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Abstract

We consider a QEDgy41, d = 1,3 lattice model with emergent Lorentz or chiral sym-
metry, both when the interaction is irrelevant or marginal. While the correlations present
symmetry breaking corrections, we prove that the Adler-Bardeen (AB) non-renormalization
property holds at a non-perturbative level even at finite lattice: all radiative corrections to
the anomaly are vanishing. The analysis uses a new technique based on the combination
of non-perturbative regularity properties obtained by exact renormalization Group methods
and Ward Identities. The AB property, essential for the renormalizability of the standard
model, is therefore a robust feature imposing no constraints on possible symmetry breaking
terms, at least in the class of lattice models considered.

1 Introduction

According to modern understanding several symmetries of particle physics can be approximate
and emergent, see e.g. [1], [2],[3], and possibly broken at the Planck length scale. The Adler-
Bardeen (AB) non-renormalization property [4],[5],[6] is essential to ensure the renormalizability
of the Standard model, through the anomaly cancellation. The proof of the AB property is based
on identities between class of graphs and relies on the validity of Lorentz and chiral symmetry.
If the symmetry breaking terms are dimensionally irrelevant, one expects that the corrections
are of the order of the Planck divided by the particle physics length scale, hence typically
undetectable. However this would be not true if corrections are present to the AB property;
even very small radiative contributions would be amplified if they break renormalizability. It
is therefore interesting to see if the anomaly non-renormalization holds generically even when
symmetry breaking terms are present at the Planck length scale, or if in contrast its validity
requires that they are absent or at least of special form.

We consider the simple situation where the symmetry violation is produced by a lattice,
with spacing small compared to particle physics lengths but large or comparable to the Planck
length scale; lattice models are often used to mimic the violation of symmetries, see e.g.[7],
[8],[9],[10]. In particular, the model we consider is the interacting extension of the Nielsen-
Ninomiya simulation of the chiral anomaly [11], that is lattice fermions coupled with a quantum
massive photon field, with an emerging description in terms of massless QEDg4.1, d = 1,3. There
are corrections to the Lorentz invariant part of the correlations which are non-vanishing and
of order of the momentum times the lattice spacing. In contrast, we prove that the anomaly
is perfectly non-renormalized , even in presence of finite symmetry breaking terms; that is, at
least in the class of lattice models we consider, the AB non-renormalization is a robust feature
imposing no constraints on the symmetry breaking terms.



Our results are based on a novel technique based on the combination of constructive regularity
properties obtained by exact Renormalization Group (RG) methods and Ward Identities. The
contribution of irrelevant terms at each step is essential and fully taken into account. The
results are fully non-perturbative, as physical quantities are expressed in terms of series whose
convergence is established in presence of a finite photon mass, as consequence of cancellations due
to Pauli principle (see [12] for an introduction to such methods). This is a major difference with
respect to other approaches to the anomaly which give results valid only order by order, see e.g.
[13],[14]. The strategy of proof was used in [15] for irrelevant interactions and is here extended
to the marginal case. Even if the validity of the AB property is proved for the U(1) gauge
group and with a photon mass regularization, the result indicates that the anomaly cancellation
condition is common between the continuum theory and the lattice theory and suggests that
anomaly-free chiral gauge theory, as the Standard model, can be formulated non-perturbatively
by lattice formulation.

2 Lattice models and anomaly non-renormalization

The massless lattice QEDgy,11 model we consider is the interacting extension of the Nielsen-
Ninomiya anomaly simulation [11], where the interaction with a quantum photon field is in-
cluded. The detailed form of the lattice has no importance and we do a specific choice just for
definiteness.

In d = 1 we consider a linear lattice A = {x = na,n € Z}). If %%, € A, are fermionic
creation or annihilation operators defined on the Fock space and verifying {¢, Uy b= Orys
{ ¥} = {5, ¢, } = 0, the lattice Hamiltonian is

Ho = S 30 (S0atis + v vi,) — cos(Qut vy ) 1)
We define
Ge=DeuE i | et @)
where |k| < 7/a and )
Hy — J (;lf)h(k)@;@k h(k) = é(cos ka — cos ). (3)

Note that for k = +(/a + q one has h(k) = +vq + O(q%a), v = tsin(, that is the dispersion
relation is essentially linear.

In d = 3 we consider a lattice formed by two sublattices: one is A; = {nla(\%, \%,0) +
nga(—%, %,0) + n3a(0,0,1), n; € Z}, and the other is Ay = A; + a%el = A1 + ady (we

let eq1, e, e3 be the elements of the standard Euclidean basis and §; = %61, 0o = %62). We

associate a fermionic field to each sublattice w;{ ; with = € Aj, j = 1,2 and we consider the



Hamiltonian
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We pass to Fourier space :

bE = j (2d:)3eiikmzz)\]—€|:1 Y, = J (2Ciggeiikz$]:2 (5)
where the integrals are over the first Brillouin zone so that the Hamiltonian reads:
to = [ et (550 L) %5 = [ a0 o
where
a(k) = —t—/(coskzga—cosC) —l——/(cos%cos% - 1), (7)
a a
B(k) = —ésin%—kiésin%. (8)

If k1 = q1, k2 = q2 and k3 = £(/a + g3 we can write h(k) = —U101q1 — V102G2 F V0343 + O(alq|?)
with v; = t/v/2, v = t'sin¢ and q = (g1, g2, ¢3). We denote by ¥, ki = eHOmowl;iie*Hon where
x¢ is the Euclidean time; we introduce the 2-point function g; j(k) =< 12; le}\lz ; > given by the

following matrix
1

ky=———— 9
(k) —ikol + h(k) )
where k = (ko, k). A similar expression holds in d = 1. The Fourier transform of the propagator
g(k) is denoted by g(x) with x = (xq, x).

It is well known that the above lattice models admit an emerging description in terms
of Dirac particles [11]. Indeed a Dirac massless particle has propagator < WUy >=

Q)

1
ik
where k = vk, p = 0,1,..d and with {y,,7} = 25,, and the Euclidean Dirac derivative
is . In d = 1 a possible realization of y-matrices is 01 = 79, 02 = 1 and 03 = 75 with

01 0 —i 1 0 .. .
01=< . 0) 02:< ; 0> 03:< 0 _1>.Slmllarly1nd—3
(0 I o 0 0 _ I 0
0=\r o) YT \sio; o) T\ 0 -1

In addition to Lorentz invariance, Dirac particles verify gauge and chiral symmetry, implying
the conservations of the d + 1 current J, = ¥,V and axial current J, = ¥y,75V. It is also



convenient to write ¥ = (¥, ,¥_) and ¥ = ¥*r, so that the Dirac propagator can be written
as, P (k) =< U Uy >

P (k) = (—iko £ k)~ G2 (k) = (—iko T o1k1 T ooky T o3ks) ™! (10)

in d =1 and d = 3 respectively.

Let us look at the lattice propagator (9) restricting to momenta close to +(/a. We introduce a
smooth compact support function x,,(k), with w = + non vanishing only for [k—w(/a| < 1/(10a)
with ¢ = (0,¢)ind =1or ¢ = (0,0,0,¢) ind = 3. In d = 1 we define g, (k —w(/a) = x. (k)g(k)
and in d = 3 we define

Gi g (k — wC/a) = bijwxw(k)gi; (k) (11)

with &;;+ = 1, §;;— = (—1)". The function g, is the propagator restricted to momenta
around +(/a and, setting v = v; = 1 we get, calling k — w(/a = q

g+(@) =g¥ (@1 +rs(q)  |re(q)| < Calq] (12)

The lattice models (1) and (4) admit therefore an emerging description in terms of massless
Dirac partcles; the propagator for momenta far from the inverse spacing has a Lorentz invariant
part up to corrections which are small but non vanishing. Let us see what happens to the
conservation of the currents. The current in a lattice theory can be introduced using the Peierls
substitution. In d = 1 one introduces an interaction with an external gauge field by writing
Ho(4) = £ G 0 ae o400y 4 g7 A0y ) —cos(uter) (1)
x
. . . o . . 8Hy(A)
with a similar expression holding in d = 3; the current is defined as j, = W| A(z)=0, and the
lattice density is p, = 1} ¢, and they can be combined in j, = (p, j1, .., ja). The lattice density
and current vertex are close, in the sense of correlations and up to corrections as in (12), to
the Dirac ones \I/’yu\lf. Such corrections however do not prevent the conservation of the lattice
current in the sense of Ward Identities (see (26) below), as the Peierls substitution ensures gauge
invariance at a lattice level.
A different situation is encountered in the case of chiral currents. Following [11] one can in-
deed define an analogue of the chiral density and current in the lattice model, by the requirement
that it is close to the Dirac chiral current \i"y,/yg,‘li in the sense of correlations, up to corrections.

The lattice chiral density can be defined as the difference of densities of fermions around +(/a,
that isind =1

dk sinka ~, ~
~5 _ + T 14
Pr J (2m) sin¢ [ (14)
or ﬁ?’ = S (2d7rk)3 Sis?fzawl:+p¢kj; in coordinate space pa5c = _QSiing(q/J;w;-&-aeg - /(/];/l/);—a€3) or Pg =

—ﬁ(@b; Yora— Ui, _,). The definition of the axial current is given in a similar way inserting
a factor sin ka or sin k3a in the Fourier transform of the current. The axial symmetry is however
broken and there is no conservation of axial current.

Let us introduce now a dynamical photon field A,(x) (not to be confused with the external
field A,) with integration P(dA) and propagator

dk eikx

where x = (x0,z), x(k) is a cut-off function vanishing for momenta larger than O(1/a) and
M, =Mind=1and M, = a 'M in d = 3 is a regularizing mass (such a regularization is



the one adopted in [5]). For a non-perturbative analysis we find convenient to integrate out the
boson field getting a purely fermionic theory, that is

J\P(dA)eeSdXA_Mju — 662 dedyU(X—Y)ju(X)ju(y) (16)

The lattice model we consider is therefore defined by the following generating function
GW(A#’AZ’¢) — J‘P(de)eV(w’A“’AZ’(ZS) (17)

where wii (ind=3i=1,2whileind=14=1and wil = 1)¥) is a set of Grassmann variables
{v5.i> ;:j} =0, ¢,¢/ = £+ (with abuse of notation we denote the Grassmann variables with the

same symbol as fields), P(dt) is the fermionic integration with propagator (9) and

VI, A, A7, ) = Afdxdyvu,u(xa Y)inx(A)jvy(A) + vN + B, A) + JdXAi,sz,x(A) (18)

where the first term is the interaction, j, = (p,J1,..,Ja) are the lattice density and current
expressed in terms of Grassmann variables, j,(A) is obtained by j,, by the Perierls substitution,
{ dx is a notation for {dxo >, A = e? is the coupling and the second term is a counterterm to
fix the singularity of the propagator, N = {dxyf ¢y ind =1 or N = §dx (7 by, — 5 by )
ind= 3. Finally 4, AZ, ¢ are external fields (¢ is a Grassman variable) and derivatives of W
with respect to AH,AZ, ¢ give the correlations of the current, chiral current or fermionic field
respectively. In order to ensure gauge invariance for the external field A, (see (25) below) we
define

B(y, A) = fdon,xpx — (Ho(A) — Ho(0)) + 3 j a7 (19)
e==+

with Hy(A) given by (13) with Grassmann variables replacing fields and j;, ,(A) is obtained by
jix by the Peierls substitution; in particular the gauge invariant chiral density is
1 . z3+ad A . . (T3 dsA _
pa(A) = B (et POy e b By (20)
sin ¢

with As(s) = As(xg,x1,22,s) and Z(;’ is a renormalization to be properly fixed, see below; a
similar expression holds for the axial current jix(A), and Zi5 are the corresponding renormal-
izations.

The correlations are obtained by differentiating the generating function with respect to the
external fields; in particular

~ 2w ~ PW ~ PW
Gak) = =—=-lo  G21(P, k) = —~——=—=—1o G5 1(pk) = ——n -
Oy Oyt 0AupOy 0B, 0AS L0dy 0y,

lo

)

’ (21)
where given a function f(A,, Az, ¢) we denote f(A,, Ai, ®)lo = f(0,0,0) and A, is the Fourier
transform of A,,.

We define in d = 1 Gy (k — w(/a) = xw(k)G2(k) and in d = 3

G ok = wC/a) = 01 (k)G () (22)
Similarly we introduce the current correlations

. 5"+1W =R an—i—lW
F.“‘v”lv--vﬂn(pl’ "7pn) = 1= = ~ ’0 Fi,u 7~'nu'n(p1’ "7p”) = ~ ~
04, p0A py 0, o ! aAgﬁpaAm,pl...aAu(mp;
23
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By Feynman graph expansion one can see that the correlations of (17) coincide in the formal
limit in which regularizations are removed a — 0, M — 0 with massless QED in the Feynman
gauge. The lattice breaks the Lorentz symmetry, so that the parameters ¢, ¢ have to be chosen
as function of the coupling A to fix the light velocity equal to ¢ = 1; v is a counterterm to fix the
position of the singularity. The chiral symmetry is also broken and one has to fix the constants
Zﬁ in order to ensure the following condition, if k = q + w(/a, q, p small, w = +

Go1,u(p, k) = wG3 1 ,(p,k)(1 + O(aq, a(q + P)) (24)

The AB non-renormalization means that the anomaly acquires no corrections provided that the
normalizations are fixed so that (24) holds, see e.g. [6].

While the lattice breaks chiral and Lorentz symmetry (which are only emergent), our model
respects exactly gauge symmetry, as by construction

W (Ay, A}, ¢) = W (A + duox, AY, € ¢y) (25)
and from this we get the following Ward Identity expressing the conservation of the current

Pulyptspn =0 (26)

and the relation R R R
—ipuG2,1,u(P, k) = Ga(k) — G2(k + p) (27)

The chiral symmetry is broken by the lattice so that the analogue of (26) for the chiral current is
not true. In the emergent continuum theory the chiral symmetry holds exactly but nevertheless

pufi y1...un 18 MON Vanishing, what is precisely the quantum anomaly [4]. In [11] it was shown

that, in the non-interacting case, one has in the lattice theory p#fiw(p) = %ew,p# ind=1
and P#fz,y7g(P1,P2) = ﬁpl,apgﬁeaﬂ’y,a in d = 3, that is one gets the same result as the
continuum theory. We investigate what happens to the anomaly in presence of interaction with
a finite lattice.

Theorem. For small A\ and suitable v,t,t' and Zi’ chosen so that (24) holds, the correlations
of (17) are, respectively for d =1 and d = 3

Gut@) = @0+ R@)  Cula) = L)1+ R(a) (28)

where n = a)? + O(X3), Z = 14+ O(\) and R(q) non vanishing and |R(q)| < Calq|; moreover,
up to higher order terms in p

1 -~ 1
pHF/SL,V(p) = ;‘SH»VPN pﬂri,u,o(phpQ) = ﬁpl,ap&ﬁga,ﬁ,y,a (29)

The above result is an emergent Adler-Bardeen theorem, as (29) says that there are no
interaction corrections to the anomaly, even in presence of a finite lattice; its value coincides
with the one of non interacting Dirac fermions. In contrast symmetry breaking terms produce
non vanishing corrections to the correlations, see (28). The above result is rigorous, as the
presence of the lattice allows to get a full non-perturbative control on the functional integrals.

In the rest of the paper a proof of the above result is provided. In §3 we describe the
Renormalization Group analysis for the lattice model (17), and we get the main regularity
properties for the kernels of the effective potential. In §4 we get the anomaly non-renormalization
in the d = 3 case, and in §5 in the d = 1 case; finally §6 is devoted to conclusions.



3 Renormalization Group

As we are interested in the possible breaking of the AB property due the irrelevant terms, one
needs an ezact RG analysis in order to take them fully into account [17],[18]. The starting point
is the decomposition of the propagator in higher and lower energy degrees of freedom, that is

9(x) = g™ (x) + ¢V (x) (30)

where V) (k) and g(SV=1 (k) are equal to (k) times fy (k) and xn_1(k) respectively, where
,1(k) a compact support function selecting momenta such that |k — w(/a] < ¥V with
v > 1, 7 1/(10@) and fy =1— XN—1- We can use the decomposition property P(dy) =
(dd) <N NP(dyp™), where P(dypySN=D) and P(dyp™)) have propagator ¢(S¥—1(x) and
( ). The field »(N) represents the highest energy degree of freedom; its propagator gV )( )
decays at large distances faster than any power with rate 4+ and is bounded by 7V, and it can
be integrated out safely. Note that yy_1(k) as a function of k has support in two disconnected
regions around +¢/a; we can therefore, after shifting the momenta, write

g($N—1)(X) _ Z eingg(géN—l)(X) ;?F(SNfl) _ Z ejing i(xéNfl) (31)
w==%

In conclusion we get
W (A, A%L0) _ J P(dyp SN0 PNV @SN 10 00.0,47.4,)

- Jp(d¢(<N—1))eV(N”(w(gN”,@Ai’Au) (32)

with VIN=D (p(SN=1) Aquu) equal to 7 LET(V;n) and EY is the truncated expecta-

n=0 n!
tion, that is the sum of connected Feynman graphs. The effective potential V(V=1) is given

by
VO = 3 sty s o5 I 4z 39
Im

l
=1 =1

where X = X1,.,X, Y =¥1,-+Ym, J = 1,2ind=3orj=1ind=1,¢,=4+, p=0,1ind=1
and 1 =0,1,2,3ind =3, w=+and o =05 (45, =A,y).

Note that the RG integration step has two effects; the first is that the potential is now
expressed as sum over monomials of fields of every order and the second that the field is splitted

_1)

in two components labeled by w = +. The kernels WI(TIZ are expressed by convergent series

in \; this follows from the representation g™ (x —y) = (fx, gy) where (,) is a suitable scalar
product and the fact that fermionic expectation can be written as the determinant of a Gram
matrix M with elements (fx,, gx;) with bound |det M| < [ ][] fx,|l|lgx;|]; see e.g. [19] or [12].

We integrate the lower degrees of freedom writing gU(J <N-D hN__,loo g&h) where g&h) has cut-
off function f;, with support in "1 < |k¥(/a| < v"*1; by integrating the fields ww , fuN 2), . L(uh)
we get an expression similar to (32) with P(di)(S")) with propagator
dk  e™*x (k)
(<h) = Xh +rh(x 34
A560) = [ i g e 1k (34)
where xp = ZZ:_OO fr and in d = 1 one has ag,p = 1, a1 p = —iwvy and in d = 3 one
has agwn =1, a1 un = —i010p1, Qo4 p = —i020p1, O34, = —iwo3vy3; the first term is

bounded by 7" and decays faster than any power in 7" |x|, while the second is smaller, being



bounded by v av". The velocities are such that v, — v_o, = vg + O(\) and we can tune the
parameters such that v_o = 1. We call o, simply «, , with h = —co. With this choice the
first term in the r.h.s. of (34) is the relativistic propagator at scale h.

The effective potential V" can be decomposed in an irrelevant part, containing all the mono-
mials with negative scaling dimension D = (d + 1) —dn/2 —m , and a relevant and marginal
part D > 0. The marginal term linear in A have the form

Z j d+1 Mvh A#,P jﬂ,W,P +7Z hAupj/L w,p] (35)

with (in d = 3 b= (1217122))

Jpw,p :J 2 d)dH v p eV Ju, wp= Zﬁf (Qd)l;rllﬁw k+pPy, w¢w k O‘;Bhw = Wy
(36)
The factors Z, 5, or Z° h are the renormalizations of the current and axial current respectively.
The relevant term is v"vy, Y. §dxyyf ,avy, with @ =1ind =1 and o3 in d = 3 and v has to
fixed so that so that v, = O(y"~V). Finally in d = 1 there is a marginal interaction

[t s s (37)

which is absent in d = 3.
The kernels I/Vl(fn) are obtained, see e.g. [12], by contracting the effective potentials at previous

h)

scales, and one can distinguish the contributions Wé I'm

terms, from the contributions Wb(};)m obtained contracting at least an irrelevant or relevant v

term; the series expansion are convergent and the following bound holds [12]

, obtained contracting only marginal

f (x/x)|W), (%) < CyPhy =61 g, —0,6,=1 D=(d+1)~dl2—m (38
Note that there is an essential difference between the d = 3 and d = 1 case; in the first case to
Wa(};l)m no vertices with more than two fermionic lines contribute, while in the second also the
local vertices quartic in v contribute.

The flow of the running coupling constants and renormalizations is quite different. In the
d = 3 case [20] the terms with more than 2 fields have negative dimension so that

5
Dl 11000 N) oy = p O Y)Y DL 1 0(x ) % = 1+O(M" )
Z Zyh Zh
(39)
by (38). We choose the parameters so that v, = 1 + O(Ay"~V).Defining Z,, _o = Z,,, Zg,oo =
ZZ’, Z_o = Z we can write
Dy = Zu+ O(X" ) (40)

and similar expressions for Zj, Z,, .
In the d = 1 case [21] in contrast the interaction is marginal and the beta function of the

renormalizations is given by
Zp—

h

L—14+aX +00) (41)

and similar expressions holds for Z,,; and Zﬁ - It turns out that, as a consequence of the
emerging chiral symmetry, the beta function for A\, is asymptotically vanishing Ap_1 = Ap +



O(A\2y"=N) and the same is true for the velocity. Note that, as A, — A_o = A + O(\2), then
the renormalization can be singular as h — —o0; in particular

Zp, ~ ~1h=N) (42)

with n = —aA2 + O(\3).

The conclusion of the above analysis is that , if we suitable fix the velocities vy and the
counterterms v one gets (28), that is Lorentz invariance emerges up to corrections which are
small if q is far from the lattice scale.

4 Anomaly non-renormalization; the irrelevant case

In d = 3 the interaction is irrelevant and, by (38), for k ~ w(/a, p ~ 0, w = + ég(k) =
%g(k)(l + O(aq)) and

Go,1,(p, k) = Z,Ga (k) wCGa(k+p)(1+R) G54 ,(p.k) = w2 Z5Ga (k) wGa(k+p)(1+R)

(43)
with |R| < Ca(|q|,|q + pl). Note the perfect proportionality of the vertex function to Z,, Z}
which is not true in the marginal case (the R term is not subdominant). We know from the
previous section that Z,Z,, Zg are expressed by convergent series depending on all details at

the lattice scale; the Ward Identity (27) implies the exact relation
2y

=1 44

s (44

A similar identity is not true for ZS and generically ij /Z,, is anon trivial function of A. Therefore
in order to ensure the validity of (24) we choose

Z
Zi= 5 (45)
I ZE
The anomaly coefficient is expressed in terms of
T o 7 (h)
h=-—00
By (38) it is bounded by
N
|Fz,m,;¢3(p17p2)l <C Z A < (47)
h=—00

so that it is continuous as a function of p1, po; it is however not differentiable as each derivative
produces an extra 4~". The continuity combined with Ward Identites (25) are sufficient to

prove that F/i, 1.2 (0,0) = 0 without any explicit computation: it is sufficient to write from (25)

pl’ulfi7ul7u2(p1,p2) = 0 at p1,1 = p1 and zero otherwise and use continuity. One would be

5
51,1027

lack of differentiability, and indeed f‘z u1,u0 Das non vanishing derivatives.
Regularity properties are a very efficient tool to get information on the property of the
anomalies, once that I‘i i (P1, p2) is suitable decomposed in order to get advantage from the

dimensional gain in (38). We write, p = p1 + p2

tempted to iterate this argument for the derivative of r but that is impossibile for the

FZ,V,O’(plu p2) = <¢/7\i,p;jl/yp1;j@p2> + A(p1,P2) (48)



where A is the Schwinger term and 3 the interacting current (obtained by the derivative in A).
A has the same bound as the terms with m = 2,1 hence they are differentiable. In absence of
interaction A = 0 <j;51,p; Ju.p1; Jo.psy 15 expressed by the triangle graph. In presence of interaction,
the RG analysis of the previous section says that

N N
B> ik 7k
Upps Jvpri Jopa) = 2 Wé,o),:% + Z Wb(,O?S (49)
h=—00 h=—w0
where the first term, containing only marginal source terms, is the triangle graph with propaga-
tors g(h) /7y, and vertices associated to Z, 5, Z 2 5, While the second is a series of terms with an
arbitrary number of quartic interactions, see Fig. 1. According to the bound (38) we have

N Y N
SNojewihl < Y M < e (50)

h=—0 h=—0o0

so that ﬁ\/b(}é) is differentiable while I//I\/CE’%)’3 is not.

3
§ $

Sy s R A

Figure 1: The decomposition of (%, ,; J.p1 Jo,pa)-

We can replace in the renormalized triangle graph the values of 7, , Zi,hﬂ’h with their

limiting value; the difference has again an extra O(y"~V) so gives a differentiable contribution.
Summing over the scale h has the effect that the cut-off f; of single scale propagators add up
to x = Zi\[:—oo fn so that we get at the end

N 575
VAV AWV
h
Z Wa(,O),?) =+ ;3’/ UIu,v,a(P17P2)+G(p1,P2) (51)
h=—00

where the second term is differentiable while I, ., ,(p1, p2) is the relativistic triangle graph with

propagators Xi(—;{k), that is with a momentum cut-off. In conclusion

A 2757, Z,
Fz,u,a <p17 p2) = % Lyve (P1,p2) + Hg,l/,a (p17 p2> (52)
where H 27,/,0, is continuously differentiable. By (44),(45) we get
Z57°7,7
% -1 (53)

In addition the contribution from the first term in (52) can be explicitly computed, see [15], and
one gets

1 1
puI;L,V,cr(plap2) = Wpl,aplﬁgaﬁua pl,zx[u,u,cr(plap2) = Wpl,aplﬁgaﬁua (54)

up to higher order terms, cubic in the momenta; moreover p2 51, ,.(P1, P2) = P2,0 .00 (P2, P1) =
#pgﬂpl’gea,g%y. Note that the r.h.s. of (54) do not depend on the cut-off 1/a; moreover either

10



the current and the chiral current are not conserved in I, , , as the momentum cut-off breaks
the local gauge invariance.

It remains to evaluate the second term in (52); it depends on all the irrelevant terms and
is expressed by a complicate series so it cannot be explicitly computed; however we show now
that the information that is differentiable combined with Ward Identity (25) is sufficient for its
determination. Indeed from the WI (25) we get

P}, (P1,P2) =0 (55)
We use now the decomposition (52) and the differentiability of HBMU to expand up to first order
(— + % 5 (0,0)+ % W5 (0,0)+0(p*) (56)
- 67-(-2 pl,ap2,65a,6,,u,,cr plvl/plva ap17a w,v,o ) p17yp275 apQ,ﬁ wv,o ’ p
From the above relation we get ap‘i QHSMU(O, 0) + ap%Hu,a,O(Ov 0) =0 and
1 0 5
@60@57%0 = _m ;L,a,a(ovo) (57)
Similarly from pg,gfu,y,o(pl, p2) = 0 we get
0=t + ‘ H (0,0) + ‘ H (0,0) +O(p?) , (58)
= o 5 € o A~ o\Y, o ~_ o\Y, ’
67-1—2 p2,0{p17ﬁ Ol,ﬁ,,u,,l/ p27 p17a ap17a v, p27 p27ﬁ apz,ﬁ v, p
and #sa,g%y = —ﬁHMV’a(O,O). Finally
0 0 1 1
Hu,l/,a(pla PZ) = pl,amHu,zx,a(Oa 0)+p2,BmHM,V,J(Oa 0) = _Wpl,aga,a,u,u_WPZﬂsu,ﬂ,u,a
(59)
so that
~5 1
Pullvo(P1,P2) = 5 (PLaP2,sCa,bvo ~PLaP2uEo 0y~ P2EPLIE VS ue) = 5 3 PLaP2FCa b
(60)

up to higher orders terms in p. This says that the AB non-renormalization property holds even
in presence of symmetry breaking terms.
5 Anomaly non-renormalization; marginal interactions

We have derived in the previous section the AB non-renormalization in a case where the in-
teraction is irrelevant; this is in contrast with the d = 3 case with massless photons where the
interaction is marginal. However we show now that even in d = 1, where the interaction is
marginal, the AB renormalization holds exactly. Again we can decompose

%, (p) = T5%(p) + T35 (p) (61)

where fi‘f, contains only marginal terms and f‘zl,), at least an irrelevant or relevant term; therefore
by (38) we get

N
5 (p) < Y A7) (62)
h=0

with 8, = 0,0, = 1; therefore the first term in (61) is not continuous while the first is continuous.
Fz?,(p) has a relativistic structure and we could try to follow a strategy similar to the one in

11



the previous section. There is however a major difference; now there are marginal terms quartic
in the fields, so that the first term is expressed as a series of renormalized graphs and not by a
single term. As the dominant part now corresponds to an interacting theory, it seems that it
cannot be explicitly computed. We can however introduce a relativistic QF'T describing Dirac
fermions in d = 1+ 1 with a current-current non local interaction; the corresponding generating
function is given by

Wret(A,A%,6) f P(dyySK ) o Z? Sy vy )iinixim,y + 2, Zu §deApdut S, Z; dseAp iy + [ dx(d 6+ )

(63)
where w:{,w, w = + are Grassmann variables, jox = w;er;’Jr + 1/’:{,7%:,77 Jix = i(w;+1/};+ —

of b ), P(dy<E) has propagator, if w = +, @EJSK)(k) = Z(Xilii(i)k) with xx (k) a cut-off
) ’ —IRpTW

function non vanishing for |k| < v and v(x — y) decaying exponentially with rate 1/a. This
theory is in a sense the regularization of the scaling limit of the previous one, and it verifies the
chiral global gauge invariance (which is broken by the lattice).

The RG analysis of (63) is similar to the one in §3 and we can choose the parameters
Z, Zﬁ, Zw Ao in (63) as function of A so that the limiting value at h = —o0 of the corresponding
running coupling constants is the same as in the lattice theory. By this choice the difference in
the running coupling constants is O(y"~V) so that we get the decomposition

PPWre(A, A% ) *Wye (A, A%, ¢)
0A30A, 04,04,

. (p) = 2 o+ Hp,(P)] Tuw(p) = [ o+ Huw(p)] (64)
where H,, ,(p), H 27,/(p) continuous by (38); similarly, up to subdominant terms in the momen-
tum,

é‘, 82 Wrel (’;‘, 83 Wrel A5 5 83 Wrel

2 Y 0,06+ 06 Bl T T M 00 06 (65)

= —=< = 2
lelonNelon ’
We can take advantage from the fact that the model (63) verifies global and axial symmetries;
however local symmetries are broken by the presence of the momentum cut-off and this produces
extra anomalous terms in the WI for the global and axial current. Note indeed that, if D, (k) =
—iko + wk
955 (1) = g5 (ke + p) = 857 (1) Doy (p)g5) (ke + p) = 5 (W) C ke, )5~ (ke + p) - (66)
with C(k,p) = Du(k)(xx (k) — 1) — Dy(k + p)(xx' (k + p) — 1) (the r.h.s.would be zero in
absence of cut-off). The presence of this extra term produce an additional factor in the WI, see

Fig. 2; as proven in [21] in the K — oo limit the following WI for the vertex and chiral vertex
are obtained

D 1 a:?)I/Vrel + p1 a3VV7’el 1 62I/Vrel aZWTel /R’7))

—lP) =~ —=X ~_ S ~ T = ~_ S = = ~_ S - ~_ = o1

ZO aAOvPa¢k,wa¢li_+p,w Zl aAlvPa¢k,w&¢li_+p,w Z(l - 7—) a(blc,z,uagzsli_,w agbk-‘rp,w(’;‘(z)l—"<_+p,w
1 63Wrel Y41 agwrel - w a2VV7"el 62Wrel

iPo== —= == = = ~———=— — —= =
e Zg 6Ag,p6¢1:,wa(z)l—zrp,o.z Zl5 aA?,pa¢£,wa¢li_+p,w Z(l + T) ad)l;wa¢ltw aqbl:+p,wa¢:+p,w)
and 7 = A\yp/4m. The extra term in the WI produced by the C- term reduces, in the limit
K — o0, to the vertex function times the constant 7 (which is the graph for the anomaly in
d = 1 with momentum cut-off).
The fact that the vertex and 2-point function of (67) and lattice model (computed at q+w(/a
with q small) are close up to O(aq) terms says that the first of the WI (67) coincides with (27);
this imposes constraints for the parameters of effective QFT (63), that is

7 Z
Fd-1 2Lo1-7 (68)
Z 7



We have now to choose Zﬁ by (24); from (67) in the limit pg — 0,p — 0

§ | | é

= — -

7N | I /N

Figure 2: The WI for the vertex function of (63) where the last term is the extra term due to

the C factor.

A Z578 W, A 7 W,
Gg,l = lWw—= 00 60 = Tfi G271 =1= 0 (90 N Tfi
Z(1+7) 6¢)k7w8¢k7w Z(1—r7) é’(;ﬁkvw&qbkw
and a similar expression for u = 1 so that
1+7 7 7
2= T 42
7 7

The WI for the current correlations of (63) are

Z Z PWea _ epupy 1 Z Z ®We by 1
Zpu o Z 7 o

752,08304, 1+72m P %52, 0804, 1-7 2

and from (68), (70)

6 W 1 1 02w 1
5 rel 5
Z — = < = -
Eu,yp,uQ 1 EV bvz, 5 V 5p,upp2

Now we use that the lattice Ward identity (25) and the decomposition (64)

p 12, = Z5Zpy[ﬂ +H,,] =0
w0 a504,

from which we get
1+7) 1
Ep,u ZE pp%

+puHy(p) =0

In contrast with Fzyy(p), we know that H,, ,(p) is continuous in p so that

(1+7)1
_Sp’“Tgﬂ = H,,,(0)

and, up to higher orders in p

a Wrel
Zpﬂ H/ A5aA +HH7V] =

(1—71) (I+7) 1 1

S o Pu— G5 —Pu = [(1—7)+(1+ T)]Eu,vpug = EpvPu

(71)

(73)

(74)

(75)

(76)

so that the factor 7, depending on A, cancels out and also in the marginal case the anomaly is

non-renormalized.
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6 Conclusions

The renormalizability of the Standard Model relies on the AB non renormalization property
which is used in the anomaly cancellation. It is therefore interesting to see if the anomaly non-
renormalization holds generically even when symmetry breaking terms are present at the Planck
scale, or if in contrast its validity requires that they are absent or at least of special form. We
have investigated such a question in QED lattice model both when the interaction is irrelevant
or marginal, showing that the AB property holds exactly even if Lorentz or chiral symmetry is
broken and corrections to correlations are present. The fact that the corrections to the anomaly
are due to irrelevant terms requires the use of exact and non-perturbative RG methods. It would
be interesting to establish a similar property removing the mass regularization of photons; in
such a case fermionic cancellations are not sufficient to achieve convergence and large/small field
decomposition is necessary to get non-perturbative results.
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