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A MODEL-THEORETIC CHARACTERIZATION OF MONADIC SECOND
ORDER LOGIC ON INFINITE WORDS

SILVIO GHILARDI AND SAMUEL J. VAN GOOL

Abstract. Monadic second order logic and linear temporal logic are two logical formalisms that can be
used to describe classes of infinite words, i.e., first-order models based on the natural numbers with order,
successor, and finitely many unary predicate symbols.

Monadic second order logic over infinite words (S1S) can alternatively be described as a first-order
logic interpreted in P(w), the power set Boolean algebra of the natural numbers, equipped with modal
operators for ‘initial’, ‘next’, and ‘future’ states. We prove that the first-order theory of this structure is the
model companion of a class of algebras corresponding to a version of linear temporal logic (LTL) without
until.

The proof makes crucial use of two classical. nontrivial results from the literature, namely the com-
pleteness of LTL with respect to the natural numbers, and the correspondence between S1S-formulas and
Biichi automata.

§1. Introduction. Monadic second order logic over the natural numbers with
successor operation is a rather expressive, but still decidable formalism. The decision
result, originally due to Biichi [2]. makes use of a conversion between logic and
automata. The key idea is to view interpretations of unary predicates over natural
numbers as infinite words over a suitable alphabet: one can associate an automaton
with a formula, and vice versa, in such a way that, roughly speaking, the automaton
accepts exactly those infinite words that, viewed as interpretations of second-order
variables, satisfy the formula. Converting a formula ¢ into an automaton 4, and
then the automaton A4, again into a formula, one does not get back the same
formula . but a formula ¢’ which is equivalent to ¢ in the intended model of the
natural numbers. Loosely speaking. one may view ¢’ as a kind of ‘normalization’
of ¢. Morally, ¢’ is an existential formula; although this is not formally true, the
‘existential nature’ of ¢’ is rather evident. Nevertheless, in order to make ¢’ into an
actual existential formula, an enlargement of the language is needed.

In this paper we make the above observations precise, which allows us to fit
monadic second order logic into the framework of modern model-theoretic algebra
(Robinson’s legacy [14]). using the concepts of model completeness and model
companions. We briefly recall these concepts now; precise definitions are given in
Section 2. Theories 7* with the property that every formula is equivalent modulo
T* to an existential (equivalently: to a universal) formula are called model complete;
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model complete theories 7* can also be characterized semantically by requiring that
all embeddings between models of 7* are elementary. Algebraically closed fields and
real closed fields are classical examples of model complete theories (see, e.g., [16] for
many further examples). Moreover, as the previous paragraph indicates, monadic
second order logic, viewed as the first-order theory of P(w), is close to being model
complete; we will see later in this paper (Section 4) that it actually becomes model
complete in an enriched language. If T is the set of universal consequences of a
model complete theory 7%, then T* axiomatizes the class of structures which, as
models of T, are existentially closed: for the case of algebraically closed fields, T is
the theory of integral domains, for the case of real closed fields, T is the theory of
formally real fields, etc. In this situation, 7* is called a model companion of T

In this paper, we exhibit a natural enrichment of the language of monadic second
order logic, viewed as the first-order theory of P(w), so that the theory becomes
model complete. Moreover, we axiomatize the underlying universal fragment,
i.e., the universal theory 7' of which monadic second order logic over natural
numbers is the model companion. Our idea is to use modal and temporal logic
to attain this goal. More precisely: we will use a variant of the modal logic LTL
(‘linear temporal logic’ [12]) with an actual instant of time (i.e., with an atom
for zero) and without until; i.e., we have a basic modal logic with a reachability
operator and one additional constant.! We introduce a universal class of algebras
algebraizing this logic and we show that this class fits our purposes. Indeed, this
class is axiomatized by a theory 7" admitting a model companion 7* which is exactly
monadic second order logic over the natural numbers (Theorem 2.2). In order to
establish this result, we shall make use, besides automata techniques, of standard
modal logic machinery, in particular, duality and filtrations [3,9, 10].

The paper is organized in the following way: in Section 2 we state our result, in
the (rather technical) Section 3 we give the part of the proof requiring modal logic
techniques (completeness of the axiomatization) and in Section 4 the part of the
proof requiring automata theory ingredients (model completeness of the theory in
the enriched language). Section 5 concludes and indicates directions for future work.

§2. Definitions and statement of the main theorem. In the following definition,
we introduce the relevant class of algebras.

DeriNITION 2.1, A (Q.X.I)-algebra is a tuple (A4,V.—.L,0.X.I), where
(A4,V.~, 1) is a Boolean algebra, ¢ is a unary normal modal operator on 4
(ie., a (\/ 1 )-semilattice endomorphism of 4), X is a Boolean endomorphism of
A, Iisanelement of 4\ {_L}, and, for any a € A. the following conditions hold:

(i) Oa =aVXda,

(ii) if Xa < a then $a < a,
(iii) if @ # L thenI < Qa.
(iv) XI =1

The class of ({.X, I)-algebras (which is a universal class) algebraizes a version
of linear temporal logic without the until connective and with a constant / for

IThe reason for leaving out the Until operator is that we opted for as small a language as possible;
Until is not needed for our purpose of expressing the Biichi acceptance condition. In fact, any operator
definable in monadic second order logic over the natural numbers could be added to our T (together
with its axiomatization) without affecting our results.
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64 SILVIO GHILARDI AND SAMUEL J. VAN GOOL

‘initial element’. The structure of (¢, X, I)-algebras will be studied in detail in
Section 3.

An important example of a (¢, X, I)-algebra is the power set algebra of the natural
numbers, P(w), equipped with the usual Boolean operations, and the operations
OS:={ncw|n<sforsomes e S}, XS ={ncw|n+1eS} and I = {0}.
We will see in Section 4 that first-order formulas in the signature of (¢.X,I)-
algebras, interpreted in P(w), are interdefinable with formulas in the system SIS,
monadic second order logic over the natural numbers with order and successor
relations.

If T and T* are first-order theories in the same signature, recall that 7* is called
a model companion of T if (i) the theories T and T* have the same universal
consequences (i.e., T* is a companion or co-theory of T) and (ii) any first-order
formula is equivalent over T* to an existential formula (i.e., T* is model complete).
The model companion of 7 is unique if it exists, and in this case it is the theory of
the existentially closed 7-models [16].

Our main theorem is the following.

THEOREM 2.2. The first-order theory of the ({.X. I)-algebra P(w) is the model
companion of the first-order theory of (. X, I)-algebras.

In the rest of this paper, we denote by T the first-order theory of ({, X, I )-algebras,
and by T* the first-order theory of the (. X, I )-algebra P(w). In Section 3, we prove
that 7* is a companion of 7. In Section 4, we prove that 7* is model complete.
Together, these two sections prove Theorem 2.2.

83. T is a companion of 7. In this section, we prove that 7* is a companion of
T, i.e., that T and T* have the same universal consequences.

NoTATION 3.1.  Throughout this section, we denote by L = {V,—, L, 0. X, I} the
first-order signature of (O, X, I )-algebras. We employ the usual abbreviations a \Nb :=
—(-aV-b),Oa:=—-O-a,a —b:=-aVb anda +b:=(a—b)N(b— a).

We begin with a useful observation: in the theory 7', we can reduce quantifier-free
L-formulas to single equations.

LemMma 3.2. For any quantifier-free L-formula ¢, there exists an L-term t such
that o is equivalent tot = T in T.

PrOOF. Observe that, for any element w in a (¢, X, I)-algebra, we have
w # T if, and only if, I < {—w if, and only if, I — $—w = T. *)
Let ¢ be a quantifier-free formula. We may assume that ¢ is a disjunction of
formulas vy, ..., wn. where each y; is a conjunction of literals, i.e.. has the form
rl #s{and ... andr] # s/ andu/ =v] and ... and ] = v},
where the 1/, s/, u/, v/ are L-terms. Define the £-terms
k ¢

tj = /\(1 —><>—|(rii <—>s;/))/\/\(u'i/ (—)’U;j), t:=1— \/Dl‘j.

i=1 i=1 j=1

Using (*) and basic facts about Boolean algebras, we obtain that y; is equivalent
in T tor; = T,so0 ¢ isequivalent in T to the disjunction (1; = T or... orz, = T).
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This disjunction, in turn, is equivalent in 7" to ¢ = T, as can be proved easily using
(*) again, together with the axioms OT = T and I # L. =

In order to prove that 7* is a companion of 7', since T C T*, it suffices to prove
that any universal formula that is valid in P(w) is valid in any (¢, X, I)-algebra.
Therefore, by Lemma 3.2, it is enough to prove the following theorem.

THEOREM 3.3. Iftisan L-term and P(w) = t = T, then, for any (O, X, I )-algebra
A AEt=T.

In the rest of this section, we prove Theorem 3.3. The proof we give here is an
adaptation to our setting of the standard completeness theorem for LTL with respect
to w; in particular, it is directly inspired by the proof given in [10, Chapter 9]. Our
proof of Theorem 3.3 is structured as follows. We will first show, in Theorem 3.5,
that (.X.I)-algebras can be represented as dual algebras of ({.X.[I)-spaces
(Definition 3.4), by means of an adaptation of the standard (Stone-)Jonsson-Tarski
representation theorem. We then combine this theorem with an adaptation of a
filtration argument for LTL (Lemma 3.9) to prove Theorem 3.3.

Below, we use the following notational conventions for a preorder (= set endowed
with a reflexive and transitive relation) (X, <). We define x < y as (x < y
and x # y); for Y C X, we write 1Y = {x € X | y < xforsomey € Y},
and similarly | Y; finally, for x € X, we write tx and |x as shorthand for ${x} and
J{x}, respectively.

We will now formulate the duality between algebras and general frames (viewed
as Stone spaces) that we need here. Our exposition will be brief, as we are only
using standard modal logic machinery. We refer to, e.g., [1, Chapter 5], for more
details on duality for modal algebras. To motivate the definition of (¢, X, I )-spaces,
observe that the ¢-reduct of a (¢, X, I)-algebra is an S4-algebra. Through Jonsson-
Tarski representation, S4-algebras correspond to Boolean spaces equipped with a
topological preorder, i.e., a preorder such that 1x is closed for any point x and | K
is clopen for any clopen set K (see. e.g., [5, Remark 1 in Section 2.6]). The addi-
tional structure and properties of (¢, X, I )-algebras now correspond to additional
structure and properties of these preordered Boolean spaces, as follows.

DEFINITION 3.4. We define a (. X, I)-space’® to be a tuple (X, <. f. xo). where
X is a Boolean topological space, < is a topological preorder on X, f : X — X
is a continuous function, xo € X is a point such that {x,} is clopen, and, for any
x,y € X and clopen K C X:

(i) x < f(x).andif x < y then f(x) < y.

(i) if f(K) C K then K C K,

(iii) xo < x.

(iv) f(x) # xo.

The dual algebra of a ({.X,I)-space (X, <. f,xo) is defined to be the tuple

(4,0.X.I), where 4 is the Boolean algebra of clopen subsets of X, and for any
K €A, 0K :=|K,XK := f~1(K).and I := {x0}.

2Note that our definition of ({.X.I)-spaces makes crucial use of the second-order structure
(topology) on the underlying Kripke frames. This is necessarily so: the class of (¢.X. I)-algebras is
not canonical, so it can not be dual to an elementary class of Kripke frames, by a theorem of Fine [4].
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We now prove our representation theorem for (¢, X, )-algebras.

THEOREM 3.5. The class of (. X, I)-algebras coincides with the class of algebras
that are isomorphic to the dual algebra of a (O. X, I)-space.

Proor. Note that, in any (O, X, I)-algebra, I is an atom: let 1. < a < I be arbi-
trary. Then I < {Qa by Definition 2.1(iii). Also, ¢ < I by Definition 2.1(ii) and
(iv). Using these facts, Definition 2.1(i) and the monotonicity of X and ¢, we obtain
that ] < aVvXQOa < aVvX{OI <aVXl,ie., I < abyDefinition 2.1(iv). as required.

Now, by the Jonsson-Tarski representation theorem (see, e.g., [1, Section 5.3]), the
class of algebras (A4, O, X, I) where (A4, {) is an S4-algebra, X is an endomorphism,
and 7 is an atom of A, coincides with the class of algebras that are isomorphic to
the dual algebra of a tuple of the form (X, <, f, xo). where X is a Boolean space,
< is a topological preorder on X, f is a continuous function on X, and xo € X is
such that {xy} is clopen.

It remains to prove that (X, f,<,xo) validates (i)-(iv) in the definition of
(0. X, I)-space if, and only if, its dual algebra 4 is a (¢, X, I)-algebra. This follows
from the following claim.

Cram 1. The following equivalences hold.

(@) x < f(x)forallx € X < XOa < Qa foralla € A.

(b) if x < ythen f(x) < yforallx,y € X <= Oa <aVXQaforallac A.
(c) (X. f.<) validates (ii) in Definition 3.4 <= A validates (ii) in Definiton 2.1.
(d) xo <xforallx € X < I<<>af0ralla€A\{L}

(e) f(x)#xoforallx € X < XI =1

PrOOF OF CLAIM. (a) (=) Let @ € 4 be arbitrary, and suppose that x € X¢a.
Then f(x) € Oa,and x < f(x),so x € Qa.

(<) Suppose that x £ f(x) for some x € X. Since T is closed, there exists a
clopen set a € A such that f(x) € @ and tx Na = (. In particular, f(x) € Oa, so
x € XQa, but x € Qa.

(b) (=) Let a € A be arbitrary, and suppose that x € Qa but x ¢ a. Since

x € Qa. pick y > x such that y € a. Since x ¢ a, we have x # y,so f(x) < y.
Hence, x € X0a.
(<) Suppose that there exist x, y € X such that x < y, but f(x) £ y. Since 1 f (x)
is closed, pick a; € A such that y € a; and 1/ (x) Na; = . Since x # y. pick
ar € Asuchthaty € ayand x ¢ a;. Leta := ajNay. Note that x € Qa, sincex < y
and y € a. However, we have x ¢ a, and x ¢ XOa, contrary to the assumption
that 0a < a vV XQa forall a € A.

(c) Note that f(K) C K if, and only if, f~'(K¢) C K¢, and that 1K C K if,
and only if, [ (K¢) C K¢. The stated equivalence now follows from the definitions
of X and ¢.

(d) (=) If a € 4\ {L}, then there is x € a. Since xo < x, it follows that
I ={x0} <0a.

(<) If xo £ x. pick a € A4 such that x € @ and txo Na = (. Then a # L. but
xo & Qa.so I % Qa.

(e) Clear from the definitions. —

We may use the representation theorem, Theorem 3.5, to prove the following
proposition, which will be used in the proof of Lemma 3.9.
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PrOPOSITION 3.6. Any (. X, I)-algebra validates the equations

(Con) O(»a — b)) vO(Ob — a) =T,

(Dum) O(O(a — Oa) — a) AO0a < a.
Moreover, the preorder on any (O, X, I)-space is linear.

PrOOF. Let 4 be a (O, X, I)-algebra dual to a (¢. X, I)-space (X, <, 1. xo).

(Con). Let a, b € A be arbitrary, and write K := ¢—=(0a — b) A O—(0Ob — a),
the complement of O(Ca — b) vV O(0b — a). We need to show that K = (). We
prove first that f(K) C K. If x € K, pick y € =~(0a — b) = Oa A —b and
z € ~(0b — a) =0b A —a with y,z > x. Then y # x, since y € Ua but z € a,
while x < z.So f(x) < y. Similarly, /' (x) < z,s0 f(x) € K. By Definition 3.4(ii),
we obtain that 1K C K. Now, if we would also have that K # (), then there would
exist x € K and y > x such thaty € JaA—b.Buttheny € O(0b — a),soy € K,
contradicting that 1K C K. Therefore, we must have K = (), as required.

(Dum). Let a € A be arbitrary. We will prove J(0(a — Oa) — a) AOOa < Oa,
from which (Dum) follows since Ca < a. The method is the same as before. Let
us write K := O0(d(a — Oa) — a) A OOa A —=Ca. We need to show that K = 0.
We prove first that f(K) C K. Let x € K be arbitrary. Pick y > x such that
y & a, and pick z > x such that z € Oa. Then z # x, so f(x) < z, and
f(x) € O0Oa. Also, since 1(0b) C Ob holds for any b, and x < f(x), we have
f(x) € O(d(a — Oa) — a). It remains to prove that f(x) € —Oa. If y # x,
then f(x) < y, and we are done. Otherwise, we have that y = x, so x ¢ a. Since
x € O(a — Oa) — a. pick w > x such that w € ¢ and w € -Oa. Then w # x,
so f(x) <w, so f(x) € =0a, as required. Again, by Definition 3.4(ii), we obtain
1K C K, and if K were nonempty, we would have x € K and z > x such that
z € Oa, but then z ¢ K, contradiction. So K = 0, as required.

Finally, since (Con) holds in A, the preorder < is connected, i.e., forany z, x, y €
X.ifz<xandz <y, thenx < yory < x (see. e.g.. [1, Exercise 4.3.3]). Since the
(0. X, I)-space (X, <, f. xo) has a minimum element, xo, it follows that the preorder
is linear. =

We now turn to the filtration argument. The following syntactic lemma, which
allows us to rewrite terms into negation normal form, will be useful. We call an
L-term a literal if it is either a variable, a constant (_L or I), a negated variable or a
negated constant. An L-term is in negation normal form (NNF) if it is built up from
literals by repeated applications of V, A, ¢, [, and X.

LemMA 3.7. For any L-term t, there exists an L-term t' in negative normal form
suchthat T Ht=1t'.

Proor. By induction on the complexity of the £-term ¢, we can push any negation
inwards, making use of the following T -provable equalities: (51 V 52) = =51 A 782,
(51 A $2) = =51V sa, =Os = O-s, —Os = O—s, and =Xs = X—s. -

DEerFINITION 3.8. A finite set I' of NNF L-terms is filterable if
(i) T contains [,
(ii) T is closed under subterms,
(iii) whenever I' contains {s for some term s, I' also contains Xs,
(iv) whenever I' contains (s for some term s, I" also contains X(Is.
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Lemma 3.9. Let T be a filterable set, and denote by vy,...,vy the variables
occurring in T. For any (0. X, I)-space (X, f,<x.xo) with dual algebra A and a €
AN, there exists p € P(w)N with the following property: for any x € X, there is

ny € w such that forall s € T,

if x € s4(@) then ny € s7“)(p). (%)

PrOOF. Let (X. f.<x.xo) be a (0.X.I)-space and let @ € A" . Throughout this
proof, if x € X and s is a term, we will write “x € s” as shorthand for “x € s(a)”.
Let ~ be the equivalence relation on X defined by

x ~x" < foralls e : x € sif, and only if x’ € s.

Since I' is finite, X/~ is finite. We write ¥ := X/~ and ¢ : X — Y for the
quotient map. Note that ¢ is continuous with respect to the discrete topology on
Y, since each equivalence class [x]. is clopen: it can be described by the formula
/\xE}'EF 7 A /\xeyer e

We will define three relations, F, <y, and =<, on the quotient Y. First, define the
relation F by:

I

yFy' <= thereexists x € X such that ¢(x) =y and ¢(f(x)) =)',

that is, F is the smallest filtration of the (functional) relation f on X, cf., e.g.,
[1, Lemma 2.40]. Let <y be the reflexive and transitive closure of F, i.e.,

y <y y' <= thereexistm > 0and z....,z, € Y such that
z0=Y.zu =y, and z; F z; forall0 < i < m.

Finally, we define a relation < on Y by

y =y’ <= forall x € X, if g(x) = y. then there exists
x" € X such that x < x"and ¢(x) = y".

In the following claim, we collect several properties of the three relations defined
above. In particular, (i) & (ii) show that F is a filtration of f, (iii) & (iv) show
that <y is a filtration of <y, (v)—(viii) provide detailed properties of the relation
= that we need in our construction, and (ix) & (x) show that the properties of the
minimum element x( are preserved in (¥, <).

Cram 1. Forany x,x" € X, y,y' € Y, the following hold.

(i) q(x) F q(f(x)).
i) whenever Xt € T, if q(x) F q(x') then x € Xt if, and only if, x' € t.
) if x <x x'. then q(x) <y q(x").
v) whenever Ot € T, if q(x) <y q(x') and x € Ot then x' € t.
) = is a linear preorder.
) ify 2y theny <y y'.
) whenever Ot € T, if x € {t then there exists w such that q(x) = q(w) and
w e .
(viil) if y 2 y" and y' = y, theneither y = y',orz < y forallz € Y.
(ix) q(x) = q(x0) if. and only if. x = xq.
(x) ¢(x0) =y andnot y F q(xo).
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Proor oF CLam 1. (i) and (ii) are standard, cf. e.g., [1, Lemma 2.40].

(iii) Note that it suffices to prove that K, := {x’ € X | y <y ¢(x’)}isan up-setin
<y forany y € Y. Notice that K, is clopen, since ¢ is continuous and Y is finite. To
show that K, is an up-set., by Definition 3.4(ii). it suffices to prove that /' (K,) C K.
Indeed. if x’ € K,. then y <y ¢q(x’) F ¢q(f(x’)). and <y is a transitive relation
containing F. so ¢(f(x")) € K,.

(iv) Suppose that (¢ € T and x € O¢. By induction on m, using that X[z € T
since I is filterable, one can prove that if there exists an F-path of length m from
q(x) to g(x’). then x’ € O¢. Now, if g(x) <y g(x'), then by definition of <y there
exists an F-path from ¢(x) to ¢(x’), so x” € Ot. In particular, x’ € 1.

(v) Reflexivity and transitivity are straight-forward to prove. For linearity,
suppose that y £ »’. Pick x € X such that ¢(x) = y and for any x’ such that
q(x’) = ', wehave x £y x’. Since <y is linear (Proposition 3.6). we have x’ <y x
for any x’ such that g(x’) = y’,s0 y’ < y.

(vi) Suppose that y < y’. Pick x € X such that g(x) = y. By definition of <,
pick x” >y x such that g(x’) = y’. By (iii), we have y = ¢(x) <y q(x’) = y'.

(vii) Suppose that ¢ € T'and x € Ot. Let T := {y € Y | q(x) A y}. For each
y € T, we have g(x) £ y. so pick x,, € X such that ¢(x,) = ¢(x) and, for any w
such that ¢(w) = y, we have x, £ w. Since <y is linear (Proposition 3.6), choose
an enumeration )y, . ... y,, of the elements of 7" such that x,, <y --- <y x,, . Since
x € Ot € I''and x,, ~ x, we have x,,, € Ot. Pick w >y x,, such that w € ¢.
Note that g(w) ¢ T: otherwise, we would have ¢(w) = y; for some y; € T, and
xy;, <x X, <y w, contradicting the choice of x,,. Therefore. since < is linear by
(v). we must have g(x) < ¢(w). as required. ’

(viii) Suppose that y < y’, y # »’ and that there exists z € Y such that z A y.
We prove that ' A y. Let a := {v € X | q(v) # y}, a clopen subset of X since
g is continuous. Pick an element x € X such that g(x) = y. i.e.., x € a. We note
first that x € ¢Ua: since z £ y. pick w € X such that g(w) = z and, whenever
w <y v, q(v) # y. Now w € Oa, so w £x x, and hence x <y w since <y is
linear. Now, since 4 verifies (Dum) (Proposition 3.6), x € a, and x € OOa, we
obtain x ¢ O(d(a — Oa) — a). Pick x; >y x such that x; € O(a¢ — Oa) and
X1 € a. By definition of a, we have ¢(x1) = y =< »’. so we may pick x» >y X
such that ¢(x;) = y’. Since y # y’. we have x, € a. Thus, since x; € O(a — Oa),
and x; <y x;, we obtain x, € (a. In particular, there is no v >y x; such that
g(v) = y.so y" £ y, as required.

(ix) If g(x) = g(xo). then since xo € I and I € I, we have x € I. Therefore,
X = Xy.

(x) By (ix) and the fact that xo <y x for any x € X, it is clear that ¢(xo) < y
for any y € Y. If we would have y F ¢(x¢), then there would exist x € X such
that ¢(x) = y and ¢(f(x)) = ¢g(xo). However, by (ix) we would get f(x) = xo,
contradicting Definition 3.4(iv). —

We will write = for the equivalence relation induced by <, i.e.., y = y’ if, and only
if, y < y"and y’ < y. By Claim 1(viii), the preorder (Y, <) is a “balloon”, i.e., there
exista > 0, # > 1 and an enumeration yy. ..., V.. .., Vatp—1 0of the elements of ¥

such that, for0 < i <a —1,y; X yirr.and y;iy A yi,andfor0 < j,j/ < g —1,
Va+j = Ya+j- In a picture:
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As a convenient notation, we extend this enumeration of the elements of Y to an
infinite sequence, by defining ya 1, := Vo i(; mod p) for any y > .

We now define a function ¢ : @ — Y and a strictly increasing sequence of natural
numbers (¢;);c., with the following properties:

(i) o(n) Fo(n+1) foralln,

(ll) O'(fi) =JYi forall i.
Let (0) := yo and 4, := 0. Assume that ¢; and o(n) have been defined correctly
for all n < ¢;. Since y; < y;41. by Claim 1(vi), we have y; <y y;,1. so we may pick
m>0,0;+1).....0({;+m) € Y witha({;+m) = y; 1ando(4;+j)Fo(l;+j+1)
for all 0 < j < m. Define ¢;;; := ¢; + m. Note that we may indeed arrange the
choice so that m > 0:if y; # y;+1, this is automatic, and if y; = y;41 then f =1
and i > «; in this case first choose any ¢(¢; + 1) € Y so that y; F a(¢4; + 1),
and then choose an F-path from ¢(¢; + 1) to y; = y;41. which can be done since
o(li+1) =2 yisoa(¥; +1) <y y; by Claim 1(vi).

Finally, we define the valuation p € Pw)V by setting, foreach 1 < j < N,

pj={n€w]|aln) =q(x)forsomex € a;}.

The fact that (x) in the statement of Lemma 3.9 is true for this choice of p will
follow from the following claim and the fact that ¢ is surjective, by property (ii)
of g.

Cram 2. Foranys €T,
forany x € X.n € w. if ¢(x) = a(n) and x € s* (@), thenn € sP“)(p). (Py)

Proor ofF Cram 2. By induction on s, which is in negation normal form by
assumption.

(s =v;).If g(x) = o(n) and x € a; then n € p; by definition.

(s = —w;). If g(x) = o(n) and x € —w;, then x & a;. Since v; € T, for any x’
with o(n) = g(x’), we have x’ ~ x,so x’ € a;. Hence. n & p;.son € —p;.

(s =1).1Ifg(x) = o(n) and x € I then x = xg. Then ¢(n) = ¢(x9) = yo. since
q(x9) = g(x) for all x by Claim 1(x). If we would have n > 0, then we would get
o(n — 1) Fyy, which is impossible by Claim 1(x). Son =0 € I.

(s =-I).If g(x) = o(n) and x € —I then x # xo. By Claim 1(ix), ¢(x) # yo.
Thus, o(n) # yo. so in particular n # 0, son € 1.

(s =51V s2) and (s = s1 A 5) are straight-forward.

(s = Xt). Suppose that ¢(x) = o(n) and x € X¢. Since g(n) F o(n + 1), pick x’
such that ¢(x') = o(n) = ¢(x) and ¢(f(x’)) = o(n + 1). Since x € X¢, Xt € T,
and ¢(x) = ¢g(x'), we have x’ € Xt,so f(x’) € ¢. By the induction hypothesis (P;),
wegetn+1et,soneXt=s.

(s = O¢). Suppose that ¢(x) = o(n) and x € O¢. Let m > n be arbitrary, and
pick x’ such that g(x’) = o(m). It follows from property (i) of ¢ that g(x) =
o(n) <y a(m) = q(x’). By Claim 1(iv), we have x’ € ¢. Applying the induction
hypothesis (P;) to x” and m, we obtain m € ¢. Since m was arbitrary, we conclude
that n € Ot.
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(s = Ot). Suppose that ¢(x) = o(n) and x € {r. We need to prove that
n € {t, i.e., that there exists k > 0 such that n + k € . We first prove that,
for any k, if n +i & t forall 0 < i < k, then ¢ '(6(n + k)) C Ot. For
k = 0, this is clear, because x € ¢t € I'. For the induction step, if the state-
ment holds for some k., assume that ¢(x’) = c(n +k + 1) and n +i & ¢ for
all 0 < i < k + 1. Pick some x” such that ¢(x”) = o(n + k). Then x" € Ot
by the statement for k, and x” ¢ ¢, for otherwise (P;) would give n + k € ¢.
Therefore, by Definition 2.1(i), x” € X{¢, and X{¢ € I since I is filterable. By
Claim 1(ii) and the fact that ¢(x”) =a(n + k) Fo(n + k + 1) = g(x’), we obtain
x" e Ot.

Now, since ¢ visits y, infinitely often, pick £ > 0 such that ¢(n + £) = y,.
Ifn+i€tforsome0 <i </, then we are done. Otherwise, pick some # € X such
that g(u) = y.: by the previous paragraph, u € {¢. By Claim 1(vii), pick w € X
such that y, < ¢(w) and w € 7. Then ¢g(w) = ya+; for some 0 < j < f — 1. Since
o Visits y,.; infinitely often, pick k > £ such that o(n + k) = ya+; = g(w). Then
n+k e tby(P). =

We are now in a position to prove Theorem 3.3, which, by the remarks preceding
it, finishes the proof that 7* is a companion of 7.

PrOOF OF THEOREM 3.3. Let (vi.....vy) be any L-term. and assume that
P(w) | t = T. By Lemma 3.7, let u be an NNF L-term that is equivalent to
—t. Let Sub(u) denote the set of subterms of the term u, and let I" be the filterable
set

[:={s]|seSubu)} U{XOs|Os € Sub(u)} U {XOs |Os € Sub(u)} U{I}.

Indeed, I is finite, and any element of I" is in negation normal form.

Let A be a (. X, I)-algebra and let @ € AN be arbitrary; we prove that t(a) =
T4, By Theorem 3.5, there exists a (O, X, I)-space (X, <, f, xo) with dual algebra
(isomorphic to) 4. Choose p € P(w)" with property (x) of Lemma 3.9. Let x € X
be arbitrary. Pick 7, € w as in Lemma 3.9. Then n, € 1P (), since P(w) =t =
T.sony € (—)P@) (%) = uP@)(5). Hence. since u € I', we also have x & u“ (@) =
(—t)4(a). by the property (%) in Lemma 3.9. Therefore, x € t4(4). Since x was
arbitrary, it follows that t4(a) = X = T4. -

84. T is model complete. Let ¢ be a first-order formula in the signature of
(0. X, I)-algebras. We need to show that ¢ is equivalent to an existential formula
@’ in T*, the first-order theory of P(w). We will proceed according to the following
scheme.

(i) Syntactically transform ¢ into a formula @ of the monadic second-order
logic S1S (Proposition 4.3).
(ii) Associate to the S1S-formula ¢ a Biichi automaton A (Theorem 4.6).
(iii) Associate to the Biichi automaton Ag a (0.X.I)-term ¢ A, representing it
(Proposition 4.8).
(iv) Use an appropriate renaming of variables to obtain an existential formula
¢’ equivalent to ¢ (Section 4.4).

We now perform each of the steps in Sections 4.1-4.4 below.
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4.1. From first-order to S1S. Let usrecall a definition of the syntax and semantics
of the monadic second-order logic S1S (see, e.g., [11, Chapter 12] for more details
and background).

DEFINITION 4.1. The set S1S(V) of S1S-formulae with free variables contained
in a set V is the smallest set such that:

(i) foreach P,Q €V, the formulae P C Q and S(P, Q) are in S1S(V),
(i) if ¢ and y are in S1S(V), then ¢ V w and —¢ are in S1S(V),
(iii) if ¢ is in S1IS(V) and R is in V then IRy is in SIS(V \ {R}).
The satisfaction relation = C P(w)Y x S1S(V) is defined inductively by
(i) v E P C Qif and only if, v(P) C v(Q).
v = S(P, Q) if, and only if, there exists n € P such thatn + 1 € Q,
(i) v = Vyif,and only if, v |= p or v = v,
v = —p if, and only if, v |= ¢ does not hold,
(ili) v = IRy if, and only if, there exists a variant v’ of v, differing from v only
for the value of R, such that v’ |= ¢.

Recall [11, Definition 12.5] that a quantification over an individual variable,
Jx¢p, can be encoded in SIS as a quantification Ix(sing(x) A ), where sing(x) is
an S1S-formula expressing that v(x) must be a singleton for any valuation v. We
use the convention that lowercase letters x, y, ... are individual variables, while
capital letters P. Q. R, ... are set variables. We will also make use of the standard
abbreviations x € P, P = Q, x < y, S(x,y), asin [11, Chapter 12].

NOTATION 4.2. In order to avoid confusion, we need to distinguish the function
symbols V, -, L in the first-order signature L of ({.X. I)-algebras from the symbols
V, =, L that occur as connectives in first-order L-formulae and in S1S-formulae.
Therefore, throughout this section, we use an alternative first-order signature L* =
{U,—.0.0.X. I} for (0. X, I)-algebras, as well as abbreviations anb := —(—aU—b)
anda = b :=—a Ub.

We now come to the translation from first-order £*-formulas to formulas in the
logic S1S. This translation is a variant of the so-called standard translation of modal
logic into monadic second-order logic, cf., e.g., [1, Proposition 3.12].

PROPOSITION 4.3. For any first-order L*-formula ¢(py.....p,). there exists an
S1S-formula $(Py.....P,) such that. for any v € P(w)" 3
P(w).v = ¢ if. and only if, v = §. (1)
Proor. We first inductively define, for any £*-term ¢(p1, ... . p,). an S1S-formula
t*(Py,..., P, x), where x is a fresh individual variable, as follows:

o (pi))*:=xeP,.
o (tUu)® :=1(x)vVu(x).

o (—1)* =) (x).

3Note that the symbol |= is used with two different meanings in (1): on the left-hand-side, it denotes
the usual satisfaction relation of first-order logic, while on the right-hand-side it denotes the satisfaction
relation of SIS of Definition 4.1. Similarly, the tuple v € P(w)" is regarded on the left as a valuation
of the first-order variables py...., p,, and on the right as a valuation of the second-order variables
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0® = —(x = x),

(01)* :=Fy(x <y AL (Pr,.... Py y)).
(X2)® :=3p(S(x.p) At*(Pr..... Pu.y)),
I° :=Vz(x < z2).

Note that, forany i € w and v € P(w)". we have
i€ P@(u(l1).....v(n))if and only if. v = 1*(v(1).....v(n).i). (2)
Now, for any L*-formula ¢(pi.....p,). define $(P;.....P,) by replacing any

atomic formula t = u by Vx(t*(Py.....P,.x) < u*(Pi..... P,.x)), and any
occurrence of 3p by 3P. The claimed equivalence is proved by an easy induction on
the complexity of ¢, using (2) for the base case. -

4.2. From S1S-formula to Biichi automaton. We briefly recall the definition of
finite automata and the Biichi acceptance condition. See, e.g., [11, Chapter 1] for
more details.

DEFINITION 4.4, Let X be a finite alphabet. A (finite, nondeterministic) automaton
is a tuple A = (Q.4. qo, F') where Q is a finite set, whose elements are called states,
qo € Q is a distinguished element called the initial state, F C Q is a set, whose
elements are called final states, and d C Q x £ x Q is a ternary relation, called the
transition relation. For an infinite word w € Z®, a function p: w — Q is called a
run of A on w if p(0) = qo and, for any i € w, (p(i),w(i), p(i + 1)) € 6. For any
word w € X%, the automaton A Biichi-accepts w if, and only if, there exist a run p
of A on w and a final state ¢, € F such that the set {i € w | p(i) = ¢} is infinite.

We next recall how valuations of variables naturally define infinite words.

DEFINITION 4.5. Let n > 0 and £ := P({l,...,n}). For any v € P(w)", we
define the infinite word w, € £“ by

wy(i) =v'{ueXlicu})={k|icvk)}). ico.

The following theorem, originally due to Biichi [2]. states that any S1S-formula
can be converted into an automaton.

THEOREM 4.6.  For any S1S-formula w(P;. ..., P,). there exists an automaton A,
on the finite alphabet X := P({1,....n}) such that. for any v € P(w)",

v = if. and only if. A, Biichi-accepts w,. (3)

ProoOF. See, e.g.. [11, Theorem 12.15] or [15, Theorem 5.9]. -

4.3. From automata to existential formulae. It is well-known that a Biichi
automaton can be transformed into a formula of S1S which starts with a block
of existential monadic set quantifiers, but also has some quantifications over
individual variables after that. As we remarked in the introduction to the paper,
we require slightly more, namely that the quantifications over individual variables
are not needed in the signature £*.

In order to state precisely the translation back from a Biichi automaton to an
existential £*-formula, we need to recall how infinite words in £ yield valuations
of X in P(w), by the reverse process to Definition 4.5.

Downloaded from https:/www.cambridge.org/core. NATO Defence College, on 01 Jun 2017 at 11:37:23, subject to the Cambridge Core terms of use, available at
https:/www.cambridge.org/core/terms. https://doi.org/10.1017/jsl.2016.70


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/jsl.2016.70
https:/www.cambridge.org/core

74 SILVIO GHILARDI AND SAMUEL J. VAN GOOL

DEerFINITION 4.7. Let X be a finite alphabet. For any w € X%, we define the

valuation v,, : £ — P(w) by
vp(a) =w Na)={icw:w(i)=a}, acX

Let A = (Q.6. qo. F) be an automaton on a finite alphabet . We now define a
number of £*-terms with variables from the set Q UX. First define the £L*-terms:

e Init:=1 = qo,
Trans ==, o (q = Ulgagnes(@n Xq’)),
Part := quQ(q N ﬂq//iQ —q").

q 79

e Accept :=J,cr 09.

and define the £L*-term ¢ 4 by:

t4(@.q) := Part N Init N Trans N Accept. 4)

PROPOSITION 4.8.  Let A be an automaton on a finite alphabet 2. For any w € %,
A Biichi-accepts w if, and only if, P(w), v, | g (ta = T). (5)

ProoF. Clear from the definitions. 4

4.4. Proof that T* is model complete. Let o(p;.....p,) be a first-order
L*-formula. Let @(Py,..., P,) be the SIS-formula given by Proposition 4.3. Let
Ag be the automaton on the alphabet X := P,....n) = {ai,...,an} given
by Theorem 4.6. Let 74, be the £*-term defined in (4). We define the existential
L*-formula

2”1
o (pro.opn)=3a3g | ta, =T)AN [ac= (e () —px
{=1 k€ay k&ag
CLamM 2. T*F p < .
Proor. It suffices to prove that P(w),v = ¢ if. and only if, P(w),v = ¢’, for
any v € P(w)". Let v € P(w)" be arbitrary. We obtain:
Plw)vEe < vE@ (by (1) in Proposition 4.3)
<= Aj accepts w, (by (3) in Theorem 4.6)
— Plw).vy, EIq(ta, =T) (by (5) in Proposition 4.8)
— Plw),vE¢,

where the last equivalence follows from the fact that, foreacha € £ = P(1,....n),
we have

vp,(a) ={icw:a={k:icvk)}}= mfu(k)ﬂﬂ—v(k). 4

kea k&a

85. Conclusions and future work. In this paper, we characterized monadic second
order logic on infinite words as the model companion of the universal class of
(0. X. I)-algebras. This is not a stand-alone result; we indicate a few of the possible
directions of further research here.
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First, we expect that it is possible to give a similar characterization of monadic
second order logic on finite words, by adjusting the axiomatization of (., X, I)-
algebras in the appropriate manner. A harder, but equally natural question, is
whether a version of our result holds for monadic second order logics on tree
structures, such as S28, or finite trees.

Our result (and/or its incarnation for finite words) is likely to be related to the
duality theory for regular languages and logics that is being developed in a series of
papers including [6, 7]. It would be interesting to make these connections explicit,
in order to determine if the two approaches can benefit from each other.

Riba [13] gives a model-theoretic proof of the completeness of Siefkes’ axioma-
tization of S1S. Our result in this paper entails that S1S, viewed as a first-order
theory, coincides with the theory of the existentially closed ({.X,I)-algebras
[16. Theorem B]. Therefore, we suggest that an alternative axiomatization of S18S,
and completeness proof for it, could be sought by axiomatizing existentially closed
(0. X, I)-algebras. In a similar direction, we note that Gheerbrant and Ten Cate
[8] used modal logic techniques to axiomatize monadic second order logic on finite
trees, and fragments. An extension of our results in this paper to finite trees could
also be connected to the results in [8].

§6. Acknowledgement. We thank the referee for their valuable comments on an
earlier version of this paper.
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