
Supplementary material to the paper entitled

Partial ML Estimation for Spatial Autoregressive Nonlinear Probit

Models with Autoregressive Disturbances
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1. List of Assumptions

Assumption 1. (a) All diagonal elements of Wn and Mn are zero. (b) ρ ∈ (−1/τWn
, 1/τWn

) and

λ ∈ (−1/τMn
, 1/τMn

).

Assumption 2. Matrices Wn and Mn and (In − ρWn)
−1

and (In − λMn)
−1

are uniformly bounded in both

row and column sum norms.

Assumption 3. Elements of Xn are uniformly bounded constants, Xn has full column rank, and

limn→∞ (X′nXn) /n exists and is nonsingular.

Assumption 4. ` = limn E`n exists. ` attains a unique maximum over the compact set Θ at the interior point

θ0.

Assumption 5. (a) Every subset of the sampling area of size cn contains at most mn units, where

limnmn/cn < C <∞. (b) Moreover,

sup
1≤g≤Gn

∣∣∣∣∣∣
1∑

d1,d2=0

1

pg(d1, d2)

∣∣∣∣∣∣ <∞.
Assumption 6. supn,g,h |Cov(ygi, yhi)| ≤ α(dgh), where dgh is the distance between group g and h and

α(c)→ 0 as c→∞

Assumption 7. (a) There exists a sequence {qn}, with limn→∞ qn = ∞, such that the matrix
∑qn
h=0 ρ

hWh
n

is nonsingular (and
∑qn
h=0 λ

hMh
n is nonsingular) for all n and for all ρ ∈ (−1/τ , 1/τ) (and λ ∈ (−1/τ , 1/τ)).

(b) There exists a δ > 0 such that limn→∞ nδ/qn <∞.
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Assumption 8. For all fixed d > 0,

lim
k→∞

k2α(kd)

α(d)
= 0.

Assumption 9. The sampling area grows uniformly at a rate of
√
n in two non–opposing directions.

Assumption 10. The matrices

J(θ0) = lim
n
GnE

(
∂`n
∂θ

(θ0)
∂`n

∂θ′
(θ0)

)
and

H(θ0) = − lim
n→∞

EH(θ0) = − lim
n→∞

E
(

∂2

∂θ0∂θ
′
0

`n

)
are positive definite.

2. Technical Lemmas

Lemmas 1–5 are used in proofs of Theorems 5.1 and 5.2. All quantities with a “tilde” superscript have

to be interpreted as approximated versions of the same quantity, obtained by replacing the inverse matrices

Aρ or Bλ by the finite truncation (details on the truncation can be found in the supplemental material). For

example, ˜̀
n is the approximated partial maximum likelihood computed by finite sum approximations of the

inverse matrices, θ̃n is the corresponding maximizer, and so on.

Lemma 1. Under Assumptions 1–7,

1

G

G∑
g=1

KL(fg||f̃g) ≤ (1 + ‖Xβ‖22) O
(
|τρ|2(q+1)

)
.

Lemma 2. Under Assumptions 1–6, ∂`n(
ˆθ)

∂θ
= op(1).

Lemma 3. Under Assumptions 1–6, fon any γ ∈ Rk, γ 6= 0,

sup
g≤G

max
i=1,2

‖Xρ,gX
′
ρ,g‖2φ(Xρ,giγ) <∞

Lemma 4. Under Assumptions 1–6 and 8–10, for all θ ∈ Θ, and for all g = 1, . . . , G and d1, d2 ∈ {0, 1}2,∥∥∥∥∂2pg(d1, d2)

∂θ∂θ′

∥∥∥∥
2

<∞

If further Assumption 5 holds, then ∥∥∥∥∥∂2`n(θ)

∂θ∂θ′
− ∂2 ˜̀

n(θ)

∂θ∂θ′

∥∥∥∥∥
2

= o(1)

Lemma 5. Under Assumptions 1–6

∂`n(θ̃)

∂θ
=
∂ ˜̀
n(θ̃)

∂θ
+ op(1) = op(1)
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3. Proofs of technical Lemmas

Proof of Lemma 1

For any g and any vector parameter θ = (β′, ρ), f̄g ∼ N (µg,Σg) and fg ∼ N (µ̃g, Σ̃g), where µg = Xρ,gβ =(
A−1
ρ

)
g
Xβ =

(∑∞
k=0 ρ

kWk
)
g
Xβ and µg =

(∑q
k=0 ρ

kWk
)
g
Xβ while Σg is the g−th diagonal block of Σ and

Σ̃g is the g−th diagonal block of the approximating matrix Σ̃ =
∑q
h=0

∑q
k=0 ρ

h+kWk(W′)h.

Thus,

KL(f̄g||fg) =
1

2

[
tr(Σ̃−1

g Σg − I2) + (µg − µ̃g)′Σ−1
g (µg − µ̃g) + log

|Σg|
|Σ̃g|

]

=
1

2

[
tr(Σ̃−1

g Σg − I2)− log
(
|I2 +

(
Σ̃−1
g Σg − I2

)
|
)

+ (µg − µ̃g)′Σ−1
g (µg − µ̃g)

]
≤ 1

4
tr
(
Σ̃−1
g Σg − I2

)(
Σ̃−1
g Σg − I2

)′
(1 + o(1)) + (µg − µ̃g)′Σ−1

g (µg − µ̃g)

≤ 1

4
tr

(
Σ̃−1
g

(
Σg − Σ̃g

)(
Σg − Σ̃g

)′
Σ̃−1
g

)
(1 + o(1)) + (µg − µ̃g)′Σ−1

g (µg − µ̃g)

(1)

where ‖ · ‖2 is the induced 2-norm while ‖A‖∞ = maxi
∑
j aij and where we have used inequality:

tr(A)− log |I + A| =
∑
i

λi −
∑
i

log(1 + λi) =
∑
i

(
λi − λi +

λ2
i

2
− λ3

3
+ · · ·

)
≤
∑
i

λ2
i

2
(1 + o(1))

which is true if sup |λi| = o(1). Now, from tr(AB)2 ≤ tr(A)2tr(B)2, for two positive semidefinite matrices

A,B, we get

tr

(
Σ̃−1
g

(
Σg − Σ̃g

)(
Σg − Σ̃g

)′
Σ̃−1
g

)
≤ tr

[(
Σ̃−1
g

)2
]

tr

[(
Σg − Σ̃g

)2
]

We then use the Theorem 1 in Bai and Golub (1997), to get

tr(Σ̃−1
g ) ≤ [tr(Σ̃g), 2]

 ‖Σ̃g‖2F tr(Σ̃g)

λ2(Σ̃g) λ(Σ̃g)

 2

1

 = 2tr(Σ̃g)ı
′Σ̃gı+ 4λ2(Σ̃g) + tr(Σ̃g)

2 + 2λ(Σ̃g),

where λ(Σ̃g) is the minimum eigenvalue of Σ̃g. Then, because of λ(A) ≤ tr(A)/k, for any pd k−dimensional

matrix A,

tr(Σ̃−1
g ) ≤ 2tr(Σ̃g)‖Σ̃g‖2F + tr(Σ̃g)

2 + tr(Σ̃g)
2 + tr(Σ̃g).

Moreover, since Σ̃ is symmetric and pd, ‖Σ̃g‖2F = tr(Σ̃2
g) ≤ tr(Σ̃g)

2, and

tr(Σ̃g) =

q∑
h=0

q∑
k=0

ρh+ktr
(
(Wk)g(W

h
g )′
)
≤

q∑
h=0

|ρ|h
h∑
k=0

tr
(
(Wk)g(W

h−k
g )′

)
≤
∞∑
h=0

|ρ|h
h∑
k=0

tr
(
(Wk)g(W

h−k
g )′

)
= ‖[(I− |ρ|W)−1]g,·‖2F ≤ 2‖[(I− |ρ|W)−1]g,·‖2∞ < 2c|ρ|

where [(I−ρW)−1]g,· indicates the G blocks of [(I−ρW)−1] corresponding to the g−th rows. The last inequality

follows from the assumption that Σ in row sum norm assumption (assumption 3 Kelejan and Prucha).
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Moreover, we clearly have

1

G

G∑
g=1

tr
(
Σg − Σ̃g

)2

=
1

G

G∑
g=1

‖Σg − Σ̃g‖2F ≤
1

G
‖Σ− Σ̃‖2F ≤

n

G
‖Σ− Σ̃‖22 = O(|ρτ |2(q+1))

where Σ̃ =
∑q
h=0 ρ

h
∑k
k=0 Wk(W′)h−k, is the finite order approximation of the whole covariance matrix Σ.

Finally,

1

G

G∑
g=1

(µg − µ̃g)′Σ−1
g (µg − µ̃g) ≤

1

G

G∑
g=1

‖µg − µ̃g‖22‖Σ−1
g ‖2

≤ ‖I− ρW‖22‖Xβ‖2‖A−1
ρ − Ã−1

ρ ‖2F ≤ O(|ρτ |2(q+1))

Putting all these together in (1) and summing with respect to g:

1

G

G∑
g=1

KL(fg||f̃g) ≤ O
(
|τρ|2(q+1)

) (
1 + ‖Xβ‖22

)
.

Proof of Lemma 2

For the numerator, it is easy to see, from equations in the Appendix F of the main paper, that all terms

∂pg(d1, d2)/∂β are bounded, provided that X is bounded (Assumption 3) and each Σg is nonsingular (which

implies all variances σgi > 0), because both the standard Gaussian CDF and the density of a Gaussian

distribution with finite positive variance are bounded over the whole real line.

We now focus on ∂pg(1, 1)/∂ρ. From Eq. (F.6),

∂

∂ρ
pg(1, 1) = φ

(
−xρ,g1β

σg1

)
Φ

xρ,g2β −
σg1,g2
σ2
g,1

xρ,g1β√
σ2
g,2 − σg1,g2/σ2

g,1

 ẋg1β

+

∫ ∞
−xρ,g1β

u2 σ̇2
g1

2σ4
g1

φ

(
u

σg1

)
Φ (ϕ2,g(u)) du

+

∫ ∞
−xρ,g1β

φ

(
u

σg1

)
φ (ϕ2,g(u))

∂

∂ρ
ϕ2,g(u)du

(2)

where ẋρ,g1 (or ẋρ,g2) follows from:

Ẋρ = A−1
ρ WA−1

ρ X =

∞∑
h=0

(h+ 1)ρhWhWX.

Then using Assumption 2, Lemma 3 and arguments similar to those in the proof of Lemma 4, we have, for g1

(or equivalently, g2),

‖ẋρ,g1‖2φ
(
−xρ,g1β

σg1

)
≤ C ‖XρX

′
ρ‖2φ

(
−xρ,g1β

σg1

)
= O(1).

Thus, the first term of (2) is bounded above because Φ is bounded. For the second term, we have:

∫ ∞
−xρ,g1β

u2 σ̇2
g1

2σ4
g1

φ

(
u

σg1

)
Φ (ϕ2,g(u)) du ≤

∫ ∞
−∞

u2 σ̇2
g1

2σ4
g1

φ

(
u

σg1

)
du ≤

σ̇2
g1

2σ3
g1
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Further, boundedness of (I− ρW)−1 implies boundedness of Σ̇ and thus of σ̇2
g1 .

Finally, the last term of (2): ∂ϕ2,g(u)/∂ρ is an affine function of u with bounded coefficients, and thus the

integral can be bounded above by a linear transformation of the expectation
∫
R uφ(u/σg1)du with bounded

coefficients.

We can apply similar arguments to the other terms ∂pg(1, 0)/∂ρ, ∂pg(0, 1)/∂ρ and ∂pg(0, 0)/∂ρ.

Proof of Lemma 3

We first prove that under the Assumptions, we have that the minimum eigenvalue of X′X, say λ(n), is equal

to λ(n) == nλn where λn = λ(n)/n is the minimum eigenvalue of X′X
n and is continuous, in the sense that

λn − λn−1 = O(n−1). Then, because of Assumption 3 limλn = λ > 0, we have that λ(n) = O(n). Moreover,

since X′X/n converges to a positive definite matrix, also λn = O(n).1

This also implies that the minimum and maximum eigenvalues of X′ρXρ = X′(A−1
ρ )′A−1

ρ X are of the same

order, in light of uniform boundedness of A−1
ρ . Moreover, since xρ,i = (A−1

ρ )iX, also ‖x′ρ,ixρ,i‖ = O(n) and

γ′x′ρ,ixρ,iγ

‖γ‖
≥ inf
‖z‖=1

z′x′ρ,ixρ,iz = inf
z

z′X′(A−1
ρ )′i(A

−1
ρ )iXz ≥ λ(n) inf

z
z′(A−1

ρ )′i(A
−1
ρ )iz = O(n).

Now we show that this implies

sup
i≤n
‖XρX

′
ρ‖2φ(Xρ,iγ) <∞

and thus the claim. Note first that the above display is always bounded if n is finite, because X is assumed to

take finite values and A−1
ρ is uniformly bounded. Then, we need to prove that it doesn’t explode as n→∞.

Note that, for any 0 ≤ i ≤ n,

‖XρX
′
ρ‖2φ(Xρ,iγ) = (2π)−1/2 sup

‖z‖=‖γ‖
z′X′ρXρz exp

{
−1

2
γ′x′ρ,ixρ,iγ

}
≤ (2π)−1/2O(n)λ exp

{
−‖γ‖2

2
O(n)

}
→n 0.

Finally, the inequality

sup
g≤G

max
i=1,2

‖X′ρ,gXρ,g‖2φ(Xρ,giγ) <∞

is obtained by applying iteratively the following argument. Given a block matrix

A =

 A11 A12

A21 A22


‖A‖2 = sup

‖z‖=1

z′Az ≥ sup
‖z‖=‖(z1,z2)‖=1, z1=0

z′2A22z2 = ‖A22‖2.

clearly implies supg≤G ‖Xρ,gX
′
ρ,g‖2 ≤ ‖XρX

′
ρ‖2 = ‖X′ρXρ‖2.

1In fact, λn ≤ ntr(X′X)/n = O(n).

5



Proof of Lemma 4

We limit ourselves to the case d1 = d2 = 1. All other cases follow with similar steps.

In order to prove the claim, it is sufficient to show that each of the components ∂2pg(1,1)

∂β∂β′
∂2pg(1,1)

∂β∂ρ
∂2pg(1,1)

∂ρ∂β′
∂2pg(1,1)
∂ρ2


has bounded norm.

We start from:
∂2pg(1,1)

∂β∂β′
:

∂2pg(1, 1)

∂β∂β′
=

∂

∂β′
φ

(
−xρ,g1β

σg1

)
Φ (ϕ2,g(−xρ,g1β)) x′ρ,g1

+
∂

∂β′

∫ ∞
−xρ,g1β

φ

(
u

σg1

)
φ (ϕ2,g(u))

xρ,g2√
σ2
g2 −

σ2
g1,g2

σ2
g1

du

where

ϕ2,g(u) =
xρ,g2β +

σg1,g2
σ2
g,1

u√
σ2
g2 − σ2

g1,g2/σ
2
g1

.

Thus,
∂2pg(1, 1)

∂β∂β′
= −σ−1

g1 φ′
(
−xρ,g1β

σg1

)
Φ (ϕ2,g(−xρ,g1β)) x′ρ,g1xρ,g1

+ φ

(
−xρ,g1β

σg1

)
φ (ϕ2,g(−xρ,g1β)) x′ρ,g1

∂ϕ2,g(−xρ,g1β)

∂β′

+ φ

(
−xρ,g1β

σg1

)
φ (ϕ2,g(−xρ,g1β))

x′ρ,g2xρ,g2√
σ2
g2 −

σ2
g1,g2

σ2
g1

du

+

∫ ∞
−xρ,g1β

φ

(
u

σg1

)
φ′ (ϕ2,g(u))

x′ρ,g2√
σ2
g2 −

σ2
g1,g2

σ2
g1

∂ϕ2,g(u)

∂β′
du

=
xρ,g1β

σg1
φ

(
−xρ,g1β

σg1

)
Φ (ϕ2,g(−xρ,g1β)) x′ρ,g1xρ,g1

+ 2φ

(
−xρ,g1β

σg1

)
φ (ϕ2,g(−xρ,g1β))

x′ρ,g2xρ,g2√
σ2
g2 −

σ2
g1,g2

σ2
g1

du

−
∫ ∞
−xρ,g1β

ϕ2,g(u)φ

(
u

σg1

)
φ (ϕ2,g(u))

x′ρ,g2xρ,g2

σ2
g2 −

σ2
g1,g2

σ2
g1

du

≤ ‖xρ,g1β‖
σg1

φ

(
−xρ,g1β

σg1

)
‖x′ρ,g1xρ,g1‖2 + 2φ(0)φ

xρ,g2β −
σg1,g2
σ2
g,1

xρ,g1β√
σ2
g2 − σ2

g1,g2/σ
2
g1

 ‖x′ρ,g2xρ,g2‖2√
σ2
g2 − σ2

g1,g2/σ
2
g1

+

∫ ∞
−xρ,g1β

|ϕ2,g(u)|φ
(
u

σg1

)
φ

 xρ,g2β −
σ2
g1,g2

σ2
g,1

u√
σ2
g2 − σ2

g1,g2/σ
2
g1

 ‖x′ρ,g2xρ,g2‖2√
σ2
g2 − σ2

g1,g2/σ
2
g1

du
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The result now easily follows because of Lemma 3, noting that ‖xρ,g1β‖22 ≤ ‖β‖22‖x′ρ,g1xρ,g1‖2 ≤ ‖β‖
2
2‖X′ρXρ‖2:∥∥∥∥∂2pg(1, 1)

∂β∂β′

∥∥∥∥ ≤ σ−1
g1 φ

(
−xρ,g1β

σg1

)
‖x′ρ,g1xρ,g1‖

3/2
2 + 2φ(0)φ (Xρ,gγ1)

‖X′ρ,gXρ,g‖2√
σ2
g2 − σ2

g1,g2/σ
2
g1

+

∫ ∞
−xρ,g1β

|ϕ2,g(u)|φ
(
u

σg1

)
duφ (Xρ,gγ2)

‖x′ρ,g2xρ,g2‖2√
σ2
g2 − σ2

g1,g2/σ
2
g1

<∞

We now consider the partial derivative ∂2

∂ρ∂β′
pg(1, 1) where ∂

ρpg(1, 1) is computed in Appendix F:

∂2

∂ρ∂β′
pg(1, 1) =

∂

∂β′

[
φ

(
−xρ,g1β

σg1

)
Φ (ϕ2,g(xρ,g1β)) ẋg1β +

∫ ∞
−xρ,g1β

u2 σ̇2
g1

2σ4
g1

φ

(
u

σg1

)
Φ (ϕ2,g(u)) du

+

∫ ∞
−xρ,g1β

φ

(
u

σg1

)
φ (ϕ2,g(u))

∂

∂ρ
ϕ2,g(u)du

]

=

(
φ′
(
−xρ,g1β

σg1

)
−xρ,g1
σg1

Φ (ϕ2,g(xρ,g1β)) + φ

(
−xρ,g1β

σg1

)
φ (ϕ2,g(xρ,g1β))

∂ϕ2,g(xρ,g1β

∂β′

)
ẋg1β

+ φ

(
−xρ,g1β

σg1

)
Φ (ϕ2,g(xρ,g1β)) ẋg1 + xρ,g1

[
u2 σ̇2

g1

2σ4
g1

φ

(
u

σg1

)
Φ (ϕ2,g(u))

]
|
u=−xρ,g1β

+

∫ ∞
−xρ,g1β

u2 σ̇2
g1

2σ4
g1

φ

(
u

σg1

)
φ (ϕ2,g(u))

∂ϕ2,g(u)

∂β′
du

+ xρ,g1

[
φ

(
u

σg1

)
φ (ϕ2,g(u))

∂

∂ρ
ϕ2,g(u)

]
|
u=−xρ,g1β

+

∫ ∞
−xρ,g1β

φ

(
u

σg1

)(
φ′ (ϕ2,g(u))

∂ϕ2,g(u)

∂ρ

∂ϕ2,g(u)

∂β′
+ φ (ϕ2,g(u))

∂2ϕ2,g(u)

∂ρ∂β′

)
du.

Note that, from the equations in Appendix F, ∂ϕ2,g(u)/∂ρ depends on combinations of u (linear in u)

and coefficients of Σ̇g, Σg and Xgβ and Ẋgβ. Therefore, all terms of the form φ(ϕ)∂ϕ∂ρ are bounded,

provided ‖Σ̇g‖ < ∞ and ‖̇Xg‖ < ∞. Moreover, for the same reason, also the terms that can be bounded

by C · φ(Xρ,gγ)‖Xρ,g‖22 or C · φ(Xρ,gγ)‖Ẋρ,g‖22 are bounded. It then remains to show that ‖Σ̇g‖ < ∞ and

‖Ẋρ,g‖ <∞. Recall that,

Ẋρ =
∂Xρ

∂ρ
= A−1

ρ WA−1
ρ X and Σ̇ = A−1

ρ WΣ + ΣW′(A′ρ)
−1.

Thus,

‖Σ̇‖2 ≤ 2‖Σ‖ ‖A−1
ρ ‖ ‖W‖2 <∞

implies boundedness of the terms σ̇ and

‖ẊρẊ
′
ρ‖2 = ‖Ẋ′ρẊρ‖2 ≤ ‖X′ρXρ‖2‖W′W‖2‖Σ‖2

and then because of Lemma 3:

max
i=1,2

‖Ẋρ,giẊ
′
ρ,gi‖2φ(Xρ,giγ) <∞.
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Finally,

∂2

∂ρ2
pg(1, 1) =

∂

∂ρ

[
φ

(
−xρ,g1β

σg1

)
Φ (ϕ2,g(xρ,g1β)) ẋg1β +

∫ ∞
−xρ,g1β

u2 σ̇2
g1

2σ4
g1

φ

(
u

σg1

)
Φ (ϕ2,g(u)) du

+

∫ ∞
−xρ,g1β

φ

(
u

σg1

)
φ (ϕ2,g(u))

∂

∂ρ
ϕ2,g(u)du

]

is again bounded in norm. With respect to the other derivatives, we only need to check that φ (xρ,iγ) ∂2

∂ρ2ϕ2,g(u)

has bounded coefficients and is integrable in u and that all the terms of Σ̈ = ∂2Σ
∂ρ2 are bounded and that

Ẍρ =
∂2Xρ

∂ρ2 satisfies supi ‖ẍρ,iẍ′ρ,i‖2φ(ẍρ,iγ) <∞ for every γ 6= 0.

Using matrix calculus, we have:

Σ̈ =
∂

∂ρ
(A−1

ρ WΣ + ΣW′(A′ρ)
−1) = 2

(
A−1
ρ W

)2
Σ + 2A−1

ρ WΣW′(A′ρ)
−1 + 2Σ

(
W′(A′ρ)

−1
)2

that clearly has bounded norm if ‖Σ‖2 < ∞, ‖A−1
ρ ‖2 < ∞ and ‖W‖2 < ∞, which is implied by Assumption

2.

Further,

Ẍρ = 2A−1
ρ WA−1

ρ WA−1
ρ X

implies ‖Ẍρ‖2 ≤ 2‖Xρ‖2‖W‖22‖Σ‖2, therefore supi ‖ẍρ,iẍ′ρ,i‖2φ(ẍρ,iγ) <∞, in view of Lemma 3.

Now, an inspection of ∂ϕ/∂ρ easily shows that φ (xρ,iγ) ∂2ϕ/∂ρ2 is bounded because of boundedness of Σ,

Σ̇, Σ̈ and of supi ‖ziz′i‖φ(xρ,iγ) for zi equal to any of the vectors xρ,i, ẋρ,i, ẍρ,i and because of nonsigularity

of each Σg.

Finally, if Assumption 7 holds, then all elements of Σρ,Aρ Xρ and their derivatives (Σ̇ρ, etc...) can be

replaced by their truncated sum approximation, with (focusing on Σ only, w.l.o.g.), ‖Σρ − Σ̃ρ‖ → 0 because

of Lemma 1.

Proof of Lemma 5

The claim ∂`n(θ)

∂θ
= ∂ ˜̀

n(θ)

∂θ
+ op(n

−1/2) = op(n
−1/2), follows if we prove that

sup
θ

∥∥∥∥∥∂`n(θ)

∂θ
− ∂ ˜̀

n(θ)

∂θ

∥∥∥∥∥ = op(n
−1/2).

The above result follows if we can show that, for all g, and for any d1, d2 = 0, 1:∥∥∥∥∂pg(d1, d2;θ)/∂θ

pg(d1, d2;θ)
− ∂p̃g(d1, d2;θ)/∂θ

p̃g(d1, d2;θ)

∥∥∥∥ = op(n
−1/2) (3)

where pg(d1, d2;θ) = pg(d1, d2) and p̃g(d1, d2;θ) = p̃g(d1, d2) follow equations:

pg (d1, d2) =

∫
{sg1u>−sg1xρ,g1β}

1

σg1
φ

(
u

σg1

)
Φ (sg2ϕ2,g(u)) du

computed using the exact and approximated values of Xρ and σg1,g2 , σ2
g1 , σ2

g2 respectively.
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We will prove (3) for d1 = d2 = 1. The other cases follow by the same arguments. First note that∥∥∥∥∂pg(1, 1)/∂θ

pg(1, 1)
− ∂p̃g(1, 1)/∂θ

p̃g(1, 1)

∥∥∥∥ ≤ ∥∥∥∥∂(pg(1, 1)− p̃g(1, 1))/∂θ

pg(1, 1)

∥∥∥∥+

∥∥∥∥∂p̃g(1, 1)

∂θ

(
1

p̃g(1, 1)
− 1

pg(1, 1)

)∥∥∥∥
≤ C

∥∥∥∥∂(pg(1, 1)− p̃g(1, 1))

∂θ

∥∥∥∥+

∥∥∥∥∂p̃g(1, 1)

∂θ

∥∥∥∥ ∣∣∣∣( 1

p̃g(1, 1)
− 1

pg(1, 1)

)∣∣∣∣
because for assumption 5. Moreover,

∥∥∥∂p̃g(1,1)

∂θ

∥∥∥ = O(1) if the first term is o(1), because we already proved

(see the proof of Theorem 5.1) that ‖∂pg(1,1)

∂θ
‖ < ∞. So, we need to prove

∥∥∥∂(pg(1,1)−p̃g(1,1))

∂θ

∥∥∥ = o(n−1/2) and∣∣∣( 1
p̃g(1,1) −

1
pg(1,1)

)∣∣∣ = o(n−1/2). To prove the latter it is enough to show that |pg(1, 1)− p̃g(1, 1))| = o(n−1/2).

From the definition of pg and p̃g, we have in fact:

|pg(1, 1)− p̃g(1, 1))| ≤
∫ ∞
−xρ,g1β

∣∣∣∣φ(ug1σg1

)
− φ

(
ug1
σ̃g1

)∣∣∣∣Φ
xρ,g2β +

σg1,g2
σ2
g1

ug1√
σ2
g2 −

σ2
g1,g2

σ2
g1

 dug1

+

∫ ∞
−xρ,g1β

φ

(
ug1
σ̃g1

) ∣∣∣∣∣∣∣∣Φ
xρ,g2β +

σg1,g2
σ2
g1

ug1√
σ2
g2 −

σ2
g1,g2

σ2
g1

− Φ

 x̃ρ,g2β +
σ̃g1,g2
σ̃2
g1

ug1√
σ̃2
g2 −

σ̃2
g1,g2

σ̃2
g1


∣∣∣∣∣∣∣∣ dug1

+

∫ −xρ,g1β

−x̃ρ,g1β
φ

(
ug1
σ̃g1

)
Φ

 x̃ρ,g2β +
σ̃g1,g2
σ̃2
g1

ug1√
σ̃2
g2 −

σ̃2
g1,g2

σ̃2
g1

 dug1 = A+B + C

where we used the tilde to distinguish between exact and approximated terms and we have assumed (w.l.o.g.)

that −x̃ρ,g1β < −xρ,g1β. Then, because of |ex−ey| ≤ ey|y−x| e
|y−x|−1
|y−x| = ey|y−x|

(
1 +

∑
k≥1 (y − x)k(k + 1)!

)
,

we get

A ≤
∫ ∞
−xρ,g1β

φ

(
ug1
σg1

) ∣∣∣∣ug1σg1
− ug1
σ̃g1

∣∣∣∣ (1 +O

(∣∣∣∣ug1σg1
− ug1
σ̃g1

∣∣∣∣)) dug1 = O (|σ̃g1 − σg1 |)

Similar bounds can be found for B and C, because of the continuity of the functions φ,Φ and of the integral:

B ≤ O(|(x̃ρ,i − xρ,i)β|) +O(|det(Σ̃g)− det(Σg))|) +O(‖Σ̃g −Σg‖F ) = O(|ρτ |2(qn+1))

and C ≤ O(|(x̃ρ,i − xρ,i)β|). All these terms are negligible because of Assumption 7 and |ρτ | < 1.

The same steps and the continuity of all functions entering in ∂pg(d1, d2)/∂θ also yield∥∥∥∥∂(pg(1, 1)− p̃g(1, 1))

∂θ

∥∥∥∥ = o(n−1/2).

4. Approximation of Σg and Xρ.

As already pointed out by Wang et al. (2013), the terms σg1 , σg2 and σg1,g2 , that are essential for the

computation of the probabilities pg, can not be easily written in closed form as functions of ρ and the weight
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matrix. In our case, things are made even worse by the fact that the vectors xρ,gi are complex transformations

of the whole design matrix that also depends on ρ.

In this section we give details on the approximation of the terms Xρ,g and σg,· based on finite series

expansion for (I− ρW)−1, mentioned in section 3 of the main paper.

The contribution of each pair g on the loglikelihood depends on the rows g1, g2 of the matrix A−1
ρ and on

the submatrix Σg. Under Assumption 1,

A−1
ρ =

∞∑
k=0

ρkWk,

implies,

Xρ =

∞∑
k=0

ρkWkX

and, for i = 1, 2,

xρ,gi =

n∑
j=1

∞∑
k=0

ρkw
(k)
gi,j

xj

where w
(k)
l,j is the (l, j)−term of the matrix Wk. Then xρ,gi can be approximated by truncating the series

expansion to the q−th term.

Similarly, since

Σ = A−1
ρ (A′ρ)

−1 =

∞∑
k=0

ρkWk
∞∑
h=0

ρh(W′)h,

we could approximate,

Σ̃ = Ãρ
−1

(Ãρ
′
)−1 =

q∑
k=0

ρkWk

q∑
h=0

ρh(W′)h =

2q∑
k=0

ρk
min(k,q)∑
h=0

Wh(W′)k−h.

This approach can be convenient in the case of large samples, to avoid inversion of large matrices and is

especially useful in the dense matrix case.

5. Other proofs

This Section includes some proofs that are omitted in the main paper.
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5.1. Proof of Theorem 3.1

Repeating the steps in Wang et al. (2013), we can easily get

pg(1, 1) = P (yg1 = 1, yg2 = 1) = P (yg1 = 1)P (yg2 = 1 | yg1 = 1)

= Φ

(
xρ,g1β

σg1

)
Eug1 (P (yg2 = 1 | ug1) | yg1 = 1)

= Φ

(
xρ,g1β

σg1

)
Eug1 |yg1=1

Φ

xρ,g2β +
σg1,g2
σ2
g1

ug1√
σ2
g2 −

σ2
g1,g2

σ2
g1




=

∫ ∞
−xρ,g1β

1

σg1
φ

(
ug1
σg1

)
Φ

xρ,g2β +
σg1,g2
σ2
g1

ug1√
σ2
g2 −

σ2
g1,g2

σ2
g1

 dug1 (4)

from ug2 | ug1 ∼ N
(
τg
σg2
σg1

ug1 , (1− τ2
g )σ2

g,2

)
and noting that the conditional density of ug1 | yg1 = 1 is:

p(ug1 | yg1 = 1) = I{ug1 ≥ −xρ,g1β}
1
σg1

φ
(
ug1
σg1

)
Φ

(
xρ,g1β
σg1

) .
In a similar way:

pg(1, 0) = Φ

(
xρ,g1β

σg1

)
Eug1 |X,yg1=1

1− Φ

xρ,g2β +
σg1,g2
σ2
g1

ug1√
σ2
g2 −

σ2
g1,g2

σ2
g1




= Φ

(
xρ,g1β

σg1

)
− pg(1, 1), (5)

pg(0, 1) =

(
1− Φ

(
xρ,g1β

σg1

))
Eug1 |X,yg1=0

Φ

xρ,g2β +
σg1,g2
σ2
g1

ug1√
σ2
g2 −

σ2
g1,g2

σ2
g1




=

∫ −xρ,g1β

−∞

1

σg1
φ

(
ug1
σg1

)
Φ

xρ,g2β +
σg1,g2
σ2
g1

ug1√
σ2
g2 −

σ2
g1,g2

σ2
g1

 dug1 , (6)

pg(0, 0) =

(
1− Φ

(
xρ,g1β

σg1

))
−
∫ −xρ,g1β

−∞

1

σg1
φ

(
ug1
σg1

)
Φ

xρ,g2β +
σg1,g2
σ2
g1

ug1√
σ2
g2 −

σ2
g1,g2

σ2
g1

 dug1

=

(
1− Φ

(
xρ,g1β

σg1

))
− pg(0, 1). (7)

The identity of all the formulas with the two equivalent expressions in the statement of the Theorem is

straightforward.
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5.2. Proof of Theorem 5.1

Following the notation introduced in section 2 above, let

θ̃n = arg max
θ∈Θ

˜̀
n(θ; y,X),

where ˜̀
n is the approximated partial maximum loglikelihood defined there. Moreover, to discriminate between

the exact bivariate probabilities and those based on the q–th order finite sum approximation, we denote the

last by p̃g(d1, d2), and the former by pg(d1, d2)2. There is the following link between the ˜̀
n and `n:

E˜̀
n(θ; y,X) =

∑
g

E

 ∑
d=(d1,d2)

1

G
I{yg1 = d1, yg2 = d2} log

p̃g,(d1, d2)

pg,(d1, d2)
| X

+ E (`n(θ; y,X))

= E (`n(θ; y,X))− 1

G

∑
g

KL(pg,||p̃g,).

(8)

Thus, consistency and asymptotic normality of θ̃ come from the analogous properties of the PML estimator,

and from negligibility of the term 1
G

∑
gKL(pg,‖p̃g,).

We first prove consistency of the PML estimator θ̂n = arg max `n(θ; y,X). This can be proved by using the

same arguments of Wang et al. (2013): in particular, given Assumption 4, we need to prove `n(θ)−`(θ) = op(1)

and stochastic equicontinuity of `n(θ). The first result follows by repeating exactly the same arguments as

those of Lemma 1 in Wang et al. (2013).

In order to prove stochastic equicontinuity, following Wang et al. (2013), we need to show that

sup
θ

∣∣∣∣∣ 1

G

G∑
g=1

yg1yg2
∂pg(d1, d2)/∂θ

pg(d1, d2)

∣∣∣∣∣ = Op(1)

for all d1, d2.

The term at the denominator of the above equation is bounded away from zero because of Assumption 5.

Moreover, all derivatives ∂pg(d1, d2)/∂θ are Op(1) from Lemma 2.

Thus, stochastic equicontinuity of `n follows as in Lemma 3 of Wang et al. (2013) and this implies consistency

of θ̂.

The proof of the consistency of θ̃n follows from the asymptotic equivalence of θ̃n with the PML estimator

θ̂n = arg max `n(θ; y,X), which is a consequence of Lemma 1. In fact, Assumption 3 implies, for all finite

n/G, that ‖Xβ‖2 = O(1) for all β in the interior of the compact parameter space Θ. Thus, by Assumption 7

(a), 1
G

∑G
g=1KL(f̃g||fg) = o(1) which implies, because of (8) and Theorem 4.1–(i), that ‖θ̂n − θ̃n‖ = op(1).

2Note that the only difference between the two probabilities p̃g(d1, d2) and pg(d1, d2) is the computation of terms Xρ and of

the elements of Σg .
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5.3. Proof of Theorem 5.2

The result is proven in two steps. First, we decompose
√
Gn(θ̃ − θ0) =

√
Gn(θ̃ − θ̂) +

√
Gn(θ̂ − θ0), and

show that the first term is negligible with respect to the second, where θ̂ is the pairwise ML estimator based

on the exact computation of `n.

Second, we prove that
√
Gn(θ̂ − θ0) has the asymptotic Gaussian distribution

√
Gn(θ̂ − θ0) →d

N
(
0,H(θ0)−1J(θ0)H(θ0)−1

)
. This second part follows the lines of the proof of Theorem 2 in Wang et al.

(2013) and those of Pinkse and Slade (1998).

We start by showing that
√
Gn(θ̃ − θ̂) = op(1). Using the mean value theorem,

∂`n(θ̃)

∂θ
=
∂`n(θ̂)

∂θ
+
∂2`n(θ∗)

∂θ∂θ′
(θ̃ − θ̂) =

∂2`n(θ∗)

∂θ∂θ′
(θ̃ − θ̂)

implies √
Gn(θ̃ − θ̂) =

(
∂2`n(θ∗)

∂θ∂θ′

)−1 √
Gn

∂`n(θ̃)

∂θ
.

Boundedness of
(
∂2`n(θ∗)
∂θ∂θ′

)−1

follows from Lemma 4, then if

∂`n(θ̃)

∂θ
=
∂ ˜̀
n(θ̃)

∂θ
+ op(n

−1/2) = op(n
−1/2) (9)

the negligibility of
√
Gn(θ̃ − θ̂) follows. The proof of (9) is in Lemma 5.

In order to prove √
Gn(θ̂ − θ0)→ N

(
0,H(θ0)−1J(θ0)H(θ0)−1

)
,

we can repeat the same steps in Wang et al. (2013).

We sketch the main steps of the proof. For more details we refer to Wang et al. (2013).

Using the mean value theorem,

0 =
∂`n(θ̂)

∂θ
=
∂`n(θ0)

∂θ
+
∂2`n(θ∗)

∂θ∂θ′
(θ̂ − θ0).

Thus, for some θ∗ such that ‖θ∗ − θ0‖ ≤ ‖θ̂ − θ0‖,

√
Gn(θ̂ − θ0) = −

(
∂2`n(θ∗)

∂θ∂θ′

)−1
∂`n(θ̂)

∂θ
.

Then, we first need to prove that all terms composing ∂2`n(θ∗)
∂θ∂θ′

are bounded (therefore integrable), in order

to conclude, by invoking consistency of θ̂ and the law of large numbers, that

lim
n→∞

∂2`n(θ∗)

∂θ∂θ′
= H(θ0). (10)

To prove this, the same exact arguments of Theorem 2 of Wang et al. (2013) apply. First, the bounds∥∥∥∂pg(d1,d2)

∂θ

∥∥∥ <∞ and
∥∥∥∂2pg(d1,d2)

∂θ∂θ′
∥∥∥ <∞ come from Lemma 2 and Lemma 4 respectively.
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In order to have the weak limit of
√
Gn(θ̂ − θ0), we finally need to show that

J−1/2(θ0)
√
Gn

∂`n(θ̂)

∂θ
→d N (0, I) .

Following Wang et al. (2013), and as in Theorem 1 of Pinkse and Slade (1998), we invoke Bernstein’s

blocking methods and the McLeish’s central limit theorem for dependent processes (McLeish, 1974). This

states that, if, for the triangular array Tnkn =
∏kn
j=1(1 + ıγDn,j), where ı2 = −1 and γ is a real constant, the

following conditions are satisfied: (i) {Tn,kn} is uniformly integrable; (ii) ETn,kn →n 1; (iii)
∑kn
j=1D

2
n,j →p 1;

(iv) maxj≤kn |Dn,j | → 0, then
∑kn
j=1Dn,j →d N(0, 1).

Following the reasoning in Wang et al. (2013), the (sequence of) regions where the observations are located

is split into an areas of size
√
bn ×

√
bn, with an growing at a faster rate than bn and such that anbn = n.

Moreover, an and bn are chosen so that bn < n1/2−ε uniformly in n and α(
√
bn)an → 0. Let Λn,j represents the

set of indices of observations falling into the j−th area, and write Dn,j = G−1/2
∑
g∈Λn,j

An,g where An,g is

implicitly defined by z′
√
GJ(θ0)−1/2

(
∂`n(θ0)

∂θ

)
= G−1/2

∑G
g=1An,g, for an arbitrary vector s.t. ‖z‖ = 1. It then

remains to prove conditions (i)–(iv) to ascertain that the sum
∑kn
j=0Dn,j = G−1/2

∑G
g=1An,g is asymptotically

normal.

For the proofs of conditions (iv) and (i), we just follow Wang et al. (2013). Conditions (ii)-(iii) follow from

Lemmas 4–7 in Wang et al. (2013).

5.4. Proof of the inequality (14): Cov(y1, y2) ≤ CCov(y∗1 , y
∗
2) for some C <∞

Proof. From the definition of y1 and y2 we clearly have that

Cov(y1, y2) = E(y1y2)− Pr(y1 = 1) Pr(y2 = 1)

=

∫ ∞
−xρ,1β

1

σ1
φ

(
u

σ1

)
[Pr (y2 = 1 |y∗1 ∈ du )− Pr (y2 = 1)] du

=

∫ ∞
−x′ρ,1β

1

σ1
φ

(
u

σ1

)[
Φ (ϕ2(u))− Φ

(
x′ρ,2β

σ2

)]
du

=

∫ ∞
−xρ,1β

1
σ1
φ
(
u
σ1

)[
φ

(
x′ρ,2β
σ2

)(
ϕ2(u)− x′ρ,2β

σ2

)
+ φ′

(
x′ρ,2β
σ2

)
1
2

(
ϕ2(u)− x′ρ,2β

σ2

)2

+ ...

]
du

≤ φ

(
x′ρ,2β

σ2

)∫ ∞
−xρ,1β

1
σ1
φ
(
u
σ1

) ∣∣∣∣ uσ1

ρ12√
1−ρ212

−He2

(
u
σ1

ρ12√
1−ρ212

)
+He3

(
u
σ1

ρ12√
1−ρ212

)
+ · · ·

∣∣∣∣
≤ ρ12φ(0)C

where Hek are the probabilistic Hermite polynomials, C < ∞ because the Gaussian distribution has finite

moments of all orders and where ρ12 is the correlation of the latent variables y∗1 and y∗2 .

6. Score vector

In this section we are going to derive the score vectors of the SAR(1) probit and SARAR(1,1) probit models.

These formulas will be used to easily study the behavior of the score vector, and to perform a more efficient
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computation of the partial maximum likelihood estimator.

6.1. SAR(1) probit

In order to compute the score vector for the optimization of the quasi pairwise loglikelihood, we need to

compute the derivatives of pg(d1, d2) with respect to β and ρ. We recall some notation used in the main paper:

ϕ1,g(u) =
xρ,g1β + u

σg1,g2
σ2
g2√

σ2
g1 − σ2

g1,g2/σ
2
g2

and ϕ2,g(u) =
xρ,g2β + u

σg1,g2
σ2
g1√

σ2
g2 − σ2

g1,g2/σ
2
g1

, (11)

where sgi = 2(di − 1/2). We first consider differencing with respect to β:

∂pg(1, 1)

∂β
=

∂

∂β

1

σg1

∫ ∞
−xρ,g1β

φ

(
u

σg1

)
Φ (ϕ2,g(u)) du

=
1

σg1
φ

(
−xρ,g1β

σg1

)
Φ (ϕ2,g(−xρ,g1β)) x′ρ,g1 +

∫ ∞
−xρ,g1β

1

σg1
φ

(
u

σg1

)
∂

∂β
Φ (ϕ2,g(u)) du

=
1

σg1
φ

(
−xρ,g1β

σg1

)
Φ (ϕ2,g(−xρ,g1β)) x′ρ,g1 +

1

σg1

∫ ∞
−xρ,g1β

φ

(
u

σg1

)
φ (ϕ2,g(u))

x′ρ,g2√
σ2
g2 −

σ2
g1,g2

σ2
g1

du

After some algebra, we obtain:∫ ∞
−xρ,g1β

φ

(
u

σg1

)
φ (ϕ2,g(u)) du = φ

(
xρ,g2β

σg2

)∫ ∞
−xρ,g1β

1√
2π

exp

{
− (uσg2 + xρ,g2βσg1,g2/σg2)

2

2
(
σ2
g1σ

2
g2 − σ2

g1,g2

) }
du

= φ

(
xρ,g2β

σg2

)
φ (ϕ1,g(−xρ,g2β))

√
σ2
g1 − σ2

g1,g2/σ
2
g2 ,

Thus,

∂pg(1, 1)

∂β
=

1

σg1
φ

(
xρ,g1β

σg1

)
Φ (ϕ2,g(−xρ,g1β)) x′ρ,g1 +

1

σg2
φ

(
xρ,g2β

σg2

)
Φ (ϕ1,g(−xρ,g2β)) x′ρ,g2 . (12)

Similarly,

∂pg(1, 0)

∂β
=

∂

∂β
Φ

(
xρ,g1β

σg1

)
− ∂pg(1, 1)

∂β
= φ

(
xρ,g1β

σg1

)
x′ρ,g1
σg1

− ∂pg(1, 1)

∂β

= 1
σg1

φ

(
xρ,g1β
σg1

)
(1− Φ (ϕ2,g(−xρ,g1β))) x′ρ,g1 −

1
σg2

φ

(
xρ,g2β
σg2

)
Φ (ϕ1,g(−xρ,g2β)) x′ρ,g2 , (13)

and, by repeating the same steps,

∂pg(0, 1)

∂β
= − 1

σg1
φ

(
xρ,g1β

σg1

)
Φ (ϕ2,g(−xρ,g1β)) x′ρ,g1 +

1

σg2
φ

(
xρ,g2β

σg2

)
(1− Φ (ϕ1,g(−xρ,g2β))) x′ρ,g2 , (14)

∂pg(0,0)

∂β
= − 1

σg1
φ

(
xρ,g1β
σg1

)
(1− Φ (ϕ2,g(−xρ,g1β))) x′ρ,g1 −

1
σg2

φ

(
xρ,g2β
σg2

)
(1− Φ (ϕ1,g(−xρ,g2β))) x′ρ,g2 . (15)

In order to compute the derivatives with respect to ρ, we need to define:

Ẋρ :=
∂Xρ

∂ρ
=
∂A−1

ρ X

∂ρ
= −A−1

ρ

∂Aρ

∂ρ
A−1
ρ X = A−1

ρ WA−1
ρ X,
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Σ̇ :=
∂Σ

∂ρ
=

∂

∂ρ
(I− ρW)

−1
(I− ρW′)

−1
=

(
∂

∂ρ
A−1
ρ

)
(I− ρW′)

−1
+ (I− ρW)

−1

(
∂

∂ρ

(
A′ρ
)−1
)

= −A−1
ρ

∂Aρ

∂ρ
A−1
ρ

(
A′ρ
)−1 −A−1

ρ

(
A′ρ
)−1 ∂A′ρ

∂ρ

(
A′ρ
)−1

= A−1
ρ WΣ + ΣW′ (A′ρ)−1

.

(16)

Now, we denote by Ẋg = (ẋ′g1 , ẋ
′
g2)′ and

Σ̇g =

 σ̇2
g1 σ̇g1,g2

σ̇g1,g2 σ̇2
g2


the submatrix corresponding to rows g1, g2 and the g–th diagonal block matrix, respectively of Ẋ = Ẋρ and

Σ̇ = ∂Σ
∂ρ . We further note that, from

σ̇2
g1 =

∂σ2
g1

∂ρ
=
∂σ2

g1

∂σg1

∂σg1
∂ρ

= 2σg1
∂σg1
∂ρ

we have
∂σg1
∂ρ =

σ̇2
g1

2σg1
and thus ∂

∂ρ
1
σg1

= − 1
σ2
g1

σ̇2
g1

2σg1
, and

∂

∂ρ

1

σg1
φ

(
u

σg1

)
=

u

σ2
g1

φ

(
u

σg1

)
u σ̇2

g1

2σ3
g1

− φ
(
u

σg1

)
σ̇2
g1

2σ3
g1

= φ

(
u

σg1

)(
u2

σ2
g1

− 1

)
σ̇2
g1

2σ3
g1

.

Then, we can write down the derivatives with respect to ρ,

∂

∂ρ
pg(1, 1) =

1

σg1
φ

(
xρ,g1β

σg1

)
Φ (ϕ2,g(−xρ,g1β)) ẋg1β

+

∫ ∞
−xρ,g1β

φ

(
u

σg1

)(
u2

σ2
g1

− 1

)
σ̇2
g1

2σ3
g1

Φ (ϕ2,g(u)) du

+
1

σg1

∫ ∞
−xρ,g1β

φ

(
u

σg1

)
φ (ϕ2,g(u))

∂

∂ρ
ϕ2,g(u)du

=
1

σg1
φ

(
xρ,g1β

σg1

)
Φ (ϕ2,g(−xρ,g1β)) ẋg1β +B + C.

The integral in B can be computed by parts and we obtain, after some computations:

B =
σ̇2
g1

2σ2
g1

[
−xρ,g1β

σg1
φ

(
xρ,g1β

σg1

)
Φ (ϕ2,g(−xρ,g1β))− xρ,g2β

σg2
φ

(
xρ,g2β

σg2

)
Φ (ϕ1,g(−xρ,g2β))

+
σg1,g2 |Σg|1/2

σ2
g1σ

2
g2

φ

(
xρ,g1β

σg1

)
φ (ϕ2,g(−xρ,g1β))

]
where |Σg| = σ2

g1σ
2
g2 − σ

2
g1,g2 . Note moreover that

φ

(
xρ,g1β
σg1

)
φ (ϕ2,g(−xρ,g1β))

|Σg|1/2
=

φ

(
xρ,g2β
σg2

)
φ (ϕ1,g(−xρ,g2β))

|Σg|1/2
= f(xρ,g1β,xρ,g2β),

is the bivariate density of (ug1 , ug2) ∼ N (0,Σg) at (xρ,g1β,xρ,g2β):

f(xρ,g1β,xρ,g2β) =
1

|Σg|1/22π
exp

{
−1

2
(xρ,g1β,xρ,g2β)′Σ−1

g (xρ,g1β,xρ,g2β)

}
.
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Thus,

B =
σ̇2
g1

2σ2
g1

[
−xρ,g1β

σg1
φ

(
xρ,g1β

σg1

)
Φ (ϕ2,g(−xρ,g1β))− xρ,g2β

σg2
φ

(
xρ,g2β

σg2

)
Φ (ϕ1,g(−xρ,g2β)) +

σg1,g2 |Σg|
σ2
g1σ

2
g2

f(xρ,g1β,xρ,g2β)

]
.

To compute the integral in C, we first note that

∂ϕ2,g(u)

∂ρ
=

ẋg2β +
(
σ̇g1,g2σ

2
g1 − σg1,g2 σ̇

2
g1

)
u/(σ2

g1)2

(σ2
g2 − σ2

g1,g2/σ
2
g1)1/2

− 1

2

xρ,g2β +
σg1,g2
σ2
g1

u

(σ2
g2 − σ2

g1,g2/σ
2
g1)3/2

(
σ̇2
g2 −

2σg1,g2 σ̇g1,g2σ
2
g1 − σ

2
g1,g2 σ̇

2
g1

(σ2
g1)2

)
= a+ bu

where

a =
σg1
|Σg|1/2

ẋg2β +
2σg1,g2 σ̇g1,g2σ

2
g1 − σ

2
g1,g2 σ̇

2
g1 − σ

4
g1 σ̇

2
g2

2σg1 |Σg|3/2

b =
1

2|Σg|3/2

[
2
σ2
g1σ

2
g2

σg1
σ̇g1,g2 − σ̇2

g1

(
2
σ2
g2σg1,g2
σg1

−
σ3
g1,g2

σ3
g1

)
−
σg1,g2σ

2
g1

σg1
σ̇2
g2

]
.

Then, by noting that (performing a change of variable)

C =

∫ ∞
−xρ,g1β/σg1

φ (u)φ (ϕ2,g(uσg1)) (a+ bσg1u)du

= φ

(
xρ,g2β

σg2

)∫ ∞
−xρ,g1β

(a+ bσg1u)
1√
2π

exp

{
−1

2

(uσg2 + xρ,g2βσg1,g2/σg1σg2)

|Σg|/σ2
g1

}
du

= φ

(
xρ,g2β

σg2

)∫ ∞
−ϕ1,g(xρ,g2β)

|Σg|1/2

σg1σg2

[
a+ bσg1

(
|Σg|1/2

σg1σg2
v − xρ,g2β

σg2

σg1,g2
σg1σg2

)]
φ(v)dv

we get

C =
|Σ|3/2bσg1
σ2
g1σ

2
g2

f(xρ,g1β,xρ,g2β) +
|Σ|1/2

σg1σg2

(
a− bσg1

xρ,g2β

σg2

σg1,g2
σg1σg2

)
φ

(
xρ,g2β

σg2

)
Φ (ϕ1,g(−xρ,g2β)) .

Finally, by putting all the terms together and after some tedious calculations, we get

∂pg(1, 1)

∂ρ
=
f(xρ,g1β,xρ,g2β)

2

(
2σ̇g1,g2 − σ̇2

g1

σg1,g2
σ2
g1

− σ̇2
g2

σg1,g2
σ2
g2

)
+ φ

(
xρ,g1β

σg1

)
Φ (ϕ2,g(−xρ,g1β))

(
ẋg1β

σg1
−

σ̇2
g1

2σ2
g1

xρ,g1β

σg1

)

+ φ

(
xρ,g2β

σg2

)
Φ (ϕ1,g(−xρ,g2β))

(
ẋg2β

σg2
−

σ̇2
g2

2σ2
g2

xρ,g2β

σg2

)
.

(17)

Similar steps lead to,

∂pg(d1, d2)

∂ρ
= s1s2

s1s2f(xρ,g1β,xρ,g2β)

2

(
2σ̇g1,g2 − σ̇2

g1

σg1,g2
σ2
g1

− σ̇2
g2

σg1,g2
σ2
g2

)
− φ

(
xρ,g1β

σg1

)
Φ (ϕ2,g(−xρ,g1β))

(
ẋg1β

σg1
−

σ̇2
g1

2σ2
g1

xρ,g1β

σg1

)

+ φ

(
xρ,g2β

σg2

)
(1− Φ (ϕ1,g(−xρ,g2β)))

(
ẋg2β

σg2
−

σ̇2
g2

2σ2
g2

xρ,g2β

σg2

)
,

(18)

for all d1, d2 ∈ {0, 1}2.
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6.2. SARAR(1,1) probit

In the SARAR(1,1) specification, the probabilities pg(d1, d2) follow the same equation used for the SAR(1)

case. However, when defining the quantities in pg(d1, d2), one has to bear in mind that the components

σ2
g1 , σ

2
g2 , σg1,g2 now depend on both ρ and λ through the variance covariance matrix:

Σν(ρ,λ) = A−1
ρ B−1

λ B−1
λ

′
A−1
ρ
′

= (I− ρW)
−1

(I− λM)
−1

(I− λM)
−1′

(I− ρW)
−1′

. (19)

Thus, also in computing the derivatives of each pg(d1, d2) the simultaneous dependence of Σ = Σν(ρ,λ) on

ρ and λ has to be considered. This, however, does not in general alter the structure of the derivatives with

respect to β and ρ. It is in fact easy to see that ∂pg(d1, d2)/∂β follows equations (12), (13), (14) and (15).

Similarly, ∂pg(d1, d2)/∂ρ follows equations (18). Note moreover that, by writing

∂Σ

∂ρ
=

∂

∂ρ

(
A−1
ρ B−1

λ (B−1
λ )′(A−1

ρ )′
)

= A−1
ρ WA−1

ρ B−1
λ (B−1

λ )′(A−1
ρ )′ + A−1

ρ B−1
λ (B−1

λ )′(A−1
ρ )′W′(A−1

ρ )′

= A−1
ρ WΣ + ΣW′(A−1

ρ )′

we can use the same equation as in the right–had–side of (16) to compute all the components of Σ̇ρ. We now

focus on the derivative Σ̇λ = ∂Σ/∂λ:

Σ̇λ = A−1
ρ B−1

λ MB−1
λ (B−1

λ )′(A−1
ρ )′ + A−1

ρ B−1
λ (B−1

λ )′M′(B−1
λ )′(A−1

ρ )′

= A−1
ρ B−1

λ MAρΣ + ΣA′ρM
′(B−1

λ )′(A−1
ρ )′.

(20)

Finally, using equation (20), we can compute the elements of Σ̇λ, namely σ̇2
g1(λ), σ̇2

g2(λ), σ̇g1,g2(λ) to be used

in the following derivatives ∂pg(d1, d2)/∂λ:

∂pg(1, 1)

∂λ
=

∫ ∞
−xρ,g1β

1

σg1
φ

(
u

σg1

)[(
u2

σ2
g1

− 1

)
σ̇2
g1(λ)

2σ2
g1

Φ (ϕ2,g(u)) + φ (ϕ2,g(u))
∂ϕ2,g(u)

∂λ

]
du

∂pg(1, 0)

∂λ
= −φ

(
xρ,g1β

σg1

)
σ̇2
g1(λ)xρ,g1β

2σ3
g1

− ∂pg(1, 1)

∂λ

∂pg(0, 1)

∂λ
=

∫ −xρ,g1β

−∞

1

σg1
φ

(
u

σg1

)[(
u2

σ2
g1

− 1

)
σ̇2
g1(λ)

2σ2
g1

Φ (ϕ2,g(u)) + φ (ϕ2,g(u))
∂ϕ2,g(u)

∂λ

]
du

∂pg(0, 0)

∂λ
= φ

(
xρ,g1β

σg1

)
σ̇2
g1(λ)xρ,g1β

2σ3
g1

− ∂pg(0, 1)

∂λ
,

(21)

with

∂ϕ2,g(u)

∂λ
=
σ̇g1,g2(λ)σ2

g1 − σg1,g2 σ̇
2
g1(λ)

σg1

√
σ2
g1σ

2
g2 − σ2

g1,g2

u−1

2

xρ,g2β + u
σg1,g2
σ2
g1(

σ2
g2 − σ2

g1,g2/σ
2
g1

)3/2
(
σ̇2
g2(λ)−

2σg1,g2 σ̇g1,g2(λ)σ2
g1 − σ

2
g1,g2 σ̇

2
g1(λ)

σ4
g1

)
.
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Formulas in equation (21) can be simplified through integration, as for the other terms of the score. Some

calculations lead to a formula very similar to equation (17):

∂pg(1, 1)

∂λ
=
f(xρ,g1β,xρ,g2β)

2

(
2σ̇g1,g2(λ)− σ̇2

g1(λ)
σg1,g2
σ2
g1

− σ̇2
g2(λ)

σg1,g2
σ2
g2

)
− φ

(
xρ,g1β

σg1

)
Φ (ϕ2,g(−xρ,g1β))

σ̇2
g1(λ)

2σ2
g1

xρ,g1β

σg1
− φ

(
xρ,g2β

σg2

)
Φ (ϕ1,g(−xρ,g2β))

σ̇2
g2(λ)

2σ2
g2

xρ,g2β

σg2
.

(22)

The other derivatives can be easily derived adjusting equations (18) in the same way.
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7. Other Figures
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Figure 1: Spatial heterogeneity of the total marginal impacts for each regressor during the second time horizon. Blue lines represent

marginal impacts relative to the mean value.
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Figure 2: Spatial heterogeneity of the total marginal impacts for each regressor during the third time horizon. Blue lines represent

marginal impacts relative to mean value.
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