
CORSO DI DOTTORATO IN FISICA, ASTROFISICA E FISICA APPLICATA
CICLO XXXIV

DIPARTIMENTO DI FISICA ALDO PONTREMOLI

DEVELOPMENT OF A HIGH GAIN LASER SYSTEM FOR THE
INVERSE COMPTON SCATTERING SOURCE BRIXSINO

SETTORE SCIENTIFICO DISCIPLINARE FIS/03

Tesi di Dottorato di:
Edoardo Suerra

Supervisor: Prof. Simone Cialdi
Coordinator: Prof. Matteo G. A. Paris

Anno Accademico 2020-2021





Abstract

BriXS is a project of the University of Milan and the Italian Institute of Nuclear Physics
(INFN) aiming at the realization of an Inverse Compton Scattering (ICS) source. This
source is based on electrons superconducting cavities with energy recirculation and on a
high-power laser system at a repetition rate of 100 MHz and producing monochromatic
X-Rays in the energy range of 20 keV to 180 keV, mainly devoted to medical applica-
tions. A demonstrator is currently under development at the Accelerators and Applied
Superconductivity Laboratories of (INFN) and University of Milan, in Segrate, Milan,
consisting in a smaller version of BriXS, called BriXSino, also finding the collaboration
of Ospedale San Raffaele of Milan, which is interested in the medical applications of
X-rays produced with BriXSino.

The high optical power (> 100 kW) necessary for the Compton interaction of both
BriXS and BriXSino is supposed to be reached with a combined use of active and passive
amplification, where, in particular, implementing both a fiber amplifier and an opti-
cal cavity. In this thesis work, we developed and realized the whole optical stages for
BriXS/BriXSino up to an average power of 11 kW, consisting of a mode locking laser
source, a first stage of fiber amplification up to 4 W and, the most important part of my
work, an optical cavity for passive pulses stacking up to 11 kW.

Besides the realization of this complex system, during this thesis we have developed
several new techniques with a general interest in optics. In particular, a new and very
general technique for the measurement of the Finesse of an optical cavity is presented,
also focusing on the effect of the Carrier Envelope Offset of the laser on this parameter,
which determines the passive gain. As far as the Carrier Envelope Offset is concerned,
we found that it can be exploited to dramatically reduce the power noise of the laser
beam coupled in the optical cavity, allowing to reach the same passive gain but with a
much lower noise.

During this thesis work, we developed a new technique to shift the focus of our
optical cavity while maintaining the high-power level stored in it. Since this approach
allows a large movement > 100 µm in a time of 50 ms, faster than biological dynamics
of some hundreds of milliseconds, it enables for the first time the implementation of
the dual color X-rays technique with an ICS source, by switching the interaction of the
electron beam between two optical cavities with two different interaction angles, thus
activating two different ICS spectral lines in sequence.

Thanks to the similarities between the optical cavity used for BriXS/BriXSino and the
Optical Parametric Oscillator (OPO) implemented in our laboratory for the generation
of quantum optical squeezed states, in this work we present a study of a new technique
to stabilize the relative phase between the seed and the pump involved in the squeezing
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process, greatly improving the stability of the system. This setup up also allowed to
study a new method to counteract phase noise on quantum optical states, squeezing
their phase diffusion.
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Introduction

Monochromatic X-ray sources represent one fundamental tool in the research and di-
agnostic of many different fields, such as physics, biology, medicine, material science
and cultural heritage. In particular, medical research has developed great interest in the
unique features of the monochromatic X-rays, which are crucial for the implementation
of different novel techniques, mainly in the radiotherapy and radiology fields [1, 2, 3, 4].

In this framework, the main kind of source to date is represented by synchrotrons,
generating the most suitable radiation for all the applications that require high-brilliance
monochromatic X-rays. Nevertheless, the financial efforts necessary to build, commis-
sion and operate a synchrotron facility are far beyond the possibilities of any small re-
search institution or clinic, limiting a large-scale implementation of these advanced tech-
niques. Until now, an X-ray source with features comparable to synchrotrons, in par-
ticular monochromaticity, intensity and tunability, but at the same time affordable and
compact, is not available, despite the many efforts of the scientific community. How-
ever, few compact but preliminary solutions to generate monochromatic, tunable and
intense radiation exist, where, in particular, the most promising is based on the Inverse
Compton Scattering (ICS), that is the scattering of laser light by relativistic electrons.

Within this scenario, the University of Milan (unimi) and the Italian Institute for Nu-
clear Physics (INFN) have proposed and supported the realization of an ICS source in
the framework of the bigger project MariX [5, 6], which aimed at the realization of a huge
infrastructure in the Milan Innovation District (MIND) for the generation and applica-
tion of a double X-ray source, the already mentioned ICS and a free electron laser. The
ICS source, which will be described in the next Chapter, is called BriXS and its realiza-
tion requires both an electron accelerator and a high power optical part. As a proof of
principle, a smaller facility, called BriXSino (in English small BriXS), is under develop-
ment at the Accelerators and Applied Superconductivity Laboratories (LASA) of INFN
in Segrate, Milan, and the Physics Department of University of Milan.

Given the importance of this project and its possible applications, during my Ph.D.
the optical system necessary as the photon source for the ICS of BriXS and BriXSino
has been developed, based on a high-power mode locked laser system, and will be dis-
cussed in detail in this thesis. The Inverse Compton Scattering process needs laser av-
erage powers above 100 kW, which cannot be reached directly by a conventional mode
locked laser, but requires different amplification processes, consisting of an in-fiber ac-
tive amplification and of a passive amplification based on pulses stacking in an optical
cavity. A simplified scheme of these parts is reported in Fig. 1 for clearness. The work-
ing conditions of the optical cavity are very stringent, particularly in terms of stability,
which must be extremely high, as, for example, the cavity length has to be precise at the

1
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CavityLaser Fiber ampl.

Electron beam

Figure 1: Simplified scheme of the main optical components for the Inverse Compton Scattering
source. A laser source is actively amplified by a fiber amplifier and then passively amplified
exploiting the pulses stacking in an optical cavity. The electrons interact with the enhanced beam
in the optical cavity.

subatomic scale. For this reason, the passive amplification represents the most delicate
stage to develop of the entire setup, and it is the most substantial part of this thesis.

During my thesis work, the way toward the realization of the final optical system has
been paved, reaching an average power above 10 kW.

Thesis overview Almost the full body of my thesis is dedicated to the development
of the laser system for the Inverse Compton Scattering source of BriXSino (and BriXS).
Being the fundamental ingredients to reach a very high average optical power, all the
mode locking laser, the active amplification and the passive amplification will be inves-
tigated in dedicated Chapters. In the opening Chapter, a general overview about the
BriXS/BriXSino project is provided, placing it in the international scenario of the In-
verse Compton Scattering sources. After this first part, in three Chapters a study of the
optical system necessary for the ICS of BriXS/BriXSino, that has been developed during
my Ph.D., is presented, corresponding to its three main stages: the mode locking laser
source, the fiber active amplification stage and the passive amplification stage based on
an optical cavity. Finally, a Chapter reports the results obtained with the joint use of the
three parts, where an optical average power > 10 kW has been obtained.

The work on the optical cavity, and in particular on its stabilization, allowed to ex-
tend my studies also to quantum optics, where a similar experimental setup has been
upgraded and used to generate displaced squeezed states. For this reason, the results
obtained from this activity are reported in an Appendix at the end of the thesis.

Here a schematic view of the thesis structure:

• Chapter 1: Inverse Compton Scattering source BriXS. The BriXS and BriXSino
projects are described, putting them in the international scenario of Inverse Comp-
ton Scattering sources, and explaining the possible future applications. Some gen-
eral but useful information about the ICS process are provided, motivating the use
of a high-power laser system.

• Chapter 2: Mode-locking laser. The main source for the optical part is described,
consisting of a mode locking laser that will be theoretically studied and experi-
mentally characterized for its following implementation in the final system.

• Chapter 3: Active amplification: fiber amplifier. The active amplification stage,
based on the Chirped Pulse Amplification technique, is presented. A study of each
part of the setup is reported, and the simulations of the expected performance are
shown. Then a comparison with the experimental results is provided.

• Chapter 4: Passive amplification: optical cavity. The most substantial part of
the work is presented, concerning the realization of a high Finesse optical cavity,
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necessary for the passive stacking of the laser pulses to the high average power
of the order of 10 kW. Stabilization of different parameter is studied in detail, as
well as different techniques that have been developed to both characterize and
stabilize this system. Thermal effects are studied from the theoretical point of view
and a possible solution to reduce them is provided. Finally, an implementation of a
second optical cavity is shown, in order to exploit a new technique to a fast, precise
and synchronous shift of their foci for the implementation of the dual-color X-rays
with the ICS.

• Chapter 5: High-power results. The high-power results, obtained with the imple-
mentation of all the three stages previously described, are shown.

• Chapter 6: Conclusions. Some concluding remarks are presented, together with
the future perspectives of this work.

• Appendix A: Quantum optics. A new technique to easily stabilize the relative
phase between the seed and the pump in an Optical Parametric Oscillator used to
generate displaced squeezed states is described both theoretically and experimen-
tally. Then a presentation of how this setup has been exploited to counteract phase
noise in a phase diffused state is provided.





CHAPTER 1

Inverse Compton Scattering source BriXS/BriXSino

In the introductory Chapter, we have written that Inverse Compton Scattering (ICS) is
one of the most promising solutions to the commercialization of high-brilliance, tunable,
monochromatic X-rays, since they allow compact and affordable sources that are com-
patible to a laboratory or a hospital environment. For this reason, many laboratories and
research institutions all around the globe are proposing or operating scientific programs
aimed at developing and commissioning facilities based on ICS. In this framework, var-
ious technologies have been proposed and implemented to provide X-ray beams with
different features, in particular energy ranges and spectra, able to fulfil the requirements
of different applications.

In the last decade, the technology required to realize high-performance inverse Comp-
ton sources have been rapidly growing, and a transition from the research-oriented and
demonstrative machines to user facilities is ongoing, where, in particular, both proof of
principle preliminary experiments and radiographic imaging have been performed by
several research groups [7, 8, 9, 10]. In particular, in Europe two user facilities are cur-
rently under commissioning, i.e., STAR (University of Calabria, Cosenza, Italy) [11, 12]
and ThomX (LAL, Orsay, France) [13], while another facility is operational since 2015 at
Technical University of Munich, Germany, i.e., the Munich Compact Light Source (Mu-
CLS) [10].

Within this international scenario, a proposal for a Multidisciplinary Advanced Re-
search Infrastructure with X-rays (MariX) has been supported, as anticipated in the pre-
vious Chapter, by the University of Milan and the Italian Institute for Nuclear Physics
(INFN) [5], and a Conceptual Design Report (CDR) was redacted in 2019 [6]. In this
work, the ICS source BriXS is described, illustrating possible applications for medical
imaging and radiotherapy, foreseen with this new source. BriXS stays for Bright and
compact X-ray Source [14, 15], and it is an Inverse Compton Scattering source based on
the interaction between a relativistic electron beam and a high average power laser pho-
tons stored in an optical cavity. The facility is conceived to be user-oriented for hard
X-rays, opening to medical applications as well as material non-destructive tests and
cultural heritage analysis. As a proof of principle, the smaller facility BriXSino is under
development at the Accelerators and Applied Superconductivity Laboratories (LASA)
of INFN in Segrate, Milan, and the Physics Department of University of Milan Its re-
alization arouses the interest of various realities, including the San Raffaele hospital in
Milan, which is located right next to the LASA laboratories, for the possible medical
applications.
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6 1.1 Inverse Compton Scattering

Figure 1.1: Geometry of the Inverse Compton Scattering interaction. An electron of energy E0

interacts with a photon of energy EL at an angle α. The process scatters the electron at an angle θe

with an energy E′0, while the photon is scattered at an angle θ with an energy EX.

1.1 Inverse Compton Scattering

Compton scattering has been observed and explained by Arthur Holly Compton in 1923
[16], and his discovery earned him the Nobel Prize in Physics in 1927. The direct Comp-
ton scattering process consists in the scattering of a photon by a charged particle, for ex-
ample an electron, and in the interaction the static electron gains momentum while the
photon loses energy and changes its direction. Notice that the published results demon-
strated that light cannot be fully described by a classical wave theory. In some condi-
tions, a classical treatment of the interaction can be used, giving the so-called Thomson
scattering limit. In this case, the change in wavelength of the incident photon is not
taken into account, but it is a good approximation if hν � mec

2 and thus if the photon
frequency is low. Here, me is the mass of the electron. One can calculate that the change
of the photon wavelength after the process is given by

λf − λi =
h

mec
(1− cos θ) (1.1)

where θ is the angle at which the photon is scattered. When the photon is back-scattered,
i.e. θ = π, the wavelength has the maximum change, and we have the so-called Compton
back-scattering.

An opposite situation can occur, when the electron is not static, but it has a certain ki-
netic energy, and it can transfer energy to the photon. This is the case of Inverse Compton
Scattering (ICS), schematized in Fig. 1.1. The radiation produced by ICS is intrinsically
polychromatic. However, due to the boosted nature of the process, the radiation exhibits
an energy-angle correlation, with the most energetic photons emitted on axis and the
photon energy decreasing as the scattering angle increases. For a photon with energyEL

colliding with a single electron with a Lorentz factor γ, the energy of the back-scattered
photon EX has a Lorentzian dependence on the polar scattering angle θ according to

EX ≈
2ELγ

2 (1 + cosα)

1 + γ2θ2
(1.2)

where α is the electron-photon interaction angle. Notice that the scattered photon en-
ergy is independent of the azimuthal scattering angle φ and that Eq. 1.2 is valid for
a negligible recoil of the electron and for low laser intensity regime, as happens in
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BriXS/BriXSino. Furthermore, it holds for small angles θ. A more general equation can
be found, for example, in [17, 18]. In particular, if we consider a laser colliding with an
electron bunch, one has to consider the statistical distribution of the particle in the inter-
acting beams. The result is that the energy spread and the fine emittance of the electron
lead to an energy distribution of the scattered photon at an angle θ whose mean value
is given by Eq. 1.2. Notice that the spectrum of the scattered photon spans in energy
from EL to Emax = 2ELγ

2 (1 + cosα), and about half the photons are emitted in a cone
with angular aperture 1

γ [19]. One advantage is that one can exploit the energy-angle
correlation to have control on the energy bandwidth, for example by inserting irides or
collimators along the radiation path, and thus, selecting only the photons within a given
collimation angle θmax [20].

Another quantity of interest is the interaction rate in the ICS process, which can be
calculated following [21] to be

NX =
σTfrepNLNe

2π
√
σ2

L,y + σ2
y

√
σ2

L,x + σ2
x +

(
σ2

L,z + σ2
z

)
tan2 α

2

(1.3)

where electrons and photons are assumed to be complanar in the horizontal direction xz,
as happens in BriXS/BriXSino. Here, σT = 6.652× 10−29 m2 is the Thomson interaction
cross-section [22], while σi are the beam dimensions in directions x, y, z for the laser
(subscript L) and the electrons (no subscripts). These σi are assumed to be constant, so
that beam divergence effects are neglected. Eq. 1.3 tells us that the same X-rays intensity
NX can be achieved for different interaction angles α by changing the laser dimensions
in the interaction point or its power. The very low value of the Thomson cross-section
forces the use of a very intense laser, i.e., a focalized (that is why the term frep in Eq. 1.3)
pulsed laser with a high average power.

1.1.1 Dual-color configuration

Some relevant medical applications, such as K-Edge Subtraction (KES) imaging1 [23],
require dual-energy beams. Eq. 1.2 tells us that three parameters can be exploited to
adjust the energy of the emitted radiation: the laser wavelength, the electron energy and
the collision angle. The modification of the electron energy to a stable and optimized
working point requires very long time, of the order of tens of minutes or hours, which
is clearly longer than the time required in X-ray medical imaging. For this reason, a
dual-color mode with a time structure compatible with an imaging task can be enabled
by acting on the laser-electrons interaction angle, in particular by using two lasers with
the same wavelength, but different orientations [24, 25]. A switch of the interaction
laser lead to a switch between the two energies of the X-rays. This is exactly what Mar-
iXrad, an ongoing project funded by INFN-CSN5, aims to develop. During my thesis,
we could develop a technique to perform this switch, translating the focal point of two
laser beams, which are power enhanced in two crossed optical cavities, of a distance of
135 µm in a time of 50 ms, compatible to a medical implementation. This part will be
discussed in detail in Sec. 4.7.

1KES imaging is a technique based on the absorption K-edge of an element, such as iodine. The K-shell
electrons of that element have a certain binding energy (the K-edge): a photon with a slightly higher energy
will be absorbed, while a photon with a lower energy will not. This behavior is exploited in medical imaging
by acquiring images with two different X-ray colors astride the K-edge, so that one color is absorbed, and the
other is transmitted. The subtraction of these two images gives a contrast enhanced result of the medium, since
the absorption of the other anatomical structures is almost constant.
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Figure 1.2: Simulation of two quasi-monochromatic spectra around the iodine K-edge, for electron
energy of 43.3 MeV and collision angles of 7◦ (blue) and 30◦ (red).

An example of the X-ray spectra of two beams around the iodine K-edge at 33.17 keV
is shown in Fig. 1.2 for an electron beam of 43.3 MeV and with interaction angles of 7◦

and 30◦. Since the intensity of the X-rays depends on the angle, as clear from Eq. 1.3,
depending on the application requirements, the ratio between the two intensities may
be adjusted using two lasers with different powers or different focusing.

1.2 Expected characteristics of BriXS

As shown in the above Section, the characteristics of the X-ray beam emitted by an ICS
source depend on the features of the colliding laser and electron beams, and they can
be calculated analytically with the equations of Sec. 1.1, or more accurately by perform-
ing start-to-end simulations. BriXS is designed to provide X-rays with energy tunable
spanning from 20 keV to 180 keV, with a relative bandwidth between 1 % and 10 % and
intensities from 1× 1011 photon/s to 1× 1013 photon/s. As far as the electron beam is
concerned, its energy spans from 30 MeV to 100 MeV, with a spread less than 5× 10−4, a
charge between 100 pC and 200 pC, an emittance less than 1 mm mrad−1 and transverse
dimensions from 15 µm to 40 µm. The collision angle between electrons and photons has
been set to 7◦. The repetition rate is set to 92.857 MHz.

1.3 Expected characteristics of BriXSino

A reduced scale demonstrator of the modified push-pull folded ERL scheme of BriXS is
currently under development at the LASA laboratories of University of Milan and INFN
in Segrate, Milan, with an electron energy spanning in the range from 22 MeV to 45 MeV.
The electron bunch charge will be between 50 pC and 200 pC with an average current
< 5 mA at a repetition rate of 92.857 MHz. The expected X-rays energy is between 9 keV
and 37 keV. The demonstrator is called BriXSino and its layout is depicted in Fig. 1.3.
The specific aim of BriXSino is to investigate RF mode stability issues in the CW energy
recovery operating mode with a high average current and the very high repetition rate
of ∼ 100 MHz for the electron beam, studying the related impacts on the electron beam
quality, due to beam break-up effects and beam loading. Furthermore, it will allow the
implementation and the testing of the dual color technique.
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Figure 1.3: Scheme of the BriXSino ICS source.





CHAPTER 2

Mode-locking laser

As specified in the previous Chapters, the Inverse Compton Scattering interaction re-
quires a high intensity of the photons due to its very low cross-section. For this reason,
a pulsed laser is preferred, so that a high peak power is reached in each pulse. In partic-
ular, a mode-locked laser will be used for BriXSino. It is important to underline that two
mode-locking lasers have been used during this thesis work:

• a Menlo Orange Yb-doped fiber laser with a repetition rate of 100 MHz and with
an internal amplification stage to an output mean power of 200 mW. This laser has
been used for almost the whole development of the cavity (see Chapter 4). From
now on this laser will be called Katia;

• a Menlo Orange Yb-doped fiber laser with a repetition rate of 92.857 MHz and with
an internal amplification stage to an output mean power of 12 W. This will be the
final laser for BriXSino. This laser has a large variety of controls, in particular of
its Carrier Envelope Offset (CEO) and its repetition rate, as will be explained and
tested later. This laser has been used for some research concerning CEO. From now
on this laser will be called Olga.

2.1 Mode-locking theory

The ultrashort pulses necessary from the Inverse Compton Scattering are obtained from
a particular kind of laser based on the so-called Mode Locking (ML) technique [26, 27].
These lasers contain a mode locking device, which can be either active, for example an
optical modulator, or passive, for example a nonlinear saturable absorber. The device
causes the formation of an ultrashort pulse that circulates in the resonator, following the
principles that we will explain.

In order to mathematically describe this kind of laser, let us start considering an elec-
tric field oscillating on a large number of longitudinal modes with a random phase ϕl
and the same amplitude E0. In the time domain, we can write

E (t) =

n∑
l=−n

E0 e
i(ω0+l∆ω)t+iϕl (2.1)

Each mode is frequency separated by ∆ω, while the total number of modes N gives the
high-frequency component of the field ∆ωL = N ∆ω. An example of the field intensity
in the temporal domain is shown in Fig. 2.1a. Here the minimum temporal width ∆τp
is related to the high-frequency component ∆ωL, while the large period τp depends on
the low frequency component ∆ω and it is the inverse of the laser cavity Free Spectral

11
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(a) Example of the amplitude of the electric field
of many modes with random phase relations.

(b) Example of the amplitude of the electric field
of many modes with fixed phase relations. A train
of pulses forms.

Figure 2.1: Examples of the electric field amplitude of many modes with random (a) and fixed (b)
phase relations. Images from [26].

Range (see Chap. 4). At this point, suppose that the modes are forced to oscillate with
some definite relations between their phases: if this happens, we refer this laser to as
mode locked, while the process exploited to set a definite phase relation is referred to as
mode locking.

Let us impose the same phase ϕl = 0 to each mode. We have

E(t) =

n∑
l=−n

E0 e
i(ω0+l∆ω)t = A(t) eiω0t (2.2)

where we defined the amplitude as

A(t) =

n∑
l=−n

E0 e
i l∆ωt = E0

sin
[

(2n+1)
2 ∆ωt

]
sin
(

∆ωt
2

) (2.3)

Eq. 2.2 is the expression of a train of pulses with a temporal distance τp = 2π
∆ω and with

a temporal width ∆τp = 2π
(2n+1)∆ω , as shown in Fig. 2.1b. The amplitude of each pulse

can be calculated to be A2(0) = (2n+ 1)
2
E2

0 . The condition ϕl = ϕm ∀m corresponds to
the mode locking condition (above we took ϕ = 0 for simplicity).

Now a question arises about how a fixed phase relation can be introduced in our laser
to generate mode locking. The idea is to insert an element in the laser cavity, such that,
starting from a certain mode, forces its first neighbors to born with the same phase. For
this purpose, two main categories exist: active mode locking and passive mode locking.

Active mode locking Here, we will describe only one kind of active mode locking,
where ML is induced by an Amplitude Modulator (AM). When an AM is inserted in the
laser cavity, it introduces time-varying losses with frequency ωm, so that the electric field
of the generic mode can be written as

El(t) = E0

[
1− δ

2
(1− cosωmt)

]
cos (ωmt+ φl) (2.4)

with δ the depth of the amplitude modulation and φl the phase of the mode. The product
of the two cosines in Eq. 2.4 gives two sidebands around the mode frequency, i.e., at ωl±
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Figure 2.2: Example of the amplitude of the electric field amplitude modulated at ωl to achieve
mode locking. Image from [26].

(a) Principle of passive mode locking: a saturable
absorber introduces greater losses on pulse tails.

(b) Principle of Kerr effect for mode locking. Tails
of the pulse, which are less intense, diverge from
the more intense central part and can be cut with
a proper slit.

Figure 2.3: (a) Principle of passive mode locking. (b) Working principle of passive mode locking
via Kerr effect. Images from [26].

ωm. If ωm 6= ωl, then we have simply an amplitude modulated field, but if ωm = ωl, then
the sidebands coincide with the frequency of the first neighbors and thus the equations of
the modes become coupled, since each mode contains the contribution of the sideband of
its neighbor. This means that ϕl = ϕl±1, and so the mode locking condition is satisfied.
The net effect is clear observing Fig. 2.2. Here the pulses arise when the losses are
minimum, while the tails of the pulses are lowered at every round trip.

Active mode locking with an amplitude modulator can be achieved exploiting an
Acousto-Optics Modulator (AOM) in low gain CW pumped lasers, which introduces
controlled losses exploiting the photon-phonon interaction inside an acoustically excited
crystal, or exploiting a Pockels cell in high gain lasers [26].

Passive mode locking Another approach is to use passive elements only, leading to
passive mode locking. Different kinds of passive modulator exist, for example fast
saturable absorbers like devices based on dye molecules or on a semiconductor. The
principle behind these passive mode locking devices is the introduction of intensity-
dependent losses, in particular greater losses occur for lower intensities. As a result, the
tails of the pulse circulating in the laser cavity are cut, as depicted in Fig. 2.3a, taken
from [26]. An example of saturable absorber is the so-called SESAM (SEmiconductor
Saturable Absorber Mirror), a semiconductive mirror whose relevant parameters can be
easily adjusted of several order of magnitude in order to achieve the desired properties.
In particular, the reflectivity of a SESAM, which serves as one of the laser cavity mirrors,
increases with the pulse intensity.
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Another type of passive modulation is based on the Kerr Lens effect. In this case, the
cut on the pulse tails is performed exploiting the third-order non-linearity of the gain
medium refractive index, which increases with the intensity (n = n0 +n2I). The effect is
that the central part of the pulse and its tails are focalized in different ways, so that these
last can be cut by a proper slit. A scheme of this principle is depicted in Fig. 2.3b, always
taken from [26].

2.1.1 Kuizenga-Siegman theory of mode locking

The temporal properties of a mode locked pulse can be calculated with the so-called
Kuizenga-Siegman theory [28], later generalized by Haus [29, 30]. In the following treat-
ment, we assume a homogeneous line with an upper laser level lifetime much longer
than the laser cavity roundtrip. These conditions give the following relation for the sat-
urated single pass power gain of the laser amplifier: g0 = σpN0 l, with σp the peak
cross-section, N0 the steady state inversion and l the active medium length.

At this point the laser cavity can be schematized as an active medium, associated to
the operator T̂g, a modulator, associated to the operator T̂m and a loss channel, associ-
ated to the operator T̂l. We assume the modulator to be thin and placed right next to the
output mirror. The electric field in the temporal domain can be written as a carrier mod-
ulated by a complex amplitude: E(t) = A(t) e−iω0t. We can impose a cyclicity condition
on the complex amplitude given by

T̂m T̂l T̂g A(t) = A(t) (2.5)

Now we will analyze each operator.
The gain operator T̂g can be obtained as follows. In the spectral domain, the intensity

for a single passage in the gain medium is Iout (ω) = G (ω) Iin (ω), whereG (ω) = eg(ω) =

eσ(ω)Nl. For a Lorentzian line shape, we can write

g (ω) =
g0

1 +
(

2ω
∆ω

)2 ≈ g0

(
1−

(
2ω

∆ω

)2
)

(2.6)

where we expanded g (ω) around its center. The intensity gain results

G (ω) ≈ eg0e−g0( 2ω
∆ω )

2

(2.7)

Now let us consider the complex amplitude instead of the intensity. We have Aout(ω) =√
G (ω)Ain (ω), where

√
G (ω) ≈ e

g0
2 e−

g0
2 ( 2ω

∆ω )
2

= tg. In a linear cavity, the beam per-
forms a double passage in the gain medium, so we have to consider

t2g = eg0e−g0( 2ω
∆ω )

2

≈ (1 + g0)

(
1− g0

(
2ω

∆ω

)2
)
≈ 1 + g0

(
1−

(
2ω

∆ω

)2
)

(2.8)

where in the last passage we neglected the term with g2
0 . At this point we pass to the

temporal domain exploiting the well-known property of the Fourier transform −ω2 →
d2

dt2 , so that t2g becomes

T̂g = 1 + g0

(
1 +

(
2

∆ω

)2
d2

dt2

)
(2.9)
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This is the operator we were looking for.
As far as the losses are concerned, the associated operator T̂l can be calculated as the

previous as

Iout(t) = e−2γIin(t)

Aout(t) = e−γAin(t) ≈ (1− γ)Ain(t) (2.10)

where γ � 1, that gives for the operator of interest

T̂l = 1− γ (2.11)

Finally, the operator associated to the modulator depends on the chosen active or
passive approach. For an active mode locking, we have

Aout(t) =Ain(t)

[
1− δ

2
(1− cosωmt)

]
≈ Ain(t)

[
1− δ

2

(
1− 1 +

1

2
(ωmt)

2

)]
=

=Ain(t)

[
1− δ

4
(ωmt)

2

]
(2.12)

and for a double passage of the beam we have

T̂ (a)
m =

[
1− δ

4
(ωmt)

2

]2

≈ 1− δ

2
(ωmt)

2 (2.13)

The operator T̂ (a)
m clearly indicates that the tails of the pulse, centered in t = 0, are cut.

From the three operators, it is now possible to calculate the active mode locking equa-
tion. Overall, the operators of Eq. 2.5 become

T̂g T̂l T̂
(a)
m =

[
1 + g0

(
1 +

(
2

∆ω

)2
d2

dt2

)]
(1− γ)

(
1− δ

2
(ωmt)

2

)
≈

≈ 1 + g0

[
1 +

(
2

∆ω

)2
d2

dt2

]
− γ − δ

2
(ωmt)

2 (2.14)

where we took only the first order parts, and so[
g0

[
1 +

(
2

∆ω

)2
d2

dt2

]
− γ − δ

2
(ωmt)

2

]
A (t) = 0 (2.15)

Eq. 2.15 is equivalent to a quantum harmonic oscillator, with time instead of space and
A(t) instead of the wavefunction. The solution is known, giving the eigenstates

An(t) = Hn(ωmt) e
−ω

2
pt

2

2 (2.16)

where Hn(·) is the Hermite polynomial of order n and ωp =
(

δ
2g0

) 1
4 (ωm∆ω

2

) 1
2 , with the

following condition for the energy balance g0 − γ = g0
2ω2
p

∆ω2

(
n+ 1

2

)
. If we consider a

Gaussian pulse (n = 0), we have that the intensity FWHM is given by

∆τp =

(
2
√

2 ln 2

π2

) 1
2 (g0

δ

) 1
4

(
1

νm∆ν

) 1
2

≈ 0.45√
νm∆ν

(2.17)
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Eq. 2.17 tells us that the pulse length decreases when the linewidth ∆ν increases, as one
would expect. Higher order modes decay due to the presence of higher order terms.

As done above, for a passive mode locking we have

Aout(t) = tsaAin (t) = e−
γsa
2 Ain(t) (2.18)

where the double passage in the medium gives t2sa = e−γsa . In general, the absorption

coefficient of a saturable absorber of the type γsa = γ′
(

1 + I
Is

)−1

, where I = |A|2 is
the pulse intensity, Is is the absorber saturation intensity and γ′ the unsaturated losses,
giving

t2sa = e−γsa ≈ 1− γsa ≈ 1− γ′
(

1− I

Is

)
(2.19)

so that the operator of interest in the passive case becomes

T̂ (p)
m = 1− γ′ + γ′

(
I

Is

)
(2.20)

From the three operators, it is now possible to calculate the passive mode locking
equation. The cyclicity condition gives[

g0

(
1 +

(
2

∆ω

)2
d2

dt2

)
− γ − γ′ − γ′ |A(t)|2

I∗s

]
A(t) = 0 (2.21)

whose solution is the one of a nonlinear Schrödinger equation

A(t) = A0 sech
t

τp
(2.22)

with

τp =

(
2g0

γ′

) 1
2
(

2

∆ω

)(
I∗s
|A0|2

) 1
2

and γ + γ′ − g0 =
4g0

∆ω2 τ2
p

In case of passive mode locking, which are the conditions to obtain a stable solution?
Indeed, the average intracavity power can increase, for example due to relaxation fluc-
tuations, leading to a reduction of the losses of the saturable absorber, further increasing
the intracavity power. This process can exponentially increase and generate a Q-switch
pulse containing shorter mode locking pulses. In order to obtain the conditions for a
stable mode locking operation, we have to linearize the laser equations in presence of
the saturable absorber. {

dN
dt = R−B0 φN − 1

τN
dφ
dt = V0B0 φN − 1

τc
φ− 1

TRT
qA(φ)φ

(2.23)

where we have

1

τc
=

c

Leff

(γ1

2
+ γ2

)
=

1

τ1
+

1

τ2
with

{
γ1 = − ln (1− T )

γ2 = − ln (1−∆)
(2.24)
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In these equations, N is the population of the excited level, φ the number of intracavity
photons,R is the absorption rate,B0 is the stimulated emission rate, τ is the spontaneous
emission decay time, V0 is the volume occupied by the radiation, τc is the decay time
associated to the losses, TRT the round trip time of the laser cavity, qA is the rate loss of
the absorber, Leff is the effective length of the laser cavity, T is its power transmission
coefficient, and, finally, ∆ the single-pass intracavity power losses. In order to linearize
the previous equations, we set N = N0 + δN and φ = φ0 + δφ.{

d δN
dt = R−B0 (φ0 + δφ) (N0 + δN)− 1

τ (N0 + δN)
d δφ
dt = VAB0 (φ0 + δφ) (N0 + δN)− 1

τc
(φ0 + δφ)− qA(φ0+δφ)

TRT
(φ0 + δφ)

(2.25)

and now we expand qA to the first order.
d δN

dt =
(
R−B0 φ0N0 − 1

τN0

)
−B0 φ0δN −B0N0 δφ− 1

τ δN
d δφ
dt ≈

(
VAB0 φ0N0 − 1

τc
φ0 − qA(φ0)φ0

TRT

)
+ VAB0 φ0 δN+

+
(
VAB0N0 δφ− 1

τc
δφ− qA(φ0)δφ

TRT

)
− 1

TRT

∂qA
∂φ φ0 δφ

The first terms in each line are zero, leading to{
d δN

dt = −B0 φ0 δN −B0N0 δφ− 1
τ δN

d δφ
dt = VAB0 φ0 δN − 1

TRT

∂qA
∂φ φ0 δφ

(2.26)

Now we calculate the time derivative of the second line

d2 δφ

dt2
= VAB0 φ0

d δN

dt
− 1

TRT

∂qA
∂φ

φ0 δφ
d δφ

dt
(2.27)

and then substituting the equation for δN we have

d2 δφ

dt2
=− VAB0 φ0

(
B0 φ0 +

1

τ

)
δN − VAB0 φ0B0N0 δφ−

1

TRT

∂qA
∂φ

φ0
d δφ

dt
=

=−
(
B0 φ0 +

1

τ

)(
d δφ

dt
+

1

TRT

∂qA
∂φ

)
−B2

0 VAN0 φ0 δφ−
1

TRT

∂qA
∂φ

φ0
d δφ

dt
=

=−
(
B0 φ0 +

1

τ
+

1

TRT

∂qA
∂φ

φ0

)
d δφ

dt
+

−
(
B2

0 VAN0 φ0 +

(
B0 φ0 +

1

τ

)
1

TRT

∂qA
∂φ

φ0

)
δφ =

=−
(

2

t0
+

1

TRT

∂qA
∂φ

φ0

)
d δφ

dt
− Ω2δφ (2.28)

The derivative ∂qA
∂φ of the saturable absorber losses is negative, so that a divergent so-

lution can exist, triggering a Q-switch pulse. In other words, in some conditions the
absorber does not oppose to positive fluctuations of the pulse power, rather it facilitates
to increase its power. When the gain of the absorber dominates on the damping term, a
Q-switch pulse forms. The conditions for a stable mode locking results∣∣∣∣∂qA∂φ

∣∣∣∣φ0 <
2

t0
TRT (2.29)
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or in terms of pulse energy ∣∣∣∣ ∂qA∂Ep

∣∣∣∣Ep < 2

t0
TRT (2.30)

This last equation can be rewritten in a more explicit way. We define t0 = 2τ
x , where x

can be derived from

φ =
Ep
hν

=
LeffS

τσc
(x− 1) (2.31)

so that ∣∣∣∣ ∂qA∂Ep

∣∣∣∣ < TRT

τ
+

Ep
Esat,L

(2.32)

where Esta,L = S hν2σ . An example is for SESAM, where 1− qA = RSESAM ≈ 1−∆Rns −
∆RFsatA

Ep
. In this case, we have ∣∣∣∣ ∂qA∂Ep

∣∣∣∣ = ∆R
FsatA

E2
p

(2.33)

and the mode locking stability condition becomes

∆R
Esat,A

Ep
<
TRT

τ
+

Ep
Esat,L

(2.34)

with Esat,A = FsatA. We can approximate τ � TRT, so that

E2
p > ∆REsat,AEsat,L (2.35)

This relation tells us that a Q-switch pulse forms when both the gain medium and the
saturable absorber are saturated.

2.1.2 Mode locking in time and frequency domain

Once mode locking is achieved, it is now interesting to illustrate how the pulses train
appears in both time and frequency domain. Ideally, the output of a mode locked laser
is a series of copies of the same pulse separated by a time τp, but in reality the dispersion
in the laser cavity leads to a phase shift ∆φceo between the carrier of consecutive pulses
[31]. This behavior is clear from Fig. 2.4. In this Figure, we also report the corresponding
spectral domain, where the characteristic comb spectrum is obtained [31]. We have many
teeth separated by frep = τ−1

p , but they do not start from f = 0, rather they have an offset
called Carrier Envelope Offset (CEO), indicated by fceo. In general, the frequency of the
mth tooth can be written as

fm = mfrep + fceo (2.36)

This comb-shaped spectrum is modulated by the laser linewidth. As clear from Fig. 2.4,
the CEO frequency depends on the pulse-to-pulse phase delay ∆φceo, which, in turn,
depends on the carrier frequency as well as the phase and the group velocity of the
pulses in a given laser medium [32, 33]. Overall, we can write

fCEO = νcar

(
1− vg

vp

)
(2.37)
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Figure 2.4: Pulse train in temporal domain (upper panel) and the corresponding spectrum (lower
panel).

where νcar is the carrier frequency, while vg and vp are the group and phase velocities in
the linear medium of the laser, respectively. In order to have control on the CEO, one can
exploit the pump power of the laser, since the induced temperature variations influence
vg and vp differently [34]. On the other hand, another approach is possible exploiting a
dispersive medium. By varying the path of the light through an intracavity dispersive
material, we can change the phase slip between the carrier and the modulation as [34, 32]

∆φceo = 2π
∂n

∂λλ0

lg (2.38)

where lg is the length of the dispersive material. This phase slip is related to the Carrier
Envelope Offset as ∆φceo = 2π fceo

frep
[32]. Overall, we have

δfceo =
∂n

∂λλ0

frep δlg (2.39)

where δlg is the variation of the path length in the dispersive material. Notice that we
assumed that a variation of lg affects the cavity length, and thus frep, in a negligible way,
so we have taken frep as constant. In our particular case, as we will show for the Katia
laser, the CEO is controlled with a window placed in the laser cavity: by rotating it, we
change lg and, in turn, the CEO.

2.2 Olga laser characterization

As told at the beginning of this Chapter, two different mode locked lasers have been
used through this thesis work. The Olga laser will be the one used in the final setup for
the Inverse Compton Scattering source of BriXSino. We tested the main parameters of
this laser, reporting the results in the next Subsections. We also used this laser for most of
the measurements concerning the stabilization of the Carrier Envelope Offset by means
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Figure 2.5: Spectrums of the Olga laser output with the internal amplifier turned off (a) and on (b).

of the asymmetric Pound-Drever-Hall technique (see Sec. 4.5). This laser has an internal
high-power amplifier, which increase the average power of the pulses up to 11.7 W.

2.2.1 Laser beam features

The laser beam parameters we tested were the pulse spectrum, its length and the beam
geometry at the output.

Spectrum have been measured using the Thorlabs CCS200/M - SP2 CCD spectrom-
eter, with a measured resolution of 1.8 nm at 1064 nm, and it is reported in Fig. 2.5, both
with the internal amplifier turned off and on. In the working amplified regime, the spec-
trum is 11.5 nm-FWHM, centered in 1035 nm. The discrepancy between the spectra of
the non-amplified and the amplified output of the laser may be imputed to the fact that
the internal amplifying stage is peaked on the stimulated emission cross-section of the
Ytterbium at 1030 nm, while the oscillator peak depends also on its internal polarization
selection, which is necessary for the mode locking process of this laser. This last may be
more efficient at slightly different wavelength with respect to the internal amplifier.

Pulse length have been measured using a homemade autocorrelator, reported in Fig.
2.6. Our autocorrelator is an intensity autocorrelator: by crossing two pulse copies with
different delays into a nonlinear crystal, we obtain the autocorrelation function in the
power of the generated second harmonic, as a function of the delay. In particular, we
have an LBO crystal with a length of 1 cm in critical phase matching configuration, where
the fields of the two copies of the pulse are E (t) and E (t+ τ), being τ the delay. The
field of the second harmonic can be written asESH (t, τ) ∝ E (t) E (t+ τ), so its intensity
is ISH (t, τ) ∝ I (t) I (t+ τ), corresponding to a slow signal on a detection photodiode
of A (τ) ∝

∫ +∞
−∞ I (t) I (t+ τ) dt. Now the function A (τ) can directly give the temporal

length of the pulse. In particular, in the following we show some examples for different
pulse shapes: rectangular, Gaussian, square hyperbolic secant and Lorentzian.

• Rectangular. The pulse intensity and the corresponding autocorrelation function
are

I (t) =

{
1 if |t| ≤ ∆τp

2

0 if |t| > ∆τp
2

A (τ) =

{
1−

∣∣∣ τ
∆τA

∣∣∣ if |τ | ≤ ∆τA

0 if |t| > ∆τA
(2.40)
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Figure 2.6: Scheme (a) and photography (b) of the autocorrelator used to measure the pulse length.
A motorized stage allows a controlled scan of the pulse. The nonlinear crystal is a 1 cm long LBO.

where the FWHMs of the pulse and of its autocorrelation function are the same
∆τA = ∆τp.

• Gaussian. In this case, we have

I (t) = exp

−(2
√

ln 2 t

∆τp

)2
 A (τ) = exp

−(2
√

ln 2 τ

∆τA

)2
 (2.41)

where ∆τA = 1.41∆τp.

• Sech2. In this case, we have

I (t) = sech2

[
1.7627 t

∆τp

]
A (τ) =

3

sinh2
(

2.7196 τ
∆τA

) [2.7196 τ

∆τA
coth

(
2.7196 τ

∆τA

)
− 1

]
(2.42)

where ∆τA = 1.54∆τp.

• Lorentzian. In this case, we have

I (t) =
1

1 +
(

2t
∆τp

)2 A (τ) =
1

1 +
(

2τ
∆τA

)2 (2.43)

where ∆τA = 2∆τp.

Notice that the Group Velocity Mismatch (GVM) in the crystal must be negligible,
in order to avoid distortion effects. This is our cases, as we will demonstrate in the
following. Indeed, we can simulate the autocorrelation function with and without the
effect of the GVM of the crystal, showing that there are no differences in our conditions.
The spectral autocorrelation function can be written as

Aω (τ, ω) =

∫ ∞
−∞

A (ω − ω′) A (ω′) e−iτω
′
dω′ (2.44)
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Figure 2.7: Simulation of the autocorrelation function of a 117 fs pulse without (black dashed) and
with (red, straight) the effect of the Group Velocity Mismatch introduced by our 10 mm long LBO
crystal. The effect of the GVM on the autocorrelation is negligible in our conditions.

where we assume A (ω) = e
−ω2

η2 and η = 2
τp

. The GVM gives a bandwidth acceptance
for the crystal given by

Tcrys (ω) = sinc
1

2
g Lω (2.45)

where L is the crystal length and g its GVM and, in our case, L = 10 mm and g =
5.806× 10−13 s m−1. The theoretical autocorrelation functions without and with the ef-
fect of the GVM becomes

A (τ) =

∫∞
−∞ |Aω (τ, ω)|2 dω∫∞
−∞ |Aω (0, ω)|2 dω

(2.46)

AGVM (τ) =

∫∞
−∞ |Aω (τ, ω)Tcrys (ω)|2 dω∫∞
−∞ |Aω (0, ω)Tcrys (ω)|2 dω

(2.47)

which are reported in Fig. 2.7. It is clear that the effect of the GVM on the autocorrelation
function in our condition is negligible.

The measurement with the autocorrelator A (τ) is reported in Fig. 2.8. We fit the
data with the above functions (except for the rectangular shape), reporting the widths
∆τA and the corresponding pulse durations ∆τp. The best fit is for the Lorentzian shape,
corresponding to a pulse length of 117 fs, which is in good agreement with the nominal
value of 120 fs declared by Menlo. Notice that, as we will show below, this value is only
indicative, and it does not represent the correct one, because the pulse in temporal do-
main is not Lorentzian. We also performed autocorrelation measurements as a function
of the pulse chirp, which can be finely adjusted by means of a biprism compressor at
the laser output, regulated by a screw. These measurements are shown in Fig. 2.9 for
different screw positions.

The temporal profile of the pulse can be reconstructed starting from the power spec-
trum and the autocorrelation functions with the approach explained in [35], but also
exploiting measurements as a function of the chirp. The idea is that the information
about chirp cancels the ambiguity of the pulse temporal orientation, as we will show in
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(b) Gaussian fit. ∆τp = 194 fs.
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(c) Sech2 fit. ∆τp = 170 fs.
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(d) Lorentzian fit. ∆τp = 117 fs.

Figure 2.8: Autocorrelator measurement (a) and fits with different functions (b,c,d). The best fit
is with the Lorentzian shape (d), corresponding to a calculated pulse length of 117 fs FWHM, in
good agreement with the nominal value of 120 fs declared by Menlo. Notice that this value is only
indicative, and it does not represent the correct one, because the pulse in temporal domain is not
Lorentzian.
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Figure 2.9: Measurement of the autocorrelation functionA (t) for different pulse chirps. The pulse
chirp is tuned by means of the biprism compressor at the laser output. The numbers in the legends
represent the number of turns of the regulation screw in the indicated direction: clockwise (a) and
counterclockwise (b). The black curves represent the optimized (transform-limited) pulse chirp. It
is clear that the autocorrelation function is not symmetric for positive or negative chirps.
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(a) β < 0.
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(b) β > 0.

Figure 2.10: Reconstruction of the autocorrelation function compared to the measured curve, for
β < 0 (a) and β > 0 (b) for the 10CW highly chirped measurement. The comparison cancels the
ambiguity on the sign of β, which is clearly negative, in order to reconstruct the right autocorrela-
tion function.

the following. In general, the pulse in the temporal domain can be written taking into
account different orders as

A (t) =

∫
dω
√
P (ω) e

1
2αω

2+ 1
3!βω

3+ 1
4!γω

4

(2.48)

where P (ω) is the power spectrum. The coefficients α, β and γ can be calculated by
means of an adaptive algorithm that minimizes the function

C =

∫
|Am (t)−Ar (t)|dt∫

Am (t) dt
(2.49)

being Am and Ar the measured and the reconstructed autocorrelation functions, respec-
tively.

The reconstruction works as follows. First of all, we exploit the measurement of the
autocorrelation function with the maximum chirp (10CW screw position) and we apply
the algorithm to find the coefficients α, β and γ. If on one hand we know the sign
of α, because we know how the biprism of the laser compressor moves, on the other
hand we do know the signs of β and γ, which present ambiguity. However, from the
simulations we can fix the sign of γ, because the humps in the autocorrelation function
can be reproduced only for a fourth order with an opposite sign with respect to the
second order α, so the ambiguity is experimentally cancelled. As far as the third order
β is concerned, the autocorrelation function is not symmetric with respect to the sign of
β, once α and γ are fixed. This is clear from Fig. 2.10, where we show the difference
between taking β < 0 or β > 0. Thus, once again, by comparing the reconstructed
autocorrelation function to the measured, we can know the sign of β.

At this point we fix the values of β and γ and we apply the algorithm to find the
value of the chirp α for the different screw positions of the laser output compressor and,
finally, to reconstruct the pulse in temporal domain, its spectrum and its autocorrelation
function. This last is compared to the measured curve to prove that the reconstruction is
good.

In Figs. 2.11 and 2.12 we show the results for different chirps, where we report the
temporal profile, the spectral shape and the reconstructed autocorrelation function. In
Fig. 2.13 we report the calculated chirp as a function of the screw position, showing the
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Figure 2.11: Part 1. Reconstruction of the laser pulse for different chirps (rows). The first column
shows the pulse in temporal domain, both amplitude (black) and phase (red). The central column
shows the reconstructed spectrum, both amplitude (black) and phase (red). The right column
shows the reconstructed autocorrelation function (black) compared to the measured (red). Here
the chirp decreases along the rows.
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Figure 2.12: Part 2. Reconstruction of the laser pulse for different chirps (rows). The first column
shows the pulse in temporal domain, both amplitude (black) and phase (red). The central column
shows the reconstructed spectrum, both amplitude (black) and phase (red). The right column
shows the reconstructed autocorrelation function (black) compared to the measured (red). Here
the chirp increases along the rows.
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Figure 2.13: Chirp of the pulse α as a function of the biprism compressor screw position. The chirp
is linear in the position, with a value of 3900 fs2/turn obtained from a linear fit.
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Figure 2.14: Reconstructed temporal profile of the pulse (black) and its transform limited (TL)
counterpart (red), for the optimized position of the laser output compressor. The pulse presents a
second little peak at its end, due to the presence of the higher orders β and γ in A (t). The FWHM
length of the reconstructed pulse is 204 fs, compared to the 139 fs of the transform limited.

expected linear trend with 3900 fs2/turn, against a nominal value of 3000 fs2/turn. The
difference may be imputed to the slightly damaged screw.

The final result for the pulse in the temporal domain in the optimized position of
the compressor (screw at 0) is shown in Fig. 2.14 compared to its transform limited
counterpart. The Figure shows that a small oscillation is present at the end of the pulse in
the temporal domain, due to the presence of the higher orders β and γ inA (t), which are
not compensated by the internal compressor of the laser. The value of the pulse length
obtained with this method is 204 fs, compared to the 117 fs obtained directly from the
Lorentzian autocorrelation. The difference tells us that the Lorentzian shape is not the
correct autocorrelation fit to use, but a more complex function has to be involved, where
the relation ∆τA = 2∆τp does not hold anymore. This is clear from the reconstructed
pulse in temporal domain, which is not Lorentzian neither Gaussian. For this reason,
the method we presented to reconstruct the pulse in temporal domain seems to be more
accurate than the single autocorrelation measurement.

To complete the pulse characterization, by means of a calibrated CCD we measured
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(a) Scheme of the setup used for the repetition rate
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Figure 2.15: Scheme of the repetition rate measurement setup and the results.

the geometry of the beam, which results in a 0.70 mm horizontal and 0.81 mm vertical
waist with a 0.5 mrad divergence.

2.2.2 CEO and repetition rate

This Menlo laser is equipped with a regulation of the repetition rate. The control is
performed with a motorized slit, spanning in the range from 92.69 MHz to 93.02 MHz
with the precision of around 2 Hz (154000 total steps positions). The complete range has
been measured as a function of the slit position and has been reported in Fig. 2.15b. The
operative repetition rate has been set to 92.857 MHz.

Measurements about the CEO of this laser are reported in Chap. 4 in the dedicated
Section, since its measurement involves the use of the optical cavity described in that
Chapter.

2.3 Katia laser characterization

This mode locking laser has been used for almost all the studies reported in this thesis,
since Olga has been purchased only recently, and after the preliminary tests and the CEO
measurement has been moved to its final destination in the LASA laboratories in Segrate,
Milan. The main parameters of the Katia laser has been measured, and they are reported
in the following. The output amplifying stage of this laser allows to reach an average
power of around 230 mW.

2.3.1 Laser beam features

Output spectrum has been measured with the Thorlabs CCS200/M - SP2 CCD spectrom-
eter, as well, and the results are reported in Fig. 2.16. In the working amplified regime,
the spectrum is 20 nm-FWHM, centered in 1026 nm.

By means of a calibrated CCD, we measured the geometry of the beam, which results
in a 1.56 mm horizontal and 1.57 mm vertical waist.

The intensity noise has been also measured and reported in Fig. 2.17 as a Relative
Intensity Noise (RIN). The high peak at 100 kHz will be commented in the next Chapter.



Mode-locking laser 29

1 0 0 0 1 0 2 0 1 0 4 0 1 0 6 0
0 . 0

0 . 5

1 . 0

No
rm

aliz
ed

 am
plit

ud
e

W a v e l e n g t h  ( n m )
(a) Final amplifier turned off.

1 0 0 0 1 0 2 0 1 0 4 0 1 0 6 0
0 . 0

0 . 5

1 . 0

No
rm

aliz
ed

 am
plit

ud
e

W a v e l e n g t h  ( n m )
(b) Internal amplifier turned on.

Figure 2.16: Spectrums of the Katia laser output with the internal amplifier turned off (a) and on
(b).
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Figure 2.17: Measured RIN of Katia laser.
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θ d′

(a) Scheme. (b) Photography.

Figure 2.18: Scheme (a) and photography (b) of the system for the control of the CEO in our Katia
laser. The window is inserted in the laser cavity right next to the back reflector and on a rotating
mounting.

2.3.2 Controlling the CEO

This laser has no controls on the Carrier Envelope Offset, except a manual control on the
diode current, but this has a very limited range. For this reason, we decided to introduce
a coarse control on CEO by means of a window inserted in the Menlo laser cavity. As
explained in Sec. 2.1, CEO depends on the difference between the group and the phase
velocity of the intracavity pulse: the window, which has a different refractive index with
respect to the air, acts exactly on these parameters. The idea is thus to change the optical
path inside the windows itself by rotating it. The principle is schematized in Fig. 2.18a,
while in Fig. 2.18b we report a photography of the experimental implementation. The
window was initially manually oriented, but very recently a fine control has been intro-
duced by means of a micrometric rotator. We report two photographs in Fig. 2.19. From
simple geometrical calculations and the Snell law, one can obtain the optical path inside
the crystal as a function of the rotation angle θ. We have

d′ =
d√

1− k2 sin2 θ
(2.50)

where k = n
nw

is the ratio between the refractive indexes of the air and the window, while
d is the window depth. For small angle variations δθ around a starting position θ0, the
variation of the optical depth can be written as

δd′ =
∂d′

∂θ

∣∣∣∣
θ0

δθ =
d k2 cos θ0 sin θ0(
1− k2 sin2 θ0

) 3
2

δθ = C δθ (2.51)

Since the CEO is proportional to the pulse-to-pulse phase shift ∆φ (see Fig. 2.4) and
thus d′, we have that in first approximation we can linearly control it by changing the
window angle θ.

δfceo = Cδθ (2.52)

In our case we have a BK7 window of d = 5 mm depth, with nw = 1.5070 at 1035 nm,
with a starting angle θ0 ∼ 10◦. Notice that the window rotation changes the length of
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(a) Fine control mechanism before mounting. (b) Fine control mechanism after mounting.

Figure 2.19: Photographs of the fine control of the orientation of the window. A micrometric rota-
tor is directly connect to the window that stays right below when mounted. In (a) a photography
of the control before mounting on the laser. In (b) a photography after mounting on the laser.

the laser cavity as well, resulting in a variation of the repetition rate of the pulses, but
we can calculate that this variation is negligible: in our case, we have about 3.4 kHz per
degree, for a repetition rate of 100 MHz. The calibration of this rotator stage results in
16.6 MHz per degree around a starting angle θ0 = 10◦, so a variation of the CEO of one
repetition rate of 100 MHz is spanned with a 6◦ rotation.





CHAPTER 3

Active amplification: fiber amplifier

Current technology does not allow to reach the ∼ 100 kW− 1 MW average power of the
pulsed beams necessary for Inverse Compton Scattering applications with a single kind
of amplification. Using only an active amplification would require the entire power to
travel in a medium that would be damaged. On the other hand, using only a passive
amplification would require a huge cavity gain (∼ 106) and, in turn, a huge Finesse,
which would be impossible to manage. These considerations lead to the choice of us-
ing both the two kind of amplification: first an active amplification stage to a power
of 100 W, then a final passive amplification stage to the MW. The choice for the active
amplification is to use doped fibers, that will be analyzed in Sec. 3.2.

The peak intensity of ultra-short laser pulses is typically very high, leading to dele-
terious non-linear effects which distort the pulse or even destruct the gain medium, in
particular the self-focusing effect [36, 37]. This limits the value of the peak intensity to
an order of GW cm−2, which, for very wide multi-beam facilities, corresponds to a max-
imum peak power of an order of TW. To circumvent the problem, the Chirped Pulse
Amplification (CPA) technique has been introduced in the 1980s by Donna Strickland
and Gérard Mourou at the University of Rochester [38], which earned them the Nobel
Prize in Physics in 2018. The CPA technique consists in stretching out in time an ultra
short laser pulse before entering the gain medium depending on its spectrum by means
of a highly dispersive element, such as a grating pair or a prism pair or a fiber. In partic-
ular, the low-frequency and the high-frequency components of the pulse travel different
paths resulting in a delay between the two and, overall, the pulse becomes temporally
stretched, and its peak power lowers up to a factor 106. At this point, the pulse is safely
amplified through the gain medium, so that detrimental non-linear effects do not occur
with a gain up to a factor 106, and finally compressed to the initial length in the same
way as stretching. The scheme of the CPA technique is depicted in Fig. 3.1. The CPA
technique allows to achieve a final intensity many order of magnitudes higher than be-
fore.

Notice that the concept of CPA can be applied both to bulk gain mediums and to
fibers. Fibers are typically used with high average power and high repetition rate pulses,
since peak intensities are much higher than in bulk mediums due to the limited dimen-
sions of single-mode fibers. This is exactly the case of interest for our application, where
input pulses have 10 mW mean power and 100 MHz repetition rate, with a desired out-
put mean power of the order of 100 W. In our particular case, the active amplification
is supposed to be done with two different stages. The first stage, which is being imple-
mented at the moment and will be deeply analyzed in the next Paragraphs, consists of
a homemade fiber amplifier with a power gain from 10 mW to 5 W. The second stage
will be a fiber amplifier composed by a doped fiber from NKT and a 200 W pump laser
diode, used to reach the final mean power of 100 W and will not be studied in this work.

33



34 3.1 Stretching stage

Figure 3.1: Scheme of the Chirped Pulse Amplification technique. A short, low-power pulse
is stretched so that its peak power decrease; then an amplifier increase the power of the long
stretched pulse; finally, a compressor make the pulse short again, resulting in a dramatically in-
creased intensity.

Notice that the first stage amplifier is necessary only for the R&D performed with the Ka-
tia laser, while in the very final configuration with the Olga laser it will not be necessary,
since its output power is sufficient and only the second stage will be used.

In Fig. 3.2 we show the scheme and the photography of our complete first stage
amplifier, and in the following Sections we will analyze and describe each component.

3.1 Stretching stage

The stretching of the pulses necessary for the CPA is performed using a Chirped Volume
Bragg Grating (CVBG). This kind of grating consists of a parallelepiped crystal where a
Bragg grating is written inside. In particular, in this case, the Bragg wavelength is not
constant so that a strong chromatic dispersion is obtained. The fabrication of these de-
vices can be made exploiting a photosensitive glass, either irradiated with an ultraviolet
standing wave pattern or directly written with a highly focused and highly intense laser
[39].

Consider a sinusoidal refractive index modulation of a bulk material with a period
Λ. A forward propagating light field interfere with a backward propagating field when
the Bragg condition

λB = 2 Λn

is satisfied. Here n is the effective refractive index and λB is the Bragg wavelength and
indicates that only the light with wavelength λB is reflected. In a CVBG Λ depends on
z, thus different wavelengths reflects at different positions z, which, in turn, results in a
chirped pulse. More precisely, consider a linearly chirped Bragg grating with a spatial
frequency given by

K (z) = K0 +
F z

L2
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Input seed

HWP PBS QWP CVBG

Mode locking laser

Doped fiber

(a) Scheme of the amplification stage implemented in our setup. The seed pulses are stretched with
a CVBG, then they go to the amplifier fiber. Two Faraday Isolators (FI) isolates the fiber, preventing
its lasering. The input seed is amplified with a pump diode in a Yb doped fiber through a fiber
combiner that puts the pump and the seed together. At the final fiber output, a dichroic beam
splitter (BS) eliminates the residual pump.

(b) Photography of our amplification stage.

Figure 3.2: Scheme (a) and photography (b) of our first stage amplifier implemented in our setup.
RP indicates the Residual Pump. The maximum output seed power reached is 4.5 W.



36 3.1 Stretching stage

HWP PBS QWP CVBG

h
v

(a) Scheme of our stretching stage. (b) Photography of our stretching stage.

Figure 3.3: Scheme and photography of our stretching stage before the fiber amplifier. Before
entering the stretching stage, a Half-Wave Plate (HWP) set the polarization to horizontal, then
the beam is transmitted through the PBS. A QWP makes the polarization circular, then the CVBG
separates the spectral components of the beam, which is sent back through the QWP resulting in
a vertical polarization. Finally, the beam is reflected by the PBS to the following stages.

where K0 is the spatial frequency at z = 0, L the grating length and F the chirp param-
eter. We take Λi and Λf as the spatial periods at z = 0 and z = L, respectively. In this
case, the light wavelengths reflected at z = 0 and z = L can be respectively written as

λi = 2nΛi λf = 2nΛf

Notice that this is an approximate result, since we assumed that n does not depend
on the wavelength. Actually, this is a good approximation in the regime of interest of
1035 nm± 1.5 nm, where ∆n = 0.003 %. We can write

1

Λf
− 1

Λi
=

F

2πL
≈ 2n∆λ

λ2
0

where ∆λ = λf − λi is the grating bandwidth and λ0 =
λi+λf

2 is the central wavelength.
Thus, the CVBG reflects light with wavelength λ0 and bandwidth

∆λ =
Fλ2

0

4πnL

Finally, the time delay between λi and λf is

∆τ =
2nL

c

corresponding to a dispersion of

dτ

dλ
=

8πn2

cλ2
0

L2

F

The stretching stage of our setup is composed by a Polarizing Beam Splitter (PBS),
a zero-order Quarter-Wave Plate (QWP) and a CVBG, as reported in the scheme of Fig.
3.3. A horizontally polarized beam is transmitted through a Thorlabs PBSW-1030, then a
Thorlabs WPQSM05-1030 gives a circular polarization. The beam is then stretched and
reflected by a custom Chirped Volume Bragg Grating (CVBG) from OptiGrate (CBG-
1035-90), passes back through the quarter-waveplate resulting in a vertical polarization
and, finally, the PBS reflects the beam to the following stages.

The OptiGrate CVBG has a central wavelength of 1035 nm and a nominal bandwidth
∆λ = 2.7 nm. The reflected pulse has a length of 380 ps. Measured input, reflected



Active amplification: fiber amplifier 37

1 0 1 0 1 0 2 0 1 0 3 0 1 0 4 0 1 0 5 0 1 0 6 0
0 . 0

0 . 5

1 . 0

Sp
ec

tru
m

W a v e l e n g t h  ( n m )

 I n p u t
 T r a n s m i t t e d
 R e f l e c t e d

(a) Spectrums of the input beam (black), transmit-
ted beam (blue) and reflected beam (red) of the
CVBG. Spectrums have been acquired through
a Thorlabs CCS200/M - SP2 CCD spectrometer
with a resolution of 1.8 nm.
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(b) Zoom of the stretcher reflected spectrum mea-
sured with a homemade spectrometer with a res-
olution of 0.10 nm.

Figure 3.4: Spectrums of the input, transmitted and reflected beams of the stretcher (a) and high-
resolution zoom of the reflected one (b).

Aligned

Misaligned

Figure 3.5: Effect of the misalignment of the CVBG on the spatial chirp of the pulses.

and transmitted spectrums are reported in Fig. 3.4a. These spectrums have been ac-
quired with a Thorlabs CCS200/M - SP2 CCD spectrometer, with a measured resolution
of 1.8 nm at 1064 nm. A more precise measurement of the reflected spectrum have been
performed with a more accurate homemade spectrometer. The beam is caught after the
chirping stage with a single-mode fiber and sent to a Thorlabs GR25-1210 ruled reflective
diffraction grating, with 1200 lines/mm. Then, a 2-f imaging of the first-order reflected
beam is performed with an f = 250 mm lens and a CCD. The system is designed for
a central wavelength of 1035 nm, with θi = 28.4◦ and θd = 50.0◦, so that on the CCD
we have 2.136 nm mm−1 with a resolution of ∆λ = 0.10 nm. The measured spectrum has
been centered at 1035 nm, and it is shown in Fig. 3.4b. Notice that the central wavelength
of the CVBG does not correspond to the laser spectrum peak of 1024 nm, but we chose
a grating centered on the peak of the mode-locking laser at 1035 nm that will be used in
the very final setup.

3.1.1 Alignment

An important point to have under control is the alignment of the stretcher. Indeed, a
rotation of the CVBG with respect to the beam axis would introduce a spatial chirp in
the transverse direction, as clear from Fig. 3.5: different wavelengths are reflected at
different longitudinal positions but, with a misalignment, they would be reflected at dif-
ferent transverse positions, too. To optimize this alignment, we exploited the homemade
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Figure 3.6: Section of the doped Liekki R© Yb1200-10/125 polarization maintaining fiber, with the
characteristic panda design.

spectrometer described above. Since the spectrum does not depend on the transverse co-
ordinate when the CVBG is correctly aligned, we slightly moved the single-mode fiber to
sample the beam in different transverse points and aligned the stretcher until the spec-
trum did not change during the sampling. This aspect is very important for the correct
coupling of the optical elements after the stretcher, in particular the amplifier fiber, since,
with a transverse spatial chirp, a part of the spectrum could be coupled while another
not, resulting in a distortion of the spectrum of the amplified seed.

3.2 Fiber

The amplification stage is based on a doped fiber. Fibers are preferred to bulk amplifiers
since they provide more stability and more compactness. In particular, we choose an
Yb-doped fiber with a double cladding: the core is doped and single-mode and the seed
propagates there; the undoped multi-mode cladding surrounds the core and guides the
pump. In this way the pump modes have an overlap with the core of the seed, which
is doped, so that the pump is absorbed there. Since the cladding is much larger than
the core (typically ∼ 10 µm core and ∼ 100 µm cladding), a higher pump power can be
coupled. Furthermore, there is not the necessity of a single-spatial mode pump, thus a
high-power laser diode can be used. The multi-mode cladding makes the pump launch
much easier and efficient, too.

The fiber we use is a 5 m long polarization maintaining Liekki R© Yb1200-10/125 from
nLIGHT, with a 10 µm core and a 125 µm cladding. A section of this fiber is shown in Fig.
3.6. The polarization is maintained by intentionally introducing a strong birefringence
in the fiber, so that small birefringence fluctuations are hidden by it and the state of the
polarization is not affected significantly [40].

These fibers are based on the Yb3+ ion, where only two level manifolds are relevant
in the 4f13 configuration: the 2F7/2 ground state and the 2F5/2 excited state. The first is
split into 4 Stark sub-levels, while the second into 3 [41], as shown in Fig. 3.7a. This level
structure behaves as a quasi-three-level system for 976 nm pump and 1035 nm seed [42].
The ground state of this quasi-three-level system is S0, the excited state is the sub-level
U1 and the intermediate state is the sub-level S1. The cross-sections for emission σe and
absorption σa are shown in Fig. 3.7b. Since S1 → S0 is a fast non-radiative transition,
we can assume that the population density N1,1 of S1 is negligible and, in turn, the total
density of Yb3+ ions is N = N1 + N2, where N1 is the population density of S0 and N2

is the population density of U1.



Active amplification: fiber amplifier 39

(a) Yb3+ levels and the transitions of interest.
Here the system behaves as a quasi-three-levels.
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(b) Absorption and emission spectrum of the Yb.

Figure 3.7: Yb3+ levels scheme (a) and its absorption and emission spectrum (b).

Now consider a double clad fiber, where the single mode core is uniformly doped
with an Yb3+ ion concentration N independent of time and position. Here, the seed
travels at a wavelength λs. The cladding supports the pump at wavelength λp with a
power Pp (z, t). We define the power densities per unit wavelength P± (z, t, λ) propa-
gating in the forward (+) and the backward (−) z directions. Here, P± comprehend both
the seed and the Amplified Spontaneous Emission (ASE) in the fiber. The rate equations
in this case are [43]

∂N2 (z, t)

∂t
=

(
λpΓpσa (λp)

hcAcore

)
Pp (z, t)N1 (z, t)− 1

τ
N2 (z, t) +

−
(

Γs
hcAcore

)
N2 (z, t)

∫
σe (λ)

[
P+ (z, t, λ) + P− (z, t, λ)

]
λ dλ+

+

(
Γs

hcAcore

)
N1 (z, t)

∫
σa (λ)

[
P+ (z, t, λ) + P− (z, t, λ)

]
λ dλ (3.1a)

∂N1 (z, t)

∂t
=− ∂N2 (z, t)

∂t
(3.1b)

while for the powers along the fiber at regime, we have

±dP± (z, t, λ)

dz
= Γs [σe (λ)N2 (z, t)− σa (λ)N1 (z, t)]P± (z, t, λ) +

+ Γsσe (λ)N2 (z, t)P0 (λ)− α (λ)P± (z, t, λ) (3.2a)

±dP±p (z, t)

dz
=− Γpσa (λp)N1 (z, t)P±p (z, t)− α (λp)P

±
p (z, t) (3.2b)

Here, c is the speed of light, α (λ) > 0 are the scattering losses in the fiber and P0 (λ) =

2hc
2

λ3 is the contribution of the spontaneous emission, where the factor 2 comes from the
two orthogonal polarizations. The fact that our fiber is double clad, so that the pump
travels in the cladding and not in the doped core only, is summarized in the two param-
eters Γp and Γs, which represent the overlaps of the pump and the signal to the dopant,
respectively. In particular, if we consider a flat-top pump in the cladding and a Gaus-
sian seed in the core, we have Γp ≈ Acore

Aclad
, while Γs = 1 − exp

(
−2 Acore

Amode

)
≈ 1 and it is
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assumed to be independent of wavelength [44]. Notice that, in our case, Γp � Γs, since

Γp =
(
Rcore

Rclad

)2

=
(

10 µm
125 µm

)2

≈ 6× 10−3.

3.2.1 Pulse propagation

The propagation of light in the fiber medium is governed by the well-known Maxwell’s
equations

∇×E =− ∂B

∂t
(3.3a)

∇×H =J +
∂D

∂t
(3.3b)

∇ ·D = ρ (3.3c)
∇ ·B = 0 (3.3d)

Here E and H are the electric and magnetic fields, respectively, while D and B are the
corresponding electric displacement field and magnetic induction field. In our case, the
charge density ρ and the current density J are null, since there are not localized or free
charges.

The relations between the flux densities and the fields in the fiber medium are given
by

D = ε0 E + P (3.4a)
B =µ0 H + M (3.4b)

with ε0 and µ0 vacuum permittivity and permeability, respectively, and P and M the
induced electric and magnetic polarizations. In our non-magnetic medium, M = 0.

The equations for the propagation of the pulses in the fiber can be derived from the
Maxwell equations 3.3. If we apply a curl operator on Eq. 3.3a and use Eq. 3.3b, 3.4a and
3.4b, after some algebra we obtain

∇×∇×E = − 1

c2
∂2E

∂t2
− µ0

∂2P

∂t2
(3.5)

and, in turn,

−∇2E = − 1

c2
∂2E

∂t2
− µ0

∂2P

∂t2
(3.6)

where c is the speed of light in vacuum, ε0µ0 = c−2, and we used the fact that∇×∇×E =
∇ (∇ ·E) − ∇2E = −∇2E, since ∇ · E = 0 from Eq. 3.3c with no charges. A last step
consists in writing a relation between the induced polarization P and the electric field
E. In our case of fibers operating in the 500 − 2000 nm range, a classical approach is
sufficient to study the non-linear effects, without the need of quantum mechanics.

In general, the response of the dielectric medium of the fiber to an electric field is non-
linear if the field is intense enough. This behavior is related to the anharmonic dynamics
of the bound electrons of the dielectric when the electric field is applied. The result is
that the total polarization P is not linear in the electric field E and satisfies

P = ε0

(
χ(1) ·E + χ(2) : EE + χ(3)

...EEE + . . .

)
(3.7)
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where χ(j) is the jth order susceptibility and, in general, is a tensor of rank j + 1. The
notation used in Eq. 3.7 is equivalent to the following, for each component of P

Pi = ε0

∑
j

χ
(1)
i,j Ej +

∑
j,k

χ
(2)
i,j,kEjEk +

∑
j,k,l

χ
(3)
i,j,k,lEjEkEl + . . .

 (3.8)

Notice that χ(1) is the dominant term, while χ(2) vanishes in our case, since our silica
glass fiber is composed of SiO2, which is a symmetric molecule. More specifically, if
we assume an electric-dipole approximation and a local response of the medium, the
time-dependent induced polarization can be written as

P (r, t) = PL (r, t) + PNL (r, t) (3.9)

where

PL (r, t) = ε0

∫ ∞
−∞

χ(1) (t− t′) ·E (r, t′) dt′ (3.10a)

PNL (r, t) = ε0

∫ ∫ ∫ ∞
−∞

χ(3) (t− t1, t− t2, t− t3)
...

×E (r, t1)E (r, t2)E (r, t3) dt1dt2dt3 (3.10b)

These equations lead us to the following non-linear differential equation for the pulse
propagation

∇2E− 1

c2
∂2E

∂t2
= µ0

∂2PL

∂t2
+ µ0

∂2PNL

∂t2
+ (3.11)

At this point, we treat the non-linear polarization PNL as a small perturbation to PL.
We then assume that the field is quasi-monochromatic, i.e. ∆ω

ω0
� 1, which is well fit

in our case. Another approximation we perform is that the polarization is maintained
in the fiber, as happens in our polarization-maintaining fiber. If we separate the rapidly
varying part of the electric field as

E (r, t) =
1

2
[E (r, t) exp (−iω0t) + c.c.] ê (3.12)

where ê is the unit vector of the polarization and E (r, t) is the slowly varying field, we
have for the polarizations

PL (r, t) =
1

2
[PL (r, t) exp (−iω0t) + c.c.] ê (3.13a)

PNL (r, t) =
1

2
[PNL (r, t) exp (−iω0t) + c.c.] ê (3.13b)

In order to find the equation for the slowly varying amplitudeE (r, t), working in Fourier
domain is more convenient, but requires some approximations, since Eq. 3.11 is non-
linear. Indeed, we can assume that the non-linear response is instantaneous, so that

PNL (r, t) = ε0χ
(3)

...E (r, t1)E (r, t2)E (r, t3) (3.14)

which is true for pulses with a length > 1 ps [40]. By neglecting high-frequency terms,
one can find that

PNL (r, t) ≈ ε0εNLE (r, t) (3.15)
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where εNL = 3
4χ

(3)
xxxx |E (r, t)|2. Finally, we need to treat εNL as a constant when we

derive the propagation equation, but this is justified by the fact that PNL is perturbative,
and we are in the slowly varying envelope approximation. By substituting Eqs. 3.12 and
3.13s in Eq. 3.11, one finds that the Fourier transform of E (r, t) given by

Ẽ (r, ω − ω0) =

∫ ∞
−∞

E (r, t) exp [i (ω − ω0) t]dt (3.16)

satisfies the so-called Helmholtz equation

∇2Ẽ + ε (ω) k2
0Ẽ = 0 (3.17)

with k0 = ω
c and ε (ω) = 1 + χ̃

(1)
xx + εNL. Following the procedure of [40], one can solve

Eq. 3.17 by the method of separation of variables. Assuming that

Ẽ (r, ω − ω0) = F (x, y) Ã (z, ω − ω0) exp (iβ0z) (3.18)

with Ã (z, ω) representing a slowly varying function of z and β0 the wave number, the
equation for Ã obtained from Eq. 3.17 is

2iβ0
∂Ã

∂z
+
(
β̃2 − β2

0

)
Ã = 0 (3.19)

where β̃ (ω) = β (ω) +
k0

∫ ∫∞
−∞∆n|F (x,y)|2dxdy∫ ∫∞
−∞|F (x,y)|2dxdy

. By taking β (ω) = β0 + (ω − ω0)β1 + . . .

and coming back in time domain, one finds the final equation for A:

∂A

∂z
+ β1

∂A

∂t
+ i

β2

2

∂2A

∂t2
+
α

2
A = iγ |A|2A (3.20)

where the non-linear parameter is γ = n2 ω0

cAeff
, withAeff the effective area of the doped core

and α the absorption coefficient. If we put in a frame of reference moving with the pulse
at its group velocity vg so that the retarded time can be written as T = t− z

vg
= t− β1z,

we obtain
∂A

∂z
+
α

2
A+ i

β2

2

∂2A

∂T 2
− iγ |A|2A = 0 (3.21)

The last three terms of Eq. 3.21 describes the effect of fiber losses, the dispersion, and the
non-linearity of the pulses propagating in the fiber, respectively.

If we write Eq. 3.21 in terms of the normalized amplitude u = 1√
P0
A, which is the

amplitude normalized to the input peak power P0, we obtain

∂u

∂z
= −α

2
u− iD

2

∂2u

∂T 2
+ i

1

LNL
|u|2 u (3.22)

where we put D = β2 to better clarify that it is the dispersion coefficient, defined as
D = λ2

2πc2
∂2n
∂λ2 , and LNL is the so-called non-linear length. LNL represents the length scale

over which the non-linear effects become important in the pulse evolution along the
fiber, and it is defined as LNL = 1

γP0
. As happens in Eq. 3.21, the first term on the right

side of Eq. 3.22 provides the loss or gain (notice that α can be positive or negative and
in general it depends on z), the second term describes the dispersion, while the last term
describes the effects on the Self Phase Modulation (SPM), which is a non-linear third
order effect.
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Dispersion effects As a first approach, it is important to study the two effects sepa-
rately. The first one concerns the dispersion of the pulse in the fiber. Consider a linearly
chirped Gaussian input pulse, whose normalized field can be written as

u (0, T ) = exp

(
−1 + iC

2

T 2

σ2
T0

)
(3.23)

where σT0
is the temporal half-width at e−1-intensity point of the pulse andC is the chirp

parameter. σT0
is related to the FWHM through the relation σT0,FWHM = 2

√
ln 2σT0

. The
temporal length of the pulse evolves in the fiber as [45, 40]

σT (z) = σT0

√(
1 +

CDz

σ2
T0

)2

+

(
Dz

σ2
T0

)2

(3.24)

so at the end of the fiber, whose length is L, we have

σT = σT0

√(
1 +

CDL

σ2
T0

)2

+

(
DL

σ2
T0

)2

(3.25)

Notice that in some books the dispersion coefficient D is referred to as Group Veloc-
ity Dispersion (GVD), with units fs2 mm−1. Actually, the dispersion in a fiber has two
different contributions: the material and the confinement. However, in our case, the con-
finement effect is negligible, because we are far from the zone where material dispersion
of fused silica is zero (i.e., around 1300 nm). A more useful relation holds for the FWHMs
of the pulses

σT,FWHM = σT0,FWHM

√√√√(1 +
4 ln 2CDL

σ2
T0,FWHM

)2

+

(
4 ln 2DL

σ2
T0,FWHM

)2

(3.26)

It is also useful to write an expression for the chirp coefficient C, too. The spectral width
of the chirped pulse can be written as [40]

σω =

√
(1 + C2)

σT0

(3.27)

so that

C =
√
σ2
ωσ

2
T0
− 1 (3.28)

If the pulse is transform-limited, then σω = σ−1
T0

and C = 0, as one would expect. Notice
that the σi are the half-widths at the 1/e intensity point.

In Fig. 3.8 we report an example of the effect of the dispersion on our chirped pulse.
Here we take the parameters of our setup, with a fused silica 5 m fiber with a dispersion
coefficient of 18.606 fs2 mm−1 at 1035 nm wavelength, and a pulse 380 ps-FWHM long
with a spectral width of 2.8 nm-FWHM. This leads to a chirp coefficient C = 675. As
clear from Fig. 3.8, dispersion has a minimal effect on the pulse, as it stretches from
380 ps to around 380.5 ps, thus it can be neglected in the amplifier equations.
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Figure 3.8: Effect of the dispersion on our pulse length in our amplification setup. In the conditions
we operate, the dispersion is negligible.

SPM effects Since dispersion is negligible in our fiber, the study of the Self Phase Mod-
ulation effects is made with D = 0. The propagation equation 3.22 becomes

∂u

∂z
= −α

2
u+ i

1

LNL
|u|2 u (3.29)

If we write the normalized amplitude in the complex form u = reiφ, from Eq. 3.29 we
obtain

∂r

∂z
= −α

2
r and

∂φ

∂z
=

1

LNL
r2 (3.30)

Two different cases can be considered in order to study the effect of the SPM on the phase
φ of the pulse. The first is when the gain (or loss) is constant, so that α = const. In this
case we obtain for a fiber of length L

u (L, t) = u (0, t) exp [iφ (L, t)] (3.31a)

φ (L, t) =
Leff

LNL
r2 (0, t) (3.31b)

with Leff = 1−e−αL
α the so-called effective length of the fiber. Notice that in the amplifi-

cation regime (α < 0) the effective length increases, so the non-linear effects are greater,
since the condition now becomes Leff � LNL. The time dependence of φ induces a spec-
tral broadening in the pulse. Indeed, the frequency shift of δν from the central frequency
ν0 can be written as

δν (t) =
1

2π

∂φ

∂t
=

1

2π

Leff

LNL

∂

∂t
|u (0, t)|2 (3.32)

For a Gaussian shaped pulse an analytical solution can be found, resulting in a spectral
broadening of [40]

∆ν =
1

π
√

2e σT0

Leff

LNL
(3.33)

The second case is when the normalized amplitude function r (z, t) is known. Since
r (0, t) = 1, one can obtain

φ (L, t) =
1

LNL

∫ L

0

r2 (z, t) dz (3.34)
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Figure 3.9: Effect of the Self Phase Modulation on the pulse spectrum as a function of Leff
LNL

for our
pulse. SPM has a negligible effect as far as Leff

LNL
stays below 10.

The spectral broadening has to be compared to the spectral length of the pulse, in
order to see whether it can be neglected or not. In Fig. 3.9 we plot the relative broadening
∆ν
σν

as a function of the Leff

LNL
parameter for our input pulse (σν = THz). It is clear that

Leff

LNL
should stay well below 10, so that SPM broadening can be neglected.

In a general case, it is convenient to calculate the effect of the SPM on the Power
Spectral Density (PSD) (see Sec. 4.3) of the frequency. In the first case, when the gain (or
loss) is constant, we can write

φ (L, t) =
Leff

LNL
r2
0 (t) =

Leff

LNL

(
1 +

δI (t)

Ī

)
(3.35)

where Ī is the mean intensity of the signal and δI (t) represents its fluctuation. Thus, a
fluctuation of the phase results as

δφ (L, t) =
Leff

LNL

δI (t)

Ī
(3.36)

and in the frequency domain

δφ (L, f) =
Leff

LNL

δI (f)

Ī
(3.37)

The PSD results as

Sφ =

(
Leff

LNL

)2

SI (3.38)

with SI PSD of the intensity fluctuations such that∫
SIdf =

〈(
δI (t)

Ī

)2
〉
t

(3.39)

where 〈·〉t is a temporal average, and so

Sν = f2Sφ = f2

(
Leff

LNL

)
SI (3.40)
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Figure 3.10: Fiber combiner from AFR company used to couple pump and seed in the doped fiber.
Seed input and output fiber are the Liekki R© Passive-10/125DC-PM, the same of the doped fiber.

In the second case, we have

φ (L, t) =
1

LNL

∫ L

0

Ī (z)

Ī (0)

(
1 +

δI (0, t)

Ī (0)

)
dz =

Leff

LNL

(
1 +

δI (t)

Ī

)
(3.41)

Once Leff is calculated, the procedure to find the PSD of the frequency is identical to the
previous case and Eq. 3.40 holds.

3.2.2 Pumping scheme

The pumping scheme of our amplifier is based on a fiber combiner from AFR com-
pany, shown in Fig. 3.10. The input and output seed fibers are the Liekki R© Passive-
10/125DC-PM, with polarization maintaining and double clad, geometrically identical
to our doped fiber. The pump fiber is identical to the fiber of our pumping diode and
consists of a 105/125 (NA 0.22) multimode fiber with a maximum power of 100 W for
976 nm wavelength. With this combiner, only a forward pumping configuration is pos-
sible. Fiber connections of the pump and the active fiber to the combiner fibers have
been performed with a splicing machine, which automatically recognizes the polariza-
tion axes of the fibers, aligns and welds them. Two images of this process are shown if
Fig. 3.11: on the left the alignment process, on the right the result after the splicing.

The pumping diode is a Photontec CW 976 nm Wavelength Stabilized Diode Laser
shown in Fig. 3.12a. Its output fiber is a 1 m long multimode 105 µm and 0.22NA and the
maximum power is 60 W. The wavelength tolerance is ±0.5 nm, with a FWHM spectral
width < 0.5 nm. The characteristic current to power relation of this diode has been
measured, and it is shown in Fig. 3.12b. As declared from datasheet, the threshold
current is at 0.4 A.

Temperature stabilization has been performed mainly with the CyCLO USB con-
trolled PID module from Adaptive, which guides a Peltier module with one face at-
tached to the diode case and the other to a heatsink with a fan. We also tested a home-
made module, which we describe later. Temperature is measured with a calibrated 10 kΩ
thermistor directly read by the CyCLO PID module, and the stabilization temperature
is 25 ◦C. The module can stabilize the temperature at the cK level for a long time, as we
measured and report in Fig. 3.13a. Here, the standard deviation over an hour of work
is 20 mK. With the temperature stabilization operating around 25 ◦C, a characterization
of the pump laser has been performed. Fig. 3.13b shows the output power of the diode
for around 16 min operation at an output power around 9.5 W. The power standard
deviation is 79 mW, with a relative power noise of 0.8 %.

3.2.3 Coupling

Coupling of the input seed with the combiner input fiber is one of the most critical point.
Both geometrical coupling and polarization have to be kept under control with precision.
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(a) Alignment of the fibers. The splicing machine
automatically recognizes the position of the fibers
and their polarization axes, translating and rotat-
ing them consequently.

(b) Fibers after the splicing. Both the cladding
and the core are perfectly welded, minimizing op-
tical power losses.

Figure 3.11: Images of the splicing process, before (a) and after (b).

(a) Image of the pump diode laser from Photon-
tec.
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(b) Measured power-current relation of the pump
diode. Threshold is at 0.4 A.

Figure 3.12: Image of the pump diode (a) and its power-current relation (b). Threshold is at 0.4 A.
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pumping diode over an hour of work. Tempera-
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(b) Pump diode power fluctuations over around
16 min of operation at around 9.5 W. The optical
power has fluctuation of 79 mW of standard de-
viation, corresponding to a relative noise of 0.8 %.
The two peaks at the end of the measurement
may be imputed to slow current fluctuations in
the pump diode and/or to local thermal fluctua-
tions that cannot be measured by the thermistor.

Figure 3.13: Temperature (a) and pump power (b) trends over long times with temperature stabi-
lization performed with the CyCLO module.

Indeed, the seed must be coupled within the 10 µm core, while polarization of the input
seed must be aligned to the fast axis of the fiber in order to exploit its polarization main-
taining. The seed spot before the fiber has a 980 µm waist, thus a 19 mm aspheric lens
has been used for the focalization into the fiber, resulting in a 6 µm spot waist at the fiber
input. Since the numerical aperture of the fiber is NA = 0.22, the focal length of the lens
is long enough. Fine-tuning of the position of the fiber in (x, y, z) directions is performed
with a Thorlabs MAX313D/M - 3-Axis NanoMax Stage equipped with a lens holder and
a fiber rotator. As we will describe in Subsec. 3.2.4, a Faraday Isolator is placed before
the 19 mm focalization lens for the fiber, and it is equipped with a half-wave plate at its
output. This λ

2 is used to adjust the polarization of the seed and align it to the one of the
fiber, so that polarization is maintained along the fiber. The usage of the λ

2 is preferred
to the rotator stage of the fiber alignment stage, since it provides more stability.

3.2.4 Optical isolation

A common problem related to fiber amplifiers is lasing: small back-reflection from some
elements along the amplifier line behaves as an optical cavity. For this reason, optical
isolation of the fiber is mandatory. Isolation is performed by means of two Faraday
Isolators (FI) placed before the fiber input and after the fiber output, as shown in the
scheme of Fig. 3.2a. At the input we have a Pavos FI from Electro-Optics Technology,
Inc., while at the output a Pavos Ultra, from the same producer. Each FI is equipped
with an output half-wave plate for polarization adjustment.

A polarization-sensitive Faraday Isolator, as in our case, is composed by a Faraday
Rotator placed between two polarization selectors. The first polarizer selects a certain
polarization (say vertical), then the Faraday Rotator rotates it exploiting the Faraday
effect, which consists in changing the polarization direction of an angle β = V B d, where
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V is the Verdet constant of the rotator, B the intensity of an applied magnetic field and
d the rotator length. In an optical isolator V , B and d are chosen so that β = 45◦. A
second polarizer is placed after the rotator with an angle of 45◦: a back propagating
beam that pass this polarized would be rotated of the same angle of 45◦ when passing
the rotator, resulting in a horizontal polarization. At this point, the first polarizer reflects
this back-propagating beam, sending it to a dumper.

3.3 Simulations

Equations 3.2 have been solved numerically for our fiber with a simplified version of
the Matlab code of [46] that we wrote. The software is based on a mathematical model
developed from the work of [44, 47, 42, 48, 49] and on Runge-Kutta solving methods [50].
With the simulations, we could calculate the expected seed and pump powers along the
fiber and the eventual effect of ASE.

The parameters used are summarized in Table 3.1. Results of the simulations are

Fiber parameters
Fiber length 5 m

Fiber core diameter 10 µm
Fiber cladding diameter 125 µm

Seed mode field diameter 11 µm
Yb spontaneous emission decay time 1 ms

Yb diffraction losses 1× 10−3

Yb fiber doping 1 7.869× 1025 m−3

Seed and pump parameters
Seed input power 5 mW

Seed central wavelength 1035 nm
Pump input power 1− 15 W

Pump central wavelength 976 nm

Table 3.1: Table of the parameters used for the amplifier simulations.

depicted in Fig. 3.14. Notice that the forward ASE is indicated with ASE @end, and it is
calculated at the end of the fiber of lenght z in the graph, thus it represents the power of
the amplified spontaneous emission that exits through the end of a fiber of length z. The
same for the backward ASE, which is indicated with ASE @start, and it is calculated at
the beginning of the fiber of length z, thus it represents the ASE power that exits through
the input of a fiber of length z.

The seed and pump functions along the fiber of Fig. 3.14 have been used to estimate
the amount of non-linear effect with Eqs. 3.31s and 3.34. As clear from the trend of
the pump, we are not in the condition of α = const, thus Eq. 3.34 has to be used. In
particular, we calculate

Leff

LNL
=

1

LNL

∫ L

0

r2 (z, t) dz (3.42)

1Yb concentration N has been calculated from the value of the fiber absorption at 920 nm provided by

Thorlabs, dB920 = 1.7 dB m−1. Indeed, N =

[
σa(920 nm)

(
dcore
dclad

)2
]−1

ln

[
10

dB920
10

]
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Figure 3.14: Simulations of the doped fiber with the parameters of Table 3.1, pump power of 5 W
and input seed power of 5 mW, for a forward propagating pump. In the graph, we simulated the
pump power (green) and the seed power (red) along the fiber (left axis). We also simulated the
power related to ASE at the start (blue) and the end (light blue) of a fiber of length z (right axis).
ASE results to be negligible.

where r2 (z, t) = Pseed(z,t)
Pseed(0,t) is the function of the seed amplitude obtained from the numer-

ical solution of Fig. 3.14. We obtain Leff = 3.159 km. We have P0 = 131.6 mW of peak
power and γ = 1.66× 10−3 W−1m−1, which lead to a non-linear length LNL = 4.576 km.
Finally, Leff

LNL
= 0.69� 10, thus the pulse in unaffected by SPM.

We also calculated the expected amplified seed power as a function of the pump
power, showing the results in Fig. 3.15. Notice that the amplified seed power is almost
insensitive to the seed input power, since the fiber works in saturation regime.

For completeness, we also report the results of the simulations for a backward prop-
agating pump in Fig. 3.16. In Fig. 3.16a we show the pump and seed powers along the
fiber and the ASE terms with an input pump power of 5 W. In this case, the trend of
the gain along the fiber can be approximated to an exponential with α = −1.5341, so
that the effective length can be calculated to be Leff = 1.397 km. Again, the SPM could
be neglected in these conditions. The seed expected output power as a function of the
pump is shown in Fig. 3.16b.

3.4 Experimental results

After the simulations, a measurement of the output power and the noise has been per-
formed. Firstly, we optimized the polarization of the input seed following this proce-
dure. We rotate the input polarization, then we rotate the output polarization before
the second Faraday Isolator in order to maximize the seed power after it. We repeat
this step until the output power reaches the maximum value. Since the Faraday Isolator
behaves as a polarizer (see Subsec. 3.2.4), in this condition the output seed is linearly
polarized, indicating that the input polarization is aligned with the corresponding axis
of the fiber, and, in turn, the polarization is maintained in the fiber. Once the polarization
was aligned, we increased the seed power as much as possible, until lasing becomes not
negligible. Lasing of the amplifier is easily seen by monitoring the output spectrum, as in
this condition, a peak at a wavelength slightly different from the seed appears. The trend
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Figure 3.15: Simulated amplified seed power directed to the Fabry-Pérot cavity as a function of
the pump power.

0

2

4

6

8

1 0

1 2

AS
E P

ow
er 

(m
W)

0 1 2 3 4 5
0

1

2

3

4

5

6  P u m p
 S e e d
 A S E  @ e n d
 A S E  @ s t a r t

z  ( m )

Po
we

r (W
)

(a) Simulations of the doped fiber with the param-
eters of Table 3.1, pump power of 5 W and input
seed power of 5 mW. ASE results to be negligible.
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(b) Simulated seed output power as a function
of the pump input power. Input seed power is
5 mW.

Figure 3.16: Simulations of the amplification for a backward propagating fiber.
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Figure 3.17: Measured amplified seed power directed to the Fabry-Pérot cavity as a function of
the pump power. Theoretical trend is linear, and it is shown in Fig. 3.15.

of the power of the amplified seed as a function of the pump power has been measured,
and it is shown in Fig. 3.17. This seed power has been measured after the second Faraday
Isolator, and it corresponds to the power directed to the cavity. Notice that the measured
output power is different from the simulated values (around 1

2 ) and the reasons could
be manyfold. First of all, power losses of both the seed and the pump along the fiber
occurs, in particular in few hot spots, as clear from Fig. 3.18, where a photography of
the fiber during operation at 4.5 W of output seed is shown. The photography has been
taken with a smartphone camera, which is sensitive to both visible and near IR radiation,
where the last is in violet color. Furthermore, we measured the output seed power after
the second FI, which also introduces some losses as far as the polarization of its input
beam is not perfectly linear. Indeed, the fiber is polarization maintaining, so if the input
seed polarization is not perfectly aligned with the fiber axis, it results in an elliptical po-
larization at the output and power losses in the FI. In addition, the dichroic beam splitter
used to separate the pump introduces small losses, too. We estimate these total losses
to be around 10 %. Other possible causes can be imputed to secondary processes, such
as photodarkening2 induced by impurities in the fibers [51, 52, 53] or cooperative pro-
cesses between Yb3+ ions in the doped fiber [54, 55, 56, 57, 53]. About this last point, in
particular, under near-infrared excitations, both green and blue luminescence has been
proved to happen in doped fibers, where photon emission is produced by two and three
closely-spaced excited Yb3+ ions, respectively [58, 59]. These processes introduce a loss
channel, contributing to reduce the output seed power. Notice that this luminescence is
evident in our fiber, as proven by the photography shown in Fig. 3.18, where green and
blue luminescence is clearly visible. Notice that it is very difficult to estimate the losses
caused by these processes in our setup.

We reached a maximum output power of 5.10 W, but we set the working point below
4.5 W, in order to avoid lasing. In this condition, the corresponding spectrum is shown
in Fig. 3.19a. The FWHM of this spectrum is 3.5 nm, slightly greater than the input
2.8 nm, probably due to a small lasing of the amplifier fiber at around 1038 nm, and it
is centered at 1035.3 nm. Indeed, the measurement with a lower output seed power of

2Photodarkening is the absorption in the visible and near infrared, originating from the formation of color
centers in the silica matrix of the fiber, which increase the background loss and reduce the output power.



Active amplification: fiber amplifier 53

Figure 3.18: Photography of the doped fiber during amplification, taken with a smartphone cam-
era sensitive both to visible and near IR radiation, where this last is in violet. A few hot spots are
present along the fiber, in particular the one indicated by the white arrow, which corresponds to
the spliced interface between the combiner fiber and the doped fiber. Green and blue lumines-
cence is clearly visible all along the fiber, too. These represent two loss channels for the output
power, which is indeed lower than the simulated value.
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(a) Spectrum of the amplified seed measured after
the second Faraday Isolator. The seed power is
4.05 W and the width is 3.5 nm FWHM around a
central wavelength of 1035.3 nm.
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(b) Spectrum of the amplified seed measured after
the second Faraday Isolator. The seed power is
3.51 W and the width is 2.8 nm FWHM around a
central wavelength of 1035.2 nm.

Figure 3.19: Spectrums of the amplified seed with two different output powers of 4.05 W (a) and
3.51 W (b).
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Figure 3.20: Relative Intensity Noise of the amplified seed at different powers compared with the
input seed (red). The corresponding integrated noises are shown with values on the right axis.
Background has been already subtracted.

3.51 W shows a spectrum of 2.8 nm, as the input one (see Fig. 3.19b).
The other fundamental measurement concerns the power noise of the amplified seed.

The Relative Intensity Noise (RIN) has been measured with a fast photodiode for differ-
ent power outputs, and it is shown in Fig. 3.20. For each case, the integrated relative
noise has been calculated and plotted. It is clear that a lot of low-frequency noise ap-
pears with amplification, probably due to air and mechanical fluctuations in the neigh-
borhood of the input fiber, affecting the coupling with the input seed, with a contribution
of the order of 1 %. A lot of noise also appears around 100 kHz, and it is probably due
to polarization fluctuations in the mode-locking laser fiber. Indeed, we found that the
noise frequency does not depend on the pump power, thus it is not related to relax-
ation oscillations, but it depends on the mode-locking cavity length, since we found that
its frequency changes by rotating the window we inserted for the CEO adjustment (see
Chap. 2), and thus the cavity length. This high frequencies bring the relative noise up to
8 %. It is worth noting that the noise at these high frequencies does not affect the inten-
sity noise of the beam inside the Fabry-Pérot cavity, since it behaves as a low-pass filter
with a cut-off at lower frequencies, as we will show in Chap. 4. On the other hand, the
high-frequency intensity noise could be a problem in a second amplification stage, since
it would be transferred to a frequency noise via SPM, as explained in Subsec. 3.2.1. In
particular, it is fundamental to calculate the frequency noise in the future second stage
fiber amplifier caused by the SPM. This amplifier will be backward pumped, and the
input seed will be the output of the first stage, with the RIN of Fig. 3.20, so by means of
Eq. 3.40 we can calculate the frequency Power Spectral Density. In the case of 4 W input
seed, the non-linear length is LNL = 45.4 m and the effective length is Leff = 23.0 m,
where we used a 1.8 m doped fiber and a backward 100 W pump. The output seed has
an average power of 95 W from the simulations. We show the result of the frequency
PSD in Fig. 3.21. The frequency noise introduced by the SPM of the second stage reaches
an integrated value of 10 kHz at 1 MHz, but the main contribution is given by the peak at
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Figure 3.21: Frequency Power Spectral Density of the seed amplified after the second stage, which
is a consequence of the Self Phase Modulation and the intensity noise of the seed after the first
stage. PSD has been calculated with Eq. 3.40 and using the RIN of the input seed at 4 W. The
integrated frequency noise, on the right axis, reaches around 10 kHz at 1 MHz. Notice that the
main contribution is given by the peak at 100 kHz, but this frequency is filtered by the cavity (see
Chap. 4), so it does not represent a problem.

100 kHz. This frequency will be later filtered by the optical cavity, as we will explain in
Chap. 4, thus it is not a problem. In particular, the final cavity will behave as a low pass
filter with a cut at around 20 kHz, where the frequency noise induced by the SPM of the
second amplification stage is less than 100 Hz.

Finally, we measured the stability of the seed power over long time with different
temperature stabilization circuits. The first is the CyCLO stabilizer that we already de-
scribed in Subsec. 3.2.2. In Fig. 3.22a we show both the temperature of the pumping
diode and the seed power in this configuration. Notice that here the current applied to
the diode is not stabilized. In Fig. 3.22b we show the same quantities but with a home-
made temperature stabilizer with an integrated stabilized power supply for the diode.
The two trends of the temperature and seed power are essentially the same, indicating
that this first version of the homemade circuit can be exploited for this purpose. The ad-
vantage is that our circuit is less subject to failure at high currents, while, on the contrary,
the CyCLO stabilizer sometimes failed to lock the temperature. The homemade current
generator is based on the Bipolar Junction Transistor (BJT) in a npn configuration and
the stabilization scheme of Fig. 3.23a, while the schematics of the temperature stabilizer
circuit is in Fig. 3.23b. As far as the current supply is concerned, the main issue is that
common commercial supplies are voltage stabilized but not current stabilized, thus they
do not fit for our application. On the other hand, a homemade power supply requires
some tricks to be stabilized. For example, if we use a BJT, its emitter output current is
proportional to the base current, so that Ie = βIb, where β is an intrinsic gain factor of the
transistor, and it is strongly temperature dependent. For this reason, the current flowing
through the diode is not stabilized, resulting in pump optical power fluctuations. In or-
der to eliminate this dependence from the temperature, one can exploit the circuit of Fig.
3.23a. Indeed, for that circuit, we can calculate the current through the diode as follows.
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(a) Trend of the amplified seed power (black) and
pump diode temperature (red) over 20 min with
the CyCLO temperature stabilizer. Temperature
fluctuations are 20 mK, while relative power fluc-
tuations are of 0.25 %. Notice that here the diode
current is not stabilized.
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(b) Trend of the amplified seed power (black) and
pump diode temperature (red) over 20 min with
the homemade temperature and diode current
stabilizer. Temperature fluctuations are 24 mK,
while relative power fluctuations are of 0.27 %.

Figure 3.22: Trend of the amplified seed power (black) and pump diode temperature (red) over
20 min with the CyCLO temperature stabilizer (a) and with the homemade temperature and diode
current stabilizer (b).

(a) Schematics of the stabilized current sup-
ply for the pump laser diode. The supply is
based on a npn BJT transistor with a control
circuit.

(b) Schematics of the temperature stabilizer for the
pump laser diode. The circuit reads the temperature
from a thermistor and a PID stabilizes it to a set value
exploiting a Peltier cell attached to the diode.

Figure 3.23: Schematics of the current supplier and the temperature stabilizer of the pump diode.
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We have

Vout = (V − V−)A (3.43)

where A� 1 is the open-loop gain of the operational amplifier. We have also

Vout − Vbe − V−
R1

=
Ic
β

(3.44)

with Vbe = Vb − V− and V− = IcR2. So we have

Vout − Vbe −R2Ic =
R1

β
Ic

Vbe +

(
R2

R1

β

)
Ic = Vout

Vbe +

(
R2

R1

β

)
Ic = AV −AR2Ic (3.45)

and finally, the current flowing through the diode is

Ic =
AV − Vbe

AR2 +R2 + R1

β

∼ V

R2
(3.46)

where in the last step we exploit A → ∞. In this way we eliminated the temperature
dependence of β and we control Ic with a voltage, which can be easily provided by a
commercial stabilized power supply, resulting in stabilized current supply for the diode.
Actually, also R2 has a small temperature dependence, but it is much less than β, so it
can be easily controlled. In our setup, we chose R1 = 47 Ω and R2 = 0.5 Ω, while we
limited V+ to 15 V and 2.5 A.

As far as the temperature stabilizer is concerned, we set Vpeltier = 9 V and limit the
corresponding current to 5 A (the maximum supported current is 6 A for our Peltier mod-
ule).





CHAPTER 4

Passive amplification: optical cavity

Optical cavities, also known as optical resonators, are one of the most widely used opti-
cal elements, as they find applications in a very large variety of scientific branches, span-
ning from gravitational-wave detection [60, 61] to quantum electrodynamics [62, 63].
One example concerns metrology, where ultranarrow and ultrastable cavities are em-
ployed to reduce the emission linewidth of the probing lasers which interact with the
narrow transitions of the atoms or molecules. Another example concerns the high-
sensitivity laser spectroscopy, where optical cavities enhance the interaction path length
between the radiation and the absorbing sample. In addition, the extreme sensitivity of
the optical cavities to intracavity losses and to phase fluctuations is exploited in optical
sensors based on Fabry-Pérot fiber resonators and on microresonators. Another impor-
tant field of application is in the Inverse Compton Scattering sources, where optical cav-
ities serve as a passive amplification stage as the intracavity electron-photon interaction
generates much more intense X-rays. This is exactly the case of my work, where the final
∼ 100 kW milestone cannot be reached with only an active amplification with the current
technology. This Chapter is dedicated to the development of a high Finesse, ultra stable
optical cavity, which is the main topic of my work. Through the Chapter we will study
optical cavities, and we will show the implementation of ours. We will also show some
techniques we have developed in order to measure important parameters as the Finesse
and other techniques and improvements exploited to reduce noise.

4.1 Overview

An optical cavity is an optical element that bounds an electromagnetic field. There are
basically two types of cavities:

• linear cavities (or standing-wave), where the electromagnetic field travels back and
forth between two end mirrors. For a Continuous Wave (CW) light, a counterprop-
agating wave always exists that interferes generating standing-wave pattern;

• ring cavities, where the electromagnetic field does round trips in the two different
directions. Here, the light impinges the mirror non-normally, causing astigmatism
in the presence of curved surfaces.

When a resonator is stable, its transverse modes can be described with Hermite–Gaussian
functions [64] and their properties can be calculated with the ABCD matrix formalism
[65]. In particular, the Hermite-Gauss (HG) modes arise with a rectangular symmetry,
like in our case, as we will show later. Each pattern of transverse modes has only certain
frequencies for which the phase of the field is self-consistent after one round-trip, so that
the phase shift is a multiple of 2π. This condition forms the longitudinal modes, which
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in first approximation are spectrally separated by a Free Spectral Range (FSR), which is
the inverse of the round-trip time. A very important parameter of an optical resonator is
the Finesse, defined as the ratio between the FSR and the resonator bandwidth F = FSR

δν .
The Finesse is directly related to the power losses in a round-trip.

Optical cavities are commonly used as enhancement resonators, i.e., they are used to
increase the light power by coherently storing it inside them. This is possible both for
CW light and pulsed laser, where in the last case the pulse train has to match the cavity
resonances, or, in the time domain, the period of the pulses has to match the resonator
round-trip time or an integer fraction of it.

In general, the propagation of an electric field through an arbitrary optical system
described by its matrix ABCD can be written in the paraxial approximation by the gen-
eralized Huygens integral [64] as

Ẽ (x, y, z) =
i

λB
e−ik(z−z1)

∫ ∫
E (x1, y1, z1) e

−ik
[
A(x2

1+y2
1)+D(x2+y2)−2x1x−2y1y

2B

]
dx1dy1

(4.1)
where x and y are the transversal coordinates, while z the longitudinal coordinate. In
order to accumulate power inside an optical cavity, the field must overlap coherently
after one round-trip, which means that eigenfunctions of the electric field must exist

i

λB
e−ik(z−z1)

∫ ∫
E (x1, y1, z1) e

−ik
[
A(x2

1+y2
1)+D(x2+y2)−2x1x−2y1y

2B

]
dx1dy1 = σE (x, y, z)

(4.2)
where σ is a complex eigenvalue. In the case of a cavity of length L, Eq. 4.1 becomes

Ẽ (x, y, L) =
i

λB
e−ikL

∫ ∫
E (x1, y1, 0) e

−ik
[
A(x2

1+y2
1)+D(x2+y2)−2x1x−2y1y

2B

]
dx1dy1 (4.3)

where we have to impose the condition

Ẽ (x, y, L) = σE (x, y, 0) (4.4)

and where σ = |σ| eiψ with ψ = 2πl and l integer. This tells us that the mode of the cavity
are the Hermite Gaussian modes with certain frequencies and dimensions imposed by
the condition of cyclicity of Eq. 4.4. Notice that not all the ABCD matrices allow to
satisfy Eq. 4.4: if they do, the cavity is stable. In particular, this happens if

∣∣A+D
2

∣∣ =
|m̃| < 1, also known as stability condition [64], where m̃ is the stability parameter. In
presence of a rectangular symmetry, in general each transverse direction has its own
stability parameters, so one has m̃H and m̃V. From Eqs. 4.3 and 4.4 one can find the
frequency of the HG modes, given by [26, 66]

νl,m,n = FSR

(
l +

m+ 1
2

2π
arccos m̃H +

n+ 1
2

2π
arccos m̃V

)
(4.5)

with l, m and n integers, and the Free Spectral Range given by FSR = c
L . The electric

field of these HG cavity modes can be written as [64]

EHG (x, y, z) = EHG,H (x, z)EHG,V (y, z) (4.6)
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Figure 4.1: Hermite-Gauss modes of different orders measured at the output of our cavity.

where the horizontal and vertical components are, respectively,

EHG,H (x, z) =

√ √
2√

π2mm!

√
1

wH (z)
Hm

( √
2x

wH (z)

)
exp

[
− x2

w2
H (z)

]
exp

[
−i2π

λ

(
z − zw,H +

x2

2RH (z)

)]
exp [iφm (z)] (4.7a)

EHG,V (y, z) =

√ √
2√

π2nn!

√
1

wV (z)
Hn

( √
2y

wV (z)

)
exp

[
− y2

w2
V (z)

]
exp

[
−i2π

λ

(
z − zw,V +

y2

2RV (z)

)]
exp [iφn (z)] (4.7b)

with the two phases φi given by

φm (z) =
2m+ 1

2
arctan

[
λ (z − zw,H)

πw2
w,H

]
(4.8a)

φn (z) =
2n+ 1

2
arctan

[
λ (z − zw,V)

πw2
w,V

]
(4.8b)

In these equationsRi (z) is the beam radius of curvature in z, wi (z) is the beam radius in
z, ww,i is the beam radius in the waist z = zw,i andHm,n (s) are the Hermite polynomials
of order m,n. The intensity of these modes is simply given by

IHG (x, y, z) = EHG (x, y, z)E∗HG (x, y, z) (4.9)

An example of some modes is shown in Fig. 4.1. These modes are not simulated, but they
are measured at the output of our cavity. Since different modes have different resonant
frequencies, in order to see each of the mode of Fig. 4.1 we changed the FSR of the cavity
until a certain mode frequency were resonant to the external laser. Experimentally, the
FSR is tuned by changing the cavity length with a piezoelectric actuator that moves one
of the mirrors (see Subsec. 4.2.2). When this condition is satisfied, the mode can ”turn
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R1R2

R3R4

Ein
Ec

Er

Et,2

Figure 4.2: Scheme of the fields of our four mirrors cavity. Ri are the mirrors power reflectivities,
Ein is the input field, Er the reflected field, Et,2 the transmitted field through mirror 2 and Ec the
intracavity field.

on”. Actually, other conditions must be satisfied, and in particular, slight misalignments
and wrong external beam divergence have to be introduced, but these aspects will be
clear later in Sec. 4.7. Indeed, the external laser can be assumed to be a HG0,0, thus, with
a perfect alignment, its projection onto the higher order modes of the cavity is always
zero, since HG modes are orthogonal.

At this point, it is fundamental to calculate how the input field is transformed and
accumulated in the cavity, so that we can obtain its gain factor and other main param-
eters. Consider a 4-mirrors bow-tie optical cavity as the one depicted in Fig. 4.2 and
suppose that it is perfectly aligned to the external laser, so that only HG0,0 is resonant.
We call the input field Ein, while Ri are the power reflectivities of the four mirrors. The
field circulating in the cavity after one round trip of duration τ is

Ec (t+ τ) =
√

1−R1Ein +
√
ReiφEc (t) (4.10)

where φ is the phase shift acquired during a round trip and R =
∏
iRi. In particular,

φ = kL = 2π νcL = 2π ν
FSR By subtracting Ec (t) and then dividing by τ we obtain

Ec (t+ τ)− Ec (t)

τ
=

√
1−R1

τ
Ein +

(√
Reiφ − 1

)
τ

Ec (t) (4.11)

which leads us to the differential form (for Ec varying much slower than τ )

∂Ec (t)

∂t
=

√
1−R1

τ
Ein +

1

τ

(√
Reiφ − 1

)
Ec (t) (4.12)

In a stationary condition, Eq. 4.12 gives the field inside the cavity right after the input
mirror, normalized to the input field Ein

Ec =

√
1−R1

1−
√
Rei2π

ν
FSR

(4.13)

The normalized reflected (Er) and transmitted (Et,i) beams are related to Ec via the mir-
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rors reflectivities

Er = −
√
R1 +

√
1−R1

√
R2R3R4Ec =−

√
R1 +

(1−R1)
√
R2R3R4

1−
√
Rei2π

ν
FSR

(4.14a)

Et,2 =
√

1−R2Ec =

√
1−R1

√
1−R2

1−
√
Rei2π

ν
FSR

(4.14b)

Et,3 =
√
R2 (1−R3)Ec =

√
1−R1

√
R2 (1−R3)

1−
√
Rei2π

ν
FSR

(4.14c)

Et,4 =
√
R2R3 (1−R4)Ec =

√
1−R1

√
R2R3 (1−R4)

1−
√
Rei2π

ν
FSR

(4.14d)

The corresponding powers are given by the square moduli of these functions

Pc =
1−R1

1 +R− 2
√
R cos

(
2πν
FSR

) (4.15a)

Pr =
−2
√
R
√
R1 cos

(
2πν
FSR

) (
R1

√
R2R3R4 +

√
R1 −

√
R2R3R4

)
+ (R+ 1)R1

1 +R− 2
√
R cos

(
2πν
FSR

) +

+
2R

3
2
1

√
R2R3R4 + (R1 − 1)

2
R2R3R4 − 2

√
R1

√
R2R3R4

1 +R− 2
√
R cos

(
2πν
FSR

) (4.15b)

Pt,2 =
(1−R1) (1−R2)

1 +R− 2
√
R cos

(
2πν
FSR

) (4.15c)

Pt,3 =
(1−R1)R2 (1−R3)

1 +R− 2
√
R cos

(
2πν
FSR

) (4.15d)

Pt,4 =
(1−R1)R2R3 (1−R4)

1 +R− 2
√
R cos

(
2πν
FSR

) (4.15e)

A fundamental parameter that characterizes an optical cavity is the Finesse, defined
as

F =
FSR

δν
(4.16)

where FSR is the Free Spectral Range and δν is the linewidth of the cavity. This expres-
sion can be approximated to [26]

F =
πR

1
4

1−
√
R

(4.17)

4.1.1 Coupling to a pulsed laser

As seen in the previous Section, the cavity modes frequencies are given by Eq. 4.5. If
we consider the fundamental Hermite-Gauss mode (0, 0) only, these frequencies can be
written as

νcav,l = lFSR + foff,cav (4.18)

where foff,cav = FSR
(

arccos m̃H

4π + arccos m̃V

4π

)
is an offset frequency common to all longi-

tudinal modes. These frequencies form a comb for the cavity, as happens for the pulsed
laser seen in Chap. 2, where we have

νlas,i = i frep + fceo (4.19)
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Now suppose that one mode l0 of the laser is resonant with the same mode l0 of the
cavity, which is the case of interest when we stabilize it to the external laser in the final
application. We have

l0 frep + fceo = l0 FSR + foff,cav

FSR = frep +
foff

l0
(4.20)

where we defined foff = fceo − foff,cav as the frequency offset between the laser comb
and the cavity comb. If foff 6= 0, the spacing between laser teeth frep and cavity teeth
FSR is not the same, resulting in a mismatching between the teeth that increases moving
away from l0. So, the frequency shift of the modes l = l0 + δl of the laser and the cavity
can be written as

δfl = (l0 + δl) frep + fceo − ((l + δl) FSR + foff,cav) =
δl

l0
foff (4.21)

with the use of Eq. 4.20.
At this point, it is useful to see how this mismatch affects the spectrum coupled to

the cavity. After some algebra, one can show that

δf = −foff
δλ

λ0
(4.22)

where δλ is the wavelength shift from the resonant wavelength λ0. If the laser spectrum
has a Gaussian shape given by

SL (δλ) = e

− 2δλ2(
∆λL√
2 ln 2

)2

(4.23)

where ∆λL is the bandwidth, and the cavity spectrum is

Sc (δλ) = e

− 2δf2(δλ)(
∆νc√
2 ln 2

)2

(4.24)

where ∆νc is its linewidth, then the coupled spectrum can be written as

S (δλ) = SL (δλ)Sc (δλ) = e

− 2δλ2(
∆λL√
2 ln 2

)2

e

− 2δf2(δλ)(
∆νc√
2 ln 2

)2

(4.25)

which corresponds to a Gaussian shape with a linewidth of

∆λcoupled =
α∆λL√
α2 + ∆λ2

L

(4.26)

with α = ∆νcλ0

foff
. This corresponds to the linewidth of the coupled spectrum, and its

value depends on foff . In particular, the coupled spectrum decreases as foff increases,
but this is clear as the farthest teeth of the cavity comb overlap less and less.
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Considerations on mirrors dispersion The above considerations have been obtained
neglecting the mirrors’ dispersion. The coating of the mirrors is composed by several
layers, thus the beam penetrates and acquire an additive phase ∆φ that is wavelength
dependent. The effective cavity length depends on this phase, as

Leff = L+
∆φ (λ)

2π
λ (4.27)

where L is the cavity length at the mirrors’ surface. The frequency of the mode l = l0 +δl
of the cavity becomes [67]

νcav,l =
c

L

(
l − φ (λl)

2π

)
≈ c

L

(
l0 + δl − φ0

2π
− 1

2π

∂φ

∂λ
δλ (δl)− 1

2π

1

2

∂2φ

∂λ2
δλ2 (δl)

)
(4.28)

Since δλ = −λ0

l0
δl, the detuning of the lth mode from l0 is

νcav,l0+δl − νcav,l0 =
c

L
δl +

c

L

1

2π

∂φ

∂λ

λ0

l0
δl︸ ︷︷ ︸

δfA

− c

L

1

2π

1

2

∂2φ

∂λ2

λ2
0

l20
δl2︸ ︷︷ ︸

δfB

(4.29)

The term δfA changes the Free Spectral Range as a consequence of the coating penetra-
tion, while δfB changes the distance between the modes. This last term can be written,
after some algebra, as δfB = − c

L
1

2π
1
2
∂2φ
∂ν2 δν

2, or, in terms of the Group Delay Dispersion
(GDD), δfB = − c

L
1

2π
1
2δν

2 (2π)
2

GDD, where the GDD is defined as GDD = 1
(2π)2

∂2φ
∂ν2 . As

done for the laser-cavity coupling in the previous paragraph, one can couple the spec-
trum of the laser with the spectrum of the cavity, and calculate the resulting spectral
width ∆λ

(disp)
coupled. In this case we have

S
(disp)
coupled (δλ) = SL (δλ)S(disp)

c (δλ) = e

− 2δλ2(
∆λL√
2 ln 2

)2

e

− 2δf2
B(δλ)(

∆νc√
2 ln 2

)2

(4.30)

where, from the previous relations, one can calculate that δfB (δλ) = c
L

1
2π

1
2
∂2φ
∂λ2 δλ

2.
where 1

β = 4 cL
1

2π
1
2 (2π)

2
GDD c2

λ2
0

. An example of the trend of ∆λ
(disp)
coupled as a function

of the cavity Finesse is shown in Fig. 4.3, for a value of single mirror of GDD = 6.6 fs2 at
1035 nm and for two different input spectra of 2.8 nm and 15 nm. It is clear that the effect
of the mirrors’ dispersion is to reduce the coupled spectrum when the input spectrum is
large (short pulses) or the Finesse is high, resulting in a power loss. Notice that in our
case, the dispersion effect is negligible.

4.1.2 Description of our cavity

The cavity of our setup is shown in Fig. 4.4, where we report both a scheme and a
photography. It is a four mirrors ring cavity, with two plane and two curved mirrors with
the same radius of curvature of 750 mm. The input beam enters the cavity from mirror
A and focalizes in the middle of BC. In Table 4.1 we report the geometrical and optical
parameters of the cavity. We simulated the behavior of our cavity with a Mathematica R©

software we have written with the parameters of Table 4.1, in particular, obtaining the
beam dimensions and radii of curvature along the cavity. Results are shown in Fig. 4.5
Notice that, at this point, we have neglected any thermal effect, which, on the other hand,
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Figure 4.3: Effect of the mirrors’ dispersion on the coupled spectrum as a function of the Finesse,
for two different input spectra of 2.8 nm (blue) and 15 nm (orange). The reduction of the coupled
spectrum is strong for large spectrum and high Finesse.

AB

CD

749mm

749mm

755.4mm744.5mm

(a) Scheme to scale.

(b) Photography.

Figure 4.4: Scheme (a) and photography (b) of the four mirrors cavity implemented in our setup.
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Mirrors radius of curvature
rA rB rC rD

∞ 750 mm 750 mm ∞
Mirrors distance

AB BC CD DA
749 mm 755.4 mm 749 mm 744.5 mm

Angle
α β γ δ
7◦ 7◦ 7◦ 7◦

Nominal mirrors reflectivity
RA RB RC RD

0.992− 0.999 0.99999 0.99999 0.99999

Table 4.1: Table of the main geometrical and optical parameters of our cavity.

wH

wV

0.0 0.5 1.0 1.5 2.0 2.5 3.0
z (m)0.0
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1.5

waist (mm)
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(a) Waist of the beam along the cavity.

rH

rV

0.0 0.5 1.0 1.5 2.0 2.5 3.0
z (m)0.01

1

100

104

|roc| (m)

A B C D A

(b) Modulus of the radius of curvature (roc) of the
beam along the cavity.

Figure 4.5: Simulations of the beam waist (a) and its radius of curvature (b) along the cavity. The
beam has a main focus between the two curved mirrors, with horizontal and vertical dimensions
of 92.7 µm and 82.7 µm, respectively. Mirrors positions are reported in red. In these simulations,
thermal effects have been neglected.

we consider in the dedicated Subsec. 4.6.1. The beam focuses in the cavity in a spot with
dimensions wH = 92.7 µm and wV = 82.7 µm, while the dimensions on the input mirror
are 1.32 mm and 1.49 mm, in the horizontal and vertical directions, respectively. There,
the radius of curvature results 74.9 m and 121.9 m, respectively.

4.2 Stabilization: Pound-Drever-Hall technique

The resonance between the laser and the cavity frequencies is maintained with an active
stabilization exploiting the well known Pound-Drever-Hall (PDH) technique [68]. The
technique consists in generating an error signal from the reflected beam of the cavity,
which is given by Eq. 4.14a, that can discriminate whether the detuning between the
laser and the cavity frequencies is too high or too low. This signal is then manipulated
and applied back to the cavity by means of a piezoelectric actuator to tune its resonance
frequency. A scheme of this feedback is shown in Fig. 4.6. Experimentally, the laser beam
is phase modulated before entering the cavity by means of an Electro-Optics Modulator
(EOM), i.e., a non-linear crystal whose refractive index depends on an external electric
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Cavity

EOM

LP
HV

RFPD

Figure 4.6: Scheme of the stabilization system of the four-mirrors cavity via the Pound-Drever-
Hall technique. The laser is phase modulated at an RF frequency by an Electro-Optics Modulator
(EOM) and an error signal is generated monitoring the reflected beam at the modulation frequency
with PD. The signal is manipulated with a low pass filter (LP) and a PID, then it is amplified to a
high voltage (HV) (∼ 100 V) and applied to a piezoelectric actuator that moves one of the cavity
mirror and changes its resonance frequency.

z

x

y

∼

beam

no

ne
ne

(a) Scheme of the non-linear crystal used as a
phase modulator. The electrodes apply a high si-
nusoidal voltage on one of the extraordinary axis
of the crystal ne and generate the sidebands.

(b) Photography of our EOM. A sinusoidal volt-
age is applied through the black wire.

Figure 4.7: Scheme (a) and photography (b) of the non-linear crystal used for the Pound-Drever-
Hall technique.

field. In particular, we have

n (t) = ne −
1

2
n3
er33E (4.31)

where ne is the refractive index of the extraordinary axis of the crystal, r33 the corre-
sponding element of its electro-optical tensor and E the applied electric field in the di-
rection of ne. E is generated by two conductive plates placed at the faces of the crystal
and fed with a voltage V , with E = V

d , as shown in Fig. 4.7. Here, d is the width of the
crystal. By applying a sinusoidal voltage V (t) = V0 sin (Ωt), the field of the laser beam
after the crystal can be written as

Ein (t) = A exp (−i ω t+ i k z) = A exp

(
−i ω t+ i

2π

λ
n (t) z

)
=

= A exp

(
−i ω t+ i ω

z

c

(
ne −

1

2
n3
e r33

V0

d
sin Ωt

))
=

= A exp (−i ω t) exp
(
i ω
z

c
ne

)
exp

(
−i ωz

2c
n3
e r33

V0

d
sin Ωt

)
(4.32)
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Since the amplitude of −i ωz2c n
3
e r33

V0

d sin Ωt is typically � 1, we can expand the last
exponential at first order, obtaining

Ein (t) ∼ A exp
(
i ω
z

c
ne

)
exp (−i ω t)

(
1− i ωz

2c
n3
e r33

V0

d

eiΩt − e−iΩt

2i

)
=

= E0 exp (−i ω t)
(

1− 1

2

ωz

c
n3
e

V0

d
r33

eiΩt − e−iΩt

2

)
(4.33)

Defining β = 1
2
ωz
c n

3
e
V0

d r33 = π z
λ n3

e
V0

d r33, we obtain

Ein (t) ∼ E0

(
e−i ω t +

β

2
e−i (ω−Ω) t − β

2
e−i (ω−Ω) t

)
(4.34)

The input field is then given by three different waves: a carrier at frequency ω and two
sidebands and frequencies ω ± Ω. By putting F (ω) = Er

Ein
, the reflected beam becomes

Er = E0

(
F (ω) e−i ω t +

β

2
F (ω + Ω) e−i (ω−Ω) t − β

2
F (ω − Ω) e−i (ω−Ω) t

)
(4.35)

with a power given by

Pr =Pc |F (ω)|2 + Ps

(
|F (ω + Ω)|2 + |F (ω − Ω)|2

)
+

+ 2
√
PcPs<[F (ω) F ∗ (ω + Ω)− F ∗ (ω) F (ω − Ω)] cos Ωt+

+ 2
√
PcPs=[F (ω) F ∗ (ω + Ω)− F ∗ (ω) F (ω − Ω)] sin Ωt+ (2Ω terms) (4.36)

Eq. 4.36 has been calculated by neglecting the interference between the three waves,
putting the carrier power as Pc = |E0| and the single sideband power as Ps = β2

4 |E0|.
Notice that ω represents the detuning between the laser frequency and the cavity fre-
quency. In the special case of a modulation frequency Ω much greater than the cavity
linewidth δω 1 we have that F (ω) F ∗ (ω + Ω)− F ∗ (ω) F (ω − Ω) ∼ −2i=[F (ω)], which
is purely imaginary and the cosine term of Eq. 4.36 thus vanishes. Since, typically, the
carrier power is much greater than the sideband power Pc � Ps, the term proportional
to Ps can be neglected, leading to

Pr ∼ Pc |F (ω)|2 − 4
√
PcPs =[F (ω)] sin Ωt+ (2Ω terms) (4.37)

As we will show in Subsec. 4.2.2, this signal will be acquired, demodulated and filtered
by the so-called discriminator stage. In particular, by demodulating Eq. 4.37 at the
frequency Ω and cutting the resulting high frequencies, the PDH error signal becomes

εPDH (ω) = −
√
PcPs =[F (ω) F ∗ (ω + Ω)− F ∗ (ω) F (ω − Ω)] cosφ (4.38)

where φ is the phase shift between mixed signals, and it is usually set to zero. A realistic
example of the error signal of Eq. 4.38 is shown in Fig. 4.8 as a function of the detuning
ν between the laser and the cavity2. This signal has been calculated for a modulation
frequency of 3.5 MHz and a cavity with a Finesse of 6000, so that its linewidth is 16.7 kHz.
The range of interest is around ν = 0, where we have a linear trend with the detuning so
that we can write εPDH (ω) = Dω, with D constant.

1Notice that Ω and δω are pulsations and not frequencies.
2Again, notice that in the graph we plotted the error signal as a function of the frequency ν, and not the

pulsation ω.
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Figure 4.8: Example of the PDH error signal for a cavity with a Finesse of 6000 and a modulation
frequency of 3.5 MHz.

4.2.1 Pound-Drever-Hall in the pulsed regime

The PDH error signal in a CW regime has been calculated, resulting in Eq. 4.38, but a
generalization in the pulsed regime is necessary. In this Subsection, we will show how
the error signal changes and what are the effects of the Carrier Envelope Offset on it.

The transition between the two regimes is simple if we consider each tooth of the
laser comb as a single mode with frequency ωlas,l, so that the phase modulation extends
to all of them. For each one, the error signal is the same of Eq. 4.38, but weighed on the
laser power spectrum SL, so that the total PDH signal in this case is given by

εtot =
∑
l

SL(ωl) εPDH (ωl) =
∑
l

DSL(ωl)ωl (4.39)

where we neglected the interference between different teeth, since they are at high-
frequency and thus cut. We remind that ωl is the detuning between the frequency of
the lth tooth of the laser and the lth mode of the cavity, while δl = l − l0 and l0 is the
index of the resonant mode between laser and cavity. Assuming that the tooth l0 of the
laser is perfectly resonant with the tooth l0 of the cavity, we can use Eq. 4.21 and write

εtot =
∑
δl

DSL(ωl0+δl)
δl

2π l0
foff (4.40)

This tells us that εtot is symmetric in δl, so it behaves as a PDH error signal in the CW
regime: when foff 6= 0 the contributions of the δl > 0 compensate the ones of δL < 0. In
particular, we can say that the PDH technique stabilizes the barycenter of the comb.

4.2.2 Feedback loop

At this point, the signal follows three steps before serving for the frequency stabilization:
a discriminator reads the reflected power and generates the PDH signal, then a servo
manipulates its output and finally an actuator applies this last signal to the cavity in
order to stabilize its frequency. In the following, we will give details about each stage.

Discriminator The discriminator is the first element of the feedback for stabilizing fre-
quency. It is composed by a fast photodiode and high gain amplifiers, whose output is
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(a) Schematics of the detector and the high gain amplifier of the discriminator, without the power sup-
plies. There are two outputs, an amplified AC and a DC monitor, to detect the mean power of the reflected
beam.

to PID
LP

HP

EOM

Detector

input
mirror

(b) Scheme of the discriminator of our setup. (c) Photography of the discriminator imple-
mented in our setup. Electronic components are
indicated in green, wire connections in light blue
and the laser beam in red. The detector described
in Fig. 4.9a is contained in the metal box on the
left.

Figure 4.9: Discriminator used in our setup. (a) Schematic of the detector and amplifier stages. (b)
Scheme of the discriminator block. (c) Photography of the discriminator block.

the AC signal of Eq. 4.37. Since the information of the detuning between the laser and
the cavity resides in the term =[F (ω)] which oscillates at frequency Ω, we need to de-
modulate at the same frequency so that it is carried to a DC frequency. A mixer fed with
the same frequency Ω as the local oscillator and with the photodiode output as the signal
does exactly that. By putting a low pass filter with a cut-off frequency� Ω at its output,
the error signal becomes the one of Eq. 4.38. The shape of the PDH error signal in this
configuration is the one of Fig. 4.8. In Fig. 4.9a we report the schematics of the detector
and the high gain amplifiers, in Fig. 4.9b the discriminator scheme and in Fig. 4.9c a
photography of our setup. Notice that the circuit with the detector and the amplifiers
has a DC output to monitor the mean power of the reflected beam. The photodiode used
is a Fermionics Opto-Technology FD500w, inversely polarized with a voltage V+ = 12 V.
The signal produced in its working regime is of the order of 100 µV, and it is amplified
by the following transimpedance amplifiers of Fig. 4.9a. This signal is demodulated at



72 4.2 Stabilization: Pound-Drever-Hall technique

the same modulation frequency Ω and low pass filtered at 100 kHz following the scheme
of Fig. 4.9b, producing the final PDH error signal of Fig. 4.8 with an amplitude of around
300 mV peak to peak. Notice that high pass filters are placed both at the signal input of
the mixer and the local oscillator, in order to minimize the undesired offset introduced
by the non-ideal mixer.

Servo A servo stage is used to manipulate the signal of the discriminator of Eq. 4.38. In
our case it is composed by an integrator and a proportional: the integrative part compen-
sates for slow (< 100 Hz) fluctuations with a huge gain, the proportional part, instead,
can compensate for fast fluctuations (< 100 kHz3). A high voltage amplifier (150 V) and
a low pass filter complete the servo stage. The amplifier is necessary to feed the piezo-
electric of the actuator stage, as we will show in the next Paragraph, while the low pass
filter cuts the self-induced oscillations of the feedback. Indeed, in a feedback loop, the
Barkhausen stability criterion must be satisfied [69]. We tested two different circuits in
order to improve the noise suppression of the system. The difference between the two is
the final amplification stage: one operating between −12 V and 48 V, the other between
0 V and 150 V. The schematics of the two parts are shown in Figs. 4.10b and 4.10c.

Actuator The actuator is the last part of the stabilization system that uses the error sig-
nal from the servo to change the resonance frequency of the cavity, adapting it to the
laser frequency. It consists in two parts: a piezoelectric attached to one of the cavity
mirrors. The piezoelectric stretches and contracts in response to the error signal, moving
the mirror and changing the cavity length L and thus its resonance frequency following
Eq. 4.5, where FSR = c

L . This system can be modelled as a series of driven damped
harmonic oscillators [70], in particular, a good approximation is the choice of one oscil-
lator as depicted in Fig. 4.11. In particular, we have one mass, represented by the mirror,
attached through the piezoelectric to the rest of the universe, which has an infinite mass.
The system is described by the following equation of motion

Fm (t) = mm ẍm (t)− γm ẋm (t) + km (xm (t)− x0) (4.41)

where xm (t) is the position of the mirror, Fm (t) is an external driving force applied to the
mirror by means of the piezoelectric, mm is the mass of the mirror and the piezoelectric,
km and γm are the spring constant and the damping constant, respectively, associated to
the piezoelectric, while x0 is the rest position of the mirror. Eq. 4.41 can be solved for
xm (ω) by Fourier transforming and using the property F (ġ (t)) = i ω F (g (t)), obtaining
[70]

xm (ω) =
Fm (ω)

mm (ω0)
2 −mm ω2 − i γm ω

(4.42)

where ω0 =
√

km

mm
is the resonance frequency4. A realistic example of the amplitude and

phase of this kind of oscillator is depicted in Fig. 4.12a. Notice that near the resonance
peak, the phase changes rapidly, constituting the most limiting factor of the feedback
bandwidth, which is less than ω0. An effective way to increase the resonance frequency
of the actuator and, in turn, the bandwidth of the feedback, consists in simply exploiting

the relation ω0 =
√

km

mm
: since the mass of the mirror cannot be reduced, the trick is to

increase km by the use of a preload. By clamping the mirror and the piezoelectric to the

3Notice that the bandwidth will be later limited to 10 kHz by the actuator stage.
4This resonance is in rad s−1. The frequency in Hz is f0 = ω0

2π
.
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(a) Schematics of the PID stage, without the final amplification stage.

(b) Amplification stage of the PID in the range −12 V to 48 V.

(c) High voltage amplification stage of the PID in the range 0 V to 150 V, which is the final choice for our
setup.

Figure 4.10: Schematics of the Servo, with the PID stage (a) and the following amplifiers (b) and
(c).
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Figure 4.11: Scheme of the actuator modeled as a little mass mm (piezo and mirror) attached to an
infinite mass (the universe) The harmonic oscillator associated to this system is represented by the
spring constant km and the damping constant γm.
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(a) Amplitude (black) and phase (red) of a single
harmonic oscillator with a resonance frequency of
20 kHz.
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(b) Amplitude (black) and phase (red) of two
in series harmonic oscillators with resonance fre-
quencies of 10 kHz and 20 kHz.

Figure 4.12: Examples of amplitudes and phases of one forced damped harmonic oscillator (a) and
two in series forced damped harmonic oscillators (b), similar to our real actuator.
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Figure 4.13: Scheme of the actuator with preload. Adding an O-ring and pressing it on the mirror
is equivalent to put a spring with constant kpre and damping γpre in parallel with the piezoelectric.
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Figure 4.14: Scheme of the actuator modelled as a little mass mm (piezoelectric and mirror) at-
tached to their mounting of massmc (the counterweight) attached to a big mass (the optical table),
which is considered infinite. The two harmonic oscillators associated to this system are repre-
sented by the spring constant km and the damping constant γm of the piezoelectric and by the
spring constant kc and the damping constant γc of the counterweight.

universe stronger, the effective elastic constant increases. Experimentally, it is performed
as depicted in Fig. 4.13. An O-ring is placed between the mirror and the clamp, so that it
corresponds to putting another spring in parallel to the piezoelectric. Globally, we have
k = km + kpre and γ = γm + γpre and the equation of motion is trivial: it is sufficient to
make the substitution km → km + kpre and γm → γm + γpre.

A more precise approximation of the system can be made by adding another har-
monic oscillator in series, as depicted in Fig. 4.14. Here the mirror is connected to its
mounting (the counterweight) through the piezoelectric (first harmonic oscillator), while
the mounting is connected to the universe with a second oscillator. The system is de-
scribed by two coupled equations of motion for the mirror and the counterweight, re-
spectively

Fm (t) =mm ẍm (t)− γm ẋm (t) + km ((xm (t)− x0)− (xc (t)− x0)) (4.43a)
Fc (t) =mc ẍc (t)− γc ẋc (t)− γm ẋc (t) + kc (xc (t)− x0) +

− km ((xm (t)− x0)− (xc (t)− x0)) (4.43b)

The indexes m and c refer to the mirror and the counterweight, respectively. mi are the
masses, γi the damping constants, ki the spring constants and xi the positions with re-
spect to x0. Since the only external force is the one from the piezoelectric, we can assume
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Fc = 0. As done in the one-oscillator case, one can solve the two coupled Eqs. 4.43
for xm (ω) by Fourier transforming and exploiting the properties F (ġ (t)) = i ω F (g (t)),
obtaining [70]

xm (ω) =
Fm (ω)

−mm ω2 − i γm ω + km
−mc ω2−i (γc+γm)ω+kc

−mc ω2−i (γc+γm)ω+kc+km

(4.44)

A realistic example of the amplitude and the phase of such a system is depicted in Fig.
4.12b. With respect to the one-oscillator case, now two resonance frequencies appear,
further limiting the bandwidth of the feedback.

In our setup, we implemented an actuator as the one of Fig. 4.13. We performed
various tests in order to find the best configuration, aiming at increasing the resonance
frequency and the stability of the actuator. The response function of the actuator has
been measured with a Michelson interferometer: the actuator was on one of its arms,
and we measured the intensity of the interference between this path and the path of
the unperturbed arm, centering in the linear zone of the interference fringes. A linear
frequency sweep with constant amplitude fed the piezoelectric of the actuator between
100 Hz and some dozens of kHz, then the amplitude of the interference pattern has been
acquired and analyzed to extract its transfer function. This measurement gives us a very
fast tool to characterize the actuator during its development. It is worth noting that the
sweep duration Tsweep is low-limited by the desired resolution at the low frequencies.
As a rule of thumb, it should satisfy

Tsweep >
fmax − fmin

f2
min

(4.45)

with fmin and fmax the starting and the ending frequencies of the sweep, respectively.
The final actuator of our cavity is shown in Fig. 4.16b. The piezoelectric used is a

Piezomechanik HPSt 150/14-10/12 ring actuator, with a maximum stroke of 16 µm and
a maximum voltage of 150 V. The upgrades we performed brought its resonance fre-
quency to 10 kHz with a good angular stability. During these improvements, we learned
that the preload really helps to increase the resonance frequency, but if it is too strong
several peaks appear. This is clear from Fig. 4.15, where we increased the preload: with
a low preload there are few low frequency resonances, while with a high preload their
frequencies increase, but the number of peaks increases. Experimentally, the preload is
regulated by means of a threaded cap which pushes the O-ring and the mirror against
the piezoelectric with a variable force. Notice that the amplitude for a low preload is
very similar to the two harmonic oscillators case, with two resonance peaks, even if in
this case one of the peaks is formed by two very close ones. With a higher preload, many
peaks appear, as told before.

An important point about the actuator design concerns the fact that the piezoelectric
surface attached to the mirror is not perfectly flat, causing additional transverse vibra-
tions of the mirror during the stabilization. To solve this problem, we put a ceramic
piece between the piezoelectric and the mirror, such that its surface was perfectly flat
and parallel to the O-ring, as shown in Fig. 4.16. The material chosen for this piece is
MACOR R©. A track has been engraved in the cap in order to keep the O-ring in a fixed
position. Notice that the ceramic piece has been glued both to the piezoelectric and the
mirror with some epoxy resin, because without the glue the mirror did vibrate in the
longitudinal direction due to its inertia. The O-ring has been glued to the cap, too. We
choose a flat piece of ceramic instead of a hemispherical ceramic in order to avoid two
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(a) Low preload.

0 1 0 2 0 3 0 4 0
0

1

2

3

4

Am
plit

ud
e (

a.u
.)

f  ( k H z )

H i g h  p r e l o a d

(b) High preload.

Figure 4.15: Amplitude of the actuator transfer function in two different situations. (a) The preload
is low, and the resonance peaks are at low frequencies. (b) The preload is high, and the resonance
peaks move at higher frequencies, but the number of peaks increases. Both traces have been ac-
quired with a Michelson interferometer, applying a frequency sweep to the actuator.
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(a) Scheme of the actuator. A ceramic plate is in-
terposed between the piezoelectric and the mir-
ror, so that its surface is perfectly flat and parallel
to the O-ring, avoiding transverse shifts and rota-
tions due to misalignments. In addition, a track in
the cap has been engraved in order to keep the O-
ring fixed. The O-ring has been glued to the cap,
too.

(b) Photography of the actuator. The white ce-
ramic plate is clearly visible behind the mirror.

Figure 4.16: Scheme (a) and photography (b) of the actuator in the final configuration.
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(a) Scheme of the actuator with a hemispherical
ceramic piece. The mirror is pushed in one point
only, causing a bending and a consequent change
in its radius of curvature, if the preload is too
high.
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(b) Effect of the misalignment of the ceramic
hemisphere with respect to the O-ring. In this
condition, a rotation of the mirror happens as the
piezoelectric pushes.

Figure 4.17: Undesired effects of using a hemispherical ceramic piece between the mirror and the
piezoelectric. Both a bending and a rotation of the mirror occur.

main undesired effects. The first one concerns bending, since a high preload caused a
maximum deformation of the mirror and a change of its radius of curvature, as clear
from Fig. 4.17a. The second point concerns the fact that the sphere and the O-ring were
not perfectly aligned, causing both a longitudinal translation and a rotation of the mir-
ror. Indeed, a misalignment between the two introduces different levers on the O-ring,
as clear from Fig. 4.17b. A simple but effective way to quantify the misalignment is to
measure the angular deviation of a beam impinging the mirror while moving the piezo-
electric. From geometrical considerations, we can write the following relations

F = F1 + F2 (4.46a)
r1F = dF2 (4.46b)

r1 + r2 = d (4.46c)

from which we obtain

F1 =
r2

d
F (4.47a)

F2 =
r1

d
F (4.47b)

and using the Hooke law for F1 and F2

∆x1 =
r2

k1d
F (4.48a)

∆x2 =
r2

k2d
F (4.48b)

These equations are directly related to the rotation angle θ, since ∆x = ∆x2 − ∆x1 =
d tan θ. We have

∆x =
F

d

(
r1

k2
− r2

k1

)
(4.49)
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The last step is to relate the misalignment δ to the angular deviation α = 2θ that a beam
impinging the mirror suffers. Indeed, the average shift of the mirror ∆xP, i.e., the shift
of its middle point, can be written as

∆xP =
∆x1 + ∆x2

2
=
F

2d

(
r2

k1
− r1

k2

)
(4.50)

This quantity can be easily measured both by the Michelson interferometer and doing a
scan of the optical cavity, counting the number of Free Spectral Ranges spanned by the
mirror. At this point, we can write

∆x

∆xP
=

F
d

(
r1
k2
− r2

k1

)
F
2d

(
r2
k1
− r1

k2

) = 2
k2r2 − k1r1

k2r2 + k1r1
= 4

r2−r1
2

r1 + r2
= 4

δ

d
(4.51)

where in the last equalities we assumed k1 = k2. This gives the final relation

θ = arctan

(
4δ∆xP

d2

)
(4.52)

In our case of a 1′′ mirror, a misalignment of 1 mm causes a rotation of 3 µrad for a scan
of one Free Spectral Range (λ = 1035 nm).

As a final consideration, it is fundamental to underline that this kind of actuator is
not compatible to the vacuum environment of the electron accelerator and cannot be
used in the very final setup, but these studies allow us to deeply understand the main
issues and the best strategies to apply for its final design.

4.3 Noise

Once crucial point about the development of the setup for the ICS application concerns
noise. As told in the beginning of this thesis, the relative noise of the optical beam power
interacting with the electrons has been set to a value < 2 %. This noise depends on
both amplitude fluctuations of the laser beam and frequency fluctuations that, in turn,
are converted into intensity fluctuations following the cavity linewidth. As far as the
cavity is concerned, its contribution to the intensity noise is due to frequency fluctuations
caused by mechanical vibrations of the mirrors, so an important quantity to have under
control is the noise of the detuning ν between the laser and the cavity.

Power Spectral Density A convenient way to quantify noise is the Power Spectral Den-
sity (PSD) [71]. It describes how the power of a noisy signal is distributed over the fre-
quencies and, more precisely, it is mathematically defined as follows. Given a generic
time-dependent signal x (t), we take its Fourier transform over the time interval [0, T ]
defined as

x (f) =
1√
T

∫ T

0

x (t) e−i2πftdt (4.53)

The PSD S (f) can be written as [72, 73, 71]

S (f) = lim
T→+∞

E
[
|x (f)|2

]
(4.54)
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Figure 4.18: Example of the effect of the Finesse on relative intensity noise. Given a fixed detuning
fluctuation δν (black arrow), the corresponding intensity fluctuations δIT (colored dashed arrows)
increase as the Finesse do. Here we reported the trend for Finesse values of 800 (green), 2000 (red)
and 6000 (blue).

where E [·] is the expected value, and, explicitly, we have

E
[
|x (f)|2

]
=E

[
1

T

∫ T

0

x∗ (t) ei2πftdt

∫ T

0

x (t′) ei2πft
′
dt′
]

=

=
1

T

∫ T

0

∫ T

0

E [x∗ (t)x (t′)] ei2πf(t−t
′)dtdt′ (4.55)

In our case, the signal of interest is the detuning ν (t) between the laser and the cavity, as
previously told. This quantity can be easily calculated by measuring the voltage of the
PDH error signal, which, as explained in Sec. 4.2, is directly related to ν. In particular,
as clear from Fig. 4.8, when the cavity is stabilized to the external laser, the system stays
in the linear region of εPDH around ν = 0, thus a linear relation between the error signal
and the detuning can be written: ν = kdVPDH, where kd is the so-called discriminator
constant and VPDH is the voltage of the PDH error signal coming out of the discriminator,
proportional to εPDH. Thus, in order to calculate the PSD of ν, it is sufficient to measure
the fluctuations of VPDH and convert them using kd. Further considerations about the
measurement of kd will be discussed in detail in Subsec. 4.3.3.

If the PSD gives us information about the frequency distribution of the noise, the total
contribution to the noise is represented by the standard deviation of the temporal fluctu-
ations. The frequency contribution to this standard deviation can be calculated from the
PSD, performing the square root of its integral: σ (f) =

∫ f
0

√
S (f ′) df ′. In order to stay

below the upper limit of 2 % of relative intensity noise in the cavity, the total frequency
noise of the detuning, i.e. limf→∞ σ (f), must stay below a certain value that depends
on the Finesse, or, more precisely, on the linewidth. Indeed, a fixed detuning fluctua-
tion causes intensity fluctuations that increases as the linewidth decreases, as clear from
Fig. 4.18. More quantitatively, we have a linewidth given by the (power) normalized
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transmission function

IT̃ =
∣∣∣T̃ (ν)

∣∣∣2 =

(
1−
√
R
)2

1 +R− 2
√
R cos

(
2πν
FSR

) ∼
(

1−
√
R
)2

(
1−
√
R
)2

−
√
R
(

2πν
FSR

)2 ∼
∼1−

√
R(

1−
√
R
)2

(
2πν

FSR

)2

(4.56)

where we expanded IT̃ around the resonance ν = 0. This means that a fluctuation δν of
the detuning around ν = 0 causes a fluctuation of the power of

δIT̃ = −
√
R(

1−
√
R
)2

(
2π

FSR

)2

δν2 = −4

(
F

FSR

)2

δν2 (4.57)

where F is the Finesse. For example, given a FSR of 100 MHz, a fluctuation of 2 % of
IT̃ requires a detuning noise below 3.5 kHz for a Finesse of 2000 and below 1.1 kHz for a
Finesse of 6000. Notice that here we assumed a pure frequency noise, i.e., no amplitude
noise on the input laser is present. Furthermore, we assumed that each tooth of the
cavity and the laser is coupled in the same way, so the detuning fluctuates around each
resonance point, without any frequency offset. This is true if foff = 0, but things become
more complicated when this condition is not satisfied. Fortunately, the intensity noise
tends to decrease as foff increases, for a given detuning noise. This particular and very
important behavior will be studied in Subsec. 4.3.2 and, as we will show, it represents
a very powerful and innovative tool to dramatically reduce the frequency noise of the
system.

In the following, we report measurements of the PSD in two different configurations.
The first measurement is for the cavity with a nominal Finesse of 2000, and it is reported
in Fig. 4.19a, with an integrated noise of 1.5 kHz. The second is for the cavity with
a higher Finesse of 5000 and it is reported in Fig. 4.19b, with an integrated noise of
2.6 kHz, which is higher, of course. Notice that the servo parameters were different in
the two cases, in order to always optimize the integrated noise, and this is clear from
the trend of the integrated noise. In Fig. 4.19a the integrator is weaker, so the lower
frequencies contribute more (see the peak at ∼ 250 Hz) and the proportional is stronger,
lowering higher frequencies. In Fig. 4.19b the integrator is stronger, lowering the noise
at low frequencies, but the proportional is weaker, so higher frequencies dominates.

Notice that we could not directly measure the frequency noise of the laser, but the
spectrums of Figs. 4.19a and 4.19b refer to the relative fluctuations between the laser and
the cavity. Most of the noise is at low frequencies, so it can be imputed to the mechanical
vibrations of the cavity. High-frequency noise, instead, is related to laser phase noise.
These spectra have been retrieved by measuring the PDH signal in temporal domain
and Fourier transforming. The temporal traces have been converted into detunings by
multiplying them by the discriminator constant kdiscr, described in detail in Subsec. 4.3.3.
For this reason, the presence of a low pass filter at 1 MHz limited the spectra to that cut
frequency.

4.3.1 Servo upgrades

A very important upgrade of our system concerned the servo stage of the feedback and,
in particular, its output amplification stage. We tested the two different kind of ampli-
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Figure 4.19: Power spectral densities of the detuning between the laser and the cavity for different
configurations. Low frequencies peaks (a) Finesse ∼ 2000. (b) Finesse ∼ 5000. The servo parame-
ter are very different in the two measurements, as clear from the trend of the integrated noise. In (a)
the integrator is weaker, so the lower frequencies contribute more (see the peak at ∼ 250 Hz) and
the proportional is stronger, lowering higher frequencies. In (b) the integrator is stronger, lowering
the noise at low frequencies, but the proportional is weaker, so higher frequencies dominates.

fication stage reported in Subsec. 4.2.2: one operates in the range between −12 V and
48 V (we call it Stage A), the other is HV and operates in the range between 0 V and
150 V, which is the maximum range of the piezoelectric (we call it Stage B). Apart from
the low or high voltage regime, the main difference between the two is the operational
amplifier used for the amplification and, in particular, their maximum slew rate, i.e., the
maximum current variation they can give. While Stage A exploits a LM675 operational
amplifier from Texas Instruments with a slew rate of 8 V µs−1, the Stage B exploits a
PM85 operational amplifier from Apex Microtechnology with a slew rate of 1000 V µs−1,
so it is able to compensate better for large impulsive noises. A qualitative test has been
performed by introducing different kind of noises in the cavity, representing typical lab-
oratory noises, and it is shown in Fig. 4.20. In particular, for both Stage A and B, we
introduced noise from a speaker playing music near the optical cavity, simulating voices
and acoustic noises in the laboratory, then we slapped the laboratory door, and finally
we dragged a chair near the optical table. During these qualitative tests, we monitored
both the transmitted beam and the PDH error signal. From Fig. 4.20 we notice two main
aspects: the first is that the mean amplitude of the noise is higher for Stage A, the second
is that Stage B compensates much better for impulsive noises than Stage A (see boxes b)
and e) of ”Slapping door”), as we expected.

4.3.2 Effect of foff on frequency noise

A very interesting behavior of the coupling between a pulsed laser and an optical cavity
concerns the effect of the Carrier Envelope Offset on the frequency noise of the intracav-
ity beam. In particular, in the following, we demonstrate that the frequency offset foff

between laser and cavity can be exploited to dramatically reduce frequency noise σf :
once the cavity is locked to the external laser, increasing foff lowers σf .

This behavior can be easily understood starting from the modal structure of both the
laser and the cavity, which have been described in Eq. 4.18 and Eq. 4.19, respectively.
Once the cavity is locked to laser, we have the relations of Eqs. 4.20, which we report
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Figure 4.20: Comparison of the stability of the cavity for different solicitations with Stage A (black)
and Stage B (red). The first row (boxes a), b) and c)) shows the normalized transmitted intensity,
while the second row (boxes d), e) and f)) the voltage in AC applied to the piezoelectric actuator.
We introduced three types of noises: a speaker playing music placed near the optical cavity (boxes
a) and d)), the slapped laboratory door (boxes b) and e)) and a chair dragged near the optical
table (boxes c) and f)). Notice that the temporal scale is the same in all boxes, while the y scale is
common to each row. Arrows indicate the starting time of the corresponding event.

here for clarity

l0 frep + fceo = l0 FSR + foff,cav

FSR = frep +
foff

l0
(4.58)

where l0 is the order of the locked tooth. The spacing between cavity teeth and laser
teeth is thus different, since FSR and frep are not equal, except for foff = 0. This leads
to an increasing detuning between laser and cavity teeth of increasing order, as already
found with Eq. 4.21, where we wrote the detuning of the tooth l = l0 + ∆l of the cavity
as

δνl =
δl

l0
foff (4.59)

or in terms of wavelengths

δν = −δλ
λ0
foff (4.60)

This behavior is clear from Fig. 4.21. At this point, we state that the total intracavity
power is the sum of all the intracavity powers of the single teeth, i.e., Ptot =

∑
l |El|

2 ≈∑
l Pl. This approximation is possible because the frequencies of the beat notes between

different modes have frequencies multiple of frep = 100 MHz, much higher than the
cavity dynamics of ∼ 10 kHz. Notice that the intracavity power is directly proportional
to the transmitted power, that can be written in terms of the transmission function Ttot as
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Figure 4.21: Scheme of the coupling between laser and cavity teeth in presence of fceo and fcav.
Here, the various frequencies are exaggerated to see the coupling more easily. The laser comb is in
blue, where its spectral modulation is the green dashed curve. The cavity comb is in orange. The
corresponding teeth frequencies are the vertical dashed lines. Laser and cavity are locked at the
tooth l0, while the other teeth have an increasing detuning as moving away from l0. The red dots
represent the value of transmission function of each lth tooth of the cavity.

Pt = PinTtot, where Ttot =
∑
l Tl. As already written, the power transmission function

is detuning-dependent and if we monitor the second mirror we have

T2 (δν) =
(1−R1) (1−R2)

1 +R− 2
√
R cos

(
2πδν
FSR

) (4.61)

In an experimental setup, the cavity tooth l0 cannot be perfectly resonant with the corre-
sponding tooth of the laser, mainly due to the PDH stabilization system that inevitably
introduces a (small) offset in the error signal, resulting in a (small) detuning. For this
reason if we add a term fPDH to the detuning of the stabilized tooth l0, the detuning of
the general tooth l can be calculated to be

δνl =
δl

l0
foff −

(
1 +

δl

l0

)
fPDH (4.62)

Provided that, now we calculate the frequency noise of the transmitted power. This kind
of noise has essentially two main sources: the laser frequency fluctuations contained in
both frep and fceo, and fluctuations of the FSR of the cavity, related to mechanical vibra-
tions. This last is the dominant noise in our case and has a spectrum spanning from the
Hz up to tens of kHz. Let us consider a small fluctuation δFSR of the cavity FSR. Typ-
ically, l0 � ∆l, where l0 ∼ 106 for a µm-wavelength radiation with frep ∼ 1× 108 Hz,
while ∆l is the spectrum FWHM of the laser spectrum in terms of teeth, with ∆l ∼ 103

for a nm-wide spectrum, thus we can say that δFSR causes approximately the same fre-
quency detuning on all the teeth, i.e. δfl = δf ≈ l0 δFSR, which we consider to be small,
too. Looking at Fig. 4.21, in this regime, the noise of FSR corresponds to a rigid shift
of the cavity comb in orange. Notice that this frequency fluctuation occurs around the
respective cavity tooth frequency, which already has a detuning from the corresponding
laser tooth given by Eq. 4.62. The resulting fluctuation of the transmission function and,
in turn, of the transmitted power, can be calculated by expanding Tl around δνl, so that

Tl (δνl + δf) ≈ Tl (δνl) +
∂Tl
∂ν

∣∣∣∣
δνl

δf +
1

2

∂2Tl
∂ν2

∣∣∣∣
δνl

δf2 (4.63)
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Figure 4.22: Normalized trends of the three term of Eq. 4.63 as a function of the detuning δν. The
zero-order term Tl (δν) is in blue, the first order ∂T

∂ν
is in orange and the second order ∂2T

∂ν2 is in
green. In this simulation we used a Finesse of 6000 and a flat 2.8 nm-wide spectrum, centered in
1035 nm.

The three terms of Eq. 4.63 are plotted in Fig. 4.22 as a function of the detuning δν. Now,
if we consider all the teeth, we have

Ttot (δνl + δf) =
∑
l

Tl (δνl + δf) ≈
∑
l

Tl (δνl) +
∑
l

∂Tl
∂ν

∣∣∣∣
δνl

δf +
∑
l

1

2

∂2Tl
∂ν2

∣∣∣∣
δνl

δf2

(4.64)

The first term of Eq. 4.64 is noise-independent and represents the total mean transmitted
power. The second term is a sum of odd functions of δν if fPDH = 0, so that the noise
contribution of the left teeth cancels the one of the right teeth: the presence of a PDH
offset breaks this symmetry and additive noise arises. The third term is a sum of even
functions of δν and it is the most important for our application. Indeed, as clear from
Fig. 4.22, ∂2Tl

∂ν2 is even, and assumes both positive and negative values depending on
δν. If foff = 0, we have that δνl is the same for all the teeth, and each of them gives the
same negative contribution, so the total noise scales as ∼ ∆l δf2. On the other hand,
if foff 6= 0, the teeth experience an increasing detuning and the most external ones can
satisfy ∂2Tl

∂ν2

∣∣∣
δνl

> 0, compensating the negative values of the most internal. Overall, the

noise contribution of the second order term lowers, resulting from this self-suppression.
This behavior can be smartly exploited to effectively reduce the power frequency noise
of the transmitted beam and thus the of the intracavity beam, by simply increasing the
value of foff , or experimentally, by changing the Carrier Envelope Offset of the mode
locking laser.

Notice that increasing foff has always a drawback on the Finesse, lowering its value
and, in turn, the gain factor of the cavity and the average stored power, as we will ex-
plain in Subsec. 4.4.1. For this reason, now we demonstrate that the noise lowering is
advantageous with respect to the intracavity power lowering, as the first, and in partic-
ular, the relative noise, decreases more rapidly with foff . From Eq. 4.64 we can obtain
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Figure 4.23: Normalized gain (blue) and per cent relative noise (orange) for a Finesse of 6000 and
two different flat spectrums of 2.8 nm (a) and 15 nm (b), centered in 1035 nm, with a frequency
noise of 3 kHz and a PDH offset of 100 Hz. A wider spectrum emphasizes the noise-suppression
effect, as explained in the text, but decreases the gain more rapidly as well.

the noise on the transmitted beam as follows. The total transmission variation is

δTtot =
∑
l

∂Tl
∂ν

∣∣∣∣
δνl

δf +
∑
l

1

2

∂2Tl
∂ν2

∣∣∣∣
δνl

δf2 (4.65)

so the variance is by definition

σ2
Ttot

=
〈
δTtot

2
〉
− 〈δTtot〉2 =

〈(
Aδf +Bδf2

)2〉− 〈(Aδf +Bδf2
)〉2

=

= A2
〈
δf2
〉

+B2
〈
δf4
〉

+ 2AB
〈
δf3
〉
−A2 〈δf〉2 −B2

〈
δf2
〉2 − 2AB 〈δf〉

〈
δf2
〉

=

= A2σ2
f + 4B2σ2

f + 2AB
〈
δf3
〉

=
(
A2 + 4B2

)
σ2
f (4.66)

where we defined A =
∑
l
∂Tl
∂ν

∣∣
δνl

, B =
∑
l

1
2
∂2Tl
∂ν2

∣∣∣
δνl

and, in the last step, we noticed

that
〈
δf3
〉

= 0. The noise on the transmitted beam is thus

σTtot
=
√
A2 + 4B2 σf (4.67)

If the offset on the PDH signal is zero, then A = 0 and the power noise is simply 2B σf .
In conclusion, the relative power noise will be simply σT,rel =

σTtot∑
l Tl(δνl)

. Of course, the
results depend on the width of the input laser spectrum, since the most external teeth
would experience a greater detuning for a fixed FSR noise.

Starting from these equations, we simulate the trends of σT,rel and the gain of the
cavity for two different spectrums of 2.8 nm (our setup) and of 15 nm, showing results
in Fig. 4.23. In the simulations, we used the parameters of our cavity, i.e. F = 6000,
σf = 3 kHz and a reasonable PDH offset of 100 Hz5. Notice that in both cases we assumed
a flat spectrum centered in 1035 nm. These simulations clearly show that the drop in the
cavity gain is much slower than the drop in the relative power noise, confirming that
increasing foff can be conveniently exploited to reduce intracavity frequency noise. For
example, if a certain cavity gain is needed, one can set a higher nominal gain and then
reduce it by introducing foff , resulting in a cavity with the gain of interest but a lower
frequency noise. This can be directly seen by the simulations of Fig. 4.24. Here, we take
a nominal Finesse of 2000 and another one of 6000. In Fig. 4.24a one can see that the

5We remind that the cavity linewidth is 16.7 kHz for a Finesse of 6000.
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(a) Gains. The gain is the same for foff =
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Figure 4.24: (Left panel) Gain of the cavity for a Finesse of 2000 (blue) and 6000 (orange), as a
function of foff . The gain of 1300, obtained with F = 2000 and foff = 0, is the same of F = 6000
and foff = 23.9 MHz. (Right panel) Relative power noise of for the two values of Finesse as a
function of foff . At foff = 23.9 MHz the gain in the two conditions is the same, but the relative
noise is reduced of a factor 10.

same gain of 1300 resulting from F = 2000 (blue line) at foff = 0, can be obtained with
a Finesse F = 6000 with foff = 23.9 MHz. In the first case, the relative intensity noise
is 0.1 %, while in the second case it is 0.01 %, resulting in a cavity with the same gain of
1300, but an intensity noise reduced of a factor 10, as clear from Fig. 4.24b.

An experimental example is provided by measuring the relative power noise trans-
mitted by the same cavity with two different values of foff , as reported in Fig. 4.25. The
measurements show the effectiveness of this method to reduce noise, as the noise goes
from 2.6 % with a low value of foff to 0.63 % with a high value of foff . Notice that a
value of foff closer to zero would allow huge fluctuation, inducing uncontrollable self-
oscillations in the PDH feedback system of our setup: indeed, the greater frequency
noise excites the self-oscillation frequencies. In this configuration, the relative power
noise reaches the 50 % value, making the cavity unusable for our purpose.

Another experimental measurement that shows noise reduction is about the spec-
trum of the transmitted relative intensity noise. In particular, we start from a Finesse
nominal value F = 1800 (at foff = 0), corresponding to an intracavity gain of 1150, then,
we change the nominal Finesse to F = 4500 and variate foff until the same gain of 1150
is reached. This configuration corresponds to foff = 45 MHz. In Fig. 4.26 we show a
comparison of the spectra acquired in these two different conditions: in red the Finesse
is 1800 and foff is zero; in blue the Finesse is 4500 and foff = 45 MHz; the input laser RIN
is in gray. The reduction of the noise is evident on almost all the noise spectrum.

4.3.3 Discriminator constant kd

One important point concerning noise is the conversion of the voltage of the PDH error
signal into the frequency detuning signal between the laser and the cavity. Since the
PDH error signal is linear in the region of interest, there exists a linear relation between
the two, thus we can write that ν = kd VPDH, where ν is the detuning, εPDH the error
signal and kd is the discriminator constant. Notice that VPDH ∝ εPDH of Eq. 4.38. Sim-
ilarly, we can write that a detuning fluctuation δν is proportional to a PDH error signal
voltage fluctuation δVPDH, δν = kd δVPDH. In this Subsection we show a method to accu-
rately measure this constant, implemented for example in [74]. The idea is to introduce
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Figure 4.25: Traces of the normalized transmitted power of our cavity in two different foff config-
urations, as a monitor of the relative intensity fluctuations. When foff is low, the noise is around
2.6 %, but when it is high it decreases to 0.63 %, showing the effectiveness of our approach for the
noise reduction.
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Figure 4.26: Spectrums of the transmitted beam relative intensity noise for two different cavity
configurations: F = 1800 and foff = 0 (red), and F = 4500 and foff = 45 MHz (blue). The cavity
gain is the same in the two configurations, but the noise is reduced on almost all the spectrum in
presence of foff .
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a modulation in the error signal and measure how this modulation affects the intensity
of the transmitted beam when the cavity is stabilized around its resonance frequency: if
we know the shape of the cavity linewidth, i.e., the Finesse, we can convert the intensity
fluctuation into a detuning fluctuation. Indeed, a modulation of the PDH signal induces
a modulation on the cavity length and, in turn, in the detuning.

Once the cavity is stabilized, so the mean value of VPDH is zero, through the exter-
nal input of our PID we introduce a sinusoidal modulation at frequency Ω on the PDH
signal, leading to an error signal voltage

VPDH (t) = VΩ sin Ωt (4.68)

with Ω� 2π∆ν and ∆ν the cavity FWHM linewidth. The detuning becomes

ν (t) = νΩ sin Ωt (4.69)

so that the discriminator constant is given by kd = νΩ

VΩ
. VΩ can be easily measured

directly monitoring the PDH signal, thus we need a way to calculate νΩ. The normalized

power transmission function of the cavity
∣∣∣T̃ (ν)

∣∣∣2 has been calculated in Eq. 4.56. Since

ν = νΩ sin Ωt = νΩ
1−cos 2Ωt

2 , we have∣∣∣T̃ (νΩ)
∣∣∣2 ∼ 1− 2π2

√
R(

1−
√
R
)2

ν2
Ω

FSR2 + 2π2

√
R(

1−
√
R
)2

ν2
Ω

FSR2 cos 2Ωt (4.70)

As clear from Eq. 4.70, the normalized transmitted beam has a component oscillating at
2Ω, which depends on νΩ. In particular, in terms of FFT amplitude components of the
transmitted beam, we have

Ã2Ω =
A2Ω

Ā
= 2π2

√
R(

1−
√
R
)2

ν2
Ω

FSR2 = βν2
Ω (4.71)

Finally, we have that

β = 2π2

√
R(

1−
√
R
)2

1

FSR2 =
2F 2

FSR
(4.72)

where F is the Finesse. Overall, after simple algebra, we have that the discriminator
constant is

kd =
1

VΩ

√
A2Ω

Ā

FSR2

2F 2
(4.73)

Experimentally, the discriminator constant kd is calculated with the following proce-
dure, exploiting the setup of Fig. 4.27. Once the cavity is stabilized to the laser around its
resonance, the Finesse is measured following the technique described in Subsec. 4.4.1.
A small sinusoidal modulation is introduced in the PDH error signal through the ex-
ternal input of the PID: the modulation is summed to the error signal. The frequency
Ω of the modulation should be lower than half the cavity linewidth, so that the signal
on the transmitted beam is sufficiently high, but, at the same time, it should be higher
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Figure 4.27: Setup for the measurement of kd. A small sinusoidal signal at frequency Ω is added
to the PDH error signal. We measure this component Ω on the error signal and the corresponding
component 2Ω on the transmitted signal.

than the typical frequencies of mechanical vibrations, so that noise does not affect the
measurement. In our case, a typical value could be Ω = 2 kHz. The Ω component on the
PDH signal is monitored directly performing a FFT on the oscilloscope, obtaining VΩ.
At the same time, the transmitted beam power is monitored at the frequency 2Ω, again
performing a FFT on the oscilloscope and obtaining A2Ω. Finally, the mean value of
the transmitted power Ā is acquired, and the discriminator coefficient is calculated with
Eq. 4.73. A typical value of kd for our setup is of the order of 1× 104 − 1× 105 Hz V−1,
depending on the Finesse. Once calculated, kd is used to convert the Power Spectral
Density of the PDH error signal into a PSD of the detuning between the laser and the
cavity, as explained in Sec. 4.3.

An interesting consideration about the measurement of kd concerns the fact that the
piezoelectric actuator movements are not linear with the applied voltage. Indeed, one
could think that kd can be measured by performing a scan of the cavity length and ob-
serving the slope of the linear zone of the PDH error signal during the scan, applying a
triangular voltage on the piezoelectric actuator. In this case, a conversion from a time to
a detuning is required and, in principle, it can be easily performed exploiting the side-
bands of the PDH error signal, which have a known frequency, or resonance peaks of
order |l| > 0, whose distance is a FSR. However, such kind of measurement introduces
a big systematic error in the calculation of kd, since, as told before, the piezoelectric ac-
tuator is not linear in the applied voltage, but behaves differently for different voltages.
That is the reason why we use the method described before, which completely bypasses
the actuator, avoiding this kind of problems.

An interesting application of kd The non-linear behavior of piezoelectric materials is
a well-known fact [75], which we demonstrated for our setup measuring the variation of
the cavity length and, in particular, the movement of the mirror of the actuator, as a func-
tion of the applied voltage in a six-order of magnitude range. In each range we applied
a different method to retrieve the displacement of the mirror, spanning from 1 µm to the
incredible small distance of 1 pm, reached exploiting the method for the measurement of
kd. The methods used are 5, and we will explain them in the following, in decreasing
order of distance.

a) The first method consists in performing a scan of the cavity length and measur-
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ing the number of Free Spectral Ranges spanned for a certain voltage applied on
the piezoelectric. Indeed, each resonance peak of the cavity has a frequency of
νcav,l = FSRl + foff , as already written in Eq. 4.18, thus two consecutive peaks
(∆l = ±1) are at a frequency distance of one FSR, or, in terms of spatial distances,
at one wavelength λ0. This means that the cavity length changes by λ0 and the ac-
tuator mirror moves of λ0

2 , allowing, for our setup, a measurement between 2 µm
and 500 nm, since λ0 = 1035 nm, i.e., from 4 FSRs to 1 FSR with unit granularity.
Measurements about this range are shown in blue in Fig. 4.28.

b) The second range spans from 100 nm and 10 nm and exploits the sidebands of the
PDH error signal. Indeed, with a cavity length scan, the distance between the two
sidebands is 2ΩPDH, where ΩPDH is the PDH modulation frequency, providing
a frequency reference like the FSR. A simple proportion between FSR and ΩPDH

gives the right spatial distance. Measurements about this range are shown in or-
ange in Fig. 4.28.

c) The third range spans from around 1 nm to 100 pm. Here we exploit our method
for the measurement of kd of Eq. 4.73, since

νΩ = kdVΩ =

√
TΩ

T̄

FSR2

2F 2
(4.74)

If we introduce a modulation on the PDH error signal at frequency Ω of amplitude
VΩ, the corresponding frequency fluctuation of the cavity will be given exactly by
νΩ of the above equation. νΩ is the frequency reference as in the previous points.
Measurements about this range are shown in gray in Fig. 4.28.

d) The fourth range spans from around 100 pm to 10 pm and exploits exactly the same
technique of the point c), but with a much higher Finesse of the cavity (1890 vs.
58 6). Notice that the lower limit of the mirror shift here is given by TΩ, which
becomes too small to be precisely detected. Measurements about this range are
shown in green in Fig. 4.28.

e) The last range spans from around 5 pm and 1 pm. Since TΩ cannot be measured in
this range, we assume that kd is the same of the range d), which can be easily cal-
culated with the described method, and we retrieve the corresponding frequency
fluctuation from νΩ = kdVΩ that represents the frequency reference. This is a rea-
sonable assumption, because the Finesse of the cavity is the same of point d), thus
kd has to be the same, too. Now, the lower limit is given by the too small value of
VΩ. Measurements about this range are shown in yellow in Fig. 4.28.

The non-linear trend of the piezoelectric is clear and seems to be valid for the entire
six-orders of magnitude range we explored (notice that the scale is log-log). To simplify
the understanding, we fitted the points of method a) and e) with two different linear
functions (dashed lines), showing that they completely do not match.

6Actually, the nominal Finesse of the cavity used in these measurements is 2000, but for the point c) we
intentionally reduced it to 58, placing an iris in the cavity, in order to cover the range between b) and d), which
was empty. Indeed, the upper limit on mirror shift was given by the stabilization system that lost the locking
to the laser for such high fluctuations, going out the linear dynamics of the PDH error signal. On the other
hand, a lower Finesse allows greater fluctuations, since the linewidth of the cavity, and thus the linear zone of
the PDH signal, becomes larger.
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Figure 4.28: Measurements of the displacement of the piezoelectric as a function of the applied
voltage. We measured the trend in a range of six orders of magnitude, showing that the piezoelec-
tric has a non-linear behavior over the entire interval. Distances have been measured with different
methods: a) FSR, b) PDH sidebands, c) PDH modulation with low Finesse, d) PDH modulation
with high Finesse and e) extrapolation using kd. To show the non-linear trend of the piezoelectric
actuator, two linear fits have been performed (dashed lines): one for the method a) and one for the
method e).

It is interesting to observe that the last point represents a very useful application of
the technique for kd to measure distances of the order of the picometer. However, notice
that actually in point c), d) and e) we do not measure an absolute shift of a mirror, rather
the amplitude of its oscillations at a certain frequency Ω.

4.4 Cavity characterization

In this Section we describe different aspects of the characterization of the cavity, in par-
ticular, the measurement of its Finesse. This constitutes the first step to calculate the
passive gain provided by the cavity to the optical power, which is the fundamental pa-
rameter to know, together with the noise, in an ICS application.

4.4.1 High-Finesse measurement

We have written in the previous Sections that the Finesse is one of the most important
parameters that characterize an optical cavity, and it is defined by Eq. 4.16, which we
report here for convenience

F =
FSR

δν
=

πR
1
4

1−
√
R

(4.75)

Its characterization is thus one fundamental issue and several techniques have been de-
veloped to its measurement [76, 77, 78]. In this framework, we developed an innovative
and straightforward method to measure the Finesse of an optical cavity while main-
taining it resonant to an external laser [79]. The method exploits the response of the
cavity transmission to an amplitude-modulated input beam, allowing the reconstruc-
tion of both the amplitude and the phase of the transmission function. In addition, it is
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worth noting that such a direct measurement of the transmission and dispersion profiles
of an optical cavity finds applications in cavity-enhanced spectroscopy of gas samples,
too [80]. This technique has been experimentally demonstrated for both a linear and a
ring resonator in CW and pulsed regime.

Let us focus on the case of ring resonator, where FSR = c
L . The idea behind this

method is to use an intensity modulator to modulate the amplitude of the electric field
that enters the cavity, then accurate measure the transmission. A frequency locking is
performed with the PDH technique described in Sec. 4.2, so that the cavity and the laser
are kept resonant. The electric field of the modulated input beam can be written as

Ẽin (t) = E0 [1 + a cosωmt] e
−iω0t (4.76)

where E0 is the input laser field, ω0 its central frequency, a the amplitude modulation
coefficient and ωm the modulation frequency in rad s−1. Eq. 4.76 tells us that the input
beam is therefore represented by three different waves

Ẽin (t) = E0e
−iω0t +

a

2
E0e

−i(ω0−ωm)t +
a

2
E0e

−i(ω0+ωm)t =

= [E0 + Ein (−ωm, t) + Ein (ωm, t)] e
−iω0t (4.77)

The transmitted field is calculated with the use of Eq. 4.14b applied to each of the three
waves, leading to a total intensity

IT (ωm, t) = [T (0)E0] [T (ωm)Ein (ωm, t) + T (−ωm)Ein (−ωm, t)] + c.c. (4.78)

Since T (−ωm) = T ∗ (ωm) due to the symmetry of T , one can calculate the final form for
the transmitted intensity

IT (ωm, t) = 2aE2
0T (0) |T (ωm)| cos [ωmt− φT (ωm)] (4.79)

where we assumed T (ωm) = |T (ωm)| eiφT(ωm). Eq. 4.79 represents the main result of
our method: the intensity of the transmitted beam at the modulation frequency contains
all the information about the transmission function T , so, by sweeping over ωm, T can
be fully reconstructed. Once reconstructed, the value of R is retrieved and the Finesse
calculated by Eq. 4.75. It is worth noting that intracavity losses can be simply taken into
account by using an equivalent value of R, such that Req = R (1− α), where α � 1 are
the power losses of one round trip.

This technique has been validated experimentally with the cavity of this thesis work
shown in Fig. 4.6, with a nominal Finesse of 2000 and a nominal input mirror reflectivity
R1 = 0.998. As a reminder, the two curved mirrors have a radius of curvature of 750 mm
and the FSR of the cavity is 100 MHz, resonant with the external ytterbium laser with a
central wavelength of 1035 nm. The input beam was modulated with a Neos Q-Switch
33027-50-5-1- Acousto-Optic Modulator (AOM) fed with an RF signal at 24 MHz with
the scheme of Fig. 4.29. The intensity modulation depth was around 5 %. In the mea-
surements we obtained both the amplitude and the phase of the transmission function,
which, in terms of modulation frequencies fm are calculated as

|T (fm)| = 1−
√
R[

1 +R− 2
√
R cos

(
2πfm
FSR

)] 1
2

(4.80a)

φT (fm) = arctan

 √
R sin

(
2πfm
FSR

)
1−
√
R cos

(
2πfm
FSR

)
 (4.80b)
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Figure 4.29: Simplified scheme of the setup used for the Finesse measurement via amplitude mod-
ulation. An acousto-optic modulator (AOM) is fed with an amplitude modulated RF signal at
24 MHz. The power of the laser is acquired before and after the cavity at the modulation fre-
quency ωm, so that both amplitude and phase of the transmission function of the cavity can be
reconstructed.

Amplitude has been calculated by the FFT of the transmitted signal, normalized to the
corresponding FFT of the input signal, while phase has been calculated by comparing
the two sinusoids of input and transmission. By fitting Eq. 4.80a with the free parameter
R, we obtained the results shown in Fig. 4.30a. The fit gives the value of R = 0.9966± 2,
corresponding to a cavity Finesse F = 1845 ± 120. Notice that the points at negative
modulation frequencies are replicas of the positive values.

The method has been validated by measuring the Finesse with the well-known Cav-
ity Ring Down (CRD) technique [76]. Since our AOM cannot be completely turned off,
the cavity cannot completely deplete. Starting from Eq. 4.10, we calculated the corre-
sponding intensity after a non-complete depletion, resulting in

I (t) =

[
A exp

(
− t− t0

2τ

)
+B

]2

= A2 exp

(
− t− t0

τ

)
+2AB exp

(
− t− t0

2τ

)
+B2 (4.81)

where A2 is the transmitted intensity before the AOM is switched, B2 the residual trans-
mitted intensity after the switch and τ the intensity decay time. The decay time is related
to the total reflectivity of the cavity by the relation [26]

τ =
[
2
(

1−
√
R
)

FSR
]−1

(4.82)

The ring down measurement has been performed by applying a square wave modu-
lating the RF signal, with a response time of less than 200 ns, much faster than τ . We
calculated τ for 10 different CDR acquisitions and calculated the corresponding Finesse
following Eq. 4.82. Results are shown in Fig. 4.30b. We obtained τ = 3.16± 0.02 µs and
F = 1987± 89, in excellent agreement with the amplitude modulation measurement.

It is worth noting that this amplitude modulation technique is a more complete
method with respect to the conventional CRD, since it allows to retrieve the complete
transmission profile and not only the total reflectivity and the Finesse. Besides this, the
full reconstruction of both the amplitude and the phase of T could find useful applica-
tions in intracavity spectroscopy.
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(a) Measurement of the cavity transmission func-
tion with the amplitude modulation technique.
Both amplitude (blue) and phase (red) of T have
been measured. The fit with the theoretical func-
tion gave a total reflectivity R = 0.9966 ± 2 and
a corresponding Finesse F = 1845 ± 120. No-
tice that negative frequencies values are replicas
of the positive ones.
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(b) Example of a CRD of the cavity. The cavity is
not fully depleted, but reaches a residual intensity
of around 45 %. The measurement gave a value
of the time constant τ = 3.16± 0.02 µs and a cor-
responding Finesse F = 1987 ± 89, in excellent
agreement with the amplitude modulation mea-
sure.

Figure 4.30: Finesse measurement with amplitude modulation technique (a) and cavity ring down
technique (b).

In all these measurements, we assumed that the frequency offset foff between the
pulsed laser and the cavity were 0. Now we will provide a generalization to the case of
foff 6= 0. Consider that the tooth l0 of the cavity is kept in resonance with the tooth l0
of the laser comb. The transmitted field of a generic tooth l, where l is the index of the
distance from the central tooth l0, can be written following Eqs. 4.14s and 4.77 as

ẼT,l =
[
e−iωltT (ωl) +

a

2
e−i(ωl−ωm)tT (ωl − ωm) +

a

2
e−i(ωl+ωm)tT (ωl + ωm)

]
·

· E0e
−i(ωl0+2πlFSR) (4.83)

where ωl is the detuning between the lth teeth of the laser and the cavity given by

ωl = −2π
l

l0
foff (4.84)

The total transmitted field is thus

ET,tot =
∑
l

ET,lSle
−i2πlFSR (4.85)

where Sl =
√
Ple

iφSl is the spectrum of the laser, with an eventual chirp φSl . With
our technique we observe the power of the transmitted beam, so the square modulus of
ET,tot. We have |ET,tot|2 =

∣∣∑
lET,lSle

−i2πlFSR
∣∣2, but neglecting high-frequency terms

that oscillate at 2πlFSR t we can approximate

|ET,tot|2 =
∑
l

|ET,lSl|2 =
∑
l

|ET,l|2 Pl (4.86)

It is worth noting that the term eiφSl vanishes, so a chirp of the spectrum would not
affect our measurement. Since with our technique we monitor the intensity at frequency



96 4.4 Cavity characterization

0 2 0 4 0 6 0 8 0 1 0 0
0 . 0

0 . 2

0 . 4

0 . 6

0 . 8

1 . 0
 f o f f = 0
 f o f f = 5 0 M H z
 f o f f = 1 0 0 M H z

M o d u l a t i o n  f r e q u e n c y  ( k H z )

No
rm

aliz
ed

 am
plit

ud
e

(a) Curves normalized to the value in νm = 0 of
the foff = 0 condition.
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(b) Curves normalized to their respective values
in νm = 0.

Figure 4.31: Theoretical trends of the cavity linewidth as a function of the modulation frequency
for different values of foff . The cavity has a nominal Finesse of 6000, while the modulation fre-
quency is set to a = 0.1, with a rectangular input spectrum of 2.8 nm centered in 1035 nm, similar
to our actual spectrum after the stretcher. (a) the curves are normalized to the condition foff . In
this case the reduction of the amplitude with foff is clear. (b) the curves are normalized to their
value in νm = 0. In this case the increasing of the linewidth with foff is clear.

ωm, we can neglect all the other terms, resulting in

|ET,tot,ωm |2 =E2
0

a

2

∑
l

Ple
−iωmtT (ωl)T

∗ (ωl − ωm) + Ple
iωmtT (ωl)T

∗ (ωl + ωm) +

+ Ple
iωmtT (ωl − ωm)T ∗ (ωl) + Ple

−iωmtT (ωl + ωm)T ∗ (ωl) =

=E2
0a
∑
l

Pl<
[
eiωmt (T (ωl − ωm)T ∗ (ωl) + T (ωl)T

∗ (ωl + ωm))
]

=

=E2
0a
∑
l

Pl cos (ωmt)<[T (ωl − ωm)T ∗ (ωl) + T (ωl)T
∗ (ωl + ωm)]+

− Pl sin (ωmt)<[T (ωl − ωm)T ∗ (ωl) + T (ωl)T
∗ (ωl + ωm)] (4.87)

thus the amplitude of the frequency of interest is

IT,ωm = E2
0a
∑
l

Pl

√
<2
[
T̃ (ωm, ωl)

]
+ =2

[
T̃ (ωm, ωl)

]
(4.88)

where T̃ (ωm, ωl) = T (ωl − ωm)T ∗ (ωl) + T (ωl)T
∗ (ωl + ωm). In Fig. 4.31 we show

the theoretical trend of IT,ωm for a modulation depth a = 0.1, a nominal Finesse F =
6000, a rectangular 2.8 nm spectrum centered around 1035 nm (very similar to our laser
spectrum after the stretcher), a repetition rate of 100 MHz, and different values of foff .
The effect of foff is both to increase the cavity linewidth (see Fig. 4.31b) and to reduce the
value of IT,ωm (see Fig. 4.31a). Indeed, in Fig. 4.31a we plot the reconstructed linewidths
normalized to the foff = 0 condition, so that the reduction of the amplitude is clear,
while in Fig. 4.31b we plot the same curves normalized to each starting value, so that
the enlargement of the linewidth is clear. A physical interpretation of these effects can
be performed in terms of the coupling between the laser and the cavity teeth. When foff

increases, the detuning between the outermost teeth of the laser and the cavity becomes
bigger and bigger, as we show in Fig. 4.32. The contribution of the sidebands of each
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Figure 4.32: Example of the coupling of the cavity comb (blue) with the laser comb (orange) in
presence of foff > 0 and with amplitude modulation. The cavity is locked to the laser with the
PDH technique such that the teeth l0 are resonant.

tooth thus becomes smaller and smaller, reducing the total amplitude of the signal. On
the other hand, the slope of the cavity linewidth becomes smaller on its tails, thus the
outermost teeth experience a lower decay with νm, resulting in a larger total linewidth
of the cavity. The effect of foff is thus to reduce the effective Finesse of the cavity.

PDH signal in presence of amplitude modulation From a theoretical point of view,
the value of the amplitude modulation a can span all values up to 1, but in a real setup
one has to deal with the fact that the cavity is stabilized, and the stabilization exploits
the (reflected) laser beam itself, which is amplitude modulated, introducing unwanted
effects. Indeed, when introducing an amplitude modulation on the input beam, the
Pound-Drever-Hall error signal is affected. In this Paragraph, we calculate the effect of
this modulation and set some limits on the modulation depth in order to affect the PDH
signal only in a perturbative way.

Consider an input beam with both a phase and an amplitude modulation: the first is
introduced for the PDH stabilization, while the second for the Finesse measurement. By
gathering Eq. 4.32 and Eq. 4.76 we have

E (t) =E0e
i(ωt+β sin (Ωt)) (1 + a cos (ωmt)) ∼

∼E0

(
J0 (β) eiωt + J1 (β) ei(ω+Ω)t − J1 (β) ei(ω−Ω)t

)
+

+ E0
a

2

(
J0 (β) ei(ω+ωm)t + J1 (β) ei(ω+Ω+ωm)t − J1 (β) ei(ω−Ω+ωm)t

)
+

+ E0
a

2

(
J0 (β) ei(ω−ωm)t + J1 (β) ei(ω+Ω−ωm)t − J1 (β) ei(ω−Ω−ωm)t

)
(4.89)

where we expanded E (t) as performed in Sec. 4.2 for the canonical PDH error sig-
nal. As a reminder, Ω is the PDH modulation frequency, ωm the amplitude modulation
frequency, β the phase modulation depth and Ji the Bessel functions of order i. The
reflected beam results

Er (t) =E0

(
F (ω) J0βe

iωt + F (ω + Ω) J1βe
i(ω+Ω)t − F (ω − Ω) J1βe

i(ω−Ω)t
)

+

+ E0
a

2
F (ω + ωm) J0βe

i(ω+ωm)t + E0
a

2
F (ω + Ω + ωm) J1βe

i(ω+Ω+ωm)t+

− E0
a

2
F (ω − Ω + ωm) J1βe

i(ω−Ω+ωm)t + E0
a

2
F (ω − ωm) J0βe

i(ω−ωm)t+

+ E0
a

2
F (ω + Ω− ωm) J1βe

i(ω+Ω−ωm)t − E0
a

2
F (ω − Ω− ωm) J1βe

i(ω−Ω−ωm)t

(4.90)
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Now we calculate the reflected power, but, since after the demodulation and the low
pass filtering the fast oscillating terms vanishes, between the 81 total terms we take only
the ones oscillating around Ω, more precisely at Ω, Ω± ωm and Ω± 2ωm. We have

Pr (t) ∝ e−iΩtF̃0 +
a2

4
e−iΩtF̃a +

a

2

(
e−i(Ω+ωm)tF̃+ω + e−i(Ω−ωm)tF̃−ω

)
+

+
a2

4

(
e−i(Ω+2ωm)tF̃+2ω + e−i(Ω−2ωm)tF̃−2ω

)
+ c.c. (4.91)

where we defined

F̃0 =F (ω)F ∗ (ω + Ω)− F (ω − Ω)F ∗ (ω) (4.92a)

F̃a =F (ω − ωm)F ∗ (ω + Ω− ωm) + F (ω + ωm)F ∗ (ω + Ω + ωm) +

− F (ω − Ω− ωm)F ∗ (ω − ωm)− F (ω − Ω + ωm)F ∗ (ω + ωm) (4.92b)

F̃+ω =F (ω)F ∗ (ω + Ω + ωm)− F (ω − Ω)F ∗ (ω + ωm) +

− F (ω − Ω− ωm)F ∗ (ω) + F (ω − ωm)F ∗ (ω + Ω) (4.92c)

F̃−ω =F (ω)F ∗ (ω + Ω− ωm)− F (ω − Ω)F ∗ (ω − ωm) +

− F (ω − Ω + ωm)F ∗ (ω) + F (ω + ωm)F ∗ (ω + Ω) (4.92d)

F̃+2ω =F (ω − ωm)F ∗ (ω + Ω + ωm)− F (ω − Ω− ωm)F ∗ (ω + ωm) (4.92e)

F̃−2ω =F (ω + ωm)F ∗ (ω + Ω− ωm)− F (ω − Ω + ωm)F ∗ (ω − ωm) (4.92f)

After the demodulation at frequency Ω with a local oscillator of the form cos (Ωt+ φ)
and the low pass that filters the 2Ω terms, the PDH signal results

εPDH (ω) ∝ <
[
F̃0

]
cosφ+ =

[
F̃0

]
sinφ︸ ︷︷ ︸

normal PDH

+
a2

4

(
<
[
F̃a

]
cosφ+ =

[
F̃a

]
sinφ

)
︸ ︷︷ ︸

modulation effect

+

+
a

2

(
<
[
F̃+ω

]
cos (φ+ ωmt) + =

[
F̃+ω

]
sin (φ+ ωmt)

)
︸ ︷︷ ︸

offset oscillating at ωm

+

+
a

2

(
<
[
F̃−ω

]
cos (φ− ωmt) + =

[
F̃−ω

]
sin (φ− ωmt)

)
︸ ︷︷ ︸

offset oscillating at ωm

+

+
a2

4

(
<
[
F̃+2ω

]
cos (φ+ 2ωmt) + =

[
F̃+2ω

]
sin (φ+ 2ωmt)

)
︸ ︷︷ ︸

offset oscillating at 2ωm

+

+
a2

4

(
<
[
F̃−2ω

]
cos (φ− 2ωmt) + =

[
F̃−2ω

]
sin (φ− 2ωmt)

)
︸ ︷︷ ︸

offset oscillating at 2ωm

(4.93)

There are four main terms: the normal PDH error signal, an amplitude modulation ef-
fect on the shape of the signal and two oscillating terms at ωm and 2ωm, respectively. In
the resonance condition ω = 0 all the F̃i terms vanishes, thus the amplitude modulation
does not affect the stabilization of the cavity. On the other hand, if the laser and the
cavity are not perfectly resonant, for example due to an unwanted electronic offset in the
error signal, the modulation plays a crucial role. In Fig. 4.33 we show the mean PDH
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Figure 4.33: PDH error signal in presence of amplitude modulation of depth a. Here we show the
mean PDH error signal (blue) and the amplitude of the ωm-oscillating terms (orange) as a function
of the modulation depth, for a cavity detuning offset of 100 Hz, with a Finesse of 6000, and a FSR
of 100 MHz. In this realistic situation, a modulation depth of 5 % is sufficient for the oscillating
terms to be neglected.

error signal (without the oscillating terms) compared to the amplitude of the oscillating
terms at frequency ωm for different values of the amplitude modulation a, for a reso-
nance offset of 100 Hz and for our final cavity (linewidth of 16 kHz and FSR of 100 MHz).
Since the ωm oscillating term scales with a, the value of a has to be much lower than 1.
In this condition the other terms, that scale with a2, are negligible near the resonance.
Experimentally, a value below 5 % is acceptable.

A fast implementation of the amplitude modulation technique The amplitude mod-
ulation technique we presented is a very powerful tool to reconstruct the linewidth of
a cavity and, in turn, calculate the Finesse, but the scheme of Fig. 4.29 allows the mea-
surement of a single frequency at a time, considerably increasing the total duration of
the measurement. A great improvement can be performed doing a frequency sweep in a
short time and demodulating the output signal at the same time. We implemented this
idea exploiting the scheme of Fig. 4.34. Let us focus on the foff = 0 case. We can write
Eq. 4.79 in the equivalent form

IT (ωm, t) = 2a |E0|2 T (0) (<[T (ωm)] cos (ωmt) + =[T (ωm)] sin (ωmt)) (4.94)

The signal of the transmitted beam is demodulated by the high pass filtered signal of the
input beam, which can be written from Eq. 4.76 as

Iin (t) =
∣∣E0 [1 + a cosωmt] e

−iω0t
∣∣2 = |E0|2

(
1 + 2a cosωmt+ a2 cos2 ωmt

)
(4.95)

so that, neglecting the 2ωm term which scales with a2, the reference signal for the de-
modulation can be written as a cosine term. If we consider a phase term φ between the
signal and the reference, the mixed signal after demodulation results

IT,mixer (ωm, t) = IT (ωm, t) cos (ωmt+ φ) =

= 2a |E0|2 T (0)<[T (ωm)] cos (ωmt) cos (ωmt+ φ) +

+ 2a |E0|2 T (0)=[T (ωm)] sin (ωmt) cos (ωmt+ φ) (4.96)
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Figure 4.34: Simplified scheme of the setup used for the fast Finesse measurement via amplitude
modulation with a frequency sweep. The difference with respect to the scheme of Fig. 4.34 is
that the Function Generator applies a linear frequency sweep and the input and output signals are
mixed in order to directly extrapolate the component at the instantaneous frequency applied. This
setup allows us to quickly measure the imaginary part of the transmission function and calculate
the Finesse.

Finally, the low pass filter sweeps out the fast oscillating terms, so if we take only the DC
terms we obtain

IT,fil (ωm) = a |E0|2 T (0) (<[T (ωm)] cosφ+ =[T (ωm)] sinφ) (4.97)

Depending on the value of the phase shift φ between the transmitted signal and the local
oscillator one can measure the real or the imaginary part of the transmission function
T . In particular, one can perform a frequency sweep to scan T and fit with Eq. 4.97,
obtaining the value of the total reflectivity and, in turn, the Finesse. The computational
speed of the fit can represent a disadvantage for a convenient application of this tech-
nique, but Eq. 4.97 can be approximated to a simpler form. First of all, following the
detection scheme of Fig. 4.34 the phase shift between the transmitted beam and the local
oscillator can be considered zero in the range of frequency of interest. In our case the
signals shifts of 3◦ at 300 kHz of modulation frequency, well above the values of interest,
so we can neglect the real part of T in Eq. 4.97. Writing the imaginary part explicitly (see
Eq. 4.14b), we have

IT,fil (ωm) ∝<[T (ωm)] ∝ cos
(
L12

c ωm
)
−
√
R cos

((
1

FSR − L12

c

)
ωm
)

1 +R− 2
√
R cos

(
1

FSRωm
) ∼

∼ 1−
√
R(

1−
√
R
)2

+
√
R
(
ωm
FSR

)2 (4.98)

where L12 is the distance between the input mirror and the mirror at which we measure
the transmitted beam, in this case the mirror 2.

After all these considerations, the fitting function used for our measurement is

IT,fit (ωm) = α
1−
√
R(

1−
√
R
)2

+
√
R
(
ωm
FSR

)2 + β (4.99)
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with free parameters α, β and R, where α is an amplitude and β an offset that the mixer
could introduce.

4.4.2 Measurement of the passive gain

As previously told, the two most important parameters to know about the cavity are the
power noise and the passive gain. Noise can be measured as explained in Sec. 4.3, while
gain can be precisely estimated with the following procedure. The issue in measuring
the gain G is that the absolute transmitted power is not a reliable parameter from which
derive G, since non-negligible power losses occurs between the internal coating and the
output face of the corresponding mirror. On the other hand, the Finesse is related to G
but only if one knows the exact geometry of the cavity. For these reasons a more precise
method to determine the gain has been developed, and it is based on the combined mea-
surement of the Finesse and the reflection coefficient. Indeed, Eq. 4.13 can be generalized
considering intracavity power losses α as

Ec =

√
1−R1

1−
√

1− α
√
Rei2π

ν
FSR

(4.100)

so that in resonance the normalized power stored in the cavity right after the input mir-
ror is given by

Pc =
β (1−R1)(

1−
√

1− α
√
R
)2 (4.101)

where β is the coupling between the external and the internal modes, typically > 0.99.
β is the relative power of the HG0,0 with respect to the total transmitted power, given
by the sum of the HG0,0 and all the other higher order modes (typically only the HG0,1

or HG1,0). The gain of the cavity is simply given by G = Pc, but we do not know the
exact value of the losses α, neither the exact value of the mirrors reflectivities Ri. A
simple approach is to fix the values of R2, R3 and R4 to their respective nominal values,
including variations from the real values in α. In this way, only two parameters are
unknown: R1 and α. A possible and simply way to find the two experimental values
is to exploit the measured Finesse and the measured reflection coefficient of the cavity.
Indeed, the Finesse can be written as in Eq. 4.16, that we report here for convenience and
including losses

F =
π
(
R̃1R2R3R4

) 1
4

1−
√
R̃1R2R3R4

(4.102)

where R̃1 is the reflectivity of the input mirror taking into account cavity power losses,
so that R̃1 = (1− α)R1. By measuring the cavity Finesse it is possible to calculate R̃1 as

R̃1 =
2
(
F 2 + 2π2

)
F 2 + π4 − π

(
2F 2 + π2

)√
4F 2 + π2

2F 4R2,3,4
(4.103)
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where we put R2,3,4 = R2R3R4. In this way the product (1− α)R1 is known. At this
point, we can explicitly write the power reflection coefficient of the resonant cavity as

Pr =

(√
Pc

√
1−R1

√
(1− α)R2,3,4 −

√
R1

)2

=

=

(√
(1− α) β

√
R2,3,4 (1−R1)

1−
√

(1− α)R1R2,3,4

−
√
R1

)2

(4.104)

Since 1− α = R̃1

R1
, by substituting in Eq. 4.104 we obtain

Pr =


√
R2,3,4 (1−R1)

√
R̃1β

√
R1

(
1−

√
R̃1R2,3,4

) −√R1


2

(4.105)

By measuring the experimental value of P̃r, we can obtain the value of the experimental
reflectivity of the input mirror by solving Eq. 4.105 for R1. Notice that two solutions
exists: we have to take the closest to the nominal value of R1. The analytical expression
of the two solutions is a bit complicated 7, but a software as Mathematica R© can compute
it very easily. Once we know R1, we can simply calculate the power losses 1 − α = R̃1

R1
,

and then calculate the gain G and the power stored in the cavity from Eq. 4.101 as

G =Pc =
β (1−R1)(

1−
√

1− α
√
R
)2 (4.106a)

Pcavity =GPin (4.106b)

For our cavity, with a nominal Finesse of 5000, with R2 = R3 = R4 = 0.99999, and with
Pr = 0.79, a typical value of the losses is a = 40 ppm, with R1 = 0.9987 and G = 2750,
corresponding to an experimental Finesse of 4600.

4.5 Asymmetric Pound-Drever-Hall and CEO stabilization

Once the frequency resonance between the external laser and the cavity is achieved by
the Pound–Drever–Hall technique, a control over the Carrier-Envelope Offset of the laser
is required in order to suppress intracavity power fluctuations by stabilizing the related

7The two extended solutions are given by
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coupling efficiency. The most common method for the CEO stabilization is the well-
known f-to-2f technique [81, 82], a self-referencing technique where an octave-spanning
comb interferes with itself. In particular, Eq. 4.19, which we report here for clarity

νlas,i = i frep + fceo (4.107)

holds for every tooth. Since an octave is spanned, certain indexes n = 2i exist such that

νlas,n = 2i frep + 2fceo (4.108)

and the interference between these ”two combs” results in a low frequency equal to fceo.
For this reason, their superposition on a detector leads to an amplitude modulation of
the CEO frequency, which is an RF signal easily accessible and exploited for stabiliza-
tion. Even if the idea seems simple, the implementation of the f-2f technique is not easy
due to the request of an octave-spanning comb. Indeed, a laser bandwidth extension
device is often required, typically exploiting the Self-Phase Modulation in bulk materi-
als or single-mode fibers [83], where the most common technique is the supercontinuum
generation in a photonic crystal fiber [84]. In any case, differences in group velocity
between the low and the high frequencies regions of the comb spectrum must be com-
pensated with a delay stage. Overall, the double-frequencied comb is generated in a
non-linear frequency conversion stage, while the interference signal is received in the
RF spectrum by a photodiode. This signal can be exploited to stabilize fceo by mixing
it to a stable RF signal and using the resulting signal to control the pump current of the
mode-locking laser [85, 86]. The advantage of the f-2f technique is that the exact value
of the CEO can be measured, but, on the other hand, the harmonic generation for the
double frequency is often difficult. Notice that in this case we talk about fceo only, but
the quantity of interest in our work is always foff . However, since the cavity offset foff,cav

is constant, the previous reasoning remains valid as fceo and foff are interchangeable.
If the absolute value of fceo is not necessary, as in our case, a more simple method can

be applied, exploiting the PDH error signal. The technique is called asymmetric Pound-
Drever-Hall and consist in taking the same PDH reflecting beam from the cavity and
spectrally modulating it, selecting only the left or the right part of the comb. Starting
from Eq. 4.39 we have in general

εtot =
∑
l

Sasym(ωl)SL(ωl) εPDH (ωl) (4.109)

where Sasym is the spectrum modulation function. Of course, this signal is strongly
affected by foff and to better understand its role it is convenient to write the PDH signal
as follows. The reflection function F = Er

Ein
can be written in its complex form F (ν) =

|F (ν)| eiφF (ν), so that the PDH error signal results

εPDH (ν) = η S =[F ∗ (ν)− F (ν)] = η S =
[
|F (ν)| e−iφF (ν) − |F (ν)| eiφF(ν)

]
=

=− 2η S |F (ν)| sinφF (ν) (4.110)

Extending to the pulsed regime, it results for a generic tooth of the cavity comb with a
detuning δf as

ε̃PDH (ν, δf) = −2η S(δf) |F (ν + δf)| sinφF (ν + δf) (4.111)



104 4.5 Asymmetric Pound-Drever-Hall and CEO stabilization

EOM

input
mirror BS

to PDH

grating

cylind. lens

prism

slit

detector

lower beam

PDH2 signal

(a) Scheme. (b) Photography. The spectrally chirped beam here is
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Figure 4.35: Scheme (a) and photography (b) of our experimental setup for the asymmetric PDH
technique. The reflected beam is divided by a beam splitter: one beam goes to the standard PDH;
the other beam is spectrally modulated with a 4f selector, that in first approximation cuts the left
part of the spectrum with a Heaviside theta centered in λ0.

Notice that S(δf) is the coupled spectrum and depends on foff as clear from Eqs. 4.25
and 4.26. Now we introduce the spectral modulation Sasym, obtaining for the single
tooth

ε̃PDH,asym (ν, δf) = −2η S(δf)Sasym(δf) |F (ν + δf)| sinφF (ν + δf) (4.112)

Reminding from Eq. 4.22 that δf = −foff
δλ
λ0

and assuming that the central tooth l0 is
resonant with the laser so that ν = 0, we have

ε̃PDH,asym (δλ) = −2η S(δλ)Sasym(δλ) |F (δf (δλ))| sinφF (δf (δλ)) (4.113)

and the total asymmetric PDH signal is thus

εPDH,asym =
∑
δλ

ε̃PDH,asym (δλ) (4.114)

Since δλ spans over a spectrum ∆λ � c
FSR , the sum can be replaced with an integral,

giving

εPDH,asym =− α
∫

dδλS(δλ)Sasym(δλ)

∣∣∣∣F (−foff
δλ

λ0

)∣∣∣∣ sinφF(−foff
δλ

λ0

)
=

=α

∫
dδλS(δλ)Sasym (δλ)

∣∣∣∣F (−foff
δλ

λ0

)∣∣∣∣ sinφF(foff
δλ

λ0

)
(4.115)

with α constant.
The experimental setup that we implemented is reported in Fig. 4.35. The spectral

selection is performed by a 4f-selector, which in first approximation behaves as a Heav-
iside function centered in λ0, so that only the right part of the spectrum passes. In this
case we used the Olga mode-locking laser with an frep of 92.857 MHz, because it allows
easy control on fceo, and thus foff , using both a pair of prisms for a coarse regulation and
a control over the pump diode current for a fine regulation.
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Figure 4.36: Spectrum of the input beam (black) and of the beam used for the asymmetric PDH
(red). The input spectrum has a width of 3 nm centered in 1035 nm, while the cut spectrum is only
its right part. The cut on the left of the red spectrum is not perfectly sharp due to the spectrometer
resolution.

We report here simulations and measurements of the asymmetric PDH signal for
an input spectrum of 3 nm-FWHM centered in λ0 = 1035 nm and a selected spectrum
Heaviside-cut on the right side from λ0 on, as clear from the spectrum measurement
of Fig. 4.36. In Fig. 4.37a we show the asymmetric PDH signal during a scan of the
cavity length for different values of foff : it is clear that the CEO introduces an offset
that can be used as an error signal since it is antisymmetric around foff = 0. In Fig.
4.37b we show the measured asymmetric PDH signal as a function of foff with the cavity
stabilized to the external laser, comparing to the theoretical trend. The experimental and
the theoretical curves are in very good agreement. Notice that the experimental curve
has been reconstructed from different measurement in which we applied a pump diode
current scan to span fceo over around 20 MHz. Then we acted on the prism pair of the
laser to move the central value of the CEO of around 50 MHz (half the frep) and applied
a new current scan, so that a new part of the curve could be measured. Notice that the
calibration of the CEO values has been performed exploiting the cavity peaks during a
cavity scan. Indeed, following the work of [87], if foff = 0, the two secondary peaks
around the main one are symmetric, but when the CEO increases the main peak and one
secondary tends to become of the same height, as clear from Fig. 4.38. When the CEO
has varied of half frep, the main peak and one secondary become equally high. After
another half frep of CEO change, the increased secondary peak becomes the main one,
resulting in the first condition of zero CEO, but everything is shifted by one tooth. This
situation repeats every frep. Thus, by monitoring how the peaks behave, we can set the
central value of foff when we move the prism pair of the laser and then perform a scan
of the diode current. Notice that the intermediate regions between the half frep are not
accessible in this way, so we assumed that frep varies linearly with pump diode current.

After the asymmetric PDH characterization, we sent this signal to a PID identical to
the one used for the standard PDH, but with a ±10 V output, and then we used the re-
sulting signal to control the pump diode current and stabilize the CEO. In Fig. 4.39 we
show the transmitted beam of the cavity with a free CEO and with the CEO stabilized
in the long period. The value of the CEO on the right axes has been calculated from the
asymmetric PDH signal after the calibration that we previously explained. We also show
the CEO compensation, where of course the asymmetric PDH remains zero, by report-
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Figure 4.37: Measurements of the asymmetric PDH signal during a scan of the cavity and for
different CEO values (a) and as a function of the CEO during a cavity lock to the external laser,
with the corresponding theoretical simulation (b).

ca
vi

ty
 t

ra
n
sm

is
si

on

cavity scan

ca
vi

ty
 t

ra
n
sm

is
si

on

cavity scan

increasing CEO

Figure 4.38: Scheme of the cavity transmission peaks for zero CEO (left) and with CEO approach-
ing frep

2
(right). The main and the secondary peaks tend to become of the same height.



Passive amplification: optical cavity 107

0 1 0 0 2 0 0 3 0 0 4 0 0 5 0 0
0

1 0 0

2 0 0

3 0 0

4 0 0

5 0 0

6 0 0

T i m e  ( s )

Tra
ns

mi
tte

d b
ea

m 
(m

V)

F r e e  C E O

- 2

- 1

0

1

2

f CE
O (

MH
z)

(a) The CEO is free.
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(b) The CEO is stabilized with the asymmetric
PDH.

Figure 4.39: Transmitted beam of the cavity as the CEO changes in the long period. On the left (a)
the CEO is free, while on the right (b) it is stabilized with the asymmetric PDH. The transmitted
beam is shown in black, the asymmetric PDH signal in red and the voltage for the pump diode
current control in blue (this last is recorded to show the CEO effect that otherwise would be hidden
as the asymmetric PDH is locked to zero).

ing the voltage applied to the pump diode control properly converted into a frequency
value. From the Figures, the effect of the CEO variation is clear, leading to a degradation
of the transmitted beam and thus of the intracavity power.

A last measurement concerns CEO noise and, in particular, its Power Spectral Den-
sity in our setup. We measured the PSD of the standard PDH and the asymmetric PDH,
calculating the CEO PSD by subtracting the two in time domain: indeed, the two signals
are correlated except for the variations due to CEO. Results are shown in Fig. 4.40. mea-
surements span from 10 mHz to 1 kHz, and they clearly show the CEO drift at very low
frequency, due to thermal dilatations of the laser fiber.

4.6 High-power cavities

In all the previous Sections we assumed that the cavity geometry were completely static,
but in a real situation it is not true. Apart from the noise, the cavity geometry suffers from
thermal deformations that originate when the stored optical power becomes too high. In
this Section we study these effects, and we propose a technique to compensate for them,
called Compensation Method. This technique is studied only from the theoretical point of
view, since thermal effects become non-negligible for powers higher than the ones we
reached until now.

4.6.1 Thermal effects

Even if the optical cavity is thermally stabilized, so that its length does not change, ther-
mal dilatations caused by the high optical power affect the shape of the mirrors. Indeed,
the absorbance of the mirrors coatings, even if very small, plays a significant role when
the stored power becomes high enough, because power absorption increases the temper-
ature of the mirror substrate, deforming it and, in turn, changing its radius of curvature.
In particular, one can use the model discussed in [88], where in first approximation a
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(a) PSD with free CEO.
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(b) PSD with stabilized CEO.

Figure 4.40: Measurement of the Power Spectral Density of the standard PDH signal (red), of the
asymmetric PDH signal (orange) and of the obtained CEO (blue), for a free CEO (a) and for a
stabilized CEO (b).

uniform variation of the radius of curvature is considered. In particular, the mirror sub-
strate deformation can be described by an effective radius of curvature [89]

r−1
th = −γ α

k

aPc

w2
(4.116)

where k is the thermal conductivity of the substrate, α is its thermal expansion coeffi-
cient, γ is a constant derived from finite-element simulations [89], a is the optical ab-
sorption coefficient of the coating, Pc the stored power in the cavity and finally w is the
radius of the beam impinging the mirror. The radius of curvature of the mirror becomes

r−1
hot = r−1

cold + r−1
th (4.117)

When the cavity operates near the confocal configuration, it is further pushed toward the
instability edge by the thermal deformations, resulting in an increased beam size. This
increase reduces the value of rth until a stationary condition is reached [89]. One can
show that, near the confocal configuration, the increase of the beam radius is approxi-
mately linear with the stored power, so this phenomenon represents a limiting factor for
its maximum value, since the beam radius can become larger than the mirror size.

Typically, in high-power applications ultra-low expansion substrates (ULE) are used,
with a very low thermal expansion coefficient. However, the optical properties of ULE
are not very good, in particular, for the absorption, which is around 10 % for 1 cm of
material. Therefore, a ULE substrate cannot be used for the input mirror, where the
high-power input beam has to pass through, rather a sapphire or a fused silica substrate
is preferred. In Table 4.2 we report the main thermal parameters of these three materials.

As far as the optical absorption of the coating is concerned, ideally one can choose
the lowest possible value, but particle deposition will inevitably occur even in ultra-
high vacuum environment, dramatically increasing its value and representing a limiting
factor. In particular, the lowest absorption coefficient to the best of my knowledge has
been achieved by the Laboratoire des Matériaux Avancés (LMA) in Lyon, France, with
values below 1 ppm. In ThomX, for example, their mirrors sets span from 0.24 ppm to
1.27 ppm [90] as nominal values. Also in LIGO the mean value of the absorption is <
0.5 ppm [91].
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Material Thermal expansion
α
(
K−1

) Thermal conductivity
k
(
W m−1 K−1

)
ULE 0.03× 10−6 1.31

Sapphire 7× 10−6 42
Fused silica 0.5× 10−6 1.4

Table 4.2: Table of the main thermal parameters of three mirror substrate materials: ULE, sapphire
and fused silica.

In our case we theoretically studied thermal effects simulating our cavity as ex-
plained in Subsec. 4.1.2, using the parameters reported in Table 4.3. Since the rectangular

Mirrors parameters
Mirror RA RB RC RD

Material Fused silica Fused silica Fused silica Fused silica
Thermal expansion

α
(
10−6K−1

) 0.5 0.5 0.5 0.5

Thermal conductivity
k
(
W m−1 K−1

) 1.4 1.4 1.4 1.4

Optical absorption
a (ppm)

4 4 4 4

Cold radius of curvature
Rcold (mm)

+∞ 750 750 +∞
Reflectivity 0.998988 0.99999 0.99999 0.99999

Other parameters
Laser wavelength (nm) 1035

FSR (MHz) 100
Finesse 6000
θ1 (◦) 3.5
θ2 (◦) 3.5

Table 4.3: Table of the parameters used for the cavity simulations.

symmetry of our bow-tie cavity makes the beam astigmatic, we divided the horizontal
and the vertical directions. In Fig. 4.41 we report an example of a simulation showing
the beam radius on the input mirror wA as a function of the stored power Pc, starting
from a curved-mirrors distance d = 1 mm from the confocal configuration, which is at a
distance BC = 751.4 mm. The beam radius, of course, depends on d, too, diverging as
approaching the confocal distance. In Figs. 4.42a and 4.42b we report two 3D plots show-
ing an example of wA dependence of both d and Pc in horizontal and vertical direction.

4.6.2 Mode-mixing

As shown in the previous Subsection, thermal effects changes the radii of curvature of
the mirrors and, in turn, the stability parameters m̃H and m̃V of the cavity. As a conse-

8This value has been obtained from the Finesse.
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Figure 4.41: Example of the cavity beam radius on mirror A as a function of the intracavity power
and for a fixed distance between curved mirrors BC = 752.4 mm (1 mm more than the confocal
distance).

(a) Horizontal direction. (b) Vertical direction.

Figure 4.42: Example of simulations of the cavity beam radius on mirror A as a function of d
and Pc in horizontal and vertical direction, clearly showing the astigmatism and the effect of the
intracavity power. The simulations parameters are in Table 4.3.
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quence, the modes of the cavity change their frequency following Eq. 4.5. When some
of these modes become degenerate with the fundamental, a channel for power losses
opens, since energy transfer between modes occurs. This effect is called transverse mode
degeneracy or mode-mixing [89, 92, 93, 94, 95] and constitutes the most limiting effect
for increasing the average stored power in the cavity.

Hermite-gaussian modes are orthogonal, so in principle no power transfer can occur
between them. However, when they reflect from a non perfectly smooth mirror, the
roughness introduces a phase term that depends on the transverse coordinate (x, y),
so that the projection of one mode onto another becomes non-null [96, 97, 66]. More
precisely, after the reflection on a mirror, the projection of a generic mode ψm,n onto
ψm′,n′ can be written as

〈ψm,n|ψm′,n′〉 =
1

T

∫
dt

∫ L
2

−L2
dx

∫ L
2

−L2
dy ψm,nψ

∗
m′,n′ e

−i2k∆mir(x,y) (4.118)

where ∆mir (x, y) = ∆mir,0 (x, y) + δmir (x, y) is the deviation from a flat surface, com-
prising both the eventual spherical shape ∆mir,0 and the roughness δmir. The fraction
of power coupled between these two modes is Pcoupled = |〈ψm,n|ψm′,n′〉|2 [95]. Rough-
ness can be approximated as a random variable of x and y, Gaussian distributed with
a zero mean value. The sigma σ of this function gives the standard deviation of the
roughness height, while the chosen (x, y) mesh grid spacing σflat gives the horizontal
variation of the roughness. Typical values of these two parameters can be σ = 10 nm
and σflat = 10 µm [66]. The two spatial integrals are taken over the surface of the mirror
with diameter L, while the temporal integral averages over multiple round-trips. This
last point is very important, since 〈ψm,n|ψm′,n′〉 is non-zero only if the two modes have
the same frequency.

Accumulation points Since energy transfer can occur between different degenerate
modes, it is important to find when they are degenerate. We start from Eq. 4.5 and
write the frequency detuning between two generic modes

∆νl,m,n,l′,m′,n′ = FSR

(
∆l +

∆mα

2
+

∆nβ

2

)
(4.119)

where α = 1
π arccos m̃H and β = 1

π arccos m̃V depends on both the stored power Pc and
the variation from the confocal distance d. If ∆ν = 0, then ∆l + ∆mα

2 + ∆nβ
2 = 0, but

if the cavity is in a near confocal configuration, we have α < β ∼ 1−. Now, if we take
∆l = 1, resonance can occur only if ∆n = ∆m+ 2, thus

∆l = 1 ∆m = k − 2 ∆n = −k (4.120)

with k integer. Substituting these values in δν = 0, we obtain an expression for β

β =
2 + (k − 2)α

k
(4.121)

Notice that if k = 0, k = 1 or k = 2, resonance occurs only in an exact confocal con-
figuration, i.e. α = β = 1, representing a limit case. In our application, thus, the first
value of interest is k = 3. We can generalize the rule to the case of ∆l = j by multiplying
each of Eqs. 4.120 by the integer j, leading to the same relation for β of Eq. 4.121, since j
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cancels out. Thus, if we find a cavity configuration such that Eq. 4.121 is satisfied, then
we can use Eq. 4.120 to find the whole degenerate mode family in that configuration.
We call this configuration an accumulation point. It is very important to underline that
all these modes cannot be exactly resonant with the fundamental, since in this case both
∆m and ∆n have to be positive (or negative), but this condition is not allowed by Eq.
4.120 and k ≥ 3. However, if we consider that each frequency mode has a width given
by the cavity linewidth, higher order modes can become resonant with the fundamental
within this width. More precisely, we now find a relation to establish when a generic
mode l,m, n is resonant to l′, 0, 0. If we find a cavity configuration where this happens,
then we can find all the other degenerate modes with Eq. 4.120.

|νl′,0,0 − νl,m,n| < ∆νc

FSR

∣∣∣∣∆l − mα+ nβ

2

∣∣∣∣ < ∆νc∣∣∣∣∆l − mα+ nβ

2

∣∣∣∣ < 1

F
(4.122)

where in the last line we divided by FSR and we remembered that FSR
∆νc

is the cavity
Finesse. Since α ∼ β ∼ 1 and F−1 ∼ 0, if we take low values of m and n, then Eq. 4.122
can be satisfied only for ∆l = m+n

2 , leading to

(1− α)m+ (1− β)n <
2

F
(4.123)

Notice that in our case 2
F ∼ 10−3, while 1− α ∼ 1− β ∼ 10−2, then Eq. 4.123 cannot be

satisfied for any value of m and n. On the other hand, if m and n have high values, then
Eq. 4.122 is satisfied for ∆l = m+n−1

2 , leading to

|(1− α)m+ (1− β)n− 1| < 2

F
(4.124)

Now, since α < β we can write these two relations

(1− β) (m+ n) <
2

F
+ 1

(1− α) (m+ n) > − 2

F
+ 1 (4.125)

so that

m+ n >
2
F + 1

1− β ∼
1

1− β

m+ n <
− 2
F + 1

1− α ∼ 1

1− α (4.126)

and finally

1

1− β < m+ n <
1

1− α (4.127)

In a general case where m and n become higher and higher, Eq. 4.122 is satisfied for
∆l = m+n−j

2 , with j positive integer, leading to the final relation

j

1− β < m+ n <
j

1− α (4.128)
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Cavity

Figure 4.43: Scheme of the compensation method principle. While intracavity power increases, the
curved mirrors distance is changed in order to maintain the same cavity configuration in terms of
stability parameter. At the same time, a plane mirror is shifted of the same quantity to keep the
total cavity length unchanged.

Eq. 4.128 tells us that the modes resonant with the fundamental are very high order
modes, with m + n increasing as approaching the confocal configuration. This fact is
confirmed both by simulation and by experimental observations in [98], where, for ex-
ample, an HG27,11 has been observed while cavity was stabilized. Notice that the overlap
integral of Eq. 4.118, and thus the power loss contribution, becomes smaller as m + n
increases, so the mode with the lowest value of m + n will dominate, but, on the other
hand, the high density of modes in the accumulation points makes the total losses of the
other higher order modes non-negligible.

4.6.3 Compensation method

As seen in the previous Subsection, accumulations points appear for some specifics value
of intracavity power, or, more precisely, for specifics values of the cavity stability param-
eters. In this Subsection we propose a technique to avoid these accumulation points
and the eventual power losses by exploiting the dependence of the stability parameters
on the distance of the curved mirrors from the confocal configuration d. In particular,
we demonstrate with a simulation that the change of the stability parameter caused by
the intracavity power Pc can be compensated by changing the curved mirrors distance,
keeping the cavity in the same configuration in terms of stability parameter. In this way
the modes frequencies do not change, and accumulation points can be avoided, but the
cavity length must be kept constant. As we will show in the simulations, d changes of
the order of millimeters or centimeters, so the PDH actuator on one plane mirror can-
not compensate, and a second actuator must be used to change the two plane mirrors
distance of this huge quantity. This technique is called compensation method, and it is
schematically shown in Fig. 4.43. Notice that an important point concerns the fact that
our cavity is astigmatic, thus there are two different stability parameters that are dif-
ferently compensated. However, with the simulations we will show that we with this
technique we can eliminate the accumulation points if we compensate in the horizontal
direction, where the stability parameter would change the most without compensation.

Simulations have been performed with the ad hoc Mathematica R© software that we
wrote. In particular, for each intracavity power Pc between 0 and 100 kW we find the
distance d such that one of the stability parameters does not change, and we recalculate
the round trip matrix and the derived parameters in the new configuration. In the fol-
lowing, we report three different simulations of our cavity, where we change the mirrors
material (see Table 4.2) and the coating optical absorption. Concerning this last point,
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we took two different values of a: the most realistic of 4 ppm from [89] and the most
optimistic of 0.25 ppm found in [90, 91].

• Configuration 1. All mirrors are made of fused silica and the absorption is 4 ppm,
corresponding to our current cavity configuration (see Fig. 4.44).

• Configuration 2. The input mirror is made of sapphire and the others of ULE, while
the absorption is 4 ppm, corresponding to the most probable final configuration of
our cavity (see Fig. 4.45).

• Configuration 3. The input mirror is made of sapphire and the others of ULE, while
the absorption is 0.25 ppm, corresponding to the most optimistic final configuration
of our cavity (see Fig. 4.46).

For each configuration we calculated the stability parameters with no compensation,
vertical compensation and horizontal compensation, then we calculated the variation of
d to apply for each compensation and the corresponding accumulation points.
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(a) Stability parameters with vertical compensa-
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(b) Stability parameters with horizontal compen-
sation.
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(c) Variation of curved mirrors distance ∆d for the
two vertical and horizontal compensated cases.

(d) Accumulation points. NC is the non-
compensated case, VC the vertical compensated
case and HC the horizontal compensated case.

Figure 4.44: Configuration 1. RA, RB, RC and RD of fused silica. Optical absorption a =
4 ppm. List of accumulation points: NC at 5.201 kW, 21.381 kW and 49.567 kW; VC at 9.079 kW,
24.305 kW, 39.280 kW, 54.098 kW, 68.822 kW, 83.492 kW and 98.137 kW; HC no accumulation
points within 100 kW.

It is worth underling that this compensation method has to be applied while the
power increases in the cavity and the mirrors heat up, so the resonance to the external
laser must be maintained during the mirrors shifts. This point represents the most diffi-
cult part for the implementation of the compensation technique, which has not been ex-
perimentally implemented, yet. The idea is to use two long-range piezoelectric slides un-
der mirrors C and D. For now, we only tested the feasibility of moving the mirrors while
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(a) Stability parameters with vertical compensa-
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(b) Stability parameters with horizontal compen-
sation.
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two vertical and horizontal compensated cases.
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Figure 4.45: Configuration 2. RA of sapphire, RB, RC and RD of ULE. Optical absorption a =
4 ppm. List of accumulation points: NC at 31.568 kW; VC at 55.141 kW; HC no accumulation
points within 100 kW.

the cavity is stabilized, using the long-range slide SLC-1730 from SmarAct R©, which can
move in step mode of a maximum range of 21 mm, but the steps were too noisy, and the
cavity often lost the locking to the external laser. A smooth-movement slide should be
used for this application, as the nPX300 from N-Point, that can travel 300 µm in contin-
uous mode and that is compatible to an ultra-high vacuum environment. Following the
simulations, this distance cannot compensate for the whole calculated range, except for
the Configuration 3, but can be a good test bench to demonstrate the feasibility of the
movement while the cavity is locked. It is worth noting that the travel distances of Figs.
4.44c, 4.45c and 4.46c represent an upper limit for the movement, because one may start
compensating from a value of Pc far from zero.

In a final configuration a possible feedback for the automatic control of d can be de-
rived from the waist of the beam on one of the mirrors, which depends on the value
of the corresponding stability parameter: by compensating in the horizontal direction,
one can set the horizontal beam radius as constant and if it increases the feedback in-
creases d, while if it decreases the feedback decreases d, maintaining the cavity in the
same (horizontal) configuration.

4.7 MariXrad: the dual color X-rays

In the framework of the Inverse Compton Scattering of BriXS and BriXSino, a paral-
lel project has been developed concerning the dual-color X-rays production for medical
applications. Alvarez and Macovski [99] in 1976 firstly proposed a radiography tech-
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(c) Variation of curved mirrors distance ∆d for the
two vertical and horizontal compensated cases.
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Figure 4.46: Configuration 3. RA of sapphire, RB, RC and RD of ULE. Optical absorption
a = 0.25 ppm. List of accumulation points: NC no accumulation points within 100 kW; VC no
accumulation points within 100 kW; HC no accumulation points within 100 kW.

nique based on dual-energy imaging that exploits two different images acquired with
two different X-rays spectra in order to discriminate different materials from the in-
formation about the energy-dependent attenuation of the sample. The technique has
evolved in the last years, implementing dual-energy computed tomography which has
been demostrated to be a very good diagnostic tool for clinical routine [100], even if con-
ventional X-ray sources such as X-rays tubes put strong limitations for their broadband
spectra. For this reason, monochromatic sources would be a great improvement as they
could exploit the full potential of the dual-energy techniques, for example the K-edge
digital subtraction (KES) that, by means of a suitable contrast agent, allows contrast en-
hancement of specific features using subtraction algorithm. The result is that anatomical
noise is suppressed.

An important point about KES is that its implementation requires two X-ray beams
having different mean energies close to the K-edge, but, at the same time, with a nar-
row bandwidth in order to avoid spectra overlap. The technique applied in biomedical
imaging has been demonstrated at synchrotron facilities [101], but these infrastructures
are not compatible to a clinical routing environment, due to its costs and huge size. The
most promising alternatives are the Inverse Compton Scattering sources. At the mo-
ment, X-ray imaging with ICS sources and contrast medium have been reported only
for monochromatic beams at a single energy above the iodine K-edge [102, 103], and
also only simulations of the application of KES technique with X-ray beams [104, 105].
Nonetheless, experiments with ICS dual-energy KES have never been performed yet,
because of the lack of an effective implementation of a rapid dual-energy switch.
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Figure 4.47: Scheme and photography of the two cavities that will be used in the dual-color X-rays
production. The interaction angle of the blue cavity (blue color) is αB = 7◦, while of the red cavity
(red color) is αR = 30◦. The electron beam direction is depicted in yellow.

For this reason, in this Section we propose and demonstrate an innovative method
to perform this fast switch exploiting the angle-dependence of the X-rays frequency and
two optical cavities that alternately interact with the electron beam, which we call focus
shift technique [106]. In particular, the advantage of such a technique is that dual-color
switch is enabled without changing the electron energy and without the use of a second
laser system with a different frequency. As we reported in Sec. 1.1, the X-rays energy is
given by

EX =
2ELγ

2 (1 + cosα)

1 + γ2θ2
, (4.129)

so by changing the interaction angle α it is possible to tune the X-rays color. My pro-
posal is based on two identical crossed ring cavities as the one of Subsec. 4.1.2 that have
different angles with the electrons direction and a new technique to move the positions
of their focal points of a distance >100 µm in a time <100 ms, so that a switch between
the two cavities is possible.

As discussed in [104, 105, 24], KES angiography with iodine contrast medium, that
has the K-edge at 33.17 keV, can be implemented with collision angles of 7◦ and 30◦,
corresponding to X-ray energies of 34.0 keV and 31.8 keV, respectively. For this reason
the two cavities are positioned at these two angles, as depicted in Fig. 4.47. The cavity
producing higher energy X-rays is called Blue cavity and is shown in blue, while the one
producing lower energy X-rays Red cavity and is shown in red. For this experiment, each
cavity is stabilized to the external laser via the PDH technique already described, and
they have a measured Finesse of 1800 and the usual 100 MHz free spectral range.

The core of the focus shift technique resides in the rotation of the curved mirrors B
and C, because when they rotate of the same angle and inverse directions, a rigid shift
of the cavity optical axis is achieved, so that the cavity remains self-aligned, but the ab-
solute position of the beam, and in particular, of the focus, is shifted, as clear from the
scheme of Fig. 4.48. The axis of rotation of each mirror should cross the point on the
mirror where the optical beam impinges, so that a rotation does not cause a change in
the cavity length. This is the case when gimbal mountings are used, since they rotate
around the center of the mirror. Notice that a small change of the length is acceptable
until the PDH stabilization system can compensate for it. In our case the maximum value
is around 10 µm, which corresponds to the PDH piezoelectric actuator dynamics. In Fig.
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Figure 4.48: Principle of the focus shift technique. When the two curved mirrors B and C are
rotated of the same (small) angle, but inverse directions, a rigid shift of the optical axis is obtained,
and thus of the focus position. In the scheme, the original intracavity beam is in red, while the
shifted beam is in yellow. Notice that in this scheme a horizontal shift is reported, but the same
principle is valid for a vertical shift.

4.48 a rotation around a vertical axis is shown, so that a horizontal focus shift is obtained,
but a vertical displacement can be equivalently obtained by rotating the curved mirrors
around a horizontal axis. This is exactly our case, where the focus is shifted vertically.
The movements have been simulated with a Mathematica R© code we have written, ex-
ploiting the extended 3× 3 optical matrix formalism [107, 65]. For small rotation angles,
we found a linear relationship between the rotation angle itself and the focus shift, that
in our case is equal to 188 µm mrad−1. If the cavity remains self-aligned after the shift,
its alignment to the external mode changes, resulting in a degraded spatial coupling
efficiency and, in turn, a loss in intracavity power. A rigid displacement between the
external HG0,0 and the internal one produces a non-zero projection on higher order cav-
ity modes, in particular, on the HG0,1. From Eq. 4.5 we know that HG0,0 and HG0,1 are
not degenerate, so when the cavity is locked to the external laser, the power projected
onto the HG0,1 is reflected and does not accumulate in the optical cavity. We simulated
this effect by calculating the power projection of the external HG0,0 onto the internal
HG0,0 and HG0,1, as a function of the focus shift. In Fig. 4.49 we show the results for 3
different cavity configurations, in particular, for different distances d from the confocal
curved mirrors distance. The first configuration is at 1 mm from the confocal, the second
at 4 mm and the third at 10 mm. The cavities used in the experimental demonstration
of the focus shift technique were in the 4 mm configuration. In these simulations we
assumed that in each configuration the external and the internal fundamental modes
were identical for a zero-shift, meaning that the external beam diameter is different in
the three cases to fit the internal mode diameter. Notice that these simulations set an
upper limit on the power coupling obtainable with a given focus shift, and they show
that the trend depends on the specific configuration. This is clear, since when we ap-
proach the confocal configuration the mode on the input mirror gets wider, so that the
relative shift of the optical axis with respect to its diameter become lower, consequently
reducing the projection onto the HG0,1 given a specific focus shift. In our specific case,
we need a movement of the focus of the order of 100 µm in the 4 mm configuration, so
the shift produces a power loss less than 1 % in the fundamental mode, which is more
than acceptable for our application. As we told, the blue and the red cavities are geo-
metrically identical, but their respective curved mirrors are rotated with different kind
of mountings: the red cavity is equipped with gimbal mountings, while the blue with
standard mountings. These last rotate around an axis lying outside the mirror profile,
introducing a variation of the cavity length.
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Figure 4.49: Simulation of the power loss effect due to the misalignment caused by the focus
shift, performed with the Mathematica R© software. Here we calculate the projection of the ex-
ternal HG0,0 mode onto the internal HG0,0 and HG0,1, for three different cavity configurations:
curved mirrors distance is 1 mm, 4 mm and 10 mm from the confocal condition, respectively. The
projections onto the HG0,0 are shown in black, left axis, while onto the HG0,1 in red, right axis.

Experimental results In order to experimentally demonstrate the feasibility of this
technique, two parameters have to be under control: the amount of the focus shift and
its duration. As far as the first point is concerned, a pellicle beam splitter is placed in
the position of the two foci and a double imaging system is used to directly monitor
the two beams, as reported in Fig. 4.50. The image is calibrated placing an object of
known dimensions in the foci position9, so that the magnification of the imaging system
is simply given by m = dmeasured

dreal
. In our case, we used a 200 µm grid illuminated by the

laser light circulating the cavity. Notice that the presence of the pellicle beam splitter
does not affect the alignment neither the cavity length, since its walk off is negligible,
but it dramatically affects the cavity losses and the Finesse. For this reason, it must be
removed once the calibration is done. Currently, it is removed by hand, but a remote-
controlled system must be used in the final vacuum environment. A final consideration
concerns the fact that the presence of the pellicle beam splitter does not affect the PDH
stabilization.

Exploiting the pellicle beam splitter, we monitored the shift of the two foci by rotating
the curved mirrors, obtaining the results shown in Fig. 4.51 As clear from the figure, the
focus of the red cavity, equipped with gimbal mountings, moves of 135 µm, while of the
blue cavity, equipped with standard mountings, of 77 µm. The distance of 135 µm for the
transverse shift of the focus is sufficient to avoid halo interactions10 between the laser

9The position of the two foci has been predetermined aligning the two cavities with respect to a fixed iris,
which in future will correspond to the focus of the electrons beam. The iris allows us to align the two cavity
foci with a precision of the order of 100 µm in the transverse direction, while the longitudinal direction is not
a problem, since the Rayleigh range of the beams is 25 mm.

10Here, the halo interactions are intended as the interactions of the tails of the electron and the laser beams in
the transverse directions. In the ideal case, both the electron and the laser beams can be considered Gaussian
in the transverse direction, so, if we move them apart of 1σ, their tails will interact, producing undesired X-
rays, and, in turn, degrading the bandwidth. For this reason, the movement must be sufficient to avoid these
interactions.
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(a) Scheme. (b) Photography.

Figure 4.50: Scheme (a) and photography (b) of the imaging system for the measurement of the
shift of the foci of blue and red cavities. A pellicle beam splitter is placed in the foci position and
an imaging is performed with a lens and a CCD for each beam. Notice that in the experimental
imaging system of the red focus, we added a mirror for space reasons.

Figure 4.51: Imaging of the two cavity foci: on the left we show the shift for the red cavity, on the
right the shift for the blue cavity. Each spot has been acquired with the cavities stabilized. A profile
of each spot in x = 0 µm is reported on the right of each box, where the straight lines indicate the
spots before the movement and the dashed after the movement. From the profiles, we see that the
red cavity focus moves of 135 µm, while the blue cavity focus of 77 µm.
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beam and the 45 µm spot size electron beam we will have in the final setup for the ICS.
Notice that the shift is greater with the gimbal mountings because we could maintain the
cavity stabilized for a greater rotation angle with respect to standards, since, as already
explained, in this case the rotation just slightly affects the cavity length, allowing the
stabilization system to easily compensate. On the other hand, a rotation of the standard
mountings greatly affects the cavity length, reducing its dynamics, which is limited by
the dynamics of the stabilization system: with a greater rotation, we lose the cavity lock.
In the blue cavity, the small shift of the beam in the horizontal direction may be due to
the fact that the beam does not impinge the curved mirrors at the same position, so that
a vertical rotation makes the beam encounter different horizontal angles.

The two foci dimensions are in very good agreement with the theoretical values cal-
culated with the cavity simulation program with d = 4 mm. In particular, we expected a
waist size wH = 92 µm in the horizontal direction and wV = 82 µm in the vertical, while
we measured wH = 93 µm and wV = 84 µm. Here, the uncertainty in the determination
of wH and wV is 1 µm. Indeed, the CCD pixel dimension is 5.2 µm and our imaging sys-
tems have a magnification ∼ 1, but, since the beams are the fundamental mode of the
cavity (Gaussian), we could safely interpolate the beam profile to reduce the uncertainty
to 1 µm.

Another calibration of the movement must be performed before testing the switch
duration, in particular, concerning the amount of rotation of the two mirrors, that must
be exactly the same. A differential rotation would cause cavity misalignments and, in
turn, power variation during the movement. First of all, the rotation is performed syn-
chronously on both curved mirrors exploiting an ad hoc Labview R© program that we
wrote to control both the gimbal and the standard mountings and whose control screen
is shown in Fig. 4.52. The timing precision reaches 10 µs, which is the clock of the con-
trol board used. However, the amplitude of the rotations requires something more, as
the voltage-to-stroke relation is different from one piezoeletric to another and depends
on the preload, too. Even a small difference causes a dramatic power variation in the
intracavity power, thus this aspect must be kept under control. After removing the pelli-
cle beam splitter, the calibration of the two piezoeletrics of each mounting is performed
as follows: firstly, we set the same starting voltage V0, then we align the cavity, and, fi-
nally, we change the voltage of a quantity ∆V for the mirror B and α∆V for the mirror
C, where α is an optimization parameter, that can be easily set and changed with the
Labview R© program. At this point, we change the value of α until the power variation
before and after the movement is minimized. Notice that we apply a starting voltage
V0 > 10 V, because the piezoelectrics we used present a non-linear zone around V = 0.
In Fig. 4.53 we report measurements of the transmitted power for different optimization
parameters α. We found that the minimum power variation is for α = 1.1, with a change
of 1.0 %. Notice that if α is not optimized, the cavity becomes very misaligned, resulting
in a great instability. For α = 1.1, the power variation does not go to zero, but remains
compatible with the power losses reported in Fig. 4.49, related to the overlap to the ex-
ternal mode. However, also the non-perfect horizontal alignment plays a minor role,
since, if the beam does not impinge at the same point of the two curved mirrors in the
horizontal direction, when a vertical shift is performed it results in a non-compensated
asymmetry between the two curved mirrors. In the future, this can be corrected imple-
menting piezoelectric movimentations also in the horizontal direction. A last considera-
tion is addressed to the fact that the stabilization of the mirrors position is not necessary,
since we found that measurements of the focus position show a very good repeatability.

After this spatial calibration, we demonstrate the shift duration for the two cavities.
As a monitor of the shifts, we use the voltage applied to the gimbal on the mirror C of
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Figure 4.52: Labview software that we developed to control both the blue and the red cavities and
to perform the synchronous shift of the foci.
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Figure 4.53: Normalized transmitted power of the red cavity during a focus shift for three differ-
ent values of the optimization parameter α. We found that the best result is for α = 1.1 in our
configuration. The voltage on gimbal mounting of mirror B is always the same, while we change
the voltage on gimbal mounting of mirror C.
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Figure 4.54: Normalized transmitted power (color, left axis) and movement monitor (black, right
axis) for the red (left box) and blue (right box) cavities. Red cavity focus movement is monitored
with the voltage applied on gimbal actuator of the mirror C, while blue cavity focus with the
voltage on the PDH piezoelectric actuator. We measured a variation of the transmitted powers
of 1.0 % for the red cavity and 1.4 % for the blue cavity, with a corresponding foci movements of
135 µm in 50 ms and 77 µm in 100 ms, respectively.

the red cavity and the voltage on the PDH piezoelectric actuator of the blue cavity. Blue
cavity can be monitored only in this way, since the voltage on the standard mountings of
SmarAct R© cannot be directly accessed and, at the same time, the PDH piezoelectric volt-
age is very high since it has to compensate strong cavity length variations, representing
a good signal to monitor the movement. Results are shown in Fig. 4.54, on the left for the
red cavity and on the right for the blue cavity. In both cases the power variation is very
low, in particular, 1.4 % for the blue cavity and 1.0 % for the red cavity, with a very fast
movement: 100 ms and 50 ms, respectively, with a synchronous movement. Of course,
during the shifts, both cavities stay frequency stabilized to the external laser. The little
oscillations of the power during the movements are related to resonance frequencies of
the mirrors mountings, whose spectrums have been measured and are shown in Fig.
4.55, but they do not compromise the stability of the cavities. Notice that the limiting
factor of the duration of the switch for the red cavity is related to the stabilization sys-
tem. Indeed, as the speed of the movement increases, the amplitude of the mechanical
vibrations become larger, so a switch faster than 50 ms causes vibrations that our PDH
stabilization system cannot compensate.
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Figure 4.55: Spectrum of the mechanical response of the two gimbal actuators of mirrors B and
C obtained by applying a frequency sweep on the respective piezoelectrics. The spectrums have
been measured with a homemade angular-fluctuation-meter that has a resolution of the order of
the nrad.



CHAPTER 5

High-power results

In this very brief Chapter, we will show the final results obtained with the complete
setup, where an intracavity high power has been reached thanks to the joint use of both
the active and the passive amplification. In particular, the combination of the two parts
allowed us to reach an average power of 11 kW.

In Fig. 5.1 we show the complete setup used in this part of the work, composed, of
course, of the three elements described in the previous three Chapters: the laser source,
the fiber amplifier and the optical cavity. Our Menlo mode-locking laser generates a train
of fs pulses with an average power of 230 mW and a spectrum of 20 nm-FWHM centered
in 1026 nm. After the stretching stage, the average power becomes 5 mW with a spectrum
of 2.8 nm-FWHM centered in 1035 nm and with a pulse length of 380 ps. After the fiber
amplifier the seed reaches an average power of 4.52 W, then it is passively amplified by
our optical cavity, with a maximum Finesse of 4500, corresponding to a measured gain
GC = 2500, obtained following the procedure of Subsec. 4.4.2. These measurements lead
us to a final intracavity average power of 11.4 kW.

In Fig. 5.2 we show a measurement of the intracavity power during time. Here the
trace is the measured transmitted power, converted into an intracavity power by means
of the measured gain and the input power. In Fig. 5.3 some photographs of the cavity
mirrors with a stored average power of around 11 kW.

Considerations on intracavity air ionization At this high power, the intensity of the
stacked pulses in the optical cavity could be a problem when operating in air, as in our
case. Indeed, the extremely strong electric field of the pulses could ionize air molecules,
preventing a stable operation. In this Paragraph, we try to find a threshold of the intra-
cavity power for the air ionization, considering the process of tunneling ionization. The
tunneling ionization dynamics can be studied calculating the time evolution of the atom
state, described by its Schrödinger equation. In presence of a strong laser intensity, and,
thus, of a strong field, in this process the dynamics of the electron in both the atom field
and light field must be taken into account. A first work that models this process was
published by Keldysh [108], where he describes the transition of an atom electron from
a ground state to a free electron state. A more complete and general study can be found
in [109].

The physics behind this process is that the strong laser field bends the electron po-
tential barrier with a frequency equal to the laser frequency. The ease or difficulty for
the electron to tunnel can be expressed as the ratio between the classical time it takes for
the electron to tunnel out its potential barrier while the potential is bent down by the
laser field [110]. This ratio is called Keldysh parameter, and it is indicated by γ. We have
γ = τt/(1/2 τL), where τt is the classical tunneling time, while τL = ν−1

L is the period of
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Fiber pump diode
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(a) Scheme.

(b) Photography.

Figure 5.1: Scheme (a) and photography (b) of the whole setup used to achieve the average power
of 11 kW. The Menlo mode-locked laser is actively amplified up to 5 W and then the pulses pas-
sively accumulates in the optical cavity, reaching the final high power. TS is Telescope System.
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Figure 5.2: Intracavity power during time, with an average value of 11.4 kW. Here we measured
the transmitted power and converted it into the power in the cavity by means of the measured
gain and the input power.

(a) Mirrors A (input) and C. (b) Mirrors B and D.

Figure 5.3: Photographs of the cavity mirrors diffusing some light while intracavity power is
around 11 kW. These images were taken with a smartphone, whose camera is sensitive to near
infrared frequencies. IR is in violet color on the images.
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the laser field oscillation and νL its frequency. Following the procedure of [110], we as-
sume an electron in a classical Coulomb potential moving back and forth along the atom
radial direction, having a kinetic energy equal to the ionization energy E0. Its speed can
be written as

v =

√
2E0

m
(5.1)

with m the electron mass. If we now apply an external field (the laser), the electron
would travel with speed v the potential barrier for a distance Rc = E0/(e F ), where e
is the electron charge and F is the amplitude of the laser field, directly related to the
intensity. This gives for the Keldysh parameter

γ =
Rc
v

1
2τL

=
ν

eF

√
2mE0 =

ν

e

√
ε0 cmE0

I
(5.2)

where in the last passage we have written the amplitude of the laser field as a function
of its intensity as F =

√
2I/(ε0 c). Experimentally, the tunneling ionization becomes

important when γ < 1/2, and the physical meaning is that the tunneling time is less
than 1/4 of the laser field’s period. In Fig. 5.4 we report the value of γ as a function of
the intracavity power for a spot of 93 µm × 83 µm and a repetition rate of 100 MHz, and
for two different pulses length of 1 ps (the theoretical final pulse length) and 380 ps (the
current pulse length without the final compressor). We report curves for the main air
gases, in particular molecular nitrogen N2, molecular oxygen O2, argon Ar and carbon
dioxide CO2.

This demonstrates that we have to keep the pulse stretched at 380 ps to safely operate
at the 10 kW power level. Indeed, for a compressed pulse of around 1 ps, at 10 kW we
start approaching the tunneling ionization limit. Of course, once the cavity will be placed
in a vacuum environment, all these considerations become useless.
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Figure 5.4: Keldysh parameter γ as a function of the intracavity power in our configuration, for
different pulse lengths and different air gases. The tunneling ionization becomes important for
γ < 1/2 (green line). From the plots, it is clear that air ionization does not occur for the stretched
pulse, while at∼ 10 kW we start approaching the tunneling zone for the compressed pulse of 1 ps.





CHAPTER 6

Conclusions

With this thesis we laid the foundation for the realization of the laser system of BriXS and
BriXSino, necessary as the photon source for the Inverse Compton Scattering process. At
the end of this work we reached an average power of 11 kW, with a relative noise below
2 %, exploiting both a fiber amplifier and an optical cavity. The first has been developed
to increase the power of a mode-locked laser to around 5 mW (after different spectral
manipulations) to 4.52 W. The optical cavity, instead, has been developed to stack the
pulses to the final power of 11.4 W. During this work, different methods for the charac-
terization of the apparatus have been studied, in particular one technique for an accurate
measurement of the linewidth of the cavity, which could find general interest in optics,
and in particular in metrology and intracavity spectroscopy. Another important tech-
nique has been presented, useful to dramatically reduce the effect of frequency noise on
the stored power in the optical cavity, by exploiting the coupling with the external mode
locking laser. With this technique we could reduce power noise of nearly one order of
magnitude, maintaining the same stored optical power. Furthermore, we could theoret-
ically study a new approach to counteract thermal effects in high power optical cavities,
which should avoid the mode-mixing process, a limiting factor of the maximum power
one can passively store. The idea is to compensate the thermal variation of the radius of
curvature of the mirrors by smartly changing the distance between them, so that the sta-
bility parameter of the cavity is maintained. The approach seems to work well up to the
MW, but an experimental demonstration is required. In the dual color X-ray framework,
we could also implement the so-called focus shift technique, which allows the rapid shift
of the cavity focus of 135 µm in 50 ms, while maintaining the power accumulated in the
optical cavity. This will allow for the first time the in vivo implementation of the dual
color X-ray with an Inverse Compton Scattering source, once implemented in the final
machine.

The perspectives of this work are manyfold. Of course, the main goal for BriXS and
BriXSino is the 100 kW milestone. Such a huge power requires the development of an-
other amplification stage based on a large area fiber amplifier, so that the 5 W can be
raised up to 100 W. This stage should be based on a photonic crystal fiber, so that its core
area is large, allowing high powers. Actually, the 100 W combined with a cavity gain of
around 2000 would allow to reach a power even greater than 100 kW. The possibility
of increasing the Finesse of the cavity should be considered, too, to further increase the
power. At this point, the compensation method should be tested experimentally. Fur-
thermore, the focus shift technique will be tested at high power, allowing for the first
time a tool to implement the in vivo dual color X-ray with an Inverse Compton Scat-
tering source. Another future development concerns the realization of a laser system
to feed the photocathodes used in the electron bunches generation. In particular, the
laser source described in this thesis will be split into two paths: one will serve as the
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photon source of the ICS, the other as the photocathode seed. This last part needs the
development of a fiber amplification stage to reach around 100 W, almost identical to
the one for the ICS, followed by an up-conversion stage to the ultraviolet (UV) regime,
and both a temporal and spatial shaping stage. Indeed, the photocathodes have high
efficiency in the UV, while the laser pulses must be rectangular in the spatial and the
temporal domains to reduce their emittance. The up-conversion stage will consist of a
series of nonlinear crystals in both critical and non-critical configuration from 1035 nm to
258.75 nm. The temporal shaping will exploit a series of birefringent crystals that splits
the pulses into several retarded copies, which form a unique long rectangular pulse.
Spatial shaping will be performed by means of a Pi-shaper.



APPENDIX A

Quantum optics

In the introduction of Chap. 4 we have written that optical cavities are widely used
tools in many branches of physics, such as quantum optics. This is exactly the case of
the generation of ”squeezing”, which is a fundamental resource in continuous-variable
quantum information science , gravitational-wave detection [111] and many other ap-
plications, where squeezing is obtained via an Optical Parametric Oscillator (OPO) [112,
113, 114, 115, 116], which is basically formed by an optical cavity (the resonator) and a
non-linear crystal. Whereas the cavity allows to select a particular frequency of the field,
the crystal provides the ”squeezing”, once it is suitably ”pumped” by an input laser
field, the ”pump”.

In this Chapter we will show how to exploit OPO to generate squeezed state, with
attention on the stabilization. In particular, we will introduce a novel technique for the
stabilization of the relative phase between the seed and the pump [117], a key ingredient
in this kind of setups. In the second Section, we will exploit our experimental setup to
show that this stabilized OPO can be exploited to reduce the phase noise of a phase-
diffused coherent state [118], providing both theoretical and practical tools.

A.1 Squeezed states

In order to understand how to generate and manipulate squeezed states, we have to
briefly introduce them in the quantum optical framework. With the so-called second
quantization, the electric field becomes quantized and can be described by the operator
[119, 120]

Ê (r, t) = i
∑
k,s

√
~ωk

2 ε0 V
ek s

(
âks e

ik·r−i ωkt − â†ks e−ik·r+i ωkt
)

(A.1)

where we have a sum over all the possible modes k. Here â and â† are the so-called
annihilation and creation operators, respectively. From this electric field, different kind
of optical states come to life, with particular quantum features. An easy way to describe
the electric field of Eq. A.1 is with the so-called quadratures amplitudes [119], defined
as

X̂1ks = â†ks + âks (A.2a)

X̂2ks = i
(
â†ks − âks

)
(A.2b)

where the uncertainty principle holds
〈

∆X̂2
1ks

〉〈
∆X̂2

2ks

〉
≥ 1.
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Fock states The eigenstates |nj〉 of the number operator N̂j = â†j âj are called Fock
states or number states. The mean value of the electric field of these states is 〈nj | Ê |nj〉 =

0 ∀j, while its variance is 〈n|∆2Ê |nj〉 = 2
∣∣∣ ~ωk

2 ε0 V

∣∣∣ (nj + 1
2

)
∀j, which is non-null even

when the number of photons nj is zero (the vacuum state). The variance of the two

quadratures is given by
〈

∆X̂2
1,j

〉
=
〈

∆X̂2
2,j

〉
= 2nj + 1.

Coherent states. The eigenstates of the annihilation operator are called coherent states
and satisfy âj |αj〉 = αj |αj〉 α ∈ C. One can calculate that the average electric field

of these states is 〈α| Ê (r, t) |α〉 = i
∑
j

√
~ωj

2 ε0 V
ej
(
αj e

ik·r−i ωjt − α∗j e−ik·r+i ωjt
)

so very

similar to the classical electric field. The variance is 〈α|∆2Ê (r, t) |α〉 =
∑
j

∣∣∣ ~ωj
2 ε0 V

∣∣∣, which
is the same of the vacuum state. Coherent states can be generated from the vacuum
state by the unitary displacement operator D̂ (αj) = eαj â

†
j−α∗j âj , so they can be called

also displaced states. The uncertainty relations for the two quadratures are given by〈
∆X̂2

1,j

〉〈
∆X̂2

2,j

〉
= 1.

Squeezed states The lower limit to the variance of the electric field is for the vacuum
state. However, it is possible to generate light which has less noise in one selected
quadrature of the electric field than the vacuum limit, but, as a consequence of the un-
certainty principle, the variance of the other quadrature will increase. This is exactly the
case of squeezed states. Formally, squeezed states are represented by [119] |α, ξ〉, where
ξ = rs e

i 2θs is the squeezing parameter, α2 is the intensity of the state, θs the orienta-
tion of the squeezing axis and rs the degree of squeezing. We can define the squeezing
operator Ŝ (ξ) as

Ŝ (ξ) = exp

[
ξ∗â2 − ξâ† 2

2

]
(A.3)

from which a squeezed state can be obtained as |α, ξ〉 = D̂ (α) Ŝ (ξ) |0〉. In particular,
we refer to Eq. A.3 as the single mode squeezing, because two squeezed photons with the
same frequency are generated from a single one. One can find the expression for the two
quadratures as 〈

∆X̂2
1ks

〉
= e2 rs (A.4a)〈

∆X̂2
2ks

〉
= e−2 rs (A.4b)

It is clear that almost one of the quadratures is below the vacuum limit of 1.

A.1.1 Squeezed states generation

A typical approach to generate squeezing in an optical state is to exploit the Parametric
Down Conversion, which is the generation of two photons of frequency ω from a single
photon of frequency 2ω (the pump) inside a non-linear crystal [120]. One can find that
the evolution of a state undergoing this non-linear interaction can be described by the
unitary operator

Û = exp
(
η∗tâ2 − ηtâ†2

)
(A.5)
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where t is the interaction time between the state and the crystal. Here η = βχ(2), with
β the amplitude of the (coherent) pump and χ(2) the second order susceptibility of the
crystal. It is clear that Eq. A.5 is exactly the squeezing operator of Eq. A.3, with ξ = 2ηt.
The variance of the quadratures becomes〈

∆X̂2
1ks

〉
= e4η t (A.6a)〈

∆X̂2
2ks

〉
= e−4η t (A.6b)

When we send a quantum state (the seed) in the crystal, the pump will act as a squeezing
operator, so at the output we have a squeezed state.

In order to increase the amount of squeezing given by 4η t, a common method is
to exploit an optical cavity that increases both η and the interaction time t, since the
seed does multiple passages in the crystal itself. We refer to this cavity to as Optical
Parametric Oscillator (OPO) [119]. This is exactly our case, as we will show in the next
Sections.

A.1.2 Homodyne detection

The full reconstruction of the electric field of an optical state requires a measurement
of both its amplitude and its phase, thus a phase-sensitive technique is necessary. In
particular, a method to measure the quadratures X̂iks has to be implemented. Notice
that, in general, the quadrature operator can be defined for every phase θ ∈ [0, 2π) of the
field as

X̂ks (θ) = â†k,s e
iθ + âk,s e

−iθ =
1

2

(
X̂1ks cos θ + X̂2ks sin θ

)
(A.7)

Due to the high oscillation frequency of the optical field (∼ 1× 1015 Hz), a direct phase
measurement cannot be performed, but other approaches are needed. This is the case
of the homodyne detection [120], where the field to measure, the signal, is mixed with
a reference field, the Local Oscillator (LO). The homodyne detection scheme is shown in
Fig. A.1. Here, the signal is in a state â (t), while the LO is in a coherent state b̂ (t) =

|β| e−iωteiφ. The two states mixes in a beam splitter, generating the states ĉ (t) and d̂ (t).
Assuming a balanced beam splitter, i.e., 50 : 50 reflection and transmission, it one can
derive [120]

ĉ =
1√
2

(
â+ ib̂

)
(A.8a)

d̂ =
1√
2

(
b̂+ iâ

)
(A.8b)

The amplitude of these two states is detected with the photodetectors Ic and Id, produc-
ing the photocurrents Îc ∝ ĉ†ĉ and Îd ∝ d̂†d̂. These signals are subsequently subtracted
electronically, resulting in Î− = Îd − Îc. From the Eqs. A.8, one can calculate that

Î− ∝ i
(
b̂†â− b̂â†

)
(A.9)

At this point, we assume that the LO is a coherent state with a large number of photons,
thus we can substitute [119] b̂ → |β| e−iωteiφ, being β its amplitude and ω its frequency,
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Figure A.1: Scheme of a homodyne detector. The signal â is mixed with the local oscillator b̂ in a
50:50 beam splitter, producing the states ĉ and d̂. Two photodetectors generates the corresponding
photocurrents Îc and Îd, which are subtracted, resulting in Î−.

leading to

Î− ∝ |β|
(
âeiωte−iθ + â†e−iωteiθ

)
= |β|

(
â0e
−iθ + â0

†eiθ
)

(A.10)

where we set θ = φ+ π/2, and we assumed that the seed has the same frequency of the
LO, as happens in our case, so that â = â0e

−iωt. Comparing Eq. A.10 with the expression
of the quadrature, we can finally write

Î− ∝ |β|
〈
X̂ (θ)

〉
(A.11)

so, by changing θ, i.e., the phase φ of the LO, the field quadrature can be reconstructed.

A.2 Pump-seed stabilization

OPOs are largely affected by mechanical vibrations, thus requiring an active stabiliza-
tion. For this purpose, different techniques have been developed, such as the most com-
monly used Pound-Drever-Hall technique already described in Chap. 4, the homodyne
locking [121], the tilt locking [122], the modulation free technique [123]. In addition,
also the relative phase between the seed and the pump used for squeezing has to be sta-
bilized, and this task has been performed using modulation techniques such as in Ref.
[70, 124], or in GEO600 [125] or through the Weak Pump Depletion (WPD) technique
[126]. This last stabilization is exactly the case of this Subsection, where we will intro-
duce, both theoretically and experimentally, a novel technique to stabilize the relative
phase of the seed and the pump of an OPO, with an application in the generation of
coherent squeezed states.

With respect to the modulation techniques [70], ours allows to obtain two different
error signals directly from the reflected beam. In particular, the first signal is for the OPO
frequency stabilization, based on the PDH technique, where, in this case, we consider the
effect of the intracavity non-linear crystal, too. Indeed, standard PDH technique is in-
tended for empty cavities, and a generalized model is required for our case. The second
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Figure A.2: Scheme of the OPO with the main elements. See the text for details.

signal is exploited for the seed-pump phase stabilization, with the advantage of not re-
quiring an additional modulation and demodulation stage, as we will show. Thanks to
this method, we do not need a detection system for the pump, that is instead necessary,
for instance, in the WPD technique [126]. In the following analysis, we will retrieve rele-
vant information about the dynamics of the error signal, show how the pump affects the
PDH error signal and how to correct this error signal.

Theoretical model In this Paragraph, we will develop a proper theoretical model to
describe a two-mirror cavity with a pumped non-linear crystal inside, namely the OPO.
The seed and the pump have different wavelengths, in particular 1064 nm and 532 nm,
respectively. The approach of our technique is based on the detection of the reflected
beam off the cavity, as in the case of the standard PDH, but with the presence of a non-
linear crystal. The crystal is pumped to produce squeezing.

A scheme of the setup is depicted in Fig. A.2. The mirror M1 has a reflectivity R1 and
serves as the input coupler for the seed Ein, while the mirror M2, with reflectivity R2,
acts as the input coupler for the pump and as the output coupler for the OPO field. The
aim is now to obtain the amplitude of the reflected field ER as a function of the cavity
frequency ν, of the crystal non-linearity γ and of the pump phase φp.

Without the presence of the non-linear crystal in the OPO, the intracavity electric
field after one round trip of duration τ can be written as done in Chap. 4 as

Ec (t+ τ) =
√

1−R1Ein +
√
ReiφEc (t) (A.12)

where R = R1R2 (1−∆)
2, ∆ is the internal power losses for the single roundtrip, and

φ = 2πν
Γ . The detuning between the frequencies of the input field and the cavity is

ν = νin − νc, while the FSR of the cavity is indicated by Γ.
On the other hand, in presence of the non-linear crystal, Eq. A.12 has to take into ac-

count the interaction between the light and the crystal. This interaction can be effectively
described by means of a complex parameter γ depending on the amplitude and phase
of the pump field. As in Chap. 4, we expand Ec (t+ τ) to the first order in τ assuming
an intracavity field dynamics much slower than τ , leading to

dEc

dt
τ =

√
1−R1Ein +

(√
Reiφ − 1

)
Ec + iγE∗c (A.13)

Notice that the complex conjugate E∗c of the cavity field directly follows from the con-
servation of the energy in the non-linear interaction [127]. At the equilibrium, Eq. A.13
becomes (

1−
√
Reiφ

)
Ec − iγE∗c =

√
1−R1Ein (A.14)
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From now, we take Ein = 1, without loss of generality, so that all the phases refers to the
input field phase. Eq. A.14 becomes

Ec =
√

1−R1
1−
√
Re−iφ + i |γ| eiφp

1 +R− 2
√
R cosφ− |γ|2

(A.15)

with γ = |γ| eiφp , φp the pump phase relative to the seed phase. A notable fact is that
Ec can be modulated continuously from an amplification regime, where φp = −π2 , to
a deamplification regime, where φp = π

2 . Furthermore, the usual equation for a two
mirrors cavity without the crystal is found for γ → 0, as one may expect.

The value of |γ| can be obtained experimentally by relating it to a measurable quan-
tity by defining

G =
G+

G−
=

∣∣∣∣1 + δ

1− δ

∣∣∣∣2 (A.16)

with δ = |γ|
1−
√
Reiφ

, while G+ and G− are defined as the power of Ec in the amplifica-
tion and deamplification regime, respectively. Clearly from Fig. A.2, the OPO output
is proportional to Ec, thus by monitoring the output power in the two regimes one can
calculate G.

As previously told, the reflected beam ER will be used for both the error signals
of the PDH and the seed-pump relative phase stabilization, so let us concentrate on it.
Remembering that we set Ein = 1, the reflected beam ER can be written as the sum of
the field directly reflected from the input mirror and the transmitted field through M1,
with an additive phase of π in the first, so that

ER = −
√
R1 +

√
1−R1√
R1

(√
ReiφEc + i |γ| eiφpE∗c

)
. (A.17)

Now, by substituting Eq. A.15 into Eq. A.17, one can find

ER =

(√
Reiφ −R1

)(
1−
√
Re−iφ

)
√
R1

(
1 +R− 2

√
R cosφ− |γ|2

) +
i
[
(1−R1) eiφp + |γ|

]
|γ|

√
R1

(
1 +R− 2

√
R cosφ− |γ|2

) (A.18)

Like before, if we set γ → 0, ER gives the usual equation for the reflected beam without
the crystal. Notice that ER depends on the detuning ν, but on the pump phase φp, too.

Fig. A.3 shows |Ec|2 and |ER|2 as a function of the phase φ, which is proportional to
ν, and of the pump phase φp. Here, we used realistic parameters, similar to the values
obtained experimentally and reported in the next Paragraph. Looking at the bottom
panel of Fig. A.3 one can see that the minimum value of the reflected power |ER,min|2
depends on the pump phase φp. In particular, the minimum and the maximum values of
|ER,min|2 appears in the amplification regime, with φp = −π2 , and in the deamplification
regime, with φp = π

2 , respectively. Between these two conditions, |ER,min|2 is monotone
in φp, allowing us to exploit this trend as an error signal to stabilize the phase of the
pump. It is worth noting that other cavity configurations exist, with different R1 and
R2, such that the trend is inverse, but an error signal can be still obtained by suitably
inverting the electronic signal obtained.

As already told, the stabilization of the cavity frequency is achieved by the standard
PDH technique, with a phase modulation φm added to the seed Ein at a frequency νm.
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Figure A.3: (Top left and top right) Plots of |Ec|2 and |ER|2 as a function of φ and φp. The blue
lines refer to the particular values of the pump phase φp = −π,−π

2
, 0, π

2
and π, from left to right,

respectively. (Bottom) Plot of the minimum value of the reflected beam amplitude |ER,min|2 as a
function of φp. We set R1 = 0.999, R2 = 0.9, ∆ = 3.0× 10−3 and |γ| = 2.0× 10−2.

The normalized PDH error signal can be written in the same form of Chap. 4 as

εPDH = = [ER (ν)E∗R (ν − νm)− E∗R (ν)ER (ν + νm)] (A.19)

An interesting fact is that the PDH signal is influenced by the pump phase, too, since
ER of Eq. A.19 depends on φp. We observe that the PDH error signal vanishes in the
amplification and in the deamplification regime when the cavity is resonant, i.e. φ = 0, as
shown in Fig. A.4. More in general, if we look at the bottom panel of Fig. A.4, the pump
phase φp can lead to a PDH error signal no longer equal to zero at resonance. In this case,
if we want to have εPDH = 0, the vertical offset has to be compensated electronically.

The intracavity field, and in turn the transmitted beam, has a maximum or a mini-
mum in resonance only in these two regimes, and this fact is clear from Fig. A.5. As
told before, the offset in the PDH signal vanishes in the amplification or in the deam-
plification regimes. Only in these two regimes the intracavity field and the transmitted
beam have a maximum or a minimum when φ = 0, and thus when the OPO is resonant
with the input field (see top panels of Fig. A.5), otherwise a detuning of the resonance is
induced by the pump (see bottom panel of Fig. A.5).

Overall, we can state that there are two different offsets to be kept under control for
the two error signals: the first is for the OPO frequency stabilization, and it is obtained
centering the PDH error signal in zero (see the left panel of Fig. A.6), while the other
is for the seed-pump stabilizer (SPS), obtained by setting the minimum of the reflected
beam in zero (see the right panel of Fig. A.6).
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Figure A.4: PDH error signal as a function of φ for a fixed phase modulation φm = 0.1 and for
different values of the pump phase. (Top left) In the amplification regime, with φp = −π

2
, or in the

deamplification regime, with φp = π
2

, the PDH error signal vanishes at resonance, i.e. φ = 0. (Top
right) When φp 6= ±π2 the PDH error signal is zero at φ 6= 0, thus an offset (arrows) arises due to
the effect of the pump phase. (Bottom) εPDH as a function of the pump phase at resonance. The
other parameters have been set to R1 = 0.999, R2 = 0.9, ∆ = 3.0× 10−3 and |γ| = 2.0× 10−2.

Figure A.5: Intracavity intensity |Ec|2 (solid blue lines) and reflected counterpart |ER|2 (dashed
red lines) as a function of the phase φ for different values of the pump phase: (Top left) amplifica-
tion regime φp = −π/2; (Top right) deamplification regime φp = π/2; (Bottom) φp = π. The other
parameters have been set to R1 = 0.999, R2 = 0.9, ∆ = 3.0× 10−3 and |γ| = 2.0× 10−2.
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Figure A.6: PDH error signal (Left panel) and the amplitude of the reflected beam |ER|2 (Right
panel) as a function of φ for a value of the pump phase of φp = π. The dashed lines are the original
signals (as one can see from the top right panel of Fig. A.4 and the lower panel of Fig. A.4), while
the solid lines are obtained by setting both the PDH offset to zero and the reflected intensity |ER|2
to its minimum. The other parameters have been set to R1 = 0.999, R2 = 0.9, ∆ = 3.0× 10−3 and
|γ| = 2.0× 10−2.

Experimental results The theory of the previous Paragraph has been proved exploit-
ing the experimental setup of Fig. A.7. Our setup allows the generation, manipulation
and detection of displaced-squeezed states. The control is on both the amplitude and
the phase of the quantum state, and, in addition, also on both the amplitude and the
phase of the pump. Three main blocks form our experimental setup (see Fig. A.7). A
homemade laser (LASER) is a Nd:YAG internally frequency-doubled with a PPNL crys-
tal, that generates both the seed at 1064 nm and the pump at 532 nm for the OPO. Notice
that the internal generation of the second harmonic has one major advantage, because it
suppresses laser relaxation oscillations, behaving as a damping force and dramatically
reducing noise. For this reason, with this configuration, we can avoid external cavities
for the second harmonic generation and other elements for the noise suppression.The
State Generation (SG) forms the second block of our setup. It is composed of two mod-
ulators (MOD1 and MOD2), that create quantum states on sidebands at 3 MHz, and an
OPO necessary for squeezing. Finally, the third block is the detection stage based on a
conventional Homodyne Detection (HD) scheme, where a part of the source laser serves
as the Local Oscillator (LO). The generation and the detection of the states are controlled
via computer. The OPO resonance frequency is stabilized with the same PDH technique
of Chap. 4, while the stabilization of the pump phase is achieved using the Seed-Pump
Stabilizer (SPS), which is based on our method. Looking at Fig. A.7, the detector D3
is used to monitor laser amplitude fluctuations (LP), in order to adequately compen-
sate the error signal of the SPS for them. The SPS error signal is manipulated with a
Proportional-Integrative-Derivative (PID) and then applied to a piezoelectric actuator
that changes the pump phase by varying its path length. Finally, our laser has a FSR of
200 MHz, while the OPO of 3025 MHz.

In Fig. A.8 we performed a scan of the OPO frequency, showing the measured inten-
sity of the transmitted beam in red, of the reflected beam in blue and of the PDH error
signal in black, thus all as a function of the detuning ν. A linear voltage applied to a
piezoelectric actuator attached to the output coupler allows the scan of ν. In Fig. A.8
experimental data are shown with solid lines, while theoretical prediction with dashed
lines. In the figure, we considered four configurations of relative seed-pump phases. In
particular, in the upper-left panel we show the measurement in the amplification regime,
with φp = −π2 : here the transmitted beam is maximum, the reflected is minimum and
the PDH signal is zero for ν = 0. In the upper-right panel, we show the measurement in
the deamplification regime, with φp = π

2 : again, both reflected and transmitted beams
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Figure A.7: Scheme of our setup. There are three main parts: a LASER producing the pump
at 532 nm, the seed at 1064 nm and the Local Oscillator (LO) for the state detection at the same
wavelength; a stage for the State Generation (SG) is used for generating squeezed quantum states;
a stage for the detection based on a Homodyne Detection (HD) scheme. The OPO frequency is
actively stabilized with the standard PDH technique, while the Seed-Pump Stabilizer (SPS) serves
as the stabilization of the relative phase between the seed and the pump, based on our technique.

are centered in ν = 0. In this case, two small relative maxima are present around the
resonance of the transmitted beam, both in the theoretical and the experimental trends.
Notice the two small relative maxima in the transmitted beam around the resonance,
both in theoretical (see also top right panel of Fig. A.5) and in experimental curves. Fi-
nally, in the lower panels of Fig. A.8 we show the measurement in two intermediate
regimes, namely minus, with φp = 0, and plus, with φp = π, respectively. In these cases,
it is clear that the PDH error signal possesses a negative or positive offset in ν = 0, for
φp = 0 and φp = π, respectively (compare it to top right panel of Fig. A.4).

Our measurements are in very good agreement with the theoretical predictions for
the following values of the parameters: R1 = 0.9988, R2 = 0.917 and ∆ = 2.4× 10−3.
Moreover, the gain can be calculated from the transmitted power in the amplification
and deamplification regimes to be G = 5.68, so that from Eq. A.16 we derived |γ| =
1.85× 10−2. Here it is worth stressing that in the two regimes called minus and plus, the
PDH signal has an offset in the resonance condition, so the error signal does not vanish
for ν = 0. This offset can be compensated electronically, so, once corrected, the PDH
signal can be used to stabilize the OPO at resonance also in these cases. In addition, as
the reflected beam has a minimum value which is monotone with the pump phase in the
range of interest, i.e. (2k−1)π

2 + kπ < φp <
(2k+1)π

2 , k ∈ Z, this minimum can be always
set to zero, so that we retrieve an error signal to stabilize the pump phase.

In Fig. A.9 we perform a scan of the pump phase and show the corresponding of
the reflected and transmitted beams. Here, the scan is performed by applying a trian-
gular voltage on the piezoelectric actuator PIEZO of Fig. A.7, used to change the pump
phase. During the scan, the OPO was actively stabilized and the PDH signal offset put
to zero. As expected, the reflected beam presents a maximum in the deamplification
regime and a minimum in the amplification regime. For this reason, the reflected beam
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Figure A.8: Frequency scan of the OPO around ν = 0 and the corresponding transmitted (red)
and reflected beam (blue) and PDH error signal (black). Here solid lines are our experimental
data, while dashed lines are the theoretical trends calculated from R1, R2, ∆ and |γ|. The curves
plotted are for different regimes: (Upper left) Amplification regime φp = −π

2
; (Upper right) Deam-

plification regime φp = π
2

; (Lower left) minus regime φp = 0; (Lower right) plus regime φp = π.
The value used for the theoretical predictions are R1 = 0.9988, R2 = 0.917, ∆ = 2.4× 10−3 and
|γ| = 1.85× 10−2.
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Figure A.9: Scan of the pump phase and corresponding traces of the transmitted beam (red) and
reflected beam (blue). Notice that time is the horizontal scale is related to the pump phase φp. The
scan has been performed applying a triangular voltage on the pump phase piezoelectric actuator
(PIEZO of Fig. A.7).

power, properly manipulated with an offset, represents a good error signal for the pump
phase stabilization for all phase values except ±π2 , where the signal has a plateau. A
major advantage of this technique is the fact that both the PDH and the SPS error sig-
nals can be retrieved from the same reflected beam, without the necessity of probing the
transmitted signal, which cannot suffer any power loss since it contains the squeezed
state of interest.

In the following, we provide a simple procedure to optimize the two offsets of the
PDH and the SPS signals. First, one has to choose a pump phase. Once it is chosen, we
have to perform a scan of the OPO resonance, monitoring both the PDH and the SPS
signals. Following Fig. A.6, we electronically introduce an offset to the PDH signal in
order to put it to zero at the point where the reflected beam has its minimum, then we
electronically introduce an offset into the SPS signal in order to put the amplitude of the
reflected beam to zero at the same point. In Fig. A.10 we show the two PDH and SPS
signals after the optimization in a configuration near the minus one.

As told at the beginning, the laser power fluctuations are compensated in the SPS
signal by subtracting the direct laser power from it. The last stage for the error signals
are two independent PIDs that process both the PDH and the SPS signals, sending them
to their respective piezoelectric actuators. Actually, our PIDs are PIs, with only an in-
tegrative and a proportional part. In Fig. A.11 we show the transmitted power of the
OPO, when stabilized, in three different cases. In red, we show the condition without
the pump, where the relative power fluctuations are 0.6 %. In black, we show the minus
condition, with both the integrative and the proportional of the SPS PID activated, with
a relative power fluctuation of 1.9 %. Finally, in blue we show again the minus condi-
tion, but with the proportional switched off, with a relative power fluctuation of 6.2 %.
Notice that in this last case the fluctuations presents the typical frequencies of the mount-
ings mechanical vibrations, of the order of the kHz. Another noteworthy fact is that the
system remains stable for a long time once both the OPO and the pump phase are stabi-
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Figure A.10: Scan of the cavity frequency and corresponding PDH error signal (red) and SPS error
signal (blue). Here, the time on the horizontal axis is related to the frequency ν. All the offsets are
optimized.
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Figure A.11: Example of OPO stabilization in three different conditions as a function of time. Here
we show the transmitted beam of the OPO with: (Red) Pump turned off; (Black) Pump turned on
and pump phase stabilized around φp = 0, with both integrator and proportional; (Light blue)
Same as black, but with the only integrator. The relative power noises are 0.6 %, 1.9 % and 6.2 %,
respectively.
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lized, even hours. Here the only limiting factor is the dynamics of the two piezoelectric
actuators, that cannot compensate for too large thermal deformations.

Application: generation of displaced squeezed state To demonstrate the potentiality
of our technique, here we show an application of the method in the generation of dis-
placed squeezed states. In a more precise way, when taking into account the losses, the
single mode states of interest can be described by the density operator in the compact
form [128]

ρ = D (α)S (ξ) ρthS
† (ξ)D† (α) (A.20)

whereD (α) = exp
(
αa† − α∗a

)
and S (α) = exp

[
1
2ξa

2 − 1
2ξ
∗ (a†)2] are the displacement

and the squeezing operators, respectively, and a the annihilation operator of the field,
with

[
a, a†

]
= I. In Eq. A.20 we introduced the density operator of the thermal state

ρth =

∞∑
n=0

(Nth)
n

(1 +Nth)
n+1 |n〉 〈n| (A.21)

We stress that the state of Eq. A.20 is the overall state generated by our setup [128, 129].
In this context, an effective parameter that summarizes the effect of the losses can be
found the average number of thermal photons Nth: only if Nth = 0 we have no losses
at all, and the state is pure. The squeezing level of such a state in dB is defined as
−10 log10

[
(1 + 2Nth) e−2|ξ|]. Without loss of generality, we are considering states with

α ∈ R and ξ ∈ C, with also arg (ξ) = φp + π
2 .

The desired quantum states have been generated using our setup and following the
well-established procedure described in the Refs. [118, 130, 115, 116]. In Fig. A.12 we
show three examples of different states. On the left of each panel there are the traces
of the experimental homodyne detections, while on the right the corresponding tomo-
graphic reconstructions in the phase space. The modulation of the quadrature standard
deviation due to the squeezing is clear (see dashed lines in the left part of each panel),
as so is for the relative phase between the coherent state, which we set to zero, and the
squeezing parameter ξ, which is related to the angle between the major axis of the el-
lipses and the horizontal direction (see right parts of each panel). Notice that this last
point constitutes a proof of the reliability of the pump-seed phase stabilization tech-
nique we presented, since the pump and the seed phases are related to the phases of the
squeezing parameter and the coherent state amplitude.

At this point, we underline that the aim of this work was to demonstrate the effec-
tiveness of our technique, thus in these experiments the pump laser did not have a very
high intensity, resulting in a squeezing level of about 3 dB, as one can see in Fig. A.12.

A.3 Squeezing phase diffusion

At the quantum level, the analysis of the manipulation, the amplification and the detec-
tion of a harmonic oscillator phase is a challenging task, since phase is not an observ-
able in a rigorous sense. On the other hand, the phase of an optical signal constitutes
one of the main building block in many quantum optical and metrological applications
[131, 132, 133, 134, 135, 136, 137, 138, 139, 140]. Also phase-shiftkeyed coherent signal are
the base of protocols that are useful for example in free-space communications, where
entangled and single-photon states are not the optimal choice. The major hurdle in these
protocols to exploit the full advantages of a quantum measurement and, for example,
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3.34 dB
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Figure A.12: Examples of different displaced squeezing states. On the left of each panel we show
the homodyne traces and on the right the corresponding tomographic reconstruction in the phase
space. (Top) Amplification regime with φp ≈ −π2 ⇒ arg (ξ) ≈ 0, α = 2.93 and Nth = 0.13;
(Center) φp ≈ 0 ⇒ arg (ξ) ≈ π

2
, α = 1.97 and Nth = 0.12; (Bottom) deamplification regime

φp ≈ π
2
⇒ arg (ξ) ≈ π, α = 1.44 and Nth = 0.14. In the left part of each panel, the solid lines

are referred to the average value of the experimental trace, while the dashed lines represents the
standard deviation, which better highlights the effect of the squeezing. Notice that in the phase
space on the right of each panel, the angle between the major axis of the ellipses and the horizontal
direction is given by arg(ξ)

2
. The variance of the vacuum is set to 1.
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Figure A.13: Left panel: Phase diffusion introduces noise in the signal entering the OPO, which has
a gainG and loss rates of the input γic, the output γoc and the crystal γcr, respectively. Right panel:
representation in the phase-space of a coherent state |β〉 (blue) and its phase diffused counterpart
(orange). In this state, we put β = 2 and σ = π/4. From the image, the effect of the phase noise on
the uncertainty of the two quadratures is clear.

beat the shot-noise limit, is constituted by the phase noise caused by phase diffusion
[141, 142, 143, 144, 145, 146, 147]. For this reason, a natural question arises on whether
and how one could counteract the detrimental effects of phase diffusion on the signal
coherence. A possible choice to limit phase diffusion is the use of Optical Parametric
Oscillators (OPOs) in the degenerate regime, which give a phase-sensitive amplification,
but this idea has not been much supported for the following two main reasons. From
a theoretical point of view the amplification is quantum-limited, suggesting that a full
compensation of the noise is possible [148, 149, 150, 151, 152, 153], while, on the other
hand, the amplification provided by OPO is not on the phase itself, rather on the field
quadratures. Experimentally, the reduction of phase noise by using of a phase-diffused
state as a seed of quantum amplifier is not a trivial task, even if some struggles have been
done in this framework [154, 155]. In the same way, stabilizing the pump phase at the
necessary level represents a fundamental point and a challenging task. In this context, in
the following, we will show how we were able to exploit our OPO and the novel pump
phase stabilization technique described in Sec. A.2 to contrast phase noise and reduce
the phase diffusion of a coherent signal, both from the theoretical and the experimental
point of view [118].

A.3.1 Theoretical discussion

We start from a coherent state
∣∣βeiϕ〉, with β ∈ R+ undergoing phase diffusion. The

evolved state can be written as [145, 156]

ρ =

∫
dφ gσ(φ)

∣∣βeiφ〉 〈βeiφ∣∣ (A.22)

with gσ(φ) =
exp[ cosφ

σ2 ]
2πI0(σ−2) the Von Mises circular normal distribution, σ a concentration

parameter and I0 (x) the 0th modified Bessel function. Notice that gσ(φ) can be ap-
proximated by a Gaussian distribution as far as σ is not too large, so that gσ(φ) =(
2πσ2

)− 1
2 exp

[
− 1

2
φ2

σ2

]
. With the help of Fig. A.13, we state that σ is the amplitude of

the phase diffusion. The expectation values of the two orthogonal quadratures x and
y give an estimation of ϕ, with x = a + a† and y = i(a† − a), provided that a and a†

are the annihilation and creation operators, respectively, with
[
a, a†

]
= 1. The stability
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of our setup allowed us to avoid a joint measurement of the two quadratures, thus the
phase could be estimated by two measurements performed on two successive prepara-
tions of the input state [128] as ϕ̂ = arctan

[
〈x〉
〈y〉

]
. This allowed to avoid any additive

noise related to the joint measurement. Notice that for the parameters of our experi-
ment, i.e., ϕ̂ = 0 and δφ . 0.5, the uncertainty in the estimation of ϕ̂ can be expressed
as δφ2 ≡ var [ϕ̂] = 〈y〉2var[x]+〈x〉2var[y]

Ξ2 , where Ξ2 = 〈x〉2 + 〈y〉2. In the case of coherent
states, var [x] = var [y] = 1, leading to δφ2

0 =
(
4β2

)−1. This indicates that the shot noise
scales as the inverse of the energy |β|2 of the coherent state. Now, we consider a coherent
state undergoing phase diffusion as the one in Fig. A.13, with ϕ = 0, i.e. β ∈ R+, for
simplicity. We have 〈x〉 = 2 |β| e−σ2

, 〈y〉 = 0 and for the variances

var [x] =1 + 2β2
(

1− e−σ2
)2

(A.23a)

var [y] =1 + 2β2
(

1− e−2σ2
)

(A.23b)

where var [x] ≤ var [y]. One can easily demonstrate that

δφ2
σ =

cosh
(
σ2
)

+
(
1 + 4β2

)
sinh

(
σ2
)

4β2
≥ δφ2

0 (A.24)

At this point, we can assume that the phase diffused coherent state passes through
an OPO, as depicted in Fig. A.13. The OPO can be described by its input and output
parameters ηin and ηesc, respectively, and by its gain. These parameters summarize the
effect of the transmissivity of the input and the output mirrors, as well as the internal

losses [119]. OPO gain can be expressed as G = (1− d)
−2, with d =

√
P
Pth

and P and
Pth the pump power and the OPO threshold, respectively. The loss rates of the input
coupler, the output coupler and the OPO crystal, given by γic, γoc and γcr, respectively,
are directly related to ηin and ηesc as

ηin =
γic

γ
(A.25a)

ηesc =
γoc

γ
(A.25b)

where we used γ = γic + γoc + 2γcr.
Now the aim is to focalize on the effect of the OPO in the first and second quadratures

moments. We start by considering a non-phase-diffused coherent state
∣∣βeiφ〉, which

gives expectation values for the quadratures

X ≡〈x〉 =

√
4 ηinηesc

1− d 2β cosϕ (A.26a)

Y ≡〈y〉 =

√
4 ηinηesc

1 + d
2β sinϕ (A.26b)

and

Σ2
x (ηesc, d) ≡ var [x] = 1 + ηesc

4d

(1− d)
2 ≥ 1 (A.27a)

Σ2
y (ηesc, d) ≡ var [y] = 1− ηesc

4d

(1 + d)
2 ≤ 1 (A.27b)
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(a) (b)

Figure A.14: Phase-space representation of the coherent state
∣∣βeiφ〉 before (orange) and after

(green) the evolution through our OPO. The chosen parameters are β = 2 and two values of the
phase: (a) ϕ = π

4
and (b) ϕ = −π

4
. Both in the cases (a) and (b), the phase approaches 0 after the

evolution. For the OPO, we used the realistic parameters d = 0.40 (G = 2.78), ηin = 0.08 and
ηesc = 0.87.

where we choose the phase of the pump such as it amplifies x. An example of the effect
of the OPO on our coherent state is shown in Fig. A.14 for a particular choice of the
parameters and two different phases. Notice that the phase shift of the state is reduced
by the presence of the OPO, and this effect is fundamental to reduce phase diffusion.

From the equation for the phase-diffused state propagated through the OPO, given
by Eq. A.22, we can obtain the new mean values and the variances of the two quadra-
tures exploiting Eqs. A.26 and Eq. A.27, resulting in

〈x〉 =αx e
−σ2

2 (A.28a)
〈y〉 = 0 (A.28b)

and

var [x] = Σ2
x + α2

x e
−σ2 [

cosh
(
σ2
)
− 1
]

(A.29a)

var [y] = Σ2
x + α2

x e
−σ2

sinh
(
σ2
)

(A.29b)

with

αx ≡αx (β, ηin, ηesc, d) =

√
4 ηinηesc

1− d 2β (A.30a)

αy ≡αy (β, ηin, ηesc, d) =

√
4 ηinηesc

1 + d
2β (A.30b)

and Σ2
x and Σ2

y given by Eqs. A.27, and where we set ϕ = 0. We show in Fig. A.15 the
effect of the evolution through the OPO on our phase diffused coherent state.

The effect of the OPO and the consequent reduction of the phase diffusion can be
evaluated by writing the phase variance at the OPO output. From Eqs. A.28 and Eq.
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Figure A.15: Phase-space representation of our phase-diffused coherent state (orange) and its evo-
lution ρout after the OPO (green). The chosen parameters are β = 2 and ϕ = 0 for the input
coherent state, σ = π

4
for the phase noise amplitude and d = 0.4 (G = 2.78). For the input and

output parameters, we used the following realistic parameters: (a) ηin = 0.01, ηesc = 0.93; (b)
ηin = 0.08, ηesc = 0.87. It is clear that the uncertainty of the quadrature y is reduced after the
evolution through the OPO.

A.29 we can obtain

δφ2
OPO =

Σ2
y + α2

y e
−σ2

sinh
(
σ2
)

α2
x e
−σ2 (A.31)

If we compare this with the corresponding variance of the state without the OPO given
by Eq. A.24, we can find a threshold on the phase noise amplitude σth ≡ σth (β, ηin, ηesc, d)
above which OPO can be exploited to reduce phase diffusion. More precisely, γσ =
δφ2

OPO

δφ2
σ

< 1 if and only if σ2 > σ2
th, with

σ2
th =

1

2
log

[
2β2

(
α2
x − α2

y

)
α2
x + 2β2

(
α2
x − α2

y − 2Σ2
y

)] (A.32)

As an example, we plot in Fig. A.16 the threshold σth as a function of the gain of the
OPO, for different values of the other parameters. It is clear that, once the parameters
are fixed, a maximum value of the gain exists, over which phase noise is always reduced
by phase noise. Notice that if either the gain G or the amplitude β are large, we have
γσ ≈ G−1.

A.3.2 Experimental results

To test the theoretical predictions, we used the same experimental setup of Fig. A.7,
which allows the generation and manipulation of displaced-squeezed states. The system
can be easily adjusted to control both amplitude and phase of the quantum states, but
also to tune the gain G and the phase of the pump. Overall, our setup consists of three
stages: the laser source (LASER), a stage for the generation and manipulation of the
states (SG) and finally a homodyne detection stage (HD).

The laser source consists of a home-made Nd.YAG laser at 1064 nm wavelength, in-
ternally frequency-doubled at 532 nm. It serves both as the input seed and the pump of
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Figure A.16: Value of the threshold σth on the phase noise as a function of the gain of the OPO
G = (1 − d)−2 for different values of the input coherent state β: if σ > σth the OPO reduces the
phase noise. Here, we chose the following input and output parameters: (left panel) ηin = 0.01
and ηesc = 0.93; (right panel) ηin = 0.08 and ηesc = 0.87. Notice that the vertical axis has been cut
to σth . 0.5, where the analysis we made, which is based on the error propagation, holds.

the OPO. Furthermore, with a polarizing beam splitter we split the 1064 nm beam, so it
is used both for the state generation and as the Local Oscillator (LO) of the homodyne
detector.

The OPO consists of a linear cavity with a Free Spectral Range of 3.270 GHz. A crystal
of MgO:LiNbO3 with a length of 10 mm and with anti-reflection coating is put inside the
cavity, with losses of ∆ = 2.42 × 10−3. We used OPO in two different configurations,
which we call A and B. Configuration A corresponds to an input mirror reflectivity of
Ric,A = 0.999 and a radius of curvature of 10 mm, while for the output mirror we have
a reflectivity Roc = 0.917 and a radius of curvature of 25 mm. These values lead to
ηin,A = 0.008 and ηesc,A = 0.937, while the measured total transmissivity is TA = 0.029.
Configuration B corresponds to an input mirror reflectivity of Ric,B = 0.9925, while
the output mirror is the same used in the other configuration, as well as the radii of
curvature. These values lead to ηin,B = 0.079 and ηesc,B = 0.871, while the measured
total transmissivity is TB = 0.26. Notice that the role of the two transmissivities will be
clear later.

The cavity is actively stabilized with the PDH technique we described in Chap. 4,
using a phase modulator placed along the beam in the SG stage. The sidebands are gen-
erated at 116 MHz around the laser central frequency. Two optical modulators MOD1
and MOD2 placed before the OPO are exploited such that their combined effect gen-
erates arbitrary coherent states on 3 MHz sidebands, sending them into the OPO. Both
amplitude and phase of the states are set on demand by a computer. It is clear that if we
want to amplify a certain quadrature with the OPO, the phase of the pump Θ has to be
stable during the entire measurement. This goal could be effectively achieved exploiting
the technique for the pump phase stabilization described in Sec. A.2.

To directly test the effect of the OPO on a phase-diffused coherent state, we generated
three different coherent states in rapid sequence: the first with no phase shift and the
other two with a phase shift of ±40◦ phase-shift. From Eqs. A.26 we have after the OPO
〈y〉
〈x〉 = 1−d

1+d tanϕ, which leads to the simple relation

tan θd =
1− d
1 + d

tan θ (A.33)

with θd and θ refer to the case with and without OPO, respectively. A tomography of
each state has been performed both with and without the OPO, and we show the results
in Fig. A.17. Since the reduction of the phase shift given by Eq. A.33 does not depend on
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Figure A.17: Tomography of three coherent states with phases θ = −40◦, 0◦ and 40◦, respectively,
(left) and their counterparts after the OPO (right). The effect of the OPO in the reduction of the
phase shift is indicated by the arrows. The system in these measurements is in configuration A,
but we set two different amplitudes with and without OPO, in particular β = 4.5 and βOPO = 2.0
with G = 3.1, respectively.

β, we used two different amplitudes in the measurements without and with the OPO,
in order to highlight its effect on the phase shift. More precisely, the system was in
configuration A, with β = 4.5 without OPO and βOPO = 2.0 with OPO, with a gain of
G = 3.1, leading to d = 0.43. Measurements show a reduction of the phase shift from
θ = 40◦ to θd,ex = 20◦, compared to the theoretical value θd,th = 18.4◦ calculated with
d. Notice that each of the two set of measurements with and without OPO was very fast
(∼ 1 s for each tomography and no pauses between tomographies), while the two sets
have been acquired at around 10 min of distance, in order to turn on the OPO, and leave
the system thermalize to the equilibrium.

In our experiments, phase-diffused coherent states have been generated modulating
their phases with a suitable Gaussian distribution [157], then we evaluated the variance
var [ϕ̂] of Eq. A.31 for different values of the phase diffusion σ, both with and without
OPO and in both configurations A and B. Results are shown in Fig. A.18. Of course,
for practical reasons, OPO cannot be removed from the setup, thus in the measurements
without OPO, we increased the amplitude of the corresponding coherent states by the
factor 1√

T
, with respect to the case with the OPO. This compensates the effect of the

transmissivity T of the OPO, so now the previous measurement of the transmissivity is
clear. In these measurements, the pump was off, of course.

The value of var [ϕ̂] has been calculated starting from the measurements of 〈x〉, 〈y〉,
var [x] and var [y], with an estimated error of 10 % for each point. Measurements have
been performed with different values of the phase diffusion σ. We calculated the the-
oretical trends from Eq. A.31 and considering the experimental values of Σy , β and G,
from which αx and αy have been obtained. Comparison with the experimental data is
shown in Fig. A.18. Finally, we also calculated the threshold σth in the two cases. In con-
figuration A, we have βA = 5.70 and GA = 2.75, with a theoretical threshold σth = 14.8◦,
perfectly compatible to the experimental results. In configuration B, we have βB = 2.05,
GB = 3.12 and there is no threshold, stating that, in this case, the use of the OPO is
always convenient.

All these measurements demonstrate the effectiveness of exploiting an OPO to re-
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Figure A.18: Variance of ϕ as a function of the phase diffusion for the configurations A (left) and
B (right). Theoretical curves (lines) fit well the experimental points. Notice the presence of the
threshold at 14.8◦ in configuration A.

duce phase diffusion of a previously noisy quantum state.
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K. Bielska, R. S. Trawiński, R. Ciuryło, P. Masłowski, and D. Lisak, “High-accuracy
and wide dynamic range frequency-based dispersion spectroscopy in an optical
cavity,” Optics Express, vol. 27, no. 15, p. 21810, 2019.

[81] H. R. Telle, G. Steinmeyer, A. E. Dunlop, J. Stenger, D. H. Sutter, and U. Keller,
“Carrier-envelope offset phase control: A novel concept for absolute optical fre-
quency measurement and ultrashort pulse generation,” Applied Physics B: Lasers
and Optics, vol. 69, no. 4, pp. 327–332, 1999.

[82] R. Jason Jones, I. Thomann, and J. Ye, “Precision stabilization of femtosecond lasers
to high-finesse optical cavities,” Physical Review A, vol. 69, p. 051803, may 2004.

[83] A. Apolonski, A. Poppe, G. Tempea, C. Spielmann, T. Udem, R. Holzwarth, T. W.
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experiments. Phd thesis, Tsinghua University, 2018.

[91] L. Pinard, C. Michel, B. Sassolas, L. Balzarini, J. Degallaix, V. Dolique, R. Flaminio,
D. Forest, M. Granata, B. Lagrange, N. Straniero, J. Teillon, and G. Cagnoli, “Mir-
rors used in the LIGO interferometers for first detection of gravitational waves,”
Optics InfoBase Conference Papers, vol. 56, no. 4, pp. 1–5, 2016.

[92] M. Evans, S. Gras, P. Fritschel, J. Miller, L. Barsotti, D. Martynov, A. Brooks,
D. Coyne, R. Abbott, R. X. Adhikari, K. Arai, R. Bork, B. Kells, J. Rollins, N. Smith-
Lefebvre, G. Vajente, H. Yamamoto, C. Adams, S. Aston, J. Betzweiser, V. Frolov,
A. Mullavey, A. Pele, J. Romie, M. Thomas, K. Thorne, S. Dwyer, K. Izumi,
K. Kawabe, D. Sigg, R. Derosa, A. Effler, K. Kokeyama, S. Ballmer, T. J. Massinger,
A. Staley, M. Heinze, C. Mueller, H. Grote, R. Ward, E. King, D. Blair, L. Ju, and
C. Zhao, “Observation of parametric instability in advanced LIGO,” Physical Re-
view Letters, vol. 114, no. 16, pp. 6–9, 2015.

[93] P. Barriga, M. A. Arain, G. Mueller, C. Zhao, and D. G. Blair, “Optical design of
the proposed Australian International Gravitational Observatory,” Optics Express,
vol. 17, no. 4, p. 2150, 2009.

[94] A. Simonin, R. Agnello, S. Bechu, J. M. Bernard, C. Blondel, J. P. Boeuf, D. Bresteau,
G. Cartry, W. Chaibi, C. Drag, B. P. Duval, H. P. De Esch, G. Fubiani, I. Furno,
C. Grand, P. Guittienne, A. Howling, R. Jacquier, C. Marini, and I. Morgal, “Nega-
tive ion source development for a photoneutralization based neutral beam system
for future fusion reactors,” New Journal of Physics, vol. 18, no. 12, 2016.

[95] A. L. Bullington, B. T. Lantz, M. M. Fejer, and R. L. Byer, “Modal frequency de-
generacy in thermally loaded optical resonators,” Applied Optics, vol. 47, no. 15,
pp. 2840–2851, 2008.



BIBLIOGRAPHY 165

[96] D. Kleckner, W. T. Irvine, S. S. Oemrawsingh, and D. Bouwmeester, “Diffraction-
limited high-finesse optical cavities,” Physical Review A, vol. 81, no. 4, pp. 1–5, 2010.

[97] T. Klaassen, J. de Jong, M. van Exter, and J. P. Woerdman, “Transverse mode cou-
pling in an optical resonator,” Optics Letters, vol. 30, no. 15, p. 1959, 2005.

[98] L. Amoudry, H. Wang, K. Cassou, R. Chiche, K. Dupraz, A. Martens, D. Nutarelli,
V. Soskov, and F. Zomer, “Modal instability suppression in a high-average-power
and high-finesse Fabry–Perot cavity,” Applied Optics, vol. 59, no. 1, p. 116, 2020.

[99] R. E. Alvarez and A. Macovski, “Energy-selective reconstructions in x-ray com-
puterised tomography,” Physics in Medicine and Biology, vol. 21, pp. 733–744, sep
1976.

[100] C. H. McCollough, S. Leng, L. Yu, and J. G. Fletcher, “REVIEW: Dual-and Multi-
Energy CT,” RSNA Radiology, vol. 276, no. 3, pp. 637–653, 2015.

[101] W. Thomlinson, H. Elleaume, L. Porra, and P. Suortti, “K-edge subtraction syn-
chrotron x-ray imaging in bio-medical research,” Physica Medica, vol. 49, pp. 58–76,
2018.

[102] R. Kuroda, Y. Taira, M. Yasumoto, H. Toyokawa, and K. Yamada, “K-edge imag-
ing with quasi-monochromatic lcs x-ray source on the basis of s-band compact
electron linac,” Nuclear Instruments and Methods in Physics Research Section B: Beam
Interactions with Materials and Atoms, vol. 331, pp. 257–260, 2014. 11th European
Conference on Accelerators in Applied Research and Technology.

[103] E. Eggl, K. Mechlem, E. Braig, S. Kulpe, M. Dierolf, B. Günther, K. Achterhold,
J. Herzen, B. Gleich, E. Rummeny, P. B. Noël, F. Pfeiffer, and D. Muenzel, “Mono-
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