Resonant averaging for small-amplitude solutions of
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Abstract

We consider the free linear Schrédinger equation on a torus T?, perturbed by a hamil-
tonian nonlinearity, driven by a random force and damped by a linear damping;:

ue — iAu + ivplul**u = —v f(=A)u + ﬁ% > bBE()e™

kezd

Here u = u(t,z), x € T 0 < v <1, ¢« €N, fis a positive continuous function, p is a
positive parameter and ﬁk(t) are standard independent complex Wiener processes. We are
interested in limiting, as v — 0, behaviour of distributions of solutions for this equation
and of its stationary measure. Writing the equation in the slow time 7 = vt, we prove that
the limiting behaviour of the both is described by the effective equation

wr - f(-A)u = —iF () + = 3 ()

where the nonlinearity F(u) is made out of the resonant terms of the monomial |u|?? w.
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0 Introduction
0.1 Equations
The nonlinear Schrédinger equation on the torus with small nonlinearity

ug(t, x) — iAu(t, r) = —ie® ul*¥u, w=u(t,z), x€T¢=R*/(2rLZ), (0.1)

where ¢, € Nand 0 < € < 1, is a popular model in various branches of science. The nonlinearity
in (0.3) is hamiltonian and may be written as

1+2/|u(x)\2‘1*+2dx, 0.2)

2q.

ul*u = 2 VH(u), H(u) =H* T (u) = —

ZE 24«
so the equation describes a conservative system. To describe systems, interacting with the
“environment”, physicists often add at some stage (to this and to other similar equations)
terms, describing pumping the energy to the system and its dissipation (e.g. see [ZLF92],
Section 2.2.3). A way to describe the pumping of energy is by adding to the equation a small
random force, which usually is Gaussian, smooth in x, and often is white in time ¢, while to
describe the dissipation a suitable function of the Laplacian usually is used. In this way we
arrive at the equation (cf. [ZL75], eq. (5), and [CFGO8], Section 1.2, eq. (1.2))

up — iAu = —ie2® [u29y — v f(—A)u + ﬁ% Do bW weT], (g3

keZd

Here 0 < v <1 and Z% denotes the set of vectors of the form k =1/L with 1 € 74, The damping
—f(—A) is the selfadjoint linear operator in La(T4 ) which acts on the exponents e’*® k € Z¢,

according to ‘ ‘
f(=A)e® = etk e = f(Ak) where N\ = k. (0.4)

The real-valued smooth function f(¢),¢ > 0, is positive and f’ > 0. To avoid technicalities,
not relevant for this work, we assume that f(¢t) > Ci|t| + Cs for all ¢, for suitable positive



constants C1,Cy (for example, f(—A)u = —Au + u). The processes 8%, k € Z¢, are standard
independent complex Wiener processes, i.e., ﬁk(t) = B%(t) +iB%(t), where 8% (t) are standard
independent real Wiener processes. The real numbers by are all non-zero and decay fast when
|k| — oco. The factor in front of the random force is chosen to be /v to guarantee that solutions
of (0.3) stay of order one when ¢ > 1 and 0 < v < 1.

We assume that eq. (0.3) with sufficiently smooth initial data w(0, z) = ug(z) is well posed.
It is well known that this assumption holds (at least) under some restriction on d, g, and the
growth of f(t) at infinity, see in Section 1.1

The parameters v and € measure, respectively, the inverse time-scale of the forced oscilla-
tions, and their amplitude. Physicists consider different regimes, where the two parameters are
tied in various ways.! To do this they assume some relations between ¢ and v, explicitly or
implicitly. In our work we choose

£24 = pu,

where p > 0 is a constant. This assumption is within the usually imposed bounds, see [Nazl1].
Passing to the slow time 7 = vt, we get the rescaled equation
.k .
u—+iv (= Au) = —f(=A)u —iplul*Tu+ Z B (t)ek (0.5)
d

where u = u(7,z), € T{ and the upper dot * stands for 4. If we write u(7,z) as Fourier
series, u(1,z) =Y, vi(7)e™®, then in view of (0.2), eq. (0.5) may be written as the system

H .
017(:) + b f5(), keZd. (0.6)

Uk + ’iV_l)\kUk = —vk + 2pt

Here H(v) is the Hamiltonian H, expressed in terms of the Fourier coefficients v = (v, k € Z%):

1 _ - L..q.+1
H(U) = — 2q ) Z (%I qu*+1qu*+2 ce Ukzq*+2 5q*+(]2m2q*+2 5 (07)

K1,...kaq, 42674

and we use the standard notation (see [Nazl1]):

Loq+1 { 1 ifki+...+ kg1 —kgro—... —kog42=0 (0.8)

a=+2.2¢.42 — | otherwise

As before we are interested in the limit v — 0.2

We note that the method of our work applies as well to equations (0.6) with the Hamiltonians
H of the form (0.2), where the density of the Hamiltonian is a real-valued polynomial of u and @
(not necessarily a polynomial of |u|?). For instance, we could work with the cubic Hamiltonians
H2 = [|uf*(u+u)dz or H® = [(u®+ @) dz.

0.2 Discrete Turbulence

In physics equations (0.1) and (0.5) with v,e < 1 are treated by the theory of weak turbulence
(WT); see the works, quoted above. That theory either deals with equation (0.5), where L = oo

IWhen forcing and dissipation are not present, a parameter T is introduced, which measures the time scale
on which averaging is performed (see [Nazl1]): to heuristically compare with the present case, we put v = 1/T.
2See [KN13] for a theory of equation (0.5) for the case when f(t) =t + 1 and v = co.



by formal replacing Fourier series for L-periodic functions with Fourier integrals and makes with
them bold transformations, or considers the limit v, & — 0 simultaneously with the limit L — oc.
That is, considers the iterated limit

L— o0, &v—0, (0.9)

and treats it in an equally bold way. Concerning this limit the WT makes a number of remark-
able predictions, based on tools and ideas, developed in the community, which can be traced
back to the work [Pei97]. Relation between the parameters in (0.9) is not quite clear, and it
may be better to talk about the WT limits (rather then about a single case).

In order to understand the double limit above, it is natural to study first the limit v — 0
(with L fixed). Its deterministic version recently got attention in physical literature as the
“discrete turbulence (DT) limit”, see [Karl0] and [Nazll], Section 10. Similar limits were
considered by mathematicians, interested in related problems (see [GG12]), and were used by
them for intermediate arguments (e.g., see [FGH15]).

Our work is dedicated to rigorous justification of the DT limit for the damped-driven equa-
tion (0.3),~c2¢. =(0.5). Namely, we show that
when v — 0, statistical characteristics of actions of solution u” for (0.5) have limits of order
one, described by actions of solutions for a certain effective equation which is a nonlinear
stochastic equation with coefficients of order one and with a hamiltonian nonlinearity, made
out of the resonant terms of the nonlinearity |u|??u.

The effective equation above is a natural stochastic version of similar equations from the
deterministic (physical) DT (see [Kar10, Nazl1]). So, in a sense, our results justify the physical
DT in the stochastic setting. But in the stochastic case we do more than that since we also
treat the stationary regime for eq. (0.5) and show that it converges to that for the effective
equation. So solutions of the latter approximate (in distribution) solutions of the former as
t — oo and v — 0. Remarkably, in the stationary regime the effective equation approximates
not only the actions of solutions with v < 1, but also their angles, see below.

As the title of the paper suggests, our argument is a form of averaging. The latter is a tool
which is used by the WT community on a regular basis, either explicitly (e.g. see [Nazll]), or
implicitly.

0.3 Inviscid limits for damped/driven hamiltonian PDE, effective
equations and interaction representation

Equation (0.3) is the linear HPDE (=linear hamiltonian PDE) (0.1).—¢, driven by the random
force, damped by the linear damping —v f(—Aw) and perturbed by the hamiltonian nonlinearity
—£24jp|u|??*u. Damped/driven HPDE and the inviscid limits in these equations when the
random force and the damping go to zero, are very important for physics. In particular,
since the d-dimensional Navier-Stokes equation (NSE) with a random force can be regarded
as a damped/driven Euler equation (which is an HPDE), and the inviscid limit for the NSE
describes the d-dimensional turbulence. The NSE with a random force, especially when d = 2,
was intensively studied last years, but the corresponding inviscid limit turned out to be very
complicated even for d = 2, see [KS12]. The problem of this limit becomes feasible when
the underlying HPDE is integrable or linear. The most famous integrable PDE is the KdV
equation. Its damped/driven perturbations and the corresponding inviscid limits were studied



in [KP08, Kuk10]. In [Kuk13] the method of those works was applied to the situation when the
unperturbed HPDE is the Schrédinger equation

ug +i(—Au+ V(z)u) =0, reTé, (0.10)

where the potential V(z) is in general position. Crucial for the just mentioned works is that
there the unperturbed equation is free from strong resonances. For [KP08, Kuk10] it means
that all solutions of KAV are almost-periodic functions of time, such that for a typical solution
the corresponding frequency vector is free from resonances; while for [Kuk13] it means that for
the typical potentials V' (z), considered in [Kuk13], the spectrum of the linear operator in (0.10)
is non-resonant.

In contrast, now the linear operator in the unperturbed equation (0.1).—¢ has the eigenvalues
M € k72Z,k € Z¢ (see (0.4)), which are highly resonant (accordingly, all solutions for eq.
(0.1).—g are periodic with the same period 27 L~2). This gives rise to an additional difficulty. To
explain it, we rewrite equation (0.5)=(0.6) as a fast-slow system, denoting I), = %|vk\2, YKk =
Arguvy (these are the action-angles for the linear hamiltonian system (0.1).—p). In the new
variables eq. (0.5) reads

: -k
L(7) = vic - Pc(v) + big + b (vic - B7), (0.11)
ok(T) = —v N+ It (0.12)
where k € Z¢, the dot - indicates the real scalar product in C ~ R2, P(v) is the vector field in
the r.h.s. of the v-equation (0.6) and ... abbreviates a factor of order one (as v — 0). If the

frequencies { Ak} are resonant, then equations for some linear combinations of the phases @i
are slow, which make it more difficult to analyze the system. The method of resonant averaging
treats this problem in finite dimension, see [AKNO6] and Section 1.2 below. In the situation at
hand, we have additional problem: the y-equations (0.12) have singularities at the locus

O ={I:Ix =0 for some k} (0.13)

which is dense in the space of sequences (Iy,k € Z%), and the averaged I-equations

Ii(7) = (v - P)(I) 4 b + b /20 f¥(7), ke Z4 | (0.14)

where (-) signifies the average in ¢ € T, have there weak singularities. A way to overcome
these difficulties is to find for (0.11), (0.12) an effective equation, which is a system of regular
equations

i = Ric(v) + b3 (1), ke zd, (0.15)

such that under the natural projection vk — I = 3|vk|?, k € Z, solutions of (0.15) transform
to solutions of (0.14). In [Kuk10] this approach was used to study the perturbed KdV equation,
written as a fast-slow system, similar to (0.11), (0.12). That system has strongly non-linear
behaviour, and in [Kuk10] the effective equation was constructed as a kind of averaging of the
corresponding I-equations. In [Kuk13] an effective equation for the damped/driven nonresonant
equation (0.10) was derived in a similar way. If the introduced damping is linear and the
nonlinearity is hamiltonian, like in eq. (0.3), then the effective equation in [Kuk13] is linear.



When the unperturbed hamiltonian system is linear, an alternative way to find an effective
equation is to use the interaction representation. Le., to pass from the complex variables vy ()
(which diagonalise the linear system) to the fast rotating variables

ax(t) = eil’fl)‘”vk(r), kezs. (0.16)

Since |ax| = |vk|, then the limiting dynamics of the a-variables controls the limiting behaviour
of the actions [. So a regular system of equations, describing the limiting a-dynamics, is the
effective equation. N. N. Bogolyubov used this approach for the finite-dimensional deterministic
averaging, calling it averaging in the quasilinear systems (see in [AKNO6]). The interaction
representation is systematically used in the WT.

Now consider the fast-slow equations (0.11), (0.12) which come from eq. (0.6), where the
fast motion (0.12) is highly resonant. Repeating the construction of the effective equation from
[Kuk13], but replacing there the usual averaging by the resonant averaging, we find an effective
equation, corresponding to (0.6). It turned out to be another damped/driven hamiltonian
system with a Hamiltonian H'®, obtained by the resonant averaging of H(v), see Section 2.2.
As we said above, an alternative way to derive the effective equation is through the interaction
representation, i.e., by transition from the v-variables to the a-variables (0.16). In view of (0.6),
the a-variables satisfy the system of equations

. iv A Sk
ax = — ykax + € XTh ()
—pi a a a a §lodet]
p ky oo Okg, 1 kg, g2 - - - Bkag, 1%, +2..2¢. +1k (0.17)
k1,4..k2q*+1EZ%
—iv (A kA - — = ) k € 74
X exXp w T( k1 + + kq*+1 kq*+2 k2q*+1 k) ? € L

The terms, constituting the nonlinearity, oscillate fast as v goes to zero, unless the sum of the
eigenvalues in the exponent in the third line vanishes. The processes {ei”fl’\kTBk(T), kezZdy,
make another set of standard independent complex white noises. This leads to the right guess
that only the terms for which this sum equals zero (i.e., the resonant terms), contribute to the
limiting dynamics, and that the effective equation is the following damped/driven hamiltonian
system

87_[1“65 (U)

5k d
. .1
Ton + (1), keZf (0.18)

Uk = —YkVk + 2p1

Here the Hamiltonian 7{***(v) is given by the sum

1 1
= = —gxt1 l...g«+1
- 2¢. + 2 Z Ukey ++ Vkgy 41Uk 42+ Ukag, 12 0. 55 20,42 0(Ag 35 T 2g,42) s (0.19)
*
k1,...kaq, 42674
TS )
so that 2pi 55— (v) is
. Z _ _ 1...qu+1 1..gut1
—pt Vky - - qu*+lvkq*+2 e Ukzq*Jrl 6q*+2‘.,2q*+1k 5(Aq*+2...2q*+1 k) s (0.20)
Kki,...kag, 12€7Z%
where we use another physical abbreviation:
6(}\1.“(1*_*_1 ) _ 1 if A, +...+ )\kq*+1 - Akq*.+2 e )\k2q*+2 =0, (0.21)
0« +2...2¢.+2 0 otherwise.



This representation for 7™ is different from that given by the resonant averaging. Its advantage
is the natural relation with the a-variables, which is convenient to study the limit v — 0. The
representation for 7" by means of the resonant averaging turned out to be more useful to
study properties of H"® and of the corresponding hamiltonian vector field.

We saw that the effective equation can be obtained from the system (0.6) by a simple
procedure: drop the fast rotations and replace the Hamiltonian H by its resonant average
Hres. In difference with the non-resonant case, this is a nonlinear system. The corresponding
hamiltonian system

res
i)k:sz'M, keZf, (0.22)
8’Uk
has a vector field, locally Lipschitz in sufficiently smooth spaces, so equation (0.18) is well posed
locally in time. In fact, it is globally well posed. We get this result in Section 4.1 as a simple
consequence of our main theorems.

The Hamiltonian ™ has two convex quadratic integrals,

1 1
Ho(v) = 52 |ok?, Hy = izAka‘za

which are similar to the energy and the enstrophy integrals for the 2d Euler equation on T2
(see (2.32)), and the vector-integral of moments M (u) = 3> k|uk|?> € R?, which can be
compared with the extra integrals of the 2d Euler. Besides, the vector-field (0.20) is non-linear
homogeneous and hamiltonian, as that of the Euler equation. This makes the effective equation
(0.18) similar to the 2d Navier-Stokes system on T2. Fortunately the former is significantly
simpler then the latter.

0.4 Results

Main results of our work are stated and proved in Section 4, based on properties of the effective
equation, established earlier. They imply that the long-time behaviour of solutions for equations
(0.5), when v — 0, is controlled in distribution by solutions for the effective equation. We start
with the results on the Cauchy problem. So, let v”(7) be a solution of (0.6) such that v¥(0) = v,
where vg = (vok, k € Z%) corresponds to a sufficiently smooth function ug(z). Let us fix any
T >0.
Consider the vector of actions I(v” (7)) = {L(v" (7)), k € Z%}.
Theorem 1. When v — 0, we have the weak convergence of measures

D(I(v"(1))) = D(I(v°(7))), (0.23)
where v°(7), 0 < 7 < T, is a unique solution of equation (0.18) such that v°(0) = .

For any ¢ € Z3°, where Z3° is the set of integer vectors (x,k € Z%) of finite length, we
denote ®¢(v¥ (7)) := 3. &k (vV (7)) € S = R/27Z . Then, in addition to (0.23), for a resonant
vector £ € Zg° 3 the distribution of ®¢(v” (7)), mollified in 7, converges as v — 0 to that of
®¢(v(7)). On the contrary, if £ is non-resonant, then the measure D(®¢ (v (7)), mollified in 7,
converges to the Lebesgue measure on S*. All this is proved in Section 4.1, using the interaction
representation (0.17) for equation (0.3).

3i.e. for a vector £ such that >} &kAk = 0.



The limiting behaviour of solutions v”(7) can be described without evoking the effective
equation. See Proposition 4.5.

Now consider a stationary measure p¥ for equation (0.5) (it always exist). We have
Theorem 2. Every sequence 1/} — 0 has a subsequence v; — 0 such that

Top" —Tom® ) oy —~ & om0

)

for any resonant vector £ € Z&°, where m® is a stationary measure for equation (0.18). If a

vector ¢ is non-resonant, then the measure ®¢ou” converges, as v — 0, to the Lebesgue measure
1
on S°.

If the effective equation has a unique stationary measure m°, then the limits in Theorem 2
do not depend on the sequence v; — 0, so the convergences hold as v — 0. Remarkably, in this

case the measure m® controls not only the slow, but also the fast components of the measures
v

15
Theorem 3. If the effective equation has a unique stationary measure m°, then p — m° as
v— 0.

In particular, if the effective equation has a unique stationary measure m® and the equation
(0.3) is mixing,* then m® describes asymptotical behaviour of distributions of solutions u(t) for
(0.3) as t — o0 and v — 0:

lim lim D(u(t)) = m°.
v—0t—o0

In view of the last theorem, it is important to understand when the effective equation has
a unique stationary measure and is mixing. This is discussed in Section 4.3. In particular, the
mixing holds if ¢, =1, f(¢t) =¢t+ 1 and d < 3.

Other equations. Our approach applies to other equations, usually considered in the WT. In
particular, in [KM15b] we apply it to the 2d quasigeostrophic equation on the S-plane with
random force:

(—A+ K) — pJ (1, AY) — By, = (random force) — kA1) + Aq. (0.24)

Here 1 is the stream function, ¢ = ¥(t,z,y), where & € R/LZ and y € R/Z; Ay is the
Ekman damping, —xAZ2% is the kinematic viscosity and the random force is similar to that in
eq. (0.3)=(0.5). The equation has the same structure as (0.5), and our approach applies to
prove that for typical values of the horizontal period L (when the structure of resonances is
relatively simple) the limiting, as 8 — oo, behaviour or solutions for (0.24) exists, is uniform
in k € (0,1], and is described by an effective equation which is an infinite system of stochastic
equations. This system splits to invariant systems of complex dimension < 3; each of them
is an integrable hamiltonian system, coupled with a Langevin thermostat. Under the iterated
limits lim7—, o0 limg oo and lim,_,0limg o we get similar systems. In particular, none of
the three limiting systems exhibits the energy cascade to high frequencies.

4hoth these conditions hold, e.g. if g« = 1 and f(\) = ¢1 + A\°d, where cq is sufficiently big in terms of d.



0.5 Weak Turbulence

The most famous prediction of the WT (see Section 0.2) deals with the distribution of the
energy of solutions for (0.1) and (0.3) between the frequencies. To describe the corresponding
claims, consider the quantity E|vi(7)|?, average it in time® 7 and in wave-vectors k € Z¢ such
that |k| &~ r > 0; next properly scale this and denote the result E,. The function r — FE,
is called the energy spectrum. It is predicted by the WT that, in a certain inertial range
r € [r1,r2], which is contained in the spectral zone where the random force is negligible (i.e.,
where |by| << (E|vg|?)'/?), the energy spectrum has an algebraic behaviour:

E.~r=® for ré€]lr,r), (0.25)

for a suitable o > 0. If the WT is stated in terms of the iterated limits (0.9), then only the
limits which lead to the algebraic energy spectra (0.25) are relevant.

In our sequel work [KM15a] we study the effective equation for (0.5) under the limit L — oo,
evoking the heuristic tools from WT, as presented in [ZLF92], and mimicking the logic of that
book. There we show (heuristically) that a suitable choice of the function p(L) leads, in the
limit of L — oo, to a wave kinetic equation for the averaged actions ni(t) = $E|vk(t)|?. That
equation is different from the heuristic kinetic equations, obtained by the WT methods (see
[CFGO0Y], sec. 1.2, and [ZLF92], sec. 2.2.3), but is closely related to them, so that the Zakharov
ansatz applies and allows to obtain stationary solutions of the equation, algebraic in r = |k|
and corresponding to energy spectra of the desired form (0.25).°

The rigorous and heuristic results, obtained in this work and in [KM1b5a], encourage us to
pursue our program to study the WT in the model, given by eq. (0.3), which brings to the WT
the advantage of a rigorous foundation, based on the recent results of stochastic calculus. We
believe that some predictions of the WT (including the fact that the limiting behaviour of the
averaged actions ny(t) is described by a certain wave kinetic equation which admits stationary
solutions of the algebraical form (0.25)), may be obtained if not under the iterated limit “first
v — 0, next L — c0”, then under its suitable modification (e.g., “v — 0 and L — oo in such a
way that vL — 07).

Notation and Agreement. The stochastic terminology we use agrees with [KS91]. All filtered

probability spaces we work with satisfy the usual condition (see [KS91]).” Sometime we forget

to mention that a certain relation holds a.s.

Spaces of integer vectors. We denote by Zg° the set of vectors in Z* of finite length, and denote
o ={s€Z§ : 5, >0Vk}. Also see (1.15) and (2.9).

5Certainly this is not needed if we consider stationary solutions of the equation.

6The work [CFGO08] mainly treats the systems, where the sources and sinks of energy are well separated,
so that there is a large spectral region where the forcing and the dissipation are practically absent and where
the kinetic equation does not depend explicitly on the form of the forcing and dissipation. For this reason, the
stationary spectra, found in [CFGO8] for (0.3), are equal to those obtained by the WT methods for the HPDE
(0.1). This explains the difference between the kinetic equation in [CFGO08] and that in [KM15a] (which deals
with the case when the dissipation is present on the whole spectral range). Contrary to [CFG08], the method
of the work [ZL75] applies, at least formally, to all kinds of forcing and damping, so the kinetic equation of that
work may depend on the forcing and dissipation.

"Te., the corresponding filtrations {F;} are continuous from the right, and each F: contains all negligible
sets.



Infinite vectors. For an infinite vector £ = (&1,&s,...) (integer, real or complex) and N € N
we denote by &V the vector (£1,...,&n), or the vector (£1,...,&n,0,...), depending on the
context. For a complex vector { and s € Z55, we denote §° = Hj fjj.

Norms. We use | - | to denote the Euclidean norm in R? and in C ~ R2, as well as the £;-norm
in Zg°. For the norms |- [pm and |- |p» see (1.13) and below that.

Scalar products. The notation “.” stands for the scalar product in Zg°, the paring of Zg° with
7>, the Euclidean scalar product in R? and in C. The latter means that if u,v € C, then
u-v = Re(@v). The Lo-product is denoted (-,-), and we also denote by (f,u) = (u, f) the
integral of a function f against a measure p.

Maz/Min. We denote a V b = max(a,b), a A b= min(a,b).
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1 Preliminaries

Since in this work we are not interested in the dependence of the results on L, from now on it
will be kept fixed and equal to 1, apart from Section 3. There we make explicit calculations,
controlling how their results depend on L.

1.1 Apriori estimates.

In this section we discuss preliminary properties of solutions for (0.5). We found it convenient
to parametrise the vectors from the trigonometric basis {e’**} by natural numbers and to
normalise them. That is, to use the basis {e’(z),7 > 1}, where

el (x) = (2m)" Y2k k=Kk(j). (1.1)

The functions e’ () are eigen—vectors of the Laplacian, —Ae/ = Aj €7, so ordered that 0 = \; <
A2 < .... Accordingly eq. (0.5) reads

w4 iv (= Au) = —f(— A)u—zp|u|2q*u+fzb B (r ) (1.2)

u = u(t,z), where f(—A)e! = yje/ with v; = f()\;). The processes 87 = 7 +if~7,j > 1,
are standard independent complex Wiener processes. The real numbers b; are such that for a
suitable sufficiently large even integer r (defined below in (2.13)) we have

_22/\%2 < 00,

By H?, p € R, we denote the Sobolev space HP = HP(T?,C), regarded as a real Hilbert
space, and denote by (-,-) the real L?-scalar product on T¢ . We provide HP with the norm

-1l
oo

lull2 = " u;*(A; v 1)P for u(x Zujej

j=1
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Let u(t,x) be a solution of (1.2) such that u(0,2) = wug. It satisfies standard a-priori
estimates which we now discuss, following [Kuk13]. Firstly, for a suitable £y > 0, uniformly in
v > 0 one has

Ee=lt 0I5 < O(By, [uollo) Vr>0. (1.3)

Assume that 5
q. < oo if d=1,2, q*<m if d>3. (1.4)

Then, the following bounds on the Sobolev norms of the solution hold for each 2m < r and
every n:

T
2n 2 2n—2
E( SupTIIU(T)\\2m+/O () 1241 1u(8) 1m, ds)

0<r<

2n m,n
< lluollog, + C(m,n, T)(1 + [Juollg™"),

E|u(r)|3 < C(m,n) Y7 >0, (1.6)
where C'(m,n,T) and C(m,n) also depend on Ba,.

Estimates (1.5), (1.6) are assumed everywhere in our work. As we have explained, they
are fulfilled under the assumption (1.4), but if the function f(t) grows super-linearly, then the
restriction (1.4) may be weakened.

Relations (1.5) in the usual way (cf. [Hai02, KS04, Oda06, Shi06]) imply that eq. (1.2) is
reqular in the space H" in the sense that for any ug € H" it has a unique strong solution u(t, x),
equal to ug at ¢ = 0, and satisfying estimates (1.3), (1.5) for any n. By the Bogolyubov-Krylov
argument, applied to a solution of (1.2), starting from the origin at ¢ = 0, this equation has

a stationary measure p”, supported by the space H", and a corresponding stationary solution
u” (1), Du” (1) = p¥, also satisfies (1.3) and (1.6).

1.2 Resonant averaging

Let W € Z™ , n > 1, be a non-zero integer vector such that its components are relatively prime
(so if W =mV, where m € Z and V € Z", then m = £1). We call the set

A=AW):={se€Z": W.-s=0} (1.7)

the set of resonances for W. This is a Z-module. Denote its rank by r. Here and everywhere
below the finite-dimensional vectors are regarded as column-vectors.

Lemma 1.1. The rank r equals n — 1. There exists a system C',..., (" of integer vectors in
Z™ such that spanz{C',..., ("1} = A, and the n x n matriz R = ((1¢?...¢") is unimodular
(i.e., det R = +1).

That is, the vectors (¢1,...,¢" ') make an integer basis of the hyperspace W+ C R".

Proof. We restrict ourselves to the case when some component of the vector W equals one since
this is the result we need below. For the general case and for a more general statement see, for
example, [Bou71], Section 7.
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Without loss of generality we assume that W, = 1. Consider the matrix such that its n-th
column is W and for j < n the j-th column is the vector e/ = (e],...,e4)", where €] =d,;. It
is unimodular and transforms the basis vector €™ to W. Its inverse is an unimodular matrix B
such that BW = e™. Let s be any vector in A. Since

W-s=0&BW. - (BT)ls=0s¢"- (BT) s =0,
then (BT)~ls = Z;:ll m;el, where m;’s are some integers. This proves the lemma if we choose

¢ =BTel, j=1,...,n. Note that the matrix R equals BT. 0O

Since RTW = BW = e, then the automorphism of the torus T" — T", ¢ — y = R ¢,
“resolves the resonances” in the differential equation ¢ = W in the sense that it transforms it

to the equation
y=R"W =(0,...,0,1)". (1.8)

Let us consider a mapping L = L4 : T® — T?!, “dual to the module A”:
L:T"3>¢ = (p-Re' ... 0o - Re" )T e 1, (1.9)
The basis {n = (RT)71e/, 1 < j < n}, is dual to the basis {¢/ = Re’, 1 < j < n}, since
n ¢t = (R")"e - Re! = 45,

Therefore if we decompose ¢ € T™ in the n-basis, ¢ = Y, yxn® = (RT)71y, then Ly =
(Y1, Yn_1)T. That is,

LO(RT)_l(y1?~--ayn)T = (yl?"'aynfl)T- (110)
In particular, the fibers of the mapping L are the circles R({y} xS'), wherey = (y1,...,yn_1)T €
T~ 1.

For a continuous function f on T™ we define its resonant average with respect to the integer

vector W as the function )
iy

(Hw(p) = ; fle+tW)dt, (1.11)

where we have set dt := 5-dt.

Lemma 1.2. Let f be a C®-function on T", f(¢) =>_ f<€'*¥. Then

(Nw(p) =D fuo,swe=?= > foe?. (1.12)

sEA(W)

Proof. Tt is immediate that (1.12) holds for trigonometrical polynomial. Since for C*°-functions
the series in (1.12) converges well, then by continuity the result holds for smooth functions f. [
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1.3 Resonant averaging in a Hilbert space

Consider the Fourier transform for complex functions on T¢ which we write as the mapping
F:H3oulx)—=v=(v1,v9,...) €C®,

defined by the relation u(x) = Y vie*(x). In the space of complex sequences we introduce the
norms

ol = kP V1P, peR, (1.13)
E>1

and set h? = {v| |v

pe < 00}. Then
[Fulpe = llull, — Vp.

For k > 1 let us denote I = I(vy) = %|vg|* and ¢ = @(vg), where for v € C ¢(v) =

Argv € St if v # 0, and ¢(0) = 0 € S*. For any r > 0 consider the mappings
H]ZhTa'UF—)I:(Il,Iz,...)Gh?_,'_, HLPZhTSUF—)QD:(Cpl,QPQ,...)GTOO. (114)

Here hf, is the positive octant {1 : I > 0 Vk} in the space h}, where
W= {1 | g = 230 V1) |Ii] < o).
k

Abusing a bit notation we will write II;(F(u)) = I(u), Hy(F(u)) = ¢(u). The mapping I :

‘H" — hf} is 2-homogeneous continuous, while the mapping ¢ : H" — T is Borel-measurable

(the torus T is given the Tikhonov topology and the corresponding Borel sigma-algebra).
For infinite integer vectors s = (s1, S2,...) (and only for them) we will write the /;-norm of

s as |sl,
sl = lsl.
J

We denote Z5° = {s € Z*° : |s| < oo}, and for a vector s = (s1, S2,...) € Z§° write

A-s= Z/\ksk, supp s = {k : s #0}, [s] = max{k: sy # 0}. (1.15)
k

Similar for ¢ € T> and s € Z° we write ¢ - s =s-p = >, rsi € St
Let us fix some m € N U oo and define the set of resonances of order m for the (integer)
frequency-vector A = (A, Aa,...) as

AN, m) ={s € Z :|s| <m,A-s=0}. (1.16)

We will abbreviate A(A) = A(A,00) = {s € Z5° : A-s =0},
Let us denote Z55, = {s € Z§° : s, > 0 Vk}, and consider a series on some space h”,r > 0:

Fv)= > Cpa2D)'v"", (1.17)

P,q,lELT,

13



where I = I(v), Cpq = 0 if suppg Nsuppl # 0 and for v € A", q € 23, we write v? = vaj.
We assume that the series converges normally in A" in the sense that for each R > 0 we have

Z |Cpqi] sup |U”w”vqwl| < 00. (1.18)
P,q,lELT, [v|pr,|w]pr <R

Clearly F'(v) = F(v,?), where F is a (complex) analytic function on A" x h". Abusing language
and following a physical tradition we will say that F' is analytic in v and v. In particular, F'(v)
is a real-analytic (so continuous) function of v, and the series (1.17) converges absolutely.
The resonant averaging of F' can be conveniently defined by introducing, for any 6 € T,
the rotation operator Wy, which is a linear operator in h°:
Uo(v) =, vy, = ey,

Clearly this is an unitary isomorphism of every space h". Note that (I x ¢)(¥ev) = (I(v), p(v)+
0) . Using that A is an integer vector and based on definition (1.11), we give the following
Definition. If a function F' € C(h") is given by a normally converging series (1.17), then its
resonant average with respect to A is the function

(FYA(v) := ” F(Up(v))dt, dt =dt/2r. (1.19)
0

Defining a function F(I,¢) by the relation F(v) = F(I(v),¢(v)), we see that (F)a(v) =
fo% F(I, ¢+ tA)dt. So this definition well agrees with (1.11).

Consider a monomial F' = (21)Pv?%'. By Lemma 1.2 we have
(2103t = (21707550 1y

Now assume that F is given by a normally convergent series (1.17) and has degree < m < oo
in sense that Cpy = 0 unless |g| + |[I] < m. Then

(F)a) = Y Cu2DP%' = > Cpu(2D)Pv%0" (1.20)
g—leA(A,m) (¢g—1)-A=0

If the series (1.17) converges normally, then the series in the r.h.s. above also does. It defines
an analytic in (v, ) function. Note that in view of (1.20)

(F)a is a function of I, I ... and the variables {s-¢,s € A(A,m)}. (1.21)

2 Averaging for equation (1.2).

Everywhere below T is a fixed positive number.

2.1 Equation (1.2) in v-variables, resonant monomials and combina-
tions of phases.

Let us pass in eq. (1.2) with w € H", r > d/2, to the v-variables, v = F(u) € h":

dvg + iv " ApordT = Py(v) dr + bkdﬁk(r), kE>1; v(0)=F(ug) =: vg. (2.1)
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Here
Po=P} 1 P, (2.2)

where P! and PP are, correspondingly, the linear and nonlinear hamiltonian parts of the pertur-
bation. So P} is the Fourier-image of —f(—A), i.e. P} =diag{—~x,k > 1}, while the operator
PV is the mapping u — —ip|u|??*u, written in the v-variables. Le.,

PO(v) = —ipF(Juf*u), uw=F '(v).
Every component PP of it is a sum of monomials:

Plv)y= > crehrint= > PP, k>, (2.3)

P,q;lELT, P,q,lELT,

where CP? = 0 unless 2|p| + |¢| + |I| = 2¢. + 1 and |g| = |I| + 1. Tt is straightforward that
PY(I,¢) (see (1.14)) is a function of ¢ = (¢;,7 > 1) of order 2¢, + 1, and that the mapping P°
is analytic of polynomial growth:

Lemma 2.1. The nonlinearity P° defines a real-analytic transformation of h™ if r > % The
mapping P°(v) and its differential dP°(v) both have polynomial growth in |v|s-.

We will refer to equations (2.1) as to the v-equations.
For any s € Z§° consider the linear combination of phases

P 5 S v sopv).

We fix
m = 2q. + 2,

and find the corresponding set A = A(A, m) of resonances or order m (see (1.16)). We order
vectors in the set A, that is write it as A = {s(!),5(?), ...}, in such a way that [s(1)] < [5072)]
if j1 < jo, and for N > 1 denote

J(N) = max{j : [s¥)] < N}. (2.4)

For any s) € A consider the corresponding resonant combination of phases ¢(v), ®,(v) =
®% (v), and introduce the Borel-measurable mappings

R ovis ®=(0,0,,...) €S xSt x . =T
h"sv—= (Ix®)ehp, xT.

Note that the system ® of resonant combinations is highly over-determined: there are many
linear relations between its components ®;.
Let us pass in eq. (2.1) from the complex variables vy to the action-angle variables I, ¢:

AL (1) = (vg, - Py)(v) d7 + b2 dr + by, (v, - dB) (2.5)

(here - indicates the real scalar product in C ~ R?), and

dgak(’l') = ( — Vﬁl)\k + |’U]€|72 (ifuk. . Pk(v))) dr + |’Uk|72bk(ivk . dﬁk) . (26)
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The equations for the actions are slow, while equations for the angles are fast since dpy, ~ 1.

But the resonant combinations ®; of angles satisfy slow equations:
d®;(7) = 3 s (Jonl 20 - P) dr -+ o] 2beivy - dBY)), = 1. (2.7)
k>1

Repeating for equations (2.1) and (2.5) the argument from Section 7 in [KPO08] (also see
Section 6.2 in [Kuk10]), we get low bounds for the norms of the components vy (7) of v(7):

Lemma 2.2. Let v”(7) be a solution of (2.1) and I¥(7) = I(v”(7)). Then for any k > 1 the
following convergence holds uniformly in v > 0:

/T P{I/(r) <d}dr 50  as 60 (2.8)
0

(the rate of the convergence depends on k).

Now we define and study corresponding resonant monomials of v. For any s € Z§°, vectors
sT,s7 € LY, such that s = sT — s~ and supp s = supp s Usupp s~, supp st Nsupp s~ = () are
uniquely defined. Denote by V* the monomial

_ + -
Vi) =" =[] [[o"- (2.9)
l l

This is a real-analytic function on every space h', and ¢ (V*(v)) = ®*(v). Resonant monomials
are the functions ®

)

Vi(v) =V* (v), i=12,....
Clearly they satisfy
1(V;(0) = @DF = TTem T, o(Vi(0) = &(0). (2.10)
1
Now consider the mapping
Vihtsve (V,Va,...)eC>®, (2.11)

where C* is given the Tikhonov topology. It is continuous for any [. For N > 1 denote
VW () = (Vi,...,V;(v)) € C7,
where J = J(N), see (2.4).
For any s € Z3°, applying the Ito formula to the process V*(v(7)), we get that

ave =V (=i (A s)drt YD sfo (Pi(o)dr + by dB))

j€Esupp st

+ Y s o (B ()dr + b dBj)).

JjESupp s—

(2.12)

8Tt may be better to call V;(v) a minimal resonant monomial since for any | € 7%, the monomial I'V; (v)
also is resonant and corresponds to the same resonance.
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If s = 5 € Z& is perpendicular to A, then the first term in the r.h.s. vanishes. So V*(r) is a
slow process, dV® ~ 1. In particular, the processes dVj,j > 1, are slow.
Estimates (1.5) and equation (2.12) readily imply

Lemma 2.3. For any j > 1 we have E|Vj(v(.))|CI/3[0 7] < Ci(T) < o0, uniformly in 0 < v <
1.

Let us provide the space C([0,T]; C*) with the Tikhonov topology, identifying it with the
space C([0,T];C)*°. This topology is metrisable by the Tikhonov distance. From now on we
fix an even integer r,

d
r=g o+l (2.13)
and abbreviate

h" = h, h; = h], C([O,T],h[+) X C([O,T],(COO) =: /H],V.

We provide Hr v with Tikhonov’s distance, the corresponding Borel o-algebra and the natural
filtration of the sigma-algebras {F;,0 <t < T'}.
Let us consider a solution u”(7) of eq. (1.2), satisfying u(0) = ug, denote v¥ (1) = F(u” (7))
and abbreviate
I(w"(T))=1I"(r), V(@"(r))=V"(r) e C™.

Lemma 2.4. 1) Assume that ug € H". Then the set of laws D(I”(-), V¥ (")), 0 < v <1, is
tight in Hy v .
2) Any limiting measure Q for the set of laws in 1) satisfies

T
EC|I|% n<C, VYneN, EQ/ I(7)|r+rdr < C7,
H1Eqorymy < L s (2.14)

2 < ¢ wr e 0,71,

Proof. 1) Due to Lemma 2.3 and the Arzela Theorem, the laws of processes V;(v”(-)), 0 < v < 1,
are tight in C'([0,T7],C), for any j. Due to estimates (1.5) with n = 1 and since the actions I}/
satisfy slow equations (2.5), the laws of processes I”(7) are tight in C([0,T), hr4) (e.g. see in
[VF88]). Therefore, for every N, any sequence v, — 0 contains a subsequence such that the
laws D(I7(:), VM (v¥(-))) converges along it to a limit. Applying the diagonal process we get
another subsequence v, such that the convergence holds for each N. The corresponding limit is
a measure m™ on the space C([0,T], hry) x C([0,T],C)? ™). Different measures m” agree, so
by Kolmogorov’s theorem they correspond to some measure m on the sigma-algebra, generated
by cylindric subsets of the space C([0,T], hr+) x C([0,T],C)*>°, which coincides with the Borel
sigma-algebra for that space. It is not hard to check that D(I*(:),V”(-)) = masv =v, — 0.
This proves the first assertion.

2) Estimates (2.14) follow from (1.3), (1.5), the weak convergence to Q and the Fatou lemma,;
cf. Lemma 1.2.17 in [KS12]. O
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2.2 Averaged equations, effective equation, interaction representation

Fix ug € H" and consider any limiting measure Q for the laws
DI (), V() = Q% as v —0, (2.15)

existing by Lemma 2.4. Our goal is to show that the limit Q° does not depend on the sequence
vy — 0 and develop tools for its study. We begin with writing down averaged equations for
the slow components I and ® of the process v(7), using the rules of the stochastic calculus
(see [Kha68, FWO03]), and formally replacing there the usual averaging in ¢ by the resonant
averaging (-)5. Let us first consider the I-equations (2.5). The drift in the k-th equation is

bi—l—vk'Pk:bi—ka'Pkl-i-’Uk-P,?,

where vy - P = =2y, I and vy - PP(v) = Zp,q,lEZj_"O vy - PP (v), see (2.3). By Section
3 the sum converges normally, so the resonant averaging of the drift is well defined. The
dispersion matrix for eq. (2.5) with respect to the real Wiener processes (3%,571,4%,...) is
diag {bx,(Re vy, Imwy),k > 1} (it is formed by 1 x 2-blocks). The diffusion matrix equals the
dispersion matrix times its conjugated and equals diag {b7|v |,k > 1}. It is independent from
the angles, so the averaging does not change it. For its square-root we take diag {bxv/2I}}, and
accordingly write the A-averaged I-equations as

Al (1) = (v - P)A(I, V) dr + b3 d7 + b/ 2L, dB* (1), k> 1 (2.16)

(see (1.21)).
Now consider equations (2.7) for resonant combinations ®; of the angles. The corresponding
dispersion matrix D = (D;y) is formed by 1 x 2-blocks

Djk = —sl(f)bk(ZIk)_l(Im Vi — Re ’Uk).

Again the diffusion matrix does not depend on the angles and equals M = (M;,;,), M, =
> s,(jl)s,(fQ)bﬁ(QIk)_l. The matrix D" with the entries D" = sfj)bk(ﬂk)_l/z satisfies
|Dmew|2 = M, and we write the averaged equations for ®;’s as

() — () ( (v - Pe)a (L, V) b ok )
d®;(r) = kZlekj ( o dr + mdﬁ (7-)) , j>1 (2.17)

(we use here Wiener processes, independent from those in eq. (2.16) since the differentials vy -dﬁk
and ivy, - dB¥, corresponding to the noises in equations (2.5) and (2.6), are independent).

Equations (2.16), (2.17) is a system of stochastic differential equations for the process
(I,V)(r) since each ®; is a function of I and V;. It is over-determined as there are lin-
ear relations between various ®;’s. Besides, eq. (2.16) has a weak singularity at the locus
O(h) = Ug{v € h: vy = 0}, while eq. (2.17) has there a strong singularity.

Consider a component (vg - PY)x(v) of the averaged drift in the equation for . It may be
written as

27
(v - PYYa(v) = /0 o - (PR 0) )t = vy - BY(w) (2.18)
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where we set R)(v) = [, o

o e A PY(Wyp (v))dt . That is,

R(v) = /027r U_ A PO(Wipw)dt . (2.19)

Repeating the derivation of (1.20) and using that |¢| + |I| < m — 1, we see that

RY(v) = > P (21)PyTa!. (2.20)
P,q,LELT,

g—leA(A,m)+e"
lgl+|l[+1<m

The relation (2.20) interprets R%(v) as a sum of resonant terms of the mapping P°(v), very
much in the spirit of the WT, while (2.19) interpret it a result of the resonant averaging of PV.
The vector field R° defines locally-Lipschitz operators in the spaces h?, p > d/2:

IRO(v) = RO(w)|nr < Cp([vlnr V [w]n)** [0 = w]po- (2.21)

Indeed, in view of (2.19), for any v,w such that |v|pe, |w|pe < R we have

[(R°(v) — R%(w))[nr < / ’ m_tA(PO(mtAv)—PO(thw))‘ dt . (2.22)
0 hP

Since PY(v) = —ipF(|5|?9*0), where & = F~1v, then denoting W;pv = v, defining w; similarly
and using that the operators Wy define isometries of h?, we bound the r.h.s. of (2.22) by

27 27
[ 10w = Pwolde=p [ 6P d - (@ w
0 0

27
< pC, R / |0 — W[ pdt < pCpR*¥* |1 — w|po.
0

Finally we set
R=R"+R', where Rj(v)= Pl(v)=—ysvs.

Since (vg - PLya = (=3 2yilk)a = vg - PL = vy - R}, then in view of (2.18) we have
(vg + Pe)a(v) = vg - Ri(v). (2.23)

For further usage we note that by the same argument, (ivy - P0)a = ivy, - RY and (ivg - P)a =
0 =1iv - R}C. So also
(ivk . Pk>A(’U) =y - Rk(v). (2.24)

Motivated by the averaging theory for equations without resonances in [Kuk10, Kuk13], we
now consider the following effective equation for the slow dynamics in eq. (2.5):

dvy = Rp(v)dr + bpdB® ., k>1. (2:25)

In difference with the averaged equations (2.16) and (2.17), the effective equation is regular,
i.e. it does not have singularities at the locus O(h). Since R? : h — h is locally Lipschitz, then
strong solutions for (2.25) exist locally in time and are unique:
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Lemma 2.5. A strong solution of eq. (2.25) with a specified initial data v(0) = vy € h is
unique, a.S.

The relevance of the effective equation for the study of the long-time dynamics in equations
(1.2)=(2.1) is clear from the next lemma:

Lemma 2.6. Let a continuous process v(1) € h be a weak solution of (2.25) such that all
moments of the random variable maxo<-<r |[v(7)|n are finite. Then I(v(T)) is a weak solution
of (2.16). Let stopping times 0 < 171 < 170 <T and numbers 6, > 0, N € N be such that

In(v(7)) > 6x form <7 <7 and k < N. (2.26)

Then the process (1(v(7)),®;(v(7)),j < J(N)) is a weak solution of the system of averaged
equations ? (2.16), (2.17),<.
Proof. Let v(r) satisfies (2.25). Applying Ito’s formula to I (v(7)) and ®;(v(7)), j < J, we get
that

A, = vy - Ry, dr + b3 dr + by, - dB" (2.27)

and

N i - b
do; = > s (“’k B gr 4 kzivk-dﬁk>.
kesupp s(J) |Uk| |’Uk|

Using (2.23) and (2.24) we see that (2.27) has the same drift and diffusion as (2.16). So I(v(7))
is a weak solution of (2.16) (see [Yor74, MR99]). Similar, for 7 € [y, 2], in view of (2.24), the
process (I, ®;,j < J), is a weak solution of the system (2.16), (2.17),<. O

Now we show that the effective equation describes the limiting (as v — 0) dynamics for
the equations of motions, written in the a-variables of the interaction representation (0.16).
Indeed, let u”(7) be a solution of eq. (1.2), satisfying u(0) = ug. Denote v”(7) = F(u”(7)) and
consider the vector of a-variables a”(7) = (af (1) = e"”_1>‘“v,’;(7)7 k> 1) (cf. (0.16)). Notice
that we obviously have

[0 (7) [ = |0 (T)[pm ¥, I(0"(7)) = I(a"(7)), V(0"(7)) = V(a"(7)) (2.28)
(see (2.11)). From (2.1) we obtain the following system of equations for the vector a”(7):
daf = (Ri(a”) + Ry(a”,v17)) dr + be” M7agh(r), k>1,

where we have denoted

Rila,vir)= Y PM(a) exp(—il/_lT (A-(g—1- ek))) . (2.29)
P,q,l€LT,
q—l—e"gA(A,m)
lg|-+[1]+1<m
This is the nonresonant, fast oscillating part of the nonlinearity (because |A - (q —1 —e)| > 1).

Since {Bk(T) = fe“’_lA“dﬁk(T), k > 1} is another set of standard independent complex
Wiener processes, then the process a”(7) is a weak solution of the system of equations

day = (Ry(a”) + Ry(a”,v'7)) dr + bpdB"(r), k>1. (2.30)

9This system is heavily under-determined.
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We will refer to equations (2.30) as to the a-equations. It is crucial that they are identical to
the effective equation (2.25), apart from terms which oscillate fast as v — 0.

2.3 Properties of resonant Hamiltonian " and effective equation

Lemma 2.7. The vector field R® is hamiltonian:

R? = ipVH™ (v), Yveh?, p>d/2, (2.31)
where H™(v) = (H)a(v) and H is the Hamiltonian (0.2).
Proof. Indeed, since P°(v) = ipVH(v), then

27

27
RO(v) = /O \IJ_tA<ipVH(\I/tA(v))>dt:ipVU i H(Wop (0))dt = ipV 1 (v),

as Uj = ¥_y, and where we used (2.19). O

Clearly H™5(0) = 0. Since H(u) < —C|lul[3*? by the Holder inequality and since the
transformations W;p preserve ||ullg, then

H™ (u) < —Cllullf®? Vu.
The resonant Hamiltonian H™® has symmetries, given by some rotations W¥,,, m € R*>:

Lemma 2.8. i) Let 1 = (1,1,...). Then H"*(¥3v) = const (i.e., it does not depend on t);
ii) Let M the I-th component of the sequence (k(1),k(2),...), I = 1,...,d (see (1.1)).
Then H™* (U pp v) = const, for each [.
iii) H™*(Upv) = const.

Proof. i) By (1.19) we have

2 2
Hres(\ytlﬂ) = / H(\I/t/A(\I/tlU))dt/ = / H(\I/tl(\IJtIAU))dtl .
0 0

Let us denote Wyq (Uppv) = v(t;t'). Then (d/dt)v(t;t') = iv. The flow of this hamiltonian
equation commutes with that of the equation with the Hamiltonian H.1° So H(v(t;t')) is
independent from ¢ for each ¢’, and i) follows since H***(Uyyv) = [ H(v(t;t'))dt’ .

ii) Proof is the same since the transformations ¥, ,t € R, are the flow of the momentum
Hamiltonian M'(u) = 1 Z]Oil k!(j)|u;|?, which commutes with H.

iii) It is a straightforward consequence of the definition (1.19) of the resonant averaging. [

Since the transformations Wy form the flow of the Hamiltonian Ho(v) = 3 Y- |v;]2 = £|v|2,,
the transformations W¢s — the flow of Hy(v) = 2 3~ Aj|v;|?, and the transformations ¥y, t € R
— the flow of the momentum Hamiltonian, we may recast the assertions of the last lemma as
follows:

{H™ Ho} =0, {H'™, H}=0, {H M}=0VLI (2.32)

10This follows from the fact that the functional %|v|}2l0 is an integral of motion for the Hamiltonian H, which

becomes obvious if we note that in the u-representation H has the form (0.2) and %|v|io is % [ u|?(z) d=.
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Here {-, -} signifies the Poisson bracket. As the transformations ¥,,, m € R, are symplectic,
then the symmetries in the lemma above preserve the hamiltonian vector field R® and commute
with it. In particular, since W,y = e~ ™2, then the spectral spaces Ey of the operator —A,

E\ =span{el : \; = \},

are invariant for the flow-maps of R°.

Since the transformations ¥,,,m € R, obviously preserve the vector field R! as well as
the law of the random force in (2.25) (see the proof of the lemma below), then those ¥,,, which
are symmetries of R" (equivalently, which are symmetries of the Hamiltonian H*®*), preserve
weak solutions of (2.25). So we have:

Lemma 2.9. If v(7) is a solution of equation (2.25) and m € R> be either a vector m =
t1,t € R, or a vector m =tA, orm =tM', 1 =1,...,d, then V,,v(7) also is a weak solution.

Proof. Denote ¥,,v(7) = v/(7). Applying ¥,, to eq. (2.25), using Lemma 2.8 and exploiting
the invariance of the operator R! with respect to ¥,,, we get

dvj, = (U0, R(v(7))) A7 + €™ bpdB" = (R(V'(7))k + bi(e™™*dB").

Since {e"™* 3% (7),k > 1} is another set of standard independent Wiener processes, then v'(7)
is a weak solution of (2.25). O

Corollary 2.10. If u is a stationary measure for equation (2.25) and a vector m is as in
Lemma 2.9, then the measure V., o u also is stationary.

The next lemma characterises the increments of R(v) in the space h°. It will be needed
below to study the ergodic properties of the effective equation:

Lemma 2.11. Let p > d/2. Then for any v,w € h? we have
2qx
|R%(v) = R°(w)|no < C(|v|ne + |wlnr) v — w|po.

Proof. Repeating the proof of the Lipschitz property of R” in the space h (see (2.21)) and using
the notation of that proof, i.e. denoting Wypzv = vy, ¥ = F v, and similar for the vector w,
we get that

27
“0 v 71i0 w (0]

W_yp (PO (Uyp0) — PO(Tw)) ’hod‘t
2 27

:/ \PO(ut)—PO(wt)yhodtZ/ 1524 %, — @z 247 |t
0 0

2
< C/ (10 Lo + [ £ )T (|0 = Wellodt < Cr([v]ne + [w]ar)*T [0 = w]po
0
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3 Explicit calculation

We intend here to calculate explicitly the effective equation (2.25), keeping track of the depen-
dence on the size L of the torus. To do that, it is convenient to use the natural parametrisation
of the exponential basis by vectors k € Z%; that is, decompose functions u(x) to Fourier series,
u(z) = ZkeZ”Ll ve’™®® . We modify the norms | - |,» accordingly :

2p
2 1 2
Jull? = (2rL)* (|k| VT o ? = |v]7, -

kezd

Now, as in the Introduction, the eigenvalues of the minus-Laplacian are A = |k|? and the
damping coefficients vk = f(A\k).

In the v-coordinates the nonlinearity becomes the mapping v + P°(v), whose k-th compo-
nent is

0 . _ _ 1..g.+1
B (U) = § : UVky """ Vkg,+1Vkg 42 7 'Ukzq*+16q*+2“.2q*+1k
K1,...Koq, +1€Z4
(see (0.8)). Accordingly,
0 _ _ _ _ l...g«+1
v B =p E Im (vie, * Uiy, 11 Vkg, 12" Vkog, 11 0%)0, 15 0g. 41k - (3.1)

ki,...kag, +1€Z§

In order to calculate the resonant average, we first notice that vy - Plg can be written as a series
(1.17), where |Cpyi| < 1 and |g| + |p| + |I| = 2¢« + 2. In this case the sum in the Lh.s. of (1.18)

is bounded by
2q.+2 gx+1

> fud <UDt Y KT
kezd kez$
So the condition (1.18) is met if 2p > d.
Since the order of the resonance m = 2q. + 2, then (vy - P2)A(v) equals

_ _ — \slo.ge+1 1...qe+1
P E Im (Uk1 BRG] PG "Uk2q*+1vk)6q*+2...2q*+1 ké(/\q*+2~~.2q*+1 k) ’

Kki,...kaq, 11622

(see (0.21)). This follows from (3.1) and (1.19) if one notes that appearing there restriction

(¢g—1)- A =0 is now replaced by the factor J(Aq'*'fgtéq*ﬂ ). In a similar way, we see that the

quantity RY , entering equation (2.25), takes the form

0 o . _ _ 1...g++1 1...g«+1
Ry (v) = —ip E : Vky " Vkg, 11 Vkg, 42 "'Uk2q*+15q*+2...2q*+1 ké(/\q*+2...2q*+l k) :
kl,...kgq*+1€Z%
Taking into account that R = —yvk, we finally arrive at an explicit formula for the effective
equation (2.25):
dvg = (—’kak
- = = l..g«+1 1..g«+1
- E Vky * " Vky, 11Vkg, 42 °° -’Uk2q*+15q*+2...2q*+1 ké()\q*+2...2q*+1 k))dT (3.2)
ki,..kaq, +1€Z¢
k
+ brdB* kezd .
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Due to (2.31),
0
RY(v) = ipV,, H™ (v) = 2ip=—H"(v).
8vk

Therefore eq. (3.2) can be written as the damped-driven hamiltonian system (0.18).
Ezamples. a) If g, = 1, then (3.2) reads

- _ Kk
dvg = ( — YkUk — ip E Uk Uk V" Ok k!, k7 47 Ot Ayer ,,\k,,+,\k)d7' + bkdB™
Kk K€z

where k € Z¢. If f(t) =t + 1, then this equation looks similar to the CGL equation
0 — Au+u = iluPu+ 4 Z b 8" ()"
dr ’

written in the Fourier coefficients. The latter equation possesses nice analytical properties; e.g.
its stationary measures is unique for any d, see [KN13].

b) Our results remain true if the Hamiltonian H, corresponding to the nonlinearity in (0.5),
has variable coefficients. In particular, let d = 1 and the nonlinearity in (0.5) is replaced by
—ip(z)|u|?u with a sufficiently smooth function p(z). Then the effective equation is

. _ k
dvg = ( — VeV, — @ E Vky Uk, UkgPhy Oky +ko+ha , ka+k Ok2 4 42 ,k§+k2)d7 + brpdB” ,
ki1,k2,k3,ks€ZL,

where ky, € Z; and py’s are the Fourier coefficients of p(z).

4 Main results

4.1 Averaging theorem for the initial-value problem.

We recall that r is a fixed even integer such that r > g + 1, and abbreviate
h"=h, C([0,T],h)=H,.

We provide H, with the Borel o-algebra and the natural filtration of the sigma-algebras {F3,0 <
t< T}

Let v”(7) be a solution of (2.1) such that v”(0) = vo = F(up) € h", consider the corre-
sponding process a” (7). Due to (2.28), the process a” satisfies obvious analogies of the estimates
(1.3), (1.5) and (1.6). Since (R + R)(a) is the nonlinearity P(v), written in the a-variables,
then

[(R+R)(a)(7)[n = [P()(7)[n < Clo(7)

Therefore all moments of |(R+7R)(a)|4, are finite, and we get from eq. (2.30) that E|a”|c1/s(j0,17,0) <

o1 o1
w = Cla(n)li

C, uniformly in v. Now arguing as when proving Lemma 2.4 we get that the set of laws
D(a”(+)), 0 < v <1, is tight in H,. Consider any limiting measure, corresponding to the laws
D(a* ()

D(a"(-)) = Q% as v — 0. (4.1)
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Theorem 4.1. There exists a unique weak solution a(T) of effective equation (2.25), satisfying
a(0) =wvo a.s. The law of a(-) in the space H, coincides with Q0. The convergence (4.1) holds
as v — 0.

The proof of the theorem is presented at the end of this section.
Let QY be a measure in H; y as in (2.15). Since (I, V)(v*(:)) = (I, V)(a”(-)) for any v > 0
then re-denoting a(7) by v(7) we derive a corollary from the previous theorem:

Theorem 4.2. There exists a unique weak solution v(T) of effective equation (2.25), satisfying
v(0) =vg a.s. The law of (I,V)(v()) in the space Hy v coincides with Q° and the convergence
(2.15) holds as v — 0. Moreover, for any vectors 81,...,8m € Z3°, perpendicular to A, we have
the convergence

DLV, . Vi) (v (-) = D,V ..., V) (u(-)).

By this result the Cauchy problem for the effective equation has a weak solution. Using
Lemma 2.5 and the Yamada-Watanabe argument (see [KS91, Yor74, MR99]) we get that the
equation is well posed:

Corollary 4.3. For any vo € h", eq. (2.25) has a unique strong and a unique weak solution
v(T) such that v(0) = vg. Its law satisfies (2.14).

Now, let § € Z3 be any non-zero vector, orthogonal to A, and consider ¢(v¥(7)) - § =
o(VE(v¥ (1)) € St. Since p(V?®) is a discontinuous function of V¥ € C, then to pass to a limit
as v — 0 we do the following. We identify S with {v € R? : |v| = 1}, denote [5] = N, and

approximate the discontinuous function V¥ = (V4,..., Viy) = ¢(V?) by continuous functions
N N 5 2 s
VN BV € R, ()= min T 0<b<1

where f5 is continuous, 0 < fs <1, fs(t) =0 for t <4/2 and fs =1 for t > 4.
For any measure p, in a complete metric space, which weakly continuously depends on T,
and any 71 < 7o we will denote

1 2
()7 = [ nedr

T2 —T1 Jn

Then the argument above jointly with Lemma 2.2 imply:

Corollary 4.4. Let 5 € Z3° be any non-zero vector, orthogonal to A, and let 0 <7 <1 <T.
Then
(D(p(v”(1)) - 5))7; = (D(p(v(r)) - 5))73 as v —0.

T1 T1

On the contrary, if s- A # 0, then by Proposition 4.10 we get that
(D(p(v"(7)) - 5))7; —dep.

More generally, if vectors 51,...,5y from Z3 are perpendicular to A and a vector s is not,
then

(DI, p-31,...,0 - 3n1, - 8)(“”(7)»: = (DU, ¢-51,...,p" §M)(U(T))>Z X dp.

We do not know an equivalent description of the measure Q° only in terms of the slow
variables (I, V) of equation (2.1). But the following result holds true:
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Proposition 4.5. Consider the natural process on the space Hy v with the measure Q°. If for
some N € N and §, > 0, stopping times 0 < 11 < 1o < T satisfy (2.26), then for T € |11, T2] the
process (I, <I>(N)) (I, V)(7)) is a weak solution of the averaged equations (2.16) and (2.17) | ;<.
Here @) = (®@1,...,®5(n)).

Since the averaged quantities (vy - Pr)a and (ivy - Pi)a are functions of T and @ (see (1.21)),
then equations (2.16) and (2.17) |;<s form an under-determined system of equations for the
variables (I, ®).

Proof of Theorem 4.1 The proof follows the Khasminski scheme (see [Kha68, FW03, KP08]).
Its crucial step is given by the following lemma:

Lemma 4.6. For any k > 1 one has

/Rk (s),v _1s)d5

The lemma is proved below in Section 4.4, following the arguments in [KP08, Kuk13]. Now
we derive from it the theorem.
For 7 € [0,T] consider the processes

b= E max -0 asv—0. (4.2)

o<r<T

NV =a¥i(r /Rk “(s))ds, k>1.
Due to (2.30) we can write N, as
N{H(r) = N (r) + Ny (7)

where 1\7;51 (1) = a" (1) — [y (Ri(a(s)) + Ri(a”(s), v 's))ds is a QO martingale and the dis-

parity sz is
:/ Ri(a” (s),v; 's)ds .
0

The convergence D(a”) — QY and Lemma 4.6 imply that the processes

Nk(T)ak(T)/OTRk(CL)dS, kzl,

are Q% martingales (see for details [KP08], Proposition 6.3).
Similar to (4.2), we find that

2

-,
E max / Ri(a”(s),v 1 s)ds| =0 asv—0.
0<r<T | Jo
Then, using the same arguments as before, we see that the processes Ny, (7) Ny, (T fo Ay ko ds

are Q¥ martingales, where Ay, , denotes the diffusion matrix for the system (2.25). That is,
QY is a solution of the martingale problem with drift R; and the diffusion A. Hence, Q0 is a
law of a weak solution of eq. (2.25). Such a solution exists for any vy € h. So by Lemma 2.5
and the Yamada—Watanabe argument (see [KS91, Yor74, MR99]), weak and strong solutions
for (2.25) both exist and are unique. Hence, the limit in (2.15) does not depend on the sequence
v; — 0, the convergence holds as ¥ — 0, and the theorem is proved. O
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4.2 Averaging theorem for stationary solutions.

Let v¥(7) be a stationary solution of eq. (2.1) as at the end of Section 1.1.}! Solutions v”
inherit the a-priori estimates (1.3), (1.5), (1.6), so still the set of laws D(I(v”(-)), V(v"(-))),
0 <v <1, is tight in Hy (cf. Lemma 2.4). Consider any limit

D(I(v"(-),V(v"(-))) = Q as vy — 0. (4.3)
As before, the measure Q satisfies (2.14) (with the constants C,,C",C", corresponding to
vg = 0). Moreover, it is stationary in 7.

Theorem 4.7. There exists a stationary solution v(7) of the effective equation (2.25) such that
Q="D(I(v(-),V(v())-

Proof. Denote p” = Dv” (7). Estimate (1.5) with 2m = r and n = 1 implies that [ |v|?,,, p”(dv)
C for all v. So the set of measures p” is tight in H". Replacing, if necessary, the sequence {v;}
by a subsequence, we achieve that

p =’ as vy — 0. (4.4)

Clearly (I,V) o u® is the marginal distribution for Q as 7 = const, which we will denote ¢ (i.e.,
q= Q |T:const)-

Let v°(7),7 > 0, be a solution for the effective equation (2.25) such that Dv%(0) = p°
(existing by Corollary 4.3 and the estimates on ;°). Then, for the same reason as in Section 4.1,

D(L,V)(©°(7)) |rep.r1= Q;

and D(I,V)(v°(r)) = ¢. We do not know if the solution v° is stationary, but from the
Bogolyubov-Krylov argument we know that for a suitable sequence T; — oo we have the
convergence

1 5

— / D°(7))dr — m°,

Tj Jo
where mY is a stationary measure for (2.25). Still we have that (I,V)om? = ¢, and the measure
m? satisfies the same apriori estimates as before. Let v(7) be a solution for (2.25) such that
Dv(0) = mP. It is stationary and D(I,V)(v(7)) = ¢. Modifying a bit the argument above we
get that also D(I,V)(v(-)) = Q. O

Writing the convergence (4.3) as D(I,V)(v*(:)) = D(I,V)(v(:)), we note that, as in Sec-
tion 4.1, we also have that

D(L V™, ..., VE) (0" (7)) = DLV, ..., V) (u(r)) = ([,V*,..., Vi) om®

as vy — 0, for any m and any vectors §i,...,S§,,, perpendicular to A. Since for stationary
solutions v¥(7) we have (D(v”(7)))7? = D(v”(7)), then arguing as when proving Corollary 4.4
we also get that

D(I,®%,..., @ ) (v (1)) = (I,®%,..., &) om". (4.5)

11Under certain restrictions on the equation it is known that its law (i.e. the stationary measure of the
equation) is unique, e.g., see [Shi06]. We will not discuss this now.
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Moreover if s € Zg° is such that s- A # 0, then in view of Proposition 4.10 and the stationarity
of the solutions we have

D(I, 0%, ..., &% &%) (v (7)) = (({,@%,..., &) om®) x df. (4.6)

If eq. (2.25) has a unique stationary measure m®, then the convergences above hold as
v — 0. But in this case a stronger assertion holds:

Theorem 4.8. Let v” be a stationary solution of equation (2.1), D(v” (7)) = ©”, and assume

that the effective equation (2.25) has a unique stationary measure m°. Then

pu’ = m° as v —0. (4.7)
Proof. i) Consider again the convergence (4.4). We are going to show that the limiting measure
1° equals m®. Then the limit in (4.4) does not depend on the sequence {v; — 0}, so it holds as
v — 0, and (4.7) follows.
ii) Due to Lemma 2.2, p”(9) = 0 = u°(9), so we may regard p” and p° as measures on
h% x T. Let us fix any n € N and consider measures p*", u°™ and m®™ which are images of
the measures p*, ¥ and m® under the projection

Im":ve—=o" = (v1,...,0p)

(see Notation and Agreement). We will regard them as measures on R’ x T" = {(I",¢™)}. To
prove that u® = mQ it suffices to verify that p°™ = m®" for each n.

Let us denote A(A™) =: A", and let the vectors ¢!,...,¢" € Z" and the unimodular matrix
R be as in Lemma 1.1 with A = A". Let L = L4» : T" — T"! be the operator in (1.9), i.e.

L:T' 39" (9" ¢ ¢ )T eT (4.8)

Writing RT (¢™) = (y1,...,yn)T = (¥, yn)T, where y = (y1,...,yn_1)T, we have L(p") = y.

We will denote by 7! the natural projection y + y.

For further purposes we make the following observation. Let p be a Borel measure on h.
Consider its images under rotations W4 and projections II". In the (I, p)-variables the mapping
U, becomes id x (- + tA), so

" o (Wyp o) = (id x (- +¢tA"™)) o 1" o p

(where TI" o g is written in the (I™,")-variables). By (1.8) the transformation R? of T"
conjugates the translation by the vector tA™ with the translation by te™. Therefore,

RT o™ o (Ugpop) = (id x (- +te™) oRT oM™ o, (4.9)

where RT =id xRT.
iii) Let us apply to the measures ™, u°™, m°™ the transformation R”:

Nl/n:RTouyn, NOHZRTOMOTL’ MOHZRTOTTLO". (410)

Recall that by (4.4), N*'"™ — N°" asy; — 0. Our first goal is to calculate the limiting measure
NO7._ To do this let us disintegrate N¥™ and N°™ with respect to the mapping

id x 7' R x T" - RY < T (I, (y7, ya)") = (I™y).
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That is (see [Dud02], Section 10.2), write them as
NY™ = N (dyn) p” ™ (dI™ dy), N°™ = NPy (dyn) p° ™ (dI" dy)

where p*™ = (id x 7!) o N¥™ and p°™ = (id x 7!) o N°™ Since y = L(¢"), then p*™ = D(I" x
(Lo¢™)(v”™(7)). As each vector (7 in (4.8) is perpendicular to A", then in view of (4.5) we
have

p°" = lim D(I" x (Lo ™)) (v"'™(1)) = (I" x (Lo ™)) om®™. (4.11)

v —0

To calculate N°™ it remains to find the fiber-measures N?,ffy. To do this let us take any
bounded continuous function f on R? xT" ! x S and consider (N”", f) = Ef(I",y,y,)(v" (7).
Since y(v) = L(¢™) and y,(v) = v -n™, where the vector n™ is not perpendicular to A, then by
(4.6)

V) s [y ) (17 % (Lo ) mm ) @I dy)d,

From other hand, by (4.4)
(N7, f) = (NO7, f) = / Iy ) N0 (dyn) 507 (dI7 dy)

Since p°" = (I" x (L o ¢™)) o m®", then we get from the two convergences above that for

p’"-a.a. pairs (I",y) we have N?,ny =dy,. Accordingly,

NO" =dy,, x p°"(dI" dy).

iv) Consider the measure M°™. Due to (4.11) its disintegration with respect to the mapping
id x7! may be written as
MO™ = M (dyy )p°™ (dI™ dy) (4.12)

with some unknown fiber-measures M?"y Now consider the rotated measure ¥,y o m?, ¢t > 0,
and its n-dimensional projection. By (4.9),

RT oI 0 Wyp om® = (id x ;) o RT om®™,
where I,(y,yn) = (¥, yn + t). Due to (4.10) and (4.12), the measure in the r.h.s. equals
M (dyn + t)p° ™ (dI™ dy) .

But by Corollary 2.10, the measure in the lL.h.s. does not depend on t. So M?ny(dyn) =
M?J’;y(dyn +t) is a translation-invariant measure on S!, and it must be equal to dy,,. Accord-
ingly,

MOn :dyn % pOn(dIn dyn) _ NOn'

v) We have established that N*t™ — M°%™ as 1, — 0. So '™ — m®" which completes the
proof. O
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4.3 Mixing in the effective equations

We start with the case when the function f(\) has a linear growth. For simplicity of notation
we suppose that f(A) = A+ 1. We also are forced to assume that ¢, = 1.

The effective equation (2.25)=(0.18) with ¢, = 1 looks similar to the equation (0.6),=cc,q,=1,
studied in [KN13]. It turns out that the two equations indeed are similar, at least for d < 3, and
that the proof of the mixing in Section 4 of [KN13], based on an abstract theorem from [KS12],
applies to (2.25) with minimal changes. Indeed, the crucial step in [KN13] in order to apply
the result from [KS12] is to establish for solutions of the equation the exponential estimate of
the form

t
P{sup(/ lu(s)|7_ds — Kt) > o} < C"exp(ci|uoli_ — c20), Yo >0, (4.13)
t>0 Jo

with suitable constants K, C’, ¢; and cy. This estimate is important to study the mixing since it
allows to control divergence of trajectories ui(t) and us(t), corresponding to the same realisation
of the random force, through the inequality'?

ur (t) = u2(t)]L, < [u1(0) — uz(0)[L, exp (C/O (lua ()L, + (luz(s)[L..)ds). (4.14)

For eq. (2.25) an analogy of (4.13) follows by applying the Ito formula to [v]? = Ho(v) +
Hj(v) (see (2.32)), since due to (2.32) we have that

dlv(1)]? + 2/ [v(s)]2ds = 47B + 2 Z(Aj +1)(v;(1) - dB (1),
0 =
where we denote [v]3 = Y7(A; + 1)*|v;|* and B = Y7(A; + 1)b7. Applying to this relation the

supermartingale inequality in the standard way (e.g., see in [KN13, KS12]), we get that

P{sup(/ [v(s)]3ds — 2Bt) > o} < O exp(ey|vol? — ca0), Yo >0.
7>0 JO

If d < 3, then by Lemma 2.11 the divergence of two solutions for (2.25) with the same w satisfies

[01(7) = v2(7)[no < [v1(0) = v2(0)|o exp (C /OT([vl(S)E + [v2(s)]3) ds).

This last two estimates allow to repeat literally for equation (2.25) the reduction to Theo-
rem 3.1.3 from [KS12], made in [KN13], and prove

Theorem 4.9. Let g. = 1, f(A\) = A+ 1 and d < 3. Then the effective equation (2.25)
has a unique stationary measure p and is mizing. That is, every its solution v(T) satisfies
D(v(r)) = p as 7 — o0.

The presented proof uses that the nonlinearity in the effective equation is at most cubic.
It also applies to the effective equations for eq. (0.6), where the Hamiltonian H is one of the

12To match (4.13) and (4.14) we use crucially that g. < 1.
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two functions H? with cubic densities as at the end of Section 0.1 (in this case the argument
works if d < 6). The proof without changes applies to equation (0.6), where ¢, =1, d < 3 and
f(A) grows super-linearly. The argument also may be adjusted to the case when ¢, = 1, d is
any and f(\) = ¢; + A%, where ¢4 is sufficiently big. Based on the similarity with the equation
(0.6)1=00,q.=1, studied in [KN13] for any space-dimension, we conjecture that for ¢, = 1 and
F(A) = A+ 1 the effective equation is well-posed and mixing for any d. But it is unknown how
to prove the mixing for equations with ¢, > 2 (in any space-dimension).

4.4 Proof of Lemma 4.6

For this proof we adopt a notation from [KP08]. Namely, we denote by 3(t) various functions
of t such that » — 0 as t — oo, and denote by . (t) functions, satisfying »(t) = o(t~") for
each N. We write (¢, M) to indicate that »(¢) depends on a parameter M. Besides for events
Q@ and O and a random variable f we write Po(Q) = P(ON Q) and Eo(f) = E(xo f). Below
M stands for a suitable function of v such that M (v) — oo as v — 0, but

vM™ -0 asv—0, Vn.

Denote by Q= Q% the event Qn = {supgc,<p|a”(7)[s < M} . Then, by (1.6),
P(Q5,) < »(M) uniformly in v, so that one has Ay < (M) + 2} 5, , where we have
defined

A7 =Eq,, max
koM M o<r<T

/OT Ri(a”(s), vt s)ds| . (4.15)

So it remains to estimate A} ;.
Consider a partition of [O T] by the points

Twn=nL, 0<n<K~T/L.

where 7x is the last point 7, in [0,7"). The diameter L of the partition is L = \/v. Denoting
Ti+1
n = Ri(a”(s), v s)ds, 0<I<K-1, (4.16)

Ti

we see that

A v < LO(M) + Eq,, Z Iml (4.17)

since for w € Q) the integrand in (4.16) is smaller than a suitable C'(M) (see Lemma 2.1 and
(2.21)). For any I let us consider the event

Fi={ suwp |a"(r) —a"(n)ln = PL(M)L'}

T <T<TI41

where Py (M) is a suitable polynomial. It is not hard to verify using the Doob inequality that
for a suitable choice of P; the probability of P(F}) is less than s (L™1; M) (cf. [KP0S8]). One
gets

K-

~

-1
|Eq, Im| — Eay\zlml| < C(M)L Y~ P(F) < C(M)xs(L™' M) , (4.18)
=0 l

Il
=)
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so that it remains to estimate ) Eq,\ 7 [m|.
We have

Im| <

/Tl+1 (Ri(a”(s), v~ "s) = Ry(a”(m),v"s)) ds

1

+

Ti+1
/ (Ri(a”(m),v™"s)) ds| = T + Y7 .

1

By the regularity of the integrand and the definition of F;

> Bo\mY < (L7 M) = (v 0 M) (4.19)
l

So it remains to estimate the expectation of Y~ T?. Denoting ¢ = v7 and making use of (2.29)
we write T? as

vL
2=\ PP () exp(—it (A- (¢ —1—€¥)))dt
] I k
0 P,q,l€LT,
g—l—ePgA(A,m)
lgl+l[+1<m
1
<LOM)Y  sup < Loe(v'L; M) |

P,q,lE€ELT, A- (q —1- ek)
g—l—e* g A(A,m)
lgl+|l[+1<m

because the supremum in the second line is bounded by one, since both A and ¢ — [ — e* are
integer vectors. Therefore

> Eq \m Y7 < (v M). (4.20)
l

Now (4.15), (4.17), (4.18), (4.19) and (4.20) imply that
AL < 0o (M) + %(1/71/2;M) + %m(ufl;M) + %(1/71/6; M)+ %(1/71/2;M) .

Choosing first M large and then v small, we make the r.h.s. above arbitrarily small. This
proves the lemma. O
An argument similar to the previous one (see Appendix A) implies the following assertion:

Proposition 4.10. Let s € Z§° be such that s- A # 0 and G : RJXI x T7M) 5 §1 5 R be a
bounded Lipschitz-continuous function, for some M > 1. Then

_ l/]\/[ v(M) LAY 7
Y= E | / G (1), 8D (1), 5 57 (1))

G(IVM(I)yq)V(M)(l),G)W) dl’ —0 as v—0.
Sl

In particular, taking for G Lipschitz functions on St we get that (D(s-¢"(1)))§ — df as v — 0,
for any t > 0.
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A Proof of Proposition 4.10

For this proof, as in Section 4.4, we denote by »(t) various functions of ¢ such that > — 0 as
t — 00, and denote by s, (t) functions, satisfying »(t) = o(t ") for each N. For events @ and
O and a random variable f we write Po(Q) = P(ONQ) and Ex(f) = E(xo f). Without lost
of generality we assume that |G| <1 and LipG < 1.

Let us denote by R a suitable function of v such that R(v) — oo as v — 0, but
vR" -0 asv—0, Vn.

Denote, moreover, by Qp = QY the event Qp = {supgc ;< |v”(7)|» < R} . Then, by (1.6),
P(Q%) < 25 (R) uniformly in v.
Taking into account the boundedness of G, we get that

B < () + B s | [ (G @, 87000, 5- ()

0<7<
- G(I”M(l),@”(M)(l),e)de)dl‘.
g1
As in the proof of Lemma 4.6, consider a partition of [0, 7] by the points
Twm=T+nL, 0<n<K~T/L. (A1)

where 7k is the last point 7, in [0,7). The diameter L of the partition is L = /v, and the
non-random phase 1 € [0, L) will be chosen later. Denoting

Tn41
nn:/ (G(I”M’(I)V(M),S'gay)—

GI"M, D), 9)d9)dl, 0<n<K—1, (A2)
n St

we see that
K—1

BY < 500 (R) + CL+Eq, Y [nal, (A.3)

n=0

so it remains to estimate Y Eq,|n,|. We abbreviate
G(s1) = G (1), @M @),¢) . v est,

so that we have

7l < /+ (é(s (1) — G(s - 9" (m) + v (s A) (I — Tn);m)) dl‘
+ / <é(swp”(7’n) +v s NI —1)im0) — . é(e;Tn)d‘e) dl‘
+ /n ( 5 G(0;7,)d0 — 5 el 1)59) dl‘ =Tl 412473

To estimate the quantities Y123 we first optimise the choice of the phase 7. A crucial point
here is that, if we set N := M V [s], the function G depends only on v". So we consider the
events £,, 1 <n < K,

En ={I;(1y) < efor some k < N}, wheree>v? a=1/10. (A.4)
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Since for each k < M by Lemma 2.2 we have

L K T
/ S P(I(7) ge)dﬁ):/ P(IY(r) < &) dr = s(=~1; R, N)
0o = 0

(here each 7, is regarded as a function of 79 = 7o, given by (A.1)), then we can choose 7 € [0, L)

in such a way that
K—1

K™Y P(&,) = (s R,N).
n=0
For any n consider the event

Tn <T<Tp41

Qn = { sup  |I7(7) = I"(7n) [, 2 Pl(R)Ll/g} ;

where P;(R) is a suitable polynomial. It is not hard to verify using the Doob inequality that its
probability satisfies P(Q,,) < s (L™1) (cf. [KPO08]). Setting F, =&,UQ,, n=0,...,K —1,
we have that

K—1

1 _ _ -

Z E P(F,) < (e R N) + s (v V2 N) =2 52
n=0

Accordingly,
K—-1 ) K-1
> |(Brne) T <CLY P(F,) <Cii=3, j=12.3 (A.5)
n=0 n=0

If w € Qr\F,, then for 7 € [r,, T41] we have that I}/ (1) > e — Pl(R)Ll/3 > %s. On the
other hand, by Lemma 2.1, for any positive 6 we have the estimate

10872 G0k - Pul0)) X(1uy1 501 | < 57 Qullolar)
where Qy, is a polynomial. These relations and (2.6) imply that

"N (1) = ("M (1) + v AN (1= 7,))| = v for some 1 € [1, Try1]}
< s (v R, N)

PQR\]:TL{

(cf. the estimate of P(Q,,)). Therefore

Poomdls @) = (s- "N (m) + v (s - A) (1 = 7)) > v°
for some [ € [Tn,Tn+1]} < %oV R,N,s5,A) .

and
Poo 7, @D (1) — "D (1,)| > v* for some [ € [1, Tni1]} < 200V R, N) .
From here and the definition of the events Q,, we find that

> Eoaz, T < CRWYE + C(R)V" + 500 (v R, N, 5 A). (A.6)
l
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For the same reason also
> Eqaz, T < CRWYC + C(R)V* + 50 (v 'R, N, 5 A) . (A7)
1
So it remains to estimate the expectation of > T2. Denoting t = v(l — 7,,) we write T2 as

T2 =

n

Tn+1 N R
/ G(s- " (mn) +V_1(s-A)(l—Tn);Tn)dl—L G(H;Tn)d‘e‘
Tn St

v L
=L 5/ G(s~gp”(7n)+s~At;Tn)dt7/ G(0;7,)d0
L 0 Sl

Let us expand é(wi’rn) as a Fourier series G'(zb) = Y gre*™, where each g is a random
variable and go = [, g1 G(0;7,)d0 (we discard the dependence on 7, which is fixed thought the
argument). Then

1
T/ G(o+t(s-A))dt —go| <e VT >T.,
0

for a suitable non-random 7. Indeed, for each nonzero k, one has

2

L (7 iktori(sa)
- 7 o+t(s- dt <
T/O ¢ = Tls Al

so that!3

T
7| Gt ts e —go

2 2C
< - < —.
= Tls - Al Dol < Tls- Al
We have thus proved that Y2 < Lx(v~'L; R, N,e,s-A) . Therefore

ZEQR\]:ZCTi < %(V_l/Q;R, N,e,s-A). (A.8)
1

Now (A.3), (A.5) and (A.6)-(A.8) imply that B” is bounded by
#50(R) + (v % R,N) + 5(e" 5 R,N) + C(R)v* + C(R)V"/® + (v~ /%, R,N,e,s - A).

Choosing first R large and next € small and v small in such a way that (A.4) holds, we make
the quantity above arbitrarily small. This proves the required convergence.

The second assertion of the proposition follows from the first one, since to check the weak
convergence of measures on a complete metric space it suffices to take for test-functions the
Lipschitz functions. O

3By the Bernstein theorem, 352 ; |gx| < C, where the constant C = C(G) is finite if the function G(v) is
Lipschitz-continuous. The proof of the theorem (e.g., see [Zyg59], Section VI.3) easily implies that C' depends
only on the Lipschitz constant of G, which equals 1 in our case.
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