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Background: Ground-state spins and magnetic moments are sensitive to the nuclear wave function, thus they
are powerful probes to study the nuclear structure of isotopes far from stability.
Purpose: Extend our knowledge about the evolution of the 1/2+ and 3/2+ states for K isotopes beyond the
N = 28 shell gap.
Method: High-resolution collinear laser spectroscopy on bunched atomic beams.
Results: From measured hyperfine structure spectra of K isotopes, nuclear spins, and magnetic moments of the
ground states were obtained for isotopes from N = 19 up to N = 32. In order to draw conclusions about the
composition of the wave functions and the occupation of the levels, the experimental data were compared to
shell-model calculations using SDPF-NR and SDPF-U effective interactions. In addition, a detailed discussion
about the evolution of the gap between proton 1d3/2 and 2s1/2 in the shell model and ab initio framework is also
presented.
−1
hole.
Conclusions: The dominant component of the wave function for the odd-A isotopes up to 45 K is a π 1d3/2
−1
−1
47,49
K, the main component originates from a π 2s1/2 hole configuration and it inverts back to the π 1d3/2
in
For
−1
51
K. For all even-A isotopes, the dominant configuration arises from a π 1d3/2
hole coupled to a neutron in the
−1
⊗ ν(pf ) is observed leading to
ν1f7/2 or ν2p3/2 orbitals. Only for 48 K, a significant amount of mixing with π 2s1/2
−1
−1
⊗ ν2p3/2
.
a I π = 1− ground state. For 50 K, the ground-state spin-parity is 0− with leading configuration π 1d3/2
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I. INTRODUCTION

The shell structure of nuclei established by Goeppert-Mayer
[1] and Haxel et al. [2] more than 60 years ago is the
corner stone of nuclear structure described by the shell model.
However, a few decades later, with systematic studies of
nuclei with large N/Z ratio, known as “exotic nuclei”, it was
observed that the original shell gaps are not preserved and
“new” shell closures appear [3–5]. This fact continues to attract
the attention of many experimentalists and theorists who try to
understand the origin of these changes. Nowadays, despite the
experimental challenges, a large variety of exotic nuclei can
be produced and studied with the highest precision in facilities
around the world [6,7]. These experimental data are used by
theorists for fine tuning of the effective interactions in order to
improve their descriptive as well as predictive power [8].
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In the past decade, the region below Ca (Z < 20) with
20  N  28 was investigated intensively, in particular the
evolution of the π sd orbitals as a function of neutron number
(for review see, e.g., Refs. [9,10]). The energy spacing between
the 1/2+ and 3/2+ levels as a function of the νf7/2 occupancy
and the evolution of the N = 20 and N = 28 shell gaps with
decreasing Z for odd-A K (Z = 19), Cl (Z = 17), and P (Z =
15) was presented by Gade et al. [10], with experimental results
compared to shell-model calculations up to N = 28. The inversion of the 1/2+ and 3/2+ states in the Cl chain is observed for
the half-filled ν1f7/2 orbital. The same effect appears for potassium isotopes, but only when the same orbital is completely
filled, at N = 28. In addition, the evolution of the effective
single-particle energies (ESPE) for potassium isotopes (singlehole states in Ca isotopes) based on shell-model calculations is
discussed by Smirnova et al. in Ref. [11], where a degeneracy
of the π 2s1/2 and π 1d3/2 levels is predicted to occur at N = 28
and returns to a “normal” ordering (π 2s1/2 below π 1d3/2 )
approaching N = 40 (Fig. 1(c) in Ref. [11]). The reordering
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FIG. 1. (Color online) Experimental energies for 1/2+ and 3/2+
states in odd-A K isotopes. Inversion of the nuclear spin is obtained in
47,49
K and reinversion back in 51 K. Results are taken from [16,23–25].
Ground-state spin for 49 K and 51 K were established [22].

of the orbitals is driven by the monopole part of the protonneutron interaction, which can be decomposed into three components: the central, vector, and tensor. Initially Otsuka et al.
[12] suggested that the evolution of the ESPEs is mainly due to
the tensor component. However, in more recent publications
[11,13,14] several authors have shown that both the tensor
term as well as the central term have to be considered.
Regarding the shell model, potassium isotopes are excellent
probes for this study, with only one proton less than the magic
number Z = 20. Nevertheless, little and especially conflicting
information is available so far for the neutron-rich potassium
isotopes. Level schemes based on the tentatively assigned spins
of the ground state were provided for 48 K [15] and 49 K [16]. In
addition, an extensive discussion was presented by Gaudefroy
[17] on the energy levels and configurations of N = 27,28,
and 29 isotones in the shell-model framework and compared
to the experimental observation, where available. However, the
predicted spin of 2− for 48 K, is in contradiction with I π = (1− )
proposed by Królas et al. [15]. In addition, the nuclear spin of
the ground state of 50 K was proposed to be 0− [18] in contrast
to the recent β-decay studies where it was suggested to be
1− [19]. The ground state spin-parity of 49 K was tentatively
assigned to be (1/2+ ) by Broda et al. [16], contrary to the
earlier tentative (3/2+ ) assignment from β-decay spectroscopy
[20]. For 51 K, the nuclear spin was tentatively assigned to be
(3/2+ ) by Perrot et al. [21].
Our recent hyperfine structure measurements of potassium
isotopes using the collinear laser spectroscopy technique
provided unambiguous spin values for 48–51 K and gave the
answer to the question as to what happens with the proton sd
orbitals for isotopes beyond N = 28. By measuring the nuclear
spins of 49 K and 51 K to be 1/2 and 3/2 [22], respectively,
the evolution of these two states in the potassium isotopes
is firmly established. This is presented in Fig. 1 for isotopes
from N = 18 up to N = 32 where the inversion of the states
is observed at N = 28 followed by the reinversion back at
N = 32. In addition, we have confirmed a spin-parity 1− for
48
K and 0− for 50 K [26]. The measured magnetic moments
of 48–51 K were not discussed in detail so far and will be
presented in this article. Additionally, based on the comparison
between experimental data and shell-model calculations, the
configuration of the ground-state wave functions will be

FIG. 2. (Color online) Schematic representation of the setup for
collinear laser spectroscopy at ISOLDE.

addressed as well. Finally, ab initio Gorkov-Green’s function
calculations of the odd-A isotopes will be discussed.
II. EXPERIMENTAL PROCEDURE

The experiment was performed at the collinear laser
spectroscopy beam line COLLAPS [27] at ISOLDE/CERN.
The radioactive ion beam was produced by 1.4-GeV protons
(beam current about 1.7 μA) impinging on a thick UCx target
(45 g/cm2 ). Ionization of the resulting fragments was achieved
by the surface ion source. The target and the ionizing tube
were heated to around 2000 ◦ C. The accelerated ions (up to
40 kV) were mass separated by the high resolution separator
(HRS). The gas-filled Paul trap (ISCOOL) [28,29] was used
for cooling and bunching of the ions. Multiple bunches spaced
by 90 ms were generated after each proton pulse. The bunched
ions were guided to the setup for collinear laser spectroscopy
where they were superimposed with the laser. A schematic
representation of the beam line for collinear laser spectroscopy
is shown in Fig. 2.
A cw titanium:sapphire (Ti:Sa) laser was operated close
to the Doppler-shifted 4s 2S1/2 → 4p 2P1/2 transition at
769.9 nm, providing around 1 mW power into the beam
line. Stabilization of the laser system during the experiment
was ensured by locking the laser to a reference Fabry-Perot
interferometer maintained under vacuum, which in turn was
locked to a frequency stabilized helium-neon (HeNe) laser.
An applied voltage of ±10 kV on the charge exchange cell
(CEC) provided the Doppler tuning for the ions, which
were neutralized through the collisions with potassium vapor.
Scanning of the hyperfine structure (hfs) was performed by
applying an additional voltage in a range of ±500 V. The
resonance photons were recorded by four photomultiplier
tubes (PMT) placed immediately after the CEC. By gating
the signal on the PMTs to the fluorescence photons from the
bunches, the signal was only recorded for about 6 μs when
the bunches were in front of the PMTs. Consequently, the
background related to the scattered laser light was suppressed
by a factor ∼104 (6 μs/90 ms). More details about the setup
can be found in Ref. [26].
III. RESULTS

In Fig. 3 typical hyperfine spectra for 48–51 K are shown.
The raw data are saved as counts versus scanning voltage. The
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peak in the hyperfine spectrum of 50 K corresponds to I = 0
[26]. The deduced magnetic moments and the implication for
the nuclear structure of the potassium isotopes will be reported
in this article.
The observed hyperfine A parameters of the ground and
the excited states for all studied isotopes are presented in
Table I. The results are compared to the literature values from
[32–34]. Compared to the results from earlier atomic beam
laser spectroscopy studies [32], the precision has been increased by an order of magnitude for most of the values. The
hyperfine A parameters for 48–51 K were measured for the first
time. For the isotopes/isomer with I = 0, there is no hyperfine
splitting of the atomic states, thus the A parameters are equal
to 0.
The relation between A parameters and magnetic moments
is given by A = μB0 /I J , where B0 is the magnetic field
induced by the electron cloud at the position of the nucleus.
As B0 is to first order isotope independent, magnetic moments
were deduced relative to 39 K using Eq. (1):
μ=

FIG. 3. (Color online) The hyperfine spectra of 48–51 K (a)–(d)
obtained by collinear laser spectroscopy. The spectra are shown
relative to the centroid of 39 K.

conversion from voltage to frequency was carried out by using
the masses from [30] and applying the relativistic Doppler
formula. The spectra were fitted with a Voigt line shape
using common width for all components. The χ 2 -minimization
procedure MINUIT [31] was used with A parameters [A(S1/2 )
and A(P1/2 )], the center of gravity and the intensities left as
free fit parameters. Nuclear spins, magnetic moments, and
changes in mean square charge radii were extracted model
independently. From the intensity ratios of the hyperfine
components, the nuclear spin of 48 K and 51 K were determined
to be I = 1 [26] and I = 3/2 [22], respectively. Since only
three peaks are observed in the hyperfine spectrum of 49 K, a
spin of I = 1/2 can be unambiguously assigned [22]. A single

A(2S1/2 )I
μref .
Aref (2S1/2 )Iref

(1)

The reference values were taken from atomic-beam magnetic resonance measurements, where precise values are reported to be Aref (2S1/2 ) = +230.8598601(7) MHz and μref =
+0.3914662(3) μN [35].
As the magnetic moments of potassium isotopes were determined with 10−3 –10−4 relative precision, one cannot neglect
the hfs anomaly between two isotopes, arising from the finite
size of the nuclei. This slightly modifies the A parameters [36]
and gives a small correction of Eq. (1) which is expressed by
 =

39 A

A39 (S1/2 )/g(39 K)
− 1,
AA (S1/2 )/g(A K)

(2)

being different from zero. In Eq. (2), the g factor is g = μ/I .
The dominant contributions to the hfs anomaly are originating
from the difference in the nuclear magnetization distribution
(Bohr-Weisskopff effect [37]) and difference of the charge
distribution (Breit-Rosenthal effect [38]). In the case of
potassium isotopes, the hfs anomaly was measured for
38–42
K relative to 39 K [33–35,39,40]. In order to assess the
additional uncertainty on the magnetic moments for all

TABLE I. Magnetic hyperfine parameters for neutral potassium from this work and comparison with literature values [32–34].
Isotope
38

K
K
39
K
42
K
44
K
46
K
47
K
48
K
49
K
50
K
51
K
38m

a

Iπ

A(2S1/2 ) (MHz)

A(2P1/2 ) (MHz)

Alit (2S1/2 ) (MHz)

Alit (2P1/2 ) (MHz)

3+
0+
3/2+
2−
2−
2−
1/2+
1−
1/2+
0−
3/2+

+404.3 (3)
0
+231.0 (3)
−503.7 (3)
−378.9 (4)
−462.8 (3)
+3413.2 (3)a
−795.9 (3)
+2368.2 (14)
0
+302.5 (13)

+48.9 (2)
0
+27.8 (2)
−61.2 (2)
−45.8 (2)
−55.9 (2)
+411.8 (2)
−96.3 (3)
+285.6 (7)
0
+36.6 (9)

+404.369 (3)
–
+231.0 (3)
−503.550779 (5)
−378.1 (11)
−465.1 (12)
+3420.2 (29)
–
–
–
–

−
–
+27.5(4)
−60.6(16)
−44.9(11)
−55.7(13)
+411.9(50)
–
–
–
–

After reanalysis, the uncertainty on this value was increased from 0.2 to 0.3 MHz.
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TABLE II. Estimated hyperfine structure anomalies of potassium
isotopes. Experimental results for the hyperfine parameters were used
to calculate (39 δ A ) from Eq. (3). For 40,41 K experimental data were
taken from [35,39,42]. The (A K) parameters for all isotopes are
calculated from Eq. (4) and are listed in the next column. For the
reference isotope, it was found to be (39 K) = 0.165. The estimated
hyperfine structure anomalies from the model (39 Atheo ) described by
Bohr (see text for details) are shown as well. In the last column,
the hyperfine structure anomalies from literature (39 Alit ) are given
[33–35,39,40].
Isotope

39 A

Iπ

δ (%)

(A K)

39

Atheo (%)

K
K
41
K

3+
0.53 (44)
4−
0.43 (17)
3/2+ −0.23 (31)

−0.006
−0.379
0.398

0.17
0.54
−0.23

42

2−
3/2+
2−
3/2+
2−
1/2+
1−
1/2+
3/2+

−0.265
0.560
−0.302
0.521
−0.275
−0.126
−0.211
−0.121
0.097

0.43
−0.39
0.47
−0.36
0.44
0.29
0.38
0.29
0.07

38
40

K
K
44
K
45
K
46
K
47
K
48
K
49
K
51
K
43

0.99 (36)
–
0.47 (47)
–
0.40 (39)
0.28 (16)
0.57 (35)
0.24 (29)
0.57 (250)

39

Alit (%)

0.17(6)
0.466 (19)
−0.226 (10)
−0.22936 (14)
0.336 (38)
–
–
–
–
–
–
–
–

measured isotopes, the hfs anomaly was estimated from the
experimental data as well as from theoretical calculations.
According to the approach proposed by Ehlers et al. [41],
the differential hyperfine structure anomaly (39 δ A ) between
two different electronic states is defined as
δ =

39 A

A39 (S1/2 )/A39 (P1/2 )
− 1,
AA (S1/2 )/AA (P1/2 )

(3)

where the A parameters for the reference isotope 39 K were
taken from literature [35,42]. The value of the hyperfine
structure anomaly can be approximated by the differential
hyperfine structure anomaly, which is good to a few percent.
This is good enough considering the accuracies of our
experimental results. Differential hyperfine anomalies are
presented in Table II (column 3). For 40,41 K, the experimental
results from literature were used: the A(S1/2 ) parameter from
[35,39], while the A(P1/2 ) parameters were taken from [42].

It should be noted that for 43,45 K no data for A(P1/2 ) were
obtained. In addition, theoretical calculations were performed
following Bohr [36]. The hfs anomaly was estimated to
39
A
A
be 39 A
theo = ( K) − ( K), where ( K) is a perturbation
factor due to the finite size of the nucleus. It can be calculated
using [36]
 = −[(1 + 0.38ζ )αs + 0.62αl ]b(Z,R0 )(R/R0 )2 .

(4)

In Ref. [36], all parameters from Eq. (4) are defined and for
some of them values are tabulated. Theoretical estimations of
the  parameter and hfs anomaly (39 A
theo ) are listed in Table II
(columns 4 and 5). Hyperfine structure anomalies of the
potassium isotopes known from the literature [33–35,39,40]
are shown in the last column of Table II (39 A
lit ).
For all isotopes except 42 K, the hyperfine structure anomaly
estimated from the experimental results is in agreement
with the calculated ones. The values for odd-odd nuclei are
systematically higher than for odd-even, thus we will quote
different additional uncertainties on the magnetic moments (in
square brackets in Tables III and VII), namely 0.3% and 0.5%
for odd-A and even-A isotopes, respectively.
IV. DISCUSSION

Nuclei with one particle or one hole next to a shell closure
are excellent probes for testing shell-model interactions. In
this context, the investigation of the potassium chain is of great
interest, since it has a hole in the π sd orbital and it covers two
major neutron shells, N = 20 and N = 28, and one subshell
at N = 32.
In what follows, the experimental results from our work are
compared to shell-model predictions. The calculations were
carried out using the ANTOINE code [43] for two effective
interactions: SDPF-NR [44,45] and SDPF-U [46]. The latter
is a more recent version of the SDPF-NR interaction where the
monopole part was refitted by including more experimental
results from nuclei with one particle or one hole next to the
closed shell for protons or neutrons such as 35 Si, 47 Ar, and
41
Ca. The calculations have been performed in the 0ω shell
model space beyond a 16 O core and with valence protons
restricted to sd orbitals and neutrons to sd or pf orbitals.
Neutron excitations across N = 20 were prohibited. In order to
account for missing interactions among the valence nucleons
as well as with the nucleons from the core, the calculations

TABLE III. Experimental magnetic moments (in units of μN ) compared with the calculated ones using two effective interactions: SDPF-NR
−1
⊗ ν(fp) in the ground-state wave function is given in %. If available, the literature values
and SDPF-U. The predicted amount of the π 1d3/2
are shown as well. The uncertainty in the square brackets is due to the hyperfine structure anomaly and is 0.3%.
Isotope
39

K
K
43
K
45
K
47
K
49
K
51
K
41

a

Iπ
+

3/2
3/2+
3/2+
3/2+
1/2+
1/2+
3/2+

μexp

μSDPF−NR

−1
π 1d3/2
(%)

μSDPF−U

−1
π 1d3/2
(%)

μlit

Reference

+0.3917 (5) [12]
–
–
–
+1.9292 (2) [58]
+1.3386 (8) [40]
+0.5129 (22) [15]

+0.65
+0.37
+0.22
+0.23
+1.87
+1.61
+0.60

100%
95%
92%
88%
13%
21%
90%

+0.65
+0.33
+0.17
+0.21
+1.91
+1.81
+0.65

100%
95%
92%
90%
13%
15%
93%

+0.3914662 (3)
+0.2148701 (2)
+0.1633 (8)a
+0.1734 (8)a
+1.933(9)a
–
–

[35]
[35]
[32]
[32]
[32]
–
–

Included 0.5% uncertainty on the error to account for the hyperfine structure anomaly.
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were performed using effective g factors: the spin g factors
were fixed at gseff = 0.85gsfree , while the orbital g factors were
fixed to glπ = 1.15 and glν = −0.15 [47].
A. Odd- A

Nuclear properties such as the ground-state spin and
magnetic moment of odd-A K isotopes (odd-even isotopes)
are determined by an unpaired proton placed in the π sd orbital
whilst the even number of neutrons are coupled to spin zero. In
the simple shell-model framework the measured nuclear spin
indicates the dominant component of the ground-state wave
function. Based on this simple model, one would expect that
the magnetic moments of these isotopes are equal to the singleparticle magnetic moments of the orbital where a valence
proton is located. However, the observed deviation from the
single-particle values reveals influence of the proton-neutron
interaction leading to a more collective behavior. Although the
magnetic moments of the neutron-rich odd-A K isotopes were
already published in [22], a detailed discussion over the entire
odd-A chain from N = 20 up to N = 32 will be presented
here with additional focus on the monopole interaction
responsible for the shell evolution.
The experimentally observed magnetic moments are listed
in Table III together with the values predicted by shellmodel calculations using the SDPF-NR and SDPF-U effective
interactions. In the same table, the calculated percentage of
the component of the ground-state wave function originating
−1
from a hole in the π 1d3/2
is shown as well.
In Fig. 4 the experimental magnetic moments for odd-A
K isotopes are compared to the results from the shell-model
calculations. In general a very good agreement between experimental and theoretical results is observed. The discrepancy for
39
K and 41 K might be due to excitation across the Z,N = 20
shell gaps, which were not considered in these calculations.
This problem is especially pronounced for 39 K where, the
−1
shell-model calculations yield a pure π 1d3/2
state with a magnetic moment about 60% larger than the experimental value.
Both effective interactions yield almost identical amounts
−1
⊗ ν(pf ) component in the ground state of
of the π 1d3/2
odd-A isotopes. It is more than 90% for all isotopes up to
45
K, but for 47,49 K the wave function is dominated by the
−1
π 2s1/2
⊗ ν(pf ) configuration. This was already concluded
in [22], the conclusion based on the measured ground-state
spin and g factor. The only noticeable difference between

FIG. 4. (Color online) Experimental magnetic moments (black
dots) compared to the shell-model calculation using SDPF-NR (red
dashed line) and SDPF-U (blue solid line) interactions and effective
g factors (see text for more details). In general a very good agreement
between experimental and theoretical results is observed, except for
39
K and 49 K.

both calculations is found for 49 K, where the contribution
−1
from π 1d3/2
⊗ ν(pf ) is predicted to be 21% from SDPF-NR
and 15% from SDPF-U. In both cases the calculated value
deviates from the experimental one, but SDPF-U shows a
larger deviation. From a two-state mixing calculation, at least
−1
25% [48] of mixing with the [π 1d3/2
⊗ ν(pf )2+ ]1/2+ is needed
to reproduce the observed magnetic moment.
The inversion of the nuclear spin from I = 3/2 to I = 1/2
at N = 28 and the reinversion back to I = 3/2 at N = 32
is related to the evolution of the proton orbitals (π sd) while
different neutron orbitals are being filled. This evolution is
driven by the monopole term of the nucleon-nucleon (N N )
interaction. According to Otsuka et al. [14], the interaction
has a linear dependence on the occupation number and consists
of three parts: central, vector, and tensor. Applying the spintensor decomposition method [11,13], it is possible to separate
the contribution of different components of the effective N N
interaction. This leads to a qualitative analysis of the role of
each part separately in the evolution of the effective singleparticle energies (ESPEs). The calculated centroids for every
component of the monopole interaction are listed in Table IV.

TABLE IV. Spin-tensor content of the centroids of the SDPF-NR and SDPF-U interaction, defining the proton 1d3/2 -2s1/2 gap. Results are
presented in MeV.
Interaction
SDPF-NR

SDPF-U

Component

ν
Vdπ3/2
f7/2

Vsπ1/2ν f7/2

V

ν
Vdπ3/2
p3/2

Vsπ1/2ν p3/2

V

Central
Vector
Tensor
Total

−1.66
+0.28
−0.28
−1.66

−1.26
+0.17
0.00
−1.09

−0.40
+0.11
−0.28
−0.57

−1.34
+0.21
−0.08
−1.21

−1.46
+0.22
0.00
−1.24

+0.12
−0.01
−0.08
+0.03

Central
Vector
Tensor
Total

−1.51
+0.09
−0.28
−1.70

−1.21
+0.07
0.00
−1.14

−0.30
+0.02
−0.28
−0.56

−1.05
+0.05
−0.06
−1.06

−1.21
−0.11
0.00
−1.32

+0.16
+0.16
−0.06
+0.26
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The centroid of the proton-neutron interaction is defined as
[49]

(2J + 1)jπ jν |V |jπ jν 
,
(5)
Vjπ jν = J 
J (2J + 1)
where jπ and jν stand for the angular momentum of proton and
neutron orbitals, jπ jν |V |jπ jν  is the two-body matrix element
and J is the total angular momentum of a proton-neutron state.
The summation runs over all possible values of J .
Based on the results presented in Table IV, the central
component of the interaction is by far the largest (columns
3,4 and 6,7) and, thus has the strongest influence on the energy
shift. Note that there is no tensor component for the s1/2 orbital
due to the absence of a preferred orientation of the spin for an
l = 0 state [12].
The change of the energy gap between π 1d3/2 and π 2s1/2
depends on the difference V between the two centroids
(Table IV; columns 5 and 8). The evolution of the energy
gap from N = 20 to N = 28 and from N = 28 to N = 32,
along with the spin-tensor decomposition of this energy gap,
is presented in Table V. Both interactions predict the same
decrease of the gap by −3.15 MeV for isotopes from N = 20
up to N = 28 (Table V; columns 2 and 3), although the central
and vector contribution are significantly different in both interactions. Once the νp3/2 orbital is involved, for isotopes from
N = 29 up to N = 32, the situation changes. The increase in
the gap between π 1d3/2 and π 2s1/2 (Table V; columns 4 and
5) is mostly driven by the central component in the SDPFNR interaction, while also the vector component contributes
significantly in the SDPF-U. Therefore, the calculated change
in the energy gap is very different: +0.23 MeV and +0.89 MeV,
respectively. This results in different calculated spectra for
49
K and 51 K as illustrated in Fig. 5. This figure shows the
energy difference between the lowest 1/2+ and 3/2+ states for
isotopes in the range from N = 24 up to N = 34 compared to
the calculated values. Up to N = 28, both interactions are
in agreement with the experimental results. The deviation
between both effective interactions increases beyond N = 28
when the ν2p3/2 and higher orbitals are involved. For 49 K,
both interactions calculate the energy difference between
the ground and first excited state to be about 75 keV, but
only the SDPF-NR predicts the correct ground-state spin.
Although both effective interactions predicted the correct
ground-state spin for 51 K, experimental data on the energy
of the first-excited state is needed to further test the validity
TABLE V. Calculated contributions of the different spin-tensor
terms of SDPF-NR (“NR”) and SDPF-U (“U”) to the evolution of the
energy gap between effective π 1d3/2 and π 2s1/2 when filling ν1f7/2
and ν2p3/2 orbitals. The results are given in MeV.
filling

Central
Vector
Tensor
Total

ν1f7/2

ν2p3/2

NR

U

NR

U

−2.09
+0.58
−1.64
−3.15

−1.58
+0.06
−1.64
−3.16

+0.46
−0.06
−0.17
+0.23

+0.58
+0.43
−0.12
+0.89

FIG. 5. (Color online) Energy difference between the two lowest
states with I π = 1/2+ and 3/2+ for odd-A K isotopes from N = 24
up to N = 34. Experimental results (black stars) taken from [16,23–
25] are in good agreement with the shell-model calculations using
different effective interactions: SDPF-NR (red dots) and SDPF-U
(blue triangles). For 49 K, only the SDPF-NR interaction correctly
predicts the spin of the ground state to be 1/2+ . The shaded area
represents the expected region based on the measured ground-state
spin and the shell-model calculation for the first excited state in 51 K.

of both models. Beyond N = 32 the predicted ground-state
spin 3/2 for 53 K needs experimental verification, as well as the
energy of the first excited 1/2+ state, which is very different
in both calculations.
Very recently, ab initio calculations of open-shell nuclei
have become possible in the Ca region [50] on the basis of
the self-consistent Gorkov-Green‘s function formalism [51].
State-of-the-art chiral two- (N N ) [52,53] and three-nucleon
(3N ) [54] interactions adjusted to two-, three-, and four-body
observables (up to 4 He) are employed, without any further
modification, in the computation of systems containing several
tens of nucleons. We refer to Ref. [50] for further details. In
the present study, Gorkov-Green’s function calculations of the
lowest 1/2+ and 3/2+ states in 37−53 K have been performed by
removing a proton from 38–54 Ca. Similarly to Fig. 5, the upper
panel of Fig. 6 compares the results to experimental data.
The calculated energy differences have been shifted down
by 2.58 MeV to match the experimental value for 47 K. The
overestimation of energy differences is a general feature of
calculated odd-A spectra and actually correlates with the systematic overbinding of neighboring even-A ground states [50].
Still, one observes the correct relative evolution of the 1/2+
state with respect to the 3/2+ when going from 37 K to 47 K and
then from 47 K to 49 K. This result is very encouraging for these
first-ever systematic ab initio calculations in midmass nuclei.
Indeed, it allows one to speculate that correcting in the near
future for the systematic overbinding produced in the Ca region
by currently available chiral interactions, and thus for the too
spread out spectra of odd-A systems, might bring the theoretical calculation in good agreement with experiment. Although
this remains to be confirmed, it demonstrates that systematic
spectroscopic data in midmass neutron-rich nuclei provide a
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is expected, then gradually filling the ν1f7/2 and finally, the
ν2p3/2 for 48,50 K.
In order to investigate the composition of the ground-state
wave functions of the even-A K isotopes, we first compare the
experimental magnetic moments to the semi-empirical values.
Based on the additivity rule for the magnetic moments (g
factors) and assuming a weak coupling between the odd proton
and the odd neutron, the semi-empirical magnetic moments
can be calculated using the following formula [55]: μse =
gse · I , with
gse =

FIG. 6. (Color online) (a) Energy difference between the lowest
1/2+ and 3/2+ states obtained in 37–53 K from ab initio GorkovGreen‘s function calculations and experiment. Ab initio results have
been shifted by 2.58 MeV to match the experimental (1/2+ –3/2+ )
splitting in 47 K. (b) π d3/2 and π s1/2 effective single-particle energies
(ESPE) in 37−53 K calculated in Gorkov-Green’s functions theory.

good test case to validate/invalidate specific features of basic
internucleon interactions and innovative many-body theories.
To complement the above analysis, the lower panel of
Fig. 6 provides the evolution of proton 1d3/2 and 2s1/2 shells.
These two effective single-particle energies (ESPEs) recollect
[51] the fragmented 3/2+ and 1/2+ strengths obtained from
one-proton addition and removal processes on neighboring Ca
isotones. Within the present theoretical description, the evolution of the observable (i.e., theoretical-scheme independent)
lowest-lying 1/2+ and 3/2+ states does qualitatively reflect the
evolution of the underlying nonobservable (i.e., theoreticalscheme dependent) single-particle shells. As such, the energy
gap between the two shells decreases from 5.76 MeV in 39 K to
1.81 MeV in 47 K which is a reduction of about 70%. Adding
four neutrons in the ν2p3/2 shell causes the energy difference
to increase again to 4.03 MeV.

The configuration of the even-A potassium isotopes arises
from the coupling between an unpaired proton in the sd
shell with an unpaired neutron. Different neutron orbitals
are involved, starting from 38 K where a hole in the ν1d3/2

(6)

where g(jπ ) and g(jν ) are the experimental g factors of
nuclei with an odd proton or neutron in the corresponding
orbital. The calculations were performed using the measured
g factors of the neighboring isotopes with the odd-even and
even-odd number of particles in jπ and jν , respectively. For
the empirical values of unpaired protons, results from Table III
were used. The g factors for the odd neutrons were taken from
the corresponding Ca isotones [56–59]. The obtained results
with the list of isotopes used for different configurations are
presented in Table VI.
A comparison between the experimental and semiempirical g factors is shown in Fig. 7. For 38 K, the semiempirical value calculated from 39 K and 39 Ca provides
excellent agreement with the experimental result. This confirms that the dominant component in the wave function for
the ground state originates from the coupling between a hole
in the π 1d3/2 and the ν1d3/2 . By adding more neutrons, the
ν1f7/2 orbital is filled for 40 K up to 46 K. In order to calculate the
semi-empirical g factors for these isotopes, g(jπ ) is provided
from neighboring odd-A K isotopes (Table III) combined
with g(jν ) of the subsequent odd-A Ca isotones starting from
N = 21 up to N = 27. The trend of the experimental g factors
is very well reproduced by the semi-empirical calculations
suggesting that the dominant component in the wave function
−1
n
of these isotopes is π 1d3/2
⊗ ν1f7/2
where n = 1,3,5,7. For
48
K, two semi-empirical values are calculated by considering a
coupling between a proton hole in the π 2s1/2 or the π 1d3/2 with
TABLE VI. Semi-empirical g factors obtained for certain configurations using the additivity rule in Eq. (6) (see text for more
details). In the calculations, results from Table III were used for
g(jπ ), while for g(jν ) Ca data were taken from [56–59]. For 48 K,
different configurations are considered for I = 1.
Isotope

Iπ

Configuration

gse

(g(jπ );g(jν ))

38

3+
4−
2−
2−
2−
1−
1−

−1
−1
π 1d3/2
⊗ ν1d3/2
−1
π 1d3/2 ⊗ ν1f7/2
−1
3
π 1d3/2
⊗ ν1f7/2
−1
5
π 1d3/2
⊗ ν1f7/2
−1
−1
π 1d3/2 ⊗ ν1f7/2
−1
π 1d3/2
⊗ ν2p3/2
−1
π 2s1/2 ⊗ ν2p3/2

+0.47
−0.31
−0.64
−0.62
−0.65
−0.40
−2.11

(39 K; 39 Ca)
(39 K; 41 Ca)
(41 K; 43 Ca)
(43 K; 45 Ca)
(45 K; 47 Ca)
(45 K; 49 Ca)
(47 K; 49 Ca)

K
K
42
K
44
K
46
K
48
K
48
K
40

B. Even- A

g(jπ ) + g(jν )
2
g(jπ ) − g(jν ) jπ (jπ + 1) − jν (jν + 1)
+
,
2
I (I + 1)
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TABLE VII. Experimental magnetic moments (in units of μN ) for even-A K isotopes compared to shell-model predictions using two
effective interactions: SDPF-NR and SDPF-U. The error in the square brackets is due to the hyperfine structure anomaly, which amounts to
0.5%.
Isotope
38

K
K
42
K
44
K
46
K
48
K
40

a
b

Iπ
+

3
4−
2−
2−
2−
1−

Reference

μexp

μSDPF−NR

μSDPF−U

μlit

+1.3711 (10) [69]
–
−1.1388 (7) [57]
−0.8567 (9) [43]
−1.0464 (7) [52]
−0.8997 (3) [45]

+1.33
−1.63
−1.58
−1.05
−1.21
−0.77

+1.33
−1.63
−1.56
−0.90
−1.18
−0.55

+1.371 (6)
−1.2964 (4)b
−1.14087 (20)b
−0.856 (4)a
−1.051 (6)a
–
a

[32]
[39]
[34]
[32]
[32]
–

Included 0.5% uncertainty on the error to account for the hyperfine structure anomaly.
The value without diamagnetic correction of +0.13%.

neutrons in the ν2p3/2 orbital. Comparing the experimental g
factor to the semi-empirical results, it is possible to conclude
that the main component in the wave function of this isotope
arises from the configuration with a hole in the π 1d3/2 .
Nevertheless, the deviation of the experimental result from
the semi-empirical g factors is due to a large amount of
mixing between both configurations in the wave function. 50 K
is not presented because the observed I = 0 leads to μ = 0.
There are two possible configurations which would yield this
−1
−1
particular spin: π 1d3/2
⊗ ν2p3/2 and π 2s1/2
⊗ ν2p1/2 .
The experimental magnetic moments together with shellmodel calculations are summarized in Table VII and graphically presented in Fig. 8. The predictions for 38 K from both
interactions reproduce the experimental magnetic moments
very well. Furthermore, almost the same value is calculated
with both interactions for A = 40 and A = 42, but the
experimental results are underestimated by about 26% and
37% for 40 K and 42 K, respectively. While the SDPF-U
interaction almost reproduces the observed magnetic moment

for 44 K, its earlier version (SDPF-NR) shows a deviation of
approximately 0.26 μN when comparing to the experimental
result. Additionally, very good agreement is observed between
experimental and theoretical results for 46 K. Finally, the
situation is inverted for the case with the strongly mixed
48
K, which is better reproduced by the SDPF-NR interaction
and shows a deviation of about 0.35 μN for SDPF-U. The
general trend of the magnetic moments is well reproduced by
both interactions and the calculated magnetic moments are
in reasonable agreement with the experimental results. The
slightly larger deviation observed for 40 K and 42 K is probably
due to lack of excitations across Z,N = 20.
At this point one should be aware that the odd-odd isotopes
are more challenging for the shell-model calculation than oddeven nuclei due to the high level density at low energy. These
levels arise from all different possibilities of couplings between
an odd proton and an odd neutron. Although the energy of a
calculated level might be wrong by hundreds of keV, if the

FIG. 7. (Color online) Experimental g factors (black dots) compared to the semi-empirical values (red solid line) calculated from
the neighboring isotopes. Based on the good agreement between the
experimental and semi-empirical g factors, the dominant component
of the wave functions can be easily established for 38–46 K. Only
−1
⊗ ν2p3/2 and the
for 48 K a strong mixing between the π 2s1/2
−1
π 1d3/2 ⊗ ν2p3/2 in the wave function is found.

FIG. 8. (Color online) Measured magnetic moments (black dots)
for even-A K isotopes compared to the shell-model calculations using
the SDPF-NR (red dashed line) as well as the SDPF-U (blue solid line)
effective interaction. Although there is a larger deviation present for
40
K and 42 K, which might originate from lack of the excitations across
Z,N = 20, overall reasonable agreement between the experimental
and theoretical results is observed.
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FIG. 9. Experimental energy spectrum of 48 K adapted from
Ref. [15] using the fact that the nuclear spin is firmly established
to be 1− [26]. Results are compared to the calculated spectra from
different effective interactions: SDPF-NR and SDPF-U.

magnetic moment is well reproduced we can still draw reliable
conclusions on the wave function composition of the state.
−1
−1
In the case of 38 K, the π 1d3/2
⊗ ν1d3/2
configuration
constitutes more than 90% of the total wave function. The
dominant component of the ground-state wave function for all
N > 20 even-A K isotopes is arising from a hole in the π 1d3/2
coupled to an odd neutron in the pf orbital. For 40,42,44,46 K,
−1
n
the main component is π 1d3/2
⊗ ν1f7/2
and its contribution
to the wave function decreases from more than 90% down to
about 85%. The lowest 1− state in 48 K is predicted to be an
excited state by both interactions respectively at E = 407 keV
and E = 395 keV (see Fig. 9). Both interactions favor a 2−
state as the ground state. In addition, an excited 2− state
is near-degenerate with the 1− level, at E = 408 keV and
E = 340 keV, respectively. Considering the firmly assigned
ground-state spin-parity of 48 K, and using the multipolarities
deduced from the measured lifetimes of the lowest four levels
by Królas et al. [15], the experimental spin-parities of the
four lowest excited states can now be more firmly assigned.
A reasonable agreement with the calculated level scheme is
shown up to 1 MeV. However, the positive parity level around
2 MeV, which must be due to a proton excitation across the
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Z = 20 gap, is not reproduced in the current calculations, as
such excitations have not been included.
The wave function of the calculated lowest 1− state, which
reproduces the observed magnetic moment reasonably well, is
very fragmented compared to the other even-A K isotopes:
−1
⊗ ν2p3/2 only constitutes approximately 40% and
π 1d3/2
50% of the total wave function for SDPF-NR and SDPF-U,
−1
respectively. The next leading component, π 2s1/2
⊗ ν2p3/2 ,
contributes only 15–20%, although this isotope is located
−1
configuration
between two isotopes with a dominant π 2s1/2
47
49
( K and K). In addition, configurations which arise from
1p1h excitation from ν1f7/2 to the rest of the ν(pf ) shell
have a significant contribution of about 15% to the total wave
function of the lowest 1− state in 48 K. In the case of 50 K, the
wave function of the 0− level is much less fragmented: the main
−1
component is π 1d3/2
⊗ ν(pf ), constituting more than 85%
−1
of the wave function. The contribution of the π 2s1/2
⊗ ν(pf )
component as well as the one from 1p1h neutron excitations is
about 5%. While this 0− is correctly reproduced as the ground
state by the SDPF-U interaction, it is predicted at 315 keV
(with a 2− ground state) with SDPF-NR.
In addition to the magnetic moment and wave functions
obtained from the shell-model calculations, it is also possible
to extract information about the occupancy of the orbitals.
The calculated occupancy of the π 2s1/2 and π 1d3/2 orbitals
are shown in Fig. 10. The maximum number of particles
found in an orbital with total angular momentum j is 2j + 1.
Thus, for the s1/2 this number is 2, while in case of the
d3/2 it is 4. The occupation of the π 2s1/2 remains almost
constant around 2 protons from N = 19 up to N = 27, with a
slight decrease toward 46 K. For these isotopes, the occupation
of the π 1d3/2 stays around 3 protons with a corresponding
slight increase toward A = 46. This increase (decrease) of

FIG. 10. (Color online) Proton occupation of the π 2s1/2 and the
π 1d3/2 orbitals from the shell-model calculations using the SDPF-NR
and SDPF-U effective interactions. It is clear that for isotopes
from A = 38–46 and A = 48,50–51 the dominant component in
the configuration is a hole in the π 1d3/2 . In the case of I π = 1/2+
isotopes, a proton hole is located in the 2s1/2 . Deviation from integer
numbers for 47–49 K indicates mixing in the wave function.
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occupancy for the π 1d3/2 (π 2s1/2 ) orbital is probably due
to the reduction of the energy difference between these two
proton orbitals with increasing number of neutrons in the
ν1f7/2 . Additionally, a small odd-even staggering in the proton
occupation is also observed for these isotopes. This effect
could be due to the proton-neutron coupling for the odd-odd
isotopes, which results in a higher occupancy of π 1d3/2 and
a lower occupancy for the π 2s1/2 . In this region, there is
no discrepancy observed between results from the different
interactions. Furthermore, almost degenerate proton orbitals
for N = 28 yield a hole in the π 2s1/2 causing the π 1d3/2
to be nearly completely filled. Surprisingly, for 48 K with an
additional unpaired neutron in the ν2p3/2 orbital, the proton
occupation of π 1d3/2 drops down to about 3.3 protons while
the π 2s1/2 occupation increases accordingly. For the next
isotope with two neutrons placed in the ν2p3/2 (49 K), the
occupation of the proton orbitals is more similar to 47 K, where
a hole in the π 2s1/2 is found. This is also in agreement with
the nuclear spins and magnetic moments of these two isotopes.
At this point a larger deviation from integer numbers for the
proton occupation indicates a larger amount of mixing in the
configurations of 47–49 K. Based on the information obtained
from the g factor and magnetic moment for 48 K, a hole in
the π d3/2 was expected to be the dominant component, which
is confirmed by these occupancies. Nevertheless, the reason
for the big decrease of the π 1d3/2 occupancy compared to the
neighboring two isotopes is still puzzling. Adding one and
two more neutrons leads to the “normal” occupation for the
neutron-rich K isotopes with the filled π 2s1/2 and a hole in the
π 1d3/2 .
V. SUMMARY

Hyperfine spectra of potassium isotopes between N = 19
and N = 32 were measured using collinear laser spectroscopy,
yielding the nuclear spins and magnetic moments. The experimental results were compared to shell-model calculations
using two different effective interactions: SDPF-NR and
SDPF-U. Overall good agreement is observed between the
measured magnetic moments and theoretical predictions. This
allows one to draw conclusions on the composition of the wave
function as well as on the proton occupation of the 2s1/2 and
1d3/2 orbitals. It was shown that the dominant component of
the ground-state wave function for odd-A isotopes up to 45 K
arises from a hole in the π 1d3/2 . Additionally, for isotopes with
−1
spin 1/2+ the main component of the wave function is π 2s1/2
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[15] W. Królas, R. Broda, B. Fornal, R. V. F. Janssens, A. Gadea,
S. Lunardi, J. J. Valiente-Dobon, D. Mengoni, N. Mărginean,
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