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Abstract

We study an optimal control problem on infinite horizon for a controlled stochastic differen-
tial equation driven by Brownian motion, with a discounted reward functional. The equation
may have memory or delay effects in the coefficients, both with respect to state and control,
and the noise can be degenerate. We prove that the value, i.e. the supremum of the reward
functional over all admissible controls, can be represented by the solution of an associated back-
ward stochastic differential equation (BSDE) driven by the Brownian motion and an auxiliary
independent Poisson process and having a sign constraint on jumps.

In the Markovian case when the coefficients depend only on the present values of the state
and the control, we prove that the BSDE can be used to construct the solution, in the sense of
viscosity theory, to the corresponding Hamilton-Jacobi-Bellman partial differential equation of
elliptic type on the whole space, so that it provides us with a Feynman-Kac representation in
this fully nonlinear context.

The method of proof consists in showing that the value of the original problem is the same as
the value of an auxiliary optimal control problem (called randomized), where the control process
is replaced by a fixed pure jump process and maximization is taken over a class of absolutely
continuous changes of measures which affect the stochastic intensity of the jump process but
leave the law of the driving Brownian motion unchanged.
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1 Introduction

Let us consider a classical optimal control problem with infinite horizon for a stochastic equation
in R™ of the form

t t
X7 = x+/ b(X;l,ozs)ds+/ o(X, as) dWs, t>0, (1.1)
0 0

starting at a point x € R™, with discounted reward functional

J(z,0) = E[/OOO eﬁtf(xg,at)dt].

Here a W is a d-dimensional Brownian motion defined in some probability space, b and o are given
coefficients with values in R™ and R™*¢ respectively, f is a real function representing the running
cost rate, > 0 is a discount factor. The control process « is a stochastic process taking values
in a metric space A and progressive with respect to the completed filtration F' generated by the
Brownian motion; the class of such controls is denoted by A. The aim is to maximize J(z, ) over
A and to characterize the value function

v(z) = sup J(z,a).
acA
It is well known (standard references for stochastic optimal control problems are [5], [11], [20],
as well as the more recent books [12], [21], [28], [32], where the viscosity solutions approach is also
treated) that, under natural assumptions, the value function is well defined and it is a viscosity
solution to the Hamilton-Jacobi-Bellman (HJB) equation, which is the following elliptic partial
differential equation on the whole space:

Bo(x) — sgg [L%(z) + f(z,a)] = 0, r € R", (1.2)

where £ is the Kolmogorov operator depending on the control parameter a:
1
L%(x) = (b(x,a), Dyv(z)) + §tr[a(x,a)aT(x,a)D?Ev(av)].

Thus, when a uniqueness result holds, the HJB equation completely characterizes the value function.

It is the purpose of this paper to provide a different representation of the value function, based on
backward stochastic differential equations (BSDEs). BSDEs are used since long to represent value
functions of stochastic optimal control problems and more generally solutions to partial differential
equations of parabolic and elliptic type. Besides their intrinsic interest, some motivations are the
fact that they usually allow to extend the obtained results beyond the Markovian case and they
often admit efficient numerical approximations, which makes them a competitive tool in comparison
with other more common numerical methods for partial differential equations. However the classical
results relating BSDEs with partial differential equations, see for instance [25], [24], [22], [23], only
cover cases when the equation is semilinear, i.e. it takes the form (in the elliptic case)

Bu(x) — Lu(x) + ¢Y(x,v(z), Dyv(x)o(x)) = 0, x € R", (1.3)

where L is the linear Kolmogorov operator associated to (uncontrolled) coefficients b(z), o(z), and
the nonlinear term 1 depends on the gradient D,v(x) only through the product D,v(z)o(z). The



general HJB equation (1.2), being fully nonlinear, can not be cast in the form (1.3) except in special
cases. The corresponding optimal control problems also have a special form, and in particular the
occurrence of a diffusion coefficient o(z,a) depending on a control parameter a € A can not be
allowed.

To overcome this difficulty, new methods have recently been developed. We mention the theory
of second order BSDEs [30] and the theory of G-expectations [27], that both allow a probabilistic
representation of solutions to classes of fully nonlinear equations.

In this paper we follow a different approach, based on a method that we call randomization of
control. 1t has been introduced in [6] and then successfully applied to several stochastic optimization
problems, including impulse control, optimal switching, optimal stopping: see [9], [10], [18], [14],
[1], [2], [4], and especially [19] for a systematic application to a generalized class of HJB equations.
In the proofs of our results we will especially follow [13] and [3] that deal with the optimal control
problem with finite horizon and, in the Markovian case, with the corresponding parabolic HJB
equation.

The general idea of the randomization method is as follows. By enlarging the original probability
space if necessary, we consider an independent Poisson random measure p(dt,da) on (0,00) x A,
with finite intensity measure \(da), and the corresponding A-valued process with piecewise constant
trajectories, denoted by I. We formally replace the control process a by I, so we solve the equation

t ¢
X = a:+/ b(XS,Is)ds—i—/ o(Xs, Is) dWs, t>0. (1.4)
0 0

Then we consider an auxiliary optimization problem, called randomized problem, which consists
in optimizing among equivalent changes of probability measures which only affect the intensity
measure of I but not the law of W. In the randomized problem, an admissible control is a bounded
positive map v defined on © x (0,00) x A, which is predictable with respect to the filtration F"*
generated by W and p. Given v, by means of an absolutely continuous change of probability
measure of Girsanov type we construct a probability P” such that the compensator of i is given
by v (a)\(da)dt and W remains a Brownian motion under P”. Then we introduce another reward
functional and the corresponding value function

[ee]
JR(z,v) = E” [/ e PUf(Xy, I) dt |, o™ (x) = sup JR(z,v),
0 12

where E” denotes the expectation under PY. Some technical issues arise in connection with the use
of Girsanov transformation on the whole time halfline, so the precise formulation is slightly more
involved: see section 3 below and especially Remark 3.1 for more details. Building on our previous
results in [13] and [3] we prove that the two value functions v and v™ coincide: see Theorem 4.1.

Next we prove that the function v can be represented by means of the following infinite horizon

backward stochastic differential equation (BSDE) with constraint: for all 0 <t < T < oo,

T T T T
Y;=Yr — ,8/ Y;ds—i—/ f(Xs, Ig)ds + K — K, —/ Zs dW —/ / Us(a) p(ds, da),
t t t t JA
Ut(a) S 0.
(1.5)
In this equation the unknown process is a quadruple (Y, Z;, U(a), K;) where Y is cadlag adapted
(with respect to FW#), Z is R%-valued progressive, K is increasing predictable, U is a predictable



random field, all satisfying appropriate integrability conditions. The constraint on U can be seen as
a constraint of nonpositivity on the totally inaccessible jumps of Y. We prove that the BSDE (1.5)
admits a unique minimal solution in a suitable sense and that it represents the value function in the
sense that Yy = v™(x) and so also Yy = v(x), so that we obtain the desired representation of the
value function for our original control problem (see Theorem 4.2). In addition, we prove that the
solution to the BSDE satisfies a sort of recursive formula (formula (4.5)) which is a version of the
dynamic programming principle in the setting of the randomized control problem. We exploit this
functional equality to prove that the value function v is a viscosity solution to the HJB equation
(1.2), see Theorem 5.1. Therefore the equality Yy = v(z) can also be seen as a fully nonlinear
Feynman-Kac representation for the solution to (1.2). This approach allows to circumvent the
difficulties related to a rigorous proof of the classical dynamic programming principle which might
be lengthy and, in some versions, may require the use of nontrivial measurability arguments. On
the contrary, we do not deal with uniqueness results for the HJB equation, which are classical and
are known to hold under suitable assumptions, see Remark 5.5.

We stress that none of our results requires nondegeneracy assumptions on the noise, so no re-
quirements are imposed on the diffusion coefficient o except Lipschitz conditions and some bound-
edness and continuity assumptions. This is a common feature shared with the BSDEs approach to
semilinear HJB equations of the form (1.3), and it is indeed one of the main motivations for the
introduction of the randomization method.

As mentioned before, the use of BSDEs often allows for efficient numerical treatment. This is
also the case for the constrained BSDEs of the form (1.5), at least in the finite horizon case: see
[16], [17].

Another advantage of our technique is that we are able to generalize all the previous results
(except the ones on the HJB equation) to the non Markovian case when the coefficients of the
controlled equation exhibit memory effects, i.e. for an equation of the form

t t
xo = :c—l—/ bs(Xa,a)ds+/ oo(X%, Q) dW,, £ 0, (1.6)
0 0

where, at any time ¢, the value of the coefficients b;(X?%, «) and 0,(X%, «) may depend on the
entire past trajectory of the state (Xg)scp0, as well as the control process (as)scpo,- In fact, the
previous results are formulated and proved directly in this generality, while the Markovian case is
only addressed to deal with the HJB equation.

We finally mention that in the paper [7], co-authored by some of us, BSDEs of the form (1.5)
have been introduced, as an intermediate technical step in the proofs, when dealing with HJB

equations of ergodic type, namely of the form

A — sup [Eav(ac) + f(x,a)] = 0, z e R,
acA
where both the function v and the constant A are unknown. However, the results in [7] impose strong
restrictions on the coefficients b, o, f and the space of control actions A. In particular, Lipschitz
conditions were imposed on f and special dissipativity assumptions were imposed on b and ¢ in
order to guarantee appropriate ergodicity properties. In the present paper these assumptions are
dropped. In addition, the results in [7] depend in an essential way on the Markovianity of the
stochastic system and cannot be applied to the controlled equation (1.6). As a result, we are led to
a careful study of the growth rate of the solution X to the non Markovian equation (1.6) (compare



Lemma 2.1 below) and we have to relate it to polynomial growth conditions imposed on f as well
as an appropriate value for the discount factor 8. This kind of difficulty is peculiar of infinite
horizon control problems, while it does not arise in the finite horizon case. We also notice that the
same difficulty is encountered in the study of the corresponding Hamilton-Jacobi-Bellman equation
of elliptic type (as well as of the associated infinite horizon BSDE), for which again the growth
conditions on f and the value of 8 play a crucial role in order to prove existence of a solution.

The plan of the paper is as follows. In section 2 we formulate our assumptions for the general
non Markovian framework and introduce the optimal control problem on infinite horizon, with
special attention to the behaviour of the controlled system for large times, whereas in section 3 we
formulate the auxiliary randomized problem. In section 4 we prove the equality of the values of
these two problems, we introduce and study the well-posedness of the constrained BSDE (1.5) and
we prove that it gives the desired representation of the values. Finally, in section 5, we restrict to
the Markovian case and prove that the solution to the BSDE provides us with a viscosity solution
to the HJB equation (1.2).

2 Formulation of the infinite horizon optimal control problem

Let (2, F,P) be a complete probability space, on which a d-dimensional Brownian motion W =
(Wy)¢>0 is defined. Let FW = (F/V)i>0 denote the P-completion of the filtration generated by W.
Let A be a nonempty Borel space (namely, A is a topological space homeomorphic to a Borel subset
of a Polish space) and denote by A the set of F"-progressive processes a: Q x [0,00) — A. A is
the space of control actions and A is the family of admissible control processes. Finally, we denote
B(A) the Borel o-algebra of A.

Fix a deterministic point xg € R™. For every a € A, consider the controlled equation:

t t
X = 950+/ bs(Xa,oz)ds+/ os(X, a) dWs, (2.1)
0 0

for all t > 0. The infinite horizon stochastic optimal control problem consists in maximixing over
a € A the gain functional

J(a) = E[/Oooe_ﬁtft()(o‘,a)dt}

The constant § > 0 will be specified later. The coefficients b, o, f are defined on [0, 00) x C,, x M 4
with values in R”, R™*? R, respectively, where:

e C, is the set of continuous trajectories z: [0,00) — R™. We introduce the canonical filtration
(Cf)¢>0 and denote Prog(C,,) the (CJ')-progressive o-algebra on [0, 00) x Cp;

e M, is the set of Borel measurable trajectories a: [0,00) — A. We introduce the canonical
filtration (Mf)te[O,T} and denote Prog(C, x My) the (CP' ® M;j')-progressive o-algebra on
[0,00) X Cn X MA.

In the present paper, we consider the two following alternative sets of assumptions on b, o, f.
Notice that (A) differs from (A)’ only for points (iii) and (iv).

(A)

(i) The functions b, o, f are Prog(C, x M 4)-measurable.



(ii) For every T' > 0, if zym, 2 € Cy, am,a € My, supsejo 1] [2m(t) — z(t)] = 0, an(t) — a(t) for
dt-a.e. t € [0,T] as m — oo, then we have

bi(Tm, am) — bi(x,a), o(Tm,am) — ol(z,a), fi(tm,am)— fi(z,a), for dt-a.e. t € [0,T).

(iii) For every T' > 0, there exists a constant L7 > 0 such that

be(z,a) — be(2', a)| + |oe(x,a) — or(2,a)] < Ly sup |z(s) — 2/(s)],
s€[0,¢]
16:(0, a)[ +[0+(0,a)] < Lr,
for all t € [0, 7], z,2’ € C™, a € My.

(iv) The function f is bounded. We denote || f||oc := sup; , ,

fi(z,a)| < oo.

(v) [ can be any strictly positive real number.
(A)
(i) The functions b, o, f are Prog(C, x M4)-measurable.

(ii) For every T' > 0, if zym, 2 € Cyp, am,a € My, supsejo 11 [Tm(t) — z(t)] = 0, an(t) — a(t) for
dt-a.e. t € [0,T] as m — oo, then we have

bi(Tm, am) — bi(x,a), o(Tm,am) — ol(z,a), fi(tm,am)— fi(z,a), for dt-a.e. t € [0,T).

(iii) There exists a constant L > 0 such that

‘bt($7a) - bt(xlaa)| + |O't({L',CL) - Ut($/7a)’ < L Sl[lp] |CC(8) - x’(s)|,
s€(0,t

16:(0, @)| + |o(0,0)] < L,

IN

forallt >0, z,2/ € C", a € My.
(iv) There exist constants M > 0 and r > 0 such that

|fe(z,a)] < M(1+ sup |z(s)["),
s€[0,t]

forallt >0, z€ C" a€ My.

(v) B > B, where 3 is a strictly positive real number such that

E[ sup [X5]] < Ce(1+ o). 2.2)
s€[0,¢]

for some constant C' > 0, with 5 and C independent of t > 0, o € A, x9 € R". See Lemma
2.1.



Notice that under either (A)-(i)-(ii)-(iii) or (A)’-(i)-(ii)-(iii), there exists a unique F" -progressive
continuous process X = (X/*);>0 solution to equation (2.1). Moreover, under (A)-(i)-(ii)-(iii), for
every 7' > 0 and p > 0, we have that there exists a constant Cr, > 0 such that

E[ sup |Xg|p} < Crp(1+ |aol?).
t€[0,T]
On the other hand, under (A)’-(i)-(ii)-(iii), we have that there exists 3 > 0 such that estimate
(2.2) holds. This latter estimate follows from the next Lemma 2.1, where we prove a more general
result needed later.

Lemma 2.1 Suppose that Assumption (A?)-(i)-(ii)-(iii) holds. Let (Q, F,P) be a complete proba-
bility space and let F= (.7:}),520 be a filtration satisfying the usual conditions. Let also W = (Wt)tzo
be a d-dimensional Brownian motion on the filtered space (Q, F,F,P). Let v: Qx[0,00) — A be an
F—pmgressive process. Finally, let X = (Xt)tzo be the unique continuous F—adapted process solution

to the following equation

t t
X: = 20 —i—/ bs(X,7)ds +/ os(X,v) dWs, (2.3)
0 0
for allt > 0. Then, for every p > 0, there exist two constants éILL >0 and Bp,L > 0 such that

E{ sup ]Xs\p‘]:}} < Cpr ePrr (M0 (1 4 sup | X,P), P-a.s. (2.4)
s€[0,T] s€[0,t]

for allt > 0, T > t, with C, 1, and BILL depending only on p and the constant L appearing in
Assumption (A’)-(ili). When p = r, with r as in Assumption (A’)-(iv), we denote Cyp, and By.1,
simply by C and f.

Proof See Appendix. We remark that, to our knowledge, a proof of estimate (2.4) in the path-
dependent case does not exist in the literature. On the other hand, for the non-path-dependent
case we refer for instance to Theorem I1.5.9 in [20]. Notice however that those proofs use in an

essential way the fact that b and o depends only on the present value of the process X, so that
they cannot be extended to the path-dependent case. O

We define the value of the control problem as

V = sup J(«).
acA

Now, for every 17" > 0, consider the finite horizon optimal control problem with value

Vr = sup Jr(a),
acA

where

Jr(a) = E[/Te—ﬁtft(xa,a)dt .

0

Lemma 2.2 Under either (A) or (A)’, we have

V = lim Vp.

T—o0

7



Proof. Assumption (A) holds. We have

o e_BT T—o0
|V —Vp| < supIE{/ eﬁt‘ft(Xo‘,a)‘dt] < N flloo—— — 0.
acA T B
Assumption (A)’ holds. We have

00 —-BT o
V-Vl < supE[/ eﬁt\ft(X‘%a)\dt} < MegjLME[/ o pup |X§l’rdt}

acA T T s€[0,t]
6—,BT 00 _ _
< M +M/ ef(ﬁfﬁ)tE[efﬁt sup \Xsa|r] dt.
g T s€(0,¢]
Using (2.2), we obtain
—BT _ —(B-B)T
V= Vi| € MS— + MC(1 + |zo]") £ 2% g,

B-p

3 Randomized optimal control problem

In the present section we formulate the randomized infinite horizon optimal control problem. Firstly,
we fix a finite positive measure A on (A, B(A)) with full topological support. We also fix a deter-
ministic point ag in A.

Let (Q, F,P) be a complete probability space on which a d-dimensional Brownian motion W =
(W3)i>0 and a Poisson random measure ji on [0,00) x A are defined. The Poisson random measure
fi = 3,510, 4,) is associated with a marked point process (T, Ap)n>1 on [0,00) x A, where
(T)n>1 is the sequence of jump times, while (A,),>1 is the sequence of A-valued marks. The
compensator of fi is given by A(da)dt. We denote by FW# = (.EW’“ )t>0 the P-completion of the
filtration generated by W and fi, by Pr(F"W#), T € (0,00), the predictable o-algebra on [0, 7] x
associated with F# and by P(F"W:#) the predictable o-algebra on [0, 00) x Q associated with F"W:#,

We define the A-valued pure-jump process

I = Z/_ln L, i) (), for all ¢t > 0, (3.1)
n>0

with the convention Ty = 0 and Ay = ag, where qg is the deterministic point fixed at the beginning
of this section. We now consider the following equation:

t t
X = x0—|—/ bs(X,I)ds+/ os(X, I) dWs, for all ¢ > 0. (3.2)
0 0

Under either (A) or (A)’, there exists a unique F"W-#-progressive continuous process X = (X;);>0
solution to equation (3.2).

The set V of admissible controls for the randomized problem is given by all P(FVW#) @ B(A)-
measurable and bounded maps v:  x Ry x A — (0,00). We also define, for every n € N\{0}, the
set V, := {U € V: v is bounded by n}. Notice that V = U,V,. For every v € V, we consider the
corresponding Doléans-Dade exponential process

@ = & ([ [ o= @idsan) - ey as))

8



= exp ( /0 t /A (1 — 75(a))\(da) ds) I 7240, (3.3)

0<T <t

for all t > 0. Notice that x” is a (PP, FW’“)—martingale, since v is bounded. Then, for every T' > 0,
we define the probability P7(dw) = k() P(dw) on (Q, F)'*). For every T > 0, by Girsanov’s
theorem, under P%. the (ftw’“)tG[O’T}—Compensator of on [0,T] x Ais v(a)A(da)dt, and (W)e(o,1)
is still a Brownian motion on [0, 7] under P%.. Notice that, under (A), for every 7" > 0 and p > 0,
we have that there exists a constant Crj;, > 0 such that (I_E% denotes the I@{}-expectation)

E7| suwp [X,P] < Crp(1+ faol?).
s€[0,T]

On the other hand, let (A)’ hold. Then, by Lemma 2.1 we know that there exists two positive
constants C' and /3 such that

B[ sup || < CeT(1+ Jaol),
s€[0,7T

with C' and /3 independent of T > 0, 7 € V, 2y € R”. More generally, by Lemma 2.1 we have the
following estimate:

B7| sup |X,["
s€[0,7T

A < 0TIt sup KL, Pas (3.4)
s€[0,¢]

For all T' > 0, we consider the finite horizon randomized control problem
VE = sup JF(v),
ey
where .
IR = 8| [ e )
0
Finally, we define the value of the randomized control problem as follows:

VR = lim VX = lim sup JF(D). (3.5)
T—o00 T—oo ey

Proceeding as in the proof of Lemma 2.2, it is easy to see that

S—o0

sup ‘VTR —VE 0,

T,7'>8

therefore the limit in (3.5) exists.

Remark 3.1 Assume that either (A) or (A)’ holds, and suppose that (€2, F,P) has a canonical
representation. More precisely, consider the following sets:

e () the set of continuous trajectories w’: [0,00) — R? satisfying w’(0) = 0. We denote W the
canonical process on €, (F}V);>0 the canonical filtration, P’ the Wiener measure on (', FY);

e " is the set of double sequences W’ = (ty, an)n>1 C (0,00) x A satisfying t,, < tp41 7~ 0.
We denote (T}, Ap)n>1 the canonical marked point process, ji = anl O(T,,A,) the associated
random measure, (F}');>o the filtration generated by ji, and P the unique probability on Fb
such that f is a Poisson random measure with compensator A(da)dt.



Now, let = ' x Q" let F be the completion of FV ® F& with respect to P’ @ P” and let P be the
extension of P’ ® P” to F. Notice that W and ji can be extended in a canonical way to Q. We will
denote these extensions by the same symbols. We also denote by FW:# = (.EW’” )t>0 the filtration
generated by W and i, and by FW# = (f"tw’“ )t>0 the P-completion of FW:#,

Recall that, for every T > 0, P, is a probability on (£, ]ZW“), then, in particular, on (€2, ]-";V’“).
Moreover, the following consistency condition holds: IF’% coincides with P? on ]:tW’“ , whenever
0 <t <T. Then, by Kolmogorov’s extension theorem, we deduce that there exists a probability
measure P” on (€, Four™) such that P” coincides with P4 on .FQKV’” , for all T > 0.

Notice that P” can be defined in a consistent way only on Fn (rather than on Flm ). Indeed,
since the martingale (k});>0 is in general not uniformly integrable, it follows from Proposition
VIIL.1.1 in [29] that P” is in general not absolutely continuous with respect to P on F¥H In
particular, when this is the case, there exists some N € .FOVK“ such that N ¢ ]-";V Hofor all T > 0,
and P(N) = 0, however P*(N) > 0. Since N € F;'* for all T > 0, we have P%(N) = 0, therefore
we can not extend P” to For* without violating the consistency condition: P? = PZ on ]:-114/ o

Now, notice that the process I is given by (3.1) and hence it is FW#-adapted. On the other
hand, the process X, solution to equation (3.2), is FW#-progressive and continuous, therefore it is
FW:_predictable. By IV-78 in [8] it follows that there exists an F"W#-predictable process X , such
that X and X are P-indistinguishable. Then, we have the following representation for V7?:

VR = sup JR(p), (3.6)
vey
where (E” denotes the P”-expectation)
JR(D) = Eﬂ[/ e P (X, 1) dt} (3.7)
0

Let us prove formula (3.6). We begin by noting that, for all T > 0,

JR(5) = E;UOTeﬁtft(X,n dt] _ IE%[/OTeth LX) dt] _ Ev[/OTeﬁt £%T)dt].

Then, under either (A) or (A)’, proceeding along the same lines as in the proof of Lemma 2.2, we

obtain
sup | TR () — JR(7)| =5 0
ey
and so
lim VX = supJR(D).
T—oo pey
Since, by definition, V™ = lim7_, VIR, we conclude that formula (3.6) holds. O

4 Identification of the values and backward SDE representation

In the present section we prove that the original control problem and the randomized control
problem have the same value, namely V' = V. We exploit this result in order to derive a backward
stochastic differential equation representation for the value V.

10



Theorem 4.1 Under either (A) or (A’), we have
Vp = VYR’ (41)

for all T € (0,00), and also
vV = VR, (4.2)

Proof. We begin by noting that identity (4.2) is a straightforward consequence of identity (4.1),
Lemma 2.2 and definition (3.5). On the other hand, for every T € (0, 00), identity (4.1) is a direct
consequence of Theorem 3.1 in [3]. O

We now prove that V is related to the following infinite horizon backward stochastic differential
equation with nonpositive jumps:

Y, = Yr—0 / Yd8+/ fs ds—i—KT—Kt

—/ ZsdWs — / / Us(a) i(ds, da), 0<t<T,VT € (0,00), P-as. (4.3)
t

Ui(a) < 0, dt ® dP ® A(da)-a.e. on [0,00) x 2 x A. (4.4)
Let us introduce some additional notations. Given T' € (0, c0), we denote:

e S the family of real cadlag F"-#-adapted stochastic processes Y = (Y;);>0 on (Q, F,P)
which are uniformly bounded.

e S2(0,T), the family of real cadlag F"W#-adapted stochastic processes Y = (Y;)o<i<T on
(Q, F,P), with
_ T 2
Y12, . = E[Ozgw} < o

We set S2_ := Nr~(S?(0, T).

e LZ(W;0,T), the family of R%-valued Pr(F"*)-measurable stochastic processes Z = (Z;)o<i<T

n (Q, F,P), with
T
1212, o = E[/o |Zt|2dt] < oo

We set L2 (W) := Nr>oL3(W;0,T).

e L2(71;0,T), the family of Pr(F"#)® B(A)-measurable maps U: [0, 7] x Q x A — R such that

szon = E[/OT/AUt(a)P)\(da)dt} < 0.

We set L2 (i) := NrsoL2(1; 0, T).

e K2(0,T), the family of nondecreasing cadlag Pr(F"#)-measurable stochastic processes K =
(Ki)o<t<r such that E[|[K7|%] < oo and Ko = 0. We set K2 . := N7-0K?(0, T).
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Theorem 4.2 Under (A) (resp. (A’)) there exists a unique quadruple (Y,Z,U,K) in SZ. x
L2 (W) x L2 (i) x K2, such that Y € S (resp. |V;] < C(1+ SUPefo, | Xs|"), for all t >0,
P-a.s., and for some positive constant C), satisfying (4.3)-(4.4) which is minimal in the following
sense: for any other quadruple (Y, Z,U,K) in S2.xL2 (W)xL2 (1) xK2_, with Y € S (resp.
Vi < C(1+ SUPse(0,4] | Xs|"), for all t > 0, P-a.s., and for some positive constant C), satisfying
(4.3)-(4.4) we have:

Y; < Yt, for allt > 0, P-a.s.

Under either (A) or (A’), we have V =Yy P-a.s.. Moreover, the following formula holds:
Y, = esssupEr’fp[/ (=) (X, I)ds 4+ e Py, ‘}' ] P-a.s. (4.5)
vey t
for all T >0, t € [0,T], and any FWH-stopping time T taking values in [t,T].

Proof. For every T' > 0 and any n € N, consider the following penalized backward stochastic
differential equation on [0, 7] with zero terminal condition:

/YT"ds+/ fo(X, D) ds + K" — K"

—/ zZInaw, — / /UT” f(ds,da), 0<t<T, P-as. (4.6)
t

/ / (UL™(a))" M(da)ds.

It is well-known (see Lemma 2.4 in [31]) that there exists a unique triple (Y77, ZT:" UT") in
S2(0,T) x L2(W;0,T) x L2(j1;0,T) satisfying (4.6). Our aim is to construct the quadruple
(Y, Z,U, K) starting from equation (4.6), first passing to the limit in (4.6) as T — oo, for any fixed
n € N, and then sending n — oo. More precisely, we split the rest of the proof into five steps,

where

which are organized as follows:

e In Step I we study the asymptotic behavior of the component Y7" of equation (4.6) as
T — oo, for any fixed n € N.

In Step II we study the asymptotic behavior of the components Z7"® and U™ of equation
(4.6) as T'— oo, for any fixed n € N. Using the results of Steps I and II, we construct the
solution (Y™, Z™ U™) to equation (4.22).

In Step III we study the asymptotic behavior of the component Y of equation (4.22) as
n — 00; moreover, we prove formula (4.5) and equality V = Yp, P-a.s..

In Step IV we study the asymptotic behavior of the components Z” and U™ of equation
(4.22) as n — oo. Using the results of Steps III and IV, we construct the quadruple
(Y, Z,U, K) and we prove that it solves (4.3)-(4.4).

In Step V we prove both minimality and uniqueness of the quadruple (Y, Z,U, K).

12



Applying Itd’s formula to the process (e~ 5 YtT’”)tE[O,T}, we

Step I. Convergence of (YT"™)rsq.

obtain
T T
e Pt YtT’" = / e P f(X )ds+/ e P dKTn
t
T - T
- / e sz aw, — / / e P U™ (a) a(ds, da). (4.7)
t t A
Given ¥ € V,,, notice that
7]

[/ / e P U™ (a) Us(a)M(da)ds

'ﬂt\

EL;[ /t ! /A e P U™ (a) fi(ds, da) | F, ]

and
[p— T NI T
ET[/ ‘“dKTan”} - ETU / ne 7 (U™ (@) " Mda)ds
t

> ETU / B T (a) vs(a)\(da)ds

o

7.

where we have used the numerical inequality nut > vu, valid for any real numbers u and v, with
¢ 1)

v € [0,n]. Then, taking the P¥-conditional expectation with respect to F, Wl in (4.7), we find

T
ePyTn > ET[ [ e nxnas ﬁt‘”’“}
t

=Wu
. .

Therefore -
Y™ > ess sup]Efl}{/ e Pt 1 (X, 1) ds
DEVn t
On the other hand, for every ¢ € (0,1), let #7°™¢ € V,, be given by
€ €

~Tn,e _ - -
Yy (a) = nl{UtT”(a)>0} TN T)\(A) { 1<U;""™(a)<0} T T/\(A)UTn( ) (U (@)<-1}

-conditional expectation with respect to ]:"tW " in (4.7), we obtain

T
efﬂtiéTJL Sg]ETTne|:L/n eiﬂsj;(jz f)ds
t

T
esssupI_E%[/ e P f(X,T)ds
v ¢

UEV

Taking the P7" ™
]-" ] +e

]-"tW’“] +e.

IN

By the arbitrariness of ¢, and using also inequality (4.8), we conclude that

Y™ = esssup B [/ e Pt r (X, 1) ds P-a.s., forall 0 <t < T.
v t

UEV,

il

Taking the absolute value of both sides, we obtain

T
‘Y;T’"| < esssupI_E%[/ e Bls=1) ’fS(X,f)‘ds
DEV, t

]:tw’“], P-a.s., forall 0 <t < T.

13
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Moreover, for any 7" > 0, from (4.9) we find

, o VT’ L
Y=y < esssup Efy g [ /T e P f(X, T)| ds

]-'tW’“}, P-as., forall 0 <t < TAT'.

DEVn T
(4.11)
Now, we distinguish two cases.
o Assumption (A) holds. Since f is bounded, from (4.10) we find
R 1|
YT,n < f —€ < e
P-a.s., for all 0 < ¢t < T. Since (YtT’n)te[O’T] is a cadlag process, we obtain

B

for all 0 < t < T, P-a.s., so that Y7'" is a uniformly bounded process. Proceeding in a similar
way, we can deduce from estimate (4.11) that

’YtT/’" — YtTn‘ < Hfgooe_ﬂ(TAT/_t), forall 0 <t <T AT, P-as. (4.13)
In particular, for any S € (0,7 AT"), we have
sup |YtT/7n o YtT,TL’ < ||f||006—ﬂ(T/\T/—S)’ ED—&.S. (414)
t€[0,5] B

o Assumption (A’) holds. By (4.10) we have

T
‘Y;Tn‘ < MesssupE%[/ e Bls=t) (1—1— sup |X’u|r> ds tW’“}
vEV, t u€l0,s]
< M/ —i—esssupET[ T.FXV’“Dds,
veEV) uG[O,s}
-a.s., for all 0 <t <T'. Using estimate (3.4), we find
Yo < M/ 1+ G014 sup |Xul) ds
u€(0,t]
— — T o
<2M(1+4C) (1+ sup \Xu|’") / e~ F=R)=1) g
u€l0,t] t
B— B u€l0,t]

P-a.s., for all 0 < t < T. Since (YtT’n)te[QT] is a cadlag process, we obtain

2M(1+C)<

v,

Sii

G5 (1F sw |X8V), (4.15)

s€0,t]
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for all 0 <t < T, P-a.s.. In a similar way, starting from estimate (4.11) we can prove that

YT’,n_YT,n‘ < 2M(1+C)<
t t — 2

B—p

for all 0 <t <T AT', P-a.s.. As a consequence, for any S € (0,7 AT"),

1+ sup |X8V)e*<5*3><TAT’*t>, (4.16)
s€[0,t]

. 2M(1+C
sup [YT " —yIm| < (1+ )(

"2 (14 sup \Xt\r)e*(ﬁ*5>(TAT’*S>, Pas. (4.17)
t€[0,5] g—B

te[0,5]

Then, under either (A) or (A”), we see that for every n € N there exists a cadlag process (Y;")¢>0 €
S2

2 such that, for any S > 0, Y™ is the P-a.s. uniform limit on [0, S] as T' — oo of the sequence of

cadlag processes (Y1")rg. Moreover, under (A), we have from (4.12)

|Yt”‘ < Hfgoo, for all t > 0, P-a.s. (4.18)
In particular, Y € S*°. On the other hand, under (A’), we deduce from (4.15)
2M(1+C . _
‘Y;”| < L_C)(l + sup \X8|7">, for all t > 0, P-a.s. (4.19)
B—p s€[0,t]

Furthermore, under either (A) or (A’), from formula (4.9) we have

T
Y = lim esssup]E%[/ e P r (X 1) ds
t

T—o0 eV,

.EW’“], P-a.s., for all t > 0. (4.20)

Step II. Convergence of (Z7",UT™)psg. Take T' > 0 and S € (0, T AT'). An application of It&’s
formula to (e=P4Y;" "™ — ¥;""™|)2 between 0 and S, yields (taking also the P-expectation)

S S
I_E[/ e~ 2Ps ‘ZST/’” - ZST’"‘2 ds] + I_E[/ / e 208 ‘U?l’”(a) - UST’n(CL)}Q )\(da)ds]
0 0 A

_ E[e—zﬁs ‘Yg’,n . Yg,n‘Q] . |Y0T/,n B YOT,n‘Q
S
+zm‘a[ / / 25 (yT'n YTy (U7 () * — (U7(a)") )\(da)ds]
0 A

_ 21‘@[ /0 ’ /A ¢85 (yT'm _yTn) (UT"(q) — UT"(a)) )\(da)ds].

Then
_ s / 2 — S / 2
E[/ e~ 2Ps ’ZZ M ZST’"’ ds} +E[/ /6_258 ‘UST "(a) fUST’"(a)‘ )\(da)ds}
0 0o Ja
! — S 7 7
<E[e|vg " = Y]+ 2(n + 1)E[ / / e 2|y — Y |UT M (@) - UL (a)] M(da)ds
0o Ja
/ _ S ’
<E[e™ Y5 " - v5" "] +2(n + 1>2A<A>E[/ ey v ds}
0

1_[ :
+ QE[/ / e~ s ‘UST "(a) — UST’"(CL)‘2 )\(da)ds].
0 A
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Therefore

;e‘zﬁSE[/OS\ZST/’"—ZST’"\st] —%SEU /|UT’ — Uy )\QA(da)ds]
EUO e~ | zTm — 7T ? d]+ E[/ / e 2% |ul'™(a) — UI™( )\QA(da)ds]

! — S /
E[e=2%|vd ™ — Y ’] + 2(n + 1)2A(A)E {/ e 205 |y — yTm)? ds} .
0
In conclusion, we find

E[/OS\ZST’:"— ] +E[/ / U™ (a) — UT™( )\2A(da)ds]

< 2E[YT" — v 4 a(n+1) )\(A)IE[ / (23(59) ‘EQT/’”—YST’”Pds].
0

IN

IN

Using either (4.13) under (A) or (4.16) under (A’), we deduce that

[/ A d]HE[/ /’UT" ol )\QA(da)ds] g

In other words, for any S > 0, the sequence (Z7", UT"")p- g is a Cauchy sequence in the Hilbert
space L2(W;0,S) x L2(j;;0,S). It follows that there exists (2",U") € L2 (W) x L2 (1) such
that

{/ 20 - 2] dS]JFE[/ /‘UT" Uf(a)\QA(da)ds] 2200 (421)

Now, take S € (0,T") and consider equation (4.6) between ¢ € [0, S] and S:

vy, = vg"h - 5/ YT”ds—i—/ fs(X ds+n/ / (UT™(a)) " A(da)ds

—/ zEmaw, — //UT” fi(ds, da).
t

Letting 7" — oo, using either (4.14) under (A) or (4.17) under (A’), and also (4.21), we obtain

Y = Ys—ﬁ/ Y"ds—i—/ fs(X fds+n/ / (Ua da)ds
—/ ZrdWs — / /U” fi(ds, da), 0<t<S, Pas. (4.22)
t

Since S is arbitrary in (4.22), we conclude that (Y™, Z" U") is a solution to the above infinite

horizon backward stochastic differential equation.

Step III. Convergence of (Y™)nen, proofs of formula (4.5) and equality V = Yy P-a.s.. Recalling
that V,, C V41, by formula (4.20) we see that (Y;*),en is an increasing sequence, for all ¢ > 0. In
particular, we have Y? < Y! <... <Y/ < ..., P-as., for all t > 0. Since Y™, for every n € N, is
a cadlag process, we deduce that Yto < Y;l <Y< forallt >0, P-a.s.. Therefore, there
exists an F"'#-adapted process (V;);>0 such that Y;* converges pointwise increasingly to Y, for all
t > 0, P-a.s.. Moreover, under (A) we have, using estimate (4.18),

;| < Hfgoo, for all t > 0, P-a.s. (4.23)
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Therefore Y is uniformly bounded. On the other hand, under (A’) we obtain, using estimate
(4.19),

1+ sup |XS|T), for all t > 0, P-a.s. (4.24)

s€[0,t]

Let us now prove formula (4.5). Fix T' > 0, t € [0,T], and an FW:t_stopping time 7 taking values in
[t,T]. We begin noting that, considering equation (4.22) written between ¢ and 7, and proceeding
along the same lines as in the proof of formula (4.9), taking into account that the terminal condition
is now given by Y", we can prove that

T
v = esspBy| [T (X D ds e A0y
eV, t

ﬁtw’“] : P-a.s. (4.25)

Since V,, C V and Y* < Y;, P-a.s., we get

V< sy | [Tt (X D ds e PO,
ey t

ﬁthu], Poas.
Recalling that Y,* ~Y;, P-a.s., we obtain the inequality

}7} < esssup]Eg{/ e~ Bls—1) fs(X7j) ds—i—e*ﬁ(‘f*t)f@
ey t

FY ’“} . P-as. (4.26)

On the other hand, let n,m € N, with n > m, then

,
Yt > Yt” = esssup@%[/ e—ﬁ(s—t) fs(X,f) ds—i—e_'B(T_t) an ]_—tW,y]
eV, t
,
> esssup Ef. [/ e=Als=1) fso(X,I)ds + e Blr=t) YTm‘ftW’“], P-a.s.
eV, t

Taking the supremum over n € {m,m +1,...}, we find

Y} > esssupI_E%{/ e Bls—t) fs(Xaf) ds+e*5(7*t) ym
ey t

.}:J/V’“} ) P-a.s.

In particular, we have

¥, > ET[ / e=BG=0) (X, T)ds + =50 ym
t

ftw’”} ) P-as.

for all 7 € V, m € N. Taking the limit as m — oo, and afterwards the esssup, we conclude that
vey

}7} > esssup]Eg{/ e~ Bls—1) fs(Xj) ds—i—e*ﬁ(‘f*t)f@
ey t

ftW’“} 3 P-a.s.

which, together with (4.26), gives formula (4.5).
Let us now prove equality V = Yp, P-a.s.. By either (4.23) or (4.24), we see that

esssup EY. [e_B(T_t)WTHEW’”] =,
ey P-a.s.
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Then, from (4.5) with 7 = T, we obtain

T
Y, = lim esssupET[/ e P f (X, 1) ds
t

T—o00 vey

]:tW’“] , P-a.s. (4.27)

In particular, taking t = 0 in (4.27), we see that V = Yq, P-a.s..

Step IV. Convergence of (Z™,U")nen. For every T' > 0, consider the penalized infinite horizon
backward stochastic differential equation (4.22) as an equation on [0,7] with terminal condition

Y
Y = Y}~ 5/ Y”ds—l—/ fs(X, 1) ds+n/ / (Ua da)ds
—/ Z0dWs — / /U” f(ds, da), 0<t<T, Pas. (4.28)
¢

Since the above equation is on the finite horizon [0, T], we can proceed as in [19] in order to study
the asymptotic behavior of (Z"[ZO AL U, |7[lo T})neN' More precisely, define

t
= n/ / (Ug(a))Jr)\(da)ds, for all t > 0.
0 JA

Then, proceeding as in the proof of Lemma 2.3, we can prove the following estimate for the triplet

(Zifo.07> Ulfory Kffo.r):

E{/OT]Zglzds} +E[/OT/A\Ug(a)’2/\(da)ds] +E[K}?]

< CT<E[ sup [V + [/ (X )\stD for every n € N, (4.29)

s€[0,7

for some positive constant C'r, possibly depending on 7', but independent of n. Since, for every n,
Y™ satisfies either (4.18) or (4.19), it follows that (4.29) provides an estimate for (Zﬁbo,T]v U|T[L0,T}’K|TO,T})
which is uniform with respect to n.

By (4.29), it is quite easy to prove (proceeding as in Theorem 2.1 in [19]) that the sequence
<Zﬁo,T]7U\?0,T])n€N weakly converges in LZ(W;0,T) x L2(f;0,T) to some pair (Z7,U7). Tt is
also straightforward to see that there exists a unique pair (Z,U) in L2 (W) x L2 _
restriction to [0, T is equal to (Z1,UT). Similarly, for every s € [0, 7], (K?),en weakly converges in
L?(9, .7:“![/’“, P) to K, for some nondecreasing predictable process K such that K, € L?(€, ]:"!V’”, P),
for any s > 0. Then, recalling from Step III that Y™ converges to Y, we can pass to the limit in
(4.28) and obtain equation (4.3) for the quadruple (Y, Z,U, K). Finally, relying on Lemma 2.2 in
[26], we can prove that both Y and K admit a cadlag version, hence Y € 812C and K € K?

It remains to prove the jump constraint (4.4). To this end, for any 7" > 0, we introduce the

functional Fr: L2(fi;0,T) — R given by

(@), whose

loc*

[/ / A(da) ds for every U € L2(f;0,T).

Since FT(U‘ o0, T]) E[|K%[?]/n, by estimate (4.29) it follows that Fr(U o, T}) — 0 as n — oo. Notice
that Fr is convex and strongly continuous on L2(fz; 0, T), then Fr is weakly lower semicontinuous.
Hence
—_ < . . n —
FT(U‘ [O,T]) >~ hnIIi)gf FT(U‘ [O,T]) 0.
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From the arbitrariness of T', we deduce the validity of the jump constraint (4.4).

Step V. Minimality and uniqueness. Let us prove that (Y, Z,U, K) is a minimal solution to
equation (4.3)-(4.4). Consider an arbitrary quadruple (Y, Z, U, K) € S2 xL2 (W)xL2 (i)xK2.
solution to equation (4.3)-(4.4), with either ¥ € S under (A) or |Y;| < C(1 + SUPse(o,4] | Xs|7),
for all t > 0, P-a.s., and for some positive constant C, under (A’). In particular, we have, for any
0<t<T,

T T
Y; + / e P ZodW, + / / e P U, (a) a(ds, da)
t t A

A

T T
= ¢ PTDy, 4 / e P60 f (X, 1) ds + / e P 4K,
¢ t
Given 7 € V, taking the ]F’%—conditional expectation with respect to .7:"tW’“ , we obtain

T
Y, > Y, +EL [/ / e PED T, (a) A(da)ds fyf’“}
t A

= EL[ePT0 ¥y,

T
FVe) 4 B [ [ et pnas

T
ftWﬂ LB [ [ eenar,
t t

7).

o

> Br[ePT-0¥y

T
FVe) 4 B, [ | e s

From the arbitrariness of v, we get

T
Vi > ess SUPE%[/ e P f (X, T)ds+ e T vy
ey t

7.

Using the bounds satisfied by ¥ under (A) or (A’), and estimate (3.4), we see that

esssupI_Eé’_p[e_ﬁ(T_t)WTH]%W’“] =,
ey P-a.s.

This implies that
. 1T . T
Y: > liminf esssupE%[ / B £,(X,T) ds + e PT=097| FV#
T=oo  pey t |

. )
= liminf ess SupE%[/ e P £ (X, 1) ds|F""
t |

=0 pey

T -
> lim esssupI_Elj_’ﬂ[/ e PN f (X, I ds|F)"H | = v, P-a.s.
t |

T—o00 7EVn

Letting n — oo, we end up with Y; > Y;, P-as., for all ¢ > 0, which yields the minimality of Y.

Finally, let us prove the uniqueness of (Y, Z,U,K). Since (Y, Z,U, K) is a minimal solution to
equation (4.3)-(4.4), by definition, the component Y is uniquely determined. In order to prove the
uniqueness of the other components (Z,U, K), we can proceed as in Remark 2.1 in [19] reasoning
as follows: first, we identify the Brownian part of Y, that is Z, and its finite variation part, (U, K);
afterwards, concerning the finite variation part, we identify the predictable part, K, and the totally

inaccessible part, U. O
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5 Feynman-Kac representation for fully non-linear elliptic PDE

We now apply the results of the previous sections in order to determine a non-linear Feynman-
Kac representation formula for a fully non-linear elliptic partial differential equation. To this end,
we introduce a Markovian framework, taking non-path-dependent coefficients: b.(x,a), o/(z,a),
ft(z,a) will depend on (z,a) only through its value at time ¢, namely (z(t),a(t)). More precisely,
in the present section we suppose that b, o, f are defined on R™ x A, with values respectively in
R”, R™*4 R.

5.1 Infinite horizon optimal control problem

We consider the same probabilistic setting as in Section 2, characterized by the following objects:
(Q,F,P), W = (Wt)t20> FV = (]:tVV)tZO? A.

For every x € R™ and a € A, we consider the following Markovian controlled stochastic differ-
ential equation:

t t
P = [oxzeagds+ [ o aa, (1)
0 0

for all ¢ > 0. We then define the value function v: R® — R of the corresponding infinite horizon
stochastic optimal control problem as follows:

v(z) = sup J(z,q), for all z € R", (5.2)
acA

where the gain functional is given by

J(z,a) = E[/me_ﬁtf(Xf’a,at)dt .

0

On the positive constant 5 and on the coefficients b, o, f we impose the same sets of assumptions
(either (A) or (A’)) as for the path-dependent case. In the present Markovian framework those
assumptions read as follows.

(AMarkov)

(i) The functions b, o, f are continuous.

(iii) There exists a constant L > 0 such that

’b($aa) - b(x',a)] + |0(x,a) - O-(xlaa” < L |l‘ - $,|a
600, a)| + [0 (0,0)| < L,

for all z,2’ € R", a € A.
(iv) There exist constants M > 0 and r > 0 such that
[f(z,a)] < M1+ |z|),

for all x € R", a € A.
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(v) B > B, where B is zero when the constant r at point (iv) is zero; otherwise, when r > 0, 3 is
a strictly positive real number such that

E| sup [X2o1| < Ce(14 Jaf), (5.3)
s€[0,¢]
for some constant C' > 0, with 38 and C independent of t > 0, a € A, z € R”. See Lemma
2.1.

Remark 5.1 Notice that, in the present Markovian framework, as the coefficients are independent
of the time variable, we can unify (A) and (A”) into a single set of assumptions (Amyarkov). As a
matter of fact, in this case, if we include in (A’) the case r = 0, with corresponding 3 = 0, then
(A’) coincides with (A); while, in the path-dependent case, (A’) is in general stronger than (A),
as the constant L in (A”)-(iii) is taken independent of T. O

It is well-known that under (Aparkov)-(1)-(iil), for every x € R™ and a € A, there exists a unique
FW _progressive continuous process X% = (X;"*);>o solution to equation (5.1). Moreover, under

(A Markov )-(1)-(iii), by Lemma 2.1, we have, for every p > 0,

E| sup [XPP] < GprePt (1t [af),
s€[0,t]
for some constants C’p7 . > 0and pr 1 > 0, independent of t > 0, a € A, x € R", depending only on

p > 0 and the constant L appearing in (Aparcov)-(iil). Finally, we notice that the value function v
in (5.2) is well-defined by (Aparkov)-(iv)-(V).

5.2 Randomized problem and backward SDE representation of v(z)

We consider the same probabilistic setting as in Section 3, with ), ag, (Q, F,P), W = (Wt)tzo, i on
[0,00) x A with compensator \(da)dt, FW:* = (]:"tw’“)tzo, I defined by (3.1), V, and the family of
probability measures ]?’%, with 7 € V and T > 0. Then, for every z € R", we consider the stochastic
differential equation

t t
Xr = a4 / b(XT,T,) ds + / o(XT L) dW,,  forall £ > 0. (5.4)
0 0

It is well-known that under (Apfaov)-(i)-(iii), for every x € R”, there exists a unique F"#-
progressive continuous process X* = (X{);>o solution to equation (5.4). Furthermore, under
(A Markov)-(1)-(iii), by Lemma 2.1, for every p > 0, there exist two non-negative constants C,, ;, and
By, such that
I_E%[ sup |X§|P(ﬁf"’”} < C'p,LeBP’Lt(l+ sup ]Xﬂp),
s€[0,T7 s€[0,t]

P-as., for all t € [0,7], T > 0, v € V, where Cp 1, and B, 1, are independent of t € [0,7], T > 0,
7€V, x € R", and depend only on p > 0 and the constant L appearing in (A yarkov )-(iii).

Remark 5.2 As we did in Lemma 2.1, when r > 0 in Assumption (Aparkov)-(iv), we denote C,. .
and BT, 1 simply by C and 3. O
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We define the value function v®: R® — R of the randomized infinite horizon stochastic optimal
control problem as follows:

vR(z) = lim sup JJR(x,7),  for all z € R, (5.5)
T—00 ey
where, for every T' > 0,
T
Ger) = B [ et g i,
0

From Section 3, we know that the limit in (5.5) exists and it is finite for every x € R™.
For every x € R", we now consider the following infinite horizon backward stochastic differential
equation with nonpositive jumps:

T T
Y, = YT—B/ sts+/ F(XT, L) ds + Kr — K,
t t

T T
—/ stWs—/ /Us(a)ﬁ(ds,da), 0<t<T, VT c(0,00), P-as. (5.6
t t A

Ui(a) < 0, dt @ dP ® \(da)-a.e. on [0,00) x Q x A. (5.7)

Lemma 5.1 Under (Aparov), for every x € R™, there exists a unique quadruple (Y®, Z* U% K%)
in S2. x L2 (W) x L2 (1) x K2, such that Y € S (resp. |Y*] < C(1+ SUPefo,] | X2, for

loc “loc

all t > 0, P-a.s., and for some positive constant C), satisfying (5.6)-(5.7) which is minimal in the
following sense: for any other quadruple (Y*, 2%, U*, K*) in 82 x L2 (W) x L2 _(fi) x K2 . with

loc loc loc

Y* e 8% (resp. |V < C(1+ SUP,eo,4 | X2, for all t > 0, P-a.s., and for some positive constant
(), satisfying (5.6)-(5.7) we have:

YE < YE, for allt >0, P-a.s.

Proof. The result follows directly from Theorem 4.2. O

Proposition 5.1 Suppose that (Anarkov) holds. Then, for every x € R™, we have:
(i) v(z) = v"™(x);
(ii) v(x) = Y§, P-a.s., where (Y®,Z% U%, K?) is the minimal solution to (5.6)-(5.7); moreover,
we have (r is the constant appearing in (Amarkov)-(1V)):
r=0: |v(z)] < %, for all z € R™;

r>0: Jv(z)] < 2M’£EC‘)(1 + |z|"), for all x € R™;

(iii) v(X¥) = Y7®, P-a.s., for all t > 0;

(iv) v satisfies the following equality:

v(z) = supE%[/ e P8 f(XE, I,) ds + e PTu(XY)|, (5.8)
ey 0

for all T >0 and any FW*-stopping time T taking values in [0,T).
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Remark 5.3 We refer to formula (5.8) as the randomized dynamic programming principle for v.
O

Proof (of Proposition 5.1). Point (i) is a consequence of Theorem 4.1, while point (ii) follows
from Theorem 4.2, Lemma 5.1, and either estimate (4.23) (case r = 0) or estimate (4.24) (case
r > 0) with ¢t = 0. Concerning identity (iii), for every n € N consider the penalized infinite horizon
backward stochastic differential equation (4.22) with fs(X, I) replaced by f(XZ, ), and denote by
(ynez zme gty e S2 x L2 (W) x L2

£ x L £ () its solution. Then, it is a standard result in the theory

of backward stochastic differential equations that, for every n, there exists a function v, : R” — R,
with v, (z) = Yy"*, satisfying v, (X¥) = Y/"", P-as., for all ¢ > 0. By step II of the proof of
Theorem 4.2, we know that Y;"* = v, (x) converges increasingly to Y® = v(z). Then, letting
n — oo in identity v, (XF) = Y/"*, we deduce (iii). Finally, formula (5.8) follows from point (iii)
and formula (4.5), with ¢t = 0. O

5.3 Fully non-linear elliptic PDE

Consider the following Hamilton-Jacobi-Bellman fully non-linear elliptic partial differential equation
on R™:

Bu(z) —sup [Lu(z) + f(z,a)] = 0, for all z € R", (5.9)
acA

where
Cou(z) = (b(x,a),Dmu(x»—i—%tr[aaT(w,a)chu(x)].

We now prove, by means of the randomized dynamic programming principle, that the value function
v in (5.2) is a viscosity solution of equation (5.9). As explained in the introduction, this allows us
to avoid the difficulties related to a rigorous proof of the classical dynamic programming principle,
which often requires the use of nontrivial measurability arguments. In order to do this, we need an
additional assumption.

(A¢) The function f = f(x,a): R" x A — R is continuous in « uniformly with respect to a.

Remark 5.4 Notice that under (Anamoy) and (Ay), for every ¢ € C*(R"), the map

z € R" +— sup [L%(x) + f(z,a)]
acA

is continuous on R". O
Lemma 5.2 Under (Amariov) and (Ay), the value function v in (5.2) is continuous on R™.
Proof. We begin noting that the continuity of v follows if we prove the following:

The discounted reward functional J(x, ) is continuous in x uniformly with respect to « in A.

(5.10)
In order to prove (5.10), we rewrite J(z, «) as follows:
J(x,a) = JT(x, )+ Jr(z,a), (5.11)
for every € R", o € A, T > 0, where
T 00
JE(z,a) = E[/ e PLE(XDY, ay) dt|, Jr(z,a) = E[/ e PLE(XTY, ay) dt|.
0 T
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Now, observe that, by the polynomial growth condition on f in (Apmarkov)-(iv), by assumption
(Aarkov )-(V) which guarantees that 3 > 3, together with estimate (5.3), we have
o _ _ _ M . M _ _ 3
|Jr(x, )| < / Me Pt (1 +Ce (1+ ]x\r)) dt = — e T4 ——C(1+|z|") e P-AT,
T B B—p

So, in particular, for every z € R"”, when T" — 400 the quantity Jr(z,a) goes to zero uniformly
with respect to « in A and uniformly with respect to z in any bounded set. As a consequence, from
equality (5.11) we deduce that claim (5.10) follows if we prove that the functional J7 is continuous
in 2 uniformly with respect to « in A. Notice that J7 is the reward functional of a finite horizon
control problem, with horizon 7" and zero terminal condition. Then, under assumptions (A yrarkov)
and (Ay), the required continuity of J7 follows from Theorem 3.2.2 in [20]. O

We can now state the main result of this section.

Theorem 5.1 Under (Amarov) and (Ay), the value function v in (5.2) is a continuous viscosity
solution to (5.9), namely:

e v is a viscosity subsolution to (5.9):

Bo(x) — sup [L%(x) + f(x,a)] < 0,

for every x € R™ and ¢ € C*(R™) such that

max (v(y) —¢(y)) = v(z) — (@) = 0. (5.12)

® v is a viscosity supersolution to (5.9):

Bo(x) - sup [L%(z) + f(x,a)] > 0,

for every x € R™ and ¢ € C?(R™) such that

min (v(y) — () = vlz) - @) = 0. (5.13)

Remark 5.5 We do not provide here a comparison principle (and hence a uniqueness result) for
the fully non-linear elliptic partial differential equation (5.9), which can be found for instance in
[15], Theorem 7.4, under stronger assumptions than (Anrarcov)-(Af). However, we notice that,
when a uniqueness result for equation (5.9) holds, Theorem 5.1 provides a non-linear Feynman-Kac
representation formula for the unique viscosity solution (reported in Proposition 5.1-(ii)), expressed
in terms of the class of infinite horizon backward stochastic differential equations with nonpositive
jumps (5.6)-(5.7), with x € R™. O

Proof. Notice that the continuity of v follows from Lemma 5.2. We split the rest of the proof into

two steps.

Step 1. Viscosity subsolution property. Take r € R™ and ¢ € C%(R") such that (5.12) holds.
Without loss of generality, we suppose that the maximum in (5.12) is strict. As a matter of fact,
if we prove the viscosity subsolution property for all ¢ for which the maximum in (5.12) is strict,
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then given a generic ¢ € C?(R") satisfying (5.12), it is enough to consider the function ¢ € C?(R™)
given by ¥(y) = p(y) + |y — z|*, for all y € R™, and to notice that ¢(x) = p(z), Dyb(x) = Dyp(x),
D%y(x) = D2p(x); moreover, 9 satisfies (5.12) and the maximum is strict.

We proceed by contradiction, assuming that

Be(x) — 51612 [L%(z) + f(z,a)] =: 2e9 > 0.

By Remark 5.4, it follows that the map y — 8¢(y) — sup,calL%(y) + f(y,a)] is continuous on
R™, therefore there exists n > 0 such that

Bo(y) —sup [L%(y) + f(y,a)] > eo,  for all y € R satisfying |y — x| < n.
a€A

Since the maximum in (5.12) is strict, we have

e (v(y) —¢ly) = =0 < 0. (5.14)

Fix ¢ € (0, min(eg, d3)]. Take T' > 0 and set
T = inf{tZO:‘Xf—x‘Zn}, 0 =71 NT,

where we recall that X* = (XF);>¢ is the solution to equation (5.4). Notice that 7 and 6 are
FW#_stopping times, with @ taking values in [0,7]. Then, by formula (5.8), it follows that there
exists 7 € V such that

0
o) - 55 < By| [ pE Ly ds 4P og)|.
0
By v < ¢, v(z) = ¢(x), as well as (5.14), we deduce that

0
/ e P f(XE, I) ds + e P o(X§) — plz) — e 1{T§T}:| .

£ _
—— < E”[
283 "o

An application of Itd’s formula to e 5% p(X?) between s = 0 and s = 6, yields

9 = — — —
—% < —E% [/0 e P (Bo(XT) — Llp(XE) - f(XI,1,)) ds + e 1{T<T}:| :

Now, we observe that, whenever 0 < s <6,

Bo(XE) = Llp(XD) = F(XE, L) = Bo(XE) —sup [L%(XD) + f(XE,0)] > e

a€A
Therefore
. 10
-5 < —Er_”p[/ 86_63d8+56_ﬁ91{T<T}:|
23 0
= _E w8 5 e p0 € 5o
5 +ET[< 5) e 1{TST} + e ]‘{’T>T}:|
e € -
< —— 4+ —ES[e P01, = “EZ e P 1y,
3B [ { >T}] 3B T[ { >T}]
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— _- 4= —BT _ S, =, -8T
5+5 PL(r > T) < B—{—Be .

Letting T'— oo, we find the contradiction —¢/(25) < —¢/f3.

Step II. Viscosity supersolution property. Take x € R™ and ¢ € C?(R™) such that (5.13) holds.
Given 1 > 0, we define

. S 1
T = 1nf{t20:}Xt—a:‘ 277}, O ::T/\E,

for every m € N\{0}. Then, by formula (5.8), we obtain (recall that the map 7 = 1 belongs to V
and, for such 7, we have that IP)?F is P, for any T > 0)

Om
v(z) > I_E[/ e P f(X2 L) ds—{—e_ﬁg"‘v(Xgm)].
0

Since v > ¢ and v(x) = ¢(z), we obtain
02 B| [T e fxn Ly ds e o(65,) - o)
0

Applying Itd’s formula to e #*¢(X?) between s = 0 and s = 6,,, and dividing by 1/m, we find
[ 1 Om _ - _
02 B[ [T () - LR - X2 L) as) (5.15)
0

Now, notice that, for P-a.e. @ € (, there exists M (@) € N such that 6,,(@) = 1/m for any
m > M(@w). Moreover, I, converges P-a.s. to ag as s \, 0. In addition, we recall the following
standard result:

E[ sup | X7 —z|| = 0.

s€[0,T } =

Therefore, up to a subsequence, we have

O, o o
i T [ e (B XD — LKD) ~ (X2 1) ds " Bpla) = £06(@) = fw.a0)
1/m P—a S.
Furthermore, since the time integral appearing in the definition of &, is performed over the interval
[0,6,,], it follows that there exists a non-negative ¢ € LY(Q, F,P) such that |&,| < &, P-a.s., for
every m € N. Then, by the Lebesgue dominated convergence theorem, sending m — oo in (5.15),
we find

Be(z) = LY(x) + f(z,a0).

Recalling that the deterministic point ag € A fixed at the beginning of Section 3 was arbitrary, we
conclude that

Bo(r) > sup [L%(x) + f(x,a)].
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Appendix

Proof of Lemma 2.1

Proof. We begin proving estimate (2.4) for p > 2. Givent > 0, A € F;, T > t, we obtain, from
equation (2.3),

. . 1/p . . 1/p . 5 . p 1/p
E| sup |X8|p1A} < E{ sup |X8|p1,4} —I—E[ sup / bu(X,7) du 1A}
s€[0,T s€0,t] selt,T) | Jt
. s A P 1/p
—i—E[ sup / ou(X, ) dW, 1A] . (A.1)
selt,T) 1 Jt

Notice that
bu(X,7)|" 1] du.

p 1/p T
1A] < [ E
t

Then, by Assumption (A)’-(iii), we obtain

Fa 8] e )]

E { sup
s€(t,T]

/ bu(X, ) du
t

IN

E[ sup
s€t,T)

/ bu(X,7) du
t

T
< B 1/p 5 v |P 1/p
< LC=0EL P+ L | E[ st[(l)p]|XS] 1,4] du. (A.2)
se|0,u

On the other hand, by the Burkholder-Davis-Gundy inequality,

. s ) P 1l/p ) T . p/2 1/p
B sw | [(ouxman) L] < 6 (8]( [ lactra)” 1))
seft,T] | Jt t
T R 1/2
= G / lou (X, 7)[> 14 du o
t Lr/2(Q,F P)
T R 1/2
< Cp</ E[|JU(X,7)|p1A]2/pdu> ,
t

where Cy, > 0 is the constant of the Burkholder-Davis-Gundy inequality. By Assumption (A)’-(iii),
we find

E [ sup
s€t,T)

pur/p < CpL(/tTE[(1+ sup |Xsy>p1Ar/pdu)l/2

s€[0,u]

/ UU(X,’y) qu
t

. T R 2/p 1/2
< CpL(T—t)E[lA]l/p+CpL</ E[ sup |Xsyp1A] du> .
t s€[0,u]

Plugging this latter estimate and (A.2) into (A.1), we obtain

E| sup [X["14

1/p
s€[0,T7] ]

. . 1/ L 5 1/
< IE[ sup |X3\p1A] p—{—L/ E[ sup |Xs|? 1A} " du (A.3)
s€[0,t] t s€[0,u]

~ T N 2/p 1/2
—|—(1+Cp)L(T—t)E[1A]1/p+CpL(/ E{ sup ]Xs\plA} du) .
t s€[0,u]
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Taking the square of both sides of (A.3), and using the inequality (z1 + 22 + 23 + 24)? < 4(2? +
23 + 22 + 23), valid for any z1, 72, 23,74 € R, we find

N . 2/ . . 2/ T, . 1/ 2
E[ sup \X5|p1A} pg4E[ sup \X5|P1A} p+4L2</ E[ sup |Xs|p1A} pdu) (A4)
s€[0,T] s€[0,t] t s€[0,u]

R T, . 2/
+4(1+C,)2 L2 (Tt)QE[1A}2/P+4C§L2/ E[ sup |XS|P1A} " du.
t s€[0,u]

Now, consider the nonnegative function v: [¢t,00) — [0, 00) given by

. A 2/p
o(T) = IE[ sup |Xs|Pla| for all T' > t.
s€[0,T

Then, rewriting inequality (A.4) in terms of v, we obtain

. . 2 . T 2
(1) < 48] sup 15,71 Traus @ - e ([ Vit )
se|0,

T
+4 C’g L? / v(u) du. (A.5)
t

Multiplying both sides of (A.5) by e~ (T=1):

~ A~ 2 n
e~ (T=D y(T) < 4[{5[ sup | X, 1A] v +4(1+C)2 L3 (T — )2 B[14)%7
s€[0,¢]

T 2 T
+4L2< / e T=0/2 [y (u) du) +4C2 12 / e T Dy (u) du, (A.6)
t t

where we have used the inequality e~ (T—%) < 1. Now, notice that
T 2 T 1/2 2
</ ef(Tft)/2 /’U(’U,) du> — </ e*(Tfu)/Q (ef(uft) v(u)) du>
t t
T T T
< / e~ (T du/ e Dy(u)du < / e y(u) du
t t t

and

T T
/ e T Dy(u)du < / e Dy (u) du.
t

t
Therefore, from inequality (A.6), we get

. . 2/ ;
e T0u(T) < 4B| sup [P 4 40+ G LT - 07 BlLLP
s€l0,t

T
+4(1+C’§)L2/ e~ p(u) du.
t

An application of Gronwall’s lemma to the function u — e~ (“"Dy(v), yields

N N 2 N
e~ TDy(T) < 4 (E[ sup | X, P 1,4} " v (T—t)QE[lAP/p) e (1407 L2 (T—1)
s€[0,t]
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Then, noting that (T — )2 < €7, we end up with

~ N 2 ~ N 2 R
E[ sup | Xs|? 14 o 4(1@[ sup | X,|P 14 /p+(1+0p)2L2]E[1A]2/P) (14 (G 1) (T—1)
s€[0,T s€[0,t]

from which we find (using the inequality (a + b)P/? < 2P/2=1(qP/2 4 pP/2), valid for any a,b > 0)

E{ sup |Xs‘p 1A] < grtp/2-1 (E[ sup ‘Xs|p 1A} + (14 Cy)PLP E[lA]) e (1+4(1+C) L?) (T—1)
s€[0,T7] s€[0,t]
< C_'p@f[*:[(l + sup |Xs|p) 1A} eBp'L(Tft),
s€[0,t]
with (for p > 2)
s - 3 p
Cpr = 2772 Tmax (1, (1 4 Cp)PLP), Bpr = 5(1 +4(1+ C2HL?).
From the arbitrariness of A € ]:"t, we conclude
E{ sup ]Xs\p’]:}} < CprL (1 + sup |X9]p> ePr.n(T=1), P-a.s. (A.7)

s€[0,T] s€[0,]

which yields estimate (2.4) for p > 2
Finally, when p € (0,2), we have, by Jensen’s inequality,
~ A ~72/p o 5ol 2
B sup 1% |77 < B sup |X2|7].
s€[0,T] 5€[0,T]

Then, by estimate (A.7) with p = 2, we obtain

IN

B[ sup [£,[°|7]

_ R /2 =
Cg/L2 (1 + sup ‘XS|2>p egﬁzL(Tft)
s€[0,7 ’

s€[0,¢]
ég/LQ (1 + sup ‘Xs|p> egBQ,L(Tﬂf)7
7 s€[0,¢]

IN

which yields estimate (2.4) for p € (0,2), with

Cp,r = C*g/f = 2Pmax (1, (14 Co)PLP), By := gﬁ’u = - (1+4(1+C35)L?).
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