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ABSTRACT: Intermetallics contribute significantly to our current demand for high-performance functional materials. 
However, understanding their chemistry is still an open and debated topic, especially for complex compounds such as 
approximants and quasicrystals. In this work, targeted topological data mining succeeded in (i) selecting all known Mackay-
type approximants, (ii) uncovering the most important geometrical and chemical factors involved in their formation, and 
(iii) guiding the experimental work to obtain a new binary Sc−Pd 1/1 approximant for icosahedral quasicrystals containing 
the desired cluster. Single crystal X-ray diffraction data analysis supplemented by electron density reconstruction using the 
maximum entropy method, showed fine structural peculiarities, i.e. smeared electron densities in correspondence to some 
crystallographic sites. These characteristics have been studied through a comprehensive DFT modeling based on the 
combination of point defects such as vacancies and substitutions. It was confirmed that the structural disorder occurs in 
the shell enveloping the classical Mackay cluster, so that the real structure can be viewed as an assemblage of slightly 
different, locally ordered, four shell nanoclusters. Results obtained here open up broader perspectives for machine learning 
with the aim of designing novel materials in the fruitful field of quasicrystals and their approximants. This might become 
an alternative and/or complementary way to the electronic pseudogap tuning, often used before explorative synthesis.

INTRODUCTION

Chemistry of intermetallics is still one of the most 
complicated topics in materials science, mainly due to 
their strong and almost continuous variation with the 
composition and nature of the elements involved. 
Compounds formed by two or more metals exhibit a wide 
structural diversity, which is the origin of many difficulties 
in their description and classification. According to the 
crystallographic data analysis of Dshemuchadse & Steurer1, 
among 20,829 intermetallics (involving 81 elements of the 
periodic table) crystallizing in 2,166 different structure 
types, almost 2% of the structures exhibit more than 100 
atoms per unit cell and are therefore termed “complex 
intermetallics” (CIMs).

At the early stage, many CIMs were described as a 
packing of clusters and so-called “glue atoms” that fill the 
voids in between. The convenience and logic of the cluster 
representation of complex structures is obvious: 
intermetallics with more than a thousand2,3 or even tens of 
thousands4,5 of atoms per unit cell look much simpler when 
represented as cluster assemblages. Nonetheless, the 
physical significance of such a description, as well as the 

definition of the clusters themselves6 still remain open 
questions.

Icosahedral quasicrystals (iQC) and their approximant 
crystals (AC) are classic examples of a numerous family of 
CIMs for which concentric shell-like (or nested) clusters 
are fundamental building units. Commonly, three 
topologically different structural fragments are 
distinguished among these, namely, Bergman-7, Tsai-8 and 
Mackay-type9 clusters.

Under the assumption that a rhombic triacontahedron 
(RTH, 32 vertices) cluster is the principal building unit for 
the iQC YbCd5.7, a successful structure solution could be 
realized in 20078. An elegant generalizing scheme was then 
proposed for the periodic ACs of the iQCs: it was shown 
that the majority of Bergman- and Tsai-type rational ACs 
could share their RTH rhombic faces when b-linked or 
partially overlap if they were c-linked10. Recent studies for 
Tsai-type ACs have shown that both types of linkage can 
be successfully modelled by considering the formation of 
smaller clusters in the first step of crystal growth from the 
melt and further coalescence of remaining atoms “welding” 
them together11. The consideration of RTH as a structural 
unit not only significantly simplifies the ACs 
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2

representation, but also allows to avoid the use of “glue” 
atoms – a conventional but vague term describing the 
intercluster space12. It is worth noting that Mackay ACs 
were generally less considered in the framework of RTH 
simplification, mainly due to a deep disorder of their outer 
concentric shells13. On the other hand, disorder 
phenomena are quite common in the intermetallics realm 
and may appear in terms of distortions, strains, 
substitutional disorder14–16, vacancy formation17–20, stacking 
faults, intergrowth of different phases21, or their 
combinations22. Although consequences of the defect 
presence in a structure can be experimentally detected, 
their detailed study is still quite challenging17,21,22.

Notwithstanding the above-mentioned clusters were 
individuated as a clear structural descriptor for periodic 
ACs of the iQCs, they have not yet been exploited for the 
theoretical prediction of new approximants. This is likely 
due to their 3D periodic unit cell complexity, which is 
aggravated by a compositional disorder, resulting in an 
extremely high computational cost for theoretical methods 
like density functional theory (DFT). On the other hand, 
the most frequently used theoretical approaches to crystal 
structure prediction are based on purely geometric 
considerations, which are supplemented by evolutionary 
algorithms23,24, without considering significant crystal 
chemical aspects.

In this work the scope of new approximant design was 
faced starting from the cluster-based description. Thus, 
graph theory was applied to perform meaningful data 
mining of the inorganic crystal structure database (ICSD) 
to find all known approximants containing Mackay 
clusters. Correlation diagrams were created and analysed 
with the aim of identifying key features for the existence of 
targeted compounds.

A major part of this article describes the synthesis and 
the comprehensive crystal and electronic structure 
analysis of a new orthorhombic 1/1 AC found in the Sc–Pd 
system, chemically related to those selected after 
topological data mining. For this off-stoichiometry 
compound, an intrinsic structural disorder was revealed, 
which was the origin of its detailed DFT-based modelling. 
A dense set of structural models with different 
compositions due to different defect fractions has been 
generated and relaxed. The convex hull thermodynamic 
criterion was used to evaluate the most stable 
configurations. From this experimental and theoretical 
study, a sound, consistent, and comprehensive 
interpretation of the crystal structure of the new AC was 
obtained with implications for the future search for other 
ACs.
2. Materials and Methods

2.1. Topological analysis – a useful starting point for 
data mining

The complex task of searching for CIMs that contain a 
certain finite fragment could take advantage of a tool that 

is independent of group theory. For example, graph theory 
can be helpful and topological methods can be used for raw 
data mining and targeted search for different structure 
classes25–28. The practice shows that this path reduces 
complexity of the subsequent investigations and, 
therefore, saves computational/experimental resources. In 
this work, the main attention is paid to a rational Mackay 
AC search within the entire Inorganic Crystal Structure 
Database (ICSD, release 2018_2; about 220,000 crystal 
structures), as earlier only a part of its entries was 
analysed29. The algorithm for selection and subsequent 
analysis of icosahedral Mackay-type ACs relies entirely on 
the procedures implemented in the ToposPro package30 
and includes the following steps:

(i) Calculation of the adjacency matrices31 for all the 
crystal structures using the AutoCN program. Since the 
intermetallics belonging to the ACs family have highly 
coordinated crystallographic sites, all the significant 
interatomic contacts can be characterized by a certain set 
of faces of atomic Voronoi polyhedra (a threshold solid 
angle of 0.19 rad was chosen). As a result, 3D periodic nets 
were obtained for the entire database. More details on the 
adjacency matrix calculation and related criteria are 
reported in31.

(ii) Application of a very fast and robust automated 
search algorithm properly adapted to a finite fragment 
(graph) of any complexity. The latter is generated in a text 
format depicting the shell graph of a 1@12@42 Mackay 
cluster. At the end, a complete list of compounds 
containing the template fragment was generated (see 
“Mackay cluster containing CIM.xlsx” in Supplementary 
Material).

(iii) Selection of the ACs from the list using several 
filters, such as the appropriate unit cell dimension range, 
the presence of “glue” atoms, and the relative disposition 
of Mackay clusters (they should not overlap) within the 
crystal structure as the most important ones.

(iv) Simplified representation of each AC structure in 
terms of underlying net topology: only the centres of 
gravity of Mackay clusters are considered preserving the 
global net connectivity.

(v) Finally, by applying the topological analysis 
described elsewhere29,32, the underlying building patterns 
have been classified according to the Reticular Chemistry 
Structure Resource nomenclature33 and ToposPro 
databases34.
2.2. Synthesis, SEM-EDXS and DTA

To obtain the title 1/1 AC phase, mixtures of pure Sc 
pieces and Pd foil (more than 99.9% purity, MaTecK, 
Jülich, Germany) with Sc74Pd26 and Sc80Pd20 nominal 
compositions and with a total weight of 0.6 g were melted 
three times in an arc furnace under Ar atmosphere. A 
simple recrystallisation cycle was applied to the Sc80Pd20 
alloy to obtain good quality single crystals. The as-cast 
sample was enclosed in a tantalum crucible and then in an 
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evacuated quartz phial to prevent oxidation and finally 
placed in a resistance furnace. It was heated up to 1150 °C 
(10 °C/min) and subsequently slowly cooled down (–0.2 
°C/min) to room temperature (RT).

A Zeiss Evo 40 (Carl Zeiss SMT Ltd.) scanning electron 
microscope (SEM) coupled with a Pentafet Link Energy 
Dispersive X-ray Spectroscopy (EDXS) system managed by 
INCA Energy software (Oxford Instruments, Analytical 
Ltd.) was used for microstructure observation and 
crystallographic phase analysis. Figure S1 of the 
Supplementary Material shows the micrographs of Sc74Pd26 
and Sc80Pd20 samples: the former contains Sc2Pd as primary 
crystals together with the 1/1 AC phase, the latter shows as 
major (90%) phase the target 1/1 AC with only small 
amounts of elemental Sc. In both alloys, the semi-
quantitative elemental composition for 1/1 AC grains is 78 
at. % Sc and 22 at. % Pd.

Differential thermal analysis (DTA) was performed for 
the Sc80Pd20 alloy to confirm the type and temperature of 
formation reaction for the 1/1 AC, as already presented in 
the published Sc-Pd phase diagram35 (the phase of interest 
there is called Sc4Pd, see Figure S2a). The measurement 
was carried out using the LABSYS EVO (SETARAM 
Instrumentation) analyser equipped with type-S Pt-PtRh 
10% thermocouples, in the temperature range from 25 to 
1050 °C, and a homemade tantalum crucible. An empty 
tantalum crucible was used as reference. The DTA curve 
was recorded under a continuous argon flow (20 mL/min) 
according to the following cycle: RT  1050 °C (10°C/min; 
10 min plateau)  RT (–10 °C/min). The obtained 
thermogram was elaborated with the Calisto software 
supplied by SETARAM. The sample was characterized by 
SEM/EDXS prior and after the DTA experiment. It was 
confirmed that the 1/1 AC forms peritectically at ca. 980 °C 
(see Figure S2b).

2.3. Single crystal X-ray diffraction and electron 
density reconstruction

Small crystals with metallic lustre (further indicated as 
crystal I and II) were carefully selected from the 
fragmented Sc80Pd20 alloy, glued on glass fibres and 
positioned into a Bruker Kappa APEXII diffractometer 
equipped with a molybdenum X-ray tube. Data was 
recorded using -scans at ambient conditions. Data 
integration, Lorentz polarization, and semiempirical 
absorption corrections were applied to all data by using the 
SAINT and SADABS software36. Crystal structures 
refinements were carried out by full-matrix least-squares 
methods on |F|2 using the SHELXL program37 as 
implemented in WinGx38. The corresponding CIF files, 
available as supplementary material, have been deposited 
at Cambridge Structural Database with the following 
depository numbers: CSD-1874074 (crystal I) and CSD-
1874073 (crystal II). Details on the structure solution are 
discussed in Section 3.2.

For the reconstruction of the electron density (ED), the 
model-independent Maximum Entropy Method (MEM) 
was used as implemented in the BayMEM program 
package39. The experimental structure amplitudes F(obs) 
were processed with the crystallographic computing 
system Jana200640. The PRIOR program was used for the 
prior calculation using the structure parameters from the 
independent spherical atom model (ISAM) refinement of 
the Sc56Pd15 (Immm, oI142, Z = 2). Subsequently, the EDMA 
program was used for the quantitative characterization of 
the EDs, i.e. atomic coordinates, atom charges, and 
volumes according to the quantum theory of atoms in 
molecules (QTAIM)41. Selected crystallographic data, 
structure refinement parameters, and details on the ED 
reconstruction are given in Table S1.
2.4. Compositional/configurational spaces sampling

The structural models generated for 
compositional/configurational space sampling were 
derived from the idealized (ordered) Sc56Pd15 model 
(Immm, oI142, Z = 2). In order to achieve relevant off-
stoichiometry structure models, two types of possible 
point defects were considered: “vacancy” (empty 
crystallographic site) and “substitution” (substitution of 
one atom sort by another one). As will be shown below, 
this is enough to describe the structural peculiarities 
observed by X-ray diffraction and within corresponding ED 
maps (Sec. 3.3).

Two compositional/configurational spaces were set by 
using the Supercell program42, which provides P1 symmetry 
representations of the disordered structures, necessary for 
DFT modelling. Firstly, model unit cells with single point 
defects (vacancy or substitution) in every crystallographic 
site were generated (a schematic representation of the 
applied procedure is given in Figure S6 of Supplementary 
Materials). Since there are 18 occupied Wyckoff sites for 
the Sc56Pd15 structure, the irreducible “Single Defect 
Compositional/Configurational Space” (SDCCS) contains 
36 (18 for vacancies and 18 for substitutions) symmetrically 
inequivalent entries (cf. steps 1.1–1.3 in Figure S6 of 
Supplementary Materials). Secondly, the defect formation 
energies of SDCCS were calculated by means of DFT and 
the energetically favoured point defects on different 
crystallographic sites were identified. After that, a 
“Combined Defect Compositional/Configurational Space” 
(CDCCS) aimed at investigation of the thermodynamic 
properties of highly disordered structures was constructed 
combining in various quantities the point defects on the 
selected sites.

To keep a reasonable computational complexity of the 
subsequent DFT calculations for CDCCS, the combined 
point defects generation was performed only for two 
crystallographic positions: Sc9 (4f) and Sc12 (8m) (cf. Table 
1). These sites show the lowest defect formation energies 
for the averaged vacancy and substitution contribution. 
Considering the maximum number of point defects on 
each disordered site equal to 4 (limit, sufficient for 
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modelling conducted here), more than 200 independent 
structure models arise. Even within such a simplified 
approach, due to the high multiplicities of the selected 
Wyckoff sites, the resulting complexity of the irreducible 
CDCCS with more than 17,000 entries lies beyond the 
reasonable limits. Therefore, a reduced number (1,041 
entries) of independent configurations for each unique 
combination of point defects was randomly selected and 
relaxed within DFT.

One more structural model of hypothetical Sc57Pd13 1/1 
AC constructed by analogy with related compounds43 (see 
“Mackay cluster containing CIM.xlsx” in Supplementary 
Materials) was also considered for DFT calculations to 
explore its thermodynamic properties in the Sc–Pd system. 
Additionally, for the most energetically favoured entries of 
the studied CDCCS, a number of structural models 
containing vacancies and substitutions on the Pd5 (4j) site 
(this site is also affected by disorder from X-ray diffraction 
point of view) were set and calculated by means of DFT.
2.5. DFT calculations

The obtained structures of SDCCS and CDCCS were 
relaxed using the DFT approach implemented in the 
Vienna Ab Initio Simulation Package44. The projector-
augmented wave method45 and the generalized gradient 
approach were used with Perdew-Burke-Ernzerhof (PBE) 
exchange-correlation functional46. The recommended 
pseudopotentials (Sc_sv: 3s23p64s23d1, Pd: 4d95s1) were 
selected. The energy cutoff value of 600 eV was set. For 
binary intermetallics, structure relaxation runs were 
carried out at the Г-point of the reciprocal space. For pure 
metals, the reciprocal space sampling was done within the 
Г-centered Monkhorst-Pack scheme (Sc: 5×5×3, Pd: 
4×4×4). For comparison of the theoretical and 
experimental results, the atom charges were calculated 
according to QTAIM41.

According to the compositional/configurational space 
sampling described above, the introduction of a discrete 
amount of point defects should lead to crystal symmetry 
reduction. For this reason, any constraints during a 
structure/cell optimization were switched off. The 
convergence control parameters for total energy and 
maximum force acting on an ion were set to 10–4 eV and 10–3 
eV/Å, respectively.

For a certain  configuration with the characteristic 𝐴𝑥𝐵𝑦
energy of , the formation energy per atom Ef was 𝐸𝐴𝑥𝐵𝑦

calculated by using formula (1), where EA and EB are the 
characteristic energies per atom of the A and B 
constituents in a pure metal state, respectively:

𝐸f =  
𝐸𝐴𝑥𝐵𝑦 ― 𝑥𝐸𝐴 ― 𝑦𝐸𝐵

𝑥 + 𝑦
(1)

To conclude whether a configuration is 
thermodynamically stable, the convex hull approach23,47 
was applied. For this purpose, a reference Ef line (hull) 
linking Sc2Pd, ordered Sc56Pd15, and Sc was constructed 
covering the whole compositional range of the generated 

models. The SDCCS models showing the minimum 
formation energies with respect to the hull (Ehull) were 
considered for further generation of the CDCCS entries. 
After their DFT relaxation, the convex hull was 
recalculated with reference to the new Ef values of the more 
thermodynamically stable compositions. In accordance to 
this, the Ehull values for the SDCCS entries are given related 
to the first mentioned hull (Sc2Pd–Sc56Pd15–Sc) and serve 
for the selection of the promising “defect” sites, whereas 
the Ehull values for the CDCCS configurations are evaluated 
with respect to the updated hull.

Density of States (DOS) comparative analysis between 
the initially X-ray guessed structure (Sc56Pd15) and the 
energetically most favoured one after CDCCS exploration 
(Sc55Pd16) was performed. An enhanced sampling of the 
reciprocal space (k-mesh of 12×12×12 leading to 510 
irreducible points) was applied to the pre-relaxed 
configurations within the all electron, full‐potential local 
orbital method (FPLO, version 9.00)48. The PBE exchange 
and correlation functional was used, considering also 
scalar relativistic effects.
2.6. Parameters used for ACs’ maps construction

The necessity of a critical evaluation of the most 
common factors used for structure maps construction 
arose through their application to the group of Mackay 
type ACs found by topological data mining. Independently 
from the number of elements, each of these compounds 
can be considered as composed of species acting as cations 
(major constituents) and others acting as anions. Thus, the 
following parameters were chosen:
(a) Volume contraction: it is the relative volume change 
passing from the elements to the intermetallic compound 
introduced by Merlo49 and defined as ∆𝑉𝑓(%) = 100 × (

, where , (Ni is the 𝑉calc ― 𝑉meas)/𝑉calc 𝑉𝑐𝑎𝑙𝑐 = ∑
𝑖𝑁𝑖 × 𝑉𝑖

number of i-type atoms in the unit cell, Vi the atomic 
volume of the i-type species taken from Ref. 50) and Vmeas is 
the experimentally determined volume taken from the 
ICSD.
(b) Electron count: the electron concentration for each 
AC was calculated according to the formula: (𝑒/𝑎)AC = [

, where (e/a)i is the electron ∑
𝑖𝑁𝑖 × (𝑒/𝑎)𝑖]/𝑁

concentration for each atomic species, according to Ref. 51 
and N is the total number of atoms in the unit cell.
(c) Effective atomic size ratio: the effective atomic size 
ratio Rr,e proposed by Tsai10 was adjusted according to the 
following formula: , where 𝑅𝑟,𝑒 = ∑

𝑎(𝑟𝑎 × 𝑁𝑎)/∑
𝑐(𝑟𝑐 × 𝑁𝑐)

ra, rc are the atomic radii of anions and cations52 and Na, Nc, 
are their number in the unit cell, respectively. 
(d) Electronegativity difference: the formula of the 
Martynov-Batsanov electronegativity difference () taken 
from Ref. 53 was adapted to obtain the mean difference of 
electronegativities: , ∆  =  2 × ∑

𝑎𝑁𝑎 × (∑
𝑎𝑎 ― ∑

𝑐𝑐)/𝑁
where a, c are the Martynov-Batsanov electronegativity 
values for the anion and cation, respectively54.
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5

Figure 1. Statistics of Mackay-type ACs discovered up to date: a) fraction of ACs among CIMs containing Mackay clusters; b) 
distribution of elements forming the 52 ACs of Mackay type; c) Sc distribution among 1/1 and 2/1 ACs; d) characteristic underlying 
net topology of the Mackay cluster assemblages for the found ACs. Blue and yellow filler/borders for pie charts are associated to 
1/1 and 2/1 ACs, respectively.

3. Results and discussions

3.1. Rational Mackay ACs known up to date

When this investigation had been started on occasion of 
Alan Mackay’s 90th birthday29 a curiosity arose – how one 
can find a group of compounds with a certain structure 
characteristic such as a Mackay-type cluster within ever-
growing databases? Statistical data elaboration based on 
symmetry properties, such as space group, Pearson 
symbol, lattice parameters and standardized 
representations55 may help to some extent1, but it is also 
known that among intermetallics, frequently, structural 
relations exist between chemically different systems with 
different number of atoms in the unit cell, different sets of 
Wyckoff sequences and different space groups. The Hume-

Rothery (HR) phases and ACs offer numerous examples of 
that56–58.

Using the algorithm described in Sec. 2.1, a total of 242 
intermetallics containing the Mackay cluster as a finite 
graph were found. Among them, 52 ACs were recognized 
(see Figure 1a): 24 binary, 23 ternary and 5 quaternary 
compounds (the complete list of 52 ACs can be found in 
“list of ACs.xlsx” in Supplementary Materials section). 
Among this ACs group, 33 compounds are of 1/1 and 19 of 
2/1 type (see Figure 1c; for a detailed description of 
structural peculiarities of q/r rational ACs the reader is 
referred to59).

As follows from the element distribution plot shown in 
Figure 1b, the late transition metals frequently appear. 
With rare exceptions, the active metal (see Lin et al.60) in 
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all the compounds is Sc, Mg, Zn or Al, mainly present as 
the principal component (> 50 at. %).

From the structural point of view, all the selected ACs 
can be viewed as simple packings of Mackay-type 
nanoclusters well known as base-centered cubic (bcu), 
face-centered cubic (fcu) and primitive cubic (pcu33). 
Whereas the 1/1 ACs may possess any of the mentioned 
topologies, the 2/1 ACs are always characterized by the pcu 
network (see distribution in Figure 1d).

The performed topological data mining provided also a 
valuable shortcut for the synthesis of novel ACs/QCs, 
highlighting a compositional playground to be explored. In 
this study, attention was focused on the Sc-rich group of 
ACs (14 compounds, mainly binaries, 12 of 1/1- and 2 of 2/1-
type, see Figure 1c and Table S2).

At this point, the Sc–Pd binary system was selected for 
experimental investigation considering different aspects:

- palladium is a coin metal, chemically related to other 
transition elements forming ACs with Sc;

- from the literature, the existence of the Sc4Pd phase is 
already known,35 for which no structural model has been 
proposed;

- the theoretical high-throughput first-principles 
calculations performed47 did not reveal any stable 
compound in the Sc-rich region;

- from the structural point of view, ScPd is an excellent 
combination due to the good X-ray scattering contrast of 
constituents.
3.2. Crystal structure of “Sc56Pd15” 1/1 AC from ISAM and 
MEM refinements

The indexing of the crystal I diffraction pattern results in 
an orthorhombic body-centered Bravais lattice with a = 
14.27 Å, b = 14.37 Å, c = 14.79 Å. No additional systematic 
extinction conditions were identified for this dataset. The 
initial structure model was determined to belong to the 
centrosymmetric Immm (71) space group using the charge 
flipping algorithm implemented in Jana200640. The unit 
cell contains 142 atoms distributed among 5 Pd and 13 Sc 
independent Wyckoff sites, giving the Sc56Pd15 
composition. The obtained model is isopointal with the 
known Hf54Os17 structure type43; the different 
stoichiometry between them is due to the Os 4f site (0.20 
1/2 0), which is occupied by Sc in our case. This model 
showed similar isotropic thermal displacement parameters 
Ueq for all sites except for those of Sc9 and Sc13 that were 
2–3 times larger. In order to improve the structure model, 
the occupancy parameters of all the crystallographic sites 
were varied in a separate series of least squares cycles along 
with the displacement parameters. They did not 
significantly deviate from full occupancy and were 
assumed to be unity in further cycles. However, the R 
factors dropped significantly when anisotropic thermal 

displacement parameters (ADP) were introduced. It 
turned out that the thermal ellipsoids of only Sc9 and Sc13 
sites are highly distorted, being stretched along the edges 
of the triangular face they form (see Figure S3 in 
Supplementary Materials). Moreover, several strong peaks 
were present in the difference Fourier map located too 
close to Sc13 and Sc9 sites to be considered fully occupied. 
In the final structure model, these sites were considered for 
refinement as split Sc13/Sc23/Sc33 (constraining their total 
occupancy to 100%) and partially substituted Sc9/Pd9 (the 
SIMU61 command was used to refine their ADPs). The 
refinement converged to comparably good residuals of R1 = 
0.03, wR2 = 0.06 and GOF = 1.09 complemented by a flat 
difference Fourier map with residual electron densities 
lower than 2 e/Å3 (see Table S1).

With the purpose to check whether such a disordering is 
an intrinsic feature of the studied specimen, one more 
single crystal (crystal II) was selected and subjected to 
XRD. It turned out that this crystal exhibits the same 
distortions of the ADPs and splitting-like character for Sc9 
and Sc13 sites.

The structure models obtained for crystals I and II are 
similar within the standard deviations of 3 (e.g., the 
atomic coordinates deviate by less than 1%) and are 
reported in Table 1 and Table S3 (Supplementary Material), 
respectively. The refined composition of both crystals 
matches well the measured ones (SEM-EDXS results; see 
Supplementary Material) and only slightly deviates 
between each other: Sc55.44Pd15.54 and Sc54.98Pd15.56.

It is worth noting that several different scenarios 
describing the unusual behaviour of Sc9 and Sc13 sites were 
tested (e.g. Sc13-Sc23/Pd13-Pd23 mixed sites with no 
occupational restriction; split Sc9 site; partially occupied 
Pd9 site) giving no noticeable improvement of the 
residuals. This fact, however, affects the assigning of the 
correct chemical composition of the studied phase from 
the structural data and shall be addressed in more detail 
with the subsequently applied MEM and DFT modelling.

In our opinion, the most convenient and intuitive way of 
describing the crystal structure of the studied AC is in 
terms of a short-range (SRO) and a long-range order (LRO) 
of constituting clusters. This scheme was repeatedly used 
for elucidation of the crystal structures of mainly Bergman- 
and Tsai-type rational approximants10,62. SRO defines the 
type of AC and reflects its endohedral shells radial 
ordering. In our case, the Pd1 is located in the centre of the 
cluster, followed by a Sc12 icosahedron (Sc1, Sc4, Sc5 sites). 
The second shell is defined by a Sc30 icosidodecahedron 
(Sc2, Sc3, Sc6, Sc8, Sc10, Sc11 sites) followed by the third 
shell in form of a Pd12 icosahedron (Pd2, Pd3, Pd4 sites). 
The mentioned shells constitute a classical (55 atoms) 
centred Mackay cluster, depicted in Figure 2.
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Table 1. ISAM and MEM standardized structural data55 as well as effective charges Qeff (determined after Bader atomic population subtraction from atomic number) 
and Bader volumes deduced from MEM and DFT for crystal I. Analogous data for crystal II can be found in Table S3 of Supplementary Materials.

Space group: Immm (71), Pearson symbol-prototype: oI142-1.01, Hf54Os17, lattice parameters: a = 14.2681(7), b = 14.3696(7), c = 14.7848(7) Å

ISAM MEM DFT*

Atom–Wyck. 
site x/a y/b z/c SOF ≠ 1 Ueq (Å2) x/a y/b z/c Qeff (e) Bader

vol. (Å3) Qeff (e) Bader
vol. (Å3)

Pd1–2a 0 0 0 0.0091(1) 0 0 0 –0.9 26.6 –2.8 33.9

Pd2–8n 0.33560(2) 0.20626(2) 0 0.0118(1) 0.33566 0.20601 0 –1.3 27.3 –2.8 35.4

Pd3–8l 0 0.33423(2) 0.21002(2) 0.0128(1) 0 0.33447 0.21024 –0.3 26.1 –2.6 33.7

Pd4–8m 0.20347(2) 0 0.33362(2) 0.0131(1) 0.20329 0 0.33375 –0.7 25.4 –2.9 36.3

Pd5–4j 1/2 0 0.16129(3) 0.0162(1) 1/2 0 0.16169 +1.8** 22.2** –2.2 31.2

Sc1–8n 0.17841(5) 0.10944(5) 0 0.0092(1) 0.17880 0.10949 0 +0.8 14.1 +0.4 19.6

Sc2–4i 0 0 0.35361(7) 0.0094(2) 0 0 0.35312 +0.4 18.5 +0.4 21.0

Sc3–4e 0.38016(7) 0 0 0.0095(2) 0.38052 0 0 +1.0 14.8 +1.3 14.5

Sc4–8l 0 0.18171(5) 0.10583(5) 0.0091(1) 0 0.18344 0.10601 +0.4 15.5 +0.7 17.4

Sc5–8m 0.11011(5) 0 0.16815(5) 0.0091(1) 0.10995 0 0.16849 +0.7 14.1 –0.5 26.8

Sc6–16o 0.11696(4) 0.17771(4) 0.28718(3) 0.0100(1) 0.11693 0.17790 0.28748 +0.6 17.2 +0.7 18.7

Sc7–8l 0 0.32341(6) 0.39631(5) 0.0125(1) 0 0.32337 0.39649 +0.6 17.0 +1.2 14.1

Sc8–4g 0 0.37974(8) 0 0.0108(2) 0 0.38008 0 +0.8 17.9 +1.0 17.5

Sc9–4f 0.1857(11) 1/2 0 0.49(4) 0.016(2) 0.20308 1/2 0 –0.5** 18.5** +0.1 23.1

Pd9–4f 0.2251(11) 1/2 0 0.26(2) 0.025(2)

Sc10–16o 0.18707(4) 0.30113(4) 0.11127(4) 0.011(1) 0.18727 0.30123 0.11095 +0.3 19.7 +0.9 17.1

Sc11–16o 0.30196(4) 0.11509(4) 0.17770(4) 0.010(1) 0.30213 0.11542 0.17788 +0.6 16.7 +1.0 16.2

Sc12–8m 0.39766(6) 0 0.32996(6) 0.017(1) 0.39808 0 0.33 +0.7 15.5 +0.9 15.9

Sc13–8n 0.3878(12) 0.3792(11) 0 0.44(3) 0.012(4) 0.39124 0.37862 0 +0.6 19.0 +0.7 18.5

Sc23–8n 0.367(2) 0.3938(17) 0 0.27(3) 0.013(3)

Sc33–8n 0.4093(17) 0.370(2) 0 0.29(3) 0.010(2)

Refinement details: GOF = 1.1; independent reflections: 2550; Rint = 0.032; R1/wR1 = 0.028/0.029; Δρres (max./min.) = 1.6/-2.0 (e/Å3)*** 

*The listed values were obtained for the ordered Sc56Pd15 structure model, with Sc9 and Sc13 fully occupied (see text).
**These values reflect the disorder at this site and are not necessarily reasonable.
***Further details are summarized in Table S1 of the Supplementary Material.
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8

Figure 2. Short-range order, i. e. hierarchy of the four endohedral shells of the Mackay nanocluster in the Sc56Pd15 1/1 AC, which 
are arranged concentrically around the central Pd atom (top row). The centred Mackay cluster (bottom) consists of a Sc12 
icosahedron (1st shell, grey edges), Sc30 icosidodecahedron (2nd shell, turquoise edges) and Pd12 outer icosahedron (3rd shell, the 
vertices of which are connected to the inner ones by dashed lines). The Sc68Pd8 defect triacontahedron (bottom; 4th shell, grey and 
turquoise edges) encloses the Mackay cluster (now with the Pd12 shell; red lines). For reasons of clarity, the inter-shell bonds are 
not shown and only the characteristic atoms Pd5, Sc9 and Sc13 (cf. Table 1) are shown. These are regarded here as unique, fully 
occupied positions. Clusters and structures were visualized with CrystalMakerX63.

Figure 3. Long-range order and schematic representation of the base-centred packing of dRTH for the 1/1 AC together with b- and 
c-linkage of two adjacent dRTH. Note that a c-linkage of two dRTH along the <111> direction implies the formation of defect oblate 
rhombohedra (dOR), which are shown separately.

Page 8 of 21

ACS Paragon Plus Environment

Chemistry of Materials

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



9

With the purpose to avoid the presence of “glue” atoms in 
the outer limits of the principal Mackay cluster, one more 
external shell was considered with Sc68Pd8 composition 
(see Figure 2), that could be defined as a defect rhombic 
triacontahedron (dRTH (16v, 60e)) with 16 vertices less 
with respect to the commonly adopted undistorted edge 
decorated RTH (32v, 60e). The independent 
crystallographic sites Sc7, Sc9, Sc12, Sc13 and Pd5 
exclusively belong to this shell whereas Sc6, Sc10 and Sc11 
(linked by turquoise solid line in Figure 2) constitute also 
in part the inner icosidodecahedron.

In total, the SRO defined nanocluster consists of 131 
atoms. A simple base-centered packing of dRTH-topology 
clusters describes the LRO of the title approximant (see 
Figure 3). It is worth recalling that an identical type of RTH 
clusters’ packing was already proposed for 1/1 Bergman and 
Tsai ACs60. Thus, we may conclude that the LRO principle 
is the same for different 1/1 ACs. The b- and c-linkage of 
dRTH clusters along the basic lattice vectors and the <111> 
diagonal direction, respectively, are also evidenced in 
Figure 3. The b-linkage implies sharing of rhombohedral 
edges between neighbouring dRTH; instead, a defect 
oblate rhombohedron (dOR) of Sc14Pd2 composition is 
formed between two dRTH when c-linked.

The comparison of interatomic distances with tabulated 
data of 3.20 Å, 3.00 Å and 2.80 Å for Sc–Sc, Sc–Pd and Pd–
Pd contacts, respectively, in fact, supports the structure 
description in terms of nanocluster assembly:

Sc atoms within the first icosahedral shell are distanced 
at ca. 3.1 Å. For the second shell, the distances slightly 
increase ranging from 3.1 to 3.4 Å. Obviously, since the 
atoms are placed on a sphere of bigger radius, they suffer 
less geometrical strains. Sc–Sc interactions within the 
dRTH shell are in a similar range: Sc9 and Sc13 atoms are 
involved, among others, in the shortened (2.86 Å) or 
excessively elongated (3.67 Å) homoatomic interactions. 
This might be considered as an indication of some 
structural hindrances, which are addressed in more details 
below. Interestingly, the intershell Sc–Sc contacts are 
similar to those in elemental Sc.

Pd atoms location within the nanocluster reflects their 
tendency to maximize the number of hetero contacts. They 
are surrounded by only Sc atoms inside the Mackay cluster. 
The Pd3–Pd5 contacts, occurring at the periphery, exceed 
the atomic radii sum. A pronounced shortening is 
manifested by Sc–Pd interactions (2.7 to 2.9 Å) holding 
together different shells. The Pd5 located in the dRTH shell 
is also strongly linked to the neighbouring Sc species.

To visualize the structural peculiarities, the ED was 
reconstructed. Figure 4 shows the shell hierarchy of the 
Mackay-type nanocluster in terms of the classical 
description and volumetric MEM-EDs together with the 
(001) ED section at z = 0 delimiting the outer dRTH shell. 
The atoms belonging to the inner (1st – 3rd) shells show 
sharp distinct spherical ED distributions, whereas atoms 
exhibiting strong distortions are located exclusively in the 
dRTH shell (see also Supplementary Material, Figure S4).

Figure 4. The 131 atoms nanocluster as a concentric arrangement of the four considered shells. The top shows a schematic 
representation, while the bottom shows the overlaid ED. The (001) section of the ED at z = 0 is shown in the background. The Sc9 
and Sc13 atoms are exclusively labeled since they are characterized by elongated ADPs and strongly non-spherical ED distributions.
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Figure 5. Representation of ISAM (a) and MEM (b) ED of the (001) partial section at z = 0 including positions Sc9 and Sc13. The 
difference EDs for crystal I (c) and crystal II (d) have two strong maxima in the vicinity of each mid-position characterized by 
different heights (numbers are given in e/Å3).

Figures 5a–b visualize the characteristic ED distribution 
of Sc9 and Sc13 atoms within the (001) ED and difference 
ED sections at z = 0 derived from ISAM and MEM. A 
quantitative evaluation of the difference ED for both 
investigated crystals shows two strong and not equal 
maxima next to each central position (Figures 5c–d). In 
fact, the two spatially divided maxima corresponding to 
Sc9 are considerably different in ED values (87 e/Å3 vs. 38 
e/Å3) for crystal I, whereas those of crystal II are nearly 
similar (52 e/Å3 vs. 48 e/Å3). On the other hand, for the Sc13 
site, the difference ED is more symmetrical, and the two 
maxima stay in a similar proportion for both crystals. Such 
a distribution is too pronounced to be associated with 
chemical bonding effects and points at a specific structural 
disorder.

In order to give a deeper insight on that, a comparative 
analysis between the effective atomic charges (Qeff) 
obtained from MEM experimental data and those 
calculated for the DFT-relaxed defect-free Sc56Pd15 was 
performed (see Table 1 and Figure 6).

Figure 6. Experimental (ISAM/MEM) and theoretical (DFT) 
effective charges of the atoms. The dotted lines are a guide for 
the eye; arrows highlight the out-of-trend behavior of Pd5 and 
Sc9 atoms.

Considering their noticeably different Martynov-
Batsanov electronegativities,54 Sc (χ = 1.5) and Pd (χ = 2.08) 
are expected to act as cation and anion, respectively. In line 
with this observation, the DFT data listed in Table 1 
confirm that all Pd atoms possess negative charges: Pd1, 
Pd2, and Pd4 have only Sc atoms as nearest neighbours (at 
distances of about 2.6 Å) and therefore show lower charges 
with respect to Pd3 and Pd5 being distanced at 3.1 Å. Sc 
atoms generally show positive charges although varying 
between +0.126 and +1.256 whereas Sc5 represents a 
noticeable exception, being negatively charged (see Figure 
S5). This fact is unexpected because Sc5, Sc1, and Sc4 
constitute the inner icosahedron and possess the same 
coordination sphere in form of a bicapped pentagonal 
prism of Sc@Sc10Pd2 composition with similar interatomic 
distances. Nevertheless, if one considers the interactions 
along the line starting at the Pd central atom and passing 
through Sc5, Sc1, Sc4 and further versus the nanocluster 
limit, the number/types of the interacting atoms are, in 
fact, different. We believe that this might be responsible 
for the unusual Sc5 behaviour and its enlarged atomic 
basin.

Compared with DFT data, the MEM Qeff values follow the 
same general trend (Figure 6), however, chemically 
unreasonable values for Pd5 and Sc9 strike the eye. Most 
likely this is due to the observed disorder. It has to be noted 
that DFT values may deviate from MEM mainly because 
DFT does not consider thermal motion, uses periodic 
boundary conditions that do not consider real-structure 
effects, and the partitioning of the ED may suffer from 
spurious basins that are not considered by the atomic 
charge integration procedure in EDMA.

Considering the observed distorted ED, i.e. point defects, 
neither MEM nor DFT approach can give a fully adequate 
representation of QTAIM characteristics. To shed light on 
the role of the point defects for the studied off-
stoichiometric 1/1 AC, a DFT screening of the 
compositional/configurational spaces was performed.
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3.3. Tuning the 1/1 AC’s composition with DFT

3.3.1. Energy balance: single point defects disordering

In this section the robustness of the 1/1 AC crystal 
structure against structural defects such as vacancies and 
substitutions (one Pd atom on Sc site and vice versa) is 
examined. As reference energy we consider the part of the 
convex hull that encloses the formation energies of Sc-rich 
phases, i.e. Sc2Pd–Sc56Pd15–Sc. For the SDCCS entries, the 
Ehull values serve as a measure of the vacancy and 
substitution formation energies and are plotted in Figure 7 
(the numerical values are listed in Table S4; Figure S6 of 
Supplementary Materials gives a detailed explanation of 
SDCCS sampling).

As can be seen from Figure 7, increasing the distance of 
the considered site from central Pd1 promotes the 
formation of defect on it. The first two shells of the Mackay 
cluster are the most “vacancy resistant” shells: the 
energetic costs of vacancy formation actually vary from 13 
meV/atom to 20 meV/atom from Sc5 to Sc3. Far from the 
center, within the third and fourth endohedral shells, the 
formation of vacancies is more likely: the Ehull tends to 
decrease, resulting in the lowest value of 1 meV/atom for 
the Sc9 position.

The local minimum for the Sc11 site deserves a more 
detailed explanation. It has been found that while DFT 
structure relaxation, a Sc atom shifts its location from the 
Sc12 site, which is characterized by a low vacancy 

formation energy, to the Sc11 site. Thus, the (pseudo) low 
vacancy formation energy on the Sc11 site actually 
represents the vacancy formation energy on the Sc12 site.

The substitution defect formation energies show the 
same tendency: the corresponding Ehull increases from 8 
meV/atom to 15 meV/atom from Sc5 to Sc3, followed by a 
decrease to –2.1 meV/atom for the Sc9 site. Local maxima 
(e.g. for Sc3, Sc7, and Sc13) can be explained by considering 
Coulomb interactions: the presence of Pd at these sites 
increases electrostatic repulsion with other negatively 
charged Pd atoms in their first coordination sphere. For the 
same reasons, several Sc positions such as Sc5, Sc1, Sc4, etc. 
have similar substitution defect energies (cf. Figure 7).

From the above discussion it becomes clear that starting 
from the central atom substitutions are initially more 
favoured (from Pd1 to Sc8), then the formation of defects 
of both types (from Pd2 to Sc9) competes, whereby the 
fourth shell is the preferred one for disordering 
phenomena. This observation is consistent with the 
structural trends observed in Tsai-type clusters: the atomic 
positions of the inner shell are less affected by chemical 
disorder but instead the RTH sites are susceptible to mixed 
occupancies58.

Among the 36 SDCCS studied defect structures, the 
presence of Pd on Sc9 leads to a negative Ehull value of
–2.1 meV/atom, indicating that this is the most favourable 
scenario.

Figure 7. Ehull calculated by DFT for the SDCCS entries. The crystallographic sites are ordered in relation to their distance from the 
center of the Mackay cluster and grouped by the four characteristic shells. The local minimum for the Sc11 site is indicated by 
green dashed lines (see text for details). The sites in bold are further considered for disorder phenomena studies.
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The vacancy formation on that position corresponds to the 
second lowest Ehull value of 0.5 meV/atom, which 
reinforces the notion that this site is the most affine to 
disorder. The vacancy formation on Sc12 and Sc13 has an 
almost similar influence on the SDCCS energy balance 
(Ehull values of 0.7 meV/atom and 0.6 meV/atom, 
respectively). However, the substitution for Sc12 is 
energetically more advantageous compared to Sc13 (2.6 
meV/atom vs. 8.2 meV/atom). At this stage of the analysis 
we can conclude that the vacancy/substitution within the 
4th shell is a reasonable mechanism for the observed off-
stoichiometry. Therefore, the Sc9 (4f) and Sc12 (8m) sites 
were selected for the next stage of the study, taking into 
account the combination of both types of defects (CDCCS).

The unique Pd site located on the dRTH shell (Pd5) 
shows the third lowest mean defect formation energy as 
well as positive effective charge of the MEM. It would 
therefore be advisable to include it in the subsequent 
CDCCS studies. However, this would have drastically 
increased the cost of calculation, which is why the 
relaxation and formation energy calculations were only 
performed for a limited number of defect configurations at 
this site. The configurations chosen for further defect 
modelling on Pd5 were the most energetically favoured 
after CDCCS for Sc9 and Sc12 (see next section).
3.3.2. Energy balance: combined defects disordering

Due to the high CDCCS complexity, the number of 
admitted point defects within the same crystallographic 
site was limited to 4, which was sufficient to consistently 
describe the experimental findings. Thus, the maximum 
defect fractions for the chosen Sc9 (4f) and Sc12 (8m) sites 
are equal to 1 and 1/2, respectively. Looking at the Sc9 
disorder alone, the maximum amount of each type of point 
defects would correspond to independent structure 
models with the fully vacant or fully Pd-substituted 4f site, 
each resulting in a single CDCCS entry. The other structure 
models describe the configurations with all possible 
combinations of fractions of vacancies (FV), substitutions 
(FS), and remaining Sc atoms (FR) on this site 
(FV + FS = 1 – FR), which may have more than one low-
symmetry realization. For a more detailed explanation, see 
the CDCCS sample flowchart in the Supplementary 
Materials.

There are 225 structural models for the defined 
maximum number of defects (4 + 4) that occur at the two 
selected crystallographic sites (cf. step 2.1 in Figure S6). 
The complete CDCCS for such a combined disordering 
consists of 137,457 entries (cf. step 2.2 in Figure S6). Due to 
the symmetry equivalence of some low-symmetry (down 
to P1) structure representations within a given structure 
model, the complete CDCCS can be minimized to a set of 
symmetrically inequivalent representations, i.e. irreducible 
CDCCS (cf. step 2.3 in Figure S6). In our case, a total of 
17,739 configurations constitute the irreducible CDCCS. In 
order to reduce the complexity of the DFT calculation, an 

additional criterion was defined: for each independent 
structure model, a maximum of five different low-
symmetry configurations was randomly selected. In this 
way, only 1,041 CDCCS entries remain.

The formation energies of all DFT-optimized 
configurations compared to their Sc content are shown in 
Figure 8a. For reasons of clarity, the CDCCS entries are 
divided into two groups: (i) CDCCS part which is not 
influenced by random selection (red circles) and 
(ii) CDCCS part which is represented by 5 random 
structures (grey crosses). It is noteworthy that group (i) 
contains a number of configurations describing Sc9 
disordering with a small amount of Sc12 defects 
(FV + FS ≤ 1 – 7/8) whose formation energies are close to 
the convex hull; this is in good agreement with the results 
of the SDCCS modelling.

The four modes of defect distributions (vacancies and 
substitutions at Sc9 and Sc12 sites) and the estimated 
formation energies define a five-dimensional CDCCS 
description. 3D representations thereof, limited to the 
thermodynamically most stable (Ehull < 5meV/atom) 
CDCCS entries, are shown in Figure 8b and 8c. For 
example, each column in Figure 8b corresponds to a 
certain number of the low-energy CDCCS entries with a 
certain FS/FV on Sc9 and various disorder combinations on 
Sc12. According to Figure 8c, each defect on Sc12 is 
unfavourable, which is in excellent agreement with the 
experimental observations; the substitutions are even less 
favourable than the vacancies. At zero defect content on 
Sc12 there are a number of low energy configurations due 
to defects on Sc9. On the other hand, it can be inferred 
from Figure 8b that the substitution scenario on Sc9 
corresponds to several energetically favoured CDCCS 
entries. The following description of the results therefor 
concerns CDCCS entries with disorder only on Sc9.

Within the Sc2Pd–Sc range, the energetically preferred 
configuration is Sc55Pd16 (space group Imm2; Sc9 site 
occupied by 2 Pd and 2 Sc atoms; complete structural data 
are listed in Table S5 in Supplementary Materials). From 
the energy point of view, numerous CDCCS entries are 
located near the updated Sc2Pd–Sc55Pd16–Sc convex hull. It 
is worth noting that for the models located in the narrow 
concentration range of 2 at.% between Sc54Pd17 (Ehull = 
0.7 meV/atom; Sc9 site occupied by 4 Pd atoms) and the 
initial Sc56Pd15 (Ehull = 2.6 meV/atom; Sc9 site completely 
occupied by scandium), there is a small difference in 
formation energy costs.

The complete sets of values of total energies, formation 
energies, and Ehull values corresponding to both the Sc2Pd–
Sc56Pd15–Sc (“Ehull, meV/atom” column) and the newly 
defined Sc2Pd–Sc55Pd16–Sc (“Ehull2, meV/atom” column) 
convex hulls are contained in the additional file “SUPPL-
Sc56Pd15.xlsx” as Supplementary Material. An alternative 
representation of the 1,041 Ehull values vs. defect fractions 
on Sc9 and Sc12 is shown in Figure S7.
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Figure 8. (a) Formation energies of the CDCCS entries versus Sc content together with the Sc2Pd–Sc (gray dashed line), Sc2Pd–
Sc56Pd15–Sc (blue dashed line) and Sc2Pd–Sc55Pd16–Sc (green solid line) convex hulls. The CDCCS entries are divided into two 
groups: (i) not affected by the random criterion (red circles) and (ii) randomly reduced configuration sets (gray crosses). The (001) 
planes obtained after applying the Immm space group symmetry operations are displayed as insets I – IV for selected structural 
models (see text for details); (b) and (c) Ehull values (with respect to the Sc2Pd–Sc55Pd16–Sc convex hull) for the energetically 
preferred structures compared to mixed defect concentrations with fixed FS/FV on Sc9 (b) and Sc12 (c) sites; (d) partial ED sections 
overlaid with all merged and symmetrized CDCCS entries with Ehull < 2.6 meV/atom, indicating a perfect agreement between the 
modeling results and the experimental ED in correspondence to Sc9 and Sc13 sites (details in the text). For reasons of clarity, the 
atomic positions derived from the merged models are disjoint into the two species Sc (left) and Pd (right). In all structure 
projections ellipses serve as a guide for the eye and mark the area in which the most remarkable structural changes occur.

Another interesting point is that the hypothetical cubic 
binary compound of Sc57Pd13 stoichiometry (cI140, , 𝐼𝑚3
Sc57Rh13 prototype), which was tested together with 
CDCCS, was found slightly above the refined convex hull 
(3.9 meV/atom) (Figure 8a), in accordance with the fact 
that this compound was not found under the experimental 
conditions assumed here. Deeper investigations are 
necessary on the existence of Sc57Pd13 as a metastable or 
high temperature phase.
3.3.3. Comparison of theoretical models with 
experimental data

According to the CDCCS modelling, the formation 
energies of numerous compositionally close structural 

models differ by only a few meV/atom. Therefore, the 
influence of the synthesis conditions could be decisive to 
determine which model(s) are obtained in the experiment. 
On the other hand, it is also difficult to obtain clear 
experimental evidence for the realized scenario. First, 
because defects in real crystals are thermodynamically 
favoured and different defects can be realized at the same 
time. Second, the limits also result from the resolution of 
the experimental methods. For example, the ubiquitous, 
fast, and widely available semi-quantitative electron probe 
micro analysis is inefficient to distinguish the 
concentrations of very similar compounds, which in our 
case differ by less than 2 at.%. TEM, spectroscopy, X-ray 
and electron diffraction are also unable to distinguish such 
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subtle structural distortions. For these reasons, the case 
under investigation blurs the differences between the 
classical definitions of “point compound” and “solid 
solution” and offers the need to reflect about a more 
general approach.

Despite the drawbacks indicated above, we undertake to 
compare the modelling results with the experimental 
findings. Differences between the two crystals (see ISAM 
and MEM results for Sc9 site) may be intrinsic or due to 
the different methods used.

In order to perform a qualitative comparison, (001) 
cross-sections were calculated for the energetically 
favoured CDCCS entries after their merging under 
restoration of the symmetry conditions of Immm space 
group (insets of Figure 8a). Their analysis shows that the 
introduction of a defect on Sc9 position induces the virtual 
formation of a spatially split Sc13 position. The 
introduction of only vacancies is sufficient to obtain 
configurations such as Sc55Pd15 (2.1 meV/atom; 2 Sc and 2 
vacancies) and Sc55.5Pd15 (3.2 meV/atom; 3 Sc and 1 
vacancy), as shown in Figure 8a inset I.

More relevant are models that contain only one 
substitution or the combination of substitution and 
vacancy on Sc9 (including the Sc55Pd16 composition). Four 
of these models have a similar effect on the averaged 
structure (inset II of Figure 8a): in addition to the already 
mentioned virtual split Sc13 site, a virtual spatial split of 
Sc9/Pd9 position also becomes apparent. These are 
Sc55.5Pd15.5 (3 Sc and 1 Pd atoms), Sc55Pd15.5 (2 Sc, 1 Pd, and 1 
vacancy), Sc55Pd16 (2 Sc and 2 Pd atoms) and Sc54.5Pd16.5 (1 Sc 
and 3 Pd atoms).

These observations obviously explain the apparent 
experimental ED distributions shown in Figure 5, 
asymmetric for Sc9 and almost symmetrical for Sc13. The 
excellent correspondence between the models described 
and the experimental data can be seen in Figure 8d, where 
all the symmetrized CDCCS entries were merged with the 
lowest Ehull values (< 2.6 meV/atom) and overlaid with the 
deduced ED.

In summary, the CDCCS sampling confirmed that the 
Sc9 site is the most affine to disorder, in accordance with 
the experimental data and the SDCCS results. Instead, 
disorder on the Sc12 site (proposed after SDCCS sampling) 
is of minor relevance, in accordance with the experiments. 
The most interesting conclusion is that the Sc13 site 
(virtually) splits as a consequence of disorder on the Sc9 
site. This accounts for the observed ED distribution, 
although a compositional disorder on this site was not 
suggested by SDCCS. The selection of the most 
thermodynamically favourable models according to 
CDCCS is the best approximation to the real structure, 
which is not deducible by X-ray diffraction.

Finally, the Pd5 Qeff values derived by the MEM outside 
the trend (see Figure 6) could be explained by a partial 
atomic substitution. The CDCCS models presented so far 
do not cover changes in composition on the Pd5 site. For 

this reason, additional DFT calculations have been 
performed. Based on Sc55Pd16, 40 further structure models 
were constructed in which the Pd5 site is occupied by one 
vacancy or Sc atom, characterized by Ehull values in the 
range of 3.3 meV/atom to 4.1 meV/atom. The further 
inclusion of point defects definitely increases Ehull. A more 
comprehensive investigation of the distribution of such 
defects would require supercells, which would greatly 
increase the computational time and complexity of 
CDCCS. Nevertheless, it can be suggested that defects at 
the Pd5 site are possible from the thermodynamic point of 
view and coherent with the experimental observations.
3.4. Traces of Hume-Rothery stabilization mechanism 
from the DOS for the Sc-rich 1/1 AC

It is known that a (deep) pseudogap at the Fermi level is 
associated with the stability of icosahedral clusters 
containing compounds such as QCs and their ACs or defect 
structures64–67. There are two principal interpretations of 
this: Hume-Rothery (HR) type stabilization with Fermi 
surface–Brillouin zone interactions or (spd) orbital-
hybridizations. According to HR physics, the energy of the 
occupied electron states can be lowered by nesting of the 
Fermi sphere in a near-spherical Brillouin zone, leading to 
electron depletion at the Fermi energy. In contrast to 
covalently bonded compounds or ionic crystals, where 
local interactions lead to stable structures, the stabilization 
for the Hume-Rothery phases is of non-local origin. This is 
the case with iQCs belonging to HR phases67 for which a 
nearly spherical Brillouin zone is characteristic.

The total DOS of the disorder-free X-ray-derived 
structure model of the studied compound (Sc56Pd15, Immm, 
oI142) and the energetically most favoured one after 
CDCCS exploration (Sc55Pd16, Imm2, oI142) are shown in 
Figure 9a. The negligible differences between the two 
curves are located well below the Fermi level (EF) being 
associated with the different Pd content. Instead, almost 
identical DOS trends are observed in the vicinity of EF. 
They indicate a metallic behaviour and are characterized 
by a pronounced, almost symmetrical pseudogap of ∼0.8 
eV. This indicates a HR-type stabilization mechanism as 
proposed for many ACs of iQCs.

The atom-projected, orbital-resolved partial DOS curves 
are shown in Figure 9b and 9c for Sc55Pd16. The chemical 
role of the constituents could easily be derived from their 
d-orbital contribution to the DOS: the low-lying d-orbitals 
of Pd are coherent with its high electronegativity, whereas 
those of Sc are predominant in the conduction band, in line 
with its cationic behaviour. Alike separation between the 
d-orbitals of the different species was observed for other 
binary HR phases, i.e. Cu5Zn8 (gamma brass), CaCd6, and 
ScZn6 (both Tsai-type 1/1 ACs)51. Similar orbital 
hybridization effects are also common for title binary ACs, 
which are described with respect to Sc55Pd16 (Figures 9b, c):
- the projected DOS suggests the contribution of 
different orbitals to pseudogap formation (see trends of s, 
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p, d states (Sc) and p states (Pd), for which bonding and 
antibonding sub-bands are well separated);
- noticeable orbital hybridizations derivable from the 
pDOS trend and the energy overlapping range occur 
between s(Sc)–s(Pd) and p(Sc)–p(Pd) states as well as 
between s, p(Pd) states, and the d(Sc) valence band, giving 
rise to the widely used term “spd hybridization”. These 
features confirm the contribution of s, p, and d orbital 
mixing around EF to the stabilization of ACs in addition to 
the Fermi sphere–Brillouin zone effects.

Figure 9. a) Total DOS curves for Sc55Pd16 (red line) and 
Sc56Pd15 (black line). The gray area highlights the pseudogap 
near EF; b) and c) atom projected, orbital resolved partial DOS.

The striking DOS similarity for the selected binaries is 
an indication of a relationship between Tsai- and Mackay-
type ACs that is worth exploring elsewhere.

As a conclusion of the discussion of the electronic 
structure, it should be mentioned that the pseudogap 
tuning by changing the chemical composition under the 
assumption of rigid band has frequently been used for the 
successful discovery of some new QC/AC systems60,68,69. 
However, several drawbacks of this chemical approach are 
evident: the rigid band assumption is often an over-
simplification as it does not take into account that the 
phases before and after tuning are structurally different60; 
moreover, neither other phases actually compete with that 
of interest nor reaction conditions are considered.

The results obtained here after the CDCCS sampling 
demonstrate that the presence of a DOS pseudogap is not 
sufficient to deduce the best structural/compositional 
model in the chosen system. Instead, the thermodynamics 
is very helpful both for this purpose and to overcome the 
synthesis linked obstacles.
3.5. Geometrical vs chemical factors for Mackay ACs 
maps construction

Novel material design is a major goal of material science, 
linked to the fundamental question: which elements and 
how should they be combined to obtain a solid with the 
desired properties? Different phenomenological methods 
based on experimental observations aim at rationalizing 
known data as well as predicting unknown 
compounds/structures. These methods are rapidly 
evolving thanks to the general machine learning70 
approach, and take advantage of the ever-increasing 
computing power that makes it possible to process large 
amounts of data. In fact, meaningful data mining is the first 
step of a successful output for subsequent material design.

As part of this investigation, the Mackay cluster was 
imposed as a desired building block and an ICSD database 
screening based on this structure descriptor was 
performed (Sec. 2.1.). The group of 52 selected Mackay-type 
ACs has been extended by the new Sc-rich AC discovered 
here. At this point it is interesting analyse this set of 
compounds in terms of geometrical and chemical aspects 
commonly adopted by intermetallics’ maps construction54 
(Sec. 2.6). It is known that ACs belong to the Hume-
Rothery phases for which the electron concentration is 
proposed as an important factor governing their 
formation10,60,71. Therefore, here we consider the (e/a)AC 
parameter, which represents the average number of 
valence electrons per atom for each compound. Another 
important chemical factor is related to the 
electronegativities of the constituents. Among the 
numerous scales, Martynov-Batsanov’s, which is conceived 
for crystalline inorganic compounds, was chosen; the 
corresponding  calculated for a compound, is linked ∆ 
both to the role and to the concentration of the 
constituents. 
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Figure 10. Point density maps representing the selected Mackay-type ACs distribution as a function of different parameters: average 
number of valence electrons per atom (e/a)AC, volume contraction Vf, electronegativity difference , and effective atomic size  ∆ 
Rr.e. The grey-shaded areas represent increasing point densities from dark grey to white. The cumulative percentage of data points 
is given on the right side of each figure.

Dimensional/geometric factors have also been proven to 
be efficient in separating different families of compounds. 
The effective atomic size ratio Rr,e proposed by Tsai10 
specifically for ACs and iQCs, was adopted in this study 
taking into account the chemical role and concentration of 
the components.

In this way, two anion-rich compounds (Ce77.68Hg330.32 
and Pu77.68Hg330.32) were discarded from the analysis as they 
have Rr,e values significantly higher than others due to the 
inverse role of the elements. Finally, volume contraction 
Vf (%) was chosen as a factor reflecting the combined 
influence of geometric and chemical effects49. A positive 
Vf represents a contraction – the stronger the 
interactions, the stronger the volume contraction – while a 
negative Vf represents an expansion.

Figure 10 represents different combinations of the four 
abovementioned parameters. A clear spatial separation for 
Al- and Sc-rich ACs can be observed along the (e/a)AC axis 
(Figure 10a), with Mg- and Zn-rich ACs distributed 
between them. This is an obvious consequence of using the 

same (e/a)i for each individual element and the fact that 
cation species dominate. It should be remembered that the 
(e/a)i values used were calculated by Mizutani51 for each 
element taking into account its crystal structure and 
almost free electron behaviour. Although this approach is 
less arbitrary than others (such as Pauling and Raynor’s) 
the resulting electron concentration represents 
unpolarized interactions in solids. In general, this situation 
is hardly feasible for compounds, in which polar 
interactions are always present. In our case we have a large 
chemical diversity of components in a number of 
structurally similar compounds for which the criterion of 
electron counting appears to be poorly efficient and would 
hardly be used for their design. In this context, the Zintl-
Klemm concept should also be mentioned, in which a 
complete charge transfer is assumed and the structural 
distribution of atoms obeys the 8-N rule72. This concept is 
very useful, but in many cases does not work if only partial 
polarization occurs; an example has recently been 
discussed considering a family of polar ternary 
intermetallics73.
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The map shown in Figure 10b highlights that about 85 % 
of the compounds are localized in the range 0 < Vf 
(%) < 12 and –0.7 <  < 3 without a clear separation ∆ 
depending on the main constituent. A similar situation can 
be seen in Figure 10c, d. The range of the effective atomic 
size ratio encompassing the majority of ACs is 0 < Rr,e < 0.8.

In summary, it can be said that the maps produced here, 
which are based on geometric and electronegativity 
difference parameters, have proved to be efficient in 
grouping the investigated set of compounds. It should be 
noted that these are not classical structural maps that 
discriminate between different types of structures, but 
they allow connections to be made on the basis of similar 
structural motifs, validating topological data mining. 
Therefore, these correlation diagrams highlight the most 
probable regions of the existence of new Mackay 
approximants and related quasicrystals.
4. Conclusions

The manifold approaches applied in this study show that 
the topologically based screening is extremely useful in the 
design of new materials. Indeed, after a simple and fast 
automated procedure, a set of compounds containing the 
Mackay type cluster as a building block was selected from 
all the known inorganic crystalline solids and subsequently 
reduced to a subset of 52 rational ACs.

Simple bcu, fcu and pcu packings of multi-shell 
nanoclusters already proposed for these compounds are 
easily deducible for the selected ACs using the applied 
procedure. The topologically selected family is an excellent 
playground for further phenomenological approaches to 
identify the most important factors governing the 
formation of these types of materials. The constructed 
maps showed that combinations of geometric factors such 
as volume contraction and effective atomic ratio together 
with the mean electronegativity difference can be 
considered as excellent guiding criteria for planning the 
synthesis of new such materials.

In fact, the ScPd system was chosen as the target for the 
discovery of new ACs and an orthorhombic 1/1 Sc-rich AC 
was successfully obtained. Single crystal X-ray diffraction 
data analysis performed with both ISAM and MEM 
approaches revealed fine structural peculiarities  smeared 
EDs of some crystallographic sites associated with the 
outer dRTH shell of the Mackay nanocluster. These 
features made it difficult to derive an unambiguous 
structural model with a given composition.

With the aim of obtaining the most reliable structure 
model, a compositional/configurational space sampling 
starting from the “raw” X-ray structure was performed. To 
the best of our knowledge, this is the first attempt to 
perform this type of modelling for such a structurally 
complex compound: a number of structure models were 
generated that cover a narrow concentration range and 
combine different quantities of vacancies and substitutions 
within the external dRTH shell. In order to compare the 

thermodynamic stability of the generated configurations, 
the convex hull approach was applied. As a result, several 
compositionally close (<1 at. %) models with negligible 
differences in formation energies were found, so that their 
relative thermodynamic stability could easily be influenced 
by temperature effects. Astonishingly, merging these by 
fixing the symmetry elements as revealed by X-ray 
diffraction, the average situation is perfectly consistent 
with the experimental observation. The determined 
disordered structure can be considered as derived from an 
assemblage of slightly different, nevertheless locally 
ordered fragments (nanoclusters). In other words, it can be 
described as slight short-range “disorder” under the 
condition of a long-range order, that in turn causes the X-
ray diffraction. This conclusion is consistent with the 
structural features of other ACs that exhibit a disorder 
frequently affecting the most external nanocluster shell. 
On the other hand, this supports the idea of a two-stage 
crystallization from the melt11, which has found several 
experimental evidences for iQC containing alloys74–76.

The characterization of the new 1/1 Mackay AC was 
completed by electron structure calculations confirming 
that it could be defined as a HR phase with a pronounced 
pseudogap at EF in the DOS. However, the classical 
criterion based on the pseudogap would not be able to 
distinguish the thermodynamically most stable structure, 
which is an advantage of the proposed CDCCS instead.

This synergetic theoretical-experimental study indicates 
a way towards complex material design, urgently 
demanded by solid-state material scientists. In general, 
such a process consists of two steps: generation of 
candidate compounds and their quantum mechanical 
evaluation.

The use of graph theory to extract a set of Mackay 
approximants from accessible databases and the 
subsequent disclosure of key parameters from correlation 
diagrams (maps) may be integrated into a machine 
learning approach77 to generate plausible new ACs. These 
outputs can be the starting point for a fine tuning of the 
disorder by CDCCS, which screen structure models in a 
small compositional range and discriminate them based on 
thermodynamics (evaluation step). Different types of 
structural disorder that are common for other ACs (e.g. the 
disordered inner tetrahedron for Tsai-type) could 
eventually be addressed in a similar way.
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