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Abstract
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1. Introduction

One of the outstanding problems in String Theory is to understand why the cosmo-

logical constant is extremely small and possibly zero after supersymmetry is broken. Type

II string models with vanishing perturbative contributions to the cosmological constant

were studied in refs [1,2]. Their main feature is a Fermi-Bose degenerate spectrum, that

guarantees an automatic vanishing of the one-loop vacuum energy. Aside from the ques-

tion of higher-loop corrections [3], their main defect, however, was that the non-Abelian

gauge sector appearing on appropriate D-brane collections was also supersymmetric [4,5].

It is thus questionable whether such constructions can accommodate D-brane spectra with

large supersymmetry-breaking mass splittings. Alternatively, in [6] an extended class of

non-supersymmetric orientifold models was presented, where the leading contribution to

the one-loop cosmological constant vanishes in the large radius limit as 1/R4, but whose

non-supersymmetric D-brane spectra exhibit Fermi-Bose degeneracy at the massless level,

with mass splittings of the order of the string scale. Although the class of vacua proposed

in [6] has very appealing phenomenological properties at the one-loop level (naturally small

cosmological constant and TeV-scale mass splittings in the gauge sector), it is not clear

whether these properties still persist at higher loops.

In the present note we propose an alternative mechanism of supersymmetry breaking

available in orientifold models, that yields an identically vanishing cosmological constant

at genus zero and at genus three-half. It requires the presence of both O
+ and O

− planes,

easily achieved introducing discrete deformations in the closed-string sector [7,8,9,10,11],

and it is based on an effective deconstruction of supersymmetric D-branes into their Neveu–

Schwarz and Ramond sectors, each undergoing an independent deformation.

The paper is organised as follows. In section 2 we present the main features of our

proposal for supersymmetry breaking, analysing a simple rational six-dimensional model.

In section 3 we show how the construction can be naturally extended to generic “irrational”

compactifications. Finally, in section 4 the genus three-half contributions to the vacuum

energy are shown to vanish, and we argue heuristically that the cancellation persists at

higher loops.
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2. A prototype six-dimensional example

Let us consider the compactification of the type IIB superstring on a rigid torus at

the SO(8) enhanced symmetry point

T = |V8 − S8|
2
(

|O8|
2 + |V8|

2 + |S8|
2 + |C8|

2
)

. (2.1)

Its open string descendants [12,13] were constructed long ago in [14] and exhibit all the

main properties of orientifold constructions [15] in absolute simplicity. It is not the aim

of this letter to review them all here, but we shall nonetheless illustrate in some detail

the role of discrete Wilson lines and the subtleties of the P modular transformation in the

open-string sector.

A world-sheet parity projection of the spectrum in (2.1) amounts to introducing the

Klein-bottle amplitude

K = 1
2(V8 − S8) (O8 + V8 + S8 + C8) ,

so that the Ω-invariant six-dimensional massless excitations comprise an N = (1, 1) super-

gravity multiplet coupled to four vector multiplets. In the transverse channel

K̃ =
24

2
(V8 − S8)O8 (2.2)

develops non-vanishing NS–NS and R–R tadpoles that require the introduction of D-branes

to compensate the tension and charge of O-planes.

In the absence of Wilson lines, i.e. for N coincident D-branes, the transverse-channel

annulus amplitude reads

Ã =
2−4

2
N2 (V8 − S8) (O8 + V8 + S8 + C8) ,

and together with (2.2) implies the transverse-channel Möbius amplitude

M̃ = −N (V̂8 − Ŝ8) Ô8 .

However, this is not the only possible choice for M̃. The standard hatted characters for

the internal lattice contribution decompose with respect to SO(4)× SO(4) according to

Ô8 = Ô4Ô4 − V̂4V̂4 ,
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but following [14] one may introduce discrete Wilson lines to modify the SO(4) × SO(4)

decomposition according to

Ô′
8 = Ô4Ô4 + V̂4V̂4 ,

and write the alternative Möbius amplitude

M̃
′ = −N (V̂8 − Ŝ8) Ô

′
8 .

Although this modification preserves tadpole cancellation N = 16 in the transverse-

channel, it does affect the open-string spectrum, since the corresponding P transformation

is also modified. In fact, since for the SO(4) characters P interchanges Ô4 and V̂4, one

finds that

P : Ô8 → −Ô8 , but Ô′
8 → +Ô′

8 . (2.3)

Therefore, the loop-channel annulus amplitude

A = 1
2 N

2 (V8 − S8)O8

has two consistent (supersymmetric) projections

M = +1
2
N (V̂8 − Ŝ8) Ô8 ,

and

M
′ = −1

2 N (V̂8 − Ŝ8) Ô
′
8 :

the former yields a USp(16) gauge group while the latter yields an SO(16) gauge group.

Notice, however, that one could have well decided to modify the internal lattice only

in the NS or only in R sector of the D-brane

M̃
′′ = −N

(

V̂8 Ô8 − Ŝ8 Ô
′
8

)

.

Tadpole conditions are again preserved, but in the direct channel

M
′′ = 1

2 N
(

V̂8 Ô8 + Ŝ8 Ô
′
8

)

breaks supersymmetry and yields a USp(16) gauge group with fermions in the antisym-

metric 120-dimensional (reducible) representation. However, a non-vanishing cosmological

constant emerges at one loop, as a result of Fermi-Bose asymmetry in the open-string

sector. Still, one could easily overcome this embarrassment if it were possible to concoct
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a model where two distinct sets of branes support opposite discrete Wilson lines so as to

recover an overall Fermi-Bose degeneracy at all mass levels.

This is easily achieved introducing (discrete) Wilson lines in the annulus amplitude

Ã =
2−4

2

{

(N +M)2 (V8 − S8) (O4O4 + V4O4 + S4S4 + C4S4)

+
[

(N −M)2 V8 − (−N +M)2 S8

]

(V4V4 +O4V4 + C4C4 + S4C4)
}

,

(2.4)

and deforming the Möbius amplitude as in

M̃ =−
{

(N +M) (V̂8 − Ŝ8) Ô4Ô4 +
[

(N −M) V̂8 − (−N +M) Ŝ8

]

V̂4V̂4

}

=−
[

V̂8

(

N Ô8 +M Ô′
8

)

− Ŝ8

(

N Ô′
8 +M Ô8

)]

.
(2.5)

In writing these expressions we have stressed that the additional minus sign in the

breaking coefficient for the S8 term draws its origin from the boundary (one-point) coeffi-

cient for the R–R sector, and not from a flip of charge of any orientifold plane as in models

featuring “brane supersymmetry breaking” [16,10]. Moreover, such deformations are only

allowed for massive states, since NS–NS and R–R tadpole conditions fix the signs of all the

massless terms flowing in M̃. This observation will play a crucial role in the arguments

for the vanishing of higher-genus vacuum amplitudes.

Once more, the global tadpole conditions

N +M = 16

hold both in the NS–NS and R–R sectors, while if the branes are split in two identical sets,

so that

N = M ,

all the genus-one amplitudes, and hence their contributions to the one-loop vacuum energy,

vanish.

In the direct channel,

A = 1
2 (V8 − S8)

[

(N2 +M2) (O4O4 + V4V4) + 2NM (O4C4 + V4S4)
]

,

and

M = 1
2

[

V̂8

(

N Ô8 −M Ô′
8

)

− Ŝ8

(

−N Ô′
8 +M Ô8

)]

,
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where we have used the S-matrix for the SO(4) characters {O4, V4, S4, C4}

S =
1

2







+1 +1 +1 +1
+1 +1 −1 −1
+1 −1 −1 +1
+1 −1 +1 −1







given in [15], while the P transformation on the (primed) Ô8 character is given in (2.3).

The massless excitations on the D-branes thus comprise six-dimensional gauge bosons and

four scalars in the adjoint of the Chan–Paton group

GCP = USp(8)⊗ SO(8)

and non-chiral fermions in the representations (27⊕ 1, 1)⊕ (1, 35⊕ 1).

The presence of the two singlet fermions is crucial for a consistent coupling of the non-

supersymmetric matter sector to the supersymmetric bulk supergravity [17]. Although the

massless D-brane excitations are as in [6], the deformations we have employed here are dif-

ferent, and have the nicer feature of yielding an exact Fermi-Bose degenerate massless and

massive spectrum for both the closed-string sector (that is still supersymmetric) and for the

non-supersymmetric open-string sector, thus preventing any non-vanishing contribution to

the one-loop vacuum energy. As we shall see, this guarantees that the contributions from

genus three-half surfaces, and reasonably from generic genus-g Riemann surfaces, vanish

as well.

3. Deforming away from the rational point

Although a deformation of the six-dimensional model previously presented is rather

simple to achieve [18], here we shall focus our attention on a simpler eight-dimensional

case. It corresponds to the open descendants of the IIB theory compactified on a two-

dimensional lattice with a Bab =
α′

2 ǫab, so that the torus amplitude is

T = |V8 − S8|
2 Λ(2,2)(B) . (3.1)

In order to attain a better geometrical understanding, we project (3.1) by Ω I2 (−1)FL ,

where I2 denotes the inversion of the two compact coordinates and the left-handed fermion

index (−1)FL is needed in order that the projector square to the identity [19]. The Klein

bottle amplitude

K = 1
2 (V8 − S8)W2n1,2n2
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involves only even windings, due to the presence of a non-vanishing (quantised) Bab back-

ground [7]. In the transverse channel

K̃ =
23

2

α′

R1R2
(V8 − S8)

(

1 + (−1)m1 + (−1)m2 − (−1)m1+m2

2

)2

P(m1,m2) (3.2)

neatly displays the geometry of the orientifold planes: three O+ planes are sitting at the

fixed points (0, 0), (πR1, 0) and (0, πR2), while an O− plane is sitting at the fourth fixed

point (πR1, πR2) [9].

On the other hand, the transverse-channel annulus amplitude

Ã =
2−5

2

α′

R1R2

[

(

N + (−1)m1+m2M
)2

V8 −
(

(−1)m1+m2N +M
)2

S8

]

P(m1,m2) (3.3)

encodes all the relevant information on the geometry of the D-branes. Notice that here

we have decomposed the supersymmetric D-branes of the type I superstring into their

elementary NS and R constituents⋆, assigning to them different discrete deformations

that, as such, are not associated to v.e.v.’s of fields present in the theory. As a result, this

configuration defines a moduli space of vacua that is disconnected from the supersymmetric

one, and is reminiscent of the discrete deformations that can be turned on in the closed-

string sector [7,8,9,10,11], where the eight-dimensional orientifolds with rank-sixteen or

rank-eight gauge groups live in disconnected moduli spaces.

The corresponding transverse-channel Möbius amplitude can be unambiguously de-

termined by (3.2) and (3.3), and reads

M̃ =−
1

2

α′

R1R2

[

(

N + (−1)m1+m2M
)

V̂8 −
(

(−1)m1+m2N +M
)

Ŝ8

]

×

(

1 + (−1)m1 + (−1)m2 − (−1)m1+m2

2

)

P(m1,m2) .

(3.4)

The tadpole conditions are as in the supersymmetric case, and require

N +M = 16 .

Finally, the direct channel annulus

A = (V8 − S8)
[

1
2(N

2 +M2)W(n1,n2) +NM W(n1+
1

2
,n2+

1

2
)

]

⋆ These are reminiscent of type-0 D-branes [14,20], avatars of the supersymmetric D-branes.
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and Möbius-strip

M =− 1
2

[(

N V̂8 −M Ŝ8

)

(

W(2n1,2n2) +W(2n1+1,2n2) +W(2n1,2n2+1) −W(2n1+1,2n2+1)

)

+
(

M V̂8 −N Ŝ8

)

(

−W(2n1,2n2) +W(2n1+1,2n2) +W(2n1,2n2+1) +W(2n1+1,2n2+1)

)

]

amplitudes yield an eight-dimensional massless spectrum comprising gauge bosons and

pairs of massless scalars in the adjoint representation of GCP = SO(N) ⊗ USp(M), and

non-chiral fermions in the (reducible) representations ( 12N(N + 1), 1)⊕ (1, 12M(M − 1)).

As to the contributions of the four one-loop amplitudes to the vacuum energy, T,

K and A vanish identically as a result of Jacobi’s aequatio abstrusa. Furthermore, if the

branes are split in two identical sets, i.e. if N = M , also M does not give any contribution

to the cosmological constant. As we shall see in the next section, this also provides strong

clues that all higher-genus vacuum amplitudes vanish.

As usual, whenever supersymmetry is broken one is to be careful about the stability

of the vacuum configuration. The vanishing of the one-loop (and, as we shall see, of higher

loop) vacuum amplitude does not guarantee in general that configuration of D-branes and

O-planes be stable. In fact, in the case at hand the distribution of branes in eqs. (3.3) and

(3.4) corresponds to a saddle point for the Wilson lines (or brane positions) on the M and

N branes. Of course, a more detailed study of the fate of the model here presented would

be of some relevance.

4. Higher-genus amplitudes

Until now we have shown how acting with (suitable) discrete Wilson lines in the open

unoriented sector and splitting the sixteen D-branes into two identical sets leads to a

vanishing one-loop contribution to the vacuum energy. Of course, this is not enough, since

higher-order corrections might well spoil this result. We shall now provide arguments that

actually this is not the case: at any order in perturbation theory, no contributions to the

vacuum energy are generated, if the branes are separated in equal sets, i.e. if N = M .

This is obvious for closed Riemann surfaces, both oriented and unoriented, of arbitrary

genus, since the closed-string sector is not affected by the deformation and therefore has

the same properties as in the supersymmetric type I string case‡.

‡ One should stress that no rigourous mathematical proof of this statement has been given

until now. The only well established results concern oriented surfaces up to two loops [21,22]
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Fig.1. Genus three-half Riemann surfaces with boundaries.

When boundaries are present, one has to be more careful, since the non-supersymmetric

deformation might well induce non-vanishing contributions to the vacuum energy. Our

claim, however, is that these are always multiplied by a numerical coefficient proportional

to (M −N), that vanishes for our choice of brane displacement. Let us substantiate this

statement with a closer look at a genus three-half amplitude. Among the surfaces with

boundaries depicted in the figure let us concentrate on the one with two cross-caps and

one hole. Similarly to the one-loop case, there is a particular choice for the period matrix

Ωαβ for which this surface describes a tree-level three-closed-string interaction diagram,

weighted by the product of disc (Bi) and cross-cap (Γj) one-point functions of closed states,

that can be read from the transverse-channel Klein-bottle, annulus and Möbius-strip am-

plitudes. More precisely, a formal expression for the one-disc–two-cross-caps amplitude

is

R[0,1,2] =
∑

i,j,k

Γi Γj Bk N ij
k
V ij

k(Ωαβ) , (4.1)

where [h, b, c] counts the number of holes h, boundaries b and cross-caps c, N ij
k are the

fusion rule coefficients and V ij
k(Ωαβ) is a complicated function of the period matrix encod-

ing the kinematics of the three-point interaction among states i, j and k. This amplitude

is expected to vanish in the supersymmetric (undeformed) case, and this requirement im-

poses some relations among the functions V ij
k(Ωαβ) that we have not defined explicitly∗.

∗ These are the analogues of the Jacobi’s identity V8 ≡ S8 for one-loop theta functions, that

guarantees that the one-loop vacuum energy vanishes for the ten-dimensional superstring.
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For instance, for the supersymmetric version of the model in eqs. (2.4) and (2.5), whose

open-string amplitudes are

Ã =
2−4

2

[

(N +M)2 (V8 − S8) (O4O4 + V4O4 + S4S4 + C4S4)

+(N −M)2 (V8 − S8) (V4V4 +O4V4 + C4C4 + S4C4)
]

and

M̃ = −(N +M) (V̂8 − Ŝ8) Ô4Ô4 − (N −M) (V̂8 − Ŝ8) V̂4V̂4 ,

the genus three-half amplitude takes the form

R[0,1,2] =
1
4
(N +M) [V 111 + 3V 133 + V 122 + V 144 + 2V 234]

+ 1
4 (N −M) [V 122 + V 144 + 2V 234] ,

(4.2)

where the relative numerical coefficients of the V ’s take into account the combinatorics

of diagrams with given external states. The indices 1, 2, 3, 4 refer to the four characters

V8 O4O4, V8 V4V4, −S8 O4O4 and −S8 V4V4, that identify the only states with a non-

vanishing Γi, as can be read from eq. (2.2), and their non-vanishing fusion rule coefficients,

all equal to one, are N 111, N 122, N 133, N 144 and N 234, and, both in V and in N , we

have lowered the indices using the diagonal metric δkl, since all characters in this model

are self conjugate.

For a supersymmetric theory this amplitude is expected to vanish independently of

brane locations, and thus the condition R[0,1,2] = 0 amounts to the two constraints

V 111 + 3V 133 =0 ,

V 122 + V 144 + 2V 234 =0 .
(4.3)

Turning to the non-supersymmetric open sector in eqs. (2.4) and (2.5), one finds instead

R[0,1,2] =
1
4 (N +M) [V 111 + 3V 133 + V 122 + V 144 + 2V 234]

− 1
2 (N −M) [V 122 − V 144] ,

(4.4)

since now B4 = −N+M has a reversed sign. Using eq. (4.3) the non-vanishing contribution

to the genus three-half vacuum energy would be

R[0,1,2] = −1
2 (N −M) [V 122 − V 144]

that however vanishes if N = M .
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Similar considerations hold for the other surfaces in figure 1, that are simply more

involved since more V ij
k terms contribute to them [18]. In all cases, however, one can show

that all the potential contributions are multiplied by the breaking coefficients N−M , that

vanish for N = M .

It is not hard to extend these observations to the case of higher-genus amplitudes with

arbitrary numbers of handles, holes and cross-caps, given a choice of period matrix that

casts them in the form

R [h,b,c] =
∑

{ni},{mj}

c
∏

i=1

b
∏

j=1

Γni
Bmj

N
[h]

n1...nc|m1...mb
V

[h]
n1...nc|m1...mb

(Ωαβ) , (4.5)

where V
[h]
n1...nc|m1...mb

is a complicated expression encoding the h-loop interaction of b+ c

closed strings, N [h]
n1...nc|m1...mb

are generalised Verlinde coefficients [23], while the sum

is over the closed-string states Φℓ with disc and cross-cap one-point functions Bℓ and Γℓ,

respectively. The expression (4.5) naturally descends from the definition of higher-genus

Verlinde coefficients [23]

N
[h]

n1...nc|m1...mb
=

∑

k

Sn1k

S0k
. . .

Snck

S0k

Sm1k

S0k
. . .

Smbk

S0k

1

(S0k)2(h−1)
,

and from the fusion algebra

N i N j =
∑

k

N ij
k
N k .

For instance, an amplitude R [0,4,0] can be represented as a combination of two three-

closed-string interaction vertices

R [0,4,0] =
∑

i,j,k,l

Bi Bj Bk Bl

∑

m

N ij
m

N mkl V
[0]

ijkl (Ωαβ)

=
∑

i,j,k,l

Bi Bj Bk Bl

∑

n

N ik
n

N jnl V
[0]

ijkl (Ωαβ)

=
∑

i,j,k,l

Bi Bj Bk Bl

∑

n

∑

p

∑

q

SipSkpS
†
np

S0p

SjqSnqSlq

S0q
V

[0]
ijkl (Ωαβ)

=
∑

i,j,k,l

Bi Bj Bk Bl

∑

p

SipSkpSjpSlp

(S0p)2
V

[0]
ijkl (Ωαβ)

=
∑

i,j,k,l

Bi Bj Bk Bl N
[0]
ijkl V

[0]
ijkl (Ωαβ) ,
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and similarly for other surfaces [18].

Again, the only differences in the amplitudes (4.5) with respect to the supersymmetric

case, where these amplitudes are supposed to vanish, are present in terms containing at

least one Bℓ = N −M , and thus vanish if N = M .

All these considerations are not special to the rational case, and can be naturally

extended to irrational models.

5. Conclusions and Discussions

We have presented here a new non-supersymmetric deformation of open-string vacua

where different discrete Wilson lines are introduced in the NS and R sectors. In this class

of models with vanishing NS-NS and, of course, R-R tadpoles supersymmetry is broken

on the branes while it is exact on the bulk. Moreover, if the branes are separated into two

identical sets the closed and open-string spectra have an exact Fermi-Bose degeneracy, and

thus the one-loop contribution to the cosmological constant vanishes identically. We also

give some qualitative arguments suggesting that higher-order perturbative contributions

from surfaces with increasing numbers of holes, crosscaps and boundaries vanish as well.

Of course, String Theory calculations should be at all compatible with Field Theory

results, where only massless states are taken into account. In the case at hand, it is easy

to verify that the one-loop contribution to the vacuum energy vanishes identically also in

Field Theory as a result of exact Fermi-Bose degeneracy of the massless degrees of freedom.

However, non vanishing contributions do emerge at two loops, and possibly at higher loops.

This is not in principle inconsistent with our String Theory results. In fact, while at

the one-loop level the vanishing of the Field Theory amplitudes for the massless fields is

a necessary, though not sufficient, condition for the vanishing of the corresponding String

Theory amplitudes, this is not the case at higher loops. In fact, while one-loop amplitudes

only involve a free propagation of the spectrum at each mass level and thus cancellations

can only occur among states of equal mass, at higher loops interactions must be taken

into account. In Field Theory these exist only among massless fields, while in String

Theory non-trivial interactions also exist among massless and massive excitations, and

these do contribute to the cancellation of higher-genus amplitudes. In the Field Theory

limit [24] massless-massive interactions decouple and non-vanishing contributions to the

vacuum energy may emerge. Of course, this can be checked only once complete quantitative

expressions of higher-genus vacuum amplitudes in String Theory are known.
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