫
M
dPi(x)

f(x)

p(x)
(1.76)

where dPi(x) = dµ(x) pi(x). The algorithms are usually implemented by fixing the num-
ber of function evaluations N and selecting each channel with probability αi: approxi-
mately yielding Ni ≈ αiN function evaluations for each channel. The MC estimation of
the integral I is, then:

EN =
1

N

m∑
i=1

Ni∑
ni=1

f(xni)

p(xni)
(1.77)

and a corresponding variance, analogously to equation 1.75:

σ2[EN ] =
1

N

m∑
i=1

αi

∫
M
dPi(x)

(
f(x)

p(x)

)2

− I2 (1.78)

Since the values of αi do not affect the MC estimate of the integral, but only the estimated
variance of the integral, a careful choice of the αi coefficients may lead to better results.
An iterative method to adjust the αi in order to minimize σ2[EN ] is presented in [30].

Control variates An alternative technique related to importance sampling is known as
the method of control variates: in this application, a function g(x) is subtracted to the
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original integrand f(x), introducing a new integrand function (f(x)− g(x)) and leaving
as the remainder term a possibly known integral of g(x):

I =

∫
M
dµ(x) f(x) =

∫
M
dµ(x)

(
f(x)− g(x)

)
+

∫
M
dµ(x) g(x) (1.79)

In principle, the (f(x)−g(x)) integration should be associated with a smaller variance to
benefit from the transformation. It is known that this method is stabler than the impor-
tance sampling method, since the g(x) function does not introduce singularities in the
integration function.

1.3.3 Adaptive Monte Carlo: VEGAS algorithm

The variance-reducing techniques presented just above require some knowledge of the
integrand function to be exploited. It would be desirable, instead, to design methods
that act in an automated way: given a function on the integration domain, they choose
the best strategy to enhance algorithm efficiency. This is exactly the purpose of adap-
tive techniques, namely those algorithms in which the integrand function properties are
learned at runtime. In particular, VEGAS [31, 32] is a tool that employs importance sam-
pling in high dimensions to iteratively shape an estimate of the optimal pdf:

pbest(x) =
|f(x)|∫

M dµ(x) |f(x)| (1.80)

A multi-dimensional histogram of the absolute value of the integrand function is com-
puted at each iteration. The number of bins along each dimension is kept constant dur-
ing the process, while gradually adjusting their width. The objective is to produce a
finer grid in regions providing large contributions to the integral and a coarser grain in
the integration domain portions with ”low-activity”. As a consequence of the curse of
dimensionality, a d−dimensional histograms require an exponential number of bins with
respect to the number of dimensions d to cover the integration domain. Therefore, scala-
bility in the VEGAS algorithm is ensured considering only separable functions for p(x):

p(x) = p1(x1) · p2(x2) · . . . · pd(xd) (1.81)

This way, it is possible to work independently along each dimension with the marginals
probability functions pi(xi).

The algorithm acts in two phases: exploration and evaluation. VEGAS first explores
the integration domain to adapt the grid to the integrand function shape, starting from
a naive uniform distribution for p(x) and adapting the widths of the bins following the
criteria described above: after some repetitions a stable grid configuration is reached. At
this point, the grids are frozen and the evaluation phase starts: several MC integrations
are performed and their results are aggregated into a final output. Given M integral
evaluations, the intermediate estimations for the integral Ei and its variances S2

i are
averaged into the final quantities Ē and S2

Ē
with the following rules:

Ē = S2
Ē

M∑
i=1

Ej
S2
i

,
1

S2
Ē

=

M∑
i=1

1

S2
i

, (1.82)

The intermediate Ei and S2
i are computed with the usual formulae for importance sam-

pling, equations 1.74 and 1.75 respectively. The algorithm also performs checks on the



Physics background 23

intermediate evaluations to ensure that the S2
i are reliable estimates of the MC error.

For this purpose, internally, a χ2 per degree of freedom is computed with the following
equation:

χ2/dof =
1

M − 1

M∑
i=1

(Ei − Ē)2

S2
i

(1.83)

Consistent estimates give χ/dof values approximately equal to 1.

1.3.4 Sample generation

MC integrators assume the ability to randomly sample points in the integration domain
and evaluate the corresponding integrand function values: a naive approach draws
points uniformly on the integration domain to update the estimates for the integral and
its variance (see equation 1.66). Modern scientific libraries already have implemented
algorithms to sample from uniform as well as many other notable probability distribu-
tions [33, 34]. Unfortunately, this is not sufficient, since a basic Monte Carlo integration
is known to perform poorly when complex integrands are involved. The importance
sampling technique, then, provides a method to gain efficiency requiring that sample
points are drawn from a chosen probability density function that is close as possible to
the integrand. In the next paragraphs, we introduce the most widely used methods to
produce samples following a given pdf.

In the following, the cumulative distribution function for a 1−dimensional random
variable X following a probability distribution function p(x) is:

P (x) = Prob
(
X ≤ x

)
=

∫ x

−∞
dt p(t) (1.84)

The definition can be extended naturally to higher dimensional random variables.

Inverse transform method

The inverse transform method gives a recipe to draw random numbers following an
arbitrary p(x). For each random variable X following the pdf p(x) it can be defined a
new random variable U = P (X) that follows the uniform probability in the unit interval.
It is possible, then, to invert the formula finding the inverse function of the cumulative
distribution, which always exists since F is monotonically increasing by construction.
Provided that the P−1 can be written analytically, then, sampling a uniform random
number in the unit interval u and computing:

x = P−1(u) (1.85)

yields a number distributed according to the desired pdf function p(x). Figure 1.2 depicts
the idea behind the inverse transform method for both continuous and discrete random
variables. In the latter case, the cumulative function is step-like and the desired output
xk is the one that satisfies:

P (xk) ≤ u < P (xk+1) (1.86)

Acceptance-rejection method

The inverse transform method is strongly limited by the fact that the inverse function
must be known exactly. Therefore, Von Neumann developed an algorithm [35] to sample
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(a) Continuous distributions case. (b) Discrete distributions case.

Figure 1.2: The inverse transform method for sampling random numbers according to some prob-
ability distribution function p(x).

(a) The original method. (b) The improved method.

Figure 1.3: The acceptance-rejection method for sampling random numbers according to some
probability distribution function p(x).

random numbers according to a pdf p(x) when the inverse transform method hypothesis
cannot be fulfilled. The idea relies on the assumption that p(x) is bounded from above
by C times a pdf h(x): p(x) ≤ Ch(x). Both p(x) and h(x) are normalized, hence C ≥ 1
follows. The choice of h(x) should be done to be able to generate random samples from
it easily: often this is set to the uniform distribution.

The method requires knowledge of the pdf p(x) only and works as follows. First,
generate a single x∼h(x). Second, uniformly draw a random number u in the unit inter-
val. Then, check the following inequality:

uCh(x) ≤ p(x) (1.87)

If the equation is satisfied accept x, reject it otherwise. Repeating the procedure many
times produces a large set of random numbers following the p(x) distribution. The ef-
ficiency of this method is constrained by the probability at which the acceptance hap-
pens: if a point x is generated in a region where p(x) � Ch(x), it is very likely that
the point will be rejected. That’s why figure 1.3(b) suggests a trick to improve the naive
acceptance-rejection method: the quantity C can be chosen piecewise constant, in order
to keep the ratio of p(x) and Ch(x) as close as possible to unity.

The Metropolis algorithm

The approaches presented in the last two paragraphs are rather simple and they are not
employed for realistic applications and complex use cases. Quite often it is required
to generate numbers following multi-dimensional probability distributions. When the
number of dimensions d grows large, a Markov Chain Monte Carlo (MCMC) technique,
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like the Metropolis algorithm [36], performs way better than the naive
acceptance-rejection method.

The Metropolis algorithm is essentially a random walk in the space where the multi-
variate pdf p(x) is defined: it produces a chain of states x1, . . . , xn, that eventually fol-
lows the p(x) function. This happens if two assumptions of ergodicity and detailed bal-
ance are verified. Ergodicity means that every possible state of the system can be reached
within a finite number of steps: this allows to pick a random initial state being sure that
the equilibrium state will be reached at some point. Detailed balance is a statement of
reversibility of the system: it claims that the probability flow outgoing from state xn−1

to the next state in the chain xn equals the ingoing probability flow from xn to xn−1.
Formally, it is defined by the following equation:

p(xn−1)π(xn−1, xn) = p(xn)π(xn, xn−1) (1.88)

where π(xn−1, xn) is the transition probability to step from state xn−1 to state xn and, of
course, p(xn) is the probability of being in state xn.

Each iteration of the Metropolis algorithm consists of the following list of actions.

1. At step n, randomly generate a new candidate state xn+1.

2. Compute the discriminative quantity ∆S = − log p(xn+1)
p(xn) .

3. If ∆S < 0, accept the candidate state as the new state.

4. Else, accept the candidate state with probability p(xn+1)/p(xn).

5. Repeat from the first point.

Point 3 and 4 can be absorbed into the definition of a single transition probability
π(xn, xn+1) = min(1, e−∆S), that satisfies the detailed balance condition. The intuitive
explanation of the algorithm is that the system spends more time in a higher probability
state, rather than in points associated with low probability regions. In particular, if the
new state has a higher probability than the old one, it gets certainly accepted, conversely
less probable states are accepted only with probability p(xn+1)/p(xn).

In practice, this algorithm initially starts in a random state and evolves naturally af-
ter some iterations towards an equilibrium state where the detailed balance condition
holds. The ergodicity property ensures that convergence to the equilibrium is reached
independently of the starting point. However, this process might take some time and,
for particularly complex use cases, the system might be trapped in metastable states for
an unknown number of steps. Moreover, successive states are not independent at equi-
librium since the system exhibits a typical correlation length ξ. Therefore, it is really
difficult to obtain an unbiased sample of points. A solution might be to save only those
states in the chain with a time distance proportional to ξ2, which is known as the decor-
relation time in random walk theory. The main problem with this technique is the fact
that systems can acquire very large correlation lengths, especially while experiencing
phase transitions.

1.3.5 Phase space generation from particle collisions

The methods described above find many applications in particle physics. Both in fixed
order calculations and event generators the problem arises to generate phase space
points, namely the 4−momenta of n particles with masses m1, . . . ,mn. The goal is to



26 1.3 Monte Carlo techniques

generate sets of particles 4−momenta p1, . . . , pn for collision events following physical
distributions.

The n−particle phase space is given by the following quantity:

dΦn(P ; p1, . . . , pn) = (2π)4δ(4) (P −∑i pi)

n∏
i=1

d4pi
(2π)4

(2π)δ(p2
i −m2

i )Θ(p0
i ) (1.89)

= (2π)4δ(4) (P −∑i pi)

n∏
i=1

d3pi
(2π)32p0

i

(1.90)

where the 4−dimensional Dirac delta expresses momentum conservation law. In gen-
eral, there are two basic approaches to the problem. The first [37] is based on a recursive
relationship producing a sequential or hierarchical approach to phase space sampling.
The second is a democratic one dubbed RAndom Momenta Booster (RAMBO) [38],
where massless particles are produced in a flat phase space and subsequent boosting
transformations enforce the physical constraints to output the final distribution.

Hierarchical approach A simple recursion rule can be derived from the n−body phase
space equation. The objective is to create an algorithm that allows the generation of
events containing n final state particles with given masses {m1, . . . ,mn}. The output
event will be obtained by a sequence of 1→ 2 particle branchings.

From the p1, . . . , pn output momenta, consider the auxiliary momenta qi defined as
the sum of all the output momenta with an index less or equal to i: qi =

∑i
j=1 pi. Also,

set the resonant mass parameters to M2
i = q2

i . Then, it is possible to insert the following
two identities in 1.89:

1 =

∫
d4qn−1δ

(4)(qn−1 −
n−1∑
i=1

pi) (1.91)

1 =

∫
dM2

n−1δ(q
2
n−1 −M2

n−1) (1.92)

which to obtain:

dΦn(P ; p1, . . . , pn) = dM2
n−1δ(q

2
n−1 −M2

n−1) d4qn−1δ
(4)(qn−1 −

n−1∑
i=1

pi)

(2π)4δ(4) (P −∑i pi)
d3pn

(2π)32En

n−1∏
i=1

d4pi
(2π)4

(2π)δ(p2
i −m2

i )

= dM2
n−1

d3qn−1

2Mn−1

d3pn
(2π)32Epn

δ(4) (P − pn − qn−1)

dΦn(qn−1; p1, . . . , pn−1)

= dM2
n−1

1

2π
dΦ2(P ; pn, 1n−1) dΦn(qn−1; p1, . . . , pn−1)

(1.93)

This equation underlines that the n−particle phase space can be reduced to an (n −
1)−particle phase space through the radiation of a particle with momentum pn by an
intermediate state with mass Mn−1.
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The recursive relation can be repeated introducing multiple sequential branchings in
the process to take care of all the external particles, resulting in:

dΦn =
1

(2π)n−2
dM2

n−1 . . . dM
2
2 dΦ2(n) . . . dΦ2(2) (1.94)

where dΦ2(i) = dΦ2(qi; pi, qi−1) is a shorthand for the contribution given by the decay
qi → pi qi−1.

It is possible to work out the integration of the Dirac delta in the two body phase
space for a particle of momentum qi that decays in two others with momenta pi and qi−1

respectively, the result is:

dΦ2(i) =
d3pi

(2π)32Ei

d3qi−1

(2π)32Mi−1
(2π)4δ(4)(qi − pi − qi−1)

=
λ1/2(q2

i , q
2
i−1, p

2
i )

(2π)2 8M2
i

dΩi

(1.95)

recalling that q2
i = M2

i and where dΩ = d cos θidφi is the solid angle differential element
of the two outgoing particles i and i− 1 and the characteristic λ function is defined by:

λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz (1.96)

which is symmetric under the x←→ y exchange.
Inserting equation 1.95 into the recursive relation 1.94 we obtain the result for the

n−body phase space with n− 1 sequential splittings:

dΦn(P ; p1, . . . , pn) = (2π)4−3n23−2n dM2
n−1 . . . dM

2
2

n∏
i=2

λ1/2(M2
i ,M

2
i−1, p

2
i )

2Mi
dΩi (1.97)

where the masses Mi in subsequent decays are constrained by the kinematics to respect
the inequalities:

µi ≤Mi ≤Mi+1 −mi+1 (1.98)

where µi =
∑i
j=1mi.

The ratio in the product of equation 1.97 turns out to be equal to the absolute value of
the 3−momentum |pi| in the rest frame of the decaying intermediate particle M i

2. There-
fore, it is possible to design the following algorithm to hierarchically generate phase
space events containing n final state particles with {m1, . . . ,mn} masses. The pseu-
docode describing the algorithm is contained in table 1.4 and produces n particles mo-
menta configurations that should be weighted with the following quantity, which takes
into account the jacobians of the transformations induced by the uniform random sam-
pling:

w =
(2π)3−2n21−n

Mn (M2 − µ2)

n∏
i=2

(Mi − µi)
√
λ
(
M2
i ,M

2
i−1,m

2
i

)
(1.99)

RAMBO

In contrast to the hierarchical approach which generates weighted events, the RAndom
Momenta BOoster (RAMBO) [38] produces a set of n physical 4−momenta with total
momentum P , drawing uniformly numbers from the unit hyper-cube in R4n. The algo-
rithm treats differently the production of massless and massive particles.
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Inputs: Incoming momentum P , output massesm1, . . . ,mn.
Outputs: Final state particle 4−momenta {pµ1 , . . . , p

µ
n}weighted by w.

Set i← n, qi ← P ,Mi ←
√
q2
i

While i > 1 :
Lorentz transform to rest frame of qi with Λµν
Sample uniformly ui1, ui2 ∈ [0, 1]

φi ← 2πui1 and cos θi ← 2u12 − 1

If i ≥ 3:
Sample uniformly ui3 ∈ [0, 1]

SetMi−1 ←
∑i−1
j=1 µi−1 + ui3 (Mi − µi)

Else:
SetMi−1 ← m1

Set |p′i| ←
λ1/2

(
M2
i ,M

2
i−1,m

2
i

)
2Mi

and p′i ← |p
′
i| (sin θi cosφi, sin θi sinφi, cos θi)

Define 4−momenta p′µi ← (
√
|p′i|2 +m2

i ,p
′
i), q

′µ
i ← (

√
|p′i|2 +M2

i−1,−p′i)

Lorentz transform back to the lab frame with Λ µ
ν

If i = 2:
p1 ← q1

i← i− 1

Set the weight w of the generated event to equation 1.99

Table 1.4: The hierarchical approach to sample weighted n−body phase space configurations.

We first discuss the massless case. The n−massless particle phase space element is
given by:

dΦn = (2π)4δ(4)
(
P −∑i pi

) n∏
i=1

d4pi
(2π)3

δ(p2
i )Θ(p0

i ) (1.100)

To derive the RAMBO algorithm, instead, we consider the alternative form:

dRn =

n∏
i=1

d4pi
(2π)3

δ(q2
i )Θ(q0

i )(2π)4f(q0
i ) (1.101)

where we have replaced the 4−dimensional Dirac delta expressing the momentum con-
servation with a generic function depending on the temporal component of the qi mo-
menta, f(q0

i ). This function is needed to keep the total phase space volume finite. In-
tegrating over the Dirac delta to implement the on-shell condition of the particles, we
obtain:

dRn = (2π)4−2nxf(x)Θxdnx (1.102)

which shows how the integrals over the different particle momenta decouple in this case.
We define a Lorentz plus a scaling transformation connecting the RAMBO

4−momenta and the physical pi ones. The transformation is characterized by the vector
b and the scaling factor x, as follows:

γ =
Q0

M
=
√

1 + b2, a =
1

1 + γ
, x =

√
P 2

M

Qµ =

n∑
i=1

qµi , M =
√
Q2, b = − 1

M
Q

(1.103)
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Therefore, the transformations linking the two sets are xHbµ(qi) and its inverse
1
xH−bµ(pi), such that:

p0
i = x(γq0

i + b · qi), pi = x
[
qi + bq0

i + a(b · qi)b
]

(1.104)

It is possible to show that expressing the RAMBO phase space element in terms of
the momenta pi, the following equation holds:

dRn =
d4pi
(2π)3

δ(p2
i )Θ(p0

i )(2π)4δ(4)

(
P −

n∑
i=1

pi

)

·
(

n∏
i=1

f

(
1

x
H0
−b(pi)

))
(P 2)2

x2n+1γ
d3bdx

(1.105)

This equation factorizes the RAMBO phase space in the usual physical n−body phase
space for massless particles plus a contribution Sn given by the second line of equa-
tion 1.105, which depends on the choice of the auxiliary function f(x). Fixing f(x) = e−x

and performing the integrals over the b and x parameters the Sn equals to:

Sn = 2π(P 2)2−nΓ
(

3
2

)
Γ(n− 1) Γ(2n)

Γ
(
n+ 1

2

) (1.106)

which depends on the total invariant mass P 2 only.
Therefore, it can be possible to generate the n massless particles with the following

receipt:

1. Generate n 4−momenta qµi with isotropic angular distribution and energy sampled
from the q0

i e
−qidq0

i probability density function. This can be done by sampling
uniformly 4n random numbers in the unit interval and combining them with:

ci = 2ui1 − 1, φi = 2πui2, q0
i = − log(ui3ui4)

q1
i = q0

i

√
1− c2i cosφi, q2

i = q0
i

√
1− c2i sinφi, q3

i = q0
i ci

(1.107)

2. Transform the set of RAMBO momenta qi into the physical ones pi with the help of
the transformation appearing in equation 1.104.

3. Attach to the produced configuration the flat weight:

w0 = (2π)4−3n
(π

2

)n−1 (P 2)n−2

Γ(n)Γ(n− 1)
(1.108)

In the massive case, there exists a similar approach that exploits the massless case
generation with a further transformation that allows providing 4−vectors associated
with massive particles. As a result, the event weight is no longer constant over the
phase space, but depends on the generated momenta. The algorithm is modified in the
following way.

1. Generate a set of momenta for the massless particles pi.
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2. Compute the massive particle momenta ki from the rescaled massless momenta
ξpµi :

kµi =

(√
m2
i + (p0

i )
2, ξpi

)
(1.109)

where the parameter ξ is a constant quantity, constrained by the equation
√
P 2 =∑n

i=1

√
m2
i + (ξp0

i )
2, which should be usually solved numerically.

3. Attach the momentum configuration dependent weight w = w0wm to the event,
where w0 is given by equation 1.108 and:

wm = (P 2)2−n

(
k∑
i=1

|ki|
)2n−3 ( n∏

i=1

|ki|
k0
i

)(
n∑
i=1

|ki|2
k0
i

)−1

(1.110)
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In this chapter we review the basic concepts of machine learning (ML), introducing
learning algorithm and neural networks from the basics to the definitions of the state-
of-the-art techniques in this field of research. We include also an overview of the most
widely used optimization methods, exploited to fit these algorithms on the input data.

We then collect the main artificial intelligence (AI) results in particle physics by clas-
sifying the plethora of different models with respect to the particular physics problem
they aim to solve.

2.1 Fundamental definitions and techniques of machine learning

In this section, we present the principles of machine learning. We first define what a
learning algorithm is and which kind of tasks ML tries to solve. We inspire by the ex-
haustive exposure of [39, ch. 5]. Then, we introduce the fundamental building blocks of
neural networks (NN), namely artificial neurons, and how they are organized in feed-
forward (FF) layers to form a first simple NN example. We review the most widely used
kinds of layers in the literature, focusing, in particular, on the convolutional and atten-
tion layers, which are the hot topics in the computer vision field. In the last part of the
section, we describe the main algorithms used to optimize neural networks.

2.1.1 Learning algorithms

An ML algorithm is a model that can learn from data. A definition of what such a learn-
ing algorithm dates back to 1997 [40]:

31
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Definition. A computer program is said to learn from experience E with respect to
some class of tasks T and performance measure P, if its performance at tasks in T, as
measured by P, improves with experience E.

In the following paragraphs, we briefly give intuitive descriptions and examples of the
abstract entities introduced in the quote: the task, the performance measure and the
experience.

The task The task refers to the goal of the learning process. It is important to underline
that learning is not identified with the task, but it is the way of achieving the ability
to perform the task. Tasks in ML are usually described by how the model processes
examples. An example is a collection of n quantitative features, measured from some
object, that we want the model to inspect. This way we can encode an example as a
vector x ∈ Rn. For instance, we treat a squared grayscale image as a vector in Rn×n,
where each component is a 8 bit integer, taking values in the [0, 255] range, representing
the corresponding pixel’s intensity.

The following list reports a summary of the most common machine learning tasks.

• Classification: in this type of task, the program is asked to specify which of m
categories some input belongs to. Hence, the model will attempt to learn a function
f : Rn → {1 . . .m}, which maps an example x to its category y = f(x).

• Machine Translation: in this type of task, the network takes as input a sequence
of symbols in some language and aims to convert them from that native language
to another. ML algorithms are employed also in natural language translations, like
English-Italian translations.

• Density estimation: in this type of estimation problem, the model is trained to out-
put a function pmodel : Rn → R, where pmodel(x) can be interpreted as a probability
density function on the space where the examples were drawn from.

The performance metric To assess the ability of the algorithm to accomplish some task,
we have to define a measure that quantifies the performance. The performance metric
happens to be designed specifically for each task the model should be optimized for.
For classification and transcription, the accuracy acc. is often a good choice, namely the
ratio between the number of examples where the model makes a correct prediction over
the total. Alternatively, we can measure the error rate, also called 0 − 1 loss, which is
equal to 1 − acc.. Of course, the metrics are task-specific and sometimes it is desirable
to design a custom loss function that reflects which features we would like the model to
learn, rather than which system’s behaviors we want to penalize.

A central concept in ML is generalization: we do not want the algorithm to fit the
distribution of the input data, we would like it to learn features underlying data, instead.
This is necessary to achieve good performance of examples that are completely new to
the model, that is when performing inference on new data. It is common, then, to have
two distinct collections of examples (datasets): the training dataset and the test one. The
former is exploited by the model to tweak its parameters, while the latter is used to
assess its performance.

The experience ML algorithms, depending on what kind of experience they are al-
lowed to receive during the learning process, can be grouped into three main categories:
supervised, unsupervised and reinforcement learning models.
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• Unsupervised learning algorithms experience a dataset containing many features.
The model has to capture this information, learning the true probability distribu-
tion function p(x) underlying the examples. The key idea is that the optimization
of the cost function and the data themselves are enough to accomplish the given
task.

• Supervised learning algorithms are trained on examples with known target labels.
That is, each point in the dataset comes with information about the truth: the model
is adapted through a trial and error process to output the desired value. For in-
stance, the MNIST [41] database is a collection of 60, 000 grayscale 28 × 28 pixels
images of handwritten digits, plus a vector of labels that identifies the correct cat-
egory of each image. In this training mode, a model tries to predict the correct
label y from an example x, or, in other words, it tries to reproduce the conditional
probability density function p(y|x).

• In reinforcement learning algorithms, an agent has to learn how to interact with
an environment to maximize a reward function. Models of this kind have to learn
to take decisions to be successful. Therefore, robotics represents a natural field of
application of these techniques.

The term supervised arises from the fact that the model is taught by the labels what to
do, while in unsupervised learning the database completely lacks this information. It is
worth noting that these categories are not formally defined and always well separated
as there are models that can be used to accomplish different tasks. We would also like
to mention that other variants of the learning paradigm exist, such as semi-supervised
learning, meta-learning and multi-instance learning to name a few.

Generalization As we stated above, the central challenge in ML is to build models
which perform well on new unseen data. This idea remarks the difference between an
optimization problem and an ML algorithm: the former is a process in which we seek
the model’s best configuration in parameter space to reduce the training error, while
in the latter we want the generalization error (also called test error) to be small. The
generalization error is the expected value of the error on a new unseen input. Practically,
it can be evaluated by averaging over the performance achieved on the collection of
examples called test dataset.

In general, it is not possible to gain insights on the test error knowing just the train-
ing error, since train and test datasets represent two distinct collections. To be able to
affect the generalization error with training, we make two claims on how the datasets
are collected. First, the datasets should contain independent examples. Second, these
examples should be sampled from the same probability distribution pdata, dubbed data
generating distribution. The two hypotheses of independent and identically distributed
examples ensure that the training error sets an upper limit for the generalization error.
It is possible, then, to influence the final performance of an ML algorithm by monitoring
and reducing two fundamental quantities: the training error itself and its gap from the
test error.

When we do not manage to reduce one of such measures, we face two classical unde-
sired behaviors of an ML algorithm, called respectively underfitting and overfitting. The
former means that the model’s parameters are not optimized enough to perform the task
and more training steps are required to lower the fundamental quantities. The latter, in-
stead, means that the algorithm is not learning the true data-generating distribution, but
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(a) Underfitting (b) Good generalization (c) Overfitting

Figure 2.1: Three limit cases. Left panel, the linear output model has not captured the curvature
present in the data. Training errors are high: underfitting. Central panel, the model fits well all
the data: good generalization. Right panel, the model interpolates the samples with a complicated
function with low training error, but high validation error: overfitting. The figure source code is
inspired from the Scikit-learn [42] package documentation.

it is fitting the training points with a complex function. Borderline cases are displayed
in figure 2.1.

To better explain the concept, we can intuitively think about a student. Underfitting
corresponds, of course, to the situation in which the student learned the topic just su-
perficially. The student, when is able to generalize, has mastered the subject and can
ingeniously apply what he has learned, is the best; whereas when he just parrots back
the lesson, he is simply overfitting the issue.

Within the ML field, we protect ourselves from these two bad behaviors, by stopping
the optimization algorithm at the right time. The question is, of course, to understand
which is the right time. A common technique used to address this problem is early stop-
ping. At each optimization iteration, both the training error and the generalization error
are evaluated. The training error is given by the loss function value, while an estimate
for the generalization error is computed on a separate set of examples, usually called the
validation dataset. The validation dataset is a collection of examples that are not used
for optimization but are generally employed to tweak some un-trainable parameters of
the model. Figure 2.2 shows the typical trend of the error functions during training:
according to the early stopping prescription, the training should be stopped when the
gap between training and validation error starts increasing. This roughly provides a
trade-off between underfitting and overfitting regimes.

We have described what an ML algorithm is following Mitchell’s definition [40]. We
linked it to a statistical modeling procedure, where the algorithm optimizes its output
by processing vectorial examples and tries to grasp the true underlying data generating
distribution pdata. Since this distribution is usually quite complicated, we have to be sure
that our model will be capable of correctly reproducing it. This motivations, supported
by the universal approximation theorem [43, 44] lead us to introduce neural networks
(NNs) as function approximants that can achieve the goals of an ML algorithm.

2.1.2 Neural networks

We introduce the concept of the NN explaining the characteristics of artificial neurons,
named like this because their behavior resembles that of a biological neuron. Further-



Introduction to deep learning and its physics applications 35

Figure 2.2: Typical trends of training and generalization (over the validation set) errors during
training. Eventually, the training curve flattens (orange points and red curve), while the validation
loss starts increasing. This behavior signals overfitting and the black line marks the best moment
to stop the optimization algorithm, namely, as soon as the generalization gap starts increasing.

more, neurons can be arranged together to form layers, which are the building blocks of
neural networks, that in turn can accomplish an incredible variety of tasks, if properly
designed and tuned. We overview the different types of layers widely employed in the
literature and explain how it is possible to fix a very large number of parameters to allow
the process of learning. With this in mind, we hint at the main ideas behind the most
common optimization algorithms.

An artificial neuron is defined as a function fw,b : Rn → R that maps a collection of
k input signals x = {x0, . . . , xk−1} to an output:

y = fw,b(x) = ϕw,b(wjxj + b) (2.1)

where w is a vector of k weights and b is a real coefficient called bias; in general, we refer
to these quantities as the model’s parameters θ. It is interesting to note the role of the so
called activation functionϕ, because it introduces the opportunity to have non-linearities
in an otherwise affine transformation. Table 2.1 lists the most common activations used
by ML models.

It is possible to group a set of n neurons to form a dense layer. Hence, the vector of
wj weights and the bias b become an n × k matrix wij and an n-dimensional vector bi,
respectively. The layer has now n outputs:

yi = f(oi) = ϕ(wijxj + bi) for i = 0, . . . , n− 1 (2.2)

where we employed Einstein’s convention of implicitly summing over repeated indices.
Figure ?? pictorially displays the i−th neuron inside a layer and figure 2.4 plots a collec-
tion of neurons to form a feed forward or dense layer.

We now look to several classes of layers that employ alternative operations to process
inputs. Such layers are more specialized than the general feed-forward one: each of them
has a peculiar structure and therefore is best suited to solve particular tasks.

Convolutional layers Convolution is a mathematical operation on two functions of a
real argument. Let, then, f, g : R→ R be two real valued functions. Their convolution is
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Name Support Equation

Linear R ϕ(x) = x

Rectified Linear Unit (ReLU) R+ ϕ(x) = max(0, x)

LeakyReLU R ϕα(x) =

{
αx is x < 0

x if x ≥ 0

Exponential Linear Unit (ELU) (−α,∞) ϕα(x) =

{
α(ex − 1) is x ≤ 0

x if x ≥ 0

Hyperbolic tangent (−1, 1) ϕ(x) = tanh(x)

Logistic (a.k.a. sigmoid) (0, 1) ϕ(x) = σ(x) = 1/
(
1 + e−x

)
Softmax (0, 1) ϕm(xk) = exk/

(∑m
i=1 e

xi
)
)

Table 2.1: List of the most common activation functions. The parameter α in ReLU and ELU is an
input positive constant. The SoftMax activation is typical of multi-class problems: ϕm(xk) is the
probability to obtain the k−th category out of a total of m classes.

Figure 2.3: An artificial neuron. Figure 2.4: A Feed-Forward or dense layer.
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(a) An RGB image represented as a grid. (b) Convolution on a pixel.

Figure 2.5: Images, both grayscale and RGB, are represented by rank 3 tensors. Convolution is the
state-of-the-art operation in ML for image processing.

the function (f ∗ g) : R→ R, defined by the following mapping:

t 7−→ (f ∗ g)(t) =

∫ +∞

−∞
f(τ)g(t− τ)dτ (2.3)

In general, we can look at convolution, as an operator that applies a filtering function g
on an input function f : g is called kernel in ML applications and the output is sometimes
named the feature map. Furthermore, if g is also a probability density function (pdf), the
output f ∗ g is an average of f weighted with the pdf g ,or, equivalently, the expected
value of f by means of g.

To apply convolution within an ML framework, we introduce a discretized form of
this operation: the arguments of real functions become integer indices. Convolutional
layers are usually employed, with great success, to process images, which can be seen
as grids of pixels described by rank 3 tensors, as in figure 2.5(a): the first two indices
identify the row and the column in the grids, while the third one refers to the pixel’s
channels, which mixes primary colors. One-channeled images are grayscale, otherwise
descriptions with three (RGB for red, green, and blue) or four channels (RGBA for red,
green, blue and alpha, which measures transparency) are suited for colored ones.

The convolutional kernel K contains all the layer’s information and it is represented
by a tensor with the following index structure: the first two labels refer to the size of
the filtering window (row and columns), the third one runs from 1 to the number of
channels in the input image cin, while the last corresponds to the number of channels
in the output image cout. Convolution is the operation in which we apply these multi-
dimensional filters to different subsets, with shapes equal to the filtering window, of
consecutive pixels in the input image. Mathematically we write:

Oi,j,k =

nr−1∑
l=0

nc−1∑
m=0

cin∑
n=1

Ii×r+l,j×s+m,nKl,m,n,k (2.4)

where we introduced the possibility to have strides r and s. Figure 2.5(b) visually shows
the convolution operation with single-channeled input, kernel and outputs.

The stride parameters tell the model not to inspect each consecutive subset of pix-
els: the convolution in this case skips respectively r and s image’s cells in each direction
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before taking again the convolution operation. The stride option affects the informa-
tion overlap between near pixels in the output image: having minimum strides in each
direction, namely equal to one, ensures that the maximum amount of information is
retained within the output image. Nonetheless, this is computationally expensive and
sometimes, in fact, does not improve the performance of the model. The choice of these
parameters is in any case dataset-specific.

Looking at equation 2.4, it is clear that there is an issue when the kernel deals with
cells next to the boundaries: there, the sum’s indices would go out of range for the input
image. A solution consists in carrying on the convolution operation only until the kernel
lies entirely inside the image. This option is called valid convolution by ML libraries.
Of course, the output image will be shrunk in comparison to the input one. The opposite
behavior is the same convolution, in which the layer implicitly zero-pads the image to
have input and output images of the same shape. The same option has the drawback
that pixels near the borders of the input image influence a smaller amount of cells in the
output than the ones in the middle. Optimality between these alternatives, of course,
is not an absolute fact, but strongly depends on the input data: the best choice lies, in
general, somewhere between the valid and the same modes.

Three key ideas support the introduction of convolutional layers in neural networks:
sparse interactions, parameter sharing and equivariant representations. In the following,
we give a brief introduction to these concepts, to motivate the intense usage of convolu-
tional layers in the literature.

Figure 2.4 showed the connections established by a dense layer with the input; in
particular, we highlight that each neuron inside the layer is linked with each component
of the input vector. Due to this aspect, dense layers are also called fully connected. The
number of weights used by a single layer scales linearly with the dimensionality of the
inputs. Moreover, images span a two-dimensional space and their number of pixels
grows quadratically with the size of the image edge, even containing millions of pixels
in the case of high-resolution pictures. It is clear, then, that inspecting images with fully
connected layers can be very computationally expensive, both in terms of storing the
whole amount of weights and working out the matrix multiplication operations.

The introduction of convolutional layers allows having a smaller number of weights,
depending only on the size of the kernel K, which is often way smaller than the input
image. We refer to this property of a convolutional layer saying that it presents sparse
interactions or sparse connectivity. The dense layer indeed can be seen as a fully con-
nected graph with nodes corresponding to the input and output vector components. The
graph associated with the convolutional layer, instead, can be obtained by the previous
one retaining only the edges that connect pixels closer than the kernel size. This is opti-
mal for image analysis since in this field we are often interested in looking for patterns
arising within a small portion of the image: linking together very distant pixels might
be just an overshooting. Sparse connectivity is the natural way to address these issues.
Figure 2.6 graphically reviews the concept.

We previously mentioned that storing the enormous number of weights of dense lay-
ers may become expensive in terms of memory usage. Convolutional layers provide a
simple answer to this problem, called parameter sharing. When training a fully con-
nected layer, the model has to learn the correct weight for each link in the graph. In
convolutional layers, instead, the model has to learn a small set of kernel weights and
then re-apply them (this consists in sharing parameters) to inspect each portion of the
image, resulting in a dramatic reduction of the total amount of memory needed to store
the model.

Due to this form of parameter sharing, the model inherits the well-desired property
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Figure 2.6: Sparse interactions vs full connectivity. Grey shaded circles the central node receptive
field. Left: convolutional layer with kernel size equal to three, stride one and same padding. Right:
fully connected layer. Each neuron in the output is linked to every neuron in the input. Even with
this simple model, we have a large number of edges in the graph.

called translation equivariance. In particular, we say that a function f is equivariant
to a function g if f(g(x)) = g(f(x)). In the present case, convolution is equivariant to
translations means that the application order of the two processes on the input image
does not matter: if we slightly move the input image and then compute the convolution,
the result will be the same as if we made the convolution and then shifted the output. We
can also say that a convolutional layer looks for certain features in the input, no matter
where they are.

Convolutional layers represent very useful and efficient tools to analyze images, but
they usually come with another operation that modifies further their output values. This
operation is called pooling. Different types of pooling layers exist, but they all exploit
the same idea: they replace the value of each output unit of a convolutional layer with a
statistical metric that aggregates information from the nearby pixels. Of course, different
metrics are possible: the most used are max pooling [45], average pooling, weighted
average pooling and L2 norm pooling. Pooling is useful because it makes the output
invariant under small translations of the input. Indeed, if we apply max pooling over a
small area, results would be the same if we shifted by a small amount the input image
before because the maximum would be obtained inside the same small area.

Attention mechanism The introduction of the attention mechanism [46] marked a
milestone in the field of deep learning, especially among the Natural Language Pro-
cessing (NLP) models. This particular kind of layer was, indeed, firstly designed and
exploited in Transformers architectures to handle sequences of data representing sen-
tences of words. However, given its great success, a plethora of variants have been
proposed to either provide improvements on the standard technique or adapt the model
to other input structures, such as images. In particular, the Hugging Face1 community
published a large collection of such models [47], which includes the majority of the most
widely used architectures. In this paragraph we give an overview of the original work
on attention, leaving its alternatives to the interested reader.

The attention mechanism works as in figure 2.7: it accepts three inputs named key
k ∈ RL×dk , query q ∈ RL×dq and value v ∈ RL×dv , respectively. The inputs are encoded
in matrices, representing sequences of length L where each element is a vector with an
input-dependent dimension dk/q/v . The input vectors are initially transformed into a
projection space by three independent matrices of trainable parameters: Wk ∈ Rdh×dk ,
Wq ∈ Rdh×dk and Wv ∈ Rdo×dv . Notice that both queries and keys are projected into a
space with the same dimensionality.

1https://huggingface.co/docs/transformers/index
https://github.com/huggingface/transformers

https://huggingface.co/docs/transformers/index
https://github.com/huggingface/transformers
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Figure 2.7: The attention mechanism. Figure 2.8: The Transformer model.

After this first transformation, the query Q = Wq q ∈ RL×dh and key K = Wk k ∈
RL×dh quantities are multiplied together to form a matrix of attention weights according
to the following equation:

Aik = SoftMax

(
QKT

√
dh

)
ik

=
exp

(
QijKkj/

√
dh
)∑L

m=1 exp
(
QijKmj/

√
dh
) ∈ RL×L (2.5)

where the quantity
√
dh acts as a normalization factor in the QKT matrix product.

The SoftMax operation is included to ensure that each row vector of the attention ma-
trix is correctly normalized and represents a probability density function on the sequence
space RL. The final output of the attention layer is given by the matrix multiplication of
the attention matrix and the projected value vector:

Attention(Q,K, V )ij = AikVkj ∈ RL×do (2.6)

As a consequence, each row in the attention matrix is a vector of weights that mixes
the elements of the value input. In other terms, the element Aik can be interpreted as
the amount of attention that the model pays to the k−th word of the value sentence to
produce the i−th token of the output. The most widely used form of attention is, in fact,
the self-attention, which is obtained from equation 2.6 setting the inputs as q = k = v.

The attention operation showed incredible flexibility and tremendously improved
the performance of language models, allowing them to scale towards larger and larger
architectures containing billions of parameters. The success of the attention operation
lies in the fact that it is the learning process itself that gives importance to some features
of the inputs rather than others. Moreover, the entire input sequence is allowed to influ-
ence the output, providing improved model capacity and expressiveness. The attention
operation can be easily parallelized since it is mainly comprised of matrix multiplica-
tions: therefore, a multi-head attention version has been defined by the original authors,
where multiple attention layers work in parallel to obtain output sequences which are
concatenated and eventually passed through a last matrix of weights for further mixing.

Besides the main advantages of introducing the attention mechanism, which also
include the ability to handle inputs of varying sizes, the construction operation of the
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weight matrix does not scale well with the length of the input sequence. Indeed, the
complexity grows as O(L2) and large amount of memory is needed to hold the compu-
tation if the length of the sequence reaches hundreds or thousands of elements. Efforts to
achieve a more efficient attention computation have been made in the literature: among
them, we note the Performer [48], where the authors try to approximate the softmax
function with kernel methods to achieve linear complexity of the overall attention trans-
formation.

The attention mechanism has been also exploited in the treatment of kind of data dif-
ferent than 1−dimensional sequences of words: the Visual Transformer (ViT) [49] and its
variants successfully applied these models to computer vision tasks. The main difficulty
for attention-based models in processing images is the fact that, as opposed to CNNs,
they completely lack geometrical inductive biases. This implies that training is more
difficult and unstable, especially in the early stages of optimization.

2.1.3 Optimization methods

In the previous sections we discussed several kinds of network layers, which are the
building blocks of neural network architectures. Layers can be stacked one on top of the
other to design a custom pipeline that computes the desired outputs. Neural networks
are comprised of input and output layers, plus a certain number of hidden layers that
sequentially connect the first two. In general, we can represent a neural network by
a directed graph whose nodes are the different layers and the edges encode the data
processing flow.

Feed-Forward neural networks (FFNN) form, in particular, directed acyclic graphs
comprised of fully connected layers. For this simple form of network, it is possible to
define the width of each hidden layer as its number of neurons as well as the depth of
the network, being the number of hidden layers. The width and the depth influence the
number of trainable parameters θ in the model and, hence, its complexity. A NN can
be viewed as a family of functions {f(x)}θ as θ varies in a high-dimensional parameter
space. Theoretically, as stated by the universal approximation theorem [43, 44], a NN
can approximate any continuous function on a compact subset of Rn with a particular
choice of θ. Flexibility, then, makes NNs fundamental tools in ML algorithms, where
we try to guess the data-generating distribution. The challenge consists, of course, in
finding the best parameter configuration with an efficient training algorithm. Such a
process is called optimization.

In this section, we explain the main ideas behind optimization algorithms found in
ML literature: we take a look at gradient descent, momentum-driven and adaptive opti-
mizers. As stated above, the improvements of a model during training are assessed by
computing the value of a performance function associated with it, often called cost or
loss function L. As a general prescription, the problem of learning is cast in the form of
an optimization problem: the goal is to find the point in the multi-dimensional parame-
ter space that corresponds to the minimum of the cost function.

The optimization is usually accomplished in three different steps.

1. Feed the model with a batch of examples from the dataset and obtain the corre-
sponding outputs (feed-forwarding).

2. Find the gradient of the loss function with respect to the model’s parameters (back-
propagation [50]). This is done with an automatic differentiation algorithm, always
implemented by ML libraries.
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(a) Too large learning rate (b) Too small learning rate

Figure 2.9: Different learning rate behaviors: one-dimensional problem with a quadratic loss func-
tion. This example is meaningful since every function can be approximated by a quadratic poly-
nomial if we sit sufficiently close to a minimum.

3. Update the model’s weights according to a particular updating rule (depends on
the optimization algorithm chosen).

An epoch of training is the time taken to pass all the training dataset data into this algo-
rithm. The whole training consists of multiple epochs, generally until the loss function
converges around a minimum value. We refer to this process as gradient descent.

An important quantity that influences the training is called batch size. The first step
of the algorithm does not say how many samples should be contained in a batch for the
forward pass. The usual approach consists in dividing the dataset into mini-batches of
fixed size and shuffling randomly the training points at the end of each epoch. This intro-
duces random fluctuations in the optimization process helping the algorithm to explore
better the weights space. The number of examples in each mini-batch, namely the batch
size, can drift the process towards two alternative behaviors. If the batch size is too low,
subsequent gradient updates will tend to fluctuate and provide opposite contributions,
yielding algebraic cancellations that stop the overall optimization. On the other hand,
a batch size that is too high will average out the information carried by each example,
leading to sub-optimal results.

Step 2 and 3 are driven by back-propagation, which is at the core of the learning
process: derivatives of the loss function with respect to the model’s trainable parameters
are computed by applying the chain rule from the output backward to the inputs of the
model. The overall gradient is a vector in the space of the weights and it is exploited to
jump from one configuration of the model to another that provides the highest possible
negative change in the loss function. The following equation describes the update rule
for the Stochastic Gradient Descent (SGD) algorithm, which gives the simplest recipe to
implement the optimization process:

θ ←− θ − η∇θL (2.7)

Of course, the gradient computed during a batch update is only an estimate of the loss
function associated with the task: the better the data, the better the approximation of the
true gradient and the easier the optimization.

The parameter η in equation 2.7 is called learning rate and it is arguably the most
important non-trainable parameter of a neural network. The learning rate controls the
process of descending the gradient and must be fine-tuned for every architecture, dataset
and task. Two undesired behaviors can arise when the learning rate is not properly set.
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Figure 2.10: Optimization of an elliptical loss function with different optimization algorithms. The
red point is the loss function global minimum. Gradients give great contributions in the vertical
direction, presenting in an oscillating pattern and leading to slow convergence of SGD. RMSProp
and Adam algorithms solve this issue through momentum.

Figure 2.9 sketches what happens in a simple one-dimensional case with a quadratic
loss function, if the learning rate is too large or too low. In the former case, the training
progresses too slowly and hardly converges to the minimum. In the latter, the network
parameters receive big increments and the loss function oscillates around the minimum
value, actually never reaching it. These effects get incredibly enhanced in the optimiza-
tion of non-convex multi-dimensional problems, causing training failures. Other issues,
such as instability of the optimization, vanishing and exploding gradients motivate the
research of more effective algorithms.

We introduce two of the most widely used optimization algorithms: RMSProp and
Adam. SGD performs badly when it has to come across a path in the loss function
landscape where gradients in one direction are greater than gradients in all other direc-
tions (like ravines). In figure 2.10 we draw this situation in a two-dimensional prob-
lem. Ravines often occur around local minima and cause the algorithm to oscillate in
the direction of the steepest change, making only very little progress along the rift. A
technique called momentum was invented to reduce oscillations and provide a stabler
convergence to the minimum. As a result, the stability of this method allows setting
learning rates to larger values, speeding up the algorithm. The idea behind momentum
is driven by classical point dynamics: if a ball is thrown down a hill, it accelerates in-
creasing its momentum and going downhill faster and faster. When momentum is high,
it is more difficult for the ball to make sharp turns in the wrong direction.

RMSProp optimizer, first introduced by Geoffrey Hinton in the lectures of his Cours-
era class 2, implements these ideas. During the t-th step, it adds a fraction γ of the update
vector relative to the last step v(t− 1) to the current gradient update vector:

v(t) = γv(t− 1) + η∇θL (2.8a)
θ ←− θ − v(t) (2.8b)

where η is the learning rate as usual and γ is called momentum. The momentum term is
usually set to a 0.9 or a similar value. This way the update vector v account for the sum

2http://www.cs.toronto.edu/˜tijmen/csc321/slides/lecture_slides_lec6.pdf

http://www.cs.toronto.edu/~tijmen/csc321/slides/lecture_slides_lec6.pdf
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of all the past collected gradients weighted with the exponential dumping parameter γ:

v(t) = γtv(0) + η

t∑
k=0

γt−kgt (2.9)

where gt is a shorthand for the gradient with respect to the network’s weights at step t,
∇θtL. The problem with this method is that as more steps are taken in the same direction,
v keeps increasing and when the minimum is reached its value is too high for the ball to
be slowed down at the optimum point.

Nesterov accelerated gradient (NAG) method tries to face this problem, by comput-
ing gradients of the loss function not in the current position θ, but approximately in the
position where the ball will be after the update:

v(t) = γv(t− 1) + η∇θ−γv(t−1)L (2.10a)

θ ←− θ − v(t) (2.10b)

Different algorithms were proposed in ML literature after the introduction of RM-
SProp. The development of optimization methods is an active research field, because
new proposals always appear trying to gather all the benefits from previous methods
while introducing new advancements. The adaptive moment (Adam) [51] estimation
optimizer is one of the most used algorithms in the ML literature. It is a method that
computes adaptive learning rates for each parameter, storing an exponentially decaying
average of past squared gradients vt along with a moving average of past gradients mt

(similar to momentum). The algorithm is based on the following equations:

gt ←− ∇θL (2.11a)
mt ←− β1mt−1 + (1− β1) · gt (2.11b)

vt ←− β2vt−1 + (1− β2) · g2
t (2.11c)

m̂t ←− mt/(1− βt1) (2.11d)

v̂t ←− vt/(1− βt2) (2.11e)

θt ←− θt−1 − η · m̂t/(
√
v̂t + ε) (2.11f)

where parameters β1 and β2 control the exponential decay rate of gradients and are usu-
ally set to 0.9 and 0.999, respectively. ε is a small regularizing factor to prevent division
by zero, default implementation suggest to set it to 10−8. η is the learning rate.

mt and vt are estimates of the first and the second raw moments, their unbiased forms
m̂t and v̂t are used to update network’s parameters. Initial values form0 and v0 parame-
ters are fixed to 0. In the ball example going downhill, Adam method can be compared to
a heavy ball moving with friction that prefers flat minima in the error surface. Since this
is an adaptive method, learning rate schedules are not needed, because the magnitude
of the updates is automatically adjusted according to the form of the loss function.

2.2 Review of AI applications in particle physics

This section summarizes the main applications of deep learning in particle physics. The
presented literature is inspired by general and specialized reviews collected in [52], in
particular [53, 54].
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2.2.1 Motivation

Particle physics produces huge datasets. For example, LHC collects data from protons,
organized in bunches colliding at ∼40 MHz frequency, with O(108) sensors. Each col-
lision produces a large number of particles, whose properties must be measured and
stored. Gathering this enormous amount of data might give physicists enough statistics
to study interesting rare events. These facts highlight that not only the quantity of col-
lected data is immense, but also its dimensionality. Therefore, machine learning is a set
of techniques of paramount importance in this scenario, providing automation in data
processing and dimensionality reduction of such information.

For years, physicists in the High Energy Physics (HEP) domain investigated ma-
chine learning techniques like neural networks, support vector machines, genetic al-
gorithms and predominantly boosted decision trees (BDTs) implemented in the TMVA
framework [55]. This approach was based on the idea of engineering high-level low-
dimensional quantities from raw detector data to be fed as multiple inputs to multivari-
ate analysis (MVA) and provided important boosts in many data analysis tasks. How-
ever, it was clear that reducing the input dimensionality consisted in discarding a large
part of potentially interesting information, leading to inherently limited algorithms. As
a consequence, these tools often struggled to provide competitive performance in ap-
plications where the dimensionality gap between raw data and extracted features grew
large.

Starting in 2012, the computer science community achieved important results in
training big neural networks [56–58], converging to models able to provide outperform-
ing solutions against traditional approaches. These publications set the stage for further
investigation of deep learning techniques in many other research fields, including par-
ticle physics. Moreover, this explosion of research activity was helped by the recent
technical improvements in hardware accelerators and their spread as consumer-grade
products, granting high-quality computational power at affordable prices. In HEP, this
wave mostly translated into the idea that engineered features, designed at cost of time
and great intellectual effort, could have been replaced by high-dimensional low-level
raw information if processed by deep enough models.

Besides producing large datasets, the particle physics field is especially suited for the
proliferation of deep learning applications thanks to the availability of labeled datasets
from Monte Carlo event generators. These programs aim to simulate the physics world
employing probabilistic laws, accurately describing particle interactions hierarchically
from the sub-atomic scales, all the way up to include the macroscopic long-range effects
of physics theories. [59–63] represent modern examples of Monte Carlo event generators.
The role of the artificial intelligence tools in this picture is often to grasp the probability
laws of nature from sets of observations (like particle momenta and charge) and esti-
mate the corresponding Monte Carlo truths (such as the type of a particle or even an
interaction between particles in the event).

The rest of the section is dedicated to an overview of the main results in particle
physics obtained with deep learning models. We split the plethora of models proposed
in the literature by their sector of application. Among physics at colliders, we identify
four main areas: jet physics, tracking, fast simulation and anomaly detection. In this
work, we focus on AI applications to jet physics and tracking being entangled with the
reconstruction process at colliders. We remark that fast simulation is mainly achieved
with the implementation of Generative Adversarial Networks (GAN) [64]: the model
generates the specific detector response with a fast inference pass of the GAN gener-
ator, producing physical distributions from synthetic random numbers. The anomaly
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detection applications, instead, are mainly devoted to beyond Standard Model (BSM)
searches through the identification of exotic signatures of events or tensions between
data and theory that signal the presence of some new physics mechanism. In this area,
model-dependent searches aim to identify new kinds of particles or interactions through
classification, such as in [65–68], while model independent approaches [69, 70] design
ad-hoc strategies to look for new physics with a model agnostic approach. Conversely,
in dealing with non-collider physics, we restrict our attention to the advancements in
deep learning tools for neutrino physics only, given its prominent role in the present
thesis work.

2.2.2 Jet physics

Events at HEP colliders are interpreted in the Quantum Chromo Dynamics (QCD)
framework, namely building a hierarchical picture, which approximates the underlying
physics into several non-interacting regimes that happen at different time scales. Due
to the Heisenberg uncertainty principle, also different characteristic energy ranges are
associated with these subprocesses.

Hence, each event is first associated with a hard scattering subprocess involving par-
tons found inside the protons and interacting at high energy. Then, all the initial and
final state particles are subject to a process called parton showering, which takes place
at lower energy and is computed within the Monte Carlo software. The showering algo-
rithm consists in recursive branchings, where each initial or final state particle undergoes
multiple subsequent splittings in a 1 → 2 fashion, resulting in a tree structure. At this
stage, a large number of particles is created and eventually, their momenta directions are
mostly focused in a collimated region around the particle initiating the shower, called
a jet. Finally, the output of such process can be fed as input to a hadronization model,
which takes into account infra-red (or long-range) effects of non-perturbative QCD and
builds a final realistic picture of the event. The described algorithms are key ingredients
for the Monte Carlo event generators, which manage to link the predictions of physics
theories with the outcomes of the measuring experiments at colliders.

Machine learning applications to jet physics mainly involve classification algorithms
and include flavor tagging, jet substructure tagging, quark-gluon tagging and pileup
removal. All the tagging tasks are related to the identification of the shower initiating
particle from the knowledge of the properties of either the final particles representing
the tree leaves of the jet or the whole tree nodes itself. Flavor tagging classifies the jet
among heavy (c, b, t) or light (u, d, s) quarks, gluons or W/Z/H bosons. Jet substructure
tagging, instead, discriminates between W/Z/H and t jets. Finally, quark-gluon tagging
is the ability to distinguish between the two kinds of particles contributing to the main
source of background in HEP events, sometimes named QCD background.

Pileup is a concept that roots in the design of accelerators machines: in order to in-
crease the probability to produce interactions, at colliders, bunches of protons tightly
packed together are smashed against each other, rather than individually. The luminos-
ity L is a measure of such compactness: the higher the luminosity, the more the protons
are squeezed together and increase the number of collisions. As a consequence, it is
likely that for each beam crossing, more than one couple of protons scatters, emitting
soft radiation at wide angles named pileup (PU), as opposed to the interesting hard in-
teraction often referred as leading vertex (LV). Pileup is extensively studied at colliders
and depends on the machine operative setup. For example, at LHC, each PU vertex
roughly contributes for 0.6 GeV/rad2 of the detector deposited energy [71–73]. Hence,
considering an average number of pileup collisions per beam crossing of nPU∼100 and
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characteristic jet radius of R = 1.0, each jet might suffer for about 200 GeV of pileup
contamination.

The data collected by Atlas and CMS experiments up to run II estimated an average
nPU∼20, while for run III and HL-LHC, this quantity is expected to increase to nPU∼80
and nPU∼200, respectively. Pileup interactions modify the shape of the observables re-
constructed in the events, affecting jet properties like its overall momentum and mass,
rather than jet multiplicity in the event. Being able to design automatic tools to miti-
gate those effects is expected to be one of the biggest data analysis challenges during the
forthcoming LHC phases. These considerations justify the importance given to pileup
mitigation strategies at colliders.

The next paragraphs will review the proposed techniques in the literature concerning
the described two areas of jet tagging and pileup removal. Both of them try to present
the advancements in the research activity as it evolved during the last decades. from
the point of view of the different data representations of jet objects used as inputs of the
several neural network architectures proposed.

Jet Physics - tagging

Jet tagging mainly concerns classification algorithms. Since the early ′90s, shallow artifi-
cial neural networks have been used to detect the type of jet-initiating particles. In these
initial years, the predominant approach was to feed neural networks, comprised of just
a few layers, with event features tailor-made for the specific task or, sometimes, by pack-
ing jet information into small vectors of fixed size, containing the most representative
characteristics of the object.

Following this idea, [74] exploited a neural network with 3 fully connected hidden
layers with 6 neurons each, to process the 4−momenta of the four leading particles
within a jet, to discriminate between quarks and gluons. [75], instead, implemented a
neural network to distinguish between b and c jets al LEP, with the help of the Fortran77
JETNET 3.0 library [76], which represented the de facto standard for machine learning
in HEP physics during those early years.

The advent of deep learning and the improvements in hardware accelerator tech-
nologies paved the way for new strategies to solve the jet tagging problem. [77] pro-
cessed for the first time entire events through neural networks: their insight was to
encode calorimeter information, namely the particle deposited energy (or equivalently
its transverse momentum pT ) as a regular grid in the pseudorapidity η and azimuthal
angle φ plane, forming an image. The pixels of the image contained raw event informa-
tion that can be used to compute discriminative quantities. The authors implemented
a recipe to compute the Fisher linear discriminant [78] after some physics-inspired pre-
processing of the images. The algorithm was tested for W boson tagging against QCD
background, providing performance improvements against the traditional discrimina-
tion method based on N-subjettiness (τ2/τ1) [79, 80].

Raw inputs-based neural network tools started being investigated extensively from
that point onwards. Examples can be found in top quark tagging tasks [81] and jet sub-
structure classification (namely, understanding if the considered jet is due to a showering
of a low-mass single particle or a massive particle decaying into multiple fast-moving
lighter objects producing overlapping jets in the calorimeter, like for the W → qq pro-
cess) [82]. Another application of this framework has been presented by [83], who stud-
ied the dependency of trained models on the Monte Carlo truths labels in the training
datasets. The key observation pointed out that the supervised learning algorithm might
bias the model predictions following the QCD approximations employed by the specific
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generator used to collect the dataset, rather than focusing on learning the underlying
true laws of nature. The work raised the problem of the interpretability of neural net-
works in the jet physics research field for the first time, finding large discrepancies when
testing the models on datasets produced by different generators. The authors’ final asser-
tion underlined the need to deeply understand how the input information is exploited
to extract the output and what assumptions a trained architecture relies on.

The calorimeter tower representation of [77] has then proven to be a powerful repre-
sentation of jets events, mainly thanks to the success of Convolutional Neural Networks
(CNNs) [57]. Indeed, [84] exploited CNNs to inspect the (η, φ) plane deposited energy
encoding of jet events. They proposed a network to identify highly boosted W bosons
against the quark-gluon QCD background. The inputs were initially cast to grayscale im-
ages (one channel only), however further developments considered also multi-channel
input images. In particular, [85] proposed to build a three-channel RGB image tensor
stacking information from charged and neutral particles’ transverse momenta, plus the
number of charged particles measured within each pixel area.

The standard calorimeter tower images were not the only image-like encoding that
has been studied in the literature: an alternative strategy has been given by the Lund Jet
Plane [86]. It considers kinematic variables arising while rewinding backward the Cam-
bridge Aachen clustering algorithm [87, 88], attempting to reconstruct a de-clustering
history of a jet. The output of this procedure is an ordered set of variables that charac-
terizes a jet object and can be seen as an image tensor. According to the authors, this de-
scription should provide greater output interpretability as well as discrimination power
when employed in classification tasks.

Although the image based successfully tackled the jet classification problem mul-
tiple times, CNNs rely on the assumption that pixels form a perfect grid, while it is
known that actual detectors’ geometry is not perfectly regular. Moreover, jet images of-
ten contain sparse features which lead to inefficient processing by convolutional kernels.
Hence, different data representation strategies have been investigated. A jet object is the
result of a clustering algorithm3, which generates a list of jet constituent particles. As
a consequence, it can be represented as a sequence of tracks and vertices, forming an
acyclic-directed graph or, equivalently, a tree. The complication arising from adopting
this encoding scheme is mostly given by the variable length size of the sequences, which
cannot be handled by standard Feed Forward Neural Networks.

[90] overcame this difficulty by proposing a Recursive Neural Network architecture
comprised of Long Short Term Memory (LSTMs) [91] cells, able to deal with variable-
size inputs. The work takes into account other solutions involving Feed Forward Neural
Networks supported by input truncation and zero padding. The authors presented a
comparison of the different strategies applying them to the problem of light (u, d, s, c)
versus heavy quark (b) jet flavor classification, achieving similar performance for the
different models. Since then, several algorithms based on RNNs have been proposed to
become part of the Atlas [92, 93] and CMS [94, 95] software stack and many more have
been published to exploit variable size inputs [96, 97].

The introduction of RNNs allowed for the treatment of the jet as lists and trees of
particles. However, even if some natural ordering is obtained by clustering like in the
kt−algorithm, this is just an approximation. Imposing an ordering often means estab-
lishing a spatio-temporal relationship between particles to be identified as a history pro-
ducing a specific final state. However, quantum mechanics principles break down the
causality concepts of space and time relying on probabilistic laws. Therefore, the most

3A modern C++ implementation of jet definitions and clustering algorithms is given by the FASTJET 3.0 [89]
library.
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Figure 2.11: The data structure timeline of physics jets: only engineered features were used as in-
put to neural networks before 2014; after [77], several encoding structures have been investigated
to efficiently represent jets. The descriptive pictures in the chart are taken, in order of appearance,
from: [76, 84, 92, 97, 100, 103].

natural way to represent a jet object would be to decouple from this artificial order-
ing and process it like an unordered set of particles described by their 4−momenta and
quantum numbers. Designing an architecture with the ability to deal with unordered
sets of particles would then be desirable. Graph neural networks, deep sets and point
clouds networks achieve this objective.

[98] implemented a RelNet [99] to accomplish W jet tagging against QCD back-
ground: particles are regarded as graph nodes and the adjacency matrix is learned to
aggregate information between nodes through a message-passing operation. [100] con-
strained a network architecture acting on deep sets, to build infra-red and collinear (IRC)
safe observables: the information in each particle observable is then aggregated with a
global permutation-invariant operation. The authors implement two different networks
called EnergyFlow and ParticleFlow, which consider IRC-safe and non-IRC-safe quanti-
ties, respectively. [101] proposed to to use the EdgeConv operation [102] on the k-nearest
neighbors points of each particle in a point cloud. The point cloud jet representation en-
codes an event as a matrix where each row represents a vector of properties associated
with each particle.

Figure 2.11 shows how the neural network input representations for jet physics
evolved through time. Table 2.2, instead, summarizes all the relevant applications of
machine learning and deep learning to jet physics.

Jet Physics - pileup mitigation

Pileup contribution from charged particles can be removed almost completely thanks to
the excellent vertex resolution at the ATLAS and CMS detectors [112–114]. These par-
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Table 2.2: Summary of the proposed architectures for jet classification. The table is inspired
from [104].

quark/gluon W/Z H b/c t

Image [85, 105, 106] [82, 84] [107] [108, 109]
Sequences [106] [92]

Tree [97] [110, 111] [109]
Graph [98]

Unordered set [100]
Point Cloud [101] [101, 109]

ticles are identified and removed from the event with the charged-hadron subtraction
(CHS) procedure [115]. The challenge comes from pileup radiation due to neutral parti-
cles, which must be taken into account with specialized algorithms. The rich literature
on traditional methods can be categorized on the level of detail these tools act on. A
first technique, known as jet areas subtraction [116], relied on calibrating jet level infor-
mation, scaling its 4−momentum by a relevant factor. However, this procedure did not
manage to mitigate the pileup contribution effectively for the computation of several
subjet observables.

Therefore, other algorithms have been proposed to act on the internal jet structure,
namely at the subjet level. Examples of such tools are usually classified as jet con-
stituents pre-processing, jet or event grooming, subjet corrections and constituent cor-
rections. Grooming, in particular, progressively removes jet constituents contaminated
by pileup, cutting the tree description of a jet arising from clustering algorithms through
filtering [117], pruning [118, 119] and trimming [120]. SoftKiller [121], instead, is a pop-
ular event-level grooming algorithm that equally divides the (η, φ) plane in patches of
a certain area and imposes a cut-off pcutT on the transverse momentum cumulated on
the patches, such that half of the patches are radiation free. This tool has been used by
several works as a benchmark to test the goodness of the proposed models.

Finally, the most advanced pileup mitigating algorithms act at the deepest level,
working on a particle-by-particle basis [122–124]. Among those, an excellent example
is PUPPI, which evaluates a scaling factor for each particle 4−momentum in the event,
by computing a local shape variable α, which collects information about each particle
neighborhood. The α distribution for charged particles, for which pileup information
is known thanks to the CHS method, can be exploited to extract the scaling weight for
each neutral particle. The net effect is to correct jet and subjet observables of interest for
physics analysis as if the pileup effects have been switched off.

Machine learning applications for pileup removal mainly act at the particle level,
since, as already discussed in this chapter, they can extract useful information from the
low-level description of events. The first application of this framework was
PUMML [125], a Convolutional Neural Network to inspect RGB images in the (η, φ)
plane. The three RGB channels convey information about the transverse momenta of all
neutral particles, all charged pileup particles and all charged leading vertex particles,
respectively. The architecture is trained in a supervised way to output the missing pT of
the neutral leading vertex particles. Performance comparisons were presented against
SoftKiller and PUPPI algorithms for the reconstruction of mass and transverse momen-
tum distributions of the LV jets.

Other models have been proposed in subsequent years, trying to take advantage of
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the different technologies developed in the computer vision research field: [126] intro-
duced PUPPIML, a network working on a graph representation of the event. After sub-
tracting the charged pileup particles, the remaining ones are arranged in a graph where
all pairs of particles closer than a fixed radius R1 in the (η, φ) plane (default value is
R1 = 0.3) are connected by an edge. This graph is processed by several Gated Recurrent
Units (GRU) [127] and outputs a binary score for each particle to discriminate between
leading vertex and pileup. The authors claimed performance improvements up to∼30%
of PUPPIML against PUPPI on the resolution of jet-related quantities and even higher
ones with respect to SoftKiller.

PUMA [128] exploits the attention mechanism [46] to tackle the pileup mitigation
task in realistic detector scenarios, corresponding to extreme setups with nPU∼200. The
performance was tested against classical benchmarks, like CHS and PUPPI, showing
large improvements in the key reconstructed jet variable distributions. The authors
judged this work as an important achievement in showing the usefulness of statistically-
learned algorithms during the HL-LHC phase.

Beyond the supervised algorithms presented in the paragraphs above, some alterna-
tive approaches have been proposed. [129] implemented a grooming procedure within a
reinforcement learning (RL) framework: a jet is represented as a binary tree graph where
each node i is described by a Lund plane derived variable T (i), containing the state vec-
tor observed by the RL agent as well as a pointer to the the parent node and the two
child ones. The algorithm concerns applying recursively a policy function πg to all the
nodes in the graph. The policy function outputs the probability to groom or not a node
in the tree, which determines the action of the RL agent on the environment. The agent is
trained through a smooth reward function carefully designed to optimize the resolution
of kinematic variables both at the graph and node level, such as the mass of the resulting
jet or the fact that a node contributes to the wide-angle soft radiation (PU) rather than to
the hard-collinear emission (LV), respectively.

A semi-supervised learning approach for Graph Neural Networks, named Graph
SSL, has been investigated by [130]. The main advantage introduced by this technique
is the possibility to train directly on real detector data, without the need of Monte Carlo
truth labels. The algorithm is based on supervised training to learn charged particles’
properties, while inference is done on neutral particles, which represents the main chal-
lenge in the identification of pileup. A careful masking procedure is required to train
effectively on charged particles as if they were neutral ones. This method allows for
avoiding the complex issues regarding the dependence of the models on Monte Carlo
datasets and the high costs in terms of simulation time to reproduce physics processes
with Monte Carlo generators. The authors benchmarked Graph SSL against PUPPI and
observed performance improvements both for the accuracy in the LV-PU identification
at the particle level and regarding the resolution of the reconstructed jet quantities.

2.2.3 Non-collider physics (neutrino)

This section presents the applications of deep learning in neutrino physics. For sake of
brevity, we restrict our attention to experiments focusing on neutrino oscillations only.
Nevertheless, a large number of experiments are concentrating their efforts in this field,
as explained in section 1.2. In the field of neutrino physics, deep learning is mainly
investigated as a tool for event classification and automated reconstruction algorithms.
The former task is well established in the physics community since the end of the 20th

century as a robust strategy to select signal and reject background events, while the latter
is still an open issue and many techniques are currently being inspected.
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The first neural network application to neutrino event classification is given by [131]
in the context of the SNO experiment. The network contains a modest O(700) number
of trainable parameters employing a shallow feed-forward neural network with O(30)
inputs engineered on detector hit patterns and count a single hidden layer with 20 neu-
rons, to distinguish between four classes of neutrino interactions:

• Charge current (CC): νe + 2H→ p+ p+ e−;

• Electron scattering (ES): νx + e− → νx + e−;

• Chlorine neutral current (NC): n+ 35Cl→ 36Cl + γ;

• Deuteron neutral current (ND): n+ 2H→ 3H + γ.

The investigation of artificial neural networks eventually spread among neutrino
physicists. The main cause of this success can be found in the detector data format:
most of the detectors built for detecting neutrinos produce image-like data, which can be
processed with the help of modern computer vision and convolutional neural network
techniques. As a consequence, two decades after the SNO paper, the NOνA collabora-
tion [132] proposed to build a CNN to identify neutrino background interactions [133].
The network, named Convolutional Visual Network (CVN), is comprised of two
GoogLeNet [134] separate branches inspecting (x, y) and (y, z) hit projections, respec-
tively. The two resulting output tensors are concatenated and fed into a classifier to
extract the desired multi-class score. It is interesting to notice that the two views are
not concatenated along the channel axis like in RGB images: the authors recognize that
each coordinate pixel in 2D projection would overlap unrelated features, as they do not
refer to the same (x, y, z) spatial 3D point. The network is trained to compute the νe ap-
pearance and νµ disappearance rates. This work marked a milestone in the field since it
became the first neural network-based analysis whose results were included in a physics
publication [135].

The GoogLeNet architecture has also been exploited by [136] to search for neutrino-
less double beta decay 0νββ [137] process at the NEXT experiment. In this application,
as opposed to the NOνA one, three 2D projections of event images are concatenated like
RGB images. The authors highlight an improvement against the traditional ”blob” dis-
crimination method, see fig. 2.12. The techniques just reviewed try to process images
with CNNs, achieving better performance than baseline methods. In recent years, sev-
eral other articles and many experimental collaborations showed interest in developing
CNN-based classifiers, showing the performance superiority of this approach compared
to the traditional methods of event classification [133, 138–142].

CNNs have also proved useful in several tasks of reconstruction. First, they have
been used to tackle regression problems, namely to predict the interacting neutrino en-
ergy value [143] or its direction in the frame of reference of the detector [140, 144]. Then,
they helped in identifying non-empty activity regions, drawing bounding boxes around
interactions to discard uninteresting parts of the input images: this technique is called
Faster-Region Convolutional Neural Network (Faster-CNN). Alternatively, [145] exploit
a model inspired by the U-Net architecture [146] to precisely locate track end-points and
shower vertices. Finally, [147–149] implemented CNNs aiming at segmenting the input
images to assign each pixel to a type of particle drifting in the detector, detecting Region
Of Interest (ROI) coordinates in raw data in 2-dimensional planes and 1-dimensional
channels, respectively.

Although Convolutional Neural Network models are the de-facto standard in image
processing, neutrino detectors often collect data with special features that cause these
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Figure 2.12: Monte Carlo simulation of signal (0νββ decay of 136Xe) and background (single elec-
tron of energy equal to the Q value of 136Xe) events in gaseous xenon at 15 bar. The picture shows
the energy deposition heatmap colored from blue (low deposition) to red (large deposition). The
signal consists of two electrons emitted from a common vertex, resulting in a region (blob) of in-
tense deposition at both track ends. Conversely, the background shows one blob only, leading to
cut-off-based discrimination, if the two blobs are properly reconstructed.

techniques to be inefficient. The majority of the events recorded by these experiments
contain sparse long 1-dimensional tracks with locally dense features. The result is that
large portions of such images are empty, leading to a waste of computational resources
when inspected with convolutional filters: those filters, indeed, transform equally both
the empty spaces and signal regions. Additionally, the huge quantity of sensors in these
detectors gathers information into high-resolution images with O(106) of pixels, that
barely fit the memory constraints of modern hardware accelerating devices.

During the last few years, then, the neutrino community has dedicated a great effort
to design better encodings and experiment novel techniques to analyze such data. In this
picture, Sparse Convolutional Neural Networks (Sparse CNNs) [150] and Graph Neu-
ral Networks (GNNs) [151] have been investigated. Two architectures based on Sparse
CNNs, acting with convolutional filters on non-zero pixels only, have been implemented
by [152, 153]. The operation, depicted by figure 2.13(b), allows to store the event data in
an efficient sparse format and dramatically decrease the number of operations required
by each convolutional layer forward pass.

On the other hand, GNNs provided performance improvements in processing data
from detectors with irregular geometry like IceCube [154] and JUNO [155]. Besides this
success, even if the data graph encoding is not always a natural choice when dealing
with either image or point cloud data, several works [156–158] showed good results
implementing these architectures for event classification and other reconstruction tasks.

The use of GNNs is subject to two major issues. First, there is no standard choice
of encoding neutrino data into a graph. Luckily, the sparsity of neutrino images allows
identifying detector hits as graph nodes, resulting in graphs of manageable sizes (usually
up to a few thousand nodes). Node connectivity, instead, is use-case dependent. The
majority of the authors reviewed in this paragraph use similar approaches with small
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(a) Normal 2-dimensional convolution:
single kernel transformation.

(b) Sparse 2-dimensional convolution:
single kernel transformation.

Figure 2.13: The cyan pixel highlights the current convolution pixel. The normal convolution
kernel operates on all pixels within the kernel window, while the sparse one acts on non-zero
neighboring pixels only.

modifications: they rely on some distance metric, computed between each pair of nodes
i and j in the graph, and a pre-defined cut-off value dcut above which no edge between
the corresponding nodes is drawn. Alternatively, they propose to weight each edge
with a normalized version of the distance metric value itself, such that distant nodes
have a suppressed information flow in the network. The second problem related to this
approach is the additional overhead represented by the graph construction operation:
this is often done through dedicated algorithms, like in [155, 156], and must be repeated
for all events inevitably increasing the pre-processing wall-time.

In table 2.3 we collect the main deep learning applications to neutrino oscillation
experiments found in the literature. The table groups the works published by several
collaborations into five task categories:

• event classification, which encompasses event topology, interaction classification
and background rejection;

• regression, grouping neutrino energy reconstruction and neutrino direction recon-
struction;

• object detection, that collects interaction localization (vertex reconstruction,
bounding box drawing around pixel activity), track end-point localization and
shower starting-point localization;

• graph operations, that include background rejection (graph classification), cluster-
ing (node classification), 3D reconstruction (graph cleaning through node classifi-
cation) and primary particle classification (edge classification);

• segmentation, receiving contribution from pixel-level particle identification, in-
stance segmentation and region of interest (ROI) finding.

2.2.4 Tracking

Tracking is a central process of reconstruction at colliders, it consists in grouping detector
hits within an event produced by a charged particle interacting in the inner detector
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Table 2.3: Review of the deep learning for neutrino physics publications. The first column identi-
fies which detector the publication focuses on. PilarNet [159] is a general-purpose open dataset for
LArTPCs data. Note: [152] was published before the PilarNet [159] dataset but deals with similar
data and objectives. The citations are color-coded based on the neural network type implemented
in the relative work: FFNNs, CNNs, GNNs, Hexagonal CNNs, Sparse CNNs, Quantum CNNs .

Event classification Regression Object detection Graph Segmentation

SNO [131] - - - -
NEXT [160] - - - -
Daya Bay [138] - - - -
NOνA [133] [143] - - -
MicroBooNE [139, 142] - [139] - [147] [161]
KM3NeT/ORCA [140] [140] - - -
DUNE / pDUNE [141] [162] [144] - [158] [148]
JUNO [163] [155] [155] [155] -
SuperFGD (T2K) - - - [157] -
IceCube [154] [164] - [154] -
ArgoNeuT - - - - [149]
PilarNet - - [145] [156] [152, 153]

region and moving inside a static magnetic field. The traditional approach is based on
four different phases: hit clustering, track seed finding, track building and track fitting.
The present discussion gives a brief overview of the traditional method employed to
solve the tracking problem and it is inspired by specialized reviews on tracking strategies
at LHC, [165–167].

The tracking process consists in sequentially reducing with clustering algorithms the
number of data from O(108) detector readout channels, to O(104) hits containing en-
ergy depositions and finally to O(103) tracks per event. The hierarchical approach starts
with hit clustering, which consists in finding the 3−dimensional locations of hits and the
corresponding deposited energies from the pixel-level raw data readouts.

After this first stage, the two most computationally expensive steps take place. First,
the hits in the inner detector are processed to identify triplets, which consist of the min-
imum number of points to estimate two important track parameters, namely the curva-
ture and the perigee with respect to the center of the interaction region. The three hits
in each triplet form a seed for the final track. Therefore, this step fixes the final track
multiplicity.

Second, once the seeds are selected, the proper track construction process starts: the
trajectory is sequentially extrapolated from the triplet from the inner to the outer lay-
ers of the detector. Many pattern recognition techniques have been designed to tackle
this problem, ranging from global methods, such as conformal mapping and Hough
transform [168], to local ones, like the track road methods. However, the most efficient
algorithm in use is the Kalman filter [169–171]. A more refined version of the original al-
gorithm, the Combinatorial Kalman Filter [172], is leveraged to build tracks from seeds,
including the possibility to keep track of branching when multiple candidate points are
identified within the same layer and eventually, discard the fake tracks with high effi-
ciency.

The final stage of the tracking problem, namely track fitting, requires estimating the
track parameters for each reconstructed trajectory. These include the location of the in-
teraction vertex, the direction of the track along with its curvature and the momentum
associated with the interacting particle. Moreover, tests to remove outliers that do not
belong to the track are performed in this final phase to further refine the output. This
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technique achieves almost perfect performance, meaning that the investigation of new
methods is devoted to optimizing the existing software implementation and trying to
reduce CPU usage time.

However, the next generation High Luminosity LHC (HL-LHC) phase [173], start-
ing from 2026, will see an increase in the current luminosity setup of the Large Hadron
Collider by a factor of 10, putting these low-level reconstruction tools under enormous
stress. It is expected, in this collider configuration, a great improvement in the hit de-
tector occupancy and the particle tracking software should be able to manage charged
particles at a rate ofO(50 MHz). The traditional approach does not scale at such regimes.
A naive solution would be to limit the reconstruction to detector regions around specific
calorimetry depositions compatible with rare signatures like leptons or jets with high
pT . However, this approach will completely neglect other phenomena that might hide
in discarded regions, like low pT ones. Hence, alternative methods are currently under
investigation.

In this context, the HEP.TrkX project [174] aims to study deep learning solutions to
the particle tracking issue. The main outcome has been a model [175] combining CNNs
and Recurrent Neural Networks (RNNs), mainly employing Long Short Term Memo-
ries (LSTMs) cells, to reconstruct tracks within a simplified detector simulation. The
generated data involve straight-line tracks and neglect all other kinds of physical com-
plexities, such as track curvature, material effects and detection inefficiencies. The model
is trained to solve two tasks in particular: a 2−dimensional single-track reconstruction
starting from seeded hits and an end-to-end estimation of the track parameters without
any seeding.

Detector data are projected onto two axes representing the detector layer and the
channel within each specific layer. The tool opens for the possibility of encoding ir-
regular layer geometries of varying size with two strategies: either zero padding the
input to retrieve a regular rectangular grid, or through an autoencoder-like architecture
that embeds each layer input into a fixed-size vector representation with the help of a
dense network, followed at the end of the pipeline by another fully connected layer that
projects back the output into the original layer dimensionality. The data encoding based
on bi-dimensional images has also been exploited by [176], the key idea is again to model
the recursive track-following approach of the Kalman filter through an LSTM, showing
promising results in a semi-realistic detector simulation.

Other approaches based on Graph Neural Networks (GNNs) have been introduced
by [177] driven by the observation that the image-like representation of the data would
not be able to manage realistic use cases matching the HL-LHC conditions. Indeed, the
collider and detector updates will provide high-dimensional and sparse data due to the
increased number of detector layers built with irregular geometries, which would prob-
ably cause inefficiencies in the standard approaches with CNNs. The authors advocate
the investigation of methods acting on the space-point representation of data, instead,
involving variable amounts of hits per event and exploiting the full detector resolution.

In 2018, the TrackML competition [179] took off within the HEP community with the
intent of finding the best candidate for the future particle tracking algorithm. The de-
sired feature of such a tool would be to achieve the best performance score across several
metrics reflecting the need to target high reconstruction efficiencies with the fastest algo-
rithm in terms of inference time. Figure 2.14 shows an event example from the TrackML
dataset, highlighting a large number of tracks to be reconstructed and the complex de-
tector design.

Following this competition, HEP.TrkX evolved into the Exa.TrkX project [180] which
investigated a wide variety of models to solve the task, mainly through GNNs [181,
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Figure 2.14: A sample event from the simulated TrackML dataset. The left panel shows a collision
event with the TrackML detector picture and the right image is a schematic representation of the
upper half of the detector projected on the r−z plane. The figure is taken from [178].

182]. The project finally published an article [178] summarizing the GNN pipeline on
the TrackML dataset, towards a first validation on ATLAS and CMS real detector data.
The potential of GNNs has also been exploited on implementations for specific hardware
acceleration, mainly provided by Field Programmable Gate Arrays (FPGAs) [183].
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In this chapter, we discuss the implementation of PDFFLow [184, 185], a Parton
Distribution Function (PDFs) access tool. We first briefly introduce PDFs in HEP and
LHAPDF, the state-of-the-art framework for PDF values interpolation, LHAPDF. The
last section of the present chapter contains a detailed description of our novel imple-
mentation of such kind of technology. We show that PDFFlow software can leverage
hardware acceleration to speed up the computation while obtaining the same outputs of
the previous solutions.

3.1 Parton Distribution Functions

Parton Distribution Functions are of paramount importance in HEP since they univer-
sally describe the inner content of hadrons and their partonic structure. At leading order
in perturbation theory, PDFs fi(x;Q2) represent the probability to extract a parton of fla-
vor i with a given momentum fraction x from a hadron, when probed at an energy scale
Q2. At higher orders, this naive probability interpretation is not true anymore, since
PDF positivity cannot be ensured. Nevertheless, these functions respect at all orders
particular relationships, known as sum rules, which constrain their normalization, since
integrating over the momentum fraction of the parton and summing all the possible
parton flavors yield the momentum of the parent hadron:

∑
i

∫ 1

0

dx fi(x;Q2) = 1 (3.1)

Further, the baryon number conservation leads to the following equation:∫ 1

0

(fi(x,Q
2)− f̄i(x,Q2)) = ni (3.2)
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where i takes values on the parton flavors and counts the valence partons of the specific
baryon involved in the formula: for example, for the proton the non-zero nis are nu = 2
and nd = 1. For completeness, f̄i denotes the anti-quark PDFs for flavor i. Equations 3.1
and 3.2 are intended to be satisfied at all orders for every fixed factorization scale Q2.
For fixed x the evolution of the PDFs with respect to the factorization scale Q2 is given
by a set of partial differential equations known as the DGLAP equations.

PDFs are a crucial object for both theoretical and experimental aspects of collider
physics: they must be convoluted with the partonic cross section σ̂i,j to compute the
total event cross-section:

σ(Q2) =
∑
i,j

∫ 1

0

dx1dx2 fi(x1, Q
2) fj(x2, Q

2)σi,j(x1, x2, Q
2) (3.3)

where the sum runs on all the partonic flavors of the two partons i and j picked from the
two colliding hadrons, respectively. The PDFs cannot be derived from first principles
only, since they encode the long-distance effects of non-perturbative QCD. Therefore,
they are fitted on experimental data by PDF fitting collaboration following different as-
sumptions and methodologies [186–188]. The measurement of PDFs is influenced by
several parameters like renormalization and factorization scales as well as the running
of the QCD strong coupling αs: hence, PDFs are grouped into sets containing replicas,
taking into account the variations of these quantities.

3.2 LHAPDF: the Les Houches Accord PDF

During the 90s, PDFLIB [189] has been the main software dedicated to accessing PDF
values. Written in the Fortran language, it originally gathered about 100 different PDF
sets. However, the consistent production of measurements by PDF fitting collaborations
like CTEQ and MRST highlighted that storing the PDF values within the library itself
was not an option due to the unbearable memory requirements. Therefore, the first
versions of the LHAPDF software [190, 191] tackled the issue proposing to store only
PDF starting values at low Q2 scale and evolving them through the DGLAP equation to
reach high energies.

Again, this solution was eventually surpassed around the mid−2000s mainly due
to the large amount of custom code required by each different PDF parametrization
to be included in the framework and the need to modernize the algorithms for the
Q2−evolution. As a consequence, the PDF collaborations decided to provide external
files collecting entire PDF grid values of fitted points in the (x,Q2) plane together with
routines to access them and interpolate values between grid knots. This choice decou-
pled the PDF values to the LHAPDF library, but at the same time filled it with a plethora
of methods to read the multitude of available formats. Given the Fortran static memory
allocation, this resulted in large memory portions of code never accessed by the user
focusing on some specific methods only.

A decade later, LHAPDF 6 [192] finally ported the software to C++ language, also
providing a Python interface. The program is built around the object-oriented program-
ming philosophy, in a way that allows the user to easily extend the library to incorpo-
rate custom code. The PDF function values are accessed through a powerful cascading
metadata system following a universally agreed format, allowing the PDF fitting col-
laboration to provide new measurements independently from the LHAPDF software
release development. PDF grid values can be accessed by instantiating a PDF class
object representing parton density functions for several parton flavors and calling its
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(a) The LHAPDF default log-bicubic interpo-
lation method. Only the points addressed by
solid circles enter the calculation of xf(x,Q2).

(b) The interpolation and extrapolation re-
gions of NNPDF31 nlo as 0118. The PDF
grid is organized into 2 sub-grids separated at
the b quark mass threshold.

Figure 3.1: Scheme of the LHAPDF algorithm for PDF values access. The grid knots spacing is
uniform for convenience only, real PDF grids are not uniform in the (log x, logQ) plane.

PDF::xfxQ(...) and PDF::xfxQ2(...) methods: the only difference being in the
energy scale argument, which should be squared in the latter case. Note that the output
value is always in the xf(x,Q2) format, which is the standard in PDF sets.

The agreed format for presenting the PDF grids contains values at discrete knots in
the (x,Q2) plane. Points position in the grid is PDF set dependent and usually ranges
from very small momentum fractions x of the order of O(10−9) to 1 and from few GeV
to O(100 TeV) in the Q energy scale. For example, the NNPDF31 nlo as 0118 PDF set
shows x ∈ [10−9, 1] and Q ∈ [1.65, 105]GeV. The knots are not sampled uniformly,
to allow PDF discontinuities across quark mass thresholds, like in the case of the b
quark whose mass mb = 4.92 GeV. The grid limits are accessed via the PDF::xMin(),
PDF::xMax() and PDF::QMin(), PDF::QMax() methods. Sometimes a PDF grid is
organized into multiple sub-grids.

A value xf(x,Q2) within the grid boundaries can be retrieved by interpolating neigh-
bor node values with a specific method. The default behavior implemented by LHAPDF
is to interpolate plane values through cubic Hermite splines in the (log x, logQ) space.
This algorithm requires sampling 4 neighbor knot values as in figure 3.1(a) and per-
forming a log-bicubic interpolation. In regions close to the grid boundaries, where the
number of neighbor points is not enough to perform such interpolation, the software
automatically switches to bilinear interpolation, which requires 2 neighbor knots only.

Outside the grid boundaries, some extrapolation method is required. Multiple
choices are available within the LHAPDF 6 library, the simplest one being to raise an
error if a point outside the grid range is queried. Another option is to freeze the grid
edges, returning the PDF value at the closest grid knot. However, the default extrapola-
tion method is the legacy extrapolation system from LHAPDF 5, proposed by the MSTW
collaboration: figure 3.1(b) shows the regions where the three behaviors for the low−x,
low−Q and high−Q extrapolation take place.

When a low−x value is queried for a specific energy scale Q, a continuation to x is
guaranteed by linear extrapolation from the two lowest x0 and x1 knots in the PDF grid.
If the PDF values are sufficiently positive, namely they both exceed a threshold set to



64 3.3 PDFFlow : interpolating PDFs on GPUs

10−3, their logarithm is used in the extrapolation, otherwise, xf is exploited. The same
method is implemented for the high−Q region extrapolation.

For the low−Q value extrapolation a different method is employed. The LHAPDF
framework interpolates the anomalous dimension γ(Q2), namely
γ(Q2) = ∂ log xf(x,Q2)/∂Q2, between the value at Qmin and 1 for Q � Qmin with
the following rule:

xf(x,Q2) = xf(x,Q2
min)

(
Q2/Q2

min

) γ(Q2
min)−1

Q2
min

Q2+1
(3.4)

This ensures that the following limiting behaviors are verified:

xf(x,Q2)→


xf(x,Q2

min)
(

Q2

Q2
min

)γ(Q2
min)

for Q2 → Q2
min

xf(x,Q2
min) Q2

Q2
min

for Q2 → 0

(3.5)

In regions where both the x and Q values need extrapolations, first the corresponding
x−algorithm is performed, then the results are passed through the continuation function
for Q−values.

Integral to the parton distribution function description is the correct evolution of the
strong running coupling αs(Q), which depends on the energy scale Q at which it is eval-
uated. Therefore, the PDF sets are accompanied by a sample of measurements of αs at
different energies and LHAPDF implements interpolating and extrapolating methods
similar to the PDF ones. The provided grid exhibits knots on the logQ line. The inter-
polation algorithm is again a cubic Hermite spline, while for Q > Qmax a constant value
αs(Qmax) is returned and for Q > Qmin a logarithmic gradient continuation similar to
the low−x behavior of the PDF is implemented.

3.3 PDFFlow : interpolating PDFs on GPUs

3.3.1 Methodology

The PDFFlow package [184, 185] follows the VegasFlow [193, 194] concept to vec-
torize operations on the program inputs. The neat result is that transformations that
should have been done sequentially on independent points are now done altogether on
the whole sample. As a consequence, scalar input arguments of the functions become
vectors with the size of the number of desired events to be computed. Hardware ac-
celerators, like GPUs, provide massive speed-up factors in highly parallel environments
like the present one. However, the programming skills required to port the code and
optimize it into a suitable format for such devices represent a strong limit for the current
applications.

We present a prescription to port the code into a format compatible with hardware ac-
celerators leveraging the Python language and Google’s Machine Learning TensorFlow
library [195]. Indeed, the PDFFlow package is implemented by exploiting TensorFlow
primitives, which are natively designed to be GPU-friendly. Therefore, the tool auto-
matically inherits the TensorFlow portability on hardware accelerators. We wrap each
custom function code with the tf.function decorator triggering the computation of
a tf.Graph: this induces a transformation on Python static data types and operations
into tf.Tensor and tf.Operation primitives, respectively. The process automati-
cally builds an implicit operational graph, which optimizes the code and runs seam-
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Table 3.1: Description of the system used for the matrix multiplication benchmark: hardware and
software information.

Software Version Hardware specific Value

Python v3.10 CPU model Intel Xeon Gold 6130
NumPy v1.23 CPU cores 64 @ 2.10 GHz
TensorFlow v2.10 CPU RAM 192 GB

GPU model Nvidia Tesla V100
GPU memory 32 GB

lessly on multiple devices like multi-thread CPUs, GPUs and, if the operations are sup-
ported by the TensorFlow library version, even on TPUs. A little overhead in the running
time is introduced by this function conversion to load the corresponding tf.Graph in
memory. Luckily this step is done only once, namely when the piece of code wrapped
bytf.function is executed for the first time.

To show the capabilities of this method, we design a toy example to assess the speed
of the matrix multiplication operation for different implementations. We multiply a ma-
trix of size 100 × n times a vector of length n of random numbers sampled from the
normal distribution. We let the size n span a wide range of values from 102 to a max-
imum of 106. Table 3.1 collects the hardware and software specifics employed in this
study. Note that this represents the latest stable version of the software available on
the Python Package Index (PyPI) [196] at the time of the PDFFlow article [184] publica-
tion (July 2021). However, the present discussion is valid for all the v2.x TensorFlow
versions. We test for different implementations of the matrix multiplication function in
Python explicitly defined in figure 3.2:

• a matrix multiplication implemented in pure Python code with list comprehen-
sions;

• a NumPy [197] implementation exploiting the np.matmul function;

• a TensorFlow implementation wrapping the code with the @tf.function deco-
rator.

Figure 3.3 shows the behavior of the different implementations of the matrix multipli-
cation as a function of the matrix column size n. The TensorFlow implementation runs
either on CPU or GPU, while the others are CPU only. We note that the maximum size
for the parameter n is strictly dependent on the device memory hosting the computa-
tion: the GPU will raise an Out Of Memory (OOM) error if the size of the tensors ex-
ceeds the available memory, thus interrupting the job. On the other hand, the CPU is
more flexible and tries, nevertheless, to handle the computation at the price of a great
slowdown: this is due to the CPU exhausting the RAM memory and trying to exploit
the hard disk memory instead. The buses connecting the RAM and the CPU ensure way
faster communications than the ones between the CPU and the hard disk: this motivates
the performance breakdown.

As a rule of thumb, the expected memory used by an algorithm can roughly be esti-
mated by summing the memory allocated for each tensor created in the routine. How-
ever, TensorFlow always reserves some small amount of memory (aboutO(100 MB)) for
internal operations depending on the algorithm itself. Even neglecting this little mem-
ory overhead, an a priori estimation of the memory used by a script might be difficult
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import numpy as np
import tensorflow as tf

def py_function(x, y):
"""The Python function with list comprehension."""
return [

sum(xx * yy[0] for xx, yy in zip(x_row, y))
for x_row in x
]

def np_function(x, y):
"""The NumPy function."""
return np.matmul(x, y)

input_signature=[
tf.TensorSpec(shape=[10, None], dtype=tf.float32),
tf.TensorSpec(shape=[None, 1], dtype=tf.float32),

]

@tf.function(input_signature=input_signature)
def tf_function(x, y):
"""The TensorFlow function."""
return tf.matmul(x, y)

Figure 3.2: Matrix multiplication functions code
snippet. The @tf.function decorator re-
quires to define the shape of the input tensors,
where None signal a variable length dimension.

Figure 3.3: Time comparison of different matrix
multiplication implementations.

to compute, especially for complex operations. Therefore, the user should be approxi-
mately aware of the amount of memory he needs and possibly run memory tests before
deploying his tool.

The plot in figure 3.3 displays that the first calls to the tf.function decorated code
present an overhead time due to the tf.Graph construction; the subsequent function
executions, instead, manifest the improvements of these operations against the more
common Python and NumPy versions. Another feature that is evident in the graph is
the almost constant performance of the TensorFlow program running on the GPU device:
indeed, this behavior is expected until the whole GPU memory gets exhausted.

As a final remark, the TensorFlow CPU curve has the best performance for low sizes
of the input matrix, even exceeding the GPU one in this region. This effect is probably
caused by the fact that the CPU has to place the tensors on the GPU before launching the
computation and the elapsed time can be comparable to the effective computing time for
small-size operations.

In the rest of this chapter, we discuss the performance improvements brought by
the introduction of this prescription into state-of-the-art software for parton distribution
function value access.

3.3.2 Software design and benchmarks

Figure 3.4 depicts the PDFFlow design, which follows the LAHPDF6 concept. The
mkPDF() function instantiates the desired PDF representation, given by the PDF class.
A PDF object stores all the quantities and algorithms needed for the interpolation of both
the PDF itself and the strong running coupling αs. Notable member methods in the class
are the trace methods (trace and alphas trace) and interpolating methods (two for
the PDF and two for αs), contained in the green dashed boxes in the figure. The trac-
ing methods trigger the building of the tf.Graph relative to the PDFFlow operations.
Calling these methods before querying interpolation points allows ahead-of-time com-
pilation of all the functions declared within the tool.

The interpolating methods include a call to a Subgrid class object. Subgrid stores
PDF grid data and includes a switch to enable interpolation on αs grid knots. This class
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Figure 3.4: PDFFlow flowchart. Blocks are color-coded as follows: red for the tool, violet for
classes, green for functions and class methods, and white for interpolation algorithms.

Device CPU model CPU cores CPU RAM GPU(s) model GPU memory
C Intel i7-6700K 4 @ 4-4.2GHz 16GB @ 3000MHz Nvidia RTX2080 8GB
P0 AMD 2990WX 32 @ 3-4.2GHz 128GB @ 3000MHz - -
P1 Intel i9-9980XE 18 @ 3-4.4GHz 128GB @ 2666MHz Nvidia TITAN V 12GB

Nvidia RTX2080TI 12GB
P2 Intel Xeon Gold 6126 6 @ 2.6-3.7GHz 20GB @ 2133MHz Nvidia V100 (2x) 32GB

Table 3.2: Description of the systems in which the different codes have been run.

gives access to algorithms that implement the actual computation of PDFFlow outputs,
represented by white boxes in the flowchart and briefly described below.

The interpolation procedure implemented in PDFFlow follows the prescription orig-
inally implemented in LHAPDF6, namely the log-bicubic interpolation in terms of x and
Q2 and the extrapolation methods presented in section 3.2. The PDF data files stored in
the LHAPDF directories are directly loaded into tf.Tensor objects so it is not neces-
sary to install new sets or formats. The interpolation algorithms compute independently
query points belonging to different sub-grids of the PDF set. Special care is taken about
regions in the (x,Q2) plane close to quark mass thresholds and grids x edges, where the
minimum number of knots required for bicubic interpolation is not available.

Similar to the PDF interpolation procedure, the evaluation of the running of the
strong coupling, αs(Q) is performed using a log-cubic interpolation with constant ex-
trapolation from the (αs(Q), Q) nodes stored in the PDF metadata file. The implementa-
tion includes the improved treatment of the sub-grids mechanism and takes into account
the impact of flavor thresholds on αs(Q) evolution.

We introduce now the interpolation accuracy and performance benchmarks results
between PDFFlow v1.0 and LHAPDF v6.3.0 libraries. All the studies presented here
and in the next section, where we discuss actual physics examples, are done exploit-
ing the hardware pointed out in table 3.2. The consumer-grade hardware (C) consists
of a standard desktop computer with gaming level specifics. Different research groups
have access to professional grade hardware which is better suited for the kind of com-
putation described in this part of the thesis. In particular, this corresponds to many-
threaded CPUs and GPUs with enough memory to hold the necessary kernels for very
complicated computations. For the CPU-based calculation, we use the P0 system with
a medium-level processor in terms of clock speed, while for the GPU-based calculations
we use two different machines: P1 with a very powerful processor, which greatly re-
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Figure 3.5: PDFFlow vs LHAPDF relative difference for the NNPDF3.1 NLO central PDF. In both
the sub-figures, the first column refers to differences in a grid of x points for fixed Q values, while
the second column shows differences in a grid of Q values for fixed x.

duces the latency of the calculation for CPU-based operation such as the accumulation
of the final results, and P2, a less powerful CPU and a more limited RAM size which
can add an important overhead to the communications between the CPU and the GPU.
In exchange, the V100 GPUs have greater memory size which reduces the frequency of
communications between the main memory and the device.

To measure and compare the PDF interpolation accuracy between PDFFlow and
LHAPDF, we define a relative difference:

ri(x,Q) =
|xfPDFFlowi (x,Q)− xfLHAPDFi (x,Q)|

|xfLHAPDFi (x,Q)|+ ε
, (3.6)

where xfi(x,Q) is the numeric value of a PDF flavour i evaluated at a given momentum
fraction x and energy Q, and ε = 10−16 is a ratio stabilizer. In figure 3.5 we plot this
relative difference for the NNPDF3.1 central PDF at Next-to-Leading Order (NLO) for
the gluon and down quark flavor values. In both cases, we plot first the error as a func-
tion of x for fixed values of the energy scale Q and the opposite for the second image.
We prove that PDFFlow interpolated values are compatible with LHADPF ones, since
the error is several orders of magnitude lower than the fixed threshold of 10−3, which
was set by LHAPDF itself during the upgrade from version v5 to v6. Similar results can
be achieved by comparing different PDF sets, we present a complete set of numerical
comparisons for the MMHT2014 NLO PDF [186] in figure 3.11 at the end of the present
chapter.

We remark that the pattern of the errors showed in all the presented accuracy plots
is determined by the rounding errors due to the representation of numbers with finite
precision in the machine. Another source of discrepancy might be given by the different
implementations of the low-level primitives between the specific libraries exploited by
the PDFFlow and LHAPDF tools. These small fluctuations can be neglected as long as
they prove to be much lower than the 10−3 threshold set above.

A similar benchmark is made on the interpolation of the strong running coupling
αs(Q). We compute the same relative error rαs(Q) with the help of equation 3.6, after
replacing the xfi(x,Q2) PDF value with αs(Q). Figure 3.6 demonstrate that, again, the
values interpolated by PDFFlow are equal up to rounding errors to the LHAPDF ones.
In terms of performance speed, we conduct a benchmark analog to the one presented
in section 3.3.1: we measure the elapsed time to interpolate sets of (x,Q2) points by
PDFFlow and LHAPDF. The query points are distributed within the PDF grid bound-
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Figure 3.7: PDFFlow vs LHAPDF running time
comparison. Top and bottom rows plot respec-
tively the absolute and relative execution time
as functions of the input size.

aries, whereas each set has a logarithmically increasing size across different evaluations.
The resulting data are collected in figure 3.7. We observe a great performance improve-
ment when running PDFFlow default configuration on CPU, thanks to the built-in multi-
threading CPU support. Concerning GPU results, the performance improvement is
huge and opens the possibility to construct new models and applications with paral-
lel evaluations. Note that, as opposed to figure 3.3, the time excess in the first call of the
PDFFlow interpolation function is not visible in this plot, since the tf.Graph is built
ahead of time invoking the PDF.trace() method.

3.3.3 Physics examples

This paragraph introduces several physics examples, developed in the HEP context, that
exploit the PDFFlow software operating in synergy with VegasFlow to evaluate inter-
esting quantities at different orders of perturbation theory.

Single t-quark production at LO

We present a calculation of the cross-section for single top quark t production process
at Leading Order (LO) at LHC, namely pp → t + 1−jet. The only contributing diagram
is the qq̄ → tb̄ one depicted in figure 3.8. The cross-section is returned by an integrator
algorithm, computing the integral over the phase space of the matrix element squared
times the luminosity factor, which contains the PDF evaluation. We assess the perfor-
mance of two alternative setups involving on one hand VegasFlow and PDFFlow and
on the other MG5 AMC@NLO [63] v3.0.2 plus LHAPDF. The two tools share the same
physical parameters configuration, such as the top quark mass mt = 173.2 GeV and the
center of mass energy fixed at

√
s = 8 GeV, matching the LHC end of Run 1 conditions.

In both cases, the central member of the NNPDF3.1 NLO set PDF is used. Figure 3.8 col-
lects the integration time needed to reach an absolute precision of at least 2 · 10−3pb and
a relative error of 4 · 10−5 on the target cross section value. We observe a great speed-up
of the VegasFlow and PDFFlow runs on all the different devices, especially for GPUs.
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Figure 3.8: Single top quark production.
Top row: Feynman diagram. Bottom row:
comparison of the execution time between
PDFFlow and VegasFlow code against
MG5 AMC@NLO .

Figure 3.9: Quark initiated VBF Higgs
production. Top row: Born Feynman
diagram. Bottom row: comparison of
the execution time between PDFFlow and
VegasFlow code against NNLOJET plus
LHAPDF.

Figure 3.10: The examples figures

Higgs production on VBF at NLO

In the second example, we consider the Vector Boson Fusion (VBF) Higgs production
process at NLO. This higher-order computation provides an interesting benchmark of
our software, given the added complexity of the phase space integration. Full implemen-
tation of a parton-level Monte Carlo simulator such as NNLOJET [198] or MCFM [199]
is beyond the scope of this work, which is to provide a proof of concept for an NLO
computation. We exploit, instead, a simplified version [200] of the NNLOJET process
implemented in Fortran 95 programming language which uses LHAPDF as the PDF ac-
cess tool.

We limit ourselves to the quark-initiated W-boson-mediated process: the Born Feyn-
man diagram is visible in the top panel of figure 3.9. At NLO, instead, a gluon is radiated
from any of the quark lines. This process is characterized by a non-trivial phase space,
containing divergences appearing when the intermediate quark propagator goes on the
mass shell. The singularities must cancel with the poles in the corresponding virtual di-
agrams to have a finite result for the fixed-order computation. Phase space cuts as well
as a suitable subtraction scheme have to be implemented to regularize the divergent be-
havior of the real radiation integrand. To be comparable with the original Fortran imple-
mentation in [200] we also choose the antenna subtraction method at NLO as described
in [201, 202].

The NNLOJET code is heavily optimized for CPU and CPU-cluster usage so it pro-
vides a good benchmarking ground for our python-TensorFlow implementation which
is to be run on a GPU. Although our strategies for phase space point sampling and sub-
traction methods are not specifically dedicated to GPU computing and could represent
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Nrep LHAPDF CPU PDFFlow GPU PDFFlow CPU
10 0.08s 0.07s 0.05s
50 0.41s 0.35s 0.28s

100 0.83s 0.69s 0.56s
200 1.87s 1.46s 1.12s
300 2.85s 1.29s 1.79s
400 3.63s 1.69s 2.12s

Table 3.3: Time required to evaluate all 11 flavours from Nrep members of NNPDF3.1 NLO in a
grid of 2415 points in x, using the P1 system.

suboptimal choices, we achieve competitive performance against NNLOJET, leading us
to believe that a fully optimized implementation of NLO (and NNLO) computations on
GPUs can lead to drastic performance gains. The results are presented in the bottom
plot of figure 3.9 for both consumer and professional-grade hardware. It is interesting
to discover that our implementation reaches a competitive time performance even on
cheaper devices, opening a notable discussion regarding economic and environmental
(i.e. power usage and carbon footprint) perspectives on the usage of our tool.

As a final remark, we note that our software stack is currently able to store and run
in parallel an MC integration involving an order of a million events. We believe that
this result can be further optimized for GPU computing, paving the way for more com-
plex integrands and virtual diagram structures at higher orders (NNLO) in perturbation
theory.

Multi-PDF members evaluation

The PDFFlow package includes the possibility to load multiple members of a PDF set
at once. This capability allows to access values in the (x,Q2) plane for all the specified
PDFs. This functionality targets the field of PDF determination: theoretical predictions
for experimental data points are computed through the convolution of FastKernel
tensors [203] with PDFs evaluated in a grid of x points. As discussed in [204], we ex-
pect performance improvements of FastKernel-like operations when running parallel
multi-PDF member evaluation on GPU. Such a result is particularly relevant for fitting
methodologies based on the NNPDF methodology, where PDF replicas could be ob-
tained simultaneously in a single GPU card.

We test the multi-PDF option of PDFFlow against the usual LHAPDF implementa-
tion which sequentially loops on single points. In table 3.3 we show the total evalu-
ation time required to compute the 11 flavors of NNPDF3.1 NLO, namely the flavors
for d,u, s, c,b quarks plus their anti-particles and the gluon, for a different number of
members Nrep. In this benchmark, we exploit the P1 system to compute FastKernel
tensors composed of a total of 2415 points in x. We highlight that PDFFlow on CPU and
GPU times are always smaller when compared to LHAPDF thanks to the parallel graph
evaluation. On the other hand, GPU results are better in the large Nrep regime. We con-
clude that the multi-PDF member evaluation implemented in PDFFlow may accelerate
computations where a large number of PDF members and x points are required, thus
opening the possibility to perform a full PDF fit in a single GPU device.
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Figure 3.11: Relative difference between PDFFlow and LHAPDF (same as 3.5) for the MMHT2014
NLO set for all flavors.
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The VegasFlow and PDFFlow packages represent a first step towards a complete
general-purpose Monte Carlo framework for event simulation of particle physics pro-
cesses running across multiple devices and architectures, in particular, hardware accel-
erators. In this section, we extend the ideas presented in chapter 3 to complete a full suite
of tools able to automate the computation of leading order cross sections and the gener-
ation of the associated unweighted events. We show how to build a library with all the
ingredients needed to implement a full Monte Carlo simulation in a modern, extensible
and maintainable way.

The most important result introduced in this chapter is a feasibility study testing
the ability of our software to successfully handle a high number of Feynman diagrams,
usually derived from processes with final state high jet multiplicities, employing a full
computation on GPU devices. We note that an independent effort is currently being
dedicated to port the MG5 AMC@NLO [63] software on GPU, namely a project dubbed
”Madgraph 4 GPU” [205, 206]. The idea is to implement a library coded in CUDA
programming language [207] to allow MG5 AMC@NLO to run on Graphics cards. The
MadFlow [208, 209] concept tackles the issue from a different perspective, though: it
aims to provide an MC simulator based on modern software able to run automatically
on different hardware setups without requiring any specific architecture knowledge for
either the developer and the user. Furthermore, we note that CUDA-based libraries
are compatible with the TensorFlow framework: this, in principle, allows ”Madgraph 4
GPU” matrix element calls to be integrated into MadFlow to gain the best performance
out of the two worlds. To date, up to the authors’ knowledge, MadFlow is the first
attempt to implement a full parton-level automated platform-agnostic MC event gener-
ator.

The chapter is organized as follows. In section 4.1 we initially describe the high-
level design of the MadFlow package [210] and provide more details about its specific

73
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Figure 4.1: The MadFlow tool-suite includes all the needed ingredients for MC event generation
on hardware accelerators: on top of the VegasFlow MC integrator, the GPU phase space gener-
ator constructs physical points to be fed in the computation of the luminosity factor done with
PDFFlow and the evaluation of the partonic cross section σ̂ through the ME computation. The
final results are presented as unweighted events.

modules in the subsequent paragraphs. Section 4.2 presents all the physics examples im-
plemented to test the capabilities of the new software. We show radical improvements in
all the benchmarks with respect to the MG5 AMC@NLO state-of-the-art approach relying
on CPU-only computations.

4.1 The MadFlow design

The generation of simulated events at hadron colliders, such as LHC, is driven by the
following master formula expressing the calculation of the cross-section σ for a given
process pp→ Xn with n partons in the final state:

σ(pp→ Xn) =
∑
a,b

∫
dΦn(x1, x2,p)L(x1, x2) |M(a, b→ X)|2 (4.1)

where the sum runs over all the initial parton flavors and the differential phase space
depends on the initial parton momenta fractions x1, x2 plus the final state n partonic
4−momenta p = p1, . . . , pn. In this discussion we neglect the parton shower and all
the other complexities (such as hadronization models, underlying event treatment etc.)
related to a complete description of a physical final state measurable experimentally.
Equation 4.1 instructs about the ingredients needed to implement a full parton-level MC
event generator:

1. a phase space generator able to apply any fiducial cut and output the relevant dΦn
contribution;

2. a PDF and strong running coupling value access tool to compute the luminosity
function L;

3. a general method to evaluate the Matrix Element (ME) modulus squared |M|2;
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Figure 4.2: The MadFlow design. The MG5 AMC@NLO plugin exports the code for the ME
evaluation and connects the various MadFlow components to perform the parallel MC integration.
Eventually, unweighted events are produced along with the MC estimation for the cross-section.

4. an MC integrator, defining a strategy to compute the final cross-section value;

5. an algorithm to store the generated events in a suitable format for computing ob-
servables and histogramming differential distributions.

To design a general-purpose MC generator that can exploit hardware accelerators,
all the items listed above must be carefully implemented to take advantage of the paral-
lel nature of the problem respecting the independence of the transformations that each
sampled point undergoes. In particular, PDFFlow and VegasFlow already represent
valid solutions to issues number 2 and 4, respectively. The missing ingredients in the
list require the implementation of an efficient phase space generator able to load ran-
dom points on GPU devices, a vectorized implementation of the ME computation and,
finally, a prescription to save asynchronously such phase space points following phys-
ical distributions. The fact that the storage procedure acts asynchronously is crucial to
avoid spoiling the performance improvements gained from the parallel GPU computa-
tion through expensive I/O operations. Figure 4.1 explicitly depicts all the modules that
encompass the MadFlow framework.

Figure 4.2 represents schematically how the MadFlow package works, which essen-
tially involves two main steps: the process generation and the actual MC integration. As
an entry point, we rely on the MG5 AMC@NLO package with its ability to write process-
specific code for the generation of MC events: the functions for the ME evaluation, see
paragraph 4.1.1, and the integration routines are generated at runtime. Since the pro-
duced code must be interfaced with MadFlow , we implement an MG5 AMC@NLO plu-
gin which ensures that the syntax and the prescriptions exploited in the various tools
connected to our framework are respected. The plugin creates a script that runs the par-
allel MC integration at LO within MadFlow and outputs the unweighted events needed
for further analysis.

The goal of MadFlow is to provide the foundation for future high-precision MC sim-
ulations so they can efficiently take advantage of hardware development. In its cur-
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rent version, MadFlow provides the necessary tools for the automated computation of
LO calculations for any number of particles. Higher-order computations can be imple-
mented by building upon the provided LO template. Parameters and model definitions
are provided by MG5 AMC-compatible parameter and run cards to allow a comfortable
transition between the two frameworks for both the user and the developer point of
view.

4.1.1 Evaluation of matrix elements routines

The MG5 AMC@NLO package is a Python meta-code, namely a code that produces other
code. The output script can be phrased into three different languages to easily accom-
modate user needs: Python, C++ and Fortran. The idea is that the user first specifies the
model lagrangian and inputs the process of interest, which leads to an algorithm to com-
pute the corresponding amplitude. Within the MG5 AMC@NLO interface, the import
model, generate and output commands produce the desired code to evaluate a query
process.

As an example, the pp → tt̄ scattering is computed within the Standard Model and
written to the my directory folder with the following instructions:

import model sm
generate p p > t t˜
output my_directory

The import statement loads the relevant FEYNRULES [211] package complying with the
Universal FEYNRULES Output (UFO) format [212] describing the query theory: a Python
module listing the particles, the parameters and a set of interactions fully specifying the
underlying physics. The FEYNRULES were originally thought as a package for MATHE-
MATICA calculations, however the introduction of the UFO format allowed the user to
incorporate them into MADGRAPH5 to easily test new theories producing events and
comparing the results against experimental data in a quick and modular way.

The generate syntax triggers the search for the Feynman diagrams that contribute
to the query process. The program first lists all the possible topologies compatible with
the requested interaction. The invalid graphs should then be groomed: an efficient re-
cursive method to determine whether a graph is relevant or should be discarded has
been included in the framework since the release of the MADGRAPH5 version [213].

After all the diagrams are generated, the algorithm to compute the S-matrix element
is built with dedicated optimization techniques to enhance the performance of ME eval-
uation. These methods rely on the computation of helicity amplitudes and color decom-
position to ensure that the complexity of the algorithm grows linearly with the number
of Feynman diagrams identified before, which, in turn, depend factorially on the num-
ber of external particles in the process.

The techniques usually used for analytical ME results are based on Lorentz indices
contraction and Dirac matrices trace technology. However, this approach is quadratically
dependent on the number of Feynman diagrams since all the cross-diagram interference
terms must be calculated individually. The overall number of such operations forbids
computing with this method the matrix elements involving high parton multiplicities,
typically beyond 2 → 4 processes. As a consequence, different algorithms are consid-
ered: the HELicity Amplitude Subroutines (HELAS) [214] tool sums amplitudes contri-
butions for given helicities of the external particles, while the QCD color-flow decompo-
sition [215] gather different terms into gauge invariant groups named dual amplitudes.
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(a) s−channel gg → tt̄ (b) t−channel gg → tt̄ (c) uū→ tt̄

Figure 4.3: The diagrams contributing to the pp→ tt̄ process.

The ALOHA application [216] automates this approach and is indeed incorporated into
MG5 AMC@NLO .

The output request, finally, provides the user with the scripts produced by ALOHA
combining three different kinds of functions: external particles, off-shell (connecting in-
ner particle propagators with external legs through vertices) and on-shell (joining to-
gether various pieces of the diagrams) routines.

To produce a ME evaluation program compatible with a vectorized MC event genera-
tor, we design an MG5 AMC@NLO plugin, consisting of an exporter module that outputs
the components just described in a format fulfilling the requirements imposed by Ten-
sorflow primitives. Once the plugin is integrated into MG5 AMC@NLO , it is accessed
with the following commands:

import model sm
generate p p > t t˜
output pyout my_directory

which produces the desired MadFlow code, instead of the usual MG5 AMC@NLO one,
inside the my directory folder.

Concerning the plugin implementation side, particular attention has been dedicated
to casting the ALOHA routines into a device-agnostic TensorFlow code. The major com-
plexity in the realization of the algorithm regards replacing the wavefunctions routines
abiding by the TensorFlow ControlFlow rules. The difficulty comes from the fact that it
is not easy to include conditional statements in vectorized code. Moreover, GPU devices
suffer in general from branching, since the hardware is kept busy until both sides of a
conditional are completed. In the worst-case scenario, the majority of the GPU threads
remain idle waiting for the completion of an expensive operation acting on just a few
points. The ALOHA vertices rules, instead, being mostly comprised of algebraic opera-
tions are straightforward to implement in this framework.

We give here an example considering the pp → tt̄ process. There are two sub-
processes contributing to the final amplitude: uū → tt̄ and gg → tt̄. In turn, the am-
plitude with the gluon has both the s and t channels open. Figure 4.3 shows the three
leading order possible diagrams. The MadFlow plugin exporter, therefore, generates two
Python files according to the two available sub-processes: matrix 1 uux ttx.py and
matrix 1 gg ttx.py. Further, each matrix element file is accompanied by the relative
aloha <***>.py, a script containing the ALOHA wavefunctions and vertices routines
written with TensorFlow primitives. Each matrix element file contains a Matrix class
implementing a smatrix method linking together the Feynman rules to evaluate the
corresponding ME with the techniques described above: namely, looping over helicity
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amplitudes and aggregating them into gauge invariant groups according to color de-
composition. Finally, the exporter creates a leading order.py file which collects the
instructions to launch the MadFlow computation, joining all the pieces present in fig-
ure 4.1. This includes calls to VegasFlow , PDFFlow and the GPU phase space sampler
that we describe in the following paragraph.

4.1.2 Phase space generation

The MadFlow phase space generator implements a vectorized version of the RAMBO
algorithm (see section 1.3.5 for a description of this technique). This method can pro-
duce a vector of physical 4−momenta to be exploited as input of the smatrix method
of the ME. The approach produces a flat phase space, democratically giving the same
importance to all regions. As a result, the ME topology is not taken into account, avoid-
ing introducing excessive complexity in the implementations at the expense of the MC
integration efficiency. Future releases of the MadFlow package will focus on improving
the sampling technique to enhance the behavior of the MC generator especially when a
large number of final-state particles is requested.

4.1.3 Unweighted event exporter

The MadFlow software focuses on producing samples of unweighted events following
physical distributions. This is, by definition, a key ingredient for an MC generator.
The standard output format for such events in HEP is the Les Houches Event (LHE)
3.0 one [217]. Such a format is based on XML markup language to represent gener-
ated events as a list of <event> tags containing the produced particles along with their
PDG code, 4−momenta, mass and color flow information. The workflow first gener-
ates weighted events, which means that each one contributes to the overall physical
distributions differently according to its weight. An unweighting procedure allows the
production of a sample where each event has the same importance. This implies that
histogramming physical distributions can be done without assigning a weight to each
entry, hence the name unweighted events.

The collection of weighted events is done asynchronously to the matrix element com-
putation in MadFlow . The reason is that communication between the hardware accel-
erating device and the CPU host may slow down the hard computation. Therefore, we
implement a custom Python context manager named LheWriter, whose lhe parser
method constantly takes care of gathering the phase space points sampled during the
VegasFlow integration in a separate CPU thread to eventually dump the correspond-
ing LHE tags to file. We ensure that this operation is done independently of the GPU
calculations wrapping the call to the LheWriter.lhe parser() method thanks to the
TensorFlow tf.py function() primitive.

The unweighting prescription is taken from MG5 AMC@NLO and works as an
acceptance-rejection algorithm (see paragraph 1.3.4): after looking for the highest weight
wmax in the list, the algorithm produces a random number in the unit interval with uni-
form probability, then a query event is accepted if its weight wevent is higher than the
product of the random number times the maximum weight in the sample. This ensures
that each event is accepted with a probability proportional to the ratio of the weights
wevent/wmax.

A consequence of this method is that if there are many events with low weight com-
pared to the maximum one, the algorithm acceptance efficiency ε = Naccepted/Ntot will
be low. This highlights a sub-optimal phase space sampling behavior, yielding many
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Software Version

MadFlow 0.1

VegasFlow 1.2.1

PDFFlow 1.2.1

MG5 AMC@NLO 3.1.0

TensorFlow 2.5.0

Nvidia CUDA drivers 11.3

ROCm drivers 4.2.0

TensorFlow-rocm 2.4.1

Table 4.1: Description of the software used for the different MadFlow experiments. The last two
lines regard the software compiled for Radeon/AMD architectures.

ME evaluations at points that give low contributions to the integral. We observe that
the naive RAMBO approach implemented in MadFlow has, in fact, a rather poor effi-
ciency ε ∼ 5%, meaning that future package releases will aim to improve this quantity
by introducing dedicated sampling techniques. Examples of improved sampling meth-
ods include weight optimization of multi-channel Monte Carlo, previously described in
section 1.3.2, and single-diagram enhancement method already implemented by MADE-
VENT [218].

4.2 Physics examples

In this section we present some usage examples of the MadFlow package, demonstrating
the precision of the software in terms of the accuracy of the final observable distributions.
The MG5 AMC@NLO software represents the reference benchmark software in all the
experiments.

We consider the simulation of events at LO for hadronic processes at colliders with
center of mass energy of

√
s = 13 TeV. This configuration matches the Run II LHC setup,

which was running from 2015 to 2018. In the following different processes are consid-
ered. All results presented in this study are obtained with the software stack described
in table 4.1.

4.2.1 MadFlow accuracy

We consider observable distributions for the gg → tt̄ process obtained with both the
original MG5 AMC@NLO implementation and the novel MadFlow approach. Figure 4.4
represents the differential distributions concerning the final state top transverse momen-
tum pT,top and pseudorapidity ηtop. The unity of measure of the top row plots is set to
fb/GeV and fb, respectively. The bottom row panels, instead, show the ratio between the
MadFlow and MG5 AMC@NLO results. The pictures confirm a sufficient level of agree-
ment between the two implementations for the same level of target accuracy between
2− 5% for each bin.

4.2.2 MadFlow performance

We are interested in testing the speed of MadFlow on different platforms. Therefore we
measure the total amount of time required to integrate 106 events for different processes
with an increasing number of involved partons and, consequently, factorially increasing
the number of diagrams: we consider gg → tt̄ (3 diagrams), pp → tt̄ (7 diagrams),
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(b) Top transverse pseudorapidity η distribution.

Figure 4.4: Leading order differential cross sections for gg → tt̄ process at
√
s = 13 TeV.

In both panels, the top row shows the histogram distributions output by MadFlow and
MG5 AMC@NLO , while the bottom one represents the ratio of the two to highlight the statistical
agreement.
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Figure 4.5: MadFlow integration timings for different processes: gg → tt̄ (top left), pp → tt̄ (top
right), pp → tt̄g (bottom left), pp → tt̄gg (bottom right). Comparison of the results for consumer
and professional-grade CPUs (red bars) and GPUs (blue bars) hardware. The plots report the
available memory alongside each related device name. We note a systematic performance im-
provements for GPU cards.
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Figure 4.6: pp → tt̄ggg process
MadFlow timings.

Process MadFlow MadFlow MG5 AMC (µs)

CPU (µs) GPU (µs)

gg → tt̄ 9.86 1.56 20.21

pp→ tt̄ 14.99 2.20 45.74

pp→ tt̄g 57.84 7.54 93.23

pp→ tt̄gg 559.67 121.05 793.92

Table 4.2: Comparison of event computation
time for MadFlow and MG5 AMC@NLO on In-
tel i9-9980XE system with 18 cores and 128 GB
of RAM for CPU simulation and Nvidia Titan V
12 GB for GPU simulation.

pp→ tt̄g (36 diagrams), pp→ tt̄gg (267 diagrams). In all the experiments we apply a cut
on the transverse momentum of the final state particles: pT > 30 GeV.

In figure 4.5 we summarize the results of the performed benchmarks on various In-
tel and AMD CPU platforms (red bars) optionally hosting Nvidia or AMD GPUs (blue
bars) spanning from consumer to professional-grade hardware. The blue bars underline
the superiority of MadFlow running on GPU cards. The Nvidia Ampere architecture-
equipped devices, such as the RTX A6000, represent the latest generation of GPU tech-
nology and outperform the previous versions based on the Tesla setup. The AMD brand
with its AMD Radeon VII model, instead, is a good alternative to the Nvidia solutions
providing performance competitive with respect to the most professional-grade GPUs
at more affordable prices.

The red bars show the MadFlow performance when running on CPU devices con-
figured to exploit all the available cores. Although we highlight the supremacy of GPU
hardware, we see that some top-level chips, such as the AMD Epyc 7742, can achieve
performance similar to consumer-level GPUs, like the Quadro T2000. Nonetheless, we
note that the code contains by no means any specific GPU optimization, which would
be a desirable feature when developing the software toward production mode. As a fi-
nal remark, we claim that the GPU speed-up highly depends on the number of events
requested per device, meaning that the maximum performance is achieved when the
computation exactly fills the entire available memory.

According to section 4.1, the goal of the MadFlow software is to provide hardware
acceleration for future higher-order computations. Of course, when including NLO or
even NNLO contributions, the number of Feynman diagrams substantially increases. It
is then naturally interesting to test if the program can successfully handle complex com-
putations. To this extent, we evaluate the performance of our code to simulate 105 events
for the pp → tt̄ggg process, which counts 2604 Feynman diagrams. The results shown
in figure 4.6 confirm that GPU performance are competitive even accounting for such a
huge number of contributions, remarking the strong potential of hardware accelerators
for higher-order HEP simulations.

The final test presented in this section designs a comparison between the MadFlow
and the MG5 AMC@NLO frameworks’ performance. In table 4.2, we report the total
amount of time per event for the processes listed above for an Intel i9-9980XE CPU sys-
tem with 18 cores and 128 GB of RAM hosting an Nvidia Titan V 12 GB. The results
follow the trend of the other benchmarks, presenting a dramatic increase in the num-
ber of evaluated events per second by the GPU device as opposed to the CPU. At the
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same time, going towards more complex processes and increasing the number of dia-
grams requires also a larger amount of memory to hold the computation, decreasing the
performance gains granted by the GPU.

4.3 Conclusion and outlook

We have presented and tested a new approach for the generalization of Monte Carlo
event generation on hardware accelerators. The MadFlow package encompasses a series
of tools implemented with fast and maintainable code that can express complex analyti-
cal expressions into hardware-specific languages without the need to introduce compli-
cated operations. We tested the software’s effectiveness to simulate multiple scenarios
on hardware accelerators. We plan to develop further the MadFlow algorithm, includ-
ing specific optimization methods for vectorized phase space sampling to enhance event
generation efficiency and eventually make a first step towards the automation of the
Next-to-Leading Order computations taking advantage of hardware accelerators.
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This chapter deals with the implementation of deep learning solutions for the raw
data denoising algorithm at ProtoDUNE Single Phase (SP) detector, the first step of the
event reconstruction pipeline at Liquid Argon Time Projecting Chamber (LArTPC) de-
tectors. We first give an overview of the ProtoDUNE-SP detector design and its geometry
and including a characterization of signal processing in LArTPCs, namely, how signals
first get formed and then are revealed inside such kind of experimental apparatus.

After that, we discuss the current implementation of the deconvolution method,
the state-of-the-art technique implemented by several neutrino experimental collabora-
tions. Finally, the last section of this chapter describes our novel solutions for denoising
ProtoDUNE-SP simulation data with deep neural networks [219] and, in particular, with
graph neural networks.

5.1 The ProtoDUNE Single Phase design

The Deep Underground Neutrino Experiment (DUNE) [220] is a major experiment in the
neutrino oscillation research field. It will be based between Fermilab (Illinois) and the
Sanford Underground Research Facility (SURF) in South Dakota, the latter hosting the
DUNE Far Detector (FD) [221–223]. The FD, with its four modules containing a fiducial
mass of 10 kt of liquid argon will be the largest Liquid Argon Time Projecting Chamber
ever built. The CERN Neutrino Platform, instead, currently hosts the ProtoDUNE-SP
detector [224], a prototype of the DUNE FD that faithfully reproduces most of the FD
components, but extrapolating the total LAr mass in scale 1:20.

The realization of the ProtoDUNE detector is an essential part of the DUNE FD de-
velopment program and has four main objectives. First, to refine the production and
installation procedures of the FD detector modules. Second, to test the basic detector
performance to validate its design, which is a crucial point in the roadmap of the DUNE

85
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Figure 5.1: Sketch of the ProtoDUNE-SP de-
tector. Only one drift chamber is depicted,
the other extends to the left of the CPA.

Figure 5.2: Wires wrapping around a
ProtoDUNE-SP APA plane: U, V and W
planes in green, magenta and blue, respec-
tively.

FD realization. Third, to calibrate the detector efficiency in revealing particles of a dif-
ferent kind. This has to be done thanks to the collection of large samples of test beam
data, that in turn will allow implementing dedicated software solutions for the Monte
Carlo simulation. Fourth, to prove the long-term operational stability of the detector and
prevent risks of continued operations on the DUNE FD modules.

The ProtoDUNE-SP design is sketched in figure 5.1: the active TPC is a 6 m high, 7 m
wide and 7.2 m deep box. A field cage surrounding the volume supports and isolates
the detector. The space is divided by a central cathode plane, named Cathode Plane
Assembly (CPA), that separates the two drift volumes. The sides of the detector, instead,
are paved by three adjacent 6 m high and 2.3 m wide Anode Plane Assemblies (APAs).
Each APA consists of a support where three parallel planes of sense wires are wrapped
around along different orientations to provide three independent views of the events,
allowing 3−dimensional reconstruction. Figure 5.2 shows the orientation of the three U,
V and W wire planes. The first two wire planes, U and V, are oriented forming angles
of 35.7◦ and −35.7◦ with respect to the vertical, while the last plane W is directed along
the vertical. A total of 2560 readout channels are attached to the APA wires, resulting in
15360 channels included in the whole structure.

The CPA is kept at a tension of−180 kV, while the APA wire layers are held at−370 V
(U plane), 0 V (V plane) and 820 V (W plane) to establish a quasi uniform electric field of
intensity 500 V/cm. A report of the installation and the test beam runs taken before the
LHC Long Shutdown 2 a the end of 2018 is available in [225].

We present a qualitative overview of how an interaction within the detector fiducial
volume is revealed by the experimental apparatus leading to the formation of the raw
signal inside LArTPCs. At the moment a particle enters the detector fiducial volume,
it may interact with Argon nuclei producing ionization electrons and Argon ions pairs.
The intense electric field provided by the CPA accelerates the charged particles in op-
posite directions: the positive ions are attracted towards the center of the cage against
the CPA, while the electrons drift in the opposite direction and get collected by the APA
wires. We stress that the ionization electrons induce current on the sense wires in the
two first APA wire planes U and V, but are indeed collected only by the last plane W.
Therefore, the U and V wire bundles are often called induction planes, while we refer to
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the W one as the collection plane.
The motion of charges inside the detector volume generates a detector response,

given by the combined effects of different contributions. The overall simulation within
a LArTPC environment can be simplified into five different pieces that should be convo-
luted together to provide the final detector measurement M :

M = (Depo⊗Drift⊗Duct+Noise)⊗Digit (5.1)

The definition of the ingredients included in the equation above follows.

• Depo: the initial distribution of ionization electrons created by energy depositions.
It is modeled by point-like depositions qi at positions ri and times ti:
Depoi (qi, ti, ri)

• Drift: describes the drift of the initial ionization charge towards the APAs, due
to the uniform electric field E. The output is the number of electrons and their
space-time distribution arriving at a distance of xrp = 10 cm from the APAs. The
imaginary plane parallel to the APA at xrp distance is called response plane. The
propagation of the initial charge until the response plane is characterized by diffu-
sion along longitudinal and transverse directions producing a final charge distri-
bution with longitudinal and transverse standard deviations:

σL,T '
√

2DL,T tdrift (5.2)

where DL,T are diffusion coefficients in argon [226] and tdrift is the time the elec-
tron takes to reach the response plane. The final space charge distribution is given
by:

Depoi ⊗Drift→ Depoi

(
qi, ti + tdrift, ri

∣∣∣
x=xrp

, σL, σT

)
(5.3)

• Duct: includes the field and electronics responses discussed in sections 5.1.1
and 5.1.2, respectively.

• Noise: the inherent electronics noise that must be added to the electronics read-
outs to produce a realistic measurement. It can be simulated as a random walk
in the frequency domain to produce a time-dependent noise contribution for each
readout channel.

• Digit: the digitized version of the electronics signal recorded by the detector.

In the following, we present a qualitative introduction to the Duct components, namely
field response and electronics response, and the digitization procedure done by LArT-
PCs. The discussion follows [227] which is tailored on the MicroBooNE detector [228],
but can be applied in general to all LArTPCs including ProtoDUNE-SP.

5.1.1 Field response

The induced current i on a wire by a charge q moving in its proximity is governed by the
Ramo theorem [229] and its generalized forms [230, 231]:

i = −qEw · vq (5.4)

where vq is the drifting velocity of the charge and Ew is a weighting field, that is a func-
tion of the geometry of the electrodes. The operative measure of the weighting field is
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done while keeping the target wire at unit potential, setting all the others to ground,
removing the drifting charge and measuring the electric field in the space surrounding
the electrode. The generalized versions take into account non-linear effects and config-
urations in which electrodes are placed within multiple dielectric mediums. The instan-
taneous drift velocity of the charge in the case of the LArTPC depends mainly on the
geometry of the APAs and liquid argon temperature.

The qualitative behavior of the field response function is better understood consider-
ing Green’s reciprocity theorem: the moving charge qm induces current on a sense wire
I, which, in turn, corresponds to a movement of charges QI on the wire itself. The two
quantities are related by the formula:

qm · Vm = QI · VI (5.5)

where Vm is the potential induced at the position of the charge by the sense wire kept at
potential VI.

The induced current, or field response, can be obtained by taking the time derivative
of the charges moving on the electrode I:

i =
dQI

dt
= qm ·∇Vw ·

dr

dt
(5.6)

where we have introduced the dimensionless weighting voltage Vw = Vm/VI, which
assumes values in the unit range. The last equation, in particular, is equivalent to equa-
tion 5.4 putting −Ew = ∇Vw. The integral through time of the current induced on the
electrode is given by the work done to bring the charge qm within the weighting poten-
tial from a starting position A to an end position B:∫

idt = qm
(
V Bw − V Aw

)
(5.7)

In [227], the field response is computed for a single ionization electron through a
simulation with the Garfield software [232]. The simulation assumes a 2−dimensional
wire geometry and nominal wire potential compatible with the MicroBooNE detector
setup, however, the results presented here can be easily generalized to ProtoDUNE and
other LArTPC detectors. The authors, simulate an electron starting at a position 10 cm
away from the first wire layer, namely U plane and approaching the APA. Different
electron paths are displayed in figure 5.3(a) depending on the starting position, which is
discretized along the direction transverse to the drifting direction by a 0.3 mm shift. The
picture shows that, due to the uniform electric field, the electron approaches the APA
passing next to the U and V planes (the first and second encountered layers) and gets
collected by the W collection plane.

Figures 5.3(b), 5.3(c), 5.3(c) plot the simulated weighting potential of a wire in the
three different APA planes U, V and W respectively. The weighting potential is max-
imum in the coincidence of the considered wire and decreases for increasing distance.
The plots highlight that each APA plane acts shielding the weighting potential of the
wires of the other APA layers. Indeed, figure 5.3(c) has a Vw that extends towards the
inner region of the detector, but only small ∼5% fractions of the weighting field pass
beyond the second line of wires. The weight potential of the wire on the V plane is con-
centrated in the inter-electrode space being shielded both by the first and the last APA
layer. The collection wires are shielded both by the two former layers, instead.

A consequence of equation 5.7 is that each wire is sensible to the induced current
by an ionization electron only if it moves inside a region where the weighting potential
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(a) Electron path drifts. (b) Weighting potential Vw on U plane wire.

(c) Weighting potential Vw on V plane wire. (d) Weighting potential Vw on W plane wire.

Figure 5.3: The electron path drift and weighting potential in the Garfield simulation from [227].
The equipotential lines are labeled by numbers from 1 to 60 indicating the percentage with respect
to V max

w , namely the electric potential on the considered wire.



90 5.1 The ProtoDUNE Single Phase design

Figure 5.4: The waveforms due to single electron drift in the Garfield simulation by [227]. The solid
waveforms refer to an electron starting position directly in front of the considered wires (center
path). The dashed waveforms consider the shifted electron path starting from the boundary of
the simulation volume. This shows that drifting particles influence the measured current also on
distant wires.

has a spatial increment or a decrement appreciably different from zero. As an ioniza-
tion electron approaches the first induction plane, it moves towards higher regions of
the associated weighting potential and the induced current is positive. As soon as the
particle moves away from the wire and continues towards the far side of the detector,
the induced current switches to negative values and forms the typical bipolar sign for
the induction waveforms recorded by the LArTPC electronics, see figure 5.4.

Once the electron passes the first induction wire, it starts inducing current also on the
collection wire. Since the paths of qm eventually end onto a collection wire, the induced
current on the V plane electrodes is always positive, resulting in unipolar peaks in the
waveforms in figure 5.4.

As a consequence, the integrated current on an induction plane wire for an ionization
electron originating on the cathode plane is zero because the drift trajectory starts from
a position where the weighting field is zero and ends on a collection plane wire, where
again Vw = 0. On the other hand, the integrated current on a collection plane wire in the
same situation equals to a single electron charge, since the starting weighting potential
is again zero, but the final potential is equal to unity, referring to the collection wire. In
general, this is not true for ionization electrons originating in the inner detector, since
the starting weighting potential is not zero there. However, the weighting potentials fall
to zero rather quickly, reaching O(10−2) values at distances of ∼10 cm away from the
APAs.

When an ionization electron is created inside the LArTPC, also the corresponding ar-
gon ion is generated. The ion drifts in the electron’s opposite direction and, in principle,
influences the field response function. The contribution, however, is negligible, since the
drift velocity of the ions is far slower than the ionization electrons due to their mass:

ve− ∼ 1 mm/µs, vAr+ ∼ 5 mm/s (5.8)

5.1.2 Electronics response and digitization

Once the induced current on a sense wire is received, a pre-amplifier amplifies and
shapes the signal. The pre-amplifier settings include the gain and the peak time. These
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(a) Pre-amplifier response function. (b) RC filter response function.

Figure 5.5: The MicroBooNE electronics response to an impulse signal located at t = 0: left panel
plots the pre-amplifier response function for 4.7 mV/fC. Both diagrams are taken from the study
in [227].

two parameters control the height, width and time position of the peak measured from a
unit input impulse at time t = 0. In particular, the gain is defined as the output waveform
amplitude and, for LArTPCs experiments such as MicroBooNE and ProtoDUNE-SP,
there are four different configurations of this quantity: 4.7 mV/fC, 7.8 mV/fC, 14 mV/fC,
25 mV/fC. The peaking time is defined as the time difference between 5% of the peak
at the rising edge and the peak. Four peaking times can be configured in the cold elec-
tronics setup in MicroBooNE and ProtoDUNE-SP: 0.5 µs, 1.0 µs, 2.0 µs and 3.0 µs. Fig-
ure 5.5(a) shows the different pre-amplifier responses for a fixed gain value of 4.7 mV/fC.
Notice that the signal amplitude is always the same for different peaking times since it
is dependent on the gain setting only. The four peaking time setups are important to sat-
isfy the Nyquist theorem [233] for different sampling rates: an analogic periodical signal
can be correctly reconstructed only if the sampling frequency, used to digitize the signal,
is greater than double the highest frequency in the signal spectrum.

The output of the pre-amplifier is further analyzed by two independent RC filters
to remove the baseline. The RC response function for a single impulse located in the
origin, δ(t), is displayed in figure 5.5(b). Both the single RC behavior and the double
independent RC ⊗ RC RC circuits responses are shown in the plot. The effect of the
introduction of such electronics is visible in the long or large waveforms, especially for
collection plane wire.

The output waveforms are digitized at a sampling rate of 2 MHz for both Micro-
BooNE and ProtoDUNE-SP and stored in a 12 bit analog-to-digital converter (ADC) val-
ues. This sampling rate corresponds to discretized readout steps, usually called TDC
ticks, of 0.5 µs each. In particular, the ProtoDUNE-SP event readout time window lasts
3 ms, yielding in each event an overall sequence of 6000 ADC values per readout chan-
nel. Each measured event by ProtoDUNE-SP can then be cast into an image-like matrix
of resolution 15360×6000, where the axes refer to the readout channel and the TDC tick,
respectively. In the LArTPC jargon, we often refer to each pixel ADC value as a raw digit.
The image representation of the ProtoDUNE-SP data will be exploited in section 5.3 to
introduce our novel deep learning approach to raw data denoising.
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5.2 Signal processing and deconvolution method in LArTPCs

Noise has a great impact on the reconstruction efficiency in LArTPCs. The standard
noise removal strategy is deconvolution, a technique that we will explain in the follow-
ing. Sometimes, in real detector scenarios, excess noise may require a dedicated noise
filter design, like in the case of MicroBooNE [234]. Time or 1−dimensional deconvo-
lution has been introduced by [235] in the context of the ArgoNeuT experiment. The
2−dimensional version of the algorithm, which takes into account noise spatial depen-
dencies between neighboring wires, has proven more effective and has been exploited
by [227, 236].

A 2−dimensional algorithm is needed because the weighting potential of a wire in a
LArTPC is appreciably non-zero in regions surrounding nearby electrodes. As a conse-
quence the charge moving in the volume influences with a sizeable contribution not only
the closest readout channels but also the neighboring ones. For simplicity, we present
the deconvolution method first in 1−dimension and then provide the 2−dimensional
extension.

Deconvolution is a mathematical technique used to reconstruct an original signal
S(t), given a measured signal M(t′), which is the result of a convolution operation be-
tween the original signal and a detector response function R(t, t′):

M(t′) =

∫ +∞

−∞
dtR(t, t′)S(t) (5.9)

The detector response function equals the measured signal for an original impulse sig-
nal S(t) = δ(t − t0). The response function can be taken as a time-invariant func-
tion depending on the time difference between reception and measurement of signal:
R(t, t′) = R(t − t′). The convolution is turned into a function multiplication in the
frequency domain through the Fourier transform: M(ω) = R(ω) · S(ω). Therefore, in
principle, it could be possible to retrieve the original signal in the frequency domain by
computing the ratio:

S(ω) =
M(ω)

R(ω)
(5.10)

Taking the inverse Fourier transform allows to work out the original signal wave-
form in the time domain S(t). However, this is not always possible since the measured
signal includes the contribution of inherent electronic noise that is unknown a priori
and, further, in real detectors, the response function R(ω) is rapidly decreasing for large
frequencies ω. As a consequence of equation 5.10, the second effect yields a vanishing
denominator at high frequencies, resulting in a dominant noise contribution in the re-
constructed signal. The solution to these problems is to include a filtering function F (ω)
that mitigates the discussed effects:

Sf (ω) =
M(ω)

R(ω)
· F (ω) (5.11)

The reconstructed signal S(t) retrieved with this equation is called deconvolved signal.
Usually, a Wiener filter [237] is designed exploiting the expected quadratic signal

S2(ω) and noise N2(ω) functions in the frequency domain:

F (ω) =
R2(ω)S2(ω)

R2(ω)S2(ω) +N2(ω)
(5.12)
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Unfortunately, there are different problems in the implementation of this ideal ap-
proach, mainly due to the impossibility of shaping exactly the expected signal and noise
frequency spectrum. First, because the field response depends on the event topology,
namely different ionizing tracks inside the LArTPC produce different signals due to
3−dimensional effects. Second, by definition, the filter spectrum at zero frequency is
a quantity lower than unity. The Fourier transform of a function equals the integral of
the original function in the time domain, then the quantity S(ω = 0) is the integrated
charge on a sense wire during a readout time window. The introduction of the Wiener
filter in equation 5.12 leads to a non-conservation of the number of ionization electrons
on the wire:

S(ω = 0) =

∫
dω S(t) ≡ Qtot → Sf (ω = 0) = S(ω) · F (ω)

∣∣∣
w=0
≡ Qtot

f < Qtot (5.13)

These issues drove the neutrino experimental collaboration to implement Wiener-
inspired filters, rather than actual Wiener filters. Nonetheless, this naive description
allows to understand the core of the algorithms behind the the main noise mitigation
techniques at LArTPCs.

The 2−dimensional extension of this approach takes into account the detector re-
sponse functions of wires nearby a central one. We consider the measured signal Mi(t0)
on the i−th wire at a time t0:

Mi(t0) =

∫ +∞

−∞
dt (. . .+R1(t0 − t) · Si−1(t) +R0(t0 − t) · Si(t) +R1(t0 − t) · Si+1(t) + . . .)

(5.14)
where Si represents the real signal waveform on the wire i. R0 is the average detector
response function associated with the reference wire, while R1 is the average detector
response linked to a wire one step next to the reference wire. The average is taken on
all the possible electron drift paths that end on the considered wire. In principle, it is
possible to include in the sum the contributions provided by n wires.

The Fourier transform of equation 5.14 results in replacing the convolutions with
normal multiplications, allowing a description of the algorithm through a matrix multi-
plication notation:

M0(ω)
M1(ω)

...
Mn−2(ω)
Mn−1(ω)

 =


R0(ω) R1(ω) . . . Rn−2(ω) Rn−1(ω)
R1(ω) R0(ω) . . . Rn−3(ω) Rn−2(ω)

...
...

. . .
...

...
Rn−2(ω) Rn−3(ω) . . . R0(ω) R1(ω)
Rn−1(ω) Rn−2(ω) . . . R1(ω) R0(ω)

 ·


S0(ω)
S1(ω)

...
Sn−2(ω)
Sn−1(ω)

 (5.15)

The problem of finding the real wire signals Si(t) can be solved through inversion of the
response function matrix and inverse Fourier transform. Additionally, a filtering matrix
can be applied to suppress high frequency noises as in the 1−dimensional case.

In practice, in the real software for LArTPC signal processing the 2−dimensional de-
convolution is followed by a region of interest (ROI) finding and gaussian peak fitting
in those regions. Further, low-frequency filter cuts linear baseline subtraction are ap-
plied to induction plane waveforms to compute the gaussian peak widths and the final
deconvolved charge over each electrode. Figure 5.6 depicts the signal processing work-
flow implemented by MicroBooNE. The DUNE software employs an analogous setup.
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Figure 5.6: The signal processing flowchart is currently implemented by neutrino experiments
such as MicroBooNE and DUNE. The figure is taken from [227].

5.3 Deep learning strategies for ProtoDUNE raw data denoising

In this section, we introduce the novel deep learning approach to raw digit denois-
ing at ProtoDUNE-SP. We employ an approach based on the image representation of
ProtoDUNE-SP data. We first give an overview of the deep learning models proposed to
tackle the task, specifically with Graph Neural Networks. Then, we proceed to describe
the experiments we conduct on simulated data at ProtoDUNE-SP, including a discussion
on the training methods of our Neural Networks. Finally, we present a comparison of
the denoised outputs both from our deep learning models and the baseline approach fo-
cused on deconvolution, currently implemented within the DUNE software framework.
This section in based on the work we published in [219].

5.3.1 Proposed models

Convolutional Neural Networks (CNNs), as described in section 2.1.2, are the state-of-
the-art technique in image processing. They are based on a sequence of filtering kernels,
whose parameters are trained with gradient descent optimization to perform some tasks.
The convolution operation outputs a feature vector for each pixel of the input image.
This vector is, indeed, a function of the pixel values in a small neighborhood around the
pixel, also named the receptive field. The receptive field is constrained by the size of
the kernel window. Stacking more convolutional layers one on top of the other, namely
increasing the depth of the CNN, is a method to enlarge this quantity to make the out-
put sensible to more information. The expected result is an enhancement of the overall
network performance. We present an alternative approach to the problem: we enrich
the model with different operations hoping to increase the expressiveness of the internal
representation. The key idea is to exploit graph-like architectures to include non-local
correlations between pixel values in the transformation.
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Figure 5.7: The GCONV layer. The input vector Hl
i is updated to Hl+1

i by means of NLA and 2D
convolution operations. NLA relies on a previously computed KNN graph.

Graph Convolutional Neural Network

We implement a Graph Convolutional Neural Network (GCNN) adapted from [238,
239], which propose to introduce a new operation in a denoising neural network called
Edge Conditioned Convolution (ECC), defined for the first time in [240]. We exploit a
simplified version of the ECC layer: the output representation is obtained pixel-wise av-
eraging a common convolution with a 3× 3 filtering window and a Non-Local Aggrega-
tion (NLA) operation. The insight is that the ordinary convolution inspects the values of
the neighboring pixels, while NLA exploits long-distance information. Figure 5.7 shows
the described transformations wrapped by a new kind of layer, dubbed in the following
Graph Convolution (GCONV).

The NLA builds a k−NN query graph connecting each pixel to its k closest one in fea-
ture space considering the Euclidean distance. Once the k closest pixels are identified,
their feature vector is combined by a feed-forward layer to output the updated represen-
tation. If at layer l, the i-th of an n-pixel input image is described by the feature vector
Hl
i ∈ Rdl , the result of an NLA operation is:

Hl+1
i = σ

(
1

|N l
i |
∑
j∈N li

Θl
(
Hl
i −Hl

j

)
+ WlHl

i + bl

)
∈ Rdl+1 (5.16)

where N l
i is the k−neighborhood of pixel i in the space of all the pixels feature vectors

at layer l. {Θl,W l} ∈ Rdl+1×dl and bl ∈ Rdl+1 are trainable weights and biases shared
throughout pixels. σ is the element-wise sigmoid function.

We observe that the operation above finds the k−nearest neighbors for each pixel in
the input graph, namely builds a k−NN graph. This requires an amount of memory
proportional to the area squared of the input image. The reason is that the complexity of
a k−NN query algorithm is quadratic in the number of points since all the possibleN−1
distances pairs must be checked and sorted for each of theN points in the graph, leading
to an O(N2) scaling behavior. Our approach is to compute at once the N ×N matrix of
pixels pair distances and store it in memory, after that only the top k contributions for
each pixel are considered, resulting in a finalN×k tensor. An alternative strategy would
be to compute the matrix looping on all the points saving in memory only the N × k
matrix (with k � N ). Although the latter method optimizes the algorithm memory
footprint avoiding storing the intermediate large result, it sacrifices GPU execution time
performance.
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Figure 5.8: The GCNN neural network architecture. Input and output are batches of noisy x and
denoised xDN images, respectively. The network is organized as low-pass (LPF) and high-pass
(HPF) filters as in [239]. As explained in section 5.3.2 we concatenate an ROI block, pre-trained on
background vs signal binary segmentation, with multi-scale preprocessing layers.

With this choice, we still have to take care of memory constraints. As an example,
considering a batch of 32 input images of 128 × 128 pixels and employing single pre-
cision 32 − bit floating point numbers, the graph construction operation burden is of
order O(30 MB). If the architecture involves multiple graph building operations and
we allow higher batch sizes to stabilize the training process, a consumer-grade GPU
with O(16 GB) memory gets easily saturated. Given that the actual raw data from
ProtoDUNE-SP are way bigger than the 128 × 128 image in the example, we have to
limit the model input image size to just small crops of the original data, as explained in
the training paragraph of section 5.3.2.

Figure 5.8 depicts the GCNN network. Note the final residual connection in the top
branch: the usual sum has been replaced by an element-wise multiplication. The choice
is motivated by the nature of the input images, which are mainly comprised of long
tracks separated by empty space. In regions without any signal, it could be easier to
learn how to clean the noise multiplicatively rather than additively. The network, in
principle, does not have to learn to perfectly profile the noise and subtract it, instead, we
can teach the model to predict a mask on the input image to cut down the uninteresting
regions by multiplying the pixels values with small numbers.

U-shaped Self-Constructing Graph Network

As reported in the previous section, the main limitation of the GCNN network is the
memory burden due to the k−NN graph operation, allowing to feed only pieces of the
original image. The cropping method, unfortunately, prevents establishing very long
correlations between pixels and leads to poor time performance during inference on
large datasets, because the tiles must be sequentially fed into the GPU and prevent full
parallelism.

As an alternative approach to the GCNN, we build upon the work presented in [241].
The authors introduced the Self Constructing Graph-Network (SCG-Net) model for im-
age segmentation of satellite pictures. They first extract a low-dimensional representa-
tion of a high-resolution input image with the help of a CNN. Then, two fully connected
layers are trained to build a graph on the pixels, returning the adjacency matrix as well
as the vectors of features associated with the nodes. At this stage, the graph is fur-
ther transformed by a couple of graph layers chosen between the spectral-based Graph
Convolutional Network [242] and the spatial-based Graph Isomorphism Network [243].
Finally, the original size image is retrieved through bilinear interpolation.

Upsampling through the interpolation method seems a natural approach when the
images contain dense features since there is a more gradual change in the pixel values of
a small neighborhood. In that context, a certain degree of blurred edges can be consid-
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Figure 5.9: The USCG-Net architecture. The adaptive pooling layer has a two-fold utility: in the
left branch it downscales the input, while in the right one, it provides upsampling. We employ
the first 4 blocks of a pre-trained ResNeXt-50 in the shallowest layers of the network. The blocks
respectively contain 9, 12, 18 and 9 convolutional layers. The horizontal dashed lines represent
residual connections with a 1 × 1 convolution for enhanced expressivity and are employed to
match the number of image channels between the left and right branches. The SCG layer builds
the adjacency matrix A and the vectors of node features Ẑ to be passed into a GCN layer to output
the final representation of the nodes Ẑ′.

ered acceptable and tolerated. Our use case, however, is rather peculiar in this sense: we
believe that acting on images containing sparse and localized features potentially with a
single upsampling operation washes out the fine-grained information contained in the
input. Therefore, we design an architecture that gradually rebuilds the original image
size in multiple steps.

We introduce the U-shaped Self Constructing Graph Network (USCG-Net), where a
U-Net-like [146] network structure with residual connections carries the information all
the way through the data pipeline. Figure 5.9 shows the USCG-Net architecture. The
pooling blocks contain the Adaptive pooling layer, which is responsible for resizing its
inputs. A pre-trained ResNeXt-50 [244] with a 32×4 template is employed to construct
an initial feature map serving as input of the SCG layer. The early-layer representation
of the pre-trained network should be generic enough to catch the spatial features of
the inputs and drift the training process during the initial phases of the optimization.
We remark the residual skip connections between the downsampling and upsampling
branches of the network. The usual sum has been replaced by a convolution with a 1× 1
kernel to increase the complexity of the network. Finally, the residual link displays the
same multiplication trick employed for the GCNN network.

The SCG layer is at the core of the network: it turns the image into a graph allowing
distant connections between pixels. The input is an image F ∈ Rh×w×d and maps it
into the adjacency matrix A ∈ Rn×n and node feature vectors Ẑ ∈ Rn×c through two
encoding dense layers. In the previous formulae, d and c are respectively the input and
output channel dimensions and n = h × w is the number of extracted nodes. In our
experiment we further transform the graph encoding through the GCN layer, leaving
the investigation of other options to future works. Ẑ′ can be finally projected back into
the full-size image ∈ Rh×w×c′ by the pooling blocks in the right branch of the USCG-Net.
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dunetpc n events p energy (GeV)

v08 24 00 10 2
v09 10 00 70 0.3, 0.5, 1, 2, 3, 6, 7

Table 5.1: Datasets for training and testing. The two samples differ in producer package version,
size and event beam energies. The second dataset contains 10 events for each p energy specified.

5.3.2 Experimental results

In this section, we describe the experiments conducted to validate our models. We pro-
ceed to introduce the datasets generate to carry on the study, the training methodology
and the actual results.

Datasets

We describe here the datasets employed to train and test the proposed models. We re-
mark that the present results have been tested on simulated events only: the inclusion
of detector data is beyond the scope of this first stage of the investigation. We, there-
fore, simulate interactions within the ProtoDUNE-SP detector through the LArSoft [245]
framework, in particular with the dunetpc package. We consider events containing the
interactions induced by a proton beam of various energies and cosmic rays with the Ar-
gon targets. Our supervised training approach is based on simulated raw digits. The
simulation software includes the possibility to switch off the electronics noise affecting
the charge depositions: we employ this information as target outputs for the denoising
models.

Table 5.1 lists the composition of the generated datasets. In figure 5.10 and 5.11 we
show visual examples from v08 24 00 and v09 10 00 datasets. The plots contain sim-
ulated raw digits, and 1−dimensional waveforms extracted from the channel marked
with the orange dashed line. We refer to waveforms with and without noise contribu-
tions as noisy and clear waveforms, respectively. We consider the v08 24 00 dataset a
simplified version since it is smaller and contains easier features to denoise and segment
than the v09 10 00 one. v09 10 00 , indeed, is generated according to a detector data-
driven approach. In the latter sample, clear waveforms are non-zero even in regions
without signal, this reflects the impossibility to measure peaks with infinite resolution.
Moreover, low-frequency negative tails recorded just after big spikes are visible in fig-
ure 5.13.

We split our datasets in 80/10/10 % slices for training, validation and testing. The
validation set is used to choose the best model, while the test set is employed to present
the final results given in this section. We aggregate the performance results for each
metric in a single measurement: that is the mean x̄ and the standard error of the mean σ
of the sampling distribution, representing the metric expected value and its uncertainty.
This criterion influences also the selection of the best model during training, namely,
the network checkpoint at the epoch end that achieves the lowest upper bound x̄+ σ of
the loss function interval. With this choice, we aim to minimize both the bias and the
variance of the model.

We remark that a single event at ProtoDUNE-SP is comprised of multiple views of
the activity in the detector. Therefore, one event does not count only as one training
point for our neural network. The GCNN network processes tiles of the original images.
Considering crops of size 32× 32, each event in the dataset contains 9 · 104 of those. The
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Figure 5.10: Example taken from dunetpc v08 24 00 dataset. The horizontal orange dashed line
in the first panel marks the channel to extract the waveforms from.
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Figure 5.11: Example taken from dunetpc v09 10 00 dataset. The horizontal orange dashed line
in the first panel marks the channel to extract the waveforms from.
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USCG-Net, instead, processes entire views. The two datasets account for 18 and 126 of
such views used to assess the model performance and the associated uncertainty. Note
that the dimensionality of the output image is of the order of millions of pixels, each one
contributing to the evaluation of the final performance metric.

Network training

We employ the same pre-processing procedure for all our models, namely, we subtract
the median value from each ProtoDUNE-SP view independently. According to the ap-
proach currently adopted by DUNE and based on the discussion in section 5.2, the me-
dian value gives a good estimate of the noise pedestal quantity. The median subtraction
step is fundamental to have waveform values centered around zero and it is expected
to provide accuracy enhancements and training stability. The inputs are further normal-
ized in the unit interval to prevent gradient divergence as it is a technique commonly
exploited in machine learning applications.

The GCNN data processing is constrained by the memory issues described above.
As already anticipated, we employ a data parallel approach, cropping the inputs into
32 × 32 pixels images and processing every tile independently. This solution requires
some subtleties in the training process due to the nature of the inputs.

Given the sparsity of the input images, it is likely that the majority of the crops con-
tain little to no signal. It is meaningless to feed the network with multiple empty crops.
To speed up the training, we decide to train on just a subset of the available crops. This
choice, in turn, triggers a second issue: sampling randomly the subset of crops provides
an extremely unbalanced dataset, where we are very likely to miss crops containing in-
teresting charge depositions. Hence, we fix the percentage of crops containing signal to
balance the signal-to-background pixel ratio: in our experiments, we keep this quantity
at 99%. The cropping procedure works as follows. We mark as signal all the pixels in
clear waveforms that have non-zero ADC value count in a plane view. Then, we sample
randomly the desired number of crop centers, complying with the exact ratio of signal
to background percentage. Finally, within the plane views we specify a bounding box
around the drawn centers.

We pre-train the Region Of Interest (ROI) block of the GCNN network for image seg-
mentation, which is a classification task at the pixel level with labels usually belonging
to a finite set of exhaustive and mutually exclusive classes. The ROI block, indeed, is
trained to distinguish between pixels that contain or not electron-induced current sig-
nals. The Roi Block is then attached as in 5.8 to the GCNN network, which is trained
for image denoising, which is a regression aiming at subtracting the noise contributions
from each pixel intensity.

The two parts of the network are optimized following an ad-hoc strategy. First, we
pre-train the ROI block alone on image segmentation for 100 epochs, storing the best
weight configuration: at this stage, the block learns to distinguish between signal and
background, i.e. empty pixels. We employ the standard binary classification loss func-
tion, namely binary cross-entropy. The optimizer follows the AMSGrad variant [246] of
the Adam algorithm [51] with a starting learning rate of 10−3. After pre-training com-
pletion, we train the full GCNN network on image denoising for 50 epochs and save the
best-performing model on the validation dataset.

We choose again AMSGrad as the optimization algorithm for the full denoising net-
work, however, this time, we set the initial learning rate to a slightly higher value 9·10−3.
We also build a custom loss function made of two contributions: the mean squared error
(MSE) LMSE between labels and outputs and a loss function Lssim derived from the sta-
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tistical structural similarity index measure (stat-SSIM) [247]. stat-SSIM for two images x
and y, is obtained through the following equation:

stat-SSIM(x,y) =
1

npnc

∑
pc

(
2µxµy + εµ
µ2
x + µ2

y + εµ
× 2E[(x− µx)(y − µy)] + εσ

E[(x− µx)2] + E[(y − µy)2] + εσ

)
pc

(5.17)
where µi is a shorthand for the image i expected value E[i], which is computed through
convolution with an 11 × 11 Gaussian kernel of standard deviation σ = 3. All the other
expectation values in the equation are calculated by convoluting the quantity appearing
in the argument with the same Gaussian filter. εµ and εσ are two regulators that limit the
maximum resolution at which the fractions in the equations are computed, imposing a
cut-off on the mean and variance expected values, respectively.

When both the numerator and the denominator of the fraction reach much smaller
values than the corresponding ε, the output gets close to one. In the experiments, εµ
and εσ are fixed to 0.52. This choice implies that, for the stat-SSIM computation, we
estimate the means and standard deviations of the distributions at scales larger than half
of one ADC value, namely the granularity of the recorded detector hits. The result is
finally averaged over the entire image containing np pixels and nc channel dimensions.
The quantity in equation 5.17 takes values in the range [−1, 1] and approaches 1 only if
x = y.

The associated loss function is then given by Lssim = 1− stat-SSIM: it is a perceptual
loss, in the sense that tries to assess the fidelity of the image by focusing on structural
information. It relies on the idea that pixels may have strong correlations, especially
when they are spatially close. In contrast, MSE evaluates absolute differences of pixels,
without taking into account any dependence amongst them. More details on the inter-
pretation of these quantities can be found in [248]. The two contributions in the loss
function are weighted as follows: L = α · LMSE + (1 − α) · w · Lssim. We fine-tune the
multiplicative parameter w = 10−3, to balance the gradients with respect to the model’s
trainable parameters provided by the two terms in the sum. The parameter α is fixed to
0.84 as in [249].

In the rest of this section, we will refer, with a slight abuse of notation, to a CNN as a
GCNN network with Graph Convolutional layers replaced by plain Convolutional ones.

The training of the USCG-Net is straightforward: cropping is not used, so no sam-
pling method is needed. Although the entire model fits in a single GPU with 16 GB of
memory, we prefer to employ a sliding window mechanism as in the original SCG-Net
paper [241]. We split the raw digits matrix along the time dimension with a 2000 pixel
wide window and stride of 1000 pixels. After the forward pass, the results are combined
by averaging predictions on overlapping regions. The USCG-Net is trained to minimize
the MSE function between model outputs and clear raw digits, with AMSGrad opti-
mizer and a learning rate of 10−3. We dropped the stat-SSIM contribution from the loss
function after we experienced training convergence problems including that term in the
experiment.

Experimental results

The metrics used to assess the goodness of our models and benchmark them against the
state-of-the-art approach are four: structural similarity index measure (stat-SSIM), mean
squared error (MSE) and peak signal-to-noise ratio (pSNR) are the standard for image
denoising tasks; the last is a custom one, dubbed integrated mean absolute error (iMAE)
and will be defined below.
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Model stat-SSIM PSNR MSE iMAE

Baseline - - - 5391± 1622
CNN v08 0.471± 0.008 67.3± 1.2 0.57± 0.03 287± 12
GCNN v08 0.512± 0.011 70.12± 1.4 0.30± 0.01 191.4± 2.6
USCG v08 0.988± 0.005 72.66± 1.54 0.17± 0.02 95.5± 8.5
USCG v09 0.926± 0.007 72.3± 1.5 0.18± 0.02 76.3± 8.2

Table 5.2: Test metrics for denoising on v08 24 00 dataset. Results for collection plane and 2 GeV
beam energy only. v08 or v09 in the first column refer to which dataset the corresponding model
was trained on.

The pSNR is a function of the MSE between a noise-free image x and a denoised one
y:

pSNR(x,y) = 10 · log10

max2(x)

MSE(x,y)
(5.18)

Note that the pSNR and stat-SSIM increase for better reconstruction of the signal in the
data, while the opposite happens for the MSE. We observe that these three quantities
struggle to grasp the goodness of the baseline model. Indeed, it aims at fitting gaus-
sian peaks in masked regions, rather than reconstructing the precise shape of the spike
contained in the raw digits. Hence, the baseline tool performs inevitably poorly on the
considered metrics and specifically, up to our knowledge, there is no default metric in
the literature to assess its performance. Nonetheless, we define a custom quantity that
tries to compare the different approaches: we highlight that the deconvolution process
does not preserve waveform amplitudes, but their integrals, namely the charge on the
ProtoDUNE-SP wires. For such reason, we decide to evaluate the integrated Mean Ab-
solute Error (iMAE) on the wires integrated charge:

iMAE(x,y) =
1

nw

nw∑
w=1

∣∣∣∣∣∑
t

(x− y)wt

∣∣∣∣∣ (5.19)

where the sum inside the absolute value runs over time for the whole readout window,
while the outer sum aggregates the result over the wire dimension.

The deconvolution approach does not preserve amplitudes because of the filtering
function applied in Fourier space. If such a filter is normalized, then the transforma-
tion preserves the integral. Furthermore, the deconvolution outputs are known up to
an overall normalization constant, which we fit on the datasets to minimize the iMAE
quantity. We show that, although we perform this operation on the outputs of the base-
line tool for a fair comparison against our models, they nonetheless achieve a worse
iMAE score. Table 5.2 collects the metrics values evaluated on the v08 24 00 dataset.
We gather v09 10 00 dataset results in table 5.3. We present the scores only for the
events with 2 GeV beam energy, since we find a flat distribution of the considered met-
rics in the energy parameter. Figures 5.12 and 5.13 show samples of labels and denoised
waveforms.

USCG-Net-like networks exceed GCNN-like ones in all the collected metrics. In or-
der to have a first assessment of the quality of the neural network generalization power,
we train two versions of the USCG-Net: one on the v08 24 00 dataset and the other
on the v09 10 00 dataset. We decide not to train the GCNN-like networks on the
v09 10 00 dataset after we observed difficulties in training convergence as well as long
training times on such a big dataset. We evaluate these networks on both datasets.
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Model stat-SSIM PSNR MSE iMAE [×103]

Baseline - - - 5.86± 0.52
CNN v08 0.37± 0.02 57.3± 1.4 5.79± 0.88 4.16± 0.36
GCNN v08 0.40± 0.02 57.7± 1.5 5.27± 0.69 4.51± 0.39
USCG v08 0.65± 0.05 61.1± 1.6 2.3± 0.2 2.18± 0.29
USCG v09 0.81± 0.07 61.8± 1.7 1.99± 0.19 2.25± 0.23

Table 5.3: Test metrics for denoising on v09 10 00 dataset. Results for collection plane and 2 GeV
beam energy only. v08 or v09 in the first column refer to which dataset the corresponding model
was trained on.

Following expectations, the networks trained and applied on the same dataset lead
to better performance. The only exceptions are given by the iMAE columns, where the
USCG-Net trained on the dataset opposite to the testing one, achieves the best iMAE
score. The stat-SSIM index score drops significantly for GCNN-like networks. All the
networks, nonetheless, show hints of overall good generalization power when they are
applied to datasets not used for training. This fact is well supported by the PSNR
columns, which show that even the worst model achieves competitive results. We un-
derline that the USCG-Net is not trained according to the stat-SSIM quantity: adding
an extra term in the loss function containing such a term could be considered a point of
further development of the present research.

As a final remark, we observe that the USCG-Net performs better than the other
architectures. Although a thorough investigation of the motivations behind this perfor-
mance gap has not been carried out yet, we advance two possible hypotheses to try to
explain this behavior. The first idea lies in the ability of the USCG-Net to process en-
tire planes at once, managing to connect pixels very far apart. This might enhance the
performance due to the particular nature of the inputs: muons inside ProtoDUNE-SP
are revealed by the detector as tracks that extend for hundreds of centimeters, i.e. they
span big portions of the raw digit images as in figure 5.10 and figure 5.11. Therefore,
the USCG-Net network is allowed to reconstruct entire track objects. This is not possible
with the cropping approach used for the GCNN network, which inspects portions of
inputs independently, inevitably splitting the signal.

The second insight is linked to the fact that we exploited a pre-trained ResNeXt-50
network in the early layers of the USCG-Net architecture. Instead, the GCNN network
is trained from scratch with randomly initialized weights. It is a common technique
in deep learning to exploit some layers of a network pre-trained on a different task to
help the training convergence. This procedure is known as transfer learning. The key
point is that the pre-trained layers should already contain some basic domain knowl-
edge that will not have to be learned anymore. In our particular image-processing use
case, it could be like we were allowing the network to start the training with some gen-
eral knowledge of the geometrical objects that it might find within an input image. This
helped the whole training to converge to a more performant minimum of the loss func-
tion search space.
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Figure 5.12: Detail of a raw waveform from dunetpc v08 24 00 dataset: label, traditional algo-
rithm and neural network outputs. The version, v08 or v09, next to the model name in the legend
refers to which dataset the corresponding model was trained on.

Figure 5.13: Detail of a raw waveform from dunetpc v09 10 00 dataset: label, traditional algo-
rithm and neural network outputs. The version, v08 or v09, next to the model name in the legend
refers to which dataset the corresponding model was trained on.
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In this chapter, we present the implementation of a neural network trained to solve
the slicing problem. Slicing is an essential step in the reconstruction workflow for neu-
trino detectors and, in particular, this work applies to ProtoDUNE-SP detector. We set
the stage by introducing the Pandora framework, a dedicated software for event recon-
struction in physics experiments. Pandora is widely employed by many neutrino collab-
orations. In the second section of this chapter, we detail a novel deep learning approach
to the problem, namely the Cluster Merging Network [250].

6.1 The Pandora framework

Event reconstruction at physics experiments is the process of extracting high-level fea-
tures from a collection of detector electronics signals to determine the event particle con-
tent along with their properties. The output of such workflow is a list of particle objects
associated with their corresponding detector signals. The Pandora framework [251] is a
multi-pattern recognition software dedicated to reconstruction, firstly built for linear col-
lider experiments, such as the International Linear Collider (ILC) [252] and the Compact
Linear Collider (CLIC) [253], and then extended to LArTPC detectors. In particular, it
has been tested in the context of the MicroBooNE experiment [254]. In the following we
will focus on applications to LArTPC detectors only, giving an overview of the Pandora
reconstruction framework.

The Pandora software development kit (SDK) is a tool implemented in C++ program-
ming language and defines the data structures needed to run several reconstruction al-
gorithms. It is specifically designed to be interfaced with external Event Data Models
(EDMs), such as the one provided by LArSoft [245] which implements the simulation
software for LArTPCs. The Pandora application can run in standalone mode providing
an algorithm to export the LArSoft simulated events into the Pandora format and vice-
versa. In this scenario, Pandora defines two kinds of structures: Input and Algorithm
objects. Products of the first kind are created by the Pandora application before running
the reconstruction algorithms and cannot be changed by them. On the other hand, the
Algorithm objects are created and modified by reconstruction algorithms.

105
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The Pandora SDK implements three kinds of Input Objects. CaloHit: represents a
space point deposition in the detector and is the fundamental building block of the Pan-
dora event representation. Each CaloHit is associated with the x, y, z detector coordi-
nates and the relative deposited energy E. Within a LArTPC a CaloHit is built from
processed raw signals of the form discussed in chapter 5: a single peak in an ROI re-
gion is fitted with N multiple Gaussians to allow the possibility to have several single
depositions within a single peak. Each fitted gaussian in the peak is turned as a sepa-
rate CaloHit. LArTPC raw data are described by a drift coordinate (x coordinate) and a
readout channel number identifier, indeed, Pandora CaloHits are initially given a null y
component and a z component referring to the position of the wire where the signal was
first detected in the wire pitch direction. The transformation from the wire plane repre-
sentation to the canonical detector 3−dimensional cartesian coordinate system involves
a rotation-like operation that requires at least two wire plane coordinates to be known
for each CaloHit. An additional flag for each CaloHit signals which of the 3 different
wire planes (U, V or W) recorded the corresponding signal.

Track: represents a collection of CaloHits objects arranged in a continuous pattern.
Beyond the CaloHits and their attributes belonging to the Track object, this holds other
global information like associated particle momentum and trajectory direction. The
Track object can also have methods to retrieve the parent, daughter and sibling relation-
ships with other Tracks with the intent to build a particle tree to describe the interaction
hierarchy contained in the event.

MCParticle: is an object collecting true information from simulation (of course, de-
tector data do not hold this kind of details) about an event particle. This kind of data
structure is carried within Pandora mostly for development reasons, as it allows to cheat
parts or even entire algorithms in the reconstruction workflow. It can also be used to
measure performance metrics for the tools’ implementations. The key idea is that the
best method should reproduce as much as possible the true information contained in the
MCParticle objects and the related MCParticleLists.

The Pandora framework implements also Algorithm objects: auxiliary products that
represent outputs at various steps of the reconstruction process. Below we introduce the
most important ones.

Cluster: represents a collection of CaloHits carrying space and energy information. It
also usually contains estimations of Cluster global properties, such as results of energy
or geometrical fits. Being an Algorithm object, Pandora implements also operations that
allow the algorithms to create, read, split and merge different Cluster objects.

Vertex: this object might not correspond to a true CaloHit deposition, but it is rather
the output of a fitting procedure on the available event CaloHits. It identifies the exact
space point where an interaction took place during the readout window. It naturally
holds also information about the particle involved in the interaction, highlighting the
parent-daughter structure of the physical scattering.

ParticleFlowObject (PFO): this can be seen as the final reconstruction output. It is a
class containing all the information gathered through several algorithms about an event
particle. A PFO instance is linked with all the information that a physics analysis might
desire to investigate: as such, it is associated with Clusters, Tracks and Vertices objects
belonging to the particle and it is conveniently put in the decay tree hierarchy represent-
ing the event history wrap-up.

Pandora implements reconstruction in a modular way: the framework encompasses
O(100) algorithms and is easily extended via sub-classing thanks to the Object Oriented
paradigm, it is built around. The modularity of Pandora prefers to split the reconstruc-
tion process into several small steps with dedicated algorithms, rather than a single end-
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Figure 6.1: Scheme of the Pandora reconstruction workflow for a ProtoDUNE-SP event. The red
blobs refer to data structures that serve as inputs for the Pandora algorithms or their products.
White boxes identify high-level reconstruction step and are gathered into two main pipelines:
PandoraCosmic and PandoraTestBeam. In the middle, the slicing algorithm aims at isolating
the Test Beam related CaloHits. The CR muon tagging algorithm, labeled by a dashed box, is taken
from the LArSoft implementation.

to-end procedure: this ensures more fine-grain control on the workflow and the ability to
switch between multiple implementations of the same method. The instructions and the
list of algorithms that should be run by the Pandora application are contained in XML
settings files.

The modularity of Pandora abstracts also the detector geometry to handle different
setups: specific geometry settings collect all the parameters needed to design the detec-
tor where to run the reconstruction in. The main parameters included in a geometry
file for a LArTPC detector are the number of drift chambers with their spatial extent in
the cartesian frame of reference. The orientation of the wires in each wire plane with
respect to the vertical, which fixes the wire pitch direction. The detector gaps simulate
un-responsive channels or regions populated with a low number of wires if any. The
current Pandora framework supports different geometries for LArTPC detectors, such
as ICARUS [255], MicroBooNE, ProtoDUNE-SP, ProtoDUNE Dual Phase (DP) [256] and
the DUNE Far Detector. In the following, we will focus on ProtoDUNE-SP only, but the
discussion can be easily generalized to all the different LArTPC realizations.

Figure 6.1 represents the flowchart of a Pandora run for a ProtoDUNE-SP reconstruc-
tion event. The inputs are the 2−dimensional CaloHits from either simulation or real
detector data. The diagram, then, splits the process into three main pipelines, namely
PandoraCosmic, slicing and PandoraTestBeam. The first step aims at reconstructing
the CaloHits belonging to cosmic rays (CRs): many LArTPC detectors are built under-
ground (such as the DUNE FD) and are shielded by hundreds of meters of rock, however,
others are surface detectors (like MicroBooNE and ProtoDUNE) and they record events
contaminated by CR muons interacting at high angles in the fiducial volume producing
long ionization tracks. This effect is even more emphasized by the long readout win-
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dows of a few milli-seconds required to observe LArTPCs signals due to the rather small
electron drift speed, which includes many CR tracks in each event. For example, we ex-
pect an O(50) of CR interactions for each event at ProtoDUNE-SP (readout window of
3 ms). The PandoraCosmic outputs a list of Muon3DParticles that unambiguously
identifies the CR muons CaloHits that will not be available for the next steps.

The slicing algorithm runs just after the first main pipeline and its goal is to group the
CaloHits related to the same main interacting particle and its subsequent decays. The
output of such a procedure is comprised of multiple sets of CaloHits named slices.

The PandoraTestBeam pipeline further analyzes the CaloHit remnants from the
previous steps and aims at reconstructing the data structures related to the test beam
(TB) depositions. In other detectors involving neutrino beams from accelerator sources,
such as MicroBooNE, this pipeline is replaced by the analogous PandoraNu, described
in detail by [254]. The final output of such groups of algorithms is a list of test beam or
neutrino 3−dimensional particles that are inserted in the event interaction tree.

PandoraCosmic pipeline The PandoraCosmic pipeline is track-oriented, given that
CRs generate long ionization tracks in the detector rather than particle showers. The in-
puts of this pipeline are all the 2−dimensional CaloHits extracted from an event gener-
ated by LArSoft. At ProtoDUNE-SP, we identify three main CaloHitLists associated with
the three wire planes U, V and W. Each CaloHitList undergoes a 2−dimensional clus-
tering procedure that groups together the hits employing topological algorithms. The
objective of this first stage is to create high-purity small clusters to be merged afterward,
rather than complete ones. Purity is the fraction of hits in a cluster that indeed belong to
the true MCParticle associated with the cluster. On the other hand, completeness is the
percentage of the true MCParticle CaloHits that are included in the Cluster2D.

After the first clusters are created, the Pandora framework tries to associate and ex-
tend the clusters to increase completeness without affecting the purity. This is done by
extracting geometrical information about cluster pairs considering geometrical informa-
tion such as cluster proximity and orientation. A further cluster refinement is done with
the output of this merging step looking for clusters that should be split, instead. Indeed,
clusters that present discontinuities or intersections in the overall track envelope are split
into two clusters to preserve the purity metric.

Once the three separate ClustersList2D are generated, the 3−dimensional reconstruc-
tion algorithms aim to match the different 2−dimensional plane views into a single de-
tector view. The key idea is to link together the different Cluster2D objects from the three
views if they refer to the same Track3D. Several algorithms run in this step to identify
and resolve ambiguities among the different plane views. Two main algorithms known
as ThreeDTransverseTracks and ThreeDLongitudinalTracks achieve these goals for ion-
ization tracks with a long or small extension in the x drift coordinate, respectively.

The CR ray muons often generate small secondary particle interactions out of their
main ionization tracks. These are secondary electrons that trigger small curly depo-
sitions known as delta rays. At this stage of the reconstruction the CaloHits related
to these particles are already grouped into clusters, but they still un-assigned to any
3−dimensional object. The DeltaRayMatching algorithm aims at identifying these delta
rays and linking them to their parent muon track based on their proximity.

The input 2−dimensional CaloHits are grouped into clusters and tracks and, at this
stage, Pandora populates the list of 3−dimensional CaloHits reconstructed from the in-
put ones. The CR reconstruction terminates with identifying the track’s end-points (the
starting point is always at the highest y value since CRs come from above), creating
a Muon3DParticle along with Vertices objects at each delta ray emission. Before exit-
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ing the pipeline, the CaloHits associated with the reconstructed CR objects are removed
from the input lists.

Slicing After cosmic rays removal by the previous pipeline, the CaloHits should con-
tain only the TB or the neutrino-associated hits, depending on the specific LArTPC appli-
cation. However, since failures in CR identification might occur, whatever downstream
pipeline, namely PandoraTestBeam or PandoraNu, should be able to handle CR rem-
nants properly. Therefore, Pandora runs at this intermediate stage the slicing algorithm:
its primary objective is to separate the CR remnants CaloHits from the TB or neutrino
ones. As a plus, it proceeds to assign the available CaloHits to separate clusters based
on the main interacting parent particle. This way, not only the TB or ν particles are kept
divided from the rest of the CaloHits, but also it should be easier to run once more the
reconstruction on the CR remnants.

The Pandora implementation of the slicing algorithm is based on topological con-
siderations and completely ignores the energy information contained by the CaloHits.
The core methods connected with this algorithm are the ThreeDSlidingFit and the
ThreeDSlidingConeFit, which respectively consist in fitting a track and shower en-
velope around the available clusters in the 3−dimensional space after a first fit has been
done on the 2−dimensional objects projections. The resulting tracks and shower clusters
are allowed to seed a new slice if they group more than 50 CaloHits. Once a new slice is
created all the clusters associated with the seeding one are gathered inside the same slice.
The association of each candidate cluster is done through pointing (mainly orientation
and parent-daughter relationship) and proximity (minimum inter-cluster distance) con-
ditions with the main seeding cluster for track-like products and percentage overlapping
with the main shower cone envelope for the shower-like ones.

The algorithm ensures that all the clusters get tested to be included into a slice
traversing all the possible clusters with a Breadth First Search approach. This way, the
CaloHits associated with each seeding cluster are collected inside their relevant slice.
However, it can be the case that small isolated clusters do not get linked with any slice
because they do not pass the conditional statements listed above. The software, there-
fore, takes care of these remaining clusters building a 3−dimensional k-d tree graph for
fast cluster querying: the k-d tree nodes are fixed to the positions of the CaloHits already
in the slices and the centroid point of each remnant cluster is checked to be included in
the slice of the closest k-d tree node.

Figure 6.2 provides an example of the slicing tool output for an event with cosmic
rays plus a test beam. At ProtoDUNE-SP TB is a mixture of charged particles with given
energy (mainly p, e+ and π+). The hits in the image are color-coded, depending on
which final slice they belong to.

PandoraTestBeam The PandoraTestBeam pipeline is associated with the recon-
struction of the CaloHits due to the test beam interactions with the liquid Argon. The
test beam at ProtoDUNE is mainly comprised of hadrons, while neutrinos are the main
constituents of the beam flux to which MicroBooNE is exposed. Even if the composition
of the beams is different, Pandora treats the two problems almost in the same way. We
stress that the input CaloHits of this step should not contain CR muon tracks anymore,
even if remnants can still be addressed at this level.

The TB pipeline differs from the CR one mainly by two aspects: the vertex selection
and the reconstruction of primary electromagnetic showers. In particular, the vertex re-
construction starts considering all the possible vertex candidates in the 3−dimensional
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Figure 6.2: Cosmics rays and test beam event: U
plane view. Hits with the same color belong to the
same main Monte Carlo simulated particle.

Figure 6.3: U plane view: 2D initial clusters with
more than 5 hits computed by Pandora.

space as a result of the CandidateVertexCreation algorithm. Pandora proceeds, then, to
evaluate a score metric for each vertex candidate to identify the fittest, which turns out
to be the one with the maximum score. The metric is built around three different contri-
butions that can be weighted to tunable parameters to tweak the relative importance of
each factor.

The first contribution is dubbed as energy kink and depends on the sum of each clus-
ter total reconstructed energy projected on each 2−dimensional view, plus an impact
parameter measuring the displacement of each cluster from the vertex. The idea is that
secondary interactions downstream of the interaction vertex should be less energetic
than primary particles, such as TB ones or CR.

The second contribution describes the asymmetry of the vertex splitting: it has been
introduced to suppress vertex candidates that arise in the middle of long tracks, split-
ting the depositions into approximately the same number of downstream and upstream
CaloHits. Pandora favors configurations with large values of such asymmetry parame-
ters, underlining that the vertex occurs near the track end-points.

The last factor influencing the vertex metric is the beam deweighting score, which mea-
sures the z coordinate placement of the vertex. The vertex position is better placed at
low values of the z coordinate, which means near the TB source. This quantity strongly
depends on the normalized z position of the candidate vertex.

Once the TBVertices3D vector is computed, Pandora starts the track and shower re-
construction. The former aims at finding the CR remnants, along with TB particles (such
as protons, pions and muons) that produce track-like depositions; the latter identifies
two kinds of objects: shower spines and shower branches. The shower-like clusters
are divided into two categories by the length of the associated 2−dimensional clus-
ters: long clusters are spines and are typically oriented towards the interaction vertex,
while the shorter ones represent branches and might also be displaced from the main
spine. The algorithm dedicated to recursively building up the 2−dimensional showers
is named ShowerGrowing. After this stage, the shower projections are matched into the
3−dimensional objects by resolving all the possible ambiguities that may arise.

Further algorithms refine and complete the high-level objects created during the
PandoraTestBeam pipeline so far. Therefore, a second 3−dimensional reconstruction
is run with less stringent thresholds to ensure that all the CaloHits are conveniently
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Figure 6.4: 2D initial clusters purity. The his-
togram is peaked towards high purity values.

Figure 6.5: The CM-Net network architecture:
given a feature vector of the cluster pair, outputs the
probability that the cluster pair should be merged.

placed in their corresponding object. The Pandora software is finally ready to build
the particle hierarchy wrap-up, recursively looking from the primary particles to their
daughters while tagging all the primary and secondary interaction vertices in the event.

6.2 The Cluster Merging Network

Network design We introduce the novel slicing method based on the Cluster Merging
Network (CM-Net) [250]: an agglomerative clustering algorithm, in which we train a
neural network to decide if sub-clusters from a 2D initial cluster pair should be merged
or not. A successful link of two 2D clusters should happen if they are formed by hits
generated by the same interaction. This information is available in the simulation and
it is used as the ground truth in the CM-Net supervised training. The objective is to
build an undirected graph, where the nodes are the 2D initial clusters in an event plane
view and the resulting different disconnected parts of the graph are interpreted as slices.
Eventually, two specific 2D hits in a plane view will belong to the same slice if there
exists a path in the graph connecting their corresponding 2D initial clusters.

We underline that this method is not able to split an initial 2D cluster into two parts.
Thus, amending reconstruction errors arising from a previous step of the Pandora re-
construction is not possible. This approach is supported by the fact that the Pandora re-
constructed objects show high purity, that is the percentage of hits in a 2D initial cluster
falling in the same Monte Carlo true slice, even before the slicing takes place. Figure 6.4
captures this behavior: since a cluster merging procedure can only lower the purity of
the resulting set with respect to the initial cluster purities, this benchmark sets an upper
bound of the purity of the CM-Net approach. The mean of the purity histogram exceeds
90%.

Figure 6.5 depicts our CM-Net, which is realized as a stack of fully connected lay-
ers, with sigmoid final activation. The CM-Net takes as input a vector of fixed size for
each pair of sub-clusters in the plane view. The array contains a set of 29 intra-cluster
features computed independently for each sub-cluster. We add the same quantities ex-
tracted from the sample of hits that would be obtained by merging the two candidate
sub-clusters. Finally, we concatenate two more inter-cluster scalar measures. The total
length of the network input vector is therefore of 89 elements.
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Intra-cluster features

Standard stats (5)

Hits percentage |hC|/htot

Hits mean position h̄ = (h̄x, h̄y)

Cluster expected direction v = (vx, vy)

Covariance matrix (10)

Elements Cov[hx, hy ]ij

Eigenvalues λ1, λ2

Eigenvalues importance λ1/(λ1 + λ2)

Eigenvectors vλ1
,vλ2

Post-PCA (9)
Cluster end-points ht, hl, hr, hb

Max end-points distance max
i,j
‖hi − hj‖

Calorimetry (2)
Hit mean energy Ē

Hit energy std σE

TPC view (3) One-hot vector for U,V,W

Inter-cluster features

Geometric stats (2)
Minimum inter-cluster distance min

C1,C2
‖hC1 − hC2‖

Expected angular separation |v̂1 · v̂2|

Table 6.1: List of the extracted intra and inter-cluster features. The first column groups the features
into categories: the number in parentheses highlights how many components of the final feature
vector the specific category gathers.

Table 6.1 collects the inter-cluster and intra-clusters engineered features. We group
the quantities into different categories. Five standard values mainly come from the Pan-
dora reconstruction and measure the importance of the cluster in the event, in terms
of the percentage of hits over the total in the plane view, the average position in the
plane and the expected direction of the cluster. The latter is a quantity available within
the Pandora framework and gives information about the expected direction of the track
envelope in the plane.

The covariance matrix informs mainly about the shape of the point cloud formed by
the sub-cluster, namely how the hits are distributed in the plane. Hence, we collect the
elements of the covariance matrix as well as its eigenvalues λ1,2 and eigenvectors vλ1,2

.
We further compute the importance of the first eigenvalue normalizing it to the sum of
the two: λ1/(λ1 + λ2).

The Principal Component Analysis (PCA) allows us to rotate and rescale the position
of each sub-cluster hit, identifying the directions of maximal variance. Once the point
cloud is transformed with the PCA algorithm, it is easy to identify the hits at the bound-
aries of the point cloud ht,l,r,b (top, left, right, bottom) in the new (x′, z′) plane, since
they are now the furthest ones away from the origin. Also, we consider the maximum
euclidean pair distance among the set of such end-point hits.

As opposed to the Pandora geometric approach, in this work, we include the
calorimetry information, adding to the feature vector the mean and standard deviation
of the hit deposited energies.

Finally, we complete the list of the intra-cluster features with a one-hot vector refer-
ring to which plane view the sub-cluster belongs to. This is a 3−element array corre-
sponding to the different U, V and W planes.

The inter-cluster features read two scalar entries: the minimum inter-cluster distance
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between hits and the expected angular separation, namely the cosine of the angle be-
tween the two sub-cluster expected directions. In principle, the former value should be
inversely correlated to the probability that two sub-clusters belong, in fact, to the same
track. The latter quantity is conveniently computed through the modulus of the inner
product of the unit vectors v̂1,2 pointing towards the sub-cluster’s expected directions.

Dataset The dataset used to train and test our model collects only simulated data, test-
ing on detector data is out of the scope of the present work and can be addressed in the
future. We simulate 600 events for training and 300 for testing purposes with the help
of the LArSoft [245] framework. Each event represents a test beam of charged particles
with certain energy plus cosmic rays interactions within ProtoDUNE-SP. We produce
the same amount of events for each of the available test beam energies: 0.3, 0.5, 1, 2, 6,
7 GeV. We remind the reader that each event is composed of three different plane views
and, in turn, it contains O(10 k) hits and O(500) clusters of various size. We expect that
each event contains O(50) main interactions to be grouped into slices.

Training We train the CM-Net with the following setup. After collecting all the pos-
sible 2D input cluster pairs from the events in the training dataset, we filter out the
negative examples (those that should not be merged) to reach a 50% balance on the two
classes. We reserve an array with 10% of the examples as a validation dataset. Valida-
tion is employed to choose the best model during training, namely, the checkpoint on the
epoch end that achieves the best validation accuracy. The CM-Net is optimized using the
Stochastic Gradient Descent (SGD) [257] algorithm with a learning rate η = 5 · 10−3 and
the binary cross-entropy as the loss function.

After training, we exploit the CM-Net to build the clusters graph: an edge between
a cluster pair is drawn if the output of the network exceeds a certain threshold. In our
experiment, we fix this threshold to 0.9. We choose such a high value to lower as much
as possible the false positive rate: a single positive mispredicted edge can cause a macro-
scopic effect at the graph level. It is possible, indeed, that false positive edges establish a
bridge between two large disconnected parts of the graph, linking them together when,
in fact, they should remain separate. The final CM-Net graph prediction is turned into a
set of slices containing 2D detector hits, that can be compared against the state-of-the-art
Pandora slicing method output.

Results We build a benchmark to compare the goodness of the CM-Net slicing recon-
struction against the current Pandora implementation. Since ProtoDUNE-SP is a surface
detector, it is crucial to correctly identify and keep separate slices associated with test
beam (TB) hits and cosmic rays (CR) hits. We remind the reader that in our experiments,
we simulate a TB made of charged particles with a given energy. The goal is to define
metrics that allow us to tag the status of the reconstruction on a plane view basis. Such
figures of merit are the purity and the completeness of a reconstructed TB slice: purity is
the fraction of hits in a reconstructed TB slice that is shared with the TB slice; complete-
ness is the fraction of hits from the true TB slice that is shared with the reconstructed TB
slice.

Based on these definitions, we mark each plane in the test set with a flag within the
following set: correct, split or lost. Figure 6.6 illustrates the tagging procedure.
The first branching depends on the multiplicity of the reconstructed slices containing
true TB hits. If all true TB hits fall into the same reconstructed slice, the only discrim-
inant on the reconstruction status is its purity: above 90% purity threshold, the plane
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Figure 6.6: Test beam benchmark flowchart:
marks each plane view as correct, split or
lost. The threshold is t = 90%.

Figure 6.7: Reconstructing MC TB slices:
green bars for CM-Net, red bars for Pandora.
Dashed lines represent the overall TB energy
score. Rows from top to bottom represent cor-
rect, lost and bottom percentages.

view is said to be correct, otherwise is lost. The optimal output should not involve
multiple TB slices. Nonetheless, we allow a small margin of error in our tagging proce-
dure, when the highest reconstructed TB slice has both completeness and purity above
90%. Conversely, if completeness is below the threshold, the plane is naturally marked
as split or if the output, instead, falls short in purity, it provides the evidence that the
TB slice has inevitably been merged (lost) into a CR larger slice.

Figure 6.7 collects the results of the TB reconstruction benchmark. The top row shows
that CM-Net achieves better accuracy than the current Pandora baseline for all the avail-
able beam energies. The improvement of our algorithm has to be identified in the less
number of clusters marked as lost. The CM-Net algorithm presents similar perfor-
mance for all available TB energies for both the correct and lost kind of predictions,
while it achieves worse score for the split category for at the lowest (0.3 GeV) and
highest (7 GeV) ends of the TB energy range.

We showed that the proposed model outperforms the state-of-the-art implementa-
tion within the Pandora framework. This approach is compatible with the Pandora in-
terface and can be appointed for integration into the software in the future. Further work
directions include the assessment of the relative importance of each input feature in the
CM-Net final prediction, as well as the optimization of the network architecture itself,
inspecting new and more flexible solutions, such as the attention mechanism [46] and
its variants. Those networks might exploit the data structure more naturally, avoiding
manually selecting and extracting feature arrays of fixed size from the clusters.



Future directions

In this section, we introduce the main ideas to further developments of the research
presented in this thesis work. We point out the main objectives for each of the four main
results delivered by this study.

PDFFlow The development of the PDFFlow software is considered complete. The chal-
lenge is to provide code maintenance through time, understanding and matching the
needs of the users of the package both from the point of view of theoretical and ex-
perimental physicists. The implementation is sufficiently modular that should allow to
easily include new algorithms to extend the capabilities of the tool.

MadFlow The fundamental end-point for the successful spread of the MadFlow frame-
work among the HEP community is the need to promote the software to include next-to-
leading order calculations in an automated way, exploiting the full potential of hardware
accelerators. The present work marked an important milestone showing the possibility
to hold the computation of a high number of events even for complicated processes with
multiple final state partons. This sheds light on the feasibility to go to higher order
in perturbation theory. However, such computations involve complex subtraction tech-
niques to take care of QCD infrared singularities that might reveal difficult to implement
within the TensorFlow library.

Other chances to improve the MadFlow software within reach are the development of
a more efficient and GPU-compatible phase space sampler. The current implementation
of RAMBO for GPU employs a flat phase space that represents a potential shortcom-
ing in the whole pipeline: complex query processes might introduce instabilities in the
VegasFlow cross-section integration and reduce the overall event generation efficiency,
requiring sampling more events than the GPU might hold, inevitably slowing down
the entire run. Possible solutions can be investigated from studying adaptive sampling
methods also implemented by the MG5 AMC@NLO package.

Continuous integration and continuous development can be interesting approaches
for the maintenance of the MadFlow package in the future: the idea is to design a fully
automated test suite to check corner cases and identify potential bugs in the MadFlow
implementation to deploy the code in production mode.

Denoising ProtoDUNE-SP raw data Interpretability is one of the main issues related
to deep learning, which represents a big question mark on the behavior of these algo-
rithms in new environments. The main future research goal for both denoising and
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slicing deep learning applications should be to test the networks with larger datasets
and eventually on real data. This investigation might require the implementation of
automated solutions for the management of the deep learning resources: efficient data
storing and retrieval from collected databases, continuous training techniques to inspect
new models and automatically triggered hyperparameter search strategies. The deploy-
ment of these methods requires advanced software engineering knowledge and experi-
ence.

Specific objectives for further developments of the networks implemented in the con-
text of ProtoDUNE-SP raw data denoising are the integration within the LArSoft frame-
work to allow easier comparison with the methods currently used by the DUNE collabo-
ration. This means scanning the suitable solutions to interface the Python code, in which
the Graph Neural Networks are implemented, with the LarSoft C++ program.

Other interesting opportunities for further investigation of deep learning methods in
this study are model optimization and parameter pruning techniques to provide faster
inference with the presented neural networks architectures.

Slicing algorithm at ProtoDUNE-SP A full test comparison with the Pandora imple-
mentation of the model shall be the first phase of the future development of this research.
The subsequent step would be to integrate our solution within the Pandora framework
and test it on real detector data.

Further optimization of the current approach we introduced would be desirable to
provide faster inference performance. The starting point would be to replace the sequen-
tial processing of the pairs of 2−dimensional sub-clusters in each plane view with more
efficient operations. The bottleneck might be represented by the fact that the number of
sub-cluster pairs to be inspected grows quadratically with the number of sub-clusters.
An interesting approach is given by the application of the attention mechanism to the
entire array of detector hits in each plane view. This would allow to process entire plane
views at the hit level with a single network forward pass, rather than considering just
sub-clusters pairs only. The increased complexity of the algorithm would then require
careful training process management, although it might result in improved output per-
formance.
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[153] D.H. Koh, P. Côte De Soux, L. Dominé, F. Drielsma, R. Itay, Q. Lin, K. Terao, K.V.
Tsang, T.L. Usher. Scalable, Proposal-free Instance Segmentation Network for 3D
Pixel Clustering and Particle Trajectory Reconstruction in Liquid Argon Time Pro-
jection Chambers (2020). URL https://arxiv.org/abs/2007.03083

[154] N. Choma, F. Monti, L. Gerhardt, et al., in 2018 17th IEEE International Conference
on Machine Learning and Applications (ICMLA) (2018), pp. 386–391. DOI 10.1109/
ICMLA.2018.00064. URL https://arxiv.org/abs/1809.06166

[155] Z. Qian, et al., Nucl. Instrum. Meth. A 1010, 165527 (2021). DOI 10.1016/j.nima.
2021.165527. URL https://arxiv.org/abs/2101.04839

[156] F. Drielsma, Q. Lin, P.C. de Soux, L. Dominé, R. Itay, D.H. Koh, B.J. Nelson,
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[167] R. Frühwirth, A. Strandlie. Pattern recognition and reconstruction: Datasheet from
landolt-börnstein - group i elementary particles, nuclei and atoms · volume 21b1:
“detectors for particles and radiation. part 1: Principles and methods”. DOI 10.
1007/978-3-642-03606-4 13. URL https://materials.springer.com/lb/
docs/sm_lbs_978-3-642-03606-4_13. Part of SpringerMaterials
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