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Abstract

We study Schrodinger operators with Floquet boundary conditions
on flat tori obtaining a spectral result giving an asymptotic expansion
of all the eigenvalues. The expansion is in A™® with ¢ € (0, 1) for most
of the eigenvalues X (stable eigenvalues), while it is a “directional ex-
pansion” for the remaining eigenvalues (unstable eigenvalues). The
proof is based on a structure theorem and on a new iterative quasi-
mode argument.
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1 Introduction

The spectrum of periodic Schrédinger operators has been extensively studied
in the last decades and it is essentially fully understood in dimension one.
In particular a full asymptotic expansion of the eigenvalues (););ez in the
parameter 1/|j]* has been given by Marchenko [Mar86]. In higher dimen-
sion the situation is considerably more complicated. Consider the Laplacian
with periodic boundary conditions on a general torus T := R?/T, with T
a maximal dimensional lattice. Its eigenvalues are given by {||£]|?}¢er+ with
I'* the dual latticd!| to I". For generic lattices the differences between couples
of eigenvalues accumulate at zero and this makes difficult to use standard
resolvent expansions in order to obtain properties of the eigenvalues.

A milestone of the higher dimensional theory is the result of [FKT90],
[Eri90] (see also [Wei77]) who proved that, provided V is a sufficiently smooth
potential with zero average, and I' a generic lattice, most of the eigenvalues
of the Laplace operator —A are stable under the perturbation given by the
potential V, in the sense that there are two eigenvalues Ap¢ of

—A+V(z), (1.1)

'We recall that the dual lattice is defined as the set of &’s s.t. £ -y € 2nZ Vy €T




in the interval ]

lgl®

with 6 € (0,1) a parameter. However, it was shown in [FKT91] (develop-
ing an argument by [ERT84]), that there are also eigenvalues which behave
differently and are not stable.

The stable eigenvalues also admit a full asymptotic expansion in A\™° ~ ||¢]
which can be obtained as a byproduct of the works [Par08, [PS10), [PS12] (see
also [Kar97] and [Vell5] for some partial previous results) and is explicitly
given in [BLM20]. For the unstable eigenvalues such an asymptotic expan-
sion is simply false. Here we address the problem of understanding the kind
of asymptotic expansion valid for unstable eigenvalues.

To present our approach we first recall the method developed in [PS10]
(see also [PS12]). In the paper [PS10] the authors developed a technique to
construct a unitary transformation which conjugates the operator to a
new operator which is the sum of a “normal form operator” and a remainder.
Such a technique can be interpreted as a quantization of the classical normal
form algorithm usually employed to study the dynamics of the Hamiltonian
system h(z,€) = ||£]|* + V(x) whose quantization is (L.I). On the clas-
sical side, it is well known that the dynamics (and thus the normal form)
of a Hamiltonian system is completely different in the resonant and in the
nonresonant regions: it turns out that stable eigenvalues correspond to the
nonresonant regions, while the unstable eigenvalues correspond to resonant
regions. In particular, in [PS10] a precise definition of resonant/nonresonant
regions was given and it was shown that the normal form operator is a block
diagonal operator which is just a Fourier multiplier if one localizes it in the
nonresonant region; then the blocks corresponding to resonant regions turn
out to be finite dimensional, but their dimension is not bounded. When
adding the remainder, a quasimode argument can be used to get the asymp-
totics of the eigenvalues corresponding to the nonresonant region, but almost
nothing is known on the eigenvalues of the other blocks.

Here we want to obtain precise asymptotics also of all the eigenvalues
corresponding to the resonant regions. The asymptotic expansions we get
are not in the parameter Hf‘H_%: instead, they are directional asymptotics.
To explain this point, label the eigenvalues of using the points £ € '™,
then, roughly speaking, the result is the following: consider a submodule M
of I'* and assume that the vector ¢ € ['* is resonant with the vectors of a basis
of M, but with no other vectors in I'*, then the corresponding eigenvalue \¢
admits an asymptotic expansion in the parameter ||(&)|| =%, the lower index
M denoting orthogonal projection on M.

Il = lgl* +

1
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The main point in order to get such an expansion consists in first proving
a structure theorem which is a variant of the block diagonal decomposition
of [PS10, [PS12], but which is suitable for iteration. This is needed in order
to further decompose the resonant blocks in sub-blocks which at the end
of the procedure will be just isolated points or finite dimensional, but with
uniformly bounded dimension.

More precisely, (as in [PS10, [PS12]) as a first step we conjugate the oper-
ator in to H + R with R a smoothing pseudodifferential operator and
H a block diagonal operator. The blocks corresponding to the non resonant
zone are just isolated points. The main novelty of our structure theorem is
that we prove that in the nontrivial blocks H is still a periodic Schrodinger
operator, but on a lower dimensional torus: essentially it contains only the
angles in the resonant directions. =~ We point out that a similar, but less
precise property, was proved in [PS09] just for the 2-d case. Then, since in
each block one has the same structure as that of (1.1)), one can apply again
the normal form procedure and iterate until one is left with trivial blocks and
blocks with uniformly bounded dimension. However, since the new operator
only depends on the resonant angles one gets that the new normal form is
only up to a remainder which is smoothing in the resonant directions. This
is the source of the directional decay.

One further difficulty is that, since there are infinitely many blocks, one
must have a uniform control of all the constants of the restricted operators.
We will achieve this goal by performing the whole construction in an intrinsic
way: we define the resonant regions, the blocks, and the seminorms of the
pseudodifferential operators in terms of the natural metric of the torus. This
allows a control of all the constants of the restricted operators in terms of
the constants of the original operator.

The final step of the proof consists in reconstructing the eigenvalues of the
original operator. This is obtained through an iterative quasimode argument
that, as far as we know, is new. To explain it consider the case d = 2; in
this case, when restricting to the blocks, H turns out to be either a Fourier
multiplier or a 1 dimensional Schrédinger operator. So essentially everything
is known on the spectrum of each block operator. However in order to es-
tablish a correspondence between the spectrum of H and the spectrum of
H + R one must have some information on how the eigenvalues of H are dis-
tributed on the real line and to know something on the eigenfunctions. The
information that we use on the eigenvalues is just Weyl law, which allows to
partition of the spectrum in clusters. Then to each cluster we apply a new
quasimode argument (which is a development of that used in [BKP15]) which
allows to describe how the perturbation changes the eigenvalues. Concern-



ing the eigenfunctions, the information that we extract is that their negative
Sobolev norms decay fast with |¢|~! (see Equation for a precise state-
ment). We point out that it could be interesting to extract more information
on the eigenfunctions.

We point out that we think that our formulation of the Structure theorem
could be useful also for more applications, for example we think that one
could get a detailed description of the semiclassical measures [AFKMI5] or
(following [Roy07]) a precise semiclassical expansion in £ of the eigenvalues.

Finally, we emphasize that our motivation for this research comes from
our work in KAM theory for PDEs: the construction of quasiperiodic solu-
tions of a Hamiltonian PDE requires a full understanding of the dynamics
of the operator obtained by linearizing the PDE at any approximate solu-
tion. A good model problem is the time dependent Schrodinger equation
—i0uw = —Au + V(t,r)u, where V is a smooth potential depending in a
quasiperiodic way on time and an efficient way to completely characterize
its dynamics consists in conjugating such an operator to a time independent
equation (reducibility problem). This can be done using a general strat-
egy developed in [BBM14l, Bam17, Bam18, BM16, BBHMIS] for the study
of quasilinear 1-d problems and extended to some very particular higher di-
mensional cases in [BGMRIS, [FGMP19, BLM19, Mon19, BGMR17, [FGN19].
The first step of this approach requires a very precise knowledge of the eigen-
values of the problem in which time is frozen, and that’s why we attack here
this problem. The final aim of this line of research is to bypass the limitation
of the results of [Bou98, Bou04, [EK10, PX13, BM19] and to get a KAM
theory applicable to equations on manifolds or domains which are as general
as possible.

The paper is split in two parts: Part I, containing Sections [2] and [3, in which
we give our main results, and Part II containing the proofs. In Section [2], we
give a statement of the Structure Theorem, recalling also the main notions
needed to give a precise statement. In Section [3| we start by describing in
detail the partition of L?(T{) in invariant subspaces. This is the quantum
analogue of the construction of the geometric part of Nekhoroshev theorem.
In particular this is needed in order to give a precise statement of our spectral
result (see Theorem : the kind of asymptotics that we give depends on
the block to which the eigenvalue belongs (in a sense that will be made
precise).

Part II is devoted to the proof of the main results. In Sect. {f we give
our normal form lemma conjugating up to a smoothing operator (1.1 to a
normal form operator. This corresponds to the analytic part of Nekhoro-



shev’s theorem. In Section |5 we study the partition of Subsect. in order
to show that it is actually a partition and is left invariant by an operator
in normal form. This corresponds to the geometric part of Nekhoroshev’s
theorem. Finally in Sect. [6] we give a quasimode argument adapted to our
situation and prove our spectral result.

The paper contains also three appendixes: in Appendix [A] we adapt some
standard results on pseudodifferential calculus to our context, in Appendix
[B] we prove some very technical lemmas which are used in the core of the
paper, finally in Appendix [C|we prove a couple of results on spectral problems
needed in Section. [6l
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cussions with several people. In particular we had several enlightening discus-
sions with Antonio Giorgilli who explained to us the details of the geometric
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step for the completion of this work. A particular thank also goes to Thomas
Kappeler who introduced us to the literature on higher dimensional periodic
Schrodinger operators. We also thank Emanuele Haus, Fabricio Macia, Al-
berto Maspero, Michela Procesi and Didier Robert for some very stimulating
discussions.

This work is partially supported by GNFM.

PART I: Statements

2 The structure theorem

2.1 Preliminaries

Let I" be a lattice of dimension d in RY, with basis e;, e, . .., eq, namely

d
F::{;kiei:kl,...,kdEZ}, (2.1)

and define
T¢ .= RYT. (2.2)

Consider the Schrodinger operator

—A4V, (2.3)



with Floquet boundary conditions on T%, namely acting on functions u which
fulfill (together with their first derivatives) the boundary conditions

u(z + ) = e u(z), Vyerl; (2.4)

k € T, is a parameter. Here V is either a potential, or more generally a
pseudodifferential operator of order zero on T*T¢ (see Definition below
for a precise definition).

By making the Gauge transformation u = e™*u the operator (2.3) is
conjugated to the operator

H = Z i+ K2V, D= —id (2.5)

with periodic boundary conditions (p.b.c.) on T%; from now on we will only
use the variable @ and omit the tilde. If ¥V = 0, then the eigenvalues of H
are simply given by

O = e+ k]2, cer. (2.6)

By introducing in T¢ the basis of the vectors e;, H is reduced to

H=-A,,+V, .
Ay = 9" (Da+ ka)(Dp + k) (2.8)

with p.b.c. on the standard torus T¢ := R?/(27Z)¢. Note that in formula
(2.8), we use the standard Einstein notation, namely

B(Da+ra)Dp+rp) = Y g*(Da+ka)(Dp+ k)

where
JAB = €4 - ep, (2.9)

and the matrix with upper indexes is the inverse of the matrix with lower
indexes, namely it is defined by

gapg”° =45 .

Conversely, given an operator of the form , by introducing a basis
which is orthonormal with respect to the metric g := (gap) and making a
Gauge transformation, one is reduced to a standard Schrodinger operator
with Floquet boundary conditions on a suitable torus T%. For this reason,
from now we will restrict our study to the operator and we will call
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it a Schrodinger operator of dimension d with Floquet boundary conditions.
Furthermore, with a slight abuse of language, we will use the same name
for operators which are the restriction of an operator of the form (2.7) to a
subspace of L?.

In the following we will only deal with scalar products and norms with
respect to the metric g. We will denote

(#39), = gapz™y® . (&1),. = 9" €ans (2.10)

the scalar product with respect to this metric of two vector x,y or two cov-
ectors &, n. Correspondingly we will denote

lzlly = (252),  llEllg, = (€56, - (2.11)

Finally we will denote by dj,(x) the volume form corresponding to g. The
following constant play a relevant role in our construction:

c:= inf [&|?, . 2.12
int I, (2.12)
Given s linearly independent vectors {uy, ..., us} in Z?, denote by Volg«{us] - - -

the s— dimensional volume, calculated with respect to the metric g*, of the
parallelepiped in R¢ with edges given by {u1,...,us}. The second relevant
constant is

C:= min  min  Volg{w| - |us}. (2.13)

1<s<d uyq,...,us€Z%

Remark 2.1. In Lemma [B.3 of the Appendiz [B, we will prove that € is
strictly positive.

In the following we will often refer to the constants ¢, € as the constants
of the metric.

2.2 Pseudodifferential calculus
Given u € L*(T?), we define as usual its Fourier series by
u(z) = Z Qe eF
¢ezd

where € - k = {4274 is the usual pairing between a vector and a covector.
Fix x € R?/Z%, then we define H*(T?) to be the completion of C*°(T?) in the

norm
lullfs = > NE+RIE el - (2.14)
ez

|us}



Given a function a € C*(T*T?), we define (exploiting the equivalence T*T? ~
T x RY),

|dA dY a(z,&)|| = sup | dY a(x, &) [RY .., R0 KD R

(2.15)

Definition 2.2. Let a € C* (T*T%) and m € R, § > 0 and k € R?/Z*. We
say that a € S™° is a symbol of order m, if ¥ Ny, N, € N, there exists a
constant Cn, n, > 0 such that

143 dg?a(z, €)|| < Oy (€ + m)y "™ Vo e T?, € € R

5 \1/2
where (€)= (1+I¢I12.) "
We also define S™°% :=N,,S™?°.
Remark 2.3. The parameter k which appears in the definition of symbol and

as a weight in the Sobolev norms (2.14)) has been introduced in order to get
uniform estimates suitable for the iteration of Theorem [2.18,

Definition 2.4. Let a € S™°, its Weyl quantization is the linear operator
A= 0p"(a) defined by

(Op™( Z Z ap <§ + ) G e EFe (2.16)
¢ezd hezd
where Yk € Z¢ and V¢ € R?
iy [ ale Qe e
— | a(x,&e LLg -
fg(T4) Jpa !

Definition 2.5. Let A be a linear operator on L*(T%), we say that it is a
pseudodifferential operator of class OPS™° if there exists a € S™°, such that
A = 0p"(a). Operators of class OPS™° will be called smoothing.

dkz(f) =

Definition 2.6 (Seminorms). Let a € S™° and Ny, Ny € N. We define

Cnyvy(a) = sup (€4 m) 7|} d2a(, €)) -
(z,6)€Te xR

Equivalently, if A = Op" (a), we set O, n,(A) = Cy, v, (a) .



Remark 2.7. {Cn, n, (1)} 3y nen 45 a family of seminorms on S™°, and we
will refer to {Cn, ny(A) YN, Nyen as the family of seminorms of the operator
A. All the definitions are given in such a way that the seminorms do not
depend on the coordinates that one uses in T¢, namely, if one changes the
basis {e;} by means of a unimodular transformation A (i.e. a unimodular
matriz with integer coefficients), then this does not change the value of the
seminorms. This is crucial for our procedure.

We refer to the Appendix[A]for some basic properties of pseudo-differential
calculus in the intrisic formulation. In particular, we emphasize that all the
constants controlling the seminorms of the composition, commutators, and
exponentiation of pseudo-differential operators depend only on the constants
of the metric. This is is needed for iterating the structure theorem.

2.3 Submoduli, subspaces and statement of the Struc-
ture Theorem

Definition 2.8. Given E C Z%, we denote

E =span{e’® | £ € E}, (2.17)

where the bar denotes the closure in L?. We will call such a subspace subspace
generated by E.

Definition 2.9. We will denote by Ig : L*(T%) — & the orthogonal projector
on € and, given a linear (pseudodifferential) operator F, we will write

Fg = HgFHg. (218)

The block decomposition as well as the spectral asymptotics of the Schrodinger
operator are related to the submoduli of Z?, for this reason we recall some
properties of the bases of the moduli. The systematic use of the proper-
ties of discrete submoduli is one of the differences with the construction of
[Par08), [PS10), [PS12]. This plays a crucial role in order to show that the oper-
ator one obtains in each invariant block still has the structure of a Laplacian
plus a potential plus a more regularizing pseudodifferential operator.

Definition 2.10. A subgroup M of Z¢ is called a submodule if Z4Nspang M =
M. Here and below, spang M is the subspace generated by taking linear com-
binations with real coefficients of elements of M.

10



Given a discrete submodule M of Z¢ it is well known that it admits a
basis, namely that there exist d’ independent vectors v?, ..., v¥ such that

d/
M = span, {v', ...,Vd/} = {w ezt w= anvk, ny,...,Ng € Z} .
k=1
(2.19)

Definition 2.11. Given a basis {v*}1=1_ a4 of M and a vector m = myv* €spang M,
we denote
[m] = [me|v*

with |my| the integer part of my, and

{m} = {mi}v*
where {my} is the fractional part of my,.

Given a covector & € Z¢, a Floquet parameter s, and a module M, we
will have to decompose the covector w = £ + k € R? in a component along
M and a component in the orthogonal direction, and this has to be done
in a way compatible with the lattice structure of Z? and with the Floquet
parameter.

We consider the orthogonal decomposition R? = spang M @& (spangM)*.
Correspondingly, given a vector w € R?, we decompose it as

w=wy +wyr , wy €spangM ,  wyL € (spang M)T

Definition 2.12. Given a vector £ € Z¢, a module M and a Floquet param-
eter k, we define the following two objects:

E=E—[(E+nrul .

. (2.20)
=6+ r)m} -
Remark 2.13. If we denote ( := [({ + k)], one has
E+ R =C+r, E+R)yr=E+r) . (2.21)
Given a vector 3 € Z¢, we will have to consider the space
M+B:={¢c€z': veM : {=v+8}. (2.22)

Remark 2.14. Notice that, for any & € M + (3, one has

=8, {(E+rnu}={B+ru},
thus the quantities E and k' defined in (2.20) are constant on M + 5.

11



Remark 2.15. The set M+ defined as in is clearly an affine module
isomorphic to M. A convenient way to identify the two spaces M + 3 and
M is to subtract B to a vector w € M + [3.

Correspondingly, the subspace of L*(T¢) generated by M + 3 (in the sense of
Deﬁnition 18 1somorphic to the subspace generated by M. FExplicitly, the
isomorphism can be realized by using the Gauge transformation Ug defined

by )
Ugu := e Py, . (2.23)

Definition 2.16. Given a module M, a vector 3 € 74 and a set W C M+,
we denote W' :=W — 3 so that W' := UgW C L*(T?).

As a last step, we introduce the definitions of coordinates adapted to a
module. If v', ..., v¥ (d' < d) is a basis of M C Z?, then it can be completed

to a basis of Z¢, namely there exist v¥ !, ..., v? such that the whole collection

vl ..., v? generates Z¢. Such a basis will be called a basis adapted to M. In

what follows, given a collection of such vectors {Vd/'H, ..., v?} we will denote

M© = span, {v¥*t, ... vi} : (2.24)

if M = 7% then M© = {0} and if M = {0} then M = Z2. Of course, in
general M(© is not unique, but this will not affect our construction. Consider

----------

Definition 2.17. The coordinates z* introduced by
T = 2y (2.25)

are good coordinates on T (in the sense that they respect the 2m periodicity
of the torus). These coordinates will be called coordinates adapted to M.

The main result of this section is the following theorem.

Theorem 2.18. [Structure Theorem] Given €,6 € RY and 7 > d—1 fulfilling
d+dld+7+De<l, er+1)<9, (2.26)

a Floquet parameter k and a flat metric g, there exists a partition of Z%:

z'= ) | W (2.27)

MCZ? ge M

where M runs over the submoduli of Z¢ and M is a subset of M©) . All the
sets War g have finite cardinality, the set Eqoy := Uz Wioy 5 has density one at

12



infinity, and Wya oy has cardinality bounded by an integer n, which depends
on the constants of the metric and on d, 0, €,7 only.

Consider the operator (2.7) and assume that V € OPS%?, then YN > 0
there exists a unitary transformation U which depends smoothly on V', which

fulfills
U—-1d, U'—1de OPS™° (2.28)
and is s.t. _
UHU'=H+TR, (2.29)
with
1. Re OpPS2°

2. H leaves invariant the subspaces generated by Wy 5 (according to Def-
z'm'tz'on for all M and 8 € M. Furthermore

2.1 VB, ElW{o},B = 18 a Fourier multiplier

H‘W{O},ﬂ

2.2 NM proper submodule and V3 € M, one has that H](\}?ﬂ = UgﬁwMﬂUﬁ
is a Schrodinger operator of dimension d’ = dimM , in the sense
that introducing coordinates adapted to M, it takes the form

H](\}?B = HWJtVI,B <_Ag,f-c’ + Vi g+ H(ﬂ + K)pe

2
g*) My, (230)

here —A, . is the d' dimensional Laplacian computed with respect
to the restriction of the metric g* to spangM and with Floquet
parameter k' = {(B + K)m}. Vg is a periodic pseudo-differential
operator of order 0 (in d' dimensions).

Furthermore, the seminorms of the operators U, R and Vi s only de-
pend on the constants of the metric ¢, &, and on the seminorms of V.

Remark 2.19. The partition of Z* does not depend on the operator (2.7),
but only on the properties of the metrics, and on k.

Remark 2.20. The theorem holds also if the initial operator is replaced
by the restriction of a Schrodinger operator to the subspace generated by any
finite subset E of Z%, with the only exception that in such a case the set Eo
does not have, of course, density one at infinity. This is useful for iterating
the construction.

13



Remark 2.21. The restriction of the metric g to a module M has new
constants which are controlled by the constants ¢ and € of the initial metric
g . This is useful for the iteration of the construction.

Theorems similar to Theorem were proved in [Par08, [PS10, PS12]
(see also [PS09]). The main differences with the theorems proved in those
papers are the following:

1. The remainder R : the kind of remainders obtained in those papers are
not smoothing operators, but operators which are small when localized
in an annulus in the action space £&. We will comment more on it in
Sect. [4] when we will discuss the normal form theorem (Theorem [4.6));
see Remark ?7. The fact of getting a remainder which is a smoothing
operator is one of the points needed in order to get an iterable ver-
sion of the Theorem, which in turn is needed in order to get detailed
informationson the resonant eigenvalues.

2. The presence of Item 2.2, namely the dimensional reduction: this is the
main new point contained in Theorem In particular the presence
of this point allows to apply Theorem in an iterative way.

3. The last statement of the theorem, namely the uniformity of the con-
stants with respect to the block: again this is needed in order to get
an asymptotic expansion useful in order to study the time dependent
case.

3 The partition and the spectral theorem

3.1 Construction of the Partition

We are now giving the explicit construction of the sets Wy g. This is a quan-
tum analogue of the classical geometrical construction of the Nekhoroshev
theorem [Nek77, [Nek79] (see also |Gio03]). A direct classical counterpart
can be found in [BL2I]. We found very striking the fact that there is a
so close connection between classical and quantum dynamics. We remark
that the construction of this section can also be considered as a variant of
the construction of [PS10, [PS12]: the differences will be pointed out in the

following.
Roughly speaking, given a submodule M C Z? of dimension s, the sets
EJ(\Z) = U WM,B (31)
BeM
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are the points ¢ € Z¢ which are resonant only with the integer vectors of M.
For this reason, in the following we will often refer to a submodule M C Z¢
ad a resonance module. In order to make the construction precise, consider
the classical symbol of —A, ., namely

ho(§) = [|€ + K

. (3.2)
the frequencies of the corresponding classical motion are
wj =&+ Ky
so that a point ¢ is (exactly) resonant with some integer k if
((€+K)ik), =0

Actually, the theory developed in [BLM20] shows that, in a quantum context
a possible definition of point resonant with a vector k is

(€4, < S, 33

T
g*

furthermore, due to the decay of the Fourier coefficients of a smooth function,
it is enough to consider the £’s s.t.

1%

o < (g

for some positive small €. So, in principle E](\j) should be the set of the &’s
which are in resonance with the £’s belonging to M and having a not too
large module. However this has to be modified due to the translation by
k/2 present in the definition of Weyl quantization. Furthermore, one has to
modify the construction both in order to get that the sets E](\j) do not overlap
and in order to obtain invariant sets.

To start with we define the resonance zones, in which the following nota-
tion will be used:

Definition 3.1. Given £ € R? and k € Z¢, and a Flogquet parameter k, we
define

=64k, (3.4)
= Foen b 3.5

15



Definition 3.2 (Resonant zones). Fix d, €, 7 as in the statement of Theorem

[2.18; fix also constants fulfilling:

0o =19,
ds41 =05+ (d+7+1)e Vs=0,...,d—1,
1=Dyg< Dy <---Dy_q,
1=Co<Cy <---Cy_q,

then we define the following sets:
120 ={eez | [k, | > @KL YkeZ' s b ], < (6}

2. given M C Z% a resonance module of dimension s > 1 and s linearly
independent vectors {ky, ko, ..., ks} C M, we define

and |k, < Dj-1(6u)5} (3.6)

and
zy= U  Zu.w- (3.7)
{k% ..... ksch

Remark 3.3. By (3.6), Vs > 1 and VM, one has Z](\j) Nz =¢.
Remark 3.4. If1 <r < s, then for any M with dim M = s, one has

zyc |y zip.
M'cM
dim.M'=r
Remark 3.5. The fact that the zones ZO) and Loy ks are defined only
in terms of the metric is one of the key ingredients allowing to iterate the
structure theorem.

The regions Z](\j) contain points & € Z¢ which are in resonance with at
least s linearly independent vectors in M. Thus such regions are clearly not
reciprocally disjoint. We identify now the points ¢ € Z? which admit ezactly
s linearly independent resonance relations.

Definition 3.6 (Resonant blocks). Consider the following sets:
1.
BY .=z,
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2. Given M C Z¢ a resonance module of dimension s € {1,...,d — 1},

s s s+1
By .=z { U Zyr )}
=s+1

M's.t.dim M’

BO .— 7(0)

We say that B is a resonant block if B = B4 B = BO or B = B](\f[) for
some module M of dimension s.

Remark 3.7. The resonant blocks form a covering of Z°.

As proven below in Lemma [5.6] there exists a suitable choice of the con-

(s

stants Cy, D,, &, such that two blocks B](\j), BM)/ are disjoint if M, M’ are
two distinct subspaces of equal dimension.
Still the blocks defined in Definition [3.6]do not provide a suitable partition
of Z¢, since they are not left invariant by the operator H of eq. .
Recall now that, given two sets A and B, their Minkowski sum A + B is
defined by:
A+B:={a+b | a€c A, beB}.

Definition 3.8 (Extended blocks).
1. B9 .= B0 = 7O

2. Given a resonance module M of dimension 1, we define
By = {By + M}z,
EY = |J EY
M of dim. 1
3. Given a resonance module M of dimension s, with 2 < s < d, we define

s—1

By = { B + Mz 0 () (B4
j=1

where, given B C Z%, E° is the complementary set of E in Z*. Corre-
spondingly we define

E® = ) E.

M of dim. s
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Remark 3.9. The blocks {E](\f[)}MS, E© E@D form a covering of Z. Ac-
tually, as shown in Theorem below, they form a partition of Z.2.

It turns out that the decomposition Z? = |J,, E](\j) is invariant for the op-

erator H of Theorem m Furthermore the sets E](\Z) can still be decomposed
in invariant subsets which are given by

Wirs == ES N (8+ M), (3.8)

Definition 3.10. The set of the f € M9 s.t. the set (3.§) is not empty is
denoted by M.

Theorem 3.11. The sets Wy of Theorem are the sets defined by
equation (3.8)) .

3.2 Iteration and Spectral Theorem

Theorem [2.18] allows to conjugate, up to smoothing operators, the operator
H to a sequence of lower dimensional Schrédinger operators, the majority of
which is trivial (there are infinitely many Fourier multipliers and one finite
dimensional operator). In order to study the nontrivial Schrédinger operators
one can apply again Theorem to the operators of eq. . In this way
one can conjugate each of these operators to Schrodinger operators of lower
dimension. Iterating further and further, one is finally reduced to either finite
dimensional operators or Fourier multipliers.

Remark 3.12. The Schrodinger operators of eq. act on T¢ and the
corresponding symbols, written in coordinates adapted to M depend only on
the first d' variables (both x and £). If one looks at such a symbol as the symbol
of an operator on the original torus, namely as a function in C®(T*T?),
then one has that taking derivatives with respect to the & variables does not
improve the decay in the directions of the wvariables which are not present
in the symbol, namely (€¥+', ... &%), For this reason we will get that some
eigenvalues (these are the unstable eigenvalues of [FKT91]) have asymptotics
with only a directional decay.

Directional decay is captured by the following definition which avoids the
introduction of adapted coordinates.

Definition 3.13. Let m < 0, and let M C Z¢ be a proper submodule, we say
that a € C®(T*T?) is a symbol of order m in the direction M if VNi, Ny € N¢
there exists a constant Cn, n, > 0 such that

a2 d2a(x, &)|| < COnyno((E+ w)ar)y —°™ Vo e TY VEER?.  (3.9)

9

In this case we will write a € S]\”}"S.
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Definition 3.14. Given a module M C Z¢, a sequence of symbols m; €

Sﬂ_fj‘s"s, j > 0, depending only on & and a function m(§), possibly defined

only on Z% or on a subset E of Z¢, we write
m%ij : (3.10)
J

if for any N there exists Cy s.t.

N
‘m(ﬁ) —jz:;mj(f) < <(£+H;;V>§N+1)2a : (3.11)
Definition 3.15. A sequence of moduli
78S MY > oMY dimMY) =d; (3.12)
will be said to be admissible if
d, <d,_1<d,_o<..<d <d, (3.13)

and either d, = d._1 or d. = 0 (namely the sequence ends when either the
last module coincides with the previous one or it consists of {0}).

The number r will be called the length of the sequence.

We will denote by Mad the set of all admissible sequences of moduli.

We also denote M = (M@ ... M)
Let now M € Muad, then for any j consider a module (M (j))(c) comple-
mentary to M) in MU~Y namely a module such that

©_ pu-n g n (M(j))@ — {0},

then the above construction forces to use also subsets
M9 ( M(a‘))@ .

We denote

— —~

M o= (MW, .. M®) |

then the sequence of normalizations that one performs is determined by the
couple (M, 8) with 8 = (B4, ..., Bx) € M.

Theorem 3.16. There exists a bijective map
783 ¢ N €o(H) (3.14)

(the eigenvalues being counted with multiplicity) with the following properties:
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Figure 1: A cartoon of the block decomposition described in Theorem in the case
d =2, with kK = 0 and g the Euclidean metric.

(i) there exists a constant a € (0,1), s.t. YN € N there exists a constant

Cy s.t. the eigenfunction ¢¢ corresponding to \¢ fulfills

C
[ pell sz < A_gli‘ : (3.15)

(i) There exists a partition

and for any (M ﬁ) with M € Mad and ﬁ € M~ there ezists a sequence
of x independent symbols {m(ﬁ E}JE , ng € SM%fJ ‘f) V3, with the fol-
lowing property. If & € Wii g then A\¢ which admits the asymptotic
expansion
M (r—1) 9 .
N [ B (I (3.16)
jEN

where v is the length of the sequence M. The operator H does not
have other eigenvalues. Furthermore, the constants C of (3.11)) are
uniform with respect to the choice of the pair (M, [3).

The situation is illustrated in Figure [1] in the case d = 2, k = 0 and

g the Euclidean metric. In such a case either M = Z? or M = {0} or
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M = M, = spanyg{k} for some k € Z?. In the figure only the resonant
zones corresponding to k = (0,1) and k& = (1,1) are plotted. In the blocks
corresponding to M = {0} (in blue) the normal form operator is a Fourier
multiplier and here one gets the standard asymptotic expansion. The block
corresponding to M = Z? (in green) has finite dimension. In the other blocks
(white region) one can apply again Theorem getting finite dimensional
sub-blocks (green segments) with uniformly bounded dimension plus trivial
blocks (in the black segments). When adding the remainder one gets the
directional asymptotics with decay in the direction of the segments.

PART 1I: Proofs

4 Quantum normal form

In this section we give a variant of the normal form construction of [BLM20)]
and [Par08|, [PS10l, [PS12] suitable for our goal. From now on we will drop the
index g or g* from the notation of the scalar products and of the norms. Of
course the scalar products of vectors will be computed using the metric gap
and those of covectors using the metric g4Z. In particular the scalar products
involved in the definitions of resonance are always between covectors.

Definition 4.1. A symbol N(x,§) = Z Nu(€)e*® € §% is said to be in
kezd

(resonant) normal form if, Vk € Z\{0} ,

supp(Nk) C {5 e R?

6+ R < {6+ w07 1K and K] < (6}
(4.1)
Definition 4.2. Let M C Z% be a module, then a symbol N € S%9 is said to

be in normal form with respect to M if it is in normal form and furthermore
its Fourier transform is given by

N(z, ) =Y Np(§e™. (4.2)

Definition 4.3. A pseudodifferential operator will be said to be in mormal
form (resp. mormal form with respect to a module M ) if the corresponding
symbol is in normal form (resp. normal form with respct to a module M ).

Lemma 4.4. In dimension one (namely if d = 1) operators in normal form
are smoothing, namely of class OPS™>.
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Proof. Let N be in normal form then, Vk € Z
Ne(€) #0= [ (E+ 5, k) | < (E+R)JRIIT™ < (E+ k)7
Since £ + & || k, it follows that

_1
1€+ sl < 2 [IKI[I[€ + #ll
_1
= 2| (§+ K, k)|
_(+7)

<¢ <§+f<a>6

which, by § < 1, implies the existence of a constant C' such that ||§ + k|| <
C. O

Definition 4.5. Given a symbol a we define its average by

1
@) = iz | ale.) duy(o).
If A= 0p" (a), we denote (A)(D) = Op" ((a)(&)).

The following result is just a small modification of Theorem 5.1 of [BLM20]
(which in turn is a variant of Theorem 4.3 of [PS10] and Theorem 9.2 of
[PS12].).

Theorem 4.6. Consider the operator H = —A, . +V , with V = Op" (V) €
OPS% . For all N > 0 there exists a unitary transformation Uy such that

1)

Uy—1d, U;y' —1d € OPS ~%° (4.3)
UyHU ' = £® = AW 4 RW
with RY € OPS™  and
HY = —A,, + N® (4.5)

where N € OPS % is in resonant normal form.

Furthermore, the families of seminorms of the operators N® RW Uy
only depend on the family of seminorms of the operator V and on the
constants of the metric, as well as on N, on d and on the parameters
0,€,T.

2) Let E C 7% be a subset and let € be the space it generates according to
(2.17). If V leaves & invariant, namely [V,1lg] = 0, then one has

[Un, Ig] = 0. (4.6)
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Remark 4.7. Assume that V leaves invariant a subspace € of the form
[217). Then, by Item 2 of Theorem[4.6, one also has

Uy HTI Uyt = T LW1T

The proof of Theorem is a small variant of the proof of Theorem 5.1
of [BLM20] (and of Theorem 4.3 of [PS10]), so here it will only be sketched.

The proof is obtained working at the level of the symbols and is based
on a decomposition that we now recall. First consider an even function
X : R — [0,1] with the property that x(¢) = 1 for all ¢ with [t| < 5 and
x(t) = 0 for all ¢ with [t > 1.

Definition 4.8. Given €,0 > 0 and 7 > d — 1 as in Theorem [2.18, define
the following functions:

Xk(§) = X (QHkyg(j;f’ k)) . ke z\{o},

C e Il d
Xk(6) = X <m) ,  keZN\{0}.

Correspondingly, given a symbol w € S%, we decompose it as follows:

w = (w) + w™ 4w 4w (4.7)

where (w) is the average symbol of w, and

(res (z,8) = Zwk Xk(§)Xk(§)e ka,

k0
w™ (2,6) = " i(€) (1= xk(€)) Xr(§)e™™,
k=0
= () (1= (€)™
k0

As proved in Lemma 5.6 of [BLM20], the functions (w) ,w®)  w{) are
symbols of the same order of w while w(®) € §7%9.

Sketch of the proof of Thm[{.6. Following [BLM20], Part 1 is proved itera-
tively: consider an operator of the form

Hj = _Ag,n "‘N(]) ‘|‘R(]),

with NU) € OPS%? in resonant normal form and RY) € OPS~2% We look
for a pseudodifferential operator G, such that

Gigj Hje_igj = Hj+1'
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To this end remark that, by standard pseudodifferential calculus, one has
eingje*igj = —Ay—i[—Ay.; G + N + RY 4 lower order terms .

If G is the symbol of G; and R; the symbol of R;, then the symbol of
i[—A, . G;] + RY is, using the decomposition of definition

{lI€ + &% Gy} + (R;) + B™ + BRI 4 R

This is in normal form up to smoothing terms if G; is chosen in such a way
that the following equation is fulfilled

{ll€ + &% G} +RM™ =0

this equation is fulfilled if G is defined by

—

R .
o )= S A - »

Using such a G; to generate the corresponding unitary transformation and
iterating, one gets the proof of part 1 of the Theorem.

To prove part 2, namely the commutation relation , we proceed in-
ductively. First of all we observe that, in the case j = 0, N = 0 and

[R(0)7H5] = [V,Hg] =0.

Let us now fix some j > 0 and suppose that N'¥) and RY) commute with
Il¢.

Given a self-adjoint operator A, since £ has the form & = span{e?** | k € E},
the condition [A, II¢] = 0 holds if and only if

keE, AY+£0)=FKeEFE, (4.9)
< )

where AY = (Ae®® ") are the matrix elements of A with respect

ig(T?)
to the basis of the Fourier modes. Furthermore, by definition of Weyl quan-

tization one has that, if A = Op" (a),

b k+ K
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Due to definitions (4.7]) of the symbols R;nr) and Rj(.res), equation ([4.10)) im-
mediately implies that

(Op (R nr)))’: #0, or ( ( )) # 0 for some k, k' € 7%,

= (RY)} #0,
Similarly, / '
G #0 = (RV)} #0.
This, together with condition (4.9), enables to conclude that G; commutes

with Ilg , and so do Op"” (R(res)) and Op" (R( ") . Hence e~% commutes with
Ilg, since G; does. The same holds for N U“ , since

VU] = WO THe] + [0p" ((R;). Te] + [Op" (B, Ile] =0,

RU+D — ezngje—zgj — (_Ag,n +N(J+1)) )

5 Geometric part

In order to iterate Theorem we will have to work in a subspace of L?
generated by some subset £ C Z¢. From now on we will fix £ C Z¢ and

develop all the proofs taking ¢ as a variable in F . Accordingly to this, we
will replace the extended blocks E](\Z) of Definition (3.8)) with E](\f[ NE , which

we still denote by E](\j) . We will do the same for the blocks B](\Z) and for the
zones Zj(\f[) of Definitions .

5.1 Properties of the extended blocks E](\Z), non over-
lapping of resonances.

We show here that the extended blocks Ej(\f[) form a partition of £ and prove

some properties which are needed in order to show that they are left invariant

by an operator in normal form. As in the proof of the classical Nekhoroshev
Theorem, the following Lemma plays a fundamental role.

Lemma 5.1. Let s € {1,... ,d} and let {uy,...us} be linearly independent
vectors in RY. Let w € span{uy,...us} be any vector. If a, N are such that

Ju;| SN Vj=1,...s
|(wiu)|<a Vi=1,..s,
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then
sN* 1o

wl < .
lwll < Vol {uy |-+ |us}
This is just a coordinate free formulation of Lemma 5.7 of [Gio03], which

is recalled in the appendix as Lemma [B.1, By (2.13), one also has that, if
u; € Z4,Vj =1, ..., s, then

|w|| < sN*tag™t. (5.1)

We state now a couple of simple properties of the extended blocks.
Lemma 5.2. The exstended block EY is finite dimensional; in particular,
there exists a positive n, = n, (¢, & €, 7,041, Cy_1, Dg_1) such that

E@C{¢eR | |¢+n] <n.}.

Proof. If ¢ € EYin particular there exist {k, ..., kq} C Z¢ linear indepen-
dent vectors such that

|k1]] < Do(k,)¢
HkJH < Dj71<fk1>6 < Dd71<§k1>6,
| (€krs k) | < Cama (€ 1K |77

In order to eliminate the indexes k; from &, we apply Lemma with
c=n=E&"1=0,h==Fk;and k = k—21 to deduce that there exist constants

C' = Cl(@ €,T,04-1, Dg_1, Cdfl) ) D' = D/(% €,T,0d-1, Da_1, Cdfl)

such that

[ (€%, k) | < CHENlks N5 NIkl < D(E)”.
Recalling that ¢ is such that, for all h € Z%, ||h||> > ¢ and using Lemma
and Eq. (5.1) we have

anH < dcf-r/2¢—1c«/ (D/)d—1<£n>de+5’

which, applying Remark with a = de + 0 < 1, implies the existence of a
constant n, = n.(0,¢,7,C’", D’ ¢, €) such that ||| < N. O
Lemma 5.3. If E = Z%, the set E©) is of density one at infinity, namely

i t (E© N Bg(0))

RO Ba)
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Proof. We exploit the fact that a set is of density one at infinity if and only if
its complementary set is of density zero, and we analyze the complementary
set of E®. Recall that E® = Z(© 5o that, by Definition , its complemen-

tary set is

(1
ZN\E® = | ) z{}
M of dim. 1

={€€Z'|FkeZs t [ (k)| < @) IRITT Ik < (&)

By Lemma there exists constants C’, D’ depending only on d, ¢, 7,¢, €
such that

ZNEY C{eeZ? |3k e Z's. b [(& k) [ S CHE°NKIT. Ikl < D'(€)}
But the latter is the complementary set to

Q={€Z||(& k)| > &Ik VkeZ s t. |kl < D'(&)}.
Then Proposition 5.9 of [BLM20] gives the result. O

We now analyze the other blocks.

First remark that, if s' # s, then two extended blocks E](\j) and E](\Z//) are
disjoint. Then we have to prove that two different extended blocks of the
same dimension do not intersect. To this end a further geometric analysis is
required.

Lemma 5.4. If ¢ € Z](\j) then there exists a positive constant K depending
only on ¢,€. d, e, 7,0s_1,Cs_1,Ds 1, such that

167 aull < B (g mree. (5.2)

Proof. Since £ € Z](\Z), there exist {ki,...,ks} C M linearly independent
vectors such that for all j =1,... s

(€ k) | = G ki) | < Cimalge) IR 1T sl < Prosnl
5.3)
Then, by Lemma one can substitute in the above formulae £" to &, ; pre-
cisely, there exist two positive constants C', D' = C', D'(¢,€,05_1,Cs_1, Ds_1),
such that,

[((€)ar k) | = (€7, ky) | < C(EDN™ ks |77 < C'e/2(gmy>
[1K5]1 < D(E™)°
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By Lemma [5.1] there exists C'= C(d) such that

6%l < Cl) g s e e

and therefore, recalling that Vol, (k1| ---|ks) > € (see the definition of € as
in (2.13))), the thesis holds. O

By definition, the points belonging to a block B](\Z) are resonant only with

vectors k € M. A priori, this property does not hold true for points in the

extended block E](\j, . So we need an estimate of the distance between E](\j)

and B](\Z) )

Lemma 5.5. Let 0,1 +de < 1 and M with dimM = s; if ( € E](\j)

then there exists £ € BJ(\Z) and a positive constant F depending only on
., d,e,1,05_1,Cs_1,Ds_1 such that

ls = ¢l < F(gmy> =+t g — ¢l < F(gmy> (5-4)

Proof. 1f € € E’](\f[) , then in particular ¢ € Z](\f[) and there exists a point £ € B](\f[)
such that ¢ = £ + v, with v € M. In particular, (£)3; = (¢)3; , hence one has

1€ =<l =11 (€ = g | < E ) aelll + [1(C7) el -
Since ¢ € Z](\j) and ( € Z](\j), due to Lemma , there exists K, such that
(€% arll < KA(E7) P2, (¢ ar]l < K(CT) oot (5.5)
Exploiting Remark with a = d5_1 + €d, one gets
() =E+r+C=" <K'+ 1¢—¢€l
and, exploiting Lemma [B.5] we immediately get
1€ =&l < F(gm)" .

Inverting the role of £ and ( one gets the other estimate. O]

The next two lemmata ensure that, if the parameters C}, D; are suitably

chosen for all j, an extended block EJ(\Z) is far from every resonant zone
associated to a lower dimensional module M’ which is not contained in M.
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Lemma 5.6. [Non overlapping of resonances] For all s = 1,...d—1 there ez-
ist positive constants Cy and Dy, depending only on ¢, €, d,Cs_1, Ds_1,€, 051, T,
such that the following holds: suppose that M and M’ are two distinct res-
onance modules of respective dimensions s and s' with s' < s and M' ¢ M.

If
Cy>C,, D,>D,,

then /
EYnZy) =0.

Proof. Assume by contradiction, that there exists ( € EJ(\Z) N Z](\Z//) then there
exists € € BV s.t. (5.4) holds.

Since ¢ € Z(SI/), there exist s’ integer vectors, ki, ..., k¢ € M’ among which
at least one does not belong to M s.t.

(G k)| < Cima (G H IR sl < Dy (Ga)© (5.6)

Let E; be the vector which does not belong to M; the idea is to show that the
resonance relation of ¢ with k; implies an analogous relation for £, but this

will be in contradiction with the fact that £ € B](\f[) (which contains vectors
which are only resonant with M).

To start with remark that, since £ € B](\Z) C Z](VSI), there exist [y, ...,ls € M,
linearly independent, s.t.

(&0 1) < Comn&) M LI Il < Dy—a(&y)” (5.7)

We now apply Lemmawith h:=1Fk/2,0:=04L/2,¢:=(+k n:=E+k.
So, (B.12)) implies

(€0 k)| < K (6> |77 Ikl < DY(G)©

But, if Cy > K', Dy > D" and 5 > d5_1 + €(d + 7 + 1), this means that ¢ is
also resonant with k;, and thus it belongs to 7 with M” = spang (M, k),
but this contradicts the fact that £ € B](\Z). O]

Lemma 5.7. [Separation of resonances| There exist positive constants C
and Dy depending only on ¢, &, d, e, 7,0,_1,Cs_1, Ds_1 such that, if

C,>C,, D,>D,,

then the following holds true. Let ( € E](\f[) for some M of dimension s =
1,....,d—1, and let k' be such that

1K) < (Crr)*
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then VM' ¢ M s. t. s :=dim M'<s one has
C+E ¢z

Proof. The proof is very similar to that of Lemma [5.6 Assume by contra-
diction that ( + k' € Z <) for some M’ # M. It follows that there exist s

integer vectors, ki, ...,ky € M’ among which at least one does not belong to
M s.t.

Gy + K Kj)| < Cjoa Gy + KDY sl 77 1Kl € Dyja (G, + ). (5.8)

Let k; be the vector which does not belong to M. By (5.4) there exists
€€ B](\Z) s.t. [|€ = C|| < F{¢F)%-1+ed. Since in particular £ € Z](\f[) there exist
ly,...,ls € M, linearly independent, s.t.

(& )] < Cia (&) M IGITT . Gl < Dj—a (&) (5.9)

We now apply Lemmawith h=k/2,0:=1/2,¢:=(+r+k n:=E+k.
The only nontrivial assumption of Lemma to verify is the first of (B.10)).

One has
1€ = C =K <€ =<+ K] < FlE)0 <+ [|F])

To estimate ||k'|| we proceed as follows:

/

1< Do (¢t &) < Do (G404 5:00))

where we used eq. (B.4). Using Lemma [B.5] we get ||K'|| < K”(¢ + k)¢ and

therefore
6s—1+ed

1€ = ¢ =K < K¢"

Thus (B.12)) implies
(&0 k)l < K@) T k17T ] < DY)
But, if Cs > K', D; > D', this means that £ is also resonant with &;, and

thus it belongs to Z\/" with M” := spangz (M, k;), and this contradicts the
fact that £ € B](\Z). O

The following theorem summarizes the result of this subsection

Theorem 5.8. Under the hypotheses of Theorem|5.10}, the blocks E©, E@), {Ej(\f[)}s,M
are a partition of E. Furthermore ED has dimension less then n, < 0o, with

n. only depending on ¢,€,0,e,7 and, if E = 7%, E© is of density 1 at in-

finity.
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Proof. Let M; and M, be two submoduli of respective dimension s; and s .
If 51 > s9, by definition of the extended blocks one has F ]\Zl) N E(SZ) 0. Let
then s; = sy : by Lemma

E](\Z) nzy) =0,

hence, being E](\Z) - Z (52 , it follows that E](\jl and E( 2) have no intersection.
O

5.2 Invariance of the sets E](\Z).

Consider now an operator of the form

L=H+R, (5.10)
H:=-AN,.+N, RecOPS™? (5.11)
with AV in resonant normal form. Since a Fourier multiplier like —A,, ;, leaves

invariant any set of the form (2.17), we focus on N only.
Remark that, in order to study if a set is invariant, we have to analyze
the indices ¢, € E C Z¢ s.t.

(Ne€® iy £

Lemma 5.9. Let N' = Op"' (N), N(z,&) = 3, cpu Ne(&)e* | be a normal
form operator; let M be a submodule with dimM > 1, then

¢eBY  — N7 = ZNk<£+) ity (5.12)

keM

Proof. By the definition of Weyl quantization one has

'L§x Z Nk (£+ > i(E+k)-x

kezd

In particular, given & € Z¢,
(V] ) 20

implies that, either £ = 0, or
k .
({ + 5) € supp(Vy) .
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Assume now by contradiction that 3k & M s.t. Ny (5 + %) = 0; since N is
in normal form this implies in particular

(€, ) < (&) IIRI < (6e)°

which means that, defining M’ := span,k, that & € ZJ(\/1[27 with M’ ¢ M. This
conclusion however is in contradiction with the conclusion of Lemma[(.6l [
The main result of this subsection is the following theorem.

Theorem 5.10. Let E C Z¢ and let £ C L*(T¢) be the corresponding subset
of L?. There exists a choice of the constants C,...,Cqy_1, Di,...,Dg_1 in
i . . (s) . . .
Deﬁmtzon and in Equation (4.1)) such that Vs, M the set £y, is left invari
ant by an operator N in normal form, namely: if { € E](\Z) and (N[e?], ei*®) £ 0,

then & € E](\j) . Furthermore, in such a case one has
(—&e M. (5.13)

Furthermore, the constants C4,...,Cy_1 and D+, ..., Dy_1 depend on the pa-
rameters d, e, 6,7, ¢, & only.

Proof. Take ( € Ej(\f[), assume that £ is such that
(e Ne“) £ 0 . (5.14)

First we remark that, by Lemma [5.9) one has

. - k .
Nee = 30 (crg) e,

keM

so, in particular

©.14) = £—-CeM

and also
E=C+k, k[ < (G- (5.15)

We now proceed in proving that also implies £ € E](\f[).

First, if M = {0}, then, by the very definition of normal form, A acts as
a Fourier multiplier on E® and thus in particular it is diagonal and leaves
it invariant. Furthermore, E(® decomposes into invariant subspaces. Each
one of these subspaces is just a single point of Z¢ = M),

In order to prove the result for higher values of s, we first remark that

B = ({ng) + M} N Z}j}) \ (U E(s)> .

r<s
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From ([5.15) it follows that £ € E](\j) + M C B](\Z) + M. We are going

to prove by induction on s that £ € Z](\j) and that it also belongs to the
complement of |J,_, E®).

We know the result is true for s = 0. By 1nduct10n we have that if
(e E 1) then e E 1 and therefore also ¢ € Z ; we prove now that

if ¢ € E then § € Z,, (s ). Assume by contradiction that this is not true.
Since the sets {EM }s.x7 form a partition, then there exists s', and M" # M
st. £ € BS) c 24%).

There are three cases

1) s’ =s. Then, by (5.15)), one can apply Lemma [5.7, which implies
€2 7% . unless M = M’ .
Thus this case is not possible.

2) s > s. By Remark (3.4]), and item 1), this implies £ € Z](VSI), against
the contradiction assumption.

3) s’ < s. Just remark that (5.14]) is equal to
(e Ny = (Ne T, &%) £ 0, (5.16)
but the inductive assumptions says that E](\Z//) is invariant for s’ < s,

thus (5.16) implies ( € EJ(\Z/,) which is impossible since the extended
blocks form a partition.

Thus we have ¢ € E](\Z) then £ € {B](\Z) + M} N ZJ(VSI). Then by induction,

using (5.16)), £ € E](\Z/,) , 8 < s, implies ( € Ej(\ffl,) and thus ¢ € E](\Z) implies
&d EJ(\Z,), Vs’ < s, and this concludes the proof. n

By equation , each extended block is foliated in equivalence classes
left invariant by an operator in normal form. We define the sets Wiz of
Theorem[2.18 to be such equivalence classes. We are now going to show that
they are labeled by 8 in a subset of M. First remark that, if £ € Ey 8)
there exists Wy, 5 s.t. £ € Wy 3 and then one has

WM,5C€+M.

Introduce now a basis adapted to M then, since Z? = M + M, for any

equivalence class there exists 8 € M) s.t. Wy 3 C 8+ M. Conversely, given
B € M© we define
Wi = (B+M)NES)
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which is possibly empty. Following Definition , M is the subset of the
B’s s.t. Wi is not empty.
We have thus established the following Corollary.

Corollary 5.11. The partition {Wir g} prcza e just defined is left invari-
ant by any operator in normal form.

5.3 Dimensional reduction

We analyze now the restriction of H to each invariant set. Thus consider

ﬁMﬁ = HW]\/I,B (_Ag,ﬁ +NM) HW}VI,B ) (5'17)
with A '
Ny =0p" (Ny), Nu(z,§) =D N(&)e*?, (5.18)
keM

in normal form. .
Given & € Wy 3, let £ and &' be defined as in (2.20)), namely

E=¢—[(E+mu), K ={E+ru},
and recall that, as pointed out in Remark one has € = 3. Thus, defining

C=1E+mul, C:=1B+rul?, (5.19)
one has
E=C+B, (E+rRu=C+r, (5.20)
E+ ) = (B+ k) (5.21)
1€+ wl1? = lI¢+ w17+ 2. (5.22)

Remark 5.12. Consider the translation Wy g > £ ¢ = £ — ge W}Qﬁ C
M; as pointed out in Remark its quantization is the Gauge transfor-
mation Uz = e By standard pseudodifferential calculus, given a symbol

a(x,&) one has that the symbol of Ué_lOpW(a)Ug is

a" ! (z,¢) == a(x, ¢ + 5) , (5.23)

which, if a is in normal form, is a function on T*T?.

Precisely, we have the following lemma
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Lemma 5.13. With the above notations, assume that Ny € S™° with m <
0, is in normal form with respect to M, then, in coordinates adapted to M,
one has

Us' (=Bgn + Nty , Us = (Qgw + Ny + )

; (5.24)

‘wa,ﬁ ’

where —A, v is the Laplacian (in s dimensions) with respect to the restriction
of the metric to M and

Niy(@,¢) = Nar(w, ¢ + 5)
is of class S™° (as a symbol on T*), with seminorms bounded by the semi-

norms of Nas.

Proof. First remark that, by the transformation of the Laplacian is
— ANy + 2

We come to the transformation of Ny;. We observe that, since it is in
normal form with respect to M its symbol has the structure

Nu(z,6) = > Ne(§)e* .
keM

Furthermore, introducing a basis v4 adapted to M, and denoting by uy its
dual basis, one has, for k € M,

7
k-x= Z 2%k,
a=1

(since the coordinates ka, A = d + 1,...,d of a vector in M vanish). Thus
one gets that the symbol N}, of the transformed operator is

Nif(G2) = Y Nigwa(C 4 B)e*™ e = Nug(¢'+ 8,2) , &= (2", 2%)
kezd
Remark that, denoting My := spang(vy, ..., vg) and M}, := spang(uy, ..., ug),

one has

ld32d3 Ny (&, )l = sup  [dRRd Ny (¢ 2) [ 0D R k]
HhmII:l, h(j>eM§
Hk(j)||=1, kWD eMp

VAN Ny (¢ + B, 2) [+ hOD kD) L )] ‘

< sup
||h(j)H:1, hi) cR4
||k(j)H=1: k() eRrd
= ||d)2d{ Ny (2,¢ + B)I| < C{+ B+ k)™M < C((C + B+ r)ur)™ N
= C(¢ 4 )™ N9

which is the thesis. OJ
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In order to deduce the spectral result, the following corollary will be useful
Corollary 5.14. Let ||C++'||*+m(C) be an eigenvalue of (—Ag . + NM)’WRM
with eigenfunction ¢©). Then ||E4x|*+m(E—P) is an eigenvalue of (=g, + Ny
with eigenfunction &) = eiB‘%(O.

Remark 5.15. By (5.20), in the particular case where ¢\©) = €%, one has

|W]M,,8

6 A spectral result by quasi-modes

In this section we prove Theorem [3.16]
The key quasimode argument we are going to use is a variant of that used
in [BKP15] (see Proposition 5.1) and is the following one

Lemma 6.1 (Quasi-mode argument). Let H = Hy + H; be a self-adjoint
operator on the Hilbert space H such that H and Hy have pure point spec-
trum. Suppose that A§°> << )\5\2) are M eigenvalues of Hy counted with
multiplicity, such that 3D > 0 with

MNP— D, Ay, a0, Y + D) (6.1)

which contain no eigenvalues of Hy. Denote by {¢x}iL, the orthonormal
etgenfunctions corresponding to {A,&O)},ﬁil, and let {ex}2L, be such that

If D>0 and ¢ € (0,1) are such that

16
D?> —
— w2

then there are at least M (not necessarily distinct) eigenvalues of H in the
interval

M3 (mkax 5k> (ng G D) , (6.3)

A2 —sD, AY +5D).

Proof. By contradiction, assume that there are less than M eigenvalues of
H inside the interval (A§°> — D, )\581) + 5D>, with § € (0,1). In particular,
there are less than M eigenvalues in the intervals

I = (Agm — 6D, Agm) , It = (Agy, AQ +5D> .

Since I* has length 0D, there exists at least one interval J* C I™ such
that |J*| > 22 which contains no eigenvalues of H, analogously for I~ :
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there exists at least an interval J= C [~ containing no eigenvalues of H
and having length |J~| > %D. Remark that, by hypothesis (6.1), J* do not
contain eigenvalues of Hj either. Consider then a square closed path v in the
complex plane intersecting the real axis at the middle points of J* and J~ .
By construction,

oD
dist Hy)) > — 6.4
st (7,0 (Ho)) > 51 (6.4
and 5D
i H)) > —. .
dist (v, 0(H)) 2 o7 (6.5)
Moreover, the length ¢(7y) of v, fulfills
0(y) <4 (A9 - AP 4 p| | (6.6)

By the contradiction assumption there are less than M eigenvalues of H
inside the path . Let My be their number (counted with multiplicity).

Denote by R(z) = (H — zI)~" the resolvent of H, and by R, the resol-
vent of Hy, then, if P denotes the projection operator on the eigenspace
corresponding to such eigenvalues of H, one has

1
P=— [ R(z) dz,
21 J,

and, using the resolvent identity

R(2) — Ro(2) = R(2)H1Ry(2) ,

one has
1 1
Py, = %[YR()(Z) dziy, + %[yR(z)HlRo(z) dz Y =Y + 1. (6.7)
where 1
T = 2—7” ,YR(Z)HIRO(Z) dZ Qﬂk .

By (6.4)) and (6.5)), using that Ry(2)¢x = ﬁwk, and the hypothesis (6.2)),
k —Zz

one gets the estimate one has that

Il < A2 (2, (68)

We are going to show that the vectors are independent, against the
assumption My < M. We prove that

M
> Py =0
k=1
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implies oy, = 0, Vk. Indeed, one has

M M
> P =Y o (Y + i) =0;
k=1 k=1

in particular,
M
Zak(<wk7 ¢]> + <7nk’a %>) =0 V],
k=1

namely (I+ A)a = 0, with A the M dimensional matrix with matrix ele-

ments given by Ay ; = (¢, 7;) . Since by

0(v) 12M N2
< < (22 — .
4 < swp{Ayly <MD (G5 ) e e = e

Then hypothesis ensures ||A|| < 1, so that I + A is invertible and
thus o, = 0 Vk. This shows that {Pyy}L, form a set of M linearly in-
dependent eigenfunctions, which contradicts the hypothesis that there is
only a set of multiplicity My < M of eigenvalues of H inside the interval

(A?*-&D,A$%+5D). 0

The main tool in order to describe the unperturbed spectrum is a Weyl
type estimate for the eigenvalues of an operator H®) with spectrum given by

o(Ho) = {ho(&) | £ € EC Z%},

ho(€) = |6 + vl + m(€) Ve e E, (6.9)

with m a bounded function.

Lemma 6.2. Consider an operator Hy as above and denotem = supgcp [m(§)],
let R > +/3m, then one has

#{€ + |ho(&) < R?*} < (£> R (6.10)

¢
Proof. An estimate of the quantity (6.10) is the number of points £ € Z2
contained in a ball centered at —x and having radius v R?> +m < 2R. Of
course the ball is defined in terms of the metric g*. For any & € Z4, consider
a ball B./5(§) of radius ¢/2 and center £. Then, as { varies, such balls do not

intersect, thus the “volume occupied” by n points of the lattice is bigger than
nVolB5(§) = nCy(c/2)?, with Cy the volume of the unitary ball. It follows
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that for the number n of points in the ball of radius 2R (independently of its
centrum) the following inequality holds

nCy(c/2)* < VolBy(2R) = C,2°R |

from which the thesis follows. O]
This allows to prove the existence of gaps in the spectrum; precisely, the
following Lemma holds.

Lemma 6.3. There exists a constant C', depending only on ¢ and d, with
the following properties: for any A > 4m and any 0 < L < m, there exist
0< Ly, Ly < L s.t.

# (o(Ho) N A= Liz A+ Ly]) < OXY? (6.11)
o (Ho) N [)\ . ﬁ; A Ll} ) (6.12)

L] )
O\d/2

Proof. By Lemma the maximal number of eigenvalues smaller than \ +
L < 2\ is smaller than a constant C' (the constant whose existence is claimed
in the statement) times A%2, so equation is true (and very pessimistic)
for any choice of Ly, Ly < L. To prove (6.12), consider the interval A—L,\;
by Lemma it contains at most CA%? eigenvalues, so there is at least a
gap between two of them of length L/CA%?. Its right end determines L,
and this proves (6.12). Equation (6.13) is proved in the same way. m

Corollary 6.4. For any N > 0 and 0 < L < m, there exists a sequence of
intervals

Ej = [aj7bj] ’ j eN (614)

and a positive constant C', with the following properties:

o(Hy) C [0, a1 — %} U (U Ej> , (6.15)

L

d(Ej, Ejn1) = aj = by 2 3y (6.17)
J

# (0(Ho) N Ey) < OO/ (6.18)

Proof. We use the same notations as in Lemma . Take A := min{\ €
o(Hp) : A > 4m}. Then the first interval is the one constructed in Lemma
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Let b, be the largest point of the spectrum in the interval. Let as be the
subsequent point of the spectrum. To determine by, consider the subsequent
points of the spectrum. By Lemma [6.3| after at most an interval of length
2L one finds a gap of width aLN This gives the second interval. Iterating one
gets the result. ’ O

The following Lemma enables to relate the spectrum and the structure
of eigenfunctions of the two operators H](\}?ﬂ and Hj; s of Theorem [2.18] for

any M C Z¢ and B € M :

Lemma 6.5. For any M, 3, consider the operator —Ag .o+ Vg as in (2.30)
of Theorem [2.18, and assume that its eigenvalues are given by

A =hap(Q) = IC+ K P +mupC), ¢eM, (6.19)

with supyy g sup, [masp(¢)| < m. Assume that there exist positive constants
a < %, N € N and C such that, given any eigenvalue A\¢ # 0, the corresponding
eigenfunction ¢© fulfills

C
16| < Nt Ve M. (6.20)

aN

¢

Then the eigenvalues of Ug (—=Agw + Vi) Us + € are given by

Ae =ho(C) = [l€+ Kl + mars(6 —B) , £€=C+5 (6.21)

and, if \e # 0, there exists C" > 0, depending only on a,m,N, C, such that the
corresponding eigenfunction ¥\ fulfills

C/

169 l-s < 55 -

(6.22)

Proof. The form of the eigenvalues is a direct consequence of eq. ((5.22)). Con-
cerning the eigenfunctions, the unitary map Ugs transforms them in P& =

24O which, by Lemma , are estimated by

C 1
A(B + R

[ -2 < (6.23)

Then one has

2a

NGB+ ®)s) = (AP (B+m))
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since 2a < 1. Then, provided \; is large enough, )\é/2 > ((C + K))/2, from
which
A{(Bt k) us) = (E+n)
(6.24)
where the last inequality follows from the trivial remark that for any real
z, y, one has (1 + 2%)(1 + y*) > 1 + 2% + y*. Collecting the results and
remarking that, for A¢ large enough, \¢ < 2(¢ + k)2, one gets the thesis for
large eigenvalues. In order to cover all the nonvanishing eigenvalues, just
remark that the number of eigenvalues smaller than any threshold is finite,
so that the claimed estimates trivially hold. O]

N | —

(RN +Re) = SUEFMNErRe) 2

| —

Lemma 6.6. Assume that all the operators (2.30) fulfill the assumptions of
Lemma then the properties (6.21]) and (6.22) hold, also for the eigen-
values and the eigenfunctions of the operator @, but with new constants
depending only on the seminorms of V and on the constants of the metric,
and with a new function mjy 5 such that

My p(€) = map(€) +re, el SO+ w7 VE.

Proof. First, by Theorem [2.18| for any N € N, the operator —A,,, + V is
unitarily equivalent, through a pseudodifferential operator U of order 0, to

Hy + Ry. Fix N € N, let N = g and from now on drop the dependence

on N’ by the operators ﬁ[N/,RN/ . By Lemma the eigenvalues of H fulfill
(6.21)) and (6.22]) with 2N replaced by N, due to the choice of N. Concerning
the eigenfunctions, we observe that, by (6.20]), Lemma of the Appendix

ensures that there exists a constant C” > 0 such that any eigenvalue \¢ of

H + R with Ae # 0 has a related normalized eigenfunction v, satisfying
d_gn
[ e[ r-n < C7| X272 (6.25)

thus still holds for the eigenfunctions of H + R. It remains to prove
We split o ( H ) according to Corollaryn choosing L = 1 and N = N/3
and in each of the intervals £; we apply Lemma . To this end, remark
that, for all eigenvalues \ € Ej one has \/2 < a; < b; < 2\. Let ¢ be the
eigenfunction of H corresponding to A: then by the Calderon Vaillancourt
Theorem and since the eigenfunctions of H satisfy eq. , one has

QNC’
1Rollx < R s~ -

Thus an application of Lemma with Hy = H, H; = R, ensures that, if
for all j € N one defines D; = a_N/3 D =b; N3 and M; =t (a( )ﬂE)
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then there are M j’ > M; eigenvalues of H + R inside the interval

~ 1 1

Ej: aj_ZDj 5 bj+ZD;_ DE]‘.
We prove now that there are no eigenvalues of H+R outside the intervals Ej.
Assume by contradiction that A is an eigenvalue of H + R with A ¢ | i Ej.
Let j be the positive integer such that b; < A< aj4; .- Since the eigenfunction

¥ of H+ R related to \ satisfies (6.25), one has

~d_ 0 d_
Rl S A2 §a3+12 “2

=

which implies that v is a quasi-mode for H with approximated eigenvalue \ .
In particular (up to choosing a; big enough), this implies that there exists an
exact eigenvalue A = \ + O(a;+1%_“g) of H such that b; < A < aj4q, which
is absurd, by definition of the intervals E;.

We prove now that M} = M; for all j € N. Arguing as before, we can

apply the quasi- mode argument of Lemma with Hy = H+ R, H =—-R,
M = M} and [A§0 ! )/] E; to deduce that since all the eigenfunctions of

H+TR related to the elgenvalues contained inside E satisfy - then there
are M} > M; eigenvalues of H inside a shght enlargement of the interval E

But there are exactly M; eigenvalues of H inside E; C EJ, thus M = M,

which proves that all the eigenvalues of H + R are of the form . We
finally observe that, since for any eigenvalue A of H + R the corresponding
eigenfunction 1 fulfills again equation (6.22)) with updated constants, the
corresponding eigenfunction Uy of —A, . + V fulfills again equation ,
due to the fact that U is a bounded operator onto H ™Y, since U is a pseudo-
differential operator of order 0. O
By iteratively applying this Lemma one gets the proof of Theorem [3.16

Remark 6.7. From the above Lemma it follows in particular that all the
eigenvalues and eigenfunctions of H + R are constructed through our quasi-
mode procedure.

A Pseudo differential calculus

In this section we recall some standard facts on pseudo-differential calculus
with the aim of pointing out that, with our coordinate independent definition
of the seminorms, they still hold. In particular the coordinate independent
definition is needed in order to perform the dimensional reduction of Subsect.
0.0l
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Lemma A.l (Calderon Vaillancourt). Let A € OPS™?. Then A is a
bounded linear operator H®> — H*™™ for any s € R. In particular, for any
s there exist K > 0 and N € N, depending only on the parameters m,s,d,c,
such that || Al ;ms—my < K sup Cniola).

N'<N

Since T*T? is a cotangent boundle it carries a natural symplectic struc-
ture, and the Poisson Brackets can be computed in any system of coordinate
originated by a system of coordinate in T¢. Using such a system of coordi-
nates one can easily show that the the following Lemma holds

Lemma A.2. Let a € S™ and b € S™°; then {a,b} € S™+™' =% [n
particular, for all Ny, No € N one has

Crnyv, ({a, b)) < Cnyg1,8,(@)Cny ot 1 (D) + Oy No41(@) Oy 11,08, (D) -

Concerning Moyal brackets, the situation is slightly more delicate, but
reproducing the standard proof (see e.g. [Tay], [SVA]) one easily gets the
following result.

Lemma A.3. Let A = Op''(a) € OPS™ and B = Op"'(b) € OPS™9
then

1. AB € OPS m+mlf. Let ab be its symbol: for any Ny, Ny € N, there
exist K > 0 and Ny > Ny, depending only on N1, No,c,p,m,m’,d, such
that

y , 1°Y2 ~ 142 ~ 1°Y2
N{<N1,N3<Ng NI<N1,Nj<No N!{<Ny,Nj<No

(A1)

2. —i[A, B] € OPS™™' =09 and the seminorms of its symbol, denoted by
{a,b}m, are controlled as follows: for all Ny and Ny € N there exist
K >0 and Ny > Ny, depending only on Ny, No,p,m,m’,0,c¢, such that

sup Cnviny({a,blm) S K sup Chy yga) sup Cyy vy (b).
N{<N1,N3<No N| <Ny N|<N;
N,<Nz+1 N,<Na+1

(A.2)

3. If a is a quadratic polynomaial in &, independent of x, then
{a,b}p ={a,b} .

Finally, we recall that the following result holds:
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Lemma A.4 (Egorov Theorem). Letn > 0, 6 > 0, m € R, G :=
0p"(g) € OPS™9 and A := Op" (a) € OPS™°. Then the following holds.
1. For any 7 € [—1,1], 7% € OPS%°. In particular, if o is its symbol,
for all N1, Ny € N one has that there exist K1, Ko > 0 and N7 > Ny,
depending only on Ny, Na,¢,d,d, such that
sup Cyin(0) < Ky sup 29
N{<NiNj<Ny 7 N{ <Ny, Nj<Ny

(A.3)

2. The linear operator H = ¢'“Ae™¢ € OPS™?’ and its symbol h(z,&)
admits an asymptotic expansion of the form

h=a+{a;g}p + S 20

B Technical Lemmas

We first recall Lemma 5.7 of [Gio03].

Lemma B.1 (Lemma 5.7 of [Gio03]). Let s € {1,...,d} and let {uy,...us}
be linearly independent vectors in R equipped with the euclidean metric |- |.
Denote by Vol{uy |-+ |us} the s— dimensional volume of the parallelepiped
with sides uy ... ,us. Let moreover w € span{uy ,...us} be any vector. If
there exists positive constants o, N such that

lujl <N Vj=1,...5,
w-uj| <a Vj=1,...5,

then
] < sN* 1o
w| < .
Vol{uy |-+ - |us}
We remark that, since all the quantities involved in the statement are
coordinate independent, Lemma [5.1| immediately follows from it.

Lemma B.2. Let {e1,...,eq} be the vectors of the standard basis in RY.
There exists a positive constant &, depending only on
¢ = max ||e;| (B.1)
j=1,....d

and
0= /er dpig(z) = pg (Td) ’ (B.2)

such that for any s € {1,...,d} and for any set {uy,...us} of linearly
independent vectors in Z°

Vol {uy |-+ Jus} > €.
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Proof. We observe that, if {e;,...,eq} is the canonical basis of Z?, there

exists a subset {ul,,...u}} C {eq,...,eq} such that
{wr, o ug, g, uh)
is a set of linearly independent vectors in Z?%. Hence one has that, if M is
the linear subspace generated by {uy,...,us},
Volg{ur| .. Juslugpy| - - Jugh < fluggqll - - flugll Volg{ual. . us}

< (eo)*Vol, ({uy] . . |us}) ,
by the definition of ¢y as in (B.1]). In particular, one has that
Vol ({ur] .. Jus}) > (ca) ™ Volg{us| ... |uslul | ... Juj}. (B.3)
Write

I
M=

d
U; = E N k€ » N kCE
k=1 k=1

and if Vk =1, ..., d € is the vector of the components of e, with respect to
an orthonormal basis for the inner product (-,-),, then

d
Vol, ({u1| o Juslug ] |ud} = Vol, ({Z nikek| - | Z nd,kq})
k=1
d
= Vol ({Z n17kék| . | an,k‘ékz}>
k=1 k=1

> Vol (é1] -+ |€éq)
= Vol, (e1]---|eq) = 0.
Thus (B.3) implies that
Vol{uy |-+ | us} > (ca) %0 =: €.
0

Remark B.3. By studying the function (1+2%)%? it is easy to see that there
exists a constant K s.t. V&, € R? one has

(€+m* < K(*+(m*) - (B.4)
Furthermore, since, for any C > 0

(y)

sup ~— < 00 ,
y>C Y
one also has IK' = K'(a,C) s.t
E+m* <K' +nl*) . v :lnll = C . (B.5)
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Remark B.4. If || — n|| < F({£)*, with a < 1, one has

(€) < K(1+F){n) .

A further useful lemma is the following one

Lemma B.5. Let N > 1,a <1, K > 27% be positive real numbers, Then
r—Ka"<N =2 < (2K)TaN . (B.6)
Proof. It Kx® < 3, which is equivalent to
x> (2K)me (B.7)
then the assumed inequalities implies

1
§x§x—Kxa§N = r < 2N,

but, by assumption, the r.h.s is smaller than (2K )ﬁ, and therefore the
thesis holds in this case. On the contrary, the converse of , implies

z < (2K)T < (2K)Ta N |

which again implies the thesis. O

Lemma B.6. Let 1 >a>¢>0 and 1> 6 > 0 be parameters. Let ¢, n, k,
¢ be vectors. Assume that there exist constants C, F, D, Dy s.t.

(s + Kk, h)| < Cl+ k), (B.8)
[kl < D+ k), [kl < Dol + k) (B.9)
=<l < Em*, [ <Dn+6)°; (B.10)

then there exists K' and D' (which depends on the above constants), s.t.

(c+ky<D'(n+10), (B.11)
|(n+0,h)| < K'(n + (ymextoarertiip =r (B.12)
Proof. Start by writing
s+k=n+l+v (B.13)
vi=k—l+¢c—n; (B.14)
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then we estimate v (with 7+ ¢). One has

[v]| < D{c+ k) + D{n+ )+ Fn)*
=Dn+Ll+v) +Dn+ 0+ Fn+L—10)°
< DK ((n+ 0+ (v))+Dn+0)°+ FK ((n+0)*+ (0)*)
<DIK+1)(n+ 0+ FKn+0)*+ FK(14+ D)(n+£0)*+ DK{(v) .

Using a > € and a > ae, (and exploiting (x) < 1+ x, which holds for all
positive x) we get

(V) < DK +1)+FK+FKQ+D)+1)(n+0)°
+DK (v)° .

Applying Lemma with IV equal to the first line, we get that there exists
a constant K" (explicitely computable), s.t.

() < K"(n + 0) . (B.15)

Exploiting this and using again (B.13)), we immediately get (B.11]). We are
now ready for the final estimate:

(0 + 6 0)] < [(s + k, R)[ + [0, W)[R]T([R]T

<
< Cl+ RN+ K" (n + £ Dols + k)Dg s + k)Tl ™"
< C(D)Y i+ O° Rl ™7+ K" (n + 0 Dg (D)0 (g + )T Al

from which the thesis immediately follows. O

C Properties of eigenfunctions

Lemma C.1. Consider an operator Hy + R, with R € OPS™°: assume
that

1. AC and d s.t. the spectrum of Hy satisfies a Weyl’s law of the form

B0 € o(Hy) | AQ <} <Ot (C.1)

2. There exist a > 0 and Cy such that any normalized eigenfunction ¢
relative to an eigenvalue \° of Hy fulfills

[ -n < CoA® 7 (C.2)
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Then there exists A,C] > 0 which depend on C,Cy,d,||R| g-~ goy only,
with the following properties: any normalized eigenfunction ¢ of Hy + R
which corresponds to an eigenvalue A > A fulfills

i,
[0l - < CPA[Z7. (C.3)
Proof. First remark that, by the Calderon Vaillancourt theorem, one has

| Rl 5(z1-v,10)C1

1Bl < Bl s | < =G

(C.4)

Fix c; < A/2 and decompose

¢ = ¢o + ¢1

with
¢ € Q=span{y | Hyp =Xy, |Ap —A[<ci};

and ¢; € Q1. We analyze the eigenvalue equation
(Hy+R)p=Xop.

by using the method of Lyapunov Schmidt decomposition. Denote by IT+
the orthogonal projector on Q+ and by II the orthogonal projector on Q.
Inserting the decomposition of ¢ in the eigenvalue equation, applying IT+
and taking into account that the projector commutes with Hy, we get (reor-
ganizing the terms)

[(IT" HoII* — ) + II"R] ¢1 = —II"Rey .

By definition of Q*, the operator in square brackets is invertible and the
norm of its inverse is bounded by 2, provided ¢; > 2||R||g(gz—x goy. It follows
that

[f1]]z2 < 2[|Repo| 2 -

To estimate ||Reo||zz we decompose ¢g in eigenfunctions of Hy and use as-
sumption . First remark that by construction ¢, has components only
on eigenfunctions corresponding to eigenvalues between A — c; > A/2 and
A+ ¢ < 2\ So it has at most J < 242C\¥2 components:

J
do = ;.
j=1
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It follows that the H™" norm of ¢q is bounded by 2%*J /A", Concerning ¢,
we show that its L? norm, which bounds all the negative Sobolev norms, is
small. One has

J J J 3
R —N_go
||R<Z50HL2SZ’%"HR%HL?S(Z\%’F) (ZHR%II%z) < el
j=1 j=1 J=1

where we used that the norm of ¢ is smaller than the norm of ¢ and therefore
is smaller than 1. From this the thesis follows. O

D=

Lemma C.2. Let M be a module, and let w be a function of the form

u(x) = Z el

ceM
be such that
[ull g < K (C.5)
Let 8 € M@ and consider (3 defined as in (2.20), then one has
= K
e ul|g-n < —=—— . (C.6)
((B+ K)p)"
Proof. One has
I ullfron = D (B 4k + Q) il - (C.7)
ceM
We analyse, using ((5.20) and ([5.22)), the term
BHr+0? =14+ B+r)5+(C+B+ R0
. 1 1 .
=14+ +r)P+B+K) = §+(<’+m’)2+§+(6+n)fw
1 1 ~ ~
> 2\/5 +(C+ n’)2\/5 (B4R 2 (CH AP+ R)ue) -
Inserting in (C.7)) one immediately gets the thesis. O
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