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Introduction

In literature, many important combinatorial properties of subsets of N
have been studied both with nonstandard techniques (see e.g. [JI01], [Hir88]|)
and from the point of view of SN (see e.g. [HS98|, |[Hinl1|). The idea behind
the researches presented in this thesis is to mix these two different approaches
in a technique that, at the same time, incorporates nonstandard tools and
ultrafilters. The "monads" of ultrafilters are the basis of this technique: given
an hyperextension *N of N with the ¢*-enlarging property, and an ultrafilter
U on N, the monad of U is the set

) ={a e'N|U = U, },
where
Uy ={A € p(N) | a € A}

Theorem 2.2.9 is the result that generated our researches: it states that

particular combinatorial properties of ultrafilters can be seen as "generated"
by the elements in their monads (that, for this reason, we call "generators").
So, in a way, the mix between nonstandard tools and ultrafilters is realized by
watching the ultrafilters as nonstandard points of specifical hyperextensions
of N.
Tensor products of ultrafilters are a central concept in our studies. While
the problem of how the monad of f ® V and the monads of U,V are related
was answered by Puritz in [Pu72, Theorem 3.4|, an effective precedure to
produce a generator of the tensor product U ® V starting with a generator
of U and a generator of V is, at least as far as we know, unknown. By this
problem we are led to consider a particular hyperextension of N, that we call
w-hyperextension and denote by °N. Its particularity is that in *N we can
iterate the star map. This gives rise to the desired procedure to construct
generators of tensor products: as we prove in Theorem 2.5.16, if « is a gen-
erator of U and (3 is a generator of V then the pair («,*/3) is a generator of
UV.



The combination of Theorem 2.2.9 and Theorem 2.5.16 gives a nonstandard
technique to study particular combinatorial properties on N. To investigate
the potentialities of this technique we re-prove some well-known results in
Ramsey Theory, e.g. Schur’s Theorem and Folkman’s Theorem. One of the
results that we discuss is a particular case of Rado’s Theorem, concerning
with linear polynomials in Z[X] with sum of coefficients zero. In this case we
show that the problem of the partition regularity of such polynomials can be
solved considering particular linear combinations of idempotent ultrafilters.
This suggests to face the problem of the partition regularity of nonlinear
polynomials. While we have not a complete characterization (in the style
of Rado’s Theorem), we prove some general result that ensures the parti-
tion regularity of suitably constructed polynomials. The most general result
we prove in this context is Theorem 3.5.13: given a natural number n and
distinct variables yq, ..., y,, for every F' C {1,...,n} we pose

Qr(Yi, s yn) = HjeF Yj
(Qr(y1, ..y yn) = 1if F =()). Theorem 3.5.13 states the following:

Theorem 0.0.1. Let k > 3 be a natural number, P(xy,...,x)) = Zle a;x;
an injectively partition reqular polynomial, and n a positive natural number.
Then, for every Fi, ..., F, C{1,..,n}, the polynomial

k
R(z1, s T Y1y s Un) = D ieq GiiQp, (Y15 -, Yn)
15 tnjectively partition reqular.

We also study some general properties of the set of partition regular poly-
nomials. An interesting result is that, as a consequence of Theorem 3.6.3,
the research on partition regular polynomials can be restricted to consider
only irreducible polynomials.

The last topic we face are particular (pre—)orders defined on SN. This re-
search is motivated by the notion of "finite embeddability" (see [DN12]):
given two subsets A, B of N, we say that A is finitely embeddable in B (no-
tation A <y B) if for every finite subset F' of A there is a natural number
n such that n + F' C B. This notion can be extended to ultrafilters: we say
that an ultrafilter I/ is finitely embeddable in V (notation U <y, V) if for
every set B in V there is a set A € U such that A <;. B.

This notion has some interesting combinatorial properties. In particular, we
prove that the relation <y, is a filtered pre—order with maximal elements.
An interesting result is the following: let M. denotes the set of maximal
ultrafilters in (SN, <Jy.), and consider the minimal bilateral ideal K (SN, ®)
of (6N, ®). Then



M. = K(BN, ®).

Motivated by these nice features of the finite embeddability, we consider a
generalization that is motivated by the following observation: the finite em-
beddability is related with the class T of translations on N. In fact, A <;. B
if and only if for every finite subset F' of A there is a translation ¢, € T such
that ¢,,(F') C B. This leads to consider the following notion: given a set F
of functions in NV, and two subsets A, B of N, we say that A is F-finitely
mappable in B (notation A <z B) if for every finite subset F' of A there is
a function f in F such that f(F) C B. Similarly, given two ultrafilters U, V,
we say that U is F-finitely mappable in V (notation U <x V) if for every
set B in V there is a set A in U such that A <z B. The properties of these
notions are, under particular assumptions on the family F, similar to that
of finite embeddability. In particular, when the pre-orders <r have maximal
elements, the maximal elements have important combinatorial properties.

The thesis is structured in four chapters.
Chapter One contains a short introduction to the "non-nonstandard" back-
ground of the thesis: we shortly recall the definitions and the basic properties
of ultrafilters and of the Stone-Cech compactification SN of N, we present the
relations between ultrafilters on a set S and partition regularity of families
of subsets of S, and we recall (and prove) some of the most known results in
Ramsey Theory on N.
In Chapter Two we present, and construct, the nonstandard tools that we
need. We recall the definition of nonstandard model, as well as some im-
portant properties of the hyperextensions. Then we concentrate on the sets
of generators of ultrafilters and, led by considerations on tensor products of
ultrafilter, we introduce the w-hyperextension *N of N.
In Chapter Three we test our nonstandard technique by re-proving some
well-known result in Ramsey Theorem; then we present our research on the
partition regularity of polynomials, indicating some possible future develop-
ments.
In Chapter Four we start presenting the properties of the finite embeddabil-
ity for sets and ultrafilters. Then we concentrate on the generalization to
arbitrary families of functions, showing under what conditions the properties
of finite embeddability can be generalized in this more general context, and
which combinatorial properties are satisfied by the maximal elements in the
pre-ordered structures (SN, <x) for appropriate classes of functions F.
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Chapter 1

Ultrafilters, Partition Regularity
and some Infinite Combinatorics

In this chapter we introduce the "non-nonstandard" background of the
thesis. In the first part of the chapter we recall some known facts about the
space SN of ultrafilters on N (for a comprehensive introduction to ultrafilters
see [HS98]). Then we recall the notion of partition regularity for a family
of subsets of a given set S, and we show how this notion is strictly related
to ultrafilters. In the last section we present some well-known results in
Ramsey Theory (in particular Schur’s, Folkman’s, Van der Waerden’s and
Rado’s Theorems), and we show proofs of these results done from the point
of view of combinatorics and from the point of view of ultrafilters.

1.1 Ultrafilters: a Short Introduction

1.1.1 Basic definitions and properties of ultrafilters

A central notion in this thesis is that of ultrafilter on a set:

Definition 1.1.1. If S is a nonempty set, a filter is a collection F of subsets
of S such that:

e SeF, D¢ F;
o [fA B€e F then ANB € F;
o [fAe Fand AC BC S then B€ F.

An ultrafilter U 1s a filter with the following additional property:



e For every subset A of S, if A ¢ U then A° € U.

An important fact is that every family that is closed by finite intersection
is included in a filter:

Definition 1.1.2. A nonempty family G of subsets of a set S has the fi-
nite intersection property if, for every natural number n, for every sets
G1,...,G, in G, the intersection

G = ﬂ?:l Gi
18 nonempty.

By definition, every filter has the finite intersection property. Conversely,
every family with the finite intersection property is included in a filter:

Proposition 1.1.3. Let S be a set. For every nonempty family G of subsets
of S with the finite intersection property there is a filter F on S that extends
G:GCF.

Proof. Given the family G with the finite intersection property, consider

F ={F C S| there is a natural number n and elements Gy, .., G,, in G with
GiN..NG, CF}.

Claim: F is a filter that extends G.

The proof of the claim is straightforward; that G has the finite intersection
property is used to prove that the empty set is not an element of F and that
F is closed by intersection.

m

Definition 1.1.4. A filter F on S is maximal if, for every filter 7' on S
such that F C F', F' = F.

Proposition 1.1.5. Let S be a set and F a filter on S. The following two
conditions are equivalent:

1. F is an ultrafilter;

2. F is mazimal.



Proof. (1) = (2) Let F be an ultrafilter. If F is properly contained in a filter
F',and I C S is an element in F' \ F, by definifition of ultrafilter the set
S\ Iisin F. Since F C F', in F' there are I and S\ I, and this is absurd
as IN(S\T)=0.

(2) = (1) Let F be a maximal filter, and suppose that F is not an ultrafilter.
Then there is a subset I of S such that 1,5\ I ¢ F.

Claim: F U {I} has the finite intersection property.

Since F has the finite intersection property, to prove the claim it is enough
to prove that, given any element F of 7, F NI # (). And this holds: in fact,
if FNI = then F C S\ I and, as F is closed under supersets, from this it
follows that S\ I € F, absurd.

By Proposition 1.1.3 it follows that there is a filter F' on S that includes
FUI, and this is in contrast with the maximality of F. So F is an ultrafilter.
m

A question that naturally arises is if every filter can be extended to an
ultrafilter: the answer is affirmative. The following result is due to Alfred
Tarski (see [Ta30]):

Theorem 1.1.6 (Tarski). Given a set S, every filter F on S can be extended
to an ultrafilter on S.

Proof. Let F be a filter on S, and consider the set Fil(F)g of filters on S ex-
tending F, ordered by inclusion. We observe that every chain in (Fil(F)g, C)
has an upper bound: in fact, if (F; | ¢ € I) is a chain of filters containing F
(this means that I is a linearly ordered set and, for every i,j € I with i < j,
.FL' - .F.j), then

F = Uiel}—i

is a filter containing F.
Since every chain in (Fil(F)g, C) has an upper bound, by Zorn’s Lemma it
follows that there are maximal elements, and in Proposition 1.1.5 we proved
that every maximal filter is an ultrafilter: this proves that there are ultrafil-
ters on S that extend F.
O

For every set S, the simplest ultrafilters on S are the principals:
Definition 1.1.7. An ultrafilter U on a set S is principal if there is an

element s in S such that

10



U={ICS|sel}.
An ultrafilter is nonprincipal if it is not a principal ultrafilter.

If S is finite every ultrafilter on S is principal: in fact, if S = {s1,...,s,},
since S = {s1} U....U {s,,} then every ultrafilter on S contains exactly one
of the sets {s1},{s2}, ..., {sn}, so it is principal.

Talking of filters on S, the simplest is 7 = {S}. An important filter, in case
S is infinite, is:

Fr={ICS||S\I] <R}

The above filter is called Fréchet’s filter. This is not an ultrafilter, as
every infinite set S contains many infinite subsets I with both [ and S\
infinite.

Nevertheless, this filter is related with nonprincipal ultrafilters:

Proposition 1.1.8. Let S be an infinite set, and U an ultrafilter on S. The
following two conditions are equivalent:

1. U is nonprincipal;
2. U extends the Fréchet’s filter on S.

Proof. (1) = (2) Suppose that the ultrafilter I/ is nonprincipal. Then, for
every element s in S, the set S\ {s} is in U. Since every element of the
Fréchet’s filter is obtained as a finite intersection of sets in the form S\ {s},
and U is closed under finite intersection, the Fréchet’s filter is a subset of U.
(2) = (1) Suppose that U is a principal ultrafilter, and let s be the element
of S such that {s} € U. Since U extends the Fréchet’s filter, S\ {s} € U, so
{s} N (S\{s}) € U, and this is absurd.

[

As a corollary, if S is an infinite set then there are both principal and
nonprincipal ultrafilters on S. Observe that, since every ultrafilter on a set .S
is an element of p(p(S)) then, if x is the cardinality of S, there are at most
22" ultrafilters on S (while there are exactly x principal ultrafilters).

In 1937, B. Pospisil proved that 22” is exactly the number of ultrafilters on
S whenever S is infinite (see [Po37]). His result is even stronger: call an
ultrafilter & on S regular if, whenever A € U, |A| = |S|.

Theorem 1.1.9 (Pospisil). If S is an infinite set of cardinality k, there are
22" regular ultrafilters on S.

11



1.1.2 The space SN

From now forwards, except when explicitally stated otherwise, we concen-
trate on the case S = N. As a corollary of Pospi§il’s Theorem, in the space
of ultrafilters on N there are N, principal and 920 nonprincipal ultrafilters:
our aim in this section is to present some important properties of this space.

Definition 1.1.10. The set of ultrafilters on N (denoted by ON) is the
set

BN ={U C p(p(N)) | U is an ultrafilter}.

ON is endowed with the Stone topology, that is the topology generated
by the family of open sets {©a} acen), where

Or={UeN|AcU}.
Some observations: first of all since, for every subset A of N,
4 =04

(because, for every ultrafilter U, exactly one between A and A° is in U),
every element O 4 of the topological base is both closed and open: this entails
that the space SN is totally disconnected.

The second observation is that, via the identification of every natural number
n with the principal ultrafilter ,,,

(f)yne W, ={AeN|ne A},

N can be identified with a subset of SN and, most importantly, via this
identification:

Proposition 1.1.11. N s a dense subset of SN.

Proof. Let A be a nonempty subset of N, and consider the base open set
O 4. If n is an element of A, the principal ultrafilter 4, is in ©4, as A is in
$1,. This proves that in every base open set there is a principal ultrafilter, so
the set of principal ultrafilters, that via the identification (f) is N, is a dense
subset of SN.

m

The Stone topology has the following two important features:

Proposition 1.1.12. SN, endowed with the Stone topology, is a compact
Hausdorff space.

12



Proof. SN is compact: we use this equivalent formulation for compactness: a
topological space is compact if and only if for every family F of closed subsets
with the finite intersection property the intersection (). F' is nonemtpy.
Let

be a family of (base) closed subsets of SN, and assume that F has the
finite intersection property. From this it follows that

has the finite intersection property. In fact, let A; , ..., A; be sets in G
and consider A4;, N...NA;,_. Since @Ail N...N @A% # (), there is an ultrafilter
U in this intersection; in particular, for every index 1 < j < k, since A;, € U,
the intersection 05:1 A;, € U; this entails that ﬂ?;l A, # 0.

As G has the finite intersection property, in can be extended to a filter, so by
Theorem 1.1.6 it follows that there is an ultrafilter &/ on N such that G C U.
Observe that, for every index i, A; € G CU, so U € O, for every closed set
©,, in F. In particular, U € () F.
AN is an Hausdorff space: Let U # V be ultrafilters on N. As U # V), there
is a set A in p(N) such that A € Y and A€ V. Sold € ©4 and V € Oy,
and these are two disjoint open sets in the Stone topology.

m

Observe that, as N = | J, .y O¢n}, N is an open subset of SN, so SN\ N is
closed (and, since it is a closed subset of a compact space, it is also compact).
Another key aspect of SN is the following universal property:

Theorem 1.1.13. Every continuous map f : N — K, where K is a compact
Hausdorff space, admits exactly one continuous extension f: N — K.

Proof. Given a function f : N — K, where K is a topological compact
Hausdorff space, and an ultrafilter / in SN, we define the U limit of f as

U — lim,en f(n) = k if and only if for every neighborhood I of k the set
) ={neN]|f(n)el}el.

This definition is well-posed: this limit always exists and it is unique. The
existence follows by the compactness of K: by converse, suppose that the U/
limit of f does not exist. Then, for every element k in K there is an open
neighborhood Oy, of k such that f~*(Oy) ¢ U. {O}rex is an open cover of
K, which is compact, so we can extract a finite subcover K = J;_, Oy,. But

13



N=fHK)=UL, f(O)

so, since U is an ultrafilter, for some index 7 < n the set f~'(k;) is in U,
and this is absurd: the U-limit of f always exists.
The unicity of the U-limit follows since K is Hausdorff because, if k; # ko
are two different U limits of f, there are neighboroods I of ky, Iy of ko with
LNI,=0,s0 f71(I;) N f~1(Iy) = 0 while, as f~1(I;) and f~(I;) are sets
in U, their intersection should be nonempty.
This ensures that f: SN — K, defined as

f(U) =U —lim,ey f(n) for every U € BN

is a function in KPY,

Claim: f is the unique continuous extenction of f to SN.
1) f is an extension of f: via the identification of every natural number
m with the principal ultrafilter 4,,,

f(m) = f(U,) = Uy — limpen f(n),

and Y, — lim,en f(n) = f(m): by definition, k£ = ,,, — lim,ey f(n) if
and only if for every neighborood I of k, f~1(I) € 4,, if and only if for every
neighborood I of k, m € f~1(I), if and only if for every neighborood I of k,
f(m) € I, and as K is Hausdorff it follows that k = f(m).

2) f is continuous: if [ is any open set in K,

T ) ={UepN|TU) eI} =
={UepPN|{neN| f(n)el} clU}=0pmensmen,

and Oy,en|f(n)er) is an open set.
3) f is the unique continuous extension of f: if g is any other continuous
extension of f, since f(n) = g(n) for every natural number n, and N is a
dense subset of AN, which is Hausdorff, then f(U) = g(U) for every ultrafilter
UecpN, sof=yg.
]

BN, endowed with the Stone topology, is a compact, Hausdorff space that
satisfies the universal property expressed in Theorem 1.1.13: in the literature,
this is called Stone-Cech compactification:

14



Definition 1.1.14. The Stone-Cech compactification of a discrete space
X is a compact Hausdorff space BX in which the original space forms a dense
subset, such that any continuous function from X to a compact Hausdorff
space K has a unique continuous extension to SX.

It can be proved that the Stone-Cech compactification of a discrete space
is unique up to homeomorphism; so SN is (up to homeomorphism) the Stone-
Cech compactification of N.

Sometimes, instead of ultrafilters on N we need ultrafilters on N*:

Definition 1.1.15. Let k be a natural number > 1. The set of ultrafilters
on N¥ (denoted by B(NF)) is the set

B(NF) = {U C p(p(N*) | U is an ultrafilter}.

B(NF) is endowed with the Stone topology, that is the topology generated
by the family of open sets {©a} acpamy, where

O4={U € B(N*) | AecU}.

A particularly important subset of 3(N¥) is the set of ultrafilters that are
tensor products of elements in SN:

Definition 1.1.16. Given ultrafilters Uy, ...,Uy on N, the tensor product
of Uy, ...,Uy (denoted by Uy QU ® ... ®Uy,) is the ultrafilter on N¥ defined by
this condition: for every subset A of NF,

AcUhi QUs @ ... U, &
S {n eN|{n eN| . {ny eN| (nyg,...,n) € A} eUp.}...} elUs} € U.

We present some basic properties of tensor products in the form U ® V,
where U, V are ultrafilters on N. In this proposition, with A™ we denote this
subset of N

AT ={(n,m) € N* | n < m},

which is also called the upper diagonal of N?, by obvious geometrical
considerations.

Proposition 1.1.17. For every ultrafilters U,V in BN, W in SN2, the fol-
lowing properties hold:

1. if V is nonprincipal then AT e U @ V;

15



2. if U is nonprincipal and A is an set in U @ U then there is an infinite
subset B of N such that {(by,bg) | by < be,b1,bs € B} C A;

3. W is the principal ultrafilter on (n,m) if and only if W = U, ® L,,;
4. ifU#V thenURV #V RU.

Proof. 1) By definition, AT € Y @ V if and only if {n € N | {m € N |
(n,m) e AT} eV} el.
We observe that, for every natural number n,

{meN|(n,m)e Aty ={meN|n<m}eV

since this set is cofinite and V' is nonprincipal.
This entails that

{neN|{meN]|(n,m)e At} eV} =N,

and N in an element of every ultrafilter I/ in SN. This proves that AT €
UV.
2) Given a set A in U ® U, consider

m(A)={neN|{meN|(n,m)e A} e U}
and, for every n € m(A), let A, be the set
A, ={m eN| (n,m) € A};

by definition, for every natural number n in m(A), A, € U.
We inductively construct the set B: pose

bo = min 7T1(A), BO = 7T1(A) N Ab0~
For n =m + 1, pose

bm+1 = min Bm; Bm+1 = Bm N Ab

m+1"°

Observe that, for every natural number n, B,, is a set in /: by induction,
By € U since both m(A) and A, are in U, and B,,.; € U since B, € U
by inductive hypothesis and A;,. , is in & by construction; this entails, in
particular, that every set B, is nonempty, so it is always possible to define
b,. Also, for every y € B,,, (b,,y) € A since {b,} x B,, C A,.
Consider

B ={b, | neN}
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If b; < b; are two elements of B, by construction ¢ < j, so in particular
bj € B, and (bz,bj) € A.
3) Ae i, @4, if and only if {a e N | {b e N | (a,b) € A} € W,,} € U, if
and only if {a € N | (a,m) € A} € 4, if and only if (n, m) € A if and only if
A€ Ll(n,m).
4) Let A C N be a set in U such that A° € V. Then (A x A°) e U ®V
and (A° x A) € V®U and, since (A x A°) N (A° x A) = (), it follows that
URIVAVRU.

0

1.1.3 Semigroup structure and idempotents of SN

BN, similarly to N, is endowed with two operations: a sum and a product.

Definition 1.1.18. Let U,V be ultrafilters SN. The sum of U and V
(notation U & V) is the ultrafilter:

UV ={ACN|{neN|{meN|m+neA} ecV}el};
and the product of U and V (notation U © V) is the ultrafilter:
UGV ={ACN|{neN|{meN|m-nec A} eV} elUu}.

The operations of sum and product can also be seen as the extensions
to SN2 of the functions S : N> — BN such that, for every pair of natural
numbers (n,m) in N2,

S(n,m) = Up1m

and P : N? — BN such that, for every pair of natural numbers (n,m) in
N2,

P(n,m) =Uym
restricted to the subspace of SN? consisting of tensor products:
UDYV=SURIV); UGV =PURYV).
A fact that has many important consequences both from an algebraical,

a topological and a combinatorial point of view is that (SN, @) and (SN, ®),
endowed with the Stone topology, are right topological semigroups:

Definition 1.1.19. A right topological semigroup is a pair (G;*) where
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1. G is topological space;
2. % 18 a binary associative operation on G;

3. for every element x in G, the function *, : G — G that maps every
element y of G in y* x s continuous.

Condition number three is usually rephrased saying that the operation
is right continuous.

Proposition 1.1.20. (6N, ®) and (6N, ®) are right topological semigroups.

Proof. We prove that (SN, ®) is a right topological semigroup; the proof for
(BN, ®) is analogue.

BN is a topological space, as it is endowed with the Stone topology.

That the operation & is associative follows by this chain of equivalences: for
every subset A of N,

AcUdV)eWes{neN|[{meN|n+meAteWleUDV) <
{aeN|{beN|{meN|ja+b+meAteW}e Vel <
{eceN|{zeN|a+zecAle VeW)lcU=sAcUs(VIW).

The operation @ is right continuous: let U be an ultrafilter in SN, and
denote with ¢, the function such that, for every ultrafilter V in SN,

ouV)=Valu.
To prove that (, is continuous we observe that, for every subset A of N:
e (04)={VeBN|AcVau) =
={VepN|{neN|A—nel} eV} =06p,

where B={neN|A—-neclUU}and A—n={meN|n+me A}
This proves that ¢y, is continuous.
O

Definition 1.1.21. Given a right topological semigroup (G, *), an idempo-
tent of (Gx) is an element x such that v+ x = x.

The key result, when talking about idempotent in right topological semi-
groups, is due to Robert Ellis (see [E157]):

Theorem 1.1.22 (Ellis). Fvery compact right topological semigroup (G, x)
contains an idempotent element.
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Proof. First of all, consider the set
C={C C G| Cisaclosed subset of G and C'x C C C'}.
C is nonempty (since G € C). We can order this set by reverse inclusion:
C <C"ifand only if C" C C.

Given a chain {C;} of elements in C, an upper bound for this chain is
Nic; Ci- By Zorn’s Lemma it follows that there are maximal elements in
(C, <) so, as < is the reverse inclusion, there are minimal elements in (C, C).
Let C' be a minimal element in (C, C), x an element in C, and consider

0 (C)={cxz|ceC}.

Since ¢, is continuos and C'is closed (so, compact), ¢,(C) is a compact
subset of G. So it is closed, and ¢, (C) x ¢,(C) C C. By minimality of C it
follows that ¢,(C) = C.

Then ¢, '(z) # 0 is a closed subset of C' and, most importantly, ¢, *(z) *
o (x) C @ () since, given any y,z in p, (), x (yx2) = (xxy)*x 2z =
rxz=ux. S0 p,'(x) = C (again by minimality); in particular

TxT =XT:

x is an idempotent element in (G, x).

Applying Ellis’s Theorem to SN, we get a very important corollary:

Corollary 1.1.23 (Galvin). There are nonprincipal idempotents both in
(BN, @) and in (BN, ©).

Proof. We have just to apply Ellis Theorem to the compact Hausdorff semi-
groups (N \ N,®) and (8N \ N, 0).
[

We just stretch that, for every ultrafilter ¢/ in SN,
fUBU=UOU then U = Uy or U = L,
so the only ultrafilter which is both additively and multiplicatively idem-

potent is the principal ultrafilter L. For the principal ultrafilters, the asser-
tion is trivial; for the nonprincipal, it is proved in [Hin79, Theorem 10.25].
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1.1.4 K(pN,®), K(6N,®)

In this section we present the concepts of right, left, bilateral and minimal
ideal in (BN, ®) (resp. (ON,®)). These are important concepts for the
applications of the algebra of SN to combinatorics.

Definition 1.1.24. A subset I of BN is a right ideal (resp. left ideal) in
(BN, @) if, for every ultrafiltersU in I,V in SN, U DV (resp. YV DU) is in
1.

I is a bilateral ideal in (BN, @) if it is both a left and a right ideal.

I is a minimal right ideal (resp. minimal left ideal) in (6N, @) if, whenever
J C I is a right (resp. left) ideal in (BN, ®), J = 1I.

The notions of right, left, bilateral and minimal ideal in (N, ®) are defined
simalarly.

In this context, a very important result on compact topological semi-
groups is the following theorem:

Theorem 1.1.25. In every compact right topological semigroup (G,x) there
is a smallest bilateral ideal K(G,*), which can be described as the union of
all the minimal left ideals or, also, as the union of all the minimal right ideals

of (G, *).

A proof of this result can be found in [HS98]. As a consequence, since
(BN, @) and (BN, ®) are compact right topological semigroups, we have:

Corollary 1.1.26. (8N, ®) (resp. (BN,®)) has a minimal bilateral ideal
K(PN,®) (resp. K(ON,®)) which is the union of all its minimal left ideals
and, also, the union of all its minimal right ideals:

K(BN,®) = U{R | R minimal right ideal in (BN, ®)} = J{L | L minimal
left ideal in (BN, ®)};

K(BN,®) = U{R | R minimal right ideal in (6N, ®)} = U{L | L minimal
left ideal in (BN, ®)}.

Observe that, if I; and I, are two minimal right (resp. left) ideals in
(BN, @), I = Iy or I = I; N I, = (), otherwise I would be a right (resp. left)
ideal strictly included in I; and I, which is absurd.

Proposition 1.1.27. Fvery right and every left topological ideal in (SN, @)
(respect. (BN, ®)) contains an idempotent.

Proof. This result is proven in [HS98, Corollary 2.6 and Theorem 2.7].
[
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In [Ze09], Yevhen Zelenyuk proved that there is plenty of minimal right
ideals whenever we consider the Stone-Cech compactification of infinite dis-
crete abelian groups:

Theorem 1.1.28 (Zelenyuk). Let G be an infinite discrete abelian group
with |G| = k. Then BG contains 2*" minimal right ideals.

As a consequence, both in (N, @) and (SN, ®) there are 22" idempotent
ultrafilters.

1.1.5 Piecewise syndetic sets and K (SN, ®)

The ultrafilters in the closure of K (SN, @) have an interesting character-
ization in terms of a notion called "piecewise syndeticity":

Definition 1.1.29. A subset A of N is thick if it contains arbitrarily long
intervals; it is ptecewise syndetic if there is a natural number n such that

A—[0,n]={meN|F <nwithm+iecA}
is thick.

By definition every thick set is piecewise syndetic. In this section we want
to prove a well-known result: there is a close connection between piecewise
syndetic sets and K (5N, @).

Lemma 1.1.30. A subset A of N is thick if and only if there is a minimal
left ideal L included in © 4.

Proof. This result is [BHMC98, Theorem 2.9(c)]. O

Theorem 1.1.31. A set A is piecewise syndetic if and only if K(BN,®) N
4 # 0.

Proof. Suppose that A is piecewise syndetic, and let n be a natural number
such that T'= A — [0,n] = ,.,,(A — 7) is thick.

Let L be a minimal left ideal included in ©7 and U an ultrafilter in L. By
construction, U € Or, so

T=Uc, (A—1) €U.

In particular, there is an index ¢ < n such that (A — i) € Y. This means
that AcUDi=i1DU,and iDU € L, so ©,N L # (), and the thesis follows
since L C K (SN, ®).

Conversely, let U be an ultrafilter in K (SN, @) with A € Y. Let L = N U
be the minimal left ideal containing U. Pose
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Ty = UneN(A - Tl)
Claim: L C Op,.

We prove the claim: let V be an element of L; L = SN®Y = {n @V | n € N},
U € L and O, is a neighbourhood of U since U € O 4: this entails that there
is a natural number n such that A e n® V, so V € ©4_,,, and this proves
that L C Orp,.
In particular

{@A,n | n c N}

is an open cover of L; but L is compact (since L is the image of SN,
which is compact, respect to the function ¥V — V @ U, which is continuous),
so there exists a natural number n such that {©4_; | i < n} covers L,
and this is equivalent to say that, denoting with 7" the set |J,., (A — 9),
LC Uign @Afi = @T-
By Lemma 1.1.33 it follows that | J,, (A — ) is a thick set, so A is piecewise
syndetic. -
[

Corollary 1.1.32. An ultrafilter U is in K(SN, @) if and only if every ele-
ment A of U is piecewise syndetic.

Proof. We use this property of Stone topology: for every subset S of SN, its
topological closure satisfies this condition:

For every ultrafilter U/, U € S if and only if, for every A €U, ©,N S # 0.

So, if U € K(BN,®) and A € U, there is an ultrafilter V in K (SN, @)
with A € V, so by Theorem 1.1.34 A is piecewise syndetic. Conversely, if U is
an ultrafilter such that every element A of U is piecewise syndetic, since for
every piecewise syndetic set A there is some ultrafilter V4 in K (SN, ©)NO 4,
it follows that U € K (SN, ®).

[

1.1.6 U-limits

In this section we introduce the operation of limit in SN, and we show
that, for a subset of SN, to be closed in the Stone topology is equivalent to
be closed under U-limits.

Definition 1.1.33. Given a nonempty set I, a sequence F = (U; | 1 € I) of
elements in BN and an ultrafilter V on I, the V-limit of the sequence F
(notation V — lim;U;) is the ultrafilter:
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Let us verify that &4 = V —lim; Y; is actually an ultrafilter on N. First of
all, U is a filter: N is in U since the set of indexes ¢ such that N is in U; is
I, which is in V; U is closed under intersection since, if A € 4/ and B € U, if
Iy={iel|Acl;}and Iz ={i € 1| B € U}, then both 14 and I are
inV,solaNigisinVand [anp={i€l|ANBeU}=1sN1Ip.

U is an ultrafilter: for every subset A of N, for every index i € I, A € U; or
A¢ e U;, so I = I4 U 4, and this entails that exactly one between I, and
I4c is in V), so exactly one between A and A°is in U.

The operation of limit-ultrafilter is important from a topological point of
view. In fact, the closed subsets of SN can be characterized in terms of
U-limits:

Theorem 1.1.34. Let X be a subset of BN. The following two conditions
are equivalent:

1. X 1is closed in the Stone topology;

2. for every set I, for every sequence (U; | i € I) of elements in X, for
every ultrafilter V on I, the ultrafilter U =V — lim;c; U; is in X.

Proof. (1) = (2) If X is a closed base set ©,4 then for every set I, for
every sequence of ultrafilters (I4; | i € I) on N, for every ultrafilter V on I,
V—lim;U; isin © 4, i.e. A € V—lim;U;: indeed, by definition, A € V—lim; U;
if and only if theset [y ={i €| Acl;}isin Vand, as X = 0Oy, [4 =1,
which is in V.

If X is an intersection of closed base sets, X = ; ©4;, the conclusion follows
immediately from the previous case.

(2) = (1) Suppose, conversely, that X is not an open set. Then there is an
ultrafilter U in X such that, for every base open set ©4 that includes U,
there is an ultrafilter U4 in X with A € Uy4.

We use this fact to produce a sequence (Up | B € p(N)) of ultrafilters indexed
by ©(N) and an ultrafilter V on o(N) such that ¢/ is the V —lim of this family,
and this concludes, since by hypothesis this entails that U/ € X, which is a
contradiction.

Step 1: For every set B in o(N), pick Up € X such that if B € U, then
B € Up (if B is not in U, pick Up randomly).

Step 2: For every set A € U, define

I'y={BepN)|BCAand Bel}.
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Observe that the family {I"4}4cys has the finite intersection property, as
['4, N4, =T4,n4,- Let V be an ultrafilter on o(N) with {T'4} ey C V.
We claim that

u=v-— limBep(N) UB.

In fact, if A is any element in U, the set Q4 = {B € p(N) | A € Up}
includes T'4 since, by definition, if B € T'y then B € U (so B € Up) and
B C A (so A € Up).

But I'4 is an element of V, so also (14 is in V, and this entails that A €

Y — hmZ/lB

Since U and V—limUp are ultrafilters, this proves that i =V —limpc ) Up.
O

1.2 Partition Regularity
We introduce an argument that is strictly related to ultrafilters: the par-

tition regularity of a family of subsets of a set S.

Definition 1.2.1. Let S be a set, n a natural number, and {Aq,...., A} a
subset of p(p(N)). {Ai,..., A} is a partition of S if the following three
conditions are satisfied:

1. S=U, A

2. A; #£ 0 for every index i < n;

3. AiNAj =0 for every indexes i # j, i,j < n.

Convention: Whenever, given a set S, we write
S=AU..UA,

it is intended that {4, ..., A, } is a partition of S.

Definition 1.2.2. Let F be a family, closed under superset, of nonempty
subsets of a set S. F is weakly partition regular if, whenever S = Ay U
...UA,, there exists an index i < n such that A; € F.

F 1is strongly partition regular if, for every set A in F, if A= AU...UA,
then there exists an index i < n such that A; € F.

Trivially, every strongly partition regular family of sets is also weakly
partition regular.
Partition regular families of subsets of a set S are related with ultrafilters on

S:
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Theorem 1.2.3. Let S be a set, and F a family closed under supersets of
nonempty subsets of S. Then the following equivalences hold:

1. F s weakly partition reqular if and only if there exists an ultrafilter U
on S such that U C F;

2. F is strongly partition reqular if and only if F is an union of ultrafilters.

Proof. 1) Suppose that F is weakly partition regular and, for every subset A
of S, consider the partition S = AU A°. Since F is weakly partition regular,
at least one between A and A€ is in F.

Consider the subfamily G of F such that

G={AeF\{0}|A¢ F\{0}}.
Claim: G is a filter.

In fact, G does not contain the empty set and it contains .S; it is closed
under superset because, if A° ¢ F, then no subset of A¢ is in F since this
family is closed under superset; it is closed under intersection because, if

A, B € G, then
S=(ANB)UA“U(B°\ A9,

and B¢\ A° and A° are not elements of F,s0o AN B € F.
We can extend the filter G to an ultrafilter U, and U C F: extending G, we
include in U only elements of F, because the only elements that are not in
F are complements of something that is in G, so they cannot be in U. So U
is an ultrafilters included in the weakly partition regular family JF.
Conversely, suppose that U is an ultrafilter included in F, and let S =
A;U...UA, be a partition of S. Then, by definition of ultrafilter, one of the
sets A; is in U so, in particular, it is in F, and this proves that F is weakly
partition regular.
2) Suppose that F is strongly partition regular, and for every set A in F
consider

Fa={BeF|BCA}

F4 is a weakly partition regular family of subsets of A, so there is an
ultrafilter Uy on A with Uy C F4.
U, can be extended to an ultrafilter on S closing under supersets, and this
is an internal operation for F: if U is the ultrafilter on S obtained extending
the ultrafilter Uy, then & C F. This proves that every set A in F is included
in an ultrafilter U with U C F so, in particular, F is an union of ultrafilters.
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Conversely, suppose that F is an union of ultrafilters, and let A be an element
of F and Uy an ultrafilter included in F such that A € Uy. Then, if A =
AU ...UA,, there is an index i such that A; is in U4, so A; is in F.

]

From this moment on, we consider fixed a first order language of arith-
metic £, and when we talk about first order formulas is intended that the
language used is £. For an introduction to first order logic, see e.g. [CK90].

Definition 1.2.4. We say that a first order sentence ¢ is weakly partition
regular or strongly partition regular on a set S if the related family
F(S,¢) has the corresponding property, where

F(S,¢) ={AC S| Ak}

E.g.: let ¢ : be the sentence "Iz z = 7", and S = N. Then F(N, ) is
the principal ultrafilter 47, which is a strongly partition regular family, so ¢
is strongly partition regular.

As partition regular families are related with ultrafilters, we introduce the
important concept of p-ultrafilter:

Definition 1.2.5. Let ¢ be a first order sentence, and U an ultrafilter on N.
U is a p-ultrafilter if, for every element A of U, A satisfies p.

As a corollary of Theorem 1.2.3, given a first order sentence ¢, there is a
p-ultrafilter on S if and only if the sentence ¢ is weakly partition regular on
S; similarly, for every subset A of S that satisfies ¢ there is a @-ultrafilter
that contains A if and only if ¢ is strongly partition regular. This proves the
following theorem:

Theorem 1.2.6. Let p be a first order sentence, and S a set. The following
two equivalences hold:

1. ¢ s weakly partition regular on S if and only if there exists a -
ultrafilter on S;

2. ¢ 1is strongly partition reqular on S if and only if for every subset A of
S that satisfies ¢ there is a p-ultrafilter that contains A.
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1.3 Some Results in Ramsey Theory

In this section, our goal is to recall some basic definitions and to present
some classical and widely known theorems in Ramsey Theory on N. These
results are proved both combinatorially and with the use of ultrafilters. This
is done since, in Chapter Three, we will reprove these results with nonstan-
dard techniques, and the proofs given here are used as a yardstick to outline
advantages and disadvantages of these nonstandard techniques.

The results in Ramsey Theory are usually presented in terms of colorations:

Definition 1.3.1. Given a set S and a natural number n > 1, a coloration
c of S with n colors is a map ¢: S — {1,...,n}.

It is usually intended that, for every natural number i < n, ¢71(i) # 0.
In a precise sense, colorations and partitions are the same: if P = {Ay,..., A, }
is a partition of S in n pieces, the function c¢: S — {1,..,n} such that

for every element s in S, ¢(s) =4 if and only if s € A;

is a coloration of S with n colors and, if ¢ is a coloration of S with n
colors, the family P = {A;, ..., A,}, where

for every i <n, A; = ¢ 1(4)

is a partition of S in n pieces.
The result that gives the name to this branch of mathematic is Ramsey’s
Theorem (proved by Frank Plumpton Ramsey in [Ram30]). Before stating
and proving Ramsey Theorem, we have to introduce the following definition:

Definition 1.3.2. Given a set S and a natural number n, the set of subsets
of S with cardinality n is denoted by [S]™:

[SI"={AC S[|S]=n}.
Theorem 1.3.3 (Ramsey). Given a natural number n, if [N|" is finitely col-
ored then there exists an infinite subset S of N such that [S]" is monochro-
matic.

Proof. Combinatorial Proof: We give the proof for the case n = 2. The
general case follows by induction on n.

Let ¢ be the finite coloration of [N]?, and let r be the number of colors of the
coloration c. We inductively define infinite sets A; and natural numbers z;
in this way:
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2. xy is any element of N;
3. Fixed z; in A; define, for 1 < j <r, Tij ={y e A;| c{xi,y}) = j}

Now, by definition, we have
Ai = U;:l thZj7

and this forms a finite partition of the infinite set A; \ {z;}. So, there is
at least one index j with 77 infinite. Fix that index j and pose A; 1 = T7.
Finally, pose

A={z;|i>1}.

We observe that, given natural numbers ¢, 7, k with ¢ < j and i < k, since
A; C A, and A, C A;, by definitions we have c({z;, z;}) = c({zs, 1 }).
We construct this new coloration ¢ with r colors for the set A: given z; in
A, we pose d(x;) = j if and only if for every i < k we have c({x;,xx}) = J.
¢ is a finite coloration of an infinite set, so there is a monochromatic infinite
subset S of A (with color j respect ¢’). And, by construction, for every
{z,y} € [S)?, c({z,y}) = j, so [S]? is monochromatic.

O

Proof. Proof with Ultrafilters: Let &/ be a nonprincipal ultrafilter on N and
let ¢ be a coloration of [N]? with 7 colors. Identify [N]? with the set

AT ={(n,m) € N* | n < m},
and consider the coloration ¢ of A™:
For every (n,m) € N2, d((n,m)) = c¢({n,m}).
Put, for 1 <i <r, C; = {(n,m) € AT | d((n,m)) =i}. Then
AT =Uiz Gy

and this is a partition of A™.

As we proved in Proposition 1.1.17, AT is a set in U @ U so there is an index
i < r such that C; € U @ U. By point two of Proposition 1.1.17 it follows
that there is a subset B of N with

{(b1,b2) | b1 < by, b1,b € B} C C;.
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By construction B is an infinite subset of N monochromatic respect c: for
every {b1,bo} € [B]?, c(by,by) = i.
O

One other gem in the early development of Ramsey Theory is Van Der
Waerden’s Theorem (see [VAW27]):

Theorem 1.3.4 (Van Der Waerden). In every finite coloration of N there
are arbitrarily long monochromatic arithmetic progressions.

Combinatorial proofs of this result can be found in [GRS90], and two
proofs with the use of ultrafilters are given in [BH90].
Here, we present this particular case:

Theorem 1.3.5. In every 2-coloration of N there is a monochromatic arith-
metic progression of lenght three.

Proof. To prove the result it is sufficient to show that there is a natural
number n such that, for every 2-coloration of {1,...,n} = A; U As, A; or Ay
contains an arithmetic progression of lenght three. Following the proof in
[GRS90], we show that n = 325 is sufficient for our pourposes.

Divide 325 in 65 blocks B;, 1 < i < 65, of lenght 5, where

Bi={5-(i—1),5-(i—1)+1,..,5 (i — 1) +4}.

There are only 2° = 32 ways to 2-color a block of lenght 5 so, by the

pigehonhole principle, there are two indexes 7,5 with 1 < i < 5 < 33 such
that the block B; and the block B; have the same coloration.
Consider the block B;, and its elements 5¢ + 1,51 + 2,5¢ + 3. If they have
the same coloration, we found a monochromatic arithmetic progression of
lenght three. Otherwise, only two of them have the same color; observe that,
if those two numbers are 5i + a,5i + b, also 5i + b+ (b — a) € B; (that is
why we choose blocks of lenght 5). If b 4+ (b — a) has the same coloration
of b and a, we have a monochromatic arithmetic progression of lenght three;
otherwise, consider B;, B}, Bji(j—i (since 1 <1 < j <33, j+ (j —1i) < 65,
and that is why we choose n = 65-5 = 325). In Bj(;_;) consider the element
574+ (j—1)) +b+ (b—a). If its color is the same as 5i + a, then

S5i+a,55+b,5(j+(j—1i)+b+ (b—a)

is a monochromatic arithmetic progression of lenght three with common dif-
ference (j — i) 4+ (b — a); if the color of 5(j + (j —i)) + b+ (b — a) is not the
same as the color of 57 4+ a then, by construction, it must be the same as the
color of 5i + b+ (b — a), and in this case
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5i+b+(b—a),55+b+(b—a),5(j+(—1)+b+ (b—a)

is a monochromatic arithmetic progression of lenght three of common
difference (j — 7).
O

Proof. Proof with ultrafilters: The result is a straightforward consequence of
this claim:

Claim: If ¢/ is an idempotent ultrafilter in (SN, ®) and A is a set in
2U ® U, in A there is an arithmetic progression of lenght three.

We prove the claim: the property that we use is that, for every idempotent
ultrafilter U in SN, for every set S in U, the set
{neN|S—nel}

isin U, where S—n={aeN|a+ne S}
Consider the set A. By definition of sum of ultrafilters,

Ac2UooU = {neN|{meN|n+me A} e2U} € U.
Consider the set
B={neN|{meN|n+me A} € 2U}.
As A € 2U @& U, for every natural number n in B the set
B,={meN|n+2m e A}
isin U.
Let = be an element in BN {n € N | B —n € U} and y an element in
(B—x)N{n € N| B, —n € U}. Observe that, by construction, x +y € B
and B, —y eU.

Let z be an element in B, N B,4, N (B, —y). Observe that, by construction,
z+1y € B,. Then

l.x4+2z€ A,asz € Band z € By;
2. 1+y+2z€ A asc+y € Band z € Byyy;
3. x4+2y+2z€ A,asr € Band z+y € B,.

As x4+ 2z,2 4+ y+ 22,x + 2y + 2z is am arithmetic progression of lenght
three in A, this proves the claim.
[

30



We point out that Van der Waerden’s theorem does not entail that in
every finite coloration of N there are infinite monochromatic arithmetic pro-
gressions: e.g. consider this 2-coloration of N:

For every natural number n, ¢(n) = 1 if and only if there is an odd natural
number m with w <n< w
In this coloration, there are arbitrarily long arithmetic progression both
with color 1 and color 2, but there are not infinite monochromatic arithmetic
progression, since both ¢ !(1) and ¢ !(2) are subsets of N with arbitrarily
long gaps.

Another important result in Ramsey Theory on N is Schur’s Theorem
(see [Scl6]), which is the oldest of the results presented in this section (it
has been proved in 1916). This theorem ensures a weak condition of closure
under sum for some piece of any finite partition:

Theorem 1.3.6 (Shur). For every finite coloration ¢ of N then are positive
natural numbers n,m such that c¢(n) = c(m) = ¢(n+m).

Proof. Combinatorial Proof: Suppose that ¢ : N — {1,...,r} is an r-coloration.
We use ¢ to induce an r coloration ¢ on [N]? defined in this way:

((2,5)) = c(li = jI)-
As a consequence of Ramsey Theorem, there is an infinite subset S on
N with [S]? monochromatic. Let i < j < k be elements of S (observe that
¢((3,7)) = (i, k)) = ¢((j,k))), and pose n = j — i and m = k — j.
Then

1. e(n) =c(j —1i)=((i,9))
2. ¢(m) =c(k—j)=c((J,k))
3. cln+m)=c((k—7)+(—1i)=clk—1i)=((ik))

so n,m and n + m are monochromatic.

]

Proof. Proof with Ultrafilters: Schur’s Theorem is a straightforward conse-
quence of this claim:

Claim: For every idempotent ultrafilter U in (5N, @), for every set A in
U, there are elements n, m in A such that n +m € A.
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We prove the claim: let U be an additively idempotent ultrafilter, and A
a set in U; since U is idempotent, by definition

{neN|{meN|n+meAleclU}l el
Let B be the set:
B={neN|{meN|n+meA} clU}

and, for every natural number n in A N B (that is nonempty, since it is in
U), let B, be the set

B,={meN|n+me A}.

If m is an element in B, N A (that is nonempty since it is in U), by
construction n, m,n +m € A, and this proves the claim.
If U is an additively idempotent ultrafilter, and ¢ : N — {1,...,n} a finite
coloration of N, one of the monochromatic sets ¢'() is in U, so it contains
a monochromatic lenght three arithmetic progression.
]

Schur’s Theorem can be generalized:

Definition 1.3.7. Let S = {s1, ..., s,} be a finite subset of N with cardinality
n. The set of finite sums of elements in S (notation FS(S)) is the set

FS(S) = {5 |04 JC {1 ....n}}.

Similarly, if S = {s, | n € N} is an infinite subset of N, then

FS(S) ={>icssil J € pn(N)\ 0},
where @i, (N) denotes the set of finite subsets of N.

An important generalization of Schur’s Theorem is Folkman’s Theorem
(this theorem has been proved independently by many mathematicians, we
call it Folkman’s Theorem following [GRS90]):

Theorem 1.3.8 (Folkman). For every finite coloration of N, for every natu-
ral number k, there is a set Sy of cardinality k such that F'S(Sy) is monochro-
matic.

Combinatorial Proof: We follow the proof presented in [GRS90]. To prove
this result, we need a lemma that involves the notion of "weakly monochro-
maticity" for a set in the form F'S(S):
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Definition 1.3.9. Given a nonempty finite subset S = {s1,...,s1} of N,
FS(S) is weakly monochromatic if, for every nonempty subset I of {s1, ..., s},
the color of Ziel s; 1s the color of Smax(n)-

The combinatorial proof of Folkman’s Theorem is based on this lemma:

Lemma 1.3.10. For every natural numbers m, k > 1 there is natural number
n such that if {1,...,n} is m-colored then there are x1, ...,zy in {1,...,n} such
that FS({x1,...,xx}) is weakly monochromatic.

Proof. Let m be the number of colors of the colorations. We proceed by
induction on k. If k = 1, there is nothing to prove.

Suppose to have proved the result for £, and consider k£ + 1. By inductive
hypothesis, there is a natural number n such that in any m-coloration of
{1,..,n} there are xy, ..,z with F'S({z1, ..., 2% }) weakly monochromatic.
By Van der Waerden’s Theorem, there is a natural number N such that in any
m-~coloration of {1,..., N} there is a monochromatic arithmetic progression
A={a,a+0b,...,a+ nb}.

Consider B = {b,...,nb}. By inductive hypothesis (here there is a little
abuse: the inductive hypothesis involves the set {1,...,n}, and here we have
{b,...,bn}, but it should be clear that we can return to the precise inductive
hypothesis by division for b), there are xq, ...,z in B with F.S({z1, ..., zx})
weakly monochromatic. Pose xp,1 = a. Then

FS({xh "'7xk7xk+l})

is weakly monochromatic: consider any two elements y, 42 in the form
Y1 = D icr, T Y2 = D_icq, Ti, Where Iy, I are nonempty subset of {1, ..., k+1}
with max(/;) = max(ly) = M. If M <k, then y; and y, are monochromatic
since they are in F'S({z1,...,zx}). If M =k + 1, y1,y2 are monochromatic
since they are two terms of the arithmetic progression A.
This proves that in every m-coloration of {1, ..., N} there are k + 1 elements
21, .., Tpr1 with FS({xy, .., z141}) weakly monochromatic, and the theorem

follows by induction.
]

We can now prove Folkman’s Theorem:

Proof. Combinatorial Proof: The equivalent finitary formulation of Folk-
man’s Theorem is this: for every natural numbers r, k& there is a natural
number n such that, for every r coloration of {1,...,n} there are z1, ...,z
with F'S({z1,...,x;}) monochromatic.

By Lemma 1.3.10 there is a natural number n such that in any coloration of
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{1,...,n} there are yi, ...,y with F.S({y1, ..., yrx}) weakly monochromatic.
Y1, -, Yrk are colored with r colors, so there are at least k of them (say,
Yjys -, Yj,) that are monochromatic. Pose

Ty = Yj;-

By construction, {zi,...,z;} is such that F'S({z1,..,2x}) is monochro-
matic (say of color j): in fact, for any nonempty I C {1,...,k}, the color of
Ziel x; depends only on the color of Zpay(r), which is j, so all the elements
in FS({z1,..,x;}) are monochromatic.

]

Proof. Proof with Ultrafilters: The result follows by this claim:

Claim: if U is a idempotent ultrafilter in (6N, @) and A is an element

of U, for every natural number k there is a subset Sy of A such that |Sk| = k
and F'S(Sy) C A.

We prove the claim: let U be an additively idempotent ultrafilter, and A
an element of Y. Since A € U, and U is idempotent, the set

Bi={neN|A-nelU}

is in Y. Take an element ny in A; N B; = As.
Since Ay € U, the set By ={n e N| A; —n €U} € U. Take ny € AsN By =
As.
Similarly, suppose to have defined Ay, ..., Ay, By, ..., Bg, n1, ..., ni. Pose

A1 = Ar N By

since Apy1 € U, the set By = {n € N | Ay.1 —n € U} is in U. Take
N1 € App1 N B = Ao
In this way, we construct a set X = {ny,ns,....} C A, infinite, with

FS(X) C A,

and, for every natural number k, for every subset Sy of X with £k elements,

Sk is a subset of A with cardinality k such that F'S(Sx) € A. This proves

the claim, and the claim entails the thesis because, if ¢ : N — {1, ...,m} is an
m-~coloration of N, since N = [J", ¢7*(¢) one of the monochomatic sets ¢~ (i)
is in U, so it contains arbitrarily large subsets S such that F'S(S) C ¢ (4).
[

Fact: The proof with ultrafilters of Folkman’s Theorem is a proof of a
stronger result, known as Hindman’s Theorem:
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Theorem 1.3.11 (Hindman). Whenever N is finitely colored there is an
infinite subset S = {x1, xe, x3,....} of N such that FS(S) is monocromatic.

Hindman’s Theorem (see e.g. [Hin72], [HS98, Corollary 2.10]) has both
a great combinatorial and a great historical importance, since it is an ex-
ample of theorem where the ultrafilter proof is undoubtedly simpler than
the combinatorial one. In fact, the ultrafilter proof uses only few properties
of idempotent ultrafilters while, as for the combinatorial proof, quoting the
words of Neil Hindman:

Anyone with a very masochistic bent is invited to wade through the original
combinatorial proof.

Both Schur’s and Folkman’s Theorems can be seen as dealing with par-
tition regularity for homogeneous linear polynomials:

Definition 1.3.12. An homogeneous linear polynomial with coefficients in

Z

P(.Th...,l'n) : Z?:l CiT;

is weakly partition regular on N if in every finite coloration of N\ {0}
there is a monochromatic solution to the equation P(x1,...,z,) = 0.
Similarly, a matriz A with coefficients in 7

ay1 Q12 ... Q1n
a2 1 Q22 ... Q2n
am71 am72 amm

is weakly partition regular on N if in every finite coloration of N\ {0}
there s a monochromatic solution to the linear system:

1,121 -+ a12x2 + ... + A1 nn = 0
a21T1 + a2 2X2 + ... + A2 nTyp = 0
Am1T1 + AmaTas + ..+ AppT, = 0

For example, Schur’s Theorem states that the polynomial
P(x,y,z):x+y—=z2

is weakly partition regular on N, while Folkman’s Theorem is equivalent
to state that, for every natural number n, the (2" — 1) x (n+ 2" — 1) matrix
A
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1
T

Ton_1

is weakly partition regular on N, where the elements a; ; in the row r; are
constructed in this way: let f be a bijection between 2" — 1 and the set of
nonempty subsets of {1,...,n}. Then

e if 1 <j<nandje f(i) then a;; = 1;

o if 1 <j<mnandjé¢ f(i) then a;; = 0;
eifn<j<n+2"—-1and j—n=1thena;; = —1;
eifn<j<n+2"—-1and j—n #ithena;; =0.

E.g., for n = 3, the matrix A can be choosen in this way

100 -1 0 0 O O O O
o610 0 -1.0 0 O 0 O
coo1 0 0O -1 0 0 0 O
110 0 0O O -1 0 0 O
1601 0 0 O O -1 0 O
o110 O O O O -1 0
111 0 O O O O 0 -1

In 1933 Richard Rado, a student of Issai Schur, characterized the weakly
partition regular matrices on N in terms of a condition on the system that
he called "column condition" (see [Rad33]):

Definition 1.3.13. A matriz

a171 CLLQ al,n
Q21 Q22 ... Q2n
Am1 Am,2 -+ Amn

with coefficients in 7 satisfies the columns condition if it is possible to
order the column vectors ci,...,c, and to find integers ig = 0 and i1, ...,
with 1 <11 <19 < ... < i = n such that, if we pose
i.
AJ = Z(?S:’L?,l-‘rl) Cs;
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then
1. Al = 0,'
2. for 1 <j <k, Ajis alinear combination of cy,...,c;,_,.

Theorem 1.3.14 (Rado). Let A be a matriz with coefficients in Z. Then
the following two conditions are equivalent:

1. A is weakly partition reqular on N;
2. A satisfies the columns condition.

The proof of Rado’s Theorem can be found, e.g., in [GRS90]; here we
provide a direct combinatorial proof of this corollary, that characterizes the

weakly partition regular linear homogeneous polynomials with coefficients in
Z:

Theorem 1.3.15. Let P(xzy,...,x,) © > ., ¢;x; be an homogeneous linear
polynomial with nonzero coefficients in Z. The following conditions are equiv-
alent:

1. P(xy,...,x,) is weakly partition regular on N;

2. there is a nonempy subset J of {1,...,n} such that 3 _;;c; = 0.

The "only if" part of the theorem is based on this lemma, that strenghtens
Van der Waerden’s Theorem:

Lemma 1.3.16. For every finite coloration of N, for every natural numbers
n, m, there are natural numbers a,b such a,a+Db, ...,a+nb,a—0b,...,a—nb, mb
are monochromatic.

This lemma is proved in [GRS90, pag 55].

The "if" part of the theorem uses the so-called smod(p) colorations (where
smod stand for "super modulo"):

Definition 1.3.17. Let p be a prime number in N. The smod(p) coloration of
N is the (p — 1)-coloration such that, for every natural number n, if n = ap",
where k > 0 and ged(a, p)=1, then

smod(p)(n)=a mod p.

This given, we can prove Theorem 1.3.15:
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Proof. (2) = (1) Reordering, if necessary, the coefficients of P(z1, ..., z,), we
can assume that the sum of the first k coefficients is 0:

c1+ ...+ ¢, =0.

The idea is to describe a parametric solution S,,, (., of the equation P(x4, ..., x,) =
0, in the form

a+zib, 1<i<Fk;
S; =
’ mb, k<1i<n,
where {z; | i < k},m are given and a,b are parameters, and then to
apply Lemma 1.3.16 to find such a structure in one of the colors, obtaining
a monochromatic solution.
To get the desired parametrization we need to find s, {z; | i < k}. There are
two cases: if k = n, there is nothing to prove, since if >  ¢; = 0 then for
every natural number m the constant solution x; = m solves the equation;

so, we suppose that k < n and we consider the natural numbers ¢, d, m such
that

c= ng(Clv ) Ck)?
n -
d= Zizk_H Ck
_ c
m = ged(c,d)*

By construction, dm is an integer multiple of ¢, so there is an integer z
in Z with

cz+dm =20

and, by Bézout’s Identity, since ¢ = gcd(cq, ..., cx), there are integers
z1, ..., 21 such that

c1z1 + ... +cpzp = cz.

With this choice of m, {2 | i € I}, Sy (2 is a parametric solution of the
equation:

Z?:l CiSi = Zf:l ci(a+ zb) + Z?:kJrl cmb =

=aXr G+ ezb+ 0, eimb = 0+bez+bdm = 0+b(cz+dm) = 0
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and Lemma 1.3.16 provides that, if Z = max{z; | ¢ < k}, there are
natural numbers a,b in N such that a,a +b,...,a + Zb,a — b, ...,a — Zb, mb
monochromatic, and the set {a,a+b,...,a+Zb,a—b,...,a— Zb, mb} contains
a parametric solution in the form S, ;.,3.
(1) = (2) This implication follows by this claim:

Claim: If there is a prime number p such that p does not divide the sum
of any nonempty subset of {¢; | i < n}, then the equation ), ¢;z; = 0 has
no monochromatic solution respect the smod(p) coloration.

The thesis is a consequence of the claim: if every subset of the set of
coeflicients has sum different from 0, since the set of all the possible sums of
the coefficients of P(zy, ..., x,) is finite, there is a prime number p that does
not divide any of these sums, and P(xy, ..., x,,) is not weakly partition regular,
since it has not a monochromatic solution respect the smod(p) coloration.
Proof of the claim: Let p be a prime number such that p does not divide
any sum of the coefficients of P(xy,...,z,), and assume that (ay,...,a,) is a
monochromatic solution of the equation P(xy,...,z,) = 0. We suppose that

N = gcd(ay, ...,a,) =1

since, by definition of smod(p)-coloration, if (ay, ..., a,) is monochromatic

then (%, ..., §*) is monochromatic.

Reordering if necessary, we suppose that p does not divide x1,...,x; and p
divides xyy1, ..., x,: since ged(xy, ..., x,) = 1, k is necessarily > 1.
We reduce the equation P(ay, ...,a,) = 0 modulo p:

Yo ca; =0 mod p.
By construction, this is equivalent to say that
Zle cia; =0 mod p,

since we assumed that ¢; =0 mod p for every index j > k. By construc-
tion

smod(p)(a;)=smod(p)(az)=...=smod(p)(ax)=y
for some 1 <y < p and, since p does not divide any element a;,
smod(p)(a;)= (a; mod p).
From these observations it follows that

Zle Cia; =Y - Zle ¢i =0 mod p,
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that, since y # 0 mod p, holds if and only if
Zle ¢; =0 mod p:

{1, ..., cx} is a finite subset of the set of coefficients, and S5 ¢; is divided
by p, and this is absurd. This proves the claim.
[

In next chapter we introduce a nonstandard technique that, in Chapter
Three, will be used to re-prove the results presented in this section from a
different point of view.
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Chapter 2

Nonstandard Tools

In this chapter we expose the nonstandard tools that we need in the rest
of the thesis.
After recalling some general facts about nonstandard methods, we start to
study the monads of ultrafilters. These objects are defined in the follow-
ing way: given an ultrafilter U, and a hyperextension *N of N satisfying a
particular additional property, the monad of U is

Gu={a e N|aec N A}

These structures have already been studied in the literature (e.g. [Pu71]
and [Pu72]). In Section Two we outline some of their known properties and,
in Section Three, we present an original result, called Bridge Theorem, which
shows that particular combinatorial properties of ultrafilters can be seen as
generated by properties of their monads. Motivated by this observation, we
decide to rename the elements in the monad of U as generators of U.

The study of the sets of generators leads us to consider the tensor products of
ultrafilters. A problem that we outline is that, even if the set of generators of
a tensor product U ® V can be characterized in terms of Gy, and Gy, (this has
been done by Christian Puritz in [Pu72, Theorem 3.4]), this characterization
does not give a procedure to construct, given generators « of U and ( of V,
a generator of Y ® V.

This leads, by observations explicitated in Section Five, to consider a partic-
ular hyperextension of N, that we call w-hyperextension and denote by °N.
Its particularity is that in *N we can iterate the star map. This property
turns out to be particularly usefull to deal with tensor products of ultrafil-
ters: in fact, the possibility to iterate the star gives the desired procedure to
construct generators of tensor products U ® V starting with generators of U
and V.
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In last section we apply this procedure to study, given ultrafilters &/, on N,
the sets of generators of Y &V and U ©® V in °N.

2.1 Nonstandard Methods

Nonstandard Analysis was ideated by Abraham Robinson in the late
1950’s. Its original intent was to give a rigorous formalization to the no-
tion of infinitesimal element, and to apply such a notion to mathematical
analysis (see [Ro66]).

In the following fifty years, Nonstandard Analysis has grown both as a branch
of mathematical logic, where its foundations are studied, and in terms of ap-
plications to a wide variety of problems. We suggest to the interested reader
the books [ACH97] and [Go98], where the methodology of nonstandard anal-
ysis, as well as many of its applications, are presented. In this section, we
are concerned with its logic foundations. Since this does not concern math-
ematical analysis, we prefer to talk about nonstandard methods.

We observe that there are many ways in which nonstandard methods have
been formalized. In this thesis, in order to formalize and use nonstandard
methods we adopt the framework of superstructures. For a comprehensive
tractation of this approach, see e.g. [CK90, Section 4.4]. Among the alterna-
tive approaches, we recall the classical [Ne77], where nonstandard methods
are presented from the point of view of the so-called Internal Set Theory, and
[BDNF06], where the autors give an introduction to the hyper-methods of
nonstandard analysis and present eight different approaches to nonstandard
methods.

We begin our short introduction to nonstandard methods recalling the defi-
nition of superstructure on a set:

Definition 2.1.1. Let X be an infinite set. The superstructure on X is
V(X) = U,pen Vo (X), where

Vo(X) = X,'
Vi1 (X) = Vi (X) U p(Vi).

We make the extra assumption that X is a "base set": this means that
its elements behave as atoms within V(X) (formally, ) ¢ X and, for every
z in X, 2 NV(X) = (). This makes it possible to define the "individuals"
relative to V(X)) as the elements of X, and the "‘sets"’ relative to V(X) as
the elements in V(X) \ X.

Probably, there are two reasons for the diffusion of superstructures in non-
standard methods: the first is that superstructures satisfy many nice closure
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properties with respect to set-theoretic operations; the second is that super-
structures provide an easy way to formalize the naive concept of "mathe-
matical object" as "element of a superstructure". E.g., any real number is a
mathematical object, as well as any subset of real numbers, the set R?, the
relation of order in R, any real function, and so on. Within the Zermelo-
Fraenkel framework, all of these concepts can be realized as elements of a
superstructure V(R): e.g., any subset of the real numbers is a set in V;(R).
Superstructures, as "universes of mathematical objects", are the first ingre-
dient in the construction of nonstandard methods. The other two are the
star map and the transfer principle.

Definition 2.1.2. Given two superstructures V(X), V(Y'), a star map is a
map * : V(X) — V(Y) such that Y =*X.

Usually, it is assumed that * is proper:

Definition 2.1.3. A star map * is proper if for every infinite set A relative
to V(X)) the inclusion °A C*A is proper, where

“A={a|ac A}

The last notion we have to introduce to talk about nonstandard methods
is the transfer principle.
We assume that the reader knows the basics of first order logic, in particolar
the notions of first order formula, free and bounded variables, open formula
and sentence. We fix some notations and conventions:

e With £ we denote a first order logical language containing the simbol
of membership € (e.g., the language of set theory);

e The formulas that we consider are constructed in the language L;
e We reserve the letters x,y, z, x1, 22, ... to denote variables;

e When writing a formula ¢(xy,..., 2, p1, ..., Pm) we shall mean that
O(T1,y ey Ty P1y ooy D) 18 & first order formula, that its free variables
are exactly zq,...,x, and its parameters are exactly p1, ..., Pm;

e Except when strictly necessary, we do not indicate the parameters; in
particular, when we denote a formula as ¢, it is intended that it may
have parameters, but that it has not free variables.

Definition 2.1.4. Let p(x, x4, ....,x) be a formula of L, = a free variable in
@ and y a variable that s not bounded in . The abbreviation
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(\V/.T € y)@(l’,:ﬁ, ,.Tk)

means Vx(z € y) = p(z, x1, ..., x1). Similarly,
(Fx € y)p(x, x1, ..., k)

means 3x(z € y) = p(z, 21, ..., Tp).
The quantifiers Vx € y and Iz € y are called bounded quantifiers.
A bounded quantifier formula is obtained from atomic formulas using
only connectives and bounded quantifiers.

An other kind of formulas that we will need later are the elementary
formulas:

Definition 2.1.5. A formula p(z1,...,x,) is elementary if it is a bounded
quantifier formula and its only parameters are

o clements of NF,

o subsets of N¥,

e functions f : N¥ — NP,

e relations on NF,

where h, k are two positive natural numbers.

The last ingedient needed to talk about nonstandard methods is the trans-
fer principle:

Definition 2.1.6. The star map * : V(X) — V(YY) satisfies the transfer
principle if for every bounded quantifier formula ¢(x1, ..., z,) and for every
ay, ..., a, € V(X)

V(X) E plat,...,a,) if and only if V(Y) E*p(*aq, ..., a,).

In this definition, if ¢(zy,...,2,) is a formula with parameters py, ..., p,
*o(z1, ..., T,) is the formula obtained substituting, in ¢(z1,...,x,), each pa-
rameter p; with *p;: e.g., if p(x) is the formula "z € N", then *¢(x) is the
formula "z €*N".

The transfer principle can be equivalently reformulated saying that * is a
bounded elementary embedding (with a terminology mutuated from model
theory, see e.g. [CK90, pp.266-267]).

Definition 2.1.7. A superstructure model of nonstandard methods is
a triple (V(X),V(Y), *) where
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1. a copy of N is included in X and in'Y;

2. V(X) and V(Y) are superstructures on the infinite sets X, Y respec-
tively;

3. % 1is a proper star map from V(X) to V(Y') that satisfies the transfer
property.

It is assumed that, for every natural number n, *n = n. Observe that,
since Y =*X, by transfer it follows that z € X if and only if *z € Y so the
star map send individuals relative to V(X) to individuals relative to V(Y)
and sets relative to V(X)) to sets relative to V(Y).

Definition 2.1.8. If y € V(Y'), and there exists x € V(X)) such that y ="z,
then y is called hyper-image of x, and we say that y is an hyper-image.
If x is an infinite set in V(X)) and y =*x, y is also called the hyperextension
of x.

In particular, if x = N, then *N s called the set of hypernatural numbers.
An element y of V(Y) is internal if there exists x € X such that y €*x.
An element y of V(Y) is external if it is not internal.

Observe that every hyper-image is internal since, if y ="z then y €
{"et="{«}.
The importance of the internal elements is clear when applying transfer: since
the transfer applies to bounded quantifier formulas, we get that properties of
subsets of a given set Z € V(X)) transfer to the internal subsets of *Z in V().
The Internal Definition Principle characterizes many internal objects in V(Y'):

Theorem 2.1.9 (Internal Definition Principle). Let p(z1, ..., T, y) be a bounded
quantifier formula. If Ay, ..., A,, B are internal, then the set

(be B|V(Y)E o(A,.... Ap,b)}

18 internal.

Proof. This is Proposition 4.4.14 in [CK90].
[

One other result of great importance is the Overspill Principle. Before
stating this principle, we need this definition:

Definition 2.1.10. An element n €*N is infinite if, for every natural num-
ber n, n > n.
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Theorem 2.1.11 (Overspill Principle). Let A be a nonempty internal sub-
set of *N that contains arbitrary large finite elements. Then A contains an
infinite element.

For a comprehensive tractation of this principle, see [Go98, section 11.4].
We just warn the reader that, in Goldblatt’s book, the Overspill principle is
called Overflow principle.

Observe that, as a consequence of the Overspill Principle, in *N there are
infinite natural numbers.

Since hyperextensions of functions are particularly important in this chap-
ter, we point out that functions f : N¥ — N" are extended to functions
*f *NF —*N" that satisfy this condition: if I'; is the graph of f,

Ty ={(z,y) € N* x N | f(z) =y},

the graph of *f is *I'y.
One other important aspect of nonstandard methods in the study of N is
this:

Proposition 2.1.12. N s a bounded elementary submodel of *N.

Proof. N is a submodel of *N, and the star map is a bounded elementary
embedding.
m

We usually work in nonstandard settings that satisfy some additional
condition: in the definition below, we recall that a family F of susets of a
given set S has the finite intersection property if for every natural number
n, for every Fy, ..., F,, elements of F, Fy N ...NF, # 0.

Definition 2.1.13. Let k be an infinite cardinal number. We say that the
nonstandard model (V(X),V(Y),*) has the k-enlarging property (resp.
kT -enlarging property) if, for every set x in V(X), for every family F of
subsets of x with |F| < k (resp. |F| < k) and with the finite intersection
property, the intersection (\pcz"F is nonempty.

Enlarging is a weaker form of a model-theoretic property called satura-
tion:

Definition 2.1.14. Let k be an infinite cardinal number. We say that the
nonstandard model (V(X),V(Y'), x) has the r-saturation property (resp.
kT -saturation property) if for every family F of internal subsets of V(Y)
with |F| < & (resp. |F| < k) and with the finite intersection property, the
intersection ﬂFeFF 15 nonempty.
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We remark that s-saturation trivially implies k-enlarging, since every
hyper-image is an internal object in V(Y).
Nonstandard models satisfying these properties have particular features: e.g.,
if the nonstandard model has the ¢*-enlarging property, and F is a filter on
N, then

Nrer 8 # 0,

since F has the finite intersection property and its cardinality is, at most,
¢; if the nonstandard model has the ¢™-saturation property, the cofinality of
*N is at least ¢*: by contrast, if S = (a; | i < ¢) is an unbounded sequence
in *N, and for every index ¢ < ¢ we consider the set

I = {n €' N|a; <n},

the family (/; | i < c) is a family of internal sets with the finite intersection
property and cardinality ¢ so, by ¢T-saturation, the intersection

ﬂigc ]Z

is nonempty, and this is in contrast with S being unbounded. So the
cofinality of *N is at least ¢*.

2.2 The Bridge Theorem

2.2.1 The Bridge Map

In this section we present an important nexus between ultrafilters and
hyperextensions, that gives a nonstandard characterization of ultrafilters that
we will use throghout the thesis.

The correspondence is this:

Proposition 2.2.1. (1) Let *N be a hyperextension of N. For every hyper-
natural number o in *N, the set

Uy ={AeN|aec*A}
s an ultrafilter on N.

(2) Let *N be a hyperextension of N with the ¢*-enlarging property. For every
ultrafilter U on N there exists an element o in *N such that U = 4A,,.

47



Proof. (1) Let a be an hypernatural number in *N, and consider ,. 4, is
not empty because it contains N; moreover, it is easily seen that I, is closed
under supersets, under intersections and that it does not contain the empty
set, so 4, is a proper filter on N. It is an ultrafilter because, for every subset
Aof N, A e i, or A € i,,. In fact, we have the property

"for every natural number n € N, either n € A or n € A",
and by transfer it follows that
"for every hypernatural number o €*N, either v €*A or a €*A°".

(2) Let *N be a hyperextension of N with the ¢*-enlarging property and U
an ultrafilter on N. The family

{A}aeu

has the finite intersection property; by ¢"-enlarging property it follows
that

Nacu™A# 0,

as |U| < ¢. If a is any element in this intersection, by construction
U=4,.
[l

An important fact is that, if the hyperextension *N does not satisfy the
ct-enlarging property then there may be ultrafilters &/ on N such that, for
every element o €*N, 4, # U. E.g., let *N be a hyperextension of N that
does not satisfy the c¢*-enlarging property and F a family of subsets of N
with the finite intersection property, and suppose that (\p.*F = 0. Then,
for every ultrafilter I/ that extends F (that such ultrafilters exist has been
proved in Chapter One), the set Gy, is empty.

Since we want to avoid this fact, throughout this chapter the hyperextensions
that we consider satisfy (at least) the ¢*-enlarging property.

Definition 2.2.2. The bridge map is the function ¢ *N — BN defined by
putting for every hypernatural number o in *N

Definition 2.2.3. We say that two hypernatural numbers o, 5 in *N are U -
equivalent (notation o ~, [3) when U, =g, i.e. if P(a) = (B).
Given an ultrafilter U in BN, the set of generators of U is the set
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Gu={aeN|U=U,.

A warning is in order: in literature, the set Gy, is called the monad of
the ultrafilter U4. Here, we prefer to rename it as "set of generators" to
emphasize the fact that vary properties of the ultrafilter &/ can be seen as
actually "generated" by the elements in Gy,. This, in our point of view, is
the core of our method of studying combinatorial properties of ultrafilters.
Some of the results about sets of generators that we present in this chapter
are adaptations, in our context, of results presented in [Pu72].

We observe that the bridge map associate finite hypernatural numbers with
principal ultrafilters, and infinite hypernatural numbers with nonprincipal
ultrafilters: e.g., let U be the principal ultrafilter on n. Not surprisingly,
Gy = {n}: in fact, by definition, an hypernatural number « is in Gy, if and
only if a@ €*A for every set A in U; since U is principal, the set A = {n} is
in U, so by taking *A =* {n} = {n} it follows that a = n.

Conversely, if « is infinite, and A is a subset of N such that @ €*A, then A
is necessarily infinite, so i, is nonprincipal. Next proposition shows that, in
this case, Gy, is huge:

Proposition 2.2.4. The bridge map 1 is not 1-1: in fact, for every non
principal ultrafilter U, the set Gy = = (U) has [*N|-many elements.

Proof. Let U be a non principal ultrafilter. For every set A in U, consider
the set

Ty={f: N> A| fis1—1}.

The family {T"4 } acs has the finite intersection property, so by ¢t-enlarging
there is an element ¢ € (T 4.

Claim: For every hypernatural number a in *N, p(a) € Gy.

In fact, for every set A in U, as ¢ € ['4 the range of ¢ is included in *A
so, by construction, the range of ¢ is included in Gy, and this proves the
claim.

As ¢ is 1 — 1, it follows that [*N| < |Gy, and this concludes the proof.
[

The following is an easy, but important, property of Gy,:

Proposition 2.2.5. Let U be a nonprincipal ultrafilter on N, and o, 5 dis-
tinct generators of U. Then | — (] €* N\ N.

49



Proof. Let k be a positive natural number, and let {A;, Ao, ..., Ax} be the
partition of N induced by the Euclidean division:

Ai={neN|n=i mod k}.
Since U is an ultrafilter, there is exactly one index ¢ with A; in U. As
*A; ={ne'N|np=1¢ mod k}

and «, § are in *A;, it follows that |« — 5| =0 mod k. Since this is true
for every natural number k, the only possibilities are that o = (3, which has

been excluded in the hypothesis, or |a — 8] €*N'\ N.
]

When the hyperextension *N is c¢t-saturated, the sets of generators of
nonprincipal ultrafilters are coinitial and cofinal in *N\ N:

Proposition 2.2.6. Let *N be a ¢ -saturated hypereztension of N and U a
nonprincipal ultrafilter on N. Then:

1. Gy is left unbounded in *N\ N;

2. for every infinite hypernatural number n, Gy N [0,7n) contains at least
¢t elements;

the coinitiality of Gy in *N\ N is greater than c;

Gy is right unbounded in *N;

for every n in *N\ N, Gy N (n,+00) contains |*N|-many elements;
6. the cofinality of Gy, is greater than c.

Proof. 1) Let n be an hypernatural number in *N \ N and pose, for every
Ael,

A, ={a €A |a<n}
A, is internal, nonempty (as A C A,) and the family
F = {AU}AEU

has the finite intersection property (as A,NB, = (ANB),) and cardinality
equal to ¢. By ¢t-saturation, the intersection

ﬂAEU A77
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is nonempty; if « is an element in this intersection then « is infinite, less
than 1 and in Gy: this proves that Gy, is left unbounded in *N \ N.
2) Let n be an element in *N \ N. Since G, is left unbounded in *N\ N, for
every natural number k and for every hypernatural number p < 7 the set

(kp) ={a €N |k <a<p}
is a nonempty internal set. Then the family
F ={(k,n) | k € Nand p € [0,7) N Gy}

is a family of nonempty internal sets with the finite intersection property.
Observe that the intersection

m(k,u)ef(ka 1)

is empty. As c¢t-saturation holds, the only possibility is that |F| > ¢*.
By construction, |F| = |Gy N [0,7n)], so |Gy N [0,n)] > ¢t: this entails that
Gy N [0,7n) contains at least ¢™-many elements.
3) Suppose that S = (a; | i < ¢) is a left unbounded sequence in Gy, with
a; > o whenever ¢ < j. Consider the family

F={(ka)|keNac S}

F has the same cardinality as S and it is a family of internal sets, so by
¢t-saturation there should be an hypernatural number § such that 8 € (k, «)
for every (k,«) € F, and this is absurd: 8 can not be finite, otherwise if «
is any element in Gy and k = 8 + 1 then § ¢ (k,a); 5 can not be infinite
otherwise, since Gy, is left unbounded in *N \ N, there is an element o € S
with a < B, s0 5 ¢ (0, ).

We found an absurd, so such a sequence S can not exist: the coinitiality of
Gy is greater than c.

4)-5) Let n be an hypernatural number in *N \ N. As ¢/ is non principal, for
every set A in U, for every natural number £, there is an increasing function
f:N—= AN (k,+o0) that is 1-1. By transfer, this entails that the set

Fa={f *N—=*AnN(n,+00) | f is internal, increasing and 1-1}
is not empty. The family
F ={Fa}aeu

is a family of internal sets with the finite intersection property (since
FaN Fg = Funp for every A, B € U), and it has cardinality ¢. By ¢*-
saturation, the intersection
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mAeu Fy

is nonempty. Let ¢ be a function in this intersection. By construction,
¢ *N — Gy N (n, +00), it is increasing and it is 1-1: this entails that |*N| =
|Gy N (n, 00)|, and that Gy, is right unbounded in *N.
6) Suppose that S = (q; | i < ¢) is an increasing unbounded sequence in Gy,.
Then the family

F={(a,4+00) |« € S}

has empty intersection, and this is absurd, since |F| = |S| = ¢, F has the
finite intersection property and its elements are internal.
m

As a corollary we get:

Corollary 2.2.7. For every nonprincipal ultrafilter U the set of generators
of U is an external subset of *N.

Proof. Every internal subset of *N has a least element, while Gy, is left un-
bounded.
O

2.2.2 The Bridge Theorem

Throughout this section we suppose that *N is a hyperextension of N
with the ¢*t-enlarging property. We also adopt the conventions about logical
formulas introduced in Section One.

Definition 2.2.8. Let ¢(x1, ..., x,) be a first order formula. The existential
closure of ¢(x1,...,x,) is the sentence

E(p(xy,...;xy)) : Jxy....3x,0(xq, ...y xy).

The universal closure of ¢(x1,...,x,) is the sentence

U(d(z1, ...y Tn)) : Vi, ..., Ve,o(xq, ..., Tn).

A first order formula is existential (resp. universal) if it is the exis-
tential (resp. universal) closure of a first order formula.

The Bridge Theorem concerns @-ultrafilters: we recall that, given a sen-
tence @, an ultrafilter I/ is a @-ultrafilter if every set A in U satisfies . The
Bridge Theorem states that, whenever ¢ is a first order existential sentence,
to check if an ultrafilter U is a @-ultrafilter it is enough to study its set of
generators:
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Theorem 2.2.9 (Bridge Theorem). Let ¢ = E(¢(z1, ...,x,)) be a first order
existential sentence and U an ultrafilter in SN. Then the following conditions
are equivalent:

1. U s a p-ultrafilter;
2. there are elements aq, ..., o, in Gy such that *¢(aq, ..., o) holds.

Proof. (1) = (2): Let U be a p-ultrafilter. Given a set A in U, consider
S,y ={(a,...,a,) € A" | ¢(aq, ...,a,)}.

Observe that, since U is a p-ultrafilter, ®, is nonempty for every set A
in U, and that the family {®4} 1<y has the finite intersection property. In
fact, if Ay, ..., A,, are elements in U, then

®A1 m m (I)A”L — ®A1m..-mA7n % @

By c¢T-enlarging property, the intersection

O =MNue"Pa
is nonempty. Since, by construction,
"for every (ai,....,a,) € Pa @(ay,...,a,)"",

by transfer it follows

"“for every (au,...,ap) € P4 *o(ay, ..., an)".

Let (aq, ..., ) be an element of ©. As observed, *¢(ay, ..., @, ) holds and,
by construction, oy, ..., a, € Gy since, for every index ¢ < n, for every set A
in Z/{, (673 €*A.
(2) = (1) Suppose that U is not a p-ultrafilter, and let A be an element of
U such that, for every ay, ..., a, in A, =¢(ay, ..., a,) holds.
Then by transfer it follows that, for every &, ..., &, in *A, =*¢(&y, ..., &,) holds;
in particular, as Gy C* A, for every &1, ..., &, in Gy, =*¢(&4, ..., &) holds, and
this is absurd. So U is a -ultrafilter.

O

Corollary 2.2.10. An ezxistential formula ¢ = E(¢(xy,...,x,)) is weakly
partition reqular if and only if there are n hypernatural numbers oy, ..., oy,
such that oy ~y g ~y o oy g and *(ay, ..., ) holds.

Proof. By Theorem 1.2.6, ¢ is weakly partition regular if and only if there
is a @-ultrafilter, and the thesis follows by Theorem 2.2.9.
[
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E.g, let ¢(x,y, z) be the open formula
(x,y,2 > 0) AN (x+y = z).

As a consequence of Theorem 2.2.9, an ultrafilter U is an E(¢(z,y, 2))-
ultrafilter if and only if there are positive «, 5, € Gy such that o+ § = 7.
What can we say about universal formulas?

Theorem 2.2.11. Let ¢(x1,...,x,) be a first order formula, ¢ its univer-
sal closure and U an ultrafilter in BN. Then the following conditions are
equivalent:

1. there is a set A in U that satisfies ;
2. for every ay, ..., a, in Gy *¢(aq, ..., ap) holds.

Proof. (1)= (2) Let A be a set in U such that for every ay,...,a, in A
o(ay, ...,a,) holds; by transfer it follows that, for every ay,...,q, in *A,
*¢(aq, ..., @) holds. In particular, as Gy, is a nonempty subset of *A, *¢(aq, ..., a,)
holds for every aq, ..., a,, in Gy,.
(2) = (1) Suppose that for every set A in U there are ay,...,a, in A such
that =¢(ay, ..., a,) holds. Then U is an E(=(¢(xq,...,x,)))-ultrafilter so, by
Theorem 2.2.9, in Gy, there are elements ay, ..., a, such that =(*¢(ay, ..., a,,))
holds, and this is absurd.

O

If *N is ¢T-saturated, we can prove two results similar to Theorem 2.2.9
and Theorem 2.2.11:

Lemma 2.2.12. Let ¢(x1, ..., Tp, Y1, .., Ym) be a first order formula, oy, ..., oy,
elements in *N and U an ultrafilter on N. The following two conditions are
equivalent:

1. (E'B € U)(Vﬂl, ,ﬁm G*B) *(b<061,,05n,61,,ﬂm),
2. vﬁla 7671 S GZ/{ *¢(a17 "'7an7517 7ﬁm)

Proof. (1) = (2) If B is a set in U such that, for every f,..., 5, in *B,
*o(aqy ..., A, B, .., Bm) holds then the thesis follows as Gy C*B.

(2) = (1) Suppose that, for every set B in U there are (3, ..., 3,, in *B such
that =*¢(ay, ..., an, 51, ..., Bm) holds. Let

FB = {(51, ,ﬁm) G*Bm | _|*¢(O{1, ...,an,ﬁl, ,ﬁm)}
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By the internal definition principle, for every set B in U the set ['p is
internal. So the family {I'g} ey is a family of nonempty internal subsets of
*N with the finite intersection property: in fact, if By, ..., By are elements in
U, then the intersection

k
Nzt U's, = FﬂleBi # 0.
By c¢"-saturation property, the intersection

O = nBeu I'p

is nonempty. Let (51, ..., Bn) be an element in ©. Then, for every index
i <n, B; € Gy and =*¢(ay, ..., ap, P1, ..., Bm) holds, and this is absurd.
O

Theorem 2.2.13. Let ¢(x1, ..., Tn, Y1, -, Ym) be a first order formula, and
U,V ultrafilters on N. The following conditions are equivalent:

1. (Elala ...,EIOén S GU)(vﬁly avﬁm S GV) *QZ)(OQ, "'7ana51a "'76771);
2. (E'Oél, ...,ElOén S Gu)(;lB € V)(Vﬁl, ,\V/Bm E*B> *qb(Oél, ...,Oén,ﬁl, ”'7Bm>;
3. (3B € V)(VA € U)(Bar, ..., Jan € A)(Vbr, ..., Vb € B) Gar, ooy, b, .., byn).

Proof. (1) = (2) Let ay, ..., be elements in Gy, as in the hypothesis. Then,
by Lemma 2.2.12 it follows that it exists a set B in V such that, for every
By ey B in *B, *¢(aq, ..., , B, .., Bm) holds, and this entails the thesis.
(2) = (3): Let ay,...,a,, B be as in the hypothesis. Suppose that, by con-
trast, there is a set A in U such that, for every aq,...,a, in A, there are
by, ..., by, in B such that =¢(ay, ..., a,, by, ..., by,) holds. Then by transfer prop-
erty it follows that

v517 7v€n G*Azlﬂla LS Elﬂm E*B _‘*¢(§17 -"7571’ 617 (XS] 5m)

and this is absurd since ay, ..., a,, € Gy C*A and *¢(ay, ..., ap, B1y -y Bm)
holds for every (i, ..., B, in *B.
(3) = (1) Let B be a set in V as in the hypothesis and, for every set A in U,
let

Dy = {(al, ...,an) e A" | V(bl, ,bm) e B™ ¢(6L1, veey Ay, b1, ...,bm) hOldS}

The family {® 4} ey is a family of nonempty subsets of N™ with the finite
intersection property as, if Ay, ..., Ay are elements of U, the intersection

Pp,N..NPy, = Pain. 4,
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is nonempty. By c¢T-enlarging property, the intersection

O =NacTa

is nonempty. Let (aq,...,a;,) be an element in this intersection. By con-
struction, aq, ..., a,, are elements in G, and, since for every set A in U

*@A = {(gla ---agn) G*An | v(ﬁla a/Bm) € B™ *¢(£17 "-7€n7ﬁ17 7/6171) hOldS}a

then *¢(ayq, ..., ayn, B, ..., Bm) holds for every /3y, ..., B, in *B. Since Gy, C*B,
we get the thesis.
]

The previous theorem has the following three interesting corollaries:

Corollary 2.2.14. Let ¢(x1, ..., Tp, Y1, ..., Ym) be a first order formula, and
U,V ultrafilters on N. The following conditions are equivalent:

1. (VQ{l, ...,\V/Oén S GU)<E|617 azlﬂm S GV) *QZ)(OQ, "'7an761a "'76771))'
2. (Vay,...,Ya, € Gy)(YB € V)(3P1, ..., 3m € B) *d(an, .oy Oy B1y ovy B )5
3. (VB € V)(3A € U)(Yay, ....Yan € A)(Fbr, .., Iom € B) Gar, ooy an, by .., bin).

Proof. Each one of the conditions (1)-(2)-(3) is the contronominal of the
corrispective condition in Theorem 2.2.13.
[

Corollary 2.2.15. Let (21, ..., Tp, Y1, .-, Ym) be a first order formula, and
U an ultrafilter on N. The following conditions are equivalent:

1. (E'Oél, ...,ElOén € Gu)(Vﬁl, ,Vﬁm c Gu) *¢(Q1, ...7047“51, -~-7ﬁm>;
2. (E'Oél, ...,ElO[n S Gu)(ElB < U)(VBl, ...,V@m E*B) *gb(Oéh ...,Oén7B1, ...,Bm);
3. (AB e U)(VA e U)(3ay, ..., 3a, € A)(Vby,...,Yb,, € B) ¢(ay, ..., an, b,y byy).

Proof. This follows by Theorem 2.2.13 by putting U = V.
O

Corollary 2.2.16. Let ¢(x1, ..., Tp, Y1, ..., Ym) be a first order formula, and
U an ultrafilter on N. The following conditions are equivalent:

1. Vay,....Vay, € Gy)(3P1, ..., I0m € Gy) *d(an, ..., n, B1y ooy Bim);
2. (Vay,...,Ya, € Gy)(YB € V)(3b1, ..., Im € B) *d(an, .oy Oy B1y oovy B )
3. (VB el)3Ael)(Vay,...,Va, € A)(Tby,..., by, € B) ¢(ay, ..., an, b1, ..., by).
Proof. This follows by Corollary 2.2.13 by putting U = V.
[
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2.3 Extension of Functions to Ultrafilters

This section consists of two parts: in the first one we study, given a
function f : N* — N and an ultrafilter 4 € B(N¥), how Gy and G are
related. In the second part, we study which functions defined on *N can be
naturarly associated to functions defined on SN.

Since in this section we deal with ultrafilters on N*, where k is any positive
natural number, and with sets of functions, we introduce the following two
definitions:

Definition 2.3.1. If k is a positive natural number, and U an ultrafilter on
N*, the set of generators of U is

Gu={(aq,...,0p) €N|AelU & (ay, ..., a,) €A}

Since we want that every ultrafilter has generators, thoughout this section
we still assume that the hyperextension *N that we consider satisfies the ¢-
enlarging property.

Definition 2.3.2. Let A, B be sets. We denote by Fun(A,B) the set of
functions with domain A and range included in B.

2.3.1 Extension of functions in Fun(N* N) to functions
in Fun(3(N), BN)

It is well-known, as a consequence of SN being the Stone-Cech compacti-
fication of N, that given any natural number k£ and any function f : NF — N,
f induces a map f : 3(NF) — BN:

Definition 2.3.3. If f is a function in Fun(N*,N), we denote by f the unique
continuous extension of f in Fun(B(N¥), AN).

f is the function such that, for every subset A of N, for every ultrafilter
U in B(NF),

Ac fiU) s f~1(A) el.
Observe that the application

*: Fun(N* N) — Fun(S(N*), AN)
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that associate to every function f in Fun(SN* SN) its unique continu-
ous extension is 1-1 but is not surjective, as its range is included in the
subset of Fun(3(N¥),N) of continuous functions (and not every function in
Fun(3(N*), AN) is continuous).
Also, the above application is not surjective onto the subset of continuous
functions in Fun(B(N*), BN): e.g., if K = 1, V is a non principal ultrafilter
on N and g is the function in Fun(SN, SN) such that, for every ultrafilter U
in SN, g(UU) =V, then ¢ is a continuous function which is not the extension
of any element in Fun(N, N).
We present a few properties of the map ~ respect to the notion of Uf-equivalence
(that have been presented also in [Pu72] and [DN]). A known fact that we
use is the following theorem:

Theorem 2.3.4. For every function f in Fun(N,N) there is three-coloration
N = A, U Ay U A; such that, for every natural number n, if f(n) # n thenn
and f(n) have two different colors.

The proof of the above result can be found, e.g., in [DN].

Theorem 2.3.5. Let *N be a hyperextension of N with the ¢t -enlarging prop-
erty, f,g be two functions in Fun(N* N), a an element in *N*, and U an
ultrafilter on Nk, Then the following properties holds:

1. If a € Gy then ™ f(a) € Gyyy;
2. If k=1 and o,* f(a) € Gy then o =" f(a);
3. If k=1, f is 1-1 and *f(«a),*g(c) € Gy then *f(a) =*g(a).

Proof. (1) Suppose that U = i, and consider f(U). By definition, a subset
Aof Nisin f(U) if and only if f~1(A) € U. AsU = 4,, it follows that A €
f(U) if and only if a €*(f~'(A)) and this happens if and only if *f(a) €*A.
So, if U = U, then fU) = th j(a).

(2) This is a consequence of Theorem 2.3.4: let Ay, Ay, A3 be subsets of N
such that if n # f(n) then there is an index ¢ < 3 such that n € A; and
f(n) ¢ A;. Suppose that *f(«) # «; then, by transfer, there is an index i < 3
such that o €*A4; and * f(a) ¢*A;; in particular, A; € U, and A; & U 4(q),
absurd.

(3) Let A be an infinite subset of N with a €*A and A€ infinite. f is 1-1, so
there exists a bijection ¢ : N — N such that f and ¢ coincide on A. Since

{n e N[ f(n) = p(n)}

includes A, then *f(a) =*p(a), so by hypothesis *g(a) ~,*¢(a). By (1)
it follows that
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*QO_I(*Q(Oé)) Nu*w_l(*go(a)) —
so by (2) it follows that
o (7g(a)) = a

which, as ¢ is bijective, holds if and only if *g(a) =*¢(«a), and *@(«) is
by construction equal to *f(«).
[

When the star map satisfies the ¢™-saturation property, the previous re-
sult can be strengthened:

Theorem 2.3.6. Let *N be a hyperextension of N with the ¢t-saturation
property, f a function in Fun(N* N), o, 8 elements in *N*, and U an ultra-
filter on N*. Then the following properties holds:

1. If *f(«) ~y B then there is an element y ~, « such that  =*f(v);
2. *f[Gu] = G?(”V

Proof. (1) Assume that *f(«) ~, (3, and let A be a set in 4,. By hypothesis,
B e*f[*A], so *f~1(B)N*A is not empty, and the family of internal sets

Pa={"f7(B)N"A]Acil}

has the finite intersection property. By ¢*-saturation, there is an element
v in ()4 Ta: by construction, v ~, a and *f(y) = 5.
(2) By the result (1) in Theorem 2.3.5, * f[Gy| € Gy,); by (1), for every 3 in
G, there is an element « in Gy such that 8 =*f(a); so *f|Gy| = G-

2.3.2 The ~,-preserving functions in Fun(*N* *N)

In this section we still assume that *N is a hyperextension of N that satis-
fies the c¢-enlarging property, and we study which functions in Fun(*N* *N)
can be naturally associated to functions in Fun(3(N¥), AN).

To explain the underlying idea, we pose k = 1. Given a function ¢ :*N —*N|
we want to use the bridge map to construct a function @ : SN — SN such
that, for every hypernatural number o €*N,

P(tha) = Up(a)-

Equivalently,
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© =1 o,

where 1, as usual, denotes the bridge map.
We observe that ¢ is not well-defined for every function ¢ € Fun(*N,;*N);
the only functions such that the above construction can be done are the
~,~preserving:

Definition 2.3.7. A function ¢ in Fun(*N* *N) is ~,-preserving if, for

every (0617 ceey Oék) ~u (/817 XD Bk) in *Nk7 @((0417 sy Oék)) ~u ()0((/817 [XD) Bk‘))
We denote by Py the set of ~,-preserving functions in Fun(*N* *N),

Theorem 2.3.8. The following diagram commutes:

\' / Fun(4(N¥), BN)

Fun(*N* *N)
Equivalently, for every function f in Fun(N¥ N), *f is ~,-preserving and

f=T7.

Proof. Let f be a function in Fun(N* N). That *f is ~, preserving, and
7(ﬂ(alwak)) = U+ f(ay,..,ar), 15 the content of point number one of Theorem
2.3.5.

As, for every (ay, ..., ap) €*NE,

“F a1 on)) = e f((orman)) = G ,an));

we have the thesis.

Fun(N*, N)

]

This theorem shows that the set {*f | f € Fun(N*,N)} of hyper-images
of functions in Fun(N*, N) is included in Pj. The reverse inclusione is false:
e.g., let a be an infinite element in *N, and ¢ the function such that, for
every element f in *N, ¢(5) = a. Then ¢ is ~,-preserving, but it is not the
hyper-image of a function in Fun(N* N).

The association ~is not 1-1. An interesting question is: given a function f in
Fun(N*, N), which functions ¢ in Fun(*N* *N) satisfy the condition f = ?

Definition 2.3.9. Let f be a function in Fun(N* N). A function ¢ in
Fun(*N¥ *N) is ~,-equal to f if

1. NS ]P)k;

2. 5=7.

60



Theorem 2.3.10. Let f be a function in Fun(N* N) and ¢ a function in
Fun(*N¥ *N). The following two conditions are equivalent:

1. ¢ is ~y-equal to f;
2. o1 (*A) =*(f~Y(A)) for every subset A of N.

Proof. (1) = (2) Suppose that ¢ is ~,-equal to f, and let A be a subset of

N. Since 3 = 7, it follows that 3-1(04) = J (©.).
In particular, given an element (o, ...,qx) in *N¥ if U = 8,

......

then p((aq,...,ax)) €*A if and only if *f((aq,...,ax)) €A, so (aq,...,ax) €
¢ 1 (*A) if and only if (ay,...,ax) €*f71(*A) =*(f~'(A)). As this holds for
every (o, ...,aq) in *N¥ and every subset A of N, we get the thesis.

(2) = (1) Suppose that ¢~ (*A) =*(f~'(A)) for every subset A of N.

Claim 1: ¢ is in ~,-preserving.

By contrast, suppose that ¢ is not in P,. Then there are elements

(a1, ey ) ~u (B1, ..., Br) in *N¥ and a subset A of N such that o((ay, ..., o)) €*A

and ¢((B1, ..., Bk)) ¢*A. So
(o1, an) € 971 ("A) =*(f71(A4)) and (By, ..., Br) € (f71(A)),
which is absurd since (aq, ..., ag) ~y (B1, -5 Br) -

Claim 2: ¢ = f.

In fact, let ¢ be an ultrafilter in 3(N*), and (o, ..., ;) a generator of
U. By hypothesis, for every subset A of N, p((ayq, ..., ,)) €*A if and only if
“fllo, o)) €°A, 50 o((ou, oy o)) ~u" f((an, -y ), and since U) =
uap((oq ..... an)) and f(U) = L[*f((al an))s it follows that 9/5 = f.

.....

]

2.4 Tensor k-tuples

In this section, we suppose that the hyperextension *N satisfies the ¢*-
saturation property.
Usually, when working in 8N, we are interested in functions in Fun((SN)*, SN)
rather than in functions in Fun(3(N¥), AN). E.g., we are interested to study
the property of the sum @ € Fun((SN)? SN) of ultrafilters rather than in

61



studying the unique continuos extension in Fun(3(N?), SN) of the usual ad-
dition of natural numbers.

B(N¥) and (SN)* (that from now on we denote by SNF) are two different
spaces. Nevertheless, SN* can be identified with an important subset of
B(N¥): the subset of tensor products. We recall that, given ultrafilters
Uy, ..U, in BN, Uy ® ... @ Uy, is the ultrafilter on N* defined by this con-
dition: for every subset A of N¥,

AcelUi® ..U, &
S {n eN|{neN|...|{nr eN|(ng,...,n,) € A} €Up.}.... € Us} € U.

Definition 2.4.1. We denote by Ty the subset of S(N¥) having as elements
the tensor products of ultrafilters in SN:

Proposition 2.4.2. If k > 1 then Ty is properly included in 3(NF).

Proof. In Proposition 1.1.17 we proved that the upper diagonal of N? is an
element of every tensor product U ® V of ultrafilters. Similarly, it could be
proved that the set

A={(ny,....,ni) € N¥ | n; < ny for every i < k}

is an element of every tensor product in 3(N¥). So T}, C ©4. As O 4. # 0,
it follows the thesis.
O

Theorem 2.4.3. The map ®y, : BNF — T}, such that, V(Uy, ...,Uy,) € BNF,
Qp(Uyy .. s Uy)) =U QU @ ... @ U,
15 a bijection.

Proof. The map is clearly surjective. To prove that ®, is 1-1 we observe
that, given any subset A of N, the set

isin Uy ® ... ® Uy, if and only if A € U;; observe also that (A°); = (4;)".
Suppose that (U, ...,Uy) and (Vy,...,V,) are two different elements in SN*
with Uy ® ... QU = V1 ® ... ® Vi. For every subset A of N, for every index
17, by hypothesis A; € U; ® ... ® U, if and only if A; € V; ® ... ® V, and this
entails that A € U; if and only if A € V,. Since this is true for every index ¢
and for every subset A of N, then U; =V for every index i < k. This proves
that the map ® is 1-1.

O
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To use the nonstandard techniques that we are introducing we need a
characterization of the set of generators of U ®...®Uj, in terms of Gy, , ..., Gy, -
To semplify the tractation, and clarify the basic ideas, we pose k = 2; at the
end of the section, we give the formulation for a generical natural number £.
Let U,V be ultrafilters on N, and consider U ® V.

Proposition 2.4.4. For every U,V ultrafilters on N, Gygy is subset of Gy ¥
Gy. In particular, if both U and V are nonprincipal then Gyey is a proper
subset of Gy x Gy.

Proof. Let U,V be ultrafilters on N. For every sets A € U, B € V, the
cartesian product Ax BeU ® YV, so

Nseuev™S € Nacu,pey("AX*B) € Gy x Gy.

When U/ and V are nonprincipal the inclusion is proper since, as we proved
in Proposition 1.1.17, the upper diagonal of N? is in every such tensor prod-
uct; in particular, we get that for every (a, 8) in Gygy, a < . But Gy, as
we proved in Proposition 2.2.6, is left unbounded: if « is in Gy, in Gy, there
is an element 8 < «, and (o, 8) € Gy X Gy \ Gugy-

m

We give a special name to the pairs in *N? that generate tensor products:

Definition 2.4.5. Let o, 5 be two hypernatural numbers in *N. («, ) is a
tensor pair if U g = U, @ Us.

Proposition 2.4.6. For every natural number n and every hypernatural
number o, (a,n) and (n,a) are tensor pairs.

Proof. By definition, A € 4, if and only if (a,n) €*A if and only if

ac{peN|(B,n) €A} ={aeN]|(a,n) € A} ifand only if {a e N | {b €

N | (a,b) € A} € U} € U, if and only if A € U, ® 4L,. Similarly for (n, «).
O]

The problem becomes: given two nonprincipal ultrafilters ¢, ), how can
we characterize the tensor pairs («, ) that generate U ® V7
This problem has been solved by Christian W. Puritz in [Pu72, Theorem 3.4]:

Theorem 2.4.7 (Puritz). Let *N be a hyperextension of N with the ¢*-
enlarging property. For every ultrafilters U,V on N,

GM@V:{(aaﬂ) G*N2 ’ o€ GUaﬂ € Gv,Oé < 67’(6)},

where

63



er(8) = {"f(P) | f € Fun(N,N),"f(5) €' N\ N}.

We just warn the reader that we have presented this theorem with the

modern notation U ® V for tensor products, while Puritz uses the notation
U x V, which is not only graphically different from ours, but has also a
different meaning: given ultrafilters U, V, by definition i x V =V Q U.
For tensor pairs, this theorem tells that («, ) is a tensor pair if and only if
a < er(f). The problem is that, given two generical hypernatural numbers
a, B, it can be very difficult to decide if o < er(f) or not; it would be
useful to have conditions equivalent to state that (a, 3) is a tensor pair: the
equivalences below are exposed in [DN].

Theorem 2.4.8. If o, are infinite hypernatural numbers, the following
conditions are equivalent:

1. («a, B) is a tensor pair;

2. For every A C N2, if (o, B) €*A then there is a natural number n with
(n,B) €*A;

3. For every A C N2, if (n,8) €*A for every n € N, then (a, B) €*A;

4. a<er(f).

Proof. First of all, that (4) is equivalent to (1) is the content of Puritz’s
Theorem; observe also that (2) is equivalent to (3), since the one is the
contrapositive of the other applyed to A°.

(1)=(3) Let A be a subset of N*. By definition, given any natural number n,
(n,B) €*Aif and only if 8 € {n € *N | (n,n) €*A} if and only if 5 €*{m €
N | (n,m) € A} if and only if {m € N | (n,m) € A} € Us.

Now suppose that, for every natural number n, (n, 5) €*A. As we observed,
this entails that for every natural number n the set {m € N | (n,m) € A} is
in 43 so, in particular, the set

{neN|{meN]|(nm)e A} €Uz}

is N, which is in ${,, and this by definition implies that A € {, ® 5. But
(o, B) is, by hypothesis, a tensor pair, so 4, ® Uz = U4, 5), and (o, B) €*A.
(3)=(4) Let f be a function in Fun(N, N) such that *f(/3) infinite. Consider

A={(n,m) eN?|n< f(m)}.
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Observe that, since *f(/3) is infinite, for every natural number n the pair
(n,B) is in *A = {(n,pn) €'N?> | n <*f(u)}. By hypothesis, we get that
(a, B) €*A, so a <*f(u). Since this is true for every f with *f(5) infinite,
we get that a < er(f).

O

We can generalize Puritz’s result and Theorem 2.4.8 to k-tuples:

Definition 2.4.9. An element (o, ...,an) in *N¥ is a tensor k-tuple if
u(oq,---,ak) = ﬂal X ... ®ﬂak.

Proposition 2.4.10. For every natural number k > 1, for every ay, ..., g1
in *N, the following two conditions are equivalent:

1. (0, ooy gy) 08 a tensor (k + 1)-tuple;
2. (o, ...,ax) is a tensor k-tuple and ((aq, ..., ), axr1) 1S a tensor pair.

Proof. Observe that, via the function f : N¥! — N*xN that maps (a1, ..., a, ax11)
in ((a1,..., %), Gks1), Ya,...ap,ary,) can be identified with Yoy, an)an)-

So (a1, ..., ak, agq1) is a tensor (k + 1)-tuple if and only if U, aparsr) =

ual ®..& uak ® uak+1 if and Only if u(al,...,ak,ak+1) = u((al,“..,ak),amﬂ) =
(o, ® ... @ Uy, ) ® Uy, ., if and only if (ay,...,a;) is a tensor k-tuple and
(g, ...y k), ey 1) 1S & tensor pair.

]

As a consequence, a characterization of tensor pairs in the form ((av, ..., o), ag41)
would give an inductive procedure to test if (aq, ..., ax41) is a tensor (k+ 1)-
tuple. Such a characterization can be obtained by generalizing Theorem
2.4.8:

Theorem 2.4.11. Given elements o, ..., in *N, a1 in *N\ N, the fol-
lowing conditions are equivalent:

1. ((aqy ..., ), agy1) 1S a tensor pair;

2. For every subset A C N¥ x N, if ((ay,...,qn), apy1) €A then there
exists (ny,...,ng) € N with ((ny,...,ng), apr1) €*A;

3. For every subset A C N*¥ x N, if for every natural numbers nq, ..., ny
(N1, .oeyng), agr1) €A then ((aq, ..., ar), 1) €°A;

4. o < er(ags) for every index i < k.
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Proof. Similarly to Theorem 2.4.8, we have that conditions (2) and (3) are
equivalent, since the one is the contrapositive of the other applyed to A°.
(1)=(3): Let A be a subset of N* x N. By definition, given natural num-
bers nq,...,ng, ((n1,...,nk), py1) €A if and only if a1 € {8 € *N |
((n1,...,ng), B) €*A} if and only if ayyq € {m € N | ((n1,...,n5), m) € A} if
and only if {m € N| ((n,...,ny),m) € A} € U, ,,.

Suppose that, for every natural numbers nq, ..., ng, ((ng,...,nx), ape1) €A.
As we observed, this entails that for every natural numbers nq, ..., n the set
{m e N|((n,...,nx),m) € A} is in U,, ,, so, in particular,

{(n1,....,ng) ENF | {m € N | ((ny,...,nx),m) € A} € o} = NE,

so this set is in Y4,

.....

-----

But ((aq, ..., ag), axs1) is, by hypothesis, a tensor pair, so

a) ® Llo‘lﬁ-l = ﬂ((alv---vak)7ak+1)’

-----

and ((ov, ..., ), agyq) €FA.
(3)=(4) Let f be a function in Fun(N* N) such that *f(as;1) is infinite.
Consider

A ={((n1,....,nk),m) € N* x N | n; < f(m) for every i < k}.

Observe that, as *f(ayy1) is infinite, for every natural numbers ny, ..., ny
the pair ((ny, ..., %), Q1) 1S in

FA={((my i), 1) €NEXCN |y < f () for every i < k}.

By hypothesis, ((aq, ..., ), axr1) €A, so a; <*f(ayy1) for every i < k.
Since this holds for every function f in Fun(N* N) with * f(as1) infinite, it
follows that a; < er(ayy1) for every index i < k.

(4)=-(1): This proof follows the original ideas of Puritz.
Consider U = U, ,....a;) DUq, ., and let A be any set in U. For every ny, ..., ny
in N, define

77777

n) = {m €N | ((nq,...,ng),m) € A}

-----

and
/
A(nl ..........

Consider the function f : N — N such that, for every natural number m,
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f(m) = min{n € N | Iny,...,ny, with n; < n for every i <k,
A(m ..... nk) - ﬂakﬂ and m ¢ A(m,--,nk) \ [0, n]}

The definition is well-posed because, since A is in U, there are arbitrarily
large natural numbers n (in particular, n > m) such that Ag,, ., € U
for some nq,...n; with n; < n for every index ¢ < k.

Observe that *f(ay41) is infinite: in fact, suppose that *f(agy1) = n for
some finite natural number n; by definition, there are nq,...,n; with n;, <n
for every index ¢ < k and A, . n,) € Yo, ,, which entails agq 1 in *Agy )
and, as ayy1 is infinite, a1 € Apy, ) \ [0,712], 50 * f(ag41) # n, absurd.
By hypothesis, a; <*f(cy41) for every index i < k. Pose

AO = {(nl, ,nk) S Nk | A(n1,...,nk) c ﬂak+l}.

As Aisasetinl, Ay € Ay, ap) 50 (a1, ..y ) € Ag = {(B1, ., Br) CNF |
A(517~--,5k) e } So

AL+41
Aoy = 11 €N ((an, ..., on), ) €A} €4

Ap+1

Qf41°

For every index i < k, a; <*f(ag+1), and

*flaggr) = min{n | Ip1, ..., pr with p; <1 for every i <k, A,
and a1 & Apy,p \ [0, 7]}

Since, as we showed, A, o) € Ha

Pk) e*L[C%lwrl

-----

ri1, Necessarily

W1 € Afar,.ap) \ [0, max{oy, ..., g},

so ((ou, ..., ), agy1) €A, Since this is true for every set A in U, it
fOllOWS that ﬂ(al ..... ak) ®Llak+1 = Ll((oq ..... ak),ak+1)7 S0 ((O{l, ...7Oék),ak+1) iS a
tensor pair.

O

Corollary 2.4.12. For every natural number k > 1, for every aq, ..., gy in
*N, the following two conditions are equivalent:

1. (aq, ..., 1) s a tensor (k + 1)-tuple;

2. «; < er(ajqq) for every index i < k.

Proof. We proceed by induction on k. If £ = 1, this is Puritz’s Theorem.

(1)= (2) Pose k = h+ 1, and suppose that (aq, ..., x41) is a tensor (k + 1)-
tuple. By Proposition 2.4.10 it follows that (aq, ...., ay) is a tensor k-tuple and
(a1, ...y ), ay1) s a tensor pair. By inductive hypothesis, o; < er(a;;1)
for every index i < k—1, and by Theorem 2.4.11 it follows that o; < er(agi1)
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for every index ¢ < k; in particular oy < er(agy1).
(2)= (1) Suppose that a; < er(a;;1) for every index ¢ < k. By Theorem
2.4.11 it follows that ((aq, ..., ), ax+1) is a tensor pair and, by inductive
hypothesis, that («,...,ax) is a tensor k-tuple. So, by Proposition 2.4.10,
(e, ..., ap41) is a tensor (k + 1)-tuple.

]

The above theorem, similarly to Theorem 2.4.8, gives four equivalent
characterizations for the tensor (k + 1)-tuples but, in some sense, it has a
weakness: even with these new characterizations, it is difficult, given k£ + 1
elements ay, ...., g4 1 in *N; to decide if (o, ..., gy 1) is a tensor (k+1)-tuple
or not.

We are led by this observation to ask if it is possible to find a relation R on
*N*F*1 with these two properties:

1. if (a1, ..., ag41) € R then (o, ..., ap41) is a tensor (k + 1)-tuple, and
2. given ay, ...., ag41 it is simple to decide if (aq, ..., ax41) € R or not.

This question can be solved by considering a hyperextension of N that has a
particular property: it allows the iteration of the star map.

2.5 The Nonstandard Structure °N

Let «, 8 be infinite hypernatural numbers, and consider the ultrafilter
U = 4, ® ils. By definition, a subset A of N? is in ¢ if and only if the set

{neN|{meN]|(n,m)e A} €Uz}

is in . Since a, B are generators of il,, (s, this condition holds if and
only if

(t)ae{fneN|pge{meN|(n,m)e A}}.

As, by transfer, “{m € N | (n,m) € A} = {n €*N | (n,n) €*A}, () can

be rewritten in this way:
ac{neN|(n,p) €A}
Here, we are tempted to continue in this way: by transfer

{neN[(np)e A} ={neN]| [ p) A}
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so, as « is an element of this set, it follows that
A e i, @ Uz if and only if (a,*F) €™ A.

There are two problems: if § €*N\ N, what is the meaning of *47 And
what is ** A7 Recall that, in the superstructure approach that we adopt,
the star map * goes from a superstructure V(X) to one other superstructure
V(Y): «,( are elements in V(Y), and we cannot apply the star map * to
them. This would be possible if V(X) = V(Y): we would like to work with
a superstructure model (V(X), V(X),*) of nonstandard methods where the
star map goes from a superstructure V(X) to itself.

A natural question arises: is such a construction possible? The answer is
affirmative; an example is given in the article [Ben95] by Vieri Benci, with a
construction that was motivated by the Alpha Theory; another possibility is
given by the nonstandard set theory *ZFC by Mauro di Nasso (see [DN97]),
where the enlarging map * is defined for every set of the universe. The theory
*ZFC is equiconsistent with ZFC.

In this section, we fix a superstructure model of nonstandard methods in the
form (V(X), V(X), %), and we study a few of its properties, with a particular
interest for the relations between this kind of superstructures and the bridge
map.

2.5.1 Star iterations

Throughout this section, we fix a single superstructure model of nonstan-
dard methods

(V(X), V(X), ).

Since * is, by definition, a function that maps V(X) into V(X), it is
natural to ask what happen if one iterates this function.

Definition 2.5.1. We define inductively the family (S, | n € N) of functions
Sy V(X) — V(X) posing

So = Zd,
and, forn >0,
Sn—i—l =*0 Sn

We make this convention: if y is any object in V(X), for every natural
number n the notation
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n

Y
is equivalent to S,,(y), and it is used when the natural number n is "small":
e.g., if o is an hypernatural number, we usually denote Si(a), Sa(a) by *a,
“*a, respectively.
In the following proposition, if ¢(z1,...,2,) is a first order formula with pa-
rameters pi, ..., pg, for every natural number n the formula ¢, (x1,...,z,) is
obtained by ¢(x1,...,x,) by substituting each parameter p; with S, (p;).

Theorem 2.5.2. For every positive natural number n, (V(X),V(X),S,) is
a superstructure model of nonstandard methods.

Proof. By induction on n; the case n = 1 holds, as (V(X),V(X), %) is a
superstructure model of nonstandard methods.

Suppose n = m + 1. By definition of superstructure model of nonstandard
methods, we have to prove that 5,(X) = X and that S, is a proper star
map with the transfer property.

1) S,(X) = X: by induction we know that S,,(X) = X so, by transfer
property we get that *(S,,(X)) =*X. As *(S,(X)) =S,(X) by definition,
and *X = X since (V(X), V(X), ) is a superstructure model of nonstandard
methods, it follows that S, (X) = X.

2) S, is a proper star map: let A be an infinite subset of X. Consider

mA={S,(a)|ac A}

Pose B =" A. By construction, A =B and, since % is proper, B is
a proper subset of *B. Also, by inductive hypothesis, B =" A is a proper
subset of S,,(A) so, by transfer property (of %), it follows that *B is a proper
subset of S,,(A).
3) S, satisfies the transfer property: let p(z1,...,x,) be a bounded quantifier
formula. Since * satisfies the transfer property, we know that, for every
ay,...,a in X,

V(X) E ¢(ay,....,ar) © V(X)) E*o(*ay, ...,*ax). (1)
By inductive hypothesis, *,, satisfies the transfer property, so for every
ay,...,a; in X,
V(X) E play,....,ar) < V(X) E ©m(Sm(ar), ..., Sm(ax)). (2)

Now, take any by, ..., by in X. By (1) it follows that V(X)) |= ¢(by, ..., b)) <
V(X) E*o(*by, ...,*br). By (2), were we take a; =*b; for every i < k, we get
that V(X) E*¢(*b1,...,"0r) & V(X) E ©m+1)(Sm(*b1), ..., Sm(*bk)), so we
conclude that
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VX)) | olbr, o b)) = V(X) = @n(Sn(br), oo Sn(br)-
[l

From now on, we focus on some particular properties of N and of the
hyperextensions S, (N). Of course since, as we proved, (V(X),V(X),S,) is
a superstructure model of nonstandard methods, S, (N) has all the generical
properties of the hyperextensions of N. The particularity, in this context,
are the relations between different hyperextensions 5,,(N), S, (N) for different
natural numbers n, m.

Proposition 2.5.3. Let n < m be natural numbers, and A a subset of N.
Then

1. For every natural number a, S,(a) = a;
2. S,(A) C S,u(A), and the inclusion is proper if and only if A is infinite;

3. If a is an hypernatural number in S,(A) then, for every natural number

k’, Sk(Cl{) € S(n+k)(A),'
4. Sp(A) = Sn(A) N SL(N);

5. Spi1(N) is an end extension of S,(N): Va € S,(N),V5 € S,11(N) \
Sn(N), a < f.

Proof. 1) This property holds in every superstructure model of nonstandard
methods.

2) To prove this result we show that it holds if m = n + 1, as this clearly
entails the thesis.

Suppose that m = n 4+ 1. That S,(A) C S,+1(A) holds since the map S,
satisfies the transfer property: in fact, for every subset A on N, A C*A so,
by transfer property (of S,), S,(A4) C S,(*A) = S,11(A).

Observe that, as a consequence of (1), if A is finite then S,(A) = A, so if the
inclusion S, (A) C Sn+1(A) is proper then A is infinite. Conversely, if A is
infinite, then the inclusion A C*A is proper and, by transfer property of .S,,,
it follows that the inclusion S,(A) C S, (*A4) = S,+1(A) is proper.

3) This follows since the map S}, satisfies the transfer property: in fact, by
hypothesis a € S,,(A) so, by transfer, Si(a) € Sp(S,(A)), and Sg(S,(A)) =
Snt) (A)-

4) S,(A) is a subset of S,,(A) by (2), and it is a subset of S,,(N) by transfer
(of Sp), as A CN. So S,,(A) C S,,(A) NS, (N). As for the reverse inclusion,
if o is an element in S,,(A) N S, (N) and a € S,,(A°), then by (3) it follows
that
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Stm-n)(@) € Sm—n)(Sn(A°)) = Sm(A°),

and this is absurd.
5) This follows by transfer property (of S,,): we know that

Vn e N,Vnp €*N\ N, n < n,
so by transfer property it follows that
Va € S,(N),Vp € S,(*"N\N), a < g,

and the conclusion follows as S, (*N\ N) = S,,11(N) \ S,(N).
[l

We observe that, if A is not a subset of N but it is a generical subset of
Sy (N) for some natural number n > 1, the properties of Proposition 2.5.3 do
not necessarily hold: in fact, e.g., if a is an infinite hypernatural number in
*N, and A = {a}, then *A = {*a}, so A is not a subset of *A (as *a €*N\*N,

so a <*av).

Definition 2.5.4. Let (V(X),V(X),*) be a superstructure model of non-
standard methods. We call w-hyperextension of N, and denote by °N, the
union of all hypereztensions S, (N):

N =, en Sn(N).

In particular, for every natural number n, S, (N) is a subset of *N. Actu-
ally, since

(Sn(N) | n < w)

is an elementary chain of models, it follows that:

Theorem 2.5.5. For every natural number n, S, (N) is an elementary sub-
model of *N.

This theorem is a particular case of the Elementary Chain Theorem,
see e.g. [CK90, Theorem 3.1.9]. As a consequence, it follows that *N is an
hyperextension of N.

Observe that, by definition of *N, Proposition 2.5.3 can be reformulated in
this way:

Proposition 2.5.6. Let n be a natural number, and A a subset of N. Then

1. For every natural number a, *a = a;
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Sn(A) C*A, and the inclusion is proper if and only if A is infinite;
For every hypernatural number o in °N, a €*A < S, (a) €*A

Sn(A) =*AnN S, (N);

*N is an end extension of S,(N): Va € S, (N), V3 €*N\ S, (N), o < 3;

Our aim is to study the bridge map ¥ :*N — SN. As we saw in Section
2.2.1, the definition of the bridge map requires that the associated hyperex-
tension has, at least, the c¢t-enlarging property. The question is: does *N
satisfy the ¢t-enlarging property?

Proposition 2.5.7. For every natural number n > 1 the implications (1) =
(2) = (3) hold, where

1. *N has the ¢ -enlarging property;
2. S,(N), seen as a hyperextension of N, has the ¢ -enlarging property;
3. *°N, seen as a hyperextension of N, has the ¢t -enlarging property.

Proof. In the proof, F denotes a family of subsets of N with the finite inter-
section property.

(1) = (2): For every set F' € F, as we proved in Proposition 2.5.3, since
F C N then *F CS,,(F). In particular

Nrer F S NperSn(E)-

Since [y F is nonempty by hypothesis, it follows that (). zSn(F) is
nonempty, so S,(N) has the ¢™-enlarging property.
(2) = (3): For every set F' € F, as F' C N by Proposition 2.5.6 it follows
that S,(F) C°F, so

Nrer Sn(F) € Nper"F.

Since (\per Sn(F') is nonempty by hypothesis, it follows that (). *(F) is
nonempty, so *N has the ¢t-enlarging property.
O

The specification "seen as a hyperextension of N" has been pointed out
since, e.g., **N is a hyperextension of N and a hyperextension of *N, and ask-
ing if **N has the c¢t-enlarging property with respect to families of subsets
of N is different to ask if **N has the ¢"-enlarging property with respect to
families of subsets of *N.

Also, we observe that this result does not hold for the ¢t-saturation property,
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as a consequence of the following fact:
Fact: °N has cofinality R,.

In fact, a countable right unbounded sequence in *°N can be constructed
choosing, for every natural number n, an hypernatural number «, in S, 1 (N)\
Sn(N). Since *N has cofinality R, it can not be ¢-saturated: if (o, | n € N)
is the countable sequence previously introduced, and for every natural num-
ber n we pose

I,={ne'N|n>a,},
the family
(I, | n €N)

is a countable family of internal subsets of *N and (,.yI» = 0. In
particular, *N is not ¢'-saturated.
As for the coinitiality of *N\ N, we have:

Proposition 2.5.8. If the map * satisfies the ¢ -saturation property, the
coinitiality of *N\ N is at least ¢*.

Proof. Observe that, by construction, *N '\ N is an initial segment of *N\ N,
so the coinitiality of *N \ N is equal to the coinitiality of *N \ N which, if
satisfies the ¢t-saturation property, is at least ¢™.

O

The structure of *N leads to introduce the following concept:
Definition 2.5.9. Let n > 1 be a natural number, and (o, ...., ) be an
element of *N" \ N". The height of (aq, ...., ;) (notation h((aq, ..., ))) is

the least natural number m such that (..., o) € Sy, (N?).
Observe that, by definition,
h((aq,...,an)) =m < (ag, ..., an) € Sp(N")\ Sy (N7).

Proposition 2.5.10. For every natural number n, for every hypernatural
numbers a, aq, ..., in *N\ N, for every subset A of N, for every function
f in Fun(N,N) the following properties hold:

1. h(*a) = h(a) + 1;
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2. h(Su(a)) = h(a) + n;

3. h(a - B) = h(a+ B) = h(e”) = max{h(a), h(B)};
4. h((ar, ag, ..., an)) = max{h(e) | i < n);

5. h(*f(a)) < h(a);

6. @ €A & o€ Sy (A).

Proof. 1) Observe that m = h(a) & o € S, (N)\ S,,_1(N) ©*a € Sy (N)\
Sm(N) < h(*a) =m + 1.

2) It trivially follows by induction by (1).

3) This follows by observing that, for every «, 5 in *N, for every natural num-
ber n, a + 3 € S,(N) if and only if a - 8 € S, (N) if and only if o € S,(N)
if and only if both a, 8 are in S,,(N).

4) This follows by observing that, for every natural number m > 1, (o, ..., ) €
Sy (N™) if and only if, for every index i < n, a; € S,,,(N).

5) For every natural number m, by definition

.f[sm(N) = Sm(f)
And S,,(f) € Fun(S,,(N), S,,(N)) so, if h(a) = m, then h(* f(c)) = h(Sn(f)(a)) <

m.
6) If o € Spa)(A) then, as Sp)(A) C*A, a €*A. Conversely, since o €
Shia)(N), if a € Sh(a)(A°) then o €*A°, and this is absurd.

O

From now on, we concentrate on the hyperextension *N of N, constructed
as to satisfy the c¢t-enlarging property, and we study the property of the
bridge map ¢ :*N — N.

2.5.2 Sets of generators in °*N

In this section we study, in some detail, the properties of the sets of
generators of ultrafilters in *N. We recall that, given an ultrafilter U, the set
of generators of U in *°N is

Gy ={ae*'N|U =uU,}
where, for every hypernatural number « in *N,

Uy ={ACN|ae*A}.

1)



Proposition 2.5.11. For every ultrafilter U in BN, for every hypernatural
number o in °N, for every natural number n, the following two conditions
are equivalent:

1. « is a generator if U;
2. Sy(«a) is a generator of U.

Proof. By point four of Proposition 2.5.6 it follows that, for every subset A
of N, a €* A if and only if S, () €*A. From this follows that, for every subset
A of N,

Ae ﬂa S Ace ﬂgn(a),

so U = U, if and only if U = Ug, (o).
O

Definition 2.5.12. Given an ultrafilter U and a natural number n > 1, G}
denotes the set of generators of U with height at most n:

Gy ={a e Gy | h(a) <n}=GynS,(N).

Proposition 2.5.13. Let U be any nonprincipal ultrafilter on N, and n any
natural number. Then:

2. *Gy C Gt
3. The cofinality of Gy is Ng.

Proof. 1) These two assertions follow by Proposition 2.2.4, since both S, (N)
and °N are hyperextensions of N that satisfy the ¢™-enlarging property by
Proposition 2.5.7.

2) Observe that, for every set A in U, for every natural number n, by defini-
tion of sets of generators

Gp C S, (A).
By transfer it follows that
G CSu(A) = Suia(A).
Since this holds for every set A in U, then
"G € Mgy S (4) = G
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3) Since G}, as U is nonprincipal, is infinite, by point (2) it follows that,
for every natural number n, since x is a proper star map then G7,™'\ G, # 0.
So, for every natural number n, there is an element «,, in GZ,“ \ G7,. The
sequence (o, | n € N) is a right unbounded sequence of elements in Gy, so
the cofinality of Gy, is V.

]

When the * map satisfies the ¢*-saturation property, the sets of generators
satisfy the following additional properties:

Proposition 2.5.14. Let * be a star map with the ¢*-saturation property,
U an ultrafilter on N and n > 1 a natural number. Then

1. G\ GY s left unbounded in S,y (N) \ S, (N);
2. Gy has coinitiality greater than ¢, and it is left unbounded in *N \ N.

Proof. 1) We proceed by induction on n. Suppose n = 0. Let 7 be an infinite
hypernatural number in *N '\ N and pose, for every set A in U,

A, ={a€e'A|a<n}

These sets are internal, nonempty (as A C A,) and the family {A,}acy
has the finite intersection property and cardinality < ¢. By c¢*-saturation

property,
Nacu Ay # 0

if a is an element in this intersection then « is infinite, « < 7 and o € Gy,
this proves that G}, is left unbounded in *N '\ N.
By induction, suppose to have proved the property for every n < k, and
consider n = k + 1. By inductive hypothesis, we know that

For every 1 in Sy 1(N) \ Si(N) it exists o in G3;"' \ GF, such that a < 7.

Since G¥, = G5 N SL(N), we can substitute G5\ GF, with G5\ Sk(N);
by transfer, it follows that

For every 1 in Syy2(N) \ Sii1(N) it exists o in *Gj;t'\ Spy1(N) such that
a<n

and we conclude observing that, since *G&™ C G5 it follows

G\ Sk (N) CGy2 N\ S (N) = G2\ G
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2) By construction, since G}, is an initial segment of Gy, the coinitiality
of Gy is equal to that of GJ,, which is greater than ¢ by ¢"-saturation.
O

In next section is showed an important feature of the sets of generators
in *N: in this context, where the iteration of the star map is allowed, there
are particularly simple rules that, given generators «q, ..., , of ultrafilters
U, ...,U,, produce generators of the tensor product Uy @ Us ® ... R U,,.

2.5.3 Tensor k-tuples in °N

As we observed in Section 2.4, given two hypernatural numbers a, 8 in
a generical extension *N of N (that satisfies the ¢t-enlarging property) it is
usually complicated to decide if («, ) is, or is not, a tensor pair. In this
section, we consider the hyperextension *N of N, constructed starting with a
superstructure model of nonstandard methods (V(X), V(X), %) with the star
map * that satisfies the ¢"-enlarging property.
What we search is a binary relation R over °*N that satisfies the following
two properties:

1. given two hypernatural numbers «, § it is simple to decide if the pair
(a, ) is in R or not;

2. every pair (o, ) in R is a tensor pair.
The star iteration provides such a relation:

Definition 2.5.15. The binary relation R on °N is the relation such that,
for every o, 5 in °N:

(a,B) € R« 3k € N, 3y €°N such that = Sp(a)+i) (7)-

In this definition, we just observe that 5 ~, 7, as a consequence of
Proposition 2.5.11. This relation satisfies the property (1); the important
fact is that R satisfies also the second property, as it is proved in the theorem
below:

Theorem 2.5.16. For every hypernatural numbers «, 8 in °N, if (o, B) € R
then (o, B) is a tensor pair.

Proof. As (a, ) € R, there are a natural number k and an hypernatural
number v €°N such that 8 = Sy, a)+x) (7). To prove that (a, 3) is a tensor
pair we have to show that, for every subset A of N2, (o, ) €®A if and only
fAeld,® 5.15.

Let A be a subset of N2, By definition,
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Aci, @z {neN|{meN|(n,m)e A} € Uz} € U,.
Since, as observed, 4z = 4., it follows that
Aed, @5 {neN|{meN]|(nm)e A} e ik} € i,
By definition of generated ultrafilter,
{neN|{meN|(nm)eA}lecil}ecl,
& 0 € Sy ({n € N |7 € Sy ({m € N (n,m) € A})}).
By transfer property,
0 € Shier({n € N | 7 € Sp({m € N | (n,m) € A)) &
& a € Spa)({n € N| Si(v) € Siyany({m € N[ (n,m) € A})}) &
& (@, Sih(a)+1) (7)) € Sn(@+hir)+r) (A)-

Since Sipay+r)(7) = B and h((o,B)) = h(B) = h(a) + h(y) + k, by
Proposition 2.5.6 it follows that

(@, Sthi@)+8) (7)) € Sth@)+hin+r)(A) & (a, ) €*A.
This proves that, for every subset A of N2,
Aecil, @iz & (a,f) €A,

so («, B) is a tensor pair.
]

Corollary 2.5.17. For every hypernatural numbers o, f in °N, (o, Sp)(5))
1S a tensor paair.

Proof. Just observe that, for every o, in *N, (a, Sp)(8)) € R.

In °N, tensor pairs have the following equivalent characterization:

Proposition 2.5.18. Let o, 3 be two hypernatural numbers in *N. The fol-
lowing conditions are equivalent:

1. («a, B) is a tensor pair;

2. (o, B) ~u (@, Sna)(B))-
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Proof. Observe that, given o, €°N, (a, Sp)(3)) is a tensor pair and, as
ﬁ ~u Sh(a)(ﬁ), if follows that ﬂ(aygh(w(ﬁ)) = ﬂa ® ﬂg.
(1) = (2) If (o, B) is a tensor pair, U, 5 = Uy ® Ug by definition, so by the
above observation we get that (o, 8) ~y (@, Sha)(B))-
(2) = (1) If Lhiap) = Ha,5,,(8)) then, by the previous observation, i, g5 =
Uy ® Ug so (a, ) is a tensor pair.

[

We remark that the result of Theorem 2.5.16 could be derived combining
Puritz’s Theorem with the following fact:

Proposition 2.5.19. For every hypernatural number o in *N, for every nat-
ural number n > 1, for every function f € Fun(N,N), or *f(S,(«)) € N or
h(*f(Sp())) > n+ 1.

Proof. The result follows from this claim:

Claim: *f(S,(a)) = Spn(*f(@)).

We prove the claim: if I'ef is the graph of *f, for every z,y in °N, for
everyn > 1 €N,

(z,y) € Loy = (Sp(x), Sn(y)) € ey

In particular, if x = «, y =*f(«) the claim is proved.
So, ilf‘f( n(@)) ¢ N, then h(*f(Sn(a))) = h(Su(*f(a))) = n + h(*f(a)) =
n+ L.

[

Corollary 2.5.20. Theorem 2.5.16.

Proof. Let a, 8 be hypernatural numbers in *N such that («, 5) € R, and let
n,7 be such that 8 = Sga)4n) (7). Let f be a function in Fun(N, N).
Then or *f(8) € N, or h( f(B)) = h(a) + n + 1; in this second case, since
h(*f(5)) > h(a), it follows that a <*f(/3).
Since this happens for every function f in Fun(N,N) with ®f(3) infinite, by
Puritz’s Theorem it follows that («a, 8) is a tensor pair.
[

Corollary 2.5.21. Let k > 2 be a positive natural number and aq, ..., a
hypernatural numbers in *N. The following two conditions are equivalent:

1. (aq,...,ax) is a tensor k-tuple;

2. (*ou,...,*ay.) is a tensor k-tuple.
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Proof. Observe that, for every a, fin *°N, o < er(f) if and only if *a < er(* ()
(since, for every function f in Fun(N, N) such that *f(5) ¢ N, a <*f(5) <*a <*(*f(5))
and *(*f(5)) =*f(*)). This, combined with Theorem 2.4.11, gives the equiv-
alence between (1) and (2).
[

We still have the problem, given generical hypernatural numbers aq, ..., oz
in °N, to decide if (a, ..., ax) is a tensor k-tuple. Similarly to the case k = 2,
we get that an appropriate use of star iteration gives a procedure to bypass
this problem:

Definition 2.5.22. Let k > 2 be a natural number and o, ..., oy hypernatural
numbers in *N. The tensorized of (aq,...,ax) (notation: T(oy, ..., ) is
the k-tuple

T(Ozl, cevy Oék> = (Sh1 (Oq), Sh2 (Oég), ceey Shk (Oék)),

where h; =Y ._. h(a;) for every index i in {1, ..., k}.

j<t

Observe that hy = 0 (we included h; in the definition because this inclu-
sion gives an uniform formulation to this notion).
E.g., if a, 8, are three hypernatural numbers in *N, then

T(o, B,7) = (a,*3,*7).

Proposition 2.5.23. For every hypernatural numbers aq, ..., in °N the
tensorized T(ay, ..., ar) of (aq, ..., ax) is a tensor k-tuple.

Proof. We just observe that h(Sy,(a;)) = h; + h(a;), so er(Sh,, (@it1)) >
Sh, (c;); by Theorem 2.4.11 it follows that T'(ay, ..., ) is a tensor k-tuple.
O

As a corollary we get that, for every hypernatural numbers a;,...a; in
.N7

ﬂoq X ... ®5Jak - uT(al,...7C¥k)‘

This gives a procedure to study, given a function f ~,-preserving in
Fun(*N* *N), the restriction of f to T}: in fact, for every ay, ...,z in °N

~

f(i’loq ®..Q uak) = Llf(T(al,---ﬂk))'
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This gives the possibility to study the functions in Fun(SN*, N) in non-

standard terms. Next section is dedicated to two important particular cases:
the functions @ and ©.
We conclude this section with a remark. Puritz’s Theorem, in some sense,
tells that a pair («, ) is a tensor pair if 5 is "much larger" than a. In
*N, whenever «, § are hypernatural numbers such that h(a) < h(S), we can
surely state that £ is much larger than a. One could imagine, then, that the
following property holds:

Va, €N\ N, if h(a) < h(5) then («, ) is a tensor pair.
This is false: consider the function f € Fun(N, N) such that

p, if there are a prime number p
f(n) = and a natural number k such that n = p¥;

n, otherwise.

Let n be a prime number in *N \ N, ¢ an hypernatural number in *N,
and consider 3 = n'¢. By construction, *f(3) = n €N\ N. If « is any
hypernatural number in *N with o > 7, since « is not smaller than er(3), by
Puritz’s Theorem it follows that the pair («, ) is not a tensor pair.

2.5.4 Sets of generators of sums and products of ultra-
filters

We want to apply the results of Section 2.5.3 to study in nonstandard

terms two of the most important operations on SN, the sum & and the prod-
uct ©.
As we already observed, the sum U & V (resp. the product U ©® V) of
two ultrafilters can be seen as the image, respect the continuous extension
S : BN? — BN of the sum + : N> — N (resp. the continuous extension
P : BN? — BN of the product - : N> — N), of the ultrafilter &/ ® V. This,
combined to various results proven in this chapter, has the following conse-
quence:

Proposition 2.5.24. For every ultrafilters U,V on N

Guay = {a+ B | (o, B) € Guav}

and
Guov ={a- B | (o, B) € Gugv}-
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In particular:

Proposition 2.5.25. For every ultrafilters U, V, W in BN, U BV =W if
and only if there are a € Gy, € Gy such that (a, B) is a tensor pair and
o+ B € GW

The Proposition 2.5.23 provides an easy way to find generators for ten-
sor products of ultrafilters. This gives a method to explicitally construct
generators for sums and products of ultrafilters:

Definition 2.5.26. For every hypernatural numbers o, 5 in °N, we pose
aQf = a+Si) (F);

and

adf = a- Sh(oz)(ﬂ)'
In next theorem, we denote by ¢ the bridge map with domain °*N.

Theorem 2.5.27. For every hypernatural numbers o, 3 in °N,

»(a0B) = Y(a) @ p(P)

and

P(adh) = dla) © ().

Proof. Simply observe that, since (o, Sy(a)(f)) is a tensor pair, o + Sh(a)(B)
is a generator of U @& V), as a consequence of Theorem 2.3.5. Similarly with
the product.

m

Note that the above property is false if we consider +, - in place of ©, .
Next proposition contains a list of easy properties of ©, {:

Proposition 2.5.28. For every a, 5, €*N we have the following relations:
1. For alln e N, aOn =n0a = a+ n;

For alln e N adn =nda =« - n;

aQ(fO7) = (aOB)Oy;

aQ(BO7) = (B
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9. (aQB) Oy = adSues) (V) + S (BO7);

6. 7O (a0B) = yoa + yOSh(a) (B);

YO(a+ B) = yOa +yOB;

QB ="(aQp);

adB ="(adp);

10. In general, a9B # BQa e al>B # B

11. Foralln €N, aQB = (a+n)Q(8 —n) = (a — n)(B +n);
12. h(aQB) = h(a) + h(B);

13. h(adpB) = h(a) + h(B);

14. h(a) = h(B) = h(a+ B) = (a+ 8)Oy = ady + BOv;

15. Let I be a finite set. 1If, for all i € I, h(} ,c; ;) = h(a;), then
(Xier @)V ier Bi) = Xier(i©B);

16. Let I be a finite set. 1If, for all i € I, h(} ,c;c:) = h(a;), then
(ILier @) O Lies 8i) = [Lier(iB:):

17. (@QB)Oy ~y (a7)Q(BO).

Proof. 1) and 2) are obtained since the height of every natural number n is
0, and *n = n.

3) aQ(B07) = aQ(B 45k (7)) = a4 Sk () +Sh@+ne) (1) = (29F)0y.
The same for 4.

5)-6)-7) are simple calculations.

8) *aQ0f =*a+Sn(a)+1)(B) =" (o + Sha)(B)) ="(a¥B). Same calculation for
9).

10) We can say more: we have aQp = fQa < (a € N) V (8 € N), and the
same for <.

11) (a + n)Q(B —n) = a + n+Sh)(f) —n = a©B, and the same with
(a —n)Q(B +n).

12)-13) aQpf=a + Sk (B). In this sum the maximum height is that of
Sh(a)(B), which is h(a) + h(53). So h(aQp) = h(a) + h(3). The same for .
14)-15)-16) are similar (13 is a particular case of 14). Call n the height com-
mon to all the a;’s and their sum (product). Then (3. ;)93 ., 8i) =
(D ier @) +5a (D ier i) = Dier(@itSu(Bi)) = > i iV, and similar for
the product.

S =N
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17) We know from SN that this is true, because @ and ® on SN are distribu-
tive.

]

We conclude this section showing that the quotient space °N,_ , endowed
with the operation © (resp. <), is algebraically and topologically equivalent
to (BN, @) (resp. (AN, ©)):

Definition 2.5.29. Two topological semigroups are algebraically and topo-
logically equivalent if there is a mapping from the one to the other which
s both a homeomorphism and an algebraic isomorphism.

The terminology is mutuated from [HS98]. We fix some notations: when-
ever [a]~,,[B]~, are two equivalence classes in °N,_ , then [a].,Q[8]., =
[aQf]., and [, OlF]~, = [@P]~,. These definitions, as a consequence of
Theorem 2.5.27, are well-posed.

The topology that we consider on °N is the so-called S-Topology (see e.g.
[DNF05, Section 3]). This topology, which can be similarly defined in every
hyperextension of N, is generated by taking, as base of open sets, the family

of hyperextensions of subsets of N:
B={"A| ACN}

Lemma 2.5.30. (*N,_ ,Q) (resp. (*N,_ ,<)), enodowed with the quotient
star topology, is a right topological semigroup.

Proof. To prove the thesis we have to show that © is associative and that if
is right continuous.

That Q is associative is proved in Proposition 2.5.28.

To prove that © is right continuous, let § be an hypernatural number in *N,
and consider the function ¢z such that, for every a €°N,

ws(a) = a4 Sk (B)-

The map g is continuous in the S-Topology: in fact, for every subset A
of N,

03 (A) = {a €N | a+ Sy (8) €A} ={n € N | n+ B € Sy (A)}

since for every hypernatural number «, a + Sy (8) €*A if and only if
o+ Sh(a)(ﬂ) S Sh(a)-i-h(ﬁ)(A) if and only if a € Sh(a)({n e N | n+ g €
Sh)(A)}) if and only if @ €*{n e N|n+ 3 € Spp)(A)}
If we pose

BA = {n eN | n‘l’ﬁ S Sh(ﬁ)(A)}a
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it follows that gogl(%él) =*DBy, so g is continuous in the star topology.
That < is continuous can be proved similarly.
m

Theorem 2.5.31. (BN, @) (resp (BN, ®)) is algebraically and topologically
equivalent to (*°N,_ Q) (resp. (*N,_ ,<)).

Proof. The map to consider is the bridge map . That it is an algebraical
isomorphism has been proved in Theorem 2.5.27. It is also an homeomor-
phism: in fact, v is clearly bijective. It is continuous and open since, for
every subset A of N, ¢(*4,_ ) = ©4 and ¢~ 1(©4) =*A,_ . Since every
bijective continuous open function is an homeomorphism, we have the thesis.

]

2.6 Further Studies

Among the possible future studies, we want to point out a question that
concerns the w-hyperextension of N. Since *°N is included in V(X), we can
apply the star map to °N, and consider *(*N), **(°N) and so on. If « is an
ordinal number, one could consider the a-hyperextension S,(N) of N, that
can be inductively defined as follows: if a = § + 1, then

Sa(N) ="(55(N));
if o is a limit ordinal, then

S = U, <a S5(N)-

The questions that arise regard the structure of S, (N), as well as the re-
lations between S, (N) and S3(N) for different ordinal numbers o, 8. We just
outline a fact: in Section 2.5.1 we proved that °N is not ¢*-saturated. The
proof was based on the fact that ® is the union of an w-chain of end extensions
of N. For a generical ordinal number «, this proof does not necessarily work.
So, maybe, there are a-extensions that are ¢™-saturated:

Question 2: Let x be an infinite cardinal number. Does it exists an

ordinal number « such that S, (N) is x-saturated? Does it exists an ordinal
number « such that S, (N) is k*-saturated?
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Chapter 3

Proofs in Combinatorics by Mean
of Star Iterations

The basic concepts that we use in this chapter have been introduced in

Chapters One an Two. We recall that, given a logical sentence ¢, an ultra-
filter U is a @-ultrafilter if and only if every set A in U satisfies . We work
in the w-hyperextension °N of N, constructed starting with a hyperextension
*N that satisfies the ¢T-enlarging property. Finally, we recall that, given
two hypernatural numbers o, 5 €*N, a©f denotes the hypernatural number
a+*B e*N.
The tools introduced so far are used, in this chapter, to study some topics
in infinite combinatorics. In Section One, we present two known examples
of application of nonstandard methods to combinatorics. Then, in Section
Two, we test our nonstandard technique re-proving some well-known result in
Ramsey Theory, e.g. Schur’s Theorem and Folkman’s Theorem. The results
proved in Sections Three and Four show that, under certain assumptions on
the first order sentence ¢, there are @-ultrafilters that are additively or mul-
tiplicatively idempotent. This is used, in Section Five, to study the partition
regularity of polynomials. This topic is faced also in Section Six, where we
concentrate on the closure of the set of partition regular polynomials under
certain operations. Finally, is Section Seven, we indicate three possible future
developments of the researches presented in this chapter.

3.1 Applications of Nonstandard Methods to
Ramsey Theory: Two Examples

The idea of applying nonstandard methods in infinite combinatorics is
not new. In this section we expose two known examples of such applications.
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The first one concerns the particular case of Ramsey Theorem about colorings
of subsets of N with cardinality two (a treatment of Ramsey Theorem both
from the combinatorial and the ultrafilter points of view has been done in
Chapter One). In the literature, there are nonstandard proofs of this result

(see e.g. [Hir88]); the one we present here uses star iteration (see [DNJ]).
We recall that, for every subset A of N, [A]? = {B C A||B| = 2}.

Theorem 3.1.1 (Ramsey). For every finite partition C; U ... U Cy of [N]?
there is an infinite subset H of N with [H|? C C; for some index i.

Proof. First of all, observe that, by transfer, **C; U....U**C}, is a partition of
[**N]2. Let a be any infinite number in *N, and let ¢ be the index such that
{a,*a} €**C;. We now construct inductively a sequence By, By, ... of subsets
of N and a sequence hg, hq, ... of natural numbers, with h, < h,; for every
n and such that [H]? C C;, where H is the infinite set

H={h,|neN}
Step 0: Observe that, by transfer, {a,*a} €**C; if and only if
ae*{neN|{n,a} e C}.
Put
A={neN|{n,a}€*C;}

and let hg be any element in A. By construction, {hg,a} €*C; so, by
transfer, o €* By, where

BO = {m eN ‘ {ho,m} S OZ}

As a €*AN* By, the set AN By is nonempty and unbounded. Let h; > hg
be an element in this set. Observe that, by construction, {hg, b} € C;.
Step n 4+ 1: Suppose we have constructed By, By, ..., B, and we have taken
elements hg < hy; < ... < h, such that h; € AN ByN...N B; for every index
i <n-—1,and [{h,....,h,}]* € C;. By construction, {h,,a} €*C; so, by
transfer, « €*{m € N | {h,,m}} € C;}. Pose

B, ={m e N | {h,,m} € C;}.

As a €*AN*By N ...0*B,,, the set AN By N ...N B, is nonempty and
unbounded; take h,.; > h, in this set. Observe that, by construction,
[{h(b oo hn+1}]2 c G
By construction, the infinite set H = {h,, | n € N} is such that [H]* C C;
because, if h,, < h,, are elements in H then, as h,, € By, {hn, hn} € C;.

[
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We observe that it is not coincidental that in this proof the set C; is cho-
sen to have {a,*a} €**C;: in fact, as we observed in Chapter Two, for every
element o in *N, (o,*«) is a tensor pair, so this proof is involving the tensor
product U, ®U,,, whit L, a non principal ultrafilter, exactly as the ultrafilter
proof of Ramsey Theorem given in Chapter One does.

The second well-known application of nonstandard methods to infinite com-
binatorics that we present is a well-known theorem of Renling Jin:

Theorem 3.1.2 (Jin). Let A, B be subsets of N with positive Banach density.
Then A+ B ={a+b|a€ A bec B} is piecewise syndetic.

The notion of piecewise syndetic set has been introduced in Chapter One.
We recall the Banach density of a subset of Z:

Definition 3.1.3. Given a subset A of Z, its Banach density BD(A) is

BD(A) = lim,_, ;0 (sup,_,_,, 202,

n

Banach density can be characterized in nonstandard terms:

Given a subset A of N and a number z € [0, 1], BD(A) > «z if and only if
there are o €*N, 8 €*N\ N such that st(l*m[a‘%m‘) > .

The proof of Theorem 3.1.2 is based on a result proved by Jin himself in
[Ji02]. To state his result we have to define two notions:

Definition 3.1.4. An infinite initial segment C' of *N is a cut if it is closed
under sums, i.e. if C+C ={a+b|a,be C} CC.

Let n €*N\ N be given. If C C [0,n] is a cut, and A is a subset of [0,n],
then A is C-nowhere dense if for every interval I = |a,b] in [0,7n] such
that b —a > C (i.e. b—a > ¢ for every ¢ € C) there is a subinterval
[e,d] C [a,b] \ A such that d —c > C.

Theorem 3.1.5 (Jin). Let n be an infinite hypernatural number and let
C C[0,n] be a cut. If A, B C [0,n] are two internal sets such that st(%) >0
and st(%) > 0, then A®, B is not C-nowhere dense, where @, is the addition
mod 1 on *N.

The proof of the above thorem, as well as five important corollaries (the
third corollary is Theorem 3.1.2), can be found in [Ji02].
Given the above result, we can prove Theorem 3.1.2:
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Proof. By the nonstandard characterization of the Banach density, since
BD(A) > 0 and BD(B) > 0 there are elements a, p in *N, §,7 in *N\ N
with st(w) > 0 and st(w) > (0. The nonstandard charac-
terization of the Banach density ensures that, if necessary, we can clip both
A and B and assume that p = 7. Consider the internal sets A" and B’, where

A = ("ANfo,a+n)) —aand B'= ("BN[3,5+n)) - 5,

and the hypernatural number 27. By construction, A" and B’ are subsets
of [0, 1], and both st('i—/‘) and st('lz—/l) are greater than 0 (since these quantities
equal the Banach densities of A and B, respectively). By Theorem 3.1.5, if
C is any cut included in [0,2n], A" @, B’ (which, by construction, is equal
to A’ + B’) is not C-nowhere dense.
Let C = N. The fact that A’+ B’ is not N-nowhere dense entails the existence
of an interval I = [a,b], with b — a infinite, such that A"+ B’ has no gaps of
infinite lenght in I. But, as A’ + B’ is internal, by overspill it follows that
there are not arbitrarily long finite gaps in A’ + B’, so there is a natural
number n such that in A" + B’ there are no gaps of length greater than
n. So A+ B +a+p =AN[a,a+n)+*"BNI[56+n) has no gaps of
length greater than n in the interval [ 4+« + 3; in particular, this entails that
*A+*B =*(A + B) has no gaps of length greater than n in I + a + 5. By
transfer it follows that A + B is piecewise syndetic.
O

We choosed this theorem as an example of nonstandard methods applied
to infinite combinatorics for two reasons. The first one is that it is connected
with the arguments that we expose in Chapter Four; the second reason is that,
in our opinion, the underlying philosophy between Jin’s and our approach is
similar. Quoting Jin’s words from the article [Ji00]:

Nonstandard methods are used here to reduce the complexity of the
mathematical objects that one needs in a proof. |...|] This complez-
ity reduction from second order to first order enables us to see the
path towards solutions more clearly with a better understanding,
hence produce a shorter proof with greater efficiency;

and
Nonstandard methods offer a better intuition.

In our opinion, these are exactly the two advantages that the star itera-
tions and the Bridge Theorem present when dealing with certain combinato-
rial problems.
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3.2 Some New Proofs of Old Results

Most of the results in this section are not new: they are either well-
known in literature or straight consequences of Rado’s Theorem for linear
equations.

However, we present new proofs of these results by the technique of star
iterations (and the application of Bridge Theorem) so as to outline, in a
well-known setting, the potentialites of this technique.

Throughout this chapter, we consider given a superstructure model of non-
standard methods (V(X), V(X), *) such that the star map satisfies the ¢*-
enlarging property, and we work in the hyperextension *N of N (we recall
that, since the star map = satisfies the ¢-enlarging property, also the map e
satisfies the ¢™-enlarging property).

The notations we use have been introduced in Chapter Two. We recall that,
given a first order formula ¢(z1, ..., Tn, p1, ..., D), its existential closure is

E(d(z1, ooy Tpy D1y ooy D)) 2 3T ey Tn (T4, oy Ty DI oy PE),

where x1, ..., x; are the only free variables and pq, ..., pr the only parame-
ters of ¢; to simplify notations, we do not explicitally mention the parameters
in ¢(xq,...,x,), except if necessary. A first order sentence is existential if it
is the existential closure of a first order formula.
Whenever ¢(z1, ..., z,,) is a first order formula with parameters py, ..., px, and
m is a natural number, S,,(¢(z1, ..., z,)) is the formula obtained by replac-
ing each parameter p; in ¢(zq, ..., z,) with S,,(p;); similarly, *p(z1, ..., z,) is
the formula obtained by replacing each parameter p; in ¢(z1, ..., x,) with *p;.
Finally, we recall that a first order formula ¢(xy,...,z,) is elementary if its
only parameters are elements in N¥| subsets of N¥, functions in Fun(N* N?)
or relations on N¥, where k, h are positive natural numbers.
The following result will be used to semplify most of the proofs in this chap-
ter:

Proposition 3.2.1. Let ¢ = E(¢(21,...,x,)) be an existential sentence; if
U s a p-ultrafilter then there are aq, ..., o, €*N generators of U such that
o(aq, ..., ) holds.

Proof. This is just the formulation of the Bridge Theorem applied to *N.
O

Idempotent ultrafilters have been widely used in the study of partition
regularity. We recall that an ultrafilter U is additively (resp. multiplicatively)
idempotent if Y =U S U (resp. it U =U O U).

Given their prominence in this context, it is natural and necessary to look
for their characterizations in terms of generators:
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Proposition 3.2.2. Let o be an hypernatural number in *N with height n.
The following properties are equivalent:

1. U, s additively idempotent;
a ~y aQa;
There is an element B in *N with o ~,, 8 ~, aQf;

For every 8 ~, a, aQp ~, «;

There is an element B in °N such that («, ) is a tensor pair and
L[a == uﬂ = uoﬂrﬁ;

6. For every subset A of N, if a € S,(A) then there exists a subset B of
A such that a € S,(B) and a + B C S, (B);

7. For every subset A of N, if a € S,,(A) then there is an element a in A
such that o +a € S, (A).

Proof. (1)=-(2): Suppose that 4, is additively idempotent. As we proved in
Chapter Two, (o, S, () is a tensor pair, 50 Usig,(a) = Ua ® Ua = Uy, and
this implies that o ~, aQa.

(2)=(3): Just put g = a.

(3)=-(4): This is a consequence of Theorem 2.5.27: fix 5 as in the hypothesis.
If v is any other element in Gy, since 5 ~, 7 then aQpg ~, aQO~y, so by
hypothesis aQy ~, a.

(4)=-(5): As a consequence of the hypothesis, a ~, aQa = a + S,(«a),
and o ~, S,(a) (as proved in Proposition 2.5.11). Let f = S,(«): then
a ~, a+ 3, where (a, ) is a tensor pair, as we proved in Theorem 2.5.16.
(5)=(1): Let 8 be an hypernatural number as in the hypothesis. Observe
that, since (a, 8) is a tensor pair, then a + 8 € Gy, au,. 50, as a ~y B~y
a+8, U, ®U, = U, DU = 4, this proves that i, is additively idempotent.
(2)=(6): Let A be any subset of N, and suppose that a € S,(A). By
hypothesis, since A € Uy, o + Sy, () € Sa,(A). In particular,

a €1y € Su(N) [ 7+ Sp(@) € Son(A)} =Su({a € N |a+a € Sy(A)}).

Let B={a € N|a+a € S,(A)}. By construction, a € S,(B) and
a+B C S, (A). We claim that, if a is any element in B, then a+a € S, (B).
In fact, a+a € S, (B) & a+a+S,(a) € So,(A) & a+95,(a) € Sy (A—a) &
a+ Sp(a) € So(A —a) and, as a ~, a + S,(«), this is equivalent to
a € Sy, (A — a) which is equivalent to a 4+ a € Sa,(A), and this is true since
a € B.
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So a+ a € S,(B) for every element a in B; in particular, « + B C S, (B).
(6)=(7): Consider the set B given in the hypothesis. If a is any of its
elements, then a +«a € S, (B) C S,(A).

(7)=(1): To every set A in i, we associate the set

Ao ={a€Ala+acS,(A)}

By hypothesis, every A, is nonempty, so the family F = {A,}acy, has
the finite intersection property, as (AN B), = A, N B, for every A, B in i,.
By c¢"-enlarging property, the set

S = mAeua Sn(Aa)

is nonempty. If 8 is any element of height n in S, then § is an element

of height n in Gy, (since, as A, C A, S C Gy, ) and B+ S, () € Gy, since,
by transfer, 8 € S,,(A,) entails that 5+ S, («) € S5, (A) for every A € 4.
But § + Sy(a) = BQa € Gyau, = Gu,eu,, 50 Uy is additively idempotent.

[

With the same sort of considerations, we obtain a characterization of the
multiplicatively idempotent ultrafilters:

Proposition 3.2.3. Let a be an hypernatural number in *N with height n.
The following properties are equivalent:

1. U, 18 multiplicatively idempotent,
a ~y, ala;
There is an element B in *°N with o ~, [ ~, a>S;

For every B ~, a, adp ~, «;

There is an element B in °N such that («, ) is a tensor pair and
ﬂa = ﬂﬂ = ﬂa‘g;

6. For every subset A of N, if a € S,(A) then there exists a subset B of
A such that a € S,,(B) and a- B C S, (B);

7. For every subset A of N, if « € S,,(A), then there is an element a in A
such that o - a € S,(A).

The proof can be deduced from that of Proposition 3.2.2.
The results in this chapter involve also Schur, Folkman and Van der Waerden
ultrafilters:
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Definition 3.2.4. An ultrafilter U in PN is

1. Schur if every element A € U satisfies Schur’s property, i.e. if there
are mutually distinct elements a,b,c € A such that a + b= c¢;

2. Folkman if every element A € U satisfies Folkman’s property, i.e. if
for every natural number k there is a subset S, = {s1, ..., s} C A with
k elements such that

FS(Sk) = {Sueysi | T£0,1C{1,...k}} C A

3. Van der Waerden if every element A € U satisfies Van der Waerden’s
property, i.e. if there are arbitrarily long arithmetic progressions in A.

Observe that Schur’s property is existential, and that Folkman’s and Van
der Waerden’s properties are infinite conjunctions of existential properties.
The first result we present involves Schur ultrafilters:

Proposition 3.2.5. Fvery nonprincipal additively idempotent ultrafilter U
s a Schur ultrafilter.

Proof. Since Schur’s property is existential, as a consequence of the Bridge
Theorem, in order to prove that U is a Schur ultrafilter it is sufficient to show
that there are three mutually different elements «, 3,y € Gy with a+ 5 = 7.
Let o €*N be any generator of U; for every element £ € Gy, by Proposition
2.5.11 we deduce that *¢ € Gy and, as U, is idempotent, by point four of
Proposition 3.2.2 we deduce that Q¢ is in Gy. In particular, if £ = «, by
letting / ="« and v = aQa = a+*a, the three elements «, 3, are in Gy
and o + 8 =, so U is a Schur ultrafilter.

m

As a corollary, since we know that in SN there are additively idempotent
ultrafilters (see Chapter One, Section 1.3), it follows that the family Fg of
subsets of N satisfying the Schur’s property is weakly partition regular, and
this is the content of Schur’s Theorem.

Schur’s property has a multiplicative analogue, that we call multiplicative
Schur’s property:

Definition 3.2.6. An element U of BN is a multiplicative Schur ultrafil-
ter if every element A of U satisfies the multiplicative Schur’s property, i.e.
if there are three mutually distinct elements a,b,c € A such that a-b = c.
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With a proof which is very similar to that of Proposition 3.2.5 one can
prove that every multiplicatively idempotent ultrafilter U is a multiplicative
Schur ultrafilter. Here we present a different proof of the existence of this kind
of ultrafilters. We recall that, given an ultrafilter ¢/ in SN, 2 is the image
of U respect the continuous extension ezp € Fun(SN, SN) of the function
exp € Fun(N, N) such that, for every natural number n, exp(n) = 2".

Proposition 3.2.7. If U is an additively idempotent ultrafilter then V = 24
18 a multiplicative Schur ultrafilter.

Proof. The multiplicative Schur’s property is expressed by an existential sen-
tence, so it is sufficient to show that in G, there are three mutually different
elements o, 5.y with o - 5 = 7.
Since U is additively idempotent, as a result of Proposition 3.2.5 there are
three mutually distinct elements 7, u, & in Gy with n 4+ p = & As a conse-
quence of Theorem 2.3.5, the elements 27, 2%, 2¢ are three mutually distinct
elements in Gy. Observe that if « =27, 3 =2, v =25 then - f =7, so V
is a multiplicative Schur ultrafilter.

m

Definition 3.2.8. Given any natural number n > 3, let AP, be the ezisten-
tial formula

AP, : x4, ..., %L((@ — I ?A 0) A /\?:_12($i+1 — Ty = Tjy2 — iUz‘+1))-

A subset A of N satisfies AP, if and only if it contains an arithmetic
progression of lenght n. In particular, Van der Waerden’s property is the
infinite conjunction A 7, AP,.

Proposition 3.2.9. If U is a non principal additively idempotent ultrafilter
then 2U U and U & 2U are AP3-ultrafilters.

Proof. Since AP; is an existential sentence, in order to prove the thesis is
enough to find three mutually different elements in Goygys (resp. in Gyaoy)
that are in arithmetic progression.

Observe that, as U is idempotent, also 2U is idempotent, since 2U & 2U =
2UdU) =2U. Let £ €*N be any element in Gy; by idempotency, £,*E, £+
are in Gy and 2€,2%¢,26 + 2*¢ are in Gyy.

In particular, in Goyqys one finds

1. 26+ = 26Q0%¢
2. 26+ = 26Q(E47%€)
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3. 26 + 2%+ = (26 +27)Q¢

These three elements form an arithmetic progression of length 3 in Goyay
(with rate *€), so 2U & U is a APs-ultrafilter.
Similarly, in Gygoy there is the arithmetic progression & 4 2**¢, £4*& + 2**¢,
€+ 2*¢ + 2**¢ of length three, so also U @ 2U is an APs-ultrafilter.

O

From this proposition it follows that the family F4p, of subsets of N con-
taining an arithmetic progression of length three is weakly partition regular;
that is, every finite coloration of N has a monochromatic three terms arith-
metic progression. We think that the above nonstandard proof of this fact is
an example of the advantages of the star iteration technique: both the com-
binatorial proof and the proof with ultrafilters given in Chapter One were
less intuitive and more complex (expecially the combinatorial one, that was
made only for 2-colorations).

Also, this proof can be generalized to obtain this result:

Proposition 3.2.10. If U is a non principal additively idempotent ultrafilter
and n, m are different positive natural numbers, then mid &nld and nld & mid
are o, m-ultrafilters, where @, ., is the existential sentence

Pn,m Jx,y, z((y -z 7é 0) A (n(y — :p) = m(z _ x))) "

Proof. Let £ €*N be an element in Gy. As nid and mi are additively idem-
potent, by construction one finds the following elements in Gyqmuy:

1. a=n&+m*¢
2. B=n&+m*E+n"E
3. v =n&+n"E+ m*TE.

Notice that m(y — ) = mn*{ = n(f — a), so nld & ml is a @, ,,-ultrafilter.
A similar proof can be done for mif & nld.
O

Corollary 3.2.11. Given two different positive natural numbers n,m, if N is
finitely colored then there are three mutually distinct monochromatic natural
numbers a, b, c such that n(c —a) = m(b— a).

Proof. By Proposition 3.2.10 it follows that the family of subsets of N sat-
isfying the existence of three mutually distinct natural numbers a, b, ¢ with
n(c—a) = m(b—a) is weakly partition regular, since it contains an ultrafilter.

[]
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Actually, this result can be strenghtened:

Theorem 3.2.12. For every natural number k > 1, for every positive natural
numbers ny, Ny, ..., N1 with n; # n;q for every index i < k, there exists a
Ony....ny, -ultrafilter U, where

Onrmp © 3T1, ey Thoy Y1y ooy Yks 21,5 -+, 2 SuCh that for every index i < k
Xi, Vi, 2i are three mutually distinct elements and, for every inder i < k — 1,
the following two conditions holds:

1. ni(zi - 95@) = ni+1<yi —2;);

Proof. Let V be an additively idempotent ultrafilter, let & €*N be a generator
of V, and consider the ultrafilter

Claim: U is a @, _,,-ultrafilter.

Since ¢, . n, is an existential sentence, to prove the claim it is enough to
prove that there are elements o, ..., ag, 81, ..., Bk, 71, ---, V& in Gy such that,
for every index i < k, oy, 3;,7; are mutually distinct, n;(v;—a;) = ni1 (Bi—a;)
and a1 = ;.

We construct the elements «;, 5;,y; inductively: let

o oy = Zle(nisz(i—l)(f))é
o (31 =ag +n*E
® V1 — Qg + n2*§'

Observe that, by construction, ns(f8; — ay) = ng - n1*¢ = ny(y — aq) and
a1, B1,71 are generators of U.
Now, if ay,, B, v, have been constructed, pose

® pi1 = Vhs
® Oni1 = apy1 + nip159n—1();

® Vi1 = Qpgq + niSQh—l(g)'
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Observe that ani1 = Yh, Mh2(Bhyr — ang1) = Mg - Map1Son—1(§) =
Nhe1(Yhe1 — @pe1) and that gy, Bra1, a1 are generators of U.
With this procedure we constuct elements oy, ..., ag, 81, ...0k, Y1, -, T i0 Gy
with the desired properties, so U is a ¢,,, ., -ultrafilter.
O

Corollary 3.2.13. For every natural number k > 1, for every positive nat-
ural numbers ny,no, ..., ngy1 with n; # ngyq1 for every index ¢ < k, if N s

finitely colored then there are monochromatic elements ay, ..., ay, by, ..., by, c1, ...

such that
1. for every index © < k, a;,b;, c; are mutually distinct;
2. for every index i < k, ni(z; — x;) = ni1(y; — ;)5
3. for every inder i < k —1, x;11 = 2.

Now we focus on a very important result in Ramsey Theory that we
discussed also in Chapter One: Folkman’s Theorem. In Chapter One we
proved that Folkman’s Theorem can be deduced as a particular case of a
more general result, Hindman’s Theorem, which ultrafilter proof is based on
the existence of additively idempotent ultrafilters.

We present a nonstandard proof of Folkman’s Theorem, to show one other
example of star iterations:

Theorem 3.2.14. Every nonprincipal additively idempotent ultrafilter U is
a Folkman ultrafilter.

Proof. For every natural number k, let

foidl € p({1, k) | T £ 0} — {1,...,25 — 1}

be a bijection, and let E(¢y(x1,...., Tk, Y1, ..., Y2r_1)) the existential sen-
tence

E(op(1y ooy Ty Y1y ooy Yok 1)) = XL, evvey Thy Y1, -+, Yor 1 Such that, for every
I#DCA{L kY Y e @i = Yra)-

We observe that a subset A of N contains a subset T} of cardinality &
with F'S(T}) C A if and only if A satisfies E(¢g(21, ..., Thy Y1, ooy Yok _1))-

Claim: U is an E(¢g(z1, ..., Tk, Y1, ---, Yor_1 ) )-ultrafilter for every k > 0
in N,

Take any k£ > 0 in N and, if i/ = U,, consider
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a, ..., Sp_1 ().

Pose T, = {a,*a,...,Sk—1(c)} and observe that F'S(T;) C Gy since, for
every I #0 C{1,....k}, > ../ Sici(a) in in Gy.
In particular, U is an E(¢x(z1, ..., Tk, Y1, ..., Yor_1 ) )-ultrafilter for every k > 0,
and this entails that it is a Folkman ultrafilter.
O

From this result it follows that the family of sets satisfying the Folkman’s
property is weakly partition regular, and this is the content of Folkman’s
Theorem.

We end this section with a result that is not "Ramsey-style": we show, as
promised in Chapter One, that the center of (SN, @) is N. This proof can be
found in [DN].

Let (ax)ren be a sequence of natural numbers such that limy(ax 1 — a) =
+00, and consider the set A = (J,yla2k, a2i41)-

Proposition 3.2.15. For every non principal ultrafilter U there exists an
ultrafilter V such that AcU DYV < A°e VOU.

Proof. Observe that for every natural number n the set A contains many
intervals of length greater than n, since limy(ag1 — ax) = +00. By transfer,
for every hypernatural number p the hyperextension *A contains many in-
tervals of length greater than u, and the same also holds for *A¢. This is a
key property in the proof.

Consider *A, and pose U = 4l,. Suppose that a €*A (the case o €*A° is
similar).

There are two possibilities:

1) For every natural number n, a+n €*A. By transfer it follows that, for ev-
ery hypernatural number p €*N, *a+p €** A, which entails that A € 4, 4L,
for every p €*N. If there is an hypernatural number p in *N with a+*u €** A¢
(ie. A e U, @ 4,) we can conclude just choosing V = 4.

We know that *A° contains arbitrarily long intervals, so there exists an hy-
pernatural number 7 such that the interval I = [a,, a,11) has length greater
than o and is included in *A°. In particular, by letting ¢ = a,, we have
that © + n € [ for every natural number n and so, by transfer, for every
hypernatural number £ we have that *u+ & €*I C** A°. Posing £ = a we get
the thesis.

2) There exists n € N such that o +n €*A°. This entails, since the intervals
[asy, azn41) are infinite for n €N\ N, that for every natural number m > n,
a4+ m €*A°. By transfer it follows that for every hypernatural number p in
*N with g > n, *a+p € A% in particular, A° € 4, ®L, for every p €*N\N.
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If there is an hypernatural number g in *N\ N such that a+*p €A, we can
conclude.
The proof follows the same ideas as the second part of (1): this time we find
n such that I = [ag,, ag,+1) is included in *A and has length greater than a.
So, again, if ;1 = ay, then by transfer we get that a+*u €1 C** A, and this
entails the thesis.

O

Corollary 3.2.16. The center of (BN, ®) is N.

Proof. By the previous proposition, for every non principal ultrafilter ¢ there
exists an ultrafilter V such that Y/ @V # V @ U, so U is not in the center of
(BN, &).
Conversely, if U = i, for some n € N then, for every ultrafilter ¥V = i,
s, d Uy =, o = U, YU, which is the thesis.

O

3.3 Invariant Formulas and Ultrafilters

In this section we talk about the relationships between the operation @
of sum of ultrafilters (resp. the operation ® of product of ultrafilters) and
particular formulas. The following result is an example:

Proposition 3.3.1. If U,V are Schur ultrafilters, then U &V 1is a Schur
ultrafilter.

Proof. Let a,8 €*N be generators of U such that a + 8 € Gy, and let
v,0 €*N be generators of V such that v+ € Gy. By point 15 of Proposition
2.5.28 it follows that (a + B)Q(y + §) = (aQy) + (8V0); as in Gygy there
are n = aQy, u = 00 and £ = (a+ B)Q(y+ ), and n+ p = &, it is proved
that U @V is a Schur ultrafilter.

O

The previous result is a particular case of a general important phe-
nomenon:

Definition 3.3.2. Let ¢(z1, ..., x,) be a first order open formula. ¢(xy, ..., x,)
is additive if, for every ay, ..., a,, by, ...,b, € N, if ¢(ay, ..., a,) and (b, ..., b,)
hold, then ¢(ai + by, ....,a, + b,) holds.

Similarly, ¢(x1, ..., z,) is multiplicative if, for every aq, ..., a,,by,...,b, € N,
if p(ay, ..., a,) and ¢(by, ..., b,) holds then ¢(ay - by, ..., a, - b,) holds.
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Definition 3.3.3. Let ¢(x1, ..., x,) be a first order open formula. ¢(xq, ..., x,)
s additively invariant if, for every ay,...,a,,b in N,

o(ay, ..., an) holds if and only if (a1 + b, ..., a, + b) holds.

Similarly, ¢(x1, ..., v,) is multiplicatively invariant if, for every ay, ..., a,,b
in N with b # 0,

o(ay, ...,a,) holds if and only if ¢(ay -z, ...,a, - x) holds.

Definition 3.3.4. A first order ezistential sentence E(¢(x1,...,x,)) is addi-
tive (resp. multiplicative) if ¢(xq, ..., z,) is additive (resp. multiplicative).
E(¢(xy, ..., x,)) is additively invariant (resp. multiplicatively invariant)
if ¢(x1,...,xy) is additively invariant (resp. multiplicatively invariant).

E.g. Schur’s property is additive, and it is multiplicatively invariant,
and the same holds for the properties AP,, that are also multiplicative and
additively invariant.

In this section we consider only elementary formulas, because they satisfy an
important property: if ¢(xy, ..., x,) is an elementary first order formula, and
ayq, ..., o, are hypernatural numbers in *N, then

*o(aq, ..., o) holds if and only if **p(ay, ..., o) holds.

Theorem 3.3.5. Let ¢ = E(¢(z1,...,x,)) be an elementary first order exis-
tential sentence. Then the following conditions hold:

1. if p is additive, and U,V are p-ultrafilters, then U BV is a p-ultrafilter
as well;

2. if ¢ is multiplicative, and U,V are p-ultrafilters, then U ©V is a ¢-
ultrafilter as well;

3. if v 1s additively invariant, U is a p-ultrafilter and V s any ultrafilter,
then U DYV and YV & U are p-ultrafilters as well;

4. if @ is multiplicatively invariant, U is a p-ultrafilter and V # Uy is any
ultrafilter, then U ©V and V ©U are p-ultrafilters as well.

Proof. 1) Let o, ..., o, €*N be generators of U such that *¢(ay, ..., a;,) holds,
and f, ..., B, €*N generators of V such that *¢(f, ..., 8,) holds. By transfer,
since ¢ is elementary, **¢(ay, ..., a;,) holds. By transfer, since *¢(3, ..., 5,)
holds then **¢(*fy,...,"5,) holds. By additivity of ¢, and by transfer, it
follows that
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o1+ Py ey O+ Bn)

holds. Since a;+*fy, ..., a,+* 3, are generators of U @ V it follows that
U PV is a p-ultrafilter.
2) This is similar to (1), with the multiplication in replacement of the addi-
tion.
3) Let ay,...,a,, €*N be generators of U such that *¢(ay, ..., ;) holds, and
let 5 €*N be any generator of V. Then, since ¢ is elementary, by addi-
tive invariance and transfer it follows that *¢(aq,...,a,) is equivalent to
“*dlar+*6, ..., an+*B), and a1+*0, ..., a,+* are generators of U &V, so
U BV is a p-ultrafilter.
To prove that V & U is a ¢-ultrafilter, we observe that, by transfer, since
*¢(aq, ..., ) holds also **¢(*ay, ...,*a,) holds, and by transfer and additive
invariance **¢(8+*aq, ..., B+*,) holds for every §in **N; as f+* oy, ..., B+,
are generators of VU, V & U is a p-ultrafilter.
4) The proof for the multiplicatively invariant existential formulas is ana-
logue to (3).

]

There are some interesting corollaries of the above result:

Corollary 3.3.6. For every natural number k, for every index v < k, let p;
be an elementary first order existential sentence and U; a p;-ultrafilter. Then

1. if, for every i < k, ¢; is additive then Uy & .... ® Uy, 1s a (/\f:1 ©i)-
ultrafilter;

2. if, for every i < k, p; is additively invariant then Uy & .... © Uy 1s a
(AL, i)-ultrafilter;

3. if, for every i < k, @; is multiplicative then U1 © .... OUy is a (/\f:1 ©i)-
ultrafilter;

4. if, for every v < k, ; is multiplicatively invariant then Uy © .... © Uy 1
k
a (\;—1 @:)-ultrafilter.

Proof. This follows trivially by Theorem 3.3.5.
O

E.g., if U is a Schur ultrafilter and V is an A Ps-ultrafilter, since these two
properties are multiplicatively invariant the ultrafilter 4 © ) is both a Schur
and an APs-ultrafilter.

Corollary 3.3.7. Let ¢ be an elementary first order existential sentence,
and
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S, ={U € BN | U is a p-ultrafilter}.
Then
1. if ¢ is additive then S, is closed under @;
if ¢ 1s multiplicative then S, is closed under ©;

if  is additively invariant then S, is a bilateral ideal in (BN, ®);

if @ 1s multiplicatively invariant then S, is a bilateral ideal in

(BN\ {h}, ©).

Proof. These conditions are straightforward consequences of Theorem 3.3.5.
O

Corollary 3.3.8. If S, F,VDW are the sets
1. § ={U € BN | U is a Schur ultrafilter};
2. F={U € BN | U is a Folkman ultrafilter};
3. VDW ={U € N | U is a Van der Waerden ultrafilter};
then
1. S is a bilateral ideal in (BN \ ty, ®), and it is closed under @;
2. F and VDW are bilateral ideals both in (BN, @) and in (SN \ Ly, ©).

Proof. That S is a bilateral ideal in (BN \ Ly, ®) follows by Corollary 3.3.7,
since Schur’s property is multiplicatively invariant.

Consider the set VDW. Observe that an ultrafilter is in VDW if and only
if it is an AP,-ultrafilter for every natural number n; so, if for every natural
number n we consider the set

AP, ={U € N | U is an AP,-ultrafilter},

by construction VDW =, .y AP,. As, for every natural number n, the
formula AP, is both additively and multiplicatively invariant, the sets AP,
are bilateral ideals both in (SN, @) and in (BN \ Uy, ®). So VDW, being
an intersection of bilateral ideals, is a bilateral ideal both in (SN, @) and in
(BN\ £y, ®).
The proof for the set F is similar, and can be done replacing the formulas
AP, with the formulas F(¢g(x1, ..., Tk, Y1, ..., Yor_1) introduced in the proof
of Theorem 3.2.14, that are both additively and multiplicatively invariant.
[
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3.4 Idempotent p-ultrafilters

In this section we investigate the relations between limits of sequences of
ultrafilters and -ultrafilters for generic weakly partition regular sentences (.
In particular, we shall focus our attention to additively (and multiplicatively)
invariant existential sentences. We recall that, given a nonempty set I, a
sequence F = (U; | i € I) of elements in SN and an ultrafilter V on I, the
VY — lim; of the sequence F is the ultrafilter

Where not explicitly stated otherwise, in the following we suppose that
the set of indexes I is N; in this case, the V — limy U, is simply denoted by
V — limU,,. The results we prove hold also in the general case I # N.

An important characteristic of limit ultrafilters is the following:

Theorem 3.4.1. Let V be an ultrafilter and, for every natural number n,
let Uy, be an E(¢n(x1, ..., xx,))-ultrafilter. Then, for every element A in U =
V —limU,, the set {n € N | Iz, ...z, € A ¢p(x1,...,21,)} €V, and hence
it 1s infinite whenever V is nonprincipal.

Proof. For every set A in U, the set
I,={neN|AclU,} eV.

Now, for every n € 14, asU, is an E(¢,(x1, ..., xy, ))-ultrafilter, A satisfies

E(pn(x1,...;xy,)). -

Observe that, as a consequence of the above proposition, whenever m is
a natural number there is a natural number n greater than m such that A
satisfies E(¢y,(x1, ..., zk,))-
It is not difficul to show that, in general, U is not an E(¢,(x1,...,xx,))-
ultrafilter for every natural number n: e.g., suppose that each E(¢,(z)) is
the existential sentence "Jz(x = n)": the only subset of N that satisfies all
the sentences ¢, is N, so there is no ultrafilter which is a ¢, (z)-ultrafilter for
all natural numbers n.
This leads to a question: under what conditions, given a family of weakly
partition properties ® = {¢, },en, there is an ultrafilter U which is a ¢,,-
ultrafilter for every natural number n?
We recall that a sentence ¢ is weakly partition regular if and only if there is
a p-ultrafilter on N (as we proved in Theorem 1.2.6).
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Theorem 3.4.2. Let V be a nonprincipal ultrafilter on N and, for every nat-
ural number n, let E(¢n(x1,...,7x,)) be a weakly partition reqular existential
sentence, let Uy, be an E(¢, (1, ..., xy, ))-ultrafilter, and let U =V — limU,,.
If the set B = {n € N| E(¢n(21, ..., %k,)) = N,yon E(Om(21,...; Tk,)) } 05 0
V then U is an E(¢p(1, ..., 21, ))-ultrafilter for every natural number n.

Proof. Let A be an element of U, and consider theset [, = {n e N| A € U,}.
Then I, N B € V is infinite since V is not principal. In particular, for every
natural number n in I, N B, A satisfies E(¢, (1, ...,xy,)) and, as nisin B, A
satisfies also A\, ., E(¢m(21, ..., Tk, )). Since this happens for arbitrarily large
natural numbers n, A satisfies all the formulas in {E(¢, (21, ..., zx,)) | n € N},

so U is an E(¢pn(x1, ..., xy, ))-ultrafilter for every natural number n.
[l

Corollary 3.4.3. Let ® = (E(¢p(x1,...,2x,)) | n € N) be a countable set of
weakly partition reqular existential sentences. If

S = {n N ‘ E(¢n(ﬂf1, ...,.%kn)) = /\mgn E(¢m<$1a 7$km))}

is infinite then there exists an ultrafilter U that is an E(pp(x1, ..., Tk, ))-
wltrafilter for every n € N. In particular, the property N\, cn E(on(21, ... Tp,))
s weakly partition reqular.

Proof. Let V be a nonprincipal ultrafilter on N such that S € V and, for
every natural number n, let U,, be an E(¢,(z1, ..., ¥y, ))-ultrafilter. Then
by Theorem 3.4.2 it follows that & = V — limU,, is an E(¢,(x1,...,xx,))-
ultrafilter for every natural number n in N.

]

Example: If V is a non principal ultrafilter, and (U, | n € N) is a se-
quence of of ultrafilters such that the set {n € N | U, is a AP,-ultrafilter} is
in V, then U =V — limU,, is a Van der Waerden ultrafilter.

Corollary 3.4.4. Let ¢ be a sentence. Then
X, ={U € N | U is a p-ultrafilter}
15 closed.

Proof. Let (U; | i € I) be a sequence of p-ultrafilters, and let V be an
ultrafilter on I. Then, if A € V — lim;U;, then A € U; for some index 7 € I,
so A satisfies ; since this is true for every A € V — limU;, then V — limU; is
a w-ultrafilter, so it is in X. We proved that X is closed under the operation
of limit ultrafilter, so by Theorem 1.1.34 it follows that X is closed.

O
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In the previous result it has not been assumed that ¢ is a first order
sentence since it holds for any sentence ¢.
We list three important examples of closed subsets of SN:

1. The set S = {U € BN | U is a Schur ultrafilter};
2. The set F = {U € SN | U is a Folkman ultrafilter};
3. The set VDW = {U € SN | U is a Van der Waerden ultrafilter}.

That S is closed follows from Corollary 3.4.4; that VD)W is closed can be
proved observing that an ultrafilter ¢/ is a Van der Waerden ultrafilter if, for
every n € N, it satisfies AP,, and by last corollary, for every natural number
n the set

AP, ={U € N | U is an AP,-ultrafilter}

is closed. Then VDW, which is the intersection () AP, is closed as well.
The proof for the set F is similar, and can be done by replacing the sentences
AP, with the sentences E(¢x(x1, ..., T, Y1, ..., Yor_1)) introduced in the proof
of Theorem 3.2.14.
Putting together the results of Corollary 3.4.4 and of Theorem 3.3.5 we prove
the following important theorem:

Theorem 3.4.5. Let ¢ : ¢(x1,...,x,) be an ezistential elementary weakly
partition reqular formula, and suppose that ¢ is additive or additively invari-
ant. Then there is an additively idempotent p-ultrafilter.

Similarly, if ¢ s multiplicative or multiplicatively invariant, then there is a
multiplicatively idempotent p-ultrafilter.

Proof. By the hypothesis of weakly partition regularity, the set
S, ={U € BN | U is a p-ultrafilter}

is not empty. Corollary 3.4.4 ensures that S, is closed (so, in particu-
lar, compact), while Theorem 3.3.5 ensures, when ¢ is additive or additively
invariant, that S, is closed under the sum @. Then Ellis’s Theorem entails
that there exists an additive idempotent in S,.
The proof for a multiplicative or multiplicatively invariant formula is ana-
logue.
O

Corollary 3.4.6. There is a multiplicatively idempotent Van der Waerden
ultrafilter.
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Since it is known that no ultrafilter is both multiplicatively and additively
idempotent, by Corollary 3.4.6 it follows that there exists a Van der Waerden
ultrafilter that is not additively idempotent. This may not seem strange, but
we recall that the "canonical" proof of Van der Waerden’s Theorem with
ultrafilters consists in showing that special additively idempotent ultrafilters
are Van der Waerden ultrafilters; this result shows that the converse is false:
Van der Waerden ultrafilters are not necessarily additively idempotents.

3.5 Partition Regularity of Polynomials

In this section we face the problem of the partition regularity on N for
polynomials with coefficients in Z. First of all, we recall some important
definitions about polynomials.

Definition 3.5.1. Let X = {z,} be a countable set of variables. The set of
polynomials with variables in X and coefficients in 7 (notation Z[X])
18

ZX] = Ungﬁn(x) ZIF],

i.e. a polynomial P is in Z[X] if and only if there are variables x4, ..., z,
in X such that P € Z[xy, ..., x,].
A monomial is a polynomial in the form M(z1,...,x;) = axi' - ... - xF,
where a € Z, 11, ...,x, € X and nq, ...,ny are natural numbers; the degree of
a monomial M(xy,...,xy) is d = )¢ ni; the degree of P(xy,...,x,) is the
maximum degree of its monomials; given a variable x;, the partial degree
of x; in P(x1,...,x,) is the degree of the polynomial obtained considering the
variables distinct from x; as constants, i.e. considering P(z1,...,x,) as a
polynomial in Zlxy, ..., Ti_1,Tit1, ..., Tp); the partial degree of P(xq,...,xy)
is the maximum partial degree of its variables; a polynomial is linear if it
has degree 1; it is homogeneous if all its monomials have the same degree.

Definition 3.5.2. Let P(x1,...,x,) be a polynomial in Z[X]. P(xq,...,xx) is

1. partition regular (on N) if the existential sentence
op: Jay,...,a, € N\ {0} P(ay,..,a,) =0

is weakly partition regular (on N);

2. injectively partition regular (on N) if the existential sentence
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tpt3ay, . an € N\A{0} (Plar,...;an) = 0A (A ai # aj))
is weakly partition reqular (on N).

Convention: Whenever P(zy, ..., z,) is a polynomial in Z[X], we use the
symbols op and tp to denote the existential sentences introduced in Defini-
tion 3.5.2.

Trivially, every injectively partition regular polynomial is also partition
regular.
We make three assumptions:

1. all polynomials are given in normal reduced form, i.e. for every poly-
nomial P(z1, ..., 2,) in Z[X], if M(zy,...,x,) = azi - ... - zF is one of
its monomials then a # 0 and if My(zy,...,x,) = ayzf' - ... - 2 and
My(21, ..., 2n) = agx’™-...-z? are two distinct monomials in P(zy, ..., x,,)

then there is an index i < n such that k; # h;;

2. whenever we denote a polynomial by P(x1, ..., x,), we mean that {z1, ..., z,}
are all and only the variables that appear in P(z1,...,z,); i.e. for ev-
ery index ¢ < n, the partial degree of x; in P(z1,...,z,) is at least 1,
and for every variable y in X \ {x1,...,z,}, the partial degree of y in
P(zy,...,xy) is 0:

3. all the polynomials we consider have constant term 0.

The first and second assumptions need no explanations; as for the third one,
we remark that polynomials with constant term zero and polynomials with
non-zero constant term have different behaviours with respect to the problem
of partition regularity. E.g., Rado proved that

Theorem 3.5.3 (Rado). Suppose that (>.; | a;x;) + ¢ € L[z, ...,x,] is a
polynomial with non-zero constant term c. Then P 1is partition reqular on N
if and only if either

1. there exists a natural number k such that (3., a;k) +c¢=0 or

2. there exists an integer z such that (>, a;z) +c = 0 and there is a
subset J of {1,...,n} such that 3. ;a; =0.

The above theorem is proved in [Rad33]. It shows the contrast between
the case ¢ # 0 and the case ¢ = 0: while the first one is related with the
existence of a constant solution, the latter is not.
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A study of the problem of the injectivity of solutions for partition regular
polynomials with non zero constant term has been done by Neil Hindman
and Imre Leader in [HLOG6] (actually, to be precise, their study involves the
general case of partition linear homogeneous systems and their interested is
in noncostant solutions, that is a more general notion than that of injective
solutions).

We start our study of partition regularity of polynomials with the linear case,
proving that the linear polynomials in Z[X] with sum of coefficients zero are
injectively partition regular. The interest in this result is that, given the
polynomial P, we exibit an ¢p-ultrafilter constructed as a linear combination
of additively idempotent ultrafilters.

Then we deal with the nomnlinear case which, in our opinion, is the most
interesting: in fact, while Rado’s Theorem settles the linear case, very little
is known for the nonlinear one.

3.5.1 An ultrafilter proof of Rado’s Theorem for linear
polynomials with sum of coefficients zero

In this section we prove this result:

Theorem 3.5.4. Let P(x1, ..., o, Y1, s Ym) + (Doiny cii) — (D011 djy;) €
Z[X] be a polynomial such that n+m > 3, the coefficients cy, ..., Cp, dy, ..., dy,
are positive, and Y . ¢; = z;”:l d;, and let U be an additively idempotent
ultrafilter. If

Vl = 012/1 D (Cl -+ CQ)Z/{ D CQZ/{ D (Cg -+ Cg)U e....P (Cn,l -+ Cn)u
and
Vo=did & (dy + do)Ud & dod & (dy +ds)U & ... B (di—1 + dy)U

then the ultrafilter V = V1®Vs is a up-ultrafilter; in particular, P(xq, ..., Tn, Y1, vy Yn)
15 injectively partition reqular.

A useful tool to simplify notations in the proof of this theorem are the
"tabular scriptures" for particular elements of °*N. Let « be an element in
*N. By writing

Sl(O./) SQ(O() Sk(oz)
51 aia ai2 al g
52 as 1 az 2 az k
5k a1 ag.2 Qg k
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where the elements a;; are natural numbers, we intend that, for every
index i < k, B = S2%_, a;;5;(a). E.g., the tabular

j=1
B 1] 2
Po| 0] 3
Bs| 71 0

is a notation to mean that f; ="a + 2**«a, By = 3"« and (3 = T*a.
Before proving Theorem 3.5.4 we give an example that should be useful to
understand the ideas involved in its proof. Consider the polynomial

P(x1, 29,23, y1,Y2) : 3x1 + 229 + 473 — 31 — 8Yya.
If U is an additively idempotent ultrafilter, consider the ultrafilter
V=3UDUG2UDUDUDIU,

If  €*N is a generator of U, pose

Si(a) | Se(a) | Ss(a) | Sa(a) | Ss(a) | Se(c) | S7(c) | Ss(c) | So(cv)

(

B 3
B 3
B3 3
3

3

a1
2

( (
1 1
1 1
1 1
1 9
1 0

The numbers above have been chosen in such a way that S, 82, 03, 71, V2
are mutually distinct generators of V and, moreover, P(Sy, 52, B3, 71,72) =
as can be noted computing the coefficient ¢, of each element Sy(a), 1 < k <

in the expression P(ﬁl? 627 /837 7, 72):

0,
9,

l.ei=9+6+12—3—24=0;
2. o =154+0+12—3— 24 =0;
3. ¢c3=15+10+20—5— 40 = 0;
4. ¢4 =6+4+8-2—16=0;
5. cs=6-+12+0—2—16 = 0;

6. c¢ =18+124+24—-6—-48 =0:
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7. c;=34+24+4—-1-8=0;
8. cs=34+24+4-9-0=0;

9. cg=27T+18436 -9 —-72=0.

The proof of Theorem 3.5.4 is just a generalization of the ideas presented
in the above example.

Proof. Let U be an additively idempotent ultrafilter, and let V;, Vs, V be the
ultrafilters introduced in the statement. We claim that )V is a (p-ultrafilter,
which yields the thesis. Let o €*N be a generator of U, and consider the
elements in Table 1 and in Table 2:

Table 1
Sl (Oé) SQ(O&) Sg(O() 54((1) 55(a) Sgn_5(a) Sgn_4(0é) Sgn_g(a)
B C1 CL+C |+ Co Co Cn-1 Cn—1 Cn—1 tCp
B2 c1 0 cit+c| ¢ | cotces Cn—1 Cn—1 Cn—1 + Cpn
B3 c1 c1 cit+e| e 0 Crn—1 Cn—1 Cn-1+ Cy
Br—2 C1 C1 1+ Co C2 C2 Cp—1 Cn—1 Ch—1+Cp
Bn-1| @ c1 cit+c| o C2 Cn—1 Cn1+Cp | Cno1 0y
Bn C1 C1 C1+ Co Co Co Cp-1 0 Cp—1 + Cp
Table 2
Sl (O./) SQ(O() S3<Oé) 54(06) S5(Oz) ng_5<05) ng_4(oz) S3m_3(04>
71 d; di +dy | dy + dy dy ds dy—1 A1 A1 + dp,
V2 d; 0 di + dy dy dy + d3 A1 A1 dy—1 + dp,
V3 d; d; di + dy dy 0 dy—1 A1 A1 + dp,
Vm—2 d; d; dy +dy dy dy A1 dp—1 A1 + dp,
VYm—1 d; dy dy + do dsy dy A1 A1+ dpy | A1 + dypy
Y d; dy di +dy | do dy 1 0 dpp—1 + dp,

For every i <nand j < 3-(n—1), the coefficient @, ; in position (¢, j) in Table
1 is determined as follows: let s, be such that j =3t +s,0 <t < (n—2),

s e {1,2,3}.
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o if s =1, pose a;; = ci41;

At41,5 = Ct41 + Cry2;
o if s =2 then { a2, =0;

a;j = Ci41; otherwise
o If s =3 pose a;; = cry1 + Cry0;

The coefficients in Table 2 are constructed exactly as for Table 1, by
exchanging the roles of coefficients ¢y, ..., ¢, and coefficients dy, ..., d,,.
Observe that, with this construction, as U is additively idempotent then
B, ..., By are generators of Vi and v, ..., 7, are generators of V.

Pose

B = Z?ﬁil)pisi(a)a
where, if 0 <t < (n—2),s€{1,2,3} and i = 3t + s,
o if s=3p;,=c+ cran;
e otherwise p; = cpy1.
Similarly, pose
v =22 4:Sia),
where, if 0 <t < (m —2), s € {1,2,3} and i = 3t + s, then
o if s =3 then ¢; = d; + d;i1;
e otherwise q; = dy ;.
For1<i:<n,1<j7<mpose
o & =30
o 7; = 0.

Observe that 3, B4, ..., 8, are mutually distinct generators of V; and v, 71, ..., Vim
are mutually distinct generators of Vs, so the elements &1, ..., &,,m1, ..., Ny, are
mutually distinct generators of V.

Claim: P(&1, ..., n, M1y ooy M) = 0.

To prove the claim, since P(&,...,&n, M1, -, M) 18 by construction an ex-
pression in Si(a), Sa(a), ..., S3mim—2)(a), it is sufficient to show that for
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each index k < 3(n +m — 2) the coefficient of Si(«a) in this expression is 0.
Given an index k, let ¢,s be such that £k = 3t+ s, t < n+m — 2 and
s € {1,2,3} There are two cases to consider.

Case 1: t <n—1.

e If s =1, the coefficient is

> imy CiCir2 — Z}il djcira = cra(d i, i — Z;L d;) = 0.

o If s = 2, the coefficient is

((Z?zl,i;ét-i-l,t-ﬂ CiCir1) + Cr1(Copr + crg2) + c42(0)) — ZT:1(dj(Ct+1)) =
= cr1(Di G — 27:1 dj) = 0.

o If s = 3, the coefficient of Si(«) is

Z?Zl Ci(Cip1 + Crp2) — Z;nzl dj<0t+1 + Ciya) =
= (cey1 ) (i i — Z}”:l dj) =0

since ) ;| ¢; = »_.~, d; by hypothesis.

Case 2: n—1 <t <n+m — 2: similar to case 1, exchanging the roles of
coefficients ¢, ..., ¢, and coefficients dy, ..., d,,.
This shows that the coefficient of S;(a), for 1 < i < 3(n 4+ m — 2), in the
expression P(&1, ..., & M1y ooy M) 18 0, 80 (&1, - &ny M1y - M) 1S & solution to
P(z1,...., %0, Y1, ..., Yym) made of mutually distinct elements, and hence V is a
tp-ultrafilter.
]

3.5.2 Nonlinear polynomials

While the linear homogeneous case is settled by Rado’s Theorem, very
little is known for the nonlinear case, that we consider in this section.
The first non-linear injective partition regular polynomial that we present is
P(z,y,z,w) : v +y— zw. Its partition regularity has been first proved by P.
Csikvari, K. Gyarmati and A. Sarkozy in [CGS]; here, we present a different
approach, based on the following result:

Proposition 3.5.5. There exists a nonprincipal multiplicatively idempotent
Schur ultrafilter.
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Proof. Schur’s property is a multiplicatively invariant property, and the set
of nonprincipal Schur ultrafilters is nonempty; the thesis follows by applying
Theorem 3.4.5.

]

Corollary 3.5.6. The polynomial
P(z,y,z,w) :z+y— zw
15 tnjectively partition reqular.

Proof. Let U be a nonprincipal multiplicatively idempotent Schur ultrafilter.
Claim: U is a tp-ultrafilter.

In fact, let n, u, & €*N be mutually distinct generators of U with n+pu = &;
since U is multiplicatively idempotent, the elements n-*n, u-*n, £-*n are in
Gu.

Consider the elements o = n-*n, = u-*n, v =&, § ="n, and observe that

a+B=nn+prn=_§"n="y-9.

In particular, as «, 8,7, are mutually distinct generators of U, then U

is a tp-ultrafilter, so P(x,y, z,w) is injectively partition regular.
O

The importance of a multiplicative idempotent Schur ultrafilter is that it
mixes an additive property (Schur’s) with a multiplicative property (idem-
potence).

To generalize the result of Corollary 3.5.6, a natural idea is to search for other
ultrafilters with similar features: good candidates are Folkman ultrafilters.

Proposition 3.5.7. There is a nonprincipal multiplicatively idempotent Folk-
man ultrafilter.

Proof. We observe that we can not directly apply Theorem 3.4.5, as Folk-
man’s property is not expressed by an existential sentence. Nevertheless, we
proved in Corollary 3.3.8 that the set F of Folkman ultrafilters on N is a
bilateral ideal in (6N\ {4}, ®); in particular, as every Folkman ultrafilter is
nonprincipal, F is a bilateral ideal in (SN \ N, ®), and we showed in Section
3.4 that it is a closed subset of SN. Then, by Ellis’s Theorem, there is a
nonprincipal multiplicatively idempotent ultrafilter in F .

O

The existence of such an ultrafilter has some interesting consequences:
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Corollary 3.5.8. For every natural number n > 1, the polynomial

P(xla cey Ty Y, Z) : (Z?:l ‘1.1) — Yz
15 injectively partition reqular.

Proof. Let U be a nonprincipal multiplicatively idempotent Folkman ultra-
filter, and let 0y, ..., n,, & €*N be mutually distinct generators of I such that
& =m + ... + 1. Observe that

Mg+ g = 67

If we consider the elements oy = 7-%¢,..., o, = 0", B = &, v =7,
we have that ai,...,a,, 5,7 are generators of U (as U is multiplicatively
idempotent) and

(Z?:l ;) —p-v=0.

So U is a tp-ultrafilter, and P(zy,...,x,,y,2) is an injectively partition

regular polynomial.
O

Actually, in the previous corollary there is no need to consider two vari-
ables y, z:

Corollary 3.5.9. For every natural numbers n,m with n +m > 3, the
polynomial

P21 ooy T Y1y s Ym) - (i ) =TI 05

15 injectively partition reqular.

Proof. Let U be a multiplicatively idempotent Folkman ultrafilter, and let
M, -, & €N be mutually distinct generators of U such that & = ny+...4+n,,
and consider p =*&-**¢ - ... Fmo1E,
Pose
Qa1 =11 lyeesy Oy = Tln " [,
and

ﬁl = 57 52 :*57“'> Bm :*Wklf'

Since U is multiplicatively idempotent, the mutually distinct elements
1, ..ey Oy, By oony B are in Gy, and

D iy O = H;n:l B;-
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So U is a tp-ultrafilter, and P(xq, ..., Ty, Y1, ..., Ym) 1S an injectively parti-

tion regular polynomial.
O

The above result is also proved, in a different way, in [Hin11].
The next generalization seems less straightforward: in the polynomial (> | x;)—
H;Tl:l y; we can substitute the sum of variables with a sum of monomials and
retain the injective partition regularity:

Corollary 3.5.10. For every natural number n > 2 € N, for every positive
natural numbers ly, ...,l,,m € N, the polynomial

l l
P(ml,la "'7$n,ln7yl> LX) ym) : Hiizl -77171'1 + ...+ Hizzl ajin,n - H;nzl yj

15 tnjectively partition reqular.

We do not prove this result, as it is a straightforward corollary of Theorem
3.5.13, which is a result by far more general. The result that we need in order
to prove Theorem 3.5.13 is the following:

Proposition 3.5.11. If P(xy,...,x,) is an homogeneous injectively partition
reqular polynomaial, then the set

Ip ={U € BN | U is a tp-ultrafilter}

is a compact bilateral ideal in (BN \ N, ®); in particular, it contains a
nonprincipal multiplicatively idempotent ultrafilter.
Similarly, if P(xy, ..., z,) is an homogeneous partition regular polynomial, the
set

Sp={U € BN | U is a op-ultrafilter}

is a compact bilateral ideal in (BN, ®), and it contains a nonprincipal
multiplicatively idempotent ultrafilter.

Proof. The result for Zp follows as the formula ¢p is multiplicatively invari-
ant, since P is homogeneous. Then observe that the elements of Zp are
necessarily nonprincipal, and apply Theorem 3.4.5.

As for Sp, the property of compact bilateral ideal follows by Corollary
3.3.7 and Corollary 3.4.4, since the formula op is multiplicatively invariant.
Sp contains a nonprincipal multiplicatively idempotent ultrafilter because
Sp N (BN\N) # : in fact, by contradition suppose that every op-ultrafilter
is principal; if k£ is a natural number such that 4, € Sp, by definition
P(k,....k) = 0 and, as P(z1,...,x,) is homogeneous, if a is any infinite

116



hypernatural number then P(ka,...,ka) = 0, so Uy, € Sp N (BN \ N), ab-

surd.

In particular, Sp N (AN \ N) is a nonempty compact bilateral ideal in (5N \

N, ®), so it contains a nonprincipal multiplicatively idempotent ultrafilter.
]

Definition 3.5.12. Let n be a positive natural number, and {y,,...,yn} a set
of mutually distinct variables. For every finite set F' C {1,..,n}, we denote
by Qr(y1, ..., Yn) the monomial

Hjerja ZfF#QL

Theorem 3.5.13. Let k > 3 be a natural number, P(xy, ..., 1) = Zle ;T
an injectively partition reqular polynomial, and n a positive natural number.
Then, for every Fi, ..., Fr, C{1,..,n}, the polynomial

k
R(x1, oo, Ty Y1,y oy Un) = 2oy GiZiQE (Y1, oo, Yn)
15 tnjectively partition reqular.

Proof. Since P(z1,...,x) is homogeneous and partition regular, by Proposi-
tion 3.5.11 it follows that there is a nonprincipal multiplicatively idempotent
tp-ultrafilter U. Let oy, ..., ap €*N be mutually distinct generators of U such
that P(aq, ..., ) = 0, and let 8 €*N be any generator of U. For every index
7 < n, pose

B; = S;(B).

Observe that, for every index j < n, 8; € Gy. Pose, for every index
i <k,

T = Qi - (ngéFi Bi)-
Since U is multiplicatively idempotent, n; € Gy, for every index i < k.
Claim: Y% | ai,Qr. (B, .., Ba) = 0.
In fact,
Zle ainiQr,(B1, -, Bn) = Zf:1 aio‘i(ngFi ﬁj>(HjeFi B;) =
=Y aoi([T)=, B;) = (7=, B) Sy @ic = 0.
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Three observations:
1. as a consequence of the proof, I/ is both a tp and a (z-ultrafilter;

2. if the hypothesis on the injective partition regularity of P(xq,...,xx) is
replaced by the hypothesis that P(xy,...,z)) is partition regular, this
same proof shows that in this case P(xq,...,z,) is partition regular;

3. observe that some of the variables ¥, ..., vy, may appear in more than
a monomial: e.g., the polynomial

P(x1, 20,23, T4, Y1, Y2, Y3) : T191Y2 + 4201Y2ys — 3T3ys — 2247

satisfies the hypothesis of the above theorem, so it is injectively parti-
tion regular.

In view of this result, there is a particular class of polynomials that are
partition regular:

Definition 3.5.14. Let P(xy,...,2,) : Zle a;M;(xy, ...,x,) be a polynomial
in Z|X], and let My(xq,...,2n), ..., Mi(x1, ..., z,) be its distinct monomials.
P(z1,...,x,) admits a set of exclusive variables {vi,...,v;} if v; appears
only in the monomial M;(xq,...,x,). In this case we say that the variable v;
is exclusive for P(xq,...,x,), and the set {vy,...,vx} of exclusive variables

is denoted by Vs (P).

E.g., the polynomial P(z,y,z,t,w) : zyz + yt — w admits {x,t,w} or
{z,t,w} as sets of exlusive variables, while the polynomial P(z,y,z2) : xy +
yz — xz does not admit a set of exclusive variables.

Definition 3.5.15. Given a polynomial P(x1,...,x,) : Zle a;M;(z1, ..., x,),
where My(x1,...,xp), ..., Mg(x1, ..., T,,) are its distinct monomials, the reduct
of P (notation Red(P)) is the polynomial:
Red(‘P) (yly cey yk’) Zi‘c:l a;yY;-
E.g., if P(z1,...,z,) is an homogeneous linear polynomial then
Red(P)(y1, -, Yn) = P(Y1, -y Un);
if P(x,y,z,t,w) is the polynomial zy + 4yz — 2t + yw, then

R’ed(P)(y17y27y37 94) =4 + 4y2 - 2y3 + Ya.-
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As a consequence of Theorem 3.5.13 we obtain the following result:

Corollary 3.5.16. Let P(x1,...,x,) = Zle a; M;(z1, ..., x,) be a polynomial

with partial degree one, and suppose that
1. P admits a set of exclusive variables;
2. Red(P) is injectively partition regular.

Then P(x1,...,x,) is an injectively partition reqular polynomial.

Proof. By reordering, if necessary, we can suppose that the exclusive vari-
ables are x1,...,x;, and that the variable x; is exclusive for the monomial
M;(z1,...,z,). Then, by hypothesis,

Ef:l @i

is partition regular as it is, by renaming the variables, equal to Red(P).
If F={1,..,n—k}, for i <k we put

F,={j € F| x4 divides M;(z1, ..., )}

Then if we put, for j < n —k, y; = xiyx, P(21,...,2,) is, by renaming the
variables, equal to

Zf:l aixiQFi (yh (XY yn—k)

The above polynomial, as a consequence of Theorem 3.5.13, is injectively

partition regular, and this entails the thesis.
O

A natural question is if the implication in the above theorem can be
reversed. Following the ideas in the proof of Rado’s Theorem for linear equa-
tions, we prove that, if P(xq,...,z,) is homogeneous and partition regular,
then Red(P) is partition regular.

Lemma 3.5.17. If p is a prime number in N and o, B are two ~,-equivalent
hypernatural numbers, then smod(p)(a)=smod(p)(53), where

smod(p)(a) =i if and only if, if v is the greatest exponent such that p¥ | «,
and o = p?d, then 6 =1 mod p.

Proof. We observe that, given the prime number p in N, then N = Uf:_ll Ci,
where C; = {n € N | smod(p)(n) = i}. Clearly, if i # j then C; N C; =0, so
there exists exactly one index ¢ such that C; € i,; in particular, o, 5 €°Cj,
so smod(p)(a) = smod(p)(5) = i.

]
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Theorem 3.5.18. If P(xy,....,x,) is an homogeneous partition reqular poly-
nomial then Red(P) is partition regular.

Proof. By contradiction, suppose that Red(P) is not partition regular. Then,
as Red(P) is linear, by Rado’s Theorem no subset of the set of coefficients of
Red(P) sums to 0 and, since P(xy,...,z,) and Red(P) have by construction
the same coefficients, this entails that no subset of the set of coefficients of
P(zy,...,x,) sums to 0.
Let p be a prime number that does not divide the sum of any subset of
the set of coefficients, U a op-ultrafilter, and ay, ..., o, generators of U with
P(ay,...,ap) = 0.
For every index i < n let ;,~; be hypernatural numbers such that

Q; = p%ﬁia

where ; is not divisible by p. By definition of smod(p), smod(p)(«a;) =
smod(p)(B;); as the elements «; are all ~,-equivalent, it follows that, for
every pair of indexes 4,5 < n, smod(p)(f;) = smod(p)(f;) and, since the
elements (3; are not divisible by p,

smod(p)(B;) = (6;) mod (p) = b # 0 for every index i < n.

By hypothesis, the polynomial P(z...,x,) has the form

P(.rl, 7‘CCTL) N 2521 a/]lel .. Z'gij",

where, if d is the degree of P(z1, ..., x,), for evey index j < k Y"1 | d;, = d.
Since ay, ..., ay, is a solution of P(zq,...,x,) =0,
Z?:l ajafjl A =0,

As «; = p"i3;, the above expression can be written like this:

n N d;
(1)2?21 a;pi=1 0 G B =0,
Pose, for every index j < k,
¢ = 2im1 &3y
and
c=min{c; | 1 <j <k}

Then (1) can be rewritten as

k e ndj dj,
pc Zj:l ajpcj cﬁln C 6nJ — O,
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and, as p¢ # 0, this entails that

C;—C d d"rL
(2) Y5y apo By - B =0

observe that for each index j such that ¢; = ¢ (and there is at least one
index with this property), p%~—¢ = 1.
From (2) it follows that:

Zle ajpcfcﬁf“ e -Bffj" =0 mod p.

Observe that, for all the indexes j < k with ¢; # ¢, the term aijj—Cﬁfh )
.- B¥" =0 mod p. So, if J is the nonempty set of indexes j with r;=T,
d; d.
(B)Zjej a;B," - ...- B =0 mod p.

We observed that, modulo p, the elements 3;, ¢ < n, are equal to some
natural number b which is not 0, so the expression (3) can be rewritten as:

(4)3c5a;b" =0 mod p.

Since b # 0 mod p then b # 0 mod p, so (4) holds if and only if
zjej a; = 0 mod p, and that is a contradiction as we have chosen p in
such a way that the sum of elements of every subset of coefficients is not
divisible by p. O

3.6 Properties of the Set of Injectively Parti-
tion Regular Polynomials

In this section we study the properties of the set of injectively partition
regular polynomials, with a particular interest for the homogeneous polyno-
mials.

Definition 3.6.1. The set of ingectively partition regular polynomzials
on N s

P ={P € Z[X] | P is injectively partition reqular on N},

and the set of homogeneous injectively partition regular polyno-
mztals on N s

H ={P € P| P is homogeneous}.
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In this section we always assume that the polynomials are given in normal
reduced form, that the variables of P(zy,...,x,) are exactly z1, ..., z,, that
every considered polynomial has costant term 0 and, given a polynomial
P(xq,...,z,), the symbols op,.p denote the sentences introduced in defini-
tion 3.5.2.

The first interesting property that we prove is that the multiples of a poly-
nomial P(zq,...,x,) in P are in P:

Theorem 3.6.2. Given a polynomial P(xq,...,z,) in P and a generical poly-
nomial Q(y1, ..., Ym) n Z[X|, P(x1,...,xn) - Q(Y1, ..., Ym) is in P; in partic-
ular, if P(x1,...,xy,) is in H and Q(y1, ..., ym) € Z[X] is homogeneous, then
P(zy,..yxn) - Q(Y1, oy Ym) € H.

Proof. Pick U tp-ultrafilter, and let oy, ..., a,, €N be mutually distinct gen-
erators of U. Let (1, ..., B,, be mutually distinct elements in Gy \ {a, ..., @, }.
Then ay, ..., o, B, ..., B are mutually distinct elements such that P(aq, ..., ay,)-
Qb1 ..., Bm) = 0. SoU is also a tp.g-ultrafilter, and P(xy, ..., 2,)-Q (Y1, -..s Ym) €
P.
In particular, if P(z1,...,z,) € H and Q(y1, -.., Ym ) is homogeneous, the prod-
uct P(xq,...,2,) - Q(y1, ..., Ym) is an homogeneous element of P so it is in H.

[

In particular, P is a sub-semigroup of (Z[X], ) and H is a sub-semigroup

of (H[X],-), where H[X] is the sub-semigroup of (Z[X],-) of homogeneous
polynomials.
Conversely, we now prove that if P(z1, ..., z,) is in P, and it is not irreducible,
then at least one of its factors belongs to P. Only in this theorem, when
writing Q;(x1, ..., z,) we mean that the set of variables of @); is a subset of
{z1,...; 2, }; if a1, ..., a;, are hypernatural numbers in °N, by Q(aq, ..., a,,) we
denote the number obtained by replacing each variable x; in Q) by «;.

Theorem 3.6.3. Suppose that the polynomial P (x4, ...,x,) is factorized as

P(zy,..c.,zp) = Hle Qi(x1, ..y Tp).

Then P(xy,...,x,) € P if and only if there exists an index i such that
Qi(l'], ,.Tn) € P

Proof. The implication < is an immediate consequence of Theorem 3.6.2.
=: Let U be a tp-ultrafilter on A, and let oy, ..., «,, be mutually distinct
generators of U such that P(aq,...,a,) = 0. Then, for at least one index i,
Qi(oa, ...,a,) =0, so U is a 1g,-ultrafilter, and hence Q;(z1, ..., x,) is in P.
]
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From the previous theorem it follows this important fact:

Fact: To study the partition regularity of polynomials it is sufficient to
work with irreducible polynomials.

The situation for the sum of elements in P is less simple:

Proposition 3.6.4. If P(z1,....,x,), Q(y1, ..., Ym) arein H, and {z1, ...,z }N
{y17 7ym} = (D: then P(xla 7xn) + Q(yla 7ym) € P

Proof. Suppose that U is a ¢p-ultrafilter and V is a (g-ultrafilter. We claim
that YOV is a tpyg-ultrafilter. In fact, let oy, ..., o, €*N be mutually distinct
generators of U, and let Sy, ..., 5, €N be mutually distinct generators of V,

with P(ay,...,an) = Q(P1, ..., Bm) = 0. Then, by transfer, Q(*51, ...,"Bm) =
0. Consider the elements 1y, ..., 7, &1y ooy & 0 Gy, Where

n; = o;"fy for @ <nand & = oy-*3; for j < m.

Then, as P(z1, ..., z,) and Q(y1, ..., y,) are homogeneous, if d, and d, are
their respective degrees, then we have

P, ooy 1)+ Q1 oy ) =B P, .o, )+ Q(* By, .. Brn) = 040 = 0.

So, as N1, ..., M, &1,y -, Em are mutually distinct generators, U © V is a
tpyg-ultrafilter, and hence P(z1,..,2,) + Q(Y1, ..., Ym) € P.
]

Theorem 3.6.5. Let P(xy,...,2,),Q(Y1, ..., Ym) be polynomials in P such
that

1. the partial degree of both P(xy,...,x,) and Q(y1, ..., Ym) is 1;
2. P(xy,....;xy) + Q(y1, ..., Ym) admits a sets of exclusive variables;
3. Red(P) and Red(Q) are polynomials in P.

Then P(xz1,...,xn) + Q(Y1, -, Ym) € P.

Proof. This result follows by Corollary 3.5.16: in fact, P(z1, ..., 2,)+Q(y1, .-, Ym)
has partial degree 1, admits a set of exclusive variables and its reduct is
weakly partition regular, as Red(P + @) is, renaming the variables if nec-
essary, equal to Red(P)+Red(Q) and by Proposition 3.6.4 it follows that
Red(P)+Red(Q) is partition regular, since both Red(P) and Red(Q) are in
‘H by hypothesis.

[
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In the theorem below, just observe that, given an homogeneous polyno-
mial P(z1,...,2,) € Z[X] with degree d, z¢-.... 2% - P(+, ..., L) € Z[X].

n E, ey Zn
Theorem 3.6.6. If P(x1,...x,) is a polynomial in H with degree d then the

polynomial Q(zy,...,x,) =2¢- ... 2. P(xil, - %) is in P.

Proof. Let U be a tp-ultrafilter, and let aq, ..., a,, €*N be mutually distinct
generators of U with P(ay, ..., a;,) = 0. Consider

By construction, 3, ..., 3, are ~,-equivalent elements and P(é, . %) =
0, so Q(%, s ﬁ%) = 0. The problem is that (i, ..., 8, are not hypernatural

numbers, and in order to apply the Bridge Theorem we need n mutually
distinct hypernatural numbers &1, ..., &, with Q(&,...,&,) = 0.
Since P(xy,...,x,) is homogeneous, for every v €*N

Qv B, sy Br) =0.
If there is an hypernatural number ~ such that:
1. v - B; €°N for every i < n and
2. - Bi~y - By forevery i,5 <n

then the elements ~v - 51, ..., - B, are n mutually distinct ~,-equivalent
hypernatural numbers, so &l,.5, is a tg-ultrafilter on N, and ) € P. Consider

n = (on)!
(where (ay)! denotes the factorial of «;), and
V="
We claim that v has the properties (1) and (2):

1. -5, is an hypernatural number for every index ¢ < n, because v =*(ay!) =(*ay)!
that (as "oy > o for every i < n) is divisible by each ay;

2. v-B; ~y, v Bj for every i, 7 < n because, for every i <n, v-8; = 5;-'n €
GﬂﬁiGUn and, as f3; ~, fB; for every i,7 < n, Us, © L, = Us © L.

]
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In [BRI1] the autors actually proved that the above result can be gener-
alized. In fact, they proved that, if G(z1, ..., z,) is a partition regular system
of homogeneous equations (this means that for every finite coloration of N
there is a monochromatic solution to G(zy,...,x,) = 0), then the system
G(=, ..., =) is partition regular.

1 Tn ..

As a corollary of Theorem 3.6.6, we prove that there are partition regular
polynomials that do not admit a set of exclusive variables:

Corollary 3.6.7. The polynomial P(z,y,z) : yz + vz — xy is injectively
partition reqular.

Proof. The polynomial Q(z,y,z) : « +y — z is injectively partition regular.

So the polynomial xyz(% + - — %) is injectively weakly partition regular, and
this entrails the thesis.

1
Yy

]

A different proof of this corollary can be found in [CGS].

3.7 Further Studies

In this section we present three possible developments of the research on
partition regular polynomials.

3.7.1 Polynomials with partial degree > 2

Corollary 3.5.16 regards polynomials with partial degree 1; a natural ques-
tion is if it can be extended to polynomials with partial degree greater than
one. The answer is negative:

Proposition 3.7.1. The polynomial
P(x,y,2) =z +y— 2>
15 not weakly partition regular.

This result is proved in [CGS]. Observe that z + y — 2? admits a set of
exclusive variables and that its reduct Red(P)=y; +y2 —ys is weakly partition
regular.

A way to obtain some partial result regarding partition regular polynomials
with partial degree greater than one is to consider the multiplicative Van der
Waerden ultrafilters:
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Definition 3.7.2. An ultrafilter U is o multiplicative Van der Waer-
den ultrafilter if every element A of U satisfies the multiplicative Van der
Waerden’s property, i.e. if A contain arbitrarily long geometric progressions.

It is well-known that, in SN, there are multiplicative Van der Waerden
ultrafilters: e.g., for every Van der Waerden ultrafilter I/, the ultrafilter 24
is a multiplicative Van der Waerden ultrafilter.

Proposition 3.7.3. Let h, k be positive natural numbers. Then, for every
positive natural numbers nq, ...,ny, ma, ..., my such that Z?:I n; = Zj::l mj,
the polynomaial:

h n; m mj
P($1a--->$h7y1>---,yk) :Hizlxi _szlyj]
15 injectively partition reqular.

Proof. As Y0 n; = Zle m;, the polynomial

Q(th ceey th, Ly eeey Zk) . Z?:l nztz — Z?:l ijj

is injectively partition regular (as we proved in Theorem 3.5.4); in partic-
ular, there are mutually distinct positive natural numbers aq, .., ap, by, ..., bg
with

Q(&l, ...,ah,bl, ,bk> =0.

Pose M = max{ay, ...,an,by,.....bx}. Let U be a multiplicative Van der
Waerden ultrafilter. We claim that U/ is a ¢p-ultrafilter.
In fact, let n,& be hypernatural numbers in °N such that n,n¢, ..., n¢M are
generators of U, and pose

a; = n&% for i < h; B; = ng% for j < k.

By construction, aq, ..., ap, f1, ..., B are mutually distinct generators of
U, and P(ay, ..., 1, ..., fr) = 0:

P(a, ooy, B, s Br) =TIy (€)™ — [T, (&)™ =
772?:1 ngﬁll a;ng __ 772?:1 mjfZ?:1 bym; __ 0.

So U is a tp-ultrafilter; in particular, P(xy,...,zp, Y1, ..., Yx) 1S an injec-
tively partition regular polynomial.
]
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This result, combined with Theorem 3.6.3, could be a basic tool to prove
the partition regularity for equations with partial degree greater than 1, and
to try to answer to the following question:

Question: Is there a characterization of partition regular polynomials in
Z[X]?

3.7.2 Extension of Deuber’s Theorem on Rado’s Con-
jecture

In 1973, Walter Deuber proved, in his PhD Thesis, Rado’s conjecture on
large subsets of N:

Definition 3.7.4. 1) An m X n matriz M with integer enlries is partition
regular (on N) if the existential formula 3xq, ..., x, M (21, ...,x,) = 0 is par-
tition reqular on N.

2) A subset A of N is large if and only if for every m x n partition reqular
matriz M, there are elements ay, ..., a, in A such that A(ay, ..., a,) = 0.

Rado’s Conjecture: The family
L={ACN| A is large}

of large subsets of N is strongly partition regqular, i.e. if an element A of
L is partitioned into finitely many sets A = Ay U ... U A,, then, for at least
one indexr i <n, A; € L.

Deuber’s result settled the case for the family of large sets (his original
proof is in [De73], see also [De89]); our generalization to non-linear polyno-
mials gives rise to two questions similar to Rado’s Conjecture:

Definition 3.7.5. A subset A of N is a polynomzial set if for every weakly
partition reqular polynomial P(xy,...,x,) there are elements ay, ...,a, in A
such that P(ay,...,a,) = 0.

A is an homogeneous set if for every homogeneous partition reqular polyno-
mial P(z1,...,x,) there are elements ay, ...,a, in A such that P(ay,...,a,) =

0.

Question 1: Are the family of polynomial subsets of N or the family of
homogeneous subsets of N weakly partition regular?

We do not know the answer for the polynomial case; as for the homoge-
neous case, the answer is affirmative:
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Theorem 3.7.6. There is an ultrafilter U on N such that, for every homo-
geneous partition reqular polynomial P(xq,...,x,), U is a tp-ultrafilter.

Proof. For every homogeneous partition regular polynomial P(xq,...,x,),
consider

Sp={U € BN | U is a tp-ultrafilter}.

As we proved in Section 3.4, every set Sp is a closed subset of SN, and a
bilateral ideal in (SN, ®).

Claim: The family {Sp}pey has the finite intersection property.

In fact, as a consequence of Corollary 3.3.6, for every natural number
k, for every polynomials Py(211, ..., T1mn,), ooy Pe(Th1, o Thomy, ), if, for every
index ¢ < k, the ultrafilter If; is an element of Sp, then Uy © ... © Uy, is a tp,
ultrafilter for every ¢« < k, so

U o..0U N, Sk

As AN is compact, and the family {Sp}pey, where H is the set of homo-
geneous partition regular polynomials, has the finite intersection property,
the intersection

nPeH Sp

is nonempty, and if U is an ultrafilter in this intersection, by construction

it is a ¢p ultrafilter for every homogeneous weakly partition regular polyno-
mial P(xq, ..., Z,).

O

Corollary 3.7.7. The family of homogeneous subsets of N is weakly partition
reqular.

Proof. Let U be an ultrafilter such that, for every homogeneous partition
regular polynomial P(z1,...,2,), U is a tp-ultrafilter, and A any of its ele-
ments; by construction A is an homogeneous set. So U is a subset of the
family of homogeneous sets, and by Theorem 1.2.3 it follows that this family
is weakly partition regular.

[

Question 2: Are the family of polynomial subsets of N or the family of
homogeneous subsets of N strongly partition regular?

We do not know. We conjecture that this is true at least for the homoge-
nous case, while the non-homogeneous case seems particularly challenging.
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3.7.3 Partition regularity on Z,Q,R

In this chapter we concentrated on the partition regularity on N for poly-
nomials in Z[X]; a natural generalization would be to study the partition
regularity of the same polynomials on Z,Q, R.

Definition 3.7.8. Let A be a subset of R, and P(xy,...,x,) a polynomial in
Z[X]. P(xy,...,x,) is partition regular on A if the existential formula:

op:3ay,...,a, € A\ {0} P(ay,...,a,) =0

s weakly partition reqular on A.
P(z4,...,x,) is injectively partition regular on A if the existential for-
mula:

tp i 3ar, . an € AN{0} (Play,..yan) = 0A AL, oy ai # a;)

s weakly partition reqular on A.
The set of partition regular polynomials on A is denoted by Pa.

As Z, Q and N have the same cardinality, and since the hyperextension
*N has the ¢"—enlarging property, the Bridge Theorem could be proved
also for ultrafilters on Z, Q; from now on, in this section, we assume that
the hyperextension *N has the |p(R)|T-enlarging property, because with this
hypothesis the Bridge Theorem is valid also for ultrafilters on R.

First of all, from the definitions it follows that

Py C Pz C Py C Pr

A known fact is that every linear homogeneous polynomial P(z1, ..., z,) €
Z[X] is partition regular on N if and only if it is partition regular on R (see
e.g. [HLO6]). Actually, the arguments used to prove Theorem 3.6.6 could be
arranged to prove the following result:

Theorem 3.7.9. Let P(xy,...,x,) be an homogeneous polynomial in Z[X].
Then the following conditions are equivalent:

1. P(xq,...,z,) is injectively partition reqular on N;
2. P(x1,...,x,) is injectively partition reqular on Z;

3. P(x1,...,x,) is injectively partition regular on Q.
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When the polynomial is not homogeneous, the equivalence does not hold.
In fact, e.g., the polynomial z+y? is partition regular on Z (since z = y = —1
is a solution) but it has no solutions on N, and the polynomial 2x + 1 is
partition regular on Q but it has no solutions on Z.
A result that is useful to study the partition regularity in this more general
context is the following:

Theorem 3.7.10. Let *R be an hyperextension of R with the |R|"-saturation
property. Let A be a subset of R, P(x,...,x,) a polynomial in Pa and f €
Fun(A, A) an injective function. The following conditions are equivalent:

1. there is a vp-ultrafilter U in O 4);

2. the existential sentence ¢(yy, ..., yn): "there are mutually distinct yy, ..., yy,

with P(f(y1), .., f(yn)) = 0" is weakly partition regular.

Proof. (1) = (2) Let U be a tp-ultrafilter, and aq, ..., a;, €*R mutually dis-
tinct elements in Gy such that P(aq,...,a,) = 0. From the hypothesis it
follows that there is an ultrafilter V in SA such that & = f(V). Then, as
proved in Theorem 2.3.6 (the result was stated and proved for A = N but,
since the hyperextension *R satisfies the |R|"-saturation property, the same
proof shows that the result holds for A = Q, R, Z as well), there are mutually
distinct elements f, ..., 5, € Gy with * f(5;) = «; for every index i < n. This
proves that V is a ¢(y, ..., yn )-ultrafilter.
(2) = (1) Let V be a ¢(y1, ...., yn )-ultrafilter, 5y, ..., 5, mutually distinct el-
ements in Gy with P(*f(31),.....f(8.)) = 0, and consider U = f(V). By
construction, if for every index i < n we pose «; =*f(5;), then ay, ..., a,
are mutually distinct elements in Gy with P(aq,...,a,) = 0, so U is a tp-
ultrafilter in O 4.

]

We present three corollaries of this result:

Corollary 3.7.11. A polynomial P(x1, ..., x,) is in Py if and only if P(—x1, ...

s in Pyg.

Proof. The function x — —z is a bijective function in Fun(Z, Z), so the result
is a trivial consequence of Theorem 3.7.10.
O

The previous corollary entails that there are injectively partition regular
polynomials P(z1,...,x,) on Z, with partial degree 1, such that Red(P) is
not partition regular: consider, e.g., the polynomial
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P(x1, 9, T3, T4, T5, T6) : T1T2X3 + T4ToTs — T5T6;

as a consequence of Theorem 3.5.13, this polynomial is injectively parti-
tion regular on N so, in particular, it is injectively partition regular on Z.
So, the polynomial

Q(mla To,T3,T4,Ts, x()) == P(_xla —X2, —X3, —Ty4, —Ts, _x()) .
—T1X2X3 — XyAoX3 — Trlg

is injectively weakly partition regular on Z, while its reduct

Red(Q)——y1 —v2 — u3

is not.
The second corollary regards partition regular polynomials on Q:

Corollary 3.7.12. A polynomial P(x1,...,x,) is in Py if and only if the
polynomial P(%, L) is in Py.

ceey Tn

Proof. Let inv: Q\ {0} — Q\ {0} be the function that maps every rational
number ¢ into ¢~1; inv is a bijection, so the thesis is a trivial consequence of
Theorem 3.7.10.

m

Our last corollary involves the partition regularity on R:

Corollary 3.7.13. Let z # 0 be an integer, and Ryg = {r € R | r > 0}.
Then a polynomial P(xq,...,xy,) is in Pr., if and only if P(z7,...,2%) is in
Pr.y-

Proof. For every integer z # 0, the function f, : Ryy — R.g such that
f.(z) = 2* is a bijection, so the thesis is a straightforward consequence of
Theorem 3.7.10.

]

E.g., for every natural numbers n, m with n+m > 3 and for every integer

z # 0, the polynomial (Y, xf) — (ngm i) is in Pro,, as (D, i) —
(I <, vj) is injectively partition regular on N.
A particular case of this result are the polynomials

Py(x,y,z) 2™ +y" — 2"
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that are injectively weakly partition regular on R while, for n > 3, as a
consequence of Fermat’s Last Theorem, they are not weakly partition regular
on N (as they do not admit any solution in N). The problem of the partition
regularity of 22442 — 22 on N is still open; we conclude this chapter observing
that this polynomial is in Py if and only if there is a Schur ultrafilter in Og,,
where

Sq={neN|3ImeNn=m?}.
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Chapter 4

Finite Embeddability and
Functional Relations

In this chapter we study the notion of finite embeddability and its gen-
eralizations, that have some interesting combinatorial properties. The finite
embeddability is defined as follows: given subsets A, B of N, A is finitely
embeddable in B if for every finite subset F' of A there is a natural number
n such that n+ F' C B. This notion can be generalized to ultrafilters: given
ultrafilters U,V on N, U is finitely embeddable in V if for every set B in V
there is a set A in U such that A is finitely embeddable in B.

In Section One we present the idea that generated the study of the finite
embeddability.

Section Two is dedicated to recalling some basic facts about pre-orders, that
will be used throughout the chapter.

Sections Three, Four and Five are dedicated to the study of the finite embed-
dability defined on subsets of N and on SN. In particular, we prove that the
finite embeddability is a pre-order with maximal elements, and that these
maximal elements have interesting combinatorial properties.

The definition of finite embeddability can be reformulated in terms of trans-
lations, and it can be generalized by replacing the translations with arbitrary
sets of functions. In Sections Six, Seven and Eight we study this generalized
notion, called finite mappability, with a particular attention to its combina-
torial properties.

In Section Nine we consider the particular case of the finite mappability un-
der affinities, proving that it is related with Van der Waerder ultrafilters.
Finally, in Section Ten, we present two possible future directions of our re-
search.
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4.1 The Initial Idea

In [Beill] Mathias Beiglbock introduced the concept of "ultrafilter-shift":

Definition 4.1.1. Let U be an ultrafilter on Z and let A be a subset of Z.
The U-shift of A is the set

A-U={z€Z]|(A—2) elU}.

This concept was used as a tool to give a short proof to the following
theorem of Renling Jin (see [Ji02]):

Theorem 4.1.2 (Jin). Let A, B be subsets of N with positive Banach density.
Then A+ B={a+0b|a€ A,be B} is piecewise syndetic.

Inspired by Beiglbock’s proof, in [DN12] Mauro Di Nasso introduced the
notion of finite embeddability for subsets of N, and used it to improve on
Jin’s Theorem.

Definition 4.1.3. Given subsets A, B of N, A is finitely embeddable in
B (notation A <;. B) if and only if for every finite subset F' of A there is a
natural number n such that n + A C B.

Finite embeddability has a nice nonstandard characterization and turns
out to be closely related to the ultrafilter-shifts of Beiglbock on N. In the
result below, as in the rest of this chapter, we suppose that the hyperex-
tension *N satisfies the ¢-enlarging property and we recall that, given an
hypernatural number «, i, is the ultrafilter on N such that, for every subset
AofN, Aell, & ac*A

Proposition 4.1.4. Let A, B be subsets of N. The following three conditions
are equivalent:

1. A is finitely embeddable in B;
2. there is an hypernatural number o in *N such that o« + A C*B
3. A is included in some ultrafilter shift of B on N.

Proof. (1) = (2) Suppose that A is finitely embeddable in B, and let F' be
a finite subset of A. Let Sp

Sp={neN|n+FCB}.
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The family {Sr}rep,,,a) (Where ©i,(A) denotes the set of finite subsets
of A) has the finite intersection property, since Sy, N Sk, = Skur, for every

finite subsets Fi, F5 of A.
By ¢t —enlarging property, it follows that

T'=Nregpn(a)Sr # 0.
Observe that, for every finite set F' C N,
*Sp={ae'N|a+*F C*B} = {a €*N|a+ F C*B},

since F' =*F. If « is any hypernatural number in 7', then a + A C*B as,
by construction, a + F C*B for every finite subset F' of A.
(2) = (1) Let a be an hypernatural number in *N with « + A C*B, and
suppose that A is not finitely embeddable in B. Take a finite subset F' of A
such that, for every natural number n, the translation n + F is not included
in B. By transfer it follows that for every hypernatural number 7 the set
n + F is not included in *B, and this is absurd since « + FF C o« + A C*B.
So A is finitely embeddable in B.
(2) = (3) Consider the ultrafilter U = ,. As a + A C*B, for every a € A
a€ (*B—a)=*(B—a),so

B —a e U, for every a € A.

This entails that A C B — {l,,.
(3) = (2) Let U = 4, be an ultrafilter such that A C B —U. Observe that
B-y,={neN|B-neci,} ={neN|aecB-—n}={neN|
a+n e*B}. Since A C {n € N| a+n "B}, it follows that « + A C*B,
[

Another interesting property of finite embeddability involves the Banach
density of subsets of N (that has been introduced in Section 3.1):

Proposition 4.1.5. Let A, B be subsets of N with A <;. B. Then BD(A) <.
BD(B).

Proof. We recall the nonstandard characterization of Banach density intro-
duced in Section 3.1:

BD(A) > a if and only if there are o €*N, g €*N \ N such that
St(mm[aﬁ%ﬁ)‘) > q.

As A <y B, by Proposition 4.1 there is an hypernatural number v with
v+ A C*B; by transfer it follows that

135



Observe that
AN, a+ )| = [y ANy +a v +a+B)] < B[y +a, v +a+ )|
SO

BD(A) < St<|*f‘”[¢++ﬁ)\) < St(|**Bm[w+g,w+a+ﬁ)l) < BD(B).

]

As suggested by the above results, the combinatorial properties of the
relation of finite embeddability deserve to be studied in more detail. This
chapter is dedicated to the study of this relation and of its generalizations.

Convention: Throughout this chapter we assume that the hyperexten-
sion *N satisfies the ¢T-enlarging property, and we work in °N.

This is done since, as usual, we want to have nonempty sets of generators
for all ultrafilters ¢/ in SN.

4.2 Partial Pre—Orders

In this chapter we use some general features of partial pre-orders:

Definition 4.2.1. Let S be a set, and < a binary relation on S. (S,<) is
a partial pre-ordered set if the relation < is transitive and reflexive on S,
i.e. if for every x,y,z is S the following two conditions hold:

I.x<y,y<z=z<z
2. x<ux.

In this case we also say that < is a partial pre-order on S.

The pre-order is total if, for every x #y in S, x <y ory < x.

A pre-order < is an order if < is antysimmetric, i.e. if for every x,y in S,
ifx <y andy < x thenx =y. In this case, we say that (S, <) is a partially
ordered set if < is a partial order, and that (S, <) is a totally ordered set
if < is a total order.

When dealing with partially pre-ordered sets, we are usually interested
in particular elements:
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Definition 4.2.2. Let (S, <) be a partially pre-ordered set, A a subset of S,
and let x be an element in S. Then

e 1 is the greatest element of (S, <) if for every element y in S, y < x;
e 1z is mazximal if for every element y in S, if x <y then y < x;

e 1 is an upper bound of A is a < x for every element a € A.

The upper cone generated by x is the set C(x) ={y € S |z < y}.
An important sort of substructures of pre-ordered sets are the chains:

Definition 4.2.3. Let (S, <) be a partially pre-ordered set. A sequence
(x; | i €I) of elements in S is a chain if

1. (I, =) is a totally ordered set;
2. x; < x; wheneveri < j in (I,=).
Chains are fundamental in relation with Zorn’s Lemma:

Lemma 4.2.4 (Zorn). Let (S,<) be a partially ordered set. Suppose that
every chain in (S, <) has an upper bound in S. Then the set S contains at
least one maximal element.

Let (S, <) be a partially pre-ordered set. There is a general technique to
construct a partially ordered set associated with this pre-order. First of all,
we consider the <-equivalence classes:

Definition 4.2.5. Two elements x,y € S are <-equivalent (notation x =
y) if vt <y andy < x.

Observe that = is actually an equivalence relation: it is symmetrical by
definition, and it is transitive and reflexive as < is a pre-order.
The pre-order < can be induced on the set of <-equivalence classes:

Definition 4.2.6. Let (S, <) be a partially ordered set. Given two <-equivalence
classes [x], [y] in S)_, we pose [x] < [y] if and only if x < y.

We observe that (S,_,<) is a partially ordered set: the relation < is
trivially transitive and reflexive on S,_. It is also antisymmetrical: suppose
that [z] < [y| and [y] < [z]. Then it follows that z < y and y < z, so [x] = [y].

Convention: Throughout this chapter, whenever we deal with a partial
pre-ordered set (.S, <), we reserve the notation (S,_, <) to denote the partial
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ordered set constructed as exposed above.

Observe that every chain in (5, <) as an upper bound if and only if every
chain in (S,_, <) as an upper bound.
In this chapter we deal with pre-orders that are filtered:

Definition 4.2.7. Let (S, <) be a partially pre-ordered set. The pre-order <
1s filtered if for every elements a,b in S there is an element c in S such that
a<candb<ec.

Observe that the pre-order < is filtered on S if and only if the order < is
filtered on S,_.
The property of filtration is particularly important when dealing with par-
tially ordered sets that satisfy the hypothesis of Zorn’s Lemma:

Theorem 4.2.8. Let (S, <) be a partially ordered set such that every chain
in S has an upper bound. The following two conditions are equivalent:

1. there is a greatest element in (S, <);
2. the order < is filtered.

Proof. (1) = (2) Let m be the greatest element in (S, <). Then a < m and
b < m for every a,b in S, so the order < is filtered.
(2) = (1) Suppose that < is filtered. By Zorn’s Lemma, since every chain in
S has an upper bound, there are maximal elements in (S, <). Suppose that
m1, mey are two maximal elements. Then, as < is filtered, there is an element
m such that m; < m and mo < m. Since m;, mo are maximal, it follows that
my; = m and my = m, hence m; = my: there is only one maximal element,
that is the greatest element in (5, <).

]

We also observe that, if (S, <) is a filtered partially pre-ordered set, then
an element s € S is maximal if and only if its equivalence class [s] is the
greatest element in (S,_, <). The proof of this fact is trivial.

4.3 Finite Embeddability for Subsets of N

In this section we study the relation of finite embeddability.

Note: We assume that 0 € N so, e.g., if A, B are subsets of Nand A C B,
then A <y, B.

138



Proposition 4.3.1. The relation <y, is a partial pre-order on p(N).

Proof. We have to prove that <y, is transitive and reflexive.
Transitive: Let A, B, C' be subsets of N with A <;. B and B <y C, and F a
finite subset of A. As A <y, B, there is a natural number a with a + F' C B;
since a + F' is a finite subset of B and B <y, C, there is a natural number 0
with b4+a+ F C C. If ¢ = a + b, by construction ¢+ F C C. This proves
that A is finitely embeddable in C.
Reflexive: for every finite subset FF C A, 0+ F = F C A so A is trivially
finitely embeddable in A.

m

The relation <y, is not antisymmetric, so it is not a partial order. E.g,
if O denote the set of odd natural numbers and E the set of even natural
numbers then O <. F and F <;. O,as 1 +0O C*F and 1+ E C*O. Notice
also that the relation of finite embeddability is not a total pre-order: e.g., if
A={1,3} and B = {2,5} then A and B are incomparable.

Definition 4.3.2. Given A, B subsets of N, A is fe-equivalent to B (notation
A= B) if A<y B and B <y, A. For every set A in p(N), we denote by
[A] the equivalence class of A respet to =y.:

[A] = {B € p(N) | A=y B}.

As a consquence of the general results about partial pre-orders exposed in
Section 4.2, the relation =y, is an equivalence relation, and (p(N)/Efp, <te)
is a partially ordered set.

Fact: [N] is the greatest element in (p(N)/Efe, <fe)-

This is evident, as every subset A of N is finitely embeddable in N.

Definition 4.3.3. A subset A of N is fe-maximal if B <;. A for every set
B in p(N).

Observe that by the definition it follows that a set A is fe-maximal if and
only if [A] is the greatest element in (p(N)/Efe, <ye) if and only if N <;. A.
We recall that a subset A of N is thick if it contains arbitrarily long intervals.

Proposition 4.3.4. Let A be a subset of N. The following two conditions
are equivalent:

1. Ais fe-mazimal;
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2. A is thick.

Proof. (1) = (2) Suppose that N <;. A. Let n be a natural number, and
consider the finite subset {0,...,n} of N. As N <;. A, there is a natural
number m such that {m,...,m +n} C A, so A contains an interval of length
n. Since this is true for every natural number n, it follows that A contains
arbitrarily long intervals, so A is thick.
(2) = (1) Suppose that A contains arbitrarily long intervals: let F' be a
finite subset of N, and pose n = max F'. As A contains an interval of length
n, there is a natural number m such that m + {0,...,n} C A; in particular,
m+F Cm+{0,...n} C A, so Nis finitely embeddable in A.

O

An important feature of finite embeddability is the fact that it is "up-
ward closed under additively invariant formulas" (that have been introduced
in Section 3.3). We recall that, given a first order formula ¢(z1, ..., z,),
E(¢(xy,...,x,)) denotes the existential closure of ¢(z1,...,2,), which is the
sentence 3y, ..., Tp(T1, ..., Tp).

Proposition 4.3.5. Let ¢(xq, ..., x,) be an additively invariant formula, and
let A, B be subsets of N. If A satisfies E(¢(x1,...,x,)) and A <;. B then
also B satisfies E(¢(z1, ..., Tn))-

Proof. 1f A satisfies E(¢(x1,...,z,)) then there are ay,...,a, € A such that
¢(aq,...,a,) holds. Let F' = {ay,...,a,}. As A <y B there is a natural
number m such that m + F C B. Since ¢(z1, ..., x,) is additively invariant,
o(ay, ..., a,) implies ¢(ay+m, ..., a,+m), where a; +m, ..., a,+m are elements
in B. So B satisfies E(¢(xy,...,2,)).

O

As a corollary, e.g., if A contains a lenght 5 arithmetic progression, and
A <y, B, then B contains a lenght 5 arithmetic progression as well. So, if A
satisfies Van der Waerden’s property, i.e. if A contains arbitrarily long arith-
metic progressions, then B contains arbitrarily long arithmetic progressions
as well.

Proposition 4.3.6. Let O be the set of additively invariant existential sen-
tences satisfied by N. Then every thick subset A of N satisfies all the sentences
E(¢(x17 ) xn)) €.

Proof. It E(¢(x1, ...,x,)) is a sentence in ®, as N <;. A, by Proposition 4.3.5
it follows that A satisfies E(¢(z1, ..., Tn)).
[
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Another important feature of finite embeddability is that every set that
is <j.-above a piecewise syndetic set is piecewise syndetic as well (the notion
of piecewise syndetic set has been introduced in Section 1.1.5):

Proposition 4.3.7. Let A be a piecewise syndetic subset of N, and let A <y,
B. Then B is piecewise syndetic.

Proof. Since A is piecewise syndetic, there is a natural number n such that
the set A —[0,n] = {m € N| i <n with i + m € A} is thick.

Claim: B — [0, n] is thick.

The claim trivially entails that B is piecewise syndetic.
Let F = {ay,...,a} be a finite subset of A — [0,n]. By hypothesis, there are
natural numbers iy, ..., i < n such that F/ = {ay + iy, ..., a + i} € A. Since
A <y, B, there is a natural number np such that np+ F" C B. So, for every
index j < k,

nF—l—aj—i—ijeB.

In particular, np +a; € B —[0,n] for every index j < k, hence np+ F C

B —[0,n]. This proves that A —[0,n] <;. B —[0,n] and, as A is thick, this
entails by maximality that B — [0, n] is thick.

[

The finite embeddability for subsets of N can also be characterized in
terms of ultrafilters:

Proposition 4.3.8. Given subsets A, B of N, the following two conditions
are equivalent:

1. A is finitely embeddable in B;

2. there is an ultrafilter ¥V on N such that, for every ultrafilter U on N, if
Ael then BeUBV.

Proof. (1) = (2) : Suppose that A is finitely embeddable in B, and let o be
an hypernatural number in *N with o + A C*B. By transfer it follows that

(i) *at*A C**B.

Consider the ultrafilter V generated by «, let U be any ultrafilter in SN with
A €U, and let f €*N be a generator of Y. By (i) it follows that
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so B € i+, and the conclusion follows because Ug +o = Usg B U, =U D V.
(2) = (1) : Let V be an ultrafilter as in the hypothesis, and o« €*N a generator
of V. For every element a € A, A is an element of the principal ultrafilter
i, so, by hypothesis, B € U, & U, = U,,. This entails that a + o €*B
for every a € A, so a + A C*B, and by Proposition 4.1.4 this entails that
A <. B.

O

This result originates a question: can the relation of finite embeddability
be extended to ultrafilters? We address this question in next section.

4.4 Finite Embeddability for Ultrafilters

4.4.1 Basic properties of the relation of finite embed-
dability for ultrafilters

In this section we study the properties of the extension of the finite em-
beddability to ultrafilters (introduced in [BDN]). This extension is denoted
by <j.. There are at least three possible ways to extend finite embeddability
of sets to ultrafilters. Namely, given ultrafilters 4,V in SN, we could define

1. U <y V if for every set A in U, for every set B in V, A <y, B;
2. U <y Vif for every set A in U there is a set B in V with A <;, B

3. U <y Vif for every set B in V there is a set A in U with A <;. B.

Definitions (1) and (2) have undesired properties: since A = N is an
element of every ultrafilter, a consequence of definition (1) is that for every
ultrafilters 4 and V, U <. V if and only if every element B in V is maximal
respect to <y, i.e. if B is thick. But there are no ultrafilters that only
contain thick sets. A consequence of definition (2) is that for every U,V
ultrafilters, U ;. V, as A <. N for every subset A of N.

We choose definition number three, which has nice properties.

Definition 4.4.1. Given ultrafilters U,V in BN, we say that U is finitely
embeddable in V (notation U . V) if for every set B in V there is a set
A inU with A <;. B.

Proposition 4.4.2. Let U,V be ultrafilters on N. Then:

1. if U is principal and V is nonprincipal, U is finitely embeddable in V
while V 1s not finitely embeddable in U;
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2. if U is the principal ultrafilter generated by n and V is the principal
ultrafilter generated by m then U s V if and only if n < m.

Proof. (1) Suppose that U is generated by the natural number n, and let A
be an element of V. Since V is nonprincipal, A is infinite, so in A there is an
element m greater than n; in particular, {n} <; A, as (m —n) + {n} C A.
SolU S]fe V.
Conversely, suppose that V < U, where U is the principal ultrafilter generated
by n. The singleton {n} is an element of U so, by definition, there is an
element A in V with A < {n} but, as V is nonprincipal, A is infinite, and
an infinite set is not finitely embeddable in a finite set. So we get an absurd,
and V is not finitely embeddable in U.
(2) Suppose that U <. V, and consider the element {m} in V. By definition,
there is an element A in ¢/ and a natural number a with a + A C {m}. And
this is true if and only if A is a singleton, and the only singleton in U is {n}.
So a +n =m, in particular n < m.
Conversely, suppose that n < m, and take an element A in V. As n <
m, m — n is a natural number, and (m — n) + {n} = {m}; in particular,
(m—n)+{n} C A and, as {n} is an element of U, this proves that & <. V.
O

If we identify as usual each natural number n with the corresponding
principal ultrafilter L, the above proposition states that:

Fact: N forms an initial segment of (SN, <y.).

Similarly to the relation of finite embeddability for subsets of N, finite
embeddability for ultrafilters is "upward closed with respect to additively
invariant existential sentences":

Proposition 4.4.3. Let ¢(xq, ..., x,) be an additively invariant formula. If U
is an E(¢(z1, ..., xy))-ultrafilter, andU <. V, then alsoV is an E(¢(z1, ..., z,))-
ultrafilter.

Proof. Let U be an E(¢(z1, ..., x,))-ultrafilter and V an ultrafilter such that
U < V. Let A be any element of V. Sinceld <y, V, thereis aset B in i with
B <;. A. As U is an E(¢(xy, ..., x,))-ultrafilter, B satisfies E(¢(x1, ..., z,))
and, by Proposition 4.3.5, it follows that A satisfies E(¢p(xq, ..., z,)) as well.
So every set A in V satisfies E(¢(x1,...,x,)), and V is an E(¢(z1, ..., 2,))-
ultrafilter.

O
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E.g.: if U is a Van der Waerden ultrafilter, and V an ultrafilter such that
U <y V, then also V is a Van der Waerden ultrafilter; in fact, for every
natural number n, U is an AP,-ultrafilter (the sentences AP, have been
introduced in Section 3.4, and are additively invariant and existential), so V
is an AP,-ultrafilter for every natural number n, in particular it is a Van der
Waerden’s ultrafilter.

Definition 4.4.4. Let A denote the set of ultrafilters U in BN such that, for
every set A in U, A has positive Banach density:

A={UepPN|VAecU, BD(A) > 0}.
The notation has been chosen keeping the one introduced in [HS98].

Proposition 4.4.5. Let U,V be ultrafilters in SN withU € A. IfU is finitely
embeddable in V then V € A.

Proof. Let U be an element of A, V an ultrafilter such that ¢/ <;. V, and A
a set in V. Since U <y, V, there is a set B in U with B ;. A and, since
BD(B) > 0, by Proposition 4.1.5 it follows that BD(A) > 0. Since this
holds for every set Ain V, V € A.

m

Corollary 4.4.6. There are nonprincipal ultrafilters U,V with =(U <g. V).

Proof. Let U be an ultrafilter in BD~y and V a nonprincipal ultrafilter in
A°. Then by Proposition 4.4.5 it follows that I/ is not finitely embeddable
in V.

O

In Section 4.3 we proved that (p(N), <) is a partially pre-ordered set.
The question is whether this property can be generalized to (8N, <f.). The
answer is affirmative:

Proposition 4.4.7. (5N, <y.) is a partially pre-ordered set.

Proof. We have to prove that <y, is transitive and reflexive.
Transitive: Suppose that &« <y, V and V <s. W. Let A be a set in W. Since
V s W, there exists B in V with B <;. A and, since B € V, there exists
C in U with C' <y B. By transitivity of the relation <;. on p(N) we get
that C' <;. A, soU <y W.
Reflexive: For every ultrafilter ¢/ and for every set A in U, A <;. A, so
U< U.

]
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Similarly to <y, <y is not antisymmetric (a simple proof of this fact
is given in Corollary 4.4.30). Following the procedure introduced in Section
4.2, we introduce the following definition:

Definition 4.4.8. Two ultrafilters U,V in BN are equivalent respect to
finite embeddability (notation U =¢. V) if U 4.V and V <y U. For ev-
ery ultrafilter U we denote its equivalence class respect to finite embeddability

by [U]:
U] ={V e pN| U= V).

By the general theory of pre-orders it follows that =y, is an equivalence
relation on AN and that (BN/Efe, <) is a partial ordered set.
Next subsection is dedicated to the study of this partial ordered set: the
most important result is that in (BN/Efe, <te) there is a greatest element.

4.4.2 The partial ordered set (BN/Ef , ie)e

In our opinion, the property of <¢. with the most important consequences
is the following:

Proposition 4.4.9. If U,V are ultrafilters in SN, then both U and V are
finitely embeddable in U GV .

Proof. Let A be an set in U @ V; by definition,
AcUdV & {neN|{meN|n+me A} eV} el.
Consider the set
B={neN|{meN|n+me A} €V}
and, for every n € B, consider the set
Ch,={meN|n+me A}

Claim: B <;. A and C,, <j. A for every n € B.

From the claim it follows that U« <y U BV and V <y U ® V, and this
proves the thesis. To prove the first part of the claim, let F' = {n4,...,n;} be
a finite subset of B; consider

Cr=Cn =N {meN|[m+n; € A} = {meN|m+FC A}
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Since Bisin U, C,, € V for every index i < k, so Cp isin V. In particular,
CF is not empty; if m is a natural number in Cr, by construction

m+ F C A;

this proves that for every finite subset F' of B there is a natural number

(in Cr) such that n+ F' C A so, by definition, B <y, A.
To prove the second statement in the claim we observe that, if n is an element
of B, by definition n+ C,, C A; in particular, for every finite subset F of C,,,
n+ F C A, and this entails that C,, <. A for every natural number n in B.
O

Two important consequences of this result in the study of (8N, <) and
(BN/EJ‘,G, <lye) are:

Corollary 4.4.10. For every ultrafilters U,V in BN there is an ultrafilter
W € BN such that U and V are finitely embeddable in W.

Proof. This is a straightforward consequence of Proposition 4.4.9: just con-
sider W=U® V.
O

Corollary 4.4.11. For every equivalence classes [U],[V] in AN, there is
an equivalence class [W)] such that [U] and [V] are finitely embeddable in [W].

Proof. If W is any ultrafilter in SN such that U,V <z W, then [U].[V] <y
.
O

One other important feature of the finite embeddability is that every chain
in (BN, <y.) has an upper bound. In this context, the chains in (SN, <)
are called fe-chains and the upper bounds are called fe-upper bounds.

Theorem 4.4.12. Every fe-chain (U; | i € I) of elements in BN has an
fe-upper bound U.

Proof. For every element i € I consider the set

The family {G;}ic; has the finite intersection property, so there is an ul-
trafilter V on I that extends this family. Observe that the ultrafilter V is
principal and generated by an element ¢ € I if and only if ¢ is the greatest
element of /. In this case, the thesis is trivial, since I; is an fe-upper bound
for the chain. So we assume that V is non principal.
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In this case we observe that for every element A in V and for every element
it € I there is an element j in A with j > 1.

In fact, suppose that there exists a set A in V and an element ¢ in [ such
that A does not contain elements greater than ¢. Then A N G; contains at
most ¢ and, since A and G; are in V, the intersection A N G; is nonempty,
so ANG; = {i}, and V is the principal ultrafilter generated by i, while we
supposed V nonprincipal.

Claim: The ultrafilter
U=V -—lim;Y, € ﬁN
is an fe-upper bound for the fe-chain (U; |1 € I).

To prove that U; <;. U for every index ¢, let A be an element of U. By
definition,

AEL{{:}IA:{ZEI|AEUZ}EV
I, is a set in V so, as we observed, there is an element j > ¢ in 4. But
J € I, if and only if A € U,

so, in particular, A € U;. Now, by definition of fe-chain, U; <. U;, and
since A € U;, there exists an element B in U; with B <;. A. This proves
that, for every index ¢ € I, U; <y U, so U is an upper bound for the fe-chain
m

Corollary 4.4.13. For every fe-chain ({U;] | i € I) of equivalence classes in
BN,_, there is an upper bound [U].

Proof. This corollary is a particular case of a general fact, observed in Section
4.2: if in a partially ordered set (S, <) every chain has an upper bound, the
same property holds for the quotient set (S,_, <).

]

Theorem 4.4.14. In (BN/EJ‘,C, <ly.) there is a greatest element.

Proof. (ﬁN/Efe, <y.) is a filtered ordered set (by Corollary 4.4.10), and every

fe-chain admits an upper bound (by Corolary 4.4.13). By Theorem 4.2.8 it
follows that in (6N/Efe7 <ye) there is a greatest element.
O
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Definition 4.4.15. An ultrafilter U € BN is fe-mazimal if U] is the greatest
element in (BN/EfE, <ge), i.e. if for every ultrafilter V, V <s U.

Theorem 4.4.16. Let U be an ultrafilter on N. The following conditions are
equivalents:

1. U s fe-mazimal;

2.VVepNVaoU U or VU L U;

YV EANUDBY <y U;

4. VWepNVolU . U;

5. VYV GBNU@V ﬂfeu andV & U ﬁfez/{.
Proof. Observe that, trivially (5) = (4) = (2) and (5) = (3) = (2).
(1) = (5) Since U is fe-maximal, for every ultrafilter W € SN we have
W 4. U. In particular, taking W = U ©V and W =V @ U, we get the
thesis.
(2) = (1) Suppose that U is not maximal. Then there is an ultrafilter V
such that =(V < U). AsV <y U BV and V 4. V @ U, since the finite
embeddability is transitive then (U &V <y, U) and ~(V & U Dy U), and

this is a contradiction.
O]

Important properties of maximal ultrafilters are exposed in Section 4.4.4:
crucial concepts in the study of these ultrafilters are the properties of the
fe-cones

Cre(U)={V € BN |U Ly U}.

Next section is dedicated to the study of these sets.

4.4.3 The cones Cs.(U)

Definition 4.4.17. Given an ultrafilter U in SN, with Cs.(U) we denote the
upper cone of U in (BN, <y.), i.e. the set of ultrafilters in BN in which U is
finitely embeddable:

Cfe(z/[) = {V € ﬁN | Uu S]fe V}
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Fact: For every ultrafilters U,V in SN, if U =, V then Cs.(U) = Cr(V).

For every ultrafilter ¢/ in SN, the set C;.(U) has interesting topological
and algebraical properties:

Proposition 4.4.18. For every ultrafilter U in BN, Cs.(U) is closed in the
Stone topology.

Proof. To prove that Cs.(U) is closed we show that, given a sequence (U4; |
i € I) of elements in Cs.(U) and an ultrafilter V on I, the limit

W = V—hmﬂ/{l

belongs to C.(U). This fact, as proved in Section 1.1.6, entails that
Cre(U) is closed.
Let A be an element of VW. By definition of limit of ultrafilters, the set of
indexes ¢ € I such that A € U; is in V; in particular, it is nonempty. Let i be
an index such that A € U;. Since U s U; (because U; € Cye(U)), there is a
set B in U with B <;. A; this proves that, for every set A in WV, there is a set
B in U such that B <. A, soU <;. W, and this entails that W € C.(U).
]

The above theorem characterizes topologically the set Cs. (). The next
proposition shows an important algebraical feature of Cs.(U):

Proposition 4.4.19. For every ultrafilter U in BN, the set C.(U) is a two-
sided ideal of (6N, ®).

Proof. Let V be an ultrafilter in Cs.(U), and W an ultrafilter in SN. By
Proposition 4.4.9 it follows that V <, W@V and V ;. V @& W. Then, as
U <. V, by transitivity it follows that U <ye WSV and U <y V S W; in
particular, W@V, V& W € Cs.(U), so Cr.(U) is a bilateral ideal in (5N, @).

[

Corollary 4.4.20. For every ultrafilter U, the set Cs.(U) contains the close
sets {UDV |V € ON} and {V & U | V € fN}.

Proof. From Proposition 4.4.19, since Cr(U) is a bilateral ideal in (0N, @)
that contains U, it follows that

{UBV|VeBNYCCp(Ud) and {V&U |V € BN} C Cp(Ud).

As Cy.(U) is closed, the thesis follows taking the closures on both sides
of the inclusions, and observing that {V @ U | V € ON} is closed.
O
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The result exposed in Corollary 4.4.20 can be improved to characterize
Cre(U). To this end we need the following two lemmas:

Lemma 4.4.21. Let B be a subset of N, and U an element of SN. The
following two conditions are equivalent:

1. there is an element A in U such that A is finitely embeddable in B;
2. there 1s an ultrafilter V on N such that B inU &V

Proof. (1) = (2) This follows by Proposition 4.3.8, that states that if A <y,
B then there is an ultrafilter V such that, for every ultrafilter W, if A € W
then B € W @V, and the conclusion follows by choosing W = U.
(2) = (1) This is a consequence of Proposition 4.4.9, since if B € U &V, as
U <se U @V there is an element A in U such that A <y B.

O

Lemma 4.4.22. Let U,V be ultrafilters in SN. The following two conditions
are equivalent:

1. U s finitely embeddable in V;

2. for every element B of V there is an ultrafilter W in BN such that
BeUaoWw.

Proof. (1) = (2) Suppose that & <. V, and take any element B of V. By
definition of <y, there is an element A of U« with A <;. B; by Lemma 4.4.21,
this entails that there is an ultrafilter W in SN with B € U & W.
(1) = (2) Let B be an element of V. By hypothesis, there is an ultrafilter
W such that B € U & W and, as by Proposition 4.4.9 U <5 U @V, there
exists A in U with A <;. B.

]

Given the above two lemmas, we can characterize the cones Cy.(U):

Theorem 4.4.23. For every ultrafilter U in SN, Cs.(U) is the closure in the
Stone topology of the set {U ®V |V € [N}:

Cr.(U) ={UB V|V € BN}

Proof. The inclusion {4 &V | V € fN} C Cy.(U) has been proved in Corol-
lary 4.4.20.

For the reverse inclusion, in Lemma 4.4.22 it has been proved that, if an ul-
trafilter W is in Cy.(U), and A is an element of W, then there is an ultrafilter
VY with A € U & V. Reformulating this observation from a topological point
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of view, this proves that for every element A in V there is an ultrafilter Z in
{UBV |V e N} with A € Z. This property holds, in the Stone topology,
if and only it We {UaV |V € N}, s0Cre(U) C{USV |V € N}

[]

Recall that C;. = {U/ &V | V € 5N} is a bilateral ideal in (N, ®). So it
is readily seen that

Fact: C.(U) is the minimal closed right ideal in (0N, @) containing U.

In next section we show how the sets Cy.(Uf) can be used to characterize
the set My, of ultrafilters such that their class of =.-equivalence is the
greatest element of (5N/;f ,fe). Surprisingly, this set is related to the

minimal bilateral ideal K (SN, @) of (0N, ®).

4.4.4 My, is the closure of the minimal bilater ideal of
(BN, @)

Definition 4.4.24. If M is the greatest element in (BN/EfE, <), with M.
we denote its equivalence class

M ={U € BN | U] = M}.
The ultrafilters in M. are called mazimal.

Observe that an ultrafilter &/ in SN is maximal if and only if, for every
ultrafilter V in N, V <;. U.
In this section we prove that

M. = K(BN, ®).

The results needed to prove this equality have been already exposed in
this chapter, except for these two lemmas:

Lemma 4.4.25. For every right ideal R of (BN, ®), R is a right ideal of

Proof. Let U be an element of R, and V an ultrafilter in BN. As a consequence
of a well-known characterization of closed sets in the Stone topology, proving
that U @V is in R is equivalent to prove that, for every element A € U &V,
there is an ultrafilter Z € R with A € Z.

Let A be an element of U & V. By definition, the set
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B={neN|{meN|n+me A} eV}

is an element of /. Since I is in R and B is in U, there is an ultrafilter

W in R such that B € W. In particular, since B € W, A € W&V, and

W@V is an element of R since R is a right ideal and W is in R. This proves
that R is a right ideal.

O

Lemma 4.4.26. For every mazimal ultrafilter U in BN, Cs.(U) = M.

Proof. The inclusion My, C Cys.(U) holds for every ultrafilter ¢/ in SN.
Conversely, if U is maximal, the reverse inclusion Cs.(U) C My, holds as
well because, if V is an element in Cr. () and W is any ultrafilter then,
as W <j. U (by maximality of &) and U <;. V (by definition of Cy.(U)),
W <. V, so V is maximal, and Cr.(U) C M.

[

Theorem 4.4.27. Let K (SN, @) denote the smallest bilateral ideal of (BN, ®).
Then, for every minimal right ideal R,

Mfe = R;
in particular,
Mfe = K(BN, @)

Proof. Let R be aright ideal included in K (SN, ®). K(ON, @) is the smallest
bilateral ideal of (SN, @) and, as for every ultrafilter U in SN, Cs.(U) = M.
is a bilateral ideal in (SN, @), it follows that

R C K(BN,®) C Cp.(U)

for every ultrafilter &4 € BN. In particular, if ¢ is maximal, since by
Lemma 4.4.26 M. = Cy.(U) it follows that

(T) R g K(ﬂN, EB) g Mfe-

As My, is closed (since My = Cr.(U) for every maximal ultrafilter U,
and Cy.(U) is closed), if we take the closures in (1) it follows that

(1) R C K(BN,®) C M;..

For the reverse inclusions, let & be an ultrafilter in R. Since R is a right
ideal, by Lemma 4.4.25 it follows that R is a closed right ideal containing /.
Since we already proved that R is included in M fe, it follows that U is in M ¢,
and, as we proved in Lemma 4.4.26, M. = C.(U), which is the minimal
closed right ideal containing . So
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(2) My CR.
Considering (1) and (2), it follows that
M;. = R=K(ON,®)

and this concludes the proof.
O

This result has three interesting corollaries. The first one is a known fact
in the topology of AN:

Corollary 4.4.28. If R is a right minimal ideal in (SN, ®) then
R = K(BN,®).

Proof. Trivial, since by Theorem 4.4.27 it follows that R = M. and K(3N, @) =
Mfe-
]

Corollary 4.4.29. An ultrafilter U is mazximal if and only if every element
A of U is piecewise syndetic.

Proof. This follows from this well-known characterization of K (SN, @) (that
we exposed in Chapter One): an ultrafilter ¢/ is in K (SN, @) if and only if

every element A of U is piecewise syndetic .
]

Corollary 4.4.30. The relation <j. is not antysimmetric on SN.

Proof. We just need to observe that, whenever U, ) are two different ultra-
filters in K (SN, @), by Theorem 4.4.27 it follows that U <y V and V <y U.
m

4.5 A Direct Nonstandard Proof of M. = K(ON, ®)

In this section we give a nonstandard proof of the equality My, =
K (BN, ®) by showing, in an alternative way, that there is an intimate con-
nection between maximal ultrafilters and piecewise syndetic sets:

Theorem 4.5.1. Let U be an ultrafilter in BN. The following conditions are
equivalent:

1. U is mazimal in (BN, <g.);
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2. VA €U, A is piecewise syndetic.

Proof. (1) = (2) Suppose that U is maximal, and let V be an ultrafilter such
that every set B in V is piecewise syndetic (the ultrafilter V exists since the
family of piecewise syndetic sets is partition regular). Let A be any set in
U. Since U is maximal, V <y, U, so there is a set B in V with B <y A. As
B is piecewise syndetic, by Proposition 4.3.7 it follows that A is piecewise
syndetic. Since this holds for every set A in U, we have the thesis.

(2) = (1) Let Abe asetini, and V an ultrafilter in SN. Since A is piecewise
syndetic, there is a natural number n such that

T=U._, A+

is thick. By transfer it follows that there are hypernatural numbers o €*N
and n €*N\ N such that the interval [o, a+7n] is included in *T'. In particular,
since 7 is infinite, a + N C*T'.
For every ¢+ < n consider

Bi={neN|a+nec*A+i}.

Since |J_, B; = N, there is an index i such that B; € V.
Claim: B; <;. A.

In fact, by construction o + B; C*A + i, so

By Proposition 4.1.4, this entails that B; <j. A, and this proves that V <;. U

for every ultrafilter V. Hence U is maximal.
O

4.6 Finite Mappability of Subsets of N

4.6.1 The generalization of finite embeddability

Our aim in this section is to generalize the relation of finite embeddabil-
ity for subsets of N. Our idea of generalization is grounded on the following
observation: the core in the definition of finite embeddability are the trans-
lations. In fact, if T denotes the set of translations in N:

T={f.:N—=N|neNand f,(m)=n+m for every m in N}
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then the definition of finite embeddability can be reformulated in this way:

Fact: Given subsets A, B of N, A is finitely embeddable in B if and only if
for every finite subset F' of A there is a function f,, in T such that f,(F) C B.

We generalize finite embeddability by substituting the set of translations
T with other sets of functions F € Fun(N, N) (we recall that, whenever A, B
are sets, with Fun(A, B) we denote the set of functions with domain A and
range included in B):

Definition 4.6.1. Let F be a subset of Fun(N,N), and A, B subsets of N.
A is F-finitely mappable in B (notation A <z B) if and only if for every
finite subset F' of A there is a function f in F such that f(F) C B.

From now on, to be coherent with the notation just introduced, we de-
note the relation of finite embeddability as <, where T is the above set of
translations.

We summarize some basic observations in the following proposition:

Proposition 4.6.2. Let A, Ay, Ay, B, B1, By be subsets of N and F, Fi,
Fo,...,. Fr, subsets of Fun(N,N). The following properties hold:

1. If F = {f} then A <(4 B if and only if f(A) C B;
IfA S]—HU]—'Q B then A S]:1 B or A S]:2 B,’

If A <gu..ur, B then there is an index © < k such that A <z, B;

If F = {fi, ... fu} then A <g4, 5y B if and only if there is an index
i <k such that f;(A) = B;

If i CF and A <z, B then A <gx, B;
If Ay C Ay and Ay <z B then Ay <z B;
If B C By and A <7 B; then A <7 By;
If Ay <5 B and Ay <z B then A1 N Ay <z B;

AN S R

IfA S]: Bl and A S].‘ B2 then A S]: Bl UBQ

Proof. 1) Suppose that A <(sy B; by definition, whenever F'is a finite subset
of A the set f(F) is included in B. This entails that f(A) C B.

Conversely, if f(A) C B then, for every finite subset F' of A, f(F) C B; in
particular, A <;p B.

2) Suppose that A <z, ,x, B. For every natural number n let A,, be the set
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A, =AN|[0,n).
There are two possibilities:

1. for arbitrarily large natural numbers n there is a function f,, € F; such
that f,(A,) C B;

2. there is a natural number n such that, for every m > n, for every
f € Fi1, f(Ay) is not included in B.

In case (1), we claim that A <z B: in fact, for every finite subset I of
A there is a function f € F; with f(F) C B since, if m = max F, and n is a
natural number greater than m such that there is a function f, in F; with
fu(A,) C B, since F C A, then f,(F) C B; in particular, A <z B.
In case (2), we claim that A <z, B: let N be the natural number such that,
for every m > N, for every function f € Fi, f(A,,) is not included in B.
Since, by hypothesis, A <r uz, B, for every natural number m > N there is
a function g, in F; such that g,,(A,,) C B. Then, for every finite subset F
of A, if M = max{max(F), N}, as N < M there is a function g in F, with
g(Axr) C B; in particular, as FF C Ay, g(F) C B, and A <g, B.
3) It follows by induction from (2).
4) By (3), there is an index ¢ < k such that A < B and by (1) it follows
that f;(A) C B.
5) Suppose that A <z B. By definition of Fj-finite mappability, for every
finite subset F' of A there is a function f in F; such that f(F) C B. In
particular, as F; C Fy, for every finite subset F' of A there is a function f in
J5 such that f(F) C B, so A <z, B.
6) We have only to observe that, as A; C Ay, every finite subset of A; is also
a finite subset of A,.
7) We have only to observe that, for every finite subset F' of A, for every
function f € F,if f(F) C By then f(F) C Bs.
8) This is a particular case of the result (6).
9) This is a particular case of the result (7).

O

Similarly to the relation of finite embeddability, the relation of finite
mappability can be reformulated in a nonstandard fashion:

Proposition 4.6.3. Let A, B be subsets of N, and F a subset of Fun(N, N).
The following two conditions are equivalent:

1. A S]: B,’

2. there is a function ¢ in *F such that p(A) C*B.
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Proof. (1) = (2) Suppose that A <z B and, for every finite subset F' of A,
consider the set

Se={feF|f(F)< B}

As A <z B, for every finite subset F' of A Sp # 0, and the family
{SF}regpin(a) has the finite intersection property, since

SFl N SFQ = SFlLJFQ'

By ct-enlarging property, mFemm(A)*SF # ; let ¢ be a function in
this intersection. By construction and transfer, ¢ has the following two
properties:

1. p €*F;
2. o(*F) C*B for every finite subset F' of A.

As *F = F for every finite subset of N, by condition (2) it follows that
p(A) C*B.
(2) = (1) Let ¢ be a function in *F such that ¢(A) C*B, and suppose
that A is not F-finitely mappable in B. As a consequence, there is a finite
subset I’ of A such that, for every function g € F, g(F) is not included
in B. By transfer it follows that, for every function g €*F, g(*F) is not
included in * B, and this is absurd since, as we observed before, *F = F', and
©(F) C ¢(A) C*B. By assuming that A is not F-finitely mappable in B it
follows an absurd, so A <z B.

O

From now on, a central tool in the study of the relations <z are the
hyperextensions *¢ of internal functions ¢ in Fun(*N,*N); in particular, in
this context we need this particular property:

Proposition 4.6.4. Let ¢ be an internal function in Fun(*N,*N), and «, 5
be hypernatural numbers in *N. If a ~, B then (*¢)(a) ~, (*p)(B).

Proof. To prove the thesis we have to show that, if a ~, 3, then for every
subset A of N (*p)(a) €A if and only if (*¢)(8) €™ A.

Observe that, by transfer, *{n € N | p(n) €*A} = {n €*'N | (*¢)(n) €**A}.
As{n € N| ¢(n) €*A} is asubset of N, and a ~,, /3, the following equivalence
holds:

ae{n e N|p(n) e*A} if and only if 5 €*{n € N | ¢(n) €*A}.

From this observation, we obtain the chain of equivalences:
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(o)) €A ac{neN|(*p)(n) €A} ="{n e N|p(n) €A} &
e pBe{neN|pn) €A} = {n e N| (Fp)(n) €A} & (*p)(B) €7 A4;

and hence the thesis.
O]

The above proposition can be restated in this way: if o ~, 8 are hyper-
natural numbers in *N, and ¢ :*N —*N is an internal function, then

(1) if Uy = &g then Up-p)a) = i) ()-
With this observation, we can prove the following important result:

Proposition 4.6.5. Given subsets A, B of N and a subset F of Fun(N,N),
the following two conditions are equivalent:

1. A S]: B,’

2. there is a function @ €*F such that, for every ultrafilter U in BN with
A e U, for every generator o €N of U, B € Y(=py(a)-

Proof. We already proved that A <z B if and only if there is a func-
tion ¢ €*F such that ¢(A) C*B. By transfer, p(A) C*B if and only if
*o(*A) C*B. So we have the following chain of equivalences:

A<r B« (Jp e F)(p("4) €7 B)
& (Jp €' F)(Va €'N)(a €*A =*p(a) € B) &
& (Fp e'F)(Va €' N)(A € Uy = B € Uep(a)),

and this proves the thesis.

4.6.2 Well-structured sets of functions

The question that we want to answer is wheter the relation <z is an order
or not. We already know that, in general, <z is not an order, as we have
proved in Section 4.3 that <t is not antisymmetric.

The problem is that, in general, <z is not even transitive nor reflexive. In
fact:

Proposition 4.6.6. For every subset F of Fun(N,N), the relation <x is

1. transitive if and only if for every finite subset F' of N, for every func-
tions f,g in F there is a function h in F such that h(F) C (go f)(F);
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2. reflexive if and only if for every finite subset F' of N there is a function
f in F such that f(F) C F.

Proof. (1) Suppose that <z is transitive, and let F' be a finite subset of N
and f, g functions in F. By definition of F-finite mappability:

F <z f(F) and f(F) <z g(f(F))

and, since <r is transitive by hypothesis, F' <z (go f)(F'). As F is finite,
this happens if and only if there is a function A in F with h(F') C (go f)(F).
Conversely, let A, B, C' be subsets of N with A <z B and B <7 C, and let F’
be a finite subset of A. Since A <z B, there is a function f in F such that
f(F) € B and, since B <z C, there is a function ¢ in F with ¢g(f(F)) C C.
By hypothesis, there is a function h in F such that h(F) C g(f(F)) C C.
This proves that, for every finite subset F' of A, there is a function A in F
such that A(F) C C and so, by definition, A < C.
(2) Suppose that <x is reflexive; for every F' finite subset of N, as ' <z F,
there is a function f in F with f(F) C F.
Conversely, let A be a subset of N, and let F' be a finite subset of A. By
hypothesis, there is a function f in F such that f(F) C F' C A: by definition
of F-finite mappability, this proves that A <z A.

O

We present two trivial corollaries of Proposition 4.6.6:

Corollary 4.6.7. If F s a set of functions closed under composition then
<r 15 transitive; and if the identity map 1 is in F, then <x is reflezive.

Corollary 4.6.8. If <z, is reflexive, and F; C Fo, then also <gz, is reflexive.

Since we are mainly interested in relations of F-finite mappability that
are pre-orders, i.e. satisfying transitivity and reflexivity, we introduce the
following notion:

Definition 4.6.9. A set of functions F C Fun(N,N) is well-stuctured if
the relation of F-finite mappability is a pre-order, i.e. if it satisfies both the
transitivity and reflexivity properties.

Observe that, by definition, when F is well-structured the pair (F, <r)
is a partially pre-ordered set.

Definition 4.6.10. Given A, B subsets of N, and a set of functions F CFun(N, N),
A is F—equivalent to B (notation A =z B) if and only if A <z B and
B <7 A.
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By the general properties of pre-orders it follows that, when F is well-
structured, the relation =7 is an equivalence relation and that (p(N),_ _, <7)
is a partial ordered set.

Observe that, for every nonempty subset F of Fun(N, N) and for every subset
A of N, A is F-finitely mappable in N. When F is well structured, the F-
equivalence class of N is the maximal element in p(N),__.

Definition 4.6.11. Given a nonempty subset F of Fun(N,N), and a subset
A on N, A is F-mazximal if, for every subset B of N, B <z A. The set of
F-mazximal subsets of N is denoted by Sz:

Sr={ACN| A is F—mazimal}.

Fact: If <7 is transitive, Sy consists of the subsets A of N that are
F-equivalent to N:

In fact, if A is F-maximal, in particular N <z A, so
SrC{AeN|N<F A}

conversely, if <z is transitive, and N <z A, since for every subset B of N
B <z N, by transitivity B <z A, so

{A€N|NS]:A}QS]:,
in particular Sy = {AeN|A=xN} ={4A e N|N <z A}

Proposition 4.6.12. Let F be a well-structured subset of Fun(N,N), and A
a subset of N. Then A is F-maximal if and only if for every natural number
n there is a function f, in F such that f,(m) € A for every m < n.

Proof. Just observe that A € Sz if and only if N <z A if and only if, for
every natural number n, there is a function f,, such that f,([0,n]) C A.
]

Similarly to the relation of finite embeddability, the relations of F-finite
mappability can be generalized to ultrafilters. In next section we expose
some important properties of these generalized relations.
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4.7 Finite Mappability of Ultrafilters on N

In this section, we define the relations of F-finite mappability for ultra-
filters, and we study their properties; the idea is to follow the same steps as
we made with the relation of finite embeddability for ultrafilters. In particu-
lar, we shall study under what hypotheses the results obtained for the finite
embeddability can be generalized in this more general context.

Definition 4.7.1. Given ultrafiltersU,V on N and a set of functions F CFun(N, N),
we say that U is F-finitely mappable in V (notation U Iz V) if and only
if for every set B inV there is a set A in U such that A <r B.

In this proposition we present some basic properties of the relation <r:

Proposition 4.7.2. If U,V are ultrafilters on N and F,Fy, Fo, ..., F are
subsets of Fun(N,N), then the following properties hold:

1 if F={f} thenUd <z V if and only if V = f(U);
2. if F=F UF, then U <z V if and only if U <5, V or U <z, V;

3 if F=FU..UF, thenU Ix V if and only if there is an index i < k
such that U x, V;

4. if F=Af1,, fx} then U <z V if and only if there is an index i < k
such that V = fi(U);

S FiCFyandU Jg, V, thenU <z, V.

Proof. (1) Suppose that & <¢p V. By definition, for every set B in V there
is a set A in U such that A <;s B; as we proved in Proposition 4.6.2, this
entails that f(A) C B so, in particular, f~!(B) € U for every set B € V: by
definition, this entails that V = f(U).

Conversely, if V = f(U), then for every set B in V the set f~'(B) is in U,
and f~!(B) <; B. This proves that U <y f(U) = V.

2) Suppose that U <x,,z V. There are only two possibilities:

1. For every set B in V there is a set A in U such that A <z, B;

2. There is a set B in V such that, for every set A in U, A is not F-finitely
mappable in B.

In case (1), by definition U <z V.
In case (2), every subset of B, and in particular every subset S C B with
S €V, satisfies this property:
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For every set A in U, A is not Fi-finitely mappable in S.
Claim: U 4z, V.

Let Y be a set in V. Then the intersection Y N B has the following two
properties:

1. YNBisin V;
2. Y N B is asubset of B.

By property (1), since by hypothesis U <z,z, V, it follows that there is
an element A in U such that A is F; U Fo-finitely mappable in Y N B. By
property (2) it follows that A is not Fi-finitely mappable in Y N B; and by
Proposition 4.6.2, these two conditions together entails that A <z, Y N B.
Since YN B CY,and A <z, Y N B, it follows that A <z, Y; this proves
that U <z, V.

3) This follows, by induction, from point (2).
4) This is an immediate consequence of points (3) and (1).
5) By hypothesis, for every set B in V there is a set A in U such that
A <z B. As F; C F,, by Proposition 4.6.2 it follows that A <z, B; in
particular, U <z, V.

O

A question that arises naturally is how principal and nonprincipal ultra-
filters are related with respect to F-finite mappability.

Proposition 4.7.3. Let U,V be the principal ultrafilters generated by n and
m respectively, and let F be a subset of Fun(N,N). The following two condi-
tions are equivalent:

1. U S]]: V,’
2. there is a function f in F such that f(n) = m.

Proof. (1) = (2) Consider the set {m} in V. Since U <Jx V, there is a set
A € U, such that A <z {m}. Since U is the principal ultrafilter generated
by n, then n € A and by definition there is a function f in F such that
f({n}) € {m}, and this happens if and only if f(n) =m
(2) = (1) Let B be a set in V, and f a function in F such that f(n) = m.
In particular, as m € B (since V is the principal ultrafilter generated by m),
f({n}) € B. So {n} <z B for every set Bin V, and U <z V.

[
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Proposition 4.7.4. Given a subset F of Fun(N,N), the following two con-
ditions are equivalent:

1. Every principal ultrafilter U is F-finitely embeddable in every nonprin-
cipal ultrafilter V;

2. For every natural number n, for every infinite subset A of N there is a
function f in F such that f(n) € A.

Proof. (1) = (2): Let A be an infinite subset of N, n a natural number and
) a nonprincipal ultrafilter such that A € V. By hypothesis, as U,, <z V,
there is a set B in the principal ultrafilter i/, and a function f in F such
that f(B) C A. In particular, since n € B, this proves that f(n) € A.

(2) = (1): Let V be a nonprincipal ultrafilter and U, the principal ultrafilter
generated by the natural number n. For every set A in V), by hypothesis
{n} <z A, as A is infinite; so U,, Iz V for every natural number n, and this

proves the thesis.
m

Note that, in general, it is possible that a nonprincipal ultrafilter U is
F-finitely mappable in a principal ultrafilter (,,. For example, let

F = {fn}7

where f,, is the constant function with value n. Then every ultrafilter U
in AN is F-finitely mappable in (,.
The question that arises is if <z is, or is not, an order. We know that this in
general is false as < is not an order on SN. There is also one other problem:
<z, similarly to <z, is not, in general, reflexive or transitive.

Proposition 4.7.5. If <z is a pre-order then <r is a pre-order.

Proof. We have to prove that < is transitive and reflexive.
Transitive: suppose that U, V, VW are ultrafilters in SN such that U < V
and V <r W, and let C be a set in W. Since V <r W, there is a set
B in V such that B <z C and, since Y <r V), there is a set A in U such
that A <z B. Since <z is transitive (as we supposed F well-structured),
A<zC,solU Ixr W.
Reflexive: for every ultrafilter ¢ in ON, for every set Ain U, A <z A (as F
is well-structured), so U <z U.

]

To obtain an antysimmetric relation, we follow the general procedure for
pre-orders exposed in Section 4.2:
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Definition 4.7.6. Let F be a well-structured subset of Fun(N,N). Given
ultrafilters U,V on N, U is F-equivalent to V (notation U =5 V) if and
only if U <xV and V Jx U.

Observe that =7 is an equivalence relation on SN.

Definition 4.7.7. If F is a well-structured subset of Fun(N,N), for every
ultrafilter U we denote by [U]F the F-equivalence class of U:

When there is no danger of confusion, we simply denote [U]F as [U].

By the general facts about pre-orders it follows that:

Theorem 4.7.8. (6N/EF,§I;) 1s a partially ordered set whenever F is a
well-structured subset of Fun(N, N).

This theorem shows that, at least when F is well-structured, by consid-
ering the quotient space we obtain a partial ordered set, similarly to the case
of finite embeddability. In next section we study more closely the structure

of (ﬁN/E}_, S]]:)

4.7.1 The partially ordered set (BN/EF, <r)

In this section we study the partially ordered set (5N/EF, <dz); in par-
ticular, the question we want to answer is the following: is there a greatest
element in (BN,__, <x)?

Definition 4.7.9. The chains in (BN,__,<r) and in (BN, <dr) are called
F-chains. Similarly, the upper bounds of subsets in (/BN/E}_,ﬂ}‘> and in
(BN, <z) are called F-upper bounds.

Proposition 4.7.10. Every F-chain (U; | i € I) of ultrafilters has an F-
upper bound U.

Proof. The proof is analogue to that of Theorem 4.4.12.

If I has a greatest element 7, then the ultrafilter I4; is trivially an upper bound
for the chain.

Otherwise, suppose that I has not a greatest element, an let V be an ultra-
filter on I such that, for every ¢ € I, the set

Gi={jell|j>i}
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is in V (as already proved in Theorem 4.4.12, the family G; has the finite
intersection property, so such an ultrafilter V exists, and it is nonprincipal
since I has not a greatest element).

Claim: The ultrafilter Y =V —lim;c; U; is an upper bound for the chain.

In fact, let B be an element of U, and consider the ultrafilter I/;. Since
B € U, by definition of limit of ultrafilters the set

Ip={iel|Bel}

is in V; as V contains the family {G,};c;, in Ip there is an element j with

i < j. In particular, B € U;. As (U; | i € I) is an F—chain, U; < U;, so

in U; there is a set A such that A <z B; this proves that U; <z U for every
index ¢ € I, so U is an upper bound for the chain.

]

Observe that, in the previous proposition, we did not assume that F is
well-structured. When F is well-structured the above result can be extended
to the partially ordered set (6N,__, d7):

Corollary 4.7.11. Let F be a well-structured subset of Fun(N,N), and let
(U] | i€ I) be an F-chain in BN,__. Then there is an upper bound [U] for
the chain.

Proof. When F is well-structured, (SN, <x) is a partially pre-ordered set, so
this result follows by the analogue general property of pre-orders.
m

Corollary 4.7.12. If F is well-structured there are mazximal elements in
(BN,_,, 7).

Proof. This follows by Zorn’s Lemma because every F-chain in SN /=, has
an upper bound.
O

In Section 4.4.2 we used a result analogous to Corollary 4.7.12 to prove
the existence of a greatest element in SN,_ . The proof used an important
property of <p, namely the fact that <t is filtered (see definition 4.2.7).

Proposition 4.7.13. If F is a well-structured subset of Fun(N,N), the fol-
lowing two conditions are equivalent:

1. the relation <x is filtered on PN;
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2. the relation <r is filtered on ON/= .
As observed in Section 4.2, the above property holds for all pre-orders.

Proposition 4.7.14. If F, F» are subsets of Fun(N,N) such that F; C Fy
and g, s filtered, then also <z, s fillered.

Proof. Observe that, for every ultrafilters U,V in OGN, if U <z V then, as
Fi1CF, UL V.
In particular, let YW be an ultrafilter such that &4 Iz W and V Jx W.
From the observation it follows that & Jz, W and V <z, W. This proves
that for every ultrafilters U,V there is an ultrafilter W with U <z, W and
V dr, W, so g, is filtered.

m

Definition 4.7.15. A subset F of Fun(N,N) is filtered if x is filtered on
BN (equivalently, if <z is filtered on BN/EF).

Theorem 4.7.16. Let F be a well-structured subset of Fun(N,N). The fol-
lowing two conditions are equivalent:

1. there is a greatest element in (BN,__, z);
2. the order <x 1is filtered.

The above result is a consequence of the analogue general property of
pre-orders proved in Section 4.2 (Theorem 4.2.8).
Filtered sets of functions can be characterize in nonstandard terms. This
characterization follows by the properties of the cones Cr(U) in (SN, <z),
and these are the structure that we study in next section.

4.7.2 The cones Cr(U)

Definition 4.7.17. Given an ultrafilter U in PN, we denote by Cr(U) the
upper cone of U in (BN, Jx), i.e. the set of ultrafilters in BN in which U is
F-finitely mappable:

CrU)={V epBN|U IF V}.

In Section 4.4.3 we have studied and characterized the sets Cs.(U) that,
following the definition 4.7.17, we denote from now on as Cp(U). In this sec-
tion we try to generalize the results obtained for the sets Cr(U/) in this more
general context:
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Fact: If F is well-structured, and U, V are F-equivalent ultrafilters, then
CrU) =Cx(V).

This fact follows by the transitivity of <Jx.

Proposition 4.7.18. For every ultrafilter U in SN and for every nonempty
subset F of Fun(N,N) the set Cx(U) is closed in the Stone topology.

Proof. We use the characterization of closed subsets of SN given in terms of
limit ultrafilters: to prove that Cx(U) is closed we show that, given a family
(U; | i € I) of elements in Cx(U) and an ultrafilter V on I, the ultrafilter

W = V—hmﬂ/lz

is in Cx(U).
To prove this, let A be an element of WW. By definition, this means that the
set

Ar={iel|Acl}

is nonempty, as it is in V. Let 7 be an element of A;; this entails that

A € U;. Since U; is an element of Cx(U), U <x U;, so there is a set B in U

with B <z A. This proves that for every set A in W there is a set B in U
with B <z A,soU <z W and W € Cx(U).

]

When F = T we proved that Cpr(U) = {U DV |V € ON}; is there a
similar characterization for a generic cone Cx(U)?

Lemma 4.7.19. Let U be an ultrafilter in BN, o €*N a generator of U, F a
subset of Fun(N,N) and B a subset of N. The following two conditions are
equivalent:

1. there is a set A in U such that A <z B;
2. there is a function ¢ in *F such that B € Yp)(a)-

Proof. (1) = (2): Since A <z B, A € U, and « €*N is a generator of U,
then by Proposition 4.6.5 it follows that there is a function ¢ in *F such that
B € Ue-p)(a)-
(2) = (1): Let ¢ be a function in *F such that (*¢)(«) €**B. By transfer it
follows that

{n e’ N| ("p)(n) €B} ={n € N| ¢(n) € B},
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and, as a« € {u €*N | (*¢)(u) €*B}, it follows that A = {n € N |
p(n) €*B} is in U, since U = i, and o €*A. By construction, p(A) C*B
and, as ¢ is a function in F, by Proposition 4.6.3 this entails that A <r B.

As A € U, this proves the thesis.
m

Note 1: As a consequence of Proposition 4.6.4, the above lemma do not
depend on the choice of « in Gy, since whenever «, 8 €*N are generators of
U then U-p)a) = Lep)(o)-

Note 2: Given a function ¢ in Fun(*N,*N), let % denote this function in
Fun(SN, fN): for every ultrafilter U, if «v is any generator of U with h(a) < 1,
define

This definition not only is similar to the definition of f for a function
f € Fun(N,N), but it can be seen as its extention to nonstandard functions.
In fact we have the following property:

Proposition 4.7.20. Let g be a function in Fun(N,N), and ¢ the function
© ="g in Fun(*N,*N). Then
p=g

Proof. For every ultrafilter ¢ in SN, for every generator a of U with h(a) < 1,
as we proved in Chapter Two we have

G(Ma) = gy
and (*g)(a) = p(a) = (*¢)(«) since we have this property
For every natural number n € N, p(n) = (*g)(n) = g(n),
so, by transfer, we have
For every hypernatural number n €*N, (*¢)(n) = (**¢)(n) = (*¢9)(n),

and this shows that *g(,) = g(4l,) for every function ¢ in Fun(N, N).
[

Definition 4.7.21. For every function ¢ in Fun(*N*N), we denote by @ the
function in Fun(SN, fN) such that, for every ultrafilter U in PN, if a« €*N is
a generator of U then p(U) = U(=p)(a)-
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We can now characterize the sets Cx(U):

Theorem 4.7.22. Let F be a subset of Fun(N,N), U an ultrafilter in PN,
and o €*N a generator of U. Then

CrU) = {Mpgyo [ v € F} ={pU) | ¢ € F}.

Proof. We repeatedly use the result of Lemma 4.7.19.

Let V be an element in Cx(U); by definition, for every set B in V there is a set
Ain U such that A <z B. As o €*Nis a generator of i/, Lemma 4.7.19 entails
that there is a function ¢ in *F such that B € (-,)(q); in the Stone topology,
this is equivalent to say that V' is in the closure of {{(-,yq) | ¢ €*F}, s0

CrU) C{Uppy) | ¢ €*F}

Conversely, let V be an element in {&,ya) | ¢ €*F}. In the Stone topol-
ogy, this is equivalent to say that for every set B in V there is a function ¢
in *F such that B € Y(-y)(q); by Lemma 4.7.19, this entails that there is a
set A in U such that A <z B; in particular, U <z V, so V € Cx(U) and

{Uppy) | @ € F} C Cr(U).

Since we proved both inclusions, the two sets are equal, and this proves the
thesis.

]

To give an example of application of this theorem, we consider the case
F=T.
First of all, since
T = {t, € Fun(N,N)| (n e N) A (Vm € N t,(m) =m+n)},
then, by transfer,
T = {t, € Fun("N,'N) | (1 €'N) A (v €*N t,.(n) = p+n)}.

Observe that, for every function ¢, in *T, for every hypernatural number
a in *N|

("t)(a) ="+ a.

So, by Theorem 4.7.22, for every hypernatural number o €*N, if U = 4,
then
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Cr(Ud) = [Wra | 1 €N

As we proved in Chapter Two, -, = 4, ® L, for every hypernatural
number u; so

Cr(U) =t @8, |4, € BN} = {U BV |V € BN},

as expected.

4.7.3 Characterizations of filtered functional pre—orders

In this section we give a nonstandard and a standard characterization
of filtered sets of functions. By Theorem 4.7.2 we know that, given an
ultrafilter U4 = 4, and a generical ultrafilter V, U <z V if and only if
Ve {‘u*ap(a) | © G*f}

This can be equivalently restated in this way:

(e <5V & ﬂcpe*]-‘u*sa(a) cV.

This is a particular case of the following general property of the Stone
Topology:

Proposition 4.7.23. Let S be a subset of SN, and U an ultrafilter on N.
The following two conditions are equivalent;

1. UES;
2. MNyes V CU.

Proof. In the Stone-Topology, U € S if and only for every set A in I there
is an ultrafilter V in S such that A € S. We use this property to prove the
equivalence of (1) and (2).
(1) = (2) Suppose that there is a set A in (7),cq V with A ¢ Y. Then A° € U
and, since U € S, this entails that A° € V for some ultrafilter V € S, and
this is absurd since A € V for every ultrafilter V € S. So (,,.q V C U.
(2) = (1) Suppose that U ¢ S. This entails that there is a set A in U such
that, for every ultrafilter V in S, A ¢ V. So A° € [),c¢V, hence A° € U,
which provides a contradiction. So U € S.

O

Definition 4.7.24. For every hypernatural number «, let §, denote the filter
Sa = mcpe*}‘ﬂ*w(a)'
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By definition it follows that §, is closed under superset, and that a set
A is in the filter §, if and only if, for every function ¢ in *F, *p(«) €** A.
Also, as a consequence of (f), it follows that an ultrafilter V is in the cone
Cr(U,) if and only if F, C V.
We are now ready to characterize the filtered sets of functions:

Definition 4.7.25. We say that a set F of functions satisfies the condition
(F) if the following condition holds:

(F): =(3a, 5 €*N,FA C N such that A € §o, A° € §p).

Theorem 4.7.26. Let F C Fun(N,N) be a set of functions. The two follow-
ing conditions are equivalent:

1. F satisfies condition (F);
2. F 1is filtered.

Proof. (1) = (2) Let i,, 3 be ultrafilters on N. By condition (F) it follows
that for all sets A € §, and B € §; the intersection AN B is non empty.
In fact, suppose by contrast that there are sets A € §,, B € §s such that
AN B = (. Then consider the set A°. A°is a superset of B, so A° € §3,
while A € §,, and this is absurd.
S50 §o U §p is a filter, and every ultrafilter W that extends §, U §3 is, by
construction, greater (respect to <r) than i, and Lg. So F is filtered.
(2) = (1) Let <& be filtered, and suppose by contrast that F does not
satisfy condition (F). Then there are o, €*N, and a subset A of N such
that A € §, and A° € §p. Consider i, and iz, and let V be an ultrafilter
such that {, <r V, g <z V. Then §, C V and F3 C V, and this is absurd,
because it follows that A € V and A° € V.

O

With the above characterization we can reprove that <r is filtered. In
fact, T satisfies condition (F'): suppose, by contrast, that there are o, § €*N
and a subsets A of N such that, for every function ¢ €*T, *p(a) €**A and

As T C*T, for every natural number n the translation by n is in *T. Since
A € §,, this entails that:
VneN, n+aec™A.

Since n, a €*N, the above property can be reformulate as follows:

VneN, n+ae*A
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By transfer we have:
Vn €*N, n+*a € A.

Hence, choosing = 3, it follows that 5+*a € A. Observe that f+*a =*t,(5),
where t, is the translation such that, for every hypernatural number 7,
ta(n) = n+ a. Since t, € T, as A° € §Fj it follows that *t,(8) €*A°,

S0

*ta(B) €A and *t,(B) €™ A,

and this is absurd.
This proves that T satisfies the condition (F'), and this is one other proof of
the filtration of T.

We end this section by translating Theorem 4.7.26 in standard terms.
First of all, we introduce the following definition:

Definition 4.7.27. A subset A of N is F-uniformly maximal if there is
an ultrafilter U such that, for every ultrafilter V € Cx(U), A € V.

Observe that a set A is F-uniformaly maximal if and only if there is
an hypernatural number a such that A € §,, and that if A is F-uniformly
maximal and A C B then B is F-uniformly maximal as well.

Proposition 4.7.28. Given a set F C Fun(N,N) of functions, the following
two conditions are equivalent:

1. F satisfies condition (F);

2. for every F-uniformly maximal set A the set A¢ is not F-uniformly
mazximal.

Proof. We have just to observe that condition (F) does not hold if and only if
there are hypernatural numbers «, 8 and a subset A of N such that A € §,,
A° € §s if and only if there is an F-uniformly maximal set A such that A°
is F-uniformly maximal. O]

By considering Theorem 4.7.26 and Proposition 4.7.28, we get this stan-
dard characterization of filtered families of functions:

Theorem 4.7.29. Let F C Fun(N,N) be a set of functions. The following
two conditions are equivalent:

1. F is filtered;

2. for every subset A of N, if A is F-uniformly maximal then A° is not
F-uniformly mazimal.
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4.7.4 Generating functions

For particular subsets F of Fun(N, N) the cones Cx(U) have simple alge-
braical characterizations:

Definition 4.7.30. Let G be a function in Fun(N x N¥ N), and let S be a
subset of Nk, The set of functions generated by (G, S) is the set

..... a,(n) € Fun(N,N) | (a1,...,a, € S)AN(Vn e N
fa1 ,,,,, ak(n) = G(n> (ah ey ak)))}

The function G is called generating function of F(G,S), and S is
called set of parameters of F(G,S).

When S = NF| the family F(G,N*) is simply denoted by F(G). In the
following table is shown that some important sets of functions F are gener-
ated by an appropriate pair (G, S):

Sets of Functions Generating Functions, Sets of Parameters
Translations G(n,m)=n+m, S=N

Proper Translations G(n,m)=n+m, S =N\ {0}

Non-zero Homoteties G(n,m)=n-m, S =N\ {0}

{fm(n) =n™|m >0} G(n,m)=n",S =N\ {0}

{fm(n) =m"| m > 1} G(n,m)=m", S=N\{0,1}

Non-constant Affinities G(n,(a,b)) =an+b, S =N?\{(0,b) | b € N}

Non-constant Polynomials | G(n, (ag, ..., am)) = Y i ain’,
with degree m S = N"1\ {(ap,0,0,...,0) | ag € N}

When the set F of functions is generated by a pair (G, S), we can alge-
braically characterize the sets Cx(U):

Theorem 4.7.31. Let G be a function in Fun(N x N¥ N), S a nonempty
subset of N¥ U an ultrafilter on N and consider F = F(G,S). Then

CrU) ={GU V)|V € BS}.
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Proof. As a consequence of Theorem 4.7.22, we know that

Crd) = {U¢py | w0 €F F},

where « is a generator of U with h(a) = 1. By definitions and transfer,

*F ="F(G,S) ="{far..a € Fun(N,N)| ay,...,a;, € S and, for every natural
number n, fq, .. ak<n) = G(nv (ala o ak))} =

={@ar,...ar, € Fun(*N*N) | aq, ..., a4, €*S and, for every hypernatural
number a €N, @, o, (@) ="G(a, (aq,...ax))}.

Observe that, for every ultrafilter V in 3(N¥), we have

V € BS if and only if there is a k-tuple (o, ..., ay) in *S* such that
V= Ya,.an)
Claim: For every k-tuple (ay, ..., ) in *S
U gy, (@) = Gt ® Yoy )

e,

Suppose that the claim has been proved. Then
{Hepy | ¢ €F}={GU V)|V € S},

and, since Cxr(U) = {p)(a) | ¢ €* F}, the thesis follows.
To prove the claim, let A be a subset of N. We have this chain of equivalences:

,,,,,

{neN|{(a,...,ar) € N*| G(n, (a1, ...,a;)) € A} € thq,
only if

{n e N| (ag,...,ar) €{(ar,...,ar) € N*| G(n, (a1, ...,ax)) € A}} € U, if
and only if

{n e N|*G(n, (a1, ...,ax)) €*A} € U, if and only if
ac{neN[*G(n,(a1,...,a)) €*A} if and only if
“*G(a," (o, ..., o)) €A if and only if

o)} € U, if and

.....

(*Cay...an) (@) €*A if and only if
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4.8 Maximal Ultrafilters in (SN, <z)

In this section we study the set Mz of maximal ultrafilters in (6N, <z),
with particular attention to the connections between Mz and the set Sz of
F-maximal subsets of N.

Definition 4.8.1. Given a subset F of Fun(N,N) and an ultrafilter U in SN,
U 1s F-maximal if, for every ultrafilter V in BN, V is F-finitely mappable
inU. The set of F-maximal ultrafilters is denoted by Mx:

Mz ={U € N | U is F-mazimal}.

Proposition 4.8.2. If F is a filtered and well-ordered subset of Fun(N,N),
an ultrafilter U is F-mazimal if and only if [U] is the greatest element in

(BN/;_.,_-v ﬂf)} and
Mz ={U € BN | [U] is the greatest element (BN,__, <r)}.

Proof. The hypotheses on F ensures that < is a filtered pre-order. Then the
result follows since it is a particular case of a property that holds for every

pre-order.
O

Proposition 4.8.3. If Fi, F» are subsets of Fun(N,N) and F; C F, then
Mz, C Mg,.

Proof. For every ultrafilters U,V in N, if U <z V then U <z, V, so every
JFi-maximal ultrafilter is also a Fr-maximal ultrafilter.
O

Proposition 4.8.4. Let S be a weakly partition regular family of subsets
of N, and suppose that S is <z-upward closed (i.e., whenever A € S and
AS]: B, B GS) Then S]:g S.

Proof. We just have to observe that, if A is a set in S and M is a set in Sg,
since A <z M then M € S. So S C S.
O

A first correlation between Sr and M is the following:

Proposition 4.8.5. Let F be a subset of Fun(N,N) such that <z is transi-
tive, and suppose that the family Sy of F-mazimal elements in (p(N), <x)
is weakly partition reqular. Then Mz # 0, and
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Mz={UeBN|UC SF}.

Proof. In Section 1.2 we proved that every weakly partition regular family
contains an ultrafilter. Since Sz is weakly partition regular by hypothesis,
let U be an ultrafilter contained in Sz; U is F-maximal since, for every set
AcelU,aslUU CSr A€ Sr,so N <z A; in particular, if V is an ultrafilter in
BN, this proves that V <r Y. This shows that

(1) {U € BN | U C Sr} C M.

To prove the reverse inclusion, let & be a maximal ultrafilter, and V an
ultrafilter included in Sr. Since, my maximality, U < V, for every set A
in V there is a set B in U such that B <z A. But, as B is maximal and
B <7 A, by transitivity it follows that A is in Sz: this proves that every set
Ain V is included in Sz, so:

(2) Mr C {U € BN |U C Sr}.

Putting togheter (1) and (2), we obtain Mz ={U € SN |U C Sr}.
[

Corollary 4.8.6. If F is a subset of Fun(N,N) such that <z is transitive
and Sr s strongly partition reqular then for every mazimal set A in S there
s a F-maximal ultrafilter U such that A € U. In particular,

Sr =Mz

Proof. By Theorem 1.2.3 it follows that, since S is strongly partition regu-
lar, then it is an union of ultrafilters, so

(1) Sr = U{U € BN | U C S#}.

Since every strong partition regular family of subsets of N is, in particular,
weakly partition regular, by Proposition 4.8.5 it follows that

(2) {U € BN | U C SF} = M.

As a consequence, S = | Mx.
]

Corollary 4.8.7. If the family Sr is weakly partition reqular and F is well-
structured then the order <x is filtered.

Proof. 1f Sx is weakly partition regular, then there is some maximal ultra-
filter U in SN, so there is a greatest element in (6N/=,, <r); in particular,
as a consequence of Proposition 4.2.8, the relation < is filtered.

]
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Theorem 4.8.8. If F is filtered and well-structured then Sz C |J Mx.

Proof. First of all we observe that, by hypothesis, there are F-maximal ul-
trafilters.

Let A be a set in Sz, and suppose by contradiction that for every maximal
ultrafilter U the set A is not in U, i.e. that the complement A°is in U. Let
U be a maximal ultrafilter, and let o €*N be a generator of /. In particular,
a €%(A°).

Since A is in S, A° <z A so, by Proposition 4.6.5, there is a function ¢ in
*F with ¢(A¢) C*A. By transfer, this implies that

(*¢)<*Ac) C* A,

As o €*A° this entails that (*¢)(a) €A, so A € Upy)@a). But, by
Theorem 4.7.22, U, <r e,y for every function ¢ in *F and, since i,
is maximal, this entails that l,)) is maximal. This is absurd, since A €
o))

O

By combining the results proved in this section, we obtain the following
theoremt:

Theorem 4.8.9. For every well-structured and filtered set of functions F C
Fun(N,N) the following two conditions are equivalent:

1. SF is weakly partition reqular;
2. Sr is strongly partition regular.

Proof. (1) = (2) Suppose that Sz is weakly partition regular. Since <z
is filtered and well-structured, the previous proposition ensures that Sy C
J M, while Proposition 4.8.5 ensures that |J Mz C S7. So

Sy =Mz

and this shows that the family S is an union of ultrafilters, and this is
a condition equivalent to state that Sz is strongly partition regular.
(2) = (1) Every strongly partition regular family is, in particular, weakly
partition regular.
O

A first corollary is that:

Corollary 4.8.10. If F C Fun(N,N) is a well-structured and filtered set of
functions and Sx is weakly partition regular, then an ultrafilter U is in Mx

if and only if U C Sx.
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Proof. Simply observe that the previous theorem tells that Sz is strongly
partition regular, and apply Theorem 1.2.3.
m

One other way to formulate the previous corollary is to say that whenever
the class S is weakly partition regular, with F well-structured and filtered,
then an ultrafilter ¢/ is F-maximal if and only if it is made of maximal sets
with respect <z or, equivalently, that a set is maximal in (p(N), <x) if and
only if it is contained in some maximal ultrafilter U in (SN, <Jx).

Since we gave in Proposition 4.6.12 a condition, for a set A, to be in Sx, we
get:

Proposition 4.8.11. Let F C Fun(N, N) be a well-structured and filtered set
of functions and let Sx be weakly partition regular. Then an ultrafilter U is

mazimal if and only if for every A € U, for every natural number n € N,
there is a function f, in F with f,(]0,n]) C A.

In next section we will give an example of application of Theorem 4.8.9
by proving that the class of subsets of N that contains arbitrarily long arith-
metical progressions in strongly partition regular.

4.9 Finite Mappability Under Affinities

In this section we consider the set of affinities A:

A= {fap € Fun(N,N) | ((a,b) e N) A (a #0) A (Vn € N
f(a,b) (n) =an + b)}

We show that, as consequences of results already proved in this chapter,
the relation <4 has some important properties.

Proposition 4.9.1. The set of affinities is well-structured and filtered.
Proof. A is closed under composition since, for every (a,b), (¢,d) in N?,

f(aub) © f(C,d) = f(ac,ad+b)-

Moreover, the function f(;9) € A is the identity function. So by Corollary
4.6.7 A is well-structured.
A is filtered since it contains the family T of traslations, which is filtered,
and in 4.6.8 we proved that if a set of functions F is a superset of a filtered
set of functions then F is filtered as well.
O
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In consequence there are maximal < 4-ultrafilters.
As a corollary of Proposition 4.6.12, we get that:

Proposition 4.9.2. A subset A of N is A-mazimal if and only if it contains
arbitrarily long arithmetic progressions.

Proof. As a consequence of Proposition 4.6.12, a set A is A-maximal if and

only if for every natural number n there are a, b in N such that fi,;)([1,...,n]) C
A As fuap([1,...,n]) is an arithmetic progression of lenght n, it follows that

a subset A of N is A-maximal if and only if it contains arbitrarily long arith-

metical progressions.

]

Van der Werden’s Theorem states that the family S4 of subsets of N
that contains arbitrarily long arithmetical progressions is weakly partition
regular; by Theorem 4.8.9 it follows that:

Proposition 4.9.3. The family of subsets of N that contains arbitrarily long
arithmetical progressions is strongly partition reqular.

Also, from Proposition 4.8.5 it follows that

Proposition 4.9.4. An ultrafilter U is A-mazximal if and only if it is a Van
der Waerden’s ultrafilter.

Moreover, since T is a subset of A, every <r-maximal ultrafilter is also
A-maximal: since the set of <p-maximal ultrafilters is K (SN, @), from this
it follows that:

Proposition 4.9.5. Fvery ultrafilter U in K (6N, @) is a Van der Waerden’s
ultrafilter.

Observe that the multiplicative analogue of T is the set of homoteties H:
H={f, € Fun(N,N) | (a e N\ {0}) A (Vn €N f,(n) =an)},

and, by essentially the same argumetns we used for the relation <, we
could prove that

My = K(BN, ®).

So an ultrafilter is H-maximal if and only if it is in the closure of the
minimal bilater ideal of (SN, ®). Since H C A, from this it follows that

Proposition 4.9.6. Fvery ultrafilter U in K (6N, ®) is a Van der Waerden’s
ultrafilter.
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Now we consider the cones C4(U). Recall that A is the set of functions
generated by G : N x N2 — N, where

G(n, (a,b)) = an + b for every natural number n in N,

and with set of parameters S = N2\ {(0,n) | n € N}. By Theorem 4.7.28
it follows that, for every ultrafilter ¢ in SN,

MU, A) =GU V)|V eSS}

Observe that, for every ultrafilter V in 45, G(U ® V) is the ultrafilter on
N defined by the following condition: if A is a subset of N, then

AeGU®YV)if and only if {n € N| {(a,b) e N?> |an+be A} € V} € U.

We conclude by observing that, if I/ is any ultrafilter in K (SN, ®) (e.g., if
U is a minimal additive idempotent) then, as C4(U) = M 4 by A-maximality
of U, it follows that

Mu={GU®RV)|V e N}

4.10 Further Studies

In this section we indicate two possible directions for further studies on
finite mappability.

4.10.1 Relations between different sets of maximal ul-
trafilters

In Section 4.9 we proved that the Van der Waerden’s ultrafilters are ex-
actly the maximal ultrafilters respect the relation of A-finite mappability,
where A denotes the set of affinities, and we showed that as a consequence
the minimal bilateral ideal of both (AN, ®) and (N, ®) consist of Van der
Waerden’s ultrafilters.

Question: Is it possible to characterize other important subsets of SN
as sets of F-maximal ultrafilters for appropriate sets of functions F7

A particularly interesting case, in our opinion, is that of polynomials: if

Pa = {flao,....a) € Fun(N,N) | (ag, ...,aq € N) A (aq # 0) A (Vn € N
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then P = (J;s, Pa
Observe that A = P;.

Question: Is there a correlation between Mp and the partition regular-
ity of equations?

4.10.2 Orderings on the hyperextension *N

Two important and well-known relations on a generical hyperextension
*N are the Puritz and the Rudin-Keisler pre-orders, that we shortly recall.

Definition 4.10.1. Let U,V be two ultrafilters on N. U is Rudin-Kezisler
above V (notation V <gx U) if there is a function f in Fun(N,N) such that
fU)=V (ie. if A€V & f7HA) €U).

The relation <gg is called Rudin-Keisler preorder.

Observe that, since for every functions f, ¢ in Fun(N,N), fog = fogy,
the Rudin-Keisler preorder is transitive (and the reflexivity is immediate), so
it is actually a preorder. A well-known fact about this relation is:

Proposition 4.10.2. For every ultrafilters U,V on N, the following two
properties are equivalent:

1. U <RK V andV <RK Z/l;
2. there is a bijection f in Fun(N,N) with f(U) = V.

If we denote with =ggx the equivalence relation such that U =grx V
if and only if U <gx V and V <gzg U, the induced order <gg on the
quotient space is the Rudin-Keisler order. This has been extensively studied
in literature (see e.g. [HS98,Cap 11]). Here we are not interested in the
specifical properties of this order; we just want to show that, if we translate
it in the context of sets of generators of ultrafilters, one obtains a well-known
and studied relation that refines it, namely the Puritz pre-order.

Definition 4.10.3. Let *N be a hyperextension of N, and «, 5 two hypernat-
ural numbers in *N. We say that « is Puritz above 5 (notation f <p «) if
there is a function f in Fun(N,N) with * f(a) = 5.

Since *fo*g =*(f o g) for every functions f,g € Fun(N,N), the relation
8 <p ais a pre-order; similarly to the Rudin-Keisler case, it can be proved
that

Proposition 4.10.4. For every a, 8 in *N, the following two conditions are
equivalent:
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1. a<p B and B <p a;
2. there is a bijection f in Fun(N,N) with * f(a) = 5.

Denote by ~p (and call P-equivalence) the equivalence relation such that,
for every o, 8 €*N, a ~p [ if and only if & <p § and § <p a. The induced
relation <p on the set of equivalence classes of ~p (that are called constel-
lations in the literature) is an order, which is called the Puritz order for
constellations. This order, and its relation with the Rudin-Keisler order, are
studied, e.g., in [NRO1].

In a precise sense, the Puritz pre-ordering is a refinement of the Rudin-Keisler
pre-ordering: in fact, i, <gx Ug whenever o <p [, while the converse is
false, since 4, <pgx iz implies only a <p ' for some ' ~, (.

From the characterization of Cx(U) it follows that there is a similarity be-
tween the relations <z and the Rudin-Keisler pre-order. This similarity seem
to be particularly interesting from the point of view of the hyperextension
*N (more generally, from the point of any hyperextension with at least the
¢t-enlarging property). As for the F-finite embeddability, when F is well-
structured, by the characterization of Cx(U) for a generical ultrafilter ¢ in
BN it follows that the relation <z can be translated in nonstandard terms
by posing, for generical «, 5 in *N,

adr e pe{pl)|peFINN,
where the closure in **N is taken in the S-Topology.
Question: Are there connections between the Rudin-Keisler pre-order,

the Puritz pre-order and the F-finite embeddability in the nonstandard con-
text for suitable families F7?
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