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Introduction

In its original form, KAM theory deals with perturbations of finite dimen-
sional integrable systems and allows to prove that most of the invariant tori
of the unperturbed system persist under perturbation.

The first extensions to PDEs have been obtained in the late eighties in
[Kuk87] and [Way90]. Since then several authors, among which we mention
[CW93, Bou94, CY00, BBM14, BBHM18], have contributed to the develop-
ment of a satisfactory theory that allows to prove persistence of quasiperiodic
motions in quasi-integrable Hamiltonian PDEs on one dimensional domains.
For higher dimensional Hamiltonian PDEs, the situation is completely dif-
ferent, and essentially amounts to isolated examples. First of all we have the
theory developed by Bourgain in [Bou98] and [Bou04], but it only allows to
deal with nonlinear Schrodinger and nonlinear wave equations on the square
torus T? = RY/(27Z%), d > 2; Bourgain’s method has subsequently been
extended in [BCP15] to equations on Zoll manifolds and Lie groups, and in
[BM19] to the case of arbitrary flat tori, but nothing is known on more gen-
eral manifolds or domains: a key common ingredient in all these results is
indeed a technical Lemma by Bourgain, allowing to prove “separation of res-
onant sites” on tori. A different technique has been developed by Kuksin and
Eliasson in [EK10] (see also [PX13] and [EGK16]), but again it only applies
to square tori: up to now, there is a lack of a general theory for equations on
domains with spatial dimension higher than one.

In this thesis a new approach to higher dimensional problems is developed:
the strategy is an extension of the methods originally elaborated in [BBM14]
in the context of quasilinear one dimensional equations. To explain such a
method, recall that a possible strategy to construct invariant tori exploits a
Nash Moser type theorem (essentially based on a Newton algorithm). Here
the key step is to construct and estimate the inverse of a linear operator:
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more precisely, at each step of the iterative scheme, one linearizes the system
at an approximate solution, and gets an operator of the form £ = 9, — A(wt)
where A is a linear operator with quasi-periodic dependence on time.

The operator £ has to be inverted, and it is necessary to exhibit tame
estimates on its inverse operator. A technique to show the invertibility is to
consider the equation

Ou — Alwt)u =0 (0.0.1)

and to conjugate it to a new equation of the form J,u — Au = 0, where A
is a time independent linear operator, via an invertible map which depends
on time in a quasi-periodic way; such a conjugating process is referred to as
reducibility.

This thesis deals with such a problem, and also with a further one which is
preliminary to reducibility, namely the spectral problem for periodic Schrodinger
operators.

We remark that linear time dependent operators have been object of great
interest per se and have been widely studied, most of all due to the ma-
jor role they play in quantum mechanics; to this aim we recall the cor-
nerstones [Kat70, Kat75, Kat85], providing existence and uniqueness re-
sults of smooth solutions for equations of the form dyu — A(t)u = 0, and
[Bou99b, Bou99a, Dell0], where upper bounds on the growth of Sobolev
norms are exhibited (see also [Wan08a, FHW14], and the more recent works
[MR17, BGMR17]). The analysis of the dynamic behavior of linear time
dependent problems is deeply related to the study of spectral problems: the
second part part of this thesis is indeed entirely focused on the spectral anal-
ysis of a Schrédinger operator. This is also a widely studied subject, and
some of the relevant related literature will be discussed later on.

Our starting point is the construction elaborated in [BBM14]|. The main
idea developed therein, in order to obtain reducibility in the one dimen-
sional quasilinear case, consists in performing a preliminary step which, using
techniques of pseudo-differential calculus, enables to conjugate the original
operator to a smoothing perturbation of a “trivial operator” (typically, a
diagonal, or block diagonal, operator with respect to the Fourier basis), and
subsequently applying a suitable KAM algorithm to completely eliminate the
time dependence.

In [Bam18] the pseudo-differential techniques by [BBM14] have been rec-
ognized to be the quantization of a classical normal form procedure, and
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a first partial generalization of these techniques to a higher dimensional
case has been obtained in [BGMRI18]. However, in the particular system
of [BGMRI18]|, the KAM part of the proof trivially follows from its classical
counterpart, and this cannot be expected in the general case.

This is the origin of the work reported in the first part of this thesis, and
published in [BLM19], where a higher dimensional equation of the form

ou(t,r) = (v +eV(x,wt)) - Vu(t,z) + eW(wt)u(t,z), xcT¢ d>2,
(0.0.2)
is considered. Here v € R? w € R* V € C®(T? x T%R), and Vp € T"
W(yp) is a pseudo-differential operator of order strictly less than 1, symmetric
hyperbolic! and smoothly dependent on ¢. For such an equation we prove
reducibility. The following theorem is one of the main results of this thesis:

Theorem 0.0.1. For any o > 0 and s > 0 there exists €y such that for any
le| < eq there exists a set Q. C [1,2]™ with the following properties. For any
(w,v) € Q., the system (0.0.2) is reducible, namely in the Sobolev space H
there exist an operator ,ZL diagonal on the Fourier basis, and a bounded linear
operator with bounded inverse U(p), continuously dependent on ¢ € T", such

that, if u=U(wt)v, v salisfies
o = Av.

Furthermore, the complementary set of Q. in [1,2]%" has Lebesgue measure
which tends to 0 as € — 0, and for any s there exists n > 0 such that the
map @ — U(p) is of class C* from T" to the set of bounded linear operators
from HT to HC.

The main interest of this part of the work lies in the fact that, in or-
der to prove Theorem 0.0.1, after a preliminary application of the result in
[FGMP19], one has to merge the regularization techniques of [BGMR17] and
the reducibility scheme of [BBM14], thus developing an algorithm which is
likely to be suitable for applications to much more general systems. As a
result, one of the few examples of reducibility for an equation on a higher
dimensional domain with an unbounded perturbation is obtained. Remark
that, moreover, equation (0.0.2) corresponds to a case where the unperturbed

see Definition 2.1.5 of Chapter 2
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operator has eigenvalues whose differences are dense on the real axis; such
a configuration is usually considered as particularly difficult to deal with.
As anticipated, in order to construct KAM tori it is actually necessary to
complement the reducibility result in Theorem 0.0.1 with suitable tame es-
timates; here we do not focus on this issue, but we will comment later on it.

Let us focus on the ideas lying behind the proof of reducibility for equation
(0.0.2): as anticipated, the proof is based on two steps. Rewrite equation
(0.0.2) in the form

10w = (Ag + Ay (wt)) u, (0.0.3)

with
Ag=ir-V, Aj(wt)=iV(wt,x) -V +iW(wt).

In the first step of the procedure, the goal is to reduce the order of the per-
turbation as a (pseudo)-differential operator, namely to map equation (0.0.3)

into a new one of the form i0,v = (ﬁo +eA; (wt)) v, where the new pertur-

bation A; is a smoothing operator of order N for some arbitrary N > 0, in
the sense that it maps any Sobolev space H? into the Sobolev space Ho*.
We refer to such a procedure as regularization. Actually, in the case of (0.0.2)
the two terms iV - V and iVV are treated separately. Indeed, the former is
eliminated by means of a diffeomorphism on the torus, applying directly the
result proven in [FGMP19]. The lower order term iV is instead dealt with
using tools from pseudo-differential calculus: the proof is based on an arbi-
trarily large, but finite, number of steps of a non convergent normal form,
and it is actually a variant of the arguments contained in [BGMR17].

In the second part of the procedure, one uses a KAM type algorithm to re-
duce the size of the perturbation A, (wt): an iterative and convergent scheme
is implemented, and the operator ;10 + Zl is conjugated to a diagonal, time
independent one. Such a scheme requires to impose at any step some non
resonance conditions, known in literature as second order Mel’nikov condi-
tions. Here the higher dimensional setting forces us to assume very weak non
resonance conditions; this yields the presence along the algorithm of small
divisors which accumulate very fast to 0, and would cause a loss of regularity
along the process. This is where the smoothing character of the perturbation
A; comes into play, balancing the loss of regularity due to the presence of
small divisors. The scheme that is implemented here is a variant of the one
developed in [BBHM18|, and then extended in [Mon19).

4
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Furthermore, we remark that here the algorithm is not performed in a self-
adjoint setting. This is essentially due to the presence of the first order
perturbation iV - V| which violates such a structural hypothesis: this is why,
instead, symmetric hyperbolicity is imposed and preserved along the itera-
tion. Thus, in order to ensure the stability of the solutions of (0.0.2), the
case where the system has some additional structural hypotheses is also stud-
ied: namely, reality and reversibility. If these two properties are satisfied, we
prove that all solutions of (0.0.2) are almost-periodic. On the contrary, with-
out assuming them, only one of the two following possibilities can occur, in
analogy with Floquet theory: either all solutions are almost-periodic, or there
exist solutions of (0.0.2) whose Sobolev norms exponentially diverge in time.

The main limitation of the techniques developed in [BGMRI18], as in all
previous works, and of the ones presented in Chapter 2, lies in the fact that
the regularization normal form procedure developed therein is the quantiza-
tion of a classical normal form which is global in phase space, in the sense
that in both cases the conjugating map is defined on the whole phase space
(namely, the cotangent bundle of R? in [BGMR18] and the cotangent bun-
dle of the T¢ in Chapter 2). This is due to the fact that in both these two
particular cases the frequencies of the unperturbed system do not depend on
the point of the phase space.

For such a reason, the subsequent problem that is tackled in the present
thesis is that of developing a local quantum normal form procedure, which
could allow to deal with the more general case of an actual dependence of
the unperturbed frequencies on the point of the phase space. By the way
let us emphasize that the problem of quantizing the classical normal form
procedure has been the object of extensive studies in the '90s, and also all
the results obtained in that period were limited to systems where a global
normal form was possible (see [GP87, BV90, Sjo92, BGP99)).

Remark that, since the focus here is on the first step of the procedure, namely
the regularization process, time dependence does not play any fundamental
role. Therefore the idea is that one can temporarily neglect time dependence,
and start regularizing the problem with the time variable frozen.

Thus, as the simplest relevant model containing all the difficulties of the
general case, in the second part of this thesis we consider

—A+V(x) (0.0.4)

>
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on L*(T{), where T := R¢/T, and T is an arbitrary d dimensional lattice,
and we adapt the quantum normal form procedure to deal with this operator.
The aim is to develop a method which is not based on the structure of the
torus, but is suitable for applications to more general situations.

First, recall that the classical Hamiltonian associated to the operator (0.0.4)
is h(&,x) = ho(§) + V(x), where ho(¢) = ||€]|*. In this context the classical
Hamiltonian is called the symbol of the operator one is studying.

In classical perturbation theory it is well known that the kind of normal form
one can obtain strongly depends on the resonance relations fulfilled at a given
point of the phase space. Thus in this thesis we develop a local normal form
theory that is suitable for quantization. The normal form method we obtain
is actually a variant of the one developed in [PS10, PS12], which respectively
deal with the proof of Bethe Sommerfeld conjecture and with the analysis of
the integrated density of states of the operator (0.0.4) on L?(R%). However,
we give a global formulation, which allows an analysis of the asymptotic
behavior of the eigenvalues and makes possible applications to dynamical
systems that are not possible with the approach of [PS10, PS12]. We will
comment later on the connection with the methods presented therein (see
also Chapters 4 and 5).

As a first application of our normal form result, we focus on “nonresonant
eigenvalues”, namely the ones corresponding to sites £ which are far away
from any resonances. In particular, in Chapter 4 we prove the following
result:

Theorem 0.0.2. Let 0 < 6 < 1 and let T'* be the dual lattice of I'. 2 There
ezist a set Q C I'* of density one at infinity and a sequence {m;};en of
smooth functions m; : R* — R such that for all j € N

30, >0 st |mi(€)] < CiHE)™ Ve eR?

with the following property: for any £ € Q the operator (0.0.4) has an eigen-
value of the form

de= eI+ m (6 + 08 ™) vaeN.  (005)

Furthermore, for any K—uple {&1,...,Ex} C €, the eigenspace generated by
the eigenfunctions corresponding to e, ..., ¢, has multiplicity K, and for

2Namely, [* = {{ € R? | {-y € 27Z Vy€T}.

6
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any £ € I'*, one has € € Q) if and only if —& € ); in such a case,
mi(€) = my(—€) VjeN. (0.0.6)

(Here we have used the notation (§) = /1 + ||£]|?.)

The proof of this theorem, published in [BLM20], is based on a combi-
nation of the normal form we perform for the operator H and on a refined
quasi-mode argument, which is a development of the one used in [BKP15].
This allows to deduce the one to one correspondence between points & in
the non-resonant set Q and eigenvalues )¢ satisfying (0.0.5). Density one
at infinity is finally proved using measure estimates and exploiting the lat-
tice structure of I'*. Actually we prove a stronger version of Theorem 0.0.2,
and we give spectral asymptotics for eigenvalues of any operator of the form
(—A)% +V, M > 0, where (—A)% is any positive power of the Laplacian
operator and V' is an unbounded operator of order strictly less than M. We
point out that the essential property needed for the proof is the fact that the
symbol of the Laplacian is an integrable Hamiltonian. We will comment later
on the connections with previous spectral results on periodic Schrédinger op-
erators.

The result stated in Theorem 0.0.2 is not sufficient for our original pur-
pose: to deal with the time dependent case, one needs to know in a quite
precise way all the eigenvalues of the operator (0.0.4), and not only those
related to the non resonant sites €.

In order to deal with the eigenvalues lying in the resonant regions, one has
to make a more refined analysis, which is the content of Chapters 5 and
6. First, we perform for the Schrédinger operator a quantum normal form
that is different in the various regions of the phase space, and varies in each
region according to which resonance relations are fulfilled therein. Then we
proceed with the analysis of the normalized operator. This is done by mak-
ing a decomposition of the phase space inspired by the classical geometrical
construction in the proof of Nekhoroshev Theorem. (This also led to an al-
ternative proof, published in [BL20], of the classical Nekhoroshev result.) As
a result, one gets a Structure Theorem, which is one of the main results we
obtain in the present thesis; since it requires non trivial preliminary steps, its
precise statement is postponed to Chapter 5 (see Theorem 5.1.10). Accord-
ing to such a Structure Theorem, the operator (0.0.4) is unitarily conjugated



Introduction

to a smoothing perturbation of a normal form operator, and such a normal
form operator is block diagonal, with the following structure:

e There is a largest block (the one described in Theorem 0.0.2) in which
the operator is a Fourier multiplier

e there is one finite dimensional block, whose dimension is controlled by
the initial parameters of the system

e in all the other blocks, the operator is a Schrodinger operator on a flat
torus of lower dimension, with new Floquet boundary conditions.

In the last case, one can iterate the construction and in such a way after a
finite number of steps (at most d) one is reduced to deal only with Fourier
multipliers, or finite dimensional operators. Our Structure Theorem has
strong analogies with the normal form of [PS10, PS12], which however does
not provide an invariant partition of L?(T?) and furthermore, also due to
some lack of uniformity, cannot be iterated, as needed for our purpose.
Finally, by means of a refined quasi-mode argument, we show that it is
possible to deduce new spectral asymptotics for all the eigenvalues of (0.0.4).
The asymptotic expansion that we get in the resonant sites is not in the pa-
rameter (£), but it is a “directional” asymptotic expansion. Roughly speak-
ing, the result is the following: consider a subgroup M C T'* (actually, a
module) and assume that a sequence {;};en C I'* is such that all the points
&, are resonant with the vectors of a basis of M. Then, the corresponding
eigenvalues \¢;, admit an asymptotic expansion in the parameter (({;)as), the
subscript M denoting orthogonal projection on M (we refer to Theorem 6.0.5
of Chapter 6 for a precise statement).
We point out that the estimates in the asymptotic expansions that we give
are uniform with respect to the choice of the modules M; this requires to
have uniform estimates for the seminorms of the pseudo-differential opera-
tors involved in the normal form construction on all the blocks. In order to
ensure this, here a formulation of pseudo-differential calculus is given where
only intrinsic quantities are involved. (This is contained in Appendix C).

The spectrum of Schrodinger operators on d—dimensional flat tori has
been widely studied. First of all we mention the works [FKT90] and [Fri90],
where it was shown that, for a generic lattice I' and for any & belonging to
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a density one subset of the dual lattice ['*, there are exactly two eigenvalues
¢ inside an interval of the form

1 1
G (S
for 0 < e < 1, where [V] is the average of V. Such a property is referred to

in [FKT90, Fri90] as stability. Actually, the result was proven for d = 2,3
in [FKT90] and generalized to arbitrary dimension, with a slightly simpler

1§1* + [V] lEl® + V] + (0.0.7)

proof, in [Fri90]. A refinement of such a result was proven in [Kar97] in the
case where the periodic boundary conditions on the torus T¢ are replaced
with Floquet boundary conditions, namely one has that

u(z +v) = " *u(z) VzeRYyel

for a k € R? which is called Floquet parameter. In [Kar97] asymptotic
expansions of the form of the ones exhibited in (0.0.5) are given, in the cases
d = 2,3 and restricting to a large set of Floquet parameters x (which leaves
out the case of periodic boundary conditions).

As proven in [FKT91], not all the eigenvalues of —A are stable: there are also
eigenvalues of (0.0.4) lying outside intervals of the form of (0.0.7) — in our
language, resonant eigenvalues. The construction performed in order to prove
the existence of such eigenvalues is obtained in [FKT91], following [ERT84],
by approximating the unstable spectrum of the Schrodinger operator (0.0.4)
with the spectra of the following lower dimensional operators:

“A Vs, Vi(w) = ) Ve,
ger~
£v=0

as 7 varies in (some suitable subset of) I'. With analogous approximation
techniques, some eigenvalues in the unstable part of the spectrum have also
been studied in [Kar96], again only in the case d = 3 and for a large set
of k, in particular excluding the case of periodic boundary conditions. The
result contained in the present thesis generalizes the previous ones, obtaining
asymptotics for all the eigenvalues, all lattices, all Floquet parameters and
all dimensions.

From the construction exhibited in this thesis it is also possible to deduce
some information on the eigenfunctions: in particular we prove that their
negative Sobolev norms decay faster than any negative power of their corre-
sponding eigenvalue.
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As already mentioned, constructions with strong analogies to the one pre-
sented in Chapter 4 and Chapter 5 have been performed in [Par08, PS09,
PS10, PS12]. The techniques developed in such works are based on the
conjugation of (0.0.4) to a new operator, which is a small perturbation of
a normal form one leaving invariant suitable sets. Such techniques enable
to determine an asymptotic development of the total number of resonant
and non resonant eigenvalues lying in any suitable interval of the real axis;
however, they are not sufficient to obtain the global asymptotic result that
we find for the eigenvalues of the operator (0.0.4). More precisely, the con-
structions in [Par08, PS10, PS12] could be adapted in order to deduce the
asymptotics that we find in Theorem 0.0.2 for non-resonant eigenvalues, but
the same is not true for the directional asymptotics that we determine for
resonant eigenvalues in Chapter 6. This is essentially due to the fact that the
results of [Par08, PS10, PS12] do not enable to deduce an analogue of our
Structure Theorem, nor to set up the iterative construction of dimensional
reductions from which we deduce our spectral result.

As anticipated, the main application that we have in mind for the analy-
sis of operator (0.0.4) performed in the present work is to reintroduce the
time variable and to deduce reducibility for a linear Schrodinger equation of
the form

100 = =AY + V(z,wt)y (0.0.8)

on L?(T%), where V is a small amplitude smooth function with quasi-periodic
dependence on time and diophantine frequency w € R". Unlike in the case
of the transport equation (0.0.2), reducibility for such an equation does not
immediately follow from the normal form result found in Chapter 5. This is
due to the following fact: the operator (0.0.4) can be conjugated to a smooth-
ing perturbation of a Fourier multiplier only on the block corresponding to
non resonant eigenvalues, and this implies that the very weak second order
Mel'nikov conditions of the form of the ones imposed in Chapter 2, which are
associated to a loss of regularity in space, cannot be imposed for the whole
set of frequencies. A tuning of the parameter w would then be necessary
to impose suitable non resonance conditions, working independently on each
one of the invariant blocks and contemporarily preventing the set of allowed
w to shrink to a null measure one. This is why, aside reducibility, as an
object of future studies we intend to investigate the weaker notion of almost

10
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reducibility® for (0.0.8).

Actually, further applications of our Structure Theorem are likely to be
possible: for example, a more detailed description of the semiclassical mea-
sures [AFKM15] could be performed, or (following [Roy07] ) a precise semi-
classical expansion in A of the eigenvalues could be obtained.

Furthermore, since the normal form construction that is implemented here
is based on an explicit algorithm, it is possible, at least in principle, to com-
pute an arbitrary number of terms in the asymptotic expansions found for
resonant and non-resonant eigenvalues.

This idea is exploited in Chapter 7 of the present thesis, which contains a
further application of the non-resonant normal form result of Chapter 4 to
the analysis of the spectral degeneracy of the operator (0.0.4).

In particular, let us focus on the square torus T¢ = R?/(27Z%), where the
Laplacian operator —A has eigenvalues [|£||* with multiplicities growing as
|€]|~t. Consider then all the stable eigenvalues of the form (0.0.5) bifurcat-
ing from the same eigenvalue ||€||? of the Laplacian operator, namely the set
{e | €17 = |I€]I*}: as a consequence of (0.0.6) of Theorem 0.0.2, the two
eigenvalues A¢, \_¢ always lie inside the same interval of width O(]|£]|~*°).
We ask under which conditions on the potential V' there are more than 2
eigenvalues of (0.0.4) inside such an interval. As a first result, we exhibit a
class of potentials V' such that the number of eigenvalues of (0.0.4) inside the
same interval of width O(]|¢||=°°) is higher than 2; then we investigate such
a configuration under genericity conditions on the potential. We show that,
for a generic potential V| the set of eigenvalues of (0.0.4) bifurcating from
the same unperturbed eigenvalue ||£]|? splits in at least two separated groups
and we refer to such phenomenon as breaking of degeneracy in the spectrum
of (0.0.4). This is in opposition to what happens in the one dimensional case
([Mar86]).

The thesis is organized as follows: Part I consists of Chapter 1, which
contains a brief review of the main topics and results in reducibility, and
Chapter 2, where reducibility is proven for the transport equation (0.0.2).
Part II is devoted to the analysis of the operator (0.0.4) on an arbitrary
torus T¢. In Chapter 3 we define our setting; in Chapter 4 we implement our

3See Section 1.2 for a brief digression on almost reducibility results in the finite dimen-
sional case.
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normal form construction and we show how Theorem 0.0.2 follows from it.
Chapter 5 is devoted to the proof of the Structure Theorem a la Nekhoroshev
and in Chapter 6 we deduce global spectral asymptotics for the spectrum of
the operator (0.0.4). Finally, in Chapter 7 we investigate the breaking of
degeneracy in the spectrum of (0.0.4) on the standard square torus, as an
application of the spectral result given in Chapter 4. In order to simplify
the presentation, some auxiliary results are collected in several Appendixes.
In particular, Appendix A collects some basic facts about standard pseudo-
differential calculus on the torus, Appendix B is devoted to technical esti-
mates that are necessary for the reducibility scheme of Chapter 2, Appendix
C contains a brief review of standard facts about pseudo-differential calculus
on the torus based on symbols with a coordinate independent definition, and
Appendix D contains the technical estimates that are needed to prove the
Structure Theorem of Chapter 5.

12



Part 1

A higher dimensional
reducibility result

13



Chapter 1

Reducibility: a short review

In the present chapter we recall some known reducibility results. Although
our focus here is on its applications in KAM theory for PDEs, reducibility
has been object of interest in itself, already in finite dimension. Consider a
system of the form

Ou=(A+eP(wt))u, ueH, (1.0.1)

where H is a vector space that can be either real or complex, finite or infinite
dimensional, A is an operator with pure point spectrum, and P is a linear
operator quasi-periodically dependent on time with Diophantine frequency
w € RY namely the map ¢ + P(y) is regular (continuous, finitely or in-
finitely differentiable, or analytic) from T? to a space of linear operators in
‘H. Here we only focus on perturbative results, thus we consider the case
where € < 1 is a small parameter, whose threshold is allowed to depend on
A and on w.

Roughly speaking, the system (1.0.1) is said to be reducible if it can be conju-
gated to a new system with constant coefficients, via a map Z which depends
smoothly on the angles ¢. According to the choice of the space H, such a
map may be defined on T%, or on a suitable covering of T¢. This is why,
in order to give a precise definition, we need to distinguish among different
cases:

Definition 1.0.1 (Reducibility on a finite dimensional Lie algebra).

1. (Real algebras) If A € g and P : T¢ — g, with g = gl(n;ﬂR),sl(n;R),
or so(n;R), we say that (1.0.1) is reducible if there exist A € g and a
reqular map Z : p — Z(p), defined from 2T% = R?/(47Z%) to the Lie

14
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group G associated to g, such that the following holds: if u = Z(wt)v,
v satisfies
0w = Av. (1.0.2)

2. (Complex algebras) If A € u(n) and P : T? — u(n), we say that (1.0.1)
is reducible if there exist A € u(n) and a reqular map Z : p — Z(p),
defined from T¢ to the Lie group U(n), such that, if u = Z(wt)v, v
satisfies (1.0.2).

In the infinite dimensional case, H is typically the space of L? functions
on a given domain in R", n > 1. Specially due to the relation between
reducibility and KAM theory for PDEs, a whole scale of Sobolev spaces is
usually considered, thus we require:

Definition 1.0.2 (Infinite dimensional reducibility). Let {H’},cr be a scale
of Hilbert spaces and H° = H. Then, given a real interval S C R, (1.0.1) is
reducible in {H },es if in H there exist a time independent operator A and
amap Z : o Z(p), from T? to the set of linear bounded isomorphisms of
H for any o € S satisfying the following. If u = Z(wt)v, then v solves the
differential equation

O = Av; (1.0.3)

furthermore, for any o € S and for any ¥ € H the map ¢ — Z(p) is
continuous from T to H°, and for any s > 0 there exists n > 0 such that,
for any o € S, the map o — Z(p) is of class C* as a map from T? to the set
of bounded linear operators from H? to H°™".

Remark that, if the system in (1.0.1) is reducible and the eigenvalues of
A are all purely imaginary, then all its solutions are almost-periodic.

1.1 General scheme

In order to clarify the key steps and difficulties in proving reducibility for
a system of the form (1.0.1), we start with giving a schematic outline of
the general strategy for the proof. Usually reducibility is proven via an
iterative process made of infinite steps, where the size of the time dependent
perturbation is recursively reduced. So as to present the procedure, we focus
on the first step: one starts with looking for a map Z which conjugates
A+ eP to a new operator AT + PT, where A" is still time independent

15
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(possibly diagonal), and P™ = O(e?). Assume for simplicity that Z is of the
form Z =1+¢X.
If X solves an equation of the form

—w - 0,X(p) + [A, X(p)] + P(p) = A, (1.1.1)

then one sets AT = A + ¢A’. Suppose, again for simplicity, that A is diag-
onal with distinct eigenvalues {);}, and that {e;}; is a complete orthonor-
mal set of eigenfunctions (in the finite dimensional case, simply a basis).
Passing to Fourier modes with respect to the ¢ variable and to matrix el-
ements with respect to {e;};, namely writing, given a generic operator B,
B(p) = > B(k)e"*, and

keZd

B, (k) = (B(k)es esyu Vi, j,

in order to solve (1.1.1) one is lead to consider an expression of the form

Py (k)
(160/{7—)\14‘)\])

Xi;(k) = (1.1.2)
for k#0or k=0and i # j, and to set X (0) = 0, A’ = [P(0)], where [P(0)]
is the diagonal part of P(0).

Of course, in order to have a well defined solution X, this would require
to have at disposal good lower bounds for the quantities appearing at the
denominators in (1.1.2), and in order to iterate the procedure, also for the

quantities
iw- k= A+ AT,

if {\]'}, are the eigenvalues of A*. Such lower bounds are the ones well
known in literature as second order Mel’'nikov conditions, and play a crucial
role along the reducibility process.

The case where the eigenvalues of A have multiplicities higher than one is
more delicate, especially in the infinite dimensional case; see [CY00], where
the case of well separated eigenvalues with double multiplicity has been
treated, and the discussion in Subsection 1.3.2 concerning blockwise imposi-
tion of Mel'nikov conditions.
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1.2 A glance at the finite dimensional case

Perturbative reducibility theory in finite dimension is up to now quite well
understood. Not all finite dimensional quasi-periodic systems are reducible,
but a weaker notion has been formulated and widely investigated together
with reducibility: almost reducibility. Since these two notions describe all
finite dimensional quasi-periodic systems close to a constant coefficients one
(in a sense that now we are going to specify), before stating results let us
briefly focus on the concept of almost reducibility.

Roughly speaking, the system (1.0.1) is said to be almost reducible if it
can be conjugated to a new system that is not time independent, but it is
arbitrarily close to a time independent one. We point out that, if a system is
almost reducible, its solutions exhibit for an arbitrarily long time the same
qualitative behavior of a reducible system; however, this does not prevent
the system from being close to an ergodic one: see [Eli02], where unique
ergodicity is shown in the case so(3;R).

For the sake of clarity, we specialize on the case of quasi-periodic systems
belonging to the Lie algebra gl(n,R), and we give a quantitative definition
of almost reducibility, following [Chal3, Eli01].

Definition 1.2.1. Let A € gl(n;R) and P : T¢ — gl(n;R) be analytic in
a complex neighborhood of T¢ of width r for some r > 0, which we denote
by T Let | - |, be the norm in T?. (1.0.1) is said to be almost reducible if
for any & > 0 there exist rs > 0 and Zs : 2T¢ — GL(n;R), with an analytic
extension on T? | such that for all ¢ € 2T% u = Zs(¢)v solves on gl(n;R) the
equation

Oy = (Zg n F5(0)> v, (1.2.1)

where As € gl(n; R) and Fs : 2% — gl(n; R) satisfies |F|,, < 6.

With no aim at all of being exhaustive, we just recall the following few
basic facts on the behavior of systems in gl(n,R): fix A and P € gl(n,R), let
w € R? a Diophantine vector, namely

lw- k| >~|k|™" Vk € ZY\{0} (1.2.2)

for some 7,7 € RT, and suppose that r > 0 is such that |P|, < oo, where ||,
is the sup norm in the complexification of the torus T¢ of width r. Consider
instead of (1.0.1) the one parameter family of systems

Ou=ANA+ P(wt))u, Xe(0,1]. (1.2.3)
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There exists 9 = £o(]Al, 7, w) such that, if | P, < o, the following holds:
e For all A, the system (1.2.3) is almost reducible (see [Eli01, Chal3])
e For almost all A, the system (1.2.3) is reducible (see [Kri95, Chall])

The two above results hold also for the other aforementioned finite dimen-
sional Lie algebras. Furthermore we recall that, at least in the case of so(3; R),
although reducibility is a generic property from a measure theory point of
view, it is not from a topological one: for any A there exists a dense set
inside {P | |P|, < go} such that (1.2.3) is non reducible (see [Eli92]). (Here,
density is w.r.t. the topology induced by | - |,.).

1.3 Infinite dimensional reducibility

Coming to infinite dimensional systems, the theory is far from being com-
plete. The development of reducibility techniques and results is deeply re-
lated to those for KAM theory for PDEs, and again most of the results are
on one dimensional domains.

1.3.1 A first breakthrough

The first reducibility work is [Com88], concerning smoothing perturbations of
the Harmonic oscillator on the real line; the techniques implemented therein
were then extended in [Dv96, DLvV02] in order to treat the case of bounded
perturbations of the Schrodinger operator with a super quadratic potential.
Almost at the same time, the pioneering works in KAM for PDEs paved
the way for a new approach: in [Kuk87] and [Way90], and later in [KP96,
Pos96], the existence of periodic and quasi-periodic solutions to bounded
perturbations of the Schrodinger and wave equations was shown in the case of
Dirichlet boundary conditions, with techniques that can easily be adapted to
the reducibility problem. Recall that their constructions exploit the existence
of a large measure set of frequencies w such that it is possible to impose second
order Mel’'nikov conditions of the form

iw -k + X — N >k

for the eigenvalues {\;}jen of the unperturbed operator, and to preserve such
conditions along the iterative algorithm, as in the finite dimensional theory.
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The same kind of techniques enabled to show in [Kuk98] the existence of
quasi-periodic solutions for unbounded perturbations of the KdV equation
(in particular, the perturbation contained one space derivative), as well as
to prove, in [Kuk97], a Lemma which provided an a priori estimate on the
solution x of the following equation:

—iw - O,x () + (E + Bh(p)) x(¢) = b(p), ¢ €T (1.3.1)

Here h and b are analytic functions, w € T? is a Diophantine vector incom-
mensurable with £, and the two real numbers F and B satisfy the following
relation:

3C >0and 6 € (0,1) st. B >CB.

Kuksin’s Lemma enabled to prove, in [BGO1], the first reducibility result for
unbounded perturbations of a Schrodinger operator on the real line with a
super quadratic potential. In particular, the authors treated the case of an
abstract system of the form

10p(t) = (A+eP(w)(t), ¢ e,

with H a separable Hilbert space, w € [1,2]? a Diophantine vector, A a self-
adjoint operator with eigenvalues {\;};en growing at infinity as A\; ~ j for
some a > 1, and P a quasi-periodic perturbation of order ¢, in the sense that
its growth properties are controlled as follows: there exists § < a — 1 such
that the map

T'5 o sup [|A72P(p)ully

llullze=1
is analytic. The key point is that the gaps between the eigenvalues of A are
increasing, namely one has |\; — ;| ~ [i* — j%| as ¢,j — oo: this enables
to impose and to preserve along the iterative process second order Mel’'nikov
conditions of the form

| —iw - kA — A > A0 — (1 + k7). (1.3.2)

Then Kuksin’s Lemma guarantees that the solution X of an homological
equation of the form

(—iw -k + N — ) Xy (k) = Py (k)

with w, A;, A; satisfying (1.3.2) is well posed and bounded, notwithstanding
the unboundedness of the perturbation P.
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We point out that the constraint 6 < a — 1 was then weakened to d < a—1in
[LY10], and for the Harmonic oscillator in dimension 1, the case of bounded
perturbations going to 0 as x — oo was treated in [GT11] and [WanO8b].

1.3.2 Increasing unboundedness of the perturbation

The above ideas do not apply to the case of more unbounded perturbations,
but a further breakthrough to treat such a case was given by the new method
proposed in [BBM14], which enabled to extend KAM and reducibility tech-
niques to the quasilinear case.

The idea, originated from [IPT05] in the context of water waves theory, is to
proceed in two steps and, before reducibility itself, to use tools from pseudo-
differential calculus in order to conjugate the initial operator A + eP(wt),
with P containing the same number of derivatives as A, to a new operator
AW 1 ePM) where PW is of lower order with respect to P; after a finite num-
ber of such steps, one is left with a new operator of the form A®N) 4+ ePW),
with P at least bounded, which fits the standard KAM approach for re-
ducibility.

This led to the first reducibility results for quasi-linear perturbations of the
Airy equation, KdV and mKdV equation (see [BBM14, BBM16a, BBM16b]),
for quasi-linear reversible and Hamiltonian NLS equations [FP15, Feol6], for
water waves equations [BM20b, BM17]. Furthermore, the same technique
was extended in [Baml8, Bam17, BM18] in order to treat the case of un-
bounded perturbations of the Harmonic oscillator, reaching up to the value
0 = a under suitable assumptions on the form of the perturbation.

1.3.3 Dealing with higher dimension

Apart from the unboundedness of the perturbation, a further typical obsta-
cle in proving reducibility for a given system is represented by the case of
multiplicities in the spectrum of the unperturbed operator A in (1.0.1). This
configuration is typical of systems in dimension higher than one. In fact,
there are only a few examples of reducibility, or KAM, results on higher di-
mensional domains, and most of them are proved in the case of tori.

First of all, recall the work of Eliasson and Kuksin [EK09] on the d—dimensional
torus, for bounded quasi-periodic in time perturbations of the Schrodinger
operator; such a reducibility result was obtained as a consequence of their
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KAM result [EK10] for a Schrodinger equation of the form
iy = =AY+ Vs +e0pF (0, 2), zeT? ¢el’(T%). (133)

(Here, 1) denotes the complex conjugate and # is the convolution product).
The construction performed therein is based on a blockwise imposition of
second order Mel'nikov conditions, due to the high multiplicities of the eigen-
values of the unperturbed operator —A.

Note that the unperturbed operator (corresponding to e = 0) satisfies the
Topliz property, namely its matrix elements are such that Ag = A;_; for all
i,7 € Z% this makes possible to verify, at least at the first iterative step,
second order Mel'nikov conditions of the following form:

iw k4N — M| >0 VE| Ji—j < K, (1.3.4)

for a suitable choice of K and k.

However, the Topliz property is not preserved along the iteration: this is why,
in order to preserve Mel'nikov conditions of the form of (1.3.4) at any step,
the authors actually exploit a weaker property, referred to as Topliz-Lipschitz
property. We also point out that a similar result, inspired by the techniques
in [EK10], was obtained in [PX13], where the authors analyze a nonlinear
perturbation of the Schrodinger operator which preserves momentum, and in
order to ensure imposition and preservation of Mel'nikov conditions exploit
an analogous property, which is instead closed with respect to the operation
of taking Poisson brackets (quasi-Topliz functions). See also the KAM result
[PP15] and the reducibility result [PP16].

In all such results, the structure of the torus, and in particular of its dual
lattice Z<, is deeply exploited, as well as the good separation properties of
eigenvalues of the unperturbed operator —A. This is what pushed us to
tackle, in Part II of the present work, the case of flat tori, where such struc-
tural hypotheses are violated, and to analyze the spectral problem for a
stationary Schrodinger operator as a preliminary step in order to investigate
reducibility in the time dependent case.

We also recall [GP16a] as another result on the same lines of [EK10] but
on a different domain, where blockwise imposition of the Mel’nikov conditions
and good separation properties of the eigenvalues are again exploited in order
to prove reducibility for the completely resonant quantum Harmonic oscilla-
tor on R?, perturbed by a time quasi-periodic potential. See also [GP16b],
for the Klein Gordon equation on the sphere.
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1.3.4 A new technique for the high dimensions

As anticipated, the new method introduced in [BBM14] has also been re-
cently applied to obtain a few higher dimensional reducibility results.

In particular, in [BGMR18]| reducibility is obtained for unbounded perturba-
tions of the quantum Harmonic oscillator on R of the form

d
10p) = <—A + Z fof) Y+ eW(wt, x, =iV, (1.3.5)
j=1
where {v; ;;:1 are non resonant frequencies, w € R" and the smooth function

W T x RY x RE = W(0,2,€) is a polynomial of degree 2 in the variables
(2,€).
Furthermore, reducibility is shown in [FGMP19] for the transport-like equa-
tion on T

Owu=v-Vu+ea(wt,x) - Vu, (1.3.6)

where v € R?, w € R" and a : T" x T — R? is a smooth function with

quasi-periodic dependence on time, and in [Mon19] for linear waves equation
on T? of the form

Onu = —Au + ca(wt)(—A)u + eR(wt)u , (1.3.7)

where w € R", a is a quasi-periodic function with no dependence on space
variable and R is a quasi-periodic finite rank operator. We point out that in
[Mon19], along the lines of [BBHM18|, very weak Mel'nikov conditions are
assumed, of the form

flw k4 A= N =) TE TG T VRAO, Vizy,  (138)

and the preliminary regularization step is then used in order to balance the
loss of regularity in space due to such very weak Mel'nikov conditions.

Non resonance conditions of the same form (1.3.8) are assumed in Chapter
2 of this thesis to prove Theorem 0.0.1, which is part of this group of results
and, as we are about to expose in detail, combines techniques from [Mon19,
FGMP19] and from [BGMR17].

We finally mention the very recent works [FGN20], about reducibility on Zoll
manifolds for unbounded perturbations of order less than 1/2, and [BM20a],
where the techniques that we present in Chapter 2 are extended in order to
find quasi-periodic solutions in the case of three dimensional Euler equation.
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Chapter 2

Reducibility of a transport
equation on Td

In the present chapter we obtain reducibility on the d-dimensional torus
T4, T :=R/(277Z), d > 1, for the following transport equation:

By = (V +eV(wt, x)) Y+ eW(wt)u], (2.0.1)

where the frequencies w € R" and v € R? play the role of parameters, € > 0
is a small parameter, V € C>®(T" x T¢,RY) is a real function and W(y),
p € T" is a pseudo-differential operator of order 1 — e, for some ¢ > 0.

More precisely, our aim is to show that for most values of 0 = (w,v) € Q := [1,2]**4
and for € small enough, there exists a bounded and invertible transformation
(acting on the scale of Sobolev spaces) which transforms the PDE (2.0.1)
into another one whose vector field is a time independent diagonal operator.
As a corollary, we give a characterization for all solutions of (2.0.1): either
they are all almost periodic, and all their Sobolev norms remain bounded
globally in time, or there exists at least one solution diverging exponentially
in time.

In order to state precisely the main results of the present chapter, first
of all we introduce some notations: for any ¢ € R we consider the Sobolev
space H(T?) endowed by the norm

e = (3 (€ e)’

¢ezd
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Chapter 2. Reducibility of a transport equation on T¢

where (¢€) := (1 + |¢]?)2, | - | denotes the Euclidean norm in R? and Ug are
the Fourier coefficients of w.

Furthermore, given two Banach spaces X, Y we denote by B(X,Y") the space
of bounded linear operators X — Y equipped by the standard operator norm;
if X =Y, we simply write B(X) instead of B(X, X). We define the constant

50 1= m 41, (2.0.2)

where [-] denotes the rounding to the next integer, and given a sequence
(Aj)jeze C C, we define the diagonal operator diag(A;) by

[diag(A;)u)(z) = Y Ajitze™ |
jEZd
Finally, in the present chapter and throughout all the present work, given
a, B € R, we will write a < 3 if there exists C' > 0 (independent of all the

relevant quantities) such that a < C'f. Sometimes we will write o S, s, 5
if C' depends on parameters s, -, Sp,.

2.1 Setting: pseudo-differential operators and
structural hypotheses

As anticipated in the Introduction, our reducibility result exploits pseudo-
differential calculus. Roughly speaking, pseudo-differential calculus enables
to establish a correspondence between a given class of functions (symbols),
and a class of operators (pseudo-differential operators). Here we specify the
setting that we are going to assume in order to obtain our result:

Definition 2.1.1 (Symbols on the standard torus). Let m € R. We say that
a function a € C*™ (Td x R C) 1s a symbol of class S™ if for any multiindex
o, B € N? there exists a constant Cpp > 0 such that

0207 a(x,&)| < Cap(@)™ P, V(z,6) € T x R”. (2.1.1)
A symbol a defines univocally a linear operator A acting as

Alu)(z) = Z a(z, £)tge™* Yu € C=(T%),

&ezd

that we denote by A = Op“ (a).
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Definition 2.1.2 (Classical quantization). An operator A is called a pseudo-
differential operator of order m, namely A € OPS™, if there exists a € S™
such that

A= 0p?(a).

Remark 2.1.3. The constants C, 5 of Definition 2.1.1 form a family of
seminorms for S™ and for OPS™.

Remark 2.1.4. The above correspondence S™ > a — Op® (a) is well known
in literature as classical quantization. Of course this is not the only possible
way to put in correspondence symbols and operators. In Part II for instance,
Weyl quantization is used. See for instance [Rob87] for an exposition about
the different types of quantization. A few details about this are also given in
Appendix A.

In the following, we will consider pseudo-differential operators depending in
a smooth way on the angles ¢ € T" and in a Lipschitz way on the frequencies
w=(w,v) € Qy C Q. We will denote them by Lip (Q; C> (T*; OPS™)).
We refer to Appendix A for a quick survey on a few basic properties on such
a class of pseudo-differential operators, and to the books [Tay91], [Rob87],
[SV02] for an extensive analysis.

There is no self-adjoint (or anti self-adjoint) structure in the system of
2.0.1, due to the presence of the first order term eV (wt, z) - V. However, we
work in a symmetric hyperbolic context. In particular we assume that the
perturbation W is symmetric hyperbolic, according to the following defini-
tion:

Definition 2.1.5 (Symmetric hyperbolicity). We say that W € OPS?! is
symmetric hyperbolic if W + W* € OPS.

Furthermore, we will consider the following additional structural hypothe-
ses on our system (2.0.1):

Definition 2.1.6 (Structural hypotheses).

(i) We say that R € B(L*(T)) is a real operator if it maps real valued
functions into real valued functions, namely

u € L*(T%R) = R[u] € L*(T% R).

Equivalently, we can say that R is a real operator if R = R, where the
operator R is defined by Rlu] := R[u|, u € L*(T?), and given o € C,
« denotes its conjugate.



Chapter 2. Reducibility of a transport equation on T¢

(11) Let o — R(p), Q(p) be smooth p-dependent families of real operators
T" — B(L*(T?)); we say that R is reversible if

R(p)oS=—-SoR(—y), VYeeT" (2.1.2)
where S is the involution defined by

S LA(TY) — LA(TY), u(x) — u(—x). (2.1.3)
On the other hand, we say that Q is reversibility preserving if

Q(p)oS=5009(—p), VeeT. (2.1.4)
We will also consider the case where V' is even, namely one has

This is the main result of the present chapter:

Theorem 2.1.7. Let V € C°(T" x T¢, R?), W € C>® (T*; OPS'™) and as-
sume that W is symmetric hyperbolic. For any s > 0 and o > 0 there
erist € > 0 and n = ns > 0 such that Ve < €* there exists a closed set
Q. CQ of asymptotically full Lebesque measure, i.e. lim. 0|\ Q| = 0,
with the following properties. For any w = (w,v) € ). there exists a map
T" 5 o — U(p) = U(p;w), with U(p) € B(H?) a linear bounded and invert-
ible operator ¥y, such that, if u solves (2.0.1), then v defined by u = U(wt)v

solves
O = Hoov, (2.1.5)

where
Hoo = diag(\ (@, 2)) (2.1.6)

and U has the following properties:

(i) U € C* (T B(H ", H)), and Vi € H° the map o — U (o) is

continuous.

(it) 301 > 0, independent of o, such that [[U' (p) — 1| page+or poy So € for
all p € T".
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Furthermore, the eigenvalues {)\goo)(d),g)}jezd have the following struc-
ture:
N (@,e) =i - j+ 2() + O((j) ™) (2.1.7)

j
where m = 27 + 2, 2(-) € S'7° depends in a Lipschitz way on @, and
v = vO(&) fulfills

‘1/(0) - y} < (Ce .

Finally, assume that the following assumption holds:

V' is even and W s real and reversible; (Sym)
then A\ € iRV j € Z¢.

Remark 2.1.8. Note that the Theorem above implies global well posedness of
the equation (2.0.1) for all the frequencies (w,v) € Q. and for e small enough.
Actually, global well-posedness holds for all values of €,w, v, by Proposition
0.8.4 of [Tay91].

Remark 2.1.9. As anticipated in the Introduction, here we do not provide
tame estimates enabling to treat the nonlinear problem. To this aim we re-
fer to [BM20a], which is subsequent to the present work. In [BM20a] indeed
the existence of quasi-periodic solutions close to constant vector fields for 3D
Euler equation is proven, with a Nash Moser algorithm that requires to show
reducibility with tame estimates for a small quasi-periodic in time perturba-
tion of a transport equation with a structure very close to (2.0.1). The main
differences are that the linearized equation in [BM20a] is vector valued, and
that the perturbation therein still has the form V(p,x) -V +W(p), but with
a bounded operator VV.

From the above Theorem 2.1.7 we can deduce information concerning the
dynamics of the PDE (2.0.1).

Corollary 2.1.10. Without assuming the hypothesis (Sym), Yo > 0 and
V(w,v) € Qe, only one of the following two possibilities occurs:

(1) All the solutions of (2.0.1) are almost periodic and
up € H” = Ju(t, )||lne < |luollne (2.1.8)

uniformly w.r. tot € R.
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(2) There exist a,C' > 0 and some initial data ug s.t.
ut, e > Ce™lug|l2e (2.1.9)
either fort > 0 or fort <0 or fort € R.
On the contrary, if hypothesis (Sym) holds, only possibility (1) occurs.

The remaining part of the present chapter is organized as follows: in
Section 2.2 we conjugate the vector field of the equation (2.0.1) to another one
which is an arbitrarily smoothing perturbation of a diagonal operator, while
in Section 2.3 we perform a KAM-reducibility scheme for vector fields which
are smoothing perturbations of a diagonal one, by imposing second order
Mel'nikov conditions of the form (1.3.8), which, as observed in Subsection
1.3.4, yield a loss of regularity in space into the system (see Theorem 2.3.8).
Finally, in Section 2.4 we complete the proof of Theorem 2.1.7 and we deduce
from it Corollary 2.1.10.

2.2 Regularization

As a first step, we regularize the vector field
H(p) == (v+eV(p,2) - V+eW0(p), WeOoPS" (2.2.1)

namely we conjugate it to another one which is a smoothing perturbation of
a time independent diagonal operator.

First remark that a linear invertible transformation v = ®(wt)u’ which de-
pends on time in a quasiperiodic way, transforms the equation d;u = Hu into
the equation dyu’ = H'u', where

H = ®,.H :=®(p) '[HO(p) —w - 9,P(p)] , (2.2.2)
and we used 0, = w - O,.

Definition 2.2.1 (Lipschitz norm). Given a Banach space (X, |- || x), a set
Qo C Q= [1,2]"", ~ > 0 and a Lipschitz function f : Qy — X, we denote
by || - ||I;(1p(7) the Lipschitz norm defined by

Li su 1i
LFI5P = | FII + Al

A = sup @, A2 = sup LGNl @23)

we w1,w2€Q |CL)1 - (.UQ’
w1 #£W2
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In the case where v = 1, we simply write || - |5X* for || - HI)?p(l). If X =C we
; i su i Li su li
write |+ [HPO), | [, [ for || €7, I 12, - I

2.2.1 Reduction to constant coefficients of the highest
order term

We consider a diffeomorphism of the torus T¢ of the form
T - T¢, 2z 2+ a(p, )

where o € C*°(T" x T¢,R%) is a function to be determined. It is well known
that for ||a||c1 small enough such a diffeomorphism is invertible and its in-
verse has the form

T =T y—y+aley)

with & € C>(T" x T4 R?). We then consider the transformation
Alp)  u(z) > uz + alp,7), peT (2.2.4)
whose inverse is given by

A(p) ™ tu(y) = uly + ale,y), ¢eT". (2.2.5)

A direct calculation shows that the quasi-periodic push-forward of the vector
field H(p) (recall the formula (2.2.2)) is given by

HO(p) = AuH(p) = V() - V+ WO () (2.2.6)

(2.2.7)

The following proposition is a direct consequence of Proposition 3.4 in [FGMP19]
to which we refer for the proof. It allows to choose the function a(p,x) so
that the highest order term V) (p,z) - V in (2.2.6) is reduced to constant
coefficients. Recall that, throughout the present Chapter, we have defined
Q=[1,2]"".
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Proposition 2.2.2. Let v € (0,1) and 7 > n+d. There ezists a Lipschitz
function v : Q = R @ = (w,v) = vO(D) such that

1 O(@) — p|HPO) < ¢ (2.2.8)
and, in the set

Qo 1= {w €Q: |wl+vO@)j| > V(1) € ZM\{@}} . (2.2.9)

b
{€,5)7
the following holds. There exists a map

a: T x Qy, — R (2.2.10)

such that the map Tt — T (¢, 2) — (p, 2 + alp,x,@)) is a diffeomor-
phism with inverse given by (¢,y) — (v, y + a(p,y,0)), and

Lip(y)

a5 <o eyt @™ Soert, Ws>0. (2.2.11)

Moreover for any w € € 5 VO reduces to a constant (as a function of x and
©), namely

VO = A7 () (w oot v+eV+ (v4eV)- Va> = 19®@). (2212
Finally, if V is even, then a and o are odd.

Remark 2.2.3. By standard arguments one has |2\ Q| S . More pre-
cisely, on the one side one has that vectors which are Diophantine with con-
stant v have complement with measure of order ~y, and on the other, Lipschitz
maps preserve the order of magnitude of the measure of sets.

Remark 2.2.4. Using the definitions (2.2.4), (2.2.5) and the estimates (2.2.11),
a direct calculation shows that the map T" — B(H?), ¢ — A(¢)*! is bounded
for any s > 0 and

sup [|A(e) = Illpei e Ss ey, Vs >0, (2.2.13)
e
sup |02A(@) | ppgstial o) Ssa €77 Vs >0, VaeN'.  (2.2.14)

e

Recalling (2.2.6), (2.2.7) and applying Proposition 2.2.2 one gets that the
vector field H®(y) takes the form

HO(p) =0 . 7 + WO (). (2.2.15)

We now study the properties of W,
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Lemma 2.2.5. One has that W ¢ Ez’p(QomC” (’H‘”,OPSl_“)>. More-

over WO is symmetric hyperbolic. Furthermore, if V is even and W real
and reversible, then W9 is real and reversible.

Proof. Let ®(p) := A(p)™ !, ie. ®(o)[ul(y) = uly + a(y,y,w)). For any
7 € [0, 1] let (7, 9,3, @) := u(y +Ta(p,y,w)): then (0, ¢, y,w) = u(y) and
(T, p,y, ) satisfies the differential equation

O = a(7,0,4,@) -V, a(r,0.9,@) = (I+7Va(p,y,®))  alp,y.0).
(2.2.16)
Then by Egorov Theorem (see Theorem A.0.9 in [Tay91]) it follows that

wo e Eip(QomCoo (T“, OPSl_e)>, since WO = A(p)"WA(p) and W €
Lip (QM, co (']rn, opsl—e)) .
We now show that W(® is symmetric hyperbolic. To shorten notations, we

sometimes omit the dependence on ¢ € T" and on w € )y,. Since by
(2.2.10), (2.2.11) the functions «, & satisfy o, = O(ey~!) one has that

det(I+ Vo), det(I+ Va) >0

for ey~! small enough. Moreover, using that y — y + a(y) is the inverse

diffeomorphism of x — x 4+ «(z) one gets that

1
— det(T+ V(@) lomyraty)

det(I+ Va(y)) vy € T (2.2.17)

A direct calculation shows that
A" =det(I+Va)A™, (A7) =det(I+ Va)A.
Then

(W(O))* — (ATITWA) = AWH(ALY
= det(I+ Va)A"'Wdet(I + Va) A
= det(I+ Va)A ' det(I+ Va)W*A

+ det(I+ Va) A~ [W*, det(I+ Va)]A. (2.2.18)

Since W* € OPS'™* one has that the commutator [W*, det(I 4+ Va)] €
OPS™ C OPS°. Using again that A(p)~' = ®(p) is the time 1 flow map
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of the PDE (2.2.16), by applying Egorov Theorem A.0.9 in [Tay91], one gets
that det (I + Va) A W*, det(I + Va)]A € OPS°. Hence

W) = det(I+ Va) A 'det(I + Va)W* A+ OPS°
= det(I + Va)det(I + V) |,—yra0) A" W A+ OPS°
=AW A+ 0PS°, (2.2.19)

due to (2.2.17).

Finally, using that W is symmetric hyperbolic, i.e. W + W* € OPS°, by
(2.2.17) and applying again Egorov Theorem A.0.9 in [Tay91] to deduce that
ATTOW + WA € OPS°, one gets that W + (WO)* ¢ OPS°,

Suppose now that V' is even and that WV is real and reversible. By Proposi-
tion 2.2.2, from the fact that V' is even it follows that «, a are odd functions,
implying that A, A~! are reversibility preserving operators. Hence one con-
cludes that W = A='WA is a reversible operator. O

2.2.2 Reduction of the lower order terms

The reduction of the lower order terms follows from an adaptation of Theorem
3.8 of [BGMR17] to a symmetric hyperbolic context. In order to state the
result, consider the following definition:

Definition 2.2.6. Forallj =1,...,d define K; = i0,,, and K = (K1, ..., Ky).

Remark that the so defined K1, ..., K, are self-adjoint commuting oper-
ators such that K,, € OPS' Vm =1,...,d.

Theorem 2.2.7. ¥V M > 0 there exists a sequence of symmetric hyperbolic
maps {G;(p,0)}iL, with Gj(p,0) € Lip(Qo,;C® (T OPS'™°)) Vi such
that the change of variables 1) = e~ C1#@) ... e=Gum@D) ¢ transforms Hy +

eWO (o) into the operator
H™(p) = Hy + 2" (@) + W™ (@), (2.2.20)

where ZM) is a time independent Fourier multiplier, which in particular

fulfills
ZM K, ]=0, m=1....4d, (2.2.21)

and
ZM(@) € Lip (Qn; OPS™),

2.2.22
WM (o, @) € Lip (Qo;C (T OPS ™)) . (2:2.22)
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Furthermore, if W s real and reversible, then ZM) WM gre real and

reversible too.

The main step for the proof of Theorem 2.2.7 is the following lemma, which
is a variant of Lemma 3.7 of [BGMR17]:

Lemma 2.2.8. Let W € Lip (€;C>* (T* OPS")), be given and consider
the homological equation

w-0,G + [Hy, G =W — (W) (2.2.23)
with .
o it K —ir-K .
W) = 2y /Td/ne We dp dr ;

then (2.2.23) has a solution G € Lip (Q;C= (T OPSM)).

If W is symmetric hyperbolic, G is symmetric hyperbolic. Moreover, if VW
is real and reversible, G is real and reversibility preserving; if W is anti
self-adjoint, G' is anti self-adjoint.

Proof. Define V7 € T¢
W(r) := T EWe K

then we look for G s.t.
G(1) =" KGe ™K

solves
w - 0,G(1) + [Hy, G(T)] =W(1)— (W) Vr1eT (2.2.24)

Notice that, since G = G(0) and W = W(0), solving equation (2.2.24) V 7
implies having solved (2.2.23).
Note that Vn € R, V A € OPS" the map

(1, 1] 37— e TKATK € C> (T OPS") (2.2.25)

(see Remark A.1.5 of Appendix A). We make a Fourier expansion both in ¢
and 7 variables, namely

W@, 0,7) = DY Wea(@)ee™, (2.2.26)

kezad leZr
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and similarly for G. A direct calculation shows that

[Ho, G(7)] = ZZ (’/(0) k) @kJGiT'kei‘p'l .

k,

Thus, taking the (k,1)—th Fourier coefficient of equation (2.2.24), one has
(W L+ v k) G =Wy if (k1) # (0,0), Goo = 0.

For |k| + |I| # 0,define

Then, by regularity of the map (¢, 7) — W(p, 7) all the seminorms of the
operator /Wk,l decay faster than any power of (|k|+|l|), and since the frequen-
cies belong to ., (cf. (2.2.9)), it follows that the seminorms of the operator
@kyl exhibit the same decay; hence the series defining G(7) converges abso-
lutely and G = G(0) € C* (T"; OPS").

Lipschitz regularity with respect to @ = (w, ) € €, follows observing that
given (wy, v4), (wa, o) € €., one has that

i(ws — wr) - L+ 1O (w2, 1) — VO (w1, 11)) - k
(w1 -1 + I/(O)(wl, 1/1) . k:)(w2 -l + V(O)<WQ, 1/2) . I{Z)
/Wk,z(m) - W\k,z(w)

i(w2 -l + V(O)<w2, I/2> . k)

@k,z(m) - ak,l(w2) = Wk,l(wl)

Y

using the fact that the map (w,v) — v (w,v) is Lipschitz (see Proposition
2.2.2) and the diophantine estimate required in (2.2.9).

It remains to verify the structural hypotheses.

SYMMETRIC HYPERBOLICITY: We observe that

WHW* = e TE(W(r) + WH (1)) ™5, G+G* = e ™5 (G(1) + G*(1)) 7K.

Hence W (resp., G) is symmetric hyperbolic if and only if W(7) (resp., G(7))
is symmetric hyperbolic.
Thus, arguing as before and using

—

W)y =Wopy VEeZ, 12,
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it follows that if V k € Z%, | € Z* Wk,l + /I/I?_k,_l are the Fourier coefficients
of an operator in OPS?, then

Wit +W_i

Gri+ G =2t =kl
ki G i(w-l+v-k)

are again Fourier coefficients of an operator in OPS°.

REVERSIBILITY: We apply Lemma A.1.6 of Appendix A to deduce reversibil-
ity of W and we observe that an operator A(7,¢) is reversible (resp. re-
versibility preserving) if and only if, developing in Fourier series as in (2.2.26),
its coefficients satisfy

fAlkJ oS=-So fAl_,a_l (resp. ﬁk,l oS=>S5o 2_k7_l> ,

sothat V k € Z%, | € Z*,

s . W\]%l o S o —S (@] W\*k’,fl - ~
Crte S = Iy B - Sl (D v () ot

Hence G(7) and thus G is reversibility preserving, again by Lemma A.1.6.
REALITY: Reality condition in Fourier coefficients reads

A = A k.

We apply Lemma A.1.6 again to deduce that reality of W(r) (resp, G(7)) is
equivalent to reality of W (resp, G) and we compute

=~ Wi Wy, A
G pumy 2 = 2 = G_ 1.
w4 r k) —i(w (<) v (<)) ot
0
Proof of Theorem 2.2.7. Fix M > 0. We prove by induction that Vj =
0,....,.M—1
HY (p) = Hy + eZ9(@) + W9 (0, @)
is mapped by the change of variables
u = e =GPy (2.2.27)

into
HY(p) = Hy + e 29D (@) + eWUH (o, 0),
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with

ZUt (@) € Lip(Qo,; C(T OPS™)),
| ) p< o €7 | )> (2.2.28)
W(J‘H) c /:/Lp (QO,'y; C> (Tn; Opsl—(]+1)e)) ’

WU symmetric hyperbolic and ZU)(&) a Fourier multiplier commuting

with all the K,,.

If j = 0, the hypotheses are satisfied for Z(@ = 0, WO =W € Lip (Qq.,;C=(T"; OPS™)).
Suppose now that H) satisfies the required hypotheses; the change of coor-

dinates (2.2.27) maps HY) into

H9 (p,0) = Hy +£29(@) + (W) (2:2.29)
+e (~w- 0,65+ [Ho, Gj] + W (p,@) — (W) (2.2.30)
+ =G0 =G (0%) _ Hy — ¢[Hy, G] (2.2.31)
+ geéGj(%v?)Z(j)(@)e—aGa‘(%@) _ 52(]’)(@) ( )
+ eesGieW) (o, G)eeCie®) _ W) (o, ) ( )

1
. / =GN . 9G(, B)e D) ds 4 ews - 0,6,
0
(2.2.34)
By Lemma 2.2.8, it is possible to find an operator G; € Lip (; C>(T", OPS*¢))

such that G; is symmetric hyperbolic and (2.2.30) equals zero. Since Lemma
A.1.3 of Appendix A implies that

(2.2.31) € Lip (Q0.;C* (T OPS'2°))
(2.2.32) € Lip (Q0,;C® (T OPS=UFDe))
(2.2.33) € Lip (Q,,;C> (T OPS' %)),
(2.2.34) € Lip (Q.;C* (T OPS2°))
if we define
Z(j+1)(@) — Z(j)(@) + <W(j)>7

- - (2.2.35)
WU (o, ) = (2.2.31) + (2.2.32) + (2.2.33) + (2.2.34),

we have WU (p, &) € Lip (Q,;C (T OPS=UHDe))

We observe that (2.2.31) is of order ¢, as can be seen performing a Taylor ex-
pansion of the operator e ¢ (¥®) [ eGi(#¥) a5 in Lemma A.1.3 of Appendix
A.

Reality and reversibility of WU (o, @) follow from Lemma A.1.1, whereas
symmetric hyperbolicity of WU+ (p, &) follows from Lemma A.1.4. O
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Remark 2.2.9. Forallj=1, ..., M andV o > 0 we have % € B(H?)
and

|e5%i — e 3e-a-s0y < €llGjllBaee po—a-50y.-

Furthermore, from Lemma A.1.1, ¥V o € N we have
a(;ean cB (HU, Ha—(l—je)|o¢\) .
Note that, since ZM) € Lip <QON; Co(T™ OPSH)) then Z(M) = Op(z)
with z € Eip(QO,,Y;Coo(T”; Sl_e)). Hence 0z € Ez’p(Qgﬁ;CO"(T“; S‘e)) and
the following estimate holds

sup (€)' 2|7, sup (€)' 7*|02(€, )P S e (2.2.36)
gerd £eRd

Concerning the second of (2.2.36), we remark that we will only use the fact
that |9¢2(&, -)[“P is bounded.

2.3 Reducibility

2.3.1 Functional Setting

Given a linear operator R : L?(T%) — L*(T¢), we denote by Rg/ its matrix
elements with respect to the exponential basis {€7* : j € Z%}, namely
J . ijl a1 —ijw . d
R; .—/TdR[e | eV dx, Vj,5 €.
We define some families of operators related to R € B(L?*(T%)) that will
be useful in our estimates; we point out that similar definitions to the ones

given in the present subsection also appear in Section 2 of [BBHM18| and in
Section 2 of [FGP19]:

Definition 2.3.1. Given 3 > 0 and R € B(L*(T%)), we define the operator
(V)PR as
(V)?R); = (5= J)°R;.
We remark that this operator is useful since, for any operator R and any
function u, one has

VRu = RVu+ [R;V]u,

and

[R; V] ~ (V)R .
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Definition 2.3.2. We consider the space
B (W 1?) = {R € B(H"", 1*?) | |R||ZS,, < +oo},

(IRIES,) =3 ST (kY22 R (k) 2.

keZd k'ezd

with

We consider operators R(p) depending on the angles ¢ € T", with R €
He (T BHS(H7',H?)) . Thus we define the time Fourier coefficients of R :
V1 € Z" R(l) is the operator with matrix elements

~ 1 .
D), = Te 1 dop. 2.3.1
O = s [ B (231)
Definition 2.3.3 (Class of operators). Given s,o > 0, we consider the space
M, =M (T B"S (1™ 1)), (2.3.2)

endowed with the norm

IRl ., = (S (IRWIES,)T) (233)

lezr

In the following, consider the case where the operator R has a further
dependence on a parameter @ € {2y, for a given set 2y C 2 :

Definition 2.3.4 (Higher regularity norm). Let Qy C Q and R € Lip (Qo, M;, 02) .
Given > 0, if Vo € Qp R(©) is such that

R(@) € Lip (Qo; M2 ), (V)'R(@) € Lip (Qo; M

01,02 01, 0'2) )

we define

IIRIIL“’ —||R||Llps+52+||< V)RILL, - (2.3.4)

0'1 72

Definition 2.3.5 (Cutoffs). Given an operator R : L?(T?) — L*(T%), for
any N € N, we define the projector iy R as

(R - <N
(anR)! =4 17 =7 (2.3.5)
0 ifli=J'l=N
and we set TR := R—7yR. For R:T" — B(L*(T%)), ¢ — R(p), we define
IIyR as
MyR(p) = > ayR(l)e"?. (2.3.6)

[l|I<N

We then set H R =R —1IyR.
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In the following lemma we point out a key estimate for the remainder
[13 R of an operator R :

Lemma 2.3.6. Let R(w) € M?

01,027

w € Qo C Q. Then for any N > 0,
I RIGE | IRRI < |RIKD (23.7)

0‘1 T2
Moreover, let B > 0 and assume that for all © € Qo R(©) also satisfies
R(@) € M8 (VYPR(w) € M Then, for any N € N, one has

01,027 g1,02 °

ML R(@) € M2, and

01,02

TN RILE | <N ﬁ||R||L1p (2.3.8)

Proof. Estimate (2.3.7) is a direct consequence of the definitions (2.3.3)-
(2.3.6). We prove estimate (2.3.8). By (2.3.5), (2.3.6), one has

My R(ep ) = Rin(p) + Ran(ep),
Rin(p Z WNR 1lgo’ Ron () = Z ‘/R(l)eil-«p‘ (2.3.9)
[lI<N SN

We estimate separately the two terms in the above formula.
ESTIMATE OF R; n. For any [ € Z", one has

(I BOIES,) = 3 RO PR ()
kK ez
|k—k'|>N

SN (k= )P IROE (k)P (k)
k,k'ezd

= N (VP ROIES,)

Therefore, recalling (2.3.3), one gets the estimate

< NIV R pg

- 01,02 "

[ R, [ g (2.3.10)

91,02

ESTIMATE OF Ry n. The operator Ry n can be estimated as

(1Bonlne, .,) = 300> (I ROJZS,)

[l|>N

< N2 (| RIS, )

lezm

2
= N (1Rl s, )
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implying that
[Ronllng o < NPIR|| yeva (2.3.11)

91,92 01,09

The claimed inequality then follows by (2.3.4), (2.3.9), (2.3.10) and (2.3.11).
O]

2.3.2 Diagonalization

Fix M > 0 and consider the regularized operator H™) of Theorem 2.2.7; it
is of the form

HOD = A+ Po(g), Ag:=Do+ 2, (2.3.12)

where Dy = vO(@) -V, Z =eZM and Py = WM,

Since Dy and Z depend only on V and not on the x variable, such operators
remain diagonal if we pass to Fourier variables, so that we deal with the sum
of an operator Ay = Dy + Z which is diagonal with respect to the Fourier
basis {€¢% | ¢ € T¢} and a perturbative term Py(¢) whose dependence on
the angle ¢ we want to eliminate. More precisely

Ag = diag\?), AP =0 5 4 2()) (2.3.13)

where we recall that z € Lip(Q.; OPS'™). Before stating the reducibility
theorem, we fix some constants. Given 7 > 0 we define

a:=1214+7, fi=a+1l, m:=27+2 (2.3.14)

Moreover, we fix the scale on which we perform the reducibility scheme as

3

k
Ny = NO(§> VkeN, N_:=1 (2.3.15)
where for convenience we link Ny and v as
No=71, (2.3.16)

where v is the constant appearing in the definition (2.2.9) of the set Qg
(see also (2.3.22) in the theorem below). We also fix the number M of
regularization steps in Theorem 2.2.7 as

M=[Me—1], M :=2m+28+d/2+1. (2.3.17)
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Remark 2.3.7. By Theorem 2.2.7 one has that Py = eWM) € ¢=(T"; OPS—M"),
Since by (2.3.17), M’ > 2m+2/8+§, by applying Lemma B.2.3, one has that
1Pollwte s 1Pl Seoc, V¥s>0, YoecR.  (23.18)

o' m,oc+m

Theorem 2.3.8. (KAM reducibility) Consider the system (2.2.20). Let
v € (0,1), 7 > 0. Then for any s > so (with sy defined as in (2.0.2) )and
for any o > 0 there exist constants Co = Cy(s,0,7) > 0 large enough and
d =9(s,0,7) € (0,1) small enough such that, if

N§oe <6, (2.3.19)
then, for all k > 0:
(S1), There exists a vector field
Hy(¢) = Ax + Pi(v), peT", (2.3.20)

A =diag(\?), AP (@) =2V @) + o (@) (2.3.21)
defined for all w € O, where we set Op = Q. (see (2.2.9)) and for
E>1,

Oy = {5 = (w,v) € Opry : il A V@) AV @) 2 -
o= {8 = @) € Oy s o btN V@ -\ @) 2 G

For k > 0, the Lipschitz functions O, — C, & p§k)(&)), I RA

satisfy
sup ()" || e (2.3.23)
jezd
There exist a constant C, = C,(s,0,8,7,m) > 0 such that
IPIRE < CNSe, [IBGE, < CiNpas.  (23.24)
TreoTm O' m,o+m
Moreover, for k > 1,
Hyi () = (Pr-)onHi-1(9) - Ppor =T+ X (2.3.25)

where the map X._1 satisfies the estimates

IXeallife,  Se NN e (2.3.26)

otm ~8
Moreover, if Py(p) is real and reversible, for any k > 1, Py(p) is real

and reversible and
AW eiR ezl (2.3.27)
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(S2), For all j € Z?, there exists a Lipschitz extension to the set ., defined
in (2.2.9), that we denote by )\ék) : Qo = C of )\5@ Oy — C
satisfying, for k> 1,

XX S GYPBRE L Sae (DTN (2:328)

oc—m,oc+m

We remark that (S2), will be used to construct the final eigenvalues A§m).
The procedure will be to show that as £ — oo, the sequence )\g-k) admits a

limit on €2, and then to use the final value A§oo) in order to define the set
in which reducibility holds (c.f. eq. (2.3.54)).

2.3.3 Proof of Theorem 2.3.8

We start with verifying the inductive hypotheses:
PROOF OF (Si),, i = 1,2. Properties (2.3.20)-(2.3.24) hold by setting p§0) =
0 for any j € Z4, N_; := 1 and recalling the estimate (2.3.18).

(S2), holds, since the constant )\§O) is already defined for all w € €y, and

in the real and reversible case it satisfies Ago) € iR in force of Proposition

2.2.2. Thus we simply set p\”) = 0 for any j € Z<.

J

The reducibility step: proof of (Si)k+17 1=1,2.

PRrROOF OF (S1),,,.
We now describe the inductive step, showing how to define a transformation
O := I+ X} so that the transformed vector field Hy1(p) = (Pr)wsHi(p)
has the desired properties. If we perform a change of coordinates of the form
u = Pp(p)u, Pr(e) = 14+ Xi(p), then Hei1(p) = (Pr)wsHi(p) takes the
form
Hi () = Ap + @1(0) ™ (I Pilp) + [Xi(9), k] — w - 0,X(0))
+ i)™ (T, Pr() + Pe(9) Xi (), -

We look for a transformation Xy () solving the homological equation

Iy, Pr(e) + [Xi(), Al — w - 0, X5 () = [4] (2.3.29)
where [Py] is a diagonal operator. Then we set
AR = A+ B, PR = Iy, Py + PuXi + (@3 = ) ([Pe] + HJ]\_kak + PuXy)
[Py = diagjez (P )3(0) .

(2.3.30)
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By formula (2.3.30) one obtains that

. (k+1)
Apar = dlagjezd)\

where for any j € Z¢
A§’“+” =AY 4 B0y = i@ - j 4 ez(j) + pFY,

k+ k

In the real and reversible case, since Py is real and reversible, by Lemma

B.1.1 one has ﬁk(0)§ € iR, and since )\( ,pgk) € iR, then one has that

A, (D) ¢

First of all, we prove that (2.3.23) holds at the step k + 1. By the definition
(2.3.31), applying Lemma B.2.4 and using the estimate (2.3.24), one gets
that for any j € Z< for any i € {0,1,...,k}

‘)\(Prl) ‘Llp

21 i i
! U W = |(By) 5 (0)[1

oS — p
S ()7 B oo )"NT%e.  (2.3.32)

~
—m,oc+m

By using a telescoping argument, recalling that p;o)

gets that

=0 for any j € Z¢, one

( 3.32)

k o
k+1)Li i+1 1) Li m —m
|p§+)|Lp§Z|p§+)_p§)|Lp <, -2 gZNZ 2 15 (2333)
i=0 =0

since the series Y .-, N,q is convergent (see the definition of N; at (2.3.15)).
Hence (2.3.23) is verified at the step k + 1.

In the next lemma we will show how to solve the homological equation
(2.3.29). This is the main lemma of the section.

Lemma 2.3.9. Let m > 27 + 1 and let Oy41 4 as in (2.3.22). Then for any
W € Opy1,4 the homological equation

with
[Pr] = diagjeza Pre(0)7 (2.3.35)
has a solution Xy, defined on Oy, and satisfying the estimates
X2, S NERIRIRR (2.3.36)
Ol < NEEIOPRIE . @asn
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Furthermore, if Py is real and reversible then Xy is real and reversibility
preserving.

Proof. To simplify notations, here we drop the index k, namely we write A,
P, X, ), p; instead of Ay, Py, X, /\g-k)7 g-k). Taking the (j,j')—th matrix
element and the [—th Fourier coefficient of (2.3.34) we get:

(w- 1+ X —X\) X =P it0<|j—j|<N, 0<|l|]<N
XY =0 otherwise

J

Since @ € O, one has

PO
|X(l);|§\ ()]HJJ 1|71 | (2.338)

hence . o
X1 S PO (6 +15 - dT)
< v‘llﬁ(l)§'|NT<j’>T(<j’>T + NT> (2.3.39)
S HPWS NG

Similarly, one gets

(1) —11 D\ 2T [ 5\ 27
(XD Sy PO INT (G (2.3.40)
Thus, recalling that 7 < m, (see (2.3.14)) the norm || X{[xs, . isestimated
by:
2 v i’ N\ —2(c+m
(Xt ) = D00 D GH R @) ()24 2
lezr J.j' €24
S 7_2N4T Z<l>25 Z <j>2(a+m)|P(l)§’|2<]-/>4T<j/>—2(a+m)
lezn 7,5/ €zd
<y NSy S Gy Py ) )
lezr jjlezd

2
e <||P||Mf,,m,g+m> .

(2.3.41)
Similarly, one obtains
2 —2 nr4T 2
(X 0aes, ) 972N (1P ) (2.3.42)
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To estimate the norm of the operator (V)? X, we argue as in (2.3.39), (2.3.40)
to get

G =3V IXDT S NTGTG =30 IPWYT,
G =" IXW5 S NG G = 31 PO)T;
hence we repeat the same argument of (2.3.41), (2.3.42) to get (2.3.37). Con-
cerning Lipschitz estimates, recall that the eigenvalues A; have the expansion

(2.3.43)

X(@) = NO(@) + p; (@) = wO(@) - j + 2(@,7) + p; (@) Vjez.
By (2.2.8), (2.2.36) and the induction hypotheses (2.3.23), one has that for
any wy,wy € 0, and any j,j’ € Z%,
(A = M) (@1) = (N = A (@) S ey — 3@ — @l (2.3.44)
Hence one uses |I],[j — j'| < N, (2.3.38), (2.3.44) and the inequality
IR 2 <o N2 (J5]27 + N27) < NAT+L Gy

to deduce the Lipschitz estimates as usual. By Remark B.1.1 of Appendix
B, if A = diag;cza\; and P are real and reversible one immediately gets that
X is real and reversible too. 0

The estimate (2.3.26) at the step k + 1 then follows combining (2.3.36)
and (2.3.24) at step k. Moreover, using that by (2.3.14), a > 67 + 3 and by
using the smallness condition (2.3.19), one gets that

XK1 55: < 4(s) (2.3.45)

t+tm,ctm

for some §(s) € (0,1) small enough. Therefore, one can apply Lemma B.1.4
and deduce that, by (2.3.36) and (2.3.37),

— Li Li Li
||®k ' o ]I”'/\l[pz'im,o'im 5870 ||Xk ||'/\ilpcs7'im,a;tm 58 N£T+2 ||Pk ||'Ail%fm,o'+m
— Li Li Li
(VP @ —DIEE, . Sos NVYXEE,  Sos NRIOPRIER

(2.3.46)
It remains to prove that (2.3.24) holds at the step k& + 1. To this aim, in the
next lemma we obtain key estimates for the remainder term Py, defined in
(2.3.30).
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Lemma 2.3.10. There ezists a constant C = C(s,0,7) > 0 such that the
operator Pyi1(p) defined in (2.3.30) fulfills

Li T Li Li
1Bl ., < O (PSR, )"+ NPIBILE, ),
|Penll®, < CIRLE,
o m,o+m a m,o+m
(2.3.47)

Furthermore, if Py(p) is real and reversible then Pyy1(y) is real and reversible
too.

Proof. By recalling the definition of Py given in (2.3.30), using the in-
ductive estimates (2.3.36), (2.3.37), and the estimate (2.3.46), by applying
Lemma 2.3.6 and Lemma B.1.3 in Appendix B, which gives an estimate of
the product of operators, we get

Li r Li 2
1Ptl5s S NER(IRIEL )
-8 Lip B L1p
ol (G o U
(2.3.48)
1Pcallifs  Soo NEPURAEE LIPS IR,
(2.3.49)
Li Li
WP Pl Saa VRIS
T L L
FNFPIRER ORI (23.50)
Recalling that [ [, =112, +[(V)E and summing

o' m,oc+m cr m,oc+m

up the contribution of (2.3.49), (2.3.50), we get

1Pl S NP

—m,oc+m

+NNPEs

o' m,oc+m

—m,o+'m)

1Pillyges Pl
o' m,oc+m o' m,oc+m

(2.3.51)
Furthermore, by using the smallness condition (2.3.19), recalling the defini-
tion (2.3.15), using that « > 67 + 3, taking Ny large enough and & small

1Prllyrs S NTIRILE

o' m,oc+m —m,o+m

enough one gets that

N4T+2HP HLlp 5 N]ZLT+2Nk—_al€ S 1

+m

and then (2.3.51) implies the claimed estimate (2.3.47).
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Finally, if P is real and reversible, then by Lemma 2.3.9, the operator X,
(and hence &5, = I+ X}, and (IJ,;l) is real and reversibility preserving. By the
definition (2.3.30), one concludes that Py is real and reversible. O]

By Lemma 2.3.10 and by (2.3.24), one has

1Pesa 50 s < C|IPR s < CC,eNy_y < C.eNy,

o' m,oc+m (7 m,o+m

provided C'Ny_1 < Nj for any & > 0. This latter condition is verified by
taking Ny > 0 large enough. Furthermore, by (2.3.24), one has
1Pyl ot < ONTH2 (|| Bl

—m,oc+m

+ NPl s

(T m,oc+m

m,o+m)

< ONFH2C2 N2 + ONPCuNy_je < CLeNZ©,
provided
QONSH 2N 20 <1, 20NNy 1 <1 Vk>0.

The above conditions are verified by (2.3.14), the smallness condition (2.3.19),
recalling the definition (2.3.15) and taking ¢ small enough and N, large
enough. Hence the estimate (2.3.24) is proved at the step k + 1, and the
proof of (S1),,, is then concluded.

PROOF OF (S2) By the estimate (2.3.32), on the set Oy,

k+1°

k) k k

5( _ ,0§ +1) pg )
satisfies lé(k [Lip < () 72| By HLlp o Sso (j)7>mN, %e for any j € Z%.
By the Kirszbraun Theorem (see Lemma M.5 in [KP03]), we extend the
function 5( Okw — C to a function (5 (k) : Qo — C which still satisfies

the estimate |5J( Lp < (5) 72| P | Sso (4)7*™N,_ %e. Therefore,
o—m,oc+m
(82),, follows by defining ﬁ(J Vo= pjk) + 5](-k) and /\g-kﬂ) = /\5-0) + ﬁ{ij)

(note that )\(-0) is already defined on € ). Furthermore we observe that, in
the real and reversible case, one has that pj ,)\( € iR, f)ﬁk),XE ) ¢ iR, and
(5( ) e iR, thus also )\ (1) ﬁ(jkﬂ) € iR.

2.3.4 Passing to the limit

By Theorem 2.3.8-(S2),, using a telescoping argument, for any j € Z¢, the

sequence ([)g.k))kzg is a Cauchy sequence w.r. to the norm | - [“P in €, and
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()
J

k o0 i A\ —2m —« o0 i -\ —2m
B — pCIER < )TN e, IR S, () Tme. (2.3.52)

hence it converges to p; ’. Moreover, the following estimates hold:

Note that, as observed in the proof of (S2), ,,, in the real and reversible case
one has p§°°) : Qo, — iR for any j € Z%.
We then define the final eigenvalues )\§~°°) 1y, — Coas

A= 2D o = O () + P ezl (2.3.53)

where in the last equality we have used the definition of )\5-0) as in (2.3.13).
We then define

=qw = (w,v 0~ & |iw- () (@) = A& __
Oscryi={B = (00) €0, ¢ i 1+ X7(B) = A7 0)| 2 s
V(.5.5) # (0.3.9) }.

The following lemma holds for such a set:
Lemma 2.3.11. One has Ouy € N0k -

Proof. We prove by induction that for any £ > 0 one has O, C Oy . For
k = 0, it follows by definition that O, € O, since Oy, = €y,. Then
assume that O, C O, for some k > 0: we come to show that O, C
Okt1,4- Let 0 = (w,v) € Ou . Since by the inductive hypothesis w € Oy, 5,
item (S1), of Theorem 2.3.8 entails that )\gk) (w) is well defined, and by (S2),

of Theorem 2.3.8 one has that ng) (W) = )\;k) (w) and ﬁ{jk) (w) = g-k) (W) (recall
that )\5@ = )\SQ) + pg-k) and ng) = /\g()) + ﬁ{]k)) We then have that for any

(1,5:3") # (0,4, 7) such that [, |j — j'[ < N,
w1+ AP@) = AP @) > w1+ A @) - A (@)
—177@) = @) = 17 @) — o7 @)1
By the first estimate in (2.3.52), it follows that there exists a constant C' > 0
such that

o 14 2AP (@) AP 2y C:
i 10470 =2 O 2 e e~ N min(G), G
thus ( ( N
iw - @) = \P(@
e @) = O gy
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provided
Ce)™ (7))
YN min{ (7). (59}
Using that ||, |j — j'| < Nk, m > 7 and since

GG < (G — 37+ min{(5), (7))
< (j — 32 +min{(j), (')}
< NE + min{(j), () }?,

<1. (2.3.55)

one gets that

UKOKRUIP.

min{(), () = (2350

Therefore
Ce©) ()™ (")"
YN min{ (7), (7)1
since a > 27 (see (2.3.14)) and by taking ¢ small enough (see the smallness
condition (2.3.19) and recall that v~!' = Np). Condition (2.3.55) is then
verified and hence w € Oy ,. This concludes the proof of the lemma. [

< Cley NN < 1

For any k > 0, w € Oy~ we define the map

Vi(0,@0) = Vi(@) := Polp) 0o Pi(p) o...0 Dr(ip). (2.3.57)

Note that by Lemma 2.3.11 and Theorem 2.3.8 all the maps ®4(¢) are well
defined for w € O .
Furthermore, the following lemma holds:

Lemma 2.3.12. The sequence (Vi)i>o0 converges to an invertible operator
Voo in Eip(@ooﬁ;’;'-ls (T“;B(H"im,”ﬂ”im)) and for any o > 0 the operator

VEL — 1 satisfies the estimate

Ve =11 Seo N

He (TvB(H 1))

Moreover in the real and reversible case, V! is real and reversibility preseru-
mng.

Proof. The proof is based on standard arguments and therefore it is omitted
(see for instance the proof of Corollary 4.1 in [Monl19]). The presence of
Ng™% in front of ¢ in the claimed inequality is due to the fact that (2.3.26)
for k = 0 gives ||®g — ]IHIj\i%im L Sso Ny™2%e. O
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Lemma 2.3.13. For any W € Ou, one has that (Veo)ws(Ao + Fo) = Hoo
(recall (2.3.12)) where the operator Hy, is given by H,, = diagjezd)\éoo).
Furthermore in the real and reversible case, the eigenvalues )\g.oo) are purely
1maginary.

Proof. By (2.3.25) and recalling the definition (2.3.57), one gets that for any
k>1

(Ve-1)ws (Ao + Po(p)) = Hi(p) = A + Pi(e) -

The claimed statement then follows by passing to the limit in the above

identity, recalling the definition of A given in (2.3.21), the definition (2.3.53),
the estimates (2.3.24), (2.3.52) and Lemma 2.3.12. O

2.3.5 Measure Estimates

In this section we show that the set O, defined in (2.3.54) has large
Lebesgue measure. We actually prove the following:

Proposition 2.3.14. One has |2\ O 4| S 7.

Since 2\ Oy = (2\ Q) U (20 \ Ox,4) and by Remark 2.2.3 one has
that [\ Qo ,| < 7, it is enough to estimate the measure of the set 2 , \ O -
By the definition (2.3.54), one has that

Uo7\ Oy = U Rijyr (1) ,
(BERIASYAS Y/ (2.3.58)
(1,5—3")#(0,0)

with

lej/("y) = {(I} = ((JJ,I/) < QO,’y |

1w - (oo)wu—(.?o)wu 2—7 3.
fiw - 1+ A% (w, 1) = A6 (w, )|<<Z>T<j>7<j,>7} (2.3.59)

Lemma 2.3.15. For any (1, ], ') € Z"xZ*x 7% such thatl # 0 and j—j' # 0,
one has Rz ()| < (O~ 70T

Proof. By the definition of )\§-°°) as in (2.3.53), one has that for any j € Z¢

)\j (Q,)?y)_llj (w,y) ]+Z(]7way)+p]’ ((,L)’V)’
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where by the estimates (2.2.8), (2.2.36), one has

O — y[UP0) Sesup [9e2()|"P S e
jez

(see Definition 2.2.1). Then the map
U Qo — U (Qy)
(w,v) = (w, v O(w, 1))
is a Lipschitz homeomorphism with inverse given by
T 0(Q,) — Qo
(w,6) = ¥} (w, ()
and satisfying

O TP <e, (U1 <yt (2.3.60)

Defining
0w, ¢) = AU w,¢), e

and

Riii =9 (w w140 (w —a(.?o) W —27
R (0) 1= { (:€) € W(03) ¢ o™ (0, Q)= (w0, O < o |

one has that

[Rijyr (V)] = [Ragr (), (2.3.61)

thus it is sufficient to estimate the measure of the set ﬁljj/ (7). The functions

ag-oo) admit the expansion

™ (w,¢) =iC - j + 20 (j,w, ¢) + 7w, ¢)
where
20(j.w,¢) == 2(5, UM w, (), ™ (w,¢) == p™ (T (w, ().

By the estimate (2.3.60) and using the estimates (2.2.36), (2.3.52) on z and
pg.oo), for ey~! small enough, one can easily deduce that

sup [Oezu (7, )P <&, sup (j)Qm]rj(oo)]Lip <e. (2.3.62)
jEZA jEZA
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Since (1,7 — j') # (0,0), we write

(laj _j/)

— Clstw, weRY™ w-(l,j—45)=0
07— 7] )

(w, Q) = (w(s),¢(s))) =
and we consider

fuigr(s) = iw(s) - 1+ a{™ (w(s), C(s)) — al (w(s), ¢(s))
=i|(L,j — 7)|s + ze(j,w(s), C(s)) — zu(j', w(s), ((5))
+ 18 (w(s), ¢(8)) — 15 (w(s),¢(s)).

Using the estimates (2.3.62) and recalling that |j — j/| < [({,7 — j'), one
obtains that

| fuigr(51) = fugge(s2)| = (\(l,j — )= Celj—j'| - Cé‘)\sl — 5]
> (1= Co)j =) = Ce)lsy = sl (23.63)
> %|51 — S| (2.3.64)

by taking € small enough. This implies that

(s 2y g
{S g ()] < <Z>T<j>f<j'>f}‘ RO

By a Fubini argument one gets that |7€ljj/(7)| S A0, The

~Y

claimed statement then follows by recalling (2.3.61). O

PROOF OF PROPOSITION 2.3.14. By (2.3.58) and Lemma 2.3.15 one gets
that

Q02 \ Oyl Sv D 7T S

lezr,j,5' €z

since 7 > max{n, d}. The claimed statement then follows by recalling that
12\ Qo] S v and that Q\ Osy = (2\ Qoy) U (05 \ Ocory)-

2.4 Proof of the main results

In this section we prove Theorem 2.1.7 and 2.1.10.
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Proof of Theorem 2.1.7. We consider the composition

U(P) = V() o Val). V(@) 1= Alp) 0 e 0 0.0 em20ule),

—<Gj are constructed in

where A(p) is defined in Section 2.2.1, the maps e

Section 2.2.2 (see Theorem 2.2.7) and V. is given in Lemma 2.3.12. By

Section 2.2.1, Theorem 2.2.7 and Lemma 2.3.13, for any w € O, -, the map

U(p) conjugates the equation (2.0.1) to the equation dyu = Hoou where H,
1

is the diagonal operator with eigenvalues (A§w))jezd. Let 0 < a < & and

N := = so that the smallness condition (2.3.19), i.c. N§Pe < 8, becomes
N§oe =el=0 < g,

which is satisfied for e small enough. Since v = Nj' = &%, setting . :=
Ox,y, Proposition 2.3.14 implies that lim._, |2\ Q.| = 0. Concerning the
properties of the map U, by (2.2.14) of Remark 2.2.4, for any @ € N"
one has ;A € B (H”*‘“',H"), as well as 3;‘6*56']' e B (7—[",7—["41*3’2)'0")
Vj =1,..., M, as shown in Remark 2.2.9, so that the map V : ¢ — V(¢)
satisfies

VE e 7 (T B (Ho T MU=t Dit) 99)) W >0, Vo > 0. (2.4.1)
Moreover, by Lemma 2.3.12, one deduces
VEL € HE (T B(H, H?)) V¥s>0,0>0. (2.4.2)

Then (2.4.1) and (2.4.2) imply that the map ¢ — U(p) satisfies Vs > 0 and
Vo >0
Ut e (T B (1", 1)), (2.4.3)

for some positive 1, depending on s only. Furthermore, by (2.4.3), with a
standard density argument one also obtains that for any 1) € H? and for any
o > 0 the map T" > ¢ — UF(p) € H7 is continuous. Finally, again by
Remarks 2.2.4, 2.2.9 and by Lemma 2.3.12 one also obtains the existence of
a positive o1, independent of ¢, such that |[U*' (@) —I||go+er 3oy So €. The
proof is therefore concluded. O

Finally, from Theorem 2.1.7 we immediately deduce Corollary 2.1.10 as
follows:
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Proof of Corollary 2.1.10. By Theorem 2.1.7, for any w = (w,v) € Q. under
the change of coordinates u = U(wt)v, the Cauchy problem
Oyu = (1/ + eV (wt, :L‘)) -Vu + eW(wt)[u]

uy € HO(TY)  (2.4.4)
u(0,x) = ug(x),

is transformed into

{&gv = H v

vo = U(0)tug . 2.4.5
2(0) = v, (0) (2.4.5)

Using that for any w = (w,v) € Q., U(p) is bounded and invertible on H?
one gets that

[l So U@ Pllar So 190l V3 € HO(TY) (2.4.6)

uniformly w.r. to ¢ € T".
CASE (1). If all the eigenvalues /\goo), j € Z% of the operator H,, are purely
imaginary, the solution of the Cauchy problem (2.4.5) satisfies

lo(t, )z = llvollae

for any t € R. By the estimate (2.4.6) and recalling that u = U(wt)v, one
obtains the desired bound on the solution u(t, z) of (2.4.4).
CASE (2) Let j € Z¢ so that Re()\g»oo)) # 0. Then for any o € C, the solution

v of the Cauchy problem (2.4.5) with initial datum vo(z) = ae”® is given by
v(t,x) = ae’\S’OO)teij'”.

Hence, setting ug := U(0)[ae’*] = ald(0)[e77], one has that the solution of
the Cauchy problem (2.4.4) with such an initial datum ug is given by

ult,2) = Uwt)lae"™ 1] = aeh U wt) (7).
Recalling (2.4.6) one gets that
lu(t, )pe o CyeReO™ 0t

This gives the growth for ¢ > 0 if Re)\goo) > 0 or for t < 0 if Re)éoo) > 0. If
there exists )\E-OO) with Re)\g»oo) > 0 and )\5.70) with Re)\g?o) < 0 then the solution
with initial datum ae* 4+ Be"* grows both as t > 0 and as t < 0. O

o4



Part 11

Towards a more general model:
Schrodinger operators on flat
tori
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Chapter 3

Setting and pseudo-differential
calculus

In the second part of this thesis we study spectral properties of a Schrodinger
operator of the form

~A+V on L*T{), (3.0.1)

where V' € C®(T%;R) is a smooth real potential and T% is an arbitrary
flat torus, namely T¢ = R?/I" with I' a maximal dimensional lattice in R?
generated by the vectors aq, ..., a4:

d
v = Zna . n; € Z} : (3.0.2)
=1

We consider the case of Floquet boundary conditions,

F:{'yE]Rd

u(w+7) = u@) VeeTh Wyel, (3:03)

for an arbitrary x € R?. For such an operator we give two types of result:
first we implement a quantum normal form, from which we deduce spectral
asymptotics for most eigenvalues of the operator (3.0.1). This is the con-
tent of Chapter 4; actually, all the results contained therein are stated and
proven even in the case where the Laplacian operator —A is replaced by an
arbitrary positive power (—A)%, and if V' is a pseudo-differential operator
of order strictly less than M- see Section 3.2 of the present chapter for a
precise definition. Then we prove a Structure Theorem according to which
H is unitary conjugated (up to a smoothing operator) to a block diagonal
operator, which acts in the majority of the blocks as a Fourier multiplier,
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Chapter 3. Setting and pseudo-differential calculus

and in all the others as a lower dimensional Schrédinger operator, and we
deduce a spectral result giving an asymptotic expansion of all the eigenval-
ues of the operator. This is contained in Chapters 5 and 6. In the present
chapter we define the setting where we are going to work in order to get the
aforementioned results.

3.1 Setting: a few preparatory steps

First of all, we reduce to the case of an operator on the standard torus T¢ with
periodic boundary conditions. In order to get rid of the Floquet boundary
conditions, we perform the Gauge transformation

u(z) = e u(x), (3.1.1)
which conjugates the operator (3.0.1) to

(Dj+k;)°+V, D;=1id,,, (3.1.2)

d
=1

J

with periodic boundary conditions on T%. Furthermore, by introducing on
T¢ the basis of the vectors {ay, ..., aq}, the operator (3.0.1) takes the form

d
—Ng +V, —Ag.= Z g"? (Da+ ka) (Dp + k) | (3.1.3)
A,B=1

where VA, B=1,...,d
gAB = (g - QB (314)

and, as usual, by the matrix with coefficients g4? we denote the inverse of
the matrix with coefficients g4p5, namely

d
ZgAchB =05, (3.1.5)
c=1

In the following, we will only deal with scalar products and norms with
respect to the metric g. We write

<x;y>g = 8ABIA?JB ) <5§77>g* =g s (3.1.6)
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Chapter 3. Setting and pseudo-differential calculus

the scalar product with respect to this metric of two vector z,y or two cov-
ectors &, n. Correspondingly we will denote

2. /o 2 /e
o]l = (zi@)y » [I€llge == (& €)gu - (3.1.7)
Furthermore, we denote by djig(z) the volume form corresponding to g.
We finally define the following quantity, which plays a relevant role in our

estimates:
c= inf k|2, . 3.1.8
nt (3.18)
Given s linearly independent vectors {uy, ..., us} in Z?%, denote by Volg«{us| - - -

the s— dimensional volume of the parallelepiped in R? with edges given by
{u1,...,us}, calculated with respect to the metric g*. A second relevant
quantity is

¢= min  min Volg«{uq| - |us}. (3.1.9)

1<s<d wuq,...,us€Z
Remark 3.1.1. In Lemma D.0.2 of Appendiz D we will prove that € is
strictly positive.

Definition 3.1.2. In the following we will refer to the constants ¢, € as the
constants of the metric.

Consider the operator —A,, defined as in (3.1.3): as for the case of the
Laplace Beltrami operator —A,, Weyl law holds for its spectrum. Albeit the
following result is standard, here we give it for the sake of completeness:

Lemma 3.1.3 (Weyl law for —A, ;). The spectrum of the operator —Ag . is
given by {||§ + K ¢ € 7%} . Furthermore,

2

g*
92 d

#LE | IE+r]2 <R} < (E) R . (3.1.10)

Proof. An estimate of the quantity (3.1.10) is the number of points ¢ € Z¢
contained in a ball centered at —« and having radius R, of course taking
distances with respect to the metric g*. For any ¢ € Z? consider a ball
Bej2(§) of radius ¢/2 and center {. Then, as & varies, such balls do not
intersect: thus the “volume occupied” by n points of the lattice is at least
nVol (B2(§)) = nwa(c/2)?, with wy the volume of the unitary ball in R?. It
follows that for the number n of points in the ball of radius R the following
inequality holds:
nCy(c/2)* < VolBy(R) = C4R?

from which the estimate follows. O

o8
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Chapter 3. Setting and pseudo-differential calculus

3.2 Pseudo-differential calculus

The normal form we exhibit in Chapter 4 is based on regularization and ex-
ploits techniques from pseudo-differential calculus. Thus, in order to precisely
state our result, in this section we present our setting of pseudo-differential
operators.

Let u € C*(T%). For | < k and z € T% consider its [-th differential at x,
which is a multilinear form denoted by d'u(z). We define
d'u(x) [h(l), o h(l)}

()] = sup : (3.2.1)

Al =10 =1

where hU) € R?,
As usual, for positive integer s, we define H*(T¢) as the completion of
C°°(T?) in the norm

lu

2= /’]I‘d (|u(:1:)|2 + Hdsu(:r)HQ) dpg(x) . (3.2.2)

Given u € L?(T?) = H°(T?), we define as usual its Fourier series by

where € - k = €424 is the usual pairing between a vector and a covector.
Let k € RY; then the norm (3.2.2) is equivalent to the norm

=) e+l o, (3.2.3)

¢ezd

[l

where the shift by x in the weight of the Sobolev norm (3.2.3) has been
introduced for future convenience. In a way analogous to (3.2.1), given a
function a € C(T*T?), we define, exploiting the equivalence T*T? ~ T9 x
R4,

||diwdéva(x0,§o)|| = | squ ‘dfd?’a(wo,&) [h(l) L ROD R k/,(N)} } .
rD || =1

Hk(j) -1

g*

(3.2.4)
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Chapter 3. Setting and pseudo-differential calculus

Definition 3.2.1. Let a € C* (T*T% C), m € R, 6 > 0. Furthermore, fiz a
d-dimensional parameter k € R*. We say that a € S™° is a symbol of order

m, if V. N1, Ny € N, there exists a constant Cn, n, > 0 such that

a1 dY2a(x, €)|| < Oy, (€ + R)p "™ Vo e T?, € e R?

2 1/2 —00,0 m,0
where (§) g« 1= (1 + H§||g*) . We also define S~°° := N,,S™°.

Remark 3.2.2. The parameter k which appears in the definition of symbol
and as a weight in the Sobolev norms 3.2.3 has been introduced only because
it appears in a natural way in the iterative construction of Chapter 5. In
particular, it is needed in order to obtain uniform estimates along the iterative
construction performed therein.

Notice that there are two main differences between the standard definition
of symbols given in Definition 2.1.1 and the one given in Definition 3.2.1: the
first is the presence of the weight d, which in the present chapter and in the
following ones we are forced to assume strictly less than 1. The second one is
that Definition 3.2.1 only intrinsic quantities are involved: thus in particular
the sequence {Cn, n, } N, N, does not depend on the choice of coordinates on
T*T?. The latter difference is not relevant for what concerns the contents of
Chapter 4, but it will play a significant role in Chapters 5, 6. Moreover, the
following holds:

Remark 3.2.3. Fiz a basis {e1,...,eq} on T and let {e',... €'} be its
dual basis; then a € S™° according to Definition 3.2.1 if and only if for any
N1, Ny € N there exists a constant Dy, n, > 0 such that

sup sup
|a|=N1 |B|=N2

0e0fa(w, )| < Dyywl + m)g™™ V(w,€) € T'T".

Clearly, the constants {Dn, n,}N,.Nyen depend on the choice of the basis
{e1,...,eq}.

To a symbol a € S™° we can associate an operator as follows:

Definition 3.2.4. If a € S™°, its Weyl quantization is the linear operator
A= 0p" (a) by

(O™ ( => D <§+ ) elleth-e (3.2.5)

£e74 hezd
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Chapter 3. Setting and pseudo-differential calculus

where Vk € Z¢ and V¢ € R?
1
p1g(T?)

Definition 3.2.5. Let A be a linear operator on L*(T¢), we say that it is
a pseudodifferential operator of class OPS™° if there exists a € S™°, such
that A = Op" (a).

Definition 3.2.6 (Seminorms). Let a € S™° and Ny, N, € N. We define

0©) = g5 [ ol ()

Cnyvy(a) = sup (€4 k)g " |d) da(z, )|
(z,6)€T4 xR

Equivalently, if A = Op" (a), we set Cy, n,(A) = On, n,(a) .

Remark 3.2.7. {Cy, n, (")} 3y .Npen is a family of seminorms on S™°, and
we will also refer to {Cn, Ny (A)} Ny Noen as the family of seminorms of the
operator A .

In the following chapters we will often estimate the family of seminorms of
a given operator (or symbol) in terms of the family of seminorms of another
operator (or symbol).

Definition 3.2.8. Given two pseudo-differential operators A and B, when
we say that the family of seminorms of A only depends on the family of
seminorms of B, it is also understood that in particular, in order to give a
bound on a finite number of seminorms of the operator A, it is only necessary
to have a bound on a finite (and, in general, higher) number of seminorms
of the operator B.

Definition 3.2.9. Given a sequence of symbols {fj}j>0 with f; € Smrie
for some m € R and p > 0, and a function f(x,§), possibly defined only on
T¢ x Z4, we write

RN (3.2.6)

if for any N there exists Cy s.t.

< COn(+myg P (3.2.7)

g*

‘f(l’,f) - Zf](xaf)

J=0

If f is defined only on T¢ x Z¢ then eq. (3.2.7) is valid in such a set.
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Chapter 3. Setting and pseudo-differential calculus

Taking symbols as in Definition 3.2.1, all the standard properties of
pseudo-differential calculus hold; in particular, the composition and the com-
mutator of pseudo-differential operators are still pseudo-differential opera-
tors, and one has Egorov Theorem and Calderon Vaillancourt Theorem. We
refer to Appendix C for a quick review of such standard results.
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Chapter 4

Non resonant eigenvalues

Let M > 0. Consider the operator
H:=(-0g)"?+V on L*TY), (4.0.1)

assume that V' is a self-adjoint operator and that there exist ¢ > 0 and
0 < ¢ < 1 such that

V e OPSM=0 max{%, 1—%} <4. (4.0.2)

Define furthermore
p=min{40 — 2, —2+e+20} if M #2,

4.0.3
p=-—2+e¢4+20 fM=2. (4.03)

Denote by Bg(z) the open ball of R? having radius R and center x, Bp 1=
Bgr(0) and denote by $F the cardinality of a set E. The main objective of
the present chapter is to develop a normal form construction for the operator
(4.0.1), and to deduce from such a normal form the following spectral result:

Theorem 4.0.1. Consider the operator

H:=(—0g )M+ V| (4.0.4)
with V- = 0p" (v) self-adjoint and fulfilling (4.0.2). There exists a set
Q C R, such that QN Z% has density one, more precisely one has

$H(QNZ1N Bg)

L T Banzd)

= O(RY), (4.0.5)

and a sequence of symbols z; € SM=c=ir which depend on & only, with the
following property:
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Chapter 4. Non resonant eigenvalues

(i) for any & € QNZ? there exists an eigenvalue \¢ of (4.0.4) which admits
the asymptotic expansion

Ae ~ €+ K

w59, ceanzt. (4.0.6)

320

(ii) For any K € N and any &y, ...,Ex € QN ZE such that & # &; for all
i,7, the eigenspace generated by A¢,, ..., \ey has dimension at least K

(11i) if k = 0 and the symbol v(x,&) of V is even with respect to &, namely
v(x, &) = v(z,=E), then & € Q implies —§ € Q and one also has
z(§) = 2 (=€), VJ.

Furthermore, the constants {Cn}nen of (3.2.7) in the asymptotic expansion

(4.0.6) only depend on the family of seminorms of the symbol v .

Remark 4.0.2. Item (iii) applies in particular to the operator —A + V(x)
with k = 0. It implies the existence of a sequence {Cn}nen, depending on V'
only, such that for all £ € Q)

[Ae = Al < Cnlf€

-N
& VN EN. (4.0.7)
In such a case, we simply write

Ae — Ae = O([¢

) (4.0.8)

Remark 4.0.3. Property (4.0.8) is well known to hold in dimension 1; see
for instance [MO75]. In Chapter 7 we will investigate the possibility that
there are other couples (£,&") # (&, =€), with £,& € Q, such that

Ae — A = O([[€][g™) -

Remark 4.0.4. [tem (ii) enables to establish an injective correspondence
between non-resonant sites & € Q and eigenvalues \¢ of H satisfying (4.0.6),
counted with their multiplicities. Its proof requires to develop a refined quasi-
mode argument, which is performed in Section 4.4 below.

We now prove Theorem 4.0.1. In particular, the remaining part of the
chapter is structured as follows: Section 4.1 contains a rough exposition of
the strategy we follow for our proof; in Section 4.2 we state and prove our
normal form result (see Theorem 4.2.1), and in Sections 4.3, 4.4 we show
how Theorem 4.0.1 can be deduced from it. From now on, in the present
chapter we omit the dependence on g in norms and scalar products, namely
we simply write (-;-), (-) and || - || instead of, respectively, (-;-),, (-)g= and
-l
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Chapter 4. Non resonant eigenvalues

4.1 Scheme of the proof: a normal form con-

struction

The idea of the proof is to perform a “semiclassical normal form” (see e.g.
[BamO05]) working on the symbol of H, namely to quantize the classical nor-
mal form procedure for the symbol of H.

To explain the algorithm we consider the simple case in which

H:—A—FV(LE),

and x = 0. In this case H is the Weyl quantization of the classical Hamilto-
nian

Wz, &) = ||E|IP + V(z) . (4.1.1)
We are interested in studying the system in the region (£) > 1, in which the
potential is a perturbation of the term ||£||*. Taking this point of view the

~1. Remark also that this corresponds to an

perturbative parameter is (&)
expansion in lower order pseudodifferential operators after quantization.

The classical normal form procedure consists of looking for an auxiliary
Hamiltonian function g s.t. the corresponding time 1 flow gbé (namely the
time one flow of the corresponding Hamiltonian system), conjugates h to a
new Hamiltonian ho ¢£1] in which the dependence on the angles x is pushed to
higher order. It is well known that this can be done only in the nonresonant
regions of the action space. The definition of the resonant regions is a key
step of our procedure, hence we are now going to describe it.

By a formal computation one has
ho ¢gly = h+ {||€]|*; g} + V + lower order terms ,

where {-;-} is the Poisson bracket. The idea is to determine g in such a way
that

{11€11%; g} + V = function of £ only . (4.1.2)
Expanding g and V' in Fourier series in xz, equation (4.1.2) takes the form
Vi(€)

VkeZ\ {0}, ¢eR?,

(4.1.3)
so that the corresponding function g would turn out to be singular at the

21 (& k) gu(€) = V(&) = @& =

21 (k; €)

dense subset

U {€er?: (k¢ =0} .

kezd\{0}
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Chapter 4. Non resonant eigenvalues

In classical mechanics it is well known how to solve this problem: first take
advantage of the decay of |Vi| with ||k|| in order to restrict the union to a
finite subset of Z?, and then remove from the phase space a neighborhood of
the so obtained set.

Since in our case the small parameter is (€)~!, and we are in a C*° context,
so that |V;(€)| decays faster then any inverse power of ||k||, we can proceed
as follows: we fix some € > 0 and define

g(z. ) =Y in’“@ oo (4.1.4)

0<|lk||<(&)*

but only on the set

{5@1@ (k) | > Vk € Z¢, 0<\|/<\|<N:<§>6,}. (4.1.5)

B
(I
However, even if g is well defined and smooth on the set (4.1.5), this choice
still has a problem: g does not decay as () — 0o, since the k-th term of the
sum (4.1.4) decays only in the direction k. The last remark for the classical
case is that in the domain |(k;&)| > C(£)?, with some § > 0, the k-th term
at .h.s. of (4.1.4) decays as (£)~°. This leads to the choice

p=1(€)°
in the formula (4.1.5). Thus the function g that we use is actually of the

_ (O (&R
sed)= 5 k-@x(@wnkn—T) |

0<[IklI<(&) ’

form

where x(t) is a smooth cut-off function supported where |t| > 1. Finally, we
observe that if we restrict to

5
0O = {5 eR? | (k:€)] > % VkezZd, 0<|k| < <g>e}, (4.1.6)
then the contributions from all the terms Vk(f ) with k& # 0 can be eliminated.
This is the classical procedure that we quantize. As usual in semiclassical
normal form theory, the main remark is that, if g € S™? is a real valued
symbol with m < § and G = Op“(g), then e~'“ is unitary, the operator
el He™ @ is pseudodifferential and is given by

“He % = A —i[-A,G] +V + Lht.
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Chapter 4. Non resonant eigenvalues

whose symbol has the form

€2+ {I1€1%5 9Fm + V + Lhet.

where {||€]|%; g} am is the Moyal bracket, namely the symbol of the operator
—i[—A, G] (see its definition in (C.2.6) of Appendix C). Furthermore, since
|€]]? is quadratic, as stated in Lemma C.2.5 the Moyal bracket coincides with
the Poisson bracket, so the function g constructed in (4.1.4) is suitable (after
localization) in order to perform the semiclassical normal form of H.

Using Op" ¢ in order to transform H and iterating the procedure, we
conjugate H to an operator with symbol

1117 + 2(€) + 20 (z, &) + Ol ™) (4.1.7)

with some arbitrarily large N. Here 2(® is a symbol localized in the com-
plement of Q©.

As a last step, we exploit the equivalence between Weyl quantization and
classical quantization in order to show that the operator obtained by quan-
tizing (4.1.7) acts on €€ with ¢ € Z?NQO) as a multiplication by ||£]|%+z(€)
plus an operator which is smoothing of order N. Thus e*® is a quasimode
for the quantization of (4.1.7) and Item (i) of Theorem 4.0.1 follows, at least
in the case of Sturm-Liouville type operators. The case of a general flat
torus with Floquet boundary conditions is totally analogous to the case just
considered, up to replacing ¢ with £ 4+ , and the case where the main op-
erator is ||€ + x| is easily obtained by just remarking that the resonant
zones of || + «||™ are the same as those of || 4+ x||>. The proof of Item
(1) requires instead to refine the standard quasi-mode argument, in order to
guarantee that to the quasi-eigenfunctions e ... €& correspond eigen-
values A¢, ..., Ag, of multiplicity K in the spectrum of H. The argument we
develop is based on the fact that is possible to group the eigenvalues of the
Laplacian into clusters, whose separation properties and sizes are estimated
using Weyl’s law. Once one has done this, it remains to apply our refined
quasi-mode argument separately in each one of these clusters.

4.2 The normal form theorem and its proof

In this section we state and prove the normal form result lying at the basis
of the proof of Theorem 4.0.1. We will use the constant p defined by eq.
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(4.0.3), we fix v s.t.

0<2y<+e= and |z — yl| (4.2.1)

i
THYE

(recall definition (3.1.8) of Chapter 3), d,¢,7 > 0 such that

O<e(r+1)+d<1, 7>d, (4.2.2)
and we define

1
Q:Z{fERd |<ks;£+m>|><€|2|f> k€LY 0 <[kl < {§+r)

(4.2.3)

Theorem 4.2.1 (Normal form result). Let e > 0 and let 0, p be two constants
satisfying (4.0.2), (4.0.3). Then there exists a sequence of self-adjoint opera-
tors {G Yns1 with G, = Op" (gn) € OPS?=707"9 for any n > 1, such that
for any integer n > 1, the operator

U, :=c% 0. . 0 (4.2.4)
conjugates H to a pseudodifferential operator H, with symbol h,, of the form

By =hY + 2 4o, | (4.2.5)
where

ho(€) = €+ x| Ve ez, (4.2.6)
v, € SM—e—np,&j
and 2™ € SM=%° has the following properties: 2™ = [2(M] 4 27 where
e (1 6) =0 VE e Q,

[z(”)] is independent of x and for any integer j > 0 there exists a symbol
zj € SM=e=rid sych that

—_

n—

270 = 229 (427)

I
o

Furthermore, for any n € N the seminorms of the symbols [z(™], 279 v,
gn only depend on the family of seminorms of V' (in the sense of Definition
3.2.8), on n,d,c, and on the parameters d, ¢, T involved in the definition of
Q.

Finally, if Kk = 0 and V' is even in &, then the same is true for v, and z,,
whereas g1, ..., g, are odd functions in &.
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Chapter 4. Non resonant eigenvalues

The rest of the section is split into few subsections and is devoted to the
proof of this Theorem.

4.2.1 Localizing on non-resonant regions: cut-offs

Let us consider an even cut-off function x € C°(R) such that supp(y) C
[—1,1], 0 < x < 1 and x(t) =1 for any t € [—3, 1]. With its help we define,
for any k € Z4,

(2l €+ K k)
1
(€)= m(l = xk(&)) (4.2.8)

() = x (%) |

Given m € R, § > 0, a € S™°, we define

1
1) = gy [, o0 €) )

"N, &)= Y xkl©Tu(E)an(€)e™

kezd\ {0}

. 4.2.9
a™ (2,8 = D (1= xk©)xr(&ar(§)e™ 429
kezd4\{0}
N, &)= > (1= x©)ar(©)e™
kezZd\ {0}
so that one has
= [a] +a") + ") 4 a9 (4.2.10)

Lemma 4.2.2. Leta € S™°. Thenla], a™) | a™) € S™° and a5 € S=>9
and the families of the seminorms of the symbols [a],a™,at*) a'®) only de-
pend on the seminorms of a, on d, on ¢ and on the parameters 6,¢, 7. More-
over, in the periodic case k = 0, if a is even in &, namely a(x,§) = a(x, —§)
for all (x,&) € T x RY, then ™), a [a] and a'®) are even in & too.

The following result follows by a direct computation and is useful to prove
Lemma 4.2.2.

Lemma 4.2.3. Let ¢ > 0. For any N € N one has
lde" (€ + 1)) | Sev (€ +m) ™7
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Proof. Fix a set of coordinates {&;,...,&;}. Then one has that, forallj = 1,...,d,

d
Oe; ((€+1)7) = (=) Y (6 +r) 8" (& + ki) -

i=1
Thus, if h € R? is such that ||| = 1, one has
|de (¢€)7°) [1]] = [(=e)(€ + #) =72 (€ + w; )|

(€ + k) 2E+ &I
(& +r)yh

The estimates of higher order differentials follows arguing in analogous way.
O

I/\ I/\

Proof of Lemma 4.2.2. : The statement about [a] is immediate. We start
with proving the thesis for a(™ . To this aim, we observe that for any h € R?

de ((§ + r; k) [h] = (k; h)

and that df ((¢ + ;k)) = 0 for all N > 1; this, together with Lemma 4.2.3,
enables to prove that for any k € Z%\{0} and for any N € N one has

k™ (€ + k; k) . _(N—
‘dg(” H )H HkH +1f+/€> (N 1)’

(€ + K)o
hence, being § < 1,
k §+/<a k) -
’dgv (” I )H s EITHHE + r) TN (4.2.11)

(€ + K)®
Applying again Lemma 4.2.3 and recalling § < 1, analogously one gets that

7 ()| e e 00 it (422

Recall the definition of yj and x; as in (4.2.8): by (4.2.11) and (4.2.12),
since y is a smooth and compactly supported function, one gets that for any
N € N and ¢ € R? one has

142 (i ()] Swae IFINTHE + 1)~V
14y ()| Swse IEIN(E +5)7N
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In order to show that a™) is a symbol of order m, we use Lemma C.1.1
of Appendix C to estimate its seminorms in terms of the seminorms of the

symbol a. Let indeed {CY, y,(a))}n;,nyen be as in (C.1.1): by Lemma C.1.1,
for any k € Z¢ and ¢ € R? one has

|42 a(€)|| < Chy v, (@) (k)™M (€ + k)™ 222 YN, Ny €N,

Thus, by (4.2.13), one gets that, for any Ny, N and Ny € N and for all
¢ €R%and k € Z¢,

[ (@(€) (1 = xu(€)) Xn(€))]| Shaic Chvg g (€ + #0)™ N2 ||| M2 (k)
(4.2.14)
thus, choosing N{ = Ny + [Na(7 + 2)]|, one gets

Chy vy (") Sy e s Chvgny (@) - (4.2.15)

The estimate about ™ follows analogously. Concerning a'®) | we apply

estimate (4.2.13) to deduce that for any Nj and N, € N and for all £ € R?
and k € Z% one has

2™ (a(€) (1= TR Shase Chvpng (@)(€ 4 5)™ N [ 2 (k)=

Since, by definition of Yy , the function 1 — x£(§) and its No—th order differ-
entials dévz (1 — xx(&)) for all Ny are supported where

(€ +w)°
2

(see (4.2.8)), for any N, Ny and K € N one also has

1E] =

[ (@(€) (1 = ()| Snmse Chgng (@)(§ + 1)~ (k) =i Nem(Fmmmon2) )
Choosing N = Ny + Ny + [(K — m — dNy)e], this entails
[ (@r(€) (1 = ()| Snmse Chpn, ()€ + 1)~ (k)™

for any K, N, Ny € N. By Lemma C.1.1, this proves that a®) € S=59 for
any K € N, with constants {C}VI’NQ(G(S))}NLNQEN such that

Chviv, (@) Svinase Oy vy (@) - (4.2.16)

]
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We come to the normal form procedure. First, in order to regularize the
possible singularity at —x of the derivatives, we substitute || + x| with

ho(€) =y (&) I+ w|™, (4.2.17)
where (&) = (||€ + &||?), an@fz € C*°(R) is an even cut-off function with
the following properties: 0 < ¢ <1, Y(t) = 0 for any t such that |t| < 42,
and (t) = 1 for any [t| > (2v.)°, and 7, € R is defined as follows:

v, = inf {3dist(—~k,Z%) v} if k¢ Z¢,
vei=v ifkeZ?,
with 7 the constant defined in (4.2.1).

Remark 4.2.4. If h° is defined as in (4.2.17), for any function u € L*(T9)
one has that

Op" (W)[ul(w) = D 1€+ [ Mage™.
gezd
Remark 4.2.5. Since the differentials of 1 at any order are different from
0 only for ||€ + k|| < 27 < 2y < /¢, for any N € N and M' € R, a direct
computation shows that

’ d (¢(§)I|§ + H||M'> H Snelle+ ™Y veeR?. (4.2.18)
In particular, taking M’ = M, one has
4RO Swe llE+mIMTY Ve R (4.2.19)

4.2.2 The normal form construction

Then, given a € S™°, consider

9@, &) = > YO €+ sl

kezd\{0}

(=1)

T (©ar(©et T, (4.2.20)

where we recall the definitions given in (4.2.8). The following Lemma is
easily seen to hold:

Lemma 4.2.6. The symbol g defined in (4.2.20) belongs to class S*+m=M=09,
and the family of its seminorms only depends on the family of the seminorms
of the symbol a, and on d,d, €, T,¢c. Moreover, g satisfies

{r% g} +a™ € 570 (4.2.21)

and in the case k = 0, if a is even in &, then g is odd.
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Proof. Recall the definition of h° in (4.2.17). Since the cut-off function 1) is
a smooth function with compact support, one has that V¢(¢(€)||€ + k||) =
M€ + K[|M72¢(€) + S0, Therefore

(W% g} (2,€) = —M|€ + &||M20(€) (& Vaug(2, ) + 570 (4.2.22)

In order to solve the equation (4.2.21), it is enough to solve
—M|E+ &M 2P(€) (& Vag) +a) € 70 (4.2.23)

Recalling the definition of a™) given in (4.2.9) and the definitions given
in (4.2.8), a solution of the equation (4.2.23) is then given by ¢ defined in
(4.2.20). It remains to prove that g as in (4.2.20) is a symbol. This is proved
arguing as in Lemma 4.2.2. In particular, one observes that for any N € N

dN( ! ) (I
CNE R | Y e+ Ry P

and that, by definition of the function x, (1 — x%(£)) and all its N—th order
differentials d’ (1 — xx) are supported where

(E+5)°
e

Combining the above estimates with the first of (4.2.13), an explicit calcu-
lation then enables to deduce that, for any N € N,

12 ©)]| S IRITOH4N (6 4 5)=N0 (12.24)

[ (€ +rsk) | =

This, arguing as to obtain the estimate (4.2.14) exhibited in the proof of
Lemma 4.2.2 and recalling Remark 4.2.5, implies that for any N;, N] and
Ny e N

Hdé\bgk(g)u §N2,/‘€,C CEV{,NQ (a) <€ + H>27M+m7676N2 <k>*(N{*N2(T+3)) ’

which, choosing N] = Ny + (3 + 7) Ny, gives the thesis. Finally, if K = 0 and
a is even in £, using that X, and v are even and 7 is odd, one gets that g is
odd in ¢ and the proof is concluded. O

Remark 4.2.7. The reqularization function 1 has been introduced in order
to ensure that g as in (4.2.20) is actually a symbol, due to the presence of
the term || + k||M72. If M = 2, there is no need to introduce it, thus one
simply has

- ~ (]' - Xk‘(g)) é eik-m
9(x,€) = ke;\m} )3t gy O (4225)
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Proof of Theorem 4.2.1. We describe the induction step of the normal
form procedure which allows to prove Theorem 4.2.1. Let 0 < 57 < n
and assume that H; = Op" (h;) has the form given in (4.2.5), namely
z; = [z;] + zj(»res) € SM=% and v; € SM=¢79r%  Suppose furthermore that v,
has the form v; = vy j 4+ vy, with vo; € S¥=*7"° "and in the case with sym-
metry, assume that z; and v; ; are even in §. Notice that such an inductive
hypothesis is immediately verified for j = 0, with v,y = v and 2y = v2o = 0.
By Lemma 4.2.6, there exists a solution

gj+1 € S2-e=0=ipo (4.2.26)
of the homological equation
{n% g1} + USI;) € S0, (4.2.27)

Moreover since the symbol vy ; is real valued, then also the symbol vﬁljr)
is real valued and therefore g;;; is real valued too. Then, if we define
Gjt1 = op" (gj+1), Gj41 is self-adjoint, since the symbol g;;, is real val-
ued. Since, by (4.0.2), § > 1 - > 1 — 7, one obtains that g;,; is a
symbol of order 2 —e¢ — d — jp < 6 < 1. Hence by Lemma C.2.6 of Appendix
C, €% e7% are well defined linear operators in B(H?®) for any s > 0 and
Hiy = 0p" (hj) = €9+ Hem %+ € OPS M. Furthermore, by (C.2.12)
of Lemma C.2.6, (with a = hj, g =gjy1, m=M,n=2—¢—0—np), hj
admits the expansion

hj+1 = hj + {hj; ng}M + GM+4—2e—45-2jp,6

By the definition of p (see (4.0.3)), one gets that M + 4 — 2e — 46 — 2jp <
M — ¢ — (j+1)p, implying that SM+4=2=49-2jp.0 C GM—e=(+1)rd  Hence

hjsr = hj+ {hj; gj1}y + SV UTDPO (4.2.28)

Moreover, recalling that h; = h® + z; + vy j + v2; and splitting the symbol
vy; according to (4.2.9), one has

hy + {hgi gread g = B0+ 25 + Jor ] + oY + (Uflf) + {n’ 9j+1}>

SR CTHUREY SVl (U /AR JY (4.2.29)
+{n% g} = {0 951}
+ V2,5 + U%i’) .
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We now estimate all the remainder terms in the left hand side of (4.2.29)
one by one. Since z; € SM=0 v, ; € SM=e=ird C §M=ed and by (4.2.26)
gj+1 € S*7079P0 one gets

{zj +vj59511 )0 € GMeipm(Bote2)0

Furthermore, if M = 2, by (C.2.8) of Lemma C.2.5 of Appendix C one has
{h0§9j+1}M = {h0;9j+1} )
while for all other values of M (C.2.6) of the same Lemma C.2.5 implies
{h0;9j+1}M —{h° gja } € SMTeTIpm (AR

Thus, by definition of p as in (4.0.3), it follows that {z; + vj;g;4:1}m €
SM=e=(+1)p0 and {RY; gir1} p—{h% gjm} € SM=e=(+Dpd Since vy ; € SMemPd
and v{°) € §7°°9 by Lemma 4.2.2, (4.2.28), (4.2.29) imply that

10 M—e—(j+1)p,
hjpi=h"+zj1 + v, v €S G+l)e

where

L (res)
Ziw1 = [z + 200

(res) (

[2541] 1= [25] + Jorg], 238 1= 20 {7

Lj

The expansions (4.2.5), (4.2.7) are then proved at the step j + 1. In the
S
)
Vjp1 — V2 j41. On the contrary, if K = 0 and vy j, 2; are even in £, then Lemma

4.2.6 implies that g;;; is odd in . Thus by Lemma C.2.6 and Remark C.2.7
of Appendix C, the decomposition of h;y given by (4.2.28) is of the form

case without symmetry, it is sufficient to set vy ;41 = voj + vy and vy j41 =

hj+1 = hj + {h], gj+1}M + '[717_7‘4_1 + ﬁQ,j—l—l )

with 0141 € SM—e=(+1)pd otill even and U9 jt1 € SM=e=npd  Then the in-
ductive step is verified, setting vy j1+1 = v2; + V2 j41-
We finally observe that, by Lemma 4.2.6, Lemma 4.2.2, Lemma C.2.5 and
Lemma C.2.6, for all j > 0 the families of seminorms of [20+1)], z0FLxes)
and g;11 only depend on the families of seminorms of [z()], 20%%) ‘v, and in
the case j = 0 the family of seminorms of [2(¥] = [v], 2(0%) = y() and
v = v depends again only on the family of seminorms of v, due to the same
Lemmas 4.2.6 and 4.2.2.

]
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4.2.3 Measure estimates of the non resonant set

In this section we prove that the non resonant set 2 introduced in Theorem
4.0.1 is of density one at infinity. Recall the definition of () as

(E+r)

k;
(ks & + K)| > BR

Q:-{fERd

vk ez, 0<|kl < <5+“>6}

according to Definition (4.2.3). In particular, we prove the following:

o

Proposition 4.2.8. Assume ¢ < 7 > d. Then there exists Ry > 0 such

1+77
that, for any R > Ry, one has
(N 27N Bg(0)) 51
1— =0(R . 4.2.30
@nBao) O 230

Given a (measurable) set A, and a positive parameter r we will denote

A= Bi() . (4.2.31)

r€A

We start by a few remarks that will be useful in order to estimate the
cardinality of QN Z<.

Remark 4.2.9. There exists a constant C' s.t.
4(Z* N Bg) > CR* .

Remark 4.2.10. Let E = {x,...,xx} C R%, be a finite subset and for
r = Y& consider the set E, (defined according to (4.2.31)). Then

27

Bl B

N B,0)] ~ [Bi(0)[ 2

4B =

Recall the definition of 7 as in (4.2.1); clearly, one has that for any &, € Z¢,
B, () N (Z7\ {&}) = 0.

Remark 4.2.11. Given a measurable set, A, we have

A
1(ANZY < : 4.2.32
ANE) = 150) 23
Remark 4.2.12. By the above remark one also has
(2N Br(0)) < R* . (4.2.33)
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Let
QB .=QNBr and QF9 .= Bp\ Q. (4.2.34)

In order to estimate the cardinality of Q%) N Z? we estimate the measure
of Q9 To this end we remark that the following holds:

Lemma 4.2.13. Assume € < 1%. There exist positive constant C' and Ry,
depending on €,6,T, ¢, such that for all R > Ry

. ~ ~ CR?
ofdc | A Ae={eeBui Rl < ) (1239)

0<||k||<CRe

where W9 s the extension of QR according to (4.2.31).

Proof. If ¢ € QU9 there exists k € Z9, 0 < ||k|| < (€ + k)¢, such that
[ (€ + Ky k)| < (€ + K)°||k]|7". As stated in Remark C.1.2 of Appendix C,
there exists a positive constant C, depending only on €, such that

1Bl < (€ + #)° < Ce () + [[5l°) < 2CRT, (4.2.36)

and again by Remark C.1.2, there exists a positive constant Cs depending
only on ¢ such that

(€ + mik) | < €+ w)IIKITT < C5 () + 1K) 1K™ < 2CsR|IK] 7

Let then ¢ € Q9 and let ¢ € Q9 and h € RY, ||h| < 7, be such that
¢ =&+ h. Then €| < ||&]l + ||h]| < 2R, if R > r, and one observes that

€3k | < 1+ mk) |+ | (k) [+ s k)|
< (19CsR? + (18] + A1) %17+ 11kl =
< (49Cs + (2C)7H) R7KI|

since ||k[|7"' < (207 RETHD due to equation (4.2.36), and ||s| < RS+
provided R > Ry = ||x||//@=<(+1),
Then the thesis follows, taking C' = max{2C,, 47Cs + (2C.)"'}. O

1%, 7 >d and R > Ry, with Ry as in

Lemma 4.2.13. Then there exists a positive constant C' such that

Proposition 4.2.14. Assume € <
QU] < 'R (4.2.37)
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Proof. The proof is standard, we give it here for the sake of completeness.
Since Ay as defined in (4.2.35) is the intersection of a layer of thickness
C||k||R?/ ||k||” with a sphere of radius 2R, we have

R(S d—1
T

\Kk\ <

thus, having fixed some large R;, we have

ngﬁ UZkSZ‘;(k‘

k| <CRe kezd\{0} kezd\{0}

< R6 d—1 < pd+d—1 —

keZda\ {0} 1=0 IRy <||k||<(I+1)Ry

—_

&N

) 1 X 1
< RO+l Z T + Z Z iRy | (4.2.38)

0<||k||<R1 I=1 IRy <||k||<(I+1)Ry

Exploiting again Remark 4.2.11, we get, for [ > 1,
tH(Burym \ Biry) N2 < |Burnyr, \ Bin,| S1'RY

and thus, recalling 7— (d—1) > 1, the bracket at r.h.s. of (4.2.38) is bounded
by a constant and the proposition holds. O
We finally show the following

Proposition 4.2.15. Let Ry as in Lemma 4.2.13. For any R > Ry, one has

that
ﬁ(Q N BN Zd>
=1-0(R7). (4.2.39)
ﬁ(BR N Zd>
As a consequence, since 0 < 0§ < 1,
ﬁ(Q NBrN Zd)
lim =1.

R—+o00 ﬂ (BR N Zd>
Proof. By recalling the formula (4.2.34), one has that

ﬁ(Q N BgN Zd> - u(mR) N Zd> - jj(BR N Zd> . ﬁ(Q‘Rﬁ) N Zd) . (4.2.40)
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By Remark 4.2.11 and Lemma 4.2.14, one obtains that
ﬂ(Q(R’C) N Zd> < Rd+6—1

and therefore, using Remark 4.2.33 and the formula (4.2.40), one obtains the
claimed estimate (4.2.39). O

4.2.4 Comparison of our normal form with [PS10, PS12]

We now briefly recall the analogous normal form constructions of [PS10,
PS12]. In such papers, the authors work separately in annuli A, of R?: more
precisely, they fix a positive parameter p > 1 and consider

A, ={& e R | [|€]* € [p* — 20|Vl p* +20[[V'[I]} . (4.2.41)

(Here for concreteness we refer to the construction performed in [PS10]; the
one of [PS12] is analogous, but with a different choice of the parameters
involved in the construction.) Then, the normal form is performed in each
annulus: precisely, their non-resonant set is

0O — {g €A, |6 >, VEeZd, 0<]|k]|< N}, (4.2.42)

with
i = ko™ (4.2.43)

for some positive parameter o € (0, 3). Note that in [PS10, PS12] & = fi,
and N = N, depend on the parameter p only, whereas in the definition of
the non-resonant set that we use (see (4.1.6)) p and N are smooth functions
of €.

As a result, in [PS10, PS12] for any p one conjugates the operator H to a
new operator with a symbol

€I+ 2,(€) + 20 (2, &) + rp(2,)

where r,(z, ) has a small size, but only for £ € A,. Of course, this implies
that such normal form requires a localization on the annulus A,, in order to
be able to consider Op (r,) as a remainder term. Instead, in our construction
the choice p = (€)°, N = (£)° enables to avoid localization in annuli, and
the normal form that we obtain is valid on the whole space L*(T¢).
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4.3 Theorem 4.0.1: proof of Item (i)

The estimate (4.0.5) about the density one set Q follows by Proposition
4.2.15. We start with proving Item (7): as anticipated in Section 4.1, this is
done by showing that for £ € €, €!¢? is a quasimode for H,,.

By the normal form Theorem 4.2.1, for any n € N, there exists a unitary
map U, € B(H*) for any s > 0 such that the H, = Op" (h,) = U, HU;*
satisfies the expansion given in (4.2.5), namely

B = h° + [2,] + 20 4+ 0,

with [z,], 2 € SM=¢d 1y, € SM=e=rnd and supp(zT(Lres)) NQ = (. By apply-
ing Lemma C.2.1 and Remark C.2.2 of Appendix C, which relate classical and
Weyl quantization of a symbol, one deduces that there exist 7 € M=%,

U, € SM=e=rn0 and w,, € S~ such that

OpW (Z(res)) — Opcl (%'Slres)) + Opcl (ﬁn)a OpW (Un> — Opcl (5n)7

" 4.3.1
supp(Z{*”) = supp(z*) C R\ Q. )

Therefore, given & € QN Z%, one gets
Opcl (Eflres)ﬂeiﬁ.x] =0 (432)

since due to the second equation of (4.3.1) Eﬁres)(a:,f) = 0 for any ¢ € Q.
Moreover, since in particular @, 1w, € S™~¢"™9 one has that
Op (@) [e*7] + Op™ (va)[e**] = Op™ (@,)[€*] + Op™ (V) [e*7]
= (W, (2,8) + 0, (x,€)) (4.3.3)
= O((E + M),
Hence (4.3.1)-(4.3.3) imply that for any £ € Q N Z4

HL[667] = A () + O((€ + 1))
A(€) = 1€ + M + [2a](€).

Then the existence of one eigenvalue O({¢ + k) ~*7") close to A, (&) follows
by the standard quasimode argument, and this concludes the proof of Item

(4).

Finally remark that, defining ¢, ¢ := U, *[e*¢], it is a quasimode for the

(4.3.4)

original Hamiltonian. Indeed one has
HO%On,g = u;lHnun[SOn,g] = )\n(f)@n,g + O((g + H)M—efﬂn) .
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4.4 End of the proof: a refined quasi-mode

argument

In order to conclude the proof of Theorem 4.0.1, we need a refined version
of the standard quasi-mode argument. The situation of double eigenval-
ues, which is actually sufficient to prove Item (iii) of our Theorem 4.0.1,
was studied for instance in [BKP15]. According to Proposition 5.1, state-
ment (ii) of that paper, in such a case the result follows from the fact
that (e, e€"*), = 0. Here we give a generalization of Proposition 5.1
of [BKP15] that is suitable to deal with the case of higher multiplicities, and
that enables us to prove Item (i7):

Proposition 4.4.1. Let A a self-adjoint operator on a Hilbert space H and
suppose that there exist K € N, uy < -+ < ug € R and q,..., v € H
such that the following holds:

(Vr, ) =0y VEI=1,... K (4.4.1)
and, given
€= -:Iﬁl?.XK{”ij — u¥jllze} (4.4.2)
D € R is such that
2 16
D* > ?K e(lpx — |+ D) . (4.4.3)

Then there exist at least K eigenvalues of A lying in the interval
Z=(-D+pm, px+ D).

Proof. Suppose by contradiction that there are K’ < K eigenvalues of A
contained inside the interval Z. Then in particular there are less than K’ < K
eigenvalues of A inside the intervals

D D
I+_(MK+§7:LLK+D)7 I—_(Ml_Da /~L1_5>

Since I has length %, there exists at least one interval J* C It such that
|J*| > £ which contains no eigenvalues of A, analogously for I~ : there

2K
exists at least an interval J~ C I~ containing no eigenvalues of A and having
length |J~| > %. Consider then a square closed path ~ in the complex
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plane intersecting the real axis at the middle points of J* and J~. Again
by the contradictory assumption, there are less than K eigenvalues of A in
the segment of the real axis contained inside 7.

Furthermore, by construction

D
i A)) > — 4.4.4
dist (7, 0(4)) > - (144)
and D
dist (v, {s}) > 5 Vi (4.45)
Moreover, the length ¢(~y) of ~ fulfills
((7) < 4|71 < 42D + |px — pal) - (4.4.6)

Denote by R(z) = (A — zI)"" the resolvent of A: then if P is the projection
operator on the eigenspace corresponding to the eigenvalues of A contained
inside v (which is not empty, due to the standard quasi-mode argument),
one has
P = i R(z) dz,
2m J,

and for all j and for any z € C, by the identity

P = (21— A) (2l — Ay = (21— A) "z — )y + (21— A) (il — Ay

one obtains

(2L = A)7'py = (2 — ) "'y — (2L = A) ™Mz = py) (gL = A)y.
Integrating along ~y, since by Cauchy Integral Theorem one has

1
— [ (2= )" dz Yy =1y,

27 J,
by the very definition of P this entails

1

Pyj=vj+r;, 1= /R(Z)(Z — 1)~ dz(pl— A)ep; .

2mi
Due to (4.4.4), (4.4.5), (4.4.6), and by the definition of €, one has

() NA = pwDylle 16K (2D + |px — pu)e
21 dist(ry, o(A))dist(y, p;) ~ 7 D? '

I < (4.4.7)
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We are going to show that the vectors { Py, ..., P} are linearly indepen-
dent, which is against the assumption K’ < K. Assume that

K
> BiPi;=0.
j=1

Then one has

K M
D BPlr = B (tr +1i) = 0;
j=1 k=1

in particular,
M

7B (W, @) + (re, ) =0 V.

k=1
Defining 8 = (81, ..., ) € RE and letting B be the K dimensional matrix
with matrix elements given by BJ = (4, ;) , this reads (I + B) § = 0. Since,
by (4.4.7),

16K2(2D + |pux — pal)e
wD? ’

1Bl < K sup{|By;|} <
Z?]

hypothesis (4.4.3) ensures ||B|| < 1, so that I + B is invertible and thus
B; = 0 Vj. This shows that { P}/, form a set of K linearly independent
eigenfunctions, which contradicts the hypothesis that there is only a set of
multiplicity K’ < K of eigenvalues of A inside the interval (1 — D, ux + D) .

O

The idea to prove Item (i7) of Theorem 2.1.7 is to show that the set
A={M(&) = I+ BlIFF + [2a](€) | € € Q} can be grouped in separated sub-
sets of finite cardinality, and then, for each one of those separated subgroups
{A(&), .-, A\(€k)}, to apply the above Proposition 4.4.1 for the opera-
tor A = H,, with quasi-modes A\, (&), ..., \( k) and quasi-eigenfunctions

e €5 In order to do this, we exploit the following results:

Lemma 4.4.2. Let z = supgcqngza |[20)(§)| and R > ((2™ — 1)*12)1/M .

Then one has

d
HE€QNZd | M6 < RM) < (i"> R
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Chapter 4. Non resonant eigenvalues

Proof. By Lemma 3.1.3 Weyl law holds for the eigenvalues of the operator
—A, ., and in particular one has that for any positive R

d
He ezt | e+ rl™ < RV} e ez e+ nlP < B < (2) R
C

Recall that A\, (&) = ||€ + &[|M + 2,(&) for all £ € Q : since for all £ €
QN Zz,(6)| < z, and we are assuming (2" — 1)RM > z, we have that
1€+ £l + [z:)(6)] < RY implies [|€ + &[|M < RM +z <2YRM . Thus it
follows

d
HE € QNZY| (O] < RV} < HE€ 20| € +5l* < 2R)V) < (%) R,

O

The above result enables us to group the elements of A as follows:

Lemma 4.4.3. Let z = maxgcq |[2,)(€)] . For any0 < L < z and any N > -
there exist a sequence of intervals

Ej:[a’jabj]: ]GN

and a positive constant C' such that a;,b; € A Vj and the following holds:

Acia@rtﬁ}U<UEJ (4.4.8)

jEN

[bj —aj| < L (4.4.9)

L
d(Ej, Ej1) = laji1 — byl = W (4.4.10)

j

d
E(ANE;) <CbM. (4.4.11)
Proof. Let a; be the first element in A such that

ap > (2M — 1) YMZUM and

(4.4.12)

ay Z ((%)d+1)N—d/M ‘

Since a;+L < 2a;, by Lemma 4.4.2 there are no more than K = Qd/M(%)da(f/M
elements of A inside the interval [a;,a; + L]. Thus there exists at least an
interval inside [a;, a; + L] which has length greater or equal than L/(K + 1)
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and does not contain elements of A. Let by its left endpoint and as its right
endpoint. Due to the second of (4.4.12), one has

lag —by| > L/(K +1) > L/al > L/bY,

thus (4.4.10) holds in the case j = 1. Furthermore, b; — a1 < L, thus
(4.4.9) holds for j = 1, and again by the definition of a; one has that
b1 < ay + L < 2aq, which implies
HAN [an, b)) < ()%™ <27,

namely also (4.4.11) is verified for j = 1. One then argues analogously, with
as in place of ay, to define the points by, a3, and so on for all j € N.

It remains to verify that (4.4.8) holds. To this aim notice that, by Lemma
4.4.2, there are at most K’ = ( ‘—f)daf/ M clements of A lying inside the interval
[0,a;]. Since [0, a;] has length |a;| > 1, there exists at least an interval of
length not less than |a;|/(K’ + 1) which does not contain any element of A,
and again by the definition of a; one has that |a;|/(K’' + 1) > 1/a® . O

Then, in order to prove Item (i) of Theorem 4.0.1, one chooses L = 1 and
N = n in Lemma 4.4.3 and applies Proposition 4.4.1 for any interval £, with
K =4(ANE;),and {p,...,ux} = AN E;. Indeed, for any k =1,... . K
. is of the form py = N, (&) for some & € QN Z2, and 1), = BT
such that

1
e
Hg(Td)

[ Hnthe — A (§e)0rll = O((&k + 1)) .

Lemma 4.4.3 entails that for all j € N one has K < (£ + #)¥™) | and due
to the fact that the intervals F; have length bounded by 1, one also has that

e = max [|Hyiy — An (&) Ur|

77777

satisfies (4.4.3), up to choosing D = O({&x + k)~ "=24/M))  Then Item (ii)
follows by the arbitrariety of n and recalling that, since F; has length 1, one
has O((§x + k) ") = O((§ + k)™ ") for any k, 1 =1,..., K.
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Chapter 5

Structure Theorem a la
Nekhoroshev

In this chapter we give a Structure Theorem concerning the operator
H=-Ag,+V on L*T%), (5.0.1)

where T? is the d dimensional torus equipped with a flat Riemannian metric
g as described in Section 3.1 of Chapter 3, —A,, is the operator defined
as in (3.1.3) and V € OPS%? is a self-adjoint operator. Of course a case of
particular interest is V' € C*°(T% R), but with a little abuse of notations,
we will refer to H as a Schrodinger operator in dimension d with Floquet
boundary conditions even in the case of a generic self-adjoint V € OPS %9,
Here we prove that, up to a regularizing remainder, H as in (5.0.1) is uni-
tarily equivalent to a block diagonal operator, which in each block is either
diagonal or, up to a gauge transformation, it is a Schrodinger operator on a
lower dimensional torus.
The block decomposition that we perform on L?(T¢) corresponds to a block
decomposition on the space of Fourier modes Z¢, which we obtain as a quan-
tum analogue of the classical decomposition of the action space R% exhibited
in the proof of the geometric part of Nekhoroshev Theorem ([Nek77, Nek79];
actually here we refer to the construction as explained in [Gio03]). As the
geometric part of the proof of Nekhoroshev Theorem relies on an analytic
part, namely a normal form lemma, in order to obtain our block decomposi-
tion we exploit the normal form result exhibited in Theorem 4.2.1 of Chapter
4.
The geometric decomposition a la Nekhoroshev presented here differs from
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the ones developed in [Par08, PS10, PS12] in several aspects. The main ones
are that, in order to get a global partition of L?(T¢) and an iterable construc-
tion, we give a different definition of resonances; as a consequence, also the
invariant blocks are defined differently. As anticipated in the Introduction,
the main consequence is that this enables us to show that in each block the
normal form operator turns out to have the same structure than the original
one. More detailed comments about the connections with this series of works
are postponed to Section 5.2 below: see in particular Subsection 5.1.2.

5.1 Setting and statement of the Structure
Theorem

In the present chapter, as in the previous one, we omit the dependence on
the metric g from scalar products, norms and angled brackets, namely we

keep on writing (--), [ - ||, (-) instead of ()., [I'llz+ ()g-
Definition 5.1.1. Given E C Z%, we denote
E =span{e€® | £ € £}, (5.1.1)

where the bar denotes the closure in L*(T%), and we will call such a subspace
subspace generated by E.

Definition 5.1.2. We will denote by Ilg : L?(T¢) — £ the orthogonal pro-
jector on € and, given a linear (pseudodifferential) operator F', we will write

Fg = HgFHg. (512)

The block decomposition that we perform is related to the submoduli of
Z: for this reason we recall some properties of the bases of the moduli.

Definition 5.1.3. A subgroup M of Z¢ is called a submodulus if Z¢ N spang M = M.
Here and below, spang M s the subspace generated by taking linear combina-
tions with real coefficients of elements of M.

Given a discrete submodule M of R? (or of Z%) it is well known that it

d

admits a basis, namely that there exist d’ independent vectors v', ..., v% such

that

d/
M = spang{v', ...,vd/} = {w €7 . w= anvk, ny,...,Ng € Z} :
k=1

(5.1.3)
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Furthermore, if M C Z% and &' < d then v',...,v% can be completed to a

basis of Z?, namely there exist v¥*!, ..., v? such that the whole collection

vl ..., v? generates Z?. Such a basis will be called a basis adapted to M.

In what follows, given a collection of such vectors {v?*! ... v?} we will
denote

Me® := span, {v® ", .. v} ; (5.1.4)
if M = Z¢ then of course M¢ = {0} and if M = {0} then M¢ = Z.
Of course, in general M€ is not unique, but this will not affect our con-
struction. Consider now the basis {u;};-1__4 of R? dual to {v’},—; 4. Then
the coordinates 27 introduced by

z = 2u, (5.1.5)

are good coordinates on T? (in the sense that they respect the 27 periodicity
of the torus). These coordinates will be called coordinates adapted to M.
Given a covector w € R? and a module M, we will have to decompose it
in a component along M and a component in the orthogonal direction (see
Section 5.5), and this has to be done in a compatible way with the lattice
structure of Z¢ and with the Floquet parameter.
First we give the following definition.

Definition 5.1.4. Given a basis {v}a=1. 4 of Z¢ and a vector w = wav? €

RY, we denote

[w] = [walv?,

with |wa| the integer part of wa, and
{w} =w— |w].
Given a module M, we consider the orthogonal decomposition
R = spang M & (spang M)~
Correspondingly, given a vector w € R?, we will decompose it as
w=wy +wyL , wy €spangM ,  wyL € (spang M)T

Definition 5.1.5. Given a vector £ € Z%, a modulus M and a Floquet pa-
rameter k, having introduced a basis adapted to M, we define the following
two objects:

E=E—(E+mul
re =+ R}
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Remark 5.1.6. If we denote ¢ := [ (£ + K)m ], one has
(E+ R =Ctre, (E+r)ys=(E+R)yr . (5.1.7)
Given a vector § € M¢, we will have to consider the space
M+pB:={¢ecR | e Mst. E=v+3} . (5.1.8)
Remark 5.1.7. Notice that, for any & € M + 3, one has

fzﬂa Re = kg,

thus the quantities E and ke defined in (5.1.6) are constant along the set
M+ 5.

Remark 5.1.8. The set M + [ defined as in (5.1.8) is clearly an affine
module isomorphic to M. A convenient way to identify the two spaces M + 3
and M 1is to subtract 5 to a vector w € M + [3.

Correspondingly, the subspace of L*(T?) generated by M + 3 (in the sense of
Definition 5.1.1) is isomorphic to the subspace generated by M. Explicitly,
the isomorphism is realized by using the Gauge transformation Ug defined by

Usu = e "By (5.1.9)

Definition 5.1.9. Given a module M, a vector 5 € M and a set W C
M + 3, we denote W' : =W — 8 and W' := UgW C L*(T?).

5.1.1 Structure Theorem: a qualitative description

Before giving a rigorous statement of our Structure Theorem (which is
Theorem 5.1.10 below), we give a rough description of the result. For sim-
plicity, we restrict to the case d = 2, we consider as g the Euclidean metric
and we assume periodic boundary conditions, namely x = 0. The Structure
Theorem states that it is possible to conjugate the operator H as in (5.0.1),
up to a smoothing remainder, to a block diagonal operator H. Each block
is of the form Wy s = span{e*?® | £ € Wy} for some Wy, 5 C Z?; we are
now going to describe the structure of such sets W), g and how they emerge
in the construction. The blocks Wy s are labeled by all the possible sub-
modules M € Z? and by a further index 8 € M ; roughly speaking, a block
is labeled by M if it contains sites £ which are affected by resonances along

89



Chapter 5. Structure Theorem a la Nekhoroshev

Wy

Figure 5.1: A cartoon of the block decomposition described in Theorem 5.1.10 below.

the directions contained in M. Thus if M is a submodule of Z? it can be
{0}, 7Z? itself, or one dimensional, namely of the form M = M, = span,{k}
for some k& € Z*. In Figure 5.1 there is a cartoon of such a block decom-
position, where for simplicity only the blocks related to M = {0} (in blue),
M = Z? (in green), M = M; with k = ey and M = M, with h = e; + ey
are represented (here as usual {e;, ey} is the standard basis in R?). More
precisely:

e The blue block labeled by M = {0} corresponds to the region described

in Theorem 4.2.1; it coincides with non-resonant sites.

e On the opposite, the green block labeled by M = Z? corresponds to
those sites ¢ € Z? which have the maximum number of linearly in-
dependent resonances, namely d’ = 2: the Structure Theorem 5.1.10
claims that it is finite dimensional, and its cardinality only depends on
some fixed parameters of the system.

e The resonant regions corresponding to sites which are affected by res-
onances in only one direction are represented in white: if the block is
labeled by M, such a resonant direction is indeed the one parallel to
k. As shown in Figure 5.1, these resonant regions roughly correspond
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to parabolic domains, with the axes of the parabolas orthogonal to the
vector k.

Inside each one of these white regions corresponding to a resonance with the
vector k, the operator H turns out to have non vanishing matrix elements
<f[ el® el¢®) only if the two sites &, ¢ belong to the same plane parallel to
k; this is the analogue to the classical phenomenon of motion along fast
drift planes in Nekhoroshev’s theory, which shows that the motion inside a
resonance region happens only in the directions parallel to the resonances
affecting such a region. Here comes the role played by the second label 3:
each white resonant region corresponding to a module M, can be intersected
with an affine plane parallel to k, namely of the form M, + [, and such
blocks, pictured in black in Figure 5.1, are then left invariant by H.

The Structure Theorem also claims that the restriction of H to any one of the
blocks Wy, s is still (unitarily equivalent to) a one dimensional Schrédinger
operator: geometrically, the Gauge map realizing the equivalence is just the
translation of the hyperplane Mj, + § at the origin (see Remark 5.1.8).

One is then left with a collection of Schrodinger operators in dimension 1,
which we call H](\}?ﬂ; we finally point out that it is possible to apply again the
Structure Theorem to any one of these operators. Due to the fact that such
operators are now one dimensional, this time only two possibilities occur:
either the sites are non-resonant (in black in Figure 5.1), or they have the
maximum possible number of resonances (in green in Figure 5.1), thus their
dimension is finite and only depends on the parameters of the system.

5.1.2 Structure Theorem: rigorous statement

The following theorem is the main result of the present section:

Theorem 5.1.10 (Structure Theorem). Given €, € RT and 7 > d such
that
d+dld+7+1e<l, er+1)<9, (5.1.10)

a Floquet parameter k and a flat metric g, there exists a partition of Z4:

z'= ) | W (5.1.11)

MCZ ge

where M runs over the submoduli of Z¢ and M is a subset of M¢. The set
Eoy = Uﬁ Wioy,s has density one at infinity, Wya 10y has cardinality bounded
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by an integer n, which depends on the constants of the metric (see definitions
(3.1.8) and (3.1.9) given in Chapter 3) and on d, §, €, T only.

Consider the operator (5.0.1) and assume that V € OPS%° then Vn > 0
there exists a unitary transformation U, which fulfills

U—1,U'-T1e0OPS™° (5.1.12)
and 1s $.t.
UHU'=H+R, (5.1.13)

where
1. Re OpPS~9°

2. H leaves invariant the subspaces generated by Wy 5 (according to Def-
inition 5.1.1) for all M and B € M.

3. Furthermore
(a) VB, Hw, , = H‘W{o},a is a Fourier multiplier

(b) YM proper submodule and ¥ 5 € M, one has that H](\}?ﬂ = UEPNIWM’BUB
is a Schrodinger operator of dimension d' = dimM , in the sense
that introducing coordinates adapted to M, it takes the form

2

g*) HWIt”’ﬁ '
(5.1.14)

Here —Ag ., is the d' dimensional Laplacian computed with re-

spect to the restriction of the metric g* to spang M and with Flo-

quet parameter kg = {(8 + k) m }, and Vi g is a pseudodifferential

operator of order 0 (in d' dimensions)

H](\}?ﬁ = HWRI,g <_Ag,/4@ + Vg + H(ﬁ + K) e

Furthermore, the seminorms of the operators U, R and Vi g only depend
on the constants of the metric ¢, €, and on the seminorms of V.

Remark 5.1.11. The partition of Z¢ does not depend on the operator (5.0.1),
but only on the properties of the metrics, and on kK.

Remark 5.1.12. The theorem holds also if the initial operator (5.0.1) is
replaced by the restriction of a Schrodinger operator to any finite subset of
74, according to Definition 5.1.1, with the only exception that in such a case
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the set Eroy does not have, of course, density one at infinity. This is useful
for an iteration of the construction, that will be actually performed in the
following Chapter 6.

Remark 5.1.13. The restriction of the metric g* to a modulus M has new
constants which are controlled by the constants ¢ and € of the initial metric
(see respectively Remark C.0.2 and Lemma D.0.2 of the Appendiz). This is a
further useful fact for the iteration of the construction performed in Chapter
6.

5.1.3 Comparison of the Structure Theorem with the
results in [Par08, PS10, PS12]

The aforementioned papers [Par08, PS10, PS12] contain a weaker version of
our Structure Theorem 5.1.10; here we briefly enlighten the main differences.
As explained in Subsection 4.2.4 of Chapter 4, their construction requires
to localize into annuli A, of growing radius p (see for instance (4.2.41) of
Chapter 4 for the precise definition given in [PS10]). The operator H is then
conjugated to the sum of a normal form one plus a remainder term, and their
normal form operator also admits a block diagonal decomposition. However,
both the normal form operator and its decomposition in invariant blocks
depend on the annulus A,, and the remainder term is actually negligible
only when one localizes the operator on the subspace generated by A,, in
the sense of Definition 5.1.1. When summing up the contributions coming
from all annuli 4,, one has that two blocks associated to close values of
p are not necessarily disjoint, thus they do not provide a partition: as a
consequence, their construction does not enable to conjugate H to the sum
of a global normal form operator, admitting an invariant decomposition, and
a remainder term, which is negligible on the whole space L?(T¢).

Most of all, our result has two main differences with respect to all previous
constructions: first, the approach of the papers [Par08, PS10, PS12] does not
allow to describe the normal form operator in each block as a new Schrédinger
operator on a lower dimensional torus (as stated in Item 3 of the Structural
Theorem 5.1.10). Furthermore, we are able to show that in our construction
the size of the finite dimensional block W74 (53 and the seminorms of all the
operators involved in the normalizing process (the conjugating map U, the
block diagonal operator H , the remainder term R) only depend on quanti-
ties which do not change when the dimensional reduction is performed; see

93



Chapter 5. Structure Theorem a la Nekhoroshev

Remark 5.1.13. This is what enables us, in Chapter 6 of the present thesis,
to set up an iterative construction and to deduce global spectral asymptotics
for the spectrum of H.

To this aim we point out that a further difference with the methods of
[PS10, PS12] is that our construction is deeply based on the lattice structure
of the set I'*, and on the module structure of its resonance subsets M: this
plays a fundamental role in the identification of the normal form operator in-
side the resonant blocks with a Schrodinger operator on a lower dimensional
torus (see Section 5.5).

Although this issue is not tackled in the present work, we finally remark that
our result also has some further applications in the time dependent case,
for which both the global nature of the normal form and its iterability are
exploited. Indeed, if a smooth time dependence is added in the potential V,
namely one considers a time dependent Schrodinger equation of the form

0 = (~A+V(t,x))y on L*(TY), (5.1.15)

our Structure Theorem enables to deduce the bounds on the growth in time
of the Sobolev norms of the solutions of (5.1.15) that were proven in [BM19].
Furthermore, in the case of the standard torus T¢, or of a rational torus, and
assuming that V in (5.1.15) has a quasi-periodic dependence on time, we also
expect that it enables to obtain an alternative proof of the reducibility result
for (5.1.15) and of the existence of invariant tori for the associated nonlinear
problem that were exhibited in [EK10].

5.1.4 Structure of the proof

The remaining part of the chapter is devoted to the proof of our Structure
Theorem 5.1.10; more precisely, in Section 5.2 we exhibit the partition of
Z% which generates the invariant blocks of L?(T?), in Section 5.3 we apply
Theorem 4.2.1 of Chapter 4 in order to conjugate the operator H to a suitable
normal form operator, and in Section 5.4 we show the invariance of the blocks
exhibited in Section 5.2. This proves Items 1, 2 and 3a of Theorem 5.1.10.
Finally, in Section 5.5 we conclude the proof of Theorem 5.1.10 by proving
Item 3b, namely that the restriction of the normalized operator on each of
the invariant blocks can be conjugated to a Schrodinger operator on a lower
dimensional torus.
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5.2 Construction of the partition

We are now giving the construction of the sets Wy, g. This is a quantum
analogue of the classical geometrical construction of Nekhoroshev theorem; a
direct classical counterpart can be found in [BL20]. Roughly speaking, given
a submodulus M of dimension s, the sets

By = | Was (5.2.1)
BeM

are composed by the points & € Z? which are resonant only with the integer
vectors of M. In order to make the construction precise consider the classical
symbol of —Ag ., namely

ho(€) = 1€+ #* ; (5.2.2)
the frequencies of the corresponding classical motion are
wj =&+ Ky
so that a point ¢ is (exactly) resonant with some integer k if
((§+k);k)=0.

The theory developed in Chapter 4 shows that a point can be considered non
resonant with an integer vector k if

. (€ +r)
(€ + k)i k)| = R

furthermore, due to the decay of the Fourier coefficients of a smooth function,
it is enough to consider the vectors £ s.t.

1]l < (€)°
for some positive small e.

So, in principle E](\f[) should be the set of the £ which resonate with the
vectors k belonging to M and having a not too large modulus. However this
has to be modified, due to the translation by g present in the definition of
Weyl quantization (see Definition (3.2.4)). Furthermore, one has to modify
the construction both in order to get that the sets EJ(\Z) do not overlap and
in order to obtain invariant sets.

To start with we define the resonance zones, in which the following nota-
tion will be used:
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Definition 5.2.1. Given £ € R? and k € Z%, and a Floguet parameter k, we
define

i=E4k, (5.2.3)
ko k

Definition 5.2.2 (Resonant zones). Fiz d,¢, 7 as in the statement of Theo-
rem 5.1.10; fiz also constants fufilling:

dg =90,
041 =05+ (d+7+1)e Vs=0,...,d—1,
1=Dy< Dy <---Dgy_q,
1=Cy<Ci<---Cy_1,

then we define the following sets:
1.

20 = {ceZ' | {6k | > &Ik VR eZ' s t. k] < (&)
(5.2.5)

2. Given M C Z% a resonance module of dimension s > 1 and s linearly
independent vectors {ky, ko, ..., ks} C M, we define

B ={ECT V=1 s [{6uih) | < Cmlen) s~
and |[k5]| < Dj1() ) (5.2.6)

and
z0= U Zuow- (5.2.7)
{k%j---vkstrlCM

Example 5.2.3. Let d = 2, Kk = 0 and g the Euclidean metric. Let further-
more k = e, and M = M), = spany{k} : then one has

)
2

Z](\}])C = {f €Z?|IneZs. t ‘n (61 —{—%)’ < <<§1 +g>2+(§2)2) In|™"

and |n] < ((& 2+ <52>2)§ } .
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(1)
k’
with My, = spang{e1} on the left and M) = spany{es} on the right, in the case

d =2, with k =0 and g the Euclidean metric.

Figure 5.2: Qualitative representation of the one dimensional resonant zones Z
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Figure 5.3: A cartoon of the two dimensional resonant zone Zéd); actually in the

picture only the set 2@??62 U zéi?el has been represented for simplicity.
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Moreover, as follows from Lemma D.0.6 of the Appendizx, there exist positive
constants C > 0 and D > 0 such that

Z](\Z C {f c7? | IneZ s t |n&| < C<§>5|n|_T and |n| < D(§>€}

Remark 5.2.4. Z©) defined as in (5.2.5) is our set of non resonant points.
Recall that, in Chapter 4, the non resonant set QN Z% was defined as the set
of points & such that

(€7 k) | > (€MIRIITT VE e Z st 0<|Ik]l < (€7)°,

namely requiring that the non resonance condition holds for £* = {4k instead
of the term & = &+ k+ & (see (4.2.3) ). This is due to the fact that, in
order to deduce the spectral Theorem 4.0.1, we exploited the correspondence
between classical and Weyl quantization, up to smoothing operators. Here we
do not exploit such a correspondence, since the proof of our structural result
requires to work with self-adjoint operators, and classical quantization does
not ensure self-adjointness of real symbols.

Remark 5.2.5. By (5.2.5) and (5.2.6), Vs > 1 and VM one has Z](\j) Nz0 =g
Lemma 5.2.6. If1 <r < s, then for any M with dim M = s, one has
zyc U 2.
M'cM

dim.M'=r

Proof. 1If € € Z](\j), then there exist {ki,...,ks} C M such that £ € Z, 4,

Let r < s : then it is sufficient to consider only the first r vectors {kq, ..., k.}
of the s—uple {ky,...,ks} and to observe that £ € Zj, ., which proves
that £ € Z](\Q, with M’ = span{ky,..., k.} Cspan{ky,... ks} C M. ]

The regions Z](\j) contain points & € Z? which are in resonance with at
least s linearly independent vectors in M. Thus such regions are clearly
not reciprocally disjoint, as pointed out in Lemma 5.2.6 above. We identify
now the points ¢ € Z% which admit ezactly s linearly independent resonance
relations.

Definition 5.2.7 (Resonant blocks). Consider the following sets:

1.

B .— Zg?
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Figure 5.4: A cartoon of the resonant block BJ(\Z with My = spang{e;}: one has to

)

remove from the resonant zone Z](\}k all the vectors which belong to Zg) .

2. Given M C Z% a resonance module of dimension s € {1,...,d— 1},

s s s+1
By .= 2\ { U oz )}

M's.t.dim M'=s+1

B .=z

We say that B is a resonant block if B = B, B = BO) or B = B](\j) for
some module M of dimension s.

Remark 5.2.8. The resonant blocks form a covering of Z°.

As proven below in Lemma 5.4.6 there exists a suitable choice of the
constants C, D,, 5 such that two blocks B](\j), B](\Z), are disjoint, provided
M, M’ are two distinct subspaces of equal dimension. Such a property plays
a fundamental role in our construction.

Still the blocks defined in Definition 5.2.7 do not provide a suitable parti-
tion of Z<, since they are not left invariant by the operator H of eq. (5.1.13).

Recall now that, given two sets A and B, their Minkowski sum A + B is
defined by:

A+B:={a+b | ac€A, be B}.
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~A\ \ / ¢
AT / -7
NSRS / -7y
SO\ -
\ ~ / - /
N ”
<~ N s s
~ \ AN -y / -
>~ \ A ) 1
~ N
S\ N ~ 7 i
AN \ ~ 7 -7
\\\\ N7 ////
\ ~\ | - /
N 3
\ S| /
7
\ NN, ,
>= < --<
’ //I\\ \
; /ﬁ/ \Q \
/ V ! N \
; - A ~ N
-7/ Ve N ~
/ - AN
- / 4 N ~
2 - AN ~\
_ /- Y N
[ / / A D
- Py N ~
- /7 A\ o \ ~
Va4 ~ N
- / ~
L \ S\
7 /
-7 \ NS
/ / \ \

Figure 5.5: A cartoon of the resonant block B, with M}, = spany{e;} : the segments
of the form £ + k with k = ey and £ € BJ(\Z are not included inside the block B](\Z

Figure 5.6: A cartoon of the extended block E\; with My = spang{e; }.
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Definition 5.2.9 (Extended blocks).
1. E© .= 0 = z0
2. Given a resonance module M of dimension 1 we define

By = {B + Mz

1
EV= | EY
M of dim. 1

3. Given a resonance module M of dimension s, with 2 < s < d, we define
B = {ng> +M} AZD A (B0 (BW)

correspondingly we define

9= ) EJ.
M of dim. s

Remark 5.2.10. The blocks {E](\Z)}Mﬁ, EO . E@D form a covering of 7.
Actually, as shown in Theorem 5.4.8 below, they form a partition of Z°.

The decomposition Z¢ = |J,, E](\f[), as we are going to show in Theorem
5.4.10 below, is also left invariant by the operator H of Theorem 5.1.10.
Furthermore the sets E](\Z) can still be decomposed in invariant subsets which
are given by

Wi = ES) n {3+ M} . (5.2.8)

Definition 5.2.11. The set of the f € M€ s.t. the set (5.2.8) is not empty
15 denoted by M.

Remark 5.2.12. As will be proven in Section 5.4, the sets Wz of Theorem
5.1.10 are the sets defined by equation (5.2.8) .

Remark 5.2.13. We point out that there are strong similarities between
the block decomposition of Z¢ that we give in the present section and the
stratification by cuts ezhibited in [PP15] (see also [PX13]). Roughly speaking,
our resonant blocks of dimension s correspond to points having a cut at s,
according to Definition 3.6 of [PX13]. However, since we are interested in
exhibiting a partition in subsets that are left invariant by a normal form

operator, we introduce extended blocks and their lower dimensional subsets
WM’[—}
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5.3 Analytic part

In this section we exploit the normal form construction of Chapter 4 in order
to deal also with the resonant regions of the phase space.

Definition 5.3.1. A symbol z(x,§) = Z 2.(€)e™® € 89 s said to be in
kezd
(resonant) normal form if, Vk € Z\{0} ,
6+ rs )] < (€ w7 K1 and ] < (6
(5.3.1)

supp(Zx) C {f e R?

Remark 5.3.2. According to the above Definition 5.3.1, the symbol 2™ in
(4.2.5) of Theorem 4.2.1 is in normal form. Indeed, recall that one has 2™ =
[2] 4 2(vres) apith, 2(res) (2, €) = 0 on Q. By definition of Q as in (4.2.3),
for any k € ZA\{0} the set in the right hand side of (5.3.1) is contained in
0c.

Definition 5.3.3. Let M C Z¢ be a module, then a symbol z € S°° is said to
be in normal form with respect to M if it is in normal form and furthermore
its Fourier transform is given by

22,8) =) a(€)e*. (5.3.2)

Definition 5.3.4. A pseudodifferential operator will be said to be in normal
form (resp. mormal form with respect to a module M ) if the corresponding
symbol is in normal form (resp. normal form with respct to a module M ).

The following result follows from Theorem 4.2.1 of Chapter 4:

Theorem 5.3.5. Consider the operator H = —Ag 4V , with V = Op" (v) €
OPS% . For all n > 0 there exists a unitary transformation U = U, such
that

1)
U, -1, U =T€0PS™ (5.3.3)
U,HU ' =L, = H, + R, (5.3.4)
with R, € OPS™2™°  and

Hy,=—Agn+ 20, (5.3.5)
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where Z™ € OPS Y is in resonant normal form.

Furthermore, the families of seminorms of the operators Z™, R,, U,
only depend on the family of seminorms of the operator V and on the
constants of the metric, as well as on n, on d and on the parameters
0,€,T.

2) Let E C Z¢ be a subset and let € be the space it generates according to
(5.1.1). If V leaves & invariant, namely [V,1l¢| =0, then one has

U, T} =0. (5.3.6)

Remark 5.3.6. Assume that V' leaves invariant a subspace € of the form
(5.1.1). Then, by Item 2 of Theorem 5.3.5, for any n € N one also has

U g HTI U = Tl H, Tl .

Proof of Thm 5.3.5. Ttem 1 follows from Theorem 4.2.1 of Chapter 4, recall-
ing that, as observed in Remark 5.3.2, for all j Z\) = Op (z9)) is a normal
form operator. To prove Item 2, namely the commutation relation (5.3.6), we
proceed inductively. First of all we observe that, in the case j =0, Z® =0
and

[Ro, Ilg] = [V, 1I¢] = 0.

Let us now fix some j > 0 and suppose that ZU) and R; commute with IIg.

Given a self-adjoint operator A, since £ has the form €& = span{e** | k € E}
for some F C Z%, first of all we observe that condition [A, Il¢] = 0 holds if
and only if

(k: cE AY 4 o) =k ek, (5.3.7)

1
fiq(T?)
to the basis of Fourier modes. Furthermore, by definition of Weyl quantiza-
tion one has that, if A = Op(a),

;o k+ K

where AF = (A" %) are the matrix elements of A with respect

Due to definitions (4.2.9) of the symbols rj(-nr) and r§res), equation (5.3.8)
immediately implies that

k/
) £ 0 for some k, k' € 74,
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Similarly, recall that U,, has the form U, = €% o...0¢el% with G; = Op(g;)
and g; defined
(Gl #0 = (R} #0.

This, together with condition (5.3.7), enables to conclude that G; commutes
with ITg , and so do Op (r§res)) and Op (rj(nr)) . Hence €% commutes with Ilg,
since G; does. The same holds for ZUtY  being

(2040, 1Lg) = [29),11¢) + [Op (). 1e] + [Op (™) 1] = 0,

and
RjJr]_ = €iGj Hje_iGj — (—Agﬁ + Z(j+1)) .

5.4 Geometric part

In order to iterate Theorem 5.1.10 we will have to work in a subspace £ of
L*(T?) generated by some subset E C Z?. For such a reason, in the present
section we fix F C Z¢ and we replace the extended blocks E](\j) of Definition
(5.2.9) with E](\j) N E , which we still denote by E](\f[) . We do the same for the
blocks B](\j) and for the zones Z](\j) of Definitions 5.2.2, 5.2.7.

5.4.1 Properties of the extended blocks Ez(\?: non over-
lapping of resonances.

We show here that the extended blocks E](\f[) form a partition of Z¢ and prove
some properties which are needed in order to show that they are left invariant
by an operator in normal form. As in the proof of the classical Nekhoroshev
Theorem, the following Lemma plays a fundamental role.

Lemma 5.4.1. Let s € {1,... ,d} and let {uy,...us} be linearly indepen-
dent vectors in R:. Let w € span{uy ,...us} be any vector. If ., N are such
that

Ju;| SN Vji=1,...s,
| (wyuj) | <a Vi=1,...5s,

then
sN* 1o

wl < .
e o Ty
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This is just a coordinate free formulation of Lemma 5.7 of [Gio03], which
is recalled in the appendix as Lemma D.0.1. By (3.1.9), one also has

|w]| < sN*tag™!. (5.4.1)

We state now a couple of simple properties of the extended blocks.

Lemma 5.4.2. The extended block E\Y is finite dimensional; in particular,
there exists a positive n, = n.(¢, €, €,7,04-1,Ca_1, Dg_1) such that

EDC{¢eR" | [§+n] <n.}.

Proof. If ¢ € EY in particular there exist {ky, ..., kq} C Z¢ linear indepen-
dent vectors such that

k1]l < Do(ry)¢
1551l < Dj-1(6ry) < Da—1(Ery)°
| (G ki) | < Caa (€Y sl

In order to eliminate the indexes k; from &, we apply Lemma D.0.6, with
c=n=¢&1=0,h==Fk; and k = k—21 to deduce that there exist constants

C, = Cl(cv €T, 5d—1a Dd—17 Cd—l) 3 D/ = D/(C, €T, 5d—17 Dd—h C’d—l)

such that
(€75 k) | S CEDN NI, NIyl < D'(ER)©.

Recalling that ¢ is such that, for all h € Z%, ||h|> > ¢ and using Lemma
5.4.1, and Eq. (5.4.1) we have

”gnH < dc—7/2€—lcl (l)/)d*1<§n>de—0—§7

which, applying Remark D.0.4 with a = de + § < 1, implies the existence of
a constant n, = n.(d,¢,7,C’, D', ¢, €) such that [|€*]] < N . O

Lemma 5.4.3. If E = 7%, the set E©) is of density one at infinity, namely

. § (E® N Bg(0))
Aee £(Z4N BR(0))

Proof. We exploit the fact that a set is of density one at infinity if and only if
its complementary set is of density zero, and we analyze the complementary
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set of E©. Recall that F©® = Z(©) 5o that, then, by Definition 5.2.2, its
complementary set is

ZNEO = | 2 ={eez! ke s t [{Gk)| < (&K, (K< (€)Y

M of dim. 1

By Lemma D.0.6 there exists constants C’, D’ depending only on d,¢,7,¢, &
such that

ZNE® C{e e Z |3k € Z%s. t. [ (& k) | < CUEIEITT, Ik < D'(€) Y
But the latter is the complementary set to
Q={cez|[{&G:h)|> &) Ikl VEeZ! st k]| < D'(&)}

Then the result follows arguing as in Section 4.2.3 of Chapter 4, in order to
prove that Q defined as in (4.2.3) is a density one set. [

We now analyze the other blocks.

First remark that, if s’ # s, then two extended blocks E](\j) and E](\Z//) are
disjoint. Then we have to prove that two different extended blocks of the
same dimension do not intersect. To this end a further geometric analysis is
required.

Lemma 5.4.4. If¢ € Z](\j) then there exists a positive constant K depending
only on ¢,€. d, e, 7,0s_1,Cs_1,Ds_1, such that

(€7 arll < K(gm)%s1tde, (5.4.2)

Proof. Since & € Z](VS[), there exist {k1,...,ks} C M linearly independent
vectors such that for all j =1,... s

(&) ar s k) [ = 1 B | < Cioal&r) ks 77 IRyl < Dy )
(5.4.3)
Then, by Lemma D.0.6 one can substitute in the above formulae £ to &,;
precisely, there exist two positive constants C', D' = C’, D'(¢,€,05_1,Cs_1, Ds_1),
such that,

{(Ears k) | = [(€5 kg | < OU(E)Y k|77 < O /2 (g
[1k5]1 < D(&™)°
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By Lemma 5.4.1, there exists C' = C(d) such that

Nd/¢r\de
6% < ClOy s Cre e

and therefore, recalling that Volg(ki|---|ks) > € (see the definition of € as
in (3.1.9)), the thesis holds. O

By definition, the points belonging to a block B](\f[) are resonant only with

vectors k € M. A priori, this property does not hold true for points in the

extended block EJ(\Z). So we need an estimate of the distance between E](\Z)

and B](\Z) .

Lemma 5.4.5. Let 051 +de < 1 and M with dimM = s; if ( € E](\j)
then there exists & € B](\Z) and a positive constant I depending only on
. d,e,1,05_1,Cs_1,Ds_1 such that

1€ = ¢l < F{gs)’srted ||l = ¢ < F(¢m)s T (5.4.4)

Proof. 1If ¢ € E](\j), then in particular ¢ € Z](\j) and there exists a point £ € B](\j)
such that ¢ = £ + v, with v € M. In particular, (£)3; = (¢)3; , hence one has

1€ =l =11(€ = Qg I < 1€ arll + 1167l -

Since & € Z](\j) and ( € Z](\j), due to Lemma 5.4.4, there exists K, such that
1€ arll < KGR0ty (M) mall < K(GY ™o (5.4.5)

Exploiting Remark D.0.4 of Appendix D with a = d,_1 + ed, one gets

() =(E+r+C=* <K+ ¢ =<l
and, exploiting Lemma D.0.5 of Appendix D, we immediately get

1€ — &Il < F(€7) .

Inverting the role of £ and ¢ one gets the other estimate. O

The next two lemmata ensure that, if the parameters C}, D; are suitably
chosen for all j, an extended block EJ(VSI) is far from every resonant zone
associated to a lower dimensional modulus M’ which is not contained in M.
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Lemma 5.4.6. [Non overlapping of resonances| For all s =1,...d—1 there
exist positive constants Cy and Dy, depending only on ¢, €, d,Cs_1, Ds_1,€, 051, T,
such that the following holds: suppose that M and M’ are two distinct res-
onance modules of respective dimensions s and s’ with s < s and M’ g M.

If

then
EYnZe) =0.

Proof. Assume by contradiction, that there exists € E](\j) N Z](\jl,) then there
exists £ € B](\f[) s.t. (5.4.4) holds.

Since ¢ € Z](\Z/,), there exist s’ integer vectors, k1, ..., k¢ € M’ among which
at least one does not belong to M s.t.

(G K| < Cima (o) ks 1177 MR < Djoa (G- (5.4.6)

Let k; be the vector which does not belong to M; the idea is to show that the
resonance relation of ¢ with k; implies an analogous relation for £, but this
will be in contradiction with the fact that £ € B](\j) (which contains vectors
that are only resonant with M).

To start with remark that, since £ € BJ(\Z) C Z](\j), there exist [y, ...,l; € M,
linearly independent, s.t.

(€3 1) < Cial&) M LI Il < Dijmal&n)” (5.4.7)

We now apply Lemma D.0.6 of Appendix D with h = k;/2, { = /2,
¢:=(+k,n:=E&+ k. So, (D.0.12) implies

|<§l1;k5>| < K,<§l1>6571+6(d+7—+1)Hk]H_T ) ”k]H < D/<€l1>6 :

But, if Cs > K', Dy > D’ and 0; > §5_1 + €(d + 7 + 1), this means that & is
also resonant with k;, and thus it belongs to Z](\/S[fl) with M" := spang (M, k;),
but this contradicts the fact that £ € B](\ff). O]

Lemma 5.4.7. [Separation of resonances| There exist positive constants C,
and Dy depending only on ¢, €, d, e, 7,0s_1,Cs_1, Ds_1 such that, if

C,>C,, D,> D,,
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then the following holds true. Let ( € E](\Z) for some M of dimension s =
1,...,d—1, and let k' be such that

1Bl < (Gw)
then VM' ¢ M s. t. s’ :=dim M'<s one has
C+HK ¢ 2

Proof. The proof is very similar to that of Lemma 5.4.6. Assume by contra-
diction that ( + k' € Z](\j,) for some M’ # M. It follows that there exist s
integer vectors, ki, ...,ky € M’ among which at least one does not belong to
M s.t.

(G + K5 k)| < CioaGo KDY K177 1l < Dyma (G +K)C . (5.4.8)

Let k; be the vector which does not belong to M. By (5.4.4) there exists
€€ Bj(\f[) st [|€ = || < F{€F)%—1+ed_ Since in particular £ € Z](\j) there exist
ly,....ls € M, linearly independent, s.t.

(& 1) < Cial&) M LI Il < Dioal&n)” (5.4.9)

We now apply Lemma D.0.6 of Appendix D with h = k;/2, ¢ = 11/2,
¢:=C(+k+Kk,n:=&+ k. The only nontrivial assumption of Lemma D.0.6
to verify is the first of (D.0.10). One has

l€ = ¢ =Kl < 16 = ¢l + K]l < Pl + [I&]] -

To estimate ||k'|| we proceed as follows:

/

||k,|| S DO <<+ K+ %>E S DOK (<C + Ii>6 + %<k/>e> 7

where we used eq. (D.0.4). Using Lemma D.0.5, we get ||k'|| < K"(C + k)°
and therefore
1€ = ¢ =Kl < Kljer|+e

Thus (D.0.12) implies
(€ k| < K, ) TR ]l < DY)©

But, if Cy > K', Dy > D', this means that £ is also resonant with k;, and
thus it belongs to Z](\jfl) with M" := spangz (M, k;), and this contradicts the
fact that £ € B](\Z). O
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The following theorem summarizes the result of this subsection:

Theorem 5.4.8. Under the hypotheses of Theorem 5.4.10, the blocks E©) | E(@). {E](\f[)}S,M
are a partition of E. Furthermore, EY has dimension less then n, < oo,

with n, only depending on ¢, &, 8,¢,7, and if E = Z* E© is of density 1 at

infinity.

Proof. Let M; and M, be two submoduli of respective dimension s; and s .
If 51 > s9, by definition of the extended blocks one has E](\Z) N E](\Z) = (. Let
then s; = sy : by Lemma 5.4.6,

BNz =0,

hence, being E](\Z) - Z](\Z) , it follows that E](\Z) and E](\}Z) have no intersection.

]
5.4.2 Invariance of the sets Ez(\?'
Consider now an operator of the form
L=H+R, (5.4.10)
H:=-Ng.+7Z, ReOPS?m (5.4.11)

with Z in resonant normal form. Since a Fourier multiplier like —A, ., leaves
invariant any set of the form (5.1.1), we focus on Z only.
Remark that, in order to study if a set is invariant, we have to study the
couples &,( € Z% s.t.
(Ze™ eic'x)Lz(Td) #0.

Lemma 5.4.9. Let Z = Op (2), 2(2,€) = >_cpa 21(£)e™?, be a normal form
operator; let M be a submodulus with dimM > 1, then

EeBY = 7] = > 4 (5 + g) ektoe (5.4.12)

keM

Proof. By the definition of Weyl quantization one has

i 2 k i T
Z[e**] = Z 2k (5 + 5) ierhe

kezd
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In particular, given ¢ € Z¢,
(Z[€5"], €T paqay # 0

implies that either £k = 0, or
k .
£+ 5 € supp(Z) -

Assume now by contradiction that 3k & M s.t. 2 (§ + g) # 0; since Z is in
normal form this implies in particular

(& k)| < (&) s IIRD < (&)

which means that, defining M’ := span,{k}, that £ € Z](\}?, with M" ¢ M.

This conclusion however is in contradiction with the conclusion of Lemma

5.4.6. n
The main result of this subsection is the following theorem.

Theorem 5.4.10. Let E C Z¢ and let £ C L*(T?) be the corresponding sub-
set of L?. There exists a choice of the constants Cy,...,Cy_1, Dy ,...,Dg_q

in Definition 5.2.2 and in Equation (5.3.1) such that Vs, M the set E](\Z) is

left invariant by an operator Z in normal form, namely: if ( € E](\j) and

(Z[e“*],4") pagpay # 0, then & € E](\Z) . Furthermore, in such a case one has
(—¢&e M. (5.4.13)

Furthermore, the above constants C1,...,Cq_1 and D+, ..., Dy 1depend only
on the parameters d,€,d,7,¢, €.

Proof. Take ¢ € E](\j), assume that ¢ is such that
(€57 Z[e™]) p2(ray # 0 . (5.4.14)

First we remark that, by Lemma 5.4.9, one has

i 2 k i -x
2[61(-:1:] = Z Ze (C + 5) e (C+k) ,

keM

so, in particular
(54.14) = €—Ce M
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and also

E=C+k, [kl <G (5.4.15)

We now proceed in proving that (5.4.14) also implies £ € E](\j).

First, if M = {0}, then, by the very definition of normal form, Z acts as
a Fourier multiplier on £ and thus in particular it is diagonal and leaves
it invariant. Furthermore, E(®) decomposes into invariant subspaces each of
which is just a single point of Z.

In order to prove the result for higher values of s, we first remark that

By = ({BY + M}nzi))\ (U E(s)) .

r<s

From (5.4.15) it follows that & € EJ(\Z) + M C B](\j) + M. We are going
to prove by induction on s that £ € Z](\f[) and that it also belongs to the
complement of |J _ B,

r<s
We know the result is true for s = 0. By induction we have that if

¢ € E](\j_l) then £ € Ej(\f[_l), and therefore also £ € Z](\j_l); we prove now that
if ( € E](\j) then ¢ € Z](\f[). Assume by contradiction that this is not true.
Since the sets {Ez(\jr)}s i form a partition, then there exists s, and M’ # M

st. £e BY) c 21%).
There are three cases

1) s =s. Then, by (5.4.15), one can apply Lemma 5.4.7, which implies
¢ 2% unless M = M’ .
Thus this case is not possible.

2) s’ > s. By Remark (5.2.6), and item 1), this implies £ € Z](\j), against
the contradiction assumption.

3) s < s. Just remark that (5.4.14) is equal to
<€i£.x; Z[eig.mDLQ(Td) = <Z[€1£x], €i<.x>L2(Td) # 0 s (5416)

but the inductive assumptions says that E](\jl,) is invariant for s < s,
thus (5.4.16) implies ¢ € E](\j,) which is impossible since the extended

blocks form a partition.
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Thus we have ¢ € E](\j) then £ € {B](\j) + M } N Z](\j). Then by induction,

using (5.4.16), & € E](\Z,,), s’ < s, implies ¢ € E](\f[/,) and thus ¢ € E](\Z) implies
£d E(S,), Vs’ < s, and this concludes the proof. ]

By equation (5.4.13), each extended block is foliated in equivalence classes
left invariant by an operator in normal form. We define the sets Wi of
Theorem 5.1.10 to be such equivalence classes. We are now going to show
that they are labelled by § in a subset of M¢. First remark that, if £ € E](\j),
there exists Wy 5 s.t. £ € W3 and then one has

Wypg CE+M .

Introduce now a basis adapted to M, then, since Z = M + M¢, for any
equivalence class there exists § € M¢s.t. Wy s C 8+ M. Conversely, given
B € M we define

Wi = {6+ M}NEY)

which is possibly empty. Following Definition 5.2.11, M is the subset of the
B’s s.t. W s is not empty.
We have thus established that the following Corollary holds:

Corollary 5.4.11. The partition {Wirg}nrcza pene just defined is left in-
variant by any operator in normal form.

5.5 Dimensional reduction

We analyze now the restriction of H to each invariant set, in order to show
that the gauge map (5.1.9) conjugates it to a lower dimensional Schrodinger
operator. This concludes the proof of Theorem 4.0.1. Thus consider

ﬁMﬁ = HWM,B (_Ag,m + ZM) HWMﬁ 5 (551)
with
Zy =O0p(am), 2u(@,&) =Y ()", (5.5.2)
keM

in normal form.
Given € € Wy 3, let € and k¢ be defined as in (5.1.6), namely

== [(E+mul, re={(E+R)M},
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and recall that, as pointed out in Remark 5.1.7, one has 5 = B, Ke = Kg.
Thus, defining

Co=1E+mul, V=B +rul?, (5.5.3)
one has
E=C+B, (E+rRu=C+np, (5.5.4)
(E+m)are = (B+ ) (5.5.5)
1€ + K[1* = [[¢ + wsl1* + b7 . (5.5.6)

Remark 5.5.1. Consider the translation Wyrp 3 {— ( =& — B e W}Qﬁ C
M ; as pointed out in Remark 5.1.8, its quantization is the Gauge transfor-

mation Uz = eife, By standard pseudodifferential calculus, given a symbol
a(z,&) one has that the symbol of UﬁflOp (a)Uj is

at" ! (z,¢) == a(z,C + B) , (5.5.7)

which, if a is in normal form, is a function on T*T?.
Precisely, we have the following lemma

Lemma 5.5.2. With the above notations, assume that zp € S™° with m <
0, is in normal form with respect to M, then, in coordinates adapted to M,
one has

U/gl <_Ag,l€ + ZM)‘WMﬂ UB - _Ag,/qﬁ + Z;W + b2 9 (558)

where —Ay ., is the Laplacian (in s dimensions) with respect to the restriction
of the metric to M and Zy; = Op (2},), with

2u(@,Q) = zar(2,¢ + B)
of class S™° (as a symbol on T*), with seminorms bounded by the seminorms
of zur.

Proof. First remark that, by (5.5.6) the transformation of the Laplacian is
—Ng e, + 0%

We come to the transformation of Z,,. First remark that, since it is in
normal form with respect to M its symbol has the structure

2w, €) = ) A&

keM
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Chapter 5. Structure Theorem a la Nekhoroshev

Furthermore, introducing a basis v4 adapted to M, and denoting by uy its
dual basis, one has, for k € M,

o
k-x= Z %k,
a=1

(since the coordinates ks, A = d' + 1,...,d of a vector in M vanish). Thus
one gets that the symbol 2}, of the transformed operator is

(G 2) =D Gpne(C+ B = 2y (C+ B,3), 3= (2!, 2%)

kezd

Remark that, denoting My := spang(vy, ..., vg) and M}, := spang(uy, ..., ug),

one has
32 d 2, (2, )| = sup  |d)d 2, (¢ 2) [P ROD R O]
”hU)Hzl,hmdeAIE
”kOjH:17k0)6A4R
< Sup |diVQdéV12M(C/+E, 2) [h(1)7--~ A ) 7/{;(N)} |
Wﬂﬂnzl,hU)eRd
HkU>W:1,kU>eRd
= [|d¥>dY 2 (2, + B)|| < C(C + B+ )™ N0 < C((C + B+ w)ar)™N?
= C({' + kg)™ N0
which is the thesis. O

In order to deduce the spectral result, the following corollary will be useful

Corollary 5.5.3. Let ||[(+rg||>+m(C) be an eigenvalue of (—Ag ., + wa)}wt
M,

with eigenfunction ¢©). Then ||E+r|>+m(E—3) is an eigenvalue of (—Agx + Zar)
with eigenfunction ¥(© = ePTH©),

Wars

Remark 5.5.4. By (5.5.4), in the particular case where ¢'©) = € one has
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Global spectral asymptotics

Consider the operator H = —Ag, +V as in (5.0.1): the spectral Theorem
4.0.1 of Chapter 4 enables us to deduce that there is a density one set of
eigenvalues \¢ of H which admits an asymptotic expansion of the form

n—1
e = llE+ K7+ D" 2(€) + Ol + 6]72M), 25 € ST Vi, (6.0.1)
7=0

In this chapter we provide asymptotics for all the other eigenvalues. Re-
call that, as pointed out in [FKT91], an asymptotic expansion of the form
of (6.0.1) does not hold for the whole spectrum of H. Instead, we obtain
asymptotic expansions with a directional decay: roughly speaking, to the
points £ which are in resonance (in the sense of Definition 5.2.9 ) with a
given module M C Z¢ correspond eigenvalues A¢ with an asymptotic ex-
pansion in powers of ||(£)|| 7%, instead of ||£]|7%° (see Theorem 6.0.5 for a
precise formulation). This is done combining an iterative application of the
Structure Theorem 5.1.10 and the of the quasi-modes argument of Section
4.4, Chapter 4.

In particular, we argue as follows. Theorem 5.1.10 allows to conjugate
the operator H to a sequence of lower dimensional Schrodinger operators,
the majority of which are trivial (there are infinitely many Fourier multipli-
ers and one finite dimensional operator). In order to study the nontrivial
Schrédinger operators one can apply again Theorem 5.1.10 to the operators
of eq. (5.1.14). In this way one can conjugate each of these operators to
Schrodinger operators of lower dimension. Iterating further and further, one
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Chapter 6. Global spectral asymptotics

is finally reduced either to finite dimensional operators, or to Fourier multi-
pliers.

Remark 6.0.1. For any M C Z% of dimension d' and B € M, the Schrodinger
operator of eq. (5.1.14) acts on T and its corresponding symbol, written in
coordinates adapted to M depends only on the first d' variables (both x and
€). Thus if one looks at such a symbol as a symbol of an operator on the
original torus, namely as a function in C®(T*T?), then one has that tak-
ing derwatives with respect to the & variables does not improve the decay in
the directions of the variables which are not present in the symbol, namely
(€41 €4). For this reason we will get that some eigenvalues (these are
the unstable eigenvalues of [FKT91]) have asymptotics with only a directional
decay.

Directional decay is captured by the following couple of definitions:

Definition 6.0.2. Let m < 0, and let M C Z¢ be a submodule. We say that
a € C®(T*T%) is a symbol of order m in direction M if YNy, Ny € N there
exists a constant Cy, n, > 0 such that

a1 d?a(z, )|l < Cnywo (€ + K)a)pe "™ Vo e T VEER!.  (6.0.2)

g*
In this case we will write a € STY°.

Definition 6.0.3. Given a modulus M C Z%, a sequence of symbols z; €

Sﬂ_fjé’é, j >0, depending only on & and a function z(§), possibly defined only

on Z% or on a subset E of Z¢, we write

2Ny, (6.0.3)
J

if for any N there exists Cy s.t.

< Cn
> <(£ N H)M>é]*v+1)25 .

(6.0.4)

z(§) — sz(ﬁ)

Theorem 4.0.1 implies that to any invariant block Wy, g is associated a
resonance module M (together with a vector 5.) Thus each time one applies
Theorem 4.0.1 and focuses on an invariant block, a new resonance module is
selected. An iterative application of Theorem 4.0.1 leads to consider finite
sequences of modules with the following structure:
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Chapter 6. Global spectral asymptotics

Definition 6.0.4. A sequence of moduli
728> MY 5 oMY DM dimMY =d; (6.0.5)
will be said to be admissible if
d <d, 1 <d, o< ..<d <d, (6.0.6)

and either d, = d._1 or d. = 0 (namely the sequence ends when either the
last module coincides with the previous one or it consists of {0}).

The number r will be called the length of the sequence.

We will denote by Mad the set of all admissible sequences of moduli.

We also denote M = (MM, .. M®).
Let now M € Mad, then for any j consider a modulus M )¢ complemen-
tary to MY in MU~Y namely a modulus such that
M) 4 pe = ppo=b A pplde = {0}
then the above construction forces to use also subsets
MO  pe
We denote

— —~

M = (MW, . M®)y

then the sequence of normalizations that one performs is determined by the
couple (M, B) with 8 = (B4, ..., Bk) € M. With the above definitions, the
following is the main result of the present chapter:

Theorem 6.0.5. There exists a partition
d — e
z'= U U mas.
MeMad BeM™
and for any (]\2,5) with M € Mad and B € M there exists a sequence

of = independent symbols {ZJ(\ZZE}jGN, ZJ(\JZ)E € 5;42(?{’?) V4, with the following
property. If & € Wy 5, then there exists a unique corresponding eigenvalue

Ae which admits the asymptotic expansion
M(r—1) ) ;
ARl Y20 ) (6.0.7)
jeN
where r 1s the length of the sequence M. The operator H does not have

other eigenvalues. Furthermore, the constants Cn of (3.2.7) are uniform
with respect to the choice of the couple (M, f3) .
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From now on, as done in the previous chapters, in order to simplify no-
tations we omit again the dependence on the metric g in scalar products,
angled brackets, and norms.

6.1 A spectral result by quasi-modes

The proof of Theorem 6.0.5 is essentially based on an iterative application
of the quasi-mode argument exhibited in Proposition 4.4.1 of Chapter 4. We
will apply such a proposition to a smoothing perturbation of an operator H
acting on a subspace & C L?(T?) generated by some E C Z% and satisfying
the following assumptions:

1.
o(Ho) ={ho(§) | £ € E},
ho(€) = €+ k[ +2(6) VEe B, (6.1.1)
Sup [2(§)| =Z < o0

2. There exists a complete set of normalized eigenfunctions {¢¢}ecr and
positive constants a,n, C, such that any eigenvalue ho(§) # 0 has re-
lated eigenfunction ¢, satisfying

el < Culho(E)]™*". (6.1.2)

Remark 6.1.1. If Hy is a Fourier multiplier with eigenvalues of the form
6.1.1, then the above assumptions trivially hold. If E is a finite dimensional
set, the same is true, with constants Z and C,, depending on the dimension
of E. In particular, by the Structure Theorem 5.1.10, this is the case of the
operator fIMﬂ if M =7 (in such a case, Wy 5 = ED has finite dimension
n*), or if M = {0} (in such a case, ITIMﬁ is a Fourier multiplier).

The following result holds for the eigenvalues of H satisfying assumptions 1
and 2 as above:

Lemma 6.1.2. Suppose that sup |2(£)| < Z and let R > +/3Z. Then one has
¢eE

#1€ : |ho(§)| < R?} < (i) R (6.1.3)

¢
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Proof. The proof exploits the fact that Weyl law holds for the eigenvalues of
—Agz ;. (see Lemma 3.1.3 of Chapter 3) and is done arguing as in the proof
of Lemma 4.4.2 of Chapter 4. O]

Furthermore, arguing again as to prove Lemma 4.4.3 of Chapter 4, as a
consequence of the Weyl’s law stated in Lemma 6.1.2 one has the following:

Corollary 6.1.3. For any N > g and 0 < L <M, there exists a sequence of

mtervals
Ej=la;,b], j€N (6.1.4)

and a positive constant C', with the following properties:

o(Ho) C [—z, o — %} U (U Ej> | (6.1.5)
by — ay] = |éj| <or (6.1.6)

A(E;, Ej1) = agpr — by > biN (6.1.7)

# (0(Ho) N E;) < OO . (6.1.8)

Our proof relies on the following results:

Lemma 6.1.4. Consider an operator Hy + R, with R € OPS™™° for some
n > 0 and assume that

1. AC and d s.t. the spectrum of Hy satisfies a Weyl’s law of the form

2. There exist a > 0 and Cy such that any normalized eigenfunction ¢
relative to an eigenvalue N of Hy fulfills

[l < Cy Ao (6.1.10)
Then there exists A,C] > 0 which depend on C,Cy,d, || R| g~ pgoy only,

with the following properties: any normalized eigenfunction ¢ of Hy + R
which corresponds to an eigenvalue A > A fulfills

4_an
19l < CrIA[ZT" (6.1.11)
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Proof. First remark that, by Calderon Vaillancourt theorem, one has

| Rl 3(zr—n,10)C1

[RY| 2 < (| Rl ser—n oy [l r-n < (6.1.12)

Fix c; < A/2 and decompose

¢ = ¢o + ¢1

with
o € Q=span{y | Hotp = Ay, [y —A[ <1}

and ¢; € Q1. We analyze the eigenvalue equation
(Hy+R)p=X\op.

by using the method of Lyapunov Schmidt decomposition. Denote by II the
orthogonal projector on Q and by II*+ the orthogonal projector on Q+. In-
serting the decomposition of ¢ in the eigenvalue equation, applying II+ and
taking into account that the projector commutes with Hy, we get (reorganiz-
ing the terms)

[(IT* HoII* — ) + II"R] ¢y = —II" Reyy .

By definition of Q*, the operator in square brackets is invertible and the
norm of its inverse is bounded by 2, provided ¢, > 2||R||g(—n,goy. It follows
that

[f1]lz2 < 2[[Repol > -

To estimate ||R¢o||z2 we decompose ¢p in eigenfunctions of Hy and use as-
sumption (6.1.10). First remark that by construction ¢, has components
only on eigenfunctions corresponding to eigenvalues between A — c; > /2
and A\ + ¢; < 2\. So it has at most J < 2%2C\Y2 components:

J
Po = Z@ﬂ/}j .
j=1

It follows that the H~™ norm of ¢q is bounded by 2"*J/A**. Concerning ¢,
we show that its L? norm, which bounds all the negative Sobolev norms, is
small. One has

1
2

1
J J 2 J
R —-n 0
uRaﬁoumsZrajruijuLzg<Z\aj|2) (ZHR%H%z) < el
j=1 j=1 j=1
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where we used that the norm of ¢ is smaller than the norm of ¢ and therefore
is smaller than 1. From this the thesis follows. [

The following lemma is useful in order to verify the assumptions of Lemma
6.1.4:

Lemma 6.1.5. Let M C Z¢ be a modulus, and let u be a function of the

form
u(z) = Z e ™
CeM
be such that
|ullg-» < K. (6.1.13)

Let B € M¢ and consider [ defined as in (5.1.6). Then one has

- K
e | gp-on < ——-—— . (6.1.14)
((B+ &) pe)"
Proof. One has
e oul? o = > (B + K+ )7 | . (6.1.15)

ceM

We analyse, using (5.5.4) and (5.5.6), the term

B+r+)*=14(C+B+r)3+ (C+B+r)1
1

:1+(§+m’)2+(3+/@)?w:§+(<+n’)2+%+(ﬁ+m)?w

> oLy B 2 (R )

Inserting in (6.1.15), one immediately gets the thesis. O
The following Lemma enables to relate the spectrum and the structure
of eigenfunctions of the two operators H](Vl[?ﬁ and H s g of Theorem 5.1.10, for

anyMCZdandﬁeﬁz

Lemma 6.1.6. For any M, 3, consider the operator —Ag ., + Varpg as in
(5.1.14) of Theorem 5.1.10, and assume that its eigenvalues are given by

A = hars(Q) = 1€+ kgll* + 2006(C), €M, (6.1.16)
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with supy, gsupe [2a,8(C)] < Z. Assume that there exist positive constants
a < %, n € N and C such that, given any eigenvalue A\ # 0, the corresponding
eigenfunction ¢ fulfills

C

16| - < " VCEM. (6.1.17)
¢

Then the eigenvalues of Ug (—Agx, + Vars) Uj 4+ b* are given by

Ae =ho(C) = llE+ Kl + 2mp(6 = B), £€=C+5 (6.1.18)

and, if e # 0, there exists C' > 0, depending only on a,Z,n,C, such that the
corresponding eigenfunction ¥\ fulfills

1| 20 < (6.1.19)
Proof. The form of the eigenvalues is a direct consequence of eq. (5.5.6).
Concerning the eigenfunctions, the unitary map Uy transforms them in P& =
e p(Q | which, by Lemma 6.1.5, are estimated by

C 1

Y, 0, < . —
e S S G ey

(6.1.20)

Then one has
N+ s = (WG +R)as)

since 2a < 1. Then, provided A is large enough, )\é/z > ((C + K))/2, from
which

N (R 2 (E+r) .
(6.1.21)
where the last inequality follows from the trivial remark that for any real
z, y, one has (1 + 2%)(1 + y?) > 1 + 2% + y®. Collecting the results and
remarking that, for A¢ large enough, \¢ < 2(¢ + k)2, one gets the thesis for

DO | —

(CHRBm)ars) = S{E+R)) (E+R)as) >

N | —

large eigenvalues. In order to cover all the nonvanishing eigenvalues, just
remark that the number of eigenvalues smaller than any threshold is finite,
so that the claimed estmates trivially hold. O]
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Lemma 6.1.7. Assume that all the operators (5.1.14) fulfill the assumptions
of Lemma 06.1.6: then the properties (6.1.18) and (6.1.19) hold, also for
the eigenvalues and the eigenfunctions of the operator (5.0.1), but with new
constants depending only on the seminorms of V' and on the constants of the
metric, and with a new function 2y 5 such that

2p(€) = 2mp(8) + e, el SCIE+kIT™ VE.

Proof. First, by Theorem 5.1.10, for any n’ € N, the operator —Ag, +V is
unitarily equivalent, through a pseudodifferential operator U of order 0, to
H,y+R,. Fixn €N ,let n’ = % and from now on drop the dependence on n'
by the operators ﬁn/, R, . By Lemma 6.1.6 the eigenvalues of H fulfill (6.1.18)
and (6.1.19) with 2n replaced by n, due to the choice of n’. Concerning the
eigenfunctions, we observe that, by (6.1.17), Lemma 6.1.4 ensures that there
exists a constant C” > 0 such that any eigenvalue A¢ of H + R with Ae #0

has a related normalized eigenfunction 1, satisfying
[ell—n < C"Ae|27% (6.1.22)

thus (6.1.19) still holds for the eigenfunctions of H + R. It remains to prove
(6.1.18). We split o(H) according to Corollary 6.1.3, choosing L = 1 and
n =n/3 and in each of the intervals E; we apply Lemma 4.4.1. To this end,
remark that for all eigenvalues A € E; one has \/2 < a; < b; < 2\. Let ¢ be
the eigenfunction of H corresponding to A: then by Calderon Vaillancourt
Theorem and since the eigenfunctions of H satisfy eq. (6.1.19), one has
2TLC/
IRl 2 < || Blls(r—n,m0) 57 )T
Thus an application of Lemma 4.4.1 with A = H + R ensures that, if for
all j € N one defines D; = a; /2 ,Df =b; "% and M, —|j< (H )ﬂE)

then there are M J’ > M; eigenvalues of H + R inside the interval

~ 1 1

Ej: aj_ZDj s b]‘l'ZDj—:| DE]'.
We prove now that there are no eigenvalues of H + R outside the intervals Ej.
Assume by contradiction that X is an eigenvalue of H + R with \ ¢ |J i Ej.
Let j be the positive integer such that b; < A< a;j,; .- Since the eigenfunction

¥ of H + R related to A satisfies (6.1.22), one has

HRme N A%i 2 < @;+1d7a%7

~Y
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which implies that ¢ is a quasi-mode for H with approximated eigenvalue \ .
In particular (up to choosing a; big enough), this implies that there exists an

n e
2

exact eigenvalue A = \ + O(CL;H%’“ ) of H such that b; < A\ < aj;;, which
is absurd, by definition of the intervals ;.

We prove now that M = M; for all j € N. Arguing as before, we can
apply the quasi-mode argument of Lemma 4.4.1 with A = H , M = M; and
[)\go), /\S\%] = Ej to deduce that, since all the eigenfunctions of H+ R related to
the eigenvalues contained inside Ej satisfy (6.1.22), then there are M} > M
eigenvalues of H inside a slight enlargement of the interval Ej . But there are
exactly M; eigenvalues of H inside E; C Ej, thus M} = M;, which proves
that all the eigenvalues of H + R are of the form (6.1.18). We finally observe
that, since for any eigenvalue X of H + R the corresponding eigenfunction
 fulfills again equation (6.1.19) with updated constants, the corresponding
eigenfunction Uv of —A,, + V fulfills again equation (6.1.19), due to the
fact that U is a bounded operator onto H ™", since U is a pseudo-differential
operator of order 0. O

By combining Remark 6.1.1 with an iterative application of the above
Lemma, one gets the proof of Theorem 6.0.5.

Remark 6.1.8. From the above Lemma it follows in particular that all the
eigenvalues and eigenfunctions of H + R are constructed through our quasi-
mode procedure.
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Chapter 7

On persistence of spectral
degeneracies

Consider the operator
H=-A+V, VeC(T%R) (7.0.1)

on L*(T?) with periodic boundary conditions, where —A, = —A ¢ is defined
as in (3.1.3).In Chapter 4 we proved that in the periodic case, which corre-
sponds to the case of Floquet parameter x = 0, for any £ € QN Z? there
exists an eigenvalue \¢ of H of the form

= |l¢|? +sz )+ O(||€]7%m). (7.0.2)

Moreover, in analogy with what happens in the case d = 1 (see for instance
[MO75]), as a consequence of Theorem 4.0.1 we proved that one has

Ae = Ae = O([€I7) (7.0.3)

(see Remark 4.0.2).

Concerning the case of a higher dimensional flat torus, we observe that each
flat metric g is represented by the matrix with coefficients {g*#}% 5_, defined
as in (3.1.5) of Chapter 3.

Remark 7.0.1. Assume that the coefficients of the symmetric bilinear form
(- ) form a rationally independent vector in RY, with D = (d+1 . Then for
any§ & ezl €12 = ||€)?* implies € = €. In particular, all the non null
eigenvalues of the Laplacian operator —Ag on T¢ have multiplicities exactly
equal to 2.
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The set of vectors with rationally independent components has full Lebesgue
measure. Thus in the case of a generic metric g, there exists a density one
subset Q of Z? such that, for any &, &' € Q,

€ =1g1* = Ae—Ae = O(lg]I™),

for any choice of the smooth potential V.

Here instead we focus on the particular case of the standard torus, where g
is the Euclidean metric, namely VA, B = 1,...,d its matrix elements with
respect to the canonical basis {ey,...,e4} in (3.1.4) are defined by gap =
d4p. In such a case the multiplicities of an eigenvalue ||¢]|? in the spectrum of
the Laplacian operator are well known to grow as ||£[|4~! : thus it is natural
to ask if one can have that the eigenvalues in (7.0.2) satisfy

Ae — Ag = O([[€]]7)

for more integer points (£,¢’), namely points such that ||£]]? = [|€'||?, with
& #£ +£. More precisely, we give the following definitions:

Definition 7.0.2. Given two unbounded sequences {&, }nen, {&, tnen, if for
any ng € N there exists n > ng such that £, # &, and &, # —&,, we simply
say that {&€ }nen and {£E&, tnen are asymptotically different.

Definition 7.0.3. If there exist two unbounded sequences {&, }nen, {&) }nen C
QONZ2 with the following properties: {+&, ynen and {€! }nen are asymptotically
different and fulfill

€117 = lI€RII* Yn €N, (7.0.4)

and there ezists a sequence of positive constants {Cy}nen such that

X, — Ae,| < On(&n)™™ VYN,neN, (7.0.5)

we say that the degeneracy (at {&,}nen, {&), }nen) in the spectrum of H per-
sists up to any order.

Definition 7.0.4. Given two unbounded sequences {&, }nen and {&) }nen in
QN Z asymptotically different and such that (7.0.4) holds, we say that the
degeneracy (at {&, }nen, {&, tnen) in the spectrum of H is broken if the de-
generacy at {&, bnen, {&, }nen does not persist up to any order, namely there
exists a positive integer N such that for any C > 0 there exists n € N such
that

e, — e, | > C(&a) .
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Before stating the main results of the present chapter, we fix some nota-
tions: taking {2 as in (4.2.3) of Chapter 4, we define

Q=Qnzt = {cez! | &k | = @Ik o< [kl < (€} . (7.0.6)

Given & € ﬁ, remark that in this chapter we always denote with \¢ an
eigenvalue satisfying the asymptotic expansion (7.0.2); when we want to
emphasize the dependence of A¢ on the potential V, we write Ag instead
of A¢. Furthermore, we also assume that the parameters 9, €, 7 satisfy

§>max {2+ £(7+2), e(t+2)}. (7.0.7)
As a first result, we exhibit a class of potentials such that there actually is

some persistence of degeneracy up to any order in the spectrum of H:

Theorem 7.0.5 (Persistence of degeneracy). Suppose that there ezists a
unitary and unimodular map U : RT — R? such that

V(z)=V(Uz) VreT. (7.0.8)
Then the following holds:
1. For any & € Z¢ one has £ € 0 if and only of UE € Q

2. There exists a sequence {Cn}nen of positive constants, depending only
on the potential V, such that, for any unbounded sequence {&, }nen C €2,

|/\§n — )‘Ufn| < CN<€n>_N VN, neN. (709)

As a consequence, for any unbounded sequence {&, }nen C Q such thatVn € N
&n # TUE,, the degeneracy at {&, Y nen, {U&n}nen in the spectrum of H per-
sists up to any order.

Actually, unitary and unimodular maps on R¢ are a very small class.
More precisely, we have the following:

Remark 7.0.6. IfU is a unimodular map, then its matriz elements Ue; - e =: U’
with respect to the standard basis {ey, ..., eq} have to be integers. If U is also

unitary, then its inverse matrix coincides with its transpose, which in partic-
)
ular entails that Z;.lzl (Uf) = 1Vi. Thus the class of maps U described by
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the Theorem reduces to exchanges of axes and inversions in their orientation,
namely maps of the form

SZ(gla--wgia"'agj"wgd)’_>(517"'afj?"'agia"-agd)a
52(gl,...,fi,...7§d)H(fl,...,—fi,...,gd),

and their compositions. Some standard combinatorics then entails that there
are 2%d! maps of such form.

Remark 7.0.7. The class of potentials described in Theorem 7.0.5 has strong
similarities with the class of separable potentials exhibited in [GK91] and in
[ERTS8Y], within the context of the analysis of isospectral potentials. More
precisely, separable potentials are built as the sum of d potentials Vi, ..., Vy,
where for all j = 1,...,d V; depends only on the variable x;. In particular,
each one of the potentials V; satisfies the hypotheses of Theorem 7.0.5, since
it is symmetrical with respect to the exchange of any two coordinates x;, xy,
with i, k # j. However, neither our class of potential is contained inside the
set of separable potentials, nor all separable potentials are symmetric with
respect to a unitary and unimodular map. Consider, in d = 2, V(xq1,x9) =
cos(x1 + x3), as a potential which is symmetric with respect to the exchange
among coordinates 1, Ty, but is not separable, and V (xq,x9) = cos(x1 + z)+
2cos(wy+ 3) as an example of a separable potential which does not have any
unimodular and unitary symmetry.

The second result we give in the present chapter deals instead with break-
ing of degeneracy. Let indeed

B,y qery = {V € COO(']I‘d; R) | the degeneracy in the spectrum
of H=—A+V at {& }nen, {€, Jnen is broken}; (7.0.10)

we prove the following:

Theorem 7.0.8 (Breaking of degeneracy). There exists N > 0 such that for
any s > N the following holds. Consider any couple of unbounded sequences
{& b nens {€ Ynen contained in Q such that (7.0.4) holds and {£&, }nen and
{& }nen are asymptotically different: then Byg,y (e is a generic set in C* (T R)
with respect to the topology induced by the norm || -||s, namely it is the com-
plementary of a countable union of closed and nowhere dense sets.
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Of course, Theorem 7.0.8 is not sufficient to deduce that, for a generic
potential, the only sequences such that ¢, — Ay = O((§,)™>°) are (asymp-
totically) of the form {&, }nen, { =& nen, namely all possible degeneracies are
broken. Theorem 7.0.8 ensures indeed that, if both the sequences {&, }nen, {&, }nen
are fixed, the degeneracy at {&, }nen, {£), }nen is broken by any potential V' in
B¢,y 4¢3, but nothing is claimed about the fact that the same potential V'
also breaks the degeneracy at {&, }nen, {£) }nen, if a third sequence {£},en
is considered. The strategy we follow to prove Theorem 7.0.8 cannot be
adapted in a straightforward way to prove such a result, essentially due to
the unboundedness of the multiplicities in the spectrum of the Laplacian op-
erator; thus we leave such a question open.

The remaining part of the chapter is divided into two sections: Section
7.1, where Theorem 7.0.5 is proven, and Section 7.2, devoted to the proof of
Theorem 7.0.8.

7.1 Persistence of degeneracy

In the present section we prove Theorem 7.0.5. The idea is that the higher de-
generacy described in Theorem 7.0.5 is associated to the preservation, along
the iterative process given by the normal form of Chapter 4, of the following
symmetry: given U a unitary and unimodular transformation on RY,

f(z,&) = f(Uz,UE) VzeT? VEeR?. (Sym)

More precisely, Theorem 7.0.5 is a consequence of the following couple of
results:

Lemma 7.1.1. Let U be an unitary and unimodular map. Then & € Q if
and only if UE € Q.

Proof. First of all, we observe that, since U is unimodular, it maps points
¢ € Z% into points U¢ € Z¢. Assume now that £ € = QN Z%; then this
implies U¢ € Z¢ and we are left to show that U¢ € Q. By definition of the
non resonant set €2 (4.2.3), since £ € €2 one has that

[(&R) | = °IKITT VE st 0 < [[K] < (&)

Let h € Z¢ and assume that 0 < ||h]| < (U€)¢ = (£)¢; then the unitari-
ety of U implies that its inverse U~! is unitary too, hence U~'h € Z? and
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|U'h|| = ||h]|. Hence, again by unitariety and by the fact that ¢ is non
resonant, one has that

[(U&R) [ = {&Uh) | 2 € NU AT = (U |AlIT,
which proves U¢ is non resonant. ]

Proposition 7.1.2. Assume the hypotheses of Theorem 4.2.1. If there exists
a unimodular and unitary map U such that the potential V' has the symmetry
property

V(z) =V(Uz) YoeT?, (7.1.1)
then ¥Yn > 0 the symbols h,, v,, zn, 2" and Jni1, wWhose existence is ensured
by Theorem 4.2.1, satisfy the symmetry property (SYM). In particular, z,

satisfies

2(€) = 2,(UE) VE € RY. (7.1.2)

Assuming Proposition 7.1.2, whose proof is postponed to the following
subsection, Theorem 7.0.5 is deduced as follows.

Proof of Thm 7.0.5. Since {&,}nen is contained in ﬁ, by Lemma 7.1.1 the
sequence {U&, nen is contained inside €. Then, since for any n € N e,
and Ayg, satisfy the asymptotic expansion (4.0.6) proven in Theorem 4.0.1
of Chapter 4, for any N € N there exists a positive constant C'y such that

N-1

Ao, = I€all® =D 2i(&)

Jj=1

S C(N <€n>725N )

as well as
N-1

‘AU&L —l&al® = > %(U&)

j=1

S ON <€n>—26N )

By Proposition 7.1.2, z;(§,) = 2;(U&,) Vn € N and V5 € N, thus this implies
e, — Ave,| < 205 (&)Y Vn,

which gives the thesis. O]
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7.1.1 Symmetry preservation: proof of Proposition 7.1.2

Passing to Fourier variables, a symbol f(x,§) = Z fk e gatisfies to the

kezd
symmetry property (SyMm) if and only if for all k& € Z? one has

¢ 1 —ik-x 1 —ik-z
€)= g [ 10 do = o [ pUn v e
Since U is unitary, for all k¥ € Z% and x € T this is equivalent to
" 1 .
FolO) = i [ S0 U
[T Jpa
and, by the fact that U is unimodular,

fu(€) = ﬁ/ﬂrd [, U€)e Uk gy
= for(U€) Vk € Z¢, V¢ e RY.

(7.1.3)

This leads to the following:

Remark 7.1.3. A symbol [ satisfies the symmetry property (Sym) if and
only if its Fourier coefficients satisfy

foe(U€) = ful€) VEEeR! VE € Z?.

The characterization exhibited in Remark 7.1.3 enables us to prove the
following results.

Lemma 7.1.4. Given f € S™° a symbol of order m € R, let ™), f0es) [f]
and f®) be defined according to Definition 4.2.9. Let furthermore g be the
symbol solving the homological equation {||¢|]*, g} + fO =0, If f satisfies
the symmetry property (SYM), then f@) f0e) [f] ) and g satisfy the same
property (SYM).

Proof. 1f f(z,€) = Z Fr(€)e*® satisfies (Sym), it immediately follows that
keZd

[£1(€) = fo(€) satisfies the same property (SYM), by Remark 7.1.3.

We now prove the claim for (9, the ones about f®) and f® following in

analogous way. Recall the definition of f0°)(z, ) as

res)ﬂ?f ka Xk(&)Xk(§)e 11“:7
k=0
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Xk(€) = x (—<£; kgguf”_T) ;o Xe(§) = x (%) .

(see Definition 4.2.8 of Chapter 4). Since the map U is unitary, one has

with

U&UEk) UK Y 1Kl
) = () = (g ) - e
and analogously Yy (U§) = Xx(§) - Thus we can conclude that
FE 2, €)= Y fl©xa(©Ru(€)e™
0£keZd
= Y foUxunUxun(U) V"
0#keZd
- Z F (U xw (UE) X (UE)e* Ve
0K/ €74

= [ (U, UE).

Concerning the solution g of the homological equation {||€|%, g} + f™) = 0,
remark that, as pointed out in Remark 4.2.7 of Chapter 4, g has the form

) (L= Xk () .
ngdfk 21 (& k) e k(e

Thus we observe that, since U is unitary, it is
(UEUR) = (&k) YEeR!, VkeZ?,

in order to deduce that

XUk<U£)) ik-x
A 00 S 0O

= g(Uz,U¢),
and thus that ¢ satisfies (SYM). O

Lemma 7.1.5. Let f and g two symbols satisfying (SYM). Then the symbols
of their composition ftg and Moyal brackets {f, g} pm satisfy (SYM) too.
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Proof. Recall that {f,g},, = = (fig — gfif). Thus it is sufficient to prove

that ffg satisfies (SyM), and (SyMm) for gf f follows analogously.
By Lemma C.2.5 of Appendix C, for any (x,¢) € T x R? one has

k,k' €74

1
1

and, if f and g satisfy (SYM) , by Remark 7.1.3, Vk € Z¢ and £ € R? one has
Je€) = JorU€) . k(&) = dun(U€) .

Hence it is sufficient to compute

(i) @) = 3 foow (645 )i (6= 255 ) b

kel €2
A Uk/ ~ U]f - Uk, i Ux
= Y foruw (U§+ 5 ) Juw (Uf— T) ety
k.k'ezd
. W h—WYN o
= Z Jh—nw <U§+ 5) In (Uf - T) et
hoh€Zd

= (fig) (U, Ug).
O

Lemma 7.1.6. Let G = Op(g) € OPS®. Then, as stated in Lemma C.2.6
of Appendiz C, €€ € OPS% . Let 0 € S%° be its symbol; if g satisfies the
symmetry property (SYM), o satisfies (SYM) too.

Proof. The above result follows from the fact that, if we define V(z,&) €

T? x R4 y
ofw,6) = 3 Lonlnd). (7.14)

n!
n>0

where {g, }nen is the sequence defined by ¢, = gfig,—1 Vn >0 and gy = g,
then we have o € S%° . Then, if ¢ satisfies (SYM), the symmetry property
(SyM) of the symbols g, for all n follows from an iterative application of
Lemma 7.1.5, while the convergence of the series in (7.1.4) ensures that
property (SYM) holds, as well as the fact that €“ = Op (o). O

We are now in position to prove Proposition 7.1.2:
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Proof of Proposition 7.1.2. The proof is done by induction on the number n
of normal form steps which have been performed in Theorem 4.2.1.
INDUCTIVE BASIS: In the case n = 0, we have 20 = 20 =0and vy = v
thus (Sym) is automatically satisfied by 2, zy and wvy. Since ho(¢,2) =
11?4+ vo(z), and [[£]|> = [[UE]|* due to the fact that U a unitary map, it
follows that hg satisfies (SYM) too.

Since g; solves the equation {||£]|?, g1} + "U(()m) = 0, Lemma 7.1.4 entails that
g1 satisfies (SYM).

INDUCTIVE STEP: Suppose that h,, , 2™ v, , 2, , satisfy (SYm). Then Lemma
7.1.4 together with the inductive hypothesis on v, implies that v, v, v,
satisfy (Sym) and so does the solution g+ of the equation {||€]|?, g1} + o™ =
Thus, since 2" = 2™ 4 [v,] + v and z,,1 = 2, + [2,], property (SYM)
is satisfied by 21 and Zne1 too. It remains to prove that h,,, and v,
satisfy (Sym).

By Lemma 7.1.6, g, satisfying (SyM) implies that e
oF satisfying the same property (SYm). Recalling that H, 1 = Op (h,11) ,
with

+Gnt1 has a symbol

thrl = (O-rﬂj hn) ﬂ Oy s

using the inductive hypothesis on h, and what proven for g,.;, we apply
twice Lemma 7.1.5 to get that h,, satisfies (Sym). It is finally sufficient to
observe that v, is given by

Vn+1(2,6) = hupa (2, €) = [I€]° = 2 V()

in order to deduce that, analogously, v, satisfies (SYM).

Notice that here there is no need to perform the splitting v,, = v, + Vo,
with vy, symmetric and vq, regularizing enough, as done in the proof of
Theorem 4.2.1 in the case of a generic perturbation V: this is due to the
fact that, since here V is a bounded symbol, the symbols v, are bounded
Vn € N, thus also the symbols g, are bounded. This makes possible to apply
Lemma 7.1.6, and thus to ensure that property (SyM) is satisfied by the
whole symbol h,,, at every step of the iteration. O]

7.2 Breaking of degeneracy

In the present section we prove Theorem 7.0.8, as a consequence of the fol-
lowing;:
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Proposition 7.2.1. Let {&, }nen, {€ nen C Q be two divergent sequences
such that ||&,)|> = ||€L]|? and Vn € N &, # £, Then there exists N > 0 such
that for any s > N and for any R,C >0

Vor={VeCT4R) | [VIn<R and |N, —X\,|<C(&)™ VneN}
(7.2.1)

is a nowhere dense set in C>(T% R) with respect to the topology induced by

the norm || - ||s -

We postpone to the next subsection the proof of the above proposition,
and we now prove Theorem 7.0.8.

Proof of Theorem 7.0.8. : Since {&,}nen and {£,}nen are unbounded se-
quences, up to reducing to a subsequence we can assume that the two se-
quences diverge. Furthermore, since {£&, }nen and {&), }en do not asymptot-
ically coincide, we can reduce to a couple of subsequences such that £, # +&,
for all n. We analyze the complementary set of Bye,y e} in C(T%R),
namely the set of potentials V' such that in the spectrum of H = —A +V
there is persistence of degeneracy up to any order at {&, }nen, {£), }nen. Then
it is sufficient to observe that, for such potentials V| in particular (taking
N > 46§ in (7.0.5)) there exists a positive constant C' such that for all n
N = Ag | < O(E,) " . Since for any C' € R

{VeC=(T4R) | N, =M\, | <C{&)™ VneN}
C{VeC™(T4R) | AL, = AL < [CU&)™ VneN}, (7.22)
one has that

{(VeC®(T4R)|3C >0 st. |AL —Ag|<CE)™ vn}

= |J {(vec™iR)||[VIx<R and |\ —A5| < K(&)™ vn}.
ReN,KeN

(7.2.3)

Then, by Proposition 7.2.1, there exists n > 0 such that the right hand side in
7.2.3 is a countable union of nowhere dense sets with respect to the topology
induced by || - ||s, for any s > N. O

The remaining part of the section is devoted to the proof of Proposition
7.2.1.
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7.2.1 Second order expansion of the eigenvalues

The proof of Proposition 7.2.1 requires a careful analysis of the first two terms
zp and z; in the asymptotic expansion (4.0.6) of the eigenvalues associated
to non resonant points. In the present subsection we prove the following;:

Lemma 7.2.2. Let H = —A+V asin (5.0.1). There ezist a positive integer
N and a constant Cy > 0, depending only on the Sobolev norm ||V ||y of the
potential V', on d and on the parameters 0,7, €, such that for all £ € Q)

1 Vi |2 -
N =P+ VI+5 Y %wg, 6] <cy(e)™ . (1.2.4)
2 d <£+§’k>
keZ
o<kl <(&)¢

Proof. Consider the asymptotic expansion (7.0.2) with N = 2: for any £ € Q,
there exists a constant Cy, such that

Ae = 21(8) + 2(E) +5¢, el <C1{)7Y. (7.2.5)

Let {2, }nen as in Theorem 4.0.1 of Chapter 4 and let {Cy}yen be the se-
quence of positive constants such that

N
A= IEN =D 2] < Cw(g) ™) YN eN.

J=1

Then, by the same Theorem 4.0.1, for all j € N the family of seminorms of
the symbols z; depends only on the family of seminorms of V', and the same
holds for the sequence {Cy}yen . Furthermore, since V' depends on z only,
the family of seminorms of V' only depends on the sequence of its Sobolev
norms. In particular, this entails that the following holds: for any 5 € N there
exists N' € N (depending on j) such that Coo(z;) only depends on ||V n,
as well as on the parameters 0,¢,7,d. Analogously, for any N € N there
exists N” € N such that Cy only depends on ||V||x~, and on the parameters
0,¢,7,d.

This in particular implies that there exists a positive integer N; such that the
constant Cy in (7.2.5) only depends on || V]| n, . Recall that, with the notations
of Theorem 4.2.1 of Chapter 4, one has z; = [v1], with v; defined by

hl = ||£||2 + Z(l) + V1,
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where H; = Op (hy) = € ¥t He™ % and 2(Y) = [V]+V ). Thus an application
of Lemma C.2.6 implies that

1
=g {{lI€l%, 91} ,, 791}/\4 + {V(nr)agl}M + {2(1)791}M + wy

- (7.2.6)
= 5 {V(nr)vgl}M + {V(reS)agl}M + wy
with w; € S~ Then by Lemma 4.2.6 the family of seminorms of g, solving
the equation {||£]|%, g1} + V™) = 0 only depends on the family of seminorms
of V, and by Lemma 4.2.2 the same holds for the seminorms of the symbols
V() Y (es) Thus arguing as above, by the same Egorov Theorem C.2.6 we
deduce the existence of an integer Ny such that supeeza |[wi](€)] < Co(€)™*,
for a positive constant Cy that again depends only on ||[V||x,.
Then Lemma 7.2.9 of Subsection 7.2.3 below ensures the existence of N3 € N

and C3 > 0, depending again only on [|V||x,, such that

@ =3 Y A L [0, 1] (©) + @),

- -
2 kEZd <5 + 57 k>
o<kl <(&)¢
with .
e+ [V gihad ()] < ()™
Thus the thesis follows taking N = max{ Ny, Ny, N3} and Cy = C; + Cy + Cs.

]

From now on, we will always denote by N the positive integer defined as
in Lemma 7.2.2. Furthermore, for any R > 0 we define

B ={V e C*(T4R) | |V|ls < R}. (7.2.7)

Observe then that the following holds:

Remark 7.2.3. Since, with the notations of Lemma 7.2.2, the constant Cy
only depends on the Sobolev norm ||V'||y of the potential V |, we deduce that
there exists a finite, positive constant Kgr, depending only on R, such that

sup{Cy | V € B}} <Kg.
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7.2.2 Proof of Proposition 7.2.1

Fix two non resonant sequences {&, }nen and {&) }nen satisfying the hypothe-
ses of Proposition 7.2.1 and positive constants R and C'. The strategy in
order to prove Proposition 7.2.1 consists in exploiting the explicit expression
of the second order expansion for the eigenvalues )\gl given by Lemma 7.2.2,
in order to determine a set

B2 Vre={VeB; |\, —A | <CE)™ VneN},
and then in showing that such a B is a closed and nowhere dense set.
In particular, the following holds:

Lemma 7.2.4. For any couple of non resonant sequences {&, }nen and {& }nen
and any positive constant R, let Vg o as in (7.2.1). Then the set defined by

B=SVeB}:VneN
{ 2 ey (Gt 5ik) (& F k)

< (2Kp+C) (€)% }

(7.2.8)
contains Vr.c .

Proof. Observe that, by Lemma 7.2.2, for any n € N one has

)\g — )\g — 1 Z |Vk|2 <§7/1 - §n$k> +€¥ - Q/
n [ k. k. n n?
: 0<[lklI<(gn)e (&t 3:k) (6 + 33K (7.2.9)

le] - [l | < evien)™.

By Remark 7.2.3, if V' € B}, one has that ‘égl — Q/ﬁl‘ < 2Kp{€,)~% . Thus, by

(7.2.9), we deduce that, for any n € N, if V' is such that [A{, — )\22 <CE)™,
then

- Z |Vk’2 <§;L_£mk> < ‘)\g _)\Z
k. k. > A, 2
2 o= ten) (& +51Kk) (€h+53k)

+ [l — b,

< (2K + C){&) ™.
O

To prove Proposition 7.2.1, it remains then to show that B is a closed
and nowhere dense set.
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Lemma 7.2.5 (B is closed). Let B be defined as in (7.2.8). Then for any
s > N the set B is closed with respect to the topology induced on C*°(T% R)
by the norm || - ||s.

Proof. Fix s > N. We show that, for any n € N, the set

L ) <€n - 5/ X k’)
S D | e s
2 qiZer (Gt 5k (G 5k

is open in C>°(T% R). Then the thesis follows, since B is the intersection of
B}, with the complementary set of (J, A, in C°(T%R) and, due to the
fact that s > N, B}, is a closed set. To show that A, is open, fix V € A,,
define

A, = {V € C™(T%R) :

L ) (€ — &ui k) —46
0< == Vi|? — (2Kp + C)(E,
Ty 9 O<||§£n | | <£n n 2,]{7> <£, Lk k. ]{Z> ( R )< >

and assume that W = V + Z € C®(T%R) : we are going to show the
existence of a positive constant e such that, if ||Z]|s < €, then W € A,, .
Since for any k € Z? one has

Wil? = [Vil® + | Zk[* + 2Re(Vi Z) ,

one can compute

1 ; (6n — 63 K) 4
5 Wil , — (2Kg + O) (&)
20<||k||Z<<§n (& +31k) (€L +53k) )
_1 2 - fwk>
>y ‘|Zk] + 2Re Vka "<6n+2,k><£' il

0<|Ik||<(€n)

(7.2.10)

We are going to estimate from above the sum in the right hand side of
(7.2.10). To this purpose, observe now that, since &,, &, belong to 2, and
e(T +2) > 4, for any k € Z¢ such that ||k|| < (£,)¢ one has

k 1
(nt 5:0)| 2 1) - 3l01°

o1
> () = Ikl

> <£~n>5—e7— o %(é‘n)QG >

DO | —

<€n>6—e7' ’
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and recalling that ||&,]|* = [|€,]|?, the same holds for £/, namely

()2

Thus we obtain that, for any k& with ||k|| < (&,)°,

(€a)’ ™.

l\DIr—\

—ik) |l el Ik S
<£n + 2,k> <§/ + 27k,> <£n>25 2et - <£n>2(5—267' -
recalling that ¢ > 1 + ¢(7 + 1). This in turn implies that
S ‘|Z,€|2 +2Re Vka ) ‘ — & k)
O<[Ik[I<(&n)e <£n ta k> Gt s k>
<s Y (|Zk|2 + 2Re (vkzk)(
0<[IklI<(&n)*
<s Y (12 +2V12)
0<|kll<{&n)e
< 8[1Z|[3 + 16V L[ 2], -
(7.2.11)

Thus, combining (7.2.10) and (7.2.11), we obtain

1 E MA/' <£n - n? > s
2 : 2Kr + C) (&,
2 o<z en) " (€t 5:k) (€ + 5iK) ~ (e + O) (&)

>ry =41 2] - 8IVILIZ]ls . (7:2.12)

Assume now that [|Z||; < & = min{||V||
duce that

8 16TVHVH 1} by (72 12) we de-

1 <£n - 5 > 45
Wil - ~ (%Kn + O) (&) >0,
0<||i§s:<sn>e (&t 5:k) (6 + 5 K)

which implies W =V +Z € A, . 0

We are only left to prove that the set B is nowhere dense. Such a result
exploits the following auxiliary lemma:
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Lemma 7.2.6. Let 0 < €,0 <1 and 7 > d be such that e(T +2) < ¢. There

exists a positive constant R’ (depending only on d) such that, for any couple
2

of mon resonant points &, & with ||€||* = |€']|* > (R')< and € # ££', Br/(0)

contains at least a vector k € 7% such that

(€~ &hk) (€ +E5k) .2
(IRl =4 (& R)?) (K1 =4 (€5 R))7) |~ 25

Proof. We proceed in two steps: first we select a ball Bg/(0) big enough

(g)0Aelr+4) (7.2.13)

to contain as many vectors as are needed to guarantee that at least one of
them is such that (£ 4 &';k) (€ — &5 k) # 0; then we use the non resonant
properties of &, & in order to prove that, if the quantity at the left hand side
of (7.2.13) does not vanish, then (7.2.13) actually holds. Let D = 2(d—1)+1
and consider!

R'=min{ R >0 | there exist {;,...,hp} C Br(0)NZ’s. t.
{hiy, ..., hi,} are linearly independent vectors
Vi, ... i} C {1,...,D}} . (7.2.14)

Fix then a set F = {hy,...hp} C Bgr/(0) N Z% such that any subset of d
vectors inside F is made of linearly independent vectors: since & — &' # 0,
there exist at most d — 1 vectors in F which are orthogonal to & — &', and
analogously for £ + & . Thus, since F contains at least 2(d — 1) 4+ 1 vectors,
we can conclude that there exists at least one k € F C Bg/(0) such that

(E+&k)#£0 and (£—E&k)#0. (7.2.15)

Assume now that [|£]|?, [|€]]* > (R’)% and consider the integer quantities
(& k) and (&5 k). Two cases hold: either they have the same sign, or they
have opposite sign. In the first case, since ¢ and £ are non resonant and
l€ll =gl > (R")< > [[k]|<, one has

[E+E R =& R [+ {5 k) | = 201kl > 2(6)° .

IThe set in (7.2.14) is clearly non empty. It is easy to see how it can be inductively
constructed: suppose one has d < D’ < D vectors {h1,...,hp/} such that any subset of
it of cardinality d is made of linearly independent vectors. Then it is sufficient to consider
the union of the hyperplanes generated by the all possible choices of d — 1 vectors in
{h1,...,hp} and to select a vector hp/ 41 not belonging to such a union of hyperplanes.
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Arguing in the same way, in the second case it is
(€= &5 k) [ = [{&R) [+ [ (€5 k) | > 2(6)°.
Thus, recalling that (£ + &'; k) are integer quantities, in both cases we get

(€ + €5 k) (€~ €1k)| > 2(6)°7.

2
€

Then, again by the fact that ]| = ||¢]|> > ||k

, we obtain that

(E+E5k)(€—Ek) 2()0 "

(k1 =4 (& 8))) (k]2 — 4 (€5 k))°) = (AN EIPI RN + 1E[[*) (4l P& + (I1&[14)
- 2<£>6—e’r B 2

- = 0—4—e(T+4)
> Gl 5 '

]

We are now ready to prove the following result:

Lemma 7.2.7 (B is nowhere dense). For any R > 0 and for any s > 0 the
set B defined as in (7.2.8) has empty interior in C*(T% R) with respect to
the topology induced by the metric || - || .

Proof. Fix s > 0 and R > 0; for any V' € B we show that there exists a

sequence {W,, }en contained in C*°(T%; R)\B, such that W, e v as n — oo.
In particular, for any n € N big enough we construct a potential W, €
C>°(T4; R) such that

| —

f <£n - ;L; ]{Z> »
(W), [? > (2K + C) (6 (7.2.16)
2 0<||I%<<gn>e (o) (& + 5 k)Y (& + 5 k) (2Kp )( (

which implies W,, ¢ B, and
W = Wls < K(&)™ (7.2.17)

for some positive constants b and K that do not depend on n . Letting n — oo,
(7.2.17) of course implies W,, — V' with respect to the norm || - [[5.
Fix V € B and n € N. We look for W,, € C>®(T% R) of the form

W(x) = V(x) + 3, e 4 5 e Fn® (7.2.18)
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for some 2;, € Rand k,, € Z? such that ||k, || < (£,)¢. We start with ensuring
that (7.2.16) is verified.

2 2
Observe that for such a W,, one has )(Wn) sl = ‘Vk‘ if k # +k, , while

n |

2 ~ 2 ~
— | Wy, | = |Veu| -+ 2Re(Vi )2, + 120,

Thus an immediate calculation entails

D DI AN et

0<Ik]<(6n)¢ 5ik) (&, + 53 k)

(&

1 9 <€n_ } >

== Viel? " +T, (7.2.19)
20<Z i {6+ 5:k) (6 + 53 %) (

with

<§n _ m > <£n + g;u > )
(”kn”4 - <<£m n>) ) (Han4 - (< ;wkn>)2)
(7.2.20)

T=2 (|2kn|2 + 2Re(f/kn)2kn>

By equation (7.2.19) and recalling that V' € B implies

S e e | S e O

0<[IklI<(&n)*

it is sufficient to show that |T| > 2(2Kz + C)(&,) ™, in order to ensure that
(7.2.16) holds.
Let R > 0 be as in Lemma 7.2.6 and suppose that n > ng, with nyg € N
such that [|&,]|2 = [|€.[|2 > (R)¢ for any n > ng. Then an application of the
same Lemma 7.2.6 yields that it is possible to choose k,, in (7.2.18) such that
|kl < R’ and

2
> = 0—4—e(T+4) )

‘ <£n — & > <£n + &5 kn>
(Han4 - 4<<§n> n>) ) (Han4 - 4(< " kn>) )

Recalling the definition of T" as in (7.2.20), this implies

7] = (Vi) | (€057 (7.2.21)
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Remark that, by (7.0.7), the exponent a = 6 — 4 — €(7 + 4) is greater than
—49. Then it is sufficient to choose

—46—a —45—a

5 = (67 i ‘Re(ffkn)’ > 14(2Kp + O){&,) =5,

B, = 42(2Kn + O) &) 5" i [Re(Th,)| < 14(2Kp + C)(6) 757,
(7.2.22)
> 14(Kg + C)(&,) "%~ and thus,

in order to ensure that ||, |> + 2Re(Vi, ) 2,

by (7.2.21),

|Tp7%mm3+n@w4*%&w>2mR+cx@r“,

which implies that (7.2.16) holds.
It remains to check that (7.2.17) is verified for some positive K and b. This
is a consequence of the fact that a > —40 . Indeed, by (7.2.18),

Wn -V = ékneik”'z —+ ,?:knefik”'x ,
and by (7.2.22)
W = VIZ < 20kl 125, < 2(42)° (R)*(2Kp + ©)* ()77,

which entails that (7.2.17) holds with b = %¥¢ > 0 and K = v242(R')*(2Kg + C).
O

7.2.3 Second order expansion of non resonant eigen-
values

The present subsection contains the explicit calculations required in order
to determine the leading term in the expression of the symbol z; of the
asymptotic expansion (4.0.6) exhibited in Theorem 4.0.1 of Chapter 4, and
exploited in the proof of the above Lemma 7.2.2.

In the following, given a,b € Rt we will simply write a < b if there exists
a constant C' > 0, depending only on d and an the choice of the parameters
d,€,7 (which are fixed along our construction), such that a < Cb, omitting
the dependence on such parameters.

Remark 7.2.8. For any k € Z2 let xy, Y : R — R be defined as in (4.2.8).
Then, as shown in the proof of Lemma 4.2.2 of Chapter 4, estimate (4.2.13)
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holds, namely VN € N? there exists a positive constant Cy, depending on N,
such that for all £ € R?

[dY xi()]] < Cwl|K|INTHD (€)M, (7.2.23)
[de Xk (€)| < Cwllk]I ™€)~ (7.2.24)

Lemma 7.2.9. Fize > 0,0,7,d > 0 satisfying (4.2.2). There exists a positive
constant C such that, if £ € Q and ||k|| < (€)°, then the following hold:

(i)

Xk (€ + E)Xan(€+ 5)| < Ol k||*EHTH9 (€)=, (7.2.25)
(1)
|(1 - Xij(g ’ %)) Xikfz;L 4‘ -~ 14—; (@), (7.2.26)
|53 (©)] < Cllk* T+ (6) =,
(ii)
(1—xax(€+3)) - N
+ (¢ +55k) Xele+3)| = Iy ©, (7.2.27)

[t () < ClIK|FCT2)(e) ™.

Proof. Let us start by considering the function x,. A Taylor development
up to 4th order yields

X+ =xa@+ Y o) (5)°

Py / )9l + 74) dr (5)°

|| =4

We have that xx = 0 on 2. Thus all its derivatives at any order vanish on
(), and we deduce that

X+k f‘i‘ Z / 1 - 7' |a‘ 180‘Xik(£ + 75 ) dr (g)

laf= 1@
By the first of (7.2.23), this implies
}Xik(é + %)\ < sup <§ + 7-§>*45Hk”4+4(7+1)
Ir|<1

(7.2.28)
< <€>746 Hk”4(6+7—+2) )

~Y
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We argue analogously for x, : we have x, = 1 on (2, thus a 4th order Taylor
development entails that, if £ € €2,

4 [t o
Yan(E+5) =1+ Z a/0 (1—7)l10egun(€ + 75) dr (5)7
laj=4

and by the second estimate in (7.2.23) we have
‘Xﬂ:k(& +5) - 1| S |Sl|1<P1<f + T§>_46Hk||8
S ()T IRE

~Y

Combining (7.2.28) and (7.2.29), one gets

(7.2.29)

IXek(€+ 5Nk (€ + 5 < Ixan(€+ 5+ Ixan(€ + 51 — xaw(€+ 5)]
S (&) |R| PO

~

which proves (7.2.25). Analogously, observing that

|(1 = xex(€+ 5) Xan(E+ 5)| < 1+ 559

with s2(€) = Peas(€ + 5 + (1+ as(€ + 5)I) [1 = Taale + )], and using
again (7.2.28) and (7.2.29) to deduce that

[Sic (O] S Q) k[ *oF 7+ (7.2.30)

one proves (7.2.26). Finally, (7.2.27) is deduced observing that, by the very
definition of the function g,

(1 — x+k(€ + %))
£+ 5:k)

and, in such a case,

#0only if [(€+ %K) > (€+5°k|™™, (7.2.31)

(C—an€435) . oy 1 5 (6)
N TR e A )

Then, by (7.2.30) and (7.2.31), one deduces

- ~

SO | L IOl

e+ 5m| =t hy
< |5 (EIIKI™ S (&) [Ik|PC+2),

which gives (7.2.27). O
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Lemma 7.2.10. Given a smooth potential V, let V) V) be as in Defi-
nition 4.2.9 and let g be defined as in (4.2.25), with the symbol a replaced by
the potential V. Then there exists a positive constant C, depending only on
|V ||n+ for some positive integer N', such that, for all § € €,

‘72
V0, ©= Y s e <00, (728
o<l o)
and
[[{vE) g} J©] <. (7.2.33)

Proof. We start by proving (7.2.32). Recalling the explicit definition of V(%)
and g, we deduce that

{VE, gyl (&) = =i ([V™4 g] (&) =[98 VO] () ,
and by Lemma C.2.5 of Appendix C one has

Vgl €)= > VOe+ e+ h)

kez4\{0}
== / — EY) ¢ @A(I_Xk<€+§))~ 5
— ke;\{o} Vi (1= xr(€+5) Xk(E+ 5V e+ 5 ) Xk(€+3)
and
(1= y_p(e+E )
gt v™] () == > V4 ( - <?+k(§ jk2>)) k(65 (1= xn(E+ 5)) Tu(e+E) .
kezZM\{0} 27

Let us analyze [V(m)ﬁ g] (€). The idea is to split the sum into a term M,
containing only high Fourier modes, namely those corresponding to ||k| >
(&), whose contribution is neglectable due to the regularity of V, and a term
M; containing only low Fourier modes, namely those related to a vector k
with ||k]| < (£)¢, where we can apply the previous Lemma 7.2.9.

Indeed, we compute

’ 1 —X& 2/) & k
[Vt g] (¢) = - ];Zd Vil* (1= x-k(§+5)) X-#(€+5) ( 5 é_ié;_@)) (€ +35)
o<lk< (e
_ i
- 3 WP (e ) el L <§kf§;+k2>)) Rl + )
K> (e)°
— ML(E) + Ma(E). (7.2.34)
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To estimate M, , we argue as in the proof of Lemma 7.2.9 to deduce that, if
1—xk(§+ %) %0, one has

(€ +5) - k[ > €+ 5Nk > |IB]
Thus, since the functions 1 — y; and Y are bounded by 1, we get

My < > Vil

kezd
[Ilk[[>(&)€

Recalling that, since V' € H?® for any s, its Fourier coefficients satisfy
Vil < IVIs(k)™ Vs >0, (7.2.35)
and choosing s = [40e '] + 7+ d + 1, we obtain that

Vil < VIl (k)= k)~ D
< [VIIs(€) =" (k) =D

for all those k such that [|k|| > (£)¢. Thus, we deduce

Ma(E)] < > ViPIEI

kez?
ll%l1>(&)¢

<IVIE D (O™ R TTEIIRT < Cofe) T,

kezd
[Ik[[>(&)€

with Cy = ||V|? ZkeZd(kV(dH) .

The estimate of M;(€) is an application of Lemma 7.2.9: since

(1—xk(€+ %))
21 (£ + & k)

(1= x-k(E+E5) xu(E€+5) Ye(€+5)

with |s;; (€)] < CllE[*® (€)= and [t ()] < C[[k[*C*7+(€)™* for some
positive constant C', we have

MEO= Y w(W+s;<5>+t;<g>+s;<5>t:<s>>,

kezZ®
o<k <(&)°
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and

Yo WP (5 @+ (O + s (O ()] <3C% Y VP flk|!H R g)

kezd kezd
O<lkll<(&) O<|Ikll <€)
<G <€>746 )

with C1 = 3C?||V||% X cpa (k) =@M and s’ = [160 + 127] + 24+ d + 1. This
enables to conclude that

1

Vgl () == ) \VkPm + e
2
o<l ey (7.2.36)

el < (CL+ Co)(©)7.

Arguing analogously to estimate the term [gf V(nr)} (&), we get that

V(nr) _ V 2
g2 V] (€) %}4 Vel <€+
o<|[klI<(e)¢

|rae| < (Cr+ Ca) (€)™

> -+ ’1“2,5 s
(7.2.37)

Recalling the definition of {f, g} m as —i(fflg — gff) and combining the con-
tributions of (7.2.36) and (7.2.37), we obtain (7.2.32).

Concerning (7.2.33), the estimate of [{V ), g} ] (€) follows arguing in an
analogous way: one has

[V, ghad () = < (V22 ] () - ot VO] €))
with
A 1 - >
Vsl @ == 3 Periery L é‘fgk;)) R+
(7.2.38)

and

~ o (1= xo k
vl = 3 P e huterd).
kezZa\{0} 27

(7.2.39)
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Then one splits each one of the sums in (7.2.38), (7.2.39) in two pieces, the
first one supported on high Fourier modes, satisfying the condition || k|| > (£)¢,
which are dealt with as the term M; of (7.2.34), and the second one sup-
ported on Fourier modes satisfying ||k|| < (£)€, which is dealt with exploiting
Lemma 7.2.9, as the term M, defined in (7.2.34). O
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Appendix A

Pseudo-differential calculus and
structural hypotheses

This chapter is devoted to a brief exposition of a few basic notions of pseudo-
differential calculus, which is a fundamental tool for the reducibility result
of Chapter 2. In particular, pseudo-differential calculus on the d— dimen-
sional torus T? is used here, with classical quantization of the operators and
with the standard coordinate dependent definition on symbols. A specific
focus is given here on the preservation of structural hypotheses considered in
Chapter 2, namely symmetric hyperbolicity, reality and reversibility. Since
pseudo-differential calculus is widely used even in Chapters 4 —7, but with a
slightly different setting, we point out that in Appendix C another class of
symbols is analyzed, which is suitable to work on the torus T¢ equipped with
a non Euclidean Riemannian flat metric; in particular intrinsic definitions
are given therein, and Weyl quantization of symbols is used.

Recall that the following definition of symbols and their quantization is con-
sidered here:

Definition A.0.1. Let m € R. We say that a € C* (Td x RY; (C) 15 a symbol
of class S™ if for any multiinder o, 3 € N? there erists a positive constant
Co such that

0e0fa(,€)| < Capl©)™ ¥ V() € T x R,

Definition A.0.2 (Classical quantization). Let m € R and a € S™. Then
we say that A = Op® (a) is a pseudo-differential operator of order m, A €
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OPS™, if A acts on u € L*(T?) as

A:iu= Z Ue€® —s Au = Z a(z, &)tge™ . (A.0.1)

gezd cezd

Actually, the one described in Definition A.0.2 is not the only possible way
of putting in correspondence operators and symbols. Given a € C*(T? x R%; C),
define its Fourier coefficients with respect to the variable € T? as

ap(€) = /w a(r,£)e % dx Vk € Z, ¢ eRY; (A.0.2)

then for all ¢ € [0, 1] one can define an operator Op‘(a) of a symbol a € S™,
acting on a generic function u € L?(T?) as

Op'(a)u(z) = ) ™™ — Op'a)u(z) = > > (€ + th) @™

¢ezd ¢ezd kezd

(see for instance [Rob87] ). Notice that with these notations classical quan-
tization, namely the symbol-operator associaton a + Op® (a) exhibited in
the above Definition A.0.2, also referred to as left quantization, corresponds
to t = 0, whereas Weyl quantization, which is used in Chapters 4-7 below,
corresponds to t = % .

Pseudo-differential operators are closed under the operation of composition.
Of course this implies that, given two pseudo-differential operators A and B,
their commutator is again a pseudo-differential operator. In particular, the
following standard result holds (see [Tay91]):

Lemma A.0.3. Let A € Lip (Q;C> (T OPS™)) and B € Lip (Qo;C> (T, OPS™)) .
(i) Then their composition AB is such that AB € Lip (QO; (G (']I‘“; OPSm+m'))
(ii) Their commutator [A, B] = AB—BA satisfies [A, B] € Lip (Q; C= (T OPS™™ 1)) .

It immediately follows by the definition of reality that the composition
of two real operators is real, as well as that the composition of a reversible
and a reversibility preserving operator is reversible. In the following section
we describe the preservation of such properties under conjugation with a
particular class of pseudo-differential operators.
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A.1 Flow of operators of order n» < 1 and
Egorov Theorem

To regularize (2.0.1), we make use of operators that are the flow at time
7 € [—1, 1] of the PDE
Oru = G(p)u

for a given pseudo differential operator G(¢) € OPS", n < 1. An operator
of this sort is denoted by e™“. Here we state some of its main properties.

Lemma A.1.1. Letn < 1 and G(p) € C* (T"; OPS") be such that G(p) + G(p)* € OPS°
and let €% be the flow of the autonomous PDE O,u = G(p)u, 7€ [~1,1].

Then the following results hold Yo > 0 :

(i) €™ (y) € B(H?, H7)

(ii) V o e N, 92e™(p) € B (H7, HI o)

(iii) If G € Lip (Q; C= (T O0PS™)), 8% (p,w) € Lip (Q; B (H°, FHo—lel=m))
VaeN

Furthermore, if G is reversibility preserving (or real), €™ is reversibility pre-

serving (resp. real) too.

Proof. Ttem (i) is a well known result. It is proved trough a Galerkin type
approximation on the subspace Ey of the compact supported sequences
{tg }peza such that 4, = 0 if |k| > N. See [Tay91], Section 0.8, for de-
tails.

Items (i7) and (7ii) are obtained arguing as in Lemma A.3 of [BM20b]; here
we exhibit the proof for the sake of completeness. Item (ii) is proved by in-
duction. The thesis for |a| = 0 follows from (4); suppose now that ¥V o/ € N*
with [o/| < |a| 92¢7%(p) € B (HT, H ) .

If |a®| = |a| + 1, ag* e™ solves the differential equation
at G at G o o a—a' TG
o (') =6 ()« X (1) () (o).
lo/[|<|c]

Hence, using Duhamel representation formula, we get

92 et = / e [ 30 (Z) (o2'c) (oe'e®) | ar
0

la’|<[e
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since V ¢ one has ag’G € B(H7,H"™), 83*0/@7@ c B (HU)HU*H(Ialf\a’I))
and e(™"7)¢ € B(H7,H7), we have

+ o ’ PN )
1027 g pgoniety < (a/)”afé Gllsere = 1057 €™ |l 3(ago—n ggo-ncrs ety

o’ |<]ex]

(r—1")G
’ ||€ ||B(7—[}7—77(1+|a\—|a'|)7’}-[0—?7(1+\a|—\a/|)) .

Item (7i7) is proved as item (i7), hence we omit the details. Arguing again
by induction, if |a| = |a| + 1, it is sufficient to write the differential equa-
tion solved by AwafeTG = 8g+eTG(‘”2’¢) — 8g+eTG(“1"p) and to use Duhamel

representation formula again to get

ot 7G(w,p) _ ! 7G(w1,p) ot sG(wi,p)
A0 e ‘0—/0 e 1‘P[<8@e “")AwG(w,gp)

F X () (ko) (@ teon) + (@G 0) (2,054 | ds.

0<|k|<|af
The thesis then follows using item (i) and observing that V o

sup  (Aw) 'ALG(w, ) € B (7—[”, ”H"*”) ,

w1 ,w2EN

sup (Aw)’lAwazeTG(”"P) eB (’H",?—[U*”'M*") Vk € N".

w1,w2 €N

REVERSIBILITY PRESERVING PROPERTY: We remark that since
So0; =008,
one both has
0[S 0e™ Py =S500,0e™Pu=80G(p)e?Pu=G(—p)oS u
and

Dy[e7¢P) o Slu = G(—p) 0 S u.

7G() and e7¢(=%) 0 S solve the same initial value problem for all

Since S oe
the functions u(x), they must coincide. Thus we can deduce the reversibility
preserving property for e7¢(®),

REALITY: The proof can be done arguing similarly, using the fact that, since

G = G, then e7%®) and e7¢(¥) solve the same initial value problem. O
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In the following we restrict to an analysis of the flow of a pseudo-differential

operator of order n < 1. The following Remark is an immediate consequence
of Lemma A.0.3:

Remark A.1.2. Let A(p) € Lip(Q; C®(T*;OPS™)) and G € Lip (Q; C>(T";OPS")),
with n < 1. IfV j € N we define
AdLA = A, AdSTA =[G, AdLA]
then
AdA € Lip (4 € (T OPS™M)) ¥ jeN.
The following version of Egorov Theorem holds:

Proposition A.1.3. Let A(p) € Lip (2; C(T"; OPS™)) and G € Lip (2; C=(T"; OPS")),
with n < 1 and G such that G(¢) + G(p)* € OPS°. Then V1 € [—1,1]

e Ae™™C € Lip (Y (T OPS™)) .

Proof. This version of Egorov Theorem is actually simpler than the one
stated in Theorem A.0.9 in [Tay91]. The reason is that the order of G is
strictly smaller than one and hence one has the asymptotic expansion

with Ad,A € OPS™ (=" (see Remark A.1.2). O

The following result states the preservation of symmetric hyperbolicity
property under conjugation with the flow of a symmetric hyperbolic operator

G :

Lemma A.1.4. Let n < 1, G € C>(T", OPS") with G + G* € OPS° and
A € C>®(T";OPS"). Then

(1)
AdLA + AdF . A" € OPS~ (D=0 >,

(ii) In particular,

(eGAe_G — A) + (eGAe_G — A)* € OPS°.
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Proof. PROOF OF (i).We argue by induction: if £ = 1, one has

(G, A] — [G*, A*] =[G, A] + [A",G7]
=[G, A+ AT +[A*, G+ G € OPS°.

Assume that for some k£ > 1
AdEA + (AdEA) € ops~ (=10
A direct calculation shows that
Ad’é“A + (AdZ“A)* =[G+ G, Ad’é | —1G", Ad’éA + (Ad’éA)*] )

Since by Remark A.1.2 Adk A, (Adk,A)* € OPS'*1=") and using the induc-
tion hypothesis and that G* € OPS", G + G* € OPS", one obtains that
AdET A+ (AdETTA) € OPSTRA—M,

PROOF OF (ii). V M > 0 one computes

M
Adk, A (1 —s)M+1
GAe=G _ A Z G / sG AqM+1 fp—5G
€ e — , (Mt © fhe e

By applying Remark A.1.2, choosing M large enough such that n — (1 — M)(1 — n) < 0,
one gets that

2 AdEA + (AdEA)

A0 — At (94— A) =) o +0PS°,
k=1
and thus e“Ae % — A+ (e“Ae ¢ — A)* € OPS?, by Item (i). O

Finally, the following couple of results ensures the preservation of symme-
try properties under the conjugation of a pseudo-differential operator with
the operator e™ % where 7 € T¢ and K = (K1, ..., K4) as in Definition 2.2.6.

Remark A.1.5. By Theorem A.0.9 in [Tay91], one has that if A € Lip (Q; C=(T*; OPS™)),
then ™5 Ae™ K 92 (e K Ae=K) € Lip (Q; C(T™ OPS™)) Va € N

Lemma A.1.6. Given S acting as S : u(zx) — u(—2x), a linear operator A(p)
satisfies the reversibility condition

A(p) oS =—=50A(-p)
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if and only if A(T, ) == eTEA(p)e™ ™K satisfies the reversibility condition
A(T,p)0 S =—=So A(—T, —p).
Analogously, A(p) satisfies the reversibility preserving condition
Alp) oS =50A(-yp)

if and only if A(T, ) = " K A(p)e ™K satisfies the reversibility preserving
condition
A(Ta ()0) oS§=_5o A(_Ta _(10>

Furthermore, A(p) is real if and only if A(T,p) is real.

Proof. We only prove the statement about reversibility, the one concerning
reversibility preserving property following in an analogous way. Recalling the
definition of K as in (2.2.6), it is sufficient to check that

(€7 0 8) [u] = e u(—2)]

— elT-K|: 2 ﬁkelk’-x:|

kezd

— § :6—1T-ka_k61k~m

kezd

and

(5067 fu(o)] = | 3 e ¥ine]

kezd
_ Z eiT-kakefik-x
kezd
— Z e—iT-ka_keik-x
kezd

to get that ™% 0 S = S 0 €™ namely e ¥ is reversibility preserving. Hence,
if A(p) is p-reversible, A(T, ¢) is reversible, since the composition of a re-
versibility preserving operator and a reversible one is still reversible.

Vice versa, A(7,¢) 0 S = —S o A(—7, —¢) implies

A(p) oS =A(0,p) 0§ = =S50 A0, —p) = =S o A(—p).
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Concerning reality, it is sufficient to observe that since eI™* has matrix ele-
ments
ir- K1k’ itk

] 5k,k’>

e E — €

it satisfies the reality condition

K = <[€iT.K]:£/>*7

HrK are invertible real operators; since

and the same holds for e 7" ¥_ Hence e
the composition of real operators is real, it follows that A(y) is real if and

only if A(7, p) is real. O
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Technical estimates on Mg,

B.1 Tame estimates in M

Remark B.1.1. Let P € M5, and ¥ k, k' € Z%, ¥ 1 € Z" let [P(1)]} be

the (k, k")—th matriz element with respect to the basis {e** | k € Z} of the
operator P(l) defined as in (2.3.1). The following conditions hold:

(a) P(p) is real if and only if

PO = P17
(b) P(p) is reversible if and only if

PO = ~[P(-D)
(c) P(y) is reversibility preserving if and only if

PO = P~

Lemma B.1.2. (i) Let 01,035,053 € R and let us assume that R, P are linear
operators such that

P e BYS (7, H™), R € BS(H, 1), Then RP € BYS (17, 1) with
IRPI5 s < IR0

01,03

IPle,>

02,03 01,02°

(ii) Let o1,09,03 € R, 8> 0 and assume that (V)*P, P € BIS(Ho1 H2).,
(VYPR, R € BT (H2, H%), Then (V)PRP € BHS(H ', H*) with

VY RP gy S V) Rllgso 1P, + IRIG VY Plgs,

160
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01,02

Proof. We prove the estimate (7). The estimate (i) can be proved by similar
arguments (and it is actually simpler). We have that

(KT RPIES ) = 3 ()22 (k) | Y (ke — k) RPE |

k,k!, €74 JEZ2
g o . . 1 ’172
Se Y (KRR (k=) + G- K IRLPY]
N RV jezd
Nﬂ Z 20’3 20’1 Z | | |73/€'H
k,k' ,€Zd jezd
- o1 ; K 12
+ > BPE) IR T(V)P); ]
k.k' €74 jEZY
N,B Z 20’3‘ ).7 ’2<j>720'2 Z <j>20'2‘73‘7]?/‘2<k/>720'1
k,jeZ? J,k' €7
20’ —20 -\ 20 B Ko —20
+ Y RPERIPG) D G (V)P PR
k,jezd j,k'€zd
<o (IVYPRIZS ) (IPNES,,)” + (IRIZS,) (V)P PES,,)°
]
Lemma B.1.3.
(i) Let s > so, 01,02,03 € R, P(\) € Mj ,,, R(AN) € M3, .. Then
RP(A) € M5, .
Li Li Li Li Li
IRPISE S IRIGE, IPISS, RIS, PISE, .
1) Let > s > Sg, 01,09,03 € ssume that e M3 .,
Let 3 0, R. A h VP (A ./\/lg1 o
(V)BR( ) € ./\/lf72 o5 Then (V)ﬁRP( ) € ./\/lf71 P and
KVPRPIRE, . Ses ICVRIGE | IPIRE, .+ IRIRE, | IV PIRE .
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01,02

Proof. ESTIMATE (i). By applying Lemma B.1.2-(7), one computes

(1P),.,)* < S0 | 3 1R DIEIPOIES,

=) L;an IR~ OIS PO ]

+ 30| S - IR DI PO, 2

< l%m%a e (IR-012,) " (IPE)ES,)’
- 3 - vy (IR 01E,) (IP@)ES,)

(||R||M;om) (IPlaes,,) + (1Rle,.) (1Pllaes, )

To get the required estimate in Lipschitz norm, it is sufficient to decompose
(RP) (A2) = (RP) (A1) = R(A2) (P(X2) = P(A1)) + (R(A2) = R(A1)) P(A1)

and to apply the above inequality to both the terms of the right-hand side,
taking respectively

R(A2) as R, P(A2) —P(\1) as P

and

R(A2) —R(A1) as R, P(\) as P.

ESTIMATE (7i). Arguing as before, one has

OV RP) g, ,,) = S0 (19 RPYD),)°

lezn

2
<Y (zn VR(- 1P <z>|f;i,3)
H=yAd l'ezn

<o Y -1 (9rRe - A, )

LIezn

(B.1.1)
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01,02

where in the last inequality, we have used that

<l>2s §S <l/>23 + <l _ l/>23 Ss <l/>2s<l - l/>28.
By applying Lemma B.1.2-(ii) (to estimate [[(V)? (l — )73( Y et o 03) one
obtains that

(9 RPaes, ) S 3 020~y (|

Lezn

+ 3 wEe-rE ()

Li'ezn

(VYPR(L— 1)1 03) (||7>(l’)! o1 02>2

R -0s,) (o PONs,)’
(

B
s (1) RuMgm) 1Pl )

(HRHMcr2 03) (”( >ﬁp“M01 02>2 '

Concerning the Lipschitz estimates, as in the proof of (i) we write
(V)7 (RP(X2) = RP(A1)) = (V)R(X2) (P(A2) = P(M)) + (V) (R(N2) = R(A1)) P(\1)
and we repeat the same argument with
R(A2) as R, P(A2) —P(\1) as P
and
R(A2) —R(A1) as R, P(\) as P.

O

Iterating the estimates of Lemma B.1.3, one gets for any s > sg, 0 € R,
n>1

IR™IKE, < CMIRIEE, (IRIGR, )" 1)

PRI < Cls, ) IV RINE  (IRIGE )" .

The following lemma holds:

Lemma B.1.4. Let s > sp, 0 € R, f > 0 and X(\),(V)PX(\) € M:,.
Then there exists d(s, 5) € (0,1) such that if ||XHLlp < (s, ), then ® =

I+ X is invertible and its inverse ®—! satzsﬁes the estimates
Li Li Li Li
o7 =T8S IXNRe . IKV)P(@T = DKL | <6 IKVYPXIILE

Proof. By the Neumann series one has @' —1 = Y7 -, (=1)"X", Then7
applying the estimates (B.1.2) to each term X™, the claimed statement fol-
lows. [
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B.2 Other estimates in M?

01,02
Lemma B.2.1. (i) Let 01,02 € R and A € B(H™ ", H??), n > %, then

1A, o 1Al s pms),

(it) Let 01,00 €R, B>0,n > 2. Then if A € B(HP=1,H72P), one has

(V) AIIZ, S6 1 Allsei-s-n gioats) -

01,02 N~V
Proof. PROOF OF (7). Let us consider V k' € Z¢ u*) € H?' defined by
oy [ =K
u =
0 if h # K
We have that

D (R)P AL (R 7O = | Au®) R,
k

< 1413 g

— 141,

7-[01—71,7-[02)
Hal 77]77_[02 ) )

since ||u*)||zo1—n = 1. Thus we deduce that V &’

D (P AY T < AN () Y7 (B.2.1)
k
Let now u be a generic function in H' : from (B.2.1) it follows that

(1AIES ) = 37 (k)22 | AF P ()2

k,k'€Zd

< Z <k/>2(gl_n)||A||§3(’;—[01—n77.102)<k/>_201

k'ezd

2
500 HA”B(’HCH*TI,’HGQ)'
PROOF OF (ii). Using that for any j,j’ € Z9,

(G =3 S () + () S Y2,
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one gets that

2 \2os ) 12 o\ —20,
(IAWYPANES V= ()7 = 5P| AL () 2
j.j' €74

A\ 2o 19\ —2(o — 2
Se D> DPOIIAT PG D = (A2 ,08) "

INEYA

(B.2.2)

The claimed statement follows by applying item (i) (replacing oy with o1 — /8
and oy with oy + f3). O

Lemma B.2.2. (i) Let A € C* (T“;B(’HUI_”, ?—[”2)), 01,00 €ER, >4 and
s >0. Then
<
”AHMZ;LJQ ~ ||A||Cs (T";B(’Hglin, /HUQ))'

(17) Let s > 0, 01,00 € R, >0, > %l and A € C* (Tn;B(Hal—B—n’HUQ“FB))‘
Then

VVPA|ms. . SpllA
1$v) ”M"l’@ < | HCS(T“;B(H"I57’,H02+/@)>

Proof. The claimed statement follows recalling that M7 = H* (T“; BHS(Ho, H02)> ,

by applying Lemma B.2.1 and using that for every Banach space X one has
that || * ||HS(TI1;X) S || . ||CS(T“;X). D

Lemma B.2.3. (i) Let m > 0, A € C*(T",OPS™), k> 2m+ 4. Then for
any o € R,
A e Co(TY, B(HTT™ ", H"™™)) and for any s > 0
[RYIRVE S A

o—m,oc+m "~

(17) Let m, 3 >0 and A € C*(T";OPS™"), k > 2m + 20 + g. Then for any
o €R,
Ae(C> (']I‘“; B(Hotm A=~ 7—["+m+5)) and for any s > 0

Cs (']I‘n ;B(Hd«kmfn,’]_[o'«km))

(V)7 All g

o—m,o+m

. 55 HA C‘S(T";B(H0+m+57m,7_[o-+m+ﬁ)) .

Proof. The statement (i) follows by applying Lemma B.2.2-(i) with o1 =
o—m, og=0+m, 1=kK—2m.

The statement (ii) follows by applying Lemma B.2.2-(i7) with 0y = 0 —
m, oo =0+m, n=kK—2m — 20. n
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Lemma B.2.4. Let 0 € R, k >0, P(\) € BAS(H7 , HT"), X € Qy C R,

Then Vj € Z% its matriz elements Pj satisfy

[P/ < IPIZS )™ [P]EP < I Plgod ()"

0,0+K

Proof. For any j € Z%, one has
(IPNES 0> = Y (R PE(R) 2 > ()| PII() ™ = ()"| Y.
kK €Zd

HP(Al) (>‘2)”o‘ o+K
[A1—=Aol

The Lipschitz estimate follows arguing similarly by estimating

for any )\1, Ay € Qo, A1 7é Ag.



Appendix C

Pseudo-differential calculus:
intrinsic formulation

In this section we recall some basic facts about pseudo-differential calculus,
with the aim of stressing the fact that, with the definitions given in Chapter
4, all the involved quantities are intrinsic, and that all the seminorms of
the symbols that we will consider only depend on the metric g* through
constants that are invariant with respect to the operation of restricting g* to
a subspace M of Z?. In particular, the following quantities play a relevant
role: the coercivity constant ¢ defined as in (3.1.8), namely

= inf |k|*
¢ 0;362d|| [
and 1
kezd g’

With start with remarking the following couple of immediate properties:

Lemma C.0.1. Ifp > d + 1 the quantity s, is finite and only depends on p
and on the constant c.

Proof. Recall that, as stated in Lemma 3.1.3 (in the case k = 0), Weyl’s law
holds for the Laplacian operator —A, on T¢ namely for all R > 0 one has

t{k ez | |k||2- <R*} Sca R. (C.0.2)
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Thus

s, = (B <1+ > kP <1+) . > .

kezd keza\{0} n=1  keczd
Lkl J=n

By (C.0.2), one has s, Sc.q Z n?~P  which is a finite quantity, since p > d + 1.
neN

]

Notice that the quantity s, defined as in (C.0.1) is finite also in the case
d < p < d+ 1, however here we restrict to p > d+ 1 in order to easily ensure
(by Weyl’s estimate (C.0.2)) that the dependence on the metric g is only
controlled by c.

Remark C.0.2. Let M C Z% a module of Z¢ of dimension s and consider
the metric g%, induced by g* on M . Then, if 1 : 7Z° =2 M — Z¢ denotes the
standard inclusion map, one has

inf kfZ. > inf |k
kezs\{0} M keZs\{0}

2> inf |IK)A =c.
& T wezd\{o} H Hg

C.1 An equivalent definition of symbols

The following Lemma gives a characterization of a symbol which is useful for
future estimates:

Lemma C.1.1. Let m € R and § > 0 and let a(x,§) = 3,y i (€)e e |
Then one has that a € S™° if and only if for all Ny, Ny >0
mfz%a)

sup sup sup A ()R (€ + )

=: C} (a) < 400
- VN Ny ’
N1<N1, Na<N, k€Zd R

(C.1.1)
where for any & € RY and k € Z4
d2ak (&)l = sup  |dan(&o) (17, 1) (C.1.2)
o], =
=1, N
In particular, if ¢ is defined as in (3.1.8) we have that VN1, Ny € N
C]/V1,N2(a) SJc:Nl — Sup~ C]Vl,]VQ (a’)7
N1<Ni, N2<N2 (C 1 3)
SuR CﬁLﬁQ (a) gc ]/V1+d+2,N2 (a’) °

N1<Ni, N2<N
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The following technical results are useful for the proof of Lemma C.1.1,
as well as for proving the subsequent results of the present chapter.

Remark C.1.2. Let a € R*. For all £, k € R? there exists a positive
constant K depending only on a such that

(E+k)g <K ((©)g +IEllg) - (C.1.4)

Lemma C.1.3. Let m € R. There exists a constant K' depending only on
m and ¢ such that V¢ € RY, Vk € Z4\{0}, and Ve € R with |¢| <1,

mleym.

Proof. If m = 0 the claim is immediate. If m > 0, by Remark C.1.2 one
deduces the existence of a K > 0 (depending on m) such that

€+ g < K (g + IIElg) -

Then it is sufficient to observe that if a, b are two positive numbers such that
a,b>1,then a+ b < 2ab, to deduce that

(€ +eh)p < K[k

(E+ep <K(1+ V) ((@gﬁ + Hﬁ?g”)
2m (1+/C")
T<€>g*
Let instead m < 0. By Remark C.1.2, there exists a constant K such that
<§>g* (€ + €k)g- I g*
(€ + €k) g =K (<5 + €k)gr - €+ 6k>g*)
< K (14 ||k|lg) -

m
g*.

<K k

Since ||k

g > /¢, we obtain

<€>g* 1
<k (% N 1) Ik

Thus, in the case m < 0, the estimate follows with K’ = (K (L + 1>)7m .

g* -

Remark C.1.4. For all k € Z%\{0} it is immediate to see that

1k

2
g*

1
2 < (k)L < Qmax{?l} |k

with ¢ defined as in (3.1.8).
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We now prove Lemma C.1.1. Although it is a very standard result, here
we include its proof, in order to stress that all calculations are intrinsic and
that the only involved quantity depending on the metric is the constant c.

Proof of Lemma C.1.1. Let a € S™° | fix coordinates {ei, ..., e} on T¢ and
let {e!,... €%} be its dual basis. We observe that for any smooth function
f(x) : T — C and for any k € Z one has

sup | f(z)| = ) (2)e™"" dpug()

1
zeTd g(T%)

in order to deduce that, for any N; and N, in N, for any normalized vectors
R RN @ IN2) Cand for any € € R? and k € Z¢

sup |dN1dN2 (JJ f) [h(l h(Nl)7 l(l)’ o l(Nz)} ‘

xE€Td

/T ) dYrdia(z, &) (R, pN 1N ek gy (2)

- p1g(T?)

Thus, in coordinates, an N;—times integration by parts yields that for any
¢ and k

sup |dN1dN2 (x 5) [h(l) ) h(Nl)’ l(l)’ . l(Nz)”

z€Td

1
>
— pg(TY)

where (here and in the following) the symbol of summation over the repeated

)

N —ik-z (1) Na (1) (N1)
/ﬂ‘d agjf“'ng a(z, &)k, - le€ ljl o ljz\?z hil T hiNll d,ug(x)

indexes ji,...,jn, and 4y,..., 4y, is omitted. Recalling that for all k € Z4

ﬁ /Jl‘d a(x,&)e F dpg(),

one obtains that for all £ € R? and k € Z¢

&k(f) =

sup |dN1dN2 (z,€) [h(l) AN l(N2)} ‘

zeTd

Q (1) (N2) 7 (1) (N1)
>’ g31 53N2ak<€)/{iilH'kiNz lj1 sy by !

Ny Ui ing

Choose then A = - . B = b with h = h HBH: and f defined by h; = Y0 gk; Vj
a direct computation shows

[ T --th

INy 1

2N
= [kl
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thus for any k € Z< it follows

| d>a(z, )| > sup (002 an(€) 1) - 12| 1K

1€y

= IIdéVQGk( kI
Then we have
Oy (@) = sup (€ + k)" N d>a(x, €) |

£eRd

> sup (€ + r) "0 d 2 an (€)| |k
£€Rd

Thus is sufficient to apply Remark C.1.4 to deduce the existence of a constant
K = K(¢, Ny) > 0 such that Vk # 0

Civy (@) 2 K, Nl)ésu]@ (€ +r) g df=an () (k)"
> K(e, Nl)ésu]@ (€ + m)g " |dgRan(6) ) (k) g

Replacing N; with ]Vl and Ny with Ng and taking the supremum on all
N1 S N1 and N2 S NQ, this 1mphes

Cny v, (@) Sy e _ sup Cﬁl ]%( a),
N1<Ni, N2<N»

namely the first estimate in (C.1.3).
On the contrary, suppose that (C.1.1) is satisfied. For any N; and N, € N
and any choice of normalized vectors AV ... RN (M) 1(V2) ope has

diVldéVm(x, €) [h(l), o h(Nl)’ l(l)7 o ,l(NQ)}
= YV d (a(§et) [hD, .. RO, at]

kezd

In coordinates, and again omitting summation symbol over repeated indexes,
we have

A daler€) (B, KO z<1>, 1]
'N ik-xg (1) (N1);(1) (N2)
Z gjl 5JN 1 1ki1...kiN1@ hl_l "'hizvll ljl S W)

JNgy
kezd
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Thus, recalling that for any [ =1,..., NV,

d
Z kiz hgll)

< ([0, Il < (kg

i=1
since the vectors R |l =1,..., Ny, are normalized, one gets
ld3 d*a(z, )] < sup > |da(€) 1M, . 1D (k)
o0 =1, = iz

i=1,..Na, j=1,... N1

1

m—4dN-

< Oy vdran, (@) (€ + Kge Z (k)a+?
kezd \V/8"

Recalling the definition of §4,5 as in (C.0.1), one has that V(z, &)

Hdi\[l dé\ba(l’, ) < OJ/V1+d+2,N2 (a)(€ + ’f>21_N265d+2 :

Then the thesis follows recalling that, by Lemma C.0.1, 54,0 only depends
on d and on ¢. O]

C.2 A few basic properties about quantiza-
tion

Recall that, given a symbol a € S™ as in Definition 3.2.1, its Weyl quanti-
zation has been defined as the operator

I 13 ~ k ~ i X
Op" (a) : u(x) = Z Gige’s" — Z Z ar (§ + 5) Qe TRy € LA(TY 1) -

¢ezd €74 kezd

Of course other quantizations are possible: for instance, given a € S™°, one
can define its classical quantization as

Op® (a) : u(z) = Z Ue€S® —s Z a(z, &)iee*™ . (C.2.1)

¢ezd gezd

(This is the same quantization we have used in Chapter 2, although in a
slightly different context). Then the following result holds (see Theorem
I1-27 of [Rob87]):
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Lemma C.2.1. Let a € S™°. Then the symbol b defined by

~ k ik-x
bz, ) = i (§+§> el
keZd

is such that b € S™°, Op" (a) = Op™(b), and the following asymptotic
expansion holds:

1 (67

b Y e 0Ea. (C.2.2)
aeNd

Remark C.2.2. In particular, the asymptotic expansion (C.2.2) of Lemma
C.2.1 implies that there exist symbols b e S™ and bg € S~ such that
b=b+bg, and supp(g) = supp(a) . Moreover, the family of seminorms of the
symbols b and bs only depend on the family of seminorms of a.

Calderon-Vaillancourt Theorem is well known to hold for a pseudo-differential
operator A € OPS™° defined as in (3.2.4). In particular, one has the fol-
lowing;:

Lemma C.2.3 (Calderon Vaillancourt). Let A € OPS™°. Then A is a
bounded linear operator from H? to H°™™ for any o € R. In particular, for

any o there exists N, depending only on the parameters m,o,d,c, such that

1Al 8z smro=m) Soune Chvola)-

Proof. The proof is standard; we only repeat it to underline that the depen-
dence on the metric is only through the constant ¢. Let w € H°™™; then,
since by Lemma C.1.3 for any h € Z%\{0} one has

(€ + 102 o ID27T (€ + 1 — h)22 |

it follows
2
h
four = i+ (X o (6 ) e
&ezd heza
2
S Y (Z<€+ K — h)g.(hyg | (5 - —) |ﬁf—h|)

£€z4 \heZd

Let 5410 = Zhezd<h>;*(d+2) as in (C.0.1) and recall that, by Lemma C.0.1,
it is a finite quantity and it only depends on ¢. By Holder inequality, if
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_ d+2

o9 = %5, one has

2
ign[* () gt 7+

lop" (@)ul]} Seo D D (€ +r— R

i (5—%)

g
¢e7d hezd
h 2
o 2(|o|+o ~
— Z<§ + “>§* G |? Z<h>gg +o0) &, <§ + 5)
¢ezd hezd

By Lemma C.1.1, for any N € N we have

09" (@)l S Chrala)® 3 (€4 m3T i S (1

¢ezd hezd

h 2m
—2N

g

and, again by Lemma C.1.3,

HOPW (a)UHi Sg’gm C’}V,O(a)g Z <£ + KJ>Z€ 7:(/£|2 Z <h>2£|0|+00+|m|)”h

¢ezd hezd

—2N 2m
(S

Thus, choosing N = [204 + |o| + |m|] and summing over h € Z¢, we obtain
2 2 2(c+m)| ~
00" (@)ull; Soem Chvgla)* D46+ m)g™ ™ agl*.
¢ezd
O
As every cotangent bundle, 7*T¢ carries a natural symplectic structure.

Denote by J the corresponding Poisson tensor, given two symbols a and b,
their Poisson brackets is defined by

{a,b} =da(X,), X,=Jdb. (C.2.3)

The following standard results hold about the Poisson brackets of two sym-
bols, and about their Moyal brackets and the symbol of their composition
operator:

Lemma C.2.4. Let a € S™ and b € S™°; then {a,b} € S™™ =% In
particular, for all Ni, Ny € N there exists a positive constant K = Ky, n,
depending only on Ny and Ny such that

Crnyvy ({a,0}) < Ky 8y Ony 41,8541 (@) Oy 1, vp41(D)

Lemma C.2.5. Let A = Op" (a) € OPS™9 and B = Op" (b) € OPS™ 9,
then
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1. AB € OPS™™9 with AB = Op" (afh),

(afb) ( Z er(&)e™ T (€)= Z Ak—n <§ + g) (f + %

kezd hezd
(C.2.4)
In particular, for any Ny, Ny € N, there exists N{ > Ny such that one
has
Oy vy (8) S o Chvgoey (@)l oy (B) (C.2.5)

2. Let A = Op" (a) € OPS™ and B = Op" (b) € OPS™°. Then
[A, B] € OPS ™™ =03 " with

%[A, Bl = Op({a,bbrt),  {a,bbai = {a, b} + S™H™ 33 (C.2.6)
In particular, for all Ny and Ny € N there exist N > Ny such that
Oy, ({003 0) Smon Mo, Oy vy 11 ()Cg 1 (B) - (C.2.7)
3. If a is a quadratic polynomial in &, independent of x, then

{a,b}p = {a,b}. (C.2.8)

Proof. The above results are standard, and again we only prove them to
stress that the only dependence on the metric g is given by ¢. Actually we
only prove Item 1, since proof of Item 2 following in analogous way and Item
3 follows from a direct calculation.

The explicit expression (C.2.4) of afb follows by a direct computation. To
prove afib € S™t™% observe that, due to Lemma C.1.1 and Lemma C.1.3,
for any k,h € Z¢ and for any Ny, N, € N

) h / i m—Nzd -
Hdé\bak_h (§+§)H < CNl,NQ(a) <€+/€+§> <k—h>g*Nl

g*

Sm,NQ,(S,c,]\h Cg\/l,Ng (CL) <§ + H)Z*L‘_NQ& <h - k>g_*N1 )
(C.2.9)
and analogously
No7. h—k / m—N2d —N;
d bh 5 + T Sm/,N2,5,C,N1 CNl,Ng <b> <§ + /i>g* <h>g*

(C.2.10)

).
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Thus we have that, for any N; and N, € N,

) - A h—k
0= T exda ()b (e 1)

heZ? 0<N2 <N
for suitable constants {cj};\]jo. By (C.2.9) and (C.2.10), if
N{ = Ny +d+ 2+ [max{|m|, |m/|} + N2 ],

one has

’ ! m—Ng —Nj m—No6
||dévck ||NmN25Z Z C : N/N ORI N5<h>g*N+‘ Nad|

h€Z? Ny< Ny

(€ + H> —(N2—N2)s (h — k,>\m'*(N27ﬁ2)5\*N{
g )

which gives

||déVZCk< )H ~m,N2,8 C]/V{,Ng(a) NN ( )<§+K>m+m —Nsé

Z (h . k)g*N +|m/|+N26<h>—*N{+\m\+N25 '

g
hezd
Observing that, by definition of Ny, one has

e T A

g ~
we deduce
R 5
e ek ()] Sy, Nam..e Civg vy (@) Cg vy () (€ + m) N () Mgy
5
§N17N2,m,5,c ]/V{,Ng(a) ]/V{,Ng(b) <£+K’>m+m e <k>g*N17

which, again by Lemma C.1.1, entails afb € S | together with (C.2.5).
0

Concerning Egorov type Theorems, we finally remark that the following
result holds:

Lemma C.2.6 (Egorov Theorem). Let n < 1, 6 > 0, m € R, G =
Op" (g) € OPS™ a self-adjoint operator and A := Op" (a) € OPS™?.
Then the following holds.



Appendix C. Pseudo-differential calculus: intrinsic formulation

1. For any 7 € [-1,1] €79 € B(H®), Vs € R and €% is a unitary
operator on L*(T9). Furthermore, H := ¢“Ae™¢ € OPS™° and its
symbol h(x, &) admits an asymptotic expansion of the form

k-1
h=a+) ad(a)+a, aeS™H007 ykeN,
j=1
. i
adg(a) =1{g,a}m, adgkﬂ(a) i {g, adgk(a)}M Vk e N.
(C.2.11)

2. If n <0, é7¢ € OPS%® and its symbol o satisfies for all N1, Ny € N

KC (9)
/ N!,N:
CNl,NQ (0-) §N17N2767C e e

(C.2.12)

where again the positive constant K and the integer Ni only depend
on Ny, Na,0,¢c. Moreover, the family of seminorms of the symbol a in
(C.2.11) only depends on the family of seminorms of a and g.

Proof. The proof of Item 1 is standard; in the general case n < 1 the claim
follows for instance from Theorem 1.2 of [MR17]. Equation (C.2.11) follows
from a Taylor expansion of order k (see for instance the proof of Lemma
A.1.4, where analogous calculations are made in the case of the standard
torus).

In the case n < 0, with analogous calculations to the ones exhibited to prove
Lemma C.2.5, one obtains that, defining g0 = ¢ and ¢, = gfig,_-1 Vn > 0,

i"g,(x, .
the series Z M converges to a symbol o € S% whose seminorms
n!
n>0
{CN, .3, (0) } Nien vpen satisfy estimate (C.2.12). This proves Item 2. O

Remark C.2.7. A direct computation shows that, if a € S™9 is even in & and
g € 8™ is odd in &, then (afg)(x, —&) = —(ga)(z, —&), which in particular
entails that {a, g} pm is odd in & . Analogously, if a is an even symbol in & and
g is odd, then all the symbols adg(a) defined in (C.2.11) are even symbols.
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Technical lemmas

We first recall Lemma 5.7 of [Gio03].
Lemma D.0.1 (Lemma 5.7 of [Gio03]). Lets € {1,... ,d} andlet {uy,...us}

be linearly independent vectors in R equipped with the euclidean metric |- |.
Denote by Vol{uy |-+ |us} the s— dimensional volume of the parallelepiped
with sides uy ... ,us. Let moreover w € span{uy ,...us} be any vector. If
there exists positive constants o, N such that

‘UJ‘SN ijl,...S,
w-u;| <a Vj=1,...5,

then
| | < sN* 1o
w .
= Vol{uy |-+ |us}

We remark that, since all the quantities involved in the statement are

coordinate independent, Lemma 5.4.1 immediately follows from it.

Lemma D.0.2. Let {ey,...,eq} be the vectors of the standard basis in RY.
There exists a positive constant &, depending only on

= max e (D.0.1)
and

o= [ duelo) = e (7) (D.02)
such that for any s € {1,...,d} and for any set {uy,...us} of linearly

independent vectors in 74

Volg{uq |-+ Jus} > €.
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Proof. We observe that, if {e;,...,eq} is the canonical basis of Z?, there
exists a subset {ul,,...u,} C {eq,...,eq} such that
{wr, o us ul g, .y}

is a set of linearly independent vectors in Z¢. Hence one has that, if M is
the linear subspace generated by {uq, ..., us},

Volg{ua| . . fuslugy |- - fugh < lugp [l - lugll Volg{ual ... Jus}
< (c2)?Volg ({un] . . . |us}) ,

by the definition of ¢; as in (D.0.1). In particular, one has that
Volg ({w1] ... Jus}) > (c2) ™ Volg{uy| ... |ugul ] ... |uj}. (D.0.3)

Write

nj,kek )

I
M=

d
u]: E nj,kek,
k=1

and if Vk = 1,...,d ¢ is the vector of the components of e, with respect to

k=1

an orthonormal basis for the inner product (-;-) g » then

d
Vol, ({u1| . |u5|u;+1| . |ud} = Vol, ({an Kk - | an7k€k})
k=1
d
= Vol ({Z nljkék| ce | an,kék}>
k=1 k=1

> Vol (é1] -+ - |€q)
= Vol (e1] -+ leq) = 1.

Thus (D.0.3) implies that
Volg{uy |-+ | us} > (c2) %0 =: €.
[l

Remark D.0.3. Let a > 0. By studying the function (14 22)%/? it is easy to
see that there exists a constant K s.t. Y&, € R one has

€+m* < K"+ () - (D.0.4)
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Furthermore, since, for any C' > 0

sup<ﬂ> <00,
y>C Y
one also has IK' = K'(a,C) s.t.
E+m* <K' +nl*) . v :lnll = C . (D.0.5)

Remark D.0.4. If || — n|| < F(£)?, with a < 1, one has

(&) < K1+ F){n) .
A further useful lemma is the following one

Lemma D.0.5. Let N > 1, a <1, K > 27% be positive real numbers, Then
z—Ka"<N =z < (2K)TaN . (D.0.6)

Proof. 1f Kx® < 7, which is equivalent to

x> (2K)Te (D.0.7)
then the assumed inequalities implies

%xﬁx—KxagN = r < 2N,

but, by assumption, the r.h.s is smaller than (2K )ﬁ, and therefore the
thesis holds in this case. On the contrary, the converse of (D.0.7), implies

x < (2K)™ < (2K)Ta N |
which again implies the thesis. O

Lemma D.0.6. Let 1 >a >¢ >0 and 1 > > 0 be parameters. Let s, n,
k, £ be vectors. Assume that there exist constants C, F, D, Dy s.t.

(s + Ky h)| < Cls+E)Y|h| 7T, (D.0.8)
[kl < D{c+ k), Al < Dols +k)* (D.0.9)
[n—<ll < Fm*, |4l < Dn+0)°; (D.0.10)

then there exists K' and D' (which depends on the above constants), s.t.

(c+k)y<D'{n+1), (D.0.11)
[(n +€,h)| < K'(n 4 ymaxtarembp = (D.0.12)
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Proof. Start by writing

c+k=n+l+v (D.0.13)
vi=k—l+¢—n; (D.0.14)

then we estimate v (with 7+ ¢). One has

[oll < D¢+ k) + D{n+ )+ F(n)*
=Dn+Ll+v)+Dn+0)+F(n+{—10)°
< DK ((n+ 0+ (0))+Dn+0)°+ FK ((n+0)*+ (0)*)
<SDK+1D)n+0+FKn+0"+FK(1+4+ D){(n+ )"+ DK(v)".

Using a > € and a > ae, (and exploiting (z) < 1+ x, which holds for all
positive x) we get

(V) <MDK +1)+FK+FKQ+D)+1)(n+0)°
+DK (v)° .

Applying Lemma D.0.5 with N equal to the first line, we get that there exists
a constant K" (explicitely computable), s.t.

() < K"(n+0)° . (D.0.15)

Exploiting this and using again (D.0.13), we immediately get (D.0.11). We
are now ready for the final estimate:

(7 +6R)] < [(s + k, B)[+ [0, W)[B]T([R]TT
< Cl+ RN+ K"(n + 0 Dols + k) °Dgls + k)T |[A] 77
< DY+ O RlI™T + K" (n + 0 DFFH (D) D (i + O[] 77

from which the thesis immediately follows. O]
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