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Abstract

We consider a family of Schrodinger equations with unbounded Hamiltonian quadratic nonlinearities on
a generic tori of dimension d > 1. We study the behavior of high Sobolev norms H®, s > 1, of solutions
with initial conditions in H* whose H”-Sobolev norm, 1 < p < s, is smaller than ¢ <« 1. We provide a
control of the H®-norm over a time interval of order 0(8_2).

Due to the lack of conserved quantities controlling high Sobolev norms, the key ingredient of the proof
is the construction of a modified energy equivalent to the “low norm” H” (when p is sufficiently high)
over a nontrivial time interval O (¢~2). This is achieved by means of normal form techniques for quasi-
linear equations involving para-differential calculus. The main difficulty is to control the possible loss of
derivatives due to the small divisors arising form three waves interactions. By performing “tame” energy
estimates we obtain upper bounds for higher Sobolev norms H*.
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1. Introduction

We consider the derivative Schrodinger equation (DNLS)
du=1(Agu —mu — Q(u,m)), u=u(t,x), xeT:=R/27Z)*, d>1, (.1

where m > 0 is the mass, the operator Ay is defined by linearity as

Age* =—|ljllze’™, Njlz:=Gj-j. jez’, (12)

with G = (g;j)i, j=1,...,a a strictly positive definite, symmetric, matrix, i.e. G - & > colél2 for any
& e z4 \ {0}, and c¢ > O. The nonlinearity Q(u, u) has the form

d
Qu,u) := 3z f)(u, Vu) —Zﬁxi(%f)(u,ﬁ), (1.3)

i=1

where we denoted 9, := (0Re(u) — 19Im(u))/2 and 9z := (IRe(u) + 19Im())/2 the Wirtinger deriva-
tives and where f(yo, V1, ..., ya) € C®(C%*1; R) (in the real sense, i.e. f is C* as function of
Re(y;), Im(y;)) is a homogeneous polynomial of degree 3 satisfying

dy Oy f =050y f =0, Vij=1,....d, Y(0.y1.....ya) €C*". (1.4)
Thanks to (1.3) one can note that the equation is Hamiltonian, namely (1.1) can be written as

du=—iVgHw,uw),  H(u,) ::f(Au)~ﬁdx+/f(u,ﬁ)dx,
Td Td
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where! A :=A(D):=—A ¢ +m is the Fourier multiplier with symbol

A@) =l +m:=GE-E+m, EeZ’. (1.5)
The main result of the paper is the following.

Theorem 1.1. For almost every m € (0, +00) the following holds. There exists p >> 0 large
enough and € = ¢(p) < 1 small enough such that for any initial datum uy € HP(T%; C),
luollge < &, there exists a unique solution u € CO([—Tp,Tp],H’”(Td;(C)) of (1.1) with
u(0, ) = ug, with

()| g gp e, Vtiel[-T,,T,], T,:= c(,o)sf2 (1.6)

for some c(p) < 1. Moreover, assume in addition that ug € H(T?: C), s > p (without any
smallness assumption of ||ugll gs ). Then u € CO([—Tp, T,1, H® (T4, (C)) of (1.1) which remains
bounded on [—T,, T,], namely

lu@las Ss luollms . Ve € =T, Tpl. (1.7

Some comments on the result above are in order.

First notice that equation (1.1) can be seen as a nonlinear Schrédinger equation posed on a
torus 11“14 :=R?/T" with arbitrary periodicity lattice I". In view of the assumptions in (1.3)-(1.4),
we have that Q(u, u) is a Hamiltonian nonlinearity containing at most one spatial derivative of
the unknown u (¢, x). Hence, as far as we know, Theorem 1.1 provides the first long existence
results of solutions for nonlinear Schrodinger equations with derivatives and on a manifold dif-
ferent from the square torus.

We also could consider nonlinearities of order m with m < 2 but we preferred to write the
paper for nonlinearities depending on Vu, since they are more physical (it is basically the case
of magnetic potentials).

The bound (1.6) shows indeed that solutions evolving from sufficiently regular initial data
of size & <« 1 remain small over a time interval of size O(e~2). This lifespan which is strictly
larger than the time of existence provided by local theory which is of order O(¢~!). In addition
to this our result provide a control, on the same time interval, of the growth of high Sobolev
norms of solutions of (1.1). The bound (1.7) actually shows that the H*-Sobolev norm of a
solution remains bounded by only requiring a smallness conditions on a low norm of the initial
datum. The second part of the Theorem is a consequence of sharp tame a priori estimates on the
solutions. Unfortunately the equation has no conserved quantities which control for every time
the Sobolev norms H” with p > 1. Hence we are only able to obtain the bound (1.7) over a long
(but finite) time interval, by constructing a modified energy for the H”-norm with normal forms
techniques. The result we obtained is in the same spirit of [20] by Delort-Masmoudi.

We require the Hamiltonian assumption on the nonlinearity in order to guarantee the well-
posedness of the Cauchy problem associated to (1.1) at least for short time. Actually this hypoth-
esis could be weakened. For more details, we refer for instance to the introduction of [24].

1 V= (VRe(M) - iVIm(u))/Z and Vg := (VRE(M) + iVIm(u))/Z, V denotes the Lz—gradient.
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We also remark that the mass parameter m > 0 in (1.5) will be used to provide suitable lower
bounds on three wave interactions.

Some related literature. We now present some known results on the long time existence and
stability for derivative Schrodinger equations.

Local well-posedness. Many authors considered equations of the type (1.1) (even without the
assumption (1.4)) in the Euclidean case (i.e. when x € Rd). The first existence result is due to
Poppenberg in [36] for a special model in one dimension, later extended by Colin [15] to any
dimension. A more general class of quasilinear Schrédinger equation is studied in the pioneering
work of Kenig-Ponce-Vega [31]. We also mention a recent paper [32] by Marzuola-Metcalfe-
Tataru (see also references therein) which optimize the result in [31] in terms of the regularity
of the initial data. The situation drastically changes when the equation is posed on a compact
manifold. Indeed, Christ in [16] provides examples of Schrodinger equations with derivatives
which are ill-posed on the circle S! and well posed on R. We mention that a local existence
has been obtained on the circle by Baldi-Haus-Montalto in [1] and by Feola-Iandoli in [24] with
different techniques. In [25] the authors extend the latter results to any squared d-dimensional
tori. Our assumption in (1.3) on the nonlinearity guarantees that the local well-posedness for
(1.1) can be obtained in the same spirit of [25].

Global well-posedness. All the aforementioned results regard the local in time well-posedness
for quasilinear Schrodinger equations. The global well-posedness has been established on R?
and R? by de Bouard-Hayashi-Saut [13] in dimension two and three for small data on a model
quasilinear Schrodinger. In [13], dispersive properties of the flow are exploited in order to obtain
a control of the Sobolev norms for long time. We also mention the paper [34] by Murphy-Pusateri
about the almost global existence for a non-gauge-invariant cubic nonlinear Schrodinger equation
on R.

Long time regularity and normal forms. On tori (or more in general on compact manifolds)
there are no dispersive effects that could help in controlling the behavior of the solutions for
long times. In order to extend the lifespan of solution we use the powerful tool of normal form
theory. This approach has been successfully and widely used in the past starting form the study
of semi-linear PDEs. Without trying to be exhaustive we quote Bourgain [14], Bambusi [2] and
Bambusi-Grébert [4] where the authors considered the Klein-Gordon equation on the circle. They
proved almost global existence in the sense that, for any N > 1 and any initial datum in H*(T)
of size ¢ <« 1 with s >> 1 large enough, the solution exist and its H*-Sobolev norm remains small
over a time interval of size O (¢~"). Similar results have been obtained for semilinear equations
also in higher space dimension. We refer, for instance, to [3] by Bambusi-Delort-Grébert-Szeftel
which considered PDEs on Zoll manifolds (see also [23,21]). Normal form theory for quasi-
linear equations has been constructed more recently. We quote Delort [18,19] for the Klein-
Gordon on S¢ and Berti-Delort [7] for the gravity capillary water waves on T. For equations
like (1.1) we mention [26,27] where it is exploited the fact that (following the ideas of [7]) quasi-
linear Schrodinger equations may be reduced to constant coefficients through a para-composition
generated by a diffeomorphism of the circle.

Normal forms on irrational tori. All the papers mentioned above have in common that the
spectrum of the linearized problem at zero has “good separation” properties. This fact depends on
the geometry of the eigenvalues of the Laplace-Beltrami operator. On irrational tori, for instance,
differences of eigenvalues can accumulate to zero. In this case, one typically gets very weak
lower bounds on “small divisors” arising from n-waves interactions (see Appendix A). The same
problem occurs for the Klein Gordon equation posed on T¢, d > 2. In dealing with this problem

279



R. Feola and R. Montalto Journal of Differential Equations 312 (2022) 276-316

is out of reach (at the moment), but nevertheless one can obtain partial results. We refer to Delort
[17], Fang and Zhang [22], Zhang [38] for the Klein-Gordon, Imekraz in [29] for the Beam
equation on T2 and Feola-Grébert-Tandoli [28]. In this last case a special class of quasi linear
Klein Gordon equation is considered. We finally quote the remarkable work on multidimensional
periodic water wave by lonescu-Pusateri [30].

Growth of Sobolev norms for PDEs on tori. For linear Schrédinger equations with time depen-
dent potentials on tori, there are several results providing an upper bound ¢° for the high Sobolev
norms of the solutions. On rational tori T¢, we mention the results of Bourgain [9], [10] and
Delort [12]. These results have been extended on the irrational torus by Berti and Maspero in [8].
In these aforementioned results, the potential is bounded and the proof basically relies on the so
called Bourgain Lemma. For Schrédinger equations on irrational tori with unbounded potentials
(of order strictly smaller than 2), the upper bound #¢ on the growth of Sobolev norms has been
proved in [6]. The proof relies on a Pseudo-differential normal form and on a careful analysis of
the resonant vector field, by showing that the flow generated by it is uniformly bounded in time.

For nonlinear Schrédinger equations on tori, by completely different methods, Bourgain [11]
proved an upper bound #* for the H®-norm of the solutions of nonlinear Schrédinger equations on
T2, This result has been also generalized on more general manifolds in [35] (see also references
therein).

Plan of the paper and scheme of the proof. In the remaining part of the introduction, we briefly
explain the strategy of our proof.

In order to prove a time of existence of size O(¢~%), we need to perform one step of normal
form, in order to remove the quadratic terms. Hence in Section 2.1 we consider symbols which
are sums of symbols linear in u, u plus symbols which are quadratic in (u, u). Similarly we define
classes of smoothing operators. Since one is able to impose only very weak lower bounds on the
three wave interactions (cf. Section A), the normal form procedure requires to use paradifferential
calculus. In Section 4, we construct a change of variables u = ®(u)[w] (u(z, x) is a smooth
solution of (1.1) defined on a time interval [—7, T]) which transforms the equation (1.1) into
another one which has the form

dw +i(—Ag +m)w +i0p?” (z(u; x, &))w + Ru)w =0

where R () is a smoothing remainder, i.e. |R@)w| gs+v Ss.n |ullae |lw| gs for N >0, p >
N, s > N and the normal form symbol z(U; x, &) is real and it has the property that its Fourier
transform Z(U; k, &) is non zero if

(€ k)| < (€)°1k] " and [k| < (£)¢

cf. Definition 4.3. This normal form step is essentially a nonlinear analogue of the method de-
veloped in [5], [6] at a linear level.

At this point, in Section 5, we perform a Poincaré-Birkhoff normal form step in order to
remove the quadratic terms from the smoothing remainder R (u)w. The loss of derivatives in the
estimates of the three wave interactions is then compensated by the fact that the remainder is
smoothing. In [6], it is proved that the flow associated to normal form symbols is well defined on
H® and uniformly bounded in time. This fact allows in Section 6 to perform an energy estimate
which shows that [|u(t) | g» Sp € for t € [-T,, T,] with T, = 0(e72), for some p > 1 large
enough, provided the initial datum |lug|| g < € is small enough. If in addition, the initial datum
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ug € H®, with s > p (but with no smallness assumption on ||uq|| gs), a bootstrap argument shows
that lu(t)|gs Ss lluollas for any t € [—T),, T,], implying that there is no growth of high Sobolev
norms over the time interval [—7),, T,].

We finally remark that if one considers the equation (1.1) with the standard Laplacian, there
are no small divisors since if the mass is not an integer, the three wave interactions are bounded
from below by a constant. On the other hand, generically (meaning for a generic choice of the
matrix G in (1.2)), the three wave interactions accumulate to zero and one is able to prove only
very weak non-resonance conditions, see Appendix A for more details.

2. Functional setting

We denote by H® (T4; C) (respectively H S(T?; C?)) the usual Sobolev space of functions
T95 x> u(x)eC (resp. C?2). We expand a function u(x), x € T<, in Fourier series as

1 ~ in-x -~ . 1 —in-x
u(x) = W Z un)e”*, un) = W / u(x)e dx.
neZd Td

We endow HS(T*; C) with the norm
lell3 = Nl s == (ADY'u, (DY'wypo, (D)™ = (j)eV ™, Vjez?,
where (j) := \/W and (-, -);2 denotes the standard complex L?-scalar product
(u,v) 2 ::/u-wx, VYu,ve L*(T% C). 2.1
Td
For U = (u1,u2) € H*(T%; C?) we just set |U|ls = |lu1lls + llu2]ls-

Notation. We shall use the notation A < B to denote A < CB where C is a positive constant
depending on parameters fixed once for all, for instance d and s. We will emphasize by writing
<S¢ when the constant C depends on some other parameter ¢. To shorten the notation we shall
write H® = H*(T?%; C).

2.1. Classes of symbols and operators

In this section we introduce symbols and operators we shall use along the paper. We follow
the notation of [25] but with symbols introduced in [5].

Given a symbol a(x, &) of order m, and fixing 6 € (0, 1) (very close to one) we define for any
s € N, the norm |a|,, s as

|d|ms = sup sup 02195 %a(x, £)(g)mHoleal| (2.2)
lerr|[+lea| <s (x,£)eTd xR4

and we define /" the space of the C* functions (x, &) — a(x, &) such that ||, s < co. If the
symbol a(x, &) is independent of x, namely it is a Fourier multiplier a(£), then the norm is given
by
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|a|m,s == sup sup |3¢a(€)(g) "]

la|<s ecRd
The following elementary lemma holds.

Lemma2l.LetmeR, N,seN,ae N"

sin- Then for any k € z4,

|Zl\(k, Mim,s f/N (k)_N|a|m,s+N .
Proof. By a simple integration by parts, one has

1 1

N~ - -
4TS =58 ey

f a(x, ) (™) dx
'][‘d
(_I)N—H 1

:WW/aga(x,s)e—ik*dx.

Td
Hence
TN @k, Yms SN maxi=i,..aldp alms SN |almsin
and the claimed statement has been proved. O
The Bony-Weyl quantization. Let 0 < ¢ < 1/2 and consider a smooth function n : R — [0, 1]

1 iflg| <5/4
n&=1 anddefine  ne(§) :=n(l/e).
0 iflg]=8/5

For a symbol a(x, §) in N!" we define its (Weyl) quantization as

o
o )d Z Vo ( +k>) a(j — k. %)h(k) 2.3)

keZd

Opbw(a)h =

where @(1, &) denotes the Fourier transform of a(x, &) in the variable x € T¥.

Remark 2.2. Notice that the symbol A (£) in (1.5) belongs to ./\@2 forany s € R, with Aoy S5 1
Moreover (recall (1.2)) we have that —A, +m = Op"" (A(§)).

The following results follow by standard paradifferential calculus.

Lemma 2.3. (Action of Sobolev spaces). Let m € R, so > d /2. Then for any s > 0, the linear
map

Nm_)E(HS-Fm HS) a— Owa(a)
is continuous, namely
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b
10p™ (@) | psm, psy S lalm,so -

In the paper we shall deal with symbols in A7 depending nonlinearly on a function u €
H*(T<; C). Let us now introduce the spaces

H = (Hsmrd; C) x H*(T¢: <C)) NU,  U={u"u)el>(T%C?) : uF=u").
2.4)
We denote by B;(r) the ball

By(r) == {U =w.m el : |U|, < r} .
Definition 2.4. (Non-homogeneous symbols). Let m € R, p € N. We say that a map U =

(u,u) — a(U; x, &) belongs to the class FZ’ if there exists so > 0 such that for any s > sg,
there exists r =r(s) € (0, 1), oy > s such that the map

By (r) > N]", U a(U;x,§),
is C*°-smooth and vanishes at U = 0 of order p.

Remark 2.5. (Estimates on non-homogeneous symbols). Clearly by the latter definition, one
has the following estimates.

la(U; lm.s Ss ”U”(I;Y
Itn<p, H,...,H, € H%,
|d"a(U; )[Hi, ..., Hillms S ||U||g_:k||Hl||as o[ Hnlloy -
If n > p, then
|dna(U; J[Hi, ..., Hn]|m,s 5 ”Hlnas ce ”Hn”trs .
Definition 2.6. (Linear symbols in («, u)). Let m € R. We say that a linear map U = (u, u) —

a(U; x, &) belongs to the class Of" if it is in the class I'" and the symbol a(U; x, §) is linear
w.r.t. U, namely it has the form

aUsx, &)= Y me(k £’ (k)e”**

keZd oe{+)}
where, for any k € Zd, we denoted
w (k) =uk), if o =+, wk)y=uk), if o =—.
Remark 2.7. Notice that one has the inclusion Of" C T'}".
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Definition 2.8. (Symbols). Given m € R, we say that a symbol a € X" if a = a; + a4 with
aj€ Of" anda, €T

Definition 2.9. (Classes of para-differential operators). (i) We say that a linear operator A is
in the class OBr(m, p) if there exists a € I‘Z’ such that A = Opbw (a).

(ii) We say that a linear operator A is in the class OB (m), if there exists a € Of" such that
A =0p™(a).

(iii) We say that a linear operator A is in the class OBy (m), if there exists a € X7' such that
A =0p"™(a).

We now start by defining the classes of smoothing operators that we use in our procedure.
Definition 2.10. (Non-homogeneous smoothing operators). Let N € N. We say that a map

(U, w) = R(U)[w] belongs to the class Sp(N) if there exists p = py > N such that for any
s > p the map

B,(r) — B(H*, H'™), U R(U)
is continuous and satisfies the tame estimate
IR geas sy Ss.voo NN, Vs =p. (2.5)

Definition 2.11. (Smoothing operators depending linearly on (u, u)). Let N € N. We say that
a bilinear map (u#, w) — R(u)[w] belongs to the class OS;(N) if it is of the form

Rwlwl= Y rk, &)tk —£)D(E)e™*, (2.6)

£ keZd

and there exists p = py > N such that the linear map H” — B(H®, H*tN), u > R(u) satisfies
the tame estimate

IR £ts s+vy SsooN Nutllps Vs =p. 2.7

With a slight abuse of terminology we use the same notation for the class of operators of the form
U, w) > RU)[w] =R+ u)[w] +R—_(u)[w] where Ry, R_ € OS|(N).

Definition 2.12. (Smoothing operators). We say that R is in S(N) if R =R + R with R €
OSi(N) and R, € S>(N).

Definition 2.13 (Matrix valued symbols and operators). (i) Consider a matrix valued symbol

A= AU x.8) ::( aWU;x,§)  bU:x,§) )

b(U;x,-&) a(U;x,—§)

We say that A € I, resp. O™, resp %) if its entries a, b € I, resp. O™, resp. T} . We then
denote by Op”" (A) the matrix valued operator
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op" (a:x.8) 0P (b(Usx.6))

b
B o () o (e D) -
and we use the same notations to denote the classes given in the Definition 2.9.
(ii) Similarly if R, R2 € O where O = S$2(N), OS1(N), S(N) we say that
o= (B o)
belongs to the class O. Here the operators W, Jj =1, 2, are defined as
R (D)[h] == RW)[A],  YheH(T?C). (2.10)

One can easily check that a linear operator R of the form (2.9) (or (2.8)) is real-to-real in the
sense that it preserves the spaces H* (see (2.4)). On the space H® we define the scalar product

U, V)go = / U-Vdx. (2.11)
T

Given an operator R of the form (2.9) we denote by R* its adjoint with respect to the scalar
product (2.11), i.e.

(RU, V)go = (U, R*V)go, YU,V eH.

One can check that

R* = Ry E:
Ry Ri )’
where R} and R are respectively the adjoints of the operators R and R, with respect to the
complex scalar product on L3(T; C) defined in (2.1).
Definition 2.14. Let R be an operator as in (2.9). We say that R is self-adjoint if
Ri=Ri, Ra=R5. (2.12)
We say that an operator M as in (2.9) is Hamiltonian is —iE M is self-adjoint.

Consider now a symbol a = a(x,§) € F’I’,’ (resp. O, resp. E,ln), and set A := 0pbw (a(x,&)).
Using (2.3) and (2.10) one can check that

A=0p" @, £),  dx,&)=al, —&);
(Ajdoint)  A* = 0p"(a(x,)).
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Therefore, a matrix valued paradifferential operator as in (2.8) is self-adjoint according to Defi-
nition 2.14 if and only if (recall (2.12)) one has

a(x,§)=a(x,§), b(x,—§)=b(x,8). (2.13)

Definition 2.15 (Symplectic map). Let Q = Q(U) be a matrix valued operator of the form (2.9)
(resp. (2.8)). We say that Q is symplectic if

O*(—iE)Q = —iE, E=[,°]. (2.14)

2.2. Symbolic calculus

In this section we provide some abstract lemmas on the classes that we defined before that we
shall apply in our normal form procedure. We introduce the following differential operator

o (Dyx, D¢, Dy, Dy) := D¢ Dy — DD,
where D, := %ax and D¢, Dy, Dy, are similarly defined.

Definition 2.16. (Asymptotic expansion of composition symbol). Let p € N, m,my € R and
a€ X", be X|?. We define the symbol

p—1 . k
1
(@tpb) (Ui x.§) 1= Y (%o(Dx, D¢, Dy, Dn>) [ate. &b, (2.15)
k=0 "~ ‘X=)’,S=’7

modulo symbols in ETlerrp’S.

Remark 2.17. Recalling (2.2) we note that the symbol

o (Dx, D, Dy, Dp)¥[a(x, £)b(y, N

belongs to E’f’lmz_ak. In particular we have the expansion a#,b = ab + 5.{a, b} + E'{”erz_%.
We shall prove the following result on the composition of paradifferential operator.

Proposition 2.18. Fix p € N, m,my € R and so > d/2. There is ¢ = q(p) > 1 such that, for

aeNg., beNg},, onehas that

0p®" (a) o Op®™ (b) = Op"* (a#,b) + R(a, b) (2.16)
where, for any s > so > d /2, the bilinear and continuous map

NIy X N2 s LCH HP™7"240) - (a,b) > R(a, b)

satisfies
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IR (a, b)h||s—m1—m2+p Ss |a|m1,so+q(,o)|b|m2,so+q(p)”h”s , VYhe H. (2.17)

Proof. In order to prove the lemma above we reason as follows. First of all notice that”

—~ 6, ~ 0 ~
FOp" @0 0p" &) = Y n1t6.0,0a( 0, )0 5, L)@, @18)
n,0eZd
where
. @—ﬂ) (W—ﬂ)
,0,8) =1 € . 2.19
ri(§,0,8):=n <|S+9| e\ 194 ¢] (2.19)

Fix L € N with L > p to be chosen later. By Taylor expanding the symbols we have

L

a(e—0. 1) = szlkk,@ga)(s—e,é%g)me—mu

§+¢ 06—
Mf(l—r) (8L+1 )(S 0, T )[(9 o1+ dr,

(2.20)

Bo-¢."25) = XLJ .A(e—; e

j=

1HL+1 o
ZL(“ )L“L'/(l_’) CaDI(EE Ej* 2$>[i(5—9)]L+ldr.

2.21)
Therefore we deduce that
4
46N~ O+
afs - 9-7;Jb@—c=3—)—g;y@ﬁx) e2)
where
- z R E+¢
— —k (ak aP—
81(6.0.0) = EZZPWP §:< ) —nr kel a8 - 0.5 ) x .

C akb)<9 —¢ Tg) :

2 We denote the Fourier transform in x € T¢ of a function fx)by F(f)(E) = f(é).
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5 L NP L pyrkpiar §+¢
8206.0,0)i= Y. 2pipp!2<k>(—) faf ") (5 —0. 2= ) x

p=L+1 k=0 (2.24)
p—kak _ §+¢
x @0 akb) (0 - 5. 25).
blo—c.5F) T + 0 —
83(5.0,¢):= gp‘“T“‘l,zm)/(l - T)p(3§+]a)<§ -0, §T§ +T 5 é‘)[i(é) —C)]pHd‘c,
0
(2.25)

1
P (=1l — 9
G0.0=Y s /(1 —or@n (o -, E% + r—s)[i(s — )1+ dex
0

= 2p+lip+1p! 2

I == + .
x s @ (& -0, 525 ie - o

(2.26)
We set
4
0p""(@) o Op"" ()= Ry (2.27)
=1
where the operators R, are defined by
Reh@E)= ) ri(€ 0,08 0,00@),  €=1,....4, (2.28)

¢,.0eZd

where rq is in (2.19) and g are in (2.23)-(2.26).
We now study the explicit form of the symbol (a#,b)(x, &) (recall (2.15)). First of all we note
that (formally)

L Dy, D, Dy, DY) = —— (860, — 8,8,)7
E[EG( x> g, Uy, r))] —W(Sy_ xr))

1 p

~ 2rirp! Z (i) (—D)P K@ dy)* (3c 077"

k=0

Then it is easy to note that (using (2.15) and (2.23))

Flatpb)(E — ., 5%) =3 416.6.0).

feZd

Hence we have that Op”" (a#,b)h =: Qh has the form

Oh(E):=y (&, O F @hyh) (€ — ¢, 530 = > (=g, 0, 000,
ceZd 2 ¢,0eZd E+4)

(2.29)
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where
& —¢]
,C0) = Ne . 2.30
(€, ) n(@H)) (2.30)
In conclusion, by (2.27), (2.28) and (2.29), we obtained
4
0p"" (a) o Op"" (b) = Op"" (at#,b) + R+ Re
=2
where
(R)E) = F((Ri — Qh) €)= Y R, 6,0h(©)
& — 0 §T0€Zd| g —¢| @30
(2.19) — —¢ -
R 6 = € — e 70’
€.0.05= [ (|s+9|>”<|9+c|> (e o) oo

To obtain the (2.16) it remains to show that the terms R, R,, £ = 2, 3, 4, satisfy the estimate
2.17).

We start by considering the remainder R in (2.31). First of all, using the explicit formula
(2.23) for the coefficients g1 (£, 6, ¢) and reasoning as in Lemma 2.1, we deduce that

815,60, 01 S (5 =)0 = &) almy, p+L1blma g +1 (5 + )™ T2, (2.32)

for any p,q € N. We now study the properties of the cut-off function (r1 — r2)(&, 0, ¢) (see
(2.19), (2.30)) appearing in (2.31). Let us define the sets

={@0.0ez’ : —r2><s,e,z>=0],

_ a0, 1501 _Se 1§81 _ 0 —¢| Se
_{(S’G’C)GZ EH0) S d Er o) (9+§>S

_ 30, 1§01 8¢ |§—¢] 8 |08 8¢
_{(S’Q’OEZ 0TS G+ 5 0t }

‘We note that

DDAUB = D°CA°NB°.

Let (£, 0, ¢) € D¢ and assume in particular that (£, 0, ¢) € Supp(ry) :={(§, 0, ¢) : r1 # 0}. Then
we can note that

l§ —¢l<(E+E) and (§) ~(C). (2.33)
Notice also that (£, 0, ¢) € Supp(rz) implies the (2.33) as well. We need to estimate
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* 2
IRy S D (D 1816, 0. OIROIEN ™) =1+ 11+ 111,
tezd ¢.0
where Z;@ denotes the sum over indexes satisfying (2.33), the term / denotes the sum on
indexes satisfying also |§ — 6| > ce|&|, I I denotes the sum on indexes satisfying also | — 0| >

cel¢|, for some 0 < ¢ < 1 and 111 is defined by difference. We estimate the term /. By using
(2.33), |& — 0| > ce|é]| and (2.32), we get

D (Zlgl(fi@,c)||ﬁ(c)|<z>f<s —e>p*r"rmz)2
teZd (.0

Sal, sorprr Pl i ITAREEY % (€Y 5 (&)1 74,

2 2 " 2 2 2 2
SNy oot 21D oo L WRENEY 122 70, S 10l ot prn B2 o2 1112
where we used so > d > d /2.

Reasoning .sim%larly one obtains 11 < ||k ||A2,|a|r2nl+so+L |b|312’s0+p+L. The sum 7717 is restricted
to indexes satisfying (2.33) and |§ — 0| < ce|&]|, [¢ — 0| < c€|¢|. For ¢ < 1 small enough this
restriction implies that (&, 6, ¢) € A, which is a contradiction since (£, 0, ¢) € D¢ C A€,

For the remainders Ry, £ =2, 3, 4 in (2.28) one can reason similarly using the explicit formule
(2.24)-(2.26) to show that g, are symbols of order at least L + 1 or p. Therefore one concludes
the proof by choosing L large enough. O

By the Proposition above we deduce the following.

Lemma 2.19. (Compositions and commutators). (i) Leta € X', b € E’f/ and let N € N. Then
the operator Opb Y(a) o Opb Y (b) satisfies

1
0p”"(a) 0 Op”* (b) = Op”* (ab + Sl bh+ Op”" (rap) + Rap(U),

where rgqp € F'2"+m/725 and the map (U, w) — Rgap(U)[w] belongs to the class Sy(N). As a
consequence, the commutator

(00" (@), 09" ()] = + O™ ({4, b)) + O™ (rp — 1) + Rap(U) ~ Ry (U).
(ii) Leta € E’l" and N € N. Then, recalling (1.5), the Poisson bracket {\,a} € E’f“ and
Op””(A) 0 Op”*(a) = Op”" (Aa) + %Opbqu, a}) +0p”” (raa) + Raa(U)
[0p™ (A), Op"" (a)] = %OpbW({A, a)) +Op?" (raa — ran) + Raa(U) — Raa(U),

where rp, € ETH*% and Rpaq(U), Raa(U) are in S(N).
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Proof. It follows by Proposition 2.18, using formula (2.15). The homogeneity expansions of
symbols and remainders can be deduced by the formul in the proof of the Proposition. 0O

We also have the following result about the composition between the smoothing operators
introduced in Definition 2.10-2.12.

Lemma 2.20. Let N e N, m € R, a € X" and R, Q € S(N). Then one has

(@) RWU)o QU) and Q(U) o R(U) are smoothing operators in Sy(N).

(ii) R(U) 0 Op""(a(U; x,£)), Op""(a(U; x,§)) o R(U) are in Sr(N —m).
Proof. By Definition 2.12 we can write R = Rj+ Ry, Q = Q1+ Q7 forsome R, Q1 € OS((N)
and Ry, Q> € S>(N) (see Definition 2.10-2.11). Then item (i) follows by using estimates (2.5)
and (2.7). Item (ii) follows similarly by using also Lemma 2.3 and Remark 2.5. O
3. Technical lemmata
3.1. Flows and conjugations

In this section we prove some abstract results about the conjugation of paradifferential opera-

tors and smoothing remainders under flows.
Consider a real symbol g € X7 with m < 1 and the flow @ (U), T € [—1, 1] defined by

8 OLU) =IGW)PLU),  GU):=0p"" (g(U:x,£)).

(3.1)
o'U)=1.

We have the following.

Lemma 3.1. (Linear flows). There are so > d /2 and r > 0 such that, for any U = [ | with u €
HS(T4;C)n By (r), for any s > 0 the problem (3.1) admits a unique solution ®¢(U) satisfying

@5 @ wlls < wlls(1+ C(s)llullp) Vwe H (T4; C),

T s+m md (3.2)
(@5 (U) = 1d)vlls Ss llullpllvllsm Yve H"(T% C),
for some C(s) > 0, uniformly in T € [0, 1]. The map (see (2.4))
oL (V)
<I>;,(U) = __ | . H->H 3.3)
®L(0)

is symplectic according to Definition 2.15.

Proof. The result follows by a standard energy estimate using the fact that the symbol g(U; x, &)
is real valued. For more details we refer to Lemma 3.22 in [7]. The map <I>; in (3.3) can be seen
as the linear flow generated by the field G(U) = iE1G(U). Therefore one can check that it is
symplectic by reasoning as in Lemma 2.1 in [24]. O
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We set ©,(U) = CIDZE,(U) and its inverse d>g(U)_l = CDE,(U)h:_]. The following lemma
holds.

Lemma 3.2. (Conjugation of operators under paradifferential flows). Let g € X' with n < §
and assume that g(U; x, &) is a real symbol. Then the following holds.
(i) If a € X', for any fixed N € N, one has

D, (U)'0p?” () D4 (U) = 0p”" (@) + Op™ (b) + R(U),

where b € 1"’2”+"_5, R € S2(N). If the symbol a is real valued, then b is real valued as well.
(ii) For any fixed N € N, one has (see (1.5))

D, (U)1OpP” (M) D, (U) = Op” (A) + OpP” ({A, g}) + OpP” (b) + R(U),

where b is a real valued symbol in E'f“f(‘%") and R € S(N).
(iii) Let R be in S(N). Then R (U) := d>g(U)_1R(U)q)g(U) is in the class S(N — n).

Proof. Item (i). Using (3.1) we get, for L > 3, the Lie expansion

Dg(U) ' Op" (@)@, (U) = 0p” (@) +[0p""(a), Op""(ig) ]+

1 k
+Z( ) A ) [OP™ @)1+ (34)

(- 1>L+l Ly L+] b 6
I / (1= ) o~ W) (Ad5EL,  T0p" @)]) (U)do

where we defined Adg[A] : =[G, A] and Ad]&[A] = Adg [Adlg1 [A]] fork >2.ByLemma?2.19

(possibly replacing the smoothing index N by some N chosen below large enough) and Re-
mark 2.17 we get

Ad i) LOP"" (@] = [0p"" (ig), 0P (@)] = Op""({g, a} + 1), ri €SP 72,
up to a smoothing operator in S»(N —m —n). Similarly, by induction, for k > 2 we have
k(n—8
A i [OP™" (@) = OpP" (i), b€ {0,

up to a smoothing operator in Sy(N — m — kn). We choose L in such a way that (L + 1)(§ —
n) —m > p and L 4+ 1 > 3, so that the operator Op""(br11) belongs to S>(N). The integral
Taylor remainder in (3.4) belongs to S;(N) as well by item (iii) that we proved above. Then we
choose N large enough so that N —m — (L + 1)n > N and the remainders are N-smoothing.
Assume now that a € XY is real valued. Using formula (2.15) one can check that also the symbol
b constructed through the expansion above is real valued.
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Item (ii) follows by reasoning as done for item by replacing a with the symbol A(§) :=
€ ||§, + m. Item (iii) follows by using estimates (2.5), (2.7) on the remainder R and the second
estimate in (3.2) on the map ®,(U). This concludes the proof. O

Consider now a smooth vector field X yzs : HS — H*2 (see (2.4)) satisfying, for s > 1,

IXnLs(@)lls—2 Ss Nulls (X + llulls) VU=[;]eH’,
ldXnLs()[Hillls—2 Ss 1 Hills (14 lulls) YU, H eH’,
||anNLS(U)[H15"'a ]”Y 2 ||H1||Y ”Hn”s’ V’Ua H19"-7Hn EHSa ”22
(3.5)

Lemma 3.3. Let g € X' and assume that U (¢, x) is a solution belonging to CO(0, T1: HY), T >
0, s > 1 of the Schrodinger equation 3,U = X yps(U). Then 0,y (U (t); x,8) = ay (U (1); x,§)
where the symbol ay, (U; x, &) belongs to the class X' with estimates uniformint € [0, T].

Proof. One has that

Y U@ x,8) =dyU@); x, )0, U]l =dy(U@); x,5)[XnLs(U(1))].

Hence the symbol ay, is defined by ay (U; x, &) :=dy(U; x, §)[Xn1s(U)]. Then the result fol-
lows by using Remark 2.5 and estimates (3.5). O

Lemma 3.4. (Conjugation of 9, under paradifferential flows). Let g € X' with n < § and

g(U; x,&). Consider a vector field X s satisfying (3.5). Assume that 0;U(t) = Xnrs(U(2))
and U € CY([0, TT; H®) for some T >0, s > 1. Then for any N € N

D (U(1) " 00 0 De(U (1)) =8, +Op"" (b(U (1): x,£))) + R(U (1)),

where b(U; x, &) is a purely imaginary symbol in E’l’ and the map (U, w) — R(U)[w] is in the
class S(N).

Proof. Fix L > 3. By classical Lie expansions we obtain

L (_l)k 1
Dg(U) 10,0y (U) =08, + Op"" (i91) + >

k=2

Ady L, ) [0 (019)]

( l)L

/ (1 =0)" 0" (U)(AdG i, [OP™" (18:8)]) " (U)d6,
where we used that [3;, OpP™(ig)] = Op”*"(id,g). By Lemma 3.3 we have that 9, g is a symbol in
X7 with estimates uniform in ¢ € [0, T']. The one concludes arguing as done in Lemma 3.2. O

In our procedure, we also need to consider the maps of the form @y (U) := ol (U ),
drU):= d>1]_-(U) where CDTw(U), d>_’7_-(U), 7 € [0, 1] are given by
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T : w 0 I/f(U,X,é) T —n
arqu(U):lOPb (_m 0 )q)w(U), @%(U)Z]l, Iﬂezl ,neN
3.6)
ar(D}_—(U) = .F(U)@;_—(U), CDO]_—(U) =1, FWU) e OS|(N). 3.7

We only state the conjugacy properties with the flows bep(U ) and ® £(U). The proofs can be
done arguing as in Lemmata 3.1-3.4, with the obvious modifications.

Lemma 3.5. There are so > d /2 and r > 0 such that, for any U = [;] with u € H*(T4;C) N
By, (r), for any s > so the problems (3.6) and (3.7) admit unique solutions (IDTw(U), <I>3_-(U)
satisfying

Dy W llcms) <1+ CO)ullsy, 197 WU) =1dll £as, a5y Ss luls,

IPFW)llcmsy <1 +CO)ullsy, NPFW) —1dll £ps, gseny Ss lullsy, Vs =50,

uniformly in T € [—1, 1]. Moreover the maps <I>T¢(U), CID}(U) are symplectic according to Defi-
nition 2.15.

Proof. It follows by standard theory of ODEs in Banach space. O

We set Oy (U) := d>3p(U) and ®x(U) := ®'-(U). Their inverse is given by @y (U)~' =
@fb(U)hz,l and <I>]:(U)_1 = @}(U)hz,l. The following Lemmata can be deduced by rea-
soning exactly as done in Lemmata 3.2, 3.3 and 3.4. Hence we omit their proofs.

Lemma 3.6. (i) Let A be a matrix valued symbol in X' as in the Definition 2.13 and let ®,(U)
as in (3.6). Then for any N € N,

Dy (U)'Op?" (A) @y (U) = Op?™ (A) + Op”™ (B) + R(U)

where B € T3 ™" and the R(U) belongs to the class Sy(N). If the matrix of symbols A satisfies
the conditions (2.13), then the matrix B satisfies (2.13) as well.

(ii) One has that

@, (U) HEOPPY (A) Dy (U) =iEOp*™ (A)

b 0 OAEW U x. E)
+Op (ZA(—SW(U; x5 0 )

+0p™™(B) + R(U)
where B is a matrix in Z}_" satisfying (2.13) and R(U) is in the class S(N).
(iii) Assume that U € CO([O, T1; H) for some T >0, s > 1, solves 9,U(t) = Xnrs(U(t))
where X yis satisfies (3.5). Then for any N € N

Dy (U (1) 08 0@y (U(r)) = d +Op*™ (BU(1); x,&))) + R(U (1))
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where B(U; x,§) € El_" and the map (U, w) — R(U)[w] is in the class S(N). Moreover the
matrix of symbols —E B satisfies the conditions (2.13).
(iv) Let R(U) be in the class S(N). Then CDw(U)_lR(U)CDIp(U) is in the class S(N).

Lemma 3.7. Let N € N, F € OS{(N). Then the following holds
(i) Let A € X' be a matrix valued symbol. Then for any t € [—1, 1],

®£(U) ™' Op"" (A)® £ (U) = 0p™ (A) + R(U)

where R(U) € S,(N —m).
(ii) One has that

@7 (U) " HEOP"™ (A)® £(U) =iEOp™ (A) + [iIEOP”™ (A), F(U)] + R(U)
for some R(U) in the class S(N — 2).

(iii) Assume that U € C°([0,T1, H**t?) N CY([0,T1, H?) solves the equation 3,U =
Xnrs(U) for some p = pny > N large enough where Xy s satisfies (3.5). Then

O 7(U) " 08 0 ®r(U) =8, — FGEOP"™ (AU (1)) + R(U (1))

where R(U) belongs to the class Sy(N).
(iv) Let N' € N, R(U) be in the class S(N'). Then

DU 'RWU)PFU) =RWU) + Q)
where Q(U) is in the class So(N + N').
3.2. Some calculus about smoothing operators

In this section we prove some abstract results on linear smoothing operators introduced in
Definition 2.11. These results will be used in Section 5 and they are based on the estimates on
the small divisors proved in Appendix A.

Lemma 3.8. Let G € (0, +00) be the full Lebesgue measure set given by Lemma A.l. Then for
any m € G the following holds. Let

R@w= Y rlk ik —)D(E)e"™

kgeZd
be in the class OS1(N). Define for any 0,0’ € {+1, —1}, the operator F 5 (1) as

rk,§)
ceczt i(AR) +oAK=8) +0'A®))

FoorW[w] :=— Ak — £)w(E)er . (3.8)

Then Fy o (1) is in the class OS|(N — 1) and solves the equation
Op”" (A) Fo (1) + 0 F s, (Op”" (A1) + &' Fip 51 ()OP”" (A) + R(u) = 0. (3.9)
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Proof. We prove the claimed statement in the case where 0 = ¢’ = —1. The other cases can be
proved similarly. It is immediate to verify that F, ,+ defined in (3.8) solves the equation (3.9).
Since R (u) is in the class OS|(N), one has that there exists p = py > N large enough such that
for any s > p,

2
> <k>2“+N>| D rk &)utk —EDE)| = IIR@wl3 y Ss llull}lwl?.

keZd EeZd

By taking w(x) = €*¢, the latter estimate implies

D RPNk, )Pl — )P S ulZ€)>, Vs=p, VueHP. (3.10)
keZd

Let F(u) := F_1,—1(u) (see (3.8)). One has that

Flwl= Y fk &tk —&)wE)e s,
kkeZd

rk.€)
i(AK) - Ak =6 = AE)

flk, &) =~ , k,EcZ?.

By the bounds (A.2) given by Lemma A.1, one has that there exists T = t(d) >> 0, large enough
and y € (0, 1) small enough such that

14 d
Ak)— Ak —&)— A ——  Vk, 7,
AG) = Ak =) = A2 fe

and therefore

|f ke, E) S (k— &) (E) Ir(k, &) (G.1D

We now estimate the norm || F(u)w||s—r+n. Take s — 7 > p in such a way that (3.10) holds with
s — 7 instead of s. Using the Cauchy-Schwartz inequality (using that Zg (k—&)"2%0 <C <00
for so > d/2), one has

2
IF@wI_ iy = 30 02TV ( 3 1 k)l - ©)I[BE)1)

keZd tezZd
G.11)

2
S YWY 1k 9k — &)l - 9)IE) 1))

keZd teZ4d

SO RPNk, &) Ptk — €)Xk — £)2(€) T D)

kgeZd

= 3 RPNk, HPID)Fuk — &) (D) Tw )
k.&eZd
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> 1D wEP( Y 00Xk, H)P D) Fuk — )

teZd keZ4

(3.10) —
Ss IEDYH0u )2 N (2D w(E) P S gy w13 -
teZd

The latter chain of inequalities implies that for any s > o’ := p + 7 + 59, the map

HY — LHS, HS™N"T) ues Fu)
is a bounded linear map. This implies that F belongs to the class OS|(N — 7). O
As a consequence of the latter lemma, one gets the following.

Lemma 3.9. Let G € (0, +00) be the full Lebesgue measure set given by Lemma A.1. Then for
any m € G the following holds. Let R € OS1(N) be a matrix valued operator. Then there exists
a matrix valued operator F € OS|(N — t) which solves the equation

—FGEOp"™ (A)U) + [iIEOp”” (A), F(U)] + R(U) =0. (3.12)

Proof. The operator R € OS;(N) has the form

RW) = Ri(U) Ra(U)\ _(RI@+Ry@ Ry w)+R; @)
\R@ RO \RIw+R,@ Riw+Ri@)

One looks for F € OS| (N — 1) of the same form, namely

FU) = (

Flrw) +F; @ Fyf )+ F,; @)
Fo )+ Fy, @) Fi ) +Fr@ )]

A direct calculation shows that the equation (3.12) is equivalent to

i((— 700" (M) +10p™ (4). Ff @)]) + R () =0,
i( 7 Op" (A +[0p™ (M), Fy @) + Ry () =0,
i( — F5(0p™ (M)u) + Op™" (M) F5f (w) + J-'j(u)op”w(A)> + RS () =0,

i(f; (Op”™ (A)u) + Op™™ (M) Fy (@) + F; (ﬂ)Op”W(A)) +R; @) =0.

The claimed statement then directly follows by Lemma 3.8. O
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4. Paradifferential normal form
4.1. Paralinearization of the Schrodinger equation

In this section we rewrite the equation (1.1) as a paradifferential system. From now on we
shall assume the following hypothesis:

e Hypothesis on local in time solutions. There exists p > 0 large enough and 7 > 0 such
that

weC'([-T,T1. H*)NC (-T, T, H*7%),

4.1
sup ul,+ sup (3,2 <pe. “.1
te[-T,T] te[~T,T]

solves the equation (1.1).

The latter hypothesis is actually guaranteed by the local existence theorem proved in [25]. The
only small difference is that the standard Laplacian on the torus is replaced by the more general
elliptic operator (1.5), but the proof can be done exactly in the same way, with the obvious small
modifications.

Proposition 4.1. (Paralinearization of NLS). We have that the equation (1.1) is equivalent to
the following system:

39U +iEO0p" (A(®))U + AU)U + R(U)U =0, U=[z]. 1:=[,"]. ©2

u

where E is in (2.14), A(&) is in (1.5), the operator A(U) is in OBx (1) (see Definition 2.9) and
has the form

(4.3)

AU .:iEOPhw( aU;x,6)  bU;x,8) )

b(U;x,-&) a(U;x,—§)

where

. 1
a(U:x.§) = Y [0, £ = 00, w6 + 5= 03, O ) = 0, Bu, ) | + 0 f

j=1

d
bU:x,§) 1=~ s, B, ) + i f -

j=1

The remainder R(U) is a matrix of smoothing operators in the class OS|(N). Finally the oper-
ator A(U) is Hamiltonian according to Definition 2.14.

Proof. By paralinearizing the nonlinearity Q in (1.3), using the Bony paralinearization formula
(see [33], [37]) and recalling the assumption (1.4), one obtains that
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Q(u, ) = Op” (3 f)ul + Op®* (8zz f)[u]

d
+ 3 (09" Gau, i1+ OP*™ (g, I, 1)
j=l1 4.4

d
= Y0, [ OP" 0, L) + 0P O, 1| + R ).
j=I

where the remainder R (u, u) is smoothing, namely it satisfies

IR, Wlls+n Ss.nv lullplluells 4.5

for any N > 1, for some p = py > N and s > p. Recall that 8Xj = Opbw(iéj), j=1,...,d.
Therefore, using Proposition 2.18 and Lemma 2.19, we have

0P By, f)it;1 = By, O™ (g, u f)lu] =
= Op"" B, ) 0 Op"" (€))ul = Op""(i&;) 0 Op"" (3, u f)lu]

1 1
b . b . .
= Op"" (i(00u,, = 05, )87 )l + O™ (5 O, £.367) = 57 B, £ ) 0]
= 09" (00, £ — 5, 185 )]+ 5 0P (= B, (O, ) = By B, )]
=0Up Ully ; Uy ;U J ) P xj Oy u xj\uuy; s
up to some smoothing remainder satisfying (4.5). Reasoning similarly we deduce

Op"" (a,,, Nlit; 1 = dx; O™ (B, i) =
= 0p"" (9, f) o Op"" (i&)[u] — Op" (i&)) o Op"" (3, )]

= —0p"" (34, (O, 1)) 7,

up to some smoothing remainder satisfying (4.5). Therefore, by (4.4), we obtained

d
Q) =Y 09" (@, f = e, 8 ) ]

j=1
d
+ ophv <8uuf - % Y (B, @aju f) + B, (B, f)))[u]
j=1
d
+ Opbw<aﬁf =Dy, (O, f))[ﬁ] + R, ),
j=1

where R (u, i) is some remainder satisfying (4.5). By writing (1.1) as a system in U = (u, u)”,
one gets the (4.2)-(4.3). By an explicit computation one can check that the operator A(U) is

Hamiltonian. O
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4.2. Diagonalization up to a smoothing remainder
In this section we analyze the para-differential operator
PU) =8 +iEOp"" (A(§)) + AU)
where A(U) is in (4.3) and the symbol A (&) is in (1.5). We prove the following result.
Proposition 4.2. Let N € N, so >> d /2. Then there exists p = py > N, s large enough such that
if (4.1) holds, then the following holds. There exists a linear symplectic invertible transformation

oD (U) : H* — H* such that

POW) =V W) 'P)oV(WU) =8 +iEOP" (AE) + AV W)+ RV W)  (4.6)

where

(77
D ybw (@ U;x,8) 0
AV(U)=1i0p < 0 —a(l)(U;x,—§)>

with aV(U; x, &) a real symbol in the class Ei and the remainder RV (U) e S(p, N) is Hamil-
tonian. Moreover, for any s > p, one has

1D @) —1dll £asy S Ml -

Proof. The proposition is proved by means of an iterative procedure. At the step n of such a
procedure one has an operator

Pu(U) =8 +iEOP”" (A(€)) + A, (U) + B, (U) + R, (U),

where
_nbw [(an(Usx,§) 0
A, (U)=i0p ( 0 —an(U;x,—§)> , (4.7)
bW 0 bu(U; x, )

a, € Z} and b, € 21_”. The remainder R, (U) is a linear Hamiltonian operator, smoothing of
order —N in the class S(p, N) for some p = py > N large enough. We consider

D, (U) :=exp(i¥, (U))
where W, (U) is a para-differential operator of the form

W, (U) :=i0p"" ( 0 ¥ (U x,s>)

—Yn(U;x, —§) 0
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where ¥, (U; x, &) is a symbol of order —n — 2 which has to be determined appropriately. Notice
that, for any n, the map ®, (U) has the same form of ® (U) in (3.6). Hence it is well-posed and
symplectic by Lemma 3.5. We actually choose the symbol v, (U; x, £) in such a way that

by (U; x,8)

—2M &Y, (U; x,8)+b,(U;x,E) =0, henceweset y,(U;x,§):= NG

4.9
Clearly, since b, € 2;", then ¢, € 2;"72. Since @, (U) is symplectic the transformed operator

Pui1(U) = @, (U) " 'Pu(U) @, (U)

is Hamiltonian. By Lemma 3.6, and using (4.9), one gets that

Put1 (U) =8 +1EOP”" (A(E)) + Aps1(U) + Buy1(U) + Ryg1 (U)
where A,,+1(U), B, +1(U) are operators of the form (4.7), (4.8) with n ~» n + 1 for some sym-
bols a,+1 € Z} and b,4+1 € 21_"_1. Moreover the symbol a, is real valued by Lemma 3.6.

The remainder R,41(U) is a linear Hamiltonian operator, smoothing of order —N in the class
S(p, N) for some p = py > N large enough. The proof of the lemma is then concluded. O

4.3. Normal form on the diagonal term

In this section we prove a normal form theorem on the operator P (U) in (4.6) which is a
para-differential version of the normal form procedure developed in [6]. Moreover we denote by
(§&; k) the scalar product induced by the matrix G (see (1.2)), namely (§; k) := G& - k. We start

with the following definition.

Definition 4.3. (Normal form symbols). A symbol z(x, &) in N is said to be in normal form
(with parameters 8, €, t) if

2(x, 8 =) Tk, £

keZd
satisfies
2k, E)#£0 = [(E: k)| < (€)°1kI7T and |k| < (§)¢
forany k #0, £ e R?.

We shall fix appropriately the parameters €, 6 € (0, 1), T > 0 as

§<8<1, t>d—1, O<e< (4.10)

T+1

cf. [5]. The main result of this section is the following.
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Proposition 4.4. Let N € N, 59 >> d /2. Then there exists p = py > N, 5o large enough such that
if (4.1) holds, then the following holds. There exists a linear symplectic invertible transformation
o@D (U) : H* — H* such that

PO W) =@ W) 'PD(W)*P(U) = 8 +1E0p” (A€)) + Z(U) + RP(U)

where P1(U) is in (4.6), the operator Z(U) has the form

2U; x,§) 0 > .11

. bw
Z(U)=i0p ( 0 —z(U:x, ),

with z(U; x, &) a real symbol in the class E{ which is in normal form, according to the Defini-
tion 4.3. The remainder R® (U) is Hamiltonian and it is in the class S(N). Moreover, for any
s > p, one has

1P W) gty <1+ C@lull, -
In order to prove the proposition stated above, we need some further symbolic calculus. First
of all, we consider an even smooth cut-off function x : R — [0, 1] with the property that x (y) =

1 for all y with |y| < % and x(y) =0 for all y with |y| > 1.

Definition 4.5. Given ¢, §, T as in (4.10), define the following functions:

21k|F(&: k
X = x (Li)> . kezd\ (o),
©
;zk(s)=x<'k'>, kezd\ (o).
)

Correspondingly, given a symbol a € N, we decompose it as follows:
a= <(l> +a(nr) +a(res) +Cl(S) ,

where (a) is the x-average of the symbol of a, namely
@® = [ara
a =——7 [ a(x, X,
n(Td)
Td

and

a"™) (x,8) =) k@ S E)ack, £)e*,

k=0

a™ (x,£) =Y (1= x(®) Rk )ak, §)e* 4.12)
k0

a®x, &)= (1 - f@&)ak,ee*,
k=0
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We also define

1 .
8al8)i= = 3 5 (1= a©) @k ) 4.13)

k0
In [5], Lemma 5.4, we provided suitable bounds for the cut-off functions defined above.

Lemma 4.6. For any multi-index o« € N9, one has

D@1 =1, 19 %k ()] Sa kT E) 700

4.14)
K@ <1, |0 Ka(®)] So lk[*ig)~EFID
and
1 w < (k) (el+Dr+lal
di(§) == 2@;]{)(1—)(/{(5)), 10g dic (8] Sa UGN (4.15)
As a consequence, for any s > 0 and k € 7, one has
Iklo.s Ss YT ko Ss () ldkl—s,5 S5 (R)CTDTH (4.16)

We now prove the following Lemma.
Lemma 4.7. Let m € R. Then, for any s > 0, the linear map N!" — N!", a > (a) is linear

and continuous. For any s > 0, there exists o5 > s large enough such that the maps (see Defini-
tion 4.5)

Ngt‘—>Ame ar—a™, a—a®,

J\/Z,'S'—>/\/;f"_8, av- ga,

are linear and continuous. Let N € N. Then there exists p = py > 0 large enough, such that, for
any s > p, the map

N — BH HN), am> RO (a) .= 0p" (@),
is linear and continuous.
Proof. Since (a) is only the space average of the symbol a it is straightforward that |[(a)|, s <

|a@|m,s- We now estimate g, in terms of a. The estimates for " and a™* can be done arguing
similarly. By the definitions (4.13), (4.15), one has that g, can be written as

a(x. &) ==Y di(®) T (&)alk. &)e* ™.

k0
By applying Lemma 2.1 one gets, for any s > 0, N € N, for any k € 74, that
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@k, Y5 SN )N alm 54w - (4.17)
Fix
N=@6+Drt+2s+d+1.

One has that

~ _ (4.16),(4.17) eaas N
\di @k, m—s.s s 1dil—s.s|Felos|@8k, Mms s (R)ETVFE NG on

So ™ MNalms -
Using that Zk (k)’d’1 is convergent, one then gets that |g,lm—s.s Ss |@|m.s+n and the claimed
statement follows.

We now estimate the symbol ¢S, By the definition of the cut off function ¥ in Definition 4.5,
one has that

supp(l — X)) S {€: (§)° <2lkl},

hence, by the estimate (4.14), one has that, forany N e N, « € N9,

N+m+|af

ENT = 7 @) S RV )N (1 = @) Se (k)T

implying that
- N+m+s
11— Xl -Noms Ss (k>x+ L (4.18)
Now fix
M:=d+1+s+(N+m+s)e".
By Lemma 2.1, one has
~ - Y (4.18) N+m+s
(1= x0atk, H-n,s S 11 = Xl-n-msl@Ck; ms S5 7 Maly som
Ss (k) Malmsm -
Hence, using that ) ", (k)41 is convergent, one gets that
|a(S)|—N,s Ss |@lm,s+M - 4.19)

We now consider the operator RS (a) := Op?™ (a®). Its action is given by
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RO@wl= Y n (u)ﬁw(,{ ‘. +§) .

tgezd (k+§)
2 5 ) (e e

Clearly the map a — R (a) is linear. By defining

N+m+s d
,02=S0+M=So+d+l+so+fo, s0:=§+1

the estimate (4.19) reads |a(5) |-~ .50 Sn lalm,p and therefore, by applying Lemma 2.3, one has
that, for any s > p,

IR @) £ a5, sy S5 10 |-Nosg S Ll
Hence the linear map
NP — LH HY), a RO ()
is bounded. The claimed statement has then been proved. O

Lemma 4.8. Let a € XY'. Then (a), aM g(res) ¢ X7 and g, € E'{%‘S. Moreover, for any N € N,
the remainder RS (U) := Opbw (a(s)(U; X, E)) belongs to the class S(N).

Proof. Let a € X7'. We show that g, = g, € 2'1"_5. The proof that @, a®™, a(™9) e X" is analo-
gous. Since a € X7, then

a=a +ay, with ¢ e€O" and q4el%y (4.20)

and according to the definitions (4.13), (4.15), one obtains a corresponding splitting g = g; + g4
where

8a(x,8) ==Y di(E) Xk (E)aIU; x, §)e*™,

k=0
8a, (¥, &) == di(E)Xu(E)ag (U; x, £)e* ™.
k=0

We show that g, € OY" and g,, € I'y'.
Since a; € OY', then

a(Us k&) =my(k,&)u(k) +m_(k, §)u(—k)

for some suitable multipliers m_, m_ and therefore g; is a symbol which is linear in U and of the
same form as ¢, . It remains only to show that g; is in I and g, € I';". Fix s > 0 and let o > s
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the constant provided by Lemma 4.7. Since ; € I'[", a, € I'} there exists a constant o, > o and
aradius r =r(s) € (0, 1) such that the linear map

H“s/—>./\/;’:l, U q(U;x,§)
is continuous and the map
By (r) > Ng', U ay(U;x,§)

is C*° and vanishes of order two at U = 0. Since by Lemma 4.7, the map N — N{", a > g4 is
linear and continuous, then by composition one gets that the map

By (r) > N{", U gq(U;x,§)
is linear and continuous and the map
By (r) > N, Ut ga,(U; x,6)

is C*° and vanishes of order two at U = 0. This shows the claimed statement.

ANALYSIS OF THE OPERATOR R (U) = Op”* (a'S (U; x, £)). According to (4.20)

a” =3 (1= f@)ak, £)e*~

k=0
= 3 (1= @) mak, HTEE + 3 (1 = 7@y m_k, a0k, @2
k=0 k0
al® =3 (1= 7 @) ag k. &),
k0

and correspondingly

ROW) =RP W) +RO W),  RPW):=0p" (@), REW):=0p"@@).

Fix N € N and let p = py be the constant appearing in Lemma 4.7. Since a; € Of" and a, € T,
one has that for some constant o, > p large enough

2
|al|m,,o ,Sp ||U||a,, , |aq|m,p Sp ||U||gp s
implying that, for any s > o, > p, one has
S
IR W £gaas msiny Ss atlmp S5 1U [l
S 2
IR W ops, msewy Sis laglm,p Ss NUTZ,
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and hence Rés) € $>(N). In order to show that R;S) (U) belongs to the class OS(N) it remains
only to show that it is sum of terms of the form (2.6). This follows since

REWwl= 3 () (1= (50 Ja(k-e 55 )o@
k.EeZd

2 Rk - HBEOM + Y rk HTE —R)DE)e
kgezd kEeZd

where

e () (5 mefime )

The claimed statement has then been proved. O
We are now in position to prove the Proposition 4.4.

Proof of Proposition 4.4. The Proposition is proved also inductively, hence we describe the in-
duction step of the procedure. In the proof it is convenient to use the following notations. If O is
one of the classes of operators defined in Section 2.1, we write A = B 4+ O if A — B belongs to
the class O.

We define the gain of regularization along the reduction procedure as

¢:=min{8,35 — 2,26 — 1} . (4.22)

At the n-th step, we deal with a Hamiltonian para-differential operator of the form

POWU) =8, +iEOp™ (A(§)) + Z,(U) + A, (U) + R, (U) (4.23)
where

Z,(U) :=i0pbw (Zn(U(;)X, &) —zn(U(‘)x —5)) , Zn € E} , Zn isreal and in normal form,

ap(U;x,8) 0

_— bw
A,(U) :=i0p ( 0 —a,(U; x, —§)

), anGE}f’”, a, is real,
R, eS(N).

4.24)
By Lemma 4.8, one has that

0p”” (an) = Op™" ({an) + a{™ + al™)) + RS (ay) ,
(an),a™, al™ e 217" RS (a,) e S(N).

Moreover, by defining (as in (4.13))
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1
gn(U;x,8):=— :
,;2(5,10

(1 = xi(8)) Kk (€)an(U; k, £)e* |

one has that the symbol g, (U; x, &) isin Z}_" ¢~ and solves the equation

{A, g} +al™ =0. (4.25)
We then consider the map
_(®uU) 0
(0= ( 0 %(U))

where &, (U) is the time one flow map of

3, ®,(U) =i0p”" (g.) P (U), ®(U)=1d.

The map @, (U) is well-posed and symplectic by Lemma 3.1. We now compute the conjugated
operator

PYW) =@, )PV W)@, ).

Note that for any n > 0, 1 —ne — & < 6 < 1, hence the conjugation Lemmas of Section 2.2 can
be applied. In particular, by applying Lemmata 3.2, 3.4 (where 7 is replaced by 1 — ne — §), one

gets
@, (U)'8,®,(U) =8 + OBx(l —ne —8) +S(N),
CD,,(U)_liOpbw(A)CDn(U) = iOpb“’(A +{A, gn}) + OBx(3 —2ne —38) + S(N),
@, (U) 0P (24) @ (U) =1i0p"" (24) + OBx (2 — ne — 28) + S(N) ,
@, (U) 1 HOp?" (an) @y (U) = i0p”" ({an) + a{™ + al™)) + OBx (2 — 2ne — 28) + S(N),
@, (U)"'"Ra(U)®,(U) = S(N).

By the definition of ¢ given in (4.22), one obtains that
1—ne—48,3—2ne—36,2—ne—25,2—-2ne—26<1—(n+ 1)e

and using that g, solves the equation (4.25), one obtains that 73,521 (U) has the form (4.23) with
n~»n+ 1, for some R,+1(U) € S(N) and

. U;x,§&) 0
Z U = 0 bw Zn+1( ,
w1 (U)=10p ( 0 —Zp41(U; x, =€)
i1 €21y Tt =20 + (an) +a,
o obw (1 (U;x,8) 0 I—(m41)e
-An+l(U) M IOP ( O _an_l,.l(U; x’ _é) ) an+1 € z:] .
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Since ®,(U) is a linear symplectic map, the paradifferential operator P,4(U) is Hamiltonian,

hence z;,+1 and a, 41 are real symbols. Furthermore, z,,+1 is a symbol in normal form, since z, is

in normal form by the induction hypothesis and (a,), a,ﬁ‘“) are in normal form by their definition.

The claimed induction statement has then been proved. O
5. The Birkhoff normal form step

By Propositions 4.2, 4.4, one has that U solves the equation (4.2) if and only if U :=
D) (U)W solves

POWHWI=0, POW):=d +iEOP"™ (AE))HW + Z(U) + Q)

where Q € S(N) and Z(U) is the normal form operator provided in Proposition 4.4. We now
perform a step of Birkhoff normal in order to remove the quadratic terms from Q(U)W. Since
Qe S(N), then

Q=9 +9Q;, QeOS8(N), Q;eS(N). (6.1
We fix the number of regularization step N as
N:=1+3, 5.2)

where 7 is the loss of derivatives in the small divisors estimate of Lemma A.l. We prove the
following.

Proposition 5.1. Let G € (0, +00) be the full Lebesgue measure set given by Lemma A.1. Then
for any m € G the following holds. Then there exists p = p(t) > 0 large enough such that if
(4.1) is fulfilled, then the following holds. There exists a linear and invertible transformation
oC(U) : H* — H* such that

POW) =P W) PP (WU) =8 +IEOP™ (AE) + ZW) +RP W) (53)

where Z(U) is given in Proposition 4.4 and R™® (U)W is cubic and one-smoothing remainder,
namely it satisfies, for any s > p, W € H®, the estimate

IRD@YWllsr1 s NUISIW s - (5.4)
Moreover, for any s > p, one has
1P W) sy < 1+ C)llully -

Proof. We look for a smoothing operator F € OS;(3) and we consider the flow map ®%(U).
We then set @4 (U) := <I>1]_-(U). By applying Lemma 3.7, one gets that
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W) 090 (U) =08, — FAEOP™ (A)U) + S (3)
oD (W) HEOP" (M) P (U) =iEOp*™ (A) + (EOP”™(A), F(U)] + S2(1)

W) 2P (W) = ZWU) + S:(2) 63

(5.1),(5.2)

o3 W) 'o)He® (V) QI(U) + Sa(t +3).

By applying Lemma 3.9, since Q; € OS;(t + 3), then there exists F € OS1(3) which solves
—FGEOP™ (A)U) +[LEOp™ (A), F(U)] + Qi(U) = 0. (5.6)

Then (5.5), (5.6) imply that P®(U) := &3 (U)~ 1P (U)®3 (U) has the form (5.3), with
R® € S;(1) and hence satisfying the claimed estimate (5.4). O

6. Energy estimates and proof of Theorem 1.1 concluded

In this section we conclude the proof of the main result of the paper, namely Theorem 1.1.
The main point is to provide an energy estimate for the reduced equation.

W +iEOPPY (A ()W + Z(U)W + RO W)W =0. 6.1)
First of all, let us consider the linear flow associated to the normal form equation
W +iEOpP" (AENYW + Z(U)W =0,
which, by (4.11), is equivalent to the scalar equation
a,w+iopbW(A(€)+z(U;x,g))w=0, 6.2)

where z is a real symbol in normal form (see Definition 4.3). The following Lemma is proved in
[6], Section 5.1.

Lemma 6.1. Foranyt,t € [—T, T] (where T is the same as in (4.1)), the flow U, (t, t) associated
to the equation (6.2) (with U, (t, t) = 1d) is well defined as a bounded linear operator H* — H*
and it satisfies

U (t, Hwolls Ss lwolls . uniformly wrto t,t e [-T,T], (6.3)
for any wo € H®.

Proof. The proof is exactly the same as the one made in [6], Section 5.1. Indeed the operator
Op?™ (z) is the Weil quantization of the truncated symbol

o:(Usx, &)= ) ne(@)?(u;k,aei“

reze )
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see (2.3). Since 0,(U; k, &) = n, (%)?(U; k, &), one has that also o is a symbol in normal form

according to the definition (4.3). Hence the arguments developed in [6] apply. O
We then denote by

Usz (T, 1) = (uz(g, 2 L%) .

By Duhamel formula, solutions of (6.1) satisfy
t
W(t)=Uz (O, HHwy — /Z/lg(r, HRWU@))W(r)dr, (6.4)
0

and recall that, by the ansatz on U (¢), we have |[U(#)ll, S e, Vi € [=T, T], for p > 0 large
enough and some T > 0. By the estimates (5.4), (6.3), one then has if wyg € H?,

t t
W@, Sp 1Wollp +f IU@IZIW @), dT <, ||W0||p+82/ IW@lpdr.
0 0

By Gronwall inequality, one then gets that
2
W)l < C(p)e™ P [ Wollp, V1 el-T.T],
for some constant C(p) >>> 0 large enough. By Propositions 4.2, 4.4, 5.1 and
v = (VW) 0 8P W) 0 @D W))W,
one deduces that
IOl ~p IWEN,, Ve el[-T,T]
and therefore,
2
I,y < CLp)e P [ Usll, . ¥ el=T,T1,

for some constant C(p) >> 0 large enough. By a standard bootstrap argument, the latter estimate
implies that T =T, = O(e72) and

UMy Sp 10ollp, V2 e[=Tp, Tpl.
Clearly, by the smallness assumption on the initial datum [|[Upll, < &, one then gets that
U, Sp e, forany t € [-T),, T,]. This is the estimate (1.6) in Theorem 1.1.
We now perform a boothstrap argument in order to show that if s > p and Uy € H® (see (2.4))

then
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UeC((=T,. T, H') with U= CoolUol. Viel=T,. Tl oo

for some Cy(s) >0 large enough.

The latter claim implies the estimate (1.7). In order to prove the (6.5) we argue by induction
on s > p. If s = p, then the claimed statement is proved. Assume that the statement is true for
some s > p and let us prove it for s + 1. Let Uy € H*+!. Then Wy € H**! and by the induction

hypothesis U (t) and then W (¢) is in C° ([—Tp, 1,1, HS). By applying Lemma 6.1, using that the
remainder R(U) in (6.4) is one smoothing (see (5.4)), one has that

Uz (t,)Wo e BT (lUz(t, OWolls+1 Ss I Wolls+1, VYr,r€R,

W el = RUG@)W@] el = Uz(t,)RWU@)H[W(r)] e H¥T,
(6.6)

t t
| [tzorvewear] | <6 [iwiae.
0 0

Therefore, (6.4), (6.6) imply that
t
W) e IWE) st Ss 1Wollst1 + &2 f IW@)lsdr, Vtel-T,,T,]. (6.7
0

Using that (by the boundedness of the normal form transformations)

IUDls+1 ~s IWO ls41, NU@Ns ~s IWEO s s I1Wolls+1 ~5 10olls+1, [[Wolls ~5 [1Uolls

we note that (6.7) implies

t
U@ Bt U@ < K6 (1ol +6 / IU@dr), ¥iel=T,, T,
0
for some constant K (s) >> 0 large enough. Hence, by the induction hypothesis (6.5), the latter
inequality implies that, for any ¢ € [=T), T,],
U@ 511 < K©Uollst1+ K ($)Ca() T, |Uolls < Culs + D[ Uplls11

with Cy(s + 1) := K (s5)(1 4+ C4(s)) and using that Tpe’2 < 1. The claimed statement (6.5) has
then been proved for s 4 1. The proof of Theorem 1.1 is then concluded.

Appendix A. Non-resonance conditions

In this section we verify the non resonance conditions appearing in the Birkhoff normal form.
We need to provide suitable lower bounds for the three wave interactions

77 (E k) = AE+K) +0AE) +0'AK), EkeZ?, o0 €L}, (A1)
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where A(§) is the symbol defined in (1.5), for “most” choices of the parameter m € (0, +00).
This is the content of the following Lemma.

Lemma A.1. There exists a set G C (0, +00) of Lebesgue measure 1 such that for any m € G
there exist t = 1(d) > 0 and y > 0 such that, for all &, k € 74 0,0’ € {£}, one has

0,0’ Y
1p™7 (€, k)| = GREE (A2)

The rest of the section is devoted to the proof of the lemma above. Let us denote by

_dd-1)

wg e R d,: 5

+d, (A.3)

the vector obtained by putting in a vector the matrix elements (upon the diagonal) of the matrix
G in (1.2), namely

Wg = (811, -, 81d> 822+ -+++82d> - - -» 8(d—1)(d—1)> &(d—1)d> 8dd) -

Fix 1, > d.. We define the set

g::{m>0:3y>0 such that |wg - £ £m|> , VEeZd*}. (A4)

Ok

The following Lemma holds
Lemma A.2. The Lebesgue measure of (0, +00) \ G is equal to zero.

Proof. A direct calculation shows that

G :=1(0,+00) \ G =Ny~0Uezr Re(y),

Re(y) = {m>0:|a)g.€:|:m| < (EJ;T*}.

Clearly [R¢(y)| < y (€)™, implying that

|Ureze ReWIS D v ™™ Sy
LeZ4x

This implies that [G¢|=0. O

Proof of Lemma A.1. Clearly, the function qb"’“/(é, k) in (A.1) is very easy to estimate in the
case 0 =o' = +. Indeed G is positive definite and therefore

IAGE +K)+ AE) + AR = 3m + € + kI + &> + k[
which is bounded away from zero.
We now estimate from below ¢ (£, k) in the cases 0 = —0' = + or 0 = 0/ = —. Let

£,k eZ?. A direct calculation shows that
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d i—1

AE+K) — AE) — AK) =2(GE ., k) —m = 2(Zg”s,k DD s ek + k) —m

i=1 j=1
By the diophantine condition (A.4), one then obtains that for some y € (0, 1),

14
Ak _—
W]z o
d i—1 (AS)
[k, —1+2Z|s,k|+2ZZ|s,k +Ejkil.

1=1j=1

where

A +Kk) — A) -

We note that

d d
1FR OIS T+ &KL+ Y &Ik | < c(d) () (k)

i=1 ij=1
for some constant ¢(d) > 1. Hence

IAGE +K) — AE) — A(k)| > ”

for some y| <KL y.
(&)

Similarly, one computes for any &, k € Z¢,

AE+K) + AE) — Alk) =2l +2(GE, k) +m
=2(GE, £ +k)+m

d i—1

—2(Zg,,s,(s HRi+ Y Y gijEE k) +EE + ))

i=1 j=1

Hence, using again the diophantine condition (A.4) and recalling the definition of f in (A.5), one
obtains that

14
A k) + A(E) — Ak _—.
MG +0)+ MO = AW =

Moreover

d d
FE+RE ST IEIE +hl+ D I&IE +kjl

i=1 i,j=1

d d
ST+ Y [llE ]+ Y 16illkj| < c@) (&) k) + (§))

i,j=1 ij=1
for some constant c¢(d) > 1. This implies that
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Y1

A k)+ AE) — Ak —_
MG+ +AE) = AR o

and hence Lemma A.1 follows. O
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