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General properties of f(R) gravity vacuum solutions
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General properties of vacuum solutions of f(R) gravity are obtained by the condition that the
divergence of the Weyl tensor is zero and f ′′ 6= 0. Specifically, a theorem states that the gradient of
the curvature scalar, ∇R, is an eigenvector of the Ricci tensor and, if it is time-like, the space-time
is a Generalized Friedman-Robertson-Walker metric; in dimension four, it is Friedman-Robertson-
Walker.
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I. INTRODUCTION

The so called f(R) gravity is a natural extension of Einstein’s gravity where the Hilbert-Einstein action of gravita-
tional field, linear in the Ricci scalar R, is substituted with a generic function f(R). The issues for this generalization
mainly come from inflationary cosmology [1], late-time acceleration [2] and the possibility to unify late and early
cosmic history [3, 4].
Furthermore, it is the subject of a vast research as a potential alternative to the so far undetected exotic fields that
should account for dark matter and dark energy. This alternative is geometric: the further degrees of freedom of
f(R) gravity may produce observable effects at different astrophysical and cosmological scales that should be, other-
wise, ascribed to exotic forms of matter. There are other motivations like quantum perturbative corrections on curved
spacetimes and the natural question about the consequences of a straightforward generalization of the Hilbert-Einstein
action to consider f(R) gravity as the first logical step [5, 6].
Starting from a general f(R) gravity action, the field equations can be written as

G[f ]kl = κTkl , (1)

where G[f ] replaces the Einstein tensor:

G[f ]kl = f ′(R)Rkl − f ′′′(R)∇kR∇lR− f ′′(R)∇k∇lR (2)

+ gkl[f
′′′(R)∇jR∇jR+ f ′′(R)∇2R− 1

2f(R)] .

It becomes the standard expression, Gkl = Rkl −
1
2Rgkl, for f(R) = R. Tkl is the stress-energy tensor for standard

matter and κ is the gravitational coupling. A main requirement is that the contracted Bianchi identity ∇kGkl = 0
continues to hold in f(R) gravity, that is:

∇kG[f ]kl = f ′′(R)[Rkl∇
kR−∇2∇lR +∇l∇

2R] = 0 .

Therefore f(R) theories are compatible with the physical requirement of energy-momentum conservation.
In Ref.[7] we obtained a sufficient condition for G[f ]kl to have the ‘perfect-fluid’ form

G[f ]kl = g1(R)gkl + g2(R)ukul , (3)
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for any smooth f(R) model, where uk is some time-like unit vector field. The requirement that each tensor in the
expression (2) of G[f ]kl have the perfect fluid form, namely the Ricci tensor Rkl, ∇kR∇lR and ∇k∇lR, can be stated
as follows:
C1) ∇kuj = ϕ(ujuk + gjk) with ∇kϕ = −ϕ̇uk,
C2) ∇mCjkl

m = 0, where Cjkl
m is the Weyl tensor.

Condition C1 characterizes the space-time as a generalized Friedman-Robertson-Walker (GFRW) space-time. The
additional condition 2 implies that uk ∝ ∇kR. Then ∇kR is eigenvector of the Ricci tensor.
In n = 4 dimensions, C1 and C2 imply that the space-time is Friedman-Robertson-Walker [22] Prop. 4.1. The unicity
of the vector uk realizing a GFRW space-time is discussed in [8].
The perfect-fluid structure of G[f ]kl and Tkl, required in large-scale cosmology, put f(R) geometric extension of

General Relativity on the same footing as exotic modifications of standard matter. In other words, the question is
whether cosmic phenomenology can be addressed by requiring exotic forms of matter/energy beyond the Standard
Model of Particles, or gravity is not scale invariant and modifications are required at galactic scales and beyond [9, 10].
Hereafter, we investigate vacuum solutions (Tkl = 0) in space-times of dimension n in order to derive some general

properties of f(R) gravity.
Vacuum solutions have been studied based on special forms of f(R) or assumptions about symmetries of the metric
[11]. Perturbations of models like f(R) = R1+δ in spherical symmetry are studied in [12, 13]. The non-linear equations
for f ′ for spherical-symmetric vacuum solutions are studied in [14], and solved for some cases. Constant curvature
solutions, i.e. f ′(R)R − 2f(R) = 0, were found with cylindrical symmetry [15, 16], plane-symmetry [17], and local
rotational symmetry [18]. Spherically symmetric solutions in connection to black-holes and the rotation curve of
galaxies are studied in [19].
In this work we want to characterize the vacuum solutions of any smooth f(R) theory with null divergence of the

Weyl tensor. The results can be summarized in the following theorem:

Theorem 1. For any smooth function f(R) with f ′′ 6= 0, the vacuum solution with null divergence of the Weyl
tensor (∇mCjkl

m = 0), has the properties:
1) ∇kR is an eigenvector of the Ricci tensor: Rj

k∇kR = ξ∇jR.
2) If ∇kR = αuk with ukuk = −1, the Ricci tensor has the perfect fluid (quasi-Einstein) form:

Rkl =
R− nξ

n− 1
ukul +

R− ξ

n− 1
gkl . (4)

3) The vector uk is vorticity-free, acceleration-free and shear-free, and satisfies the relation:

∇juk = ϕ(ujuk + gjk) , (5)

where ∇kϕ = −ϕ̇uk.

The property (5) characterizes the Lorentzian space-time as a generalised Robertson-Walker space-time. It is usually
described as a time-warped space-time, i.e. there is a coordinate frame where the metric tensor is:

ds2 = −dt2 + a2(t)g∗µν(x)dx
µdxν , (6)

and g∗ is a Riemannian metric [20, 21]. For such space-times we proved the special property Cjkl
mum = 0 iff

∇mCjkl
m = 0 [22]. In n = 4 it implies that the Weyl tensor is zero if the divergence vanishes, i.e. the space-time is

Robertson-Walker.

The proof of the above Theorem is given in the next sections. In Sect.2, we discuss ∇kR which is an eigenvector
of the Ricci tensor. In Sect.3 the related form of Ricci tensor is obtained. Sect.4 is devoted to the vector uk which is
vorticity and acceleration-free; its shear is proportional to the electric component of the Weyl tensor σkl ∝ Cjklmujum.
In Sect.5 an equation for the time evolution of the shear is obtained. A vorticity and acceleration free velocity field
restricts the metrics to the form ds2 = −dt2 + a(t, x)µνdx

µdxν . By the equations in Appendix we show, in Sect.6,
that the special form of the shear implies that it is zero. The consequences are discussed in the conclusions (Sect.7).
All results are then simplified because the Ricci tensor is quasi-Einstein, the Ricci tensor of the space-submanifold is
Einstein, the space-time is a GFRW. In Appendix are reported all the quantities used for the derivations developed
in the paper. We indicate with a dot the directional derivative uk∇k and with a prime the derivative with respect to
R.
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II. ∇kR IS AN EIGENVECTOR OF THE RICCI TENSOR

Let us rewrite the field equations G[f ]kl = 0, with G[f ] given in Eq.(2), as:

Rkl = A∇kR∇lR+B∇k∇lR− Cgkl , (7)

where A =
f ′′′

f ′
, B =

f ′′

f ′
, C = A∇jR∇jR+B∇2R−

f

2f ′
.

The trace is:

R = −(n− 1)[A∇kR∇kR+B∇2R] + n
f

2f ′
. (8)

Then

(n− 1)C = −R+
f

2f ′
. (9)

Proof: let us evaluate

∇jRkl = (A′∇jR)∇kR∇lR+A(∇j∇kR)∇lR +A∇kR(∇j∇lR)

+(B′∇jR)∇k∇lR+B∇j∇k∇lR − C′gkl∇jR .

As said, the prime indicates the derivative in R and we antisymmetrize in two indices:

∇jRkl −∇kRjl =(A−B′)[(∇kR)∇j∇lR− (∇jR)∇k∇lR]

+BRjkl
m∇mR− C′(gkl∇jR− gjl∇kR) .

The divergence of the Weyl tensor is

∇mCjkl
m = −

n− 3

n− 2

[

∇jRkl −∇kRjl −
gkl∇jR− gjl∇kR

2(n− 1)

]

.

If ∇mCjkl
m = 0 then:

gkl∇jR− gjl∇kR

2(n− 1)
=(A−B′)[(∇kR)∇j∇lR− (∇jR)∇k∇lR]

+BRjkl
m∇mR− C′(gkl∇jR− gjl∇kR) .

Note that A−B′ = B2 and C′ = − 1
2(n−1) −

1
2(n−1)

f
f ′
B

−B
gkl∇jR− gjl∇kR

2(n− 1)

f

f ′
= B2[(∇kR)∇j∇lR − (∇jR)∇k∇lR] +BRjkl

m∇mR .

We can factor out B 6= 0. The term B∇j∇lR is obtained from the expression (7) of the Ricci tensor. In this
substitution, terms with A cancel out:

−
gkl∇jR− gjl∇kR

2(n− 1)

f

f ′
= (∇kR)(Rjl + Cgjl)− (∇jR)(Rkl + Cgkl) +Rjkl

m∇mR .

A simplification occurs with Eq.(9):

0 = (∇kR)(Rjl −
R

n− 1
gjl)− (∇jR)(Rkl −

R

n− 1
gkl) +Rjkl

m∇mR . (10)

The contraction with ∇lR cancels out terms, leaving (∇kR)Rjl∇
lR = (∇jR)Rkl∇

lR. The equation is solved by:

Rjl∇
lR = ξ∇jR , (11)

for some eigenvalue ξ. This completes the proof of point 1 of the Theorem 1. �
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III. THE RICCI TENSOR

Let us obtain the structure of the Ricci tensor with the approach used in [22]. The result will be simplified after
showing that the shear of uk is zero.
In the following, we refer to a time-like unit vector: ∇kR = αuk, where ukuk = −1. uk is an eigenvector of the Ricci
tensor, Rkju

j = ξuk. Eq.(10) is

Rjklmum = −uk(Rjl −
R

n− 1
gjl) + uj(Rkl −

R

n− 1
gkl) . (12)

Contracting with uj , gives:

Rjklmujum = −ξukul −Rkl +
R

n− 1
(gkl + ukul) . (13)

The Weyl tensor

Cjklm = Rjklm +
gjmRkl − gkmRjl + gklRjm − gjlRkm

n− 2
−R

gjmgkl − gkmgjl

(n− 1)(n− 2)
,

is contracted with ujum to obtain the Ricci tensor, and Eq.(13) is used. It is

(n− 2)Cjklmujum =(n− 2)Rjklmujum −Rkl − ξ(2ukul + gkl) +R
gkl + ukul

n− 1

=(R− nξ)ukul − (n− 1)Rkl + (R − ξ)gkl

The resulting Ricci tensor has a quasi-Einstein term and a Weyl term:

Rkl =
R− nξ

n− 1
ukul +

R− ξ

n− 1
gkl −

n− 2

n− 1
Cjklmujum (14)

The Weyl term will be shown to be zero.

IV. THE VECTOR FIELD uk

Let us obtain now the properties of the vector field uk (∇kR = αuk).
We rewrite the Ricci tensor (7) in terms of uk:

Rkl = Aα2ukul +B(∇kα)ul +Bα∇kul − Cgkl .

The contraction with ul gives: ξuk = −Aα2uk −B(∇kα)− Cuk. Then ∇kα is proportional to uk:

∇kα = −α̇uk (15)

and the Ricci tensor is:

Rkl = (Aα2 −Bα̇)ukul +Bα(∇kul)− Cgkl . (16)

Lemma IV.1. The vector field uk is vorticity-free and acceleration-free.

Proof. Eq.(15) and the identity ∇k∇jR = ∇j∇kR, i.e. ∇k(αuj) = ∇j(αuk), give

∇juk −∇kuj = 0 . (17)

Contraction with uj gives zero acceleration: uj∇juk = 0 because ujuj = −1.

This Lemma has the consequence that the gradient of uk has the structure

∇juk = ϕ(ujuk + gjk) + σjk , (18)
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with ϕ = ∇iu
i

n−1 , and shear tensor σjk (traceless, symmetric and σjku
k = 0). The Ricci tensor becomes:

Rkl = (Aα2 −Bα̇+Bαϕ)ukul + (Bαϕ − C)gkl +Bασkl . (19)

Comparison with the expression (14) gives

Bασkl = −
n− 2

n− 1
Cjklmujum ,

and the relations

R− nξ = (n− 1)(Aα2 −Bα̇+Bαϕ)

R− ξ = (n− 1)(Bαϕ − C) .

The second one simplifies with Eq.(9), and it is used in the first one:

(n− 1)Bαϕ =
f

2f ′
− ξ (20)

(n− 1)(Aα2 −Bα̇+ ξ) = R −
f

2f ′
. (21)

Remark IV.2. A consequence of Eq.(12) is that uk is Riemann-compatible [23], that is:

uiRjklmum + ujRkilmum + ukRijlmum = 0 .

It has been proven [24] that this property also implies that uk is Weyl compatible:

uiCjklmum + ujCkilmum + ukCijlmum = 0 .

It follows that Cjklmum = ukEjl − ujEkl, where Ekl = Cjklmujum is the electric part of the Weyl tensor.

V. THE SHEAR σkl

Lemma V.1. Let us prove that

∇kσkl = ul(σkmσkm) , (22)

∇kϕ = −ϕ̇uk . (23)

Proof. Since ∇kCjklm = 0, ∇k(Bα) = (B′∇kR)α−Bα̇uk = (B′α2 −Bα̇)uk and ukσjk = 0 one evaluates:

Bα∇kσkl = −
n− 2

n− 1
Cjklm∇k(ujum) = −

n− 2

n− 1
ujCjklmσkm .

Now, let us use the property (see the above Remark) ujCjklm = ulEkm − umElk:

Bα∇kσkl = −
n− 2

n− 1
ulEkmσkm = ulBασkmσkm .

The second statement results from the identity Rjku
j = ∇2uk −∇k∇

juj, i.e.

ξuk =∇l(ϕ(uluk + glk + σlk)− (n− 1)∇kϕ

=ϕ̇uk + (n− 1)ϕ2uk +∇kϕ+∇lσkl − (n− 1)∇kϕ

=[ϕ̇+ (n− 1)ϕ2 + σijσ
ij ]uk − (n− 2)∇kϕ .

The contraction with uk gives:

ξ = (n− 1)(ϕ2 + ϕ̇) + σklσ
kl , (24)

and the previous equation simplifies to (n− 2)(∇kϕ+ ukϕ̇) = 0.
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It is now possible to obtain an equation for the shear. Eq.(12) simplifies with the expression (14) of the Ricci tensor:

[∇j ,∇k]ul = uk

[

ξ

n− 1
gjl −Bασjl

]

− uj

[

ξ

n− 1
gkl −Bασkl

]

.

The left-hand side, with the aid of the expression for ∇juk, is:

(ϕ̇+ ϕ2)(ukgjl − ujgkl) + ϕ(ukσjl − ujσkl) +∇jσkl −∇kσjl .

We then obtain, with (24):

∇jσkl −∇kσjl = (ϕ+Bα)(ujσkl − ukσjl)−
σrsσ

rs

n− 1
(ujgkl − ukgjl) . (25)

The contraction with uj and Eq. (22) gives:

σ̇kl + σ2
kl + (2ϕ+Bα)σkl =

σrsσ
rs

n− 1
(gkl + ukul) . (26)

This equation, considered in a useful coordinate frame, will imply that σjk = 0.

VI. THE COMOVING FRAME

Since uk is vorticity-free and acceleration-free, in the coordinates (t, x1, ..., xn−1) where u0 = −1 and uµ = 0, the
metric of the Lorentzian manifold has the block structure [25] eq.2.19:

gijdx
idxj = −dt2 + aµν(t, x)dx

µdxν ,

where, at any time, the metric aµν is Riemannian. With the formulae in Appendix, the relation (n − 1)ϕ = ∇ku
k

becomes:

(n− 1)ϕ = Γµ
µ0 = 1

2a
µν ȧµν . (27)

The relation ∇kuj = ϕ(uiuj + gij) + σij gives σ00 = 0, σ0µ = 0 and

σµν = Γ0
µν − ϕaµν = 1

2 ȧµν − ϕaµν , (28)

Proposition VI.1. It is possible to show that σµν = 0.

Proof. The shear is a purely spatial tensor and σµνa
µν = 0. Let us evaluate:

σµνσ
µν = (12 ȧµν − ϕaµν)a

µτaνσ(12 ȧτσ − ϕaτσ)

= 1
4 ȧµνa

µτaνσȧτσ − ϕȧµνa
µν + ϕ2(n− 1)

= − 1
4 ȧµν ȧ

µτaνσaτσ − 2ϕ2(n− 1) + ϕ2(n− 1)

= − 1
4 ȧµν ȧ

µν − (n− 1)ϕ2 .

We used 0 = ȧµνa
νρ + ȧνρaµν .

The equation for the shear tensor is

0 = σ̇µν + σ2
µν + (2ϕ+Bα)σµν −

σrsσ
rs

n− 1
aµν .

The trace is

0 = σ̇µνa
µν + σ2

µνa
µν + (2ϕ+Bα)σµνa

µν − σrsσ
rs

=− σµν ȧ
µν

=− 1
2 ȧµν ȧ

µν + ϕaµν ȧ
µν

=− 1
2 ȧµν ȧ

µν − ϕȧµνa
µν

=− 1
2 ȧµν ȧ

µν − 2(n− 1)ϕ2

=2σµνσ
µν .

Since σµν is symmetric, the eigenvalues are real. The vanishing of the sum of squared eigenvalues means σij = 0.
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Proposition VI.2. The property aµν(t, x) = a2(t)g∗µν(x) holds.

Proof. In the comoving frame uµ = 0, then Eq.(12) gives Rµνρ0 = 0. Its expression in Appendix shows that ȧµν is
the Codazzi tensor: Dµȧνρ = Dν ȧµρ.
Since σµν = 0, we obtain

ȧµν(t, x) = 2ϕaµν(t, x) .

Then aνρDµϕ = aµρDνϕ; this is true if ∂νϕ = 0 i.e. ϕ only depends on time. Integration gives the warped expression
aµν(t, x) = a2(t)g∗µν(x), where

ϕ(t) =
ȧ

a
,

which is nothing else but the Hubble parameter of Friedman cosmology.

VII. DISCUSSION AND CONCLUSIONS

In this paper, we discussed some properties of vacuum solutions of f(R) gravity. Specifically, if the shear σjk

vanishes, several formulae result simplified. In particular, the Weyl term in the Ricci tensor (14) cancels and the Ricci
tensor becomes quasi-Einstein as in Eq. (4). Finally, the velocity has the simplest expression for the gradient (5).
Furthermore, the vanishing of the Weyl tensor divergence implies Cjklmum = 0 and Ekl ≡ Cjklmujum = 0. In the
comoving frame, Ekl = 0 and aµν(t, x) = a2(t)g∗µν(x) give a space-submanifold that is Einstein:

rµν =
r∗

n− 1
g∗µν ,

with r∗ = ra2 constant and

R =
r∗

a2
+ 2ξ + ϕ2(n− 1)(n− 2) . (29)

The eigenvalue is ξ = (n− 1)(ϕ2 + ϕ̇) = (n− 1) ä
a
. The parameter α is evaluated as α = −Ṙ.

The parameters α, R, ξ and ϕ can all be expressed in terms of the constant r∗ and of derivatives of the scale parameter
a2. The f(R) gravity enters in the relations (20) and (21), that contain f and its derivatives in R up to f ′′′:

(n− 1)f ′′Ṙϕ = ξf ′ −
f

2
(30)

f ′′′Ṙ2 + f ′′R̈+ ξf ′ =
1

n− 1
(Rf ′ −

f

2
) (31)

The first equation reproduces Eq.10 in [7] in vacuo (µ = 0); the second equation is Eq.9 (with p = 0) plus n−2
n−1 times

Eq.10 in [7].
According to these considerations, if the divergence of the Weyl tensor is zero, the vacuum solutions of f(R) gravity

are Generalized Friedman-Robertson-Walker space-times which, in 4-dimensions, reduce to the standard Friedman-
Robertson-Walker solutions. This result holds, in particular, for f ′′ 6= 0 and then it generalizes the fact that f(R)
gravity in vacuum can be reduced to General Relativity plus a cosmological constant as often stated. In the present
perspective, the properties of the Weyl tensor and the geodesic structure determine the solutions.
In 4-dimensions, where the FRW metric is obtained, the difference with ordinary gravity is in the equations for the
evolution of the scale function: the Friedmann equations for f(R) = R and equations (30), (31) for f(R) with null
divergence of the Weyl tensor. Therefore, the effect of f(R) with Weyl constraint is to dress the original Friedmann
equations with new geometric effects that yield the same form of metric and manifest in a different scale function.
There are cosmological spaces that elude this analysis, because of physical processes that do not allow the stringent

requirement on the Weyl tensor to hold. For example, this is the case of de Sitter solutions derived in f(R) gravity
motivated by the inflation and the dark energy issues. In Ref.[26], the one-loop quantization approach is developed
for a family of f(R) gravity models and de Sitter universes are investigated, extending a similar earlier program for
Einstein gravity. The authors adopt a generalized zeta regularization, and the one-loop effective action is obtained
off-shell. In this framework, the (de)stabilization of the de Sitter background is obtained by quantum effects. In such
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a context, the requirements of Theorem 1 are violated by quantum effects. In fact, they consider small fluctuations
around a (de Sitter) maximally symmetric space with Riemann tensor

R
(0)
jklm =

R(0)

12
(g

(0)
jl g

(0)
km − g

(0)
jmg

(0)
kl )

and metric g
(0)
ij . In this metric the Weyl tensor is zero. However, in a perturbed metric gij = g

(0)
ij + hij the shape of

the Ricci tensor (eq. 2.11 in [27]) in general prevents the validity of ∇mCjkl
m = 0.

It is important to stress that one-loop effective actions are useful also for studying black hole nucleation rates and for
providing reliable mechanisms capable of solving the cosmological constant problem.
In conclusion, the mathematical results reported here highlight the decisive effect of the Weyl condition in restricting

the form of the vacuum solutions, and this should be of guidance in the study of realistic situations where physical
processes are acting in the observable universe.
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APPENDIX

Given the space-time metric

ds2 = −dt2 + aµν(t, x)dx
µdxν

let γρ
µν , rµνρ

σ, rµν and r be the Christoffel symbols, the Riemann tensor, the Ricci tensor and the Ricci scalar of the
space-submanifold at fixed t, and let Dµ be the covariant derivative with symbols γρ

µν , and define aµνaµρ = δµρ. The
related space-time quantities are:

• Christoffel symbols: Γk
ij = Γk

ji =
1
2g

km(∂igjm + ∂jgim − ∂mgij)

Γ0
00 = 0, Γ0

µ0 = 0, Γµ
00 = 0,

Γ0
µν = 1

2 ȧµν , Γν
µ0 = 1

2a
νρȧµρ, Γρ

µν = γρ
µν

• Riemann tensor: Rjkl
m = ∂kΓ

m
jl − ∂jΓ

m
kl + Γi

jlΓ
m
ik − Γi

klΓ
m
ij

Rµνρ
σ = rµνρ

σ + 1
4a

σλ(ȧµρȧλν − ȧνρȧλµ)

Rµνρ
0 = 1

2 (∂ν ȧµρ − ∂µȧνρ) +
1
2 (γ

σ
µρȧνσ − γσ

νρȧσµ) =
1
2 (Dν ȧµρ −Dµȧνρ)

R0µ0
ν = − 1

2a
νρäµρ −

1
4 ȧ

νρȧµρ

Rµ0ν
0 = 1

2 äµν − 1
4a

ρσ ȧνσȧµρ

• Ricci tensor: Rij = Rikj
k

R00 = − 1
2a

µν äµν − 1
4 ȧ

µν ȧµν

Rµν = rµν − 1
2 ȧµρa

ρσȧνσ + 1
2 äµν + 1

4 ȧµν(a
ρσ ȧρσ)

• Curvature scalar R = −R00 + aµνRµν

R = r + aµν äµν + 3
4 ȧ

µν ȧµν + 1
4 (a

µν ȧµν)
2

• Electric tensor Eµν = C0µν0

(n− 2)Eµν = −rµν + 1
2 (n− 3)äµν − 1

4 (n− 4)aρσȧρµȧσν − 1
4 ȧµν(a

ρσ ȧρσ) + aµν(R00 +
R

n−1 )
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