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We analyze and propose a solution to the apparent inconsistency between our current knowledge
of the Equation of State of asymmetric nuclear matter, the energy of the Isobaric Analog State (IAS)
in a heavy nucleus such as 208Pb, and the isospin symmetry breaking forces in the nuclear medium.
This is achieved by performing state-of-the-art Hartree-Fock plus Random Phase Approximation
calculations of the IAS that include all isospin symmetry breaking contributions. To this aim,
we propose a new effective interaction that is successful in reproducing the IAS excitation energy
without compromising other properties of finite nuclei.
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The nuclear physics community has been striving for
quite some time to determine the symmetry energy, and
in particular its density dependence [1]. The symmetry
energy is the energy per particle needed to change pro-
tons into neutrons in uniform matter at a given density
ρ. At saturation density of symmetric matter, ρ0 ≈ 0.16
fm−3, its value is between 29-32.7 MeV [2] or between
30.7-32.5 MeV [3] if one performs a weighted average of
various extractions, but a broader interval, namely 28.5-
34.5 MeV, has been extracted in Ref. [4] (cf. also Ref.
[5]). In short, we still do not know precisely the value
of the symmetry energy at saturation density and, as we
argue below, its density dependence is even more uncer-
tain.
A deeper understanding would be highly needed, be-

cause the accurate characterization of the symmetry en-
ergy entails profound consequences for the study of the
neutron distributions in nuclei along the whole nuclear
chart, as well of other properties of neutron-rich nuclei
[1]. Its knowledge impacts on heavy-ion reactions where
the neutron-proton imbalance varies between the incom-
ing and outgoing interacting nuclei [6]. The symmetry
energy is also of paramount importance for understand-
ing the properties of compact objects like neutron stars:
it directly impacts, for instance, the determination of the
radius of a low-mass neutron star [7], and is also cru-
cial for understanding stars with a larger mass where the
physics of nuclear matter above saturation density also
enters. Neutron star physics have received a new strong
boost very recently, as the LIGO-Virgo collaboration an-
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nounced the first detection of gravitational waves from a
binary neutron star merger, setting a new type of con-
straint on the radius of a neutron star [8]. Neutron star
mergers are also a promising site for the r-process nucle-
osynthesis [9], in which the symmetry energy plays again
a substantial role, since the r-process path is governed by
the mass of neutron-rich nuclei as well as by their beta-
decays. Last but not least, the knowledge of the nuclear
symmetry energy is relevant for Standard Model tests via
atomic parity violation, as shown, e.g., in Ref. [10].
If β is the local neutron-proton asymmetry, β ≡ (ρn −

ρp)/ρ, the energy per particle in matter having neutron-

proton imbalance is a function E
A (ρ, β). Such function

can be expanded in even powers of β owing to isospin
symmetry (the Coulomb force has to be taken out when
dealing with a uniform system). By retaining only the
quadratic term we can write

E

A
(ρ, β) =

E

A
(ρ, β = 0) + S(ρ)β2. (1)

This equation defines the symmetry energy S(ρ), that
is, the difference between the energy per particle E/A
in neutron and symmetric matter. Eq. (1) clearly ex-
plains why an accurate knowledge of the symmetry en-
ergy is mandatory in order to establish a link between
the physics of finite nuclei and that of a neutron star.
The symmetry energy can be expanded around satura-

tion density as S(ρ) = J+L
(

ρ−ρ0

ρ0

)

+ 1
2
Ksym

(

ρ−ρ0

ρ0

)2

+

. . ., where different parameters have been defined, namely
J ≡ S(ρ0), L ≡ 3ρ0 S′(ρ0), and Ksym ≡ 9ρ20 S′′(ρ0).
On these parameters much attention has been focused.
While Ksym is basically not known, the error on L, re-
ferred to as the “slope parameter”, is believed to be still
significantly larger than the error on J : ranges between



2

≈ 40-75 MeV or between ≈ 30-90 MeV are mentioned in
Refs. [2–5]. Many authors have pointed out a correlation
between L and the neutron skin ∆Rnp ≡ 〈r2n〉

1/2−〈r2p〉
1/2

of a heavy nucleus like 208Pb [11–14]. This can be under-
stood also in an intuitive way. The larger is the change in
symmetry energy as a function of the density, the more
convenient the system finds it to push the excess neu-
trons to a lower density region, that is, towards the sur-
face. Precise and model-independent measurements of
the neutron skin are of paramount importance to pin
down the value of L [15, 16]. Hence, the relevance of ex-
periments like PREX and possible steps forward in the
same direction [17–19].

The difficulties in determining the symmetry energy
behavior are associated with our still incomplete un-
derstanding of the strong interaction in the low-energy
regime that is important for nuclei. Then, finding a
connection with an observable that is not sensitive to
the strong force becomes an asset. The Isobaric Analog
State (IAS) is one of the well established properties of
nuclei that is measured accurately, and is only sensitive
to the isospin symmetry breaking (ISB) in the nuclear
medium due to Coulomb interaction and, to a lesser ex-
tent, the other effects that we will discuss below. Then,
here comes the focus of our work. If there is an incon-
sistency between the properties of the symmetry energy
and our knowledge of the IAS and of the ISB forces, this
is a serious issue. As discussed above, the neutron skin
is strongly correlated with the density dependence of the
symmetry energy. Therefore, we cannot accept that the
values of the neutron skin do not match our understand-
ing of the isospin symmetry, one of the basic symmetries
of nature, and of its breaking. In this paper, a solution
is proposed.

Energy Density Functionals (EDFs) constitute, at
present, the only theoretical framework in which the neu-
tron skins and the IAS energies can be consistently calcu-
lated from a microscopic perspective, in medium-heavy
nuclei [20]. Many different parameter sets exist, for ev-
ery class of EDFs; basically, there are three classes of
widely used functionals, namely Skyrme, Gogny and rel-
ativistic mean-field (RMF) functionals. We can focus
our attention on some recent, accurate functionals, and
in particular on those that have been used in recent years
to correlate the symmetry energy parameters with some
observables.

Within the Skyrme functionals, SAMi [21] has been
shown to be specially accurate in the description of
charge-exchange resonances such as the Gamow-Teller
resonance. Starting from the prototype SAMi functional,
a systematically varied family has been generated, by
keeping a similar quality of the original fit and varying
the values of J and L, in Ref. [22]. In addition, a family
based also on the systematic variation of J and L with
respect to a RMF with density dependent meson-nucleon
vertices (DD-ME [23]), was also introduced. These func-
tionals provide values of the neutron skin through the
Hartree-Fock (HF) or Hartree solution for the ground-
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FIG. 1. Energy of the IAS as a function of ∆Rnp. The arrows
indicate the experimental results from polarized proton elastic
scattering [26], parity violating elastic electron scattering [18],
and from the electric dipole polarizability [27]. See the text
for a discussion.

state; and they provide, self-consistently, the IAS energy
via the charge-exchange Random Phase Approximation
(RPA) [24, 25]. The results for the IAS energy, EIAS, as
a function of ∆Rnp are plotted in Fig. 1. For the sake
of completeness, results associated with other Skyrme in-
teractions are also plotted in this figure.
Results displayed in Fig. 1 lie very close to a straight

line. This can be understood as follows. The main con-
tribution to EIAS can be evaluated from the Coulomb
direct contribution to the so-called displacement energy

∆EC,direct
d (cf. Ref. [28]). The latter quantity can be ap-

proximately calculated by assuming two uniform neutron
and proton distributions of radius Rn and Rp, respec-
tively, and approximating the electric charge density with

the proton density. This leads to EIAS ≈ ∆EC,direct
d ≈

6
5

Ze2

r0A1/3

(

1− 1
2

N
N−Z

∆Rnp

r0A1/3

)

where r0 =
(

3
4πρ0

)1/3

and

thus 2r0 is the average distance between two nucleons
in symmetric nuclear matter at saturation density. For
the case of 208Pb, this formula predicts EIAS ≈ 20.9 −
4.4∆Rnp [MeV]. This result is in qualitative agreement
with the linear fit to the microscopic calculations shown
in Fig. 1, which gives EIAS = 19.19(8) − 5.0(2)∆Rnp

[MeV], with a large correlation coefficient r = −0.985.
The experimental IAS energy [29] is marked in the fig-
ure, and a simple extrapolation of the straight line would
imply ∆Rnp = 0.07(2) fm. This value is incompatible
with many independent analyses [2, 5, 30]. As a refer-
ence, recent experimental constraints from polarized pro-
ton elastic scattering [26], parity violating elastic electron
scattering [18], and electric dipole polarizability [27], are
indicated in the bottom part of Fig. 1.
To solve this puzzle, we have reconsidered all possi-

ble contributions to the IAS energy that have not been
considered with sufficient care in self-consistent calcula-
tions so far. All the effects listed below are introduced in
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the HF mean-field calculations, as one can easily verify
that they do not impact the proton-neutron RPA residual
force.

1. Coulomb interaction: exact direct and exchange
contributions. The Coulomb energy per particle
is by far the dominant contribution to the IAS en-
ergy. Self-consistent RPA calculations of the IAS
are exact, in the specific sense that they preserve
the isospin symmetry: if the Coulomb effects are
switched completely off, the IAS is found at zero
energy [31]. When Skyrme forces are used, it is cus-
tomary in the literature to adopt the Slater approx-
imation for the Coulomb exchange. In the present
case, we have instead included the exact Coulomb
exchange. The detailed procedure is explained in
Ref. [32], where the reader can also find a detailed
analysis for the case of 208Pb. The IAS energy is
pushed upwards by ≈ 100 keV if exact Coulomb
exchange is taken into account.

2. Electromagnetic spin-orbit contribution. The e.m.
spin-orbit effect on the single-nucleon energy εi is
well known and reads [33]

∆εi =
~
2c2

2m2c4
xi〈~li · ~si〉

∫

dr

r

dUCoul

dr
u2
i (r), (2)

where ui(r) is the radial wave function, and xi is
equal to gp − 1 in the case of protons and to gn
in the case of neutrons (gn = −3.82608545(90) and
gp = 5.585694702(17) are the neutron and proton
g-factors, respectively [34]). The correction (2) can
be estimated to be of the order of tens of keV, and
it is basically model-independent.

3. Finite size effects In most of the previous calcula-
tions, the Coulomb potential has been evaluated by
taking simply into account the point proton density,
and identifying it with the charge density. In the
present work, we have considered in detail all con-
tributions to the charge density which, when writ-
ten in momentum space up to order 1/m2, reads
[35]

ρch(q) =

(

1−
q2

8m2

)

[

GE,p(q
2)ρp(q) +GE,n(q

2)ρn(q)
]

−
πq2

2m2

∑

n,l,j,t

[

2GM,t(q
2)−GE,t(q

2)
]

〈~l · ~s〉 ×

∫ ∞

0

dr
j1(qr)

qr
|un,l,j(r)|

2, (3)

where GE,M are the electromagnetic form factors,
taken from [36], t labels either protons or neutrons
and the sum runs over the occupied states. Finite-
size effects spread out the Coulomb potential: its
effects on the p-h excitations that make up the IAS
are slightly weaker. The IAS energy decreases, al-
beit only by few tens of keV, due to this effect.

4. Vacuum polarization correction From QED, the
lowest-order correction to the fine-structure con-
stant or to the Coulomb potential is the vacuum
polarization: it amounts to a virtual emission and
absorption of an electron-positron pair, and pro-
duces an extra repulsion that is not completely neg-
ligible even at the present low-energy scale. The
corresponding potential can be written as follows
(cf. Refs. [37, 38] and Ref. [39] in the case of a
finite-size particle):

Vvp(~r) =
2

3

αe2

π

∫

d~r′
ρ(~r′)

|~r − ~r′|
K1

(

2

λe
|~r − ~r′|

)

, (4)

where α the fine-structure constrant, λe the re-
duced Compton electron wavelength, and

K1(x) ≡

∫ ∞

1

dte−xt

(

1

t2
+

1

2t4

)

√

t2 − 1. (5)

5. Charge-symmetry breaking (CSB) and charge-
independence breaking (CIB) forces.

The contributions 1-4, together with the n-p mass dif-
ference which is one of the CSB potential terms, produce
an overall upward shift of the IAS energy and the same
for the straight line that connects the points of Fig. 1. In
Table I we can see that this shift, by adding also the small
effect of the neutron-proton mass difference, amounts to
≈ 220 keV and, consequently, it is too small in order to
let the line intersect the experimental value for the IAS
energy at a point that corresponds to a realistic range of
∆Rnp (indicated by the horizontal bars in Fig. 1).
CSB and CIB effects have been widely discussed in

the literature (see, for example, Refs. [40–42]); however,
most of the efforts have been devoted to study their im-
pact on few-nucleon systems and few-hadron systems, or
to derive them from QCD through Effective Field The-
ory (EFT) methods. Recently, the isospin mixing in 8Be
was studied based on the Green’s function Monte Carlo
method by including the CSB interaction [43]. Although
it is known for many years that CSB-CIB forces must
be taken into account to reproduce the so-called Nolen-
Schiffer anomaly along the nuclear chart, the information
on CSB-CIB forces in the nuclear medium is scarce. The

TABLE I. Effect of the different contributions from isospin
breaking (including both CSB and CIB) mentioned in the
text on the IAS energy in 208Pb. Corrections are basically
model-indpendent except the last one.

EIAS [MeV] Correction [keV]
No corrections 18.31
Exact Coulomb exchange 18.41 +100
n/p mass difference 18.44 +30
Electromagnetic spin-orbit 18.45 +10
Finite size effects 18.40 -50
Vacuum polarization (Vch) 18.53 +130
Isospin symmetry breaking 18.80 +270
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TABLE II. SAMi-ISB parameter set. The statistical errors σ
are given in parenthesis. See text for details.

value(σ) value(σ)
t0 −2098.3(149.3) MeV fm3

x0 0.242(9)
t1 394.7(15.8) MeV fm5

x1 −0.17(33)
t2 −136.4(10.8) MeV fm5

x2 −0.470(4)
t3 11995(686) MeV fm3+3α

x3 0.32(21)
W0 294(6)
W

′
0 −367(12) s0 −26.3(7) MeV fm3

α 0.223(31) u0 25.8(4) MeV fm3

nuclear shell model has been employed for quite some
time to analyze the energies along the isobaric multiplets;
recently, long sequences of multiplets in rotational bands
have been used to determine the magnitude of CSB-CIB
effects [44]. In the same context, it has been noticed that
CSB-CIB interactions needed to explain the data are not
consistent with those in the vacuum [45]. Similar conclu-
sions have been drawn in Ref. [46].
Therefore, in the present work we have kept our de-

scription simple and aimed to reconcile the scarce infor-
mation about CSB-CIB in the medium, and the repro-
duction of the IAS energy, with a realistic value for the
neutron skin. Borrowing from Ref. [47] [cf. Eqs. (18-
21)], we define simpler Skyrme-like CSB and CIB inter-
actions as follows,

VCSB(~r1, ~r2) ≡
1

4
[τz(1) + τz(2)] s0(1 + y0Pσ)δ(~r1 − ~r2),

and

VCIB(~r1, ~r2) ≡
1

2
τz(1)τz(2)u0(1 + z0Pσ)δ(~r1 − ~r2).

Pσ is the spin-exchange operator and we take y0 = −1
and z0 = −1. The momentum-dependent terms written
in Ref. [47] have not been considered, under the rationale
that the information that we have at our disposal is not
sufficient to pin down the values of all parameters of a
general interaction with several partial waves.
We have looked at the ISB contributions to the energy

per particle of symmetric nuclear matter, as predicted by
the Brueckner-Hartree-Fock calculations of [48] (based on
AV18 [49]). We have determined a new Skyrme parame-
ter set named SAMi-ISB, using the same fitting protocol
of SAMi but including CSB-CIB contributions [50]. We
have first started from existing parameters of SAMi and
fixed the values of s0 and u0 by requiring a reproduc-
tion of the results of Ref. [48] and the value of the IAS
energy in 208Pb. This gives1 s0 = −26.3(7) MeV fm3

and u0 = 25.8(4) MeV fm3. Then, the standard Skyrme
parameters have been refitted; the effect of CSB/CIB is
included but these forces affect the binding energies and
charge radii only by a few per mil or per cent, so that
this two-step strategy is feasible.

The values of the SAMi-ISB parameters are provided
in Table II. As seen in Fig. 1, with SAMi-ISB, the IAS
energy of 208Pb is predicted at EIAS = 18.80(5) MeV
(Eexp

IAS = 18.826± 0.010 MeV [29]) with the neutron skin
∆Rnp= 0.151(7) fm, which is within the realistic range
deduced from the three experiments. The quality of this
interaction is similar or better than SAMi if we look at
overall properties like those in uniform matter. The val-
ues of J and L are, in the case of SAMi-ISB [SAMi],
30.8(4) MeV [28(1) MeV] and 50(4) MeV [44(7) MeV].
These are quite realistic values, according to our general
discussion at the start of this paper. While the detailed
assessment of SAMi-ISB along the isotope chart is out
of our scope here, we show in Table III some results for
binding energies, charge radii, and neutron skin thick-
nesses. Moreover, we have checked the predictive power
of SAMi-ISB by calculating the IAS energy in other nu-
clei. In the Sn isotopes with A=112-124, the IAS energies
calculated with SAMi differ from the experimental values
by about 600 keV, while this discrepancy is reduced to
≈ 50-200 keV by using SAMi-ISB. In 40Ca and 90Zr the
results obtained with SAMi-ISB are also improved with
respect to SAMi [50].

TABLE III. Experimental data [51, 52] and SAMi-ISB results
for the binding energies (B), charge radii (rc), and neutron
skin thickness (∆Rnp) for some selected nuclei.

El. N B B
exp

rc r
exp
c ∆Rnp

[MeV] [MeV] [fm] [fm] [fm]
Ca 28 417.67 415.99 3.49 3.47 0.214
Zr 50 783.60 783.89 4.26 4.27 0.097
Sn 82 1102.75 1102.85 4.73 – 0.217
Pb 126 1635.78 1636.43 5.50 5.50 0.151

In conclusion, SAMi-ISB is a new parameterization
of a Skyrme-like energy density functional (EDF) that
reconcile standard nuclear properties (saturation den-
sity, binding energy and charge radii of finite nuclei)
with both our current understanding of the density be-
havior of the symmetry energy and the reproduction of
the IAS energy of 208Pb as well as in Sn isotopes. We
have self-consistently included for the first time within
the HF+RPA framework all known contributions that
break the isospin symmetry. All of these contributions
are calculated in a model-independent way, except the
CSB-CIB contribution. We have fixed only two free pa-
rameters in the CSB-CIB terms, and we have shown that
this allows reproducing at the same time BHF calcula-
tions based on AV18, and the IAS energy of a heavy
nucleus such as 208Pb without compromising the other
properties of nuclear matter and finite nuclei.
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[55] G. Colò, L. Cao, N. V. Giai, and L. Capelli, Computer

Physics Communications 184, 142 (2013).
[56] F. James, “Minuit function minimization and error anal-

ysis: Reference manual version 94.1,” (1994).
[57] E. Chabanat, P. Bonche, P. Haensel, J. Meyer, and

R. Schaeffer, Nuclear Physics A 627, 710 (1997).
[58] M. Antony, A. Pape, and J. Britz, Atomic Data and

Nuclear Data Tables 66, 1 (1997).


