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Abstract

We develop a functional analytic approach for the study of nonlocal minimal graphs. Through
this, we establish existence and uniqueness results, a priori estimates, comparison principles,
rearrangement inequalities, and the equivalence of several notions of minimizers and solu-
tions.
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1 Introduction

Given an integer n > 1 and a real number s € (0, 1), the fractional or nonlocal s-perimeter
of a measurable set E € R"*! in an open set @ € R*t! is defined as the quantity

Pery(E,0) == L(ENO,CENO) + L(ENO,CE\O) + L (E\O,CENQO),

where, for two measurable and disjoint sets A, B C R we write

A, dxdy
Ls(A, B) = B X — Y|n+1+s

and CE := R\ E denotes the complement of E.

Nonlocal perimeters have been introduced in 2010 in the seminal paper [10] of Caffarelli,
Roquejoffre & Savin. Since then, there has been a growing interest in their study and, in
particular, in the understanding of the properties enjoyed by their minimizers. For more
information, we refer the reader to the surveys contained in [38], [6, Chapter 6], [24], and
[15, Section 7].

Very recently, several articles have focused on the class of minimizers of Per; that can be
written as entire subgraphs of measurable functions. These sets—or, better, their boundaries—
are often called nonlocal s-minimal graphs. The main source of inspiration for the present
paper is the work [22], where Dipierro, Savin & Valdinoci showed that a set £ which min-
imizes the s-fractional perimeter in a cylinder O = Q x R and which is the subgraph of a
continuous function ¢ outside of O, must be a subgraph also inside O. The existence of such
a minimizing set E was later proved in [34] by the second author, while its regularity was
fully established in [8] by Cabré and the first author. Concerning the qualitative properties of
nonlocal minimal graphs, we also mention [20,21,23] for results on their boundary behavior
in low dimension and [14] for Bernstein-type theorems.

The aim of this work consists in developing an appropriate functional analytic setting for
studying nonlocal minimal graphs. Thanks to the introduction of the functional Fy, constitut-
ing a fractional and nonlocal version of the classical area functional, we will establish some
new results, summarized here below.

(a) We study the relationship between F; and the fractional s-perimeter of subgraphs.

(b) We prove the existence and uniqueness of minimizers of the functional F, under very
mild assumptions on the exterior data.

(c) We obtain a priori estimates for minimizers: an integral estimate in a suitable fractional
Sobolev space, as well as local and global L°° bounds.

(d) We study weak and viscosity solutions of the nonlocal mean curvature equation J# =
0—the Euler-Lagrange equation associated to Fy.

(e) We obtain a vertical rearrangement inequality, by means of which we show that the
subgraph of a minimizer of F; is also a minimizer of the fractional s-perimeter. In
particular, this leads us to conclude that graphs with vanishing s-mean curvature are
minimizers of the s-perimeter and enables us to extend [22, Theorem 1] to a wider class
of exterior data.

(f) We establish the equivalence of minimizers of the functional F;, nonlocal minimal
graphs, and weak, viscosity, and smooth pointwise solutions of the fractional mean
curvature equation.

We will provide the rigorous statements of these results in the remainder of the introduc-
tion. First, however, we spend a few words on the motivations that lie behind the definition
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of the nonlocal area functional F; as well as its relationship with the fractional perimeter and
nonlocal minimal graphs.

1.1 Geometric motivations

Our general goal is to define a functional Fy; = Fy(u, 2), associated to an open set 2 € R”
and acting on a measurable function u: R” — R, whose minimization essentially corresponds
to the minimization of the s-perimeter of the subgraph

Sy = {(x,t) €R" xR:f < u(x)}

in the cylinder 2 x R. We start by recalling a couple of standard notions of minimality for
the nonlocal perimeter Per;.

Definition 1.1 A measurable set E € R"*! is said to be s-minimal in an open set © € R"*!
if Perg(E, O) < oo and

Perg(E, O) < Perg(F, O) forevery F C R st F\O = E\O.
We also say that E is locally s-minimal in O if E is s-minimal in every open set O’ € O.

Note that, in order to be locally s-minimal, a set is only required to have finite s-perimeter in
every bounded open set compactly contained in O, and not in the whole O. When O is bounded
and Lipschitz, the two concepts of s-minimality are equivalent—see [34, Theorem 1.7].
Conversely, this distinction becomes especially important when dealing with unbounded
sets, such as an infinite cylinder O = Q x R. In this case and when the base set 2 € R” is
bounded and Lipschitz, local s-minimality is equivalent to s-minimality in every truncated
cylinder 2 x (—M, M) with M > O0—this follows from [34, Remark 4.2]. On the other hand,
it turns out that the notion of s-minimality in the whole € x R makes no sense in general,
since even for a globally bounded function u: R" — R it holds

Pery(S,, 2 x R) = 00

no matter how regular 2 and u are—see [34, Theorem 1.14 and Corollary 4.5].

This issue constitutes the main difficulty that one encounters while seeking a good def-
inition of Fy. In order to circumvent it, it is beneficial to split the s-perimeter functional
into different pieces, and investigate which one is really responsible for its blow-up. Hence,
following the notation introduced in [28] we write the s-perimeter as the sum

Per,(E, O) = Perl (E, 0) 4 PerM (E, 0), (1.1)

of the local part
1
Per(E,0) := L(ENO,CENO) = 5 eelws10),

which only reads the interactions occurring inside the open set O, and the nonlocal part

PerM(E, 0) := L(ENO,CE\O) + Li(E\O,CE N O)

Ixe(X) — xe(Y)|
//CO o ypere dxar, (1.2)

which takes into account all the remaining interactions. It turns out that Perﬁw‘ (Sy, 2xR) =
+00, even when u € C2°(R"), while Perk (S,  x R) is finite, provided u is regular enough
inside .
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Our analysis here starts from the following observations. Let 2 € R” be a bounded open
set and let u: 2 — R be a measurable function. Then,

Pert(S,, 2 x R) < 0o ifand only if u € W5 (Q). (1.3)
Moreover, it holds

Perl (Sy, 2 x R) = Ag(u, Q) + k.0, (1.4)

As(u, Q) :=//gs<”(x)—u(y)> dxdil
QJQ |x — | |x — y|r—1+s

g(r)~—/t</rd(’)df
s T 0 0 (1+02)n+21+5 ’

and where k; o is an explicit constant that does not depend on u—see Sect. 2.3 for the
computation.

Formula (1.4) should be compared with the well-known identity between the standard
perimeter of a subgraph inside an open infinite vertical cylinder and the area functional of its
defining function—see, e.g., [30,32]. This prompts us to interpret Ay as a fractional version of
the classical area functional. However, A only accounts for interactions occurring inside 2.
In order to have a reasonable nonlocal functional it is then quite natural to add to A; the term

P e dea T v =yl ) e =yt

and define the fractional s-area functional as

where

with

u(x) —u(y) dxdy
lx — vl |x — y[r=i+s?

Filu, Q) = Ay (u, Q) + N, ) = // 9s<
0(Q)

with Q(Q2) := Rzn\(C Q)2. The functional N gathers part of the interactions contained
in PerﬁVL. It should be compared with the L' (3$2) term that arises when computing the stan-
dard perimeter of a subgraph having jump discontinuities on d 2—see, e.g., [31, Chapter 14].
See also [35, Theorem 1.8] (and, in particular, identity (1.9) there], where a similar analogy
is observed in the limit s — 1.

Interestingly enough, we can arrive to the functional F; from a different starting point,
involving the fractional mean curvature. The fractional s-mean curvature of a measurable

set E C R"*! ata point X € 3 E is defined as the principal value integral

xce¥) — xe(Y)

H([E](X) := P.V./ Xyt

R+l
As shown in [10], this quantity arises when taking the first variation of the s-perimeter. Note
that it is well-defined provided the boundary of E is regular enough around x—see, e.g., [1].

In [13]—see also [1,3] and [5, Appendix B.1]—it has been observed that if £ = S, is the
subgraph of a measurable function u#: R" — R, then its s-mean curvature can be written as
an integro-differential operator acting on u. Indeed, the identity

u(x) —u(y)) dy

lx — ¥l [x — y|ts

Hy[S,](x, u(x)) = 2P.V./ Gs( =: Hu(x) (1.5)
]Rn
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holds true at every point x € R” around which u is sufficiently smooth, with

, 4 dt
G,(1) = Qv(t)Z/ L s
0 1+12) 2

Now, it is easy to see that F; is the energy corresponding to .7 . Indeed, it holds

d

7 Fs(u + ev, Q) = (Hu,v) forevery v e CZ(Q),
e

e=0

where we indicate with

(Hu, v) / / <u(x) — Zl(y)> (v(x) = v(y ))% forv e WHI(R")
(1.6)

the continuous linear functional induced by J%u on WS- L(R") via the LZ(R") pairing.
Remarkably, the boundedness of G grants that definition (1.6) is well-posed under no
assumption on the function u, besides measurability.

We have therefore traced a connection between the nonlocal perimeter Per; and the frac-
tional area functional F;. From this, one can easily see that nonlocal minimal graphs are in
particular minimizers of F;. One of the main contributions of the present paper consists in
verifying that the converse is also true. Note that the difficulty here lies in the fact that, to
establish the s-minimality of a given subgraph S, one has to compare its s-perimeter to those
of all its compact perturbations, not only the ones that come in the form of a subgraph, as is
natural for ;. We solve this issue by means of a suitable rearrangement inequality, which
shows that the s-perimeter decreases under vertical rearrangements—which transform non-
graphical perturbations into graphical ones.

In view of these remarks, to generate nonlocal minimal graphs one can proceed to minimize
the nonlocal area functional F;. However, in the above discussion we have overlooked an
important issue: the conditions on the function u needed to ensure that F;(u, Q) < oo.
As we already observed in (1.3)—(1.4), the finiteness of A, (u, 2) is equivalent to having
that u|q € W 1(£2). On the other hand, to have N\ (u, 2) finite, one is led to impose some
condition on the exterior datum ¢ = u|cgq, such as

/ (/ Mdy) dx < oo. (1.7)
o \Jea |x —y|"*s

Note that (1.7) is rather restrictive, in particular as it essentially forces ¢(x) to grow slower
than |x|* at infinity.

Differently to what happens with homogeneous operators like the fractional Laplacian,
conditions that pose limitations on the behavior at infinity are typically unnatural in the
context of nonlocal perimeters. Indeed, the fractional mean curvature .7 u solely requires
local regularity assumptions on u to be well-defined, the minimization problem for Per; has
a solution regardless of any assumption on the outside datum (see [10, Theorem 3.2] and [34,
Corollary 1.11]), the gradient estimate of [8, Theorem 1.1] only involves local L°° norms,
etc.

As we shall see in the next subsection, most of our results avoid the imposition of unnec-
essary global conditions such as (1.7). To do this, we will introduce a notion of minimality
for F that does not require the finiteness of F;—see Definition 1.2 here below.
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1.2 Definitions and main results

We begin by addressing the existence and uniqueness of minimizers of F; with a given
outside datum. Since this result and a few others that will follow are somewhat independent
of the underlying geometric structure, we will state them for a more general class of fractional
area-type functionals, no longer related to nonlocal perimeters.

Let g:R — (0, 1] be an even continuous function such that fR g(t)|t|dt is finite and
consider its first and second antiderivatives

t t t T
G() = / g(t)dt and G(t) :=/ G(t)dr = / </ g(o) dO‘) dt
0 0 0 0

Givenanopenset 2 C R”, areal numbers € (0, 1), and any measurable functionu: R" — R,

we define
) = // g(u(x)—u(y)) dxd):l ’ (1.8)
Q) [x — ¥l |x — y|r=t+s

where Q () := R\ (CQ)2.
Of course, by choosing g equal to

1
g (1) i= —————, (1.9)
(1 + [2) n ] s
we recover the functions Gy, Gy, and the functional F; introduced earlier. Throughout the
paper, we will sometimes refer to this choice as the geometric framework—given its connec-
tion with the s-perimeter.
We consider the linear space

WH(Q) = [u:R" —> R measurable: u|q € W“(Q)} (1.10)
and, for a given measurable function ¢: CQ2 — R, its affine subset
Wi(Q) 1= {vew(sz):v=¢a.e. inCQ]. (1.11)

Our aim is to minimize the functional F within W;(Q), given a function ¢ as exterior
datum. As commented before, to avoid the imposition of restrictive assumptions on gp—such
as (1.7)—, we consider the following definition of minimizer, which is well-posed thanks to
the fractional Hardy inequality of Proposition A.2—see Lemma 2.8.

Definition 1.2 Let 2 < R” be a bounded open set with Lipschitz boundary. A func-
tion u: R"” — R is a minimizer of F in  if u € W*(2) and

// { (u(x) u(y)) g(v(x)—v(y)>} dXd)il <0
(%) lx =yl Ix —yl bx — y|i—1+s

for every v € W*(2) such that v = u a.e. in CQ.
Given a measurable function ¢:CQ — R, we say that u: R"” — R is a minimizer of F
within W;(Q) if # is a minimizer of F in  which belongs to W;(Q).

When ¢ satisfies the global integrability condition (1.7), itcan be checked that F (4, 2) < oo
for every u € W;; (£2) and therefore Definition 1.2 is equivalent to more standard ones—see
Sect. 5.1.1. Of course, Definition 1.2 allows a much higher degree of generality. The down-
side is that proving the existence of a minimizer becomes a more delicate issue, as one cannot
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blindly use the direct method of the Calculus of Variations. To overcome this problem, we
exploit a “truncation procedure” for F and introduce the family of functionals {F™} 0.
In the geometric framework, these correspond to the s-perimeter in the truncated cylin-
der Q x (—M, M)—we refer to Sect. 2.2 for the precise definition of the F M>g and to
Sect. 2.3 for their relationship with the s-perimeter.

The idea consists in proving that each functional 7 has a unique minimizer u; within
its natural domain and to exploit the a priori estimate of Proposition 3.2—which holds under
the very mild assumption (1.13) on the exterior datum—to prove that the minimizers uy;’s
converge to a function u. This limit function is then shown to be a minimizer in the sense
of Definition 1.2. We refer to Sect. 5 for the detailed presentation of the argument and to
Remark 5.4 for some further comments about this strategy.

In order to state our first result, we need to introduce some further terminology. Given a
set 2 € R"” and o > 0, we introduce its exterior p-neighborhood

Q, = [x e R™: dist(x, Q) < Ql.

Given a bounded open set 2 C R”" and a function ¢:CQ — R, we define the tail of u
restricted to a measurable set O € CS2 and evaluated at a point x € €2 as
. [263]
Tailg (@, O; x) == ——dy. 1.12

s(o ) o Tx =y @Y (1.12)
Similar notions of tails were introduced in [17,18] to study the regularity properties of solu-
tions of homogeneous nonlinear nonlocal equations. We stress that, in contrast to those
works, the tails considered here will almost always be restricted to a bounded O (typically,
an exterior neighborhood of €2), a reflection of the different behavior at infinity allowed by
the non-homogeneous operator .7;—recall the discussion at the end of Sect. 1.1.

Theorem 1.3 Let Q@ C R”" be a bounded open set with Lipschitz boundary. Then, there exists
a constant ® > 0, depending only on n, s, and g, such that, given any function ¢:CQ2 — R
with

Taily (¢, Qo diam(@)\2: +) € L1(Q), (1.13)

there exists a unique minimizer u of F within W; (2). Moreover, u satisfies

||u||W31(Q) g C (“Talls((/)a Q@)diam(Q)\Q§ )“LI(Q) + 1) ) (114)
for some constant C > 0 depending only on n, s, g, and Q.

Theorem 1.3 provides the existence and uniqueness of a minimizer of F having a pre-
scribed outside datum ¢ satisfying assumption (1.13). The uniqueness of said minimizer is
particularly noteworthy, since it marks an interesting difference with the classical theory of
minimal graphs. Indeed, (generalized) minimizers of the area functional need not be unique,
unless one restricts oneself to continuous boundary data—see [31, Chapter 15] and, in partic-
ular, Example 15.12 there. This higher rigidity of nonlocal minimizers comes from the fact
that F (along with its truncations {F MYy is strictly convex in W(;(Q), whereas the classical
area functional (corresponding to the perimeter in the closed cylinder Q x R) is in general
only convex.

Note that Theorem 1.3 holds under hypothesis (1.13) on the outside datum ¢. This require-
ment is much weaker than (1.7), since it poses no restriction on ¢ outside of Qg diam(e)- For
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instance, any bounded function in Qg giam() \ €2 satisfies it, and a mild blow-up near 92 is
allowed as well—see Lemma 5.5 for more information.

The existence of minimizers of F comes with the natural energy estimate (1.14). In the
following result, we establish instead a global L> estimate. It applies in particular to the
minimizers obtained in Theorem 1.3, provided the outside datum ¢ is bounded in a sufficiently
large neighborhood of €.

Theorem 1.4 Let @ C R" be a bounded open set with Lipschitz boundary. There exists a
constant ® > 0, depending only on n, s, and g, such that if u € W*(Q) is a minimizer of F
in Q, bounded in Q¢ diam() \S2, then u is also bounded in Q and satisfies

lull Loy < diam(€2) + ||l Lo (20 giam(e)\2) -

Theorem 1.4 generalizes an L estimate obtained in [22, Section 3] for nonlocal minimal
graphs.

The strategy of the proof of Theorem 1.4 consists in showing that, by truncating the
minimizer u inside €2 at height N, the energy decreases—provided N is big enough. Then,
the conclusion follows from the uniqueness of minimizers. We refer to Proposition 3.5 for
the precise argument.

When the exterior datum of the minimizer « is not bounded in a neighborhood of €2, one
can still obtain that u is locally bounded inside 2—see Proposition 3.3. We stress that the
local boundedness of minimizers is important to show that the subgraphs of minimizers of
the fractional area functional F; are nonlocal minimal graphs, as it allows us to make use of
the rearrangement inequality of the forthcoming Theorem 1.9.

We also point out that, to obtain the global boundedness of the minimizer u € W‘;(Q)
inside €2, it is actually enough to require the function ¢ to be bounded only in a neighbor-
hood 2,\€2, with r > 0 arbitrarily small—see Proposition 3.6. However, in this case the L™
bound is not as clean as the one of Theorem 1.4.

We now focus our attention on the Euler—Lagrange operator associated with F, which is
the nonlinear integro-differential operator

Hu(x) == 2P.V./ G <u(x) — u(y)) dy

lx — vl |x — ylnts’

In order for .77u(x) to be well-defined in the pointwise sense, the function u# must be regular
enough (e.g., C1 for some o > s) in a neighborhood x. Regardless, when u is merely
measurable we can still understand .77 in a distributional sense, setting

(Hu, v) = / / <u(x)—u(y)> (v(x) —v(y ))% forv e WSI(R").

Ix — vl

This observation prompts us to give the following definition of weak solutions.

Definition 1.5 Let 2 < R” be an open set and let f € LIIOC(Q). A measurable func-
tion u: R" — R is a weak subsolution of 7u = f in Q if

(Hu,v) < / fvdx  forevery v € C2°(Q2) such that v > 0.
Q
We say that u is a weak supersolution of ##u = f in Q if —u is a weak subsolution

of #(—u) = — f in Q. If u is both a weak sub- and supersolution of .71 = f in 2, we call
it a weak solution.
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We refer to Sect. 2.4 for comments on the space of the test functions v.

It is immediate to verify that minimizers of F are weak solutions of sZu = 0. By the
convexity of F, the converse is also true, provided u is known a priori to belong to the energy
space W*(£2). As can be easily checked (again, see Sect. 2.4), this requirement is not needed
to make sense of the quantity (% u, v), and is therefore not included in Definition 1.5. We
believe that it would be interesting to understand whether weak solutions of .7Zu = 0 have
necessarily (locally) finite W*! energy or not.

Furthermore, again by exploiting the convexity of the functional F, it is easy to verify that
weak sub- and supersolutions of .71 = 0 belonging to the energy space W*(2) satisfy a
comparison principle—see Proposition 2.26. This enables us to prove an alternative, Perron-
type, existence result for minimizers of F.

In order to state it, we need some additional terminology.

Definition 1.6 Given an open set Q2 C R”, we define the space
Wit (Q) := [u:R“ — R measurable: u|g € W]SO’C1 (Q)}

and say thata function u: R" — Ris a local minimizer of F in Q if it belongs to W} (€2) and
it is a minimizer of F in €’ (as per Definition 1.2) for every open set Q" € © with Lipschitz
boundary.

We then have the following result.

Theorem 1.7 Let Q2 C R" be an open set and ¢:CQ2 — R be a measurable function. The
following statements are equivalent:

(i) There exists a local minimizer u € Wy, () of F in Q such that u = ¢ a.e. in CS2;
(ii) There exist two measurable functions u, u € Wj, (), locally bounded in 2, which are
respectively a weak sub- and supersolution of 7¢u = 0 in Q and such that

u<u aeinR" and u< ¢ <u ae inCQ.

Another way to interpret /7u = f is via the notion of viscosity solution, a concept that
has proven to be very powerful in the context of integro-differential operators. We mention
the highly influential papers [11,12] by Caffarelli & Silvestre, which developed the regularity
theory for viscosity solutions of a vast class of fully nonlinear, uniformly elliptic integro-
differential equations. The operators .7¢ considered here do not belong to such class, due
to their lack of homogeneity and uniform ellipticity. Nevertheless, a natural definition of
viscosity solution can be formulated for them—see Definition 4.2 in Sect. 4. The next result
investigates their relationship with weak solutions.

Theorem 1.8 Let Q@ C R” be an open set, f € C(RQ), and u be a viscosity subsolution
of #u = f in Q. Then, u is a weak subsolution of the same equation and max{u, k} €
Wlso’c1 (R2) for every k € R. Moreover, if Q is bounded with Lipschitz boundary and u, €
L%(Q), then max{u, k} € W51 (Q) for every k € R.

Of course, a similar result can be stated for weak and viscosity supersolutions—and conse-
quently for solutions. Interestingly, this shows that viscosity solutions are weak solutions that
(locally) belong to the energy space W*:!—and therefore, when f = 0, (local) minimizers
of the functional F.

We also point out that, using Theorem 1.7 in conjunction with Theorem 1.8, in order to
obtain a local minimizer of F in an open set €2 it is enough to construct an ordered pair of
locally bounded viscosity sub- and supersolutions of s#u = 0 in 2.
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1.2.1 Geometric framework

We already commented in Sect. 1.1 on the (essential) equivalence of the s-perimeter and
the functional Fy—corresponding to the choice g = g, with g as in (1.9). In particular,
we mentioned how nonlocal minimal graphs are minimizers of Fy. Here, we prove that the
converse is true as well. Of course, the subgraph of a minimizer of F; has less s-perimeter than
any of its graphical perturbations. The main difficulty in showing that it is indeed s-minimal
rests in verifying that this is true also for perturbations that are not themselves subgraphs.

To establish this fact, we show that, when suitably rearranging a set in the vertical direction
to turn it into a subgraph, the nonlocal perimeter decreases. Given a set £ C R we
consider the function wg: R" — [—o00, +00] defined by

R
wg(x) = RETOO </ XE(x,t)dt—R) for all x € R". (1.15)
—R

The subgraph S,,,, is then the vertical rearrangement of E. Roughly speaking, it is obtained by
translating down each connected component (segment) of E N ({x} x R), forafixedx € R”,
until they are joined together to form a connected set.

Theorem 1.9 Let Q € R” be a bounded open set. Let E € R"*! be such that E\(Q x R) is
a subgraph and

Q x (=00, -M) CTEN(Q xR) CQ x (—o0, M), (1.16)
for some M > 0. Then,
Perg (Suy, @ x (=M, M)) < Perg(E, Q x (=M, M)).

Furthermore, if Perg (E, Qx(—M, M)) is finite, then the inequality is strict unless E = S,
up to a set of measure zero.

From this result, it easily follows that minimizers of F; are s-minimal graphs. We formalize
this in the following theorem, which brings together all notions of minimizers and solutions
discussed earlier. Recall that the definitions of locally s-minimal sets and local minimizers
of F; are respectively given in Definitions 1.1 and 1.6.

Theorem 1.10 Let Q2 C R” be an open set and u: R" — R be a measurable function. Then,
the following are equivalent:

(1) u is a viscosity solution of #;u = 0 in ;
(i) u € W}, () and u is a weak solution of su = 0 in ;
(iii) u is a local minimizer of Fs in Q;
@iv) S, is locally s-minimal in Q x R;
(V) ulg € C®(RQ) and u is a pointwise solution of ;u = 0 in Q.

If Q is bounded with Lipschitz boundary and u|q € L°°(S2), then all the above are also
equivalent to:

(i1) u € W*(2) and u is a weak solution of ;u = 0 in Q;

(iii)’ u is a minimizer of Fy in Q.

If u is continuous in © and S, is a geometric viscosity solution of H;[S,] = 0 on 95, N
(2 x R) in the sense of [10, Section 5], then u is a viscosity solution of JGu = 0 in Q.
Thus, Theorem 1.10 also yields the equivalence between the concepts of geometric viscosity
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solution and minimizer for continuous graphs. We point out that a similar result has also been
established by Cabré [7] by means of a suitable notion of calibration.

Note that the first part of Theorem 1.10 does not require the boundedness of €2. In particular,
it holds with 2 = R” and thus provides a characterization for entire solutions of s u = 0.

On the other hand, by combining Theorems 1.10 and 1.3, we may conclude that, if €2 is
a bounded, Lipschitz set and ¢:C2 — R is a sufficiently regular outside datum (satisfying
hypothesis (1.13) with ® given by Theorem 1.3), then there exists a unique locally s-minimal
graph S, in Q x R such that u = ¢ a.e. in CQ2. Observe that this does not rule out a priori the
existence of a different set £ (not a subgraph) which also locally minimizes the s-perimeter
in  x R and agrees with {# < ¢(x)} outside of it. In view of Theorem 1.9 (see, in particular,
hypothesis (1.16) there), this non-graphical minimizer E could not be “vertically bounded”
within Q x R. Hence, taking advantage of the “L°° bound” of [22, Lemma 3.3], we can find
sufficient conditions on €2 and ¢ which exclude the existence of such a set E.

Theorem 1.11 Ler 2 C R” be an open set with boundary of class C* and such that Q C Bg,
for some Ry > 0. There exists a radius R > Ro, depending only on n, s, and , such
that, if :CQ2 — R is a measurable function, bounded in BRr\2, then there exists a unique
locally s-minimal set E in Q x R such that

E\(Q xR) = [(x,t) €CQ xRt < go(x)].

The set E is the subgraph S, of a measurable function u:R" — R with ulg € L*(£2) N
C™(Q). If in addition ¢ € C(Q2\Q) for some r > 0, then u|g € C(2).

Theorem 1.11 extends [22, Theorem 1.1] to a larger family of exterior data and represents
one of the few uniqueness results available for s-minimal surfaces.

The interior regularity of the minimizer u is a consequence of the results of [8]. Its
continuity up to the boundary—established in Proposition 8.2—mainly follows from the
regularity theory for the obstacle problem for the s-perimeter developed by Caffarelli et
al. [9]. We stress that u is in general not continuous across the boundary of €2, as so-called
boundary stickiness phenomena may occur—see the works [20,21,23] by Dipierro, Savin
& Valdinoci for examples and comments on the genericity of this circumstance. We also
mention the forthcoming paper [4], where this behavior will be investigated in the case of a
small fractional parameter s and in the presence of obstacles.

1.3 Organization of the paper

The rest of the paper is structured as follows.

In Sect. 2 we collect some ancillary results to be used throughout the paper. They con-
cern the functions g, G, G, the functional F and its first variation .7, and the relationship
between the fractional area functional F; and the fractional perimeter of subgraphs. In the
final Sect. 2.5 we show that weak sub- and supersolutions having finite energy satisfy a
comparison principle.

Section 3 contains the proofs of a few a priori estimates. In Sect. 3.1 we establish the W*:!
estimate mentioned in Theorem 1.3—see Proposition 3.2. The other two Sects. 3.2 and 3.3 are
respectively devoted to local and global L bounds—Ieading in particular to Theorem 1.4.

Section 4 is concerned with the study of viscosity solutions of the equation ./Zu = f. After
introducing their definition and discussing their properties, we will address their relationship
with weak solutions—thus proving Theorem 1.8.
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In Sect. 5 we deal with the existence of minimizers of F in Q with prescribed outside
data ¢. In Sect. 5.1 we deal with the case of a bounded Lipschitz 2 and ¢ satisfying con-
dition (1.13). We study the truncated functionals 7 and use the Direct Method of the
Calculus of Variations to show that they have a unique minimizer u j;—see Proposition 5.3.
Thanks to the estimate of Proposition 3.2, we then have the necessary compactness to obtain
a minimizer of F and conclude the proof of Theorem 1.3. Section 5.1.1 briefly considers
the simpler case in which the exterior datum satisfies the global integrability condition (1.7).
In Sect. 5.2 we instead consider a general open set £2 and measurable function ¢. We prove
Theorem 1.7, concerning the possibility of establishing the existence of a local minimizer
via the construction of an ordered pair of weak sub- and supersolutions of JZu = 0.

Section 6 contains the proof of the rearrangement inequality of Theorem 1.9, carried out
in Sect. 6.2. For this, we first need a one-dimensional rearrangement inequality, which we
prove in a rather general setting in Sect. 6.1.

In the short Sect. 7 we use several results addressed earlier to establish the equivalence of
minimizers and weak/viscosity/pointwise solutions, as claimed by Theorem 1.10.

Section 8 is devoted to the proof of Theorem 1.11.

Finally, Appendix A contains some known results which are used in the paper. We mention
in particular the fractional Hardy-type inequality of Proposition A.2, which guarantees that
the notion of minimality considered in Definition 1.2 is well-posed.

2 Auxiliary results

We gather here some preliminary results on the functions g, G, G, on truncated versions of
the fractional area functional F, on their relationship (when g = g,) with the s-perimeter, and
on the associated Euler-Lagrange operator .7#. All these topics will be dealt with in separate
subsections. To conclude the section, we will obtain a comparison principle for minimizers
of the functional F.

2.1 Elementary properties of the functions g, G,and G

We begin by recalling the following definitions given in the Introduction. We consider a
continuous function g: R — R satisfying

g(t) = g(—t) foreveryt € R, (2.1
0<g<1 inR, 2.2)
and
+o0
A= / tg(t)dt < oo. 2.3)
0

In light of these requirements, we have that
A / gt di <20.+ 1) < oo, (2.4)
R

As remarked in the Introduction, it is easily seen that the function g, defined in (1.9) satisfies
these assumptions. When considering g, we will write A := fR gs(t)dt.
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Associated to a general g, we have the functions

t t t T
G() = / g(rydr, G() ::/ G(r)dr :/ (/ g(a)do) dt, (2.5)
0 0 0 0

t —+00
G(@) ::/ g(v)dr :/ g(v)dr, (2.6)

—0o0 —t

and

defined for every ¢ € R. Notice that
— A
G(t) = > + G(t) foreveryt e R. 2.7

It is also convenient to introduce here the following notation for cylinders, which will be
consistently used throughout the paper:

QM = Qx (M, M) forM >0 and Q%:=Q xR. (2.8)

The following lemma collects the main properties of these functions that will be used in
the forthcoming sections.

Lemma 2.1 The functions G and G are respectively of class C' and C?. Furthermore, the
following facts hold true.

(i) The function G is odd, increasing, satisfies G(0) = 0 and

A
c,min{l, |t|} < |G(t)] < min {E’ |t|} foreveryt € R, 2.9)
where
Cy = C(g) := inf g(¢) > 0. (2.10)
1€[0,1]
Moreover,
|G(t) — G(v)| < |t — | foreveryt,T € R. (2.11)
(i1) The function G is even, increasing on [0, 00), strictly convex, and such that G(0) = 0. It
satisfies
Cx 2 t2
5 min {lr]. 7} <G < 3, 2.12)
AItl K<Q(I)<A|t| (2.13)
2 AN AN 2 £ .
foreveryt € R, and
A
1G(t) —G(1)] < 3 |t — | foreveryt,t € R. (2.14)

Proof Almost all the statements follow immediately from definitions (2.5) and (2.6). The
only properties that require an explicit proof are the lower bounds on |G| and G.

To obtain the left-hand inequality in (2.9) we assume without loss of generality thatt > 0
and compute, using (2.10),

min{l,7}
G(t) > / g()dt > c, min{l, t}.
0
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To get the lower bound in (2.12), we first notice that we can restrict ourselves to r > 1,
since the case t € [0, 1] can be deduced straightaway from (2.9) and the definition of G.
For ¢t > 1 we apply (2.9) to compute

1 t 1 t
g(r):/ G(r)dr—i—/ G(r)dr}c,,(/ rdr—i—/ dr)=i*(1+2(r—1))>i*t.
0 1 0 1 2 2

Finally, to establish the first inequality in (2.13), we recall definitions (2.3)—(2.5) and
compute, for t > 0,

A t T +00 t +00
g(t)——t:/ (/ g(a)da) dt — </ g(o)d(r)t:—/ (/ g(o)da) dt
2 o \Jo 0 o \Je
t o +00 t
= —/ </ g(a)dr) do —/ </ g(a)dt) do
0 0 t 0

! +00 +o00
= —/ og(o)do — t/ g(o)do = —A +/ (0 —t)g(o)do = —A.
0 t t

Note that the third identity follows by Fubini’s theorem. The proof of the lemma is thus
complete. O

We stress that hypothesis (2.3) has only been used to deduce the left-hand inequality
in (2.13). If one drops it, the weaker lower bound

G@t) > %|t| — %,, forevery t € R (2.15)

can still be easily deduced from (2.12). This estimate is indeed sufficient for most of the
applications presented in the remainder of the paper. However, we will make crucial use of
the finer bound (2.13) at some point in the proof of Proposition 3.3. Therefore, such result
and all those that rely on it need assumption (2.3) to hold.

Note that the function g(¢) = 1/(1+ £2) fulfills hypotheses (2.1), (2.2), (2.4), but not (2.3).
Also, the corresponding second antiderivative G does not satisfy the lower bound in (2.13)
or any bound of the form G(t) > A|t|/2 — C for some constant C > 0.

2.2 Functional analytic properties of the fractional area functionals
In this subsection we introduce the area-type functionals F¥ and determine some basic
properties of the local part .A and nonlocal part M.

First of all, we observe that we can split the functional F defined in (1.8) into the two
components

Fu, Q) = Alu, Q) + N(u, Q),

- dxd
A, Q) ::/Q/ggc(fj—ﬁy)) |x_);|n{1+s (2.16)

N Q) _:2/'/ g(u(x)—u(y)) dxdy
o aJea lx — vl |x — ypr=tts

with

and
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As will be shown in Lemma 2.3, in order for the local part A(u, 2) to be finite, it is necessary
and sufficient that u € W% !(£2). On the other hand, to have N (u, ) finite, one needs to
impose some very restrictive condition on the behavior of u in the whole R”, such as (1.7).

For this reason, given any real number M > 0 we define for a function u: R” — R the
truncated nonlocal part

. g = &
N7 (u, Q) ::/Q[/cg (/w G(t)dt—i—/(l) s G(— t)dt) |x_y|n—l+s}dx’
(2.17)
and the truncated nonlocal area-type functional
FMu, Q) = A, Q) + N (u, Q). (2.18)

As we shall see shortly, this functional no longer requires extra conditions on u for its
finiteness.

We will use the subscript -5 to indicate the functionals corresponding to the choice g =
gs—that is, we will write Ay, MM , and féM . Note that, in this geometric case, the
quantity ]-'SM (u, 2) corresponds to the s-perimeter of the subgraph of u in the truncated
cylinder QM = Q x (=M, M). See Sect. 2.3 for more information on this.

We now proceed to analyze the functionals A, A/ M FM and investi gate in particular their
domains of definitions. In order to this, the following simple estimate turns out to be useful.

Lemma2.2 Let A, B C R”" be bounded measurable sets. Then

dxd n—1 Sn—]
// xdy HT( )min{|A|,|B|}diam(Au3)1*“.
N

B lx — y|n71+s = 1 —

Proof Suppose without loss of generality that |A| < |B| and set D := diam(A U B). Then,
by changing variables conveniently we estimate

dxdy dz b
< s — -1 gn—1 “E
|/ s \fA(/B )= )IAI/O

which directly leads to the conclusion. O

Thanks to this, we can easily find the natural domain of definition of the local part A.
Notice that for A to be well-defined (albeit possibly infinite) one needs u to be defined only
in .

Lemma 23 Let Q € R”" be a bounded open set and u: 2 — R be a measurable function.
Then,

c A
i([u]ws,l(m - cs(Q)> <A@, Q) < 5 Wy, (2.19)
where c, > 0 is the constant defined in (2.10) and
n—1,qn—1
S
s () := w |Q| diam(Q)' 5. (2.20)
— S

Therefore,
ue WHNQ) ifand only if A(u, Q) < oo.
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Proof The upper bound in (2.19) immediately follows by observing that G(¢) < A|t|/2 for
all + € R, thanks to the right-hand inequality in formula (2.13) of Lemma 2.1. To get the
lower bound, we recall (2.15) and compute

A ) > & / &) —uO)l / / dxdy .
2 oJa |x—y|"+s |x— |n 1y _ yln—l+s
The conclusion follows now from Lemma 2.2. Finally, we observe that if u is a measurable
function with [u]ys.1q) < 0o, thenu € L' (Q)—see, e.g., [36, Lemma D.1.2]. ]

In the following result we present an equivalent representation for N™ (1, Q), given in
terms of the function G. We also establish its finiteness when u belongs to the space W* (2)—
recall (1.10) for its definition. Interestingly, no assumption on the behavior of u outside of €2
is needed.

Lemma24 Let Q@ < R" be a bounded open set with Lipschitz boundary, M > 0,
and u:R" — R be a measurable function. Then,

‘NM(M,Q)‘ < C A(llullys. ) + M), @21

where A is the positive constant defined in (2.4) and C > 0 is a constant depending only
onn, s, and 2. Hence,

‘/\/M(u,sz)‘ <00 if ueNW(Q).

Furthermore, we have the identity
— M
J\/’M(u,Q)=/ {/ Pg(“(x) M(y)>_g( +u(y)>
o lJea lx — [x — ¥l

M- d dxd
—g< ”(y)>} S }dx—l—MA// Y
|x — yl |[x — y|n=is cq lx —y|"t+s

Proof We can assume that u|g € W*1(), as otherwise (2.21) is trivially satisfied. Taking
advantage of (2.7) and of the right-hand inequality in (2.9), we get that

‘NM(u,Q)‘SZA{f (Iu(x)l diy)dx%-M// M}. (2.23)
Q cq lx—y|™s o Jea lx—y["ts

We remark that the last double integral in the previous formula is the s-fractional perimeter
of © in R”, which is finite, since 2 is bounded and has Lipschitz boundary. Then, (2.21)
follows from Corollary A.3.

On the other hand, identity (2.22) is a simple consequence of definition (2.17), for-
mula (2.7), and the symmetry properties of G and G. O

(2.22)

We stress that, in order to have AM (i, ) finite, the requirement u|q € W¥ 1(Q) is far
from being optimal. In fact, as the previous proof showed, it suffices for u|q to lie in a
suitable weighted L! space over €2, which contains for instance L*(S2). Nevertheless, the
requirement on the finiteness of [u]ys.1(q) does not limit our analysis, since it is needed to
have A(u, Q2) finite, according to Lemma 2.3. We inform the interested reader that a more
precise result on the natural domain of definition of J\/'SM i.e., for g = g,) will be provided
by Lemma 2.11 in the forthcoming Sect. 2.3.

Furthermore, we observe that if u:R” — R is such that u|g € L*°(RQ) and M >
llull Lo (), then N M (4, Q) > 0—this immediately follows from representation (2.17). On
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the other hand, in general the nonlocal part N M (. Q) can assume also negative values, as
showed in the following example.

Example 2.5 Let Q@ € R” be a bounded open set with Lipschitz boundary and M > 0. There
exists a positive constant Top = Tp(n, s, 2, g, M) > O such that, if u: R” — R is the constant
function u = T, for some T > Ty, then

FMu, Q) =N"w, Q) <o.

To see this, let R > 0 be fixed in such a way that 2 € Bg. By this, identity (2.22), and
the fact that G > 0, we have

M+ T dxd dxd
e N A e T R Y I M
et \Ix—y[/ [x =y co lx —yI"*s

By exploiting (2.15), the fact that €2 has finite s-perimeter (being bounded and Lipschitz),
and Lemma 2.2, we find that

/ / g (M + T) dxdy
ot \Ix—y|/ [x —y[r1+s

2// (M—I—T_l) dxdy >M+T_C
2 JaJppa \Ix — Yl lx —ypr=l+s = C '

with C > 1 depending only on n, s, 2, and g. Therefore,

M+T dxdy
NMu, Q) < - C MA//
(w2 c Tof ot — P

which is negative, provided T is large enough (in dependence of n, s, €2, g, and M only).
We collect the results of Lemmas 2.3 and 2.4 in the following unifying statement.

Lemma 2.6 Let Q € R" be a bounded open set with Lipschitz boundary, M > 0, and u €
WS (). Then, FM (u, Q) is finite and it holds

‘fM(u, Q)‘ < CA (flullysig + M),
for some constant C > O depending only on n, s, and 2.

We conclude this subsection by specifying the convexity properties enjoyed by the func-
tionals A, N, and FM. Recall (1.11) for the definition of the energy space W;(Q)
corresponding to a given outside datum ¢.

Lemma 2.7 Let Q C R" be a bounded open set with Lipschitz boundary. The following facts
hold true:

() The functional A(-, Q) is convex on W5 1().
(i) Given any M > 0 and ¢:CQ2 — R, the functionals NM(., Q) and FM(-, Q) are
strictly convex on W(‘;(Q).

Proof The convexity of the functionals is an immediate consequence of the (strict) convexity

of G warranted by Lemma 2.1. We point out that the convexity of N (-, Q) also depends
on the fact that the second and third summands appearing inside square brackets in the
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representation (2.22) are constant on W(‘;(Q). Indeed, given u, v € W(‘;(Q) andr € (0, 1),
we have the identity

NMitu+ 10 =0, Q) —tNYu, Q) — (1 —HNM (v, Q)

:2/{/‘[QQMM—¢@)+(_0Mﬂ w@»_Jg(mm—w@v
o lJea lx =yl lx =yl lx —yl

—(1-1)G (”(x) _“’(y))} dy }dx, (2.24)

lx =yl | — ylro i

and the convexity of G yields that the integrand in the double integral above is non-positive.
Furthermore, the strict convexity of G gives that the quantity on the right-hand side of (2.24)
is equal to zero if and only if

u) =) _ v — )
|x — yl [x — ¥

i.e., if and only if # = v almost everywhere in 2—and hence in R”. O

fora.e. (x,y) € Q2 x CQ,

It is now worth pointing out the following result, which can be easily obtained by arguing
as in the proof of Lemma 2.4, exploiting formula (2.22) and the global Lipschitzianity of G
given by (2.14).

Lemma28 Let Q@ < R" be a bounded open set with Lipschitz boundary, M > O,
and ¢:CQ2 — R. Then, there exists a constant C > 0, depending only on n, s, and Q,

such that
(u(X) u(y)) (v(X) — v(y))
g
lx — ¥l lx — yl

Jow

foreveryu, v € W;(Q), with A as defined in (2.4). Moreover, we have the identity

]:M(M,Q)—fM(v,Q):// {g(M)_g<v(X)—v(y)>} dxd{l.
0() |-X_y| |_x_y| |x_y|n +s

As a consequence, if u, uy € W(;(Q) are such that ||u — ug|lys.(q) — 0 ask — oo, then

dxdy
| — ylro i

< CA”M - U”WS.](Q),

lim FY (ug, Q) = FM(u, Q).
k—o00

Remark 2.9 Here are some straightforward but important consequences of Lemma 2.8.

(1) It guarantees that Definition 1.2 of minimizers of F is well-posed.
(i1) It provides an equivalent characterization for a minimizer of F in W(f, (€2) as a func-

tion u € W;(Q) that minimizes F™ (-, Q) within W(f, (2) for some M > 0, i.e., that
satisfies

FM(u, Q) = inf {fM(v, Q):v e w;(sz)].

(iii) By (ii) and the strict convexity of ¥ —see point (i) of Lemma 2.7—, we obtain that
a minimizer of F in W(';(Q), if it exists, is unique.

(iv) As a consequence of the density of C°(2) in W* T(Q)—see, e.g., Proposition A.1 in
Appendix A—, Lemma 2.8 implies that to verify the minimality of u € W;(Q) we can
limit ourselves to consider competitors v € W;(Q) such that v|g € C°(R).

@ Springer



On nonlocal minimal graphs Page190f72 136

2.3 Geometric properties of the fractional area functionals

This subsection is devoted to the description of some key geometric properties enjoyed
by Ay, NM, and FM . More specifically, we consider the case g = g; and we show the con-
nection existing between the fractional perimeter Per and these functionals, which ultimately
motivates their introduction.

Recall the splitting (1.1)—(1.2) of the s-perimeter into its local part PerSL and nonlocal
part Per. We begin with a result relating Per” and A;. Note that we indicate points in R"*!
with capital letters, writing X = (x, X,41), with x € R" and X,,4; € R. Also recall the
notation for cylinders introduced in (2.8).

Lemma2.10 Let Q C R” be a bounded open set and u: Q2 — R be a measurable function.
Then,

ue W Q) ifandonlyif Perk(S,, Q) < occ. (2.25)
In particular, it holds

Per (S, Q%) = Ay (u, Q) + Per ({X,41 < 0}, %) . (2.26)

Proof Using Lebesgue’s monotone convergence theorem, we write

I o u(x) +oo dYnJrl
P S, Q%) =l dxd dX _,
€I ( u ) 81\12) //;)5 xay ];oo n+1 /L;(y) X — Y|n+l+s

where Ds := {(x,y) € Q@ x Q:|u(x)| < 67!, [u(y)| < 67!, and |x — y| > 8}. Fix any
small § > 0 and let (x, y) € D;s. Shifting variables, we see that

/M(X)dx /+oo dYpi _/u(x)—u(y)dx /-+oo dYni
oo T gy X =R T o X =y

so that

u(x)—u(y)
Perk(S,, Q%) = lim // dx dy/ dXnt
‘ N0 J Jp, 0

+00 dY H
/0 W +Pery ({Xy41 < 0}, Q%)

After a renormalization of both variables X, 11 and Y, 41, we have

u(x)—u(y) +00 4y,
f an+1/ _ %I+l
0 0 |X _ Y|n+l+s

1 /“"TJZ?(” " /+°° dr
= _ — 14 n+l+ts ©
lx — y|" *Jo 0 [1 +(r— t)z] 2

Changing coordinates once again and recalling definition (1.9), we obtain that

u(x)—u(y) +o00 A4y,
/ an—H / n+1
0 0

|X _ Y|n+l+s
B 1 = /+°° dr’ "
- _ — 14 n+l+s
|x — y|” *Jo —t [1 4 (T/)z] 2
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ww-uw

1 lx—=yI
- m/(] (/ﬂogs(r)df> dt.

By (2.5) and (2.4), we get
u(x)—u(y)

/W (/’ gs(t)dt> g = A u@) —u@) +gs(u(x) —u(y)>.
0 —o0 2 x—yl lx — ¥l
Since, by symmetry,
/‘/ u(x) —u(y) dxdy —0
py =yl lx =yt
we conclude that

. u(x) —u(y) dxdy L
Pert (S,, Q%) =1 Pery ({Xp+1 < 0}, Q).
ery (Su ) SI\I‘%//DSQS( o Ix—yI”_1+S+ ery ({Xnt1 < 0} )
Claim (2.26) now follows by taking advantage once again of Lebesgue’s monotone con-
vergence theorem and recalling definition (2.16). Note that (2.25) immediately follows
from (2.26) and Lemma 2.3 (also recall [36, Lemma D.1.2]). ]

Next is a lemma that gives a geometric interpretation of the truncated nonlocal part ./\/SM .

Lemma 2.11 Let Q2 C R” be a bounded open set with Lipschitz boundary and u: R" — R
be such that u|q € L® (). Then, for any M > ||u| L~ (), the quantity MM(M, Q) is finite
and it holds

N @, @) = £,(S, N QM. CS\Q%) + £y(CS N @M. S\e%). @27)

Proof Thanks to the fact that M > ||lu| Lo (), we write

u(x) +00 dy, 1
L[S, N QM s, \Q® =/dx/ d/ dXx / e
A( u u\ ) o co y iy n+l1 ) |X—Y|”+]+S

M W) gy,
£(C$ neM. s Q°°>=/d / d / dX / __Gintl
T o\ o Jea® ww T e IX =y

By arguing as in the proof of Lemma 2.10 and recalling definitions (1.9) and (2.6), we have

fu(x) +00 dYn+1 u(x)—u(y) +00 dYn+1
[ e g [
M " ) 1X = Yl —M—u(y) o IX =yt
u(x)—u(y)
1 Tx=1

= 7” e el SN Gg(t)dt
M)

for every x € Q and y € CQ2. Hence,

u(x)—u(y)

1 ol —
M 00\ _
£(saneM cs\e )_/;de/CQdy<|x_y|n_]+sﬁ . Gs(t)dt>.

—U
[x=yl

Similarly,

M—u(y)
Ls(csquM,su\QOO) =/ dx/ dy 7/ G (—ndt ).
Q cQ |x — ylntits u)

\
By combining the last two identities and recalling definition (2.17), we are led to (2.27). O
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Putting the last two results together, we obtain a description of the s-perimeter of the
subgraph of u in QM in terms of the functional FM.

Proposition 2.12 Let Q2 C R" be a bounded open set with Lipschitz boundary. Let u: R" — R
be such that u|g € L*°(Q2) and take M > ||\u|| (). Then,

ulg € WHH(Q) ifand only if Per, (su, QM> < .
In particular, it holds
Per, (su, oM ) = FM(u, ) + k.. (2.28)
where kg y is the (positive) constant
ko = Pert (X1 < 0}, %) = Perl (X, 11 < 0}, @¥\@").

Proof The proposition is an almost immediate consequence of Lemmas 2.10 and 2.11. First,
we observe that the following identities are true:

Lls(SuﬂQM,QM\Su) :/ dx/ dy/u(X)an+1 /M L“l,
Q Q -M u(y) | X =Y rrits

u(x) +00 dYn
zs(sumszM,csu\szM) =/ dx/ dy/ danf 1
Q Q —-M

M X = YrriEs

u(x) +00 dy, 1
+/dx/ dy/ dXH/ B —
o Jea " Jom T gy IX =Yt
M —-M
dYni1
L(QMS,S QM):/d/df dx / __Gontl
s \Su, Su\ X y (o) n+1 e | X = Yl

u(y) dY 4
/dx/ d)’/ anH/ ’Hn_+l+_\
CcQ u(x) -0 |X Y|

Note that we took advantage of the fact that M > |Ju||1~(q) in order to obtain the above
formulas. In light of this, it is not hard to see that

Per, (su, szM) = Perk (S,, %) — Per! ({X,,+1 <0}, QOO\QM>
s (S,, naM, csu\sz°°) s (csu naM, su\sz“’) .

Identity (2.28) follows by recalling definition (2.18) and applying (2.26) and (2.27). O

2.4 Some facts about the Euler-Lagrange operator

We collect here some observations about the nonlocal integro-differential operator 7, which
is formally defined on a function u: R” — R at a point x € R" by

u(x) — u(y)> dy

Hu(x) = 2P.V./ G <

lx =yl ) v =yt
‘We begin by introducing the following useful notation
S, x;8) =G (W) -G (W) i (2.29)
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and we observe that, by symmetry, we can write

Sg(u,x;é)d

" d¢&. 2.30
e 230

Hu(x) = P.V./

From now on, unless otherwise stated, we will understand #u (x) as given by (2.30). Forr >
0, we also define

AP u(x) :=/ B X3 8) e and T uie) :=/ S i 8) b 231)
B,

r\g, [E"T? &1+

r

By definition of principal value, it holds

Hu(x) = }1{% AP u(x).

Remark 2.13 Note that #>" u(x) is finite for every x € R” and r > 0, under no assumptions
on u. Indeed, by the right-hand bound in (2.9) we have

8g(u, x: §) A
|E|nts = |E|"+S’

which is integrable in R"\ B,. In particular, | 2> u(x)| < AH"~'(S"1)/(sr?).

One of the main advantages of writing the nonlocal operator .7#u(x) as in (2.30) is that
the integral is well-defined in the Lebesgue sense, provided u is regular enough around x.

Lemma2.14 Let u:R* — R be such that u € C"Y(B,(x)), for some x € R", r > 0,
and y € (s, 1]. Then, =Cu(x) is finite for every o > 0 and it holds

8o (u,x; ) J

. 2.32
g (232

Hu(x) = A=Cu(x) + #7%u(x) = /

Proof The lemma is an immediate consequence of the estimate
|8, x; €)| < 2" lullcry (g, )17 forall & € B\{0). (2.33)

Indeed, (2.33) easily implies that .77 <u(x) is well-defined (as y > s), whereas Remark 2.13
gives the finiteness of JZCy(x) and (2.32) trivially follows.
To verify (2.33), we first notice that, by (2.11) and (2.29) we have

ulx +8) +ux -8 —2ux)
13

|85 . x: 6)| < (234)

Then, by the mean value theorem we have
u(x +§) —u(x) =Vulx +1£)-§ and u(x —§) —u(x) = Vu(x — 7§) - (=§),
for some ¢, T € [0, 1], and thus

ulx +8) +ulx—§) —2ux)
1€

€]
< | Vulx +18) — Vulx — 8)| < 27 |lullcry g, ) 117

:’V”<X+t$>-s—v”("_15)'$’

Estimate (2.33) then follows at once. ]
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We stress that the right hand side of (2.32) is defined in the standard Lebesgue sense, not
as a principal value. Also notice that, thanks to Remark 2.13, we need not ask any growth
condition for u at infinity.

When u is not regular enough around x, the quantity .7 u(x) is in general not well-defined.
Nevertheless, as already observed in the Introduction, we can understand the operator .7 as
defined in the following weak (distributional) sense. Given a function u: R" — R, we set

(Hu, v) = / / G (M> (v(x) — v(y)) %ﬁs (2.35)
n n |x - yl |x - y| +

for every v € C2°(R"). More generally, it is immediate to see that (2.35) is well-defined for
every v: R" — R such that [v]ys.1ge) < 00. Indeed, taking advantage of the boundedness
of G, one has that

A
[(Fu, v)| < E [U]Wswl(Rny (2.36)

with A as in (2.4). Hence, 2 u induces a continuous linear functional on W*-!(R"), that is
(Hu,-) e (WHHRY)".

Remarkably, this holds for every measurable function u: R" — R, regardless of its regularity
or integrability.

Estimate (2.36) says that the pairing (4, v) + (#u, v) is continuous in the second
component v, with respect to the W5 !(R") topology. The next lemma shows that we also
have continuity in # with respect to almost everywhere convergence.

Lemma 2.15 Lef uy, u:R" — R be such that ux — u a.e. in R" and let v € W1 (R").
Then,

lim (SZuy, v) = (Hu, v).
k—o00
Lemma 2.15 is a simple consequence of Lebesgue’s dominated convergence theorem,
thanks once again to the boundedness of G.
The next result shows that the nonlocal mean curvature operator .7 naturally arises when
computing the Euler—Lagrange equation associated to the fractional area functional.

Lemma2.16 Let Q C R” be a bounded open set with Lipschitz boundary, M > 0, and u €
WS (R2). Then,

FMu + ev, Q) = (#u,v) foreveryv e W ().

d
de|,_g

Proof First, notice that u + ev € W?*(Q) for every ¢ € R. Hence, by Lemma 2.6,
both FM (u, Q) and F M (u + ev, ) are finite. Now, by the mean value theorem, there
isafunction7.: R x R — [0, 1] suchthat G (A +eB)—G(A) = e G (A +¢7.(A, B)B) B
forevery A, B € R. As v = 01in CS, calling

) e <u<x>—u<y> v(x) — v(y)
ST =yl T =yl

) for every x, y € R”,
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we have

FMu +ev, Q) — FMu, Q)

_s// (u(X) (y)+er5(x,y)w>(v<@—”(”)%'
S | =1 o

lx —

Since G is bounded, v € Wé (2), and |7.| < 1, we may conclude the proof using Lebesgue’s
dominated convergence theorem. O

Lemma 2.16 says in particular that minimizers of F solve .7#Zu = 0 in the weak sense
made precise by Definition 1.5. However, notice that Definition 1.5 is a priori weaker than
the conclusion of Lemma 2.16, as it requires the test functions v to lie in C2°(2) € Wy (£2).
Actually, if €2 is bounded and has Lipschitz boundary, then the two notions are equivalent.

Lemma2.17 Let Q C R" be a bounded open set with Lipschitz boundary, f € L% (),
and u:R" — R a measurable function. Then, the following are equivalent:

(1) u is a weak subsolution of 7¢u = f in Q in the sense of Definition 1.5;
(ii) Ir holds

(Hu,v) < / fvdx forevery v € Wy(2) such thatv > 0 a.e. in R".
Q

Proof The implication (ii) = (i) is obvious. As for the converse implication, let v € Wg ()
such that v > 0 almost everywhere. Then, there exists a sequence {vy} € CZ°(€2) such
that vy > 0 and vy — v in W“(Q)—see, e.g., Proposition A.1. Also notice that, by
Corollary A.3,

lv = villws.1wey < Cllv — villws1 () forevery k € N,

for some constant C > 0 depending only on n, s, and 2. Hence, vy — v in W*!(R"), and
exploiting the continuity ensured by (2.36) we have

(Hu,v) = lim (Ju, vg) < lim / fordx = / fuvdx, (2.37)
k— 00 k=00 Jq Q
concluding the proof. O

Corollary 2.18 Let Q@ C R”" be a bounded open set with Lipschitz boundary, f € L% (),
and u: R" — R a measurable function. Then, the following are equivalent:

(1) u is a weak solution of 7u = f in Q2 in the sense of Definition 1.5;
(ii) It holds

(Hu,v) = / fvdx  foreveryv € Wy (Q).
Q

Proof We only need to prove the implication (i) = (ii). For this, given v € W;(), let
us write v as the sum of its positive and negative parts, i.e., v = v4 — v_. Since u is a
weak subsolution and vy, v_ € Wg (€2) are such that vy, v— > 0 almost everywhere, by
Lemma 2.17 we have

(jfu,er)é/vardx and (Ju,v_ /fv dx.
Q
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In the same way, since u is also a weak supersolution, it holds

(Hu, vy) /fv+dx and (Hu,v_ /fv dx.

Thus, by linearity we obtain

(Hu,v) = (Hu,vy) — (Hu, v_ /fv+dx—/ fo_ dx—/ fuvdx,
which proves the claim. O

Taking advantage of the convexity of the functionals 7, we can prove the equivalence
between weak solutions having “finite energy” and minimizers. Actually, we can also prove
that weak subsolutions are equivalent to subminimizers—in the sense defined here below.

Definition 2.19 Let 2 € R” be a bounded open set with Lipschitz boundary. A measurable
function u: R” — R is a subminimizer of F in Q if u € W*(2) and

// { <u(X) u(y)) g (U(X) - v(y))} dx d}il <0 238)
() |X—y| |x—y| |x_y|n +s

for every v € W9(R2) such that v = u a.e. in CQ2 and v < u a.e. in Q. Symmetrically, u
is a superminimizer of F in Q if u € W?*(Q2) and (2.38) holds for every v € W*(2) such
thatv =u ae. inCQand v > u a.e. in Q.

Remark 2.20 In light of Lemma 2.8, we can equivalently characterize a subminimizer of F
in Q as a function u € W*(2), such that

FM (u, Q) = inf {fM(u, Q) v e W (Q) st v <uae. in Q}
for some M > 0—and similarly for a superminimizer.

Lemma2.21 Let Q C R” be a bounded open set with Lipschitz boundary and u € W*(S2).
Then, u is a subminimizer of F in Q if and only if it is a weak subsolution of #u = 0 in Q.

Proof Fix a non-negative number M > 0. Assume first that u is a subminimizer of F in €2,
and let v € C2°(2) such that v > 0. Then, by Remark 2.20, we have that

1
- (]:M(u —&v, 2) — ]—"M(u, Q)) >0 forevery ¢ > 0.
£

The conclusion then follows by passing to the limit ¢ \ 0 and recalling Lemma 2.16, as
indeed

M — M = —{.
0< ;I{%e(f U —ev,Q) — F (u,Q)) (Hu,v),

for every v € C2°(2) such that v > 0. Conversely, suppose that u is a weak subsolution
of ##u = 0in Q, and let v € W*(Q2) be such that v = u a.e. inCQ and v < u a.e. in Q.
Thus, w :=u—v € Wj() andw > Oa.e.in R". Lemma 2.17 then ensures that (JZu, w) <
0. Now, we observe that the convexity of G implies that

G(t)—G(t) 2 G(r)(t — ) foreveryt, v € R.
Thus, by Lemma 2.8 and definition (2.35), we obtain
FMw, Q) — FMw, Q) = (Hu, v —u) = —(Hu,w) >0,

which—by Remark 2.20—implies that « is a subminimizer of F in . O
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We then have the following comprehensive result connecting minimizers, sub-/supermini-
mizers, and weak solutions.

Corollary 2.22 Let Q@ € R" be a bounded open set with Lipschitz boundary and u € W*(S2).
Then, the following are equivalent:

(1) u is a minimizer of F in <2,
(i1) u is both a subminimizer and a superminimizer of F in Q,
(iil) u is a weak solution of 7#'u = 0 in Q.

Proof The implication (i) = (ii) simply follows from the definitions. The equivalence of (ii)
and (iii) is the content of Lemma 2.21. As for the implication (iii) = (i), we can argue as in
the proof of Lemma 2.21. Indeed, given v € W; (), let w := v — u € W;(Q2) and recall
that by Corollary 2.18 we know that (.Zu, w) = 0. Then, by convexity we obtain

FMw, Q) — FM(u, Q) > (H#u, w) = 0.
Recalling Lemma 2.8, this concludes the proof. O

It is worth observing that Lemma 2.15 and Corollary 2.22 yield straightaway that the set
of minimizers of F is closed in W*(2), with respect to almost everywhere convergence.

Proposition 2.23 Let Q C R" be a bounded open set with Lipschitz boundary and {uy} C
WH(2) be such that each uy is a minimizer of F in Q. If uy — u a.e. in R", for some
Sunction u € W*(K2), then u is a minimizer of F in Q.

2.5 Comparison principle

This subsection is devoted to the proof of a comparison principle for sub- and superminimizers—
and thus for weak sub- and supersolutions belonging to W*(£2), by Lemma 2.21. To obtain
this result, we need a couple of preliminary lemmas. First, we have the following elementary
result on convex functions.

Lemma2.24 Let ¢:R — R be a convex function. Then, for every A, B, C, D € R satisfy-
ing min{C, D} < A, B < max{C, D}and A+ B = C + D, it holds

¢(A) +¢(B) < ¢(C) +¢(D).

Proof Without loss of generality, we may suppose that A < B and C < D. Since we have
that C < A < B < D, there exist two values A, i € [0, 1] such that

A=AMC+({1—-A)D and B=puC+ (1 —u)D.
In view of the convexity of ¢, it holds

#(A) +¢(B) =¢(AC + (1 —1)D) +¢(uC + (1 —p)D)
<A (C) + (1 =1)¢(D) + uep(C) + (1 — we(D) (2.39)
=GA+weoC)+ Q2 -2 —wnd(D).

By taking advantage of the fact that A + B = C 4+ D, we now observe that

AM+1-MD+uC+1—-uwb=C+D,
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or, equivalently,
(1—A—pu)(C—D)=0.

Consequently, either C = D or A + u = 1 (or both). In any case, we conclude that the
right-hand side of (2.39) is equal to ¢ (C) + ¢ (D), and from this the thesis follows. ]

We use Lemma 2.24 to obtain the following inequality for rather general convex function-
als. For our applications—both here and in Sect. 3.3—, we will apply it with ®(U; x, y) :=
GW/lx = yD.

Lemma2.25 Let ® : R x R” x R" — R be a measurable function, convex with respect to
the first variable, i.e., satisfying

PAU+A—-MV;x,y) KADWU;x,y) + (1 —=1)P(V;x,y) (2.40)

foreveryl € (0,1),U,V € R, andfora.e. x, y € R". Given a measurable setU{ C R" x R",
consider the functional § defined by

s = [[ @@ —woir ) drdy
for every w:R" — R. Then, for every u, v:R" — R, it holds
S(minfu, v}) + F(max{u, v}) < F) + ). (2.41)

Proof We define the two functions m := minf{u, v} and M := max{u, v}. For fixed (x, y) €
U, we write

A:=m(x)—m(y), B:=Mx)—M(), C:=ulx)—u(y), D:=vx)—uv(y),
and
O(1) =y y(1) ;== P(t;x,y) foreveryr e R.
Thanks to (2.40), the function ¢ is convex. Also, we claim that
min{C, D} < A, B < max{C, D} (2.42)
and
A+B=C+D. (2.43)

Indeed, identity (2.43) is immediate since m + M = u + v. The inequalities in (2.42) are
also obvious if u(x) < v(x) and u(y) < v(y) orif u(x) > v(x) and u(y) > v(y). On the
other hand, when for example u(x) < v(x) and u(y) > v(y), we have

A=u(x)—v(y) and B =v(x) —u(y).
Accordingly,
C=ulx)—uly) <ulx)—vQy)=A=ulx)—vQy) <vix)—-v(y)=D
and
C=u(x)—u@y) <vx)—u(y) =B =vx)—u(y) <vx)—v(y)=D.
Hence, (2.42) is proved in this case. Arguing analogously, one can check that (2.42) also

holds when u(x) > v(x) and u(y) < v(y).
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Thanks to (2.42) and (2.43), we may apply Lemma 2.24 and deduce that

¢(A) +¢(B) < ¢(C) + (D).

That is,
D(m(x) —m(y); x, ) + P(M(x) — M(y); x, y)
<Owx) —u(y); x,y)+ d(wx) —v(y); x, y).
Inequality (2.41) then plainly follows by integrating the last formula in x and y. O

We are now in position to prove our comparison principle for sub- and superminimizers.
Note that it is a consequence of the strict convexity of the functional F.

Proposition 2.26 Let Q@ C R”" be a bounded open set with Lipshitz boundary. Let u,u be
respectively a sub- and a superminimizer of F in Q. Ifu < u a.e. inCQ, thenu < u a.e. inR".

Proof Consider the two functions min{u, u}, max{u, u} € W*(Q2) and let M > 0 be fixed.
By Lemma 2.25, representation (2.22) for N'M, and the fact that u < % in CS, it is easy to
see that

FM(min{u, 7}, Q) + F¥ (max{u, 1}, Q) < FMw, Q) + FM @, Q). (2.44)

From the sub- and superminimality of u# and u respectively, recalling Remark 2.20 we get
that

FMw, @) < FM(minfu, u}, Q) and FM (@, Q) < FM (max{u, 7}, Q).

By the second inequality and (2.44), we conclude that ¥ (u, Q) = FM (min{u, u}, Q).
Now, either u = min{u, u} a.e. in R" or, by the strict convexity of 7 M (recall Lemma2.7),

M (min{z, uy+u

1 1
S Q) < EfM@, Q) + EfM(min{g, ), Q) = FM(u, Q).

Since (minf{u, u} + u)/2 < u a.e. in Q2 and (min{u, u} + u)/2 = u a.e. in CS2, the latter
possibility is excluded by the subminimality of u. Thus, ¥ = min{u, u} a.e.inR",ie.,u <u
a.e.in R". O

3 A priori bounds

We collect in this section a few a priori estimates for weak solutions and minimizers.

3.1 W5 estimates

We establish here a couple of bounds for the W*! norm of solutions and minimizers. We
begin with an estimate valid for weak subsolutions of .Zu = f which are bounded from
above. We will use it later in Sect. 4 to prove that viscosity solutions have finite energy. The
result is stated for the positive part of the subsolution u, but of course analogous estimates
hold for all truncations (1 — k)4 with k € R.
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Proposition 3.1 Let Q C R” be a bounded open set with Lipschitz boundary, f: Q2 — R such
that fy € LY(Q), and u be a weak subsolution of #u = f in Q. Ifuy € W*() N L®(RQ),
then

sl < C(1+ (L 1 floe) e lz=@), (3.1

for a constant C > 0 depending only on n, s, g, and on upper bounds on |Q2|, diam(£2),
and Per, (Q2).

Proof First of all, as f < f4, we have that
(Hu,v) < / fyvdx  forevery v € CX°(S2) such that v > 0. 3.2)
Q

We now apply (3.2) with v := xquy € W;(£2). This can be done even though v might not
belong to C2°(2), thanks to the same considerations made in the proof of Lemma 2.17. Note
that the convergence of the right-hand side in (2.37) follows from Lebesgue’s dominated
convergence theorem, as the approximating sequence {vi} is now uniformly bounded by
the L°°(£2) norm of u—see Proposition A.1.

Recalling definition (2.35), we get

u(x) — u(y) dx dy
/f ( vl )(”*(x)_”*(”)lx—yw

< —2/ {/ G(u(x)—u(y)) dy ‘}u+(x)dx+/‘ fr(Duy(x)dx.
e Uea [x =yl |x — y|rts Q

From the monotonicity of G, it is not hard to see that

G (u(x) —u(y)

[x — yl

) (14 () = uy ()

e (14+(X) —u(y)

P ) (ur(x) —uq(y)) forae x,yeQ.

Combining this with the fact that G(¢)¢ > c,(|]¢| — 1) for all # € R—which follows from the
properties of G, in particular the left-hand inequality in (2.9)—and Lemma 2.2, we obtain

- dxd
/ / <M(x) u|(y)> (u+(x) - M+(y))# > Cy ([M+]Ws.](9) — Cq(Q)) ,

with ¢ (€2) as in (2.20). On the other hand, using the right-hand bound in (2.9), we have that

4/{/ (;(“(")_”(”) dyn+‘}u+<x>dx APer (@) Iz~
o Uea lx — ¥l lx — y|"*s

/Qf+(x)u+(x)dx < M+l e ) -

and

Estimate (3.1) then plainly follows. O

Nextis a W*! bound for minimizers of 7. We will use it in Sect. 5 to gain the compactness
needed to obtain the existence of solutions to the Dirichlet problem and prove Theorem 1.3.
We stress that, although we will apply it to the family of bounded minimizers {u s}, no bound-
edness assumption on the minimizer is required for its validity. Recall the definition (1.12)
of Taily.

@ Springer



136  Page300f72 M. Cozzi, L. Lombardini

Proposition 3.2 There exist two positive constants © and C, depending only on n, s, and g,
such that the following holds true. If 2 C R" is a bounded open set with Lipschitz bound-
ary, :CQ — R is such that Tail; (¢, Qe diam@)\2; -) € LY(Q), and u € W;(Q) is such
that

J:M(u, Q) < ]:M(v, Q) foreveryv e W(‘;(Q) s.t. v < M ae. in Q,
for some M > 0, then
diam(Q)ﬂ' ||ll||Ll(Q) + [M]W:.I(Q)

< € (| Taily (9, Qo dian@)\2: )| 1(gy + diam(R)' 1921

Proof We use the function v := ycqu as a competitor for u. We get

T
ong(v,sz)—fM(u,sz)=—A(u,sz)+2// ()Ci’y)]dxdy, (3.3)
o Jeq lx — y|r-1ts
with
T(.y) =G <v(X) - v(y)> _c <M(X) - u(y)>'
lx — yl lx — yl
Write d := diam(£2). On the one hand, by Lemma 2.3,
Cu lu(x) — u(y)| e H LS s
, Q) > — —  dxdy - —=|Q|d" ¢, 34
A > 3 [ [ WO dxay - S5 G4

with ¢, > 0 as defined in (2.10). On the other hand, let R := ®d, with ® > 1 to be chosen
later. Recalling the definition of v and taking advantage of point (ii) of Lemma 2.1, we obtain

A eyl Cx Ju(x) —u(y)l

I(x,y) < Z-= fi €Q, ye Qr\Q
(x, y) Ty T2 2 oyl or every x y e Qg\
and
A
Z(x,y) < )| forevery x € Q, y € CQpg.
2 x—y

Hence, using Lemma 2.2, that ¢, < A, and that CQr C CBg(x) for every x € €2, we get

Z(x,y)
dxd
//m e — yptes
g/ (/ A|g0(y)|—c*|u(x)—u(y)|dy> dx
r\Q |x_y|n+s

dx dy dy
+c,,// +A/|u(x)|</ 7>dx
Qg\@ [x —yI"™ |x — yr=T+s cag |x —y|nts

H— I(Sn ])

A(HTails(ga,sz@d\sz >||L1<Q>+ (1+20) a1

HL(Sh ) |u(x) —u(y)|
+ 0 llull / f dxdy.
sO5ds LI(Q) Qod\2 |.X _ |n+3
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Putting together this estimate with (3.3) and (3.4), and recalling that ® > 1, we find that

u(x) — u(y)|
dxd
//Qw o—yprts

u
<C (nTailS(so, Q64\2: )i +0'd! |0l + ”g%) (3.5)
for some constant C; > 0 depending only on n, s, and g.

Observe now thatdiam(2;) = 3d and |24\ 2] > ¢,d", for adimensional constantc, > 0.
Indeed, the equality is an immediate consequence of the definition of €24, while the measure
estimate follows from the fact that By 2(xo) S £24\S2 for every xo € 9€24/2. Using these
two facts, we estimate

/ dy __19\2 e
Qe [x =yt 7 diam(Qg)rts T 3ntsgs

for every x € Q.

By this and the triangular inequality, we have

3n+sds dy
lullLr) < / lu(x)] </ m) dx
S\ (3.6)

3”+Sds |u(x) — u(y)ld . ,
ey drdy + Taili (0. 20\ Dl ) -
Qu\Q

lx —y

Using this estimate together with (3.5) and recalling that ® > 1, we get
lull i@y < C2 (@ |Tails (9, Qoa\2: i) + ©' 7 dIQU+ O lull 1)) »

with C» > 0 depending only on n, s, and g. By taking ® sufficiently large (in dependence
of n, s, and g only), we can reabsorb the L! norm of u on the left-hand side and obtain that

lull 1) < C2 (@° I Tails(p, Qoa\2: )L +dIR),

for possibly a larger C>. The conclusion follows by combining this estimate with (3.5). O

3.2 Interior L*° estimates

In this subsection, we establish some interior boundedness results for minimizers of F
and Per. First, through a rather standard De Giorgi-type iteration, we prove the following
proposition. It is stated for subminimizers—recall Definition 2.19—and provides a bound
from above. Of course, a two-sided L estimate can then be deduced for minimizers.

Proposition 3.3 Let R > 0 and u be a subminimizer of F in Bag. Then,
supu < C (R —|—][ u4(x) dx) s 3.7
Bgr Bog

for some constant C > 0 depending only on n, s, and g.

Proof Let0 < ¢ < T < 2Randn € CZ°(R") be a cutoff function acting between the balls B,
and B, i.e., satisfying 0 < n < 1inR", supp(n) € B;,n = 11in By and |Vn| < 2/(t — o)

in R". For k > 0, we consider the functions w = wy = (4 — k)4 and v := u — nw.
Clearly, v < u in R” and v = u in CB;. Therefore,
A
// TN gray >, (3.8)
0(B,) |x—y|” +s

@ Springer



136 Page320f72 M. Cozzi, L. Lombardini

with
T(r.y) =G <v(X) - v(y)> g <M(X) - u(y)) _
lx — I lx — I
We consider the sets A(k) := {x € R":u > k}and A(k,t) := B, N A(k), for t > 0. First

of all, we claim that

A Jw) — w(y)]

I(x,y) <
2 lx — yl

+ A XB2\(B\Ak 002 (X5 ¥) forx,y € By, (3.9)

with A and A as defined in (2.3) and (2.4) respectively. Clearly, (3.9) holds for every x, y €
CA(k), since Z(x, y) = 0 for these points and w = 0 in CA (k). Furthermore, it is also valid
for x, y € A(k, 0), as, indeed, by (2.13) we have

u(x)—u(y)) _g<w(x)—w(y))<_ﬁ [w(x) —w(y)|
lx — yl lx — yl T2 x—yl

I(x,y):—Q( + A.

By symmetry, we are left to check (3.9) for x € A(k, o) and y € B,\A(k, 0). In this case,
using u(x) > k > u(y) along with (2.13), we get

Iu’y):g(k—u(y)>_g<w>-—u(y))<A(k—u(y)_u@c)—u(y)>+A

=l =yl ) T2 U=yl =y
A —k A _
__AM0 kL AR@owel
2 jx—yl 2 [x — |

Hence, (3.9) is verified.
‘We now claim that

[w(x) —w(y)| w(x)
lx — yl max{t — g, [x — yl}

I(x,y)<A<XB,(y) ) forx € By, y € CB,.
(3.10)

We already observed that Z(x,y) = O for every x,y € CA(k). When x € B\A(k, 1)
and y € A(k),

) —ux) = n()ly) —k) = 1 =nyNuly) +kn(y) —ux)

u(y) —ulx) >u
A =n)uy) +kn(y) —k=>0-=n()u®y) —k) >0

and therefore

T(x.y) =G (u(y) —u(x) = n(y)(uy) —k)> g (u(y) - u(x)) <o,

lx — yl lx — yl

by the symmetry and monotonicity properties of G. We are thus left to deal withx € A(k, 7)
and y € CB,. In this case, by the Lipschitz character of G and the properties of 7,

A In@w) —nGHwd) A nO)w) —w)| +wE)nE) —nO)l

Z(x, < <
(0S5 ] 2 =yl
A — 2 1
<7<mﬂwkiﬁgﬂgﬂ+mm{ ,444}wQ0,
2 = o =yl

and (3.10) follows.
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By taking advantage of estimates (3.9) and (3.10) in (3.8), by symmetry we deduce that

[w(x) —w(y)|
dxd
//Bz oy
— dx d
C{/f [w(x) w()’)|d dy +/ / X yl
B2\B2 X —yI"* Atk.o) JB, X — y|"71Fs
1 dz dz
+ w(x + dx
/ ( )<r—g /B L el LBIQ IZI”+S> }

[w(x) = w(y) oy e,
dxdy + |Ak, s WLt L
[//Bz\gz oy Al T

for some constant C > 0 depending only on n, s, and g. Note that for the second inequality we
also used Lemma 2.2. Adding to both sides C times the left-hand side and dividing by 1+ C,
we get that

s Mwliz
[w]WL](BQ) < 4 <[w]W‘“I(Bz) + |A(k’ T)|Tl ; + %ﬁ)

for every 0 < 0 < v < 2R and for some constant 6 € (0, 1) depending only on n, s, and g.
Applying, e.g, [29, Lemma 1.1], we infer that

lwlzi s ))
L ACORY
(-0
Let n be a new cutoff acting between the balls B, and B(3,++)/4. Then, by the fractional

Sobolev inequality (see, e.g., [37, Theorem 1] or [19, Theorem 6.5]) and computations similar
to other made previously, we have that

[l By < € (|A<k, o)lr!

llwl

/ f In(X)w(x)—n(y)w(y)ldxdy

<
L%(Bg) =X ”T} ”Ln s(]R" |x _ y|n+s

lwllp: (By)
<C ([w]WS’l(B(g+r)/2) + (t—o0r )"
Combining the last two inequalities and recalling that w = wy, we atrive at

c (lA(k, o)t~ + %) 3.11)

||wk||Ln’—js(Bg) <

forevery0 <o <t <2Randk >
Take now k > h > 0. We have

lwnll1s,) >/ W(x) —hydx > (k — WAk, 7)|
Ak,7)

and

lwnllzics,) >f ((x) — by dx >/ () — kydx = el gs,).
A7)

Alk,7)

Thanks to these relations, (3.11), and Holder’s inequality, it is easy to see that

.L.l—s

C 1 s
ok Q< G (k_h+(f _Q)s><p<h,r)‘+ﬁ, (3.12)
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where we set 9(¢, 1) := [|lwellp1p,)-

Consider the two sequences {k;} and {r;} defined by k; := M (1 — 2=/) and rj =R+
277) for every non-negative integer j and with M > 0 to be chosen later. By applying (3.12)
withk =kj 1,0 =rjy1,h =kj,and T = r;, setting ¢; := @(k;, r;), and taking M > R,
we find

C@lgp'tn
O S TRy

Applying now, e.g., [31, Lemma 7.1], we conclude that ¢; converges to 0—i.e., u < M
in BrR—, provided we choose M in such a way that

||M+||L1(32R) =¢o < cyR"M,

for a sufficiently small constant ¢ > 0 depending only on n, s, and g. This concludes the
proof. O

The counterpart of Proposition 3.3 for subgraphs that (locally) minimize Per; is contained
in the next result, which easily follows from the density estimates of [10].

Proposition 3.4 Ler @ C R” be an open set and E C R"! be a locally s-minimal set
in 2 x R satisfying

EN©QxR) = !(x,t) cQxRir< u(x)},
for some measurable function u: Q@ — R. Then, u € Li; ().

Proof The claim is equivalent to proving that, for every ball B := B,(xp) with 4B :=
Ba,(x0) € €, there exists a constant M > 0 such that, up to sets of measure zero,

B x (=00, —M) T EN(BxR)C B x (—o0, M).

We only establish the rightmost inclusion, the other one being analogous.
We argue by contradiction and suppose that

|[EN(B x (k, +00))| > 0,
for every k € N. Notice that, for every k € N, it holds
[(B x (k,+00))\E| > 0,

as otherwise we would have u = +o0 in B. These two facts imply that there exists a sequence
of points Xy = (xx, %) € 0E N (B x R) such that #; > k. As E is s-minimal in the (n + 1)-
dimensional ball B, (Xy) := {Y € R""!:|Y — X;| < r} € Q x R, the clean ball condition
[10, Corollary 4.3] ensures the existence of a point Zy = (zx, %) such that

Baer(Zy) € E N B (Xk),

for some constant ¢ € (0, 1/2) depending only on n and s. This yields thatu > © > k —r
in Ber (k).

Now, up to passing to a subsequence, the points z; converge to some zg € 3B := B3, (xp).
Hence, B (z0) € Bacr(zx) for every large enough k. As aresult, u > k — d in B.,(zp) for
every large k. Since this is a contradiction, the proof of the proposition is complete. O
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Proposition 3.4 establishes that the function u defining a locally s-minimal subgraph is
necessarily locally bounded. We point out that, by suitably modifying the proof we just
presented, one can also obtain a quantitative L> bound in terms of the L' norm of u—such
as (3.7). For our aims, the statement of Proposition 3.4 is however more powerful, since it
does not require a priori u to be integrable, but merely measurable.

3.3 Global L*° estimates

When the outside datum is bounded in a suitably large neighborhood of €2, we can establish
the boundedness of minimizers of F up to the boundary of 2—as claimed in Theorem 1.4. We
obtain this result by showing that, if # : R” — R is bounded in Qg \ €2 for some large R > 0,
the value of 7™ decreases when u is truncated at a high enough level—namely considering

) min{u, N} in 2,
T u inCQ,

" (3.13)

for N > 0. The precise formulation of this fact is as follows.

Proposition 3.5 There exists a positive constant ®, depending only on n, s, and g, such that
the following holds true. If 2 C R" is a bounded open set with Lipschitz boundary, M > 0,
and u:R" — R is a function bounded from above in Qe giam() \$2, then it holds

AN, Q) < A, ) and NM @™, Q) < NM(u, Q) (3.14)
for every
N > diam(2) + sup  u. (3.15)
Q6 diam(@) \2
In particular,

FM @™, Q) < FM u, @)
for every N satisfying (3.15).

Observe that Proposition 3.5 directly implies Theorem 1.4, thanks to the uniqueness of
the minimizer of F in 2 with respect to its own outside datum—see point (iii) of Remark 2.9.

Proof of Proposition 3.5 Write v := u™), Ry := diam(2), and R := @Ry, with ® > 1 to be
chosen later sufficiently large, in dependence of n, s, and g only. From Lemma 2.25, it clearly
follows that A(v, Q) < A(u, Q). Hence, we can focus on the inequality for the nonlocal
part N'M,

Thanks to representation (2.22), we have

NM(UvQ)—NM(u,Q)zz-// {g<v(x)—v(y)>_g(u(x)—u(y)>} dxali1 '
QJco [x =yl x —y| lx — y|n—1+s

Setting Q4 = {x € Q:u(x) > N} and writing CQ = A; U Ay, with A1 = Qg\Q
and Ay := CQp, we infer from the above identity that the second inequality in (3.14) is
equivalent to

al +an <0, (3.16)
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where we set

we= [ {/ {g(w>_g(u<x>—u<y>)} dy_ }dx fori=1,2.
o, /4 [x =yl [x =yl |x — yfn—tts

First, we establish a (negative) upper bound for «y. Let x € Q24 and y € Aj. Since, by
hypothesis (3.15), u(y) < N < u(x) and G is increasing, we have

u(x)—u(y)
) (222 o
X —y X =y T (3.17)
<G (N —u(y)) u(x) — N’
[x — y| lx — yl

and consequently

N—u(y)> dy }
< - — N G d
“ /Q(”(x) )+ {/A ( eI

Let Dy € Qgy\2 € A; be a measurable set with |[Dy| > c.Rj for some dimensional
constant ¢, > 0. To obtain such a set, we can select a point xo € d€2 for which €2 lies on one
side of a supporting hyperplane for <2 at xo—the existence of such a point follows from the
boundedness of 2. Calling H the half-space bounded by this hyperplane which does not
contain £, we can simply set Dy := H, N Bg,(xp). Using (3.15) and the monotonicity of G,
we estimate

L) o)
Al lx =yl ) |lx —y|»+s D Ro+ Ro/) (Ro + Ro)"*s

_GUPRIDI _ a
(2Rp)"+s /R(S)

for every x € Q2 and for some constant ¢; > 0 depending only on n, s, and g. Accordingly,
o g—c—ﬂf (u(x) — N) dx. (3.18)
RO Q

On the other hand, to control oy we simply use that G is a globally Lipschitz function,
by (2.14), and compute

o <§/(u(x)—1v) (/ L)dx
> 2 g T\ Jeap Ix =yl

<ﬁ/(u(x)—1v) (/ dz >dx< G /(u(x)—N) dx
S 2 Jg \Uesy lzn+s T OR) Ja A

for some constant C» > 0 depending only on n, s, and g. Notice that to get the second
inequality we changed variables and took advantage of the inclusion Bgr(x) € Qg, which
holds for all x € Q. Combining this last estimate with (3.18), we obtain

o o) X C ux X,
: 2 R(S) : @S Q

and (3.16) follows provided we take ® > (Ca/fe)'/S. ]

Through an appropriate modification of the proof of Proposition 3.5 and the interior L>
bound of Proposition 3.3, we can actually improve Theorem 1.4, establishing the global
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boundedness of minimizers of F which have exterior data bounded only in an arbitrarily
small neighborhood of .
We indicate with dg, the signed distance function from 92, negative inside €2, and write

Qo = [x e R"dg(x) < Q} foro € R. (3.19)

Proposition 3.6 Ler Q@ C R”" be a bounded open set with Lipschitz boundary. If u is a

minimizer of F in Q and u € L (Q24\2) for some d > 0, then u € L*°(2) and it holds
lull oo @\@_p) < d 4+ max {[lullLo@_pg)s Il @}

for some constant 6 € (0, 1) depending only on n, s, 2, and g.

We stress that the L norm of u in Q_g,; € 2 is finite thanks to the interior L°° estimate
of Proposition 3.3 and a simple covering argument. Also, note that if we further assume
that Taily (1, Qe diam@)\2; -) € LI(Q) for ® > 0 sufficiently large, then the combination
of the L! estimate of Proposition 3.2, the L*> one of Proposition 3.3, and the bound of

Proposition 3.6 leads to an estimate on ||u|| ;) purely in terms of the exterior data and of
the geometry of €.

Proof of Proposition 3.6 Without loss of generality, we only prove the bound from above.
Pick any

N >d+max{ sup u, sup u ¢, (3.20)
Q_ga Q\Q

with @ € (0, 1/4] to be chosen suitably small later, and let u™) be defined by (3.13). By
taking #™ as a competitor in Definition 1.2 and using Lemma 2.25 as in the proof of
Proposition 3.5, we easily deduce that

B1+ B2 =0, 3.21)

where, setting Q4 := {x € Q:u(x) > N},

po= | {/ {g (L ‘”(”) —g(”“‘) ‘”(”)} o }dx,
2. Uesane [x — ¥l lx — yl lx =yt

Py :=/ {/ {g<N—M(y)>_g<u(x)—u(y)>} dy—1+ }dx.
2, UUBsone lx — yl lx — yl [x — y|r= s

On the one hand, by the Lipschitz character of G—see (2.14)—we compute

B1 < é/ (u(x) — N) (/ d7y> dx < g/ (u(x) — N),dx, (3.22)
2 Ja, CBa(x) |x — y|"ts d* Jo

for some constant C; > 0 depending only on n, s, and g.
We now address ;. First, notice that, in view of hypothesis (3.20), we have that u(y) <
N < u(x) forevery x € Q4 and y € By(x)\2. Hence, applying inequality (3.17) we get

o< — (u(x)—N){/ G(N_”(y)) 4y }dx.
Q. Ba()\Q lx =yl ) |x —y|»ts

As € is bounded and Lipschitz, there exists a small constant § > 0, depending only on n
and €2, such that |B,(p)\2| > 6r" for every p € dQ and r > 0. Given x € Q\Q_p4,
let p, be any point on €2 such that |[x — p,| = dist(x, d€2). Then, x € Bgys(px) S Ba(x)
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and |Bpa(px)\2| = 80"d". Since, by (3.20), Q4 € Q\Q_pg4, this holds in particular
for every x € €. By virtue of this and the fact that, by the monotonicity of G and

again (3.20), G (N_“(y)) > G(1) > Oforevery x € Q, and y € By(x)\R, we further

[x=yl
estimate

pr < —G(l)/ w(x) — N) (/ L) dx < ——% f (u(x) — N), dx,
o Boa(por X — yI"*? 6°d* Jo

for some constant ¢c; > 0 depending only on n, s, €2, and g.
By combining this estimate, (3.22), and (3.21), we find that

1
0<—— (;—f — cl) /Q (u(x) — N), dx.

If6 < (c2/C1)'/*, this is a contradiction, unless # < N a.e. in 2. The proof is thus complete.
O

4 Viscosity solutions of fractional mean curvature-type equations

In Sect. 2.4 we have seen how weak solutions of .7’y = 0 naturally arise when dealing
with the fractional area-type functional 7M. Here, we focus instead on a different notion of
solution, based on the viscosity approach developed by Caffarelli and Silvestre [11,12] for
a different class of integro-differential operators. In the geometric case g = gy, this notion
is strongly related to the one considered in [10]. The final aim of the section will be to
show that viscosity (sub)solutions are also weak distributional (sub)solutions, thus proving
Theorem 1.8.

4.1 Viscosity (sub)solutions

The starting point of our analysis is the following simple remark about an important mono-
tonicity property enjoyed by the operator 7.

Remark 4.1 Let xo € R" and u, v: R"” — R be such that
u(xp) =v(xg) and u(x) <v(x) forall x € R".
Then, recalling definition (2.29) and the monotonicity of the function G, we infer that
8o (u, x0; €) = 84(v, x0; €) forall £ e R".
In particular, it follows that
Hu(xg) = Hv(xp),
provided the quantities .57 u(xo) and 7 v(xg) are well-defined.
In light of the above remark, it is reasonable to consider the following definition.

Definition 4.2 Let Q € R” be an open set and f € C(2). We say that a function u: R* — R
is a viscosity subsolution of #u = f in @, and we write

Hu< f inQ,

if u is upper semicontinuous in €2 and the following happens: if
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(i) xo € ,

(i) v € CLHY(B,(xp)) for some r < dist(xp, 92,

(iii) v(xp) = u(xp) and v(y) > u(y) forevery y € B-(xp),
then the function

) = v(x) %fx € B, (xop), @1
u(x) ifx € R*"\B,(xp),

satisfies

H0(x0) < f(x0).

A function u is a viscosity supersolution of 7#u = f in Q, and we write 77u > f in Q,
if —u is a viscosity subsolution of 7 (—u) = — f in Q. A viscosity solution of 7#u = f
in € is a function u: R” — R which is continuous in €2 and is both a viscosity subsolution
and supersolution of JZu = f in Q.

From now on, we will mostly focus on subsolutions, as corresponding statements for
supersolutions can be easily obtained by symmetry arguments. Also, unless otherwise spec-
ified, © always denotes a bounded open subset of R” and f a continuous function in .

A first, useful observation on viscosity subsolutions is contained in the following result.

Proposition 4.3 Let u be a viscosity subsolution of 5€u = f in Q. Assume that u is touched
from above at a point xo € Q by a C"' function v, namely that points (ii) and (iii) of
Definition 4.2 hold true. Then, 5€u(xo) is well-defined in the Lebesgue sense, is finite, and
satisfies

Hu(xg) < f(xo).

Proof We begin by showing that 8, (u, xo; £)|£]™"7 is integrable in R", so that J#u(xo) is
well-defined as a Lebesgue integral. Our argument follows that of [33, Proposition 1].
For every o € (0, r], we consider the functions

v(y) ify € By(xo),

= {u(y) ify € R"\By (x0).

As v € C11(By(xp)), the function & > 84 (vy, Xo; £)|&]7"~ is integrable in R, that is

/ 84 (vo, X035 &) + 8, (vg, X0 £) g = 18¢ (V5 X0; )]
n |& |t R | |t

where, for a general function v, we write

85 (¥, x03 &) = max{8g (¥, x05 §), 0} and 8, (¥, x0; §) := max{—38g(¥, x0; §), 0}.

Moreover, by Remark 4.1,

dé < +o0,

8g(u, x0; &) = 84 (vg,, x05 8) = 8g(vp,, x0;§) forevery0 <oy <o2<r, “42)

and hence

8, (u, xo; 3 ;
/Mdsg/ Md§<+oo. 4.3)

&1+ &+
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Also, 8;(1)9, x0; &) 8;(u, x0; &) as 0 \¢ 0, and therefore the monotone convergence

theorem gives that
85 (u, x0; §) 85 (vg. x03 &)
/ ST gg = lim / R RlayTS
noo || 0—0t Jrn  [E|MTS
Now, since u is a subsolution, we have

/ 85 (vgy5 X05 &) dé—/ 84 (v, X0: §) ds:/ 8¢ (voy, X03 §)

dg < f(xo),
€ € g A5 S 00

and thus, recalling (4.2),

85 (vg,, x0: &) 3, (v, X0; &) 3, (Vgy, X0; §)
g \ver ’ g \vor ’ g \vox ’
———d </ 7dé+f(m)</ ——————d& + f(x0),
fn |E [+ " |E[+s Rr |E]+s
forevery 0 < g1 < 02 < r. Letting o1 — 0 and taking 02 = o, we obtain that

85 (u, x0; &) 8, (v, x05 &)

g \U> X0, g \Vo» A0,

/" st S /n deg + f(.X()) < +OO, (44)

for every o € (0,r]. Combining (4.3) and (4.4), we conclude that 8¢ (u, xo; §)|§]7" 7 is
integrable in R" and hence .77u(xg) is well-defined and finite.
To check that 5#u(xo) < f(xo), notice that, by (4.2),
g (o x0:8) _ 8 (v x0:)
Efrts T g

for every o € (0, r].

As the function on the right-hand side is integrable in R”, by Lebesgue’s dominated conver-
gence theorem we can let o — 0 in (4.4), obtaining

84 (u, x03 §) 8 (u, x03 &)

g 8

Jo e < [, g de 4 1o,

which is the claim. o
For later use, it is convenient to introduce the following definition.

Definition 4.4 A function u: R" — Rissaidtobe C!'! ata point xo € R", and we write u €
CL1(xp), if there exist £ € R" and M, r > 0 such that

(o + £) — ulxo) — £ - £| < MIE]® forall € € B,. 4.5)

Clearly, if u € C1(Bg(xo)) for some R > 0, thenu € C'!(xg). Geometrically, u is C'!
at xq if there exist both an interior and an exterior tangent paraboloid to the subgraph of u at
the point (xg, u(xo)).

As a consequence of Proposition 4.3, we obtain the following corollary.

Corollary 4.5 Let u be a viscosity subsolution of #u = f in Q and assume that u is C'+1
at some point xo € Q2. Then, 7€u(xo) is well-defined in the Lebesgue sense, is finite, and
satisfies

Hu(x0) < f(x0)-
Proof Consider the paraboloid
q(x) :=ulxp)+£€-(x —x0) + M|x — xol2 for all x € B, (xg),

with £, M and r as in Definition 4.4. Obviously, ¢ € CLY(B,(xp)). Also, by (4.5) we know
that g touches u from above at xo. The conclusion then follows from Proposition 4.3. O
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4.2 Sup-convolutions

Here, we introduce and study the so-called sup-convolutions #* of a viscosity subsolution u—
namely, a sequence of subsolutions of approximating equations which converge to u and
enjoy nice regularity properties. For simplicity, we will consider only subsolutions which are
bounded in the whole of R”.

Definition 4.6 Let u:R” — R be a bounded function and ¢ > 0. We define the sup-
convolution u® of u as

e — 1 2 n
u®(x) := sup {u(y) — -y — x| } for x € R”.
yeR" €

Now we point out some easy properties of sup-convolutions. From the definition, it imme-
diately follows that

u®>u inR". (4.6)
Moreover, setting M := supp» |u| < +00, we see that u® can be equivalently written as
£ 1 2
u(x) = sup u(y) = —ly —x[7¢. 4.7
|y—x|<V2Me ¢

Indeed, if |y — x| > ~/2Me, then u(y) — |y — x|*/e < —M < u(x), and (4.7) follows
from (4.6).

Remark 4.7 Given an open set 2 C R”, we define
QF = [x € Q:d(x, Q) > 2x/2Me} . 4.8)

If u is upper semicontinuous in 2, then for every x € Q° there exists yo € B s5,(x) €
such that

& _ l 2 __ 1 2
u (x) =u(y) — —lyo—x["= max u(y)—=ly—x|"¢.
& ly—x|<v2Me €

This is a straightforward consequence of (4.7) and the upper semicontinuity of u.

In the next theorem we collect some important properties of sup-convolutions, whose
proofs can be found, for instance, in [2]. First, we recall the definition of semiconvex functions.

Definition 4.8 Let 2 € R” be an open set and let u: 2 — R. We say that u is semiconvex in
Q2 if there exists a constant ¢ > 0 such that

c .2
X = u(x) + §|x|

is convex in every ball B C €2. The smallest constant ¢ > 0 for which this happens is called
the semiconvexity constant of u and is denoted by sc(u, 2).

Proposition 4.9 Ler u:R" — R be a bounded function and ¢ > 0. Then, u® is semiconvex
inR" and sc(u®, R") < 2. Also, u® € Wi (R"), Vut € BVioe(R", R"), and u® € C"'(x)
fora.e x € R".

Furthermore, if u is upper semicontinuous in an open set Q@ C R”, then, for every x € Q,

uf () \ux) as e\ 0.

The convergence is locally uniform if u is continuous in 2.
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Proof The semiconvexity of u® follows from [2, Proposition 4(i)]. By [2, Theorems 15
and 16], this gives in turn that u® € WIL‘COO(]R") and Vu® € BVioc(R", R™). Thatu® € C11(x)
for a.e. x € R” follows from the Taylor expansion of [2, Theorem 16(ii)]. Finally, the
convergence of u® to u can be obtained by arguing as in the proof of [2, Proposition 4(ii)]. O

Sup-convolutions are particularly useful since they preserve the subsolution property,
eventually up to a small error. We deal with this in the next result.

Proposition 4.10 Let Q@ C R" be a bounded open set, f € C(RQ), and u be a viscosity
subsolution of ##u = f in Q, bounded in R". Then,

Hu’(x) < f(x)+ce forae x € QF,
where Q° is defined by (4.8), with M := supp. |u|, and

ce= sup  |f(x) = fI. (4.9)
x,yeQ
[x—yl<v2Me
Notice in particular that
ce \\Oase (0 and c, =0if f is constant. (4.10)

Proof Observe that, in view of Proposition 4.9, u® is C Llatae. point of . Thanks to this
and Corollary 4.5, it then suffices to show that #® is a viscosity subsolution of 7Zu® = f +c;
in Q°.
Let xg € ©° and suppose that there exist r € (0, dist(xg, 922°)) and v € CL1(B,(x0))
such that
v(xg) = uf(xp) and v(x) > u®(x) forallx € B, (xp).
Defining v as in (4.1), we need to show that

AV (x0) < f(x0) + ce, (4.11)

with ¢, as in (4.9).
Thanks to Remark 4.7, we can find yg € 2 in such a way that |yg — xo| < v/2Me and

u® (x0) = u(yo) — élyo —xol*.
Then, we define
V) = vt 30— 30) + o — x> forall ¥ € B0,
Clearly, ¢ € C L1(B,(y)). Moreover,
¥ (y0) = v(x0) + élyo —xol* = u® (x0) + §|yo —xol* = u(yo).
As v > u® in B, (xg), by definition of u® we also have that
u(y) — ély —x|? <uf(x) <v(x) forally e R" and x € B, (xp).
Taking y € B,(yo) and x := y 4+ xo — Yo, we get

u(y) < ¢(y) forally € Br(yo).
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Thus, ¥ touches u from above at yy and hence

A9 (y0) < f (o), (4.12)

where, again, 1} is defined as in (4.1) around the point yy, starting from 1.
Recalling definition (2.31) and changing variables appropriately, we compute

G(Wyo)—w(y)) dy
r(y())

AP (30) = 2PV, /

_ _ n+s
B ( |y) yo(l ) ly dyol 4.13)
v(xg) — v(x x
= 2P.V./ G ( 0 ) = "5 (x0).
By (x0) |x — xol [x — xo["Fs
On the other hand,
- & 871 _ 2 _ d

A2 (30) =2/ G<u (x0) + & " [yo — xo u(y)> y .

R\ B, (o) [y = yol [y — yol"*$

_2/ G<u8(xo)+8‘1|yo—xolz—u(x+yo—xo)> dx

R\ B, (x0) lx — xol |x — xo|™+s”

Plugging y := x 4+ yo — x¢ in the definition of ©?(x) yields
e Nyo —xol? — u(x + yo — x0) > —u(x) forallx € R".
Hence, by the monotonicity of G,
& &
- - d
A2 (30) >2/ G(” o)~ (x)) = ().
R™\ B, (x0) |x — xol |[x — x|+
By combining this with (4.13) and (4.12), we obtain that
H(x0) < AV (yo) < f(yo) < f(xo) + ce,

which is (4.11). This concludes the proof. O

4.3 Relationship with weak (sub)solutions

In this subsection, we explore the connection existing between viscosity and weak
subsolutions—recall Definition 1.5. In particular, we will show the validity of Theorem 1.8.

To do this, we use a perturbative approach based on the sup-convolutions introduced
in the previous subsection. Observe that, by Proposition 4.10, we already know that sup-
convolutions are pointwise a.e. subsolutions of approximating equations. To improve this
result to an inequality holding in the weak sense of Definition 1.5, it is convenient to consider
the space of functions with bounded Hessian in €2, defined as

BH(Q) := [u e Wh(Q): Vu e BV(Q,]R")}
- [u e Wh(Q):0,u € BV(Q) for every j = ln}
and endowed with the norm
lullsre) = lullwiiq) + ID*ul(Q),

where | D%u|($2) indicates the total variation of D?u in €2, i.e., the BV seminorm of Vu in €.
For the properties of the space BH(S2), we refer the interested reader to [16]. We only
recall the following useful density property—see [16, Proposition 1.4] for a proof.
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Proposition 4.11 Let © C R” be a bounded open set with C? boundary and let u € BH(O).
Then, there exist a sequence of functions {ur} € C 2(0) N W2Y(0) such that

lim {llu — uglly110) + |1 D*ul(O) — |D*u|(O)|} = 0.
k— 00
Exploiting this density property, we can prove the following result.

Lemma4.12 Let Q' € Q C R” be bounded open sets and u € BH(S2). Then,
/ lu(x +&)4+ulx —§&) —2u(x)|dx < 2|$|2|D2u|(Q) forevery & € By. (4.14)
Q/

where we set d := dist(€', 92)/2.
Proof Let © C 2 be a bounded open set with CZ boundary such that
Q' €0 and d(,00) > d. (4.15)
By Proposition 4.11, we can find a sequence {uy} C C2(0) N W21(O) such that
Jim {llu = wellwri o) + [1D?ul(©) = 1D?ui (O)]} =0. (4.16)
Now, let £ € By be fixed and notice that

lug (x + &) +up(x — &) — 2up(x)] < up(x + &) —up(x) — Vug(x) - §|
+lup(x — &) —up(x) — Vug(x) - (=8)|.

By Taylor’s theorem with integral remainder, we have
1
Ju (x £ €) — ug () = Vg (x) - (£8)] < |$|2/ |D?ur(x £ 18)| dt,
0

so that, integrating as x ranges over ' and using Fubini’s theorem, we get

1
f lu (x + &) + u(x = §) = 2up ()] dx < |s|2/ (/ |D?u(x +ts)|dx>dr
ol -1 \Jer
< 261D (0),
since |£| < d and O satisfies (4.15). Then, Fatou’s Lemma and (4.16) yield
[0+ utx = ) = 2uto 1 dx
o
<201 lim |D?uy|(0) = 21§ | Dul(0) < 20§ *I1D*ul(R),
which is the desired bound (4.14). ]
Thanks to the previous lemma, we can prove the following crucial result.

Proposition 4.13 Let Q@ C R” be a bounded open set and u € BH(S2). Then, #u € LIIOC(Q)
and

(Hu,v) = / Hu(x)v(x)dx foreveryv € CZ (). “4.17)
Q
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Proof Let Q' € Q and d := dist(Q’, 3Q)/2. Taking advantage of Remark 2.13, (2.34),
and (4.14), we estimate

/ |Hu(x)|dx
Q/

<[ (L, Pt o)

AHn_l(Sn 1) |Q/| dé
< — 5 +/Bd( o |u(x+$)—|—u(x—S)—2u(x)|dx>W

AH" 1 sn 1 Q/ Hn—l Sn—l
7( ) |<2] +2|D2u|(9)7( ) 15 < 40,
K d’ 1—=s
This proves that J7u € LIOC(Q).
We now head to the proof of (4.17). Notice that

| #Z%u(x)| < /R" mg{#g”dé for every o > 0
and that the right-hand side of the above formula is locally integrable in €2 as a function of x,
thanks to the previous computation. Therefore, given v € C°(2) we can apply Lebesgue’s
dominated convergence theorem to obtain that

lim %>Qu(x)v(x)dx:/ Hu(x)v(x)dx.
oN\O Jpn R
Now notice that, by symmetry,
dxd
f %%u(x)v(x)dx—f”/n (”(x) u(y)>(v(X)—v(y))XCBQ(x—y)%~

lx =yl |x

Hence, sincev € C°(Q2) € W* L(R") and G is bounded, Lebesgue’s dominated convergence
theorem can be used once again to deduce that

. u(x) —u(y) dxdy
El)l\f‘%/n /n G <ﬁ>(v()€) - U()’))XCBQ(X =) W = (Hu,v).

The combination of the last three identities leads us to (4.17). ]

By putting together Propositions 4.10, 4.9, and 4.13, we immediately obtain the following
result.

Corollary 4.14 Let Q C R" be a bounded open set, f € C(Q), and u be a viscosity subso-
lution of #/u = f in Q, bounded in R". Then, u® is a weak subsolution of 7u® = f + c
in QF, with ¢, as in (4.9).

An easy consequence of the previous corollary is the next result, which already provides
a proof of Theorem 1.8 in the case of bounded, (semi)continuous outside data. Indeed, in
the following statement we require the subsolution u to be upper semicontinuous outside of
aset § € CS2 having vanishing Lebesgue measure. Note that, when €2 is well-behaved, one
may take S to contain €2, thus allowing u to be discontinuous across 02.

Proposition 4.15 Let Q@ C R" be a bounded open set with Lipschitz boundary, f € C(S),
and u be a viscosity subsolution of 7/u = f in Q, bounded in R". Assume that there exists
a closed set S € R"\Q such that |S| = 0 and that u is upper semicontinuous in R"\ S.
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Then, u is a weak subsolution of #u = f in Q. In addition, uy € W5 (Q) and it holds

[utlwsi@) < C, (4.18)

for some constant C > 0 depending only onn, s, g, Q, |lu+||L> ), and || f+ |1 (q)-

Proof The hypotheses on u and Proposition 4.9 give that, as ¢ — 0, the sup-convolutions {u°}
converge to u pointwise outside of S and hence a.e. in R”. Let v € C2°(2) be a non-negative
function. Note that supp(v) € QF provided ¢ is small enough. Thus, using Lemma 2.15,
Corollary 4.14, and property (4.10), we obtain

. e .
(Hu,v) = 21\1‘%(%” ,U) < e11{‘12)/9(]”—i—cg)vdx = /;2 fudx.
Hence, u is a weak solution of J7u = f in Q.

To check the validity of (4.18), let Q' € € be any open set with Lipschitz boundary
such that Per;(Q') < Pery(2) + 1. For all ¢ sufficiently small, #® is a weak subsolution
of #u® = f+c, in Q' lyingin W _(R")NL>(R"). Thus, we may apply to it Proposition 3.1
and deduce that

e Ty < C(1+ (U4 Il + el 21) e
<C(1+ @+ /lp@) lusli= )

for some constant C > 0 depending only on n, s, g, and 2. For the second inequality, we also
took advantage of expression (4.7) for u®, property (4.10) for ¢, and assumed ¢ to be suitably
small. Letting & \ 0 in the above inequality, by Fatou’s lemma one gets a W*! (') bound
for uy with constant independent of ’. Estimate (4.18) then follows by the arbitrariness
of Q' € Q, using again Fatou’s lemma. O

In order to extend Proposition 4.15 to the case of general exterior data, and thus prove
Theorem 1.8 in its full generality, we will use a particular approximation procedure. The
crucial point is represented by the following observation, which follows essentially from the
fact that .7”>?u(x) can be bounded independently of both u and x—see Remark 2.13.

Lemma4.16 Let Q' € Q C R” be bounded open sets, f € C(Q), and u be a viscosity
subsolution of 7#/u = f in Q, locally integrable in R". Let {u;} C LIIOC(]R") be a sequence
of functions converging to u in LllOC (R™). Define

u(x) ifx € Q,

= {ukm ifx e R\Q,

Then, uiy, is a viscosity subsolution of iy = f + e in Y, for some non-negative constant ey,
such that ey — 0 as k — +o0.

Proof We write d := dist(£2’, Q) > 0 and observe that, for every x € €/,
8g (g, x;6) =08g(u,x;6) forall€ € By. (4.19)
On the other hand, set

wi(x) = jf>d12k(x) - jf?du(x) for every x € Q'
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and let Ry > 0 be such that 2 C Bg,. Then, for every x € " and R > d we have

o ()] < 2[ G (M(X) —ﬁk(y)) s (M(X) - u(y)) dy
R\ By (x) |x — ¥l [x — ¥l |x — y|nts
i — d

ng litg () itl(i)lderzA/ y -

BrOO\Bg(x) X — y["TiTs R\ Bp(x) [* — y|"*
n—1,qn—1
< s lue —ullp s )‘*‘L(S),
dntl+s R+R SRS

where for the second inequality we took advantage of (2.11) and (2.9). Hence, setting

o 2 2AHMIS
€| = ]{’I;fd W”Mk — u”Ll(BRJrRO) + T 5

we obtained that

sup |wk| < e forevery k € N. (4.20)
o

Notice that, as uy — u in LlloC (R™) by assumption, it holds

ZAHn—](Sn—l) B ZAHn—l(Sn—l)

limsupey < 2 Hm llee =l gy g R SR

k—o00
for every R > d. Since R can be taken arbitrarily large, it follows that ¢, — 0.

Let now xo € Q' and suppose that there exist € (0, dist(xq, 3')) and v € CL1(B,(x0))
such that

v(xg) = ur(xo) = u(xg) and v(x) > ur(x) = u(x) forall x € B,(xg).

By Proposition 4.3, we then infer that 77 u (x() is well-defined and satisfies .777u (xg) < f(xo)-
Hence, 771y (xo) is well-defined too and, taking into account (4.19) and (4.20), we get

Hiy(x0) = A~ u(xo) + A it (x0) = A u(xo) + wi(x0) < f (x0) + e
The conclusion of the theorem is then an immediate consequence of Remark 4.1. O

With this approximation tool at hand, we are ready to tackle Theorem 1.8 in its full
generality.

Proof of Theorem 1.8 We only prove the second (global) statement, as the first (local) one is
then an immediate consequence—to this aim, notice that a viscosity subsolution u is always
locally bounded from above in €2, thanks to its upper semicontinuity.

Thus, we assume 2 € R” to be open, bounded, and Lipschitz, and u to be a viscosity
subsolution of 7#7u = f in €2, bounded from above in the whole 2. Recalling Definition 1.5,
we only need to prove that, for every open set Q' €  with Lipschitz boundary,

u is a weak subsolution of 7#7u = fin Q' and u, € W (Q)). (4.21)

Notice that this would also yield that max{u, k} € W*(Q2) for every k € R, thanks to
Proposition 3.1, Fatou’s lemma, and the fact that u is a subsolution bounded from above if
and only if u — k is.

We prove (4.21) in three steps, of increasing degree of generality.

Step 1 We first establish (4.21) under the additional assumption that

u e L®°R"). 4.22)
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As u satisfies (4.22), there exists a sequence {ux} € C(R™) N L (R") converging to u
in LlloC (R™) and a.e. in R". Let now u; and ¢, be as in the statement of Lemma 4.16. Notice
that the functions uy are globally bounded. Moreover, since u is upper semicontinuous in €2
and uy is continuous in R”, the functions iy are upper semicontinuous in R\ 9.

In light of this and of the fact that 92 has zero Lebesgue measure (being Lipschitz),
we can apply Lemma 4.16 and Proposition 4.15, deducing that iy is a weak subsolution
of iy = f + er in @ and that uy|o = ()4l € WS (). Then, since iy — u
a.e. in R” and ¢ — 0, by Lemma 2.15 we easily deduce that u is a weak subsolution
of #u= fin Q.

This concludes the proof of claim (4.21) under the extra hypothesis (4.22).

Step 2 We now prove (4.21) assuming only that

u e L¥(Q). (4.23)
Take k > |Jullz(q) and set

k in {u >k},
up :=1{u in{—k <u < k},
—k in{u < —k}.

Notice that uy coincides with u in € and is thus upper semicontinuous in €. Let xo € Q'
and suppose that iy is touched from above by a C!-! function at xo. Then, this function also
touches u from above at x(y and, by Proposition 4.3, the quantity 7 u(x¢) is well-defined and
satisfies #7u(xo) < f(xo). Clearly, 57uy (xp) is also well-defined and we have

Hui(x0) < f(xo)+/ {G<M> _G(u(m)—u(y))} dy
N {lul>k} |X() - yl |x0 — y| |x0 _ y|n+x

dy
< f(xo) + A/ —_—
{lul=k} 1X0 — y|"Ts

where the second inequality follows from (2.9). From the boundedness of ' it is easy to
deduce the existence of a constant C > 0, depending only on n, s, diam(£2"), and dist($2’, 9K2),
such that

lxo —yI™"* < CA + |y forally € CRQ.
Observing that {|u| > k} C CR2, we get

X{lul>k} (Y)
, < A SER
Hur(xo) < f(xo) + C /R EAEE

dy =: f(x0) + -

Recalling Remark 4.1, uy is a viscosity subsolution of 5#uy = f+ 6 in Q'. By dominated
convergence and the fact that x{,~x; — 0 a.e. in R”, we have that §; \( 0 as k — 4o0.
Asu; € L") and f + 8§ € C(Q), we may apply what we proved in Step 1, obtaining
that uy, is a weak subsolution of SZu; = f + 68 in Q' suchthatuy|g = (ug)4+|o € WS(Q).
By Lemma 2.15 and the fact that uy — u a.e. in R”, we immediately conclude the validity
of (4.21) under assumption (4.23).

Step 3 We now show that (4.21) holds true for a general viscosity subsolution # bounded
from above in Q. Note that, up to a partition of unity argument, it suffices to prove (4.21)
for Q' equal to any ball B = B, (¥) € Q of radius ¢ > 0 arbitrarily small.
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For k > 0, consider the function ¢ := —k — x5,,(x)- If 0 € (0, 1) is small enough, ¢
satisfies

Hpx < f inB. (4.24)

Indeed, changing variables appropriately and taking advantage of the oddness and mono-
tonicity of G, for every x € B we have

, 1 dy
PO = e T\ =) =
CBoy(X) y—X y—x

o ﬂ/ G( 1 ) dz
ST s \ezi— -0/ 2= & —n)/el™
__IB\BIG(1/4)

B

-8

gn+s e

which is smaller than —|| f_|| .~ (q), provided g is sufficiently small. Hence, (4.24) holds
true.

Let now i := max{u, ¢¢}. Clearly, iix is bounded and upper semicontinuous in B.
Suppose now that iy, is touched from above by a C!>! function v at some point x € B. Then, v
also touches either u or ¢ from above at x. In both cases, using (4.24), the monotonicity of G,
and Proposition 4.3, we easily deduce that 7 (x) < f(x). Accordingly, ity is a viscosity
subsolution of #ii;y = f in B, bounded in B. By Step 2, ity is then also a weak subsolution of
the same equation and its positive part belongs to W*(B). As iiy — u a.e.inR" ask — +o0,
by Lemma 2.15 we conclude that « is a weak subsolution as well. Using Proposition 3.1 and
Fatou’s lemma, we also obtain that u € W*(B).

The proof of Theorem 1.8 is thus complete. O

5 Existence of minimizers. Proofs of Theorems 1.3 and 1.7

In this section, we deal with the existence of minimizers and local minimizers of F in an
open set, with respect to a given outside datum.

5.1 Existence of minimizers via the direct method

We begin by establishing the existence of minimizers of F in a bounded Lipschitz set Q2
among all functions which agree with a given function ¢ outside of €. That is, we prove
Theorem 1.3.

As anticipated in the Introduction, we prove the existence of minimizers through an
approximation procedure that makes use of the truncated functionals ¥ and of their mini-
mizers within an appropriate family of spaces, that we define as follows.

Given a bounded open set 2 € R" and M > 0, we consider the spaces

BN (Q) = {u EWS(Q):ulg € L°°(S2)}
and

By W (Q) = {u € BW(Q): [lull () < M].
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Moreover, given a function ¢: CQ2 — R, we define
BWS(Q) = [u € BW(Q):u = g ae. in csz]
and
By Wi(Q) = {u € ByW* (Q):u = ¢ ae. in CQ}.

Our notion of minimality for the Dirichlet problem having ¢ as outside datum is essentially
that of Definition 1.2. Namely, a function u € W(‘; is a minimizer of F in W;;(Q) if

// {(M(X)—u(y)> g(v(X)—v(y)>} dxd{l <o,
Q) [x — ¥l [x — ¥l |x — y|r=t+s

for every v € Wg, (€2). To obtain Theorem 1.3, we first solve the Dirichlet problem
in By W, (), for a fixed M > 0. This is achieved easily with the aid of the following
two results.

First, we observe that ¥ is lower semicontinuous in 8 5, W* (€2) with respect to pointwise
convergence almost everywhere.

Lemma 5.1 Let Q C R” be an open set and M > 0. Let {ur} C By W*(Q) be a sequence
of functions converging to some u:R" — R a.e. in R". Then,

FMu, Q) < hrn 1nf FM (uy, Q).
Proof The proof is a consequence of Fatou’s lemma, applied separately to the functionals .A
and VM Notice that, in order to use this result with A'M, the uniform bound [|u || () < M

is important to guarantee that the quantity inside square brackets in (2.17) is non-negative—
recall that G > 0 by definition (2.6). ]

Next is a compactness result for sequences uniformly bounded with respect to .A.

Lemma5.2 Let @ C R" be a bounded open set with Lipschitz boundary. Let {uy} be a
sequence of functions uy: Q2 — R satisfying

sup (g l1(0) + Alug, 2)) < oo.
keN

Then, up to a subsequence, {uy} converges to a functionu € WS H(Q) in LY (Q) and a.e. in S.

Lemma 5.2 follows at once from the coercivity of .A with respect to the W*:! (£2) seminorm
observed in Lemma 2.3 and the compact embedding W* H(Q) > L1(Q)—see, e.g., [19,
Theorem 7.1].

By combining these two results, we easily obtain the existence of a (unique) minimizer u
of FM among all functions in B, W* (2) with fixed values outside of Q.

Proposition 5.3 Let 2 € R" be a bounded open set with Lipschitz boundary and ¢:CQ2 — R
be a given function. For every M > 0, there exists a unique minimizer uy of FM(., Q)

in %MW;(Q), i.e., a unique uy € %MW;(Q)far which

FM G, @ = inf | 7Y (0, 10 € By (@]. 5.1)
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Proof Since B )WV, (€2) is a convex subset of Wj (€2), the uniqueness of the minimizer
of FM (., Q) within By, W;(Q) is a consequence of the strict convexity of F M. Q)—see
point (ii) of Lemma 2.7. Therefore, we are only left to establish its existence.

Let {u®} C B MW; (£2) be a minimizing sequence, that is

lim FMu®, Q) = inf []—'M(v, Q):ve %ng(sz)] — m.
k— o0

Observe that both A and N'™ are non-negative in B MW, (Q2)—recall definitions (2.16)
and (2.17). Hence, m > 0 and Au®, Q) < F¥u®, Q) < m + 1 for k large enough.
In light of Lemma 5.2, we then deduce that {#®)} converges (up to a subsequence) to a
function uy € By W, (€2) ae. in R". Identity (5.1) follows by applying Lemma 5.1. O

Proposition 5.3 shows that, foreach M > 0, there exists a unique minimizer u y; within the
space By Wé, (R2). To establish the existence of a minimizer of F in the whole W(; (2)—and
thus prove Theorem 1.3—, we need u ), to stabilize as M — oo. This is achieved through
the uniform W*! estimate of Proposition 3.2, at the price of assuming some (weighted)
integrability on the exterior datum in a sufficiently large neighborhood of €.

Proof of Theorem 1.3 Let ® > 0 be the constant given by Proposition 3.2. For any M > 0,
the minimizer u s satisfies the hypotheses of Proposition 3.2. Therefore,

learllwe @y < € (| Tail, (0, Qo diam@)\ 2 )| 1g) +1) (5.2)

for some constant C > 0 depending only on n, s, g, and 2—in particular, C is independent
of M.

By the compact fractional Sobolev embedding (see, e.g., [19, Theorem 7.1]), we conclude
that there exists a function u € W;‘,(Q) to which {u Mj} converges in LY(Q) and a.e. in Q, for
some diverging sequence {M} jen. Letting M = M; — +00in(5.2), by Fatou’s Lemma we
see that u satisfies (1.14). We are therefore left to show that u is a minimizer for F in W(f) (2).

Take v € BW,(2). Then, for j large enough we have M; > |v||L~ (), and hence, by

the minimality of u Mm; we get 7 My M Q) < FMi(v, Q). Equivalently,

0>A(uM.,Q)+2/ {/ g(qu(X)—w(y)) dy_l }dx
! o lJar\e lx — yl [x — yfn=t+s
—A(v,Q)—Z/ {/ g(”(x)_w(y)> dyfl }dx (5.3)
o lJage [x — ¥l |x — y|r=t+s

+2/ {f {g(qu(X)—w(y))_g<v(X)—<p(y)>} dyi1 }dx,
o lJeag [x — ¥l [x — ¥l |x — y[r=tts

for any fixed R € (0, ® diam(2)]. Note that such a choice for R guarantees the finite-
ness of all the quantities appearing in (5.3), taking advantage of the properties of G and of
hypothesis (1.13).

We now claim that letting j — 400 in (5.3), we obtain the same inequality with u
replaced by u. Indeed, the quantities on the first line can be dealt with by using Fatou’s lemma.
Moreover, the Lipschitz character of G—see (2.14)—and the fact that u M; = u in L1(Q)

ensure that
- {/‘ g(uM_,-(X)_QO()’)> _g(u(x)—(p(y)) a’yil }dx
j=+oo Ja lJeag lx =yl |x — ¥l |x — yr=lts
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<Ay /| ) ()|</ 4 )d
< — lim up, (x) —ulx —— )dx
2 jo+oo Jo Mi CBr(x) 1X — y|*ts

Aanl(Snfl)
< - = 7
25 RS j

ETOO ||qu - u”L'(Q) =0.

Hence, the third line passes to the limit as well. All in all, we have proved that ¥ minimizes F

in BW (€2). The minimality of u within the larger class W, (€2) follows from density argu-

ments, using, e.g., Proposition A.1 and Lemma 2.8. See also point (iv) of Remark 2.9.
Finally, the uniqueness of the minimizer follows by point (iii) of Remark 2.9. ]

Remark 5.4 Here are some mostly technical observations on Theorem 1.3 and its proof.

(i) The strategy just displayed is inspired by the one employed in [34] by the second author

to obtain the existence of s-minimal surfaces in general open sets—thus extending [10,
Theorem 3.2] to the case of unbounded or irregular 2. However, there is a striking
difference between Theorem 1.3 here and, say, [34, Corollary 1.11]: there, the existence
of a (locally) s-minimal set is obtained under no restriction on the outside datum, whereas
here we need to limit ourselves to data satisfying (1.13).
We believe that it would be interesting to understand whether Theorem 1.3 could be
proved under weaker or even no assumptions on ¢ (obtaining perhaps only a local mini-
mizer of F), or whether, in the geometric case g = gy, the local minimizers constructed
in [34] are necessarily subgraphs inside °°.

(i1) In light of point (ii) of Remark 2.9, we could have proceeded to directly minimize the
functional FM in W;(Q), for some fixed M > 0, instead of considering a family of
approximating problems. This approach works as well, but brings in its own difficul-
ties, first and foremost the fact that the functional ¥ may assume negative values
in W3 (Q)\ByW?*(2), as shown by Example 2.5. In addition, we preferred the use of
several 7M’s in order to maintain an analogy with the argument of [34] and keep a
connection with the underlying geometry, as motivated by the results of Sect. 2.3.

(iii) A different strategy to obtain Theorem 1.3—similar to the one employed in [32, Sec-
tion 12]—is to show that the L°°(£2) norm, and not the W*:1(2) norm, of u ; stabilizes
for large M. This can be done, depending on the exterior data, using the L estimates
of Sects. 3.2 and 3.3 in place of Proposition 3.2. This approach will be exploited in order
to establish the existence of a solution to the obstacle problem in [4].

(iv) When the exterior datum ¢ satisfies the global integrability condition (1.7), the proof of
Theorem 1.3 can be simplified considerably. Indeed, in this case the functional (1.8) is
well defined in W(f, (£2) and one can minimize it directly, with no need to consider the

approximate minimizers uy; or the truncated functionals ¥ —see Sect. 5.1.1 for the
rigorous arguments.

However, although natural to deal with functional (1.8), condition (1.7) is quite restrictive
on the behavior of ¢ at infinity and does not play any role in the well-posedness of the
operator ., which corresponds to the first variation of F or ¥ —recall the end of Sect. 1.1
for a more detailed discussion.

As shown in the following Lemma, the integrability of the restricted tail prescribed
by (1.13) is equivalent to plain integrability of the datum in the exterior neighbor-
hood Qe dgiam(e) \$2 plus weighted integrability arbitrarily close to the boundary of .

Lemma5.5 Let Q € O C R" be two bounded open sets, with 92 Lipschitz. Let r €
(0, dist(2, 00)) and ¢:CQ2 — R.
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Then, Taily (@, O\Q; ) € LY (Q) if and only if ¢ € L' (O\Q) and Tails (¢, ,\Q; -) €
LI(Q\Q,r). Moreover,

() ifg € L'(O\Q) N W1(Q,\Q), then Taily (¢, O\Q; ) € L' (Q);
(i) ifp € LY(O\) N L®(Q,\), then Tail, (¢, O\Q; -) € LY (Q) for every o € (0, 1).

Proof To begin, assume that Tail; (¢, O\; -) € L' (). Note that |x — y| < diam(©) for
every (x,y) € 2 x (O\L2). Hence,

diam(O)"+* )
||§0||L1((9\Q) < T [ Tail; (¢, O\L2; ')||L1(Q) .

Moreover, we clearly have
ITaily (9, 2\ L 1@q,) < ITaily(@, O\Q: L1

for every r € (0, dist(£2, 00)). Accordingly, ¢ € L'(O\) and Taily (¢, 2,\Q; ) €
LY@\Q_,).

Next, let ¢ € L'(O\Q) be such that Taily (¢, 2,\; -) € L'(Q\Q_,) for some r €
(0, dist(2, 80)). We verify that Tailg (¢, O\Q; -) € L' (). Indeed, since |x — y| > r for
every (x,y) € 2 x O\Q, and (x,y) € Q_, x Q,\2, we have

ITail, (¢, O\Qy; )1 < r',%nwllu(m,) (5.4)
and
. , 2., ol
I Tails (@, 2,\2; L1,y < WH#’HU(Q,\Q) < rnﬁH(/?HLl(sz,\sz)-
Therefore,

[ Tail (@, O\ )liL1(@) = lITails (¢, O\Q2r; L1 + [ITails (@, A2 Hlq,)
+ ||Taﬂs(§0, QV\Q; ')”LI(Q\er)

2] .
< m”‘/’”LI(O\Q) + || Tails (¢, €2, \€2; ')||L1(Q\Q_,) < Q.

We now address point (i). Without loss of generality, we assume r to be small enough
for 32, to be Lipschitz. As ¢ € W% (,\), Corollary A.3 (applied in the Lipschitz
set ©2,\2) yields

I Tails (@, 2,\Q: L@ < Cllelwsi @ \)-

for some constant C > 0. The fact that Taily (¢, O\SQ; -) € L' () follows then from this
and (5.4).
Finally, we deal with point (ii). If ¢ € L*°(£2,\2), then

[ Taily (¢, 2:\2; 1@ < l@llLe@ ) Pers (2),

for every o € (0, 1). Thus, we obtain (ii) by using again (5.4). This concludes the proof. O

5.1.1 Integrable global tail
We briefly present here an alternative approach to the existence of minimizers of F, valid

when the exterior datum ¢ satisfies the global summability condition (1.7). We begin by
showing that in this situation the functional F is well-defined on W; ().
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Lemma 5.6 Let Q2 C R” be a bounded open set with Lipschitz boundary and ¢:C2 — R be
a measurable function satisfying (1.7). Then, F(u) € [0, +00) for every u € W(;(Q).

Proof In view of Lemma 2.3, we only need to prove that the nonlocal part \ is finite. For
this, by (2.13), the triangle inequality, and Corollary A.3, given any function u € W, (£2) we
have

@) —u(y)\ dxdy u(x) — u(y)|
N, Q zzf/ (” ) < // W) =W g d
D=2 ) J\ T )y e lx—ypts Y

C (lullys.1 (g + I Taily (@, CR: )l L1(q)) < +00.

The non-negativity of F is an immediate consequence of its definition. O

The existence of a unique minimizer can then be obtained via the Direct Method of the
Calculus of Variations.

Proposition 5.7 Ler Q@ C R" a bounded open set with Lipschitz boundary and ¢:CQ — R
be a measurable function satisfying (1.7). Then, there exists a unique function u € W;(Q)
such that

Fu, @) = inf [ F, v e W@} (5.5)

Proof First of all, we observe that, by Lemma 5.6, the infimum of F in W;(Q) is finite and
non-negative. Now, consider a minimizing sequence u; € W, (), i.e.,

lim F(uy, Q) = inf []—'(v, Q):ve W;(Q)} -
k— o0

Since the nonlocal part A is non-negative, by (2.19) we have the uniform estimate

2 2 2
L) S — Ak, Q)+, () < — Flug, Q) +65(€) < —(m + 1) +¢:(8),
(5.6)

for every k large enough. Moreover, arguing as for (3.6) we easily obtain that

g (x) — ug (y)] .
lukll o < Ci (// |n+sy dxdy + ||Tails (¢, CQ2 L) ), 5.7
Q\Q

lx —y

with C; := diam(21)" ™ /|21 \2|. Now, we observe that, by (2.13) and Lemma 2.2, it holds

// |Mk(x)—uk(y)|dxdy
szl\sz |x — y|rts

ik (x) — ”k()’)|> } dx dy
A P St
‘/ LI\Q{ ( |x — yl + |x_y|nfl+s

H 1 sn 1 ]
<N(uk, Q) + /\%IQI diam(Ql)H> < C(m+ 1),
s
for some constant C > 0 depending only on n, s, g, and 2. Note that, for the third inequality
we also took advantage of the non-negativity of .A. Adding together (5.6), (5.7), and the last
estimate, we obtain that there exists a constant C3 > 0, depending only on #, s, g, and €2,
such that

lukllys1 (@) < C3 (m + 1+ |Tails (g, C2 HliLig)
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for every k large enough. By the compactness of the embedding of W*1 () into L' (), we
find that, up to a subsequence, u; converges to some function i € W*!(Q) a.e. in  and
in L'($2). Then, if we define the function u € W;(Q) by setting u := # in Q and u = ¢
in CS2, by Fatou’s Lemma we conclude that

m < F(u, Q) < liminf F(uy, Q) = m.
k—00

The uniqueness of the minimizer u follows from the strict convexity of the functional F
on W(f, (€2)—which can be proved by arguing as in Lemma 2.7. O

We stress that a function u € W;(Q) which minimizes F in the sense of (5.5) is clearly
also a minimizer in the sense of Definition 1.2. Hence, all the results satisfied by minimizers
apply also to minimizers in the sense of (5.5). This is true in particular for the a priori estimates
of Sect. 3 and for the results on the relationship existing in the geometric framework with
nonlocal minimal graphs, which will be fully explored in Sect. 6.

5.2 Existence of local minimizers via a Perron-type result

We present here a proof of Theorem 1.7, which claims that the existence of local minimizers
of F is equivalent to the existence of an ordered pair of locally bounded weak sub- and
supersolutions of 77u = 0.

Proof of Theorem 1.7 Implication (i) = (ii) is an immediate consequence of Proposition 3.3
and Corollary 2.22. By these results, u« is locally bounded in 2 and weakly solves .77u = 0
in 2. Hence, we can consider u = u = u.

We now show that (ii) = (i). Let ug € Wj, (R2) be the function defined by setting u¢|q :=

L*’erﬁ and up|cq := ¢. Consider a regular exhaustion of €2, i.e., a sequence {2} of bounded

open sets with Lipschitz boundaries such that

o0
Qe e and | Jou=0.
h=1

We first solve an auxiliary minimization problem in each €2;,. Set
M}, := max [”Z”L"C(Qh), ||ﬁ||L°°(Qh)}-

By appropriately modifying the proof of Proposition 5.3, we easily find that there exists a
unique function u;, € By, W;O (21,) such that

FMi(uy,, Q) = inf {f“h (v, Qu):v € WS (@) andu < v < ae. in szh}.

We then claim that, up to a subsequence, the functions u;’s converge in LIIOC(Q) and

a.e.in  to a function u € W} (R2) such that u = ¢ a.e. in CQ. To this aim, we estimate
[unlws1 (g < C(Aun, Q) + 1) < C(FM (un, Q0) + 1),

for every integer & > k and for some constant C > 0 depending only on n, s, g, and €.
Note that the first inequality follows from Lemma 2.3, while the second one from the non-
negativity of NMk(uy,, Q)—this is an immediate consequence of definition (2.17) and
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the fact that |up| < My ae. in Q. Now let i € W;jh (2k) be defined by iiyl|g, = uo
and ity |cg, := up. By the minimality of u;, and Lemma 2.8, we have that

FMe Cup, Qi) — FYe (i, Q) = FY i, @) — FHM0 @n, @) <0,
for every h > k. Next, using (2.23) to estimate the term N Mk (i1, Q), we have the bound
Mi (i1, Q) = Ao, ) + N iy, Q) < Auo, ) + 4A My Perg (2, R") =: ¢.
Combining these three estimates, we obtain
[unlwsiqy < Cler + 1),

for every A > k. Since we also have that |Jup| L~ (q,) < My, by the compact embedding
of W% 1(Q) into L' () and a diagonal argument we conclude that the claim holds true.

We are left to show the local minimality of u. First, we prove that, given any openset O € 2
with Lipschitz boundary, « is the unique minimizer of 7 among all functions v in Wj (O)
such that u < v < u a.e. in O. To see this, let £ be the smallest integer for which O &€ 2.
For h > ¢, define then vj, by setting vy|o := v and v|co = up. Observe that vy is a
competitor for uy. Hence, Mt (uy,, ©) < FMt(v;,, ©) and, by Lemma 5.1,

FMe (u, 0) < hm 1nf FMe (up, O) < hm 1nf }'Mf(vh 0) = A, O) + lihm ianM‘(vh, 0).
—>00
Note that, by the global Lipschitzianity of G, for every (x, y) € O x CO we have
‘2g<v(x) - uh(y)> 3 g<Mz +Mh(y)> 3 g(Mz - uh(Y))
lx =yl lx =yl lx =yl

[v(x)| + M, M,
_ ylnts 2A _ ylats
lx — | lx — |

1
|x _y|n—l+s

As the function on the last line is integrable in O x CO, we may apply Lebesgue’s dominated
convergence theorem and deduce, using representation (2.22), that

hlim NMe(yy,, 0) = NMe(v, 0).

Accordingly, FM¢(u, ©) < FMt(v, ©). This shows that u has the desired minimality prop-
erties. Its uniqueness is an immediate consequence of the strict convexity of FMe.

Finally, we prove that u is a true local minimizer of F—i.e., not only with respect to
competitors constrained between u and u. Let ® = ©®(n, s) be the positive constant of

Theorem 1.3. For x €  fixed, let o, := %ﬁz&?) Since u € WfOC(Q), by Lemma 5.5

we have that Tails (4, B(1120)0, (Xx)\ By, (X); -) € L! (By, (x)). Hence, Theorem 1.3 ensures
the existence of a unique minimizer u of F within W; (B, (x)). Since, by the comparison
principle of Proposition 2.26, we have that u < # < u a.e. in R”, by the uniqueness of u we
conclude that u = i a.e. in R". In particular, u is a weak solution of J#u = 0 in B, (x). By
the arbitrariness of x € €2 and a partition of unity argument, we find that u is a weak solution
of #u = 0 in the whole . In light of Corollary 2.22, u is then a local minimizer of F in €.

O

6 Minimizers of F; versus minimizers of Per;. Proof of Theorem 1.9

We continue here the analysis, started in Sect. 2.3, of the geometric properties enjoyed by the
functional ]-'sM and of its relation with the s-perimeter. In particular, we prove Theorem 1.9,
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i.e., we show that the nonlocal perimeter decreases under the vertical rearrangement (1.15).
This fact will be a consequence of a rearrangement inequality for a rather general class
of 1-dimensional integral set functions, that we establish in the next subsection.

6.1 A one-dimensional rearrangement inequality

Let K : R — R be a non-negative function. Given two measurable sets A, B € R, we define

Ik (A, B) := / / du, where du =dug(x,y) = K(x —y)dxdy, 6.1
AJB

whenever this quantity is finite.
Fix two real numbers «, B and consider two sets A, B € R satisfying

(—o00,) €A and (B, +o00) C B.

We define the decreasing rearrangement A, of A as

R
Ay = (—00,a,), with a, := lim (/ xa(t)dt — R) . (6.2)
R— 400 R
Similarly, the increasing rearrangement B* of B is given by
R
B* := (b*, +00), with b" := lim <R —/ xB (1) dt) . (6.3)
R—+00 R

Notice that, up to a set of vanishing measure—actually, a point—it holds
B* = C(CB). 6.4)

The next result shows that the value of Zx decreases when its arguments are appropriately
rearranged.

Proposition 6.1 Let A, B C R be two measurable sets satisfying
(—00,0] C A° C A C (—00,a) and [B,+00) € B° C B C (B, +00),

Jor some real numbers ¢ < & and 8 < B. Let K : R — R be a measurable, non-negative
function and suppose that

Tk ((—o0, @), (B, +00)) < o0. (6.5)
Then,
Tk (A, BY) < Ik (A, B). (6.6)

Inaddition, if K is locally bounded from below by positive constantsand A = A (or B = B*)
up to sets of measure zero, then the inequality in (6.6) is strict unless also B = B* (or A = A,)
up to sets of measure zero.

We strongly believe that, more generally, the strict inequality is valid in (6.6) for all couples
of sets A and B for which at least one of the two does not coincide with its rearrangement.
However, we will not investigate the validity of this stronger statement, as it would not play
any role for our applications to the s-perimeter.
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Proof of Proposition 6.1 First of all, we observe that we can restrict ourselves to assume that A
and B are both open sets. Indeed, if A and B are merely measurable, by the outer regularity
of the Lebesgue measure there exist two sequences of open sets {Ay}, {Bx} with A C Ay C
(—o00,a) and B € By C (B, +o0) for every k € N, and such that |Ax\A|, |Bk\B| — 0
as k — +o00. Suppose now that (6.6) holds with A and By respectively in place of A
and B. By this and the fact that, by definitions (6.2)—(6.3), it clearly holds A, € (Ax)«
and B* C (By)* for any k, we deduce that

Tk (Ax, B*) < lim Zg ((Ap)s, (B)™) < lim Tk (Ag, Br) = Ik (A, B).
k——+00 k—+00

The last identity follows from Lebesgue’s dominated convergence theorem, which can be
used thanks to (6.5). In light of this, it suffices to prove (6.6) when A and B are open sets.

Next, we recall that each open subset of the real line can be written as the union of
countably many disjoint open intervals. In our setting, we have

+o00 k
A= U AP with A® .= UA,,
k=0 i=0
and
+00 k
B=|JB®, with B® := | ] B;.,
k=0 j=0

for two sequences {A;}, {B;} of open intervals satisfying A;; N A;, = & for every i| # i»
and Bj N Bj, = @ for every ji # jo, and such that (—oo, @) € Ap and (B, +00) C By,
Suppose now that (6.6) holds when A and B are the unions of finitely many disjoint open
intervals. In particular, (6.6) is true with A% and B® in place of A and B, respectively.
Hence,

Tk (AP, (BD)*) < Tg (AW, BY) < Tg (A, B) (6.7)
for every k € N. On the other hand, it is easy to see that
(—00,0) € (A*V), c (AW), € A, and (B, +o0) € (BED)* < (B®)* c B

for every k € N. Since both |A,\(A®),| and | B*\(B¥®)*| go to 0 as k — 400, Lebesgue’s
monotone convergence theorem yields that

Tk (As, B) = lim Zg (AD),, (BO)).
k—+400

The combination of this and (6.7) gives (6.6).
In light of the above considerations, we are left to prove (6.6) when A and B are unions
of finitely many disjoint open intervals. Thus, we fix M, N € N U {0} and assume that

M N
A=|JA; and B=|] B,
i=0 j=0

with
Ag = (—00,a9) and A; := (api_1,as) fori=1,..., M,

6.8
By := (bg, +o0) and Bj := (byj,b2j_1) forj=1,..., N, ©8)
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where {a; }l 20 {bj}go C R are two sets of points satisfying a;—1 < a; and b; < bj_y, for
everyi =1,...,2M and j = 1, ...,2N.In this framework, inequality (6.6) takes the form

2 e o

,,,,,

Clearly, when M = N = 0 there is nothing to prove, as it holds A, = A and B* = B.
In case either M = 0 or N = 0, the verification of (6.9) is also simple. Indeed, suppose
for instance that N = 0 and M > 1. Then, B* = B = (bg, +00) and A, = (—00, ay)
for some a, € R. Up to a set of measure zero we may write A, as the union of M + 1
disjoint adjacent intervals {C; }M —o given by C; = A; — a;, for some a; > 0 and for every i.
Accordingly,

M +00
/*/*dﬂ=zv/;-/bo
M +00
= w < du = du, 6.10
= e [ o o

that is (6.9). Note that the second identity follows by adding to both variables of the double
integral the same quantity a;. That is, we applied the change of coordinates x = w —a;, y =
7 —a; and got

+00 +00
// du:f/ Kx—y)dxdy= f / K(w—z)dwdz—/ /
i Jbo i Jbo i Jbo+a; i Jbo+a;

As the case M = 0, N > 1 is completely analogous, we can now address the validity
of (6.9) when M, N > 1. Recalling definitions (6.2)—(6.3), it is immediate to see that

M M
Ay =(—00,a,), with ax=ao+ Y |Ad =ap+ ) (ax —az1)
=1 =1
and
N N
"= (b*,400), with b* =bo— Y |Bj| =bo— Y _(bar—1 — ba).
=1 =1
Set

i—1

Ci:=A; —a;, with a;:= Z(azg_,_l —apy) fori =1,...,M and ag := 0, (6.11)
=0
j—1

Dj:=Bj+bj. with bj:=Y (by —byy1) forj=1,... Nandbg:=0. (6.12)
=0

The families {C; }M pand {D; }N o are both made up of consecutive open intervals. Moreover,
up to sets of measure zero, we have

M N
A.=JC and B*={]D;. (6.13)

i=0
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Consequently, we can equivalently express (6.9) as

._Z /l./B_d“> __Z /i/D_du« (6.14)

Letj=1,..., N be fixed. We compute

ol e o o e o
Ao J/ Bj CoJDj—b; Co+bj JDj (C0+bj)\C0 Dj Co JD;

Notice that the first identity follows from definitions (6.11)-(6.12), the second by applying
to both variables of the double integral a shift of length b ;, and the third since Co € Co+b;.

Similarly,
oo e o
A; /By Ci J(Do—a;i)\Do Ci VDo

forevery i =1, ..., M. Furthermore, by a translation of size b j — @i, we may also write

e |yl o
Aj Bj Ci+a; Dj—Ej Cl‘-H;j Dj—ﬁ,‘

foreveryi =1,...,M and j =1, ..., N. Finally, as A9 = C¢ and By = Dy, we have

[ e foe
Ao Y By Co J Do

Applying the last four identities together with (6.13), formula (6.14) becomes

ax by
> [ [ aws [ [ aw (6.15)
i=0 M E[:j E/';i aop *
N

.....

J=0,...,

where we put

Eo;0 := {ao}, Fo,o0 := {bo},
Ei.o:=Ci, Fo.; :== (Do —a;j)\Dy, fori=1,...,M,
_ . (6.16)
Eo.j == (Co+bj)\Co, Fjo:=Dj, forj=1,...,N,
Ei.j:=C; +bj, Fji:=Dj —aj, fori=1,....M, j=1,...,N.
We now claim that
lag, ] x [b*, ol € | ) Eij x Fji. (6.17)
i=0,....M
j=0,....N

Observe that (6.17) is stronger than (6.15), and therefore that its validity would lead us to the
conclusion of the proof (Fig. 1).

Before showing that (6.17) is true, we make some considerations on the intervals E;; ;’s
and Fj;;’s. Given a bounded non-empty interval I C R, we indicate with £(I) and r([) its
left and right endpoint, respectively. We have that

r(E,‘,I;j)=€(Ei;j), fori = ,...,M,j= ,...,N, (6.18)
r(Fji) = L(Fj_1.), fori=0,....,.M, j=1,...,N, (6.19)
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Fig.1 An example illustrating the validity of (6.17). On the left, we have drawn in solid blue background the
rectangles corresponding to the initial configuration given by the intervals Ag = (—o0, 2), A1 = (3,6), Ay =
(8, 13), A3 = (16, 17)—on the horizontal axis—and By = (—1, +00), By = (=7, —3), By = (—12, —8)—
on the vertical axis. The rearranged set A, x B* = (—o0, 11) x (=9, +00) is represented in red diagonal
pattern. On the right, we translated the blue rectangles A; x Bj along the direction (1, 1), following the rules
outlined above, to obtain the sets Ej; j x Fj; ;. The new configuration covers completely the region shaded in
red (color figure online)

> ay, forj=0,...,N, (6.20)
< b¥, fori =0,..., M. (6.21)

To check (6.18), we recall definitions (6.16), (6.11), (6.8), and notice that
r(Ei—1:j) = r(Ai—1) — @i—1 +bj = asi—» — a; + (azi—1 — azi—2) +b;
= U(A) —a; +bj = L(E;;))
foreveryi =1,..., M and j =0, ..., N. On the other hand, it holds

M-1
r(Em:j) =r(Ay) —ay +bj = arpy — Z (are41 —az) + b
=0
M
=ap + Z(azz —ax-1) +bj > ax,
=1

which gives (6.20). Items (6.19) and (6.21) follow analogously.
In view of formulas (6.18)—(6.21), we immediately deduce that

M
lag. ax] € | JEirj forevery j=0.....N (6.22)
i=0
and
N
[b*, by] < U Fj.; foreveryi=0,..., M.
j=0

On top of the previous facts, we also claim that

U(E; ;) > L(E;;j—1) foreveryi=1,....M,j=1,...,N (6.23)
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and

r(Fj;) <r(Fji—) foreveryi=1,...,.M, j=1,...,N. (6.24)
Indeed, fori =1,...,Mand j =1,..., N we have
r(Fj.i) =r(Dj) —a; =r(Dj) —ai—1 — (@i-1 — @2i—2) <r(Dj) —aj—1 =r(Fj;i_1).

This proves (6.24), while (6.23) can be checked in a similar fashion.
Thanks to the previous remarks, we can now address the proof of (6.17). Let

p = (x,y) € [ao, ax] x [b*, bo] (6.25)
and suppose by contradiction that p does not belong to the right-hand side of (6.17). L.e.,
p¢E;;xFj; foreveryi=0,...,Mandj=0,...,N. (6.26)

By virtue of (6.22), in correspondence toevery j =0, ..., N wecanpickani; € {0, ..., M}
in such a way that

X € Eij;j- (627)
We claim that
{i j};'v=0 is non-increasing. (6.28)

Indeed, suppose that we have constructed the (finite) sequence {i¢} up to the index £ = j — 1,
with j € {1,..., N}. Of course, when i;_| = M we necessarily have i; < i;_j. On the
other hand, if i; | < M — 1, using (6.23) and (6.18), we infer that

UEi; +1;j) > UEi; j41;j-1) =1 (Ei;_;j-1) = x.

Hence, also in this case i; falls within the set {0, ..., i;_1} and (6.28) is established.
Next, by comparing (6.27) and (6.26), we notice that y ¢ U?’ZO Fjii;. This amounts to say
that, for every index j =0,..., N,

either y < E(Fj;ij) ory> r(Fj;ij). (6.29)
We now claim that the latter possibility cannot occur, i.e., that
v < UFj) (6.30)

forevery j =0, ..., N. Note that (6.30) would lead us to a contradiction. Indeed, by using
it with j = N and in combination with (6.25) and (6.21), we would get

b* <y < (Fy.iy) < b¥,

which is clearly impossible. Therefore, to finish the proof we are only left to show that (6.30)
holds true for every j = 0, ..., N. To achieve this, we argue inductively. First, we check
that (6.30) is verified for j = 0. Indeed, by (6.25) and (6.16),

y < by = r(Foiy)s

and thus (6.29) yields that y < £(Fp.;,)—i.e., (6.30) for j = 0. Secondly, we pick
any j € {1,..., N} and assume that (6.30) is valid with j — 1 in place of j. Then, recall-
ing (6.19), (6.28), and possibly (6.24) (applied i;_; — i; times), we get that

y < Z(I:jfl;ij_l) = r(Fj;ij_l) < r(Fj;ij)-
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By comparing this with (6.29), we finally deduce that claim (6.30) holds true. Thus, the proof
of (6.6) is complete.

We now assume the kernel K to satisfy inf; K > 0 for every compactset I € R and show
that inequality (6.6) is strict when one between A and B coincides with its rearrangement
and the other does not. Without loss of generality, we suppose that B = B* = (bg, +00)
and d := |AAA,| > 0. We claim that

8(A, B) := Tg (A, B) — Tk (A4, B¥) > cd?, (6.31)

for some constant ¢ > 0 depending only on o, @, é ,B,and K.

Thanks to the same approximation procedure considered in the first part of the proof, it
suffices to establish (6.31) in the case when A can be written as

M
A= UA,', with A() = (—oo,ao) andAi = (a2,',1,a2,') fori = 1,...,M,

i=0
forsome M € Nanda < a;j—1 < a; < aforeveryi = 1,...,2M. Recalling (6.10), we
have that
M an; bo+a; M
sam =y [ [ ke-ydxayz | it K| Yo - av-na
iz1 Yz Jbo [g—ﬁ, a-p i=1
(6.32)
with a; as in (6.11).
Consider the index m := min {i ef{l,....M}:ap; > a*}. A straightforward computation
gives

[A\A,| = (a2 — azi1) — (ax — azm-1),,

-

1

m

—_

m—

= (a2e41 — aze) — (ax — azm—1) _ = |AL\AL

o~
[}

Consequently, all these quantities are equal to d /2 and therefore

i—1

M M
> az —azi)ai =Y (ax —ax-1) Yy (a1 — az)
i=1 =1

=0

S

M
(azer1 —az) Y (azi —azi-1)

i=(+1

Il
- O

S &

M
> ) (ays1 —ax) Y (ax — az—1)

=0 1=m
d2
ANA[A\AL| = T

o~

=

Claim (6.31) follows from this and (6.32). This concludes the proof of Proposition 6.1. O
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6.2 Vertical rearrangements and the s-perimeter

We now take advantage of Proposition 6.1 to show that Per; decreases under vertical
rearrangements—that is, we prove Theorem 1.9.

Proof of Theorem 1.9 Given ¢ > 0, consider the nonlocal perimeter Per{ corresponding to
the truncated kernel K¢ (r) := max{r, ¢} ™"~ for r = |Z| and Z € R"*!. That is, given a
measurable F € R**! and © € R"*! open, we define

Pert (F,0) := LE(F N O,CFNO)+ LE(F NO,CF\O) + LE(F\O,CF N O),

where, for any two measurable sets A, B C R+

L5(A, B) :://K€(|X—Y|)dXdY:// axdy .
’ AJB AJp max{|X — Y|, g}ntl+s

Let E be as in the statement of the theorem, wg be the function introduced in (1.15),
and write E, := S, for the vertical rearrangement of E. Denote with F either the set E
or its rearrangement E,. Observe that, outside of 2°°, both sets E and E, coincide with the
subgraph of the same function v : C2 — R. Hence,

F\Q® = {(x, e xR:t < v(x)}. (6.33)
It is also clear that E, satisfies (1.16). Accordingly,
Q x (=00, —M) C FNQ® C Q x (o0, M). (6.34)
We compute
Per! (F, Q") = £E(F n @M, cF nqM)
+ LE(FN QM cF n(Q>\QM)) + £LE(Fn M, cF\Q™)
+ LE(F N (QX\QM), cFn @My + £E(F\Q™®, cF n QM)
= LE(FNQ®,CFNQ®) — LE(F N (QX\QY), CF N (Q>\QM))
+ LE(FNQM, CF\Q™®) 4 LE(F\Q™, CF N QM).

Observe that all the above terms are finite, thanks to the boundedness of both 2 and K., the
decay of K at infinity, and property (6.34). By this identity and again (6.34),

Pert (E,, QM) — Per® (E, @) = L5(E, N Q™, CE, N Q%) — LL(ENQ™, CE N Q™)
+ LEE, N QM CENQ®) — LE(EN QM CE\Q™)
+ LE(EN\Q™, CE, N QM) — LE(E\Q™, CE N QM).

(6.35)

Set
F@)i={reRi@neF| forxer"
and
K1) := KE(\/cm) fora,t € R.
Using the notation of (6.1), by (6.33), (6.34), and Fubini’s theorem, identity (6.35) becomes
Perf (E,, QM) — Perf (E, QM)
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= /Q /Q [Zke | (Ba(0,CEL0)) = Tk (E@), CE) | dxdy
- / / [T, (Bu). CEL) = Tk (E@),CEG) | dxdy
QJCQ )

- / f {Zke | (B0, CEL0) — Tks | (E@).CEO) | dxdy.
CcCQJQ ; ;

Recalling the definition of decreasing rearrangement of a subset of the real line introduced
in (6.2), we observe that E(x)s = (—o0, wg(x)) = E,(x) for all x € R". Also note
that, for every o, B € R, we have Zg:((—00, @), (B, +00)) < oo. Hence, we can apply
Proposition 6.1 and deduce that

IKﬁ_)v‘(E*(x), CE.(y)) — IKfr—y\ (E(x),CE(y)) <0 forae.x,yeR",

where we also took advantage of property (6.4). Using this inequality in the previous identity,
we get that Per (E,, QMY < Peré (E, QM). Letting & N\ 0, we conclude that (1.9) holds true.

To finish the proof, we are left to show that, if Per,(E, QMY < oo, then the inequality
in (1.9) is strict unless E = E, up to a negligible set. Indeed, suppose that (1.9) holds as an
identity. By letting ¢ N\ O in the last two formulas, it is easy to see that

Tk, (Ex(x), CEL(Y)) — Tk ,_, (E(x),CE(y)) =0 forae.x,yeR",
where K, (¢) := (a2 +12)~ R . But then, since K, is positive and continuous for every a >
0, the second part of the statement of Proposition 6.1 yields that |[E(x)AE.(x)| = 0 for
a.e. x € Q—mnote that we also exploited the fact that CE(y) = CE,(y) for a.e. y € CQ,
thanks to (6.33). From this, it follows that |[EAE,| = 0. The proof of Theorem 1.9 is thus
complete. O

7 Proof of Theorem 1.10

We begin by showing the equivalence of (i)—(v), assuming €2 to be merely an open set.
Implication (i) = (ii) is an immediate consequence of the first part of Theorem 1.8.
Next, (ii) = (iii) can be easily deduced from Corollary 2.22.

As for (iii) = (iv), by Proposition 3.3 we know that u € L% (€2). Let {€2;} be a sequence of

open subsets of Q with Lipschitz boundary, such that Q; € Qi forallk and |, oy @k = Q.
Let {M}} be a diverging sequence for which

My > |lull L) 7.1

and consider the cylinders Ok = Q@ x (—=My, My). We claim that S, is s-minimal in
each O, Since OF 7 Q@ this would readily give that S, is locally s-minimal in >, as
desired.

Let E € R"*! be such that E\OF = S,\OF and let wg be the function defined in (1.15).
We can suppose that Per,(E, OF) < oo, otherwise there is nothing to prove. By (7.1), we
know that E satisfies (1.16) and hence Theorem 1.9 yields that

Pery (S, OF) < Perg(E, OF). (7.2)

Notice that, thanks to Proposition 2.12, we know that wg € By, W, (2 )—recall the ter-
minology introduced at the beginning of Sect. 5. By this, the fact that u € By, W* (€2)
minimizes Fy in €2, identity (2.28) (with Q = Q and M = M), and (7.2), we get
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Pery (S, OF) < Pery(Sy,, OF) < Pery(E, OF).

The arbitrariness of the set £ implies that S, is s-minimal in OF, as claimed.

We now prove that (iv) = (v). First, by Proposition 3.4 we have that u € Ly ().
Then, [8, Theorem 1.1] actually yields that u € C*°(£2). Hence, given any x € 2, we can
find both an interior and an exterior tangent ball to S, at (x, u(x)) € 35, N Q. The Euler—
Lagrange equation satisfied by s-minimal sets—see [ 10, Theorem 5.1]—and (1.5) then imply
that J5u(x) = Hg[S,1(x, u(x)) = 0.

Finally, implication (v) = (i) holds thanks to Definition 4.2 and Remark 4.1.

Assume now €2 to be a bounded open set with Lipschitz boundary. Under this assumption,
Corollary 2.22 ensures that (ii)/ & (iii)/. Also, (iii)/ = (iii) is always trivially verified. To
conclude, observe for instance that, when u € L°°(£2), the implication (i) = (ii)/ easily
follows from Theorem 1.8.

8 Proof of Theorem 1.11

In this brief section, we establish the validity of Theorem 1.11. This will be a consequence
of the next two propositions.

First, we address the existence and uniqueness of s-minimal graphs. Before heading to
our statement, we make the following observation.

Let  be a bounded open set with C? boundary and ¢ : R” — R be a measurable function,
bounded in Bg\€2 for some R > 0 and such that ¢ = 0 a.e. in CQ2. In [22] it is proved that
there exists a radius R > 0, depending only on n, s, and €2, such that if R > Rand E is a
locally s-minimal set in % such that E\Q* = S,\ 2, then

Q x (—00, —Mp) € ENQ® C Q x (=00, My), 8.1)

with My = C (R + ||§0||L°°(BR)) for some numerical constant C > 0. Roughly speaking,
this is a global “L° estimate” for nonlocal minimal surfaces (not necessarily graphs) in
terms of their (graphical) exterior data, and can be thought of as a geometric counterpart of
our Theorem 1.4. Its validity can be inferred from a careful inspection of the proof of [22,
Lemma 3.2].

With this in hand, we can easily establish the following result.

Proposition 8.1 Let 2 C R” be an open set with boundary of class C* and such that Q. C Bg,
for some Ry > 0. There exists a radius R > Ry, depending only on n, s, and 2, such that the
following holds true. If p: CQ — R is a measurable function, bounded in Bg\<2, then there
exists a unique locally s-minimal set E in Q°° which coincides with the subgraph of ¢ outside
of Q. The set E is the subgraph S,, of a function u: R" — R withu|g € L*°(R2) NC*®(Q).

Proof Let R be larger than the radius R considered earlier and such that Qo diam@) € Br,
with ® being the maximum between the two constants found in Theorems 1.3 and 1.4.
Note that, thanks to Lemma 5.5(ii), we know that condition (1.13) holds true. Consequently,
Theorem 1.3 yields the existence of a unique minimizer u of F; in Q2 such that u = ¢
a.e. in CQ. By Theorem 1.4 we have that u € L°°(2), while Theorem 1.10 gives that u is
smooth inside €2 and that its subgraph S, is locally s-minimal in Q.

Letnow E C R"*! be alocally s-minimal set in 2 such that E\Q>® = Sp\ Q2. In view
of our previous remark, E satisfies (8.1) for some My > 0. Consequently, we may apply to
it Theorem 1.9 and infer that E is the subgraph of a function v € B, W, (€2). Since, by
Theorem 1.10, v is a minimizer of Fy in €2, we conclude that # = v a.e. in R". The proof is
thus complete. O
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To conclude the proof of Theorem 1.11, we are only left to deal with the uniform continuity
of the minimizer u in Q.

Proposition 8.2 Let 2 € R”" be a bounded open set with boundary of class C* and u be
a minimizer of Fs in Q. If u = ¢ in CQ, with :CQ2 — R such that ¢ € C(2,\Q) for
some r > 0, then u|q can be extended to a function u € C(S2).

Proof First of all, since u is a minimizer of F; in , Theorem 1.10 ensures that u € C*° ().
To obtain that u is continuous up to the boundary of €2, we thus only need to show that

for every x € 92, the limit £(x) := lim u(y) exists and is finite. (8.2)
Qoy—x

Indeed, if this is the case, then it is easy to see that £ € ( C(0€2) and thus that the extension
of u|q by £ defines a continuous function in the whole 2.

To prove (8.2), we first observe that u € L°°(2), thanks to Propositions 3.3 and 3.6.
Hence,

£~ (x) :=liminfu(y) e R and £ (x) := lim supu(y) € R,
Qoy—x Qoy—>x
for every x € 9. Claim (8.2) boils down to showing that £~ (x) = £7(x).

We argue by contradiction and suppose that £~ (xg) < £ (xg) at some xog € 9. Then,
at least one between £~ (xq) and £ (x¢) is different from ¢ (x(). Without loss of generality,
we assume that £~ (xg) < ¢(xp). By this and the continuity of ¢, there exists § > 0 such
that £~ (xg) < @(x) for every x € Bs(xp)\S2. Thus, setting Xo := (xo, £~ (xp)), we have
that

By (X0)\Q™ € Sy,

for a small o > 0. Also observe that, as a consequence of the definition of £~ (xp), we
have Xo € 9S,. Therefore, we can apply [22, Theorem 5.1], which gives that 9S,, is of
class C*%" in By (Xo), up to taking a smaller o.

Write X; := Xo + tep+1. We claim that

X, € 88, and Hy[S,1(X;) = O for every t € [o, g] . (8.3)

To see that X, € 3S,, it suffices to observe that for every £ € [£™ (xo), £T (xq)], there exists
a sequence of points {yr} € €2 converging to xo and such that u(yx) = ¢ for all kK € N. This
last fact can be easily deduced from the continuity of u# inside 2 and the regularity of 9€2.
That H [S,](X;) = 0 also follows from this and the Cl’% regularity of 95, in B, (Xop),
thanks to [22, Lemma 3.4].

Claim (8.2) is now a consequence of the strong comparison principle. Indeed, using (8.3)

and a suitable change of variables, we get that

0= HS[SM](XZ‘) - HS[SM](XO)

_pvV xes,(Xe +Z) — xs,(Xe + Z) — xes,(Xo + Z) + xs,(Xo + Z) iz
o Rt | Z |nH1+s

Xo+Z
—2PV. / X8\ Ko+ 2)
Rt |Z|n+1+s

for all ¢+ € [0, o/2]. Since this is impossible, we conclude that (8.2) must hold true and the
proof is thus complete. O
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Appendix A. A density result and a Hardy-type inequality

We include here a few auxiliary results that have been used throughout the previous sections.
First, we have the following known result about the density of smooth functions in fractional
Sobolev spaces.

Proposition A.1 Lets € (0, 1) and p > 1be suchthatsp < 1. Let 2 C R" be a bounded open
set with Lipschitz boundary and u € W*-P (2). Then, there exists a sequence {ux} S CS°(£2)
which converges to u in WP (Q). Furthermore, ifa < u < b a.e. in Q for some —00 < a <
0 < b < +o09, then we can choose the uy’s in such a way that also a < uy < b in Q for
everyk € N.

Proof First of all, we observe that it suffices to consider the case of a bounded u, as the
statement in its generality can then be proved easily via truncations. Hence, we assume that

a<u<bae. inQ, forsomea € (—oo, 0] and b € [0, +00). (A1)

Secondly, we may further restrict to u’s with support compactly contained in 2. Indeed,
suppose that the result holds true for all such functions. Then, given any generalu € W* 7 (),
we take § > 0 small and define vs := u xq_,—recall (3.19). Clearly, supp(vs) € Q2_s5 € £,
and thus we can find u5 € C2°(2) such that a < us < bin Q and [[vs — usllws.r@) < 8.
We claim that lims_.q lu — vsllws.r(@) = 0. To see this, notice that [lu — vsllLr@) <
]l Loo () 12\ 25| — 0 as § \ 0, thanks to the boundedness €2 and the Lipschitz regularity
of its boundary. On the other hand,

lu(x) —u(y)|?
[ — 1L f / dx dy
WO T Joas Jae, k= oyt
dy
+2/ lu(x)|? (/ 7> dx
Qs Qs lx — ylrtsp
_ p
/ / l(x) — u(y)l dx dy
e Jovas X — Clx — y|rtse

_dxdy
+2||u||L00(Q)/ Q. 5\/9 5 |x _y|n+sp

Both summands converge to zero as § N\ O: the first by the continuity of the Lebesgue
integral, the second by [34, Lemma 2.7(i)] and the fact that sp < 1.

We thus take u € W*P(Q) satisfying (A.1) and supp(u) C ' for some open set Q' € Q.
We also call u its extension to O outside of Q2—it is easy to see that u € W*P(R"). Let n
be a standard mollifier, i.e., a non-negative function n € C°(R") such that supp() € B
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and [nllp1gny = 1. For & > 0, define n:(x) = e7"n(x/¢e) and ue(x) = (u * ne)(x)
for every x € R". We have that u, € C°(R"), a < uy < b in R”, and supp(u;) € €2,
provided ¢ < dist(’, 92)/2. It is well-known that u, — u in LP(Q) as ¢ \, 0, and
the convergence is actually in W*-?(2). This is probably well-known too. Nevertheless,
we reproduce here the argument of [26, Lemma 11] for the convenience of the reader. By
Holder’s inequality, we estimate

lu(x) —ug(x) —u(y) + Ma(y)|p
[u MS]WS p(Q) ., ., dx dy

|x — y|tsp

</ / </ lu(x) —u(y) —u(x —ez) +u(y — ez)| ()d)pﬂ
S Jao S \ s, y z y —€e2)|n(z)dz P

< |BI|P*‘/B 1) Ve (2) dz,
1

with
WS(Z) = ”TSZV - V”Z”(R”XR") s
Vix,y) = LI:S;), and 7, V(x,y) =V —-—w,y —w).
x =yl »

Since V € LP(R" x R"), by the continuity of translations in L” we have that ¥, (z) — 0
as ¢ \( 0, for every z € By. As |Y¢| < 2P[u]ws.p@wn) in By, using Lebesgue’s dominated
convergence theorem we conclude that u, — u in W* 7 (Q). m]

Next, we have the following fractional Hardy-type inequality. This inequality is probably
well-known to the expert reader—it is stated for instance in [25], see formula (17) there.
However, since its proof does not seem easily accessible in the literature, we provide a
simple argument based on the fractional Hardy inequality on half-spaces established in [27].

Proposition A.2 Lets € (0, 1) and p > 1 be such that sp < 1. Let @ € R" be a bounded
open set with Lipschitz boundary. Then, there exists a constant C > 0, depending only
onn, s, p, and 2, such that

u(x)|? p
/Q st aeyr S Cllullsr @) (A-2)

for everyu € WP (Q).
Proof 1In light of Proposition A.1, we can restrict ourselves to consider u € CZ°(€2).

Let {B(J')};V:1 be a sequence of balls of the form BY) = B,.(x"), with N e N,x) € 9Q,
and r > 0, for which there exist bi-Lipschitz homeomorphisms

Tj: By x (=2,2) —> 2BY) := By, (xV)

satisfying
T;(Uy) = 2BY), with Uy := B} x (=2,2),
T;(U) = Qn2BY, with Uy := B} x (0,2),
T;(UY) = a2 n2BY), with U3 := B} x {0},

and such that 32 C Uyle(j). Here, for ¢ > 0 we write B, := {x’ eR" x| < Q}.
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Let & > 0 be such that £\ Uj.vzl BY € Q_, and set BO := Q_,. Clearly,

14
/ LIS < e*“"/ u()|” dx < Cllull] g (A.3)
B BO

o dyo(x)*P

where dyq(x) = dist(x, d2) for every x € Q and, from now on, C denotes any constant
larger than 1, whose value depends at most on 7, 5, p, and €2.
Notice that {BU )}j-vzo is an oper cover of 2 and let {n j};\’zo be a smooth partition of unity

on 2 subordinate to {B(j)};v:o. For j = 1,..., N, we define v; := nju € C(QN BY).
Changing variables through 7';, we have

/ de=/ MW“DTJ(’E)M’E'
Q

nBG) dyq(x)*P 7 @Bl da(Tj(X))P

Notice that for every x € QN BY) there exists Dj(x) € 02N 2B such that dyg (x) =
|x - D; (x)|. Since 7 is bi-Lipschitz and Tj_l (Dj(x)) € B} x {0}, we have

dyo(T;(x)) = |Tj(X) — D;j(T;(x)| = |T;(x) — T,/(Tfl(Dj(Tj(J?))))l
Cx =17 (DTN = €',
forevery x € T;I(Q N BW). Accordingly, writing w; :=v;oT; we get

. P A x P
/ [v;(x)] dxgcf Iw,_(fp))l Ji.
anBW dyq(x)*P Uy Xy

2

Let us observe that w; is supported inside Tj_1 (2N BY). We now employ the fractional
Hardy inequality on half-spaces of [27, Theorem 1.1] and deduce that

/ |”J(x)|p / / |w; (%) —w; (I 45 d5. (Ad)
QNBU) dagz(x)s” nJrr X = yrrse

where R} = {z e R" |z,, > 0} and it is understood that w; is extended by 0 in R’} \U2 We
point out that—since 7~ Y(BW) € U, and T Y@ N BYW) C U —we have

dist(7;7'(@ N BY), REAUS) > 0.

Thus, using that w; is supported inside ijl (2N BY), we estimate

D OW g [ DO
fn / %= 5 L L

lw; 1P\
+2 a5 ) dx
7 @0 SR\ X — VTP

|wj(x) —w;(MIP
/;12 /U+ [x — y|rtsp dx dy+C||w]||Ll,(U+)

(A.S5)

By combining (A.4) with (A.5) and switching back to the variables in €2, we easily find
that

/ |v](x)|p (/ / lvj(x) — vj(y)|pd dy + Jv;|? )
QnBG dm(x)”’ o2t Jompw  |x — y|ntsP JILp@n2B)
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Recalling that v; = nju and n; is Lipschitz, a simple computation then leads us to

lvj (x)|? p .
7dx§C||u||WS,p(Q) forall j=1,...,N.
enpl) daq(x)*P

Estimate (A.2) follows by putting together this with (A.3) and using that {n;} is a partition
of unity. O

A simple consequence of the previous Hardy inequality is the following estimate, which
actually gives that || - || ys.1 gy and || - [ ys.1(q) are equivalent norms for the space Wy (R2)
introduced in (1.11).

Corollary A3 Lets € (0, 1) and p > 1 be such that sp < 1. Let @ C R" be a bounded open
set with Lipschitz boundary. Then, there exists a constant C > 0, depending only on n, s, p,

and 2, such that
dy p
/Q (Iu(x)|” /csz lx — )’|n+sp) dx < Cllullysr gy

for every u € WP (Q).

Proof The inequality follows immediately from the estimate

d dz anl Snfl
/ — 2 — < f nis = ST st o),
cQ |.X - y| P CBiist(x,09) |Z| P sp

which holds for every x € €2, and Proposition A.2. O
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