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Abstract

We use nonstandard methods, based on iterated hyperextensions, to
develop applications to Ramsey theory of the theory of monads of ultra-
filters. This is performed by studying in detail arbitrary tensor products
of ultrafilters, as well as by characterizing their combinatorial properties
by means of their monads. This extends to arbitrary sets and properties
methods previously used to study partition regular Diophantine equations
on N. Several applications are described by means of multiple examples.

1 Introduction

It is well known that ultrafilters and nonstandard analysis are closely related:
on the one hand, models of nonstandard analysis are characterized, up to isomor-
phisms, as limit ultrapowers (see [10, Section 6.4]); on the other hand, the corre-
spondence between elements of a nonstandard extension *X and ultrafilters on
X was first observed (in the more general case of filters) by W.A.J. Luxemburg
in [33], who introduced the concept of monad of a filter. This correspondence
was then used by C. Puritz in [36, 37] and by G. Cherlin and J. Hirschfeld in
[11] to produce new results about the Rudin-Keisler ordering and to character-
ize several classes of ultrafilters, including P-points and selective ones. Similar
ideas were also pursued by S. Ng and H. Render in [35] and by A. Blass in [7].

In [28], we proved a combinatorial characterization of monads of ultrafilters
in SN which made it possible to develop several applications in the study of the
partition regularity of Diophantine equations' by means of some rather simple
algebraic manipulations of hypernatural numbers. The partition regularity of
Diophantine equations is a particular instance of the kind of problems that are
studied in Ramsey theory, where one wants to understand which monochromatic
structures can be found in some piece of arbitrary finite partitions of a given
object.

The basic idea behind our nonstandard approach to Ramsey theory is that
every set in a ultrafilter & € QN satisfies a prescribed property ¢ if and only
if the monad of U satisfy an appropriate nonstandard version of ¢. This idea
has been developed in [14, 16, 17, 29, 30, 31, 32|, and belongs to the family
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of applications of nonstandard analysis in Ramsey theory, an approach that
started with J. Hirschfeld in [22] and has subsequently been carried on by many
authors. As R. Jin pointed out, nonstandard methods in Ramsey theory are very
useful because they can be used to reduce the complexity of the mathematical
objects that one needs in a proof, therefore offering a much better intuition,
which allows to obtain much simpler (and shorter) proofs.

In [15], M. Di Nasso surveyed the nonstandard characterization of ultrafilters
on N, proving also several equivalent characterization of the elements of the
monads of tensor products of ultrafilters. This paper can be seen as an extension
of such a study, since our main aim is to characterize monads of ultrafilters and
tensor products of ultrafilters on arbitrary sets, so to extend the nonstandard
methods used for Diophantine equations to more general classes of problems in
Ramsey theory. This requires to better understand arbitrary tensor products
of ultrafilters, which are a basic important tool to develop such applications
(e.g., in [5] tensor products of ultrafilters in S™, for S semigroup, are used to
obtain polynomial extensions of the Milliken-Taylor theorem). Moreover, it is
helpful to characterize the Ramsey-theoretical properties of monads in terms
of their combinatorial and algebraic structure for general properties, extending
what we already did for Diophantine equations; such an approach could lead
to unexpected applications in other related fields. It turns out that a good
nonstandard framework to perform this study is given by iterated nonstandard
extensions.

In Section 2 we recall the basic definitions and properties of iterated hyper-
extensions, providing the nonstandard framework that is used to develop the
rest of the paper. In Section 3 we recall the definition of the monad of an ultra-
filter. We also recall some basic properties of these monads, presenting some of
their peculiar properties in iterated hyperextensions. In Section 4 we consider
arbitrary tensor products of ultrafilters, we provide several equivalent charac-
terizations of the elements in their monads and we extend the characterizations
to tensor products of arbitrary (finite) length. Finally, in Section 5 we present
several combinatorial properties of monads of arbitrary ultrafilters. Through-
out the paper, several examples are also included to illustrate the use of such a
theory in applications, as well as our main ideas.

This paper is self-contained: we only assume the reader to know the basics
of ultrafilters and nonstandard analysis, in particular the notions of superstruc-
ture, transfer, ultrafilter, enlarging and saturation properties. In any case, a
comprehensive reference about ultrafilters and their applications, especially in
Ramsey theory, is the monograph [20]. As for nonstandard analysis, many short
but rigorous presentations can be found in the literature. We suggest [2], where
eight different approaches to nonstandard methods are presented, as well as the
introductory book [19], which covers all the nonstandard tools that we need in
this paper, except the iterated extensions that we will discuss in Section 2.

2 Iterated Hyperextensions

In this paper, we will adopt the so-called “external” approach to nonstandard
analysis, based on superstructure models of nonstandard methods (see also [2,
Section 3]):

Definition 1. A superstructure model of nonstandard methods is a triple



(V(X),V(Y), %), where
1. X is an infinite set;
2. V(X),V(Y) are the superstructures on X,Y respectively;
3. x: V(X) — V(Y) is a star map, namely it satisfies the transfer principle.

We say that (V(X),V(Y),x) is a single superstructure model of nonstandard
methods when X =Y.

From now on, we will use only single superstructure models of nonstandard
methods. This is not restrictive: as proven in [2, Section 3] (see also [1]), every
superstructure model is isomorphic to a single superstructure one.

The existence of saturated single superstructure models of nonstandard meth-
ods can be proven in different ways: we refer to [3]|, where single superstructure
models are constructed by means of the so-called Alpha Theory, and to the
nonstandard set theory * ZFC introduced by M. Di Nasso in [12], where the
enlarging map * is defined for every set of the universe. Similar ideas have
been studied, in the context of iterated ultrapowers, by K. Kunen in [27], by
K. Hrbagek in [23] and by K. Hrbacek, O. Lessmann, R. O’Donovan in [24]. A
clear presentation of iterated ultrapowers can also be found in [10, Section 6.5].

The main peculiarity of single superstructure models of nonstandard meth-
ods is that they allow to iterate the x-map. This allows to simplify certain
proofs: for example, in [14] the structure **N, obtained by iterating twice the
star map applied to N, is used to give a rather short proof of Ramsey Theorem.

Iterated hyperextensions have already been studied in previous publications
(e.g [14, 15, 28, 29, 30, 31, 32]). In this Section, we will recall only the main
definitions and properties that will be used in the rest of the paper.

Definition 2. We define by induction the family (S, | n € N) of functions
Sp: V(X) — V(X) by setting So = id and, for every n > 0, S, 411 = %0 S,,.

Let Y be a set in V(X). Notice that Sz (*Y) := **Y is a nonstandard
extension of both Y and *Y. Intuitively, this extension resembles the extension
from Y to *Y. For example, if Y = N, the fact that *N is an end extension of
N, namely that

Vn e *N\N, Vn € Ny > n,

can be transferred to
VYn e N\ *N, Vn € *Nn > n,

which is the formula expressing that **N is an end extension of *N.

However, not all the basic properties of the extension from Y to *Y holds
also for the extension **Y of *Y: for example, the fact that *A = A for every
finite subset of N (as usual, we identify every number n € N with *n) does not
hold true for *N. Just observe that if & € *N\N then, by transfer, *a € **N\ *N,
hence "{a} = {*a} # {a}.

In any case, we have the following result, which is a trivial consequence of
the composition properties of elementary embeddings:

Theorem 3. For every positive natural number n, (V(X),V(X), S,) is a single
superstructure model of nonstandard methods.



In certain cases, as we will show in Section 4, it is helpful to consider the
following extension of N:

Definition 4. Let (V(X),V(X),*) be a superstructure model of nonstandard
methods. We call w-hyperextension of X, and denote by ®*X, the union of all
hyperextensions Sy, (X):

°X = U S, (X).

neN

Since
(Sn(X) | n <w)

is an elementary chain of extensions, we have that *X is a hyperextension
of X. Moreover, as *A D S,(A) D A for every A C X, we have the following
trivial result:

Proposition 5. Let n € N and let k be a cardinal number. Then the implica-
tions (1) = (2) = (3) hold, where

1. (V(X),V(X),*) has the k-enlarging property;
2. (V(X),V(X),S,,) has the k-enlarging property;
3. (V(X),V(X),e) has the k-enlarging property.

However, let us notice that the previous result does not hold, in general, if
we substitute enlarging with saturation. In fact, *X has cofinality ¥y (which is
in contrast with k-saturation properties for k > Ny, as the cofinality is always
at least as great as the cardinal saturation), since a countable right unbounded
sequence in *N can be constructed by choosing, for every natural number n, an
hypernatural number a,, in S, 41(X) \ S, (X).

3 Monads

In the following, we will use the symbol * to denote a generic nonstandard
extensions (which could be x, S, or e), reserving to * and e the meanings given
in Section 2. We hope that this will increase the readability of the paper?.

Monads of filters were first introduced by W.A.J. Luxembourg in [33]. In
the past few years, monads of ultrafilters on N have been used to prove many
results in combinatorial number theory, especially in the context of the partition
regularity of equations (see e.g. [14, 15, 16, 17, 28, 29, 30, 31, 32]). However,
it seems that to extend the range of applications of these methods, a deeper
study of monads in a wider generality is needed. Our aim in this section is
to start such a study. We will adopt the framework of iterated nonstandard
hyperextensions, since they provide a simpler setting for the study of monads,
as we are going to show.

Definition 6. Let Y be a set in V(X) and let (V(X),V(X),x*) be a single
superstructure model of nonstandard methods. Let I/ be an ultrafilter on Y.
For every n € N we let

pn(U) = ﬂ Sn(A)

Aeu

2 At least, we hope that this will not decrease the readability of the paper.



(with the agreement that p(U) := p1(U)) and

foo(U) = ﬂ *A.

AclU

Elements of oo (U) will be called generators of . Finally, when we consider a
generic extension (V(X), V(X),*) we will write

peU) == [ *A.

AelU

Notice that, equivalently, fioo(U) = U, cy #n(U). In general, monads can
be empty if the extensions are not sufficiently enlarged. However, we have the
following result:

Theorem 7. Let Y be a set in V(X). Then for every o € *Y the set
Uo ={ACY |a €Y}

is a ultrafilter on Y. Moreover, if the extension x : Y — *Y has the |p(Y)|"-
enlarging property then u,(U) # O for every U € BY .

Proof. That U, is a ultrafilter is straightforward. The second claim follows
as every ultrafilter &/ on Y is a family with the finite intersection property
and cardinality |p(Y)|, and the |p(Y)|T-enlarging property hence entails that
1 (U) # 0. [

Monads can be used to identify every ultrafilter with the trace of a principal
one on a higher level: in fact, if @ € *Y then o € u(l) if and only if U =
try (P(«)), where

Pla)={AC"Y |a€ A}

is the principal ultrafilter generated by a on *Y and, for every ultrafilter ¥V on
*Y, we set
try (V):={ACY |"AeV}.

Definition 8. For o, 8 € *Y we will write a ~y  if the ultrafilters generated
on Y by a and S coincide.

A remark is in order: in previous papers, the equivalence relation ~y was
denoted by ~; or ~ (see e.g. [14, 15]). However, here we prefer to use the
u

notation ~y as this equivalence relation depends on the set on which we are
constructing the ultrafilters. To better explain what we mean, let o # 8 € *N
be such that o ~y 8. Then (as we will prove in Proposition 12) *a ~y *f.
However, *a =y *8! In fact, the ultrafilter generated by *« on *N is

{AC*N|*a € A} = {AC*N|ae A} = P(a),

and analogously the ultrafilter generated by 3 on *Nis P(3), and P(«) # P(3)
since « # f3.

When we work in w-hyperextensions, it is useful to study the relationships
between sets of generators of the same ultrafilter in different extensions. To do
this, let us fix a definition:



Definition 9. Let (V(X),V(X),x*) be a single superstructure model of non-
standard methods and let Y be a set in V(X). We say that Y is coherent if
Y C *Y. We say that Y is completely coherent if A is coherent for every A C Y.

Notice that if Y is coherent then S, (Y) C S,,(Y") for every n < m.

Example 10. N is completely coherent, as we identify every n € N with *n.
However, if o € *N\ N, then {a} is not coherent, since "{a} = {*a}. Finally,
NU {a} is coherent but not completely coherent.

Theorem 11. Let (V(X),V(X), x) be a single superstructure model of nonstan-
dard methods and let Y be a set in V(X). The following are equivalent:

1. Y is completely coherent;
2. forallyeY y="y.

Proof. (1) = (2) Let y € Y. As'Y is completely coherent, we have that {y} C
“{y} = {*y}, hence y = *y.

(2) = (1) Let ACY. Then A C *A since, for every a € A, we have that
a=*ac A O

Proposition 12. Let Y be a set in V(X). For every ultrafilter U on'Y, for
every n € N we have that “j,(U) C pnr1(U). Moreover, if Y is completely
coherent then the following properties hold:

1 pn(U) C pnrr(U);
2. poo(U) = UneN fin (U);

3. € uoU) & *a € s (U).

Proof. For every A € U p,(U) C S,(A). Hence, by transfer, “u,(U) C
"Sn(A) = Sni1(4), and so i, (U) C Nacy Snt+1(A) = pn 1 (U).

Let us now assume that Y is completely coherent.

(1) Just notice that, for every A C Y, since A is coherent we have that
Sn(A) C Sp11(A) for every n € N.

(2) pooU) 2 Upen nU): o € U, cn in(U) if and only if there exists n € N
such that a € pn,(U) = Nycy Sn(A). As S,(A) C °A for every A € U, in
particular we have that o € [y, *A = foo (U).

pooU) € UpentnU): Let a € (e *A. Let A € U; then there exists
n € N such that o € S,,(A). In particular, @ € S,,(Y). We claim that, for every
other set B € U, o € *B if and only if « € S,,(B). In fact, assume by contrast
that there exists B € U such that « € *B\ S,,(B). In particular, we find m > n
such that o € S,,(B). As a ¢ S,(B), however, we have that o € S,(B¢) C
Sp(B€) since Y is completely coherent. Therefore @ € S, (B) N Sy, (B€) = 0,
which is absurd. Thus this shows that o € (g, Sn(B) = pn(U).

(3) @ € poo(U) & In € Na € pup(U) & In € N*a € pp1(U) & *a €
Hoo(U)- [

It is well-known that functions f : Y; — Y5 can be lifted to f : BY; — BYs
by setting for every U € fY;

fU)y={AcYs|fH(A) euy.



As one might expect, the monad of f(I/) can be expressed in terms of the monad
of U, as shown in the following Theorem, that generalized similar results proven
by M. Di Nasso® in [15, Propositions 11.2.4,11.2.10 and Theorem 11.2.7] in the
context of N:

Theorem 13. Let A, B € V(X) be sets, let f : A — B and let U € BA. Then
the following facts hold:

1. If A= B and o.,” f(a) € u(Ud) then o =" f(a);

2. p(fU)) ="f(ul™)).

Proof. The proof in the general case is identical to that given for A = B = N
in *N, see [15, Propositions 11.2.4,11.2.10 and Theorem 11.2.7]. O

4 Arbitrary tensor products and pairs

The notion of tensor product of ultrafilters is fundamental to study both
several basic properties of ultrafilters (like the Rudin-Keisler order, the alge-
braical properties of SN and the topological properties of ultrapowers), as well
as to develop many applications (for example, to the theory of finite embed-
dabilities). At the best of our knowledge, most results in the literature cover
the case of tensor products U; ® Us of ultrafilters on the same set S; in this
Section, our goal is to extend these results in two directions. The first is to
consider tensor products Uy @ Us of ultrafilters on different sets, namely where
Uy € BS1,Us € BS;3. The second is to consider arbitrary finite tensor products
of ultrafilters Uy ® - - - Q@ Up.

4.1 Tensor products

A key notion in ultrafilters theory is that of tensor product of ultrafilters:

Definition 14. Let S;, S be sets in V(X) and let Uy € 851, Us € 3S3. The
tensor product of Uy and Us is the unique ultrafilter on S; x Sy such that for
every A C 51 x Sy

AclU; @Us <:>{81 S | {82 € Sy | (81,52) EA} EMQ} cU.
Moreover, we set
BS1 @ BSy ={Ur @Us | Uy € BS1,Us € BSa}.

Tensor products are closely related with the notion of double limits along
ultrafilters and Rudin-Keisler order (see [20, Section 11.1] for the case S; =
Sy =8, S discrete space). However, we will not adopt this topological point of
view here. For us, tensor products are important because of the role they play
in many applications, especially in combinatorial number theory.

Example 15. Let (S,-) be a semigroup. Let f : S* — S be f(a,b) = a-b.

Then f(U,V)=fURV)=UOYV for every U,V € BS.

3Notice that in [15] these properties are proven in the case X = Y = N; however, these
arguments used in these proofs work also in the present case.




Example 16. Let 7 = N and let H : N x F — N be the function H(n, f) =
f(n). Then?

HUV)=UrV:={ACN|{neN|{feF|f(n)eAleV}ecl}.
The first trivial observation about tensor products is the following:
Lemma 17. If Sy or Sy is finite then 8 (S; ® S2) = 851 ® 85s.

Proof. Let us prove the case with S; finite, as the other case is similar. Let S; =
{a1,...,an}. Let U € B(S1®Ss). Fori=1,...,nlet A; ={(a;, s2) | s2 € S2}.
As Si x S5 = [U,<,, Ai, there exists a unique i < n such that 4; € U. Let
o, € BS1 be the principal ultrafilter on a; and let

Us :FQ(Z/[) = {A C Sy | {(ai,s) | S € A} S Z/[} c 552
Then, by construction, we have that for every A C S; x Sy
A Guat QKU & {51 €5 | {52 € Sy | (51,52) S A} GZ/{Q} Gﬂai ==

{82 IS ‘ (al‘,Sg) EA} EUQ<:>AEU,
hence U = il,, @ Us € BS1 ® BSa. O

To develop a deeper study of tensor products, our goal in this section is
to give several characterizations of monads of tensor products of ultrafilters.
The first question that we want to answer is: what is the relationship between
w(U) x (V) and p(Ud ® V)? Let us start with a definition:

Definition 18. Let Uy € 851,Us € 5S5. We denote by F (U, Us) the filter on
S1 X So given by

]—"(Z/ll XZ/{Q):{Besl X Sa ‘ JA, Eul,Ag € Uy s.t. Ay X Ay QB}

In general, F (U; x Usz) is just a filter and not an ultrafilter; its relationship
with p (Uy), p(Us) and p (Uy ® Us) is clarified in the following Proposition.

Proposition 19. Let U, € 551 and Uy € 3S5. Then

ph) xp) = pOV) 2 pth @ Uy), (1)
WEU (Uy xUs)

where U (Uy x Us) = {W € B(S1 x S2) | W D F(Uy xUs)}.

Proof. First of all, let us notice that Uy @ Uy € U (Uy X Us), as clearly A x B €
Uy @Us VA € Uy, B € Uy. Therefore we are left to prove that p(Us) x u(ls) =
Uwer @n xu) BOV)-

C: Let a € pu(Ur),B € p(Us). Let W = U4 5). Then W € U (Uy X Us) as,
for every A € Uy, B €Uy (o, 8) € A x *B ="(A x B).

D: Let W e U (U xUs). Let (a,8) € p(W). For every A € Uy,B € Us
A x B €W, hence

@B e () "(AxB)=uh) x uth). -
AelU,BeUs

4These kind of ultrafilters are important when studying combinatorial properties of N by
means of the so-called F-finite embeddabilities, see [32].




Corollary 20. For every a € *S1,8 € *Sy Yo ) DF (o x Up) & a ~g,
v, 6 ~ Sy d.

In particular, as a consequence of Proposition 19 we have that the map ® :
BS1 x 8BS — B (S x S2) is injective but not surjective, in general. Moreover,
as it is known, this entails that p (U1 @ Us) = p (U1) x p(Us) if and only if
F Uy x Us) =U; @ Us (see also [6, Chapter 1]),

To characterize when such a situation happens, let us recall the following
definitions:

Definition 21. Let U € 8S and let k be a cardinal number. The norm of ¥/ is
the cardinal
4] = min 4]
eu

Moreover, U is kT -complete if for every family {4; | i € I} C U with cardinality
[I| < &% we have (., A € U.

The problem of characterizing ultrafilters Uy, Us such that Uy QUs = F (Uy x Us)
was already considered, and solved, by A. Blass in [6, Section 4]. We recall (and
reprove for completeness) his characterization in the following Theorem:

Theorem 22. Let U; € BS,Us € BSy. The following facts are equivalent:
1. Uy @Us :.F(ul XZ/[Z);
2. VA EZ/ﬁV{Bl ‘ 1 E A} CUyIC e Uy ﬂcECﬁABC € Us.
Proof. (1) = (2) Let A €Uy and let {B; | i € A} CUy. Let S C 51 x Sy be the
set
i€EA
As A € Uy, by definition of tensor product we have that S € Uy @ Us. But then,

as Uy Uy = F (Uy X Us) , there exist Dy € Uy, Dy € Uy such that Dy x Dy C S.
Hence for every ¢ € C := AN D; we have that Dy C B, so in particular

Dy C () B,
ceC

hence (¢ Be € Us.
(2) = (1) Let S € Uy @ Us. By definition,

A= {81 €5 | {82 €5, ‘ (81,82) S S} EUQ} cU,.

For every i € Alet B; = {s2 € Sa | (i,52) € S} € Us. Then {B; | i € A} C Us,
hence by hypothesis there exists C' € U so that B := () cony Be € Us. But
then by construction (CNA) x BC S, and so S € F (U x Us). O

Example 23. Let S; = S; = N. Let U;,Us € PN. Then the following are
equivalent®:

1. Uy QU = ]-'(Ul X Z/[Q);

2. Ji € {0,1} such that U; is principal.

5This is a well-known fact: see e.g. [15, Remark 11.5.5].



In fact, that (2) = (1) is straightforward. On the other hand, let us assume
(1), and assume that U, and Us are not principal. Let A be any set in U/ and,
for every a € A, let B, = {n € N|n > a} € Uy. By Theorem 22 there exists
C € U, such that (,cgnc Ba € Uz. And this cannot be, as AN C is infinite
(since Uy is not principal) and hence (,c ync Ba = 0.

We want to generalize the previous example and solve the following two
problems:

1. For which U; € 857 we have that Vs € 8Ss Uy @ Us = F (Uy X Us)?
2. For which Us € S5 we have that YU € 551 Uy @ Us = F (U x Us)?

Although it is not evident from Theorem 22, the property U; @Us = F (Uy x Us)
is symmetic in U, U, in the sense that

U @Us = F (Us x Us) & Us UL = F (Us x Us)

(this basic observations was pointed out to us by A. Blass, see also [6, Corollary
9, Section 4]). Therefore problems 1 and 2 are equivalent: a solution of the
first entails directly a solution of the second. And the second problem is rather
simple to solve:

Theorem 24. Let Us € 5S35 and let k = |S1|. The following are equivalent:
1. YU, € BS1U QU = ]-"(Z/ll X Z/{Q);
2. Uy is kT -complete.

Proof. (1) = (2) Without loss of generality, we can assume that S; = . By
contrast, let us suppose that Us is not x™-complete. Let

)\—min{,u | 3F CUwith|F| = pand (] B ¢u2}.
BeF

As Us is not xt-complete, A < k. Let {B; | i < A} C Uy be such that (), _, B; ¢
Us. For every i < A we set D; = ﬂjgi Bj. By the definition of A we have that
every D; € U, as it is an intersection of fewer than A elements of Us, and clearly
D; 2 D; for every i < j. Now let U; € S\ C Sk be an ultrafilter that extends
the filter of co-initial sets on A, so that every set C' € U is cofinal in A. By
hypothesis, U; @ Us = F (Uy x Us). If we set A = A, by Theorem 22 we deduce
that 3C € Uy (e De € Uz. But C'is cofinal in A and {D;},_, is a decreasing
sequence, 50 [.cc De = (V;cx Di = ;< Bi ¢ Ua, which is absurd.

(2) = (1) Let A € Uy and let {B; |i € A} C Us. Then, as |A| < &, by
kT-completeness (;c 4 Bi € Ua, hence the condition of Theorem 22 is fulfilled
by setting C = A. O

Let us call a ultrafilter Us € 855 such that VU € 851 UL QUy = F (U X Us)
a factorizing ultrafilter. If A = |S3|, from the previous Theorem we deduce that:

e if A < k then the only factorizing ultrafilters are the principal ones;

e if A > k then nonprincipal factorizing ultrafilter Uy € 555 might or might
not exist: for example, if A = xkTthen such a nonprincipal factorizing
ultrafilter exists if and only if k% is measurable (the existence of such
ultrafilters is consistent with ZF but not with ZFC).
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4.2 Tensor pairs

As discussed above, tensor products are very important to develop several
applications of ultrafunctions theory. Therefore, if one wants to follow a non-
standard perspective, it becomes fundamental to characterize tensor products
in terms of their monads. To do so, we introduce the following definition:

Definition 25. Let (o, 3) € *(S; x S3). We say that («, () is a tensor pair
(notation: (a,B) TT) if Ui, g) = Ua @ Up.

As, in general, 351 ® 3S2 € B(S1 x S2), not all pairs (o, 3) € *(S1 x S»)

=

are tensor pairs. When S; = S; = N, many properties of tensor pairs have been
proven (in the context of non-iterated hyperextensions) by M. Di Nasso in [15]
(see also [28]). We plan to show that most of these characterizations can be
extended (sometimes in an even more general form) to arbitrary tensor pairs,
with some simplifications given by the possibility of iterating the star map.

The main advantage when working in iterated hyperextensions is that they
allow to write down easily generators of tensor products:

Theorem 26. Let n,m € N, let S1,5, € V(X) be sets with S1 completely
coherent, let U € BS1, V € BSs and let a € p,(U), B € um(V). Then
(aa Sn(ﬁ)) € Un+m (U ® V)-

Proof. Let A C S; x S5. Then
Aecil,@Us < {s1 €851 |{s2€ 52| (s1,52) € A} € Ug} € U,.
Now, by definition, {s2 € Sa | (s1,52) € A} € g if and only if
B € Sm({s2 € 52| (s1,52) € A}) = {52 € S (52) | (51, 82) € S (A)},

as Sy, (s1) = s1 for every s; € Sy, since S is completely coherent. Then
{s1 € 51| {s2 € 52| (s1,82) € A} Eilg} e, &

{s1 €511 (51,8) € Sn(A)} € Uy & (a, S0 (B)) € Sntm(A). O

Corollary 27. Let (S,-) € V(X) be a semigroup. Assume that S is completely
coherent. Let U,V € S, let o € ppU), B € um(V). Then o - S, (B) €

Proof. U ®V = f(U® V), where f : S? — S is the function that maps every
pair (a,b) € S? in a - b. Hence we can conclude by applying Theorem 13.(2) as,
by Theorem 26, (&, Sn(8)) € tintm (U R V). O

Remark 28. In Theorem 7 we showed that .Y/NY =~ Y. Theorem 26 allows

to refine this result when Y = S is a semigroup: if we let ® : *S? — *S be the
map such that, for every a, 8 € *S

Oé@,@ = Sh(a)(6)7

where k(o) = min{n e N|a € S,(S)}, we get that (3S,©) and (*5,©®) [~y
are isomorphic as semigroups®.

6This result could be improved to a topological isomorphism by introducing the star topol-
ogy on *S, but we will not consider this topological approach here.
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To simplify the notations, from now on we will assume that («, 8) € *(S; x Sa),
as the characterization for the general cases where o € S,, (51), 8 € Si, (S2)
can be analogously deduced from Theorem 26.

In the case of non-iterated hyperextensions, tensor pairs have been studied
mostly for the product N x N, in order to characterize certain properties of
ultraproducts. In this case, a characterization was given by C. Puritz in [37],
where he proved that

(a, ) TT & «a < er(B),

where

er(8) = {"f(8) | f :N = N,"f(B) € "N\N.}

Remark 29. In **N it is very simple to see that Puritz’s characterization is
not symmetric, in the sense that the condition 8 > er(a) does not entail that
(a, B) is TT. In fact, let « be a prime number in *N and let 8 = (*a)®. Then
B> er(a),as (" f)(a) = ("f) () € *N for every f € NV, whilst 3 € **N\ *N.
However, if f is the function such that, if n = p{*-----pi" € Nis the factorization
of n as product of distinct prime numbers, then

we have that (** f) (8) = «, hence by Puritz’s characterization (a, ) is not TT.

The main problem in extending Puritz’s characterization to arbitrary sets
is that it uses the order relation on N, whilst arbitrary products of sets might
not be ordered. In [15], several equivalent characterization of Puritz’s condition
for tensor pairs in N x N were given by M. Di Nasso in [15]. In the following
theorem, we adapt these characterizations to arbitrary tensor pairs on S7 X Ss,
and we also introduce two new characterizations in terms of preservations of
tensor pairs via standard functions.

Theorem 30. Let S1,S5> € V(X) be sets and let (o, an) € “(S1 x Sz). The
following are equivalent:

1. (a1, a0) is a tensor pair;

(1, ) ~s5, x5, (1, 2);

VA C Sy xSy if (a1, ) € *A then 3s € Sy such that (s,a2) € *A;
VA CS) x Ss if (s,a0) € A Vs € Sy then (a1, a2) € *A;

SATER S RS

for every sets Ss,S4, for every functions f : S1 — S3, g : So — 54
("f (1), g (a2)) is a tensor pair;

6. there exist sets Ss, Sy, a bijection f : S1 — S3 and an injective function
g: Sy — Sy such that (" f (a1), g (a2)) is a tensor pair.

Proof. (1)=>(2) This is an immediate consequence of Theorem 26.
(2)=(3) Let A C S; x S be such that (a1,a2) € "A. As (a1,a2) ~5, x5,
(a1, *az), we have that (a1, *as) € ** A, namely

a; € {s€ 8| (s,a) € "A},
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hence {s € S1 | (s,a2) € A} # ().

(3)=(4) This is straightforward, as (4) is the contrapositive of (3) applied
to A°.

(4)=(5) By contrast: assume that there exists sets Sz, S4 and functions f :
Sy,— 83, g+ S2 — Sy such that (*f (aq), "g (a2)) is not a tensor pair. Let A C
S3x Sy be such that (s3, g (a2)) € *Afor every s3 € Sz but (*f (1), g (a2)) ¢
*A. Let

Xa={(s1,82) € 51 xS2|(f(s1),9(s2)) € A}.
By construction, (s1,as) € *X4 for every s; € Si, hence by (4) a1 € *Xa,
namely (“f (a1),"g(a2)) € *A, which is absurd.

(5)=-(6) This is straightforward.

(5)=(1) Just set S1 = S3, So = Sy, f =ids,, g =1ids,.

(6)=-(1) By contrast, assume that (a1,as3) is not a tensor pair. By the
equivalence (5)<(1), there exists A C S; x S3 such that (s,as) € "A Vs € S
but (Oél,Otg) ¢ *A Let

Xa=(f,9)(A) ={(s3,81) | F(s1,82) € Af (s1) = 53,9 (s2) = s4}.

As fis surjective and (s, az) € *A Vs € Sy, we have that (s3, g (a2)) € *X 4 for
every s3 € S3. Hence (“f (a1), g (az2)) € *Xa, as ("f (1), "g (a2)) is a tensor
pair. But as X = (f,9)(A) and f,g are 1-1, we deduce that (a1,as) € *A,
which is absurd. O

To prove that Theorem 30 entails Puritz result and allows for a simple char-
acterization of tensor pairs in many cases’, let us introduce the following defi-
nition:

Definition 31. Let Si, S be given sets. Let Y C 8(S; x S3). We say that
(a, B) € "(S1 x So) is a Y-tensor pair if it is a tensor pair and Ua,p) €Y.

The basic observation is the following:
Remark 32. If (o, 3) is a Y-tensor pair then (o, 8) € *A for every A € (o U
(i-e., (o, B) generates the filter (1),,oy U).

Example 33. If S; =Sy =Nand Y ={{/ @V | U,V € SN\ N} then Y-tensor
pairs are tensor pairs with both entries infinite and, as

A={(n,m)|n<m}eWw

for every W € Y, this shows that (a, 8) € *A for every tensor pair (a, ). But
then, by applying Theorem 30.(5) with S3 = S; = N, we deduce that for every
f9 + N = N with " f (o), "g (a2) infinite we have (“f (o), g(a2)) € *A,
namely

flan) <er(ag) Vf:N—=N,

which is one implication in Puritz’s characterization.
Example 34. Let S; = So =Z. Let a, 8 € "Z\ Z. Let

A1 ={2€Z]2>20,2=0 mod?2}, Ay ={2€Z]|2>0,z=1 mod 2},
A3=1{2€Z]2<0,2=0 mod2}, A4={2€Z|2<0,2=1 mod 2}.

"To the best of our knowledge, the characterizations given in Examples 34, 35, 36 are new.
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Let ¢, j be such that o« € "A4;, 3 € "Aj and let f, g : Z — N be bijections such
that f coincides with the absolute value on A; and g coincides with the absolute
value on A;. Then from conditions (5) and (6) in Theorem 30 we deduce that
(ar, B) is a tensor pair iff (|af, |8]) is a tensor pair, namely

(a, ) TT & |af < *h(|B]) Vh : N — Ns.t. *h(]|8]) ¢ N,
and it is hence straightforward to see that
(a, ) TT & |a| < |*R(B)|Vh : Z — Zs.t. *h(B) ¢ Z.

Example 35. Let S; = S5 = Q. In SQ there are three kinds of ultrafilters:

e principal ones, namely ultrafilters U € SQ such that u(U) = {q} for some
€@

e quasi-principal, namely ultrafilters & € SQ such that p(U) consists of
finite nonstandard elements, in which case it is very simple to show that
there exists ¢ € Q such that

pwU) C mon(q) = {€ € *Q | £ — ¢is infinitesimal } ;
e infinite ultrafilters, namely ultrafilters & € SQ such that u(U) consists of
infinite elements.

Now let (a, 8) € *(Q x Q). When is it that («, 3) is a tensor pair? As always,
this is the case if {o, 5} NQ # 0. If {«, 5} N Q = ), we distinguish three cases:

1. both o and B are infinite;
2. both « and 3 are finite;
3. one is infinite, one is finite.

Notice that, as (e, *¢) is a tensor pair for every infinitesimal ¢ € *Q, Puritz’s
characterization does not hold (directly) in our present case (as *e < e for every
positive infinitesimal €).

As, by Theorem 30.(5), we know that («, 8) is a tensor type iff (—«, ) and
(o, — ) are, we reduce to consider the case « > 0,8 > 0. Moreover, let us
observe that we can reduce to case (1). In fact, if 7 is any finite element in

Q=0 \Q, let f,, : Q\ {st(n)} = Qs¢ be the function such that

VgeQfy(qg) = q%t(n)

Then f,(n) is infinite and, as this function is bijective, by points (5) and (6) of
Theorem 30 we get that

e if o is finite then («, ) is TT iff (fo(e), ) is TT;
e if § is finite then (o, 3) is TT iff (o, f3(8)) is TT.
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So we are left to study case (1). As a simple necessary criterion, from Theo-
rem 30.(5) we get that if («, 8) is TT then also the pair of hypernatural parts
(le], |B]) is TT. This fact can be refined: as

Ag = {((I17Q2) €Q?| g >Q1} c i, ®Ug

whenever «, 8 are positive and infinite, we get from Theorem 30.(5) that it must
be o < erg.,(8), where

ergo(B) = {"f(B) | f: Q>0 = Qs50, " f(B) is infinite} .

Let us show that the converse holds as well. Let a < erg.,(f). By contrast,
assume that (o, 3) is not TT. Then by Theorem 30.(4) there exists A C Q? such
that (q,83) € *A for every ¢ € Q but (a,8) ¢ “A. Let f: Qo — Qs¢ be such
that

VgeQf(g) :=min{n e N|3s € Q59 (s <n+1)and(s,q) ¢ A}.

As (q,8) € *A for every q € Q we have that * f(3) is infinite. And, as (a, 3) ¢
*A, we have that * f(3) < «, which is absurd.

Example 36. A similar proof can be used to show that, for every infinite
a,f € "Ry, (o, ) is TT iff a < erg_,(8), where

err.o(B) = {"f(B) | f:Rso — Rso, " f(B)is infinite} ,

and following ideas similar to those of Example 35 this can be used to character-
ize tensor pairs in R2. This can be used also to characterize certain ultrafilters
in SC: as C = R?, for example we have that ultrafilters in SC of the form U HiV,
with U,V € PR, are generated by hypercomplex numbers of the form « + i3
where (o, 8) is TT in R2.

Moreover, as F := NV is in bijection with R, from Theorem 30.(6) we get a
characterization of tensor pairs in F? and, since N can be embedded in F just
mapping any natural number n to the constant function with value n, this gives
a characterization of tensor pairs in N x F and F x N. This characterization is
quite implicit; however, Theorem 30 can be used to give explicit necessary and
sufficient conditions even in this case: in fact, for & € *N and ¢ € *F we have
that

e Necessary: if (a, ) is TT then (*f(a), H(p)) is TT for every f € F, H :
F — N. In particular, by letting for every n € N H,, be the evaluation
in N, we get that if (o, ) is TT then (a, ¢(n)) is TT in * (N?) for every
n € N.

e Sufficient: («,*¢) is TT. In particular, if we let V := i, ®r i, € SN be
the ultrafilter such that VA C N

AeVe{neN|{feF|f(n)eA}el,}el,,

we get that (*¢) (a) € u(V) (these ultrafilters are studied in [32], where
they are used to study several Ramsey-theoretical combinatorial properties
of N).
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4.3 Tensor k-ples

If we consider products of k sets, the natural generalization of tensor pairs
are tensor k-ples.

Definition 37. Let Sp,..., Sy be sets and, for every i < k, let U; € 3S;. The
tensor product U; ® - - - @ U, is the unique ultrafilter on Sy x - - - X Sy such that,
for every A C S7 X -+ x S, we have that A € U; ® - -- @ U}, if and only if

{81651|{SQESQ|...{Sk€Sk|(81,...,Sk)EA}EUk}...}EZ/ﬁ.

We say that (aq,...,a5) € "(S; x - x Sy) is a tensor k-ple if Wear,ay) =
ual ®...®uak_

It is immediate to prove that i/, ® - - - U, is an ultrafilter and that the oper-
ation ® is associative (modulo the usual identification of products (S1 x S3) x
S3 = 51 x (S2 x S3) = 51 x Sg x S3), see e.g. [5, Appendix]. This allows to
characterize tensor k-ples in terms of pairs:

Theorem 38. Letk > 1, let S1, ..., Sk, Sk+1 be given sets and let (aq, ..., ap41) €
*(S1 % -+ x Sky1). The following facts are equivalent:

1. (a1,...,0k41) is a tensor (k+ 1)-ple;

2. ((a1y...,01),0py1) 15 a tensor pair and (aq,. .., ) is a tensor k-ple;
3. (g, ak41) is a tensor pair and (aq,...,qx) is a tensor k-ple;

4. Yi <k (o, q;41) 15 a tensor pair.

Proof. (1)=-(2) By hypothesis, 4o, ... api) = Yoy @ - @ Uy, ,,. By the as-
sociativity of tensor products, Uy, @ - @ Uq, ., = (Ha, ® - @ o, ) @ Yoy, -
Let V = Up, ® -+ @ Uy,. Then ((a,...,0x),a5+1) € p(V @ U), namely
((a1, ..., 01),ap+1) is a tensor pair, and (aq,...,05) € p(ly, @ - LUy, ),
namely (a1,...,q) is a tensor k-ple.

(2)=(1) u(al7---aak7ak+1) = Yay,an) @ Yoy, as ((a1,...,an) 0n41) is a
tensor pair, and Uy, . ap) = Yoy ® - Q@ Uy, as (a1,...,ar) is a tensor k-ple.

(2)=-(3) By contrast, assume that (ag,ak+1) is not a tensor pair. Let A C
Sk X Sk4+1 be such that Vs, € Sy (sk,akﬂ) € *A but (ak,ozgﬁ_l) ¢ *A. Let

BZ{(Sl,...7Sk+1) €8] X Xsk+1 | (Sk,8k+1) EA}.

By construction, V (s1,...,8%) € S1 X - x S ((81,...,8%),ak41) € "B. As
((aay ..., k), ay1) is a tensor pair, this entails that ((a1,...,ax),ak+1) € *B,
hence (ag, ag1) € *A, which is absurd.

(3)=(2) By contrast, assume that ((a1,...,ar),ar+1) is not a tensor pair.
Let T =51 x--- xS and let A C T x Sk11 be such that Vt € T (¢t,ap11) € A
but ((a1,...,05),apt1) € “A. Let B C Sy X Sk11 be the set

B = {(sk,5k+1) € Sk X Sk |V (515+-+,8k-1) € S1 X -+- X Sp1
((81, .. .,Sk),8k+1) c A}
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By construction, Vsg € Sk (Sk, Sk+1) € *B hence, as (ag, ax41) is TT, we have
that (ag, ags1) € *B, where

"B = {(mk: Mk+1) € Sk X Spt1 |V (01, 0k—1) € TS1 X -+ X S
(015 Oh—1.Mk) s Meg1) € “A},

hence ((aq,...,ak),art1) € *A, which is absurd.

(3)=(4) By induction on k. If kK = 1 there is nothing to prove. Now let us
assume the claim to hold for £ > 1 and let us prove it for k£ + 1. By inductive
hypothesis, as (3)<(1), (a1,...,ax) is a tensor k-ple if and only if Vi < k —1
(@i, avj11) s a tensor pair, so the claim is proven.

(4)=-(3) This is immediate by induction. O

Example 39. If S; = Nfor every i = 1, ..., k, we get the following equivalence:
if Vi <ka; € "N\ N then (ag,...,ak4+1) is a tensor (k + 1)-ple if and only if
a < er(a;41) for every i < k.

Notice that, as a trivial corollary of Theorem 38, we obtain that the relation
of “being a tensor pair” is transitive:

Corollary 40. For every (a1, az,a3) € *(S1 x Sa x S3), if (a1, a2) and (az, as)
are TT then (a1, a3) is TT.

Proof. As (ai,a2) and (ag,a3) are TT, from Theorem 38 we deduce that
((a1,2) ,a3) is TT. Let us now assume that (aq,«3) is not TT. Let A C
S1 x S3 be such that (s1,a3) € "A for every s; € S1 but (a1, a3) ¢ *A. Let
B C 51 .55 %x 53 be defined as follows: (s1, s2,s3) € B if and only if (s1, s3) € A.
Then (s1, 82, a3) € *B for every (s1,$2) € S1 X Sa, and so (as ((«1,as),a3) is
TT) we have that ((aq,a2),a3) € *B, therefore (ay,a3) € *A, which is ab-
surd. O

Using this fact, it is possible to add the following equivalent characterization
to Theorem 38:

Theorem 41. Letk > 1, let S1, ..., Sk, Sk+1 be given sets and let (o, .. ., agr1)
*(Sy % -+ x Spy1). The following facts are equivalent:

1. (a1,...,0p41) is a tensor (k+ 1)-ple;
2. VF ={iy <---<u}yC{L,....;k+1} (oviy,...,q4,) is a tensor [-ple.

Proof. The implication (2) = (1) is trivial (just set F' = {1,...,k+ 1}).

To prove the other implication, by the transitivity of the relation of being TT
we have (using the characterization (4) of Theorem 38) that for every i <1 —1
(v, i41) is TT. Hence from the equivalence (1)< (4) in Theorem 38 we deduce
that (a,,...,q;) is a tensor I-ple. O

Finally, by iterating inductively the proof of Theorem 26, we obtain the
following result:

Theorem 42. Let Sq,...,S5¢+1 € V(X) be sets, with Si,...,Sr completely
coherent. For every i < k+ 1 let U; € BS; and let a; € pU;). Then
(ah*ag, - ,Sk (ak+1)) S ,u(Z/ﬁ & ®Uk+1).
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As a straightforward corollary we get the following characterization of tensor
k-ples in iterated hyperextensions:

Corollary 43. Let Si,...,Sk+1 € V(X) be sets, with S1,...,S completely
coherent. For everyi <k+1 let a; € *S;. The following facts are equivalent:

1. (a1, ..., ap41) is TT;

2. (al,...,akH) NSlX"'XSk+1 (0417*012,...,Sk (ak+l>)-

5 Combinatorial properties of monads

In recent years, several open problems in Ramsey theory regarding the par-
tition regularity (and the partial partition regularity) of formulas have been
solved (see e.g. [16, 18, 25, 34]). Moreover, in many cases nonstandard ap-
proaches based on the algebraical properties of the monads of ultrafilters have
been used to extend several known results in new directions (see e.g. [9, 14, 15,
16, 17, 29, 32]). In this Section our goal is to give a unified formulation of all
these nonstandard approaches (which will be obtained in Theorem 47), as well
as to extend these methods to new directions: the study of partial partition
regularity and the partition regularity of formulas with internal parameters.

5.1 Partition regularity of existential formulas

In all this section we let Y € V(X) be a set. We will be concerned with the
notion of “partition regularity®”:

Definition 44. A family § C p(Y) is partition regular if for every k € N, for
every partition X = Ay U--- U Ay there exists i < k such that A; € §.

The relationship between partition regular families and ultrafilters is a well
known fact in combinatorial number theory®; in [28], this characterization was
expressed by means of properties of monads in the case of families of witnesses of
the partition regularity of Diophantine equations, a field rich in very interesting
open problems.

Theorem 45. Let P(z1,...,z,) € Z[x1,...,2,]. Then following facts are
equivalent:

1. the equation P (x4, ...,x,) = 0 is partition reqular on N, namely the family
Sp={ACN|3ay,...,a, € AP (ay,...,a,) =0}
is partition reqular;

2. there exists an ultrafilter U € BN and generators aq,...,a, € p(U) such
that P (a1, ...,a,) =0.

81n this paper we will always say “partition regularity” meaning what is sometimes called
“weak partition regularity”. We will not consider the notion of “strong partition regularity”,
see also [20] for a discussion of the two notions.

9A family of subsets of Y is partition regular if and only if it contains an ultrafilter on Y.
These notions are also closely related to co-ideals; for a thorough treatment of co-ideals in
Ramsey Theory, we refer to [40].
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This characterization has been subsequently used in a series of paper [14, 15,
16, 17, 29, 31] to study the partition regularity of several classes of nonlinear
polynomials. In this section we want to show how this characterization can
be extended to study the partition regularity of several families of subsets of
arbitrary sets!®.

Let us start with some preliminaries. In all this section, when we talk about
“formulas” we mean first order formulas with bounded quantifiers'' in the lan-
guage of the superstructure V(X) (see [19, Chapter 13]), and when we write
a formula as ¢ (1, ..., ,) we mean that z1,...,z, are all and only variables
appearing in ¢. We say that a formula ¢ (z1,...,z,) is totally open if all its
variables are free.

Definition 46. Let ¢ (z1,...,Zn,91,...,Ym) be a totally open formula, let
S1,...,Sm € V(X) besets and, for i = 1,...,m, let Q; € {3,V}. The existential
closure of ¢ (x1,...,Zn,Y1,-..,Ym) With constraints {Q,y; € S; | i < m} is the
formula

E@E? (¢ (,Il, e Ty Y1y 7yTI’L)) :
E|z1...5|an1y1 S Sl~~-mem S Sm(b(wl,...,xn,yl,...,ym).
When m = 0 we will use the notation E (¢ (z1,...,2y)), and E (¢ (z1,...,24))
will be called the existential closure of ¢ (x1,...,2,).

Similarly, the universal closure of ¢ (z1,...,Zn,y1,-..,Ym) With constraints
{Qiy; € Si | i < m} is the sentence

U@g? ((b(xl?"'amnayl,"'aym)) .
Vry... Ve, Qiyr € S1...QmYm ESm¢(m1,...,a:n,y1,...,ym).

When m = 0 we will use the notation U (¢ (x1,...,2zy)), and U (¢ (z1,...,2x))
will be called the universal closure of ¢ (z1,...,%y).

Given a totally open formula ¢ (z1,...,%n,Y1,...,Ym), & set of constraints
{Qiyi € Si|i<m}andaset ACY, E@eg (¢ (21, @ny Y1y .- Ym)) is said
to be modeled by A (notation: A |= E@e? (¢ (21, ey TnyY1y---,Ym))) if the
formula

Jxy € A...x, € AQun 651...memESm(b(l‘l,...,xn,yl,...,ym)

holds true. Similarly, we say that A models U@e? (@ (T1,y o s Ty Y1y e -+ s YUm))
(notation: A = Uzies (¢ (21, Ty Y1y -+, Ym))) if the formula

Ve, € A.. . Vr, € AQ1y1 € S1... QmYm eSm¢(a:1,...,xn)

holds true.

10Some results of this section already appeared, in a much weaker form, in [28].

We adopt a slight abuse of language here: the kind of formulas we work with are those
introduced in Definition 46, which contain some unbounded quantifiers. However, the notion
we are interested in is that of a set A C Y witnessing these formulas, and when we adopt this
notion there are no more unbounded quantifiers to be handled, as every unbounded quantifier
Qiz; (Q; € {V,3}) is substituted with Q;x; € A. For this reason, we believe that this slight
abuse of language should not create too much confusion.
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E@e? (P (21, s Tny Y1y .-y Ym)) (resp. U@e? (D (X1yee ey Ty Y1y v s Ym)))
is said to be partition regular on Y if for every k € N, for every partition ¥ =
A1U- - -UAg there exists i < k such that A; = E@Ze? (D(x1y oy Ty Y1y -+ Ym))

(resp. Ai ): U@E? (¢ (1‘1, e Ty Y1, 7ym)))

Our main result in this Section is the following Theorem, which generalizes
Theorem 45 to arbitrary existential formulas and sets with constraints'?:

Theorem 47. Let ¢ (x1,...,ZTn,Y1,---,Ym) be a totally open formula and, for
i=1,...,m, let S; € V(X) and Q; € {3,V}. Let Y € V(X). The following are
equivalent:

1. E@}e? (¢ (z1, .., Zny Y1y -+, Ym)) 18 partition regular on Y;

2. Jay ~y -~y apn €Y such that the sentence Q1y1 € *S1, ..., QmYm €
Sm o (a1, 0, Y1y - Ym) holds true;

3. there exists a ultrafilter U € BX such that for every set A € U we have
that

AR Eg 3 (6@ @1, Ym)

Proof. (1)=(2) First, let us fix a notation. Let Par(Y) be the set of all pos-
sible finite partitions of Y. Given partitions P, (Y) = A;1 U--- U A1k, ...,
PoY)=A4,1U---UAp, 1., welet P(Py,...,P,) be the partition generated
by Pi,..., P, namely the partition

v= U (] A

(i1,ensim ) EK 1<I<m

where K = [1,k;] x -+ x [1, k;,,] . Now, for every partition P(Y) = A1 U---UA,,
let Ip(y) be the set of all partitions refining P(Y’), namely'?

Ipovy={f:Y = [Lk] | k € N,Vi < k3lj < msuch that f~'(j) C 4;}.
The family {Ip(y) }Pepw(y) has the FIP, since Ip, vy NI p, vy 2 Ip(p,...p,)-
By enlarging, there exists a hyperfinite partition *Y = A; U--- U A, that re-
fines all finite partitions of Y. As EQ_?;G? (¢ (21, Tny Y1, -+, Ym)) 1S par-
tition regular on X, by transfer *E@e._ﬁ (¢ (x1,- s Tny Y1y, Ym)) 1S parti-

tion regular on *Y, hence there exists ¢ < A, «ai,...,a, € A;, such that

Q161 € *S1,.. -, QumbBm € S *¢(a1,...,an, b1, -, Bm) holds true. To con-
clude the proof, we show that ai; ~y - -+ ~y «,. In fact, as A; U---U A, refines
all finite partitions on Y, for every ¢ < X it is straightforward to show that the
set

U={ACY | A C*A}

is an ultrafilter, and so A; C ﬂAeFi *A = p(U;), hence aq,...,a, € p(U;) are
all ~y-equivalent.

12We have included in this Theorem also the known characterization of partition regular
families in terms of ultrafilters, providing a new rather simple nonstandard proof that uses
monads.

13 As usual, we are identifying partitions and functions with finite image.
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(2)=(3) Let U be the ultrafilter generated by ai,...,a,. Let A € U.
By hypothesis, u(U) = *E@k? (¢ (w150, Y1,---,Ym)) and, since the for-
mula, E@e? (P(x1y- -y Ty Y1,---,Ym)) is existential in 7 = (x1,...,2,) and
u(Ud) C *A, this entails that *A |= *E@;e? (D (21, Tn, YLy -+ Ym)), SO We
can conclude by transfer.

(3)=(1) This is straightforward from the definitions, as for every finite par-
tition Y = A; U --- U Ay, there exists ¢ < k such that A; € U. O

Remark 48. The characterization of partition regular Diophantine equations is a
particular case of the previous Theorem, where we let m = 0, Y = N and, given
a polynomial P (z1,...,2,), ¢ (x1,...,2,) is the formula P (z1,...,z,) = 0.

Definition 49. If ¢ is a partition regular formula, every ultrafilter ¢/ such that
VA €U A = ¢ will be called a ¢-ultrafilter (in this case, we will also say that U
witnesses ¢). We will write U = ¢ to mean that U/ is a ¢ ultrafilter.

In particular, the proof of Theorem 47 shows that, for any ultrafilter U € Y,
UukE EE)ZG? (P (21, s TpyY1y---5ym)) if and only Jag,...,ap € w(ld) such

that Q181 € *S1,..., QmBm € *Sm "d(an,...,an,B1,. .., Bm) holds true.

Example 50. (This example appears, in the weaker form m = 0, also in [32,
Theorem 4.2].) Let S be a semigroup, and let ¢ (21, ...,2Zpn, Y1, -.,Ym) be an ho-
mogeneous totally open formula with constraints Q1 Ry, ..., @, Ry, in the sense
that Vsi,..., 80,6 € Sif Qir1 € R1...QmTm € Rn & (81,3 8n,T1,-3Tm)
holds true then Q171 € Ry...QmTm € Rynd(t-s1,...,t Sn,71,...,7m) holds
true. Then

Iy = {UEﬁSH/{ 'ZE@;eﬁ (¢(131,---,50my1,---7ym))}

is a closed bilateral ideal in 5S. Closure is trivial; now let f € Iy and V €
BS. Let ay ~g -+ ~g a, € pld) be such that Q1y1 € "Ryi...Qmym €
"Ry *¢ (a1, .., 0, Y1, .-+, Ym) holds, and let 8 € u(V). Then:

e U OV € I, as, by Corollary 27, o; - " € puUU © V) for every i < n,
and Qiy1 € "Ri1...QmYym € "Ry "o (a1,...,n,Y1,--.,ym) holds as
¢ (a1, .-y Qn, Y1, -, Ym) holds and ¢ is homogeneous;

e similarly, V ©@ U € Iy as, by Corollary 27, 8- *a € p(V ©U) for every ¢ <

n, and Qlyl S *Rlmem S *Rm *gb(ﬁ'*alw"aﬁ'*anvyla"'7ym)
holds as *¢ (*a1, ..., *Qn, Y1, - - -, Ym) holds and ¢ is homogeneous.

Example 51. In [25], A. Khalfalah and E. Szemerédi proved that, for every
polynomial P(y) such that 2 | P(y) for some y € Z, the formula 3z, 22,3y €
Zx1+1o = P(y) is partition regular'* on N. By Theorem 47, there exists a; ~z
az and 8 € *Z such that ay +ae = P(3). Similarly, in [18] N. Frantzikinakis and
B. Host proved the partition regularity of the formulas 3z, 793y, € Z 1627 +
922 = y? and Jz1,293y1 € Za} — 2122 + 23 = y3. Once again, by Theorem
47, there exists a; ~z a2 and B € *Z such that 1603 + 9a3 = 57 and there
exists 11 ~z 72 and p; € *Z such that n? — mmne +n3 = p2. Notice that

l4However, as a consequence of [16, Theorem 3.10], if we drop the constraint y € Z, the
formula 3z1, 2,y x1 + x2 = P(y) is not partition regular on Z.
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both these formulas are homogeneous, hence by Example 50 we get that the
sets of ultrafilters witnessing them are closed bilateral ideals in (8N, ®) (hence,
in particular, any ultrafilter in the minimal bilateral ideal K (ON, ®) witnesses
both of them).

Example 52. In [34], J. Moreira solved a long standing open problem, proving
the partition regularity on N of the formula!® 3z, 29, 233y € N (21 +y = 22) A
(z1 -y = x3). By Theorem 47, this entails the existence of an ultrafilter i/ € SN
and g, ag, a3 € p(U), 8 € *N such that a3 + = ag and a3 - § = as.

In most cases, however, one is interested in full partition regularity, namely
in the case of Definition 46 where m = 0.

Example 53. A very well-know fact in combinatorial number theory is that ev-
ery idempotent ultrafilter is a Schur ultrafilter, namely it witnesses the partition
regularity of the formula 3z, y, z z+y = z (see [39] for the original combinatorial
proof of this result, and [20] for the ultrafilters version). This fact can be seen
directly also as a consequence of Theorem 47. In fact, let U be idempotent and
let @ € p(U). Then *« € ps(U) and o + *o € us(U & U) = pz(U) by Corollary
27, hence letting a; = @, a0 = *«v and a3 = a + *«a we get the thesis.

The characterization of partition regularity by means of ultrafilters allows to
use a iterative process to produce new partition regular formulas. The following
is a generalization of [16, Lemma 2.1], where this result was framed and proven
restricting to the context of partition regular equations:

Theorem 54. Let ¢ (z,y1,...,yn) be a totally open formula, let Si,...,S, €
V(X) be sets and, fori=1,...,m, let Q; € {3,V}. Assume that

JzQiy1 € S1...QnYn € Sn @ (T, Y1, -, Yn)

is a partition reqular formula, and that U € BY is one of its witnesses. Then
for every set A € U the set

IA(¢):={a€ A|Qiry1 € S1...QunYn € Snd(a,y1,...,yn) holds true} € U.

Moreover, let ¢ (x,21 ..., zm) be another totally open formula, let Ry,..., Ry, €
V(X) be sets and, fori=1,...,m, let @; € {3,V}. Assume that U witnesses
also the partition reqularity of Exélzl € R;. ..@mzm € Rt (z,21,...,2n).
Then U witnesses the formula

2 Qy1 € S1...QnYn € SnQ121 € R1Qmzm € Ry,
d)(mvyla"'vyn) /\7/1($721,-~-,Zm)»
which is then partition regular.

Proof. By contrast, assume that there exists A € U such that I4(¢) ¢ U. Then
A\I4 €U, but

ANTA(P) E-(FxQryr € S1...QunYn € Sn ¢ (z,y1,--.,yn)),

151f we drop the constraint y € N, the problem of the partition regularity of the formula
Jz1, z2, 23,24 (1 + 24 = x2) A (21 - 24 = 3) is still open.
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hence U is not a witness of the partition regularity of dx Q1y1 € S1...Qnyn €
Sn & (x,y1,...,Yn), which is absurd.

As for the second claim, let A € U. Then I4(¢) and I4()) belong to U,
hence I4(¢) N1T4(¥) €U, and

Ix(0) NI4(¥) FEIxQiyr € S1... Quyn € Sn@lzl € Rl@\;zm € Rp
¢(I7y17"'7y71)qu(xazla"'azm)'

Since this formula is existential, this entails that

A3z Qiyr € S1... Quyn € SuQ121 € R1Qmzm € Ry,
¢(x7y1""ayn)A¢(xvzla"'azm)7

hence our claim is proven. O

Example 55. Let X = N. For every n € N let ¢,, be the formula

O (T1ye o Ty Y1y v ey Yn) i= /\ ij =y

i<n \ j<i

and let E (¢,,) be the existential closure of ¢,,. Hence, for every A € N we have
that A = E (¢,,) if and only if A contains a subset {ai,...,a,} of n elements
such that all ordered sums a; + as, a1 + as + a3 and so on lie in A. By Schur’s
Theorem (see [39]) we know that E (¢2) is partition regular. Let U be a E (¢3)
ultrafilter (which, from now on, we will call a Schur ultrafilter). We claim that
Vn € NU = E (¢,). We prove this by induction on n.

If n = 2, the claim coincides with our hypothesis.

Now let n > 2, let us suppose the claim true for n — 1, and let us prove it for
n. By hypothesis and by inductive hypothesis, we have that ¢/ is a Schur and a
E (¢,,)-ultrafilter. In particular, I witnesses the formulas'®

3z (3x13x0 21 + 22 = 2)

and

n 7

dz | zs ... 3z, Fys ... Ty, (z:yg)/\/\ z—i—ij:yi ,
i=3 j=3

hence by Theorem 54 U witnesses the formula

Jz (Fz1Txo x1 + T2 = 2) A
ng...ﬂmnﬂyg...ﬂyn(z:yg)/\/\ z+zxj:yj
i=3 =3

therefore (by renaming the variables and by letting y; = x1) U witnesses the
partition regularity of the formula

Joy w3y Ty N\ D mi=w |

i<n \ j<i

as desired.

16The apparently strange naming of the variables is chosen to make more transparent the
argument, at least in our hopes.
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5.2 Partition regularity of arbitrary formulas

Even if, in most cases, applications regard existential closures of totally open
formulas, characterizations similar to that of Theorem 47 hold also in other
cases.

Corollary 56. Let ¢ (x1,...,Zn,Y1,---,Ym) be a totally open formula and, for
t=1,....m,let S; € V(X) and Q; € {3,V}. LetY € V(X) and U € BY. Then
the following conditions are equivalent:

1. there is a set A in U that satisfies U@e? (D (X1y ey Ty Y1y -y Ym));

2. for every aq,...,c, in p(U) the sentence Qiryr € *Si,..., QmYm € “Sm
¢ (an,. - Qn, Y1y -5 Ym) holds true.

Proof. This is just Theorem 47 applied to the existential closure of —¢. O

A useful consequence of Corollary 56 is that, in some cases, the existence of
a generator with some property implies that this property is shared by all other
generators:

Corollary 57. Let ¢ (z,y1,...,yn) be a totally open formula and, for i =
1,...,m, let S; € V(X) and Q; € {3,V}. Let Y € V(X), and let U be an
ultrafilter in Y that witnesses EQ—>y€§> (¢ (x,y1,---,Ym)). Then the formula

Va e pU) “¢ (o, y1,- -, Yn)
holds true.

Proof. By Theorem 54 the set Iy (¢) = {a €Y | ¢ (a,y1,...,yn) holds true} €
U, namely there is a set Y in U such that Vy € Y ¢ (y,91,-.-,yn) holds true.
The conclusion hence follows straightforwardly from Corollary 56. O

Example 58. Let U = 3z, y1,y2 y1 +y2 = . In particular, for every set A € U
we have that U witnesses 3z Jy;,y2 € A (y1 + y2 = x). Hence from Corollary 57
we deduce that Vo € u(Uf)3P1, B2 € *A such that a = 81 + B2. By saturation,
this entails that Yo € pu(U) 361, B2 € p(Ud) such that o = 51 + Pa.

Example 59. Let Y = N. The formulas
(b(d,x,y,z) : Elx,y,z,dy—z:z—y:d

and
Y(d,u,v) : d,u,vut+v=d

are both partition regular and homogeneous. Hence from Example 50 we de-
duce that every ultrafilter / € K (BN, ®) (the minimal closed bilateral ideal in
the semigroup (8N, ®)) witnesses both ¢(d, x,y, z) and ¥(d, u,v). Therefore, by
Corollary 57 we get that for every set A € U there exists an arithmetic progres-
sion in A of length 3 with a common difference in A that can be written as a
sum of elements of A and, analogously, that every set A € U contains elements
x,y, z that are increments in arithmetic progressions of length 3 and such that
x+y =2 Moreover, if U OU = U € K (BN,®) then U witnesses also the
formula ¢(d, u,v) : 3d,u,vu-v = d, hence, again by Corollary 57, we get that
every set A € U contains an arithmetic progression in A of length 3 with a
common difference in A that can be written as a product of elements of A.
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Example 60. Selective ultrafilters admit several equivalent characterizations
(see e.g. [8]). Ome of them says that U is a selective ultrafilter on Y if and only
if every function f : Y — Y is U-equivalent to either an injective or a constant
function, namely there exists A € Y such that f|4 is injective or constant. By
Corollary 56, this is equivalent to say that for every f:Y — Y the function * f
is injective or constant on u(U).

Let us consider the case Y = N. In this case, it is simple to see that “injective”
can be substituted with “strictly increasing”. Let P(x) € Z[x]. Let {a, | n € N}
be the sequence inductively defined as follows: ag = 0 and, for every n > 0,

ant1 =min{m e N|m > |P ()| Vi <an}.
Let fp : N — N be the function such that
Vm € N f(m) = max {ay, | an, < m}.

As f~1(m) is finite for every m € N, there exists A € U such that fp|a is
increasing. Hence we have that

VP(z) € Z[z]Va, 5 € p(U) (e < B) = (|P(a)]| < B) . (2)

if @ < B then |P(a)| < 8. As a consequence, we have that no selective ultrafilter
is Schur: in fact, if U is a selective Schur ultrafilter, by Theorem 47 there are
a,B,7 € w(l) such that o + 8 =~ and, if a > 3, this means that a < v < 2q,
which is in contrast with the characterization (2).

Example 61. The result of Example 60 can be generalized. First of all, from
characterization (2) we deduce immediately the following strengthening:

Vn € NVP (z1,...,2,) €EZ[x1,...,2Tn] Yaq,...,an, 8 € p(U)
(a1, .. a0 < B)= (|P(a1,...,an)| < B); (3)

in fact, if P (z1,...,2,) = Zle ciwy™ -yt then
k k
|P(z1,...,2,)] = Zcixi” ~~~~~ o] < Z ittt
i=1 i=1
hence if @« = max {«; | i < n} then |P (a1,...,a,)| < Zle |ei| ad=i=1m3 | 50 we
conclude by characterization (2).
Now we use fact (3) to prove that for every polynomial P (x1,...,2,) €
Zx1,...,2,] and for every selective ultrafilter U, U is not a witness of the

partition regularity of the formula

Az1,...,2, /\ x; #xj | NP (21,...,2,) =0. (4)

1<i<j<n

We proceed by induction. If n = 2, the claim is trivial, as in this case by Rado’s
Theorem'” (see [38]) the only partition regular polynomial in two variables is
x—y.

17The fundamental Rado’s Theorem for linear equations states as follows.

Theorem (Rado). A linear polynomial > | cix; is partition regular if and only if there
exists a non empty subset I C {1,...,n} such that 3 ,c;c; = 0.
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Now let n > 2 and let us assume the claim to be true for n — 1. Assume,
by contrast, that there exists a polynomial P (21,...,2,) € Z[z1,...,2,] and a
selective ultrafilter ¢/ that witnesses the partition regularity of the formula (4).
Then, by Theorem 47 we can find mutually distinct elements aq, ..., a, € p(ld)
such that P (aq,...,a,) = 0. By rearranging the indexes, if necessary, we can
assume that a,, = max {«; | i < n}.

Let P(21,...,@0) = o0, ciai oo oai et J = {i € [1,K] | e, > 0}, let
Q(w1,...,2n) = D ey iV oyt and R(zy,. ., Tp) = EigJ ciwit’

a0 As Plag, ..., a,) =0, we have that

n—1
1Q (a1,..., )| = |R(01,...,an-1)].

From characterization (3) we have that |R(aq,...,an—1)| < a,,. We consider
two cases:

o If Q(a1,...,a,) # 0 then |Q(a1,...,an)] > an, as Q(x1,...,2,) €

Zx1,...,Tp)y Tn | Q(21,...,2,) and Q (av, ..., ) # 0, hence it cannot

be |Q (aq,...,an)|] = |R(a1,...,a,—1)| and we have reached an absurd,;

o If Q(ay,...,a,) =0 then R(z1,...,2,—1) = 0, and we can conclude by
using the inductive hypothesis.

5.3 Combinatorial properties with internal parameters

As shown in our examples, Theorem 47 can be used to prove several proper-
ties of monads. This result can be strengthened, in saturated extensions, taking
into account also internal parameters:

Theorem 62. Let ? = (p1,...,pr), where p1,...,py are internal objects in
V(X). Let S1,...,Sm be internal sets in V(X) and, for every i =1,...,m let
Q; € {3,V}. LetU € BY andlet ¢ (x1, ..., Ty Y1y, Ym, 21, - - -, 2k) be a totally
open formula. The following facts are equivalent:

1VA € U3ar...an € *AQ1B1 € Si...QmbBm € S 0 (aﬁ?,?) holds
true, where o = (a1,...,0p) and F = (L1, 0m);
2 3a1...0m € pU) Q11 € S1...Q1fm € S 0 (a&?,?) holds true,
where o = (a1,...,ap) and ? =(L1,---,8m)-
Proof. (1)=(2) For every A € U let
Iy = {(a17~-~7am) €A™ ‘ Q181 €51...QmbBm € Sm
¢ (a1, sy By Bms D1,y - - - D) holds true}.

The family {Ia} ,.,, has the finite intersection property as 14, NI, = I4,n4,,
and every set I4 is internal by the internal definition principle. Hence, by
saturation the formula

ElOZl...Oén 6#(“)@1,31 elemBm S Sm *¢(al7~-~7an’/817~-~7Bm7p17--~7pk)

holds true.
(1)=(2) Just notice that () C *A for every A € U by definition. O
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Corollary 63. Let F := (p1,...,pr) where p1,...,pr are internal objects in
V(X). Let S1,...,Sm be internal sets in V(X) and, for every i = 1,...,m let
Q; € {3,V}. LetU € BY andlet ¢ (1, ..., T, Y1y Ym, 21, - - -, 2k) be a totally
open formula. The following facts are equivalent:

1. 3A € UVay...an € *AQ1Br € St ... QmBm € S 0 (a&?,?) holds
true, where o = (a1,...,00) and ﬁ =(B1,-..,Bm);

2. Yoy ..o € p(U) Q151 € S1...QmBm € Sm "¢ (3,?,7) holds true,
where @ = (aq, ..., ay,) and E =(B1y-..,Bm)-
Proof. Just apply Theorem 62 t0 = (X1, ..., Tpy Yty- - s Ymy 215+« - 5 2k)- O

Example 64. Let X = Q. Let U be a positive infinite ultrafilter in SQ (in
the sense of Example 35). We claim that pu(U) is right and left unbounded in
the set Inf ("Q) of positive infinite elements of *Q. By contrast, assume that
there are 1, 82 € Inf (*Q) such that 81 < o < 3 for every a € u(U). Then by
Corollary 63 we have that there exists A € U such that 51 < a < (B3 for every
a € *A. However:

e [3; cannot exist, as A C *A and q < oy for every q € Inf (*Q);

e 5 cannot exist, as every set B € U is right unbounded (and so is *B by
transfer).

Example 65. Let X = NV, Let I/ be an ultrafilter in 3X and let oy, s € *N.
Then every generator ¢ of I maps a; into as if and only if there is a set B € U
such that every function in B maps a7 into as. For example, if o3 € N and
as € *N\ N this means that no ultrafilter has this property, as if a function
f € Bthen *f (a;) € N.

We conclude by considering another version of the partition regularity of
properties where multiple ultrafilters are considered at once'®. Such notions
applies to partial partition regular properties in Ramsey theory, which includes
several fundamental results proven recently in the area (see e.g. [18, 34]).

Example 66. In [9, 28, 30] it has been introduced and studied the notion
of finite embeddability between subsets of N. In [32], this notion has been
extended to arbitrary families of functions and semigroups. In particular, if
(S,-) is a commutative!® semigroup, a set A C S is finitely embeddable in a set
B C S (notation: A <;. B) iff for every finite subset F' C S there exists ¢t € S
such that ¢- F' C B. If we fix the cardinality n of the finite set F', we can rewrite
this property as

Vai,....an € A3by,... by e BIES N (a;i t=10).
i<n

This notion has been extended to ultrafilters in [30]: a ultrafilter U € SS is
finitely embeddable in V € 35 (notation: U <y. V) if and only if for every

18Similar ideas, but in a rather different context, appeared in [7].

191n a very similar way, we can work with non-commutative semigroups; however, this means
considering the different notions of right and left finite embeddability, and we prefer to avoid
such complications here.
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set B € V there exists A € U such that A <;. B. Once again, if in <;. we
fix the cardinality of the finite sets to be embedded, we can rewrite the finite
embeddability between ultrafilters as follows:

VA€ V3B € UVay,...,an € ATby,... . b, e BIES N (a;+t=1b;).

i<n

We want to give a nonstandard characterization of properties like that ex-
pressed in Example 66. For the sake of simplicity, we give it for an alternation
V — 3 of two ultrafilters; similar characterizations for arbitrary finite amounts of
ultrafilters and different alternations of quantifiers can be analogously deduced.

Theorem 67. Let ? = (p1,...,pr), where pi,...,pr are internal objects
in V(X). Let Si,...,Sh be internal sets in V(X). Let U,V € BY and let
D (L1 s Ty Yl ooy Yms b1y - - o5 Ehy 215 - - -, 2k) be a totally open formula. Assume
that the extension *Y is |Y|*-saturated. The following facts are equivalent:
1. VA € U3B € VVB,...,Bm € *B3aq,...,a, € "Ads; € S1...3s €
Sh*¢( F ?) wherea—(al,...,an),ﬁz(,81,...,ﬁm),§>=
(817"'u8h)7 ? = (plw"upk?);

2.VB1...0n € u(U) Iy ... € n (V) 381 € 51...3s, € S 9 (_> ? 5 ?)

holds true, whereﬁz(al,...7an),?:(61,...7ﬁm), ($1,..-,8 ?—
(p17"'7pk)'

Proof. We will use the notations aqd = (1y...,ap) 7? = (b1, Bm) S =
(s1,.. sh) 7= (p1,--- ,pk) throughout the proof.

(1 ) ) Let ﬁ € uU)™. As (V) C *B for every B € V, we have that for
every A 6 L{ the set

Ia o= {ﬁ €*A" |35, €51 ...3sm € Sp *o (aﬁ?,?, ?) holds true} £ 0.

As I, is internal and {I4} ., has the FIP, by saturation |Y|*-saturation
we have that (1 4, 1a # 0, and we conclude as if () 4., 14 € p(U)".

(2) = (1) Let A € U. By using *A as a parameter, we see that the thesis is
a straightforward consequence of Corollary 63. O

Example 68. Let us consider the finite embeddability. Let (5,-) be a commu-
tative semigroup with identity and let U,V € 5S. From Theorem 67 we deduce
that, for every n € N, the following two conditions are equivalent:

L4 ugfe V,
o VB1...0, € u(Ud)Io € *S such that o - B1,...,0- By € u(V).

In particular, as V € (S is such that Vif € BSU <;. V if and only if V €
K(BS,®) (this result has been proven in [32, Theorem 4.13]), we obtain the
equivalence between the following two properties:

e Ve K(BS 0);
e Vn e N,VfB) ~g -+ ~g B, € *S3o € *S such that o-f1,...,0: 0, € u(V).
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Finally, as V € K(8S5,®) if and only if every set A € V is piecewise syndetic
in (S,-) (see e.g. [20, Theorem 4.40]), from Theorem 62 we obtain the follow-
ing characterization®® of piecewise syndetic subsets of S: A C S is piecewise
syndetic if and only if

Vn € N,VBi ~g -+ ~g 8, € *S3o € *Ssuch thato - 31,...,0- 8, € *S.

Example 69. Finite embeddabilities can be generalized to arbitrary families
of functions F : 8™ — S (see [32]). In particular, let S = N and F : N — N be
the family of affinities

F={fap ' N=>N|VneNf,,(n) =an+b}.

We say that a set A C N is F-finitely embeddable in B C N (notation:
A <z B) if for every finite set F' C A there exists f € F such that f(A) C B.
Of course, this notion is related to that of AP-rich set (namely, of a set that
contains arbitrarily long arithmetic progressions): in fact, it is straightforward
to see that B C N is AP-rich if and only if A <z B for every A C N. F-
finite embeddability can be extended to ultrafilters as follows: we say that an
ultrafilter &/ € BN is F-finitely embeddable in V € SN if for every set B € V
there exists A € U such that A <z B. Again, from Theorem 67 we deduce that,
for every n € N, the following two conditions are equivalent:

o U<FV;
o VB1...0, € U)o, p € "N such that o- 81 +p,..., 0 Bn +p € u(V).

In [32] we proved that V € QN is such that YU € SNU <;. V if and only if
every set A € V is AP-rich. In particular, Theorem 67 entails the equivalence
between the following two properties:

e every set A € V is AP-rich;
® Vn € N7 Vﬂl ~S S Bn € *N307p€ *N0'61+p7"'70'ﬁn+p6 IU’(V)

In particular, as the family of AP-rich sets is strongly partition regular, from
Theorem 62 we obtain the following characterization of AP-rich sets: A C N is
AP-rich if and only if

VYn € N,VBj ~g - - ~g B, € *"N3o,p € *Nsuch thato-81+p,...,0:-8,+p € *N.

Example 70. Of course, similar ideas to that introduced in Theorem 67 can
be used to study other properties involving multiple ultrafilters and partition
regularity. In [26], the authors proved that it is consistent with ZFC that for
every finite coloring of R there is an infinite set X C R such that X + X
is monochromatic (whilst in [21] it was proven that also the negation of this
statement is consistent with ZFC). Of course, without loss of generality we can
assume that X is also monochromatic (not necessarily of the same colour of
X +X). In terms of ultrafilters, this means that there are ultrafilters U,V € SR
such that

VA € UIB €V such that B+ B C A. (5)

20Notice that this characterization resembles that of thick subsets of S: a set A C S is thick
if and only if for every s1,...,sn € S there exists t € S such that ¢t-s1,...t- s, € A, i.e. (by
transfer) if for every B1,...,0n € *S there exists o € *S such that o - 1,...0- B, € *A.
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With arguments similar to those used in the proof of Theorem 67, it is simple
to show that this property is equivalent to the following nonstandard fact:

ar € *V such that T + T C u(U). (6)
Finally, by noticing that (5) can be rewritten as

VA e UVYB € V3C € p(B) NV such that C + C C A,

we can strenghten (6) to

e * YN (u(V)) such that T'+ T C p(lU).
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