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1 Introduction

An essential role in the function theory of the unit disk of the complex plane is played by the property that
any function in the Hardy space factorizes (uniquely) as the product of an inner and an outer function. The
connections of inner and outer functions are ubiquitous in mathematical analysis, ranging from operator
theory to dynamical systems and PDEs (see [4] and [7], for instance). One of the main reasons for this is
the fact that the closed invariant subspaces (for the shift operator in the Hardy space) can be described via
an identification with inner functions, whereas outer functions contain information about approximation
properties, and, in fact, coincide with cyclic functions. In the recent paper [11], the first two authors proved
an inner-outer factorization theorem for the Hardy space of slice regular functions on the quaternionic unit
ball H2(B). Thus, it seems natural to investigate the properties of inner and outer functions in the quaternionic
setting more deeply, and the present paper is a first step in this direction. We will see that some properties of
holomorphic inner and outer functions are straightforwardly generalized to the quaternionic setting, whereas
some other properties are more peculiar of slice regular functions.

The paper is organized as follows. In Section 2 we fix the notation and we recall some basic definitions
and properties of slice regular functions and the quaternionic Hardy space H*(B). We devote Section 3 to
properties of inner functions, whereas in Section 4 we focus on outer ones. Then, in Section 5 we investi-
gate cyclicity and properties of optimal approximant polynomials in the quaternionic setting. We conclude
formulating some open problems in Section 6.

2 Notation and basic definitions

In this section we recall a few definitions and properties of slice regular functions and the quaternionic Hardy
space H?(B). We do not include any proofs; we refer the reader to the monograph [8] for the basics on slice
regular functions and to [5] for results concerning H?(B).

Let H denote the skew field of quaternions, let B = {g € H : |q| < 1} be the quaternionic unit ball
and let 0B be its boundary, containing elements of the form g = el =cost+sintl, I €S, t € R, where
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S={q € H: q* = -1} is the two dimensional sphere of imaginary units in H. Then,

H=U(R+RI), R=ﬂ(R+RI),
IeS IeS

where the slice Ly := R + RI can be identified with the complex plane C for any I € S.

A function f : B — H s a slice regular function if the restriction f7 of f to B; := B L; is holomorphic, i.e.,
it has continuous partial derivatives and it is such that

Orfi(x +yI) = % (a%( ”a%) fix+yD)=0

forall x+yI € B;. Therelationship between slice regular functions and holomorphic functions of one complex
variable is made clear in the following lemma.

Lemma 2.1 (Splitting Lemma). If f is a slice regular function on B, then, for every I ¢ S and forevery ] € S, ]
orthogonal to I, there exist two holomorphic functions F, G : B; — L such that for every z = x + yI € By,

fi(z) = F(z) + G(2)].

It is a well-known fact that every slice regular function on the unit ball B admits a power series expansion of
the form

f@=> d"an,

neN

where {an},en € H. The conjugate of f, which we denote by f¢, is the function defined by

f(a) =) q"an. M
neN
Morevover, we denote by)Nt the function N
f(@) = f(@.

The functionfis not slice regular but it is a slice function. The class of slice functions was introduced in [9] in
a more general setting than the present one. In this paper we say that a function f : B — H is a slice function
ifforany I, ] €S,

1-1 1+1

focryn = 15 poceyn+ 25 ey, @
Slice regular functions are examples of slice functions. Moreover, Formula (2) furnishes a tool to uniquely
extend a holomorphic function defined on the complex disk B; to a slice regular function defined on the
whole unit ball B (see [8]). Given f; : B; — H, holomorphic function with respect to the complex variable
x +yJ, the function ext(f;) : B — H defined for any x + yI € B as

1+
2

ext(f0cryD = 2 fite e yn + 5 ey

is slice regular on B.
Formula (2) can also be used to prove the following result concerning the zeros of a slice regular function.

Proposition 2.2. Let f be a slice regular function on B such that f(B;) C L; forsome I € S. If f(x + y]J) = O for
some ] € S\ {tI}, then f(x + yK) = O forany K € S.

The structure of the zero set of a slice regular function is completely understood.
Theorem 2.3. Let f be a slice regular function on B. If f does not vanish identically, then its zero set consists of

the union of isolated points and isolated 2-spheres of the form x + ySwith x,y € R,y # 0.
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A 2-dimensional sphere x +yS C B of zeros of f is called a spherical zero of f. Any point x + yI of such a sphere
is called a generator of the spherical zero x + yS. Any zero of f that is not a generator of a spherical zero is
called an isolated zero of f. Moreover, on each sphere x + yS contained in B, the zeros of f are in one-to-one
correspondence with the zeros of f€, see [8, Proposition 3.9].

In general, the pointwise product of two slice regular functions is not a slice regular function and a
suitable product must be considered, namely, the so-called slice or *-product. If f(q) = > ,.yq"an and
8(q) = 3" ,.cn 9" bn are two slice regular functions on B, then

frg@:=> d")  awbp. €)

neN keN

This product is related to the pointwise product by the formula

. _J) 0 iff(g=0
fre@ {f(q)g(rfc(q)) it(@) 0, “
where Tr(q) := f(q) " qf (q).
By means of the *-product, we can associate to a function f its symmetrization f*, that is,
(@ =f*fl@=Ff*f (. (5)

We remark here that the symmetrization f* is a slice preserving function, namely f*(B;) C L;forallI € S. In
particular, this is equivalent to the fact that the coefficients in the power series expansion of f° are all real
numbers.

Finally, we denote by f~" the inverse of f with respect to the *-product, which is given by

(@ = @) f ).

The function f~" is defined on {g € B | f(q) # 0} and f*f" = f " *f = 1. All of f¢, f* and f~~ are slice
regular functions if f is slice regular.

The basic theory of Hardy spaces HP(B) was established in [5]. Here we only recall some facts for the
Hilbert case p = 2 and for the extremal case p = oo since it is enough for our purposes. Set ¢? := ¢>(N, H). The
Hardy space H?(B) is the function space defined as

H%(B) := {f sliceregularon B : f(q) = Z q"an, {an}nen € Kz}.
neN

Each function f € H*(B) admits a boundary value function, defined in a canonical sense almost everywhere
(with respect to a measure X that will be described later on). We still denote this function by f. With this in
mind, if f € H?(B), whenever we write f(q) with |g| = 1, we are implicitly evaluating the boundary value
function associated to f.

The space H(B) is a right quaternionic Hilbert space with respect to the inner product

<Zq”an,2q"bn> =Y bnan. 6)

neN neN neN
This inner product on H?(B) admits also an integral representation. Let us endow 0B with the measure
dz (&) = do(t, @)
where dt is the Lebesgue measure on [0, 277) and do is the standard area element of S, normalized in such a

way that o(S) = X(0B) = 1. Then,
(f.g) = / (@ (@) d=(). ®)

oB
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The measure X, and not the induced Lebesgue measure on 0B, is naturally associated to the Hardy space
H?(B), as reasoned in [2, 5]. An important feature of this inner product is that it can be actually computed by
restricting it to any slice L;. In more detail, given any I € S we set

2m
.80 - 5 [ Eerie™as, ©

0

where d0 is the Lebesgue measure on [0, 27). For any I € S, it holds that
t.)- [E@@dza) - .8 10)
oB

We denote by H*(B) the space of bounded slice regular functions on the unit ball. Notice that H>*(B) C H*(B).
Definitions of inner and outer functions in the quaternionic setting are similar to the classical ones for
holomorphic functions and first appeared in [5].

Definition 2.4. A function ¢ € H*(B) is inner if |¢(g)| < 1 on B and |p(q)| = 1 Z-almost everywhere on 90B.

Definition 2.5. A function g € H?(B) is outer if given any f € H?(B) such that |g(q)| = |f(q)| for Z-almost every
q € 0B, then |g(q)| = |f(q)| for any q € B.

We point out that the definition of inner and outer functions were given in terms of the induced Lebesgue
measure m on 0B. It is not difficult to show that X and m are mutually absolutely continuous.
The following theorem was proved in [11] by the first two authors.

Theorem 2.6 (Inner-outer factorization). Let f € H*(B), f = 0. Then, f has a factorization f = ¢ * g where @
is inner and g is outer. Moreover, this factorization is unique up to a unitary constant in the following sense: if
f=@p*g=@1*g1, thenp; =@ *Aand g, = A* g forsome A € H such that |A| = 1.

The proof of this theorem makes use of the concept of cyclicity.

Definition 2.7. A function g is cyclic in H*(B) if

[g] :=span{gq"*g,n=0} = H?(B). (11)

We stress out that [g] is the smallest closed invariant subspace of H>(B) containing g. Thus, g is cyclic if the
smallest closed subspace containing g is the space H?(B) itself. In [11] it is firstly proved that each function
f € H?(B) admits a factorization f = ¢ * g with ¢ inner and g cyclic. Afterwards, being cyclic is proved
equivalent to being outer in the sense of Definition 2.5.

We remark that we work with right quaternionic Hilbert spaces, therefore the left-hand side of (11) denotes
the closure in H2(B) of elements of the form

m m
> (@ *gan=> (g*q"an=g* pm,

n=0 n=0

where py, is a quaternionic polynomial with scalar coefficients {an}7, C H.

3 Inner functions

Let us now focus on inner functions. To start, we would like to better understand any connection between f
being an inner function in H2(B) and the properties of f; (the restriction of f to the slice L; = R +RI), or of the
splitting components of f (see Lemma 2.1). Some of the results we include in this section are implicit in [11].
Here we state them explicitly and we make some remarks.
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We first prove a characterization of inner functions in H2(B). In the following statement the *-product
is the extension of (3) to the more general setting of slice L?> functions on 0B, that is, the space L2(dB) of
functions of the form g — 3, , g*a;, with ¢ € 0B and {a}kez € %, see [11]. If f(q) = > nez 9"an and
8(q) = 3_,c7 9" bn belong to L%(0B), then

f*8@):=>_q"Y arbp - (12)

nez keZ

Clearly, the boundary value function of every f € H 2(B) is a slice L? function.
Proposition 3.1. Let f ¢ H*(B). Then, the following are equivalent:

(i) fisinner;
(ii) f*fc = f¢€ *)NC =1 X-almost everywhere on 0B;
(iii) there exists I € S such that (7 *fO) = (f€ *)7) 1 = 1 almost everywhere with respect to the induced Lebesgue
measure on 0By.

Proof. Recalling Lemma 2.4 in [11], we know that f * f¢ = f€ *]7 = 1 X-almost everywhere on 0B if and
only if |f| = 1 Z-almost everywhere on 0B. Then, if f is inner, we immediately get the first implication of the
statement.

Suppose now thatf * fC = f€ *7 = 1 X-almost everywhere on 0B, so that |f| = 1 X-almost everywhere on
OB. Let g € H*(B), g # 0, and denote by Zgs = {g € B : g°(g) = 0}. Proposition 2.3 in [11] guarantees that
2(Zgs) = 0, whereas Proposition 5.32 in [8] guarantees that the map Tg : 0B \ Zgs — 0B \ Zs is a bijection.
Therefore, we have

If * gllze = lg° * €7 = / 8°(@*If(Ts(q))*d2(q) = / 8°()1*d2(q) = |Ig° 17z = l8lIFe
OB\Z,s OB\Z,s

where we used that |f| = 1 2-almost everywhere on 0B if and only if the same holds true for |f¢| (see [6,
Proposition 5]). This implies that f is a multiplier for H?(B). Thanks to [1, Corollary 3.5] we conclude that
f € H*(B) and, in particular, that f is an inner function. Hence, conditions (i) and (ii) are equivalent.
Clearly (ii) implies (iii). Suppose now that condition (iii) holds. Then, for almost every t € [0, 71), we have
both
1=f*f") and 1=F*f ™) =F*f(e

Using Formula (2) we obtain that, forany J € S,

Fepeoty . L=JI 1+]I
ff(e)——2 = 1.

Recalling that dZ(e!) = dtdo(I), see (7), we immediately get (ii). O

Remark 3.2. We point out that the previous proof actually showed that condition (iii) implies (f * fO) =
(f¢ * f); = 1 almost everywhere on 0B; for any I € S.

By means of the previous result we obtain another characterization of inner functions in H 2(B) which is often
used as the definition of inner functions in more abstract Hilbert spaces (see, for instance, [12]). Recalling the
notations from (6) and (9) and denoting by 6§ (j) the Kronecker delta, we have the following theorem.

Theorem 3.3. Let f € H%(B). Then, the following are equivalent:

(i) fisinner;
(ii) forall k € N, we have
(q*f.f) = 6:0);

Brought to you by | Universita degli Studi di Milano
Authenticated
Download Date | 4/29/19 9:35 AM



DE GRUYTER Quaternionic inner and outer functions =— 49

(iii) there exists I € S such that, for all k € N, we have

(d*f.f); = 61(0).

Proof. Letf(q) =3 ,cnq"an € H?(B). Then, for g € 0B, we get

k*f f> <an+k ,anan>= Z andp_y.

n=0 n=0 n=max{0,k}

We point out that g* * f has to be interpreted as a *-product in the setting of slice L? functions as defined in
(12). Moreover, for X-almost any g € 0B, it holds that

ff@=Yq¢a and fl@=) ¢"an.

n=0 n<0
Hence,
7 k — k —
frf@=3a") @napx=3 4" > @naps
keZ  nel keZ  n=max{0,k}

Therefore, for any k € N, we obtain that <qk *f. f ) is the k-th coefficient in the power series expansion of f¢ *f.
From this fact and Proposition 3.1is now easy to deduce that (ii) follows from (i). The reverse implication can
be proved using the natural extension of the H? inner product to the bigger space of slice L? functions, namely,

<Zq an,Zq"b > 2=Zb7m.
nez

nez

In fact, suppose (ii) holds. Then, the k-th coefficient in the power series expansion of f¢ *fvanishes fork>0
and equals 1 for k = 0. To show that all the coefficients with k = —n < 0 equal zero consider

(@"*f. )z =" *fhra={(q"*f,f) =0

thus the first part of the theorem is proved.
From (10), we obtain that (ii) is equivalent to (iii). In fact, the inner product of H>(B) can be computed
on a single slice and it does not depend on the choice of the slice. O

In general, the restriction f; of f to the slice L; is a function of one complex variable, but still quaternion-
valued. If f; were a complex-valued function, then f; would truly be an inner function of H>(D). Therefore,
Theorem 3.3 guarantees that the restriction to any slice L; of a slice regular inner function of H?(B) is “almost”
an inner function of H?(DD). At this point it is natural to question about a simple converse. We wonder whether
any inner function F € H?(D) admits a slice regular extension f := ext(F) to the unit ball B such that f is inner
for H?(B). Here we are identifying D with B;. We obtain an answer in the form of the following corollary.

Corollary 3.4. Let F € H?(D) be an inner function. Then, the slice regular extension f = ext(F) is an inner
function of H>(B).

Proof. Since the inner product of H?(B) can be computed on any slice, it is clear that f = ext(F) € H?(B)
whenever F € H?(D). The conclusion now follows from Theorem 3.3 since condition (iii) is satisfied for I =
i O
We explicitly point out that not all the inner functions of H>(B) trivially arise as the regular extension of some
inner function of H2(D). In fact, if a slice regular function f is the extension of a complex inner function F,
then it necessarily preserves the slice L;, i.e. f(B;) C L;. Recalling Proposition 2.2, we have that if a function
preserves a slice, then all its isolated, non-spherical, zeros are contained in that slice. It is enough to take a
slice regular Blaschke product which has at least two zeros that are not on the same slice (and neither on the
same sphere). See [5] for an explicit construction of such a function.

So far we investigated how f being an inner function in H?(B) affects the restriction of f to any slice. We
also want to understand how being an inner function affects the splitting components of the function (see
Lemma 2.1). The following is our best result in this direction.
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Theorem 3.5. Letf € H>(B), I,] € S, J orthogonal to I, and F, G : B; — C be holomorphic functions so that,
forany z € By,
fi(2) = F(2) + G(2)]. (13)

Then, f is inner if and only if for Lebesgue-almost every x € 0By, the following conditions hold:
F@)* + (G =1

(14)
F(2)G(z) = F(2)G(2).

Proof. If F, G are the splitting components of f; as in (13), then, following [8, Chapter 1], we get
ff@)=F@-G)J] and  fi(2) = F) +G&). (15)
Consider now the power series expansion
flq) = Z q"an = Z q"(an + Bnl),
neN neN
where an, Bn € L;. Then,
F@) =) Z'an, F@ =) 2"tn, G@)=) 2"Bn, G@) =) z"Bn.
neN neN neN neN
Hence, for almost every z € 0By,

F*7u@ = (32" @n+pnd) * (- 2"@n - Bl

n<0 n=0

= Z z" Z (a_x + B @y = Br-i))

n€Z  ks<min{0,n} (16)
=> 2" Y (@l + BoaBi) + Bk~ A iBri)]

n€zZ  ksmin{0,n}
= FQ)F(2) + 6G(2)G(2) + (G&)F(2) - FZ)G(2))].

Combining (16) with Remark 3.2 we get
F@)F2) + G(2)G() + (GR)F(2) - FZ)G(2))] = 1
for almost every z € dB;. This holds if and only if (14) is satisfied. O

We conclude this section showing that the characterization of inner functions in [12] involving their H? and
H* norms works in the quaternionic setting as well.

Theorem 3.6. Let f € H2(B). The following are equivalent:
(i) fisinner;

@) il = flla= = 1;

(iii) ||f||g2 = 1 and for all k € N and A € H we have

16" + D * fllze < Nl + All -
Proof. Clearly, if f is inner, then its H* norm equals 1 and

12 = / fPds =1,
0B

that is, (i) implies (ii). We deduce that (ii) implies (iii) from the fact that the multiplier space of H2(B) can be
isometrically identified with H>(B) and the fact that ||f|| g~ = 1 implies ||g*f| : < ||g|/y forany g € H*(B). To
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DE GRUYTER Quaternionic inner and outer functions = 51

see that (iii) implies (i) we exploit Theorem 3.3. If ||f|| ;2 = 1 and f is not inner, then there must be k € N\{0}
such that

(g"*f.f) #0.
Choose such k and notice that, for all A ¢ H, we have
g + Allf = 1+ A%

Let us now compute the left-hand side in the condition in (iii) with a A to be chosen later. It holds that

1@ + ) * fllF2 = 1a" * F1l7 + AP |If I3 + 2Re(A{g" * £, f)).

Since the shift is an isometry over its image on H?(B), we see that the first two addends of the right-hand side
sum to [|g¥ + A||%.. Choosing A = <q" * f, f) we contradict the hypothesis in (iii). O

4 Outer functions

In [11] it was shown that the Definition 2.5 of outer functions is equivalent to the concept of cyclicity, extending
a celebrated result of Beurling. Recall that a function g € H?(B) is cyclic if [g], the smallest (closed) subspace
of H%(B) invariant under the action of the shift, is all of H?(B). What is currently missing in the quaternionic
setting is an analogous of the classical characterization of outer functions on the unit disk in terms of the
logarithm. Namely, f € H?(DD) is outer if and only if

= b
- aesp {5, [1oglf(e™) &2 do 7
0

forany z € D. In this section we prove some preliminary results that go in the direction of finding an analogous
characterization for quaternionic outer functions. We provide some necessary conditions as well as sufficient
ones for a function to be outer. Some of these conditions are in terms of the symmetrization f* of the function
f. We will see that, in some cases, f being outer is equivalent to f° being outer. Since f* is slice preserving, a
logarithm characterization for f* to be outer is available.

Most of our proofs rely on cyclicity, thus similar proofs could work for function spaces in which outer and
cyclic functions do not necessarily coincide.

Our first finding does not come as a surprise, but it will be used in what follows.

Lemma 4.1. Let f € H>(B). Then, f is outer if and only if f€ is outer.

Proof. Letf = f;*f, be the inner-outer factorization of f where f; denotes the inner part of f and f, denotes the

outer part. Assume that f is outer, that s, f = fo, so that f¢ = (f,)°. A priori, we do not know if the conjugate of

an outer factor is still an outer factor. Thus, assume for the moment that f€ is not outer, that s, f¢ = (f€);*(f)o.
Then, on the one hand f = f,, on the other hand

f=0) = ((FDo) > (F))".
In particular, thanks to [11, Proposition 2.3], for Z-almost every q € 0B,
If(@)] = [fo(@)| = 1((F)o) * (F)D (@] = [((F)o) (@)

Since f is outer, we get

f(@)] = fo(@)] 2 [(F)o)(q)|

for any g € B. However, recall that a function is inner if and only if its conjugate function is inner ([11, Propo-
sition 2.1]), hence |((f€);)°(q)| = 1 inside the ball and we also get

F@)] = 1fo(@)] = (FV) @I (Tpe(@)] = [((FDo) (@),
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where ch (@ = (F)o) () 1q((f)0)¢(q). We remark here that (f€), is never zero in B since it is the outer
factor of f¢, hence ((f€)o)¢ never vanishes as well. As a consequence, ch is a bijection of B to itself; see [8,
Proposition 5.32].

Therefore, we obtain that |((f€);)°| = 1 in B, hence, for the maximum modulus principle in the quater-
nionic setting, we conclude that ((f€);)¢ = a where a is a quaternion of modulus 1. Thus,

fC = a * (fC)O’
that is, f¢ is outer and the proof is concluded. O

Let us now introduce the concept of optimal approximants which will be needed in what follows.

Definition 4.2. Letn € N, f € H*(B) and Pn := {p(q) = > koo q“ay : ay € H}. A polynomial p, € Py is an
optimal approximant of degree n of f " if pn is such that ||f * pn — 1||gz = min{||[f *p - 1||g2 : p € Pn}.

The existence and uniqueness of such a minimizer is guaranteed by the projection theorem for quaternionic
Hilbert spaces, see [10]. In particular, the minimizer f *p, is given by the orthogonal projection of the constant
function 1 on the closed subspace f * P, C H%(B).

The constant function 1 plays a special role because it is cyclic. Then, to show the cyclicity of a function
f is equivalent to show that its optimal approximants satisfy

Hf*Pn—1||Hz—>0 as n — oo, (18)

In fact, if the constant function 1 satisfies equation (18), then it belongs to [f]. The fact that this is a closed
and invariant subspace guarantees that H>(B) = [1] C [f], that s, f is cyclic.

The following result states the relationship between the invariant subspace generated by an H? function
f and the inner-outer factorization of f.

Lemma 4.3. Let f ¢ H*(B) factorizes as f = f; * fo, where f; is inner and f, is outer. Then, [f] = [f].

Proof. Let {pn}nen be a sequence of polynomials such that ||fo * pn — 1|2 — 0 as n tends to eo. Since f; is
bounded, it is a multiplier, so that

If * pn = fillgz < [fill a=1lfo * Pn = 1| 2.

This shows that f; € [f] and hence [f;] C [f]. The inclusion [f] C [f;] follows from the fact that [f;] = f; * H*(B),
and this latter space clearly contains f since f, € H>(B). O

Lemma 4.4. Let f,g € H™(B). Then, f * g is cyclic if and only if both f and g are cyclic.

Before proving the lemma, notice that even in the complex case the assumption f, g € H*(D) cannot be
discarded since there are functions in H?(D) whose square is not an element of H>(D).

Proof. To show that f * g cyclic implies g cyclic, thanks to Lemma 4.1, it is enough to show that f * g cyclic
implies f cyclic and then apply the result to g€ * f€. Suppose now that f * g is cyclic and consider the inner-
outer factorization of f = f; * f, with f; inner and f, outer. Then, [f] = f; * H*(B). Hence, f *g = f; * (fo * g) is
an element of [f], since f, € H>(B) and g € H>(B) guarantee that f, * g € H>(B) (see [5]). Then, [f * g] C [f]
but [f * g] = H*(B). Hence, f is cyclic.

Suppose now that f and g are cyclic, and let {pn }nen and {rm} men be sequences of polynomials with the
property that both the norms ||f * pn — 1|2 and ||g * rm — 1|2 tend to zero as n goes to infinity. Then, for each
n, m € N, from the triangle inequality we get

F*g)* (rm*pn) = Ugz < |(F* &) * (rm * pn) = f * Pullgz + |If * Pn = 1| 2.

The last term on the right-hand side will be arbitrarily small whenever n is large enough. The other one
may be estimated using the fact that f and p, are both multipliers, that is,

1GF*8)* (rm * pn) = * pullgz < |If = - & * rm = Lllg2 - [|Pnll -
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Now, whatever the value of ||f||g~||pn| g~ is, it does not depend on m. Hence, if we fix e > 0 and n € N, taking
m large enough we obtain

g * rm = 1 g2 < €(|fllg=|Pnllg=) "
Therefore, f * g is cyclic. O

The previous result will prove particularly useful when applied to the symmetrization f5 = f * f¢ = f¢ * f of a
function f € H*(B).

For each p € [1, oo, the function f* is in H?(B) provided that f is in H??(B). In particular, if f € H*(B),
then f$ € H*(B), see [5].

Corollary 4.5. Let f ¢ H*(B). Then f is cyclic if and only if f* is cyclic.

Proof. If f is bounded, so is f¢ (see [6]) and we can apply both Lemma 4.4 and Lemma 4.1. O

As we mentioned, the importance of f$ comes from the fact that it preserves slices, that is, it can be seen as
a holomorphic complex-valued function on each slice. This is important because we can transfer the theory
from the disk to the quaternionic ball. In the following theorem we denote by H 2(B)), I € S, the function
space defined as

H*(B)) = {f eB; —Lr:f(2) = Zz”an, {an} C (N, L,)} .

n=0
It is clear that H2(B;) can be identified with H?(D).

Theorem 4.6. Let f ¢ H*(B). The following are equivalent:

(i) fis cyclicin H*(B);
(ii) f is outer in H*(B);
(iii) fSis cyclicin H>(B);
(iv) f* is outer in H>(B);
(v) f¥is cyclicin H*(By) forall I € S;
(vi) there exists I € S such that f} is cyclic H 2(B));
(vii) f3 is outerin H*(By) forall I € S;
(viii) there exists I € S such that f} is outer in H*(By).

Proof. The equivalence between (i), (ii), (iii) and (iv) is guaranteed by Corollary 4.5, and by [11, Theorem 4.2].
Also, since f7 is a holomorphic function, the equivalence of (v) and (vii) and the equivalence of (vi) and (viii)
are well-known consequences of the Beurling Theorem.

Let us now prove that (iii) implies (v). Let f* be cyclic in H?>(B) and let I € S. Then, for any g; € H*(B;) there
exists a sequence of quaternionic polynomials {pn} e such that ||f° * pn — ext g7||z tends to zero as n goes
to infinity. Let now pn(z) = Pn(2) + Qn(2)J be the splitting of p, with respect to J € S, J orthogonal to I. Then,
evaluating the H? norm on the slice L;, we get

IF* * pn — extgillfe = |Iff (P + Qu)) - 81lip@y = IffPn - 1lli@,) + 1Qnll g,

where the last equality is due to the orthogonality of I and J. Therefore, the sequence of complex polynomials
{Pn}nen in the variable z € By is such that ||ff Pn — g1l|2(5,) tends to zero as n goes to infinity, that is, f7 is
cyclic in H?(B;). To conclude, it suffices to show that (vi) implies (iii), since clearly (v) implies (vi). Suppose
that f? is cyclic in H*(By), for some I € S. Consider g € H*(B) and let g(z) = F(z) + G(2)] be its splitting on
B; with respect to ] € S, J orthogonal to I. By hypothesis, there exist two sequences { Py }ncny and {Qn } e of
complex polynomials in B; such that ||ff Pn — F|| g2, and [|ff Qn — G|l g2(s,) tend to zero as n goes to infinity.
Then, using again the fact that the H 2 norm can be computed on any slice, and the orthogonality of I and J,
we get
If* * ext(Pn + Qn)) - 872 = Iff (P + Qu)) - 81lli@,) = IIff Pn + Qu)) = (F + GD)|l3p,)

= IffPn - Fllfp,) + Iff Qn - Gliip,)-
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This latter quantity tends to zero as n goes to infinity, thus we can conclude that f* is cyclic in H(B). O

Notice that the notion of outer function in (vii) and (viii) is the classical one, hence it may be expressed as in
(17), that is, in terms of the mean value property of the logarithm. We remark once again that the assumption
f € H*>(B) cannot simply be dropped, not only because we need f* to be defined as a H?(B) function so that
we can apply Beurling Theorem to it (and this would be guaranteed if f ¢ H*(B), see [5]), but also because of
the applicability of Lemma 4.4, for which we need f € H*(B).

The presence in Theorem 4.6 of the hypothesis f € H>(B) is likely unsatisfactory. At the moment, we have
not been able to show any characterization in terms of mean value properties for more general f. However,
sufficient conditions may be shown. Given w € B let 7, denote the slice regular Mgbius transformation of the
unit ball taking O to w, see [13],

Tw(@) = (1-q0)" *(w-9g),

w-Rew
|w-Re w|

and let I, be the imaginary unit identified by w, that s, I, =
otherwise. With this notation, it holds that

if w is not real, I, is any imaginary unit

(Tw)1,(2) = (1~ z0) (@ - 2)
foranyze BNLp,.

Proposition 4.7. Let f € H>(B). Suppose that for all w € B we have

1
= / log Ify, o Tw(e®)|d6 = log |f(w)|- (19)
a]EIw

Then, f is outer.

Proof. Suppose that g is a function such that on 0B we have |f| = |g| Z-almost everywhere, and let w € B.
Then,

1
log f(@)| = 5= [ o8 i, o Tufe)/de.
3By,

Since |f| is equal to |g| on the boundary, the right-hand side is equal to

1
5 / log\glwo‘rw(eelwﬂd&
aIBIw

Notice that the composition g, o Ty is well defined on the slice L;, and it is indeed the restriction of the
slice regular function ext(g;, o 7). Recalling that the logarithm of the modulus of a slice regular function is
subharmonic (see [5]), we get

1
57 [ 1oslgn, o Tule”™)1d0  log g(w).
OBy,

All this together yields that |f(w)| = |g(w)|. Since w was arbitrary, we conclude that f is outer. O

5 Optimal approximants

In this section we extend as much as possible the theory of optimal approximants to the quaternionic setting.
A good account of the theory of such polynomials in the classical holomorphic setting is given in [3].

Recall that, given n € N, Pn = {p(q) = >}, qday : ay € H}. The reproducing kernel of the subspace
f*Py exists since it is a closed subspace of H>(B) which is itself a reproducing kernel Hilbert space with kernel
function k(g, w) = (1 - qw)~". Let {f * @4}, be an orthonormal basis of f * P, where ¢, is a polynomial of
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degree k forany k = 0, ..., n. Then, from the reproducing property we can see that the reproducing kernel of
f * Pn is given by

Kn(q, w) = f* (@) (Kn(aq, W), £ * pi) = D F* 9i@)f * @ic(w).

k=0 k=0

For more information about reproducing kernel Hilbert spaces in the quaternionic setting we refer the reader,
for instance, to [14].
Notice that, since f * p, is the orthogonal projection of the constant function 1,

Fron@ = F*oul@)(1,f* i) =Y f* pr@f * 9,(0),
k=0 k=0
i.e.,
f*pn(q) = Kn(q, 0). (20

In particular, if f(0) = 0, then p, = O foralln € N.

Theorem 5.1. Let f ¢ H*(B) be such that f(0) # 0 and let pn be the optimal approximant of f~* of degree
n € N. Then, all the zeros of pn, lie outside the closed unit ball B.

Proof. First, let us show that we can reduce the problem to optimal approximants of degree 1. Let A be a zero
of an optimal approximant p, for the function f € H?(B). Then, there exists A on the same two dimensional
sphere of A such that pS(q) = (g —A) * pS, so that pn(q) = Pn * (g - A), where py, is a polynomial of degree n - 1
and |;1| = |A|. Then, the optimality of p, guarantees that (q - A) is the optimal approximant of degree 1 for the
function f * pn, € H?(B) which implies that A is also a zero of a degree 1 optimal approximant. Therefore, in
order to understand the possible positions of any such zero, it is enough to understand the same question for
n = 1. Now, suppose that p1(g) = (g - A)c is the optimal approximant of degree 1 of f~". Then, by definition
of orthogonal projection, f * p; — 1 must be orthogonal to f * g, which translates easily in the equation

0=(f*p1,f*q)={(f*qc—fAc,f*q),

which implies that
fraq,f*qyc=(f,f*q)Ac,
that is, ,
*
Y N
=T a @)

Notice that f * q is never a multiple of f unless f = 0 (which is against our hypothesis), and hence we can
apply Cauchy-Schwarz inequality as a strict inequality to (f, f * q) in (21) to get

iF*al
A>T

Since f * g = g* f and the shift is an isometry, the right-hand side is equal to 1 and the proofis concluded. [

Notice that all the points outside the closed unit ball are zeros of some optimal approximants. Indeed, if
p1(q@) = g - Awith |A] > 1, then p7" € H?*(B) and ||p7” * p1 - 1|| = 0. Therefore, p; must be the only optimal
approximant.

We can further understand the relationship between optimal approximants and orthogonal polynomials
in the spirit of [3].

Theorem 5.2. Let f € H*(B) and let py be the optimal approximant of degree n € N of f~". Let {f * ¢ ktieo be
an orthonormal basis of f * Pn, where @y € Py. Then, the following are equivalent:

(i) fis cyclic;
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(ii) pn(0) converges to f~*(0) as n — oo;

(iii) Y20 x> = [f ().
Proof. Bearing in mind that f * py is the orthogonal projection of the constant function 1, we can see that

If*pn—11> = (1~ f*pn, 1= f*pn) = (1 - f *pn, 1) = 1 - £(0) * pn(0).

From this equality, the equivalence (i) — (ii) is easily deduced. Also, from (20) we see that either (i) or (ii)
is equivalent to 1 — K,(0,0) — 0 as n — oo. However, K,(0, 0) tending to 1 is equivalent to (iii) and this
concludes the proof. O

6 Some open problems

We consider that the topic needs more development. We propose a few questions that seem natural from
where we stand, beyond the obvious elimination of the boundedness hypothesis in Theorem 4.6.

(A) Iff € H>(B), let f = f; * fo and f€ = (f€); * (f%), be the inner-outer factorizations of f and of its conjugate
function. Then we also have f = f; * fo = [(f€)o]€ * [(f€);]¢. Is there any relationship between these two
factorizations? Is there something that can be said about the inner-outer factorization of f5?

(B) Suppose that the symmetrization f° of a function f € H?(B) is inner. Is it true that f (or f€) is inner?

(C) Is the sufficient condition in Proposition 4.7 necessary for a function to be outer? This can be shown for
f* under the assumption that f is a multiplier.

(D) The boundary values of slice components of a quaternionic inner function form what is usually called a
Pythagorean pair, a special situation in which two functions have modulus 1 everywhere when seen as
one function in T?. Such pairs arise in connections with the so-called de Branges-Rovnyak spaces and
other areas of mathematics. Can anything else be said about this relation at all?
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