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is the inclusion of a “dilution effect” of populath growth on per capita human capital
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shown that an increase in the population growtk ga¢lds an ambiguous impact on the
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growth on economic growth. When the dilution effescsufficiently low, an unambiguously
positive correlation between population growth aesdnomic growth is obtained. When it is
sufficiently high the correlation may be either pios or negative or neutral. Another result
is that more population growth generates an intliceas effect on the rate of innovation and
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1. Introduction

The Secretary-General of the United Nations (UNh Ba&moon’s annual speech for 2014
World Population Date holds key messages for a raostainable future for generations to
come. He calls attention to investing in young pedpr the economic prosperity of all
countries and underlines the importance of givingrgties to the youth in development plans
in order to increase the young involvements in yv&late of life and to strength the
partnerships between young organizations and l&siffdne reason why Ban Ki-moon draws
such an attention mainly relies upon the realitthimworld population that is captured by the
UN itself. According to the last revision of the UN is a fact thathe world population
reached to 7.2 billion in mid-2013 with 5.9 billicare living in less developed countries
which is equal to 82.5 per cent of the world’s tptndit is projected to reach 9.6 billion in
2050 by increasing more than 2.4 billion more tha2019...] even under the assumption of
decreasing fertility rates (UN, 2013a, pp.1-5). Aiddally, World Population Policies 2013
report of the UN reveals that differentiated pagiand programs at both national and
international level are strongly needed becausth@fnew population patterns and trends.
According to this report Ii the past two decades, many governments in lesslaped
regions have realized the importance of reducirghhiates of population growth, while a
growing number of governments in more developetnsghave expressed concerns about

low rates of population growth” (UN, 2013b, p. 1).

The question is that why some countries focus alugieg the rates of population growth
while the others focus on raising it? The lattect fahows that the correlation between

population and economic prosperity varies withldwel of economic progress.

The relationship between population growth and eawa growth has always been taken into
account comprehensively by the economists anddheypmakers. From the economic point
of view, - starting from the Malthusian theory udies on the impact of population growth on
economic growth can be categorized as follows: iRestic views, optimistic views, and

neutralist views. According to the pessimists, papon growth has detrimental effects on
economic growth. Simply they claim that econommsorgces (such as food supply) are fixed

in the long run, and technological progress is éfsited to increasing populatioh Unlike

Y For the main proponents of this group, see Maltfir98), Coale and Hoover (1958), Ehrlich (1968)tHa standard
growth theory where savings rate and technologisahge are exogenous, population growth lowersmecbecause of the
(physical) capital dilution. For some empiricaldis, see Mankivet al (1992), Ahituv (2001), Li and Zhang, (2007) and
Herzeret al (2012).



pessimists, optimists argue that population groaftects economic growth positively due to
the endogenous technological progress and scaetefof larger populatiorfs.ast group,
neutralists claim that the impact of populationvgito on economic growth is so little (either

positive or negative or non-existent) that can égligible.?

Until now, the literature revealed that “[.pppulation growth is not all good or all bad for
economic growthas Kelly and Schmidt (1995, p. 554) argue inttip@iper. Instead of asking
“what is the net impact of population growth on mamic growth?”, asking the question of
“why does population growth affect countries’ econo growth differently?” would be
much more significant in order to get an accurat®neer about the sign of the relationship
between population growth and economic grovRrettner (2013), Romero (2013) and
Mierau and Turnovsky (2014) argue that the roldexhography is another factor to evaluate
the relation between population and economic grovitbwever; the nature of the
demographic changes (mortality, fertility, and &girs not at the focus of this papéBoth
theoretical and empirical studies in the (endogengrowth) literature have showed that
“...Whether population growth or population size fosiehamper economic growth strongly

depends on the modeling framewatkPrettner and Prskawetz, 2010, p. 607).

In the light of this wide literature, this papetespts to analyze the impact of population
growth on economic growth under endogenous teclgicab change and human capital
investment by agents. The model we study in thmepas based on an endogenous growth
model with expanding variety of produtishere return to specialization is always positive.
We consider a closed economy in which final outmitermediate and research sectors are
vertically integrated, and there are three typefhi@hogenous agents which are perfectly
mobile and fully employed. In this economy governtaé activity does not exist, population
grows exogenously, and there is no external sham sas migration. Individuals are

assumed to spend their time to work and investumadm capital.

The important novelty of this paper comes fromiiccwhich is not presented in the original
Uzawa (1965) and Lucas (1988) model. Lucas (198f)es that newborns do not reduce the

2 For some models (with endogenous technologicahgégin which population size (and/or growth) af$eeconomic
growth positively; see Kuznets (1967), Boserup (39&imon (1981), Romer (1990), Grossman and Healpi®91),
Aghion and Howitt (1992), Kremer (1993), Jones @9

3For an example; see Srinivasan (1998).

*To address the question, Kelly (1988) providegxensive review. For some recent substantial aealysee also Prettner
and Canning (2014) and Prettragral (2013). Lastly, Strulilet al (2013)’s ‘thild quantity-quality trade off; and Prettner
(2014)’s schooling intensityapproaches are important examples for showing dverae effect of population growth on
economic growth under the R&D-based growth modetb tvsman capital accumulation.

® For a detailed explanation of the model structeeeBarro and Sala-i Martin (2004, Chp.6, p. 285).
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current skill level of individuals hence; populatigrowth does not exist in the formulation of
human capital accumulation. Unlike Lucas, Buccil@0p. 2029), Strulik (2005 p. 137) and
Dalgaard and Kreiner (2001, p. 190) illustrate thapulation growth decreases the average
human capital level of an economy, and therefoas, d dilution effect on the accumulation
of per-capita human capital. Additionally, we kntvat there are some empirical studies also
concluding that the population growth has a dieotl negative dilution effect on human
capital investmenf Our explanation mainly rests on the inclusion of explicit dilution
effect of population growth on human capital acclation. Then, we extend our benchmark
formulation by introducing a parameter which measuhe strength of this negative effect of

population growth on per-capita human capital itwest.

The objective of the present paper is thereforddldoFirst, it answers the latter question by
providing an alternative but complementary thecedtiframework that explains why an
increase in the population growth rate -regardéske source of demographic chafigmay
yield an ambiguous (positive, negative or neutmapact on the growth rate of per-capita
income in the very long run. Second, it aims tol@st® that to what extent the dilution effect
of population growth explains the different ratédseoonomic growth across countries. The
results have demonstrated that the strength of diigion effect has a central role in
accounting for the ambiguous impact of populatioongh on economic growth along the
BGP equilibrium. Another result of the paper iatthopulation growth has an indirect ideas

effect on real per-capita income.

The remaining part of the paper is organized akva. In Section 2 we lay out the
benchmark model whose predictions are analyzedyatos BGP in Section 3. Section 4 we
demonstrate the relationship between populatiowtir@and per capita income growth under
the BGP equilibrium. Finally, section 5 we concluidhe paper and provide a ground for

possible future extensions.
2. The Model
2.1 Production

Consider an environment in which three sectors abifvidy are vertically integrated. The

research sector is characterized by free entrye Hirms combine human capital and

® See Boikost al (2013, pp. 52-56). See also Coale and Hooverg)1fa6 the types of dilution effect of populatiorogith.
"Notice that, Boucekkinet al (2002 also follow a similar method of approach to invgate the effects of population
growth on economic growth. The authors find a pafoih growth rate which maximizes the growth rate.
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(eventually) the existing number of ideas to engag@novative activity that results in the

invention of new blueprints for firms operatingtime intermediate sector. The intermediate
sector is composed of monopolistic competitive &irffhere is a distinct firm producing each
single variety of intermediates/durables and h@dinperpetual monopoly power over its
sale. In the competitive final output sector, atstmi firms produce a homogeneous
consumption/ final good/output by employing humapital and all the available varieties of
intermediate inputs. The representative firm praaycfinal output has the following

technology?
B n
Y, = f HZ [ ()7 di, a=0, 0<z<1 (1)
0

In Eqg. (1)Y denotes the total production of the homogeneous final goodtherairein the

model), x, and H, are, respectively, the quantity of thth intermediate and human capital

input employed in the sector. The number of ideas existingcattain point in timént)

coincides with the number of intermediate-input varieties and regisegenactual stock of
non-rival knowledge capital available in the economy. Here, we assume that) lzalarger
number of intermediate-input varieties do not lead any detrimental effeciggregate
productivity in the production process. As a whole, the agdeeproduction function (1)

displays constant returns to scale to the two private and rivaldagtats (H, and x ), with

1- Z and Z corresponding to their shares in GBRthenz D(O;l), final output production

takes place by using simultaneously human capital and intermediates

The inverse demand function for thh intermediate reads as:
p.t - Znﬁ lt—Z( )&)Z—l (2)

Eq. (2) represents thath intermediate producer receives its own marginal product atttjime
since the industry is competitivén the absence of any strategic interaction across firms in
the intermediate sectr the demand for théth durable has price elasticity (in absolute

8We follow Ethier (1982) and Romer (1987; 1990).
% Since final output is produced competitively undenstant returns to scale to rival inputs, at ldgiium Hv and % are

rewarded according to their own marginal produldBnce,(l‘z) is the share o¥ going to human capital ang is that

accruing to intermediate inputs.
9 That amounts to assuming that the number of irgdiate firms i) is so large that each of them produces only & ver
negligible share of the total supply of intermeeiat



value) equal td/(l—Z) > 1, which coincides with the elasticity of substitution betweay
two generic varieties of capital goods in the final output prodocti

In the intermediate sector, firms engage in monopolistic corgetiEach of them produces
one (and only one) horizontally differentiated durable and must asech patented design
before producing its own output. Thus, the price of the patentsepts a fixed entry cost.

Following Grossman and Helpman (1991, Ch. 3), we assumeaitelt monopolists have

access to the same one-to-one technology:
X =h,  Oigfon], 0] 0;e0) 3)

whereh is the amount of skilled labor (human capital) required in thdumton of thei-th
durable, whose output i§. For givenn, Eq. (3) implies that the total amount of human

capital used in the intermediate sector at tiftd, ) is

(h) di= (4)

O'—;P
O'—;J

By continuing to assume that there exists no strategic interamti@ss intermediate firms,
and making use of Eq. (2), maximization of the genetlt firm’s instantaneous flow of

profits leads to the usuabnstant markupule:

1 1 :
po=ow=sw=g.  Oidfon], n O[0re0) 5)

Eq. (5) says that the price is the same for alirmediate goods and is equal to a constant

markup(}/Z >1) over the marginal cost of producti(m, ) In a moment it will be explained

that in this economy the whole available stock winlan capita(H) is employed and spread

across production of consumption gofHs ), durablegH, ), and new ideg$,) . Since it

is assumed to be perfectly mobile across sectarggailibrium human capital will be

rewarded according to the same wage wate w, = w, = w, with w, denoting the wage

paid to any generic unit of human capital employedhe intermediate sector. Under the

hypothesis of symmetryie.,, p and x equal across’s — Eq. (4) leads to:

X, =H./n=x, 0i O[o;n,] (4)



7 =Z(1-2) P HE [ 2 =7, i Ofo;n,] (6)

Thus, each intermediate firm will decide at tim® produce the same quantity of outfxi,

to sell it at the same pri¢e), accruing the same instantaneous pfafjt The symmetry

across durables is a direct consequence of théHateach intermediate firm uses the same

production technology (3) and faces the same derfamction (see 2 and 5). Notice that,

Z 0(0;1) and the product within the square brackets is thezegreater than zeraz would

have been equal to zero &f had beenequal to one (instantaneous profit are zero in a

perfectly-competitive market). Under symmetry, El.can be recast as:
Y, =(HEZHE) n®, R=F+1-2>0 (1)

where Rmeasures the degree of returns to specializatiat,i$ 1...]The degree to which
society benefits from ‘specializing’ production weéen a larger number of intermedidtes
(Benassy, 1998, p. 63). In the present paper, imisiediate to verify thaRis always
positive The hypothesi® >0 implies that the impact on aggregate productiviyy )( of
having a larger number of intermediate-input vagetis always positiven(>0) for any

H, >0 andH, >0 (see Eq. 1'). According to Eq. (1’), the aggregpteduction function
exhibits constant returns kb, andH, together, but either increasi(1I3>1), or decreasing

(0<R<1), or else constafR=1) returns to an expansion of variety, while holdirg t

guantity employed of each other input fixed. Wiesspect to other settings, this article
introduces important novelties. Unlike Devereeixal. (1996a; 1996b; 2000) where, if all
intermediates are hired in the same quankithe returns to specialization are either
unambiguously increasifor at most constanf,we allow for the possibility that the returns
to specialization might also be decreasing. Unbkesci (2013), we explicitly rule out the

possibility that the returns to specializatiBrare negative?

" n Devereusxet al (19964, p. 236, Eqg. 1; 2000, p. 549, Eqg. 1), usyenmetry (x = x,0i) the aggregate production
function reads asy = XN”",pI](O;l)- Therefore, the degree of returns to specialinaéiqualsy/p , a number clearly
larger than one. This is thntreasing returns to specialization case Devereuxet al (1996b, p. 633, Eq. 4b, with=0

12 5ee Devereux et al. (1996b, p. 633, Eq. 4b, wvith —1/p).

Ba negativeR means that an increaserirwould lead to some sort ofiefficiency in the economy since, following a rise
of the number of intermediate-good varieties, agate GDP Y) would ceteris paribuglecline in this case.
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2.2 Research and Development (R&D)

There is a large number of small competitive firamglertaking R&D activity. These firms
produce ideas indexed by zero through an upper do®. Ideas take the form of new
varieties of intermediate inputs that are usedhi& production of final output. They are
partially excludable, but nonrival. With access ttee same stock of knowledge, a

representative research—firm uses only human dagpiteevelop new ideas:

no=yH,, n(0)>0 @)

In Eq. (7) isH_ the number of people attempting to discover nevasdandy is the rate at
which a single researcher can generate a new fieae the representative R&D-firm is
small with respect to the whole sector, it takess given. Hence, Eqg. (7) suggests that

R&D-activity is conducted under constant returnstale to the human capital inpu ().

We postulate that the arrival rage has the following specification:

W, =——" ! x>0, H>0, CDEO, n<li (7)

Using together (7) and (7’), the R&D-technologygtiroduction-function of new ideas)
reads as:

=L Ha

N qa 0 n@0)>0, x>0, wu>0, ®20, wu#d, n<l (8)
X My

In the equations aboveg is a strictly positive technological parameter bind the aggregate

amount of human capital available in the economlye Tate at which a researcher can

generate a new ide@/( is related to three different effects. The parampe measures the

traditional intertemporal spillover-effeciarising from the existing stock of knowledge,

n:n <0 reflects the case where the rate at which a neavetion arrives declines with the
number of ideas already discoveréfishing-out effect’); if 0<s <1, previous discoveries
raise the productivity of current research eff@igtanding-on-shoulders effect’ 7=0
represents the situation in which the arrival Gfteew ideas is independent of the available

stock of knowledgé? The cas@ =1 is ruled out from the analysis in order to avoasgible

" For a detailed discussion of thigshing out and “standing on shouldetgffects, see Jones (1995; 2005).
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scale effects, whereby an increase in the levalvaflable human capital may affect the rate

at which new ideas are produced over time. Thenpater/ captures the effect on the arrival
rate of a new innovation of the actual size of R&D process (measured by the number of

units of skilled labor-input actually devoted th i valuet/=0 would imply thatH , is not

an input to R&D-activity (Eq. 8). We rule out thisirealistic case by assuming that research
human capital is indispensable to the discovenyent designs and that its contribution to the

production of new ideas is always positivee.(/>0). If £=1, doubling the number of
researcherdd, would not affect the arrival rate of a new ideaBq. (7’), so leading to

exactly double the production of new innovations gt of time (Eqgs. 7 and 8); if/[1(0;1)

due to the existence of congestion/duplication retéies (‘stepping-on-toes effec);
increasing the number of researchers leads towctied of the rate at which each of them
can discover a new idea (Eqg. 7’) and to a simutiasencrease (but less than proportional) in
the total number of new innovations produced in uhé of time (Eq. 8)° In accordance
with Jones (2005, p. 1074, Eg. 16), we keep outyaisaas much general as possible and

impose no upper-bound to. According to Eg. (8), inventing the latest idemuires a
skilled-labor input equal téi,, = (yH ®/n”)"#, which can change over time either because

of the growth ofn (intertemporal knowledge-spillover effigcor because of the growth of
H . If @ is positive, an increase in population size wadteris paribudead to a rise oH

and, ultimately, to a decrease of research humpiat@roductivity (an increase k). The

hypothesis that the productivity of human capitalpéoyed in research may fall due to an
increase in population size can be justified byftw that it becomes increasingly difficult to
introduce successfully new varieties of (intermés)iagoods in a more crowded market
(R&D-difficulty grows also with the size of population, as suggedily Dinopoulos and
Segerstrom, 1999, p. 459). In Eq. (8) a positiveneasures the strength of this effect: all the
rest being equal, the larger and the bigger the decline in the R&D human capital
productivity following an increase of population size. On thieeotside, negativehows that
the productivity of human capital employed in reshasector increases because of the fact
that growing human capital stock leads to an irsea the ease of exchanging of ideas and

expanding the possibilities for creating interactidbetween researcherdNotice that the

15 Likewise, if K > 1, increasing the number of researchers wouldyirap increase (more than proportional) in theltota
number of new innovations produced in the unifrot(Eqg. 8).
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Jones’ (2005) formulation of the R&D process doestake these important features of the

inventive activity into accourlf

The R&D sector is competitive and there is freeaenA representative R&D firm has
instantaneous profits equal to:
. . [1H
R&D firm profits =| ——Ltn” |V - w, H, 9)
X H,

%_/
n

where:

T

o —jr(s)ds
Vm:J'ﬂiet dar, r>t (10)
t

T

In the last two equation¥, denotes the value of the generih intermediate firm (the one

that has got the exclusive right of producing ithle variety of capital goods by employing

thei-th blueprint), 7z is the flow of profits accruing to the samth intermediate firm at date

T, exp{—jr (s)ds} is a present value factor which converts a unprofit at timer into an
t

equivalent unit of profit at time, r denotes the instantaneous interest rate (the aéalof

return on households’ asset holdings, to be inttedun a moment), ang, is the wage rate

going to one unit of research human capital. Ejjsé§s that profits of a representative R&D

firm are equal to the difference between total R&Wenues (R&D outpuﬁ, times the price

of ideas,V,) minus total R&D costs related toval inputs (human capital employed in

researchH

i

times the wage accruing to one unit of this inpyd. Eq. (10), instead, reveals

that the price of the genernigh idea is equal to the present discounted valud@fréturns
resulting from the production of théth variety of capital-goods by profit-making

intermediate firm.

Using Eq. (9), the zero-profit condition in the R&Rctor implies:

1
®Wheno =0, Eq. (8) becomedh =; Hu » x>0,u>0, andp<1. This specification coincides with Jones (2005, Eq
16, p. 1074).
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Wi =— nfp rﬂVm =l//t\/nt (9’)
t

2.3 Households

The economy is closed and consists of many straitgtidentical households. Therefore, we
focus on the choices of a single infinitely-livednfily with perfect foresight whose size
coincides with the size of the whole populatid) &nd that owns all the firms operating in
the economy. Each member of the household can pefpldy invest in human capital.

Consequently, the aggregate stock of this factoutinH, =hL,) can rise either because
population grows at a constant and exogenouslynginaéeg, >0, or because per capita
human capitahy, endogenously increases over time. The houselsgd the income it does

not consume to accumulate new assets that takertheof ownership claims on firms. Thus:

A= (KA +wHg) - G, AQ0)>0 (11)

where A and C denote, respectively, household’'s asset holdingg @onsumption and

H.=uH=H,+H, +H_ is the fraction of the available human capital esgptl in

production activities (namely, production of comgiion goods and intermediate inputs, and
discovery of new ideas).Eq. (11) suggests that household’s investmensg®eta (the left-
hand side) equals household’s savings (the righttHiside). Household’s savings, in turn, are
equal to the difference between household’s to@dme (the sum of interest incoma, and

human capital income&yH.) and household’s consumptiof). Given Eq. (11), the law of

motion of assets in per-capita tern&s £ A/ L, ) reads as:

a=(r-g)a+(yh) w- ¢, a(0)>0 (11)

Where ¢, =C /L, andh =H,/L, denote consumption and human capital per capita,
respectively. The term g, in (11’) captures thedilution occurring in per-capita asset

holdings accumulation due to population growth amflects the ‘cost’ of bringing the

amount of per-capita assets of the newcomers ughe¢oaverage level of the existing

Y as already mentioned, at equilibrium all humaniza@mployed in production activities'¢) is rewarded according to
the same wagey.
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population. This formulation implies thaeteris paribus population growth tends to slow

down the investment in assets of the average iddaliin the population.

At each timé >0, the household uses the remaining fractior {1 of H, in educational

assignments. Human capital per capita accumulates a

h=[o-u)-&glh, >0, £>0, h(0)>0 (12)

whereo and & are parameters. The first measures the producti¥igducation, whereas the
second reveals the strength, if any, of the negadffect of population growth on per-capita
human capital investment. Whén=1, Eq. (12) shows the existence of a linear, onerte;
dilution effect of population growth on per capitaman capital accumulation (similar to
that of Eq. 11’). A possible explanation sich effect would be that since newborns enter the
world uneducated they naturally reduceteris paribusand at a given point in time, the
existing stock of human capital per capita. Indebis, effect is not presented in the original
Lucas’ (1988, EqQ. 13, p. 19) formulation. Lucassamption (newborns enter the work-force
endowed with a skill-level proportional to the leadready attained by older members of the
family, so population growthper se does not reduce the current skill level of the
representative worker) is based on #oeial natureof human capital accumulation, which
has no counterpart in the accumulation of physepital and of any other form of tangible

assets. Whed =0 Eq. (12) is able to recover this idea (Lucas, 19889). A value of

&0(0;1) represents an intermediate case between the peetviou

With a Constant Intertemporal Elasticity of Substitutio€IES) instantaneous felicity
function, the problem faced by a representativaitefly-lived family seeking to maximize

the utility (attained from consumption) of its meenb is:

Max UET a’-1 elora)t gy, p>g. 20, 6>0 (13)
{c.u.a.hl, o\ 1-6
st: a=(r-g)a+(yh)w- ¢, u, 0[0;1], Ct=0; Lt/LtEgL>O
h =[o-u)-&g]h, o>0; £=0

a(0)>0, h(0)> 0O given.
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In Eqg. (13) population at time D(0), has been normalized to one. The household chooses

the optimal path of per-capita consumpf{ojand the share of human capital to be devoted

1-6 _
to production activitief) . The other symbols have the following meanidgand (Ctl—ﬂlJ

are the household’s intertemporal utility functiand the instantaneous felicity function of
each member of the dynasty. We indicatedy O the pure rate of time-preference and by
1/6 > 0 the constant intertemporal elasticity of substimtin consumption. The hypothesis

p >0, ensures that) is bounded away from infinity iE remains constant over time.

3. General Equilibrium and BGP Analysis

Since human capital is fully employed and therestsxperfect mobility of this factor-input

across sectors, the following equalities must faldquilibrium:

HEEuth:HYt+HIt+Hnt (14)
Wi = Wy (15)
Wi = W (16)

Eq. (14) says that aggregate labor demand (thé-hghd side) should equal the fraction of
the available human capital stock employed in petidn and R&D activities (the left-hand
side). Egs. (15) and (16) together state thatthemprevious equality to be checked, wages do
adjust in such a way that the salary earned byumieof skilled labor in the intermediate
sector should be equal to the salary earned bgahee unit of skilled labor if employed in
research or in the production of final goods. Mmex, since household’s asset holdings
must equalize the aggregate value of firms, thodohg equation should also be met in

equilibrium:
A=V, (17)

Where is given by Eqg. (10) and satisfies the usoadrbitrage condition

\./nt = rtV

nt

74
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In the model, the-th idea allows thea-th intermediate firm to produce theh variety of
durables. This explains why in Eq. (17) total as4#t) equal the number of profit-making

intermediate firms 1) times the market valueV() of each of them (equal, in turn, to the

price of the corresponding idea). On the other h#meiho-arbitrage conditiorsuggests that

the return on the value of theh intermediate firm ¢v,,) must be equal to the sum of the

instantaneous monopoly profit accruing to itk intermediate input producerz() and the

capital gain/loss matured &f), during the time intervadt, V.. We are now able to move to
a formal definition and characterization of the rk&lBGP equilibrium.
DEFINITION: BGP EQUILIBRIUM

A BGP Equilibrium in this economy is a long-run gigaum path along which:

(1) All variables depending on time grow at constaras@bly positive) exponential
rates;

(i) The sectoral shares of human capital employmeptH, /H, j =Y, I, n) are

constant.
From this definition, Proposition 1 follows:
PROPOSITION 1
Along the BGP, the fraction of the aggregate stofckuman capital employed in production
activities is constanfthat is,u, = u,Jt =0). l
Proof. Immediate from Eq. (12), and the fact that thewgh rate of all time-dependant

variables is constant along the BGP equilibriume Tollowing results do hold along the

BGP (mathematical derivation can be found inAlppendices, AppendiyA

-Yt .It -nt .t -p)-(§-1-6 L
o _Ho_Hu o [(020) (E-2-0)a,] (18)
Yt It nt t (0—1)+0

n_ _Y[(o-p)-(¢-1-6)g,] _

n T YR(6-1)+6 =Y (19)
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_ 06+ YR(06 - p) —{0[5(1+ YR) - (1+ ZYQ]} g

' YR(6-1)+6 (20)
&, G _ 1
ya=g_yc_q_0(r p) (21)
Y. _ . _+YR)(o-p)-[YR(é-2)+(-D] g
ey ThaTteT YR(6-1)+6 (22)
oy lo=p)[RE-§)(6-9+£(1-6)-1g )
U[YR(9—1)+9]
_ Z(1-2)y,
S”_[l—Z+22][r+(1— R)y, — Vi |+ Z(1- z)ynu (24)
_ z? _
S -{m}(“ $) (25)
s = gz (v 9) (26)
H™ _x
nl—/7 _S:Iyn (27)
R=g+1-Z y=H=®
1-n

Eq. (18) gives the BGP-equilibrium growth rate loé economy’s human capital stocK {,
and of the human capital employment in final outfntermediate and research sectors. Eq.
(19) gives the BGP-equilibrium growth rate of treweomy’s stock of knowledgen(). Eq.
(20) provides the equilibrium real rate of returm @sset holdingsr(). According to Egs.
(21) and (22) per capita consumption)( per capita asset holdinga ) and per capita real
income (y=Y/L) all grow at the same constant rate. Eq. (23) gites allocation of the
available stock of human capital between productod educational activities along the
BGP. The equilibrium shares of the existing humapital stock devoted to production of

ideas &), production of intermediatess() and production of consumption goods, J are

15



reported in Egs. (24), (25) and (26), respectivéiyally, Eq. (27) expresses the ratio of
(some function of) the two state-variables in tehshe growth rate of the number of ideas

(v,), and the share of the available human capitakstievoted to R&D-activity ¢ ). It is
evident from this equation that the restrictppm® & prevents,ceteris paribus y, to be

independent off, .

Assumption Antroduces constraints on the (relationship amdhg)feasible values of the

model’'s parameters.

ASSUMPTION A. Assume

(i) Y>0
(i) >0
(i) @ > Max{ 0; 1+ YR’ J(1+Y|—_\>)_[5(1+YI§—(1+ ZfFﬂ 9’ }

[YR(£-2)+(£-1)]q
1+ YR

(iv) (o-p)> Max{(f— 1-6)g,;

:[YR(l—f)(e—w(l—e)—ﬂq}

The assumptionY’>0 comesdirectly from the assumptions>® and/7<1 . This also

coincides with Jones (2005, p. 1074, Chap. 16,@q9.1

If Assumption A is satisfied, then:
PROPOSITION 2

= y, andy, are positive;

=y, is positive;

= r is positive;

= O<ux<l];

= >y, -(1-R)y,. Ceteris paribus, this condition allowsto be positive at any time
t >0 along the BGP;

= The two transversality condition:ttim Aa =0 andtlim A =0 are simultaneously

checked along the BGP.
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Proof: When () and (i) in Assumption Aare met, then the denominator of Eqgs. (18), (19),
(20) and (22) is positive,e. | YR(6-1)+6]> 0. Given this, and the fact that in the model

g, >0 ando >0, we conclude that:i)(ii)-(iii) ensurer >y, -(1-R)y,, r>0, u>0,

and the respect of the two transversality cond#iof)-(iii)-(iv) ensurey, >0, y,, >0 and

y. >0. Finally, ()-(ii)-(iii )-(iv) ensureu<1 . W

4. Population Growth and Economic Growth

The following theorem analyzes the interaction lestw population and economic growth

rates in this economy.
THEOREM

Assume that parameter-restrictions (i) and (i) Agsumption A are checked 60 and

Y>0. Then;

* When the dilution effect of population growth omaun capital investment is greater

than one(<‘>1) , the correlation between population and economawwgh rates is

0 0 0
ambiguous, i.e- Yy >0, Yy <0, oy
09, 09, ag.

« When0< £ <1, there exists an unambiguously positive corretathetween

= 0.

0
population growth and economic growth, |—ae& >0.
9.

Results are summarized Trable 1 (mathematical derivation can be foundAppendix B.

When YR>0; =0 ay, /09,
ay,
_ —>0
¢=0 99,
ay,
£<1 6_gL>O
1<{<1+2YR %>O
1+YR 99,
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<(:1+2YR %zo
1+YR 99,

<(>1+2YR %<0
1+ YR agL

The intuition behind the results of Theorem is a#iofvs. By using again the BGP-

equilibrium relation:
Vy=VutRy, -0 (28)

One can observe that

ayy :(ayH +Raynj_1

dg, \dg.  dg
:F%*R%j‘l
Yodg, ~ dg
o)y _ (1+YR) oy, _ 1 (29)
09, Y ) odg. -

< “—~— dilution
under Assumption Adeas effect
> effect

According to Eqg. (29), the impact of populationwgtb on real per-capita income depends on

the relative contribution of two distinct effects:

- The direct dilution effect: This effect is alwaysgative since when newborns enter
the world they reduce the existing per-capita stoclkny reproducible factor—input.
So, in order to equip every single member of tlewyng population with a given (per
capita) amount of such input, some resources reebd explicitly devoted to this aim,
which slows productivity growth down.

- The indirect ideas effect: This effect describes ifmpact that at a certain point in

time an exogenous change of population size (daecttange ofy, ) may have on the

economy’s growth rate of ideag/(), and hence on: “...More people means more

18



Isaac Newtons and therefore more idedgJones, 2003, p. 505). Unlike the previous

one, this effect is always positive as longlasd - & > 0.*®

According toTable 1,whené <1 the impact of population growth on economic grough
always positive. However; wheh>1, a threshold level of has emerged. In particularly,
when £ is below the threshold, the ideas effect of popohagrowth is positive and greater
than the dilution effect. As a result of this, tingpact of population growth on economic
growth continues to be positive under a certaiashold level of the dilution effect. When

equals to the threshold, the dilution effect ndisea the ideas effect which is still positive,
and thus; the impact of population growth on peteaincome growth is neutral. And lastly

when ¢ is above the threshold, the dilution effect of plagion growth is quite strong that
results a negative impact on economic growth. Nttat If & is sufficiently high

(1+6-¢& < 0); the ideas effect of population growth can alsa to negative.

5. Conclusion

Given the last population facts of the UN and ba# tesults of the literature, it seems that
population growth will hold the questions about éffects on economic prosperity. This
paper, therefore, attempts to understand the sigtheo relationship between population
growth and per-capita income growth. While doinig,tthe paper provides an alternative but
complementary theoretical framework explaining ftingacts of population growth on

economic growth under endogenous technological gdhn@amd human capital investment by

the economic agents along the BGP equilibrium.

The present paper has showed that an increase ipagpulation growth (regardless of the
source of demographic change such as fertility tatioy or aging) rate yields an ambiguous
(positive, negative or else neutral) impact on ¢gnewth rate of per-capita income. This
ambiguity comes from the relative contribution wbtdistinct effects of population growth:

The direct dilution effecandthe indirect ideas effecT.he direct dilution effect mainly rests

on the modification of Lucas (1988) formulationtafman capital accumulation. The present
paper has showed that (i) The dilution effect haemtral role in explaining the ambiguous
impact of population growth on economic growth) {ihere exists a threshold level of the

Y(1+6-¢)

YR(TZL)-I-H' the ideas effect is positive as longas1+6 .

8 The ideas effect is given bg—ay” From Eq (19)% =
9. g,
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dilution effect that the correlation between pogiola and economic growth rates may be

either positive or negative or neutral accordinghie threshold. (iii) When the dilution effect
is sufficiently low,0<£<1, an unambiguously positive correlation between utetipn

growth and economic growth is obtained. Anotheultssf the paper is that more population
growth generates an indirect ideas effect (ambiguon the rate of innovation and economic

growth.

Lastly, we believe that these findings shed neWwtigon the determinants of the ambiguous
impacts of population growth on economic growthd anll help to introduce more realistic
models to the literature of modern growth theoryhwihuman capital accumulation. We
underline that further empirical research (e.g.gbaata analyses) would be a good extension
of this paper to verify the theoretical results. Wave the formal empirical investigation of

this theory to future research.
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APPENDICES

APPENDIX A: EQS. (18) - (27)

TheHamiltonian function(Jt) related to the intertemporal problem (13) in thdystext is:

0 _ 1\ .
=[S e (- a) s (un) wo e Afol- - 6]

Where A, and/,, are theco-state variablesssociated, respectively, to tstate variables,

andh, . The necessafyOCs are:

33, e—(p-gL)t

Al —t=0 P =)
( ) 6q qe at
0J o
w % =L,
0J : .
(A3) a_a::_/]at o /]at(rt—gl_):—/]at
aJ, _ o
(A4) ﬁ ==Ay = AUW, +/1ht[0-(1_ U.[) - fgL:I =-A,

along with the two transversality conditions:

lim A,a, =0, lim A,h, =0,

t - 4o t o 400
and the initial conditions:
a(0)>0, h(0>o0.

Combining (A2) and (A4) yields:

(A5) %:—(a—fgL)

Egs. (A3) and (A2) imply, respectively:
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(A6) a=_(r-g,)

L .

ht

W,
A7) Za=Zm_ T
(A7) 2w

The combination of (A5), (A6) and (A7) leads to:

(A8) r=(1-¢&)g +o+t

t

Since human capital is perfectly mobile acrossaectat equilibrium it will be rewarded

according to the same wage, = w, = w, = W. Moreover, along the BGP this common

W,

wage would grow at a constant exponential rate,lyimg that M = Wi = W - W g
Yt Wlt \Nnt W

constant. Accordingly, in the BGP equilibrium tlealr rate of return on asset holdingsvill
be constant (Egq. A8). Withconstant, and making use of Eqgs. (6) and (10hénnbain text,
we find that along the BGP:

(A9) v,=2(1- z)(H j (H j e ”R AL R=a+1-2, %Eyn, %EVH

Forany0<Z<1, H,>0, H,>0, n> 0andR> 0, V, is positive provided that:
(A9)  r>y, —(1-R)y,

GivenV

nt?

from Eq. (9’) in the main text:

R

(A10) wm%(l-Z)sﬁ”H““’rf( J_(HJ[H :

Vo=V ]

wheres, = H,/H, is constant along the BGP. We can now use Egs(Zpprnd (4') in the

main text, obtaining:

1-z Z-1
(A11) vv.t:zz[ﬂJ [H—] i
n n
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From Eg. (15) in the main text, by equalizing (Aahbd (A10) in this appendix one gets:

(Al2) s EHII = Zx [r+(1_R}1yn_yH] nll_::
H, (1_2) g HY

Combining Egs. (1) and (4’) in the text:
(A13) W, = oY, =(1-2) e N Hi ZnR
t oHy, n n,

From (16) in the main text and (A12) above, equdion of Eqs. (Al1l) and (A13) in this
appendix delivers:

e _x[r+ @R p |

=Hv
(A14) S = Ht ( Zz 7 %1—1 H[;HD

Along the BGP all variables depending on time getwonstant rates and the sector shares of
human capital employment are also constant. Thexefmm Eq. (8) in the main text:

I.lt — — /u I — I.It
A15 — = = — , =2
( ) yn (] ij yH IIt

If 4—®=1-1 we have a very special case of the model in whighdn and technological
capital grow at the same rate=y,, =y along the BGP. We rule out this possibility and

analyze the most general possible cggg:® #d+1-7.

Using Egs. (A10), (All), (A13) and (Al1l5) we seetthdong the BGP wages grow at a

common and constant rate:

(A15) m=th-Fh-Hop,
Woe Wi W W

Combining Egs. (A1) and (A6), the usual Euler egpuratollows:

Gl p) cs
(A16) c_e(r p), c=

t

c
L

From (17) in the text and (A9) in this appendix @amclude that along the BGP:
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M RepzpcRnoa as AL a=1/1

Merging (11’) in the main text and (A6) in this agulix yields:

(A18) % =-y, +y, o —&,whereut = u, Jt= Oalong the BGP.
at a &

Instead, from the combination of (12) in the texd 4A5) in this appendix we get:

(A19) %:_Vh_aw hlEHt/LI’ thh/h

Egs. (A7), (A15)), (A17), (A18) and (A19) togethlead to:

(A20) %z u{%’\ua}, wherey, =y, — 9, has been used.

Using (12) in the main text, Eqgs. (Al5), (Al7) an@20) and the fact that
Vu =Vo+0, =0(1-u)+(1- &) g one obtains:

whereh (0) ,w(0) anda(0) are the initial valuesi.¢., att =0) ofh ,w, anda,, respectively.

With u constant, the just-mentioned initial values givemd o > 0 the last equation implies:
(A21) y.=V.

This means that along the BGPandc, grow at the same rate. Using (A21) and equating
(A16) and (A17) it is possible to get:

(A22) r=p+6(y, +Ry,-9,)

Next, by equalizing (A22) to (A8), and using (A15’)

[(c-p)-(6-1-6)g, -6y, ]
R(6-1)

(A23) vy, = g
n,
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Equating (A23) to (A15), and solving fgy, , we finally obtain:

y o, H _[(e-p)-(£-1-6)a _[u-o
(A23) y”=?t_[ YR(6-1)+6 ]’ Y{%}

Given, it is possible to re-cgst as:

w0 _Yl(e-p)-(¢-1-6)g,]
A23) = =T RE-De

= Y'yH

Egs. (A23’) and (A23") confirm that, =y, = [(o-p)-(¢-1-8)g, |

A in the special case
R(6-1)+6

YE{'L{—CD} =1.The BGP equilibrium- value af is obtained by combining (A22), (A23’)
=1

and (A23"):

a6+ YR(a0-p)-{6[£(1+YR) - (1+ 2¥R]} ¢
YR(6-1)+6

(A22) r=
Egs. (A21) and (A16) together imply:

(A21) y, = & - y.====(r-p), wherer is given by Eq. (A22)).
a,

After using Eq. (12) in the main text, the defioitiof h= H/Land the fact thaiI/L =g,,we

conclude:

H
(A24) =5 =0(1-u)+(1-8) g
Equalization of (A23’) and (A24) allows obtaininget BGP equilibrium value af:

(0-p)-[YR(1-¢€)(6-9+£(1-6)-1]g
o[ YR(6-1)+6]

(A25) u=1-
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From (1) in the text, (A22’), (A23’) and (A23”) ithis appendix, the hypothesis of symmetry

(Eq. 4’ in the text), the definitions ¢{=Y/L), R=a+1- Zand L/L = g,, we obtain the

growth rate of real per-capita output along the BGP

=;,t_(1+YR)(a——p)—[YR(5—2)+(5-1)]g_ o1,
(A26) kv YR(5-1) 7 =Va=r.=45(r-p)

We now compute the BGP-equilibrium valuesspfs ands,. Eq. (14) in the main text

suggests: u=s +§+ §

From (A14) in this appendix we usg = (1_ Zj 5 into the expression above and obtain:

22
2 . .
(A27) s —{m}(u— s), whereu is given by (A25).
Hence:
[ 1-z B
(A28) s = {m}(“ S)

According to (A14), however, it is also true that:

[r+(1-R) ¥, =¥ ] nt7
N

Hy,
H

NP

S,

t

Equating this expression to (A28) yields:

Heo x[1-Z+Z2|[r+(1-R)y, -y, |

MU NI (e )

From Eq. (8) in the body-text:

HA®

(A30)
Equalization of (A29) and (A30) leads to:

Z(1-2)y, ¥
1-2+Z [r+(1- Ry, v+ 2(1- Dy,

b3 =1
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Given Egs. (A22"), (A23’), (A23"), (A25) and (A31)t is possible to compute the BGP ratio
H—P

al (by using either Eq. 29 or Eq. A30), along vgttand s, (Egs. A27 and A28).

nt”

Finally, by employing Egs. (A6), (A7), (A15’), (A)7and the definition di=H/L , it can
be showed that along the BGP the two transversedit},ditionstlirp A8, =0, tIirp A =0

are simultaneously checked wher y;,, +Ry,
In turn, when the two transversality conditions amet, then the requirement (Eq. A9):

r >y, —(1-R)y, is also met, for any positive. |

APPENDIX B: TABLE 1

oy, _-[WR(£-2)+(¢-1)]
ag, YR(6-1)+6

When (i) and (iii) in Assumption A in the main teate met] YR(6-1) + 6> Ois always

satisfied. Withy >0, R> 0, and & > 0we conclude:

-YR(-2)>(£-1)

%>0 — —YR(E-2)-(6-1)>0 = YRS +E<1+2YR
s dg, &(1+ YR) <1+ 2YR
£<1+2YR
1+YR
ay, 1+ 2YR
—<0 -YR({-2)-(-1) <O
<o = SR(EY-(E-)<0 = >
ay, 1+ 2YR
1 =0 ~YR(£-2)-(6-1=0 =
L 3s0 = SWRE-D-(f-)=0 = £=12E
fee1 » Mo LRCD] . R ~ Py
. 99, YR(6-1)+0 YRO-1)+6 g
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oy, _~[YR(-2)+(-)] _  2¥R+1 Y 0

= [
g, YR(6-1)+8  YRE-1)+6 - g

e ifé=0 =
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