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NNLO QCD×EW corrections to on-shell Z production
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We present the first analytical results for the O(ααs) corrections to the total cross section for
the inclusive production of an on-shell Z boson at hadron colliders. We include the complete set
of contributions, with photonic and massive weak gauge boson effects, which have been computed
in analytical form and expressed in terms of polylogarithmic and elliptic integrals. We present
numerical results, relevant for the precision studies at the LHC. These corrections increase the
accuracy of the predictions and contribute to the reduction of the QCD component of the theoretical
uncertainty.

The production in hadronic collisions of a pair of lep-
tons, each with large transverse momentum, is known
as Drell-Yan (DY) process and it plays a fundamental
role for our understanding of Quantum Chromodynam-
ics (QCD) as the theory of the strong interactions. The
lepton pair acts as a probe of the initial-state proton
structure: it allows for the measurement of the pro-
ton collinear parton density functions (PDFs) and for
the study of the QCD dynamics from the analysis of
the lepton-pair transverse momentum distribution. The
kinematical distributions of the final-state leptons allow
for precision tests of the electroweak (EW) Standard
Model (SM), with the determination of the weak mixing
angle and of the masses mW,Z and decay widths ΓW,Z of
the W and Z bosons.

The production of an on-shell Z boson represents a spe-
cial kinematical configuration of the full neutral-current
DY process. This process is described in lowest order
by quark-antiquark annihilation into a Z boson via EW
interaction. The evaluation of the next-to-leading order
(NLO) [1], next-to-next-to-leading order (NNLO) [2, 3],
and next-to-next-to-next-to-leading order (N3LO) [4, 5]
QCD corrections to the production of an on-shell gauge
boson, supplemented by the resummation of the loga-
rithmically enhanced terms due to soft gluon emission
[6–12], allows for the accurate estimate of the total cross
section, the reduction of the impact of QCD uncertainty
and the precise assessment of its actual size. The best
available result for the inclusive production of a virtual
photon includes up to N3LO QCD corrections [13]. It
shows a dependence on the QCD renormalization (µR)
and factorization (µF ) scale choices at the sub-percent
level for virtualities Q > 70 GeV and at the percent level
for smaller Q values, with a stronger sensitivity to the
choice of the factorization scale.

In this high-precision QCD framework, the inclu-
sion of EW effects becomes mandatory. The NLO-
EW corrections to the DY process have been computed
in [14–18] and are comparable in size to the NNLO-

QCD effects. The theoretical uncertainty associated with
missing higher-order EW corrections is formally at the
NNLO-EW level and it is significantly reduced compared
to the leading order (LO) case. Using different input pa-
rameters as a mean to estimate the size of missing higher-
order EW effects, one finds that the LO variation is at
the O(3.5%) level, whereas the NLO-EW one is reduced
down to the O(0.5%) level. The higher-order QCD pre-
dictions are only LO accurate from the point of view of
the EW interaction, thus they suffer from the uncertainty
associated with different choices of input parameters. If
we consider the NNLO-QCD prediction, supplemented
with the NLO-EW one, we find a scheme uncertainty at
the O(0.88%) level. This value is significant for any pre-
cision test and comparable to the residual QCD uncer-
tainty. On the other hand, a specular discussion applies
to the NLO-EW corrections, which are only LO from the
point of view of the strong interaction. They suffer from
large uncertainties under variations of the factorization
scale. The canonical µF variation by a factor 2 about its
central value yields a change of the LO cross section by
±18% and, in turn, a change of the NLO-EW correction
at the O(0.5%) level. In order to increase the control on
the theoretical error, it is therefore mandatory to include
in the analysis the mixed QCD-EW corrections, since
they stabilize both the dependence on the QCD scales
of the higher-order EW corrections and the dependence
on the EW input parameters of the higher-order QCD
corrections.

The mixed corrections to the DY process in the reso-
nance region have been studied in the so-called pole ap-
proximation in Refs.[19, 20], where QCD and EW effects
are factorized between production and decay of the vector
boson. As far as the production of an on-shell Z boson
is concerned, the exact QCD-QED corrections have been
considered in Refs.[21–23], while in [24] we have com-
puted the EW effects in the qq̄ initiated channels. The
complete set of QCD×EW effects have been presented
in Ref.[25] at the fully differential level, using a combi-
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nation of analytical and numerical techniques. As for
the off-shell neutral-current DY, the QCD×QED correc-
tions to the production of a pair of neutrinos have been
discussed in Ref.[26].

In this letter we present the totally inclusive cross sec-
tion for a single on-shell Z boson production in hadron-
hadron collisions, including the O(ααs) mixed QCD-EW
corrections stemming from all the relevant partonic chan-
nels. The inclusion of the O(ααs) corrections increases
the accuracy of the prediction and it reduces the impact
of the residual theoretical uncertainties. The results have
been fully computed in analytical form and expressed
in terms of polylogarithms and elliptic integrals, requir-
ing the evaluation of new two-loop Master Integrals (MI)
that were not available in the literature.

THEORETICAL FRAMEWORK

At hadron colliders, the inclusive production cross sec-
tion σtot of an on-shell Z boson (pp→ Z+X) is written,
based on the factorization theorem, as

σtot(τ) =
∑

i,j∈q,q̄,g,γ

∫
dx1dx2fi(x1)fj(x2)σij(z) , (1)

where the sum runs over all possible initial state partons,

namely quarks, gluons and photons. The ratios τ =
m2
Z

S

and z =
m2
Z

ŝ compare the Z boson mass, mZ , with S
and ŝ, the hadronic and partonic center of mass energy
squared, respectively. The variables S and ŝ are related
by ŝ = x1x2S through the Bjorken momentum fractions
x1, x2. The hadron-level result is obtained via the con-
volution of the cross section σij of the partonic process
ij → Z+X with the physical parton densities fi(x). The
cross sections are inclusive over the additional partons ra-
diated present in the final state and collectively indicated
as X. However, we do not include the processes with
the emission of one extra massive on-shell gauge boson,
as their measurement depends on the details of the ex-
perimental event selection. The process that contributes
at the lowest perturbative order (Born approximation)
is quark-antiquark annihilation, while additional chan-
nels open in higher perturbative orders. We include all
the corrections of O(ααs) relative to the Born process.
Each partonic cross section admits a double expansion
in the electromagnetic and strong coupling constants, α
and αs, respectively. At NNLO-QCD×EW we need to
consider two-loop virtual corrections to the qq̄ → Z pro-
cess (dubbed double-virtual), single virtual corrections
to the processes with one additional parton in the final
state (dubbed real-virtual), and the O(ααs) part [88] of
the tree-level cross section of the processes with two ad-
ditional real partons in the final state (dubbed double-
real). The charged-current weak interaction couples up-
and down-type fermions, so that it is natural to observe

a change of flavour in the internal lines when a W bo-
son is exchanged, but also down type quarks in the final
state of a process initiated by up-type quarks (and vicev-
ersa). Their impact eventually depends on the values of
the Z coupling to the different flavours, in such a way
that their complete evaluation requires the inclusion of
one complete quark doublet in the hadron-level cross sec-
tion. In the present study we consider a diagonal CKM
matrix and our predictions are given in the four-flavor
scheme, with the first two fermionic families.

The prediction of the hadron-level cross section re-
quires to express the bare couplings and masses in terms
of physical parameters via renormalization. The choice
of the background field gauge (BFG) [27] allows to re-
store the validity of U(1)em-like Ward identities between
the vertex corrections and the external quark wave func-
tion corrections in the full EW model. We explicitly
verify these Ward identities at O(ααs) . If we choose
to express (g, g′, v), the SU(2)L and U(1)Y couplings
and the Higgs field vacuum expectation value, in terms
of (Gµ,mW ,mZ) (dubbed Gµ-scheme), where Gµ is the
Fermi constant, then the weak charge renormalization is
achieved by the replacement

g0

c0
Z

1/2
ZZ →

√
4
√

2GµmZ
2

(
1− 1

2
∆r +

1

2
δgZ

)
. (2)

We denote with a 0 subscript all the bare quantities.
We abbreviate with c = mW /mZ the cosinus of the
weak mixing angle (s2 = 1 − c2), and we define δgZ ≡
δZZZ + δe2/e2 + (s2 − c2)/(c2)(δs2/s2) where ZZZ =
1 + δZZZ is the ZZ wave function renormalization con-
stant, ∆r is a finite correction [28] expressing the rela-
tion between the Fermi constant and the muon decay
amplitude, δs2 = c2

(
δmZ

2/mZ
2 − δmW

2/mW
2
)
, and

δe = e0 − e, δm2
W,Z = m2

W,Z 0 − m2
W,Z are the elec-

tric charge and gauge boson mass counterterms. The
δgZ factor is, in the BFG, an UV finite correction. The
∆r parameter and the counterterms can be evaluated
in perturbation theory and we keep terms of O(α) and
O(ααs) [29, 30]. For consistency, they have to be ex-
pressed in terms of (Gµ,mW ,mZ). In addition to the
redefinition of the overall weak coupling, a second renor-
malization correction modifies the vector coupling vq of

the Z boson to the quarks: vq = T
(q)
3 − 2Qqs

2 →
T

(q)
3 −2Qq(s

2 +δs2 +(c s/2) δZAZ), with δZAZ the renor-
malization constant of the γ−Z mixing. In the BFG also
this shift of vq is UV finite. If we instead choose to re-
late (g, g′, v) to the (α,mW ,mZ) set of inputs (dubbed
α(0)-scheme), the replacement of the overall coupling is

g0/c0 Z
1/2
ZZ →

√
4πα/(sc)

(
1 + 1

2δgZ
)
, while the redefini-

tion of the vector coupling remains the same as in the
other scheme. The α(0)-scheme choice is historically
[28, 31] one of the simplest EW renormalization input
schemes[89], but the low scale at which the fine struc-
ture constant is measured yields in turn the appearance
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of large logarithmic corrections in the perturbative ex-
pansion. The results depend on the value of the light-
quark masses or, alternatively, on an experimental in-
put ∆αhad(mZ) [32–35] needed to evaluate the hadronic
contribution to the running of the electromagnetic cou-
pling at low scales. The Gµ-scheme is the most com-
monly adopted at hadron colliders, because it reabsorbs
in its definition large logarithmic corrections and does
not depend on the value of the light quark masses. We
take both as two extreme input possibilities and we use
the difference between the corresponding predictions as
a conservative estimate of the size of the missing EW
higher order effects. We remark that the size of the NLO-
EW correction in the Gµ scheme is smaller than in the
α(0) case because of an accidental partial cancellation
between δgZ and ∆r. This fact is welcome in view of the
phenomenological studies, but it should be taken with
care when estimating the size of the residual theoretical
uncertainties.

The hadron-level cross section requires to reabsorb the
initial state singularities in the definition of the physical
proton PDFs. Starting from NLO-EW, we need to sub-
tract also the QED initial state collinear singularities, to
reabsorb them in the proton PDFs and to evolve the lat-
ter with DGLAP equations that include a QED kernel.
The presence of a photon density in the proton yields new
partonic scattering processes. The hadron-level cross sec-
tion is thus given by an extended set of processes, with
respect to those appearing in the QCD higher-order cor-
rections. The subtraction kernels at O(ααs) are based on
the splitting functions computed in Ref.[36], and allow to
cancel from the partonic cross sections all the initial-state
collinear singularities. Two recent sets of proton PDFs
accounting for NLO-EW corrections in the analysis and
evolved with a DGLAP QED kernel have been discussed
in Refs.[37, 38]. These parameterisations have been ob-
tained, starting from the same data set, with two distinct
modeling hypotheses, QCD only or full QCD-QED inter-
action, and allow a meaningful comparison of the corre-
sponding results. We remark in fact that we have only
two consistent options to compute the best prediction
for the total cross section: i) including only QCD radia-
tive corrections and using PDFs evolved with only-QCD
DGLAP kernels; ii) including QCD and EW corrections
convoluted with QCD-QED PDFs. Given the impact of
the EW corrections, we consider the second option the
only alternative to compute the best prediction for this
cross section.

COMPUTATIONAL DETAILS

In this letter, we extend the studies presented in
Refs.[24, 39], completing the analytical evaluation of all
the O(ααs) contributions to the inclusive cross section
for on-shell Z boson production. These entail two-loop

integrals in the double-virtual corrections, one-loop inte-
grals integrated over a two-body phase-space in the real-
virtual case, and three-body phase-space integrals for the
double-real one. In the last two cases we use the reverse
unitarity method [40, 41] in order to treat phase-space in-
tegrals on the same footing as loop integrals. This makes
it possible to exploit the techniques developed for the
computation of multiloop integrals, namely integration-
by-parts identities [42–44] for integral reduction, through
public computer programs [45–49], and the method of
differential equations [50–56] to compute the MIs.

The massless MIs are the same as presented in Ref.[40].
The relevant two-loop MIs with one external Z boson
and internal massive lines were studied in Refs.[57–64].
We performed an independent calculation of these con-
tributions, finding complete agreement with the litera-
ture. The corresponding results for the real-virtual and
the double-real cases were not available in the literature.
From the technical stand point these constitute the most
involved part of the calculation. In particular, the an-
alytic computation of the integrals in special kinematic
limits which serve as boundary conditions to the system
of differential equations.

The two-loop contributions are proportional to δ(1−z),
and the relevant constants have been computed from the
on-shell limit of the MIs. The real-virtual and double-
real contributions are expressed in terms of δ(1−z), plus
distributions and generalised polylogarithms (GPLs) [65–
67] or cyclotomic Harmonic Polylogarithms [68]. This al-
lows the use of publicly available computer programs [69–
74] for the manipulation and efficient numerical evalua-
tion of our final results. However, we point out that a
set of three MIs arises in the double-real corrections, the
solutions of which are given in terms of elliptic functions.
We solved the corresponding differential equations as a
series expansions around z = 0, z = 1 and intermediate
values allowing for a reliable numerical evaluation[90].

The calculation of the MIs that depend on two dif-
ferent masses (mZ and mW ) is done performing an ex-
pansion of the integrand in powers of the ratio δm2 =
(m2

Z − m2
W )/m2

Z . The coefficients of such expansion
can be expressed, therefore, as a combination of the
equal-mass MIs. While for the double-virtual corrections
the expansion in δm2 is not strictly necessary, since the
knowledge of the MIs for off-shell Z boson allow for an
exact calculation with mW 6= mZ , the reduction of one
mass scale in the computation of the real emission pro-
cesses reduces effectively the complication of the calcu-
lation. The results, presented in this letter, are obtained
using the expansion up to second order in δm2 , wherever
needed. We stress that the couplings of the Z boson to
fermions are expressed in terms of the physical value of
the weak mixing angle sin2 θW = 1−m2

W /m
2
Z .
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RESULTS

In this section we present the numerical results for
the inclusive total cross section for the production of
an on-shell Z boson in proton-proton collisions at the
LHC. They are computed using the following values of
the input parameters:

√
S = 13 TeV, mH = 125.0 GeV,

mW = 80.358 GeV, mZ = 91.153 GeV, mt = 173.2 GeV,
α−1 = 137.035999074, Gµ = 1.1663781 10−5 GeV−2 and
∆αhad(mZ) = 0.027572 as determined in Ref.[32], where
mt and mH are the top quark and Higgs boson masses.
To present the results, we arrange σtot as follows:

σtot = σLO + σ10 + σ01 + σ11 + σ20 (3)

where σij indicates the sole contribution from the relative
perturbative orderO(αisα

j) with respect to the Born. We
define the combinations

B1 = σLO + σ10 + σ20 , (4)

B2 = σLO + σ10 + σ01 + σ20 , (5)

B3 = σLO + σ10 + σ01 + σ11 + σ20 (6)

Bγ3 = σLO + σ10 + σ01 + σγ11 + σ20 (7)

to study the effect of individual contributions. We
note that σγ11 denotes the mixed NNLO-QCD×QED
corrections whereas σ11 denotes the full QCD-
EW set. All the Bis are computed with the
NNPDF31 nnlo as 0118 luxqed nf 4 [37] proton PDF
set, which is evolved with both QCD and QED ker-
nels and has a photon density derived according to the
LUX-QED model [75, 76]. We also define A1 as the
quantity corresponding to B1 but evaluated with the
NNPDF31 nnlo as 0118 nf 4 PDF set, the version with
only-QCD DGLAP evolution. We use both the LHAPDF-6
[77] and HOPPET [78] to interface the PDFs. The relevant
value of the strong coupling constant is αs(mZ) = 0.1127.

In Table I, we show the results at different perturbative
orders for the cross section, in the Gµ and α(0) schemes.
A1 is only LO from the EW point of view and, as a
consequence, the two predictions differ by 3.53%. The
inclusion in B2 of the NLO-EW corrections reduces the
spread to 0.88%. The complete NNLO-QCD×EW cor-
rections in B3 further reduce this uncertainty down to the
0.23% level. The comparison in the Gµ-scheme between
the QCD-only prediction A1 and the best QCD-EW pre-
dictions B3(Bγ3 ) shows that the latter reduce the value of
the cross section by −0.57%(−0.49%). For the sake of a
technical comment, the comparison between A1 and B1

gives an estimate of the impact of DGLAP joint QCD and
QED evolution on the quark and gluon densities, yield-
ing a reduction of the cross section by −0.24%. We stress
that B1 can not be considered a physical prediction, be-
cause it lacks the EW corrections and the photon-induced
partonic processes. The size of σγ11 is 0.03% of the Born,
while σ11 is negative and larger than σγ11 by almost a
factor of three, as also observed in [25].

order Gµ α(0) δGµ−α(0) (%)

A1 55787 53884 3.53

B1 55651 53753 3.53

B2 55501 55015 0.88

Bγ3 55516 55029 0.88

B3 55469 55340 0.23

TABLE I: Comparison of the cross sections (expressed in
pb) computed at different orders, in the Gµ and α(0) input
schemes setting the factorization and renormalization scales
as µR = µF = mZ .

Gµ-scheme α(0)-scheme

A1 55787+0.26%
−0.99% 53884+0.26%

−0.99%

B2 55501+0.26%
−0.99% 55015+0.52%

−1.26%

B3 55469+0.28%
−1.01% 55340+0.37%

−1.13%

TABLE II: Dependence of the cross sections, expressed in pb
and computed at different perturbative orders, under varia-
tion of the factorization scale µF , keeping µR=mZ .

In Table II we show the results obtained under varia-
tion of the factorization scale µF = ξFmZ in the range
given by ξF = ( 1

2 , 1, 2), keeping µR=mZ . Since the NLO-
EW corrections present in B2 are only LO from the QCD
point of view, they vary accordingly with µF , while the
inclusion of the NNLO-QCD×EW terms in B3 stabilizes
the results. The improvement from B2 to B3 is more
evident in the α(0)-scheme, where the size of the NLO-
EW corrections is larger than in the Gµ-scheme. The
A1 prediction has a variation by +0.26%,−0.99%, which
increases in the B2 case to +0.52%,−1.26%. The im-
provement induced by the mixed QCD×EW corrections
in B3 brings the uncertainty down to +0.37%,−1.13%.

In Table III we show the results obtained under vari-
ation of the renormalization scale µR = ξRmZ in the
range given by ξR = (1

2 , 1, 2), keeping µF=mZ . In both

Gµ-scheme α(0)-scheme

A1 55787−0.15%
−0.13% 53884−0.15%

−0.13%

B2 55501−0.15%
−0.12% 55015−0.15%

−0.12%

B3 55469−0.15%
−0.13% 55340−0.21%

−0.05%

TABLE III: Dependence of the cross sections, expressed in pb
and computed at different perturbative orders, under varia-
tion of the renormalization scale µR, keeping µF=mZ .

cases, ξR = 2 and ξR = 1/2 there is a mild reduction of
the cross section with respect to the central ξR = 1 value.
This decrease is of almost -0.14% in both Gµ-scheme and
α(0)-scheme.

Evaluating the µF and µR dependence through the 7-
point scale variation, we obtain our best prediction for
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B3, which reads 55469+0.65%
−1.01% pb and 55340+0.68%

−1.13% pb, in
the Gµ and α(0) schemes respectively.

We have checked analytically and numerically the
QCD×QED part of our result against the one in Ref.[21],
finding complete agreement. We have checked numeri-
cally our inclusive cross section against the results pre-
sented in Ref.[25], finding agreement within the expected
numerical accuracy.

In conclusion, we have presented the prediction of the
on-shell Z inclusive total production cross section, in-
cluding the full set of O(ααs) corrections. The evaluation
of the cross section requires the consistent usage of proton
PDFs which are extracted and evolved including QED
effects. The comparison with the NNLO-QCD predic-
tions, based on only-QCD proton PDFs, shows a change
of the central value by −0.57%. The NNLO-QCD×EW
corrections reduce the impact of two sources of theoreti-
cal uncertainty, which were not previously under control:
the input parameters and the factorization scale variation
uncertainties. The increased precision of the prediction
of the Z-production cross section may have an impact on
the determination of the proton PDFs and on the hadron
collider luminosity studies.
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[87] J. Blümlein, P. Marquard, N. Rana, and C. Schneider,
Nucl. Phys. B949, 114751 (2019), 1908.00357.

[88] The tree-level amplitude of some partonic processes is
mediated by the exchange of both QCD and EW bosons,
so that it simultaneously contributes to different pertur-
bative orders. We isolate the O(ααs) terms.

[89] The (α(0), Gµ,mZ) input scheme has been used at LEP,
and recently the complete NNLO-EW corrections to the
full set of EW observables at the Z resonance have been
presented in Refs.[79, 80]. However, at hadron colliders,
input schemes including mW are preferrable in view of
its precision determination (cfr. also Ref.[81]).

[90] Equivalent approaches have already been presented in
Refs. [62, 82–87]


