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Abstract

We study a Cahn-Hilliard-Hele-Shaw (or Cahn-Hilliard-Darcy) system for an in-
compressible mixture of two fluids. The relative concentration difference ¢ is gov-
erned by a convective nonlocal Cahn-Hilliard equation with degenerate mobility and
logarithmic potential. The volume averaged fluid velocity u obeys a Darcy’s law
depending on the so-called Korteweg force 4V, where p is the nonlocal chemical
potential. In addition, the kinematic viscosity 7 may depend on (. We establish first
the existence of a global weak solution which satisfies the energy identity. Then we
prove the existence of a strong solution. Further regularity results on the pressure
and on u are also obtained. Weak-strong uniqueness is demonstrated in the two
dimensional case. In the three-dimensional case, uniqueness of weak solutions holds
if 1 is constant. Otherwise, weak-strong uniqueness is shown by assuming that the

pressure of the strong solution is a-Hélder continuous in space for o € (1/5,1).
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1 Introduction

The behavior of an incompressible binary fluid flow in a Hele-Shaw cell occupying a
bounded domain 2 C RY, d = 2,3, can be described through a diffuse interface model

which reduces to the following system in the Boussinesq approximation (see [37), 38])

n(e)u+Vr = pVep

div(u) =0

o1 +u- Vo =div(m(p) V)
p=—Ap+ F'(¢) —doyp

in Qr =0 x (0,7). Here ¢ : Q x [0,T] — [—1, 1] is the relative concentration difference
u:Qx|[0,7] — R? the volume averaged fluid velocity, and 7(-) is the kinematic viscosity
given by

n(S)IV11;S+V21;S, se[-1,1], (1.5)

where 11 > 0 and 5 > 0 are the (constant) viscosities of the two fluids. The function F’

is the mixing entropy density, namely

F(s) = g((l + s)log(1+ s) + (1 — s)log(1 — 5)), s€(=1,1), (1.6)

where ¢ > 0 is the absolute temperature and 9y > ¢ is the critical temperature. Moreover,
7 is the pressure and m(-) > 0 is the mobility. Some other constants have been set equal
to unity and gravity has been neglected for the sake of simplicity (see [34) Sec.7]). It is
worth recalling that the original model is typically two dimensional. Nonetheless, in three
dimensions, the system can model fluid flow in a porous medium and, in particular, it is
used in solid tumor growth modeling (see [10, 27, [34] and references therein).

In this setting, i.e., without approximating (LG with a regular double well potential
and taking no-flux boundary conditions, the only theoretical results available so far were
proven in [34] for constant mobility. More precisely, in two spatial dimensions, the author
established the existence of a weak solution, its conditional uniqueness as well as the ex-
istence and uniqueness of strong solutions. Instead, in three spatial dimensions, existence
and uniqueness of a strong solution were proven locally in time or for small initial data.
The case 7 constant was formerly analyzed in [35]. Previous results for  non-constant

were only known for regular potentials, that is, smooth approximations defined on R of

the singular potential W(s) = F(s) — %52 (see [42, 43] and also [10]). For a detailed
analysis of contributions in the case 7 constant with regular potential, we refer the reader
to [34]. However, as is well known, in such cases it is not possible to ensure the physical

requirement ¢ € [—1,1]. Open issues for system ([I)-(L4) are the uniqueness of weak



solutions and the existence of global strong solutions in dimension three (even in the case
of constant 7).
An alternative system is based on the nonlocal Cahn-Hilliard equation. In this case,

the standard local free energy

s = [ (M v wi) i

whose functional derivative is the chemical potential p, is replaced by the nonlocal free

energy

E(p) = —%//QXQ J(x—y)@(w)so(y)d:cder/QF(SO)d:c,

where J : RY — R is a suitable interaction kernel such that
J(z) = J(—x). (1.7)

Note that the nonlocal term represents the demixing effects which compete with the
entropy mixing (see [28, 29, [30] for a macroscopic derivation from a microscopic model
in a periodic context, see also the discussion in [I5]). Then, taking p as the functional

derivative of £ we obtain the nonlocal version of the Cahn-Hilliard-Hele-Shaw system

n(e)u+ Vr = uVep (1.8)
div(u) =0 (1.9)
o +u- Vo =divim(e)Vu) (1.10)
p=—Jxp—+ F(p) (1.11)

in Q7. This system was analyzed in [I1] in the case of constant viscosity and mobility. In
particular, the global well-posedness of weak solutions and the existence of global strong
solutions were established also in dimension three. An improvement with respect to what
is known for the corresponding system ([L1I)-(I4).

In the present contribution we take a step further by considering non-constant viscosity

and degenerate mobility, that is,
m(s)=1-s%  se€l[-1,1]. (1.12)
More precisely, our goal is to analyze (L8)-(LII) equipped with following boundary and

initial conditions

o _
on
o0) =g, i, (1.14)

u-n=0, m(p) 0, on T x (0,7), (1.13)



where n is the outward normal to I' := 02 and ¢ is a given initial condition.

We first prove the existence of a global weak solution which satisfies an energy identity
(see Section B]). The existence of a global strong solution is then analyzed in Section [l
As we shall see, the combination of degenerate mobility and singular potential will play
a basic role (cf. [I7, [I8] and references therein). In order to carry out our existence
argument, we need an unexpected ingredient, that is, the spatial Holder regularity of
the pressure. This is obtained by means of a celebrated De Giorgi’s result. Moreover,
we need an existence result on the convective nonlocal Cahn-Hilliard equation which
is a refinement of a previous one contained in [I8, [19] (see Section [). Section [ is
devoted to establish further regularity properties for 7 and u. These technical results
are helpful, in particular, to prove a conditional weak-strong uniqueness in Section [@] for
the three-dimensional case. The uniqueness issue is open for weak solutions even in the
two-dimensional case (cf. [16] for the nonlocal Cahn-Hilliard-Navier-Stokes system). We
can prove weak-strong uniqueness in dimension two. In three dimensions the result is
conditional. More precisely, we need to require that the pressure of the strong solution is
a-Holder continuous in space with a € (1/5,1). On the other hand, if 7 is constant then
uniqueness of weak solutions holds. Section [§]is devoted to some comments on possible
further investigations. Section [0 is an appendix containing some Gagliardo-Nirenberg

type estimates which are mostly used in Section [l

2 Notation and useful results

Here we introduce some notation and we report some results which will be used in the
sequel. From now on I' will be smooth enough.
We set

Vi={velCrQ)*: div(v) =0}, (2.1)
_ 72 d

Gdiv = VL © ) Zw(Q)d = Gdiv N LT(Q)d7 r> 27 (2 2)
Viiw = Gaiw N HY ()%, (2.3)
Vouiv = Gai VHy ()%, Va7 = Lip, (T W ()7, 7 > 2. (2.4)
For the sake of brevity, we also set H := L?(Q0), H? := L?(Q)4, H™> = L[2(Q)%*
denoting by || - || and (-,-) the norm and the scalar product, respectively, on H, H? or

H®4 Moreover, we define V := H'(Q) and V¢ := H'(Q)".
If X is a (real) Banach space, X' indicates its dual and (-,-) stands for the duality
pairing between X and X’. For every f € V’ we denote by f the average of f over , i.e.,

f:=Q71{f,1). Here |Q| is the Lebesgue measure of Q. Let us introduce also the spaces
Hy:={ve H:(v,1)=0}, Vo =V NHyand Vj :={f € V': (f,1) = 0}. We note that
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the dual space (V4)" can be proven to be linearly isomorphic to V. The linear operator
AV =V Ae L(V,V'),is defined by

(Au,v) = / Vu - Vo, Yu,v € V.
Q

We recall that A maps V' onto V{ and the restriction of A to V{ maps V; onto V isomor-
phically. Let us denote by NV : Vj — V} the inverse map defined by

ANf=f VNfeV and  NAu=u, Yueclj.

As is well known, for every f € Vj, N f is the unique solution with zero mean value of

the Neumann problem

—Au = f, in
g—ﬁ =0, on I

Furthermore, the following relations hold
(Au, Nf) =(f,u), YueV, Vfel,
Ny = 9 NT) = [ VD -YNg) Vg ety

Recall that A can be also viewed as an unbounded operator A : D(A) C H — H where
D(A) = {¢ € H*Q) : g—ﬁ = 0 on I'}. The operator A has a non-decreasing sequence
of eigenvalues {\;} ey, such that A\; = 0 and A; > 0 for all j > 2. The corresponding
eigenfunctions {w,} ey, form an orthonormal basis of H and they are orthogonal in V.
Moreover, any non-zero constant is an eigenfunction associated with A\;. We can take
wy = |Q7Y2 so that |Jw,|| = 1.

Here below we report a crucial result for our analysis, namely a general result on the
Holder regularity of solutions to the Neumann problem:

— (al-juxi)mj =divf - f, in Q, (2.5)

(aijug, + fi)n; =1, on ', (2.6)

where @ C R? is a bounded smooth domain, (a;;) is a d X d symmetric matrix with entries
a;; € L>(Q) satistying the ellipticity condition

AP < ai(2)&€ < AF[EJ?, vé € RY and for a.e. 2 € Q, (2.7)

for some 0 < A, < A*. Referring to the general theory of linear elliptic equations with
measurable coefficients we first recall that (see, e.g., [I2, Chapter 9, Theorem 10.1])

Proposition 2.1. If f € L*(Q)¢, f € LY(Q), ¢ € Li(T), where q,¢ > 1 if d = 2 and
q=6/5,G=4/3ifd =3, and the compatibility condition [, f = [, is satisfied, then
problem [Z3)-2.8) admits a weak solution uw € H'(Q), which is unique up to a constant.
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Moreover, we have the following Holder continuity result, which also gives an estimate
of the Holder norm of the solution in terms of the data of the problem (see [12, Chapter
9, Theorem 18.3])

Proposition 2.2. Let u € H'(2) be a solution to the Neumann problem (ZH)-(Z0), with
f and f satisfying

fc Ld+E(Q)d, fe L5 (Q), for somee >0, (2.8)

and 1 € LT, for some o € (0,1). Then u is Hélder continuous in 0, and there exist
constants © > 0 and o € (0,1), depending on ||f||pa+e(q)a, ||f||Ld;g(Q), ||| pa-14e(ry, s,
A* e, d and on the C'-smoothness of I', such that

2

lella@) < OUIEl ey 1] 25 g s 1Pllzareory Ay AT, 8, T d) (2.9)

We will also make use of a general W*P({))—regularity result for the elliptic problem

Au=f, in ), (2.10)
du
=9 oo r. (2.11)

Proposition 2.3. Assume thatt,r,s € R, 1 < p < oo, and either p =2 or s —1/p is not
an integer, and let f € W™P(Q). Ifg € WH(T'), r+1 > 1/p, and s = min{r+2, t+1+1/p},
then any solution u to (ZI0)-@II)) belongs to W*P(Q2). Moreover, if the set of solutions

s mot empty, the following estimate holds

inf [[ullwsr@) < CUfllwre@ + lgllwerm)
where the infimum is taken over all solutions w and C' > 0 is independent of f and g.

Finally, the following notation will turn out to be convenient. If A is a real number,
we denote by A~ any constant B arbitrarily close to A, such that B < A, and by AT any
constant B arbitrarily close to A, such that B > A.

3 Existence of weak solutions

In this section we first introduce the basic assumptions which are needed to prove the
existence of a global weak solution. Then we define the weak formulation and we state
and prove the first existence result.

Our assumptions on 7, J, m, and F read as follows. Note that the ones on n, m, and

F are slightly more general than the ones specified in the Introduction.



(H1) n € C%!([-1,1]) and there exists 7; > 0 such that

ﬁ(s) =M, Vs € [_17 1] :

(H2) J € WEHR?), J(z) = J(—z) for almost any z € 2, and J satisfies

loc

a::sup/|J(:c—y)|dy<oo, b::sup/|VJ(:c—y)|dy<oo.
0 0

€ e

(H3) m € C%!([-1,1]) is nonnegative and m(s) = 0 if and only if s = +1. Moreover,
there exists o9 > 0 such that m is nonincreasing in [1 — 0, 1] and nondecreasing in
[—1, —1 —|— 0'0].

(H4) F € C2((—1,1)) and A == mF" € C(]-1,1)).

(H5) There exists some oy > 0 such that F'” is nondecreasing in [1 — 0, 1) and nonin-

creasing in (—1, —1 4 o¢].
(H6) There exists some ¢y > 0 such that

F"(s) > ¢, Vs e (—1,1) .

(H7) There exists some o > 0 such that

m(s)F"(s) > ag, Vs e [—1,1].

Remark 3.1. An interaction kernel which satisfies (H2) is the Newtonian kernel, namely
J(z) = g3lz|™t if d = 3, and J(x) = —joInlz|, if d = 2, where jo and j3 are positive
constants. Moreover, in (H4), A must be understood as continuously extended at the end-
points. It is worth observing that the assumptions (H3)-(H7) are satisfied, for instance,
by (LG) and (LI2). Note that, in this case, \ is constant.

The notion of weak solution is defined by

Definition 3.1. Let ¢y € L>(Q) with F(py) € L' () and 0 < T < oo be given. A triplet
[w, 7, @] is called weak solution to (LY)-(LII]) and (LI3)-TI4) on [0,T] if

uc L*0,T; Gy,

m e L*0,T:Vy),

0 € L0, T; LP(Q) N L*0,T;V), Vpe[2,00),
pr € L0, T5 V'),



p e L®Qr), |elxt)] <1 forae (z,t)€Qr,

and
n(plu=-Vr— (Jxp)Vp, ae in Qr, (3.1)
(or, D)y + (M) F"(9) Vo, V) — (m(p) VI * ¢, Vip) = (up, Vi),
Vi eV and a.e. in (0,T), (3.2)
©(0) =g, a.e. in L (3.3)

Remark 3.2. Observe that the regularity properties of the weak solution entail that ¢ €
C([0,T); H). Therefore the initial condition p(0) = @o makes sense. Moreover, note that

any weak solution is such that the total mass is conserved, namely

@(t) = @07
for any t € [0,T].

Remark 3.3. Looking at [B2) and recalling (H7), it is clear that the combination of
degenerate mobility and singular potential helps since one deals with a non-local but non-
degenerate parabolic equation for ¢ (see also [18]). On the contrary, if the mobility is

constant the analysis requires more care (cf. [11]).

Let M € C?*((—1,1)) be the solution to m(s)M"(s) = 1 for all s € (—1,1) with
M(0) = M'(0) = 0. Then the existence of a weak solution is given by

Theorem 3.1. Assume that (H1)-(H7) hold. Let o € L>®(Q) be such that F(py) €
LY Q) and M(py) € L*(Y), where M is defined as above. Then, for every T > 0, there
exists a weak solution [u,m,p| to (LJ)-CI) and (LI3)-CI) on [0,T]. This weak

solution satisfies the following energy identity

3l + 2IVataul? + [ m(o)F (o) plds

/m VJxp- Vgoder/(—J*cp)u-chdx, (3.4)
Q

for almost any t > 0.

The strategy to prove Theorem B.lis the following. We consider suitable approxima-
tions of 7, m, and F. Then we formulate an approximating problem by adding a viscous
term —vAu to the Darcy’s law (i.e. we consider its Brinkman approximation, see [8] and
references therein) for a given v > 0 (see Subsec. B]). We solve this problem by means of
a Galerkin scheme (see Subsec. B2). Then, in Subsection B3] we get first a weak solution
to the Brinkman-Cahn-Hilliard problem with the original n, m, and F. Finally, we pass

to the limit as v goes to 0.



3.1 Approximating problem
Let € € (0,1] be fixed. Consider the following approximations of 7, m, and F.
(A1) Approximating viscosity

n(l —e), s>1—¢
ne(s)=q nls),  [s|<1—e
n(—1+e), s<—1+e

(A2) Approximating mobility
m(1l —e), s>1—c¢

ms) =4 m(s), s <1—e
m(—1+e), s<—1+e

(A3) Approximating potential

(Fl—e+Fl—e(s—(1—-e)+iF'(1-€(s—(1—¢)’
(s—(l—e))g, s>1—c¢,

F(s)=q F(s), [|s|<1—¢,

F(=1+e) 4+ F(=1+€e)(s— (=1 +€) + 3F' (=14 ¢)(s — (=1 +¢))’

\+’s—(—1+e)3, s<—1+e.

+

It is easy to check that F. € C!(R) and that, thanks also to (H6), there exist two

loc

constants k; > 0 and ky > 0, which do not depend on €, such that
F.(s) > ks> — ko,  Vs€eR. (3.5)
Moreover, as a consequence of (H6), we still have that
F'(s) > ¢, Vs e R, (3.6)
and (H5) implies that there exists ¢y > 0 such that
F.(s) < F(s) + €, Vs e (—=1,1), Vee (0,¢). (3.7)
Also, note that
|F!(s)| < k3s® + ky, Vs e R, (3.8)

for some positive constants ks, ky.



Fix v > 0 and consider the Brinkman approximation

—vAu+n(p)u+ Vr = uV, in Qr, (3.9)
div(u) =0,  in Qr, (3.10)
or +u - Vo =div(im(¢)Vpu), in Qr, (3.11)
p=—Jxp+F(p), inQr, (3.12)
u=0, me(go)g—ﬁ =0, on T x (0,7), (3.13)
©(0) =,  in (3.14)

Then we introduce the notion of weak solution which reads
Definition 3.2. Let oy € H be such that F.(py) € LY(Q) and 0 < T < oo be given. Then
[u, 7, ] is a weak solution to [B9)-BI4) on [0,T] if
u e L*0,T; Vodin) ,
™€ L*0,T; Hy),
o € L>(0,T; L*()) N L*(0,T; V),
pr € L0, T5V"),
e IX(0,T5V),
and
(VVu, V) + (ne(p)u, v) = (1, div(v)) = (¢Vu,v), Vv e CF(Q),
(o6, D)y + (me(@)Vi, Vo) = (up, V), V¢ €V and a.a. t € (0,T),
p=—Jxo+Flp),
almost everywhere in (0,1 with
©(0) =g, a.e. in €.
We now prove the following

Theorem 3.2. Assume that (A1)-(A3) hold. Let py € L>*(Q) with F.(pe) € L'(Q).
Then, for every T > 0, there exists a weak solution [u,m,p] to (B9)-BI4) on [0,T].

Moreover, this solution satisfies the energy inequality

eel) + [ (IWmGe@IVu)IP +vIVa@IP + [Valomhu?) dr < Eeo).

t
0
(3.15)
for all t € [0,T], where

&e) = =5 [ [ I —uete et idedy + [ Flptyis. (310

Remark 3.4. Actually, it can be proven that [B.IH) is an identity (cf. [19, Proof of
Cor.2]).
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3.2 Proof of Theorem

We shall use a Galerkin approximation scheme. Let {\;};en and {w;};en be the eigenval-
ues and the eigenvectors of the Laplace operator with homogeneous Neumann boundary
conditions (cf. Section [2)). Then, set

W, = (wq,...,wy,)

and denote by II,, : H — W,, the usual linear bounded orthogonal projector.

Fix n € N and introduce

oult) = 3" gniO)ws

where g, = (gn1,-- -, gnn) has to be determined. For any g, € C([0,T])" there exists a
unique w € C([0,T7]; Vb.4iv) (depending on g,,) which solves

(vVwW, VV) + (n(on)W, V) = —(0n.Vin, V), Vv E Vg in (0,7), (3.17)

where
fin = Hp(=J * on + F/(n)) - (3.18)
Moreover, it is easy to prove that the mapping F : C([0,7)" — C([0,T]; Vo aiv), defined
by setting F(g,) = w, is continuous with respect to the standard Lagrangian norm in
C([0,T])™. Let us suppose
o € D(A) (3.19)

and consider the following problem: find g, solution to the Cauchy problem

/ pdz + / e(20) Vit - Vb = / Fg,)on - Vibda,
(9] Q Q

Vi € W, in (0,T), (3.20)
©(0) = pon := . (3.21)

Taking ¢ = w, for each j € {1,...,n} and using the orthogonality properties of the
eigenfunctions, we can write down a first-order system of ODEs in normal form for the
unknown vector-valued function g with a locally Lipschitz continuous right-hand side.
Therefore, the Cauchy-Lipschitz theorem entails the existence of a unique solution g &€
C([0,T,])™ for some T,, € (0,T]. We thus have found a unique approximating pair
(Wn, on) € C([0, T,]; Voain) x CH([0,T,); W,,) for each n € N.

Take now v = w in [B.I7) and ¢ = p,, in (320). Adding together the identities and
taking (3I8) into account, it is not difficult to obtain the energy identity

%&(%(t)) v me(n() Vi (O + vIIVWa (I + 1/ e (1)) Wa (1) = 0, (3.22)

11



for every t € [0,T,].
Integrating (8:22) with respect to time in (0,¢) and recalling (H1) and (A1)-(A3),

we get

Ee(pn(t)) + /O (CIVLaDI? + VIV W (D) + mllwa(T)?) dr < Ec(on).  (3.23)

Here and in the sequel of this proof C' > 0 stands for a generic constant which possibly
depends on v and € but is independent of n. This constant may vary also within the same
line.

Due to the convergence pg, — @ in H2(2) (cf. BI9)), on account of (A3) and

([B.16), we find

t
Eelion(t)) + / (CUIV (P + v VW (D) + [ wa(7)|7) dT < C. (3.24)
0

From the above estimate we deduce first that we can extend our approximating solution
up to T for each n € Ny. Indeed we have |g,(t)]2 = ||on(t)||, | - |2 being the Euclidean
norm. Moreover, using ([B.5) and arguing as in [I9], we obtain the following uniform

estimates
||Wn||L2(07T;VO,div) < C’ (325)
lonll Lo 0, L30)) < C, (3.26)
| Fe(pn) | Lo 0,521 02 < C, (3.27)
IV ttn| 20,7500y < C. (3.28)

Observe now that

= Q) (I (= * on + Fl(pn)), 1)
= (IL/(—=J % @p + Fl(on)), w1) = (=J * 0n + F. (), w1).

This gives a uniform control of |[7i||~( ). Hence, using Poincaré-Wirtinger inequality

and recalling ([B.8]) and ([3.28)), we deduce

| tnll 220,73y < C. (3.29)
Using the above estimates, by comparison in equation (3.20) we deduce

il c20,mvny < C. (3.30)

On the other hand, multiplying (3I8) by —Ag,, recalling (H2) and (B.6), using ([3.25),

and arguing as in [7] we find
lenllz2, vy < C. (3.31)
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In addition, (3.8) and (3.26]) yield
”FI(@n)”LOO(o,T;LSﬂ(Q)) <C. (3.32)

The above uniform bounds and a standard compactness result in vector valued Ba-
nach spaces imply the existence of a triplet (u, ¢, 1) and a subsequence (w,,, @y, tt,) (not
relabeled) such that

w, —u weakly in L*(0, T; Vo ai), (3.33)
©n — @ weakly® in L>(0,T; L*(2)), weakly in L*(0,T;V), (3.34)
¢on — ¢ strongly in L*(0,T; H), a.e. in Qr, (3.35)
¢l — ¢, weakly in L*(0,T;V"), (3.36)
F/(p,) — ®, weakly™ in L=(0,T; L¥?(Q)), weakly in L*(0,T; L3()), (3.37)
fn — p1 weakly in L*(0,7;V). (3.38)

Moreover, using a well-known result, from (3.38) and (B.317) we infer that ®. = F!(y).
Recalling (BI7), observe that w, satisfies, in particular, the following variational

identity
(vVwW,, VV) + (Me(pn)Wn, V) = —(0n Vi, V), VveV, in (0,7). (3.39)

The above convergences and (A1)-(A2) allow us to pass to the limit in equations (B.IS]),
320)-(B2T)), and (3:39). Using a density argument, this gives

(vVu,Vv) + (n(p)u,v) = —(oVu,v), Vv eV, ae in (0,7), (3.40)
(0) + D)V V6) = (e, V), VYEV, ae in (0,T),  (341)
p=—Jxo+ F(p), a.e. in Qr, (3.42)
©(0) = o, a.e. in €. (3.43)

Also, using a semicontinuity argument (see [I9]), we can prove that (u, ) satisfies the

energy estimate (B.15).
If o € H with F(pg) € L'(Q) then we can argue as in [7] (see also [19]). We first

approximate @q with ¢, € D(A) given by o, = (I + %)_1g00. This sequence satisfies
Yom — @o in H. The corresponding approximating solutions (u,,, ¢,,) satisfy the energy
estimate (B.I0) with ¢y = @om. On the other hand, on account of ([B.6]), we can use a

convexity argument (cf. [7]) to deduce

56<(P0m) < 56<§00>-

Hence the sequence {(u,,, ¢,,)} satisfies (B.I5]) with ¢g in place of pg,,. Then, arguing as

above, we can find that it converges, up to a subsequence, to a pair {(u, )} satisfying
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B40)-B43). Finally, owing to De Rham’s theorem (see, e.g., [3, Chap.IV, Sec.2]), we
can find a unique © € L?*(0,T; Hy) such that

(vVu, Vv) + (n(p)u, v) = — (7m0, div(v)) — (¢Vi,v), ¥v e Ce(Q)4 ae. in (0,7T).

This concludes the proof.

3.3 Proof of Theorem 3.1

Following a strategy devised in [I1], we will pass to the limit first as € goes to 0. Then we
will let v — 0. Thus, let us consider first a weak solution [u., ¢.] to (39)-(B.14), keeping
v > 0 fixed and find suitable uniform estimates. We omit the dependence on v for the
sake of simplicity.

From (BI5), recalling (A3) and (B.5), we deduce the uniform bounds

\/;HuﬁHLQ(O,T;VO,dw) + ” V 776(‘)06)116”L2(0,T;de) < C’ (3'44>
||805||Loo(o,T;L3(Q)) <C, (3.45)
v me(SOE)VNEHH(O,T;Hd) <C. (3.46)

Here and in the sequel of this proof, C' > 0 indicates a generic constant which is indepen-

dent of € and v.
Arguing as in [19], we now test equation ([B4I) by v = M!(p.), where M, is a C?
function such that m.(s)M/(s) =1 and M.(0) = M/(0) = 0. This gives

d
E/Me(goe)da:jL/me(goe)Vue-Me"(goe)v%d:c:/ue<p€~VM€'(<p€)d:c. (3.47)
Q Q Q

Being u. divergence free, we have

/ ucp - VM (p)dr = — / u Vo, - M (p)dr = — / u VM (p)dz=0.
Q Q Q

Therefore ([B.47) yields

d
—/ M€(<p€)d:c—|—/v,ue~Vg0€dx =0,

that is p
& [ Meadn+ [ (Fr@ITe = (V750 Ve de = 0.

Thus, on account of (3], we get
d/M( Yz + 2|V | < C
1, e\Pe)ax 5 € = .
dat Jo g V¥
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Arguing as in [19], for e small enough we have a uniform control of [, M.(¢p.)dz with
Jo, M (po)dz. Hence, recalling (3.45), we get the uniform bounds

leell 2 mvy < C, (3.48)
| Mc(@e)l| Lo 0,010 < C' (3.49)

Then, on account of (B:44)-([B46]), by comparison in ([B.41]) we also obtain

[(@e)ell 20,y < C (3.50)

Bounds ([B.44)-(B.50) and standard compactness results entail the existence of u €
L2(0,T; Vg,) and ¢ € L*(0,T; H) N L?(0,T; V') such that, for some sequence ¢, — 0, we

have
u., —u weakly in L*(0,T; Vjain), (3.51)
©., — @ weakly” in L>®(0,T; L*(Q)) weakly in L*(0,T;V), (3.52)
@e, — ¢ strongly in L*(0,T; L*(Q)), s € [2,6), and a.e. in Qr, (3.53)
(01)e, — ¢ weakly in L*(0,T;V"). (3.54)

In order to show that |¢| < 1 almost everywhere in Q7 we can argue as in [19, Sec.7].
Observe now that the weak formulation (340)-([342) can be rewritten as follows

(VVu,, Vv) + (n(pe)ue, v) = (p(VJ x ¢), v),

Vv ey, ae. in (0,7), (3.55)
(D), V) + (Me(@) F () Vipe, Vib) — (me(p) (VI * @c), Vi) = (ucpe, Vi),
Vi eV, ae in (0,7T). (3.56)

Recalling (H2), (A3), and (3.53)), up to a subsequence, we obtain (cf. also the essential
boundedness of ¢)

Me, (Pe, ) Fe, (0e,) = m(@)F" (), strongly in L(Qr), Vs€[2,00).  (3.57)

Using now ([3.52)), (353), and the embedding L>°(0, T'; L3(Q))NL*(0, T; L5(Q)) — L*(Qr),
we deduce
Ge,, = P strongly in L"(Qr), Vr€[2,4). (3.58)

In addition, thanks to Lebesgue’s dominated convergence theorem, we find
New (Pe) = (), me,(0e,) = m(e)  strongly in L*(Qr), Vs e€[2,00). (3.59)

Convergences ([B.51)-([B.54) and B.57)-(B59) allow us to pass to the limit in (B.55)-
(B54) for € =€, as n goes to oo (cf. [19]). Also, by integrating (3.50]) in time over (0,¢)
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and then taking the limit as before, we recover the initial condition ¢(0) = ¢y almost
everywhere in ).

Summing up, for any v > 0, there is a pair [u,, ¢,] such that

u, € L*(0,T; Voaiw) »

@, € L=(0,T; LP(Q)NL*0,T;V)  Vp€[2,00),
0, € L(Qr), |eu(z,t)] <1 for ae. (z,t) € Qr,
(ou)e € L2(0, T V),

¥V, Vv) + (n(e)w,, v) = (9, (VI * ¢,), V),

Vv € Voaiv, ae. in (0,7, (3.60)
((p)e, ) + (men) F(00)Vipu, Vib) — (m(p, ) (VI x 0,), Vib) = (wpy, V),
Vi eV, ae. in (0,T), (3.61)

()01/(0) = o, a.e. in €.

From (B.44)), using a semicontinuity argument, we get the uniform (with respect to v)
bound

\/;HuVHL2(OyT§VO,div) + Hul/”L2(0,T;G'dw) <C. (362>

Recalling [25, Rem.3.3], we have that ¢ — ||, (t)|| 1~ is measurable, essentially
bounded, and such that

(@), Al < [1F @)1, foraa. t<(0,7),
for any f € L'(0,7T; L'(2)). Therefore, we have
|(w, (D), (1), V)| = |(pu(t), (1) - V)| < (1) - Vil < Jlu (0)[[[[ V],
for almost any t € (0, 7). This entails that u,¢, € L*(0,T; (V%)) and
w220,y vayy < C (3.63)

We can now take ¢ = ¢(t) in (B.61). Thanks to (8.63) and (H7), we can easily find a
bound

vl 20,y < O (3.64)
Then, by comparison, we also get
| (@o)ellL20,mvy < C. (3.65)
In addition, we have
vl Lo (0,30 @)) < QY7 Vpe[2,00). (3.66)

16



On account of (B.62)-([B366) and well-known compactness results, we can find a pair [u, ¢]
and a sequence v, — 0 as n goes to oo such that

vou,, — 0 strongly in L*(0, T; Vo i), (3.67)
u,, —u weakly in L*(0,T; Ga,), (3.68)
b, — ©  weakly™ in L>®(0,T; LF(Q)) N L>®(Qr), weakly in L*(0,T;V), (3.69)
¢, — @ strongly in L*(Qr), and a.e. in Qr, (3.70)
(¢1)n, — @r weakly in L*(0,T;V"). (3.71)

Arguing as above (cf. ([3.59)) and using (8.67)-(3.68), by means of standard techniques,
we can pass to the limit in (B.60) and find

(n(p)u,v) = (p(VJI*x),v), Vv e Vyu, ae in (0,7), (3.72)
which can be rewritten as
(n(p)u,v) = —((J *¢)Vp,v), VvV E Vo, ae in (0,7). (3.73)

Then, using density and De Rham’s theorem, we find a unique m € L?(0,T’; Vp) such that

(31)) holds.
In order to pass to the limit in equation ([B.61]), observe first that (cf. (B.68)) and ([B.170))

/0 (W (7), o () V) — / (u(r), o(r)V)dr, Vi € D(A). (3.74)

On account of (B69)-(B.74) and recalling (357), (B59) (which now hold with respect to

vy,), standard techniques give

(1, 10) + (M) F" () Vo, Vi) — (m(p) (V] * ), Vib) = (up, Vi), (3.75)

for all v € D(A) and almost everywhere in (0,7"). Thus equation (:2)) holds thanks to
the density of D(A) in V. Initial condition (3.3)) can be recovered as usual. Summing up,

we have proven that problem (LS)-(LII) and (LI3)-(LI4) has a weak solution [u, 7, ¢]
in the sense of Definition B.11
4 Existence of strong solutions

In this section we state and prove the existence of strong solutions to (LS)-(LII), (LTI3)-
(LI4). However equations ((LI0)-(TII]) need to be suitably rewritten in the form

o +u-Ve=AB(p) — div(m(cp)(VJ * cp)) , (4.1)
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where we have set

B(s):/os)\(a)da, Vs € [-1,1]. (4.2)

Notice that we have VB(¢) = A(¢)Vy . Hence, the boundary condition m(¢)Vu-n =0
becomes
[VB(p) —m(e)(VJxp)] -m=0. (4.3)

Thus, the equivalent weak formulation ([B.2)) of equations (LI0)-(LII) is

(e, V)v + (VB(p), Vi) = (m(e)(VJ % ¢), Vi) = (up, Vi), (4.4)

for every ¢ € V and for almost any ¢ € (0,7"). Moreover, we rewrite the Darcy’s law (B.1])

in the form
n(p)u+Vr = (VJ*x¢)p. (4.5)

Therefore, we can give our definition of strong solution

Definition 4.1. Let oo € VN L®(Q) and 0 < T < oo be given. A weak solution [u,m, ¢
to (LR)-([CII), (CI3), (TI4) on [0,T] corresponding to @q is called strong solution if

uec L*0,T; Vy) , (4.6)
m e L*0,T; H*(Q)NVy),
0 e L0, T; V)N L*0,T; H*(Q)) N H'Y(0,T; H) , (4.8)

and if ([L9), ([@J), @3) hold almost everywhere in Qr, and (LI3);, @E3) hold almost
everywhere on I' x (0,T).

In order to establish regularity results, we shall need the kernel J to be more regular.

2,1

For instance, we could suppose J € W

(R%). However, this assumption excludes, for

instance, Newtonian and Bessel potential kernels which are physically relevant. Thus, in

order to include them, we recall the definition of admissibile kernel (see |2, Definition 1]).

Definition 4.2. A kernel J € WEI(RY) is admissible if the following conditions are
satisfied:

(J1) J € C3(RN{0});
(J2) J is radially symmetric, J(xz) = J(|z|) and J is non-increasing;
(J3) J"(r) and J'(r)/r are monotone on (0,74) for some ro > 0;

(J4) |D3J(2)| < Cylz|=47L for some Cy4 > 0.
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The advantage of this assumption is related to the following lemma which allows,
in particular, to control the W*P(Q)—norm of the convolution operator term without
assuming J € W2 (RY).

oc

Lemma 4.1. [2, Lemma 2] Let J be admissible. Then, for every p € (1,00), there exists
Cp > 0 such that

[Velliaens < ol V6 € L),
where v =V J x1). Here, C,, = C*p forp € [2,00) and C, = C*p/ (p —1) forp € (1,2),

for some constant C* > 0 independent of p.

Moreover, we also need the following lemma to handle the boundary condition (3] .
Its proof immediately follows from the definition of the seminorm in the space W*?(T"),
with s € (0,1), and 1 < p < oo (cf. [I3] Chapter IX, Section 18]), namely,

(o, = [ [ ar @) ().

where dI' is the surface measure on I'.
Lemma 4.2. Let p,¢p € W*P(I') N L>=(I"), where s € (0,1), 1 < p < o0, and d = 2, 3.
Then @ € WP(I') N L>(T") and
le llwsray < N[l oemllellwsrmy + 1] Lo llellwsrry -
We also need to strengthen assumption (H4) by replacing it with
(H8) F € C3(—1,1) and X\ := mF" € C'([-1,1]).

Note that this assumption is certainly satisfied in the case (LI2) and (LG).
The main result of this section is

Theorem 4.1. Suppose that d = 2,3, that assumptions (H1)-(H3) and (H5)-(HS8)
are satisfied, and that J € W2H(R?) or that J is admissible. Let oo € V N L®(Q) with

M(po) € LY(Q). Then, for every T > 0, problem (L8)-(LI1I), (LI3)-(LId) admits a

strong solution [u,m, ¢| on [0,T] such that

u e LA=9(0,T: V) 0 L0990, 7; LA Q)Y N L0, T; Gain) (4.9)
e L9000, 7; H*(Q)) n LA=9/6 0, 7, W (Q)) N L>(0,T; V), (4.10)
0 € L0, T; V)N L*0,T; H*(Q) N HY(0,T; H) , (4.11)

for some 6 € (0,1/2). In addition m € L>(0,T;C*(2))) for some a € (0,1).

Remark 4.1. We also have ¢ € C([0,T];V) because of ([EII) (see, e.g., [T{, Section
5.9, Theorem 4]).
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In two dimensions a stronger regularity result can be proven, namely,

Theorem 4.2. Suppose that d = 2 and let the assumptions of Theorem [{.1] hold. If, in
addition, @y € H?(Q) and the following compatibility condition is satisfied

VB(po) -n=m(p)(VJ*x¢g) -n, ae onl, (4.12)

then, for every T' > 0, problem (LE)-(LI1), (LI3)-(TI4) admits a strong solution [u,, ¢
on [0, T] satisfying, besides [E9) and [AI0), the further regularity properties

w, € L?(0,T;Gai) (4.13)
0 € L0, T; H*(Q)NH'Y(0,T; V) nWh>(0,T; H). (4.14)

Remark 4.2. The strong solution given by Theorem[4.1] can be viewed as a strong solution

to the equations (L)), (LIO)-(CII) and boundary condition ([LI3)s if, for instance,

satisfies the so-called strong separation property, namely ¢ is uniformly away from the
pure states £1 (see [18, Rem.4.3], see also [17] and references therein).

4.1 Proof of Theorem [4.1]

The proof is carried out by first providing existence of a strong solution on a sufficiently
small time interval. This is achieved by means of a fixed point argument based on the
Schauder’s theorem. Then, by relying on suitable higher order estimates, the local in
time solution will be extended to an arbitrary time interval [0, 7], T > 0. A key tool for
this proof is a regularity result for the convective nonlocal Cahn-Hilliard equation with a
given divergence-free velocity field (see Theorem [[1]in Section [7]).

Let us outline our Schauder’s fixed point argument. We first introduce the functional

spaces X and Y given by
Xp:=L>0,T; H)N L*(0,T; V)N H' 0, T; V'),
Yy = L®(0,T; V)N L*(0,T; H*(Q)) N H(0,T; H), (4.15)

where T > 0 will be fixed later on.
For every given ¢ € Yr, with |¢| < 1, we consider the following (formal) problem

n(eu+ Ve = (VJxplp,  inQr, (4.16)
div(u) =0, in Qr, (4.17)
o +u-Vo=AB(p) — div(im(p)(VJ *9)), in Qr, (4.18)
u-n=0, [VB(@) -m@)(VJxp)] n=0 on ' x (0,7), (4.19)
2(0) = o,  inQ. (4.20)
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We then divide the argument into four steps. These steps are carried out for d = 2

or A constant. In the case d = 3 and non-constant A we shall also need to regularize

(4.16)-([@20) (see the end of the proof).

In Step 1 we study problem (£I6), (£17), (AI9);, proving that, for every ¢ € Yr,
with |¢| < 1, it admits a unique solution [r,u]. We also establish some crucial higher

order estimates for 7 and u in terms of ¢. The estimates in Step 1 are purely elliptic and

time is tacitly omitted.

In Step 2 we address the nonlocal convective Cahn-Hilliard system (ZI8]), (4.19).,
([@.20), with the velocity u given by the solution to (A1), ([AIT), ([AI19);. We exploit
Theorem [Tl to get a unique strong solution ¢ to this problem. By virtue of the estimates
derived in Step 1, we shall then conclude that, for every given ¢ € Yr, with |p| < 1,
(ELIG)- (E20) admits a unique solution [u, @] € (L=(0, T; Gai) NL*(0,T; Vyip)) X Yz, with
|| < 1. This allows us to introduce the map F : ¢ +— @, which is well defined from the
set {p € Y7 : |p] < 1} into itself. The goal of Step 2 is to identify a suitable convex set of
Y7, which is compact in X7, such that F is also a map from this set into itself. However,
F cannot be defined if d = 3 and A non-constant. In this case we need to regularize u in
(4I])) and then pass to the limit in the regularization parameter to conclude (see below).

Step 3 will be devoted to prove that F is continuous on X7. The existence of a local
in time strong solution will then follow from Schauder’s theorem.

In the final Step 4, we shall show that the local in time solution constructed in the
previous steps is indeed global.

We point out that all the estimates in the first three steps will be derived for both
cases d = 2,3. We also remind once more that F cannot be defined if d = 3 and A is not
constant. In this case we shall use a regularization argument.

In the sequel of this section we will indicate by C a generic positive constant which
only depends on main constants of the problem (see (H1)-(H8)) and on € at most. This
constant may vary also within the same line. Any other dependency will be explicitly

pointed out.

Step 1. We first study the elliptic system (@I6), [@I7), [@I9);, with ¢ given in
H?(Q) (or in V) such that |p| < 1. First, we observe that problem ({I6), EI1), (£I9),

is equivalent to the following

; L ) = div 7(VJ * SO)SO n
dw(n(so)v ) ‘ ( () ) o 2
g—z = (VJxp)p-n, on I' x (0,7, (4.22)
1 1 .
=gVt (Ve mor (4.23)
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More precisely, for ¢ € V fixed, with |p| < 1, we can easily check that [m,u] € Vi x Gg,

is a solution to (AIG), EIT), (EI9); if and only if 7 € Vj is a weak solution to (E21)),
(£22), namely 7 satisfies

/Lw.w:/m-w, VeV, (4.24)
o n(¥) o ()
and u € Gy, is given by [@23). Indeed, let m € V, satisfy ([@24) and let u € H?
be given by (£23)). Then, (£I6) trivially holds almost everywhere in @7, and we have
that [,u- Vi = 0, for all ¥ € C5°(Q). This entails that ([£IT7) holds in the sense of
distributions. Hence, recalling that the trace operator v, (which satisfies y,(v) = v - n
on I, for all v € Cg°(R?)?) is a well defined linear and continuous operator from the
space {v € L2(Q)? : div(v) € L?(Q)} into H~Y2(T'), by applying the generalized Stokes
formula (see, e.g., [41, Chapter I, Theorem 1.2]) we get (yn(w), ¥r) g2y = 0, for all
¥ € V, which means that (£I9]); holds (in the generalized sense), and also that u € Gy,.
Therefore, the equivalence of problem (10, ([EIT), ([AI9); with problem ({21))-(Z23) is
proven.

A straightforward application of the Lax-Milgram theorem yields that, for every ¢ €

V', with |p| < 1, problem (£21))-([A23)) (and hence also problem ({LI6), ([4I7), [EI9),)

admits a unique solution [, u] € Vy x Gg;,. Moreover, the following estimates hold
vl < 22wy < T2 ple < = p102 < © 4.25
Vx| < =V x @)l < lell < Q= <, (4.25)
m m M
1 b b Moo b Moo
[l < — |9l + el < (14 2= lell < = (14 =) jap2 <0, (420)
U m m m m m

where 7o = ||| (~1,1) (see (H1)).
Assume now that ¢ € H*(Q), with |¢| < 1. Then, problem (E21))-([#22) is equivalent
to the elliptic problem given by

Ar = T8 G vr 4 (o) div(M) , (4.27)
n(¢) n(¢)

together with the boundary condition ([A22]). Indeed, it is easy to check that the weak
formulation of (A27) subject to (£22) is satisfied if and only if ([A24]) is satisfied. To this
aim it is enough to observe that, being p € H?(Q) with || < 1, recalling (H1), we have
that ¢ = n(@)x € V if and only if x € V. Hence, by taking ¢» = n(¢)x in ([£24) we can
deduce the weak formulation of ([A27) subject to ([A22)) (with x € V as test function)
from ([@24]), and conversely.

Thus we consider problem ([I21))-([@22]), written as ([L27) with ([£22]), and we apply

classical elliptic regularity theory, together with a bootstrap argument, to deduce that
7 € H*(Q). Indeed, we begin by noting that the right hand side of ([&22) belongs to
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H'Y2(I"), and the right hand side of (Z27) belongs to L? (Q), if d = 2, and to L3/?(1),
if d = 3. Hence, by a classical elliptic regularity result (remember that I' is smooth
enough), we have that 7 € W22 (Q), if d = 2, and 7 € W*32(Q), if d = 3. Thus
Vr e W2 (Q)? — LYQ)? if d = 2, and Vrr € W¥2(Q)? — L3(Q)3, if d = 3. This
entails that the right hand side of ([£2T) is in H, and hence that 7 € H?(f2), for both
cases d = 2,3. From (L.23)) we also get u € V.

Let us now derive the estimates for the H?(2)—norm of 7 and for the V¢—norm of u in
terms of the H?(Q)—norm of . To this aim we first derive an estimate that controls the
L*(Q)%—norm of u in terms of the H?(2)—norm of ¢. This estimate, which is obtained
by relying on the Holder continuity property of the pressure 7, will turn out to be a key
ingredient in our fixed point argument. First, observe that, by applying Proposition
for d = 2, 3, the following interpolation inequality holds

I7llwra@) < Cllmll o) 17l a0, - (4.28)
where 4 < p < oo and 6 € (0,1) is given by 0 = 6, := %Z%;l. Indeed, by taking r = 1,
q=4,s1=4/p, p1 = p, S2 = 2, p2 = 2 in Proposition [@] (and replacing 6 by 1 — @), from

@T) we get § = 6,, and s = r = 1. Since (Q3) is not satisfied, then we obtain (£.28)).
We point out that § =6, < 1/2, for every 4 < p < oo (notice that 6 does not depend on
d). Next, we fix p such that 4/p < «, where a € (0, 1), and this ensures the embedding
C*(Q) — W*rr(Q) for both cases d = 2,3. Hence, from [f28) we deduce the following

inequality
7wy < C||7r||§12(9)||7r||1019(§), with 6 < 1/2. (4.29)

With this interpolation inequality at our disposal, we now turn back to the elliptic problem

(E2T))-(4.22)), which is a special case of [2.35)-(2.06) with
1 J
1(¢) 1(¢)

The ellipticity condition (2.7) is satisfied with A, = 7, (here we use |p| < 1), and
A* = . Moreover, we can immediately check that condition (Z8) holds (taking, for

aij =

simplicity, £ = 1)

(VJ *p)p

b|Q|1/(d+1)
< —".
1(¢)

La+1(Q)d Uil

£l L1 0ya = H

Hence, from Proposition 22 we infer that 7 is Hélder continuous in 2, and that there exist
constants © and « € (0,1) depending only on 7y, 7, b, ||, d, and on the C! structure
of I', such that

||7T||Ca(ﬁ) < 6(771777007 ba |Q|7 da P) . (430)
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By exploiting this estimate, we can now apply (£29) (with the same exponent « as given
by Proposition [2.2)) to obtain the bound

”7THW1,4(Q) S CHTF”?_]Q(Q) y Wlth 9 < 1/2 . (431)

Therefore, from [f23), by means of ([31]), we get the following estimate for the L*(€)?—norm

of u in terms of the H*(2)—norm of 7
1 b\ 1/ 0
lallzsye < Solimllwr s + - < Cllimlaee) +1)- (4.32)

In order to get an estimate for the L*(Q)?—norm of u in terms of the H?({2)—norm of
v, we employ a classical elliptic regularity estimate, the following well-known Gagliardo-

Nirenberg inequality (see, e.g., (@.0) for p = 4)

1/2 1/2
IVells@e < Cliel = o el e, -

the control (£31]), and Lemma 1] to get, from (427) with (£.22),

()
+ 1097 % 9)p - llpsaqr))

Ielley < C(ILE Vo Tl + [div(TS 5 )] + () () ()

1/2
< C(llell iy 17120y + llelly + (VT % @)e - nll ) (4.33)

As far as the boundary term in ([A33]) is concerned, invoking Lemma 2] we have that

0 0
IV T * ) nllamy = oz (T Q)llaamy < llelzemlig (T *@)lmem

0
s (T x)le=m el < CllT * el + CIVI * pllwra@allellv
< Cllell + llell@llelv) < ¢ +lelv), (4.34)

where Lemma ] has been used again, as well as the embedding W4(Q) < C(Q), for
d = 2,3. Therefore, collecting ([A33)) and [@34), we get

1

Il 20y < C (@l Faeey + lelly +1) - (4.35)

The desired estimate of the L*(2)?—norm of u in terms of the H?(Q)—norm of ¢ then

follows from (4.32)) and (4.35)), namely

[

lall sy < € (Il 2y + llell, +1). (4.36)
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We can also deduce an estimate for the V¢—norm of u. Indeed, from (Z23)), and again
using (31]), we have that

lullve < CUIVA]| + 1] 2@ + IVl sV sy + 1V * @)pllva)
1/2
< C(lImllma@ + el ooy 17l @ + lellv +1),

and hence, on account of (A3H]), we obtain

[uflye < C (||90||2“ y +llellv +1). (4.37)

Summing up, from the analysis of the problem ([I2I))-{23]) we know that, for every

p € H*(Q), with || < 1, system ([EI4), (£I7), (EIJ); admits a unique solution [, u] €
(H2(2) N Vp) X Vi, such that estimates (Z35)-(37) hold.

Step 2. We now consider problem (I8]), (£I9),, (£20), where u is the second
component of the unique solution to (AI6), (£17), (£I19); with ¢ given in Y7 satisfying
lp| < 1. Thanks to Theorem [[J] we know that if d = 2 or A is constant then (IS,

(@19),, (£20) admits a unique strong solution @ € Y with || < 1 (see (L2) and ([T4)).
Indeed, from ([Z32) (or also from [37)) and from ¢ € Y7, it is immediate to check that

condition (73] holds with r = 4. Therefore, the map F : ¢ — ¢, that associates to every

v, given in (4I0]), the unique solution ¢ to (AI8), [AI9),, ([£20), is well defined from the
set {¢ € Yr: || < 1} into itself.

Our goal is now to show that, provided that 7" > 0 and R > 0 are suitably chosen, the
map F satisfies F : By, (R) — By, (R), namely it is also a map from By,.(R) into itself,

where By,.(R) is the closed convex set given by

By (R) :={¢ € ¥r : [[{lyy <R, [P <1}
Fix ¢ € By, (R). From [{38]) we first obtain an estimate for u in L*(0,T; L4, (Q)9).
More precisely, we find
31 1—-260
Il s,z < Clell f0n oe)T a2 T + 1@l 7 iy T+ TH?)
< C(Rx00 T 4 ROV 4 T4 (4.38)
On the other hand, we know that ¢ satisfies the differential identity (7.6]). Therefore, on

account of (H7), we get

1do ~ ~ - ~
577 T oll@l® < luls@ell VB@) ls@ellZill + (mee +mic) bIIEINVB@)|

< — 1@ + CllullZa )1 B@)l|20) + CIVEI*, (4.39)

o
4
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where ® := [|[VB(®)||? — 2(m(p)(VJ x §), N(@) V) satisfies, for all ¢ € [0, 7],
Ky(IVE@)I* = 1) < @(t) < Ka(IVED)* +1) (4.40)

with two positive constants K, Ky depending on m, A, and J. Let us estimate the
H?*(Q)—norm of B() in terms of the H—norm of @; and of the L*(2)?—norm of u. To

this aim, by relying on the elliptic estimate

I1B@)m2) < C (IIAB(@)H +1B@)v + IVB(®) - n||H1/2(F)> ,
and on (4LI8)), we have that
1B@)ll2(0) < C(IZ:] + [l VB(@) | sy + IVB(@)]] + 1)
< C(IZll + hall sy | B@) 120y + IVB@)]| + 1) .
Hence we find that
1B@) ) < CUIZH + [[ullZae + IVB@)] +1). (4.41)

By inserting (A41]) into (£39) and taking Young’s inequality and (£.40) into account, we
easily get

dd
o+ aollBl® < 1+ [l ) IVB@) + C(1+ [l a)

< Cr (14 [Juflzagye) @ + Co (L + [[ullzaigye) - (4.42)

We shall henceforth denote by C;, ¢ € N, some positive constants that depend on the
structural parameters of the problem, namely on J, m, A, n, €2, ', but are independent of
T, R, and ¢o. By applying Gronwall’s lemma to (£42) and using (£38)) and ([£40), we

obtain

C1(T+|ull;

)
1B < Cse srort@b (14| Veol* + CuT + [ull Lo roa@e)) + Cs

< C3 M (1+ || Veo® + AR, T)) + Cs,

where we have set
1—

A(R,T) = Cy (R™5 T=% + R¥T +T). (4.43)

Therefore, we get

18] e o,rv) < T2 (AR, T), Vo) (4.44)

where

T2(A,€) :=Cse (1 + 4+ AN) +C.
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By integrating in time (£42)) and using ([L44), we deduce
H@H?{I(O,T;H) < Cs(1+ HV<P0H2) +Cs AR, T) F% (A<R7 1), ”VSOOH) :
Thus we have

1811 0.riry) < T2 (AR, T), [ Vipoll) (4.45)

where

In order to estimate the norm of @ in L?(0,T; H?*(52)), we first consider the identity

? —9%B(p

1 1 ~ _ .
P = o) (w)—mw(so)ﬁjl?(so), i,j=1,2, (4.46)

from which we deduce

/

)\OO
1052 <—HB( DIE +—HV90HL4(Q IVB(P)l| ()

s ,Wﬂ; 12 12
< B e + O 1l | B@)eo
0

)\X

0

~ 1
< 3Bl + G (o + =) 1B@) o

Hence, taking § > 0 small enough, we find

121 72(0) < Cagroen, | B0 200
< Cap oo, (122 + [al 4 + IVB@)I + 1) , (4.47)

where, in the last inequality, (41]) has been used. Therefore, on account of (£43]), (L4,
from (£47) we infer

||<5||%2(0,T;H2(Q)) < Cagrnen, (T3 + HuH%‘l(O,T;L‘l(Q)d) +TT+7)
<Cr (M3+T7+ART)) .

Thus we find
1] 20,502 () < Ts(AR,T), [Veoll) (4.48)

where we have set

T2(A,€) i= C7 (T3(A, &) + THA, &) + A) .

Let us now choose R in the following way

R:=3 112?5%1—‘1‘(17 ||V900||) )
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and observe that R only depends on the V—norm of ¢y. With this choice of R, we fix
T > 0 such that A(R,T") < 1. This is possible thanks to the fact that 6 < 1/2 (cf. ([£Z43)).

Therefore, (£44]), (£48), and (£43]) yield

12]lve = 10l o 0,7y + 1Pl 20,7522y + P E1 0,750

3 3
<D T(ART), [Veol) <Y Ti(L, [ Veaoll) < R.
i=1

i=1

Therefore F takes By, (R) into itself.

Step 3. In this step we shall prove that F : By, (R) — By, (R) is continuous with
respect to the strong topology of Xr. Take a sequence {¢,} C By,.(R) such that ¢, — @
in X7. We have (up to a subsequence) that ¢, — @ weakly star in Y7 and ® € By,.(R).

Let us denote by Q; and Q, the maps defined by 7 = Q;(p) and u = Qy(p), respec-
tively, where [m,u] € (H?(2) N Vy) X Vg, is the unique weak solution to ({21, [{22),

([423). Set then m, := Q;(¢,) and u,, := Qs(p,). Thanks to ([4.25), ([A33) and to (L20]).
(£37), we have that (up to a subsequence)

Ty — 7", weakly star in L>°(0,7T; Vo) N L*(0,T; H*(Q)),
u, — u*, weakly star in L>(0,T; Ggi) N L*(0,T; Vi) - (4.49)

Writing the weak formulation (£24)) with 7, and ¢, multiplying it by a test function
w € C§°(0,T), and passing to the limit as n — oo, we can easily deduce that 7* again
satisfies (£.24]), and hence (thanks to uniqueness) that 7* = 7 := Q;(®). Moreover, by
passing to the limit in ([L.23]), written for [u,, m,, ©,], we get also u* = U := Qy(P).

Let us now denote by G the map that to each u € L*(0, T L3, ()?) associates ¢ =
G(u), where ¢ € Yr is the unique strong solution to (4I8), [@I9),, ([A20) given by
Lemma [( Il Then set ¢, := G(u,) = (G o Qs)(¢n) = F(¢n). From Step 2 we know
that {¢,} C By, (R). Hence we have that (up to a subsequence) $,, — ¢* weakly star in
Y. Writing the weak formulation of ([I8]), ([@I9),, (£20) for &,, with u, given in the

convective term, we obtain

(Onas V)v + (VB(Pn), Vi) = (Wnpn, Vb)) + (m(pn) (VS x 00), V), Ve V.

Multiplying the above identity by a test function w € C5°(0,7T") and passing to the limit,
on account of the weak and strong convergences for {©, } and for {u,}, it is not difficult to
see that the same weak formulation is satisfied also for ¢*, with @ in the convective term.
Therefore, thanks to the uniqueness of the strong solution to problem (@I8]), [I9),,
(@20) (with u =1 given), we have that ¢* = G(a) = (G o Q2)(P) = F(P).
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We thus conclude that, up to a subsequence, F(p,) — F(©), weakly star in Y and
strongly in X7, due to the compact injection Yy << Xp. The uniqueness of the limit
F(P) entails the strong convergence for the whole sequence {F(p,)}. This concludes the
proof of the continuity of F.

Using the fact that the closed convex set By,.(R) is compact in Xr, we can now apply
Schauder’s fixed point theorem to the map F : By,.(R) — By, (R) and obtain a fixed point
¢ € By,.(R). Thus, recalling also estimates (£35]) and (437), we deduce that there exists
a strong solution [u, 7, ¢] on [0, 7], for some T > 0 small enough such that (£9])-(EII)
hold.

Step 4. Our goal is now to prove that the local in time solution can be extended to
an arbitrary time interval [0, 7], for any 7" > 0. Let T,,, € (0, 00| be the maximal time of

existence and let [u, 7, ¢] be a maximal strong solution to (LI)-(CII), (LI3), (TI4) on
[0,7,,). By maximal strong solution we mean, by definition, that:

e [u, 7, ¢|is a local in time strong solution on [0, 7},), namely
(1) [u, 7, ] satisfies

uc L2 ([OaTm)7 ‘/div)a

loc

€ L ([0,T,); H*(Q) N V),

loc

p € Li([0.T,,); V)N L ([0, T); H*(2) N Hypo ([0, T); H)

loc

(ii) [u, 7, ¢] is a strong solution to (LX)-(CII), (LI3), (CI4) on [0,¢], for all ¢t €
(0, 1)

e there is no strict extension [, 7, | : [0,77] = Vi, X (H*(2) NVp) x H*(Q), with
T! > T, such that [0, 7, ] is a local in time strong solution on [0,7} ), i.e., such

that [a, 7, @] satisfies (i)-(ii) with 77 in place of T,,.

We recall that we are in the case d = 2 or A constant (so that the mapping F is well
defined).

We shall prove that T,, = co. By exploiting Step 1 and Step 2, we need to derive some
estimates for the norm of the maximal strong solution (similar to (£.44), ([4.43), (£.49))
containing constants on the right hand side which depend only on ¢ € (0,7,,) (and on
|©ollv), and which are bounded for t € (0,7,,). Notice that (£44]), (£.45), (£48), cannot
be used since the constants on the right hand sides depend on R, i.e., they depend on the
norm of the solution itself.

Let us first consider estimate (436]), which it can be also written as

[

lull e < CUB@IGG + 1B +1). (4.50)
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To get (£50) it is enough to write Vo = VB(p)/A(p) in the first term on the right hand
side of the first inequality of (£33]), and then proceed as for (434)-(@36). By combining
(450) with (£41)), and exploiting the fact that now ¢ = ¢, we get

0
1Bl 2y < C (Igell + 1B(@) Iz + I BT + IVB(2)]| +1) ,
which yields (recall that 6 < 1/2)
1B)llr2e) < C (el + VBl +1) - (4.51)

From (Z50) and (LE51) we then get

6 7]
[l e < C (Il + [IVB()[777 + || B(p) |y + 1)
<C(lee” +IVBI° +1),

and inserting the above estimate into (L.42) (where ¢ = ¢) we obtain

dd

— taolled” < C (el + IVB@I + DIVB@) + C (leddl® + VB + 1)

(6 1

< LYl +C (IVB@)I™ + [VB) [+ + [VB@)* + [VB()] +1)
(e

< Lyl +C (IVB@)IP +1).

Hence, in view also of (£.40), we deduce that

dd (7)) 2

— 4 = <C(1+9). 4.52
o el <o) (4.52)
From this differential inequality, by Gronwall’s lemma, and arguing in the same fashion
as for (£44)-(£4]), we can obtain the desired estimate for the (¢ component of the)

maximal strong solution, namely

ol vy + |9l r20sm20) + 1@l msm < C (&, lleollv) - (4.53)

This inequality holds for all 0 < ¢t < T,,,, with a constant C' on the right hand side which
depends only on ¢ and on |||y, and which is locally bounded with respect to ¢t on [0, o).

Let us suppose now that 7}, < oo and consider, for simplicity, just the ¢ component
of the maximal strong solution. Observe that the constant C' on the right hand side of
([@53) can be bounded by C(T;,, [[¢ollv), and EE3) holds for all 0 < t < T,,. Thus we
deduce that ¢ € C([0,T,,];V) (cf. Remark [1)). This allows us to restart the system
by taking ¢(7T,,) as new initial datum, in place of ¢, in ([LI4). By applying again the
Schauder’s fixed point argument (see Steps 1, 2, and 3), we can then construct a new

local in time strong solution which is defined on an interval of the form (7, T, + J), for
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some ¢ > 0. By means of the local in time solution on (7},,,7,, + ¢) we can then define a
strict extension of ¢ on [0, T, 4+ ), which is still a strong solution to (L8)-(LII), (TI3),
(LI4). This contradicts the maximality of ¢, and concludes the proof for the case d = 2
or A\ constant.

We are left to prove the theorem in the case d = 3 and A non-constant.

We know that, in this case, uniqueness of the strong solution ¢ € Y (with |¢| < 1)
to problem ({IR), (XI9),, E20), with u given in L*(0,7; L*(2)?) is not known (see
Theorem [7T]). However, Theorem [[T] entails uniqueness of ¢ provided that the velocity
field in the convective term of the nonlocal Cahn-Hilliard is divergence-free and has an
L*(0,T; L>=(Q2)3)—regularity . We thus replace u in ([#IJ) by a suitable regularization v.
A convenient choice turns out to be a Leray-a type regularization (see, for instance, [6]).

More precisely, in place of problem (ZI6])-(4.20) we now address the following system

n(e)u+ Vr = (VJ x@)p, in Qr, (4.54)
div(u) =0, in Qr, (4.55)
o+ v-Vo=AB(@)—divim(e)(VJ x @)), in Qr, (4.56)
(I +aS)v=nu, in Qr (4.57)
u-n=0, [VB@) -m@)(VJx@)] -n=0 onl x(0,T), (4.58)
©(0) = o in Q, (4.59)

where S is the Stokes operator with no-slip boundary condition (see, for instance, [3|
Chap.5]) and o > 0 is a fixed regularization parameter. In order to reproduce the Schauder
fixed point argument also for system ([Z54)-([359), we need to control the L*(2)3—norm
of v by the L*(Q)3—norm of u, uniformly with respect to .. This crucial control can be
achieved by applying a well-known result on the resolvent estimates in L? for the Stokes
operator (with no-slip boundary condition) in sufficiently smooth domains (e.g., of class

C?) which, for the reader’s convenience, we report here below in the form suitable for our
purposes (see [31), 32 Theorem 1]).

Lemma 4.3. Let Q be a bounded and smooth domain in RY, d > 2. Ifh € L, ()% is
given for some p > 2 then there exists a constant C, > 0 such that the unique solution
v € D(S) = Vi (Q) NW>P(Q)? to (I + aS)v = h satisfies the estimate

IVllzriye < Cp B[ Loy (4.60)
and C,, is independent of h and o > 0.

We are now ready to adapt the argument developed in Steps 1-4 to (L54)-(59) in

order to establish existence of a strong solution to this system for every fixed a > 0. First,
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we point out that all estimates deduced in the previous steps also hold in the present case.
We thus consider problem ([(@50]), (£57), ([A58]),, (£59) where u is the (second component
of the) unique solution ¢ € Yr to ([A54), (£55), (£5]); such that |p| < 1. Thanks to
the fact that ||v||ps)y < Callul|, which yields that v € L*(0,T; L®(2)* N Vj aiv) (actually,
we have also a better time regularity for v, e.g., v € L*1=9/9(0, T; L>(Q)* N Vp 4 ), cf.
([#34)), and thanks to Theorem [, we know that there exists a unique solution ¢ € Yr

to (A50), ([A21), (L5]),, ([E59) such that |p| < 1. Therefore, the map F, : ¢ +— @ is still
well defined from the set {1 € Yy : |¢| < 1} into itself.

To proceed as in Step 2, we need a uniform (with respect to a) control for the
L*(0,T; L*()?)— norm of v in terms of the same norm of u. This control can be achieved
by applying Lemma to (A1) with p = 4, namely

||V||L4(0,T;L4(Q)3) < C4||u||L4(O,T;L4(Q)3) .
By combining this estimate with (A30), we get
VIl 00)3) < C(R—uﬁm THE0 4 ROTYA 4+ TV, (4.61)

where C' > 0 is independent of «.

Observe now that the differential inequality ([A39), with v in place of u, still holds true
and, by employing (AGI]) into this inequality, we can argue exactly in the same fashion
as in Step 2. Hence, we can still conclude that the map F, takes By..(R) into itself, with
R >0 and T > 0 chosen as in Step 2 (independently of «).

Concerning the continuity of the map F, in the strong topology of X7 (cf. Step 3),
the only modification is related to the map ¢ = G,, which is now defined as the map
that to each u € L*(0,T; L% (9)3) associates ¢ = G,(u), where ¢ € Y7 is the unique
strong solution to ([A.50), ([A5T), ([A58),, ([A59) given by Theorem [[1l Keeping the same
notation used in Step 3 and setting @, = Go(u,) = (Go 0 Q2)(pn) = F(p,), from Step
2 we deduce again that {¢,} C By, (R). Hence, we have (up to a subsequence) that
©n — ", weakly star in Y. Let us now write the weak formulation of (L56), (A51),
([45]),, ([E59) for ¢, with ¢, v,, u, in place of ¢, v, u, respectively. We have

(G V)v + (VB(6n), V) = (VuPn, V) + (m(@n) (VI % ¢n), V), YV €V, (4.62)
v, =T +aS)  ,. (4.63)

Lemma yields that (I + aS)~' € L(LY3(0,T; L'3(Q)3)), L'%3(0, T; L'°3(Q)?)).
Hence, from (£49) we deduce that

v, =V, weakly in L'%3(0, T; L'3(Q)?%),
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where Vv = (I + «S)"'u. By means of this weak convergence and on account of the

weak /strong convergences for ¢, (see Step 3), we can then pass to the limit in (L62),

(463)) and deduce that the weak formulation of (£56), ([AL51), (A58, (A59) is satisfied

also for ¢*, with v and @ in place of v and u, respectively. By again invoking the

uniqueness of the strong solution to problem (@50), (£57), [@58),, (EHYI) (with u =W
given), ensured by Theorem [T we have that ¢* = G, (@) = (G, 0 Q2)(®) = F(p). The

continuity of F, in the strong topology of X then follows as in Step 3.
Schauder’s fixed point theorem can be again applied to the map F, : By, (R) —
By,.(R), as well as estimates (£.30]) and (£.37). This yields the existence of a local in time

strong solution [u, v, 7, ] to (54)- ({59 such that (@9)-EII) hold. This local in time

strong solution can then be extended to an arbitrary time interval [0, 7], for all T > 0,
by arguing exactly as in Step 4.

We have thus shown that, for every fixed a > 0, system (A54))-(@59) admits a global
in time strong solution [u®, v 7%, ¢®] satisfying (€9)-(Z11).

We now need to recover suitable bounds for [u®, v®, 7% ¢°| which are uniform with
respect to a in order to pass to the limit in (£54)-(A59) as o — 0. These bounds can
be obtained by observing that all constants in the estimates derived in the former Steps
1 to 4 are independent of «v. In particular, ([L53]) is satisfied also for ¢* yielding (up to a

subsequence)

©* = ¢,  weakly star in L®(0,T; V)N L*(0,T; H*(Q)) N H*(0,T; H),  (4.64)
strongly in C'([0,7]; L% (Q)), and pointwise a.e. in Qp. (4.65)
On the other hand, from ([@30]), ([@3T), and (£53)) we also have that
u® —~ i,  weakly in L*000, 7, LY (%) N L0, T; Vi) (4.66)
and, thanks to Lemma applied to (I + a S) 'tu® = v®, we get
ve =¥, weakly in L*09%0, T, LY (Q)?). (4.67)
Moreover, from (£3H), and (£53)) there follows that
¢ —~ 7,  weakly in L*39(0,T; HX(Q) N V). (4.68)

It is easy to see that v = 0. Indeed, setting J, := (I +«S)~!, and observing that 7, is
self-adjoint, then, for every w € L?(Q7)3, we have that

/OT(VO‘,W) dt = /OT(jau“,w) dt = /OT(ua,jaw) dt — /OT(ﬁ,w) dt (4.69)
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where we have used (&66) and the fact that J,w — w, strongly in L?(0,T; L?(2)3).
This strong convergence follows from the general properties of the resolvent operator 7,
of the maximal monotone (linear) map S, namely, J,w(t) — w(t), strongly in L*(Q)3,
for almost any t € (0,7) and ||[Jow(t)| < |[[w(t)||, for all @ > 0 (using also Lebesgue’s
theorem). Therefore, (LGJ) gives v — 1 in L*(0,7; L*(Q)%). Thus we deduce (see
EED) v = u.

By means of ([L.64)-(4.6]) (with v = 1), a standard argument allows us to pass to
the limit in system (A54)-(£59) as o — 0 (up to a subsequence) and find that [a, 7, @]

is a strong solution to (L8))-(L1l), (LI3), (LI4) satisfying (A9)-(@II). Once we have a

strong solution, then it is easy to show that m € L>(0,T; C*(2)) for some « € (0,1) (see
(@.30)). This concludes the proof of Theorem [4.1]

4.2 Proof of Theorem

We proceed formally, for the sake of brevity. The argument below can be made rigorous
by means of a Faedo-Galerkin scheme. Indeed, only the time derivative of u and of ¢ will
be used as test functions. Alternatively, a time discretization procedure can be used (see
[18, Proof of Theorem 3.6]).

To begin with, we take the time derivative of the Darcy’s law (4.H) and multiply the
resulting identity by u;. We get

(n(e)ug,ue) + (7' () pru,w) = (VI x @), ue) + ((VJ % 0)p,uy) (4.70)
Setting 1’y := |||/ o (=1,1), the second term on the left hand side of {f.Z0) can be estimated
as follows

| (' (@)pew, w) | < ailclleell oy ull oy [ull
< Ot (el + el 21V el 2) ull 21 oye [l
< dllwl* + Cs s (lerll* + el I Veell) Tl Zogey
< Sl[w® + &I Vaill* + Cos (nielullFagaye + mie lull zagaye) llpel* - (4.71)
The estimates of the two terms on the right hand side of ([LT70) being straightforward,

we can then insert (LTI into (LTZ0), use assumptions (H1), (H2), and take ¢ suitably
small to obtain

T
5||ut||2s5’||wt||2+ca( + 2 allFa gy + nhallullLagy) el (4.72)

Next, we take the time derivative of (A1) and test the resulting equation by ¢; to get
ld 2
I

th“% + (VB(¥), Viy)
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= —(u - Vo, 0) + (m' () (VI 5 0) , Vo) + (m() (VI x 1), Vigr) . (4.73)

In order to estimate the second term on the left side and the first one on the right (the
estimate of the last two terms on the right being straightforward), we can argue exactly
as in the proof of [I8, Proposition 5.1]. Indeed, on account of (L5I]), of the L>(0,T;V)
bound for ¢ (cf. ([@II])), and of the Gagliardo-Nirenberg inequality in two dimensions,

we deduce the following differential inequality

d (&%)
Zled® + FIVall < O (led” + lledl” + lhwl® +1) - (4.74)

By means of (A.72)), taking ¢’ small enough (i.e., &' < agny /16 C), from ([AT4) we infer
d Qp 2 4
el + < IVed® < Clled* + 1) + C (1 + nicllullZay + niel[ullzse) il

From this differential inequality, Gronwall’s lemma and (&9) entail that ¢ € H(0,7; V)N
Wht(0,T; H). The L>(0,T; H*(Q2))—regularity for ¢ follows as in the proof of [I8,
Proposition 5.1], by using (AEI), the fact that ¢, € L*(0,7T; H), implying B(p) €
L>=(0,T; H*(Q)), and identity (Z.48).

Once ([AI4) is established, ([@I3)) follows from (LT2), by taking (£9) into account.
The proof is finished.

5 Further regularity properties for m and u

The goal of this section is to develop a detailed analysis of the regularity properties of
the pressure and velocity fields of the strong solution derived in Theorem [£Il While
in Theorem .1l our main objective was just to rigorously establish existence of a strong
solution in some suitable regularity class, our main focus here is to address more closely
the regularity of 7 and u that stems from the elliptic system satisfied by the pressure
field, as a consequence of the validity of the Darcy’s law (the regularity for ¢ is essentially
determined by the nonlocal Cahn-Hilliard structure, and it will always be taken as given
by (A1) in all this section). This goal is achieved by applying elliptic regularity results
to problem ([A27), (£22)) with ¢ satisfying ({I1]), and making a careful use of suitable
Gagliardo-Nirenberg-Sobolev interpolation inequalities (cf. Proposition @) to gain, in
particular, a WP (Q)—regularity for 7, for all 1 < p < co. Concerning the time regularity,
the delicate point and our main effort are to obtain “optimal” time integrability exponent
for m with values, e.g., in W2P(Q2). Indeed, to the best of our knowledge, there are no
results in the literature that allow us to obtain such an optimal value for this exponent,
once the space-time regularity (ZII]) for ¢ is assumed in equation ([L27).

By comparing with other arguments and with other ways to estimate in LP()) the

principal term in the elliptic equation for 7 (see F; below) by means of Hélder and
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Gagliardo-Nirenberg inequalities, it turns out that the best exponents seem to be reached
by suitably exploiting the Holder continuity property for 7 (the question whether the
exponents thus obtained are optimal or not is, however, still open). Therefore, the Holder
continuity of 7, which revealed itself to be helpful to prove existence of a strong solution in
Theorem [A.1], here plays a major role, meaning that, differently from the proof of Theorem
@1l the value of the Holder continuity exponent o € (0,1) of 7 is now crucial. Indeed,
the time integrability exponents for m will be expressed in terms of a. In the sequel the
time dependence will be generally omitted for the sake of simplicity.

We point out that, recalling that 7 satisfies the elliptic system

div(%Vw) - div(%) , (5.1)
g—z =(VJxp)p-n, (5.2)

with ¢ satisfying (EIT]), the well known De Giorgi’s result (see, e.g., [13]) ensures that
7 € 0%(Q), with some a € (0, 1) and some |7[| o (@), Which only depend on 1,1, b, d, 2,
and on the geometrical properties of I' (cf. ([430)). Therefore, the exponent a and
the norm |[7[|ca(g) depend (or can be bounded by constants that depend) on structural
parameters only (which are a priori known), and may be considered independent of the
form of the ¢-component of the strong solution (which is not a priori known).

We also observe that, in addition to providing a rather complete picture of the regu-
larity properties of 7 and u for the strong solution of Theorem K.l the analysis of this
section (especially in the case d = 3) and the effort in achieving the best time integrability
exponents have another important motivation. Indeed, these properties will be used in
Section [0 to prove weak-strong uniqueness results for the case of non-constant viscosity
7. In particular, for d = 3 a conditional type result will be proven and the condition
will depend on « (hence, on an essentially structural constant, see the discussion above).
This condition will allow us to guarantee a required regularity for the velocity field of one
of the two solutions. Therefore, the higher the time integrability exponent for = (with
a given), the weaker the assumption on «a, namely, the smaller the lower bound for «

ensuring weak-strong uniqueness with non-constant 7 in dimension three will be.

We can now state the main result of this section.

Theorem 5.1. Let all assumptions of Theorem[{.1] be satisfied. Then, for everyT > 0, the

7 and u components of the strong solution [u, 7, @] to problem (LI)-(LI1), (LI3), (LI4),
in addition to ([@9)-@I1), satisfy the following reqularity properties, where o € (0, 1) is
the Holder continuity exponent of m.
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If d = 2 then we have that
7€ L7 (0, T; W?P(Q)) N Lo (0, T; WH1(Q)), (5.3)
u € L0, T; W'(Q)?) N L (0, T; LY(Q)?), (5.4)
with oy, 6, and q given according with the following cases

(i) if 2<p< oo then

UM:(__EQ__>: &M:(__ﬁi__>: P2 << oo;
(2—a)p—2 (1—a)g—2 l—a

(5.5)
(i) of 1 <p<2then
(%) - 1<p<pa=352 (5.6)
o .
(2—a)p—2 ’ @ —= ’
1 2 \- 2 a
5, 1= 2<q<2 : 5.7
or (1—a)2<q—2) ’ =174, (5.7)

If, in addition, J € W' (R?) then

loc

7 e L7(0,T; H3(Q)), ueL=(0,T;HAQ)?), ox:= (2 f a)i . (5.8)

If d = 3 then we have that
7€ L' (0, T; W?P(Q)) N L0, T; WhH(Q)), (5.9)
uc L0, T; WhP(Q)*) n L0, T; LY(Q)%), (5.10)
with py,, ft, and q given according with the following cases

(i) if 2<p<3then

(2—a)p—3
— 2 - 2p—4 2p—3
Hp = ((2—04]))1;—2> ) pp <a< pT’ (5.11)
(%) ) 2p=3 <a< ]_,
- 2— 4 2p—4

((1—5)11—3) ) pfgéqﬁfpp, 0<a< 22,
A~ (2—a)p—3 B 2q 27—« 3p 9p—4 23
:up - ((2701);)72) (1—a)g—3" p 1—a S q S Tp s T S o S T ,

6\ 3 2p—3
<m . g=355, TE<a<ly
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(i) if 3<p <4 then

) e g < 2
((2—04)])—3) 9 ) < a< P
= 2p B 2p—4 (5.13)
<(2fa)p72> ) <a< ]_,
N <(1—0?)q—3)7’ piEs <g<oo, I%3<a§%7 -
2 (270!)1)73 2(] 2—« < 2p 4 < 1 ( . )
(2—a)p—2 (1—a)g—3 " P, Sq¢<00, —— a<1;
(iii) if 4 <p <6, then
Hp = <#)_, p—3 <a<l, (5.15)
. (1_5)(1_37 6Tpp§q<oo, p;3<a§@
= q 2—« 2(p—3) (516)
(a3 Pica S4<00, = <a<l
(iv) if p=6, then
_( : )7 A‘( 1) = L aca (5.17)
He=\3_"9,) » M= \7_o)  17°9 3=« ) .

Finally, if n is a positive constant and J € Wz’l(]Rd) or J is admissible, we have that

loc

@3, @4), ©9), GI0) hold with oy, 6p, fip, fip, and q given according with the following

cases.

o [fd=2 then
2p
op:m, 2 <p<oo, (5.18)
op =00, 2<g<oo, if p=2; 2<0,<o0, g=o00, if 3<p<oo.
(5.19)
o [fd=3 then
=2, 2<p<3,
2 <p<d4, o
:up::up: ’ q 6[27OO>7 p:37 (520)
o5, 4<p<6

Remark 5.1. For the sake of simplicity we have not reported the cases 1 < p < 2 and
J € W (R3) when d = 3.

loc
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Proof. 1t is convenient to rewrite (£27) and (422)) in the following form

Am = F(p, Ve, V), a.e. in Qr, (5.21)
g—z = G(p), a.e. in ' x (0,7, (5.22)

where
F(o, Vo, V) = Fi(p, Vo, V1) + Fa(p, V), (5.23)
Fi:=C(@)Ve-Vr, Fp=pdiv(VIxp)+ (1 —o(@)(Ve- (VIxp)), (5.24)
G:=(VJxgp)p-n, (5.25)

with ((¢) = 1'(¢)/n(p). We recall that, as above, the explicit time dependence is

omitted. We start with dimension two.
» d =2, Jadmissible.

From (EI0)-#II), we have that Vr, Vo € L"(Q)? for all r € (1,00). Thus F €
LP(QY), for all p € (1,00). As far as the boundary term G is concerned, we deduce
that ¢ € WH(Q) for all 1 < p < oo, as a consequence of ¢ € H?*(Q2). Thus we have
@ € W'=1/PP(I'). Moreover, by relying only on the condition that .J is admissible and
by applying Lemma ET] we get J * ¢ € W2P(Q2), for all 1 < p < oo, and this implies
that (V.J * @) -n = 0u(J * @) € W=VPP(T), for all 1 < p < co. Hence, we have that
©,0n(J * @) € WI1/PP(T') N L>®(T), and this also entails that G € W1=V/PP(T") 0 L>(T),
for 1 < p < co. Using now Proposition 23 with » = 0, ¢ = 1 —1/p, so that we have s = 2,
and s — 1/p =2 — 1/p is not an integer, we find 7 € W?P(Q) and the following estimate

holds (see also (.23))
[7llw2r@) < CUIF o) + (1 Feller@) + 11GIwi-1eery) 1 <p <oo. (5.26)

As above, in the sequel of this proof we will indicate by C' a generic positive constant
which only depends on the main constants of the problem (see (H1)-(H8)) and on € at
most. This constant may also vary within the same line. Any other dependency will be

explicitly pointed out.

We now proceed to estimate the three norms on the right hand side of (5.26). To this
aim it is convenient to distinguish the two cases 2 < p < oo, and 1 < p < 2.
(i) Case 2 < p < co. We have (see [£.24))

p
||f1||Lp(Q) S §OO||VQ0||LP+6(Q)2||V7T||Lq(g)2 s q = p(l + ;) s (527)

39



where € > 0 will be conveniently chosen later. Moreover, we take advantage of the
a—Holder continuity property of m and of Proposition to estimate the L7(2)?-norm

of Vr, namely,

IVl Loy < CHWH;QP(Q)H?THﬁzz,p(Q) < Ollmll oy 17 2y (5.28)

for some 5 € (0,1), K > 0 and p > 1, with p > k/a, so that the injection C*(Q) —
WP (©) holds true and allows us to control the WP (Q)—norm of 7 by a constant
(see ({30)) which only depends on structural parameters. By combining (5.27) with
(5:28)), and by employing the classical two-dimensional Gagliardo-Nirenberg inequality to
estimate the LPT¢(Q)%-norm of Vi, we obtain

1

IFllr) < ClIVellrre@p Tl zng < Slmllwza) + Csl Vel gy

-2
< Ollmllwzs) + Csllel gy 7 (5.29)

where we have also used the L>°(0,7T; V')—regularity of ¢. Using now Proposition [0.1] the

interpolation inequality (B.28)) holds, provided that 5 € (0,1) is given by
1 1-— s—1 k
q P p 2 P

with £ > 0 and p > 1, and with p > k/« satisfying the following condition

(1—m%+2521. (5.31)

Noting that ¢ > p > 2, that ¢/(¢—2) > p/2(p—1) = p'/2, and assuming in addition that
k > 2 (we can easily see that we can restrict to k& > 2 in all our analysis), we can then
check that (5.30]) admits a solution g € (0, 1) if and only if

q
p> o k=2), (5.32)

with £ given by

_ _p (a=2)p—q(k—2)
ﬁ_ﬁ%my_qQ@—Dp—p%—2W

Moreover, by taking in addition € such that 0 < ¢ < p (which ensures that ¢ > 2p), and

(5.33)

since we are assuming (5.33]), we can check that condition (5.31]) is satisfied if and only if
q—p pe—2q—p) _ p pte—2
o> - S U R A S
q—2p q—2p p—e p—e
ndeed, if 0 < k < 2, on account of (533), then we have 3 > p(q — 2)/2q(p — 1) > B, for B, given
by (&30) below. Moreover, we have also that p(¢ — 2)/2q(p — 1) > 1/2 > f,, for the §, given by (E39),
since € < p implies ¢ > 2p.

(k- 2)

(5.34)
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By comparing the slopes of the affine in &k functions on the right hand sides of (£.32)

and of (534, we see that (¢ — p)/(q —2p) = p/(p — €) > q/(q — 2), since we are taking
0 < e < p. We now compare the slope p/(p — €) with 1/a (always for 0 < € < p), namely

with the slope of k +— k/a. Let us choose € such that 0 < ¢ < p(1 — «), which ensures
that p/(p —€) < 1/a. Hence, the admissible region R for k, p (namely, the set of all [k, p]
such that (532) and (534, together with conditions p > k/a and k > 2, are satisfied)

turns out to be
k
R:{[k,p]e[(),oo)x[l,oo):k>2,p>a}. (5.35)

Computing the infimum of 3 over R, it is not difficult to find tha‘lH

(1—-—a)g—2 _ 1 (I1—a)p(p+e) —2¢
2—a)p—2 p+e (2—a)p—2 ’

B.=fue) = inf_B(k.p) =

[k.p]€ER

(5.36)

3

for 0 < ¢ < p(1 — «) (this infimum is not attained). Now, owing to (AI1]), and writing

B = B, we infer that the time integrability exponent of the second term on the right
hand side of (5:29)) is given by

. pte 2p -
op._2(1—5)p+€_2_((2_a)p_2) . (5.37)

Note that o, does not depend on ¢, if 0 < € < p(1 — «). Let us consider also the case
p(1 — a) < e < p. For this case, the admissible region R for k, p becomes

k D p+e—2
p— : - > - - - *
R {[k,p]e[O,OO)X[LOO) k>2,p>a,p_p_€(k‘ 2)—p — }
(5.38)

Let us now compute the infimum of 8 over this new region R. Denoting the affine function
on the right hand side of (534]), for simplicity, by g(k), we have that g(k) = k/« for

o apbto
e—(1l—a)p

I

and we can check that

p k—q
k,g(k)) == vk > k*
B(k,g(k)) k2 > k",

2This infimum can be computed by observing that

inf 3= lim min .
R 6 R—o0 ﬁﬁ{pSR}ﬁ

The minimum of 3 on the compact set R N {p < R}, with R > 2/a, is attained in only one point at the
boundary, namely in [a«R, R], which does not belong to R.
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with k& — B(k,g(k)) (strictly) increasing on [k*, 00). By taking the geometry of R into
account we can thus see that

11—«

B = inf 5 = B(k", g(k")) = B(K", K" o) = (5.39)

2—«
and this infimum is not attained; notice that, in this case, 5, does not depend on € €

(p(1—a), p). Therefore, still writing 5 = (7, we infer that the time integrability exponent
of the second term on the right hand side of (5.29) is now given by

p+e < 2 )* p+e
2(1 — = 5.40

and since the right hand side is decreasing with respect to €, we choose € = (p(1 —«))™ to
get the best time integrability exponent. In doing so we obtain the same o, as in (5.37).
We thus conclude that the analysis of the case p(1 — ) < € < p does not improve o,,.

Let us now estimate the second term on the right hand side of (5.20]), still assuming
that 2 < p < co. By relying on Lemma [4.1] we obtain (see (5.24]))

1—

2 2
1F2llzr@) < Cp + (14 (o) D[Vl o2 < O+ ClIVRlF o] g2fe » (5.41)

where (o = |[[C][zeo(1,1).- By taking the L*(0,7;V) regularity of ¢ into account (cf.
(4.11)), this leads to

Fo € LP(0,T; LF(Q)), (5.42)

where p :=2p/(p —2), if 2 < p < 00, and p := oo, if p = 2. Notice that p > 0, with o,
given by (B.37). As far as the third term on the right hand side of (5.26)) is concerned, by
means of Lemma (£2) we have that (see (5.23]))

0
Y P CATOl T e

0
G lw-ssmney < ooy | (T

Lee(I)
< Ol * ellweo) + ClIVI * pllwis@pllellwie @

< Cp(1+ Vel ) (5.43)

where also Lemma [L.J] has been employed. Therefore, arguing in the same fashion as in

(EAT), we get

G e LP(0,T; W=V/Pr(T)) . (5.44)
By collecting (5:29), (5.42)), (543), from (5.20]) it follows that
2p -
Lor(0,T; W*P(Q =) . 4
e LPOTIWO), 6= (G s) (5.45)
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Moreover, from (5.28)), setting &, := 0,/f., with S, given by (5.306) and depending on ¢,
with p(2 — ) /(1 —a) < ¢ < 0o (recall that 0 < € < p(1 — «) in (B.30])), we also deduce
the following regularity

. 2q - 2—«
Lo (0, T; Wh(Q 0y = | —m——— — < . A
me L0, T; W), 4, ((1_a)q_2> L P Sa<oe. (5.46)

(ii) Case 1 < p < 2. We handle this case by exploiting the regularity (£.46]) obtained
above. Namely, we employ (£.40) with p = 2 and with ¢ = 2(2 — «)/(1 — «), together

with the following interpolation inequality

—a) ) (2—a)2 2—-«
17 oy < 9] 57 ~0=) v e o 224270,
Q)2 —
and with the L>*(Vj)—regularity for 7 (cf. (£I0)), to get
A 1 2 \- 2«
e L7 (0, T;WH(Q)), 6, := (-75) . 2<q<2 5.47
™ (7 ) ())7 Up (1-0[)2 q_2 I _q_ 1—06 ( )

This completes the regularity (40). Next, we go back to (B21), which we can write
equivalently as (see (5.24)))

[Fillzr@) < Gl VOl e LIV La2 ¢ > D (5.48)

L% 0]

Observe that pg/(¢ — p) < 2 if and only if ¢ > 2p/(2 — p). Since ¢ is now taken in the
interval [2,2(2 —a)/(1 — )] (see (5:47)), we can then distinguish two cases. Assume first
that 2p/(2 —p) < 2(2 — a)/(1 — «), namely that p < p,, where p, :=2(2 — a)/(3 — 2a).
Then, supposing 2p/(2 —p) < ¢ < 2(2 — a)/(1 — a), from (5.47), (5.48), accounting for
the L*>(0,T; Vy)—regularity for m, we get

Fi € L°(0,T; LP()), (5.49)

with 6, the same as in (5.47). Since g, is decreasing with respect to ¢, we take ¢ =
2p/(2—p) in (B49) (i.e. the left endpoint of the admissible interval for ¢) to get the best
time integrability exponent. This yields

/

Fi e L7(0,T; L), o, ;:(( P

2(2 — )
1—a)? '

5.50
3 — 2 ( )

) l<p<pa=

On the other hand, if p, < p < 2 (which means that 2p/(2 —p) > 2(2 — a)/(1 — «)),
then we have ¢ < 2p/(2 —p) for all 2 < ¢ <2(2—a)/(1 — «), and hence pq/(q — p) > 2.
The norm in V¢ on the right hand side of (548) will then be estimated through the
Gagliardo-Nirenberg inequality and this gives

q2(qp

[Filler@) < Cllellgeg)  VAllza@y - (5.51)
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Using (B.47) once more, we can easily see that the best time integrability exponent for F;
with values in L? is reached by taking ¢ = 2(2 — ) /(1 — «) in the admissible interval for
q. Therefore we find

2
Fy e L0, T;LP(Q)), o,:= (( P

m) ; Pa<p<2. (5.52)

As far as the second and the third norm on the right hand side of (5.26]) are concerned,
from (B.41) and (5.43]), on account of ({1, we get
Fo € L®(0,T;LP()), G e L>(0,T; W' Vrr(1)).
From (5.20) we then deduce that
e L7(0,T; W?P(Q)), (5.53)

with o, given by (G.50), or by (5.52), according with the value of p in the interval (1, 2).
Let us now analyze the regularity of u for both cases (i) and (ii).
By taking the spatial derivatives 9; of [L23) , we get

1— 1

1
=)
(5.54)

and the term to be estimated in LP(2) in a less straightforward way is the second one on
the right hand side of (5.54)).

Let us consider the case (i), namely, 2 < p < co. It is immediate to see that the term
(C(p)/n(p)) 0 Ok can be estimated as in (5.51)), for all ¢ such that p(2 —«a)/(1 —«a) <
q < oo. Therefore, by means of (@Il and (&40, we can easily check that the time
integrability exponent of the right hand side of (L.5]]) (and hence of the second term in
(£.54)) is 0, given by (B5.45). Consider now the last two terms on the right hand side of
(554). It is easy to realize that

! ; * o0 <[P w
—81(8I€J 90)90 S (07T7 L (Q))7 7](90)

e (O * @) 050 € LP(0,T; LP(2)),

(5.55)

where p = 2p/(p — 2), if 2 < p < o0, and p = oo, if p = 2. Therefore, from (B.54]) we
deduce that (note that p > o))

u € L0, T; WH(Q)*) N L (0, T; LI(Q)?) . (5.56)

The case 1 < p < 2 can be handled similarly. Therefore, for both cases (i) and (ii) we
find that (B.56]) holds with o, 6, and ¢ given by (5.45) and by (5.46]), respectively, if

2 < p < oo, or by (B50)-(E52) and (B.47), respectively, if 1 <p < 2.
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> d=2, Jc W2 (R?).

loc

This stronger assumption on the kernel J allows to deduce an H'(Q)—regularity for
F(p, Vi, V) (see (B:2]))). Indeed we have

9 F1(p, Voo, V) = 0;(C(p) Orp Opr)
= () 03, 0 Ok + C () O Iz + ' (p) Ditp Oip Oy . (5.57)

Recall first the Gagliardo-Nirenberg inequality (see Proposition [0.1])

17 llwoe ) < € H?THV“qu ylIm H?ﬁ(g 2<q<oo. (5.58)

Then we get

1€() 05 ¢ O]l < GV V|| e ()2 < Collpll a2 Q)||7T||W1q(Q I IIJ%Q(Q
g+2

< 0|l (e +Cq5H90HHz Jllwre@) (5.59)

with 2 < ¢ < oo arbitrarily large, and ¢ > 0 to be fixed later. Using (EII]), (53]) with
p=2and with 2(2 — a)/(1 —a) < g < oo (cf. (BH)) so that ¢ can be chosen arbitrarily
large, we can easily see that the time integrability exponent of the second term in the
right hand side of the last inequality of (5.59) is given by o+ := (2/(2 — «))~. Moreover,
the L%-norm of the second term on the right hand side of (557) can be estimated as

follows

1(0) Op Bl < Gl Vel 2, IV T llieoes < Clpl gy Illwasion
with 2 < p < co. Thus, using (5.3) and (5.3]), we can easily get

C() Opp O € L7=(0,T: H) . (5.60)
As far as the third term on the right hand side of (B.57) is concerned, we have that

I1'(¢0) D0 Orp Okl < G IVl e VTl (@2 < Cligllmzo [ Valle@e - (5.61)

Hence this term can be handled as in (559). We also need an estimate for the L?-norm

of Fi. To this aim, we observe that
1€(#) Onp O] < Coo IVl V][ Lo ()2 < ClIVl[|7llw2r(e (5.62)
with p = 27. Then, on account of (.3)), (&), this yields ((¢) dpp O € L°2(0,T; H)

(note that o9 = (2/(1 — @)™ > o).
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Let us now consider the term Fs(p, V). We have that (see (.24))

0, F2(p, V) = 010 OOk T * ) + 0 0i(O (0T * ) + (1 — 0 () Dhp (O] * )
+ (1 =9 () Orp %(Ord * ) — (C() + 9 () Dip (O * ) Opp . (5.63)

By estimating the L?-norms of the terms on the right hand side one by one, we then get

IVF2(p, V)| < [[div(VT * )| oo @[ Vel + [Vdiv(V.] + o)
+b (14 Co) V20l + (1 + o) IV (VT % @) || o yee [ V|
<O+ lellm@) - (5.64)

As far as the first, second and fourth terms on the right hand side of the first inequality
in (.64) are concerned, these have been estimated by relying on the assumption that
J € W>(R?). Moreover, b is the constant appearing in (H2) and (@5) with p = 4 has

loc

been used. We thus immediately deduce
Fal, Vo) € L*(0,T5 V). (5.65)

There now remains to address the boundary term G(p) (see (5.22))). Notice first
that J * ¢ € H?(). Thus we have that 0,(J * ¢) = (VJ * ¢) -n € H¥?T) so that
G(p) € H32(T). Invoking now Lemma A2 (which can be easily generalized to the case
s > 1), the H¥?(I')-norm of G can be estimated in the following way (see also ([E34))

1G22y = 1V * ) - n| garar

< 1ol g+ )]y, + Il |57+ )|

H3/2 Lo (T)

< O T * ollas@) + Cllel a2 | VI * @l lwraqye

< Clell + Cllell el < C(1+ llellne) -

Hence we infer that
G(p) € L*(0,T; H¥*(I)). (5.66)
We now recall the well-known elliptic estimate (see (0.21))-(5.22))
17l sy < CIFV + 1F2llv + 1G]l as2qry) - (5.67)

and, by collecting (B.59)-(5.62)), (.65, (5.66) we can conclude that

7e L7(0,T; H3(Q)), 0w = (2 f O)_ . (5.68)
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Let us complete this case by analyzing the corresponding regularity of u. We first take
the spatial derivative 9; of (B.54) and get

¢ ¢
O up = ~0a) O + % (8ip 05 + 0,0 O3) + %0 0 O
/ 1 —p((p)

BT TN Sl L8 () P SR
n@)mN&J<m@¢+ () 9 (O @&w+nw)
¢

- (3) (0000 0w 2) 0. (5.69)

—2

ggw o 0.0,(90] * ) o

We now proceed to estimate the H-norms of the ten terms on the right hand side of
(569). For the sake of simplicity, we denote these norms by Zi,...Z;o (preserving the
same order as in (5.69)). We have that

2
Ié<2——HV¢H IVl oz < Coll@ll fragaylImllwz ey

1722 ()2

with 2 < p < co. By means of (5.3) and (B3 (see also (£11])), we infer that the time
integrability exponent for Z, is still given by 0., namely we get Z, € L7 (0,7T). Next,
on account of (5.58), we have that

Goo i
%<gﬂW%MW%Mw<CHMmﬂWWQMH%%

with 2 < ¢ < co. From (53) and (5.3) we then get 0., as time integrability exponent for
7Z3. Next, observe that

C 1
< () 196l Vrllie@r < Cllellmol Tl

where ((/n)% := [|((/n)'||ee(~1,1). Then, arguing as for s, we again get Z, € L7~ (0,T).
The estimates of the terms from Zs to Z,, are straightforward recalling that J € W2 (R?).
The details are left to the reader. In particular, we can easily find that 2;25 7, € L*(0,7).
Summing up, employing (5.68)) to estimate Z;, we conclude that

ue L7=(0,T; H*(Q)?). (5.70)

» d =3, Jadmissible.

From (EI0)-II), we have that Vr, Ve € L"(Q)3, for all 2 < r < 6 which entails
that F € LP(Q), for all 1 < p < 3. As far as the boundary term G is concerned, by

arguing as at the beginning of the discussion of the case d = 2, we can deduce that
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G € Wi=Vpp(I') N L=(T), for 1 < p < 6. Thanks to elliptic regularity, a two step
bootstrap argument allows us to deduce that Vr € L*(Q)* (while V¢ has a spatial
integrability exponent at most equal to 6). As a consequence, for 1 < p < 6, we have that
m € WP(Q), and that estimate (5.20) holds true.

Before addressing the terms in estimate (5.20)), let us first point out how to control
the LP(Q)3-norm of Vi, for 2 < p < 6, by the H?(2)-norm of ¢ in a convenient way, i.e.,
keeping the exponent in the H?(2)-norm as low as possible. If 4 < p < 6, we can use
(@5) by relying on the boundedness of ¢, and find

3)
Vel o s<C||s0||H2 , 4<p<6. (5.71)

If 2 < p < 4, the interpolation inequality (@5 cannot be directly applied. However, we
can first proceed by means of an elementary interpolation inequality and then apply (@.1),

namely,

1—2
P

IVl Lr@ps < ||V‘P||__1||v90||L4(Q < C||V<P||"1||<P||Loo(g el H2(Q) (5.72)

which, on account of the boundedness of ¢ and of its L>°(0,T; V) —regularity, gives

1—2
IVellrep < Cllllyaln . 2<p<4. (5.73)

We can now proceed to estimate the three norms on the right hand side of (5.26). As

far as the first norm is concerned, we have (see (5.24]))
p
Bl < oo V@l oreaps IV allars . a:=p(1+2). (5.74)

where € > 0 is such that p 4+ ¢ < 6 and will be conveniently chosen later. We then take
advantage of the a—Holder continuity property of @ and of Proposition to estimate

the Li-norm of V7 as follows

IVl o < Clrll! g H?THsz(Q)’ (5.75)

for some 8 € (0,1), K > 0 and p > 1, with p > k/a, so that the injection C*(Q) —
Wb (©) holds true and allows to control the WP (€Q)—norm of 7 by a constant which
only depends on structural parameters (cf. (£30)).

By combining (5.74)) with (5.75]), and by taking (5.71]), (B.73) into account, we have
that

IF:llr@) < CIV@lre@pllT iy 2@y < Sllmllwane) + Ca||V90||Lp+e

Slnllwasey + Collgl iy 77, if 2<p+e<4,

< (5.76)

Slinllwesiey + Cololl iy 7 i 4<pre<
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On account of ([@.1]), the interpolation inequality (570) holds, provided that g € (0, 1)

is given by
L_(1=B By_s=1 K
5_(7+5)— 7 s (=042, (5.77)

where k£ > 0 and p > 1, with p > k/a satisfying the following condition

(1—5)%+252 1. (5.78)

It is now convenient to distinguish the following cases in the analysis, according to the
values of p € [2,6].

(i) Case 2 <p < 3.

Let us take 3 — p < € < p?/(3 — p). This ensures that 3 < ¢ < 3p/(3 — p) so that
q/(q—3) > p/(2p — 3). Assuming then k£ > 3 (this is not restrictive), we can then see
that (B.77) admits a solution 8 € (0, 1) if and only if

q
> ——(k—-3 5.79
p> Lok, (5.79)
with 8 given by

_p (g—=3)p—qk—3)
P=Pn) = oy —8)p—plh—3) (5:80)

Moreover, by taking in addition € such that 3 —p < e < p (note that ¢ < p ensures that

q > 2p), since we are assuming that (5.79) is satisfied, we can check that condition (B.78])
is satisfied if and only if

9D g gy PI3A—p) Py gy pHe—3

p>
q—2p q—2p p—€ p—€

By comparing the slopes of the affine functions on the right hand sides of (5.79) and
(E8T]) we see that q/(¢ —3) < p/(p—€) since 3 —p < e < p. The slope p/(p — €) has now
to be compared with 1/«, namely with the slope of k +— p > k/a. Let us assume that
0 <a<(2p—3)/p, that is, 3 —p < p(1 — ). If « satisfies this condition, then we can
choose € such that 3 —p < e < p(1 — «), and this ensures that p/(p —€) < 1/a. Hence,

the admissible region turns out to be

(5.81)

R:{[k,p]e[(),oo)x[l,oo):k>3,p>§}. (5.82)

3Indeed, if 0 < k < 3, we have that 8 > p(¢ — 3)/q(2p — 3) (cf. (ER0)), and we can see that
p(q—3)/q(2p—3) > B, for B, given by (5.83) below (and for the admissible € and « considered in (5.83)),
namely € € [3—p,p(1 — a)], and « € (0, (2p — 3)/p]). Moreover, we have also that p(q — 3)/q(2p — 3) >
1/2 > B., for B, given by (E90) below, since the condition € < p implies ¢ > 2p. We argue similarly also
for the cases 3 <p < 4,and 4 < p <6.
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Computing the infimum of g over R, it is not difficult to find that

_ s p(l-a)g-3 1 (I—a)p(p+e) —3e
Be = Bule) = [k}ﬁgn plk,p) = g (2—a)p—-3 p+e 2-a)p—3 (5.83)

Also this infimum is not attained. If p+¢e < 4, namely if 3—p < e < min(4 —p, p(1 — a)),
owing to (I, and writing § = ;F, we infer that the time integrability exponent of the
second term on the right hand side of (B.70]) is given by

pp = 2(1 =)

p+e€ (( 2p >e+p—3 (5.84)

p+e—2: 2—a)p—3/ e+p—2
Observe that the right hand side in (B.84]) is (strictly) increasing in €. Then it is convenient
to choose the greatest admissible value for € to get the best time integrability exponent

wp. Hence, if « > (2p —4)/p (i.e., 4 —p > p(1 — «)), we take e = p(1 — a) getting

o2n —
<a<®3 (5.85)
P p

B ( 2p )* 2p —4 -
e\ —ap -2/

Moreover, since 3 —p < € < p(1 — ), then ¢ satisfies p(2 —a)/(1 —a) < ¢ < 3p/(3 —p),

and, setting fi, := p,/ s, from (5.83) we have that

P :<(2—a)p—3) 2q p2_a<q< 3p 2p—4<a<2p—3
P 2—a)p—-2/ (1-a)g-—3" l—a~ "~ 3-p’ p —  — p

(5.86)

If p+ e >4, still with € < p(1 — «), namely if 4 —p < e < p(1 —a) (so that 0 < a <
(2p — 4)/p), then, still invoking ([A.I1]) we deduce that the time integrability exponent of
the second term on the right hand side of (B.70) is now given by

p+e P - 2p —4
= (1— = 0 < ) 5.87
o = ﬁ)p+e—3 <(2—a)p—3) ’ Sas D (5.87)

Thus we find that p, does not depend on the choice of ¢, if 4 —p < e < p(1 — «). With
4 —p < e <p(l —a)we have that ¢ satisfies p(2 — a)/(1 — a) < ¢ < 4p/(4 — p), and,
from (B5.83), for fi, := u,/P« we obtain

- 2 — 4 2p — 4
ﬂp:(ﬁ> ) D aﬁqﬁ—p, 0<a< P ) (5.88)

1—a) 1—a 4—p P
We are left to discuss the case (2p —3)/p < a < 1, that is, p(1 — @) < 3 —p. We have
that p/(p —€) > 1/a (namely, € > p(1 — «)) for all € such that 3 — p < e < p. Then it is

not difficult to see that the admissible region becomes

p (k‘—3)—p]L_3}.

k
R={lk.pl €[0.00) x [L,oc) : k>3, p>=, p>
« p—€ p—€

(5.89)
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Let us compute the infimum of 8 on R. Denoting the affine function on the right hand
side of (581]) by g(k), we have that g(k) = k/a for

e P
e—(Il—a)p
and we can check that
p k—q
k,g(k)) =~ vk > k*
Blk.g(k) =2 Ft . k=

with k — ((k, g(k)) (strictly) increasing on [k*, 00). By carefully addressing the geometry
of R (notice, in particular, that 8(3, p) > 1/2, since € < p implies ¢ > 2p) we find
-« 2p—3

Bo=inf f = Bk, (k")) = 53— —<a<l, (5.90)

and this infimum is not attained. Notice that, in this case, (3, does not depend on
€ € [3—p,p). Moreover, since the exponent ¢ is decreasing with respect to €, we can take
€ = 3 —p to get the best ¢, i.e., ¢ = 3p/(3—p). Now, if 3—p < e < 4 —p, owing to ({11
and setting § = 8}, we infer that the time integrability exponent of the second term on
the right hand side of (5.76]) is given by

p+e _< 2 )* p+e

2(1 —
( 6>p+e—2 2—a/ p—2+c¢€’

(5.91)

while, if 4 — p < e < p, then the time integrability exponent of the second term on the
right hand side of (510 is
+ € 1 - + €
(1_ﬁ)pi€—3:(2—a) pf3+e' (592)
Observe that the right hand sides of both (5.91]) and (5.92)) are decreasing in € on the
intervals [3 — p,4 — p| and [4 — p, p|, respectively. Hence, in order to get the best time

integrability exponent for the second term on the right hand side of (B.70]) in both cases,
it is convenient to take ¢ = 3 — p in (5.9]]) and € = 4 — p in (5.92). By comparing the two

values thus obtained, we get

6 \-  2p—3
Mp:(z_o), —<a<l (5.93)

while, for fi, := /s, and ¢ we have

. 6 - 3p 2p —3
= =— <a<l. 5.94
He <1 — a) ’ =5y p “ (5.94)

Regarding the second term on the right hand side of (5.26), on account of Lemma [4]
and taking (5.73)) into account, we have that (see (5.24]))

1—

1Pl zee) < Cp+ (14 Goo) bIIVRl oy < C + Clipll gty -

o1



Invoking (Z11), this yields
Fy € L2 (0,T; LP(Q)), (5.95)

and we can check that 2p/(p — 2) > p,, in all the three cases where p, is defined (see
(585), (B.81), and (5.93))), according with the value of a.

The boundary term (5.23]) can be handled similarly as for the case d = 2, by again
obtaining (5.43), whence we have now that

G € L2 (0, T; W'-V/Pr(T)) | (5.96)

By means of (5.76)), (5.95), (5.96), and by fixing § > 0 small enough, estimate (5.26]) then
yields

we L (0, T; W(Q)), (5.97)

with 4, given by (585) (or (B.87) or (5.93), according with the value of o. Moreover,
from (B.75) we deduce that

e L0, T; Wh(Q)), (5.98)

where /1, :== 41,/ 3, and ¢ are given by (5.80]) (or (5.88) or (5.94))) according with the value
of a € (0,1).

(i) Case 3 < p < 4.

We argue as at the beginning of the case 2 < p < 3, taking now 0 < € < 6 — p.
Notice that ¢ > 3, and ¢/(¢ — 3) > p/(2p — 3), since p > 3, and € > 0. We can thus
again see that (B.77) admits a solution 8 € (0,1) if and only if (B.79) is satisfied with
S given by (G.80) (we can again assume that k£ > 3). Since 0 < € < 6 — p < p (so that
2q > p, being € < p), we obtain once more that (5.81]) ensures (L.78). Thus we observe
that the slopes of the affine functions on the right hand sides of (B.79) and of (5.81)) still
satisfy ¢/(q —3) < p/(p — €). Let us now take e satisfying, in addition, the condition
0 < e <p(l—a)(hence, p/(p —€) < 1/a). Then the admissible region is still given
by (.82), with the (not attained) infimum of 5 over R still given by (E.83). We now
distinguish two cases. If (2p —4)/p < o < 1, then p(1 — ) < 4 — p, and, on account of
0<e<p(l—a)<4—p, weget that the time integrability exponent of the second term
on the right hand side of (5.76]) is given by (5.84]). We again choose € = p(1 — «) to get
the best p,, which is given by

2 - op—4
b ) P2 ca<t. (5.99)

Mp:(m P
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Moreover, since 0 < € < p(1 — ), then p(2 —a)/(1 —a) < ¢ < oo, and fi, = u,/Ps is

given by
. (2—a)p—3)— 2q 2—« 2p — 4
= — <g< <a<l.
K <(2—a)p—2 (1—a)g—3’ P =15 p =«
(5.100)

If, on the other hand, 0 < o < (2p —4)/p (ie. p(1 —«) > 4 — p), then the time
integrability exponent of the second term on the right hand side of (B.70) is given by
GE34), if 0 < e < 4—p, or by (581), if 4 —p < € < p(1 —a). We hence infer that
the best u, we get for this case is given by (5.87). However, differently from the case
2 < p < 3, we now need an additional condition which guarantees that p, > 1, namely
that p/((2 —a)p—3) > 1 or a > (p — 3)/p. Therefore, we have

p - p—3 2p — 4
1 :(—) N s . 5.101
P 2—a)p—3 P P ( )
Moreover, for ji, = y1,/3. and ¢, we get
. q )* 2—a< p—3 2p —4
= < —<a< . 5.102
Ha ((1—a)q—3 ’ Pr-a=15% P 4= P ( )

In conclusion, for 3 < p < 4, the interval (0, 1) is not entirely admissible for a (unless
p = 3), and we distinguish two cases instead of three, namely (5.97) and (5.98) hold

with s, given byl () or by (BII), and i, = s1,/B.. g given by (I or by (M),

according with a € ((p — 3)/p, 1).
(iii) Case 4 < p < 6.

We again argue as at the beginning of the previous cases 2 < p < 3 and 3 < p < 4,
taking now 0 < ¢ < 6 — p < p. Notice that, since p > 4, then p 4+ ¢ > 4 and hence
only the second line on the right hand side of (5.76) can be employed to estimate the LP-
norm of F; to get the time integrability exponent p, in (B.97)). Let us begin to take also
0 <e<p(l—a),namely 0 < ¢ < min(6 — p,p(l — «a)). As we saw in the discussion
for the case 2 < p < 3, with this choice of ¢ we have that the admissible region R is
given by (5.82)), with the (not attained) infimum S, of 8 over R again given by (G.83).
By combining (5.83) with the exponent in the second term in the second line on the right

hand side of (5.70), we thus get (see (B.87))

He = (1_5)pii_f3:<(2—§)p—3)' (5.103)

Then p, is independent of e. We have that u, > 1 for (p —3)/p < o < 1. We now
distinguish the following cases. If 0 < a < 2(p — 3)/p, then 6 —p < p(1 — «). So that

4We can check that u, < 2p/(p—2) >, for both cases of y, given by (09), (EI0T) (see (595)-(E30)).
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0 < e <6—pimplies 6p/(6 —p) < ¢ < oo, with S, given by (E83) as a function of ¢q. We
then obtain that i, := u,/f. is given by

6 ~3 2p — 3
; q P cycoo, P83 o< 2P=3) (5.104)

=0 —a)g-3" 6-p P P

If, on the other hand, 2(p — 3)/p < a < 1 then p(1 — a) < 6 — p. In this case, if
0 < € < p(l—a) then B, is still given by (L.83)) yielding s, as given by (B.I03). Moreover,
we have p(2 —a)/(1 — a) < ¢ < oo and 1, := p,/ 5, again given b

X q 2-a 2(p - 3)

Mp (1_a)q_3’ pl_a_q OO, p

<a<l,. (5.105)

Summing up, in the case 4 < p < 6, for pu,, fi,, ¢ in (5.97), (G98) we have obtained

the corresponding value

P - .. p—3
= f —<ax<1 5.106
:up <(2—O[)p—3> ) 1 p a ) ( )

and fi,, ¢ given by (B.I04), (5:105)), according with the value of o € ((p —3)/p,1). As for

the case 3 < p < 4, we observe that the interval (0, 1) is again not entirely admissible for

a.
(iv) Case p = 6.

In this case we can only take € = 0 and ¢ = oo in estimates (5.74) and (B.73]), since
the maximum spatial integrability exponent for V¢ is 6. Doing so (and arguing as for
the case (1)) we get B(k,p) = (2p —2(k —3))/(3p — 2(k — 3)), with conditions (5.79]) and
(5.81)) that are now equivalent to p > k — 3 (still taking & > 3). The admissible region R
is still (5.82)) and the infimum S, of § over R is now

2(1 — )

B = 3—2a

°Still under the condition 2(p — 3)/p < a < 1, if we also consider the case p(1 — a) < € < 6 — p, then,
recalling the discussion carried out for the case 2 < p < 3, the admissible region R now becomes (5.89),
with the (not attained) infimum S, of 8 over R given by 8, = (1 — «)/(2 — a) (cf. (E00)). Hence, for
p we get the same as in (5292) (which is decreasing in €), and we choose € = (p(1 — a))* to get the best

Ly, getting the same p, as in (GI03). Moreover, for fi, := 1,/ [« we get

N 72—a( p )—
=14 2-a)p—-3/ "

and for ¢ we can take the best exponent for p(1—«a) < € < 6—p, namely ¢ = (p(2—«)/(1—a))~. Comparing
with (BI05) (take ¢ = p(2 — a)/(1 — «)), we thus conclude that addressing the case p(1 —a) <e <6—p

does not improve .
®We can check that g, < 2p/(p — 2),(see (5.95)-(5.96))
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The time integrability exponent of the second term on the right hand side of (B.76))
(written for p = 6 and € = 0) is then given b

Ho = (3 —22a)’ (5.107)

and pg > 1 provided that 1/2 < o < 1. For fig := g/ P« we have

; —( ! )i L <1 (5.108)
o=\1=a/) » 2°°%° 75 '

Hence, (5.97) and (5.98)) hold with p = 6, with ug, fig given by (5I07) and (E.I0S),
respectively, and with ¢ = co. Notice that the case p = 6 can be considered as the limit
case of (iii) for p — 6~ and ¢ — oc.

Regarding the regularity of u in all cases (i)-(iv) considered above, we use (5.54) and
we focus on the second term on the right hand side which is the less obvious. This term
can be estimated similarly as F; (cf. (5.76)), namely

| 8osean] . < EIVeliapl Tl < CITelmapllane - (5109
Invoking (B.76]), where § is supposed to be fixed small enough, we see that the time
integrability exponent of the right hand side of (5.109)) coincides with the time integrability
exponent of the second term on the right hand side of (5.76)), which is f, for all choices of
p € [2,6] and « considered in the above cases (i)-(iv). The estimates in L? of the last two
terms on the right hand side of (5.54) is straightforward (see (B.53])) Therefore, noting
that we always have p > p,, from (5.54) we deduce that

we Lo, T W@ N L0, T L)Y, 2<p<6,  (5.110)

where 1, fi,,, and ¢ are given in terms of p and a by the relations and constraints deduced
in the discussion carried out in the above cases (i)-(iv).

Finally, if n is a positive constant, for both cases d = 2, 3, the regularity analysis of
the elliptic system ([B.27)-([5.22)), as well as of equation (5.54)) for Vu, gets much simpler.
Indeed, we have that F; = 0 (see (5.23) and (5.24])) so the only terms which survive in
the elliptic estimate (5.26) are the norms of F; and of G. If d = 2, (B41)-(544), and
(E54) immediately yield that

e [P0, T;W?(Q)), uelP0,T;W(Q)?*, 2<p<oo, (5.111)

where p := 2p/(p — 2), if 2 < p < o0, and p = o0, if p = 2. Assume now that d = 3.
Since the LP(2)-norm of F, and the W'=/PP(I")-norm of G can be both controlled by

Vol Lo (cf. (AT) and (E43), then, by employing (.71 and (5.73), we obtain
€ LP(0,T;W?P(Q)), ue€ LP0,T;Wh(Q)%), (5.112)

"We can check that g < 3 (see (B95)-(536) for p = 6 so that 2p/(p — 2) = 3).
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if 2<p<4, and
me Lrs(0,T;W>(Q)), ue Lrs(0,T;W"(Q)?), (5.113)
if 4 < p < 6. Observe that, for both d = 2,3, we have 7 € L>(0,T; H*(2)). Therefore

(EI8)-(520) hold. The values of 6, fi, and ¢ are obtained in a straightforward fashion
from (B.ITT))-(E.I113) by using classical Sobolev embeddings. The proof is finished. O

Remark 5.2. If n is a positive constant, the reqularity properties for m and u derived in
Theorem [51] hold true also for weak solutions. This is a direct consequence of Darcy’s
law and of the properties of the Helmholtz projector operator P, from L"(Q)? to L7, (Q)?
associated with the decomposition L"(Q)? = L7, () @ G,., where G, := {w € L"(Q)? :
w = Vr for somem € W' (Q)}. We recall that this decomposition is valid for Q with
locally Lipschitz boundary, if r # 2, and for all domains 0, if r = 2 (see [23], see also
[26, Theorem III 1.2]). If u € W™ (Q)¢ (m >0), then P,u € W™ (Q)4n L5, ()4, and

||P7»u||Wm,r(Q)d S Cm7r||u||Wm,r(Q)d 3 (5114)

with Cy,, > 0 independent of u (cf. [33, Lemma 3.3]). Indeed, by applying Helmholtz
projector operator P, to Darcy’s law ([A3) with n constant, and by taking (BI14) into

account, we get
allwmr@e < ClI(VI*@)o|lwmrya, m>0, 1<r<oo. (5.115)
Hence, (£3), (4), (£9), EI0), together with (BI8)-E20) follow from (BIIH) also for

a weak solution.

6 Weak-strong uniqueness

In two dimensions we can prove a continuous weak-strong dependence estimate which

entails weak-strong uniqueness.

Theorem 6.1. Let d = 2. Suppose that (H1)-(H8) are satisfied and that J € W, (R?)

or J is admissible. Let po1 € L>®(Q) and o € VNL®(Q), with M (1), M(po2) € L*(2),
where M is defined as in Theorem [3d. For any given T > 0, denote by [uy, 71, p1] be a

weak solution and by [uy, 7o, po] be a strong solution to problem (LI)-(LII), (LI3), (TI4)
on [0,T], corresponding to w1 and to pg2, and given by Theorem[31 and by Theorem [{.]]

respectively. Then, the following estimate holds

Hll2 - ulHLQ(O,t;Gdiv) + H902 - <P1HL<><>(0,¢;H)0L2(0¢;V) + H7T2 - 7Tl”L2(O,t;Vo)
< A(t)||poz — o], (6.1)

for all t € [0,T), where A is a continuous function which depends on some norms of the

strong solution.
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Proof. Let us first take the difference between the two identities (£5) written for the weak

and the strong solutions, multiply it by u := uy — u; and integrate over ). Then, setting

© = 2 — 1, we get
((n(p2) = mlspr))uz, ) + (), ) = (V. +@)ga,u) + (VI 5 p1)o,u) . (6.2)
From this identity, on account of (H1), we have that
mlull* < Cllellse lvalls@ellull + Cllellul
< Clell + el Vel 2) [zl 2@z lall + Cllollull
T

< Sl + 8[IVel* + Co(1 + luall7aape)llll” (6.3)
which gives

mlull* < 261 Vel* + Cs(1 + luall7s0pe) Il (6.4)

with 0 > 0 to be fixed later. We recall that, here and in the sequel of this section, C' stands

for a generic positive constant which only depends on main constants of the problem (see

(H1)-(H8)) and on © at most. Any other dependency will be explicitly pointed out.
We now take the difference of ([B.2]) written for the weak and the strong solutions (see

also ([A2])). Taking then ¢ as test function, we obtain

——|lll* + (V(B(p2) — B(¢1)), Vo) + (u- Vs, ¢)
= ((m(2) — m(e1))(VJ % 2), Vo) + (m(1)(VJ % ), V) . (6.5)

Thanks to (H7), we have that

(V(B(g2) — B(¢1)), V) > aol[Veol* + (A(w2) — A1) Vipa, Vo) (6.6)

and, in view of the regularity ({11l for v, the second term on the right hand side of ([6.6])
can be estimated as in [I8, Proof of Theorem 6.1, Part (c)] by means of the Gagliardo-

Nirenberg inequality, namely as

[(Mp2) = A1) Voo, Vo) | < Cllollra) IVl ra@e | Vel
< O(|lell + H@Hl/z|’V90H1/2)|!<P2HZ22(Q)HV<PH
< 8NVl + Cs (1 + [l@2lliz@) el (6.7)

with ¢’ > 0 to be fixed later.
As far as the third term on the left hand side of (6) is concerned, we have

1/2
(- Vs, 0)| < JullIVeall s @l < Ulell + el IVl lezlz lul
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< dllull® + d'l[Vell* + Csa (1 + lalli o)) lell” - (6.8)

On the other hands, the two terms on the right hand side of (63) can be controlled as

follows

| ((m(2) = m(e1))(VJ  2), Vo) | + [ (m(e1)(VJ % ), Vo) | < 8[[Vel® + Csllel? .
(6.9)

Hence, adding together (6.4) with (6.3), taking (6.6)-(6.9]) into account, and choosing d, ¢’
suitably small, we find

d
Zlell? +ml[ull® + ao| Vol* < C(1+ J[usll7aap + le2liee) Il

Thus an application of the Gronwall lemma and an integration in time yield

t t
le I +m / la(r)IP dr + ao / Vo2 dr < AW)llgor — earl?s  (6.10)

where the continuous function A depends on norms of the strong solution. More precisely,
we can take A(t) = 1+f0t a(r)els @) dr with a(t) == C(1+]|ua(t) "%4(9)2"‘”902@)”%{2(9))-

Concerning the pressure, setting m := my — 71, from (L.5]) we have that

V= _(77(<P2) - 77(901))112 —n(e)u+ (VJ x@)ps + (VJ % p1)p. (6.11)

Therefore we get

V7 2200.6020)2) < Clluallzasza@ 1€l Losza@) + Cllull 2,664, + Cllell2.sm

< C (Jualzaos a2 1l L 0.6 mnr20v) + 1l 2200660 + 1€l 20.6m)) -
(6.12)

Estimate (G.1]) follows from (GI0) and (6.12I). O

The above result can be extended to the case d = 3 provided that A is constant which
is nonetheless the reference case (see Remark B.1]). This extension is conditional since we
need to require that the pressure of the strong solution has a spatial Holder continuity
exponent « € (1/5,1). Recall that m, satisfies the elliptic problem (51)-(52) (with @9 in
place of ¢). Notice that, since @3] < 1, and 7(p2) is bounded from below and above by
positive constants, Proposition only ensures that o depends on 7y, 7., b, d, ), and on
the geometrical properties of I', but it does not depend on the (unknown) form of ¢, (this
motivates the notation «, instead of ay). Therefore, although the result we are going to
prove is conditional, o depends on structural constants of the problem only. In this case
the key tool for the proof is Theorem Bl However, if 7 is constant then uniqueness of
weak solutions holds.

We have

o8



Theorem 6.2. Let d = 3. Suppose that [uy, 71, @1 and [uy, 7o, pa] are solutions corre-
sponding, respectively, to initial data oo, and poe as in Theorem[61. In addition assume
that X is constant and that the spatial Holder continuity exponent o of mo is such that
a € (1/5,1). Then (61)) still holds.

Suppose now that \ satisfies (H4) and n is constant. If [uy, w1, 1] and [ug, ma, po] are
weak solutions corresponding, respectively, to initial data vo and pge as in Theorem [31],

then the following stability estimate holds

Juz — ul”LQ(O,t;de) + |2 — <P1”L°°(0,t;V/)mL2(o,t;H) + [|mrg — 7TlHL2(o,t;V0)
< A(®)llpo2 — worllv (6.13)

for allt € [0,T], where A is a continuous function which depends on the norms of one of

the weak solutions.

Proof. Suppose 1 not constant first. Consider (6.2]) and observe that n(ps) — n(¢1) will
be estimated differently. Namely, instead of (G.3]), now, by employing (@.1), we have that

mlul? < Cllell o g a2l 2@ all + Cllgll[ul
2r—3 3
< O(llell + el = Vel ) [zl L2 @ys[[ull + Cllell||ull

T
S—IIU||2+C(1+IIUzII%zr w)llell® + Clluzl| 2 gy [l

Th 2r
5 lull” -+l Vel* + Cs(1 + ||uz||Lzr‘°’m3)||s0||2 : (6.14)

where 3/2 < r <3, and 6 > 0 to be fixed later.

Consider now (6.3]). On account of the fact that A\ is now constant, using (6.9]) and
noting that (u- Vs, ¢) = —(pou, Vi), we get
thHSOH2 OHV<P|!2 < |(p2u, V)| + Cllgll”. (6.15)

Let us multiply (G.I5) by a positive coefficient v to be fixed later, and sum the resulting
inequality with (G.I4]), where § = v2/n;. This gives

07
2 ol + Pl + 27w

< 7(pau, V@)I +7C¢l* + 8|V el* + Cs(1 + IIU2||ZEr3 )lell”

Th 2r
< 7l + o HV¢HQ+CW< +HU2HL2rfn el (6.16)

Fixing now v > 0 such that v < agn; /4 (e.g., choosing v = agn;/8), we then find
d 2, 8 2 . % 2 53 2
—llell” + —lall” + [[Vel” < (1 + HquLzr 3ol (6.17)
dt p 2
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Therefore, in order to apply the Gronwall lemma we need
uy, € L75(0,T; L (Q)), (6.18)

for some r € (3/2,3]. We now exploit the regularity properties for u established in
Theorem Bl If 5 is a positive constant then condition (G.I]]) is immediately satisfied.
Indeed, take, e.g., p =2 in ([B.20) and get uy € L>(0,T; L5(2)?), which fulfills (6.18]) with
r = 3. If n is not constant, then we employ the regularity properties for uy expressed by
Theorem [E.1in terms of the Hélder continuity exponent o € (0, 1) of mo. Namely, we aim
to find a condition on « ensuring that (GI8) holds for some r € (3/2,3]. Let us take r
such that 4r/(2r — 3) = 2r, which means r = 5/2, and let us look for a lower bound on «
ensuring that uy € L5(0,T; L?(2)3). To this purpose, we consider the case 2 < p < 3 in
Theorem 5.1l and look for p € [2,3) and « such that (see (E10))
2p —4 2p — 3

iy =q>5, <a< ) 6.19
» . . (6.19)

By means of the second line in (B.12)), taking ¢ = p(2 — a)/(1 — «), we have that 1, = ¢

(my:l’

which holds if and only if (2—«)p = 47, that is, if and only if o = ((2p—4)/p)*, which is
acceptable (see (G.I9)). For this value of o we find that ¢ = (4p/(4 — p))™. Thus the first
condition in (G.I9) is satisfied by taking p = 20/9. This gives o = (1/5)". Therefore, we
conclude thata if @ > 1/5 then uy € L5(0,T; L*(Q)%). We can now apply the Gronwall
lemma to (6.I7) and we find (6.I0) with A suitably modified.

We are left to estimate 7. Arguing as for the case d = 2 and writing (E11]) for V,

if and only if

the only term which is handled differently is the first one on the right hand side, which is

now estimated in L? as follows
[(n(2) = n(1))va[ 12g sy < Cllel pors oo ylluzll sz
< Cllua|lzs .52 1@l 0.6mnz2 0,6v) » (6.20)

where we have used the embedding L>(0,¢; H)NL?(0,t; V) «— L'%/3(0,t; L'°/3(Q)), which
is a consequence of Gagliardo-Nirenberg inequality. By means of this estimate, recalling
that uy € L5(0,T; L>(Q)3), we recover the L?(0,t; Vy)—control of 7 (similarly to (G.12)).
Hence we again get (6.1]).

8 Addressing the other intervals for p considered in Theorem 5] to require that uy € L°(0,T; L5(Q)3),

does not improve the lower bound 1/5. The details are left to the reader.

60



If n is a positive constant, we can argue in a simpler fashion. Indeed, we first observe
that (2] immediately yields that

mlul* < Cllel*. (6.21)
On the other hand, the difference of [32) is now tested by Ny (rather than by ¢) to give

(cf. also [16, Proof of Thm.4])

1d
2dt
= ((m(%) —m(p1))(VJ * p2), VNSO) + (m(<p1)(VJ * ), VN<P) . (6.22)

NI 4 (B(p2) = Br). ) + (02 - Voo, Np) o+ (u- Vior, o)

Thanks to (H7) and to the Gagliardo-Nirenberg inequality (9.1), we have that

(B(g2) = Blgr), ) > aollell®, (6.23)
(0 Vi, No)| = [(upr, VNo)| < [[ull[VNo|| < dflull* + Cs[|[VN@|*,  (6.24)
(w2 - Vo, No)| = [(uz 0, VA@)| < [lusf sy |0 VN @] 130y

< Cllaal| ooy lpl? VN @||'/2
< 3)lll* + Csllua||zoys VNl (6.25)

The estimates for the two terms on the right hand side of (6.22) are straightforward.
Adding now (6.21]), multiplied by some ¢’ > 0, together with (6.22]) and taking (6.23])-
([E28) into account, we get, for d,¢" > 0 small enough,

d
N2+ mllall® + aollll* < C(L+ [[ual 1oy IV 241l (6.26)

We now observe that uy € L*(0,7; L5(2)?) holds, when 7 is constant, also for weak
solutions (cf. Remark [5.2]). Therefore, from (6.26]), by means of Gronwall lemma, we
immediately get (6.I3]) (the estimate for 7 follows directly from Darcy’s law). The proof

is now complete. O

Remark 6.1. A further relazation of the lower threshold for the Holder exponent of the
pressure appears to be a major task. One idea could be to start from (B3) and (E9),
then use the classical embeddings of W2P(Q) into Hélder spaces (e.g., H*(Q) — C7(9Q),
for all v € (0,1), if d = 2) in order to improve the spatial Hélder exponent of m (e.g.,
from some fized o € (0,1) to some v arbitrarily close to 1). Then one can arque as in
the proof of Theorem [5.1 with the goal of obtaining the same exponents o, and j, of the
case n constant. However, it seems hard to increase the time integrability exponent of the
pressure at each step of this bootstrap procedure. Recall indeed that at the beginning of the

proof of Theorem[21], the reqularity m € L>(0,T; C*(Q2)) is taken into account.
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7 The convective nonlocal Cahn-Hilliard equation

Here we report some improvements of former results contained in [I8] [19]. These results
are concerned with the existence of weak /strong solutions to the convective nonlocal Cahn-
Hilliard equation with a prescribed divergence-free velocity field and their uniqueness.

These results are used in Section Ml

Theorem 7.1. Suppose that d = 2 or d = 3. Let assumptions (H2)-(HG6) be satisfied
and suppose oy € L>®(2) such that M(py) € LY(Q), where M is defined as in Theorem
[Z1 If u € L*(0,T;Ggpn), for a given T > 0, then there exists a (weak) solution ¢ to

B2)-B3) such that

0 € L>(0,T; LP(Q) N H"0,T;V"), ¢ L*0,T;V), Vp€]l2,00), (7.1)
p e L>®Qr), |elxt)] <1 forae (z,t)€Qr. (7.2)

In addition to (H2)-(H6), assume that (H7)-(H8) hold and suppose that J € W2 (R?)

loc
or that J is admissible. Let oo € V N L>®(Q) with M (o) € L (Q). If u satisfies
2 with 2<r<oco, if d=2,
, with 3<r<4, if d=3, (7.3)
= with 4<r<oo, if d=3,

r—

ue€ Lﬁr(() T, de(Q) ), wheref, =

%
s 1
w

[\

for some given T' > 0, then there exists a strong solution ¢ to (@), (£3), B.3) which
fulfils (T2) and

© € L>0,T;V)NHY0,T; H), o € L*(0,T; H*()) . (7.4)

Let (H2)-(H4), and (H7) hold. If X is a positive constant or if u satisfies

2
we L7(0,T5 L, (), where 5, = ——, d<r<oc, (7.5)
r —

then weak solutions are unique. Moreover, if ¢ is a strong solution then the following
differential identity holds

1d®
§E+||\/ )il + (u- Vo, A(p)pr)

= — (M (P)pi(VJI % ), Np) V) = (m(p)(VJ x@1), N@)Ve),  (7.6)

where

¢ = [VB(@)II* = 2(m(e)(VJ +9), M) V) .
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Proof. We use the arguments of [I8] [19]. Therefore we will focus on the points where the
results of [I8] 19] are improved. To prove existence of weak solutions, the approximation
scheme follows the lines of the proofs of [I9, Thms.1, 2, 4], using a regularization of the
degenerate mobility and singular potential combined with a Galerkin scheme (see also
Section [B)). The assumption on u is more general than in [I9, Theorem 4] and can be
handled by means of a suitable divergence-free regularization of u then passing to the
limit with respect to the regularization parameter.

The existence of a strong solution can be proven in the same fashion as in the proof
of [I8, Theorem 6.1]. However, the assumption on u (see [I8 (6.1)]) can be relaxed
for the case d = 3 by performing estimate [I8, (6.6)] in a slightly different way. The
difference is the handling of the contribution coming from the convective term in the
time-discretization scheme. Indeed, using the same notation as in [I8], instead of the
Gagliardo-Nirenberg inequality, inequality (Q.3) can be used to estimate the norm of
V B(pr+1). We distinguish two cases. If 4 < 2r/(r — 2) < 6, namely, if 3 < r <4, we can

write (use (B73) with p = 2r/(r — 2))

TZ 1U - VB(pri)|* < TZ HUK‘H%T(Q)?’HVB<90k+1)”iw/(r—m(g)ii
k=0 k=0

2(6—r)

n 9 4(r—3) (
<7 Z U k17 s | BC@rr )| o ) 1 B(Prs1) | 2
k=0

<61 I1Blpes) iz + Com ) Ul riys (7.7)
k=0 k=0

while, if 2 < 2r/(r —2) < 4, namely, if 4 < r < oo, we can write (use (B.72) with
p=2r/(r=2))

TZ U - VB(S%H)HZ < TZ HUK‘H%T(Q)?’HVB<90k+1)”iw/(r—?)(Q)S

k=0 k=0

i i 4 4
< 7S N IV B ) P Bt 1B 00
k=0

2r

n n s

<67 Y IB@rs) iz + Cs 7 Y UKty | VB (@) P72
k=0 k=0

<67 > _IB(@rs1)lizi) + Cs 7 Y Ul oy (IVB(os) > +1) - (7.8)
k=0 k=0

Note that this last estimate also holds for d = 2. In both cases we have taken advantage

of the uniform bound in L>(Q) for the time discrete solutions ¢, 1 (see the proof of [18]
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Theorem 6.1]). Then we employ the estimate

TZ IO e < Tl s (7.9)

where 8, = r/(r —3), or 5, = 2r/(r — 2), in (T1) or (8)), respectively. Thus we can
conclude as in the proof of [I8, Theorem 6.1] by means of the discrete Gronwall lemma.

The uniqueness argument follows the lines of the proof of [I9, Proposition 4], for weak
solutions, and of Part (c) of the proof of [I8, Theorem 6.1], for strong solutions in two
dimensions. We point out that, in order to prove uniqueness, the available techniques are
essentially two. The first one consists in testing the identity resulting from the difference
of the convective nonlocal Cahn-Hilliard equation (written for each solution ¢y, ¢s) by
© = 1 — 9. Alternatively, we can test by Ny. The former choice has the advantage
that we get rid of the contribution of the convective term since u is divergence-free,
but it leads us to deal with the term A(p1) — A(p2) (unless A is constant). For this
reason, we need to work with strong solutions and we can expect to prove only a weak-
strong uniqueness result in dimension two. On the other hand, testing by N¢ has the
advantage that we do not have to deal with the above term. Therefore the argument also
works for weak solutions as well as for non-constant A\. The drawback is the convective
term, namely (u- Vy, Ny), has to be handled. This forces us to make some stronger
integrability assumption on the given velocity field u. In particular, we can suppose
u € L%(0,T;L>°(Q)%), with div(u) = 0 (see [19, Theorem 4]). This condition can be
relaxed by estimating the term (u - Vi, Np) in a different fashion (compare with [19,
(6.9)]), namely,

(0 Vo, No)| < [(up, VN @) < [lufl e [0l VN @l 22y

r+3

< ClullapllelIVA el = VA ela < Cllull oy llel ™+

<5||s0||2+Ca||u||Lr(gs||VN90||2, (7.10)

where 3 < r < oo. Here the Gagliardo-Nirenberg inequality in dimension three has been
used (in dimension two one can argue in a similar way). On account of (ZI0)), we can
proceed as in the proof of [19, Proposition 4] and deduce that uniqueness of weak solutions
holds under the assumption (ZH). Observe that, if d = 2 then we have that v, = f, (for
all 2 < r < 00). Thus the condition ensuring existence of a strong solution also guarantees
its uniqueness. Instead, if d = 3, we have that ~, > (. (unless 7 = 00). Therefore, in
order to ensure uniqueness of the strong solution we need a stronger assumption on u
than the one which only guarantees its existence. We recall that u € L*(0,T; L>(Q)?) is

the only assumption which ensures both existence and uniqueness of the strong solution.
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If )\ is a positive constant, we can test the difference of the nonlocal Cahn-Hilliard
equation by . Hence we do not have to consider the contribution of the convective term
so that assumption (ZH) is no longer needed. For this reason (H2)-(H4), (H7) are
enough for establishing uniqueness of weak solutions.

Finally, the differential identity (6] for strong solutions can be formally deduced
by taking ¢ = B(p), in the variational formulation ([@4]). This choice of test function
is just formal but it can be made rigorous, for instance, by means of a regularization
procedure which employs time convolutions and by passing to the limit (using strong
convergences) with respect to the convolution regularization parameter (see [40, Chap.II,
Lemma 4.1]. O

8 Concluding remarks

It would be nice to remove (or improve) the condition o > 1/5 on the Holder exponent of
the pressure in the weak-strong uniqueness in dimension three with 7 variable, but this
does not seem easy (see Remark [6.7]).

Our results suggest that optimal control problems like the one studied in [20] can also
be analyzed in three dimensions if 7 is constant and in two dimensions if 7 is variable. In
this spirit, one can try to extend the present analysis to a system with sources (see [27], [36]
and their references) and to formulate and study appropriate optimal control problems
also in this case (see [39]).

In the context of tumor growth models, another challenging issue could be the analysis
of multi-species non-local systems (see, for instance, [9] and references therein for the local
Cahn-Hilliard-Darcy system). More precisely, the goal is to formulate and study multi-
component nonlocal Cahn-Hilliard equations with sources governed by suitable reaction-
diffusion equations. We believe that, on account of the results obtained in this paper, we
could go beyond the mere existence of a weak solution. It is worth observing that nonlocal
models for tumor growth have been recently considered in [21], 22] from a theoretical and

numerical viewpoint.

9 Appendix: Gagliardo-Nirenberg inequalities

For the reader’s convenience, we report here below a generalization of the Gagliardo-
Nirenberg inequality for fractional Sobolev spaces given by [4, Theorem 1] and by [3]

Theorem 1] which is used in the previous sections.
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Proposition 9.1. Let Q C R? be a Lipschitz bounded domain. Let s1,p1, S2,p2,7,q, 0 and
d satisfy

0§51§32a 7“20, ]-Splap%qgooa (Slapl)%(‘sZ)pZ)a 96(071)7

1 0 1—-0 s—r (9.1)
_ — + — , S::HS+1—9$,T<S.
q <p1 pz) d 1+ )2

Then the following Gagliardo-Nirenberg-Sobolev inequality holds
|u|lwra) < Clwl|%ys1m (Q)HUH%,;fQ,pQ(Q) . Yu € WEPH(Q) N IR (Q) (9.2)
with the following exceptions, when it fails,

1. d=1, sy is an integer > 1, 1 < p; <00, po =1, 51252_14_}%7

[1<p <oo,r=sy—1] or [32+pil—1<r<82+p%_9 :

2.d>1, 8 <59, 8 —%L =5y—L =risan integer, ¢ = 00, (p1,p2) # (00,1) (for

p1 P2
every 6 € (0,1)).

Moreover, if in (QJl) we have r = s, then (Q2) still holds if and only if the following

condition fails

1
S9 18 an integer > 1, pp=1and 0 < s9 —s; <1 — —. (9.3)
P

Remark 9.1. If (s1,p1) = (s2,p2) and 0 <1 < s = 51 = s in (QJ)), then estimate ([Q.2)
is equivalent to the embedding (see [J, Theorem B])

WSP(Q) < WHI(Q) | (9.4)

which holds provided that 1 < p < q < o0 and

with the following exceptions, when (@A) fails,
1. d=1,s1is aninteger > 1, p=1,1<qg < o0 andrzs—l—i—%;
2.d>1,1<p<o0, qg=00 ands—g:TZOiscmmteger.

Remark 9.2. The following special case of the Gagliardo-Nirenberg-Sobolev inequality
@2), that holds true for a bounded smooth domain Q C RY, d = 2,3, is useful as well

IVullzr@e < Cllullpio) lullfee) ,  Yu € H*(Q), (9-5)
@
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where
2p—d {4§p<oo, ifd=2,
— and

G=2°
pd—d A<p<6, ifd=3.

Finally, we also recall other special cases of (O.2)

1—-2
lullzey < Cllull*llully ™, YueV, 2<p<oo, d=2, (9.6)
6—p 3(p=2)
[ulle) < Cllull 2 flull, ™ YueV, 2<p<6, d=3. (9.7)
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