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Skyrme functional with tensor terms from ab initio calculations of neutron-proton drops
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A new Skyrme functional devised to account well for standard nuclear properties as well as for spin and spin-
isospin properties is presented. The main novelty of this work relies on the introduction of tensor terms guided
by ab initio relativistic Brueckner-Hartree-Fock calculations of neutron-proton drops. The inclusion of tensor
term does not decrease the accuracy in describing bulk properties of nuclei, experimental data of some selected
spherical nuclei such as binding energies, charge radii, and spin-orbit splittings can be well fitted. The new
functional is applied to the investigation of various collective excitations such as the giant monopole resonance,
the isovector giant dipole resonance, the Gamow-Teller resonance, and the spin-dipole resonance. The overall
description with the new functional is satisfactory and the tensor terms are shown to be important particularly
for the improvement of the spin-dipole resonance results. Predictions for the neutron skin thickness based on the
nonenergy weighted sum rule of the spin-dipole resonance are also given.

DOI: 10.1103/PhysRevC.99.034322

I. INTRODUCTION

Nuclear energy density functionals such as Skyrme,
Gogny, and relativistic ones have achieved great success for
a few decades [1–4]. Actually, by fitting to a reduced set
of experimental data (mainly binding energies and charge
radii), the obtained functionals can give very good description
of ground-state as well as excited-state properties (such as
the excitation energies of giant resonances) along the whole
nuclear chart. On the other hand, it should also be noted
that there are still many open questions regarding the existing
functionals. For example, certain properties are difficult to be
tightly constrained from experimental data: one example is
the symmetry energy [5–7], that is at the same time extremely
relevant to describe exotic neutron-rich nuclei or neutron stars.
Another key point is that there is not a unique ansatz to write
down the structure of a functional; neither one knows clearly
which is the path for the systematic improvement of existing
functionals. In the context of the present paper, it is relevant
to stress that the role of tensor terms within nuclear density
functional theory (DFT) is not completely elucidated despite
significant efforts and partial achievements [8].

It is well known that the tensor force is an important
component of the bare nucleon-nucleon interaction [9], but
its relevance for energy density functionals is another ques-
tion. In earlier implementations of DFT, based on effective
Hamiltonians, the tensor force was either deemed not impor-
tant or often ignored for the sake of simplicity. Nowadays,
the situation has changed in particular for what concerns
the Skyrme and Gogny functionals (the discussion about
relativistic functionals is outside our scope here but the
reader can consult Refs. [4,8]). Skyrme functionals have the
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special property that the contribution of the tensor force to the
functional goes together with that from the exchange terms
of the central force, if we start from an effective interaction
(or pseudopotential). These contributions are called J2 terms
of the functional (see Sec. II, where we define precisely the
so-called spin-orbit density J). Since these terms vanish in
spin-orbit saturated nuclei, and many nuclei used in the fits
belong to this category, one can easily understand why not
only the tensor terms but the whole J2 terms were ignored in
most of the early Skyrme parametrizations (see, for example,
the discussion in Ref. [10]).

The revival of the discussion on tensor terms occurred in
the beginning of the 21st century. With the development of
new radioactive ion beam facilities, more and more exotic
neutron-rich nuclei have been studied and new phenomena re-
garding the evolution of the spin-orbit splittings with neutron
excess have been highlighted [11]. Soon afterwards, Otsuka
et al. suggested the importance of an effective neutron-proton
tensor force to explain this evolution [12]. A number of
experimental data could be reproduced, to a certain extent
better by including tensor terms, within the Gogny [13],
Skyrme [10,14–16], and relativistic frameworks [17] (cf. also
Refs. [18–24]).

In general, however, it is difficult to single out observ-
ables that can uniquely pinpoint the effects of the tensor
force. For example, if one looks at single-particle data, it
is well known that particle-vibration coupling (PVC) is also
important for single-particle properties [25–28]; as a conse-
quence, trying to determine the strength of the tensor terms
by looking at experimental single-particle properties without
including PVC effects in the theory may not be well justified.
This may explain the difficulties found in the systematic
study carried out in Ref. [10], where 36 Skyrme functionals
were produced, characterized by different strengths of tensor
terms, and properties such as single-particle levels, spin-orbit

2469-9985/2019/99(3)/034322(15) 034322-1 ©2019 American Physical Society

http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevC.99.034322&domain=pdf&date_stamp=2019-03-20
https://doi.org/10.1103/PhysRevC.99.034322


SHEN, COLÒ, AND ROCA-MAZA PHYSICAL REVIEW C 99, 034322 (2019)

splittings, mass residuals, and anomalies of radii were com-
pared with experimental data. It has been found very hard
to satisfy all the experimental constraints, so that the Skyrme
ansatz itself has been blamed for this deficiency.

In such a situation, ab initio calculations should become a
benchmark. Based on the use of realistic interactions, which
can describe two-nucleon scattering phase shifts and deuteron
properties, ab initio calculations have no free parameters and
can provide in some cases a reliable connection between
few-body and many-body physics [29]. The obtained results
can then be used as pseudodata, in order to complement
the experimental data and calibrate nuclear density function-
als. For example, pseudodata obtained within the Brueckner-
Hartree-Fock (BHF) theory [30] do not contain effects such
as particle-vibration coupling, and can be used directly as a
benchmark for DFT calculations.

In the case of electronic systems, the derivation of en-
ergy density functionals from ab initio calculations has been
developed for a long time and has achieved many suc-
cesses [31]. Because of the more complicated nature of the
nuclear interaction as compared with the Coulomb interaction,
ab initio calculations in nuclear physics are much more diffi-
cult [32–40] and fall behind that in atomic physics. In fact,
the study of the nucleon-nucleon interaction itself, especially
its derivation from the QCD-inspired chiral effective field
theory (EFT) vs. the traditional meson-exchange force, or
the precise assessment of three-body forces, is a very active
and important field of research where the community is still
making progress now [41,42]. Thus, despite the difficulties,
one can say that the nuclear ab initio calculations can provide
valuable information for the derivation of nuclear energy
density functionals [29,43].

In this context, recently, studies on the neutron drops are
receiving more and more attention [44–52]. The neutron drop
is an ideal system composed of a finite number of neutrons
confined in an external field. Similarly as nuclear matter,
which is also an ideal and relatively easy system due to
translational invariance that yet can provide us with valuable
information [7], neutron drops are also simple (only neutron-
neutron interaction, no center-of-mass correction because of
the external field) and can give an interesting insight on shell
structure and/or finite-size properties, which is not the case
for nuclear matter. Neutron systems are also more favorable
for ab initio treatment, due also to the large value of the
neutron-neutron scattering length that makes the system close
to the unitary limit [53].

For example, by comparing the ab initio quantum Monte
Carlo (QMC) calculations with Skyrme Hartree-Fock calcu-
lations, suggestions for the improvement of future Skyrme
energy density functionals have been given concerning the
density distribution, the spin-orbit splittings, the isovector gra-
dient terms of the functionals, and the pairing sector [44,45].
In another work, the properties of periodically modulated
neutron matter were studied by the quantum Monte Carlo
method, and this was used to constrain the isovector term of
Skyrme functionals [54,55]. In Ref. [52], the ab initio calcula-
tions for neutron drops are used to further constrain previous
EFT-inspired energy-density functionals in nuclear matter, by
comparing quantities such as the total energies, single-particle

potentials, and density distributions. In a recent work [50,51],
the effect of the tensor force in neutron drops has been
studied by the ab initio relativistic Brueckner-Hartree-Fock
(RBHF) theory with the Bonn A interaction [56]. A clear
evidence of the impact of tensor force on the evolution of
spin-orbit splittings has been found, and this provides a guide
for determining the strength of the tensor force in the nuclear
medium [50,51].

In these works [50,51], only information on the tensor
force between neutrons is present, but not information on
the interaction between neutrons and protons. This informa-
tion is essential for a complete study of the tensor force in
nuclei, where all the previous studies we have mentioned
point to the dominance of the neutron-proton component.
Therefore, in this work we include the protons into the neutron
drops, that is, we study the neutron-proton drops with the
RBHF theory. Obviously, we are not comparing with any
experimental data, but conceptually we deem we can use
the results on this ideal system as pseudodata to provide
reliable information to constrain a nuclear energy density
functional. In this work we aim at fitting a Skyrme energy
density functional. We keep this neutron-proton system as
simple as possible: we do not include the Coulomb interaction
between the protons, and neutron and proton masses are the
same.

There are two main reasons why we choose to study arti-
ficial trapped neutron-proton drops instead of realistic finite
nuclei. First, concerning the purpose of this work, there is
no difference between extracting information on the tensor
force from finite nuclei and from artificial neutron-proton
drops. But, without center-of-mass correction and Coulomb
interaction, the neutron-proton drops are easier to be calcu-
lated within RBHF. Second, following the spirit of using ideal
systems such as nuclear matter and neutron drops to study
different aspects of nuclear systems, the neutron-proton drops
provide another ideal case to investigate different properties
with more freedom than finite nuclei: for instance, one can
vary the neutron and proton numbers without worrying if the
system is bound or not.

At variance with previous works in which the tensor force
is added perturbatively on top of existing Skyrme functionals,
such as in Ref. [15], the tensor force in this work is included
self-consistently with a refit of the whole parameter set, like in
the case of the TIJ family [10]. But differently from the case
of the TIJ family, the tensor terms in this work will be fitted
using the pseudodata of the neutron-proton drops coming
from RBHF calculations. Of course, such pseudodata does not
necessarily need to come from RBHF calculations or from
a specific ab initio calculation, relativistic or nonrelativistic.
In principle, relativistic effects such as nucleon-antinucleon
excitations can be expressed in nonrelativistic framework in
terms of a three-body force [57], and it has been shown
that the results of RBHF using the one-boson-exchange Bonn
interaction does agree well with the results of nonrelativistic
BHF using two-body and three-body forces [58]. For the fit
as a whole, we take inspiration from the successful fitting
protocol of SAMi [59,60], which has been shown to display
satisfactory results for spin and spin-isospin resonances. The
newly established Skyrme functional is named SAMi-T.
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In Sec. II, we give a brief summary of the Skyrme inter-
action with tensor terms, and Hartree-Fock equations. The
numerical details for the fitting are discussed in Sec. III.
Results with the new interaction for nuclear matter and finite
nuclei are presented in Sec. IV. Finally, the summary and
perspectives for future investigations will be given in Sec. V.

II. THEORETICAL FRAMEWORK

A. Relativistic Brueckner-Hartree-Fock theory

In this section, we will outline the theoretical framework of
the RBHF for finite nuclear system. For more detail one can
see Refs. [39,40].

We start with a relativistic one-boson-exchange NN in-
teraction, which describes the NN scattering data [56]. The
Hamiltonian can be expressed as:

H =
∑
kk′

〈k|T |k′〉a†
kak′ + 1

2

∑
klk′l ′

〈kl|V |k′l ′〉a†
ka†

l al ′ak′ , (1)

where the relativistic matrix elements are given by

〈k|T |k′〉 =
∫

d3r ψ̄k (r)(−iγ · ∇ + M )ψk′ (r), (2)

〈kl|V |k′l ′〉 =
∑

α

∫
d3r1d3r2 ψ̄k (r1)�(1)

α ψk′ (r1)

× Dα (r1, r2)ψ̄l (r2)�(2)
α ψl ′ (r2). (3)

The indices k, l run over a complete basis of Dirac spinors
with positive and negative energies. The two-body interaction
V contains the contributions from different mesons labeled by
α: scalar (σ, δ), vector (ω, ρ), and pseudovector (η, π ). For
the isovector mesons δ, ρ, and π additional isospin matrices
�τ are included. In the Bonn interaction [56], a form factor
of monopole-type is attached to each vertex and Dα (r1, r2)
is the meson propagator. Retardation effects were deemed to
be small and omitted from the beginning.

In Brueckner’s theory [30,61], the effective interaction in
the nuclear medium, the G matrix, is used instead of the
bare nucleon-nucleon interaction, which has a strong repulsive
core and is difficult to be used directly in nuclear many-
body theory. The G matrix takes into account the short-range
correlations by summing up all the ladder diagrams of the bare

interaction and it is obtained by solving the Bethe-Goldstone
equation,

Ḡaba′b′ (W ) = V̄aba′b′ + 1

2

∑
cd

V̄abcd Ḡcda′b′ (W )

W − ec − ed
, (4)

where in the RBHF theory |a〉, |b〉 are eigenstates of the rela-
tivistic Hartree-Fock equations with ea, eb the corresponding
single-particle energies, V̄aba′b′ are the antisymmetrized two-
body matrix elements (3). The intermediate states c, d run
over all states above the Fermi surface with ec, ed > eF . In
the above expression, W is the starting energy [40,62,63].

The single-particle motion fulfills the relativistic Hartree-
Fock equation in the external field of a harmonic oscillator
(HO):

(T + U + UHO)|a〉 = ea|a〉, (5)
with HO potential

UHO(r) = 1
2 mω2r2, (6)

where m is the nucleon mass and h̄ω is the HO energy. The
self-consistent single-particle potential U is calculated by the
G matrix

〈a|U |b〉 =
A∑

c=1

〈ac|Ḡ|bc〉, (7)

where the index c runs over the occupied states in the Fermi
sea (no-sea approximation).

In the end, the total energy is calculated as

ERBHF =
A∑

a=1

〈a|T |a〉 + 1

2

A∑
a,b=1

〈ab|Ḡ|ab〉 + 〈UHO〉, (8)

where 〈UHO〉 is the expectation value of the external field.

B. Skyrme density functional

In this section, we will outline the theoretical framework of
the Skyrme interaction and the Skyrme-Hartree-Fock theory.
For a detailed description of the Skyrme-Hartree-Fock theory
and the formulas in spherical nuclei, we refer to Ref. [1].

The Skyrme effective interaction with two-body tensor
force is written in the standard form as [1,64].

V (r1, r2) = t0(1 + x0Pσ )δ(r) + 1

2
t1(1 + x1Pσ )[P′2δ(r) + δ(r)P2] + t2(1 + x2Pσ )P′ · δ(r)P,

+1

6
t3(1 + x3Pσ )ργ (R)δ(r) + iW0(σ1 + σ2) · [P′ × δ(r)P] + VT (r1, r2), (9)

VT (r1, r2) = T

2

{[
(σ1 · P′)(σ2 · P′) − 1

3
(σ1 · σ2)P′2

]
δ(r) + δ(r)

[
(σ1 · P)(σ2 · P) − 1

3
(σ1 · σ2)P2

]}

+U

{
(σ1 · P′)δ(r)(σ2 · P) − 1

3
(σ1 · σ2)

[
P′ · δ(r)P

]}
, (10)

where r = r1 − r2, R = 1
2 (r1 + r2), P = 1

2i (∇1 − ∇2), P′
is the hermitian conjugate of P acting on the left. The

spin-exchange operator reads Pσ = 1
2 (1 + σ1 · σ2), and ρ is

the total nucleon density.
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The Hartree-Fock equations can be obtained by the vari-
ational method once the total energy of the Hartree-Fock
ground state is written down. The Hartree-Fock equations read[

− h̄2

2m
∇2 + Uq(r)

]
ψk (r) = ekψk (r), (11)

where ek is the single-particle energy, ψk is the corresponding
wave function, and q = 0(1) labels neutrons (protons). The
single-particle potential Uq(r) is a sum of central, Coulomb
and spin-orbit terms,

Uq(r) = U (c)
q (r) + δq,1UC (r) + U(s.o.)

q (r) · (−i)(∇ × σ ).
(12)

The detailed expression of the central and Coulomb terms can
be found, e.g., in Ref. [65]. For the calculation of neutron
(-proton) drops, we add an external field, which in this work
is chosen as the harmonic oscillator potential (6).

The spin-orbit term reads [8,64,66]

U(s.o.)
q (r) = 1

2 [W0∇ρ + W ′
0∇ρq] + [αJq + βJ1−q], (13)

where J(r) the spin-orbit density [65]. One should note that,
starting from Eq. (9) one would derive W ′

0 = W0. We adopt
here a more general form and release this constraint as in
SAMi [59]. The parameters α and β in Eq. (13) include
contributions from the (exchange part of the) central force and
from the tensor force,

α = αc + αT , β = βc + βT . (14)

They are given by

αc = 1
8 (t1 − t2) − 1

8 (t1x1 + t2x2), αT = 5
12U, (15a)

βc = − 1
8 (t1x1 + t2x2), βT = 5

24 (T + U ). (15b)

In the end, the Hartree-Fock total energy can be calculated
in the usual way and reads

EHF = 1

2

A∑
i

(ti + ei ) + Erear + 1

2
〈UHO〉, (16)

where ti is the expectation value of the single-particle kinetic
energy on the orbit i, Erear is the rearrangement term. The
factor one-half in front of the external field arises because the
remaining contribution is included in ei, in full analogy with
the kinetic energy, which is also a one-body operator.

III. NUMERICAL DETAILS

In the new Skyrme functional established in this work, we
include the so called J2 term, including αc and βc from the
central force, αT and βT from the tensor force, as shown in
Eq. (14). The Hartree-Fock equation is solved in coordinate
space with a spherical box having size R = 15 fm and a
radial mesh of 0.1 fm. The fitting protocol is based on the
successful SAMi functional [59], with further constraint on
the tensor force from neutron-proton drops by RBHF the-
ory: more precisely, the pseudodata of neutron matter from
ab initio calculations are replaced by the results of neutron
drops from RBHF calculations. The set of data and pseudo-
data to be fitted are

(i) the binding energies B and charge radii rc of 40Ca,
48Ca, 90Zr, 132Sn, and 208Pb;

(ii) the spin-orbit splittings �E s.o. of the proton 1d orbit
in 40Ca, proton 1g orbit in 90Zr, and proton 2 f orbit in
208Pb. This will mainly determine the spin-orbit term
W0 and W ′

0;
(iii) the relative change of spin-orbit splittings from

neutron-proton drops 4020(Z = 20, N = 20) to 4820
calculated by RBHF theory using Bonn A interaction.
Since only the relative change is fitted, it mainly
determines the tensor term αT and βT but not the
spin-orbit term W0 and W ′

0;
(iv) the total energy of neutron drops with neutron number

N = 8, 20, 40, 50 in a h̄ω = 10 MeV harmonic oscil-
lator (HO) field calculated by RBHF using Bonn A
interaction [50,51];

(v) we also keep the empirical hierarchy of the spin
G0 and spin-isospin G′

0 Landau-Migdal parameters:
G′

0 > G0 > 0 [67,68].

As mentioned in Ref. [50], the evolution of the spin-
orbit splittings by RBHF theory can be used to constrain
the tensor force. On the other hand, the spin-orbit splittings
given by RBHF theory using Bonn A interaction are slightly
smaller than experimental data [39,40]. For example, proton
1p splitting of 16O given by RBHF is 5.4 MeV in comparison
with experimental value, that is 6.2 MeV. Therefore in our
fit, we use the relative change of spin-orbit splittings of
neutron-proton drops to constrain the tensor force, and the
experimental data of finite nuclei to constrain the absolute
strength of spin-orbit splittings.

For the constraint on the isovector channel, we use the
total energy of neutron drops calculated by RBHF instead of
the total energy of neutron matter as in the case of SAMi.
The results of RBHF are in reasonable agreement with other
ab initio calculations and show some advantages: for N � 14
the results of RBHF are similar to the results of AV8′ +
IL7, but for N > 14 RBHF gives more repulsion comparing
with AV8’ + IL7 [50]. This is favourable as AV8′ + IL7
can describe well the light nuclei system but tends to give
too much attraction for pure neutron systems [69] (see also
green shadowed area and red squares in Fig. 2 and related text
below). This is also more consistent for our purpose as the
tensor force is constrained from the same RBHF calculations.

The numerical details of RBHF calculations can be found
in Refs. [40,51,70] and briefly summarized here. The calcula-
tions are performed in spherical box with box size R = 7 fm.
Notice the box size for RBHF calculations is considerably
smaller than that of Skyrme functional calculations, which
is 15 fm. In principle, a very large box would be the best
choice, but in practice one needs to find a balance between
the precision and computational cost. For RBHF calculations,
the convergence properties with respect to the box size have
been carefully checked in Ref. [40] for medium-heavy nuclei,
and in going from box size R = 7 fm to R = 8 fm, the energy
per nucleon has been found to change less than 0.07 MeV.
With an additional external HO field, this convergence will be
further improved as the single-particle wave functions decay
very fast when r goes out of the size of the HO potential.
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TABLE I. Total energies, neutron rms radii, neutron (ν ), proton
(π ) 1p, and 1d spin-orbit splittings of neutron-proton drops calcu-
lated by RBHF theory with Bonn A interaction. All energies are in
MeV and radii in fm.

(N, Z ) E rn �E s.o.
ν �E s.o.

π

1p 1d 1p 1d

(20,20) 68.6 2.82 5.52 8.73 5.52 8.73
(28,20) 162.1 3.02 2.91 5.82 2.85 4.93

Therefore, for our purpose here, dealing with 50 nucleons at
most in a HO trap (the rms radii for a N = 50 neutron drop
is 3.61 fm), the box size R = 7 fm is enough. As for Skyrme
functional calculations, since heavy nuclei such as 208Pb are
also to be studied, a larger box size is needed.

The initial single-particle basis is chosen as a Dirac Woods-
Saxon basis [71], and the energy cutoff is 1100 MeV for
the positive-energy states and −1700 MeV for the negative-
energy states [with a supplementary condition that at least
two negative-energy states are included in each (l, j) block].
The single-particle angular momentum cut-off is 24 h̄. For
neutron-proton drops with N = 20, the two-particle coupled
total angular momentum cutoff is 8 h̄; for N = 28, this is 10
h̄. If not specified otherwise, in all the calculations of this
work the external field is chosen as an harmonic oscillator
field with h̄ω = 10 MeV. For RBHF, it has been implemented
as a vector external field.

The results of neutron-proton drops calculated by RBHF
theory are shown in Table I, including the total energies,
neutron rms radii, and spin-orbit splittings. From the Table
one can see the effect of tensor force on the evolution of
spin-orbit splittings as the number of neutron changes [12,50].
For the system with N = 20, that is spin saturated (1d orbit
fully occupied), the tensor force makes no effect; for the
system with N = 28, that is spin unsaturated (the 1 f7/2 orbit is
occupied while the 1 f5/2 is empty), the tensor force produces
the largest effect so that the spin-orbit splittings decrease.

IV. RESULTS AND DISCUSSION

A. Fitted results

In Table II we list the data and pseudodata Oi to be fitted,
together with the corresponding errors for the fit �Oi and

TABLE II. Data and pseudodata Oi, adopted errors for the fit
�Oi, partial contributions to the total χ 2, and number of data
points ndata.

Oi �Oi χ 2
partial ndata Ref.

B 1.00 MeV 9.71 5 [72]
rc 0.01 fm 20.09 5 [73]
�Es.o. 0.04 × Oi 11.40 3 [74] a

�(�ERBHF
s.o. ) 0.01 × Oi 3.25 4 [Table I]

ERBHF
N /(h̄ωN4/3) 0.01 3.02 4 [50]

χ 2 47.5/21 = 2.26

aData compiled in Table III of Ref. [74], see caption of this table for
further details.

TABLE III. SAMi-T parameter set and saturation properties with
estimated standard deviations.

Value Error Value

t0 −2199.38 MeV fm3 372. ρ0 0.164(1) fm−3

t1 533.036 MeV fm5 20.7 e0 −16.15(3) MeV
t2 −88.1692 MeV fm5 12.6 m∗

IS/m 0.634(19)
t3 11293.5 MeV fm3+3γ 2014. m∗

IV/m 0.625(122)
x0 0.514710 0.178 J 29.7(6) MeV
x1 −0.531674 0.593 L 46(12) MeV
x2 −0.026340 0.117 K0 244(5) MeV
x3 0.944603 0.481 G0 0.08 (fixed)
γ 0.179550 0.047 G′

0 0.29 (fixed)
W0 130.026 MeV fm5 8.2
W ′

0 101.893 MeV fm5 18.6
αT −39.8048 MeV fm5 39.9
βT 66.6505 MeV fm5 39.9

the number of data points ndata. The partial contributions to
the total χ2 from each category are also listed. The error
for total binding energy is chosen instead of binding energy
per nucleon. This will give more weight to heavier nuclei.
Again, as in the fitting protocol of SAMi [59], the errors of
the pseudodata are chosen in such a way that these data are
used as a guide for the new functional and shall not affect
the accuracy of fitting to experimental data. From the Table, it
can be seen that when including tensor, the description of the
experimental binding energies and charge radii keeps similar
accuracy as for other Skyrme functionals.

The parameters and saturation properties of SAMi-T func-
tional are listed in Table III, where the corresponding estima-
tions of the standard deviation [75] are also given. For the
detail of the covariance analysis, see Appendix A. Comparing
with SAMi [59], the strengths of the spin-orbit terms for
SAMi-T are larger (for SAMi, W0 = 137 MeV fm5, W ′

0 =
42 MeV fm5). This is understandable as SAMi does not
contain a genuine tensor force that is known to reduce the
spin-orbit splittings of spin-unsaturated systems such as 90Zr
or 208Pb that have been fitted in both functionals. Therefore,
the new set including tensor needs larger spin-orbit strength
to reproduce the same data.

It is worth to discuss in a specific manner the values of
the so-called Landau-Migdal parameters G0 and G′

0, which
are associated, respectively, with the spin and spin-isospin
particle-hole (p-h) interaction. If one only looks at the ground-
state properties, different sets with different values of G0 and
G′

0 can achieve similar accuracy [76]. But if one wants to
have at the same time a good description of the properties of
spin and spin-isospin excitations such as the Gamow-Teller or
spin-dipole resonance, there will be more restrictions [59]. As
suggested in Refs. [67,68], and taken into account by the fit of
SAMi, we ought to respect the relations G′

0 > G0 > 0. Here,
we obtain slightly different values with respect to SAMi as we
are attempting to include more terms in the functional (tensor
terms) and to reconcile with different pseudodata (associated
with neutron-proton drops and neutron drops from RBHF
calculations).
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TABLE IV. Binding energy B and charge radius rc of several
doubly magic spherical nuclei calculated by using SAMi-T (with
estimated standard deviations in the parentheses), in comparison with
experimental data [72,73].

El. A B (MeV) Bexpt (MeV) rc (fm) rexpt
c (fm)

O 16 127.78(33) 127.62 2.774(4) 2.699
Ca 40 343.74(52) 342.05 3.477(3) 3.478

48 415.32(50) 415.99 3.515(3) 3.477
Ni 56 468.73(1.06) 483.99 3.784(4)

68 591.27(56) 590.41 3.901(4)
Zr 90 783.35(46) 783.89 4.263(3) 4.269
Sn 100 812.91(1.18) 824.79 4.480(5)

132 1100.80(54) 1102.85 4.714(4) 4.709
Pb 208 1637.81(67) 1636.43 5.479(5) 5.501

B. Ground state

In Table IV we give the binding energy B and charge radius
rc of several doubly magic spherical nuclei calculated by using
SAMi-T, in comparison with experimental data [72,73] when
existing. In most cases the descriptions of binding energy and
charge radius are accurate within 1%. Considering that there
are 11 free parameters (G0 and G′

0 have been fixed), this ac-
curacy is comparable with other commonly seen functionals,
nonrelativistic or relativistic ones. For example, as indicated
by the fitted χ2, the χ2/data of SAMi-T for binding energies
and radii are 1.9 and 4.0, respectively (Table II), while those
of SAMi are 6.5 and 3.3 with similar data sets [59].

Figure 1 shows the equation of state (EoS) for both neutron
matter and symmetric nuclear matter calculated by the new
fitted Skyrme functional SAMi-T, in comparison with those
of SAMi functional. For the neutron matter, we also show
the results of different ab initio calculations: self-consistent
Green’s function method with chiral NN and 3N forces up
to N3LO [77] (cyan shade); quantum Monte Carlo method

FIG. 1. Neutron matter and symmetric nuclear matter equation of
state calculated by new fitted Skyrme functional SAMi-T (blue solid
line), in comparison with those of SAMi functional (purple dotted
line) [59]. The shaded area are constraints of neutron matter from
different ab initio calculations, see text for detail.

FIG. 2. Total energy (in units of h̄ωN4/3) of neutron drops with
N from 8–50 in a HO trap (h̄ω = 10 MeV) calculated by SAMi-T,
in comparison with results of SAMi and of RBHF theory using the
Bonn A interaction [50], Quantum Monte Carlo method using local
chiral interaction N2LO with two cutoffs 1.0 fm and 1.2 fm [48],
coupled-cluster theory using chiral interaction N3LO [47]. The
shaded area represents the values spanned by quantum Monte Carlo
calculations using AV8’+UIX and AV8’+IL7 [45,46].

with chiral NN and 3N forces up to N2LO [78] (green shade);
loop expansion around the Hartree-Fock energy with chiral
NN force up to N3LO and 3N force up to N2LO [79] (brown
shade), see also Fig. 1 from Ref. [80].

Since the fitting protocol of SAMi-T is similar to that
of SAMi, the symmetric matter equation-of-state of the two
functionals are almost identical. On the other hand, the sym-
metry energy at saturation density of SAMi-T, J = 29.7 ±
0.6 MeV, is slightly larger than that of SAMi, JSAMi = 28 ±
1 MeV. Therefore, the equation of state of the neutron matter
given by SAMi-T shows more repulsion, and this is also in
better agreement with the constraints from different ab initio
calculations. The slope of the symmetry energy at saturation
density of SAMi-T is L = 46 ± 12 MeV, also slightly larger
than that of SAMi, LSAMi = 44 ± 7 MeV.

In Fig. 2, we show the total energy (in units of h̄ωN4/3)
of neutron drops from N = 8 to 50 in a HO trap (h̄ω =
10 MeV) calculated by SAMi-T, in comparison with results of
SAMi, RBHF calculations using the Bonn A interaction [50],
and QMC calculations using AV8’+UIX (upper bound of
the shaded area) and AV8′+IL7 (lower bound of the shaded
area) [45,46], QMC using local chiral interaction N2LO with
two cutoffs 1.0 fm and 1.2 fm [48], coupled-cluster theory
using chiral interaction N3LO [47]. The no-core shell model
using same chiral interaction N3LO (calculated up to N =
18) coincide with those by coupled-cluster theory [47] and
will not be plotted. As it can be expected from the EoS in
Fig. 1, the total energy of neutron drops given by SAMi-T are
generally larger than those of SAMi, but smaller than those
of RBHF with Bonn A calculations. The error we adopted
for the energy of neutron drops in the fitting, �Oi = 0.01
for E/(h̄ωN4/3), assumes a clearer meaning by looking at
Fig. 2: in fact, the values differing from the results of RBHF
with Bonn A by about 0.01 are seen to be acceptable for our
purpose.
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FIG. 3. Two-neutron energy difference of neutron drops in a
HO trap (h̄ω = 10 MeV) calculated by SAMi-T, in comparison
with results of SAMi and of the RBHF theory using the Bonn A
interaction [50].

Comparing with other (nonrelativistic) ab initio calcula-
tions using chiral interactions, the energy given by SAMi-T
(or those by RBHF with Bonn A) are slightly lower, similar
as in the comparison in Fig. 1.

To see the subshell structure in neutron drops, we show in
Fig. 3 the two-neutron separation energies E (N ) − E (N − 2)
for the same calculations we have just mentioned. Since
those calculations are in a HO external field, they all show
clear shell structure for N = 8, 20, and 40. Besides those,
the subshell structure at N = 16, 32, and a somewhat weaker
one N = 28 can also be seen. For these subshells, SAMi-T
also shows similar trends as the RBHF calculations. Here
the results of both functionals is very similar, with some
improvement of SAMi-T for N = 18 and somehow also in
the region 34 < N < 38. The different peak position in this
region, for RBHF at N = 34 (and a minor one at N = 38) and
for SAMi-T (or SAMi) at N = 36 is due to different ordering
and different occupations of the single-particle levels: For
RBHF, from N = 32 to N = 34, the ν1 f5/2 level is being
occupied and the energy suddenly increases much; from N =
34 to N = 36 the ν1 f5/2 level continues to be occupied and
the energy increases less; from N = 36 to N = 38, the level
ν2p1/2 is being occupied before the level ν1 f5/2 is filled at
N = 40, therefore another small jump appears at N = 38.
For SAMi-T (or SAMi) functional, from N = 32 to N = 34
the level ν2p1/2 is first filled and from N = 34 to N = 36
the ν1 f5/2 begins to be occupied. Therefore, the jump of the
energy is smooth and the two-neutron separation energy keeps
increasing from N = 32 to N = 36. From N = 36 to N = 40
the level ν1 f5/2 continues to be filled until fully occupied,
the energy increases less and therefore the S2n decreases
smoothly.

Figure 4 shows the neutron and proton 1p and 1d spin-orbit
splittings of neutron-proton drops, whose trends are used as
pseudodata in the fitting procedure and are mainly responsible
for constraining the tensor force. Again, we show the results
given by SAMi-T, and comparing with those of SAMi func-
tional and the pseudodata of RBHF with Bonn A interaction.
The results of SAMi-T and SAMi have been shifted so that

FIG. 4. Neutron and proton 1p and 1d spin-orbit splittings of
neutron-proton drops calculated by SAMi-T, in comparison with
results of SAMi functional and RBHF theory using the Bonn A
interaction. The results of SAMi-T and SAMi have been shifted so
that the first points (N = 20) meet with those of RBHF.

the first points (N = 20) meet with those of RBHF. The shifts
for SAMi-T are �E (SAMi−T)

s.o. − �E (RBHF)
s.o. = 1.03 MeV (1p)

and 2.43 MeV (1d); while for SAMi they are 0.03 MeV (1p)
and 0.86 MeV (1d). This is expected as the absolute value
of spin-orbit splittings of SAMi-T are fitted to experimental
value and they are larger than those of RBHF, as explained in
the numerical details. On the other hand, SAMi-T reproduces
the relative changes, which reflects the effect of tensor force,
very well. For the relative change of spin-orbit splittings, the
results of SAMi-T are exactly on top of those of RBHF.

In Refs. [12,50], these trends for the evolution of the spin-
orbit splitting are explained by the effect of tensor forces.
For the spin-saturated system with N = 20, there is no tensor
force contribution from the neutrons; for the spin-unsaturated
system with N = 28, where only one of the spin-orbit partners
is occupied (1 f7/2) while the other is empty (1 f5/2), the tensor
force reduces the spin-orbit splittings dramatically. This is
shown in the RBHF calculation with Bonn A in Fig. 4, where
the left panels depict the tensor force effect in the neutron-
neutron channel and the right panels correspond to effect in
the neutron-proton channel. For pure neutron drops within the
RBHF calculation, a similar phenomenon has been shown in
Ref. [50].

In the Skyrme functional, the tensor force in the same
particle channel (neutron-neutron or proton-proton) is con-
trolled by the parameter α and the tensor force in the different
particle channel is controlled by β in Eq. (13). Both α and
β have two origins, one is from the exchange terms of the
central interaction (αc and βc) and another one is from the
tensor force (αT and βT ) as is clearly shown in Eq. (14). In
Table V, we list the values of α and β for SAMi-T and SAMi
functionals. Without tensor force, the contribution to α and
β in SAMi functional comes only from the central part. One
finds that the value of α in SAMi is slightly larger than that of
SAMi-T, and therefore SAMi shows similar trends but with

034322-7



SHEN, COLÒ, AND ROCA-MAZA PHYSICAL REVIEW C 99, 034322 (2019)

TABLE V. Values of α and β in Eq. (13) of SAMi-T (with
estimated standard deviations in the parentheses) and SAMi [59].

α (MeV fm5) β (MeV fm5)

SAMi-T 73.0(8) 101.8(1.2)
SAMi [59] 101.6 31.5

larger magnitude in the left panels of Fig. 4, where only the
neutron-neutron channel matters. With only the contribution
from the central force, which is also very much determined by
properties such as binding energies and charge radii, SAMi
has less freedom to fit to the spin-orbit splittings in Fig. 4.
As a consequence, the value of β in SAMi is much smaller
than that of SAMi-T, and SAMi does not show the trends of
the right panels of Fig. 4, where the neutron-proton channel
matters.

In conclusion, the tensor terms in the new Skyrme func-
tional are determined reasonably and, more importantly, with-
out ambiguities. Had we put more emphasis on the evolution
of the experimental single-particle states, we would have
faced the problem that the coupling with collective vibrations
may play an important role there [27,28]. Instead, fitting to the
pseudodata of ab initio RBHF calculations does not imply this
ambiguity.

As a side remark, we note that from Fig. 4 we can also
understand why SAMi gives a smaller value for the spin-orbit
strength because of the lack of tensor terms: both the new
functional and SAMi have been fit using the proton spin-orbit
splittings in neutron spin-unsaturated system (90Zr with N =
50, where the 1g9/2 orbit is occupied and the 1g7/2 orbit is
empty; 208Pb with N = 126, where the 1i13/2 orbit is occupied
and the 1i11/2 orbit is empty), so that the functional with tensor
terms must have a stronger spin-orbit strength W0 (or W ′

0) as
the inclusion of the tensor force will imply a decrease of the
SO splittings.

Since the values of α are similar in SAMi-T and SAMi,
we can expect the two functionals show similar trends in the
evolution of spin-orbit splittings in neutron drops, and this is
shown in Fig. 5. Similarly as in Fig. 4, the results of SAMi-T
and SAMi have been shifted so that the first points meet with
those of RBHF: in other words, we put emphasis here on the
relative changes rather than the absolute values. The shifts
for SAMi-T are �E (SAMi−T)

s.o. − �E (RBHF)
s.o. = 1.32 MeV (1p),

2.28 MeV (1d), 3.30 MeV (1 f ), 1.25 MeV (2p); while for
SAMi they are 0.60 MeV (1p), 0.88 MeV (1d), 1.28 MeV
(1 f ), 0.52 MeV (2p). As mentioned in the numerical set-
tings, the pseudodata of spin-orbit splittings by RBHF are
used only to constrain the tensor terms αT and βT , but
not the absolute strength of spin-orbit terms. The spin-orbit
term have been constrained by the experimental spin-orbit
splittings.

Also in this case, SAMi-T shows better agreement with the
results of RBHF calculations. With fitting to the trend of the
spin-orbit splitting in neutron-proton drops given by RBHF
(as shown in Fig. 4), the trend of the same splitting in neutron
drops shown in Fig. 5 can be reproduced automatically. It
should also be noted that in detail, certain deviations exist.

FIG. 5. From top to bottom panel, 1p, 1d, 1 f , and 2p spin-orbit
splittings of N-neutron drops in a HO trap (h̄ω = 10 MeV) calcu-
lated by SAMi-T, in comparison with results of SAMi functional and
RBHF theory using the Bonn A interaction [50].

Using the results of RBHF as a baseline, the decrease of
spin-orbit splittings by SAMi-T is smaller around N = 14
(1p), and getting stronger around N = 28 (1p slightly larger
while 1d slightly smaller), and even more around N = 50
(1p, 1d slightly larger while 1 f , 2p agree). Similar trend is
found for SAMi. This may be understandable considering
the fact that the tensor terms in the Bonn A interaction are
finite-range one-boson exchange interactions, while the tensor
terms in Skyrme functional (10) are zero-range δ interactions.
Another cause may be that the difference of the density dis-
tributions can also significantly influence the change of spin-
orbit splittings. Overall, we do not expect an exact matching
with RBHF results but just to achieve the best possible fit.

In Fig. 6, we show the values of α and β from different
Skyrme functionals, including three categories:

(i) Skyrme functionals that do not contain tensor terms
αT and βT but take the J2 from the central force
into account (blue triangles in the figure). Those
are SkP [81], SLy5 [65], SkO’ [82], BSk9 [83],
SAMi [59];

(ii) Skyrme functionals in which the tensor terms are
added perturbatively without refitting the parameters
(green circles in the figure), such as SLy5+T by Colò
et al. [15] or SIII+T by Brink and Stancu [16];
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FIG. 6. Values of α and β in Eq. (13) from different Skyrme
functionals. See text for details.

(iii) Skyrme functionals in which the tensor terms are
included on equal footing with other terms and an
overall fit is performed (brown squares in the figure),
such as Skxta and Skxtb [14], the TIJ family (I,J from
1 to 6) [10], SkP-T, SLy4-T and SkO-T [74], and the
present SAMi-T (red star in the figure).

Among different Skyrme functionals, the α, β values of
SAMi-T are close to those of T43, Skxta, and SkO’. The
tensor part of Skxta is determined by the nonrelativistic
HKT G-matrix [84], which reproduces the G-matrix ele-
ments obtained from the bare nucleon-nucleon Paris inter-
action [85]. It is interesting to see that the tensor force
given by the relativistic G matrix of Bonn A interaction is
similar to the nonrelativistic G matrix of Paris interaction.
For SkO’, the tensor force is not included and therefore all
the contributions to α and β come from the central part
αc, βc. This place a tight constraint for the central force
and the ground-state properties are sacrificed to some extent.
For example, the binding energy of 208Pb given by SkO’
is BSkO′

208Pb = 1644.09 MeV, while the experimental data is
1636.43 MeV and the one given by SAMi-T is BSAMi−T

208Pb =
1637.81 ± 0.67 MeV (see Table IV).

C. Excited states

In this section, we investigate some of the excited-state
properties within the self-consistent HF plus random phase
approximation (RPA) [86] using the new fitted Skyrme func-
tional SAMi-T. The basis for the configuration space RPA
calculations is chosen by including all occupied states, and
unoccupied states with an angular momentum cutoff lcut =
10h̄, and ten states with increasing values of the n-quantum
number in each (l, j) block.

First of all, we would like to confirm that SAMi-T does
perform as well as other functionals for non-charge exchange
resonances. With this aim, we show in Fig. 7, as repre-
sentative examples, the strength function R(E ) associated
with the isoscalar giant monopole resonance (GMR) and
the isovector giant dipole resonance (IVGDR): the results

FIG. 7. Strength function associated with the GMR (left) and
IVGDR (right), calculated by using the SAMi-T functional and com-
pared with results of SAMi [59] and with the experimental centroid
energies [87,88]. For theoretical results, we adopt a smoothing with
Lorentzian functions having 1 MeV width.

obtained with SAMi-T are compared with results from the
SAMi functional [59] and with the experimental centroid
energies [87,88]. The strength function is defined as [86]

R(E ) ≡
∑

ν

|〈ν||F̂J ||0〉|2δ(E − Eν ), (17)

where F̂J is the multipole excitation operator with total angu-
lar momentum J , |0〉 is the ground state, and |ν〉 is the excited
state with energy Eν . The operators used in GMR and IVGDR
calculations are

ÔGMR =
A∑

i=1

r2
i , ÔIVGDR = Z

A

N∑
n=1

rn − N

A

Z∑
p=1

rp, (18)

respectively.
The centroid energy of GMR by SAMi-T is

ESAMi−T
c (GMR) = 14.4 ± 0.2 MeV, in good agreement with

the experimental value E exp
c (GMR) = 14.24 ± 0.11 MeV;

our calculation exhausts 98.4% of the energy weighted sum
rule (EWSR) between E = 8 and 22 MeV. The centroid
energy of IVGDR by SAMi-T is ESAMi−T

c (IVGDR) =
14.6 ± 1.3 MeV, slightly larger than the experimental value
E exp

c (IVGDR) = 13.43 ± 0.10 MeV; we fulfill 94.9% of the
EWSR between E = 9 and 20 MeV. We have also calculated
using SAMi-T without tensor and the results are very similar
to SAMi-T with tensor, therefore we do not plot them in
the figure. In this section, unless specified otherwise, all
calculations without tensor refer to dropping the tensor in the
residual interaction of the RPA calculation, but the tensor is
kept in Hartree-Fock.

We now study two different types of nuclear collective
excitations where the spin and spin-isospin channels of the
functional should play a crucial role. In Fig. 8, we show the
GTR strength function in 48Ca, 90Zr, and 208Pb calculated by
SAMi-T with and without tensor, in comparison with experi-
mental data [89–93] and results of SAMi functional [59]. The
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FIG. 8. GTR strength function for 48Ca, 90Zr, and 208Pb calcu-
lated by SAMi-T with and without tensor, in comparison with experi-
mental data [89–93] and with the results of the SAMi functional [59].
For theoretical results, we adopt a smoothing with Lorentzian func-
tions having 1 MeV width.

operators for the GTR calculation is

ÔGTR =
A∑

i=1

σ(i)τ±(i), (19)

where σ is the spin, τ+(τ−) is the isospin raising (lower-
ing) operator. In all cases, the nonenergy weighted sum rule
(NEWSR)∫

[RGT − (E ) − RGT + (E )]dE = 3(N − Z ), (20)

is fulfilled by the theoretical calculations.
For 48Ca, the locations of low-energy peak and high-energy

peak given by SAMi-T are ESAMi−T
low = 3.3 ± 1.3 MeV and

ESAMi−T
high = 10.3 ± 0.3 MeV, and they are in good agreement

with the experimental values: E exp
low = 3.0 MeV and E exp

high =
10.5 MeV. For 90Zr, the locations given by SAMi-T are
ESAMi−T

low = 9.1 ± 1.0 MeV and ESAMi−T
high = 15.9 ± 0.2 MeV,

and they also agree well with the experimental values: E exp
low =

9.0 ± 0.5 MeV and E exp
high = 15.8 ± 0.5 MeV. In comparison

with SAMi, the high-energy peaks in these two nuclei de-
scribed by the new functional are similar, and the low-energy
peaks have been improved. For 208Pb, the peak location

FIG. 9. SDR strength function in the τ− channel for 208Pb, cal-
culated by SAMi-T with and without tensor, in comparison with
experimental data [93] and the results with SAMi [59]. From top
to bottom, the total strength and the Jπ = 0−, 1−, and 2− compo-
nents are shown. For theoretical results, we adopt a smoothing with
Lorentzian functions having 2 MeV width.

given by SAMi-T is ESAMi−T = 19.0 ± 0.3 MeV, also in
good agreement with the experimental value E exp = 19.2 ±
0.2 MeV.

In the GTR shown in Fig. 8, the tensor force shows some
influence but not a huge one. The effects of tensor force, how-
ever, are more significant in the case of the SDR. In Ref. [94],
it has been found that tensor correlations have a unique,
multipole-dependent effect on the three SDR components: the
1− state is being pushed to higher energy, while the 0− and
2− states are being pushed to lower energy. Quantitatively, the
residual interaction matrix element in the 0− is the largest, the
matrix element for 1− is the next largest, and the effect on 2−
is rather small [94].

In Fig. 9, we show the SDR strength function in the τ−
channel for 208Pb (Jπ = 0−, 1−, 2−, and total). We compare,
once again, the results obtained by SAMi-T with and without
tensor with experimental data [93] and the results with the
SAMi functional [59]. The operator used for the RPA calcula-
tions is

ÔSDR =
A∑

i=1

∑
M

τ±(i)rL
i [YL(r̂i) ⊗ σ(i)]JM . (21)
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Without tensor force, the new functional gives similar
results as SAMi. It can be seen that the effect of tensor force
is consistent with what has been found in Ref. [94], namely
different channels show different effects: For the Jπ = 1−,
the tensor force improves the description for the data while
for Jπ = 0− does not, and for Jπ = 2− the influence of
the tensor force is very small. As the 1− channel gives the
largest contribution to the total SDR, the overall agreement
with the experimental data is improved by including the
tensor force. The experimental (SAMi-T) NEWSR is 107+8

−7

(160 ± 1 fm2) for Jπ = 0−, 450+16
−15 (441 ± 3 fm2) for Jπ =

1−, 447+16
−15 (660 ± 6 fm2) for Jπ = 2−, and 1004+24

−23 fm2

(1260 ± 10 fm2) for the total. The NEWSR given by SAMi-T
is similar compared with SAMi [59].

The sum rule,∫
[RSD− (E ) − RSD+ (E )]dE = 9

4π

(
N

〈
r2

n

〉 − Z
〈
r2

p

〉)
, (22)

is fully exhausted in the calculation.
As shown by the above formula, the sum rule of SDR is

related with the neutron and proton rms radius. Since the sum
rule given by SAMi-T can well reproduce the experimental
data, and the proton (charge) radius of 208Pb is well fitted
by SAMi-T (see Table IV), it would be interesting to show
the neutron skin too. The neutron skin of 208Pb calculated by
SAMi-T is �rnp = 〈r2

n〉1/2 − 〈r2
p〉1/2 = 0.153 ± 0.011 fm, to

be compared with some recent experimental data 0.33+0.16
−0.18 fm

(from parity violation [95]), 0.16 ± 0.06 fm (from measure-
ments with antiprotonic atoms [96]), 0.15+0.04

−0.06 fm (pion pho-
toproduction [97]), 0.165 ± 0.043 fm (electric dipole polariz-
ability [98]).

In Refs. [94,99], different strengths of tensor terms have
been proposed, on top of the SLy5 functional [65]. In connec-
tion with the SDR study, it was found in order to improve
the 1− strength function while not make the 0− strength
function worse, a relatively large value of α and β is needed
(in Ref. [94] α = 217 MeV fm5 and β = 189 MeV were
suggested). Guided by the calculations from RBHF theory
with Bonn A interaction, such values for the tensor terms are
too strong. How to improve the description of the 0− channel
in 208Pb while not enter in contradiction with ab initio results
is an interesting question for future investigations.

Finally, in Fig. 10, we show the SDR strength function of
the τ− and τ+ channel in 90Zr calculated by SAMi-T with and
without tensor, in comparison with experimental data [100]
and SAMi functional [59]. The peak position of RSD− has been
improved by including the tensor, while for RSD+ the effect is
not significant. The NEWSR calculated by the new functional
is 147 ± 1 fm2 (100% exhausted in the calculation), while
the experimental value is 148 ± 12 fm2. The neutron skin of
90Zr calculated by SAMi-T is �rnp = 0.069 ± 0.005 fm, to
be compared with experimental data 0.07 ± 0.04 fm [100].

V. SUMMARY

In this work we have developed a new Skyrme functional
SAMi-T inspired by the fitting protocol of the successful
SAMi functional, with further information on tensor terms

FIG. 10. SDR strength function of the τ− (top) and τ+ (bottom)
channel in 90Zr calculated by SAMi-T with and without tensor, in
comparison with experimental data [100] and SAMi functional [59].
For theoretical results, a Lorentzian smearing parameter equal to
2 MeV is used.

provided by ab initio calculations. For that purpose we have
calculated for the first time neutron-proton drops as predicted
by RBHF calculations based on the Bonn A potential. With
the evolution of SO splittings as a function of neutron number
in the neutron-proton drops the tensor terms are well con-
strained. The new Skyrme functional is then used to inves-
tigate the ground- and excited-state properties of nuclei.

For the ground-state properties of spherical nuclei, such
as binding energy and charge radius, the new functional
SAMi-T can achieve similar precision as other successful
functionals. Therefore, the introduction of strong tensor terms
in the Skyrme functional does not decrease the accuracy of
describing ground-state properties.

By fitting only to the evolution of SO splittings in the
neutron-proton drops as predicted by RBHF theory, the evo-
lution in the neutron drops by RBHF can be reproduced
automatically by the new functional. In other words, the
information of the tensor in the neutron-neutron channel is
consistent in these two systems.

The new functional SAMi-T also gives a good description
of the excitation energies and sum rules of giant resonances.
We have investigated the giant-monopole resonance and giant-
dipole resonance of 208Pb; the Gamow-Teller resonance of
48Ca, 90Zr, and 208Pb; the spin-dipole resonance of 90Zr and
208Pb.

The new functional, as in the case of SAMi, respects
the empirical hierarchy of the spin and spin-isospin Landau-
Migdal parameters G′

0 > G0 > 0. This has two advantages:
(i) pushes the model to produce stable results in infinite matter
around saturation [101]. The instability of SAMi-T is briefly
studied and presented in Appendix B; (ii) ensures a better
reproduction of spin and spin-isospin resonances. For the
GTR of 48Ca and 90Zr, the lower-energy and higher-energy
peak are both reproduced very well and, to our knowledge, no
other interaction of the same type is as accurate as SAMi-T
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in these two cases. The higher-energy peaks of these two
cases are well described by both SAMi and SAMi-T, but the
lower-energy peaks are improved by SAMi-T. For the GTR of
208Pb, the peak position is also nicely reproduced by SAMi-T,
similar as SAMi.

The SDR components are also improved comparing with
SAMi functional, especially in the case of the 1− channel
in 208Pb, which is improved directly by the tensor term. As
the NEWSR of SDR is related with the neutron skin, and for
208Pb and 90Zr they can be well described by SAMi-T, the
predictions of neutron skin of these two nuclei by SAMi-T
are also in good agreement with experimental data.
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APPENDIX A: COVARIANCE ANALYSIS

In the fit of the new Skyrme functional SAMi-T, the χ2 is
defined as

χ2(p) =
m∑

i=1

(Otheo.
i (p) − Oref.

i

�Oref.
i

)2

, (A1)

where p = (p1, . . . , pn) is the n parameters, Oi are observ-
ables with m data points, “theo.” stands for the calculated
values and “ref.” for experimental data or, in this work, pseu-
dodata from RBHF calculations. The corresponding adopted
errors are denoted as �Oref.

i . See Table II for the detailed
information in the fit of SAMi-T.

FIG. 11. Pearson product-moment correlation coefficient matrix
predicted by the covariance analysis of SAMi-T functional for vari-
ous properties of nuclear matter and 208Pb (see text for details).
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FIG. 12. Position where instability occurs in the density ρ

and momentum transfer q plane for (a) SAMi-T and (b) SAMi
functionals.

Assuming the χ2 reaches a minimum and is a well-behaved
function of the parameters around the optimal value p0, it can
be expanded and approximated as

χ2(p) − χ2(p0) ≈ 1

2

n∑
i, j

(pi − p0,i )∂pi∂p j χ
2|p0 (p j − p0, j ).

(A2)
The curvature matrix is defined as

Mi j ≡ ∂pi∂p j χ
2|p0 . (A3)

The error (or covariance) matrix is defined as the inverse of
the curvature matrix,

E = M−1. (A4)

The error for parameter pi can be obtained as

e(pi ) =
√
Eii. (A5)
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The correlation between different parameters can be evaluated
by the correlation matrix

Ci j ≡ Ei j√EiiE j j
. (A6)

Assuming the observables A(p) are smooth functions
around the optimal value p0, one has

A(p) ≈ A(p0) + (p − p0)∂pA(p)|p=p0 . (A7)

Within this approximation, one can calculate the covariance
between two observables A(p) and B(p) as

CAB =
n∑
i j

∂A(p)

∂ pi

∣∣∣∣
p=p0

Ei j
∂B(p)

∂ p j

∣∣∣∣
p=p0

. (A8)

The uncertainty of observable A(p) can be calculated as

�A = √
CAA. (A9)

The Pearson product-moment correlation coefficient between
observables is evaluated as

cAB ≡ CAB√
CAACBB

. (A10)

In Fig. 11 we show the Pearson product-moment correla-
tion between different observables given by SAMi-T, includ-
ing: saturation density ρ0, saturation energy e0, effective mass
m∗

IS/m, incompressibility coefficient K0, centroid energy of
GMR in 208Pb (Fig. 7), symmetry energy J , slope parameter
of symmetry energy L, neutron skin �rnp of 208Pb, centroid
energy of IVGDR in 208Pb (Fig. 7), centroid energy of GTR
in 208Pb (Fig. 8).

Since the first five properties are of isoscalar nature and
the second five are of isovector nature, there is a general
pattern, as a rule, that the correlations between isoscalar
and isovector properties are weaker than those among the

same type. For example, the correlations among saturation
density, incompressibility, and centroid energy of the GMR
are quite strong; the correlations among symmetry energy,
slope parameter, neutron skin, and the centroid energy of the
IVGDR are also strong.

In principle, the GTR excitation energy should be corre-
lated with the parameter G′

0. In the fit of SAMi-T, as well as
in that of SAMi [59], this parameter is fixed to a reasonable
value so that the GTR can be well reproduced. Since G′

0 is
fixed, this correlation does not exist for SAMi-T (or SAMi).
From Fig. 11 it can be seen that the GTR centroid energy
is correlated with the effective mass. This is understandable
as the effective mass will influence the single-particle level
density, which has an important effect on the GTR.

APPENDIX B: INSTABILITY ANALYSIS

It is known that the Skyrme functional exhibits spurious
spin and spin-isospin instabilities, which can affect the prop-
erties of nuclear ground state as well as excited states [101].
In Fig. 12, we show the position where instability occurs in
the density ρ and momentum transfer q plane for [Fig. 12(a)]
SAMi-T and [Fig. 12(b)] SAMi functionals, obtained by
solving the linear response function χ (q, ω) in infinite nu-
clear matter. The notations here are exactly the same as in
Ref. [101]. Different channels are characterized by quantum
numbers of the total spin S, projection M along the z axis, and
total isospin I . Beside the instability related to the gas-liquid
phase transition in the (S = 0, M = 0, I = 0) channel, the
others are unphysical. It can be seen both SAMi-T and SAMi
show instability near the saturation density, and the tensor
term makes the functional more unstable. But as the instability
appears at a relatively large value of momentum transfer q, it
shall not influence much on the discussions of this work.
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Hartmann, B. Ketzer, P. Ring, R. Schmidt, T. von Egidy,
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