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Abstract

This dissertation is primarily concerned with the study of existence of positive solutions
of nonlinear elliptic boundary value problems. An important way to deal with the problem
is the study of a priori estimates of positive solutions. We will adapt a classical idea which
was introduced by Brezis and Turner and, together with a fixed point theorem, we will
derive the existence result of a superlinear elliptic system which defined on a cylinder.

First we present some of the history of this problem, along with the necessary
mathematical background. We present the main technical tools: Hardy’s inequality,
regularity theory and maximum principle as well as the work of Brezis and Turner.
They treated a general superlinear elliptic problem and obtained the existence of
positive solutions for nonlinear term having an asymptotic growth s7 with 1 <y < Z—ﬂ

In the novel part we apply Brezis and Turner’s technique to a specific elliptic system.
We study the LP regularity theory, Hardy’s inequality on a cylinder and with growth
conditions imposed on the nonlinear term. In particular, we will find that the nonlinear
term embeds into different L? spaces as the dimension n varies. We point out that there is
a regularizing effect in the system which leads to a larger exponent than the Brezis-Turner
exponent.

Introduction

The question of positive solutions of nonlinear elliptic boundary value problems is the subject
of a large literature [1,4,10,12,13,16,17,22,26,28,35,39,43,47,54]. Such problems arise in the
theory of nonlinear diffusion generated by nonlinear sources [38,41,46], in the theory of thermal
ignition of a chemically active mixture of gases [33], in quantum field theory and mechanical
statistics [9, 19, 58], in nonlinear heat generation [46], in nuclear or chemical reactor theory
[1,15,20,42,46] and so forth. Therefore, positive solutions are often of main interest. This kind
of problem can be studied via various methods: roughly speaking, the proofs in [1,15,22] were
based on iteration procedures which require certain growth restrictions on the nonlinear term
and the boundary condition. In [4,12,54], the authors deal with the problem with variational
methods since the operator has a variational structure. Moreover, other references obtain the
existence results with topological arguments especially when the equation has no variational
structure. The main difficulty when using a topological approach lies in the need of obtaining
a priori bounds of the solutions.

We first review some classical results about the existence of positive solutions for the scalar
equation

—Au = f(u), inQCR"

u = 0, on 0f),
u > 0,  in©Q (0.1)
u € C*Q),
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where 2 is a bounded domain with smooth boundary 0f2. In 1965, Pohozaev [53] proved that
if the non-linearity term f(u) grows as or faster than u?, where ¢ = (N + 2)/(N — 2), and
under the geometric assumption on the set Q of being star-shaped, then the problem (0.1)
may not have any positive solution. This problem was also investigated by Ambrosetti and
Rabinowitz [4]; they obtained an existence result for (0.1) with f(u) growing less fast than
u?. They provided a very general variational approach (see also [54]) in which the real valued
continuously differentiable functional I corresponds to the energy of the equation, and the
solution of (0.1) to its critical points. On the other hand, as we mentioned above, many
researchers applied topological arguments and have developed various methods to obtain a
priori bounds. (see [13,28,35]). A priori bounds of the solutions can give information on
the structure of the full set of solutions, however, [39] showed that even if the equation does
have positive solutions, a priori bounds may fail. In light of the foregoing facts, we recall
some pioneering works and some recent results based on this approach. In the case n = 2,
Turner [59,60] treated
—Au= f(x,u), ze€U

where U is a bounded, simply-connected domain in R?. The L* a priori bound for positive
solutions of the equation was obtained if

AuP < flz,u) < v’ + B

for constants A > 0, B > 0 and [ satisfying 1 < 8 < 3. For general operators and in higher
dimensions n > 2, Nussbaum [51] considered the following nonlinear elliptic boundary value

problem
L(u) + f(z,u) = 0, on ()
u+y- (;91/ = 0, on 092

¥ =

where  is a smooth bounded region in R, u : Q@ — R is a C? real valued function on (2,
v 00 — Ris a C* function (that is, v is Hélder continuous with Hélder constant \) which is
either positive on 02 or identically 0 and v denotes the outward normal vector to €2 at x € 0.
The drawback of the main result is that the existence of positive solutions is established under
the requirement that f(x,u) < B+ |u|”, where o must be less than n/(n — 1) if the function v
above is identically zero on 02, and n is the dimension of the space. Soon after, a powerful way
to obtain uniform bounds of positive solutions for the following problem (0.2) (permitting the
nonlinear term to depend also on the gradient of u) was developed by Brezis and Turner [13];
their results also included the previously obtained existence results for the same problem and
in their work the proofs of the required bounds were considerably simplified. More precisely,
they treated the general problem

{Lu = g(z,u,Du), z €

u = 0, x € 0f) (0.2)

where €2 is a smooth, bounded domain in R™ and g is a non-negative function. They combined
the Hardy-Sobolev inequality with interpolation and obtained the existence of positive solutions



for g having growth «” with 1 < v < ”+1 , a wider range of the growth condition of the nonlinear

term compared to the one in [51]. ThlS exponent is also the so-called Brezis-Turner exponent.
In 1980, de Figueiredo, Lions and Nussbaum [28] examined the existence of positive solutions
of problem (0.1). They obtained the a priori bounds under the assumption

. o N +2
ul_l)rf_loof(u)u =0, where o= N o
and requiring also assumptions on the primitive of f. Note that in view of the non-existence
result by Pohozaev, this assumption seems optimal. They first studied the case when € is
convex, then the general case, and finally the case where ) has some geometrical properties.
One drawback of their methods is that the arguments depend strongly on symmetry properties
of the Laplacian and it is not clear whether these arguments can be extended to general, second-
order, elliptic semi-linear equations as in [13]. Afterwards, Gidas and Spruck [35] used a scaling
(“blow-up”) argument deriving a priori bounds for positive solutions of the non-linear elliptic
boundary value problem

{ %(a (z )88—) bj(x)us, () + f(z,u) = 0 inQ
u(x) = () on 09

where € is a bounded domain in R" with a C* boundary. The nonlinearity f(x,u) is continuous
inz €, andforsornel<oz<”Jr2

t—+oco 1@

uniformly in z € Q, where h(z) is continuous and strictly positive in . The proof was done

2
by contradiction via “blow up”, defining a scaled function vj,(y) = A\ "uf(z) (\y — 0 as
k — +o0) and to reduce the problem of a priori bounds to global existence/nonexistence
results of Liouville type for n > 2.

In view of the advances in this area, it is natural to ask whether it is possible to obtain the
corresponding results for systems of equations. In fact, many existence results proved by the a
priori estimate of the scalar equation (0.1) have been extended to the corresponding systems,
such as elliptic nonlinear coupled systems [16-18,29, 30, 32]. In 1984, Cosner [16] considered
the problem of existence of positive solutions for semi-linear systems which are not necessarily
variational. His main results, which are based on the cooperativity (quasimonotonicity) of the
nonlinearities, are extensions to system of the fundamental paper of [13]. In [17], Clément, de
Figueiredo, and Mitidieri used a method developed in [28] for the case of one equation and
L a priori bounds were obtained. For another coupled system studied by de Figueiredo and
Yang [32], the difficulties of obtaining the a priori bounds were due to the presence of gradients
in the nonlinear terms. The authors have to use some norm with weights depending on the
distance to the boundary of the domain. They obtained the a priori bounds via the so called



blow-up method which was introduced by Gidas-Spruck [35] for the scalar case. In dimension
two [30], de Figueiredo, do O, and Ruf derived a priori estimates for positive solutions for
nonlinearities which are allowed to have a faster growth than the pure exponential. The article
adapted methods to the case of systems introduced by Brezis-Merle [11] to treat the scalar case.
In [18], the authors found L a priori bounds with different exponent assumption imposed on
the nonlinear term, the technique used in their work is based on the work of Brezis and Turner.
In their paper the Brezis-Turner exponent assumption is replaced by conditions that involve
two curves in the (p, ¢) plane.

Working along this line, we will focus on a special coupled system of equations on a
cylindrical domain @ = ' x (0,a) C R"(n > 3), with 2 = (2/,x,) € Q and we will adapt
Brezis-Turner’s method to find a priori bounds for positive solutions of the system. The
particularity of this system is that it couples two unknowns which are defined on different
domains: the unknown u is defined in the whole cylinder €2, while v is defined at the bottom
(Y of the cylinder. One may think of 2 as a jar containing a gas u(z) interacting with a fluid
v(2’) at the bottom. Other models may come from biology: e.g. insects u(x) in a cylindrical
habitat interacting with plants v(z) at the bottom 2’. We have not seen such type of coupled
systems in the literature. Of course, one can consider many different versions of such
couplings.

This article is organized as follows. In the first chapter, we recall some necessary information
about Sobolev space. We will present the LP regularity ( [36], chapter 9) theory, and will
establish the LP regularity on the cylinder as we will see in the third chapter. We introduce
the important Hardy’s inequality which will be extended in the third chapter as well. We also
present some properties of the first eigenfunction of the Laplacian which will be a test function
in obtaining the a priori bounds of positive solutions. At the end of this chapter, we briefly
inform on some simple concepts related to fixed point theorems which are frequently used to
prove the existence of positive solutions to nonlinear elliptic equations.

In the second chapter, we mainly introduce the work of Brezis-Turner [13]. The proofs
depend upon a priori estimates for solutions of elliptic problems and existence theorems for
“positive” operators. Using a weighted Sobolev embedding inequality and a bound on the
growth of the non-linearity f with respect to u, they first gave a uniform bound of the H!
norm of u. With the aid of this result and a bootstrap argument, they obtained the L> a priori
bounds and thus the existence result.

In the last chapter, we consider the mentioned coupled system of equations on a cylindrical
domain. The proof follows the idea of Brezis-Turner [13] in the second chapter. We consider
two separated cases which depend on the growth of the nonlinearity in the second equation,
and derive the existence of the positive solutions to the system. It is interesting to note that
the maximal exponent in the article of Brezis-Turner was Z—Jj} Our maximal exponent is larger,
which is due to the regularizing effect of the inverted operator (—A)~!.



1 Preliminary Knowledge of Second Order Elliptic
Partial Differential Equations

Some of the background material needed for Chapters 2 and 3 will be presented here ( [25]
chapter 6.1.1).

1.1 Elliptic equation, W*? Space and Embedding Theorem
1.1.1 Elliptic equation

In this section we will mainly present the boundary-value problem

Lu = f inU
{ u = 0 on 9dU, (1.1)

where U is an open, bounded subset of R" and u : U — R is the unknown, u = u(x). Here
f U — R is given, and L denotes a second-order partial differential operator having either

the form .

Lu:—Z( T)Uy, ) s —|—sz Yz, + c(z)u (1.2)

ij=1
or else . .
Lu=— Z 0 (2) g, + Z b (x)ug, + c(x)u, (1.3)
ij=1 i=1
for given coefficient functions a, v%, ¢ (i,57 =1,--- ,n).

We say that the PDE Lu = f is in divergence form if L is given by (1.2), and is in non-
divergence form provided L is given by (1.3). The requirement that v = 0 on QU in (1.1) is
sometimes called Dirichlet boundary condition.

Remark 1.1. If the highest order coefficients a¥(i,7 = 1,--- ,n) are C functions, then an
operator given in divergence form can be rewritten into non-divergence structure, and vice versa.
Indeed the divergence form equation (1.2) becomes

n

Lu = Z T)Ugye; + Zb’ ) Uy, + c(x)u (1.4)

2,7=1

for bt = bi — > i a? (t=1,---,n), and (1.4) is obviously in non-divergence form. We will
see, however, there are deﬁmte advantages to considering the two different representations of
L separately. The divergence form is most natural for energy methods, based upon integration
by parts, and the non-divergence form is most appropriate for maximum principle techniques.



We henceforth assume as well the symmetry condition
a’ =a(i,j=1,---,n).

Definition 1.1 ( [25], chapter 6.1.1). We say the partial differential operator L is (uniformly)
elliptic if there exists a constant @ > 0 such that

n

> al(2)6ig; > 011 (1.5)

ij=1
for a.e. x €U and all £ € R™.

Ellipticity thus means that for each point = € U, the symmetric n x n matrix A(x) = [a"(z)]
is positive definite, with smallest eigenvalue greater than or equal to 6.

1.1.2 Definition and elementary properties of the space W*»
Let U C R™ be an open set and let p € R with 1 < p < 0.
Definition 1.2 ( [25], chapter 5). The Sobolev space of order k € N
W (U)

consists of all the locally summable functions u : U — R such that for each multiindexr o with
la| < k, DY exists in the weak sense and belongs to LP(U).

Remark 1.2. (i) If p = 2, we usually write

H*U)=W"(U) (k=0,1,---).
The letter H is used, since H*(U) is a Hilbert space. Note that HO(U) = L*(U).

(i) We henceforth identify functions in W*?(U) which coincide a.e.

Definition 1.3 ( [25], chapter 5). If u € W"P(U), we define its norm to be

_ | (ais fy IDoupdn)' " (1< p < o)

HuHW’W(U) =
Yjaj<kess supy | DYu| (p = o0).

Definition 1.4 ( [25], chapter 5). (i) Let {u,}5_,, u € W*P(U). We say u,, converges to u
in WEP(U), written
U — u  in WHP(U),
provided
Jim{jug, — ullwrrw) = 0.

9



(i) We write
Uy — w0 WP(U)

loc

to mean
Uy — w0 WHP(V)

for each V-CC U.

Definition 1.5 ( [25], chapter 5). We denote by
Wy (U)

the closure of C(U) in WhP(U).

Thus u € WP(U) if and only if there exist functions u, € C®°(U) such that u,, — u in
WHhe(U). We interpret WP (U) as comprising those functions v € W*?(U) such that

“D% =0 on oU” for all |a| < k — 1.
NOTATION. It is customary to write
H(U) = Wg*(U),

In the following we display several basic inequalities for functions in Sobolev space ( [25],
appendix B.2).

Cauchy’s inequality.

a2 2
b< —+ — b eR).
ab< 3 + 5 (a,b € R)
Proof.
0 < (a—0b)*=a®—2ab+ b
O
Cauchy’s inequality with e.
b2
ab < ea’+ — (a,b>0,e>0).
4e
Proof. Write
b
_ 1/2
ab = ((2¢) a)((26)1/2>
and apply Cauchy’s inequality. O
1 1
Young’s inequality. Let 1 < p,q < 0o, —+ — = 1. Then
p g
P b
ab< =+ = (a,b>0).
p q

10



Proof. The mapping x — e* is convex, and consequently

ab = ¢logatlogt _ oy logaPtglogh? lelogap + 1elogbq _a
D q p q
]
Young’s inequality with e.
ab < ea® + C(e)b? (a,b>0,e > 0)
for C(e) = (ep)~9/Pq 1.
Proof. Write
ab = (e0)"%a) (7
€p>1/17
and apply Young’s inequality. O
1 1
Holder’s inequality. Assume 1 < p,q < oo, — 4+ — = 1. Then if u € LP(U), v € LY(U), we
p q
have
/U|uv|das < Nl 0oy
Proof. The conclusion is obvious if p = 1 or p = oo; therefore we assume 1 < p < oo.
By homogeneity, we may assume ||u||z» = ||v|[ze = 1. Then Young’s inequality implies for

1 < p,q < oo that

1 1
[ wtde < [ o [ joftds =1 =l ol
U pPJu qJu
O

Poincaré inequality. ( [7], Corollary 9.19) Suppose that 1 < p < oo and U is a bounded
open set. Then there exists a constant C' (depending on U and p) such that

||u||Lp(U) < CHVUHLI’(U) Yu € W()Lp(U)

Theorem 1.1 (General Embedding theorem for W#?(U), [36] Theorem 7.26). Let U be a
bounded C*' domain in R™ (see Definition 1.6 below). Then,

(i) if kp < n, the space W*P(U) is continuously embedded in LP", p* = np/(n — kp), and
compactly embedded in L1(U) for any q < p*;

(i) if 0 <m < k=% <m+1, the space WHkP(Q) is continuously embedded in C™(Q),
a=k—n/p—m, and compactly embedded in C™P(Q) for any B < a, where C™P(Q) is the
Holder space of functions whose m-th derivative is S-Holder continuous.

Remark 1.3. For more general Sobolev inequalities, see [2] chapter 4.

11



1.2 Hardy’s Inequality
1.2.1 The one-dimensional Hardy’s inequality

Lemma 1.1 ( [7], exercise 8.8). Let I = (0,1) and let v € WYP(I) with 1 < p < oco. Ifv(0) =0,
then ? € LP(0,1) and

v(z)

< "Nzreo1)- 1.
v Non =52 Tlvllze . (1.6)
Proof. Given u € C°(I), define T'u by
1 x
Tu(z) = —/ u(t)dt for x € (0,1].
T Jo

We first prove T' € L(LP, LP). Set p(z) = [; u(t)dt, it is obvious that ¢(x) € CH(I), p(0) =0
and ¢'(z) = u(x). We compute

/1 |Tu(z)Pde = 1|S0(;p)p
- / o) (=)
- ‘H’ / PN o o) signip()

Using Holder’s inequality, we obtain

[iruere < 2 W(”W (@)l
< _1 / ‘gp S d:v 2 [/l\u(xﬂpdx];
2 /0 Tu(w)Pdz] / u(o)Pdo]”

p oo
[Tu(@)]Lor) < - Tlu@)leray Vu € CE(). (1.7)

IN

that is,

(1.7) implies T" is a linear bounded operator in C2°(I). Now we assume u, € C°(I) and
Um — win LP(I) as m — oo. Since {u,,} is a Cauchy sequence, then we have

1Tt — Ty || e <

E = s 0, (1.8)

12



which implies T'u,, is a Cauchy sequence in LP(I) as well. Denote the limit point of Tu,, in L?
as g, then

Igllr = lim ([ Tuple = || Im Tup||pe = [T lim wl|ze = [|Tu]|L»
m—0o0 m—0o0 m—0o0
this means that 7" is a bounded operator from LP(I) to LP(I). Therefore,
[T = Tull e < 1T lum — ull», (1.9)
let m — oo in (1.9), we get g = T'u, thus [|[Tul|zr < ||ul/ze i.e.,

22

P
< E— P 1.10
Y 1 @) ey (1.10)

for any u € LP(I). Since v € WP(I), then v € LP(I), so we can substitute u(z) with v'(z)
above. Besides,

o(x) = / u(t)dt = / V(t)dt = v(x) — v(0) = v(x),
0 0
then going back to (1.10), we then obtain (1.6). O

Remark 1.4. For a more general result, see Theorem 5.2 [45].

1.2.2 The N-dimensional Hardy’s inequality

Theorem 1.2 (Improved Hardy’s Inequality; Theorem 4.1 [14]). For any bounded domain U
in R" (0 € U), any dimension n > 2 and for every u € H}(U) we have

/ u?dz,
U

where H = H(n) = %(n > 3). The result for n = 2 is just the Poincaré inequality with the
constant Hy, the first eigenvalue of the Laplacian in the unit ball in n = 2. Both constants are
optimal when U is a ball. w, denotes the measure of the unit ball.

S

2
Vu2dx2H/u—dx+H “n
/1w o o™+ el

Proof. (i) The first step is to make a symmetrization that replaces U by a ball Br with the
same volume,

w, R" = |U|,

and the function u by its symmetric rearrangement u* [5,44]. To construct the rearrangement
of u, we need some notations. For ¢t € R, the level set {u > t} is defined as

{u>t}={zeU|ulx) >t}
Then the distribution function of u is given by
pa(t) = [{u > t}].

13



here p denote the Lebesgue measure. With u(z) > 0, we first associate a function u#(z)
depending on |z| by the requirement

w{r € Bp|u" >t} =p{z €U |u>t} foreveryt >0
and defined on [0, |U|] by the following formula:

inf{t > 0| p,(t) <z}, 0<z<|U|,
u®(z) = { esssupu, =0,
ess infu, xz=|U|.

Then the spherically symmetric and decreasing rearrangement u* : Br — R is defined by
u*(z) = u¥ (wy|z|"), z € Bpg.

It is well-known that the rearrangement does not change the L?-norm, decreases the Hj(U)
norm and increases the integral [(u?/|z|*)dx [6]. Hence, it is enough to prove the result in the
symmetric case. Moreover, a simple scaling allows to consider the case R = 1.

(ii) Let us tackle the main part of the proof, proving the inequality for radial functions in the
ball B = B;(0) in R™, n > 3. We define the new variable

v(r) = u(r)r®=272 =z
It is easy to compute
n—2 - 2 n—4
Vi) =d'(r)-rr + r 5 u(r)-rz
—92)2
() =2y + P2 ) 4 (- 2 ()
-2
v(r)V'(r) = r"2u(r)u/ (r) + (i " 3u?(r)

Now, we have a “magical” computation:

/|Vu|2da:—H/%dx = // |Vu(r)|2dsdr — H// 5 dsdr
B BT dB; oB, T

= nwn(/ Yl dr — H/ " dr)
0
1 _2 2 1

= nwn(/ 7"”_1|Vu|2d7"——(n 1 ) / u(r)r"=3dr)
0 0

SN /0 (W )erdr — (n—2) /0 lv(r)v/(r)dr}

14



Taking for instance u € C3(B) the last integral is zero and we get

1
/]Vu|2dw—H/%da::nwn/ (V' (r))?rdr. (1.11)
B BT 0

This is where Poincaré’s inequality in two dimension enters:

1 1
/ (V' (r))?rdr > HQ/ v(r)rdr. (1.12)
0 0
We finally observe that
1
/u2(x)dx:nwn/ v(r)?rdr, (1.13)
B 0
Combining (1.11), (1.12) with (1.13), we have

2
VulPde > H | Lode+ H, | u?de.
| 3
B B |$| B

Since we only consider the unit ball above and the eigenvalue of the laplacian in two dimension
is related to the radius of the ball, which implies for R > 1

2 1
/ \Vul?de > H U—qu: + Hg(—)/ u?da.
Br Br

Br \x| R?

The last remark consists in removing the restriction v € C3(B) and this is done by density. [

1.2.3 Hardy’s inequality involving the distance to the boundary

In this section, we introduce the N-dimensional Hardy’s inequality involving the distance
to the boundary, the main tool that we are going to use is the method of local coordinates
(Chapter 8 [45]). We will first introduce the required knowledge and list the main theorem we
use afterwards. This inequality is often used as a preliminary step in obtaining a priori estimate
of solutions to some partial differential equations as we will see in chapter 1.2.4 and chapter 2.2.

Definition 1.6 (see Chapter 4.2 [45]). A bounded domain U is said to be of class C** (notation
U e C%.0<kr<1), if the following conditions are fulfilled:
(i) There exists a finite number m of coordinate systems

(y;7yiN)7 3/; = (yilayn, e ﬁUiN—l)

and the same number of continuous functions a; = a;(y.) defined on the closure of (N — 1)-
dimensional cubes

Az:{yiv‘yw‘</Lf0r,u>07j:1727 7N_1} (221727 >m>

15



so that for each point x € OU there is at least one i € {1,2,--- m} such that
x = (y;,yiv) and yiv = a;(y;)-

(ii) The function a; are continuous and satisfy Holder condition on closed cubes A; with the
exponent k (and with a constant A > 0), that is, if

lai(y;) — ai(z)] < Aly; — ="

holds for i, 21 € Ay (i =1,2,---,m).
(111) There ezists a positive number 5 < 1 such that the sets B;, defined by the relation

B = {(vi, yin): v € Diyaiy) — B < yinv < ai(y;) + B}, (1.14)
satisfy
Ui=BiNU = {(y;, vin); ¥; € Di,ai(y;) — B < yin < ai(y;)} (1.15)
and
Iy = B;NoU = {(yi, yin )1 ¥i € Niyyin = ai(y;)} (1.16)

i=(1,2,---,m).
Partition of Unity. The system
{BbBQa"' 7Bm}7 (117)

where B; are the sets given by the formula (1.14), form a covering of the boundary OU. Let us
denote by By such an open set in RV that

By CU and U = ByU| JU;,
i=1
where U; are the sets defined by (1.15). Then the system
{B07 B17 e 7Bm}

forms a covering of the closure U of the domain U.
Let us denote by

{¢07¢17 U 7¢m}

a partition of unity corresponding to the covering (1.17), that is, let

¢; € C(RY), supp ¢; € B;, 0 < ¢(z) <1,

iqﬁi(az) =1forzeU. (1.18)
=0
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As .
8U - .!1 FZ',

where I'; = B; N 90U (see (1.16)), and ¢y(z) = 0 for z € OU, we have
Zgbz(x) =1 for z € OU.
i=1

Remark 1.5 (Chapter 4.5 [45]). (i) Definition 1.6 together with the partition of unity
{bo, 1, ,O6m} make it possible to apply the method of local coordinates: instead of
investigating a function u € W*P(U; o) in the domain U, we investigate the function

v = U¢i

i the “cylinder” U; - see Figure 1.

""”’ai (6]

V\\/“z o - B

A; |
Figure 1
This procedure is successively applied to each i € {1,2,---,m}, while for i =0, we base our

argument on the fact that By C U, so that our special weight functions o = §(x) satisfy the
imequality
0<c < O'(ZL‘) <cy,x € B(),

and, consequently, for vy = ugy we can use the results which hold for the classical Sobolev spaces
WHrP(By). Finally, we exploit the fact that the last property of the functions ¢; in (1.18) yields

m

u(z) = sz(x) forz € U.

=0
(ii) The function a; is defined on A;, but we can extend it (continuously) to the whole space
RN=1 and consider a half-space

Gi={y = (i yiv)iyi € RN yiv < ai(y))} (1.19)

instead of the cylinder Uj.
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Now let us present an elementary but important result for the domains of the type (1.19).

Lemma 1.2 (Lemmad.6 [45]). Let a = a(2’) be a function defined on RN=Y and satisfying the
Hoélder condition with the exponent k, 0 < k < 1 and with a constant A, A > 0:

la(z') — a(y')] < Ala" —y/|7 (1.20)

for all o', 3y € RN-L,
Further, let
G={r=(2,2y) e RY;2' e RV 2z < a(2)},
Gi={z=(2,zy) e RN;2’ e RV a(2') — 1 < 2y < a(2)},
I ={r= (2 2y) e RY;2’ e RN"! zy = a(2')}
and let us denote
r(x) = dist(x, "),
p(2) = p(a, 2x) = lale’) — 2]
Then

(LD < re) < pla) for e Gy (1.21)

Proof. We have G; C G and I' = 0G. As r(z) is the distance of the point z from the boundary
I of the “half-space” G and p(x) is the distance of point x from I' “in the direction of the
xn-axis”, we have evidently

r(z) < p(z)

which proves the second inequality in (1.21). To be more intuitive, see Figure 2.

Xn

(z'.a(z)

a(x’)

]Rn—l

Figure 2

Now let z = (2/,a(2’)) € I'. The set

C(z) = {(«,zn) € RY; 2y < a(?) — AlZ — 2|}

18



is a cusp with its vertex at the point z € I'. We shall know that
C(z) C G. (1.22)
The Hoélder continuous inequality (1.20) yields
a(z") —a(2') < AlZ —2'|"

and hence
a(x') > a() — AlZ — 2'|F for all 2’ € RV L.

Now if x € C(z), then taking into account the definition of the cusp C(z) we obtain
a(z) — Al = 2/|" > xy,
which together with the preceding inequality yields
a(z') > xy,that is, r € G.

Let us now fix a point # € G and choose a point z € I' in the following way: z = (2/, a(z’)).
Let us consider the cusp C(z). We introduce the notation

S =aC(z) NG,
that is,
S={,yn) e RV;yny = a(a’) — Alg' — /|, a(y/) — 1 < yn < aly')},

and
d(x) = dist(z, S).

It follows from (1.22) that

d(x) < r(x);
thus it suffices to prove the inequality
p(x) }1/“
> ) 1.2
d(w) = [1 +A (1.23)
p(z)

1/k
To this aim, let us denote R = [1 n A] (the point z is fixed in G; which implies p(z) < 1

and hence R < 1) and consider the closed ball

B(z,R) = {y: |z —y| < R}
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For y € B(z, R) the inequalities |2’ — /| < |zt —y| < R and |zny —yn| < |z —y| < R < R* hold
and, consequently,

yn —a(z’) + Az’ — ¢ |* yv —an +ay —a(z’) + Al —|"

K

IN

lyv — 2| = (a(2') —an) + Alr" = /|
R — p(x) + AR"
(14 A)R" — p(x)

IN

= 0.
Hence
yv < a(z’) — Ala’ —y/'[",
that is,
y € C(2).
In other words, B(z,R) C C(z), which implies d(x) > R. This proves (1.23) and,
consequently, (1.21) as well. ]

Theorem 1.3 (Theorem 8.4 [45]). Let U € C%%, 0 < k < 1. Let 1 < p < oco. Then
WyP(U) — LP(U;6), (1.24)

where 6(x) = dist(z,0U) and

el = ( / | % ’ da;>1/p_

Proof. Since the set C3°(U) is dense in WyP(U;6), it suffices to establish the estimate for
functions

u e C°(U).

Since U € C%", we can apply the local coordinates method as presented in Definition 1.6 and
the partition of unity. Let u be such a smooth function and denote v; = ug;.
Now we estimate

vi(x) P / vi(y) P
ulPs = do =
s =[5 ae= 1565
W) (1.25)
o [ iy i) P
A Jawp-s! )
then the first inequality in (1.21) yields,
1
P < (—— NV Pla () — v P )
) < () *loa(s) — win] (1.26)

20



Consequently, using (1.26) and substituting ¢t = a;(y) — yin, we obtain the following formula

from (1.25):
@) U(?J yin)
; p. < C d (] 17 (2
Iolls < G y/ 6wl

,ai(y;) — 1) |P
t

= C, (1.27)

dyl

:C’o/dyl/

where Cy = (14 A)P. (We have also used the fact that suppv; C U; +T'; and hence v;(y}, a;(y}) —
t) =0 for t > ). Next we estimate the inner integral on the right hand side of the inequality
(1.27) by the Hardy’s inequality in one dimension (see Remark 1.4). Since with regard to the
choice u € C{°(U) we also have v;(y}, a;(y.) —t) = 0 for small ¢ > 0. Therefore we have the
% s Wi 10 % p
Bt =0 < (L [T ael) — o ar
0

estimate
/o —1 3%‘1\7

Again we can integrate only from 0 to § in the last integral; after substituting t = a;(vy.) — yin
and integrating the resulting inequality with respect to y; over A; we obtain from (1.27)

Uz y1,7a1 yz

’dt

81}1
Il < €4 [ [f'ay < culml, (1.29)

with Cy = CopP|p — 1/P.

The inequality (1.28) holds for ¢ = 1,2,--- ,m. On the other hand, it also holds for the
function vy = ugy, since supp ¢y C By and By C U hence § () bounded from above and below
(see Remark 1.5). As

u=) udi=2 v
i=0 i=0
(1.28) finally yields the estimate
lllys < D lvillys < Clullp, (1.29)
=0

which holds (with a constant C' = Cy + C + - - - + C,, independent of the function u) for every
ue CeU).

Now let u € W'P(U;6) and {u,}5°, a sequence of functions u, € C5°(U) that converges
to the function u. Then every wu,, satisfies the estimate (1.29). Passing here to the limit with
n — oo, we find that the estimate (1.29) holds for u € W1?(U) as well, and this completes the
proof of the embedding (1.24).

O
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1.2.4 A generalized Hardy-Sobolev inequality
Proposition 1.1 (Lemma?2.2 [13]). For v € H}(U) and 0 < 7 < 1, one has

(%
Iz llze < CllDv] 2

1
where — =

q

1—7

N

N —

Proof. From Holder’s inequality,

HEHLq(U) < H/U_THLT(U) ° H’UliTHLs' _ = — + —
" v @ (1.30)

v _
HS”ETT HU”2<17;T).5

Choosing 7r = 2 and ﬁ = %

theorem to the respective terms in (1.30) we obtain

— %, then applying Theorem 1.3 and Sobolev’s embedding

(%
155 llze < ClIDv| 72| Dol (1.31)
)

Then (1.31) becomes the desired inequality. ]

Remark 1.6. Observe that the extreme case T = 0 is the Sobolev embedding therem H(U) C
L¥ (U), where 2* = 2N/(N — 2). The other extreme case T = 1 is a fact already observed in
Lions-Magenes [48] p.76, that the behavior of a function u € HL(U) near the boundary OU is
such that u/d in L*(U).

1.3 Strong solutions and regularity

For the general form (1.2), a strong solution of the equation
Lu=f (1.32)

is a twice weakly differentiable function on U satisfying the equation (1.32) almost everywhere
in U. We now address the question as to whether a weak solution w of the (1.32) is in fact a
strong solution: this is the regularity problem for the weak solutions.

1.3.1 L? regularity theory

We as always assume that U C R" is a bounded, open set. Suppose also u € Hj(U) is a
weak solution of (1.32). We require the uniform ellipticity condition (1.5) and will, as necessary,
make various additional assumptions about the smoothness of the coefficients a™, b, c.
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Theorem 1.4 (Interior H?—regularity [25], chapter 6.3.1). Assume
a’ € CYU),b',ce L=U) (i,j =1,--- ,n)

and

fe L*U).
Suppose furthermore that uw € H'(U) is a weak solution of (1.32). Then

u € Hi, (U);
and for each open subset V- CC U we have the estimate

[ullz2vry < CUN 2wy + lullz2@)), (1.33)

the constant C depending only on V', U, and the coefficients of L.

Remark 1.7. Note carefully that we do not require w € H3(U); that is, we are not necessarily
assuming the boundary condition uw =0 on QU in the trace sense.

For simplicity, we only present the main steps here.

Proof. 1. Fix any open set V CC U, and choose an open set W such that V. cCc W cc U.
Then select a smooth function ( satisfying

(=1lonV,(=0on R"—W
0<¢<L

we call ¢ a cut-off function. Its purpose in the subsequent calculations will be to restrict all
expressions to the subset W, which is a positive distance away from OU. This is necessary as
we have no information concerning the behavior of u near OU. An interesting technical point
is to take a suitable test function v as we will see in the following calculation.

2. Since u is a weak solution of (1.32), we have

Z / a7 Uy, vy, dx = / fodz, Yve HNU) (1.34)
ij=1"U v
where .
fo=f- Zbiumi — cu. (1.35)
i=1
3. Now let |h| > 0 be small, choose k € {1,--- ,n}, and then substitute

v = —D;"(C*D}u) (1.36)
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into (1.34), where Dl'u denotes the difference quotient

u(z + hey) — u(x)
3 )

Diu(z) =

here h € R,h # 0,e; = (0,---,0,1,---,0) = " standard coordinate vector. We write the
resulting expression as

A=B, (1.37)
for .
A= Z / aijuggivxjdx
ij=1"U
and
B::/fvda: (1.38)
U

4. Estimate of A. By the properties of difference quotient and integration by parts, we find

A= > /U " Dy, D, ¢ do

i,j=1

+ Z / [aij’hDZuIiDZUQCCx]’ + (Dzalj>u$zDZuxjé_2 + (Dzalj)uIzDZUQCCCL’J] dx
U

ij=1

= Al + AQ. (aij’h = aij(x + h@k))
(1.39)
The uniform ellipticity condition implies

Ay > 9/ C?| D Dul*dx. (1.40)
U

L 0
Furthermore, by the assumption of a%, 0, ¢ and Cauchy’s inequality with € = 2 we obtain the
inequality
0
4] < -/ <21szu|2dx+c/ | Dul?dz. (1.41)
2 Ju U
(1.39), (1.40) and (1.41) imply finally
0
A> —/ C}| DI Duf*dx — C/ | Dul?dz. (1.42)
2 Ju U
The essential point in employing Cauchy’s inequality here is that the higher order term occurs
on the right-hand side in (1.41) with a smaller coefficient than the same term in A, and so

the contribution on the right-hand side can be absorbed in A;. The benefits to do this is to
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keep the second order term on the left which can be controlled by the lower order term and the
inhomogeneous term.
5. Estimate of B. Recalling (1.35), (1.36) and (1.38), we estimate

B < C/U(|f\ +1Du| + [u])]olde. (1.43)

0
Likewise, we apply the properties of the difference quotient and Cauchy’s inequality with ¢ = 1
to B to obtain 0
|B| < Z_L/ C?| D Du*dx + C/ f* +u? + |Dul*da.
U U

6. We finally combine (1.37), (1.42) and (1.43), to discover
/ | D} Duldx < / C?| Dy Dul*dx < C’/ f?+u? +|Dul’dz (1.44)
v U U

for kK = 1,--- ,n and all sufficiently small |h| # 0. (1.44) implies Du € H
u € HE (U), with the estimate

loc

(U), and thus

ullz20y < CU fllz2w) + llull @) (1.45)

7. We now refine estimate (1.45) by noting that if V- CC W CC U, then the same argument
shows

ullz20y < CU fllz2owy + lwll zrowy), (1.46)

for an appropriate constant C' depending on V', W, etc. Choose a new cutoff function (
satisfying
{ (=1onW,spt (€U,

0<¢<1l

Now set v = (?u in (1.34) and perform elementary calculations, to discover

/ ¢*|Dul*dr < C/ f?+uida.
U U
Thus
[ull oy < CUf ez + llullz2@))-
This inequality and (1.46) yield (1.33). O

Theorem 1.5 (Boundary H?—regularity [25], chapter 6.3.2). Assume

a’ € CY(U),b',ce L) (i,j=1,--- ,n) (1.47)
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and

fe L*U).
Suppose that uw € HL(U) is a weak solution of the elliptic boundary-value problem
Lu = f mU
{ u = 0 on JdU. (1.48)
Assume finally
oU is C2
Then
u e H*(U),
and we have the estimate
lull 2@y < CUIflle2w) + llullcz@)), (1.49)

the constant C' depending only on U and the coefficients of L.

Remark 1.8. (i) If u € H}(U) is the unique weak solution of (1.48), estimate (1.49) simplifies
to read
[ullz2wy < Cllfll 2wy

(i1) Observe also that in contrast to Theorem 1.4, we are now assuming v = 0 along OU.

The proof of this theorem is to turn the boundary estimate to the interior estimate, once we
straighten out the boundary, we can perform the same technique as in the proof of the interior
regularity (we will see why soon). As we will not discuss details about the proof, we will only
give an outline here.

Proof. 1. We first investigate the special case that U is a half-ball:
U=B°0,1)NR%. (1.50)
Set V := B%(0, ) NR’.. Then select a smooth cutoff function ¢ satisfying

¢(=1on B(0,3), (=0onR"— B(0,1),
0<¢<1
So ( =1 on V and ( vanishes near the curved part of oU.

2. Since u is a weak solution of (1.48), we have the same formula as (1.34) and (1.35). Now

we take
v:=—D;"((*Dyu).
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Similar to interior H?—regularity, for k € {1,--- ,n — 1}, we have the same estimate
/ | D} Du*dx < C/ f?+u* + |Dul’dx
v U

which implies
Uy, € H'(V) (k=1,---,n—1),

with the estimate

Z ey 20y < CU 2@y + lullm @) (1.51)

k,l=1
k+1<2n

Since v is not defined along the z,, direction, we argue the L?—norm of u,, ., over V separately.
Recalling the definition of L, we can rewrite the equation as non-divergence form as (1.4), so
that

n n
a" Uy, ., = — Z 0 Uy, + Z by, + cu — f (1.52)
i¥i<2n =1
for b = b — diyaf (i = 1,---,n). According to the uniform ellipticity condition,

szzl a(x)&&; > 0|¢)? for all z € U, € € R™. We set £ = e, = (0,---,0,1) to conclude
a"(x) >6>0 (1.53)

for all x € U. We then combine (1.47), (1.52) and (1.53) to discover

|u73n1‘n

<O o, | + | Dul + [ul + | 1)

i,j=1
i+j<2n

in U. Utilizing this estimate in inequality (1.51), we conclude u € H?*(V) and
ull 20y < CUSllz2w) + Nullz2wy)

for some appropriate constant C.

3. We now drop the assumption that U is a half-ball and so has the special form (1.50). In
the general case we choose any point xy € OU and notice that since OU is C?, by “straighten
out the boundary”, there exists some C? function v : R*! — R, such that

UﬂB(.ﬁEO,T) = {‘CE € B(.CEO,T) ’ Ty > 7(3717"' 7-77n—1)}

for some r > 0 and write
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Choose s > 0 so small that the half ball U" := B°(0,s) N {y, > 0} lies in ¢(U U B(z°1)).
Finally define
u'(y) == u(d(y)) (yel’).
It is straightforward to check
u' € HY(U)
and
v =0on U N{y, =0}

Furthermore, by changing variable, we can show v’ is a weak solution of

L'v = fin U, (1.54)
for
f(y) = @)
and .
L'u' = — Z (@™ y,) +Zblk e
k=1
where .
dM(y) = a(Ww)ek (y)e, (L(y) (k1=1,--,n),
r,s=1
vE(y Zb’" (k=1,---,n),
and

(y) = c(y(y))
forye U’ k,l =1,--- ,n. The operator L' is uniformly elliptic in U’,

> dM(y)as > 0')¢ (1.55)

k=1

for some @ > 0 and all y € U’, £ € R". Since ¢ and 1 are C?, the coefficients a’*' are C*.
4. In view of (1.54) and (1.55), we may apply the results from the first two steps in the
proof above to ascertain that v € H*(V'), with the bound

|| 2y < CULF N 2wny + 1|l 2 ny)-

Consequently
[ullgzvry < CUf 2wy + llullzz@))
for V := (V).
Since OU is compact, we can as usual cover QU with finitely many sets Vi, - -+, Vi as above.
We sum the resulting estimates, along with the interior estimate, to find u € H*(U), with the
inequality (1.49). O
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For higher interior and boundary L? regularity, one can refer to [25] chapter 6.3. In the
next section we list the interior and global L? estimates for the second derivatives of elliptic
equations of the form (1.3).

1.3.2 [P regularity theory

In this section we will introduce the theory that weak solutions of the second order elliptic
partial equation (1.3) have second order weak derivatives which belong to any L? space. The
approach is based on the a priori estimate of solutions. These estimates provide compactness
results that are essential for the existence and regularity theory. We will start from a Newtonian
potential, then use the method of “frozen coefficients” to generalize it to uniformly elliptic
equations. (see [21], chapter 3.)

Let U be a bounded domain in R and f a function in LP(U) for some p > 1. Recall that
the Newtonian potential of f is the function w = N f defined by the convolution.

w(z) = / I(z — )/ (y)dy,

where I is the fundamental solution of Laplace’s equation given by

1

2—n
— | — > 2

Pz —y) =Tz —yl) =
— log |z — y], n=2.
2m

Proposition 1.2 ( [21], Theorem 3.1.1; [36], Theorem9.9). Let f € LP(U), 1 < p < oo, and
let w be the Newtonian potential of f. Then w € W*P(U), Aw = f a.e. and

I D*w| oy < C|If o)

where C' depends only on n and p. Furthermore, when p = 2 we have

D] = / £
Rn U
Proof. First we consider f € C3°(U) C Cg°(R™), then we have w € C*°(R") and
Aw = f(x),Vx € R".

Write w = N f, where N is a bounded mapping from L? into itself for 1 < p < oo ( [36],
Lemma 7.12). Next, for fixed i, j, define the linear operator T as

R”
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To prove the lemma, it is equivalent to show that
T:LP(U)— LP(U) (1.56)

is a bounded linear operator. Indeed, if the sequence {f,,} C C§°(U) converges to f in LP(U),
and there exists a sequence {w,,} such that Aw,, = f,,, then

|wm|le@y = IN fnllzr @y < Cll finll ey (1.57)

and
1Dsjwml| ey = 1T fmll ey < Cllfmllewy. (1.58)
By Nirenberg-Gagliardo interpolation inequality, (1.57) and (1.58) we have for € > 0

1Dwnll ey < €l D*winllzr@) + CWU, )llwnllr@y < Cllfmllrw).

and so
meHWQvP(U) < CHmeLP(U)'

Furthermore, it is easy to see that

[wm = wnllwzrw) < Cllfm = Fallrw),

which implies that {w,,} is a Cauchy sequence in W*?(U), thus w,, — w’ in W*?(U). Since
Aw,, = fm, then Aw’ = f by letting m — oo, therefore, w' = w.
The proof of (1.56) can actually be applied to more general operators. To this end, we

introduce the concept of weak type and strong type operators.
Define

pslt) = l{z € U] (@) > 1},
For p > 1, the weak L? space LP (U) is the collection of functions f that satisfy
112y 0y = suppss ()27, Ve > 0} < o,
An operator T': LP(U) — L4(U) is of strong type (p, q) if

1T fllzawy < Cllfllzew), Vf € LP(U).
T is of weak type (p, q) if

1T fllzg, @) < Clif ey, Vf € LP(U).
Outline of the proof of (1.56).

We decompose the proof of Proposition 1.2 into the proofs of the following four lemmas:

Lemma 1.3. T: L*(U) — L*(U) is a bounded linear operator. i.e. T is of strong type (2, 2).
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Secondly, we use the Calderon-Zygmund Decomposition Lemma to prove
Lemma 1.4. T is of weak type (1,1).

Thirdly, we employ the Marcinkiewicz Interpolation Theorem to derive
Lemma 1.5. T is of strong type (r, r) for any 1 < r < 2.

Finally, by duality, we conclude
Lemma 1.6. T is of strong type (p, p) for 1 < p < .

Given the space limitation, one can find the whole proof in appendix A.1. m
The L? estimates for solutions of Poisson’s equation follow immediately from Proposition 1.2.

Corollary 1.1 ( [36], Corollary 9.10). Let U be a domain in R", u € WP (U), 1 < p < 0.
Then

||D2u||Lp(U) < Cl|Aul| o) (1.59)
where C' = C(n,p). If p =2,

[1D?ull 2y = |Au] L2(ory.

Theorem 1.6 (L” interior estimate [36], Theorem9.11). Let U be an open set in R™ and
w e WPU)NLP(U), 1 < p < oo, a strong solution of the equation (1.3) in U where the

loc

coefficients of L satisfy, for positive constants \, A,
a’ e CU), b, ce L>(U), f € LP(U);
aigiE; > N2 VE € R (1.60)

|a”[, [6'], le] < A,

where i,7 =1,--- ,n. Then for any domain U CC U,

[ullwzr@ry < CUlullLew) + 1 fllerw)), (1.61)
where C' depends onn, p, \, A, U', U and the moduli of continuity of the coefficients a” on U’.

Proof. Here comes the method of “Frozen coefficients”. For a fixed point xq € U’, we let Ly
denote the constant coefficient operator given by

Lou = Gij (xO)DUu

By means of a linear transformation, we obtain from Corollary 1.1 the estimate

C
1D*0]| oy < 3 I Lovllze@) (1.62)
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for any v € WOQ’p(U), where C'= C(n,p) as in (1.59). Consequently, if v has support in a ball
Br = Br(zg) CC U, we have

Lo'U = (CLij (.1'0) — CLij)Dij’U + (lijDij’U,
and by (1.62)
C y
ID*v]| e < S supla— a(@o)[[|1D*v] e + [la” Dijvl| ).
R

Since a is uniformly continuous on U’, the first term on the right could be ’eaten’ by the term
on the left. Precisely, there exists a positive number § such that

la — a(xg)| < N\/2C
if |# — x| < d, and hence
1D*v]|z» < Clla” Dijvllzs
provided R < §, where C' = C(n,p, \).
For o € (0,1), we now introduce a cutoff function n € CZ(Bg) satisfying 0 <n <1,n=1
in Byg, n=0for |z| > 'R, o' = (1+0)/2, |Dn| <4/(1 —0)R, |D*n| < 16/(1 —0)?R?. Then,
if u e W2P(U) satisfies Lu = f in U and v = nu, we obtain

loc

1D*u|r(B,n) < Cllna” Diju+ 2a” DinDju+ ua Dijn|| e sy

(1.63)
< Cllflzrsr + marllPullLr s, » + coyrm lulle )
provided R < § < 1, where C' = C(n,p, \,A).
Introducing the weighted semi-norms
¢k = Ssup (1 — O_)kRk”DkuHLp(BUR), k‘ = O, 1, 2,
0<o<1
by (1.63), we therefore have
¢ < C(R?|| fllto(Br) + 61 + ¢0)- (1.64)
Besides, ¢ satisfy an interpolation inequality
C
¢1 < €pg + ?Cbo (1.65)

for any € > 0, where C' = C(n). Using (1.65) in (1.64), we then get

¢2 < C(B*|| fllo(sr) + d0),
that is,

C
|1 D*ul| (5, ) < ( (B2 fll o) + Null o)),

1 —0)2R?
where C' = C(n,p, \,A) and 0 < o < 1.

The desired estimate (1.61) follows by taking o = 1/2 and covering U’ with a finite number
of balls of radius R/2 for R < min{0, dist(U’,0U)}. O
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To extend the preceding interior estimates to the entire domain it is necessary to have
estimates that are meaningful near the boundary. These can be obtained provided the boundary
values of the solution and the boundary itself are of a certain smoothness. We first consider
the case of a flat boundary portion. Letting

Ut=UnNR} ={zeU]|x, >0},
(OU)* = (0U)NRY ={z € 0U | z,, > 0}.

Lemma 1.7 ( [36], Lemma9.12). Let u € W*P(Ut) N WP (UT), f € LP(U*), 1 < p < oo,
satisfy Au = [ weakly in U with u =0 near (OU)". Then

I1D*ul| ey < Ol fllow), (1.66)
where C' = C(n,p).

Proof. We extend v and f to all of R} by setting u = f = 0 in R} — U, and then to all of R"
by odd reflection, that is, by setting

/’ —l’n), f(l’/, xn) = _f<x/’ _xn)

for z, < 0, where 2/ = (x1,--+ ,2,-1). Then the extended functions, say @ and f, satisfy
At = f weakly in R” because D, @ converge to zero as z, close to 0. Since @ also has compact
support in R", the regularization u; € C{°(R") — w in W?P(R™) as h — 0, and satisfies
Auyp, = fp in R". Hence applying Corollary 1.1, and the estimate (1.66) follows with constant
C' twice that in (1.59). O

u(z' x,) = —u(x

Theorem 1.7 (L? Boundary Estimates [36], Theorem 9.13). Let U be a domain in R™ with a
CH! boundary portion T C OU. Let u € W*P(U), 1 < p < oo, be a strong solution of Lu = f
in U withu =0 on T, in the sense of WYP(U), where L satisfies (1.60) with a¥ € CO(UUT).
Then, for any domain U' CC UUT,

|ullwr@wn < Clllullzew) + 1 Fllew)) (1.67)

where C depends onn, p, \, A, U', U and the moduli of continuity of the coefficients a* on U’.

Proof. Since T € CU!| for each point xq € T there is a neighborhood A#° = 4, and a
diffeomorphism 1 = ¢ () from .4 onto the unit ball B = B;(0) in R™ such that ¢»(A4 NU) C
R, (A NOU) C OR%, p € CHHA), =t € CH(B). Writing y = ¢(z) = (¢1(z), -+, ¥n(x)),
u(y) = u(z),x € A,y € B, we have

Li = —a"Diji+b' Dy + ¢t = f
in B*, where

— ad}l %ars 7i a2¢z

~1i] 7 0%

ox,

a”(z) + —0b"(z),
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cly) =clz), [fly)=f(z)
so that L satisfies conditions similar to (1.60) with constants A A depending on A, A and .
Furthermore, & € W??(B™), and @ = 0 on BNIR'} in the sense of W'?(B"). By straightening
out the boundary, we now apply Theorem 1.6 with the ball Br(z() replaced by the half ball
B#(0) and with Lemma 1.7 used in place of Corollary 1.1. We obtain thus,

HDQﬁHLp(B:R) < m{RQHfHLp(B;) + | oy}

provided R < 4§ <1, where C' depending on n, p, A, A and ¢; and ¢ depends on the moduli of
continuity of a¥ at zy and also on ¢. Taking o = 1 and A" = A, = ¢)"(Bs2) we therefore

2
have on returning to our original coordinates.

ID*ull oy < Cllull oy + 1 o))

where C' = C(n,p,\,A,d,v). Finally, by covering U’ N T with a finite number of such
neighborhoods .47, and using also the interior estimate (1.61), we obtain the desired
estimate. U

Remark 1.9. When T = 0U in Theorem 1.7 we may take U' = U to obtain a global W?P?(U)
estimate.

Theorem 1.8 (Interior and Boundary Regularity [36], Theorem 9.15). Let U be a C*! domain
in R™, and let the operator L be strictly elliptic in U with coefficients a¥ € C°(U), V!, c € L,
with i,j = 1,--+,n and ¢ > 0. Then, if f € LP(U) and ¢ € W?P(U), with 1 < p < oo, the
Dirichlet problem Lu = f in U, u — ¢ € Wy P(U) has a unique solution u € W>P(U).

Proof. The treatment here to deduce the regularity result for the Dirichlet problem for strong
solutions is based on the L? regularity. We shall need the following regularity result which is a
refinement of Theorem 1.6 and Theorem 1.7.

Lemma 1.8. In addition to the hypotheses of Theorem 1.7, suppose that f € LU(U) for some
q € (p,00). Then, u € W2I(UUT), u=0 on T in the sense of W“(U), and consequently, u

loc

satisfies the estimate (1.67) with p replaced by q.

Proof. We first treat the interior case when T' is empty. Returning to the proof of Theorem 1.6,
we fix a ball Bg = Bg(z) and a cutoff function 7, and set v = nu, g = a” D;;v, so that

Lov = (a” (o) — a”(z))Dijv + g,

and g g
a’D;jv = a’D;;(nu)
= a“D;(Dnu+ nD;u
) (D, Y ) ) ) (1.68)
= CLZ]DZ']'T]U + CL”DJ'HDZ"U/ + a”Diju + CLUUDZ']'U
= aYDynu+ a?DjnDiu+ a? DinDju + n(b'Dyu + cu — f)
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Since u € W*P(U), n € C3(Bg), then all the terms but f in the last equation of (1.68) are in
WP(Bg), moreover, f € L1(U), it follows from the Sobolev embedding theorem that g € L"(U)
where 1 = max{(1/q, (1/p) — (1/n))}. By means of the linear transformation, the operator Ly
becomes Laplacian, and hence

AT = (67 — a”(x)) D0 + §.

where 9, a¥, § correspond to v, a¥ g, respectively. By taking the Newtonian potential, we then
obtain the equation

V= N[((;Zj — dl]({L‘))Dw@] + Nf]
Consequently, the function v satisfies an equation of the form

v="Tv+h. (1.69)

where h € W?"(Bg). By virtue of the Calderén-Zygmund estimate (appendix A) T is a bounded
linear mapping from W??(Bg) into itself for any p € (1,00). As in the proof of Theorem 1.6,
R < § we must have ||T|| < 5. Therefore, (1.69) has a unique solution v € W??(Bg) for any
p € [1,r]. In fact, if not, we assume there exists vy, vy satifying (1.69) respectively, that is,

U1:TU1+h, UQITU2+h

then,
V1 — Uy = T(Ul — ’UQ)

and the contraction mapping principle yields that v; = v,. Because of h € W?"(Bg), the
solution is in W*P(Bg) for any p € [1,r]. Hence, nu € W27 (U), and, since zg € U is arbitrary,
we obtain u € VVliCT(U ). If now r = ¢, we are done. Otherwise, the desired interior regularity
follows by using the Sobolev embedding theorem and repeating the above argument. The case
of local boundary regularity is handled similarly with xy € T and the ball replaced by the

half-ball B},(0) as in the proof of Theorem 1.7. O

The uniqueness assertion of Theorem 1.8 follows from the following lemma and Lemma 1.8.

Lemma 1.9. Let Lu = f in a bounded domain U and u € CO(U) "W2™(U). Then

loc
supu < supu’ + C||f/ 2P| 1w
U oU
where 9 denotes the determinant of [a¥] and 2* = PY™, C is a constant depending only on

n, diam U and ||b/ Z* || Lrv)-

Because of space limitation the details of the proof of Lemma 1.9 will not be dealt with here,
one can refer to [36], Theorem9.1.
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Proof of the uniqueness. If the operator L satisfies the hypotheses of Theorem 1.8 and the
functions w,v € W2P(U) satisfy Lu = Lv in U, u — v € Wy?(U), we have by lemma 1.8,
u—ve W2(U)NW,4(U) for all 1 < ¢ < co. Now using Lemma 1.9, we conclude u = v. [

From the uniqueness, we can derive an apriori bound which is independent of w.

Lemma 1.10. Let the operator L satisfy the hypotheses of Theorem 1.8. Then there exists a
constant C such that
lullw2e@y < Ol Lull e, (1.70)

for allu e W*P(U) "W, P(U),1 < p < 0.

Proof. We argue by contradiction. If (1.70) is not true, there must exist a sequence {v,,} C
W2P(U) N W, P(U) satisfying

[Vmllr@) =1 [ Lvmllzo@) — 0.
By virtue of the a priori estimate (Theorem 1.7)
[ollw2r@w) < Clvllzew) + L0l rw)) < C

and the weak compactness of bounded sets in W2P(U), there exists a sub-sequence, which we
relabel as {v,,}, converging weakly to a function v € W2? (U)W (U) satisfying ||v| o) = 1.

Since
/gDavm%/gD%
U U

for all |a| <2 and g € LP/P~Y(U), we must have

/gLU:O
U

for all g € L?/ (p_l)(U ); hence Lv = 0 and v = 0 by the uniqueness assertion, which contradicts
the condition ||v|| ey = 1. O

We are now in a position to prove Theorem 1.8. If p > 2, say f € LP,p € [2,00), due to
L? regularity theory, we know u € W22(U), then by lemma1.8, we have u € W??(U). In
the case 1 < p < 2, taking {f,,} C L*(U) such that f,, — f in LP(U) and —Au,, = fom,
U, = 0 on the boundary of U. By L? regularity theory again, we have u,, € W>?(U). Thus
Uy, € WP(U) N W,P(U) since 1 < p < 2. We then infer from Lemma 1.10 that

[vumllw2r@y < Cll fnllr@y < C,

because f,, — fin LP(U). Consequently, there exists a sub-sequence of {u,,} converging weakly
to a function u in W2P(U) N Wy P(U) that satisfies Lu = f in U. O
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1.4 Maximum Principle
1.4.1 The weak maximum principle

Theorem 1.9 ( [25], chapter 6.4.1). Assume u € C*(U) N C(U) and

c=0 mU.
(i) If
Lu<0 inU, (1.71)
then
max = max u.
U U
(i) If
Lu>0 1inU,
then

min = min u.

U oU
Remark 1.10. It is convenient to introduce the following terminology suggested by the
mazimum  principle:  a  function satisfying Lu = 0 (> 0,< 0) im U is a
solution (subsolution, supersolution) of Lu = 0 in U. When L is the Laplacian, these terms
correspond respectively to harmonic, sub-harmonic and super-harmonic functions.

Proof. 1. First suppose Lu < 0 in U and there exists a point xy € U with u(xy) = maxu.
U

At this maximum point zy, we have Du(xg) = 0, D*u(xy) < 0. Since L is elliptic, [a”(x)] is
symmetric and positive definite, and can be diagonalized through some orthogonal matrix such
that at xo, — Y ;') a“ug,uy; > 0. Thus at 2o, Lu(wg) = —a”(wo) Diju(zo) > 0, contradicts the
condition Lu < 0.

2. In the general case that (1.71) holds, write

u(z) == u(z) + e’ (xe€U),

where v > 0 will be selected below and ¢ > 0. Recall that the uniform ellipticity condition

implies a”(z) >0 >0 (i=1,--- ,n,z € U). Therefore
Lu¢ = Lu+eL(e"™)
< e (—y2all + DY)
< e (=920 + ||bl|L~7)
< 0inU,
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provided we choose v > 0 sufficiently large. Hence for any € > 0, L(u + ee?®) < 0 in U so that
according to step 1
max(u + ee’*!) = max(u + ee’™).
U oU

Letting € — 0, we see that maxu = maxu as asserted in the theorem.
U

3. Since —u is a sub-solution whenever « is a super-solution, assertion (ii) follows. O

Next, we present the following theorem by modifying the maximum principle to allow for a
non-negative zeroth-order coefficient ¢. Remember that ut = max(u,0), v~ = — min(u, 0).

Theorem 1.10 (Weak maximum principle for ¢ > 0, [25], chapter 6.4.1). Assume u € C*(U)N
CU), andc>01in U.

(i) If
Lu<0 mU,
then
max u < I%%XU+. (1.72)
U
(i1) Likewise, if
Lu>0 in U,

then
minu > —maxu .
5 oU

Remark 1.11. So in particular, if Lu =0 in U, then

max |u| = max |ul.
U ou

Proof. Let u be a sub-solution and set V := {x € U | u(z) > 0}. Then
Ku=Lu—cu<—-—cu<0 inV.

The operator K has no zeroth-order term and consequently Theorem 1.9 implies that the

maximum of © on V must be achieved on 0V and also on QU, hence

maxu = maxu = rnaxu+.

\4 ov ou

This gives (1.72) in the case that V' # ). Otherwise u < 0 everywhere in U, and (1.72) follows
likewise.
Assertion (ii) follows from (i) applied to —u. O
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1.4.2 The strong maximum principle

The next lemma substantially strengthens the foregoing assertions, by demonstrating that
a sub-solution u cannot attain its maximum at an interior point of a connected region at all,

unless u is constant. This statement is the strong mazximum principle, which depends on the

following subtle analysis of the outer normal derivative % at a boundary maximum point.

Lemma 1.11 (Hopf’s Lemma, [25], chapter 6.4.2). Assume u € C?(U) N CY(U) and
c=0 nU

Suppose further
Lu<0 mU

and there exists a point 2° € OU such that
u(z®) > u(x) for all x € U. (1.73)

Assume finally that U satisfies the interior ball condition at x°; that is, there exists an open
ball B C U with 2° € OB.

(i) Then
ou,
— >0
2@ > 0,
where v is the outer unit normal to B at x°.
(ii) if
c>0 U,
the same conclusion holds provided

Remark 1.12. The importance of (i) is the strict inequality: that %(IEO) > 0 is obvious. Note
that the interior ball condition automatically holds if OU is C2.

Proof. 1. Assume ¢ > 0. We may further assume B = B%(0,r) for some radius 7 > 0. Define
v(z) = e — e (2 € B(0,r))
for v > 0 as selected below. Using the uniform ellipticity condition, we compute
Lv = — Z aijvmj + Z bivwi + cv
ij=1 i=1

= el Z a” (—4y*wizy + 296;5) — ekl Z b'2yz; + c(e M — e

i,j=1 i=1

< e (40722 ]? + 29tr A + 29|b|z| + ¢),
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for A = [a¥], b = [b',--- ,b"]. Consider next the open annular region R := B°(0,r)— B(0,7/2).

We have
2
Lv < e 15 (—0~2r2 4 29tr A 4 2y|b|r + ¢) <0

in R, provided v > 0 is fixed large enough.
2. In view of (1.73), there exists a constant € > 0 so small that
u(z?) > u(x) +ev(x), x € 0B(0,7/2).
In addition,
u(z®) > u(x) +ev(x), x € dB(0,7),

since v = 0 on 0B(0,r).
From (1.74) we see
L(u+ ev —u(2°)) < —cu(z”) <0 in R,

and from (1.75), (1.76) we observe

u+ev—u(z’) <0 on dR.

(1.74)

(1.75)

(1.76)

In view of the weak maximum principle Theorem 1.10, u + ev — u(z°) < 0 in R. But u(2°) +

ev(x%) —u(2°) = 0, and so

ou, 4 ov,
- - >
81/(x) Eﬁy(x)_o
Consequently,
%(xo) > —6%@0) = —EDU(IO) ¥ = 2767“6‘”2 >0
v v r

as required.

We are now in a position to derive the following strong mazimum principle.

Theorem 1.11 ( [25], chapter 6.4.2). Assume u € C*(U)NC(U) and ¢ =0 in U. Suppose U

18 connected, open and bounded.

(i) If
Lu<0 mU

and u attains its maximum over U at an interior point, then u 1s constant within U.

(11) Similarly, if
Lu>0 mU

and u attains its minimum over U at an interior point, then u is constant within U.
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Proof. Write M := maxu and C :={z € U | u(xr) = M}. Then if u # M, set
U

Vi={zreU|ux) <M}

Choose a point y € V satisfying dist(y, C') <dist(y,dU), and let B denote the largest ball with
center y whose interior lies in V. Then there exists some point 2° € C, with 2° € 9B. Clearly
V satisfies the interior ball condition at x°, whence Hopf’s Lemma, (i), implies %(xo) > 0. But
this is a contradiction: since w attains its maximum at z° € U, we have Du(x°) = 0. O]

If the zeroth-order term ¢ is non-negative, we have this version of the strong maximum
principle:

Theorem 1.12 ( [25], chapter 6.4.2). Assume u € C*(U) N C(U) and ¢ > 0 in U. Suppose
also that U is connected.

(i) If
Lu<0 inU

and u attains a non-negative mazximum over U at an interior point, then
u 15 constant within U.

(i1) Similarly, if
Lu>0 inU

and u attains a non-positive minimum over U at an interior point, then

u 18 constant within U.

The proof of Theorem 1.12 is like the one above, except that we use statement (ii) in Hopf’s
Lemma.

1.5 Eigenvalues and Eigenfunctions of the Laplacian

For this section, one can refer to [50]. The classical eigenvalue problem for the Laplace
operator A := 92/0x? + -+ + 0?/022 is a problem as follows:

Au+du=0, inU
u =20, on U

where u is a sufficiently smooth real valued function, v : U — R and x1, 29, ,x, are the
coordinates for a bounded domain U C R™. We look for pairs (A, u) consisting of a real number
A called an eigenvalue of the Laplacian and a function u € C?*(U) called an eigenfunction. Such
eigenvalue, eigenfunction pairs have some very nice properties, one fact of particular interest is
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that they form an orthonormal basis for L*(U). In particular, we deal with solutions u in the
Sobolev space H}(U) that obey the following equation for all test functions v € H}(U) :

/Vquda:: )\/ uvdx,
U U

and we refer this equation as “weak ergenvalue equation”.

Lemma 1.12 ( [50], Lemma2.1). If u; and uy are eigenfunctions with eigenvalues Ay and Ay
respectively and if \y # Ag then (uy,us)s = 0 and moreover (Vuy, Vug)s = 0.

Proof. Since u; and wuy are both eigenfunctions, they satisfy the eigenvalue equation by
definition. Plugging in v = wus into the eigenvalue equation for u; and v = w; into the
eigenvalue equation for uy gives

/ Vuy - Vuadr = )\1/ w1 Ugdx
U U

/ Vus - Vurdr = )\2/ UsU1dT.
U U

Subtracting the second equation from the first gives

(A — Az)/ uguydr = 0,
U

so the condition A\; # Ay allows us to conclude fU ugy = (uy,us)s = 0 as desired. Finally,
notice that (Vuy, Vug) = [, VuyVug = A\ [}, uusde = 0, too. O

Consider now the functionals from H}(U) — R,

Plu) = / VulPdr = |Vul 2,

G(u) = /Uu2dx —1= ||UH%2(U) - 1.

These functionals have an intimate relationship with the eigenvalue problem. The following
results makes this precise.

Lemma 1.13 ( [50], Lemma2.2). If u € H}(U) is a local extremum of the functional F subject
to the condition G(u) = 0, then u is an eigenfunction with eigenvalue X = F(u).

Proof. The proof of this relies on the Lagrange multiplier theorem in the calculus of variations
setting. The Lagrange multiplier theorem states that if ' and G are C''-functionals on a Banach
space X, and if x € X is a local extremum for the functional F' subject to the condition
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that G(z) = 0 then either G'(z)y = 0 for all y € X or there exists some A € R so that
F'(z)y = \G'(z)y for all y € X.

We use this theorem with the space H}(U) serving the role of our Banach space, and F, G
as defined above playing the role of the functionals under consideration. We compute

Fllup = lim~(F(u+ ev) — F(u)

e—0 €

= lim-— (/ |Vu+ eV dx—/ |Vu| dx)
e—0 €

|Vu|2 +2eVu - Vo + €| Vo]* — [Vul?) dx)

e—0

= lim (ZVU - Vodz + €| Vu|*) dz
U
= 2/ Vu - Vudz.
U

A similar calculation yields
G'(u)v = 2/ uv dx.
U

Notice that G'(u)u = 2||u||L2(yy = 2 by the constraint G(u) = 0. This means that G'(u)v
is not identically zero for all v € H}(U). Hence, since u is given to be a local extremum of F

subject to G(u) = 0, the Lagrange multiplier theorem tells us that there exists a A so that for
all v € H}(U) we have

F'(u)v = 2/ Vu - Vodr = A\G'(u)v = 2>\/ uvdz.
U U

Hence u is an eigenfunction of eigenvalue A as desired. Moreover,

:/ |Vul*dz = )\/ wide = )\,
U U

since G(u) = 0 is given. O

Lemma 1.14 ( [50], Theorem 2.3). There exists some v € Hg(U) so that u is a global minimum
for F' subject to the constraint G(u) =

Proof. Let us denote by % the constraint set we are working on, namely ¢ = {u € Hj(U) :
G(u) = 0}. Notice € is the set of unit L2>-norm functions. Let I = inf{F(u) : u € €} be the
infimum of F' taken over this constraint set. We will prove that this infimum is actually achieved
at some point u € ¥. By the definition of an infimum, we can find a minimizing sequence
{ur}2, C € so that hm F(ug) = I for k € N, which implies, F(uy) = [, [Vup? <T+1 < C.
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Since F'(uy) could be considered as the norm of H}(U), this shows that {u} is a bounded
sequence in H}(U). According to the Banach-Alaoglu theorem, there exists a sub-sequence
which we still mark as {u;} for notational ease, converging to @ weakly in H}(U). On the
other hand, by the Rellich-Kondrachov embedding theorem, we know wu;, — @ in L?*(U). Since
H}(U) is a Hilbert space, and the norm of the Hilbert space is weakly lower semi-continuous,
we have F'(u) < Jl_glo inf F(uy) = kh_}rgo F(uy) = I. Moreover, using the fact that ||@|/2y) =
khﬁlrgD |ug |2y = 1, we can see that @ € €. Since I = inf{F(u) : u € €}, obviously F(u) > I.

Hence, F'(u) = I achieves the minimum for F' restricted to € as desired. O

Remark 1.13 ( [50], Remark2.4). The lemma above shows that @ is a global minimum of F
subject to G(u) = 0. In particular then, it is a local extremum for F subject to G(u) = 0,
so applying the result of Lemma 1.13 informs us that u is an eigenfunction with eigenvalue
A = F(u). Since this is the smallest possible value of F' subject to G(u) = 0, this is the smallest
possible eigenvalue one could obtain. For this reason we shall call this eigenvalue \y and the
associated eigenfunction uy.

Remark 1.14 ( [50], Remark 2.5). By the definition of F, we notice that for any v € Hj(U)
and any scalar ¢ € R, we have F(cu) = ¢*F(u). This homogeneity for scalars means that
we can remove the condition G(u) = 0 from our consideration by normalizing F' by ||u|| 2.

Notice that
U U
Fl———) = /\V(—)\de
( ) U ||U||L2(U)

||U||L2(U)
Vul?
—fU| 2| dzx.
o lul

Since ||M||L2(U) = 1, minimizing F(u) subject to ||u||r2@y = 1 is the same as minimizing

S IVul?dz
Sy lul?de
quotient. This gives us a more notationally concise way to write down our smallest eigenvalue

the quotient with w running in all of H&’2(U). This quotient is known as the Rayleigh

Vul?d
A= inf —fU | UJ x.
wen}? ) fy [ulPdz

To find the next eigenvalue, we can do something very similar. We first notice that according
to Lemma 1.12, the second smallest eigenvalue will have an eigenfunction that is orthogonal to
u1, so we can restrict the search for this eigenfunction to the subspace X; = span{u;}* = {u €
H}(U) : {u,uy)o = 0}. Since this is the null space of the continuous operator (-, u;)s, this is a
closed subspace of H}(U) and hence can be thought of as a Hilbert space in its own norm. By
modifying the proof of Lemma 1.14 slightly by using X; as our Banach space rather than all
H}(U), we see that any v € X; that is a local extreme point for F subject to G(u) = 0 will be
an eigenfunction of eigenvalue A = F'(u). By modifying the argument of Lemma 1.14 slightly
by changing the restriction set € to be € = {u € X; : G(u) = 0}, the identical argument shows

44



that there is some u € € that achieves the minimum for F' on this restricted set. This will be
an extremum for F' on X; subject to the restriction G(u) = 0, so by modified Lemma 1.13 this
will be an eigenfunction, call it us. By arguments similar to the above, we find the associated

eigenvalue A\, is
Ay = min{F(u) :ue€E€C X}

inf —fU|VU|2d£E'
e fUqux

Since X; C H{(U), the Rayleigh quotient definition above tells us immediately that
A <D Repeating this same idea inductively, we can define X, =
span{uy, Uy, - ,u,}t = {u € HS’Q(U) : (u,u;) = 0,Vi € 1,--- ,n} and by appropriately
modifying Lemma 1.13 and Lemma1.14 we will be able to justify the fact that the (n + 1)th
eigenvalue can be found by ,
Moy = inf VUl
u€Xn fU widx

Moreover we can always find a normalized eigenfunction u,; that achieves this lower bound.
Since H&(U) D X1 D Xy---, we can see that this generates a sequence of eigenvalues 0 < Ay <
Ay < A3 -+ and eigenfunction uq, us, us, - - - which are generated in such a way that they are all
mutually orthogonal with respect to the L?(U) inner product. Moreover, these eigenfunctions
have been normalized so that ||u, |2y = 1 and also we have that ||Vu,| 2@y = Anllul| 2@y =
An. The following theorem shows that these eigenvalues tend to infinity.

Lemma 1.15 ( [50], Theorem 2.6). lim A, = cc.

n—oo

Proof. Since the sequence J\; is non-decreasing, the only way that they could not tend to infinity
is if they are bounded above. Suppose by contradiction that there is some constant M such
that A, < M for all n € N. Notice then that

||Vun||%2(U) = /UVun.Vundx

= )\n/UQdZE
U

= A\,
< M

)

where we have used the eigenvalue equation with v = u,, and the fact that [|uy,||2() = 1. Notice
now that the sequence of eigenfunctions is bounded in H}(U). By the Rellich compactness
theorem, we can find a convergent sub-sequence u,, converging to some element of L*(U).
This sub-sequence, being convergent, is an L?-Cauchy sequence, meaning in particular that
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|ty — Uy, ||%2(U) — 0 as n — oo. But orthonormality of w, prohibits this as we have

||unk - unk+1||%2(U) = ||unkH%2(U) - 2<u”k7unk+1> + ||unk+1||%2(U)
- 1-0+1
= 2.

This contradiction shows that our original assumption that the eigenvalues are bounded
above by some M is impossible. Since the eigenvalues are non-decreasing, this is enough to

show lim )\, = oo, as desired. O
n—o0o

1.6 Some Degree Theory about Compact Mappings and Cones
1.6.1 Brouwer degree and Leray-Schauder degree

The topological degree (in short, degree) of a map is a classical tool which is very useful
for solving functional equations. It was introduced by L. Brouwer for finite dimension and
extended by J. Leray and J. Schauder to infinite dimension [3,8,49]. We will simply carry out
the construction of the degree. We start from Brouwer degree, the finite-dimensional version
of Leray—Schauder degree. Its context is euclidean spaces. We will list certain properties of it
which we will need in order to extend to the Leray-Schauder degree theory in the following.
However, Brouwer degree theory wasn’t about fixed points at all. The existence property does
not produce fixed points but instead zeros, that is, solutions to the equation f(z) = 0 € R™.
There’s no mystery about the connection between zeros and fixed points. Leray-Schauder
theory seeks conditions that imply that a map f has a fixed point, that is, f(z) = z. It takes
place in the setting of a map from a subset of a normed linear space X instead of a euclidean
space R™. Moreover, an important hypothesis will be added to the map f itself, namely, that
it is a compact map.

Brouwer degree and its properties:

We will just give an outline of the procedure usually followed to define the degree. For
details about the standard construction, see the references given at [3,8].

Let us assume that:
(a) U is an open bounded set in R™, with boundary 0U;
(b) f is a continuous map from U to R™;
(¢) p is a point in R™ such that p ¢ OU.

To each triple (f,U,p) satisfying (a) — (¢), one can associate an integer deg(f,U,p), called
degree of f. First one considers a C' map f and a regular value p. Let us recall that, by
definition, p is said to be a regular value for f , if the Jacobian J¢(x) is different from zero for
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every x € f~1(p). The Jacobian is the determinant of the matrix f’(z). If p is a regular value
then the set f~!(p) is finite and one can define the degree by setting

deg(f,U,p) = Z sgnJs(z). (1.77)

zef~1(p)

In order to extend the preceding definition to any continuous function f and any point p,
one uses an approximation procedure. First, in order to approximate p with regular values py
one applies the Sard theorem.

Theorem 1.13 (Sard theorem [27]). Let f € CY(U,R") and set Sy = {x € U : Js(z) = 0}.
Then f(Sy) is a set of zero measure.

For a proof, see Lemma1.1.4 [27]. The set Sy is called the set of singular points of f. Any
u such that f(u) = p is called a non-singular solution of the equation f = p, provided u ¢ S;.
According to the Sard theorem, there exists a sequence py ¢ Sy, such that p, — p. Hence
it makes sense to consider the deg(f,U, py), given by (1.77). Moreover, one can show that,
for k large, deg(f, U, px) is a constant which is independent of the approximating sequence p.
Hence one can define the degree of f € C*(U,R")NC(U,R") at any p by setting deg(f,U,p) =
kh—>I£lo deg(f, U, py). Similarly, for general continuous f € C(U,R"), let f;, € C1(U,R*)NC(U,R")
be such that f; — f uniformly on U. If k goes large, then any (fi, U, p) satisfies (a)-(c) and
one can consider the degree deg(fi, U, p). Once more, one can show that lim deg(fx, U, p) does
not depend upon the choice of the sequence f; and thus one can define the degree of f by

setting deg(f,U,p) = kh_)r(r)lo deg(fx, U, p).

Given f defined as above, we define the following properties:
1) (Normality) deg(I,U,p) = 1 if and only if p € U, where I denotes the identity mapping;
2) (Solvability) if deg(f,U,p) # 0, then f(x) = p has a solution in U,
3

(
(
(3) (Homotopy) If fi(z) : [0,1] x U — R™ is continuous and p & Myeo,1f:(OU), then
deg(fi, U, p) does not depend on t € [0, 1];

(4) (Additivity) Suppose that U;, U, are two disjoint subsets of U and p ¢ f(U \ (U; UUy)).
Then deg(f, U, p) = deg(f, Ui, p) + deg(f, Uz, p);

(5) (Excision property) Let U, be an open subset of U and p ¢ f(U \ (Up)), then
deg(f, U, p) = deg(f, U, p).

Next, we will define the Leray-Schauder degree, namely the degree for maps f € C(X, X),
where X is a Banach space and f : U — X is a compact perturbation of the identity [ = Ix.
This means that there is a compact map K in X that contains f(U).

Leray-Schauder degree and its properties:
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An important consequence of the compactness of f : U — X is described by the following
result. For a subset C of U, let

r(C) = int{]lz — f(@)]| : z € C}

where inf denotes the infimum (greatest lower bound) of the set.

The key to moving from the finite-dimensional world of the Brouwer degree to the more
general Leray-Schauder degree is the following Schauder projection lemma. It says that
although the concept of a normed linear space is quite general, the compact subsets within a
normed linear space are surprisingly special: they are“almost” finite-dimensional.

Lemma 1.16 (Schauder Projection Lemma, Theorem4.2 [8]). Let K be a compact subset
of normed linear space X, with metric d induced by the norm. Given € > 0, there exists a
finite subset F' of X and a map P : K — con(F), called the Schauder projection, such that
d(P(x),z) <€ forallz € K.

An evident consequence of this lemma is the following lemma:

Lemma 1.17 (see Lemma10.2 [8]). Let X be a normed linear space and let K be a compact
subset of X. Given € > 0, there exists a finite-dimensional subspace X. of X, the span of a
finite e-net for K, and a map P, : K — X, such that |P.(z) — z|| < € for all z € K.

Now if we start with a compact map f : U — K, a compact set K containing f(U) and
€ > 0, we have the composition

Pf.U-L p0)c k55 x..

We suppose that f has no fixed points on OU. Let I : X — X and I : X — X, be the identity
maps. Let U, = UN X, and define f. : U. — X, to be the restriction of P, f to U.. Fl}rthermore,
I. — f. has no zeros on OU,. The Leray-Schauder degree deg(I — f,U) of I — f on U is defined
by

deg(j - fv U) = deg(Ie - f€7 UE)
where the symbol on the right hand side is the Brouwer degree and we require € < % (r = r(9U))
(see p73, [8]). But unlike the definition of the Brouwer degree, we made a number of choices in

defining the Leray—Schauder degree that, potentially, could change the value of the degree. The
following theorem will show that the Leray—Schauder degree is independent of those choices.

Theorem 1.14. The definition of Leray-Schauder degree deg(I — f,U) is independent of the
choices made: the compact set K containing f(U), the positive number €, the subspace X, and
the map P. : K — X, provided only that € < 3.

Proof. For a detailed proof, see Theorem 10.5 [8]. ]

We will not list and demonstrate properties of the Leray—Schauder degree, properties which,
basically, are consequences of the corresponding properties of the Brouwer degree. So it has
the same properties (1)—(5) as the finite dimensional degree.
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1.6.2 Fixed point theory

For the section below, one can refer to [26] chapter 3.

Let C be a closed convex subset of a Banach space X, and W C C' a relatively open subset
of C, that is, W = O N C for some open subset O of X. Let ¢ : W — C be a compact
mapping such that ¢(x) # x for W \ W. Associated with each such mapping we define an
integer ic (¢, W), called the fized point index of ¢, as follows. By a theorem of Dugundji [24]
the mapping ¢ has a compact extension ¢ : @ — C. Then define

ic(p, W) = deg(I — ¢,0,0), (1.78)

where deg on the right side denotes Leray-Schauder degree. To see that this is in fact a good
definition we have to settle the three following points:

(i) ¢ # « for all z € 0O,
(ii) the degree in the right side of (1.78) is independent of the particular extension ¢,
(iii) it does not depend either on the particular open set O.

These facts are easily proved using the homotopy invariance of the degree and the excision
property. In fact,

(i) if ¢(z) = z for x € (O \ C) N O, this contradicted with ¢ : O — C since x ¢ C.
Besides, ¢(x) # « for € OW, 00 = (AW \ dC) U (9(O \ C') N dO) which implies ¢(z) # x for
x € 00.

(ii) Suppose there is another compact extension of ¢, ¢ : @ — C'. Let H(t,x) = to+(1—t)¢/
for (t,z) € [0,1] x W. Since ¢ and ¢’ are all compact mappings, then H (t,z) is a compact
mapping. By the definition, ¢(z) = ¢/(z) for x € W, then H(t,z) = ¢' # x for x € OW and
t € [0,1]. Then by the homotopy invariance of the Leray-Schauder degree we know io(¢, W) =
deg(I — &/, 0,0) = ic(H(0,2), W) = ic(H(1, 2), W) = deg(I — 6, 0,0) = ic(d, W).

(iii) Assume, there exists some other set M such that W = M NC and the compact extension
¢+ M — C, since M\W ¢ C, wesee ¢/(z) # x, for x € M\W. Moreover, ¢’( ) # & for W\W,
by the excision property of the degree, we have deg(I — ¢, W,0) = deg(I — ¢/, M, 0), similarly,
deg(I — gzﬁ 0,0) = deg(I — qﬁ W,0). By (ii), we have deg(I — ¢, W,0) = deg(I — ¢/, W,0) =
deg(I — ¢', M,0) = deg(I — ¢, O,0).

The usual properties of the Leray-Schauder degree are transferred immediately to the fixed
point index. So we have the following properties.

I) Normalization. Let ¢ : W — W be a constant mapping, that is, ¢(x) = a € W for all
z € W and some fixed @ € W. Then ic(¢, W) = 1.

I1) Additivity. Let W, and W, be two disjoint (relatively) open subsets of W, and ¢ : W — C
a compact mapping such that ¢(z) # x for all x € W \ (W, UWs). Then

Z'C<¢7 W) = iC(¢> Wl) + Z'C<¢7 W2)
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IIT) Homotopy invariance. Let I C R be a compact interval and h : I X W — C a compact
mapping such that h(t,x) # z for all x € W\ W and all ¢ € I. Then ic(h(t,-), W) =constant
fort e 1.

IV) Excision. Let V. C W be relatively open, and ¢ : W — C be a compcat mapping such
that ¢(z) # x for x € W\ V. Then ic(¢, V) =ic(p, W).

V) Solution property. ic(¢, W) # 0 = Jx € W such that ¢(z) = .

We shall apply the previous facts to the case when C' is a cone. Let us recall that a cone C'
in a Banach space X is a closed subset of X such that

(i) if z,y € C and «, > 0, then ax + Sy € C,
(ii) if x € C and = # 0, then —x ¢ C.

Theorem 1.15 ( [26], Theorem 3.1). Let C' be a cone in a Banach space X, and ¢ : C — C a
compact mapping. Assume that there are real numbers r, R > 0 such that

(1) x #to(x) for 0 <t <1 and ||z| =1,z € C,
(2) there exists a compact mapping F : B x [0, +00) — C such that F(z,0) = ¢(z) for

|z|| = R, F(z,t) # x for ||z|]| = R and t > 0, and F(z,t) = x has no solution x € Bg for
t> 1.

Then: i) (1) = ic(¢, Br) =1 and ii) (2) = ic(¢, Br) = 0.

Proof. 1) Let H(t,x) = tp(x),t € [0,1], since ¢(x) is compact, then H(t,z) is compact as well.
Also since, t¢(z) # x for t € [0,1] and « € 0B,, then H(t,z) # x for t € [0,1] and = € 0B,.
Thus by the homotopy invariance of the degree, i¢(0, B,) = deg(l, B,,0) = ic(¢(z), B,) =
deg(I — ¢(z), B,,0)=1.

ii) Let us denote by F; : Br x [0,4+00) — C the mapping F; = F(t,x). Since F(t,z) # x
for x = R and t > 0, by the homotopy invariance of the degree, ic(F;, Bg) =const, then the
assumption F(z,t) = z has no solution for x € By for t > t, implies the constant is 0. On the
other hand, suppose H(t,x) = tFy(z) + (1 — t)p(x) (0 < ¢t < 1), apparently, H(t,z) # z for
x € Br \ Bg, because Fy(z) = ¢(x) # x for x € OBg and all the ¢ € [0, 1]. Therefore from the
homotopy invariance property of the index, i¢(¢, Br) = deg(I — ¢, Bg,0) = ic(H(0,z), Bg) =
ic(H(1,$),BR) :deg([—Fo,BR,O) :ic(Fo,BR) = 0. L]

A sufficient condition for (2) in Theorem 1.15:
(27) There exists v € C'\ {0} such that x # ¢(z) + tv for ||z|| = R and t > 0.

Proof. Let p = sup{||¢(z)|| : = € C,||z|| < R} and take ¢, > %ﬁ. Taking F(t,x) = ¢(z) +
Y(t)v, where



Now we prove F(t,z) satisfies all the conditions in (2). It is easy to see that when ¢t = 0,
F(0,2) = ¢(x). Next we prove F(z,t) # z for ||z|]| = R and ¢t > 0. In fact, suppose F(t,z) =
z = ¢(x) +p(t)v for |[z] = R, then [|¢(z) + ¢ ()] = [|lz]| = R. For 0 <t <y,

toll = o)l < lo(z) + ¥ (t)v]l = R

that is,
o] < R+ |0l < R+ HshlpRchH <R+ p

Rtp
[[]
t > to, similarly, we will get 5 < % which is a contradiction as well. Likewise, F'(t,z) # x

for x € By and t > t,. O

which contradicts with the assumption tq > £+£. When

since 0 < t < tg, we have t5 < TR

2 On a Class of Superlinear Elliptic Problems

2.1 Problem description

In this section, we introduce some work of Brezis and Turner [13] in which they considered
a class of super-linear elliptic problems

{Lu = g(x,u,Du), €U (2.1)

u = 0, x € 0U

where U is a smooth, bounded domain in R¥, and L is a linear elliptic operator having a
maximum principle which will be specified in the proof and defined as:

T SR A C LN AL
u = oz, a”xaxj 13:8% c(x)u

i,j=1 i=1

N N
where a;j, b; and c are smooth and ) a;;&E > qu? for some v > 0. In addition, Du
ij=1 i=1
is the gradient of u, and ¢ is a non—njegative function which, with respect to the variable u,
satisfies the following growth conditions: if A; is the first eigenvalue of the formal adjoint L/,
then u™'g(x,u,p) is required to be less than \; for u near zero and greater than \; for u near
00; moreover, with § = %, we suppose that u=?g(x,u, p) approaches to 0 as u — +o00. The

main theorem is stated as below:

Theorem 2.1. Let g(z,u,p) be a continuous, non-negative function defined on U x Ry x RN
and suppose:
1) lim W >N

U—>-+00
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2) lim 4P = g = N+l

u—+00 - N-1
3) E%g(x’T”’p) < A1, the three conditions holding uniformly for x € U,p € RN. Then there
uU—

exists a solution u > 0 of

u = 0 x € 0U (2.2)

such that u € W1 for all q < oo.

{Lu = g(x,u,Du) ze€U

For a g satisfying these conditions uniformly in its remaining variables, the existence of a
positive solution was proved. The results obtained in [13] include those previously obtained
for the problem (2.1) (see [51,59,60]) and the proofs of the required bounds are considerably
simplified.

2.2 A priori bound for positive solutions

In what follows U denotes a bounded domain in R, N > 3, with a smooth boundary oU.
We use § = d(x) to denote the distance from z to U. We will use C' for a generic constant.
In what follows we let J denote the function satisfying

L'] = MJ, x€U
J =0, r e U

where \; is the lowest eigenvalue of L’ and where J is normalized so that fU Jdr = 1. Tt is
known that J > 0 in U and it follows from the strong maximum principle that J(z) > Co(z)
with C' > 0. In fact, Vo € OU, by Hopf’s lemma,

aj(x(])
— <0
Ov <
where v is the outer unit normal at xy. That is, for z = xy — §(x)v
0@o) _ yyy o) = Jl@) 2@ g
v T30 d(z) s@)—0 (x)
So Veg > 0, 3 ¢’'(xp) and C1, such that when 6(z) < §'(z0),
J ()
——>C;>0. 2.3
Sy =17 (23)
Now let f(x) = %, r=2x0+ sv,0<s < (xg), since f(x) is continuous for x € U, then for
T

the €9 > 0 above, 3 o(xy), and for |x — y| = |xo — yo| < o(xp), we have

F(&) — Fy)] = \% _ %‘ <a (2.4
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where y = yo + sv, yo € OU. Taking ¢g = & and o'(z0) = min{d'(zy), o(z0)}, therefore, for

d(z) < o'(xo) and |z — y| = |z — yo| < o' (xp), from (2.3) and (2.4) it follows that

J(y) J(l‘) Cl Cl . 01

> 520 ——F=—+

y) = o(x) 2 2 2
Since { A5 (z0)(0) N OU }apcou (Nor(we)(Z0) is the neighborhood of zq with radius o’(zy)) can
cover OU, and OU is compact, by finite covering theorem there exist finitely many points
{z,})_, € OU and o'(x,) such that { A5,y N AU}, is able to cover JU. Hence, we choose
Omin = min{o’(z,)}, for 6(z) =dist{z, OU} < uin, and get

> 0.

J(z) > %(5(:5)

On the other hand, for §(z) > dmin, we observe that J(x) is continuous and {x | x € 6(z) >
dmin} 18 compact, thus, there exists a constant Cy such that

Ja) 2 Coz G dizi;?U} - diaIiQ{U} ().

In conclusion, for z € U, there exists a constant C' = min{C}, #?{U}} > 0 such that J(x) >
Cé(x).

The basic a priori bound that Brezis-Turner use is the following.

Theorem 2.2. Let f(x,u) be a continuous, non-negative function defined on U x [0,00) and
suppose:

(1) lim @ >\ uniformly for z € U.

uU—00
(2) 1}13&% =0 uniformly for x € U, where B = %

Then there is a constant K such that if u € Hy(U) is non-negative and satisfies

Lu = f(z,u)+tJ ze€U
u = 0 r € oU

we have u € L™ and
[ull~ < K,

where K is independent of t > 0.

In the proof of the above theorem one uses the Hardy-Sobolev inequality (see Chapter 1.2,
Proposition 1.1).
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Proof. Step 1: There is a K such that if u satisfies (2.5) for a ¢ > 0, we have t < K; and

/ O(z) f(z,u)dr < Kj.
U

It follows from the first assumption on f in the theorem that there is a Ky > A\; and a ug such
that f(z,u) > Kou for u > ug. Since f is continuous for 0 < u < ug, then

flz,u) > Kou—C, Yu >0. (2.6)

Multiplying J on both sides of (2.5) and integrating by parts we obtain

Al/ujdx:/f(x,u)Jda:Jr/tJde. (2.7)
U U U

Using (2.6) we have

/\1/qu$ZKO/qux—C'+/tJ2dx,
U U U

/tJ2§(A1—K0)/qux+C§C,
U

U

therefore

this implies that ¢ is bounded. Then
(Ko — )\1)/ uJdr < —/ tJ*dx + C < C,
U U

since Ko > Ay, it follows that [, uJdx is bounded, then back to (2.7), and due to J(x) > Cd(z)

We see

/ fodr < / fJdr < C = K;.

U U

Step 2: We show that under the assumptions of Theorem 2.2, there is a constant K5 such that
[ullm < K

for every non-negative solution of (2.5).
Multiplying (2.5) by v and using Garding’s inequality ( [55], Theorem 9.17) we obtain

V|| Dul32 < Cllul|?- +/ f(x,u)udx—i—Kl/ Judz.
U U
By (2.6), we know that

Kou? < f(a,u)u + Cu,
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thus using Cauchy’s inequality we get for € > 0
VIDulf < [ flowuds + Cluly
U
< / f(z, w)udx + e/ w’dx + C(e)
U U
< / F(@ wudz + e/ \Dufdz + C(e),
U U
where we have used the Poincaré inequality. Thus, choosing € = ”3/ we get
v 9
EHDUHH < Uf(.r,u)ud:v +C. (2.8)
Now to estimate the first term on the right we write

[ swwude = [ ey s

where 0 < o < 1 will be determined later. Applying Holder’s inequality to the right side, we
observe

/U f (e wpudz < [6f]15( / f oy (2.9)

From the first step we know that the first term of (2.9) is bounded. By hypothesis (2) of the
theorem, for each € > 0, there is a C, such that f(z,u) < eu” + C.. Then

/Uf(x,u)ud:cge[/[]uzz:l]l_aJrOe[/UZz]l_a.

Now choosing o such that & = # = &£ that is o = w7, We get from (2.8) and (2.9) we get
! 2 u
_||Du||L2<e 5 /2 2 + C. sl +C. (2.10)
L T=a

Applying Proposition 1.1 with 7 = /2 and 7 = o we have

|z, < clipul.
0z llLa

and

5& I S C||DU||L2
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where £ =1 — 1_13/2 and 1 =1
q T
can then conclude from (2.10) t

1— .9 2(N41) _ 2N(N+1) 1
— o thatis ¢ = = = Toop and 1 = g > = We
hat

| Dul;2 < C.

Step 3: First we claim u € L*°(U). This can be derived by a bootstrap argument. Since

u € H(U), it follows from the Sobolev embedding theorem that u € L* (U), where 2* = 25

It is readily seen that u” € LT=#5 . Then from f(z,u) < euf + C. we see that

”fH _2N(N-1) 1) < ”EU + C. H anN—-y < EHU’BH avv—y  +C < C,

L(N=2)(N+ L (N=2)(N+1) L(N=2)(N+1)

So f € Lw=2+D . Note that u is a solution of (2.5), then according to L” theory we have

2N(N-1)
u € WHWW-2+1) and

Jull , evovny < [Ifl] avovny +C.
W (N=2)(N+1) L (N=2)(N+1)
2N (N—1)

Using the Sobolev embedding theorem again, then u € Liv=2wi0)" | Observe that 2 V=1

(N=2)(N+1)

2, thus (%) > 2% which implies that v is now in a better L? space, in return, u” will

be in a better LP space, so is f, then getting back to the regularity theory, v will be in a space

2N(N-1)

better than L(mv-smvn)” . By iteration procedure, finally, u € L= (U).
Since u € L™, we have

>

[ul| e < Cllullw2e < Ol f (2, u) + KiJ||r
for any p > N/2. In particular, since N(5 — 1) < 2*, we choose N < p < 2*/(8 — 1), then
lulle < ellu’|lre + Ce

= 6(/ ub - upﬁ_pdx)% + C.
U

IN

el oo / P 4,
U

= ellulle= i) + C
< ellullo= | Dullis + C..
It follows from the second step that || Du||2 < C, and then choosing € > 0 such that ¢- C' < 1,

we conclude that
Julli~ < K.
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2.3 The existence of solution

Proof of Theorem 2.1. We can always assume that L satisfies the strong maximum principle as
well as the version given by Stampacchia ( [56], P.1, P.18, Theorem 3.1) for H}(U) solutions.
We shall find the solution in C'. For u > 0 in C' let w = F(u) be the solution of Lw =
g(x,u, Du),w = 0 on OU. If there exists a positive fixed point of F' such that F'(u) = u, then
this point satisfies (2.2). We complete the proof of Theorem 2.1 by applying the following fixed
point theorem which is an variant of Theorem 1.15. ]

Theorem 2.3. (see [26], Theorem 3.1 or [37]) A compact mapping F acting in the cone of
nonnegative functions will have a fized point u with 0 < r < ||lul]|cx < R < oo provided

1) F(u) # su,s > 1 for ||ul|cx = r and
2) F(u) #u—tJ,t >0, for ||ul|c: = R,
where J = L™'J > 0.

To see that the mapping F given about is a compact mapping, one first verifies that w
depends continuously on u. Further, for u in a bounded set in C!, by the second condition of
Theorem 2.1, g(x, u, Du) lies in a bounded set in L, then using the LP theory again, w lies in
a bounded set in W24, and hence by compact embedding theorem in a compact set in C! for
q > N. Moreover, by the maximum principle for H} ( [57], B.6), w > 0. In fact, for u # 0, we
can find a smooth function ¢ # 0 such that g(z,u, Du) > ¢ > 0. By Lax-Milgram theorem,
there exists a weak solution w’ satisfying
{ Lw' = ¢, nU

w' = 0, onU.

Since ¢ > 0, due to the strong minimum principle for H}, w’ > 0 in U. On the other hand,
Liw—w') =g —¢ >0,

applying the maximum principle for H}, we obtain w > w’ > 0 in U. Therefore, F' : C* — C*
is a compact mapping in the nonnegative cone.
Now we verify the two conditions in Theorem 2.3.

1) holds for a small r. We argue by contradiction. Suppose that Fu = su with s > 1 and

|lul|cr = r. Then
Lw = L(F(u)) = L(su) = sLu = g(z,u, Du).

Therefore,
/Lu-de = / ul! Jdx = )\1/ uJdr = s_l/g(x,u,Du)Jd:v.
U U U U
Since E} M < A1, now choose v and small r such that
u—>

M§7<A1 for 0 < u < r. (2.11)
u
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Consequently,

Al/qu:c:s1/g(m,u,Du)Jd:c§’y/qux.
U U U

From (2.11), v < Ay, this implies
/ uJdr =0, and so u =0,
U

a contradiction. )
2) we argue by contradiction again, assuming F'(u) = u — t.J, then

L(F(u)) = Lw = g(z,u, Du) = Lu — tJ,
that is,
Lu = g(x,u, Du) +tJ.

By Theorem 2.2,
t < Ky and |lul|p~ < K,

then getting back to equation (2.5), from step 3 of Theorem 2.2 and applying L? regularity we
conclude that
luller < llullwew < [If +T]|e < RY, VP < o0,

So taking any R > R', when |jul|cr = R, F(u) # u — t.J, the proof is completed.

3 A Coupled System of Elliptic Equations in A Cylinder

3.1 Motivations and overview of the problem

In this section we consider a system of equations on a cylindrical domain 2 = Q' x (0,a) C
R™(n > 3), with z = (2/, x,) € Q and Q' is smooth. The particularity of this system is that it
couples two variables u(z) and v(z’) which are defined on different domains. We can think of
as a jar or a cylindrical habitat containing two interacting substances or species: the substance
u(z) (say a gas, insects, birds...) is distributed in the interior of the jar or habitat €2, while the
substance v(z’) (say a fluid, plants, worms ...) is located at the bottom Q' x {0} of the jar or
on the ground of the habitat. A simple model of such an interacting system is

—Apyu(z) = h(x)v(2')7, z € Q

—Apepyo(a’) = [Jul(a),x,)de, , o’ €Y

uwz) =0, €0 x|0,a]; du(zr)=0, zeQ x{0,a}
v(@)=0, 2 €Y
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where A,y = >0, 88—;, x = (a1, -+ ,2,_1), v denotes the exterior normal to the boundary
0%), and v, n are expoﬁents with 7 > 1, v > 1 at the same time.

Here, we assume that the vertically cumulated effect of the substance u(z), x € €, interacts
with the substance v(z’) on the bottom €, hence the term [ u”(a’,2,)dz, in the second
equation; on the other hand, the substance v(z’) at the bottom €’ interacts with the substance
u(z) via a continuous coefficient function h : 2 — R¥, which we may consider decreasing with
increasing height x,,.

Roughly speaking, for fixed u € L*(Q2), the operator A(,_;) with Dirichlet boundary
condition in the second equation of (3.1) is invertible (see section 3.2), and we can insert the
expression

o) = () ([ 0 ) )
0
into the first equation of the system, to obtain the non-local equation

—Apyu(z) = h(z) [(—A(n,l))_l(foa (2!, 1) alxn)]7 (32)
u(z) =0 for x €9 x[0,a] ; Ou(z)=0 for z € Q' x{0,a}. '

Our aim is to prove the following result:

Theorem 3.1. [34] Suppose that Q2 := ' x (0,a) C R" is a bounded open domain. Furthermore

1) ifl<n< (71_3%, then assume that 1 < yn < Qnr;ﬂ;

. 4n, ntl 2n
if n > e eEL then assume that 1 < ~yn < 25 + (n_lv)z.

2) h e C(Q,RY), with h,, == min{h(z),z € Q} > 0.
Then equation (3.2), and hence system (3.1), has a positive solution u € W1(Q),1 < ¢ < oo.

Remark 3.1. Notice that for n = 3,4, we are always in case 1), since then

2n+2< 4dn
n (n—1)(n—2)

3.2 Some properties of Laplacian

Let Q C R™ be a bounded open set with smooth boundary. Consider
—A: Hi(Q) N H*(Q) — L*(Q)

n
where A is the Laplace operator 21 %.
1=

1. existence and uniqueness

Vf e L*(Q), the problem

{—Au = f, x€Q (3.3)

u = 0, €
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has a unique weak solution. In fact, Vo € Hg(Q),

/ VuVods < [lullmyolelmo
Q

and by the Poincaré inequality

Cllulfyye < [ [VuFda

with C > 0. By Lax-Milgram theorem, there exists a unique solution of (3.3) in Hj ().
Therefore, —A is invertible. Moreover, using regularity theory, we know the solution belongs
to H?(Q2) as well (see chapter 6.3 [25]).

2. —A is self-adjoint

Definition 3.1. ( [7], chapter 6.4) A bounded operator T € L(H) is said to be self-adjoint if
T =T, ie.
(Tu,v) = (u, Tv) Yu,v € H,

where H 1s a Hilbert space.

First, —A is a bounded operator from H?(Q) N Hy () to L*(2). Since Vf € L*(Q2) and for
a bounded set ||ull yz2()nm1 ) < C,

[ fllz20) = | — Aullr20) < [[ullg2@)nmi@) < C-

Second, for every u,v € H}(Q) N H*(Q) C L*(Q),
< —Au,v >:—/Aumdxz/Vu-Vvdx:—/u-Avdx:< u, —Av >
Q Q Q

thus —A is self-adjoint on L*(€2).
3. (—A)7! is linear and self-adjoint

(—A)~! is linear: Suppose —A(au;) = afi, —A(Buz) = Sfa, since —A is linear and
invertible, then Vo, 5 € R

—Alouy + Bug) = afi + Bfa,  ur = (=A)(f1), us=(=A)"(fa)

and hence
(=A) Hafi + 8f2) = aus + fuy = a(=A)" i + B(=A) " fa.
This shows that (—A)™! is linear.
(—A)~! is self-adjoint (one can also refer to [7], Theorem 8.22):
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From 1, we see —A : H}(Q) N H*(Q) C L*(Q) — L*(Q) is invertible, so we can define:
(=A)1: L) = Hi(Q) N H*(Q) C LA*(Q). Vf,g € L*(Q), we assume

Since

/Q (—Au = /Q fo, /Q (—Av)u = /Q g,
/Qf(—A)‘lg—/va—/QQU—/Qg(—A)‘lf-

3.3 L’ regularity on the cylinder

then

The proof of Theorem 3.1 depends on a priori estimates of the solutions and a related
existence theorem. The LP theory presented here is to pave the way to get the a priori bound.
In this part we will concentrate on showing that a weak solution of the equation

—A(n)u = f((E) x €
u(z',x,) = 0, ' € 09 x [0,a] (3.4)
Op,u(z',z,) = 0, x, €{0,a}.
with f € LP(Q)(1 < p < o0), will also be a strong solution which is twice weakly differentiable.
The proof of the regularity is based on the a priori estimates below. In view of the mixed
boundary conditions and the special shape of the domain, we will do an even reflection on the

bottom of the cylinder to reduce the problem to a familiar case for which we can refer to the
ninth chapter in [36].

3.3.1 L? a priori estimate

We define the space H],(2) as the closure in H'(Q2) of the set C},(Q) = {u € C'(Q) |
u(z) =0, z € 9 x[0,a]}. Correspondingly, Wcly’f ={ueW?(Q)|u(z)=0,2 € 9 x[0,a]}

and nyf ={u e W??(Q) | u(z) =0,z € I x [0,al}.
Interior estimate:

Lemma 3.1. Assume u € W2P(Q) N LP(Q), 1 < p < oo, a strong solution of the equation

loc

(3.4), then for f € LP(Q2) and for any open domain €; CC €,

ullw2r@y < Cllullr@) + | fllzr@),

where C'= C(n,p,;, Q).
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The proof of this lemma follows from the same proof of Theorem 1.6.

Estimate on the bottom and the top:
Lemma 3.2. Assume u € nyf(Q), 1 < p < 00, a strong solution of (3.4), then for f € LP(Q)
and for any open domain £ CC QU {Q/ X {0}} or Q CC QU {Q’ X {a}}

[ullw2r,) < Colllullzr@) + [ f]lzr@)

or
ullw2rn < Colllullze@) + 1l ze))
where Cb = O(n7p7 Qbu Q); Ot = O(n7p7 Qt7 Q)

Proof. We extend u and f to ' X (—a,a) by even reflection, that is, by setting
w@' x,) =u(d, —x,), f@,x,) = f(a, —x,)

for 2, < 0. It follows that the extended functions, say @ and f, satisfy the same equation of (3.4)

weakly in Q' x (—a,a). To prove this we take an arbitrary test function ¢ € C} (' x (—a,a)),
then since u is a weak solution of (3.4) on 2, we have
/ VuVede — / fodr, Ve CL(Q x (0,a)). (3.5)
Q'x(0,a) Q' x(0,a)

As p € C'in Q' x (0,a) and ¢ = 0 on 9, we can take ¢ =  in Q' x (0,a), then

/ VuVedr = / fodz. (3.6)
Q' x(0,a) Q' x(0,a)

On the other hand, due to the even reflection, from (3.5), we get

/ VuVe' dx = / fo'dz, V¢ € CLi(Q x (—a,0)),
Q' x(—a,0)

Q' x(—a,0)

then taking ¢’ = ¢ in ¥ x (—a,0), so

/ VuVepdr = / fodz. (3.7)
Q' x(—a,0) Q' x(—a,0)

(3.6)+(3.7), we obtain

/ VuVpdr + / VuVpdr = / VuaVedx
Q' x(0,a) Q' x(—a,0) Q' x(—a,a)
= / fodr + / fpdx
Q' x(0,a) Q' x(—a,0)

= / fodz.
Q' x(—a,a)
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Consequently, we have

/ VuVedr = / fodr Vpe Cop(Q % (—a,a)).
Q' x(—a,a) Q' x(—a,a)
Besides, & = 0, x € 09 X [—a,a] and gc—mx L= —% oy = —(%; o = 0,50 that @ is a

ol

weak solution of (3.4) in €' X (—a,a). By the evenness of @, we also have 5- = 0. Since

{Jjnzo
2y, is a compact subset of ' x (—a,a), so we are able to apply the interior estimate to €2, and

thus get the desired estimate. The result for the estimate on the top of {2 can then be obtained
by substituting €2, with €. O
Estimate on the side:
Lemma 3.3. Aﬁume u € nyf(ﬂ), 1 < p < oo, a strong solution of (3.4), then for any
domain 2, CC {¥ x (0,a)},

[ullwzr@,) < Clluller@) + [ fllr@)-
where C'= C(n,p, s, Q).
Proof. Since u(z) = 0,2/ € 9, the proof follows from the boundary LP estimate of
Theorem 1.7. O
Estimate on the edge 0 x {0,a}:

Lemma 3.4. Assume u € nyf(ﬂ), 1 < p < o0, a strong solution of (3.4), then for f € LP(Q)

and for any open domain Q. CC QU {0 x {0}},

ullwzr.) < Clullo@) + | fllr@), (3.8)
where C'= C(n,p, e, Q).

Proof. In the proof of Lemma 3.2, we extended u and f to €' x (—a,a) by even reflection, and
we proved the extended function 4 is a weak solution of (3.4) in ' x (—a,a) with f replaced
by f. In this case, each point zq € 9 X {0} is the boundary point of ' x (—a, a) on the side,
we then can proceed as in the proof of Lemma 3.3 with , replaced by Qg CC { x (—a,a)},
since €2, C g, we have

lullwzre.) < lallwee@s) < Cl@llir@x(-aay + 1o x(—asa)
< C2llull @0 + 2l f lr@rx 0.0)) -

We therefore derive
ullwzr@) < Cllullze@) + 1fllr@)-
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Combined with all these eistmates, we get the following result.

Global I? estimate and regularity:

Lemma 3.5. Assume u € nyf(Q), 1 < p < oo, satisfying (3.4), if f € LP(QY), then

lullwzr) < Cllullr@) + [1fllzr @),
where C'= C(n,p, ).

Proof. (see a similar proof of Theorem 2.2.3 [61]) From the boundary estimate we conclude that
for xg € 01, there exists a neighborhood U (xg) such that

[ullw2r@@one) < lullwzre@. + [[ullwer@,) + ullwzr@,) + lullwzr@.)

(3.9)
< Cllullzry + [ fllr())-

According to the Heine-Borel theorem, there exists a finite open covering Uy, ---, Uy to cover
N

0. Denote K = Q\ Y Ui, then K is a closed subset of €2 and there exists a subdomain

Uy CC Q such that Uy D K. Lemma 3.1 shows that

lullwzrwe) < Cllullzr@) + [ fllzr@)- (3.10)
Using the theorem on the partition of unity, we can choose functions 7y, 71, -+, nny such that
N
d @) =1, zeq. (3.12)
i=0
Thus
N N
u||we. = iU < iUl w2,
H HW“(Q) H ;)77 ||W27P(Q) ;) H77 HWQ P(Q) (3'13)

< C(lullze@) + I fllzr@)-
L]

In the next lemma we eliminate the dependence of u on the right.

Lemma 3.6 (A better a priori L? estimate, cf. [21], Lemma3.2.1). Assume u € nyf(Q),
1 < p < o0, satisfying (3.4), if f € LP(Q), then

|l w2r@) < C||fllLe), (3.14)

where C'= C(n,p, Q).
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Proof. We argue by contradiction. If (3.14) is not true, then VN, Juy € nyf(Q), fn € LP(Q),

such that
—A(n)uN = fN, z €

uy (@’ @) = 0, a’ €0 (3.15)
v un (@', 2,) = 0, x, €{0,a}
but
|un|lwer) = N fnllr@)- (3.16)
Let f
v N = I (3.17)
lunlze @) |un] e o)
then
—Amuny = gy, T €K
oy(2',z,) = 0, 2/ €0 (3.18)
Op,un(2',2n) = 0, z,€{0,a}
" ]
UN||Ww2r(Q
lon L) =1, HUN||W24>(Q) — L) (3.19)
[un |z o)
From the global estimate Lemma 3.5 and (3.16) we have
HUNHWQ’P(Q) < C(HQNHLP(Q) + HUNHLP(Q))
< Wl
HUNHLP(Q)
< Q ||UNHW27P(Q) LC
N [lunllzr@)
C
= NHUNHW?»P(Q) +C
taking N > C, then
o llwza@) < C. (3.20)

Following from Rellich-Kondrachov theorem (cf. [2], Theorem6.3), W2P(Q2) — WP(Q)
compactly. That is there exists a subsequence such that

HUN — UHLP(Q) — 0, ||VUN — VUHLP(Q) — 0. (321)

Since vy satisfies (3.18) weakly, then

/VUNVgpd:c:/gNgodx, Vi € Cop(9). (3.22)
Q 0
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From (3.21), we have vy — v in Wcly’f(Q), and hence

/VUNV@dx%/VUVgoda:, N — oc.
Q Q

On the other hand, since

vl 1 [Junllweze@

1
lgnllzr ) = = NHUN”WM(Q)

lunllze@y = N lun|lze@

and (3.20), we see ||gn|lzr@) — 0 as N — oo and then gy — 0 in LP(Q2), which implies
Vo e C2(Q)

cyl

/gmpdm—)O, N — oo.
Q
So,

cyl

/ VoVedr =0, Ve Cx(Q), ve W r(Q).
Q
as N — oo in (3.22). Hence v weakly satisfies

—A(n)v = 0, x €
v = 0, 2 €0 (3.23)
Op,v = 0, x,€{0,a}
In the following we prove v = 0. We first consider the case when p > 2, because one

can rather easily show the uniqueness of the weak solutions by multiplying both sides of the
equation by the solution itself and integrating by parts.

case p > 2:

Multyplying with v on both sides of the first equation in (3.23), we get [, [Vv|*dz = 0, so
Vv = 0, combing with the boundary condition then v = 0, which contradicts with |[vx||rr0) —
||U||Lp(Q) =1.

case 1 < p < 2:

Let {v} be a sequence of CZ(€2) functions such that

Vp — U

in Wcly’f (Q), as k — oo. For each k, consider the equation

ye = 0, e oY (3.24)
O,y = 0, z, € {0,a}
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V[P 9V . .
where Fj(x) ==V - ‘ﬂﬁkl;, ]l) + % = 1. For 1 < p < 2, ¢ is greater than 2, and since F(z)

is smooth enough, it is in L9(€2). And hence Lemma 3.7 guarantees the existence of a strong
solution y to equation (3.24). Multiplying v on both sides of (3.24) and applying integration
by parts to (3.24), we have

p/q
0= —/yk~Av= ‘/Ayk'v:/%)v: Vol Vo g (3.25)
Q Q Q

— [ —V—— - Vu.
o 1+ |Vul?

|Vvk|p/quk |Vv|p/qu
%

V14 |Voe2 /14 |Vol?

) . : 1
in L9. In fact, since vy, — v in ch’f, then

Next, we show

(3.26)

Vo, — Vol|e — 0,

since LP convergence implies pointwise convergence, so that |Vug| — |Vu| a.e.. Besides,

V02— | VoP
o 1+ |Vop? + /1 +[Vo]?

| VI Rul - VIEE
Q

V02— [VoP
<
= Ja VIVu2+ /| Vo]?

- / 1] — Vel
Q

S / |Vvk—Vv|
Q

= vak — VUHLI
S CHVUk — VU”LP

— 0,

thus, for the same reason mentioned before, there exists a sub-sequence such that
V14 |Vug|2 = /1 +|Vv|? ae., which implies,
]Vvk]p/quk 5 |VU’p/qVU

V1+|Vul2 14|V

a.e.. On the other hand, since

p/q
‘ ’VUH V'Uk- S |V,Uk‘p/q e Lq

\/ 1+ ‘VU}CP
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according to the dominated convergence theorem, we complete the proof of (3.26). Therefore,

/ lavy . . : .
[Von[? V0, IVl IVY 5 14, Letting k — oo in (3.25), we obtain Vv = 0 almost everywhere.

V 1+ V2 1+ Vo2
Getting back to equation (3.23), we deduce that v = 0, which is a contradiction to ||v||z» =
1. [

3.3.2 regularity

With the better a priori estimate above we can get the following result:

Lemma 3.7. If f € LP(Q) with 1 < p < oo, then the problem (3.4) has a unique solution
u € WP(Q).

Proof. The existence of the strong solution follows from the Theorem 9.15 [36] in the same way.
Here we present the main points of the proof. We start from the L? regularity.
L? interior regularity: If f € L*(Q), u € H/,(2) is a weak solution of (3.4), then u €

H? ., .(9), and for each open subset V' CC Q we have the estimate

cyl,loc
ull g2y < Cfllz2) + [Jullz2),

the constant C' depending only on V, €. The proof of L? interior regularity is the same as
Theorem 1.4, section 1.3.1. One can also refer to Theorem 1 ( [25] section 6.3.1).

In order to get the boundary regularity, we extend u and f to Q' x (—a,a) as we did
in Lemma3.2. The extended function @ and f satisfy the same equation of (3.4) weakly in
Y x (—a,a). Since the bottom of Q' x (0, a) is inside of £’ x (—a, a) after the extension, then the
proof of regularity near the bottom € x {0} is the same as L? interior regularity. Considering
u =10 on 09 x [0,al, then the regularity near the side and also the edge (02" x {0,a}) of the
cylinder is the same as Theorem 4 ( [25] section 6.3.2). Thus we have:

L? boundary regularity: If f € L*(Q), u € H),(Q2) is a weak solution of (3.4), then
u € H*(Q)), and we have the estimate

Null 720y < O fllz2@) + llullz2@)),

the constant C' depending only on (2.

We are now in a position to prove Lemma 3.7 with 2 < p < oo. In fact, given that we have
the same LP a priori estimate as in chapter 9 [36], the interior regularity result follows directly
from Lemma9.16 [36]. After doing the even reflection, the case of local boundary regularity is
handled similarly as the Lemma9.16 [36] as well.

The way we prove the case 1 < p < 2 is the same as Theorem 1.8, taking {f,,} C L*(U)
such that f,, — f in LP(U) and —Au,, = fm, Uy, = 0 on the boundary of U. By L? regularity
theory again, we have u,, € W22(U). Thus u,, € W*?(U)NW,?(U) since 1 < p < 2. We then
infer from Lemma 3.6 that

|tm |l w2r@y < Cllfinllrw) < C,
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because f,, — fin LP(U). Consequently, there exists a sub-sequence of {u,,} converging weakly
to a function u in W2P(U) N Wy P(U) that satisfies Lu = f in U.

For the uniqueness, assume uy,uy € W2P(Q) both the strong solution of (3.4). Let u =
U — ug, then u € W*P(Q) and satisfies (3.23) weakly with v replaced by u. From Lemma 3.6,

[ullwep@) <0,
therefore, u = 0 a.e. in €2, that is, u; = us. O

3.4 Generalized Hardy’s inequality
Lemma 3.8. Foru € H),(2), we have

2
Vul?dz > C v dx
|
Q Q 571—1

where 6,1 = 6(2') denotes the distance of x to 0, ' C R*1.

2 a 2

Proof. Notice that / wdx = / / w(z) dz'dx,; we start the proof from the inner
o 0%(2') 1 0%(a')

integral. Consider u, € Cg(Q); for fixed z,, un(2’,7,) is a function of 2/, then by Hardy’s

inequality [52] we have

Ouy (2, ) |2

2 /
/ —un(x 2 Tn) de’ < C dx’,

52<CC/) - 9%

and then integrating along x,, direction,

ox’

a 2 a 2
/ g;(("’“: ; de'dz, < C / / 6“”(,‘7”)) da’dz,, + / / ag” ‘ da’ dx,
’ X ’ ’ n
0 Jo 0 ’ (3.27)
/ Ouy, (x
<o)
Since Cg5(Q) is dense in HY,(Q), for u € H},(Q), there exists functions u,(z) € Cg(Q) such

that

| ¥t = utep|

as n — oo. This implies that {u,} is a Cauchy sequence in H/,
that for n,m > n,,

dx — 0, / [t (2) — u(z)|* dr — 0
0

(2), then there exist n, such

/ ’V(un(x) - um(x))‘zdx <e.
Q
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Notice u,, — u,, € C’g;l(Q), we substitute wu,, with w, — u,, in (3.27), then
a o 2 2
/ |un(a:252( %n(fﬂﬂ dr'dzx, < C’/ ’V(un(x) — Uy (z))] dx <k,
0o Jor

which implies that {?{(L fc))} is a Cauchy sequence in L?(f2) and hence

o(a’

for some y € L*(Q). It remains to show y =

)) Since (') is bounded, we have that

un () — y5 2'), in L*(9).
In fact,
2
2

= [ - a

Q

Un () 2

< _
- O/Q o(x! y‘ du
— 0,

and since u,(z) — u(z) in L?(Q2), we conclude that indeed y = ;‘(x). Then we complete the
proof by letting n — oo in (3.27). O

The next lemma is a variant of the Hardy’s inequality.
Lemma 3.9. There exists C' > 0 such that forn >3, and 0 < 7 < 1, we have

u
5 ey < CITuliz@, Vi€ Hiy()

La(Q)
1 1 1-

where — = — — T.
q 2 n

Proof. By the Hoélder inequality,

‘ 5;_1‘1;4(51) - </Q ((gil -ul—T)q dw)E
< (L)) ((f o))’
u’” - (3.28)
N ‘57 ‘ vy 1)
- ‘ (5u L7 (Q) H HL(1 ™)s(Q)
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1 1 1 1 1
where — = — + — . We choose 7r = 2, and ——— = — — —, thus,
qg T S (1-7)s 2

1

1_1 T

B 1—171

qg s 2 2 n

Applying Lemma 3.8 and Sobolev’s embedding theorem to the respective term in (3.28) we
obtain

Y T 1-7
) o, HLq(Q) < Ol DullZz(q) 1 Pull 12 g (3.29)
Then (3.29) becomes the desired inequality. O

3.5 The a priori bound for mixed boundary problem

In what follows we let J| denote the first positive eigenfunction satisfying
Ao =M J], e
{ Ji(x) =0, x' e oY
where \| is the first eigenvalue of —A(,_1y and J| is normalized so that [, [J{[*dz’ = 1.
Furthermore, Ji(x) is the eigenfunction to the corresponding Laplacian equation in 2, with

Ji(2' xy) = J{(2'),x, € (0,a), that is Ji(2',x,) is constant with respect to the variable z,,

and satisfies
—A(n)Jl = )\/1 Ji , I € Q

Ji(z) =0, x € 0 x [0,a]
8:(:”*]1(55) =0 ) Tn € {0,(1}

Remark 3.2. [t is known that J{(z') > 0 in ', and as proved in section 2.2, J|(z') > Cd,_1(z)
with C > 0. Note that [, |J(2)|* dz = a.

The basic a priori bound we prove is the following.

Theorem 3.2. Suppose that h(x) > h,,, > 0. Furthermore,

4
ifl<n< n , then suppose that 1 < yn < 2nt2.
(n—1)(n—2) n
_ 4dn n+1 2ny
> th that 1 < < .
an_(n—l)(n—2)’ en suppose tha 7n_n—1+(n—1)2

Then there is a constant K such that for any u € H},

—Apyu = h(z)[(=Dp-1) 7 ( f5 u'(2, 2) dz,)]" +th z€Q
(2!, x,) =0, z' € o (3.30)
O, (2, 2,) =0, z, € {0,a}

(Q) non-negative and satisfying weakly
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we have u € L>*(2) and
[ullze (o) < K,

where K is independent of t > 0.

We first prove some lemmas.

Lemma 3.10. Under the assumption of Theorem 3.2, there is a constant Ky > 0 such that for
uw e H(Q) satisfying (3.30), for at >0, we have t < K, and

cyl

/ flz,u) dp_1(x)de < Ky,
Q

where f(z,u) = h(x)[(—Ap-1) " ( fo w"(2', 2,) dx,)] "

Proof. Since u € H!

() 18 a weak solution of (3.30), we have

/QVu Vo(z)de = /Qf(x,u)gp(x) dx —|—t/Q Jie(x)de , V¢ e H, () (3.31)

Taking ¢ = J; we get

/VuVJld:Jc:/f(a:,u)Jldx—irt/]Jl\de.
Q Q Q

Note that 9Q = 99 x [0,a] U (€' x {0,a}). The left side of the equation yields, using that
uloyxo,q) = 0 and 0yJ1]a/x{0,ap = 0

/VU~VJ1dx = / u&,Jldx—/uA(n)Jldm
Q a0 0

= —/UA(n)Jl dx
Q

= A’l/qu dr.
Q
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Since by assumption h(x) has the positive lower bound h,,, then

A'l/qu dx
Q

= /Qf(x,u)Jldijt/QUﬂde
= /Qh(x) [(—=Apon) ([ u(z) dzy) ] dm—i—t/ﬂ\Jﬂde
> hm/Q (= A1) (fg w(2) day) |7 dx—i—t/Q|J1|2 dx

b (=)™ (J () )]y
{[(=Awm-1)) 7" J§ w(x) dzn] <k}

+hm/ [(—Ap-1) ™ (fo u(z) d$n)]7J1 dx
O {[(=An—1)) 7! fo u(z) dzn]>k}

+ t/ |J1|2dl‘7
Q

where k& > 0 will be chosen below. Since we consider non-negative solutions, then

0

Jy u"(2',z,,) dz,, is non-negative, and by the maximum principle, (=Ap,_1)) 7 ( [ u”dx,,) is

non-negative. Therefore

)\’1/qu dx
Q

>

v

v

hm/ dxn/ (Ao ([ u(z) dxy) ] T da’
0 Q{[(=An—1))"1 5 u(x) den] >k}

+ t/ ‘J1’2 dx
Q
By - a - k7L /
Y{[(=A 1)t f5 u(z) dza] >k}

it /Q 2 da
B -a - KT {/, [(=Apen) M (Jy u(2) day,) ] J; da’

[(_A(n_m)_l (foa u"(x) dl’n)} J{ dz’

B / [(Ap-0) 7 (fy w'(@) da,)] T} dx/}
VA=)~ [ un () dan] <k}

+t/Q|J1]2d:c
b kL { 1 80) ™ ) o) !~ C(k)}

Q
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For given € > 0, choose k : h,, - a- k71 > (\])? + ¢, thus
[ unde = (004 [ =Bm) ([t dn) ] do’ - €
Q /

t/ ’Jl‘QdIB
Q

= 100+ [ [ 0@ dr,)] - [(~A-p) R d —C
+t/ PARE:

— [()\11)2—0—6]'/9, (foau”(:c)dxn)[)\, Ji] dz’ —l—t/ |1|?dx — C

/Q ”(x)JldI—l—t/Q\Jﬂ dz—C

/u”(:t:)Jldx—i-t/Ul]Qd:c—C

{/ﬂ{ugl} u'(z)Jy dx—i—/m{ux}u"(x)h d:c}+t/ﬂ]Jl| dr — C

ul(x)Jy dx + t/ |J1|*de — C
Q

(%)
A/

= i)

(X + 57

u
Q

Vv

(¥ +37)

Qn{u>1}

OV + ,)/ (m)Jldx—i—t/Ul]de—C.
A Q

v

Hence,

C>t/]J1|2d:C+ qud:c

)\/

which implies ¢ is bounded, and also
/ u(z)Jyde < C.
Q

Since A} /uJ1 dx = / flz,u)y dx—l—t/ |J1|? dz, we see that also / f(z,u)J; dz is bounded,

Q
and using Remark 3.2 we obtain,

/ F, W) (2') do < © / o)y de < F,
Q Q

this completes the proof of Lemma 3.10. n

Next, we show a Poincaré type inequality in Wclyf (Q).
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Lemma 3.11. There exists a constant ¢ > 0 such that
)l o) < ClIVUllLo(), Yu € Wil (). (3.32)

Proof. We may assume u € C)

(Q) and (0, zg,...,x,) € 0, then

|U(Z‘1,ZE2,’ te )xn>| - ’u Il,l'g, 7xn) - u<07x2)' o 7xn)|

1
= ‘/ —uth, L xy,) dt|,

1 P
lulp = ‘/ —utxz, ,xn)dt‘

| vl [ 15
C‘/I1 —(t, z, - [Bn)|pdt‘.

Taking the integration over {2 on both sides, we get

/|u|pdx < C’// |8t (t, xa, -, 2,)|" dtda,

and applying Fubini’s theorem to the right hand side of the inequality,

/ ufPdz < C/ / | (21,22, , )| dadt
Q 0y
< C'/ / |Vu|P dedt

< CHVUHLP Q)

therefore Holder’s inequality yields

IN

IN

since € is bounded. Now assuming wu,, € C2°

o (§2) converging to u in Wclyf (), from the result
above we have

Letting n go to infinity, we conclude that

p p
[t do < €Il g
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In the next Lemma we prove an H'-a priori bound for any weak non-negative solution of
equation (3.30).

Lemma 3.12. Under the assumptions of Theorem 3.2 there is a constant Ky such that
ull 1) < Ko
for every non-negative weak solution of (3.50).

Proof. Taking ¢ =u € H},(Q) in (3.31) we obtain

HVUH%Q(Q) S/Qf(x,u)udijKl/QJludx.

Applying the Holder inequality and the Poincaré inequality (3.32) to the second term on the
right hand side we get

IVullZaq) < /Qf(ﬂfau)lbdﬂfi+K1HJ1||L2(Q)||UHL2(Q)

(3.33)
< /f(x,u)udx+0||Vu||L2(Q)
Q
Next, for 0 < a < 1, by Holder’s inequality we get
[rwwuds = [ @) (P =)o
Q Q 571,—1
< ||de i f( u)H ‘flfa(x u) - “
- -1 (®) ’ 0% Lﬁ(g) (3.34)
T—a -«
= H(Snlfxu”Ll(Q) /fxu 1ada:) .
n 1
We now distinguish the two cases:
Case 1: 1 < n < m
We first show that for each € > 0 there is a (', such that
1 (2 w) |y < ellull 7y + Ce (3.35)
where . o | 949
D cs<t, By= TS (3.36)
2 n n n
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In fact, since u € H_,(?), according to Sobolev inequality, we know u € L4(S), (¢ < 2" =

2n

~%), and because

a
H / uw' dx,
0

s _ a " g nSd,
AV
- /(/ un-ldxn)sdl"/
- Jo
/((/ u”sda:n)~(/ 19d:z;n)5>da:'
r N Jo 0
< C’/(/ u" dx,) dx’
+Jo

IN

(3.37)

= C”'LL Lsn(Q)
where L + 4 = 1,(s,0 > 1) and sp < 2*, we see that [u"dx, € L3(€Y). Next, using that
(—A(u-1))~" is a continuous operator from L*(Q) — W**((Y), s < 2% -+ we are able to use

the Morrey embedding inequality in ' C R"! and we have, for s > (n —1)/2,

1wl < max{h(@)} C | [(=A-0) 7 (J5 v"(@) dea) ]|} o)

IN

IN

Cllfy v dﬂfn}

L ()

(/ (J5 u(x dxn) d$,>v/s

< C(//(/O 19dxn);-(/0a|u(x)|5”dxn)dx’>7/s, §+5=1

< cal / ju() 7 d)

< Ol

Lsn(Q

€D (5 0@ )] [y - 5 > (0~ 1)/2

(3.38)

Therefore f(z,u) € L>*(Q) for fixed u € H},(Q2). Due to the condition of Theorem 3.2, it

follows that 1 < v < 3, and we conclude that

[1f (2, w) || oo ) _

Bnn !
Lsn(§)

lull Lsn (@) —ro0 Hu

which means that for e > 0 small, there exists M, > 0 such that || f(x,u)| =)
() > Me. This shows (3.35).

for ||u
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Next, with the aid of Lemma3.10 and due to (a +b)! < a' + ' (a,0 >0, 0 <1 < 1), we
deduce from (3.34)

/Qf(x,u)udx < K“ /fxu

L 11—
< Cllfe ) [/ — da:] (3.39)
20,79
1% — 1% 11—«
< eC full7y / Yl d| +C / ) .
@50 =
2 1 2
Now we choose 0 < a = 221 5 < 1, so that 5,n + " 1_a From (3.33), (3.34) and
(3.39), we get by the Sobolev inequality for 2 C R™
2 Brn(1 u U
HVUHL2(Q) < ECH ‘Lsn ) 524_1 L () +Ce EHLN&(Q) +C”VUHL?(Q)
; (3.40)
< Cel| =— C||\V :
— 501_1 Lﬁ(ﬁ) + 521_1 Lﬁ(ﬁ) + H UHLQ(Q)

Applying Lemma 3.9 with 7 = a we have

|

1
,le qg= 14 by the choice of a above. We can then conclude from
-«

< C”VU,”L2 Q),
Li(Q)

- ‘
«
3o,

1 1 1-
where — = - — a

q
(3.40) that

n

||VUHLZ(Q) <,

and the proof of Lemma 3.12 is complete in this case since also ||u[|z2() < C by Lemma 3.11.
Note that the choice of s in (3.36) is possible for 1 <n < (%w.

Case 2: n > —(n o=
We show that for 1 <~ < 3, := (n_ﬁﬁ
Bn
£l < €llull i + Ce (3.41)
where - X , ,
1§p§—,r>1and”yr§1 5 :pi\I (_> ) (342)
n »  n-1 1% n—1



Here p* denotes the critical Sobolev exponent for the embedding W2#(Q') c L*" (Q),
Q' c R

In fact, first w € H},(Q) which implies u € LP(Q), 1 < p < 2*- 2, then as in (3.37),
Jo u"dx € LP(Y). By LP regularity in ', we have v € W?(Q). Then 1f yr < p¥, we again
have [[v||Lvr @y < Cllv||w2ey by the Sobolev embedding theorem. After this we have

Il = [0 |20 ([ wien)dn)| " do

< o f [esuwnr( [ i) o

= Ol
< CHU’ W2 ()
o (3.43)
< C’H/ u'(x, xy,) day,
0 Le(Q)
= C(/ (/ u"(av’,3cn)daﬁn)pdyc')7
+Jo
< C(/ / u"”(az:',gfzcn)dxndzzc’>7
T
= COllull ey
Since p < %, we have f(x,u) € L"(Q) for fixed u € H),(2) and
1wl < Cllullzin g - (3.44)
(@)

and hence, for 1 < yn < B,n and every € > 0 there exists C, such that

B 4 O

1f ()l < ellull g

This shows (3.41).
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From (3.34), (3.41), Lemma 3.10 and Hélder inequality we now deduce

C(/Qf(w,u) v dx)l_a
C(Hf(-,u)} =3 Lh(m)la (3.45)

-«
(ellull 7270, + o)

/f(x,u)udx <
Q

L ()

IN

1
ul—o

a

-«
5n—1

LM Q)

Y

LT (@)

+ C.

u

Bnnl )
«
6n 1

Len(Q

LT (@)

= cfu

nfl
, we get

where — + —=1,r>1,h > 1. Again applying Lemma 3.9 with 7 = o and ¢ =
(3.46)

LT () < Clvellee
h h
n SinceO<1—a<1,soO<n—
2(n+h)

u

«
5n71

where

2 n
1, which implies
l1<h< —2n 2" > 2n
= r )
-2 ’ n -+ 2
Then as before, we take
1 1 1 1 1

N = —2(=+ ) =2(1 =2+ 2). 3.47
B 1—« (h + n) ( r + n) ( )

2*
Now that p < —, from (3.33), (3.45), (3.46) and (3.47) we get
u
o o + C||Vul| 2
5(1_1 ‘ 504 H %(Q) || ||L @) (348)

+ Ce||Vul 2 + Cl|Vul| 22 (o)

h

LT=a (Q)

IVulliz@ <

< €IVulliz g
We can then conclude from (3.48) that
HVUHLQ(Q) S C

Now combining (3.47) with v7 < p* and v < 3,, we are going to find a best r to have the

largest ~v. So first we take p = % Thus
80



2% 1 1 1
y< () = ; =
N r 2 "1 T
B o (n—1) 1
= e —
2n(n — 1) 1

Since (3, is increasing with respect to r and the largest v is decreasing with respect to r, we
can let

2n(n — 1) .lzl.g(l_lJrl)
(mn—=1)(n—=2n—4n r 7 r ' n
and derive n(2n2 —dn - 2)— An? n
P =D 2 —dnmt ) " moDm=2) (3.49)
and thus, from (3.47)
n?—1 An,

671:

== "Z G Dm=9))

Like the first case, the choice of p in (3.42) is possible for the second case of Theorem 3.2.

Based on the above two cases (1 <7 < (n—léﬁ’ n > UL-S%)’ the proof of Lemma 3.12 is

complete. O

Proof of Theorem 3.2. Likewise, we consider two cases:

. 4n 2n+2
Case 1: 1§7’]<m,1<’7n§7

By (3.38), we know f(z,u) € L>() for any u € H},(Q) weak solution of (3.30). According
to Lemma 3.7 , for any fixed u, we have u € W?2?(Q), for any p > 1 and since J; is a known
smooth function, we have by Lemma 3.6 the estimate

[ullw2e@) < CIfC W) + 1K1l r@) < CIFCu)llze@) + C
Choosing p > 7, we get by Morrey’s inequality
[ul| o) < Cllullw2r@) < CFC W)l Loe@) + C

In particular, due to (3.35) and Lemma3.12, for 25+ < s < 27

[ull ey < Cllullzing +C
< ClDullzig +C
C.

IN
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So that
||u||Loo(Q) S K.

. an n+1 2n
Case 2: n Z m, 1< yn S n_i_1+ (n—iY)Q'

Similarly, for any fixed u € H_,,(§2) weak solution of (3.30), according to (3.43), f(z,u) € L"(%),
so u € W27(Q) by Lemma 3.7, and by (3.14) with p = r we have

[ullwzr@) < Cllf(z,w) + Kidillor o). (3.50)

1
Next, we have by the Sobolev inequality that u € L*(Q), for p < r* = = m“2 . By
n—2r

1_
-

S o

(3.43) and (3.50) and Sobolev embedding theorem

IN

CIFC W@ +C,
C lul ZZZ(Q) +C

[ulle@) < Cllullwzr @

IN

< O Dullza(g) +C
< C.
So finally we get
[ullze(e) < C, (3.51)
where 2* <y < r*.
Notice for = = 2, we get n = n2745’2 = > (n714)?n72)7 where r is given by (3.49). We denote

this 7 as 7. Hence when 1 < n < 7/, thus 2 > 2, then Morrey’s embedding theorem implies
r* = 0o, and then we are done.

Next, suppose that 7" < n < 2%, it then follows that 2 < %. Then we will get an improved
uniform L? bound of f(x,u) by showing an improved uniform L? bound of u. To see this we
first consider

S S S S | | —
e T T
—1 . —1
Similarly, in the case 2 > (n - )7]7 we can replace (%)i\“’ by +o00. In the case 2 < (n="1n - )77,
” r
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we compute

Hf("“)H (25 =

LT (@

)| o ([ wtman)]

(5"
L v (9

<
a v
= C [(_A(nl))_l(/ Un(-/lj,;a:n) d$n>:| «
v
= e e g
v
< C ! .
< v(x") 2 )
@ gl
< C / w2, xy,) day || o
0 LT ()
= C(/ (/ u(2!, x,)dxy,) n*dx’>r*
+Jo
o
< CHu(x’,:vn) :
L™ (Q)
(3.52)
From (3.51), we deduce
1G] =y <O
L v ()
Noting that
" 1
7 o
B 1 1
— . -
= A
n(n —1)r n(n?—2n+1) —2n
- (n—1) o 2 ) (v < Ba),
(n—1)(nn —2nr) — 2nr n?—1
hence o
(%) n(n —1)r _ n(n?—2n+1) —2n o, (3.53)
0 (n—1)(nn —2nr) — 2nr n? —1
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where the last inequality follows by elementary calculations, using (3.49), we see that f(-, u)
A\ H

=11 Then taking p = ~—, by (3.53) and the
v

is bounded in an improved LP space, if 2 <

Sobolev inequality, we have,

lll ey <Nl e < [0 @ +os<c (3.54)
L(f) () W (@) L7 (Q)
P 1 GV e
where ( 5 ) = —— 3 From (3.53), we see ( 5 )" > r*, which means we get a better
(=)

uniform L? bound of u. Afterwards, we repeat the computation of (3.52) and get

| £w)| @y Sl ey <C
gy =M,
N (%)
Iterating (3.52)-(3.54), finally, we will derive
[l o) < €
Thus, we have completed the proof of Theorem 3.2. n

3.6 Fixed point theorem and existence of the positive solution

In this section we complete the proof of Theorem 3.1. We first show a maximum principle
for the Poisson equation with mixed boundary conditions:

Lemma 3.13 ( [23]). Let Q C R™, n > 3, be the cylinder in (3.2) and let I'y, I's be a partition
of 00, with I'y = 02" x [0,a], I's = 2" x {0,a}. Let g € C§°(2), g >0, g # 0, and let u
denote the solution of

—Au = g in

u = 0 onl}y
S . - (3.55)
— = on
ov .

where v is the outer unit normal vector to OS2. Then the solution of (3.55) satisfies:
u>0in Q.

Proof. If the claim were not true, then there would exists a zo € Q such that u(x) < 0.
Without loss of generality, we suppose u(zg) = minu(z) < 0. By the assumption, we know
€

zo ¢ T'1. Next we show zg ¢ T's; otherwise, we may assume that zo € Q' x {0} or Q' x {a},
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by interior regularity, since g € C§°(2), we obtain u € C*°(Q2) and u in W??(Q)(1 < p < o).
In addition, W?2?(Q) — C*(Q)( [2] Theorem 4.12, PART II), so we have u € C%(Q) N C*(Q).
Since ' x {0} or ' x {a} is flat, Q satisfies the interior ball condition at x(, and from Hopf’s
ou(xo)

lemma we have < 0, which contradicts the assumption on I's. So z( is an interior point

v
of 2. But due to the maximum principle, u cannot have a negative minimum in §2. O
We are now in the position to complete the proof of Theorem 3.1.

Proof of Theorem 3.1. For every fixed u > 0 in C'(Q), by Lax-Milgram theorem we know there
exists a unique solution for equation (3.2), which we denote by w,. That is, —Ayw, = f(x,u),
with f(z,u) = h(2)[(=Awp-1)) " [y w"(z) dz,]". To solve problem (3.2), we define the mapping
u — w, =: F(u). If there is a fixed point of F' in C'(Q2) such that F(u) = u, we are done.
Now we check that I’ satisfies the following fixed point theorem ( [37] Theorem 3.1, see also [26]
Theorem 3.1).

F: CYQ) — CY(Q) a compact mapping, acting in the cone of non-negative functions, will
have a fixed point u with 0 < r < [Jul|c1) < R < oo provided

1) Fu # s'u,s" > 1 for ||ul|c1q) = r and
2) Fu#u—tJ,t >0, for |[ul| e = R,
where .J; = (—Aqy) .

Step 1: F : C1(Q) — C1(Q) is compact. Let A C C(Q) be a bounded set, for u € A we
have
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Lo ()
a v
< Cmax{n) |- ([ 0rto)a
z€ef) 0 Loo(Q/)
a Y
< C’H(—A(nl))_l</ u”(w)dxn) , s> (n—1)/2
0 WQ,s(Q/)
a K 3.56
< C / u'(z) dx,, (3:56)
0 L)
n
< CHU‘LSTI(Q)
n
= C”“HLOO(Q)
m
< C”“‘cl(g)
< C,

thus f(z,u) € L*(Q) and {f(x,u),u € A} is uniformly bounded. Since —Ayw, = f(z,u),
by Lemma3.6 and Lemma3.7, w, € W?%%(Q), ¢q large enough, and lies in a bounded set in
W24(Q). Then by Morrey’s inequality, we get for ¢ > n, w, € C*V'(Q), that is

[wallorr @y < Cllwallw2a@y < ClLF G u)llpa@) + C < Cllf (5 u)l gy + C < C,

where v/ =1 — %. Therefore we have for every z, y in 2, and Vu € A
|Dw,(z) = Dw,(y)| < Clz —y|"".
Hence Ve > 0, we take § = (5)?/! then, if |z — y| < §, {w,} satisfies
|Dw, () = Dw,(y)| < Clz —y|”" < e

which means {w,,u € A} is uniformly bounded and equicontinuous in C'(2). According to
Arzela-Ascoli theorem, it is in a compact set in C1(£).

Moreover, it is easy to see that F' is continuous, since it is a composition of continuous maps.
Precisely, we would like to prove Ve > 0, there exists a d, such that when ||u — ug||cr < 6, we

have ||w — wyl|c1 < €, where
{ —Apyw = f(z,u)

(3.57)
_A(n)w() = f(l',U())-
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We notice that [|w — wollcr) < [[w —wollera@) < Cllw — wollw2a)(¢ > N). From (3.57) we
also have

_A(n)(w —wo) = f(z,u) — f(z,up),

by regularity theory, Lagrange mean value theorem, and (3.56), Ve > 0, we take 6 = min{1, €},
for ||u — upl|cr < 0,

lw—wo|lw2a < Clf(z,u) = f(z,u0)| 1>

= OB [ ) el - b0 [ o) do)

Lo

IN

C|it-800)™ [T a7 = (-Ben)™ [ aie) o (hie) is bounded

LOO

IN

oo

by () / " — ) () de

(apply Lagrange mean value theorem)

a a -1
C(I=00)™ [ W@ dallim + 1 (=Ben) ™ [ o) doli)

0
Jesa [ - a)ie) da,
0 Lee
o)™ () el 4 (- Ay ) e )

< Ol + ol (n(lulle + oLz} lu = wollen ) apply (3.56)

IN

(enlarge & as ||(—4

i
C((1+ lluollen)” + Nuollf ) - (1 + 2l llea )™ - flu = wolles

< Ce

IN

where & is between (—Ag_1))™" [ u'(x)dr, and (—Ap-1)~" [; uf(x)de,. Thus, F is
continuous. Hence, F' is a compact mapping from C'(Q) to C*(Q).

Step 2: F maps the non-negative cone in C(2) into itself. For this we are going to prove
that when w is fixed non-negative, then w, is non-negative. Indeed, w, satisfies

_A(n)wu(x) = f(xa U), r €}
wy(z) =0, xz € 0 x |0,a] (3.58)
Op, Wy (x) =0, r e Q x{0,a},

where f(z,u) = f(z) = h(z)[(—Aw-1)) " [5 vz, z,)dz,]7". By (3.56), f € L=(Q) so that
f € Lr(Q) for any p > 1 when u is fixed in C*(Q).
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We assume
— AWy, () = fro, €Q
Wy, () =0, x € 9 x [0,al (3.59)
Oy, Wy, () =0, r e x{0,a},
where f, € C3°(Q), fn >0, ||fo = fllzr@@ — 0 (1 < p < 00). Applying Lemma 3.13, we get
w,y, >0, VneN.
On the other hand, subtracting (3.58) from (3.59), we get

—Aw) (W, (z) —wy(2)) = fn = f, 2€Q
Wy, () — wy(x) =0, z € 09 x |0,d]
O, (Wy, () — wy(x)) =0, x e Q x{0,a}.

Since f, — f € L®(Q), by Lemma3.7, we have w,, — w, € W??(Q), p large enough. Then
by Lemma 3.6 and Morrey’s inequality we have w,, —w, € C*"(Q) and, ||jw,, — Wyl o1 ) <
Ckun - wuHW?vP(Q) < C”fn - fHLp(Q) for p > n. SO, ||wU'n - wuHClw’(Q) < Can - f”LP(Q)-
Furthermore

A0 (|, = wallorr ) < € Hm 1 fn = Fllze@) =0,

which implies,
lim {sup |(w,, — w,)(x)| + sup |(Dw,, — Dw,)(x)|} =0
N0 1eQ zeQ
S0,
Wy, —> W,  Vr e

Since w,, > 0, then w, > 0.

Next we verify the two conditions 1) and 2).

1) holds for r < (%)ﬁﬂ, where C' will be determined later. If not, we suppose there exists
s" > 1 and u with [|ul[¢1(q) = r such that Fu = s'u. Since —A,)F(u) = f(x,u), we obtain

Ay (Fu) = =Aw)(s'u) = f(z,u)

then X
—Apyu = ;f(x, u).

Multiplying by v and taking the integral over {2 on both sides, we have,

/Q—A(n)u-u:é/gf(x,U)-US/ﬂf(%U)'u' (3.60)

Case 1: 1 <n < Mﬁ, 1 < yn < 222 by (3.38), Holder inequality and (3.60) we get

Lo llullz2 )

[1vutdo < [ f) - ude <l )]l < o
Q Q
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From (3.36), the Sobolev embedding inequality and Lemma3.11 we derive,
|Dul2ay < ClIDUIILG. (3.61)

and hence

1\ 5
(5)7" < IDul@ < ClDul i~

However, by assumption

INET=Rs!
(5)"" > r=lulee = Dule)

which is a contradition.

Case 2: p > (71—3%’ 1 <ynp<ii4 (nzfi)z; from (3.44) and (3.60), we have

[ 1vuP ds < [ fa)ude < O on)lere ey < Clul gl (.62
Q Q

1 1
where — + 7= 1. Moreover, since r > 2, so h < 2 < 2*. Then by the Sobolev embedding
r

inequality, we have the same result as (3.61) . Thus 1) will follow by the same proof.

For 2), we show that there exists Ry > 0 such that there is no solution of F(u) = u — t.J;
with [[ullc1@) > Ri,Vt > 0. Indeed, suppose u € H},(Q2) a solution of F(u) = u — t.Jy, then
—ApyF(u) = f(x,u), that is,

—Apyu = f(z,u) + tJ. (3.63)

then by Theorem 3.2, ||ul/z~@) < K, K independent of ¢ > 0. We conclude that for any
1 <qg< oo,

lulleri) < llullgrr @) < Cllullwza@) < 1f (@ w)ll=@ < Cllullfk g < C- K™ = Ry.

So for any R > Ry, F(u) # u — t.J;. O

A Appendix

Lemma A.1. T : L*(U) — L*(U) is a bounded linear operator. i.e. T is of strong type (2, 2).

Proof. (see [36], theorem 9.9) First we consider f € C°(U) C C§(R™), then we have w €
C*(R™) and satisfies
Aw = f(z),Vx € R".

Consequently, for any ball Br containing the support of f,
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Applying Green’s first identity twice, we obtain

Br

ij=17 Br ij—1 JOBR Bgr

n

ij=1" 9BR ij=1"Br

i,j=1"9Br

Bgr

ij=1 “9Br

n

i,j=1"9Br

n

_(Z/aBR Aw - Dywdz — /BR(AdefU)

i=1

= / Dw - ngdx—i—/ (Aw)*dz.
9B ov Br

Since
Dw_/DFx— (y)dy, DZ]w—/Dwa— y) f(y)dy,
and
DT (z—y)| < Cle—y|'™™, |Dyl(z—y)| < Clz—y| ™",
we have

Dw = O(R"™), D*w=O(R™)

uniformly on 0Bg as R — oo, whence follows the identity

JRETEN R
R” U

1T fllz2wy < [ fllz2wy, V€ CgE(U). (A1)

For arbitrary f € L*(U), we pick a sequence {f;} C C5°(2) that converges to f in L*(Q), so
that {fi} is a Cauchy sequence in L*(U) and for k,I — o0, € > 0, || fx — fillz2(y) < €. From
(A1),

which means

1T fe = T fill 2wy < 1 fk = fill 2wy <€ (A.2)
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it follows that {T'f} is a Cauchy sequence in L*(U) and it will converge to a point in L*(U). We
denote the unique limit point as T'f. We complete the proof by taking the limit in (A.2). O

Lemma A.2. T is of weak type (1,1).

Before the proof, we need the following well-known Calderén-Zygmund’s Decomposition
Lemma.

Lemma A.3 (Calderén-Zygmund’s Decomposition Lemma). For f € L'(R"), fized o > 0,
1 E,G such that

(i)R"=EUG, ENG = 0;

(it) |f(z)] < o, ae. v € E;

(111) G = kf)jl Qk, {Qk} : disjoint cubes such that

|Q o |f(2)]dx < 2",

Proof. Since fR" x)dzx is finite, for a given a > 0, one can pick a cube Qg sufficiently large,
such that

f(z)dr < afQo.
Qo

Divide Qg into 2" equal sub-cubes with disjoint interior. Those sub-cubes @) satisfying
| ras <alg
Q

are similarly sub-divided, and this process is repeated infinitely. Let Q denote the set of sub-
cubes of ) thus obtained that satisfy

| #ayda > el
Q

For each Q) € Q, let Q be its predecessor, i.e., Q is one of the 2" sub-cubes of Q. Then obviously,
we have |@Q|/|Q| = 2", and consequently,

1
- . d __on
a<um/f |@[¥@> |@|‘“'Q| 2

G=|JQand E=Qy\G.

QeQ

Then (iii) follows immediately. To see (ii), noticing that each point of E lies in a nested sequence
of cubes () with diameters tending to zero and satisfying

/f@MxSMQL
Q

Let
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now by Lebesgue’s Differentiation Theorem, we have
f(z) <, ae. in E.

This completes the proof of the lemma. O

Proof of Lemma A.2. For any f € L'(U), to apply the Calderén-Zygmund’s Decomposition
Lemma, we first extend f to vanish outside U. For any given « > 0, fix a large cube )y in R",
such that

|f (@)|dz < | Q.
Qo

We show that

n 1w
prs(a) = |{z € R'||Tf(2)] = a}| < O, (A.3)
Split the function f into the “good” part g and “bad” part b: f = g + b, where
f(x) forxe E
gle) =9 1
— (x)dx for x € Qp,k=1,2,---.
Qx| Ja,
Since the operator 7' is linear, T'f = T'g + Tb; and therefore
! a
pry(e) < MTg(§) + MTb(g)-

We will estimate ji74(5) and pry(5) separately. The estimate of the first one is easy, because
g € L?. To estimate fi7y(§), we divide R into two parts: G* and E* := R™\ G* (See below for
the precise definition of G*). We will show that

. C
(a) |G"] < EHf”Ll(U) and

C C
0) 1o € B |Tb@) 2 ) < & [ ITb@lds < Sl

These will imply the desired estimate for puzy(§).
Obviously, from the definition of g, we have

lg(x)| < 2", almost everywhere (A.4)

and

b(x) =0 for x € E, and / b(x)dr =0 for k=1,2,---.
Qk

We first estimate p7,. By Lemma A.1 and (A.4), we derive

n+2 2n+2
|9(2)]dz <
Rn

pr(5) < 5 [ e < f(@)lda. (A5)

(0] Rn
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We then estimate p7p. Let
be(z) = { b(xz) for z € Qg

10 elsewhere.

Then -
Th = Z Tby,.
k=1

For each fixed k, let {bg,n} C C5°(Qx) be a sequence converging to by in L*(U) satisfying

/Q bin(a)r = /Q bula)de =0 (A.6)

From the expression
Qk
one can see that due to the singularity of D;;I'(x — y) in @4 and the fact that by, may not
be bounded in @, one can only estimate T'by,,(z) when z is of a positive distance away from
Q.. For this reason, we cover i by a bigger ball By which has the same center as )y, and the
radius of the ball d; is the same as the diameter of QJx. We now estimate the integral in the
complement of By:

/ Thon| () dz :/
R7\ By, Qo\Bi ' v Qg

_ /Q Ny | /Q (DT ~ ) = DT = )b (v)dy|d

Dyl (& = )b (y)dy | d

1
C(Sk/ Tﬂdm‘/ bkm(y)dy‘ (A7)
Qo\By kd Qk
<1
< Cl5k/ —dr - bk ()| dy
o T Qk

< Co [ Ibntoldy
Qk
where ¢ is the center of the cube (. One small trick here is to add a term (which is 0 by
(A.6)):

Di;I'(x — 9)brm (y)dy
Qk

to produce a helpful factor d; by applying the mean value theorem to the difference:

Dyl(x —y) = Dyl(x —g) = (y — 9) - DDy (2w — &) < o D(DyT) (2 = £
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Now letting m — oo in (A.7), we obtain

/ Tou(@)dz < C | [bey)ldy.
R\ By, Qk

Let -
= |J By and E* =R"\ G".

k=1
It follows that

ITh(z)|de < CZ/

R\ G*

GZ/ by <€ [ 1f(a)ld.

Ty |da < CZ/ | Tby|dx:
k=1

E* R"\ By,

IN

Obviously

url5) < 167 + [ € B | Th(x) = S},

By (iii) in the Calderén-Zygmund’s Decomposition Lemma, we have

’G*’_Z|Bk| CZ|Qk|<—Z/ |dx——/ | f(z)|d.

Write

E, ={v e E"|[Tb(x)] = S}

o e

Then by (A.8), we derive

El5 < [ M < [ mee)idr<c [ (i@
2 E"; E* Rn

(A.10)

(A.11)

Now the desired inequality (A.3) is a direct consequence of (A.5), (A.9), (A.10), and (A.11).

This completes the proof of the Lemma.

Lemma A.4. T is of strong type (r, v) for any 1 <r < 2.

]

Proof. In the previous lemmas, we have shown that the operator T is of weak type (1, 1) and
strong type (2, 2) (of course also weak type (2, 2)). Now Lemma A.4 is a direct consequence
of the Marcinkiewicz interpolation theorem in the following restricted form: interpolation [
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Lemma A.5. Let T be a linear operator from LP(U) N LA(U) into itself with 1 < p < q < oc.
If T is of weak type (p, p) and weak type (q, q), then for any p < r < q, T is of strong type (r,
r). More precisely, if there exist constants B, and B,, such that, for any t > 0,

s ®) < (B0 0y < (P v € iy o o),

then
ITf|l, < CBIBY||f|I.,Vf € LP(U) N LY(U),
where
1 6 1-0
- = — _|_ -
r p q

and C' depends only on p,q, and r.

Proof of Lemma A.5. For any number s > 0, let

_J fl) i f(z)] < s
9@)_{0 if [ f(x)] > s.

We split f into the good part g and the bad part b: f(x) = g(x) + b(x). Then
[ Tf(z)] < [Tg(a)| + Tb(z)],

and hence

plt) = prs(t) < prg(5) + )

2B
( )/|g \qu+< )/lb ) Pda.
It follows that

/Unyvdx:/ooou(t)d(ﬂ) _ r/ooot”lp(t)dt
r(2B,)" /0 h tr—l—q( /|f§8| f(:c)|qu)dt o
r(2B,) /0 h t””‘l‘p( /f N f(x)|”dm)dt

r(2By)1, + r(2B,)"1,.

IN

IN
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Let s = t/A for some positive number A to be fixed later. Then

I, = A1 / N sr—l—‘I( /f|<s| f(x)|qu>ds

0
— AT o [T 17145 )a
[ Iso) ( /|f| ; ) .

Ar-a ,
- 2 [

L = A7 /0 h sr—l—p( /f N f(a:)]pda:)ds
= [er [ Mg

AP /
= x)|"dx.
= [
Combining (A.12), (A.13) and (A.14), we derive

Similarly,

| rraras < vr) [ (5@,
U U
where
(B AT (2B, A
q—r r—p
By elementary calculus, one can easily verify that the minimum of F'(A) is

F(A) =

A= QB;J/(q—p)Bg/(p—q)‘
For this value of A, (A.15) becomes

1 1
+
—r r—p

/U Tf(e)rde < 2 (-

Letting

1
: 1§ 1-0
C=2< r 4T >,and—:——|——,
g—r T—p rop q

we arrive immediately at
1T fller@) < OBy By °ll fllerwy.

This completes the proof of the lemma.
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Lemma A.6. T is of strong type (p, p) for 1 < p < 0.

Proof. From the previous lemma, we know that, for any 1 < r < 2, we have

ITgllerwy < Cellgllr@w)- (A.16)

Let
< fig>= / f(@)g()de

be the duality between f and g. Then it is easy to verify that
<g,Tf>=<Tg,f>. (A.17)

Given any 2 < p < oo, let r = 1%’ ie. %—{—% = 1. Obviously, 1 < r < 2. It follows from (A.16)
and (A.17) that

| Tfller = sup <g,Tf>= sup <Tg,f>
lgllr=1 lgllzr=1
< sup | flleeITgllr < Crll fllzr-
lgllzr=1

This completes the proof of the Lemma.
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