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The non-autonomous YdKN equation and generalized
symmetries of Boll equations

G. Gubbiotti,2 C. Scimiterna,?) and D. Levi®
Dipartimento di Matematica e Fisica, Universita degli Studi Roma Tre, e Sezione INFN
di Roma Tre, Via della Vasca Navale 84, 00146 Roma, Italy

(Received 24 January 2016; accepted 17 April 2017; published online 11 May 2017)

In this paper, we study the integrability of a class of nonlinear non-autonomous
quad graph equations compatible around the cube introduced by Boll in the frame-
work of the generalized Adler, Bobenko, and Suris (ABS) classification. We show
that all these equations possess three-point generalized symmetries which are sub-
cases of either the Yamilov discretization of the Krichever—Novikov equation or
of its non-autonomous extension. We also prove that all those symmetries are
integrable as they pass the algebraic entropy test. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4982747]

. INTRODUCTION
In 1983, Yamilov*? classified all differential difference equations of the class

ity = f (Up1, Up, Ups1) (D

using the generalized symmetry method. From the generalized symmetry method, one obtains inte-
grability conditions which allow us to check whether a given equation is integrable. Moreover in many
cases, these conditions enable us to classify equations, i.e., to obtain complete lists of integrable equa-
tions belonging to a certain class. As integrability conditions are only necessary conditions for the
existence of generalized symmetries and/or conservation laws, one then has to prove that the equations
of the resulting list really possess generalized symmetries and conservation laws of sufficiently high
order. One constructs them using Miura-type transformations and master symmetries, proving the
existence of Lax pairs.>*3> The result of Yamilov classification, up to Miura transformation, are the
Toda equation and the so-called Yamilov discretization of the Krichever Novikov equation (YdKN),
a differential difference equation depending on 6 arbitrary coefficients

dax _ Aggrr1gi-1 + B(qi)(qrnt + q-1) + Clgr)

dr Gk+1 — Gk—1 @

where Algr) =aq? +2bgy + ¢, (3a)
Blgr) =bg; +dgy +e, (3b)

Clqr) = cq; +2eqi +f. (3c)

The integrability of (2) is proven by the existence of point symmetries’* and of a master symmetry>>
from which one is able to construct an infinite hierarchy of generalized symmetries. The problem
of finding the Bicklund transformation and Lax pair in the general case when all the parameters are
different from zero seems to be still open. Some partial results are contained in Ref. 4.

In Refs. 25 and 26, the authors constructed a set of five conditions necessary for the existence
of generalized symmetries for (1). They used the conditions to propose the integrability of a few
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equations: a non-autonomous generalization of the Toda lattice, of the Volterra equation, and of YdKN.
These are the only key equations which, up to Miura transformations, appear in the classification
of differential difference equations on three points. Here, in the following, for its relevance in the
present work, we present just the non-autonomous generalization of the YdAKN

dax _ Ax(g)qi+19i-1 + Bi(q)(qrst + gi-1) + Ci(qi)

dr Qi+l = Gr—1 “@
where the k-dependent coefficients are now given by
Aw(qr) = aq; + 2bigy + cx, (5a)
Bi(qi) = b1 q; + dgx + exs1, (5b)
Ci(qi) = cir1d; + 2exqe +f (5¢)

with by, ¢, and ey 2-periodic functions. Eq. (4) has conservation laws of second and third order and
two generalized local symmetries of order i and i + 1, with i <4.

It was proved in Ref. 23 that the three-point symmetries of the equations belonging to the so-
called ABS classification,' found systematically in Ref. 28, are all particular cases of (2). Here in this
note, we will show that the three-point generalized symmetries of all the equations coming from the
classification of Boll,>%-8 which extends the ABS one,! are all particular cases of the YAKN or the
non-autonomous YdKN. In particular, we will present the symmetries of all the classes of equations
H* and H®, noting that the symmetries of the rhombic H* have been found first in Ref. 32. For the
remaining classes of equations, namely, the trapezoidal H* and the H® equations, which were found
to be linearizable in Ref. 19, this is the first time that their generalized symmetries are presented.
Furthermore, we also present a new suggestion for the integrability of the non-autonomous YdKN
(4) based on the algebraic entropy test and use the same criterion to prove the integrability of the
other non-autonomous equations of the H* and H® classes.

In Section II, we present the three-point generalized symmetries of the H* and H® classes and
identify them with subcases of the YAKN or of its non-autonomous extension. We present in Section II1
the master symmetries associated with H* and H® classes, while in Section IV, we compute the
algebraic entropy for the non-autonomous YdKN and its subcases obtained before. In Section V, we
present some brief conclusions.

Il. THREE POINT GENERALIZED SYMMETRIES AND THEIR IDENTIFICATION

In this section, we consider the various classes of equations coming from the classification of
Boll,>%® as presented in Ref. 19, show their symmetries and show the identification of the fluxes of
such symmetries with the YAKN and its non-autonomous extension.

A. Rhombic H* equations

Once written on the Z(Zn m) lattice, according to Ref. 32, the three equations belonging to this
class have the form

er : (Mn,m - un+1,m+1) (un+1,m - un,m+1) O ﬁ)

+8(Cl’ - ﬂ) (Ffl-:-zn Un+1,mUnm+1 + F;(q;)n un,mun+l,m+1) = 0’ (63)

ere S(Unm — Untl 1) Unsim — Unmet) +
+ (B = @)t + Ut m + Uit + Uit ) — @ + 2
—e(B-a)’ —&(B—a) (2F o tnm + 2F o tnsim + @ + B) -
- (2F D tnst et + 2F oty et + @ + B) = 0, (6b)
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£ .
rH3 s (UnmUn+1,m + Un el Untlme1)

2 2
- ,B(un,mun,mH + un+1,mun+1,m+l) +(a” = p7)o

e(a? - B?) _
- Tﬁ (Fy(:.)m Un+1,mUn,m+1 + Fr(z+2n un,mun+l,m+l) = 0’ (6C)
where .
1+(-1
Fp=t ke, )

2

Their three-point symmetries®” are given by

(+) (=) 2
X\'ng B 1-¢ (Fn+mun+1,mun—l,m + Fn+mun,m)
L=

(8a)

Un,m >
Un+l,m — Un—1,m

(+) (=) 2
)?:an _ l-¢ (Fn+mu",m+lu'l»m*1 +Fn+mun,m> P (8b)

Un,m
Unm+1 — Unm—1

- (+)
X\VH; _ (1 - 480'Fy(,+2n) (un+1,m + un—l,m) - 43Fn+mun+1,mun—1,m+
n = =

Un+1,m — Un—1,m

2o —4sa? — 4sF) U2, + (1 - 4saF,(;Zn) Un.m

n+m“n,m

+ Un,m > (SC)
Un+1,m — Un—1,m
) )
)?er (1 B 4813Fn+m) (un,mﬂ + un,m—l) — 4eF, ltn e 1 Unm-1
— +
m
Unm+1 — Unm—1
2 =) 2 =)
2B - 4efp? - 4eF\ )2, + (1 = 46 BFL),) ttnm
+ Un,m > (Sd)
Unm+1 t Unm—1
.)?"Hf = [ 1ty m (un+l,m + unfl,m) +26a
I —
2 un+1,m - un—l,m
(+) =) 2
e (Fn+mun+1,mun—l,m + Fn+mun,m)
- — Up,m > (Se)
a Un+1m — Up—1,m
)'Z,H; _ 1 upm (un,m+1 + un,m—]) +26p
i —
2 Unm+1 + Upm—1
(+) =) 2
& (Fn+mun,m+1un,m—l + Fn+mun,m)
e B (8f)

B Upm+1 + Upm—1

As stated in Ref. 32, the fluxes of the symmetries (8) are readily identified with the corresponding
cases of the non-autonomous YdKN Equation (4). Such identification is, in this paper, made explicit
by showing the appropriate values of the coefficients of (4) in Table I.

B. Trapezoidal H* equations

We now consider the trapezoidal H* equations, which appeared in Refs. 7 and 8 and whose
non-autonomous form was given in Ref. 19

Hy: (un,m - ’/ln+1,m) (un,m+1 - Mn+1,m+1) -

2 —_
—meE (Fr(:)un,m+lun+l,m+l + Fr(n )Mn,mun+1,m) —ay=0, (9a)
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TABLE I. Identification of the coefficients in the symmetries of the thombic H* equations with those of the non-autonomous

YdKN equation.
Eq. k a bk Ck d (479 f
(HE n 0 0 —eF® 0 0 1
m 0 0 —eF% 0 0 1
PHE n 0 0 —4gF%) 0 1-4zaF), 2 a - 4sa?
m 0 0 —4gF%) 0 1-4£BFS), 28 - 4gp?
(+)
JHE n 0 0 i ! 0 Sa
L)
m 0 0 P ! 0 Y
Hy (”n,m - un+1,m) (un,m+l - un+l,m+l)
— Q3 (un,m + Un+1m + Unm+1 T+ un+1,m+1)
EQ)
+ T (ZF,(,T)un,mH + 203 + a’z) (2F,(:)un+1,m+1 + 20’3 + (Zz)
80’2 _
- (ZF( )unm +2a3 + a'z) (2F£n )un+1,m +2a3 + a/2)
+(az+ar)’ — a% —2earas (a3 + ay) =0, (9b)
H3 2 ar (Unmltnst met + Unat mUnmet )
2 2
- (un,mun,m+1 + un+1,mun+1,m+l) — Qa3 (az - 1) o+
2
e (a2 1)
(F Upm+1Un+1,m+1 T Fm UpmUn+1 m) =0. (9C)
a3ay
We can easily calculate the three-point symmetries of ,H5 (9b) and of ;H5 (9¢),
X\,Hf _ (“nm + 802F( ))(un+1 ot Up-1 m) — Up+l,mUn—1,m
22 = _
Un+lm — Un—1m
- 28F(+)a/ Upm — @ +48F(+) 3 >+ 88F(+)CZ a3+ 2F o
2 2 2 m ="
- aum, (10a)
Un+1lm — Un—1,m
1 + +
~,H? [j —-&lay + a'3)F,(n )] (Unm+1 + Unm—1) = 8Fr(n )un,m+lun,m71
X, = —
Unm+1 — Unm—1
eFS U2, - [1-28(ay + a3)FY) 2
m U m 2+ @3)F, | U + @3 + e(@2 + @3)
- bt (10b)
Unm+1 — Unm—1
Lan(1 + @)y m( + ) — a2
)?le |2 2 2 Unm\Un+1,m T Un—1,m 2“n+l,mun—1,m
23 = _
Un+l,m — Un—1m
@22, +e26%(1 — a3)’Fy)
- Oty (10c)
un+1,m — Up—1,m ’
1 2 -(+)
)'Z,Hf _ §a3un,m(un,m+1 + un,m—l) -&°F, Un,m+1Un,m—1
3 = _
Upnm+1 — Unm—1
2 (=) 2 2¢2
Fy vy + @30
- bt (10d)

Upnm+1 — Unm—1
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The symmetries in the n and m directions and the linearizations of the ,H{ Equation (9a) have been
presented in Ref. 20. Their peculiarity is that they are written in terms of two arbitrary functions of one
continuous variable and one discrete index and by arbitrary functions of the lattice variables. This is the
first time that we find a lattice equation whose generalized symmetries depend on arbitrary functions.
Almost surely, this peculiarity is related to the very specific way in which (HY is linearizable. 18
Here we present only the sub-cases which are related to the YdKN equation in its autonomous or
non-autonomous form.

The general symmetry in the n direction is

2,22 2,22
)A(’ngzF(*) a (v +& a2) (2)_a'2(r +& (12) (%)
" m (r=v)(r+v) "\ r (r=v)(r+v) n-l

(r2 + 82(1%) v

(r=v)(r+v)

-) s
a+Ym aun,m"'Fm [(S (B (s) -

+ |ty —
o —D(s+1)

- anl (t)) - 6m

s°t
2.2 .
(s—0(s+ t)a * (1 te u”sm) Qs> T Unttm = Unms

Un+l,m — Unm . Unm — Un-Lm

= > s = > s v iMn,m — Xu—1,m> (11)
I+ Un+1,mUn,m l+e& Up—1,mUn,m

where B, (x), ym, and ¢, are generic functions of their arguments and « is an arbitrary parameter.
When B, (x) =-1/x, @ =y, =, =0, we get a symmetry of YAKN type

2.2
)A(;le _ (un+1,m - un,m) (un,m - unf],m) _ Fr(r:-) & a, - (12)
Un+l,m — Un—1,m Un+1,m — Un—1,m
The general symmetry in the m direction is
=H? u ) — U m—
X! =[F,51+) (Bm( nmz+l ke )+Km)
I+ Un,m+1Un,m—1
FO (1+€42,) (C -~ )18 13
+Iy +euy, ( m (un,m+1 Mn,m—l) + m)] U * (13)
When B,,,(t) = 1/t, C,,(t) = 1/t and «,,, = 1,, =0, (13) becomes
2 2.2
~ HE 1+ &“u Uy _ 1+é&°u
X, =[Fy LML 4 Fy) |Gy (14)
Unm+1 — Unm—1 Unm+1 — Unm—1
a symmetry of YdKN type.

In both cases, (11) and (13), we also searched for other integrable subcases by looking for those
subcases of the functions B,,, C,,, and B,, such that (11) and (13) reduce either to the non-autonomous
Toda lattice or to the non-autonomous Volterra equation. The result was null. In this calculation, we
considered arbitrary expressions for B,, B,,, and C,,. Still there might be some other integrable
choice. The proof that there is none would require the application of the integrability conditions, as
introduced in Ref. 35, to (11) and (13). However the expressions are too complicate and we have not
been able to deal with them. Moreover (12) and (14) are the most general equations of YAKN type
contained in (11) and (13).

Let us notice that the symmetries (10) and (12) in the n direction are sub-cases of the original
YdKN equation. As F, ,(,f) depends on the other lattice index, it can be treated like a parameter which
is either O or 1.

The explicit identification of the coefficients of the symmetries (10), (12), and (14) is shown in
Table II.
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TABLE 1II. Identification of the coefficients in the symmetries of the trapezoidal H* equations with those of the YdKN
equation. In the direction n, the YAKN is autonomous while in the m direction is non-autonomous. Here the symmetries of
¢H{ in the m direction are the subcase (14) of (13) while those in the n direction are the subcase (12) of (11).

Eq. k a by, Cr d e f

HE om0 0 -1 1 0 -£2a3Fy)
m 0 0 &2FH 0 0 2

HY n 0 0 -1 1 €a§F,(,,+) a% - aa% (402 +8asz + ea%) F,(,T)
m 0 0 —SF,(:) 0 % —&elap + ag)F,(y:) —a3 —e(ap + a3)2

HE om0 0 —a? Lar(1+ad) 0 ~&282FP(1 - a2y
m 0 0 —st,(,T) %(t; 0 —a/3252

C. H® equations

In this subsection, we consider the equations of the family H® introduced in Refs. 7 and 8. We
shall present their non-autonomous form on the lattice Z(zn m) 38 given in Ref. 19

1D2: (Fip, = 61F Fy + 6P, FD) tm
+ (FE, = 0 FVFS + 6P F )t +
+ (Frow = 01FFD + 62F7FL ) e
+ (Fio = 81 FS + 62FF) e o +

(=) (+)
+61 (Fm UnmUn+1,m + Fm Mn,m+lun+l,m+l)

+F®

n+m

(15a)

(=) —
Un,mUn+1,m+1 + Fn+mun+l,mun,m+l —0,

2Dy (Fy) = 61FVF) + 6,F, 0 FLY = 61 AF, T FY) tym
+ (F) =01 FVFY + R = 81AFDFD) i
+ (F) = 61iFPFY + 6,FVF) = 614F, ) e
+ (F = iR EY + 6 F0F = 61AFFD) s e
F&

(=)
+01 (Fn+mun,mun+1,m+1 + 0o Untl mUnm+1

+F£:)un,mun+1,m + Fr(n_)un,m+lun+1,m+1 —01024=0, (15b)

3Dy 1 () = 61F ) + 62F FY = 51AF F)

+ (F) =01 FVED + 0F7FY = 61 AFYED ) i
+ (F = 61F,V Y + 62F Fy = 61AFVF) thy
+ (F =i FVFY + 67 FD = 51 FLD )t s
+6) (F 5 Ul + Fr(1+)un+1,mun+1,m+1)

+ F it st et + FS U1 n — 61621 =0, (15¢)

D; :Fr(l+)F;(1:)un,m + Fr(1_)F)(1:-)“n+l,m + Fr(t+)Fr(n_)un,m+l
+Fr(l_)Frg1_)un+1,m+1 + Fr(n_)un,munﬂ,m
+F1(1_)Mn,mun,m+1 + Fy(;znun,munﬂ,mﬂ +

+F®

(+)
n+m Up+1 m un,m+l + Fn Un+1,m Un+1 Jm+l

(15d)

(+) —
+Fm Un,m+1Un+1,m+1 —0,
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. (=) (+)
1D4 . 61 (Fn UnmUnm+1 + Fn un+l,mun+l,m+l) +
(=) (+)
+02 (Fm UnmUn+1,m + Fy, un,m+1un+l,m+l) +

+ UnmUn+1,m+1 T Un+l mUnm+1 T+ 03=0, (15¢)

. =) (+)
2Dy 10 (Fn UnmUnm+1 + F ups mun+1,m+l) +
)
+07 (Fn+mun mUn+1,m+1 + F1+mun+1 mUn m+1) +

+ UnmUn+1,m + Unm+1Un+1,m+1 +03=0. (151)

The three forms of the equation D3, (15a), (15b), and (15¢), which we will collectively call D>
assuming iin { 1,2, 3 }, possess symmetries in the z and in the m direction. The symmetries Z’ D2 with
iin {1,2,3} and j = (m, n) are a linear combination of one point and three-point symmetrles

Z;Dz =)?;Dz +KiY? + K.Y, j=nom, i=1,2,3. (16)

For convenience of presentation, we write them down separately

(FOF = 61F P FL) (et + 1)
+

XD =

Upn+l,m — Un—1,m

(FORD =i FOF = 6162) O F 1
. +
Un+1m — Un—1,m

(+) (+) (+) 7 (+) (=)
" (Fn+m - 61Fm - 5162Fn Fm )un,m + 62Fm aun,,,, (173.)
Un+l,m — Un—1,m ’
- S1IF O F D metttnmet + F (Ut + 1t ),
X)InDZ _ 145 m Ynm+1Unm—1 n+m n,m+1 n,m—1
Upnm+1 — Unm—1
+ 51Fm Un,m+1 +6162F( )F( )Mnm 1 +61F( )F}51) 2
Unm+1 — Unm—1
[Frn+ 01 (FOFD = FUFD) + 61627 F |
+ —
Unm+1 — Unm—1
62(61 = DF”
_ 92061 = DF, ~ O (17b)
Unm+1 — Unm—1

o, |(FOED61+ FOFT6160 = FUFS ) i + (FLVFD 60 = FVED) o1
X272 = +
Un+l,m — Un—1,m

(5 F( ) —F( )+6152F,(,+)Fr(n_)) un,m_(61 - I)F,(,:.)

+ e Un,m > (17C)
Un+1,m — Un-1,m '
=D F'(l_)Fl(11_)5lun,m+1un,m—] + (5152F;(1_)Fr(n_) + Fl(1+)FfS’l_)) Un,m+1
X377 = +
Unm+1 — Unm—1
+ (0P FY + FUFD =61 F7F) e
+ +
Unm+1 — Unm—1
SFEDE 4 [FVFD + (02 = DECE + Bt
+ +
Unm+1 — Unm—1
62(1 = 62)F\) — 6, AFY
N 2( DF, 1 AF, O (17d)

Unm+1 — Unm—1
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_ (81F PP +616:F, Fl) = FyVFL) thysm
XsDz — +
n

Un+1,m — Un—1,m

(FVFD610 = FVFR) et m
+ +
Un+l,m — Un—1,m

(617 Fy 60+ FyV61 = F ) ttym + (1= 6F,,)

+ Oty s (17e)
Un+l,m — Un—1,m

=61 -616) F\VF i N

X
Unm+1 — Unm—1
(FF — FOFDS)) s + 625
+ +
Upnm+1 — Unm—1
(F = 61F = 616,F P FY)
+ —
Unm+1 — Unm—1
A81(1 = 81 — 6,82)F
- & aunm’ (l7f)
Unm+1 — Unm—1
Y22 =(FVFY + FYFY + FOFY) uymo,,. (18a)
V)2 = [61FVFY + 1= 61(1+ 5)1F,FyY + FPF e (18b)

V2P = [(FVF + FOFY + FUFD) =

= AFPVE + Al = 611+ 62)1F,Fy | a0 (18¢)
V22 =[61FVFY + FVF 1 - 611+ 0)1F Y O,,e (18d)
Vi = [(FVF + FOFY + FVFD) =

= AFRF + A1 = 611+ 8)1F,Fy] B, (18e)
v =0 FVFY + 11 =611+ 6)1FF, = FOFLY| 6, (18f)

The identification of the resulting symmetries of equations ;D, with the YAKN equation in the
form (4) is displayed in Table III. _
The D3 Equation (15d) admits the symmetries ZjD * with j = (m, n), where (note that equation D

(15d) is invariant under the exchange n < m so the symmetry X,% (20b) can be obtained from the
symmetry X,l,) * (20b) performing such exchange)

2}.1)3:)?].03+K1?D3, j=n,m, 19)

)+ 1 - o) o+
=D Fr(l )Fr(n)unﬂ,mun—l,m + 3 (Fr(n) - Fr(z )Fr(n)) un,m(un+l,m + un—l,m)
X, = +
Un+l,m — Un—1,m

EDED0 + (F = FOFD )t

+ (20a)

Un,m >
Un+l,m — Un—1m



TABLE III. Identification of the coefficients of the symmetries of the ;D, equations and value of the constants K| and K in (16) in order to obtain non-autonomous YdKN equations.

Eq. k by Ck d e f K, K>
\D, n 0 0 0 1611+ 62) - NFSPES + AR FY — LR E) —5,FS) 0 -12
m 0 -FOFWs, 0 1611 =6, - DFFS) - AFPEY - 16\ FOFSY 52(5 — DFY) 0 -112
2Dy n 0 0 0 =61+ oIFPFS + YFOFS - 16 FOFSY (&1 - DES 0 -12
m 0 —5 FOFS) 0 16100 =6 - NFOFY - AFPEY — L6 FOFY 8> [61 - NF + a5, FP 0 -112
3D, n 0 0 0 1611 +62) - UWFOFS + JFEVFS + 161 FOFSY (1-8)FS 0 12
m 0 0 0 1611 =6 - NESFSY = LESOFS + 61 FOFSY S1A[-61(1 + SDIFSY — 5, F) 0 12

6-,0S€S0

1A87 PUE ‘BUIBILIOS “IOIqans)

(£102) £05€50 ‘8S "sAud "urew
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F51+)Fr(r:—)un,m+lun,m—l + % (F;(z_) - F£:+)F;§n_)) un,m(”n,mﬂ + Mn,m—l)

vD
X =
" Unm+1 — Unm—1
FUFDw, + (F7 = FPFY Y
+

Un,m
Unm+1 — Unm—1

n,m*

?D3 = [F,(:) (ZF,(;) +F,(n_)) + Fy(l_)] un,mau

The two forms of D4 possess only the following three-point generalized symmetries

(+) 1
X0 —01Fy Unst mltn—1,m — Qun,m(unﬂ,m + un—],m)+
n
Un+l,m — Un—1,m
~61F U2, + 6265F5)
+ - (TN
Un+l,m — Un—1,m o
FOy u + Yupm(u +u )
1Dy m Unm+1Unm-1 2 Un.m\Un,m+1 n,m—1
X = +
m
Unm+1 — Unm—1
(+), 2 (+)
62Fm Upm — 6163Fn
+ Un,m >
Unm+1 — Unm—1
(+) (+) 1
SaDs —0102F, " Fp Ut mUn—1,m + jun,m(unﬂ,m + Up—1,m)
X, = +
n
Un+l,m — Un—1,m
~6162F Fi Ul + 63
+ 614”,,,,3
Up+l,m — Un—1,m
S F +1 +
SaD4 20 v Unm+1Un,m—1 2un,m(un,m+l un,m—l)
X' = +
m

Unm+1 — Unm—1

S2F o2,y — 6163F S

n+m=n,

Un,m
Unm+1 — Unm—1

+

(20b)

(20c¢)

20d)

(20e)

(20f)

(20g)

but no point symmetries. Again the fluxes of the symmetries (20) can be readily identified
with some specific form of the non-autonomous YdKN Equations (4) and the explicit form of the

coefficients are shown in Table IV.

TABLE IV. Identification of the coefficients of the symmetries (20) for D3, | D4, and ;D4 with those of a non-autonomous

YdKN.
Eq. k a bk Ck d (479 f K
Dy n 0 0 FPEY 0 Y(FVEY+FOFY -FYEY) 0 0
m 0 0 FPFEY 0 Y(FOFY+FOFY -FYEY) 0 0
Dy om0 0 -8 (FVFY+FVFY) -L 0 5,65FS -
m 0 0 & (FPFY+FOFY) i 0 —516F -
2Dy n 00 -FWFEW s 5, 1 0 53 -
m 0 0 &(FPRY+FF) 3 0 —5165F -
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lll. SYMMETRIES AND MASTER SYMMETRIES

In Sec. IT A-II C, we saw that the fluxes of all the one-point and three-point symmetries of
the H* and H® equations are eventually related either to the YAKN (2) or to the non-autonomous
YdJKN Equation (4). In this section, we are interested in studying the integrability properties of these
equations. Following the ideas in Ref. 23, we can use the method of the so-called master symmetries.

Master symmetries are a particular kind of evolution equations which depend on the field u,, ,,,
on the lattice variables, and/or on their evolution variable which can generate the whole hierarchy
of symmetries of a given equation starting from a simple one. The notion of master symmetry has
been introduced in Ref. 12, see also Refs. 11, 13, 14, and 27. Here we just present the method we
can use to construct the master symmetries of the non-autonomous YdKN equation and its sub-cases
following. 313233

Let us consider differential-difference equations of the Volterra type (1) and its generalized
symmetry, possibly dependent on the lattice variable n and on its symmetry variable 7,

Upnr = On(T, Upks Unak—15 + - + > Unak/+15 Untr ), k' <k. 21

Let us define a Lie algebra structure on the set of functions ¢, of the form (21). For any functions <p5,1)
and goff) , we introduce the equations u,, -, = cpﬁll) andu, -, = gof,z) and the corresponding total derivatives

D, defined as
0 o 0
Dy=—+ ) ¢ . ——, (22)
o7 ]ZEZ; "o Un+j

where cpfql) and cpff) depend on different symmetry variables 71 and 7, and on u, with @ in n + k;

>a>n+k{ and n+ky > a > nkj, respectively. A new function is then defined by a Lie bracket [, ],

3 D @ 1 2
¢ =1, oP1=Drg) — Dy, 0. (23)
It is obviously skew-symmetric
D @ 2)
[, oP1= [, o1, (24)
and as one can check by a direct calculation, it satisfies the Jacobi identity
el o1 e 1=1es ., 01 o1+ [l e 1. (25)

A differential-difference of the form

7’
Upr = Uk, Unak—1s - - » Untlra 1> Unskr), K" <k (26)

will be a generalized symmetry for a Volterra-like Equation (1) if its right hand side commutes with
the right hand side of the Volterra-like equation, i.e., [g,, f»] = 0. This generalized symmetry will
reduce to a one-point symmetry if k =k’ =0 and it is called non-trivial if k > 1 and k" < —1.
A differential-difference (21) is called a master symmetry for a Volterra-like Equation (1) if the
function
8= len.fnl 27
is the right hand side of a nontrivial generalized symmetry. The function ¢, satisfies then the following
equation:
([enful, fal =0. (28)
Eq. (23) has always the trivial solution: ¢, = g,. The master symmetry corresponds to a nontrivial
solution of (28).
A practical way of computing master symmetries of (1) is given by considering symmetry (21)
of the form

Unr = nfn (Un+1, Uns Un—1) , (29)
where f, is the right hand side of (1). If f,, depends on some constants, say a;,i =1, ..., K, we replace
such constants by functions of the master symmetry variable 7,

aj—>ki=k;(t), i=1,...,M. 30)

Then we can impose the condition that symmetry (29) is actually a master symmetry, i.e., satisfies
(23). Due to the definition of the total derivative D, (22), the annihilation will yield a set of first order
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differential equations for the new functions «; (7) with the initial conditions given by the original
value «;,
ki (D)=Gi (k1 (1),...,kx (7)), i=1,...,K, (31a)

ki (0) = a. (31b)

Then the symmetries for the original Equation (1) are obtained from the master symmetry (29) by
putting 7 =0 in the resulting symmetry.

Let us construct the master symmetries of the non-autonomous YdKN Equation (4) as this
differential difference equation appears in all symmetries of the generalized ABS equations we are
considering. We proceed with the method we discussed above. Using the fact that by, ck, and ey are
two periodic, i.e.,

br=b+ (1B, c=c+(=D"y, e=e+(-Dn, (32)

and substituting the coefficients a, b, ¢, v, d, e, 7, and f with the function of 7, we obtain the following
expression for (5):

Adlqe, 7) =a()gp +2 [b(r) + 1DkBE)]
+e(T) + (=D y(7), (33a)

Bi(gr, 7) = [b(r) = (1)} B(7)]| 4} + d()ax
+e(r) — (=1)'n(7), (33b)

Cil(gx, 7) = [c() = (~1)y(D)]
+2 [e(@) + (=1'n(®)] g + £ (1), (33¢)

from which we may build up the 7-dependent version of (4),

_ Ar(qr, DGrr19r-1 + Bi(gr, T)(qrs1 + gr—1) + Ci(qk, T)

kt (34)
qk+1 — qk-1
We then make ansatz (29) for the master symmetry, i.e.,
_Ar(grs T)Grr1gk-1 + Be(gi, T)(qrr1 + qr-1) + Ci(qk, T)
kr =N . (35)

qk+1 — qk-1

Commuting the flows of D; and D, we obtain a five-point symmetry, gfll), according to (27). This
obtained function has a purely three-point part which is of the same form (34) but with different
coefficients. Annihilating this part, we obtain some equations for the coefficients a, b, 8, c, vy, d, e,

17, and f,

ar (D) =a(t)d (1) + 2% (1) - 2b* (1), (36a)
br (1) ==b()c (M) + B M)y (1) +a(r)e(r), (36b)
Br(D)=c(@) B -b(m)y (M) —al®)n(r), (36¢)
cr (M=2b(1)e(r)—d (M) c(r) =28 (1), (36d)
Y- ()=2Be(1) —d (1) y (1) - 2n (1) b(7), (36e)
d- (7)== (D) +a(@)f () +7* (1), (36f)
er (D)=—c(Me(m) -y (@@ +b()f (1), (36g)
ne()=y()e(m) - B@Of(1)+c(t)n(7), (36h)

fe @) =f(@)d (t) = 26" (1) + 21" (7). (361)
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TABLE V. The value of the coefficients of master symmetry (35) obtained by solving system (37) in the case of the trapezoidal
H* Equations (9).

Eq. Dir. c(1) v (T) d (1)
—_1 1

HE n e 0 w1

m %2 % 0

-1 1

HYon ey 0 w1

m -£ -5 0

1 2 2 —nyz(az—l) 2
02(0271)6—7-“72(02—1) Qz(l_a/z) ¢ 27403
HE n e 0 % 5
3 ST ((7271)_0% 4o T2 ("271)_022
| |

m _ 828727031 _828727”31— (YT%
Eq. Dir. e(T) n (1) f()
HE  n 0 0 -2 FY (x+ 1)

m 0 0 2
,Hie n 8&22F,(,:’) (t+1) 0 —a% [—1 + ang,(,T)(T +1)2&2 +4F,(,:) (an + 2(13).9] (t+1)

m %+£(T—202—2(l3)8 —% (T -2 —2a3) & —%(1—202—2(13)25—(13—%7'

2
82521;&*)(”%71)(3_7“2 (a2_l)7(122)
,Hée n 0 0 5
e—l/ZT(Yz(az—l)
m 0 0 —a%éze%"ﬂ

If the coefficients satisfy system (36) then it is easy to show that the obtained gﬁll) is a generalized

symmetry depending on five points. We remark that system (36) in its generality is impossible to
solve, but since the right hand is a polynomial, we are ensured that such solution always exists in a
neighbourhood of 7 =0.

The solutions with the initial conditions given by Tables I-IV will then yield explicit form of the
master symmetries in all the relevant sub-cases. By using the master symmetry constructed above, we
can construct infinite hierarchies of many-point generalized symmetries of the H* and H® equations
in both directions. Furthermore, since for every H* and H® equation we have a=b= =0, we can
in fact use the reduced system where a (1) =b (1) = B (1) =0,

cr ()=—d(1t)c(7), (37a)
Y (0)=-d (1)y (1), (37b)
dr (1) == (1) +7* (1), (37¢)
e ()=—c(@e(®)-y(@n(1), (37d)
e (D) =y (M) e () +c(D)n (1), (37¢)
fr (@=f(0)d (1) = 2* (1) + 2> (7). (37f)

The same comments made for (36) apply also to (37). As an example in Table V, we list the
form of the 7-dependent coefficients in the case of the trapezoidal H* Equations (9). We leave to the
reader the construction of the master symmetries in the remaining simple cases.

IV. ALGEBRAIC ENTROPY FOR THE NON-AUTONOMOUS YDKN EQUATION
AND ITS SUBCASES

In Secs. IT and I1I, we constructed the three-point generalized symmetries and master symmetries
of the H* and H® equations which are eventually related either to YdAKN (2) or to the non-autonomous
YdKN Equation (4).
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It was remarked in the Introduction that the non-autonomous YdKN Equation (4) passes the
necessary condition for the integrability which is an indication of the integrability of such class of
equation. In this paper, we have shown that (4) are symmetries of the H* and H® equations. In this
section, we give further evidence that the non-autonomous YdKN might be an integrable differential-
difference equation based on the algebraic entropy test> for differential-difference equations.

We recall briefly how to compute the algebraic entropy”-? in the case of differential-difference
equations of the form

du,
dt

First of all we assume that the equation is solvable for u,; uniquely. This is a condition on f;.
Then, starting from the initial conditions at n = —1, 0, we compute u; by substituting all relevant ¢
derivatives of u_; and uy. Knowing u; we can then calculate u#, and so on. Calculating the successive
terms becomes rapidly very cumbersome if we consider the initial conditions to be independent and
arbitrary. However a great simplification in the explicit calculations is obtained if instead of a generic
initial condition one parameterizes the curve of the initial condition rationally using the variable ¢,

A_1t+B_4 Aot + By
U|=————, Uy=———.
At+B At+B
We can then proceed and calculate N iterates, for a sufficiently large positive integer N. At every

passage /, we take the maximum of the degrees in ¢ between the numerator, u}“”“, and the denominator,

u;ien ,

=fn (Unt1, Up, Up_1) .

(38)

dy=max {u™, uf*} (39)
and, after N iterates, we end up with the sequence of the degrees of the iterates
L, 1,d,da,. .. dy. (40)

The next step is then extracting the value of the algebraic entropy which is defined as
1
n=lim Ylogdz. (41

This will in principle need the knowledge of the full sequence, but we know just the first N terms.
However, we have a standard heuristic method to extract such asymptotic quantity from the finite
sequence (40): we can find a generating function of the sequence using rational functions

g(s)= > dis' 42)
=0

The method has already been shown to work remarkably well for maps and lattice equations'®?° and
leads to extremely simple rational fractions with integer coefficients. This approximation can be used
as a predictive tool. Indeed, one can readily compute the successive terms in the Taylor expansion for
(42) and confront them with the degrees calculated with the iterations. This means that the assumption
that the value of the algebraic entropy given by the approximate method is in fact very strong and
very unlikely the real value will differ from it.

Having a rational generating function will also yield the value of the algebraic entropy from the
modulus of the smallest pole of the generating function

7 = log min {Isl | 1im [g(o)] = oo}. (43)

From the generating function, one can also find an asymptotic fit for degrees (39). This can be done
by using the Z-transform'%?! because it can be readily proved that

a2,

where Z[f({)], is the Z-transform of the function f({). For more details on how the method is
implemented see Ref. 17.
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We look for the sequence of degrees of the iterate map for the non-autonomous YdKN Equation
(4) and its particular cases found in Sec. II. We find for all the cases, except the symmetries of HY,
i.e., for symmetries (12) and (14) of ;H} and for the symmetries of the ;D, equations, the following
values:

1,1,3,7,13,21,31,43,57,73,91, 111,133,157 . . .. (45)
This sequence has the following generating function:
1 -27+37°
8@)=——75— (46)
(1-27%,
which gives the following quadratic fit for sequence (45),
d=ll-1)+1, 47)

therefore, the algebraic entropy is zero.

For the symmetry in the n direction (6a) of the equation .H{, we have the somehow different
situation that the sequence growth is different depending on whether we consider the even or odd
values of the m variable

m=2k 1,1,3,7,10,17,23,33,42,55,67,83,98,117.. ., (48a)

m=2k+1 1,1,3,4,9,13,21,28,39,49,63,76,93,109.... (48b)
These sequences have the following generating functions and asymptotic fits:

22 -3 432 42 -2+ 1

m="2k, « (- Z)j(z b ’ (492)
-1y =21
dy= %lz -1- %
(2= (2 +z+ 1)(§z2 -2+ 1)’
m=2k+1, . 3(1 - 51()—(11;—1)19 (49b)
d,:Zﬂ—EZ—T.

The symmetry in the m direction (8b) of the equation ,H{ has the same behaviour obtained by
exchanging m with n in formulae (48) and (49).
The symmetry of the equation ,HY in the n direction has almost the same growth as that obtained

for m odd (48b) and (49b); however, the fit d; = %12 - %l +(— 1)’% + % presents a term I(=D, new
in this kind of results. For m even, we have the same growth as (45). The symmetry of the equation
+H} in the m direction has the same growth as the even one of ;H{ (48a) and (49a). For symmetries
(16) of the ;D, equation, we have different growth according to the even or odd values of the m and
n variables. These sequences are slightly lower than in the case of equations HY, however, always
corresponding to a quadratic asymptotic fit.

This shows that the whole family of the non-autonomous YdKN is integrable according to the
algebraic entropy test. For completeness, let us just mention that symmetries (17) of the ; D, equations
have a sequence growth of the same order than those considered above, i.e., quadratic growth and
thus null entropy.

Let us show the validity of the algebraic entropy test by the calculation of a symmetry for a
non-integrable subcase of (H{ . As the symmetries of the ,H{ equation depend on arbitrary functions,
not all of them will produce an integrable flux. Let us consider the case of flux (11) when € =0, B,,(x)
=—1/x, ¥ =6, =0, and @ = 1. We have the following symmetry:

2
= Unt+1mUn—1,m — Uy

X =

(50)

Un,m *

Un+l,m — 2"{n,m + Un-1,m
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Following Ref. 35, the necessary condition for the flux of (50) db;,% = ,{) un,m to be integrable is that

given

Unm — Un—1,m

, (619

Un+1 Un+l,m — 2Mn,m + Un—1,m

we must have

2 2
dp =2u5, y + Aty Ui — 2un+1’m

e (un+2,m = 2Upy1m + un,m) (_un+],m + 2uy — un—],m)
_ 2 (unfl,m - un+l,m) (_un+1,m + un,m)
(un+1,m - 2Mn,m + un—l,m)z
zui,m - 2l'tn,ml'in+1,m - 2un—1,mun,m + 2l'tn—],m"‘n+],m
(un,m - 2I/ln—l,m + un72,m) (_un+l,m + 2Mn,m - unfl,m)

=(T = Dgn (52)

+

for any function g, defined on a finite portion of the lattice, for example, such that g, = g,,(4n+1,m> Un.m»
Un—1.m»> Un-2.m). We search the function g, using the partial sum method® and we find an obstruction
at the third passage. Then the function g, does not exists and therefore we conclude that the flux of
(50) is a non-integrable differential-difference equation.

Using the algebraic entropy test on the flux of (50), we find the following values for the degrees
of the iterates:

1,1,3,9,27,81,273,729.. .., (53)
which gives us the following generating function

1-2s
=—, 54
86)= T, (54)
and the entropy is clearly nonvanishing 1 =log3. So the non-integrability result obtained by the
approximate algebraic entropy method agrees with those obtained by applying the formal generalized
symmetry method.

V. CONCLUSIONS

In this note, we constructed the symmetries of the equations belonging to the Boll classification’-3
and showed that they are integrable (by the algebraic entropy test) and related to particular cases of the
non-autonomous YdKN Equation (4).2° This was already known for the thombic H* equations> and
here we show the explicit identification of the symmetries obtained in that paper with the coefficients
of the non-autonomous YdKN equation.

We finally note that, as was proved in Ref. 23 for YAKN (2), no equation belonging to the Boll
classification has a symmetry which corresponds to the general non-autonomous YdKN Equation
(4). In all the cases of the Boll classification, one has a = by = 0.

In Ref. 31, it was shown that the Qy equation introduced by Viallet

Ov Pyt D3 (un,m + Upm+l + Unslm T un+1,m+1) +
+p2 g (un,mun+l,m + un,m+1un+1,m+l) +
+D22 (Un st + Unslmlns me1) +
+P20 (UnmUns1 mr1 + Un el Unslm) +
+p; (un,mun,m+lun+1,m + UnmUn+1,mUn+1,m+1 +
+ UnmUnm+1Un+1,m+1 + un,m+lun+l,mun+l,m+1) +

+ Do UnmUnm+1 Un+1,mUn+1,m+1 = 0 (55)

possesses the Klein symmetry and admits a symmetry of the form of the YAKN



053507-17 Gubbiotti, Scimiterna, and Levi J. Math. Phys. 58, 053507 (2017)

S h 1
XN —————— — —0y...h (56)

Un+1,m
Un+l,m — Un—1,m 2

where

h(un,m’ Mn+1,m§P1,P2,i,P3,P4) = QVaun,mH aunﬁ.ltmﬂ QV +
- (6’4n,m+l QV) (auuﬂ,mﬂ QV) . (57)

The connection formulae between the coefficient of Qy and YdKN (2) are
1
a=P§ —P2,1Po> b= 5[171(192,0 + P22 = P21) — P3Pol,

1, 2 2
C=D20P22 —P3Pi1> d= E[Pz,z — D5 +P50 = PoP4ls

1
e=31psW22 = P21 +P20) ~PiP4) f=P3—prips. (58)

This is a set of coupled nonlinear algebraic equations between the 7 parameters p; of Qy and the
6 ones (a,...,f) of the YAKN. Eq. (58) tells us that the YAKN with coefficients given by (58) is
a three-point generalized symmetry of Qy. If a solution of (58) exists, i.e., one is able to express
the p; in terms of (a, - - - ,f), then Qy, maybe after a reparameterization, turns out to be a Biacklund
transformation of the YdKN.*??

From the results obtained in this paper, one is lead to conjecture a non-autonomous generalization
of the Qy equation. We have many possible ways of proposing such a generalization. A first possibility
is to generalize the original Klein symmetry

Q (Mn+l,m’ Un,ms Un+1,m+1> Unm+15 _(_l)n, (_l)m) =
TQ (un,m, Un+1,m> Unm+15 Un+l,m+15 (_1)n’ (_1)}11) 5
0 (Mn,m+1, Un+1,m+1> Unyms Unm+15 (_l)n’ _(_l)m) =

T/Q (Mn,m’ Un+1,ms Unm+1s Un+l m+15 (_1)”’ (_1)m) 5 (59)

where (7, 7/) = =1 and Q (x, u,y, z, (—1)", (—=1)™) is a multilinear function of its arguments with non-
autonomous coefficients in the form of 2-periodic functions in n and m, i.e., of the form a + B(-1)" +
y(=1)" +6(-1)""", with @, B, v, and & constants. This discrete symmetry is shared by all of the Boll
systems and in the autonomous case reduces to the usual Klein symmetry.

A second possibility is to ask the function Q (x,u,y, z;(—1)",(=1)") to respect a strict Klein
symmetry just as in (55). Choosing the coefficients, for example, as

po=1+=D" pr==D" pri=—-1+D)" pro=(-1),

P20= 1+ 2(—1)”, p3= 1+ (—1)”, P4 =4+ 2(—1)",

(58) provides a non-autonomous YdKN. In this case, by performing the algebraic entropy test the
equation turns out to be integrable. Its generalized symmetries, however, are not necessarily in the
form of a non-autonomous YdKN equation. A different non-autonomous choice of the coefficients
of (55), such that (58) is satisfied for the coefficients of the non-autonomous YdKN, gives, by the
algebraic entropy test, a non-integrable equation.

The proof of the existence of a non-autonomous generalization of Qy together with the deriva-
tion of an effective Backlund transformation and Lax pair for the YAKN and its non-autonomous
counterpart is work in progress.
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