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Abstract

In this paper, we investigate an optimal boundary control problem for a two
dimensional simplified Ericksen—Leslie system modelling the incompressible ne-
matic liquid crystal flows. The hydrodynamic system consists of the Navier—Stokes
equations for the fluid velocity coupled with a convective Ginzburg—Landau type
equation for the averaged molecular orientation. The fluid velocity is assumed to
satisfy a no-slip boundary condition, while the molecular orientation is subject
to a time-dependent Dirichlet boundary condition that corresponds to the strong
anchoring condition for liquid crystals. We first establish the existence of opti-
mal boundary controls. Then we show that the control-to-state operator is Fréchet
differentiable between appropriate Banach spaces and derive first-order necessary
optimality conditions in terms of a variational inequality involving the adjoint state
variables.

1. Introduction

We consider the following hydrodynamic system for incompressible liquid crys-
tal flows of nematic type:

v+ Vv-Vv—vAvV+ VP = —AV.(Vd © Vd), (1.1)
V.v=0, (1.2)
oid+v-Vd = n(Ad — f(d)), (1.3)

inQxRT, where @ C R” (n = 2, 3) is abounded domain with smooth boundary I".
In the system (1.1)—(1.3), v stands for the velocity field of the fluid, d represents the
averaged macroscopic/continuum molecular orientation and P is a scalar function
representing the pressure (including both the hydrostatic and the induced elastic
part from the orientation field). The positive constants v, A and 7 stand for the fluid
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viscosity, the competition between kinetic energy and elastic potential energy, and
the elastic relaxation time (Deborah number) for the molecular orientation field.
The n x n matrix Vd © Vd denotes the Ericksen stress tensor whose (i, j)-th entry
is given by V;d - V;d, for 1 < i, j < n. The vector valued nonlinear function
f(d) is the gradient of certain smooth scalar potential function F(d) : R” — R
such that f(d) = VgqF(d). In this paper, we take F to be the Ginzburg-Landau
approximation, i.e.,

— L 2 1\2 _ L 2 .
F) = —(d? = 1% f(d) = —(|d]> — 1)d, withe > 0,
42 g2

which has been used to relax the nonlinear constraint |[d| = 1 on the molecule length
in the literature (cf. [36,37]). Furthermore, we assume that the system (1.1)—(1.3)
is subject to the following boundary and initial conditions:

vix,t) =0, d(x,7) =h(x,1), (x,1) eI xRT, (1.4)
V]i—0 = vo(x) withV -vyg =0, d|;—0 =do(x), x € Q. (1.5)

System (1.1)—(1.3) was firstly proposed in [35] as a simplified approximate
system of the original Ericksen—Leslie model for nematic liquid crystal flows (cf.
[13,34]). Well-posedness of the autonomous initial boundary value problem of
system (1.1)—(1.3) (namely, with the no-slip boundary condition for v and a time-
independent Dirichlet boundary condition for d) was first analyzed in [37] (see
also [38] for the result on partial regularity). Concerning the long-time behavior of
global solutions to the autonomous system, a natural question on the uniqueness of
the asymptotic limit as t — +o00 was raised in [37]. This question was answered
later in [50], where it was proven that each trajectory converges to a single steady
state by using the L.ojasiewicz—Simon approach (see [41] for some generalizations).
We also refer to [11] for the asymptotic behavior of system (1.1)—(1.3) in the whole
space R and to [12,31] for the inhomogeneous case with non-constant density.
Some generalizations of system (1.1)—(1.3) have been considered in [5,6,45,51],
where the stretching effects are taken into account.

The technically more challenging case of time-dependent Dirichlet boundary
conditions for d has been recently analyzed in [4,8,9,23,24]. Under proper regu-
larity assumptions of the time-dependent boundary datum h(x, 7), the existence of
global weak solutions, the existence of global regular solutions under large viscos-
ity, and weak/strong uniqueness were obtained in [9]. Regularity criteria for local
strong solutions in the three dimensional case can be found in [24]. Concerning the
long-time behavior, the existence of global and exponential attractors was proven in
[4] when the spatial dimension is two, allowing the presence of a time-dependent
external force. In addition, in [23], the stability of local energy minimizers and
convergence to a single equilibrium for any bounded trajectory were established.

With the well-posedness results of [4,23] at hand, the road is paved for studying
optimal control problems associated with the system (1.1)—(1.5), at least when the
spatial dimension is two. This is the goal of this paper. We note that in this case,
the velocity field v = (v, v2) : @ — R2 is reduced to a two dimensional vector,
while the molecular director d = (dy, ..., d,)" : @ — R" (n = 2, 3) is allowed
to be either two or three dimensional.
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In particular, we are interested in the optimal boundary control problem for
system (1.1)—(1.5). From the physical point of view, nonhomogeneous Dirichlet
boundary condition for the director d corresponds to the strong anchoring condition
for liquid crystals. The so-called anchoring refers to the description of how the
molecular director is aligned on the boundary surfaces, which is an important issue
both in theoretical studies and applications of liquid crystals [44]. One typical type
of those anchoring conditions is the strong anchoring that occurs when the surface
energy is sufficiently large. In this case, the molecular orientation on the boundary
can be simply fixed in a preferred orientation determined by proper alignment
techniques (see [52]). Strong anchoring conditions are widely used due to their
simplicity. On the other hand, the well-posedness results in [4,9,23] imply that
the dynamics of liquid crystal flow in the whole domain €2 can be determined by
its boundary conditions. This motivates us to study the optimal boundary control
problem for system (1.1)—(1.5).

Throughout this paper, we assume that 7 € (0, 4-00) is a given finite final time
and we set, for convenience,

0 =Qx(0,T), 2:=Ix(0,T).

Moreover, we make the following basic assumptions:

(A1) i 2 0@ =1,2,3,4) and y = 0 are given constants that do not vanish
simultaneously.
(A2) The vector-valued functions

vo € L*(0,T; H), dg € L?(Q), vqeH, dgel’(Q)
are given target functions where the space H is given as in (2.1) below.

Then the optimal boundary control problem under investigation reads as follows:

(CP) Minimize the tracking type cost functional:

/31 2 B2

2
,33
/34 14
+ 2 14(T) = dallz g, + S I, (1.6)

subject to the boundary control constraint h as well as the state constraint
due to the initial boundary value problem (1.1)—(1.5).

Here, the vector h plays the role of a boundary control, which is postulated to
belong to a suitable closed, bounded and convex set Z/l in the space of controls u
[which will be specified later, see (3.2), (3.3)]. In the cost functional (1.6), the pair
(v, d) is the unique global strong solution to the state problem (1.1)—(1.5) subject
to the time-dependent Dirichlet boundary condition d|r = h(x, 7).

The main results of this paper are summarized as follows:
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(1) We establish the existence of optimal boundary controls for problem (CP) (see
Theorem 3.1);

(2) We show that the control-to-state operator S defined by problem (1.1)—(1.5) is
Fréchet differentiable between appropriate Banach spaces (see Theorem 4.1);

(3) We derive the first-order necessary optimality condition (see Theorem 5.1) and,
in particular, in terms of a variational inequality involving the adjoint states (see
Theorem 6.1).

Before ending the introduction, we would like to make some comments on the
results of this paper and related literature.

Despite its physical and mathematical interests, to the best of our knowledge, the
optimal control problem (CP) for nematic liquid crystal flows has never been tack-
led. We refer to [16,17,19-21] and the references therein for extensive studies on
various optimal control problems of the time-dependent Navier—Stokes equations
for single viscous Newtonian fluids. On the other hand, optimal control problems
related to complex fluids have been studied (for instance, two-phase flows), but
never in the framework of liquid crystal flows. For example, concerning the cou-
pled Navier—Stokes—Cahn—Hilliard (or Allen—Cahn) system for two-phase fluids,
there exist recent contributions on optimal control problems for the time-discretized
local version of the system (see [25,26]) and on numerical aspects of the control
problem (see [27]). It seems that a rigorous analysis of the problem without time
discretization was not performed until recently, when a diffuse interface model for
incompressible isothermal mixtures of two immiscible fluids coupling the Navier—
Stokes system with a convective nonlocal Cahn—Hilliard equation in two spatial
dimensions was analyzed in [18] from the optimal control point of view. There the
control was distributed (i.e., in terms of a body force in the bulk) and was not located
on the boundary. Even for the much simpler case of the convective Cahn—Hilliard
equation, where the velocity is prescribed so that the Navier—Stokes equation is not
present, only very few contributions exist that deal with optimal control problems.
In this direction, we refer to [53,54] for local models in one and two spatial di-
mensions and to the recent paper [42], in which the first-order necessary optimality
conditions were derived for the nonlocal convective Cahn—Hilliard system in three
dimensions, in the case of degenerate mobilities and singular potentials. Finally,
regarding the Allen—Cahn type equations (i.e., the scalar version of the director
equation (1.3) with zero velocity), distributed and boundary optimal control prob-
lems with various types of dynamic boundary conditions have been studied in a
number of recent papers, in particular for the case of double obstacle potentials (see
[10,14,15,30]).

Our control problem (CP) deals with boundary controls of Dirichlet type, which
are important in many practical applications such as the active boundary control
of single Newtonian fluids (see, e.g., [20,21,28]). For instance, in [20], the au-
thors studied optimal boundary control problems for the two-dimensional time-
dependent Navier—Stokes equations in an unbounded domain, where the control is
effected through the Dirichlet boundary condition for the fluid velocity. They estab-
lished the existence of optimal boundary controls in a suitable subset of the trace
space for velocity fields with almost minimal regularity. Moreover, they derived
the optimality system from which the optimal states and boundary controls can be
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determined. We note that, in the practice, boundary controls with low regularity
are accepted to be admissible since one may be interested in blowing and suction
as controls on part of the boundary, which could possibly allow jumps and satisfy
point-wise bounds (see [22]). Thus, one usually works with very weak solutions of
the evolutionary system, see e.g. [3,33] for examples of Dirichlet boundary con-
trol problems for parabolic equations. However, the situation is different when the
Navier—Stokes equations are concerned. It was pointed out in [20] that an important
feature of the Dirichlet boundary control problem is that one can derive an optimal-
ity system only in spaces of sufficiently smooth functions for which the nonlinear
terms of the Navier—Stokes system are subordinate to the linear terms. For this rea-
son, in [20], the authors worked with sufficiently regular spaces of boundary data
that allow one to obtain finite energy weak solutions for the Navier—Stokes equa-
tions. Moreover, in contrast to the classical parabolic boundary control problems
[3,33], it is necessary to fulfill certain compatibility conditions for the boundary
and initial values in this case (see [20] for further details).

For our current problem (CP) the situation is even more complicated. The
state system (1.1)—(1.5) consists of the Navier—Stokes equations coupled with a
convective Ginzburg—Landau type equation, which involves highly nonlinear multi-
scale interactions between the macroscopic fluid velocity v and the microscopic
molecular director d. Different from the simple fluid case as in [20,21], the boundary
control h is now imposed on the director d, which influences the dynamics of the
fluid through the higher-order nonlinear Ericksen stress tensor (i.e., in terms of a
nonlinear bulk force). We observe that the existence of an optimal boundary control
to problem (CP) could be proven in less regular spaces [see e.g., (2.2)—(2.4) that
yield finite energy weak solutions of system (1.1)—(1.5)]. Nevertheless, in order
to show the Fréchet differentiability of the control-to-state operator S, as well as
the first-order necessary optimality conditions, we have to work with more regular
trace spaces with a compatibility condition between the boundary value of the initial
datum d and the initial value of the boundary control h, which ensure the existence
of a unique global strong solution to the state problem (1.1)—(1.5) [see assumptions
(2.12)—(2.13) with (2.4), see also (3.2)].

On the other hand, the liquid crystal system (1.1)—(1.5) satisfies a weak max-
imum principle on the molecular length |d|r» (see Corollary 2.1) that plays an
essential role in the mathematical analysis on its well-posedness and long-time be-
havior (see [4,9,23] and also [37] for the autonomous case). However, the validity
of the weak maximum principle requires some additional constraints on the L°°-
norms of the boundary and initial data h, dy [see (2.6) and (2.7)], which will bring
extra difficulties to the study of the control problem (CP). For instance, the differ-
entiability of the control-to-state mapping S with respect to the boundary control
h should be considered in a certain bounded convex set. In addition to the control
constraints, a state constraint is also to be respected. In order to avoid these diffi-
culties, the existing well-posedness and regularity results in [4,23] must be refined.
Here, we shall show that the constraints (2.6) and (2.7) are indeed not necessary
for the well-posedness of problem (1.1)—(1.5), with a cheap price to be paid on
the slightly higher integrability in time for the time derivative of h [compare (2.3)
and (2.5), see also Theorem 2.2]. The well-posedness result obtained in Theorem
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2.2 implies that our assumptions on the regularity of trace spaces for the boundary
control h seem to be almost minimal. It will be an interesting problem to reduce
the regularity requirements on h and thus include less regular boundary controls to
problem (CP).

Our contribution can be viewed as a first step towards the study on optimal
control problems related to liquid crystal flows. We note that the PDE system
(1.1)—(1.3) is highly simplified and it only keeps some essential properties of the
original Ericksen—Leslie system [13,34,37]. It will be interesting to investigate
optimal boundary (and also distributed) control problems for more comprehensive
liquid crystal systems with important physical considerations, for instance, the
Ericksen—Leslie system with rotating/streching effects and the nonlinear constraint
|d|r: = 1 (see, e.g., [32,49]), as well as the Beris—Edwards Q-tensor system (see,
e.g., [1,7,40]). These will be the subjects of our future study.

The plan of the paper is as follows: in Section 2, we present some preliminary
results concerning the well-posedness of problem (1.1)-(1.5) under suitable reg-
ularity and compatibility assumptions on the Dirichlet boundary data h. Then we
prove some stability estimates for global strong solutions in higher-order Sobolev
norms when the spatial dimension is two, which are crucial for the analysis of
the optimal control problem (CP). In Section 3, we show the existence of an op-
timal boundary control over a suitable admissible set. Section4 is devoted to the
Fréchet differentiability of the control-to-state operator S. In Sectsions5 and 6,
some first-order necessary optimality conditions for the problem (CP) are derived.

2. Preliminaries

2.1. Functional Settings

Without loss of generality, throughout the paper, we simply set
Vv = )\‘ = n = & = l,

because the values of those coefficients do not play a role in the subsequent analysis.

Let us introduce the function spaces we shall work with. As usual, L”(£2) and
WP (Q) stand for the Lebesgue and the Sobolev spaces of real valued functions,
with the convention that H*(Q) = W*2(Q). The spaces of vector-valued functions
are denoted by bold letters, correspondingly. We set

SLA(Q) SH (@)

H=V , V=YV , where V= {veCQ,R"): V-v=0}

@2.1)

that are the classical Hilbert spaces for the incompressible Navier—Stokes equations
subject to no-slip boundary conditions (see [47, Chapter 1]). Their norms are given
by || - llL2q) and || - g1 (q), respectively. For any Banach space B, we denote its
dual space by B’. The notations (-, -) g and || - || 5 will stand for the duality pairing
between B and its dual B’, and for the norm of B, respectively. In particular, we
denote the dual space of H(l)(Q) by H~1(Q). We recall that the operator —A with
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homogeneous Dirichlet boundary condition is strictly positive and self-adjoint in
L2(Q), so that the spectral theorem allows us to define the powers (—A)* and the
associated spaces D((—A)*), for s € R. Denote H* (2) = D((—A)?2). We know
that

D((—A)") = HX(Q) NHL(Q), D(—A)? =HA\(Q)., D(—A)°) = LX(%).

If it is not misleading, we will use the shorthand notations || - |[r2, || - [Igt,--. to
indicate the norms defined in the domain €2, that is || - |p2(q), |- lgi()s - - -

We recall here the regularity result for the Stokes problem (see, e.g., [47, Chapter
1, Proposition 2.2]):

Lemma 2.1. Consider the Stokes operator S : D(S) = VN H%(Q) > H defined
by

Su=—Au+Vr e H Vue D),
where w1 € HY(Q). Then it holds that

lullgz + Il g1/r < CliSull2, Yue D(S)

for some positive constant C only depending on the domain Q2 and the spatial
dimension n.

2.2. Well-Posedness of the State Problem (1.1)—(1.5)

We start with an existence result for global weak solutions to problem (1.1)—
(1.5) in both two and three dimensions.

Theorem 2.1. (Global weak solutions) Let n = 2, 3. For any given T > 0, assume
that

h e L2(0, T; H> (")), (2.2)

ah e L*0, T; H 2 (I')). 2.3)

Then for any initial datum (vo,do) € H x H'(Q) satisfying the compatibility
condition

dolr = hl=o, (2.4)
problem (1.1)—(1.5) admits a global weak solution (v, d) such that

velL®0,T;H)NL*0,T;V),
de L=, T; H(Q)) N L*0, T; H*(Q)).

If one considers global weak solutions with L°°-constraint on the length of
molecular director d, we have
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Corollary 2.1. (Global weak solutions with constraint |[d|gs < 1) Letn = 2, 3 and
(vo, dg) € H x HY(Q) such that (2.4) is satisfied. For any given T > 0, assume
(2.2) and

oh € L2(0, T; H™2(I")), (2.5)
lh(x,t)|gr £1 ae on X, (2.6)
[do(X)|rr £ 1  ace. in Q. 2.7)

Then problem (1.1)—(1.5) admits a global weak solution (v, d) with the same reg-
ularity as in Theorem 2.1. Moreover, d satisfies the weak maximum principle

ld(x, )|gr £ 1, a.e.in Q. (2.8)

Remark 2.1. We note that the statement of Theorem 2.1 is different from the exist-
ing results obtained in [4, Corollary 1] or [9, Theorem 7] that are similar to Corollary
2.1. In particular, in Theorem 2.1, we avoid using the assumptions (2.6)—(2.7) by
taking a slightly stronger assumption on d;h [compare (2.3) and (2.5)]. Theorem
2.1 can be proved by using a semi-Galerkin approximation scheme similar to [4,9].
However, the argument in [4,9] cannot be applied directly, because it essentially
relies on the assumptions (2.6)—(2.7) that lead to the weak maximum principle for
d, and the estimate (2.8) plays a crucial role in controlling the nonlinear term f(d).
Without these two assumptions, necessary modifications should be made in order to
overcome the difficulty due to the lack of control on ||d|| ;% , 7:L%(%)). The proof
of Theorem 2.1 will be sketched in the “Appendix”.

Due to the time-dependent boundary condition (1.4), the system (1.1)—(1.5)
no longer satisfies the dissipative energy law like the autonomous case in [37].
However, with the help of a suitable lifting function dg (see (8.2)), one can still
derive a specific energy inequality (see Lemma 8.5). Combining this with Lemmas
8.1, 8.4, we can obtain some uniform estimates for global weak solutions to problem
(1.1)—(1.5) on the arbitrary time interval [0, T']:

Proposition 2.1. Let the assumptions of Theorem 2.1 hold. Then, any global weak
solution (v, d) to problem (1.1)—(1.5) fulfills the estimate

t
IV I + 1Ol + /O (Iv@ 3 + 14D lFp)dr < Cr, ¥t e[0, T,
(2.9)

where the positive constant Ct depends on ||volly2, lldollgt, |[hl]
|o:h| QandT.

120,7:H3 (1)’
L4(0,T;H% Ty’

When the spatial dimension is two, further conclusions can be obtained. First,
we can prove the following continuous dependence result on initial and boundary

data in the lower-order energy space L?(2) x H!(S), which easily yields the
uniqueness of global weak solutions when n = 2:
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Proposition 2.2. (Continuous dependence in H x H'(Q)) Let the assumptions of
Theorem 2.1 hold. If n = 2, then problem (1.1)—(1.5) admits a unique weak solution
(v, d). Moreover, let (v, d¥) (i = 1, 2) be two weak solutions corresponding to
the initial data (V(()i) , d(()i)) as well as the boundary datah® . Denoting the differences
V=v) —v® d=dD —d®, 55 = v" —v{?, do = d}" —d’ and h =
hD — h®), then fort € [0, T], the following estimate holds:

- t -
IV, + IVAD Il + fo (VY@ + lad(T) [If2)dT

— t —_ —_
< Cr[I9ol2: + 1Vdol3, + /O (”h(””;%m + ||azh(r>||ir%(r))dr],
(2.10)

where the constant Ct > 0 depends on ||V0||(i) ||d0||(i) IR

. L e L0783 (1)
[ER

1 ,QandT.
L4(0,T;H2 ("))
Proof. We recall that a similar result was proven in [4, Theorem 2.4] under the
additional assumptions (2.6)—(2.7) that are not valid in our case. Nevertheless, the
only difference in the proof is related to the treatment of the nonlinear term f(d),
namely, [o,(f(dD) —£(@?)) - Addx.
We take d%) (i =1, 2) as the elliptic lifting functions (see “Appendix”) given
by
—AdY =0, inQx(0,7),
@) ) (2.11)
dy’ =h®,  onT x (0, 7).

Then we setd® = d® — dg) (i =1, 2), which satisfies the homogeneous Dirichlet
boundary condition du )| = 0. Instead of using the weak maximum principle for
d (cf. (2.8)), we deduce from Proposition 2.1, the Sobolev embedding theorem
(n = 2), the Holder, Poincaré and Young’s inequalities that

/ @) — £@a?®)) - Addx
Q

< 2(1dVFs + 1P T ) 1]l Adllg2 + [ldll2 ]l Ad]ly 2
< Crldg | Ad]g2
< Cr([d® —d@ g + 145 — d gl Ad] 2
< Cr(Iv@® —d?)lp2 + 1dE) — d ) | Adllg2
< Cr(IVdly: + IV@Y —d2) 2 + 1% — dP )l Ad]
< elladl, + Cr(IVaIg, + IhI2, ),
H2 ()

for a certain sufficiently small constant ¢ > 0. Keeping the above estimate in mind,
we can follow the argument as [4, Theorem 2.4] to prove our conclusion. 0O
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Next, if the initial data is more regular, namely, (vo, dg) € V x H?(2), we can
further prove the existence of a unique global strong solution to problem (1.1)—(1.5)
in two spatial dimensions.

Theorem 2.2. (Global strong solutions in 2D) Let n = 2. For any T > 0, assume
h e L2(0, T; H3 (")), 2.12)
ah e L*0, T; H%(F)). (2.13)

Let (vo,dp) € V x H2(Q) such that the compatibility condition (2.4) holds. Then
problem (1.1)—(1.5) admits a unique global strong solution (v, d) such that

veL>®0,T;V)NL*0, T; H (),
d e L0, T; H3(Q)) N L0, T: H3(Q)).

Moreover, the following estimates hold:
IV gy + 1O llg2 = Cr, V1 €0, T], (2.14)

t
| (v +1a@i)ar <, vieor. @is)

where Ct > 0 depends on ||vo|lgt, |dollg2, IRl
Q,and T.

ll:h]|

L2(0.T:H3 () L40.T:HZ ()

Remark 2.2. The proof of Theorem 2.2 is similar to [4, Theorem 2.6] and [23,
Theorem 2.7 (ii)] with some necessary refined estimates without using the weak
maximum principle (2.8) (see Proposition 8.2). A sketch of the proof will be given
in the “Appendix”.

Besides, by exploiting the equations (1.1) and (1.3), one can also verify that in
the two dimensional case the global strong solution (v, d) satisfies the following
regularity in time:

v eL*0,T;:H), 8deL>®0,T;L*Q)NL*0,T;H(Q)),

which further implies the continuity property v € C([0, T']; V), d € C([0, T]; H?
(£2)), by means of the interpolation (see e.g., [43]). Moreover, it holds that

t
18, d@I13, + /0 (Nov@I3: + lad (@I )dr < Cr. Y1 e (0,71, 2.16)

where C7 > 0 depends on || vo||gt, [|dollg2, [[hl|
Qand T.

» [19/h]|

L200.7:H3 (1) L40.T:HE (1)’

Finally, in the two dimensional case, we can deduce the following continuous
dependence result on initial and boundary data for global strong solutions to prob-
lem (1.1)—(1.5) in the higher-order space H'(©) x H2(R2), which will be crucial
to prove the differentiability of the state-to-control operator S [see (3.5)]:
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Proposition 2.3. (Continuous dependence in V x H>(2)) Suppose that the assump-
tions of Theorem 2.2 are satisfied. Let v, dDYy (i =1,2) be wo strong solutions
corresponding to the initial data (V(()i), dg)) and the boundary data h® on [0, T].
Denoting the differences v = v\) —v® d = dV —d®, vy = V(()]) - V(()z),
(_lo = d(()l) — d(()z) andh =hM — h(2), then the following estimate holds:

t
IVl + 1O I + /0 ¥ I + 1A l7)dT
< Cr[ 190l + 1doli%
t —_ —_
[ (b, +1ehoR, il vien. @i
0 H2 () H2 ()

where the positive constant Ct depends on the norms ||V(()')||H1, ||d(()l)||Hz,

[h@|| 9, h®| QandT.

1200.7:H3 (1)) L40.7:HE ()

Proof. Letd) (i = 1,2) be the parabolic lifting functions satisfying
3d —adY =0, inQ xR,
a¥ =no, onT x R, (2.18)
a% ) =a), in Q,

where the initial data d;% (i = 1, 2) are respectively given by

—Adjh =0, inQ, 2.19)
d% = d(()l), onT. '
Then we set
dp=d) —d¥ and d® =a® —-d?, i=1,2.
In particular, it holds that
d?=0 onr, i=1,2.

Using the estimates (2.14), (2.15) and (2.16) on [0, T'] for the global strong
solutions (v, d®) (i = 1,2), after performing similar calculations as in the
proof of [4, Theorem 4.7, pp. 427-432], we can obtain the following differential
inequality:

d 1 - _ _
SV + 520 £ CrYO +Cr(1a13: + IRIE ok, ) 220
dr 2 H2 (D) H2(T)

where

V) = |VVIIZ, + |AdD —d@) —£@D) +£@dP) 12, + | AdpllE.
Z) = |AVIE + IVIA@D = d@) — £ dD) + £@)NE, + Idp .
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and  Cr>0 depends on vy Il Ay llge.  [H©]
[o;h @ 1 ,Qand T.
L4(0,T:H2 ()

Then, from (2.20) and the Gronwall lemma it follows that

1200.7:H3 (1))’

t - -
V(1) € VO + Cr / (112 + 1)1
0 H2 ()
+lah@2 )dr, Vielo,T]. .21
H2 ()

In a fashion similar to estimate (8.5), we have the following bound for the difference
dp of lifting functions:

t
ldp)1Z; < ldollZy +c¢ [ (@175 +19h@))I> , )dr, (2:22)
H H
0 H2 () H 2(T)

which, together with the lower-order continuous dependence result in Proposition
2.2, implies, for t € [0, T'],

ld@) 13 < 21dD —d@)O) 13, +21dp (0112,
<CIv@A® —d@) 02, +201dp )13
< CIVA®) |1, + Clldp ()3

t
<cC vz+&2+/ h(o)|?
< Cr[ INollZ. + ol i (k¢ .
+||8tl_1(7:)||27l )dr], (2.23)
H 2(D)
t t
f ld()[lfpdr £ C / (||Ad<r>||iz+||h(r)||2; )dr
0 0 H2 ()
t
< Crfiot + 190l + [ (IR
0 H2 ()
+19h@)2 )dr], (2.24)
H™Z()

where the constant C7 > 0 depends on ||v0||g;, ||d0||g)l, h®
18 h@ | 1 ,QandT.
L4(0,T;H2 ()

Next, using Proposition 2.1, estimate (2.14) and the Sobolev embedding theo-
rem (n = 2), we obtain that

L2(0.7:H3 (1))’

lA@® —d®) — @) +£(d?)|2

< 1A@Y —d?) 2 + 1f@D) — £@dP) g2

< Cldllg2 + Clldp g2 + Crldlly2, (2.25)
ldllgz < 1dD — dPlge + lldpllg

< CIA@D —dD) 2 + lldpllge

< Cla@d® —d?) —£@?) +£@?)|r2
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+ CIfdD) — £@P) Iz + ldpllg2
<clA@?® —d®) —£@dD) +£@P)||2 + Crldllp2 + Idpllg, (226)
and
Il < 1dD —dP s + lldpllge
< CIva@? —d@) |2 + Clla@® —d®) 2 + ldpllys
< cvia@d® —d®) —£@d?) + @)1z + Clf@AD) — £ dP) |y
+ dp g

< cIvia@® —d®) —£@dD) + £@P)]llp2 + Crlidlge + lldp gz,
(2.27)

where C > 0 is a constant depending on €2 and C7 > 0 is a constant depending on
0 d ) h ) 8 h 1 . Q d T
I¥ollat, Idollge, Il s AR, Qan
On the other hand, we infer from the estimates (2.18), (2.19) and (2.25) that

_ - 1 2 = 1 2

VO) <[Vl +3ldol 2 +31ld %y — d5) 120 + 3C ol 2, +1A@E) — d5)112,
<(IV¥ollf2+Clidolle- (2.28)

where C > 0 is a constant depending on Q2 and the coefficients of the system

(1.1)—(1.3).
As a consequence, from (2.21) and (2.24) it follows that, for ¢t € [0, T,

t
Y0 < Cr IR0y + 1 + [ (IB@E; k@R, )]
0 H2 () H2Z(T)
(2.29)

while integrating (2.20) with respective to time, we also have, for ¢ € [0, T],
! 2 22 "l 2
/ Z(@)dr £ Cr[I¥oly + 1ol + / (G
0 0 H2 ()

+Ih@I2, Ydr]. (2.30)
H2 (D)

Finally, applying the estimate (8.6) to the difference df,,l) — dg), which satisfies
a linear parabolic equation similar to (8.3), we get

t
ldp ()13 + /0 1dp (D) 2adr

t
< lidollgye + ¢ f (b2  +lahol?, )dr. (2.31)
0 H2 (D) H2(T)

Then our conclusion (2.17) follows from (2.29) and (2.30) together with the esti-
mates (2.23), (2.24), (2.26), (2.27) and (2.31).
The proof is complete. O
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3. The Optimal Control Problem: Existence

In this section we investigate the optimal control problem (CP) with the cost
functional J given by (1.6) when the spatial dimension n = 2.

3.1. Space of Control Functions and Admissible Sets

Let T € (0, 400) be an arbitrary but fixed time. Motivated by the existence and
continuous dependence results on global strong solutions to problem (1.1)—(1.5)
(see Theorem 2.2 and Proposition 2.3), the boundary control h should be measured
in a norm that is not weaker than those required therein. As a result, we introduce
the space

U:={hex,n) | he L*O, T; H3 (), h e L*0, T; H:T)},  G.)
whose norm is given by

h|jys ;= ||h d/h , Yhel.

Bl == IR, s IO
Next, assume that (vo, dg) € V x H?() is an aibitrary given initial datum. Then
we define the affine space of control functions U (associated with (vg, dg)) such
that

U :={h(x,1) | h €U withh(x, 1)|;=0 = do(x)|r}. (3.2)

Remark 3.1. By the continuous embeddings (n = 2)
L2(0, T H(I') N W40, T: H(I') = C([0, T]; Hi (")) = C(I" x [0, T]),

we see that any h € U is a continuous vector defined on T’ x [0, T'] and thus the
compatibility condition h(x, t)|;=0 = do(x)|r in (3.2) makes sense.

It is natural that the size of the boundary controls should be constrained from
both the physical and mathematical point of view. To this end, we introduce the
admissible set for problem (CP).

Definition 3.1. Let M € (0, +00) be a prescrlbed positive constant. The set of
admissible boundary control functions U is defined as follows:

uM

a

:=th <M h <Ml .

g ={hed LN, s S M I0RI,  S M) (B3)
Remark 3.2. (1) Due to the compatibility condition h(x, f)|;=9 = do(x)|r, the
admissible set 2/ d 1s non-empty, provided that M > 0 is sufﬁciently large. For in-

stance, ifdg|r € HZ(F) thenh = dyg|r € uM 4 provided that M = > T2 ||d0|r|| (F)
(2) For any fixed admissible M > 0, the set Z/Iad is a bounded, convex and

closed subset of the Banach space U.
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3.2. The Control-to-state Operator S

Denote by
H:=[C([0,T1; V)N L*0, T; H*(Q)) N H' (0, T; H)]
x [C(0, T1; H* () N L2(0, T; H* () N H' (0, T; H'(2)]  (3.4)

the function space for global strong solutions to problem (1.1)—(1.5) (cf. Theorem
2.2 and Remark 2.2). Then we introduce

Definition 3.2. The control-to-state mapping S associated with the given initial
data (vq, do) is defined as follows:

S:U—H, hellr Sh):=(v,d) € H, (3.5)

where (v, d) is the unique global strong solution to problem (1.1)—-(1.5) on [0, T']
subject to the initial data (vo, do).

The following property for S is a direct consequence of Theorem 2.2, Remark
2.2 and the continuous dependence result of Proposition 2.3:

Proposition 3.1. (Lipschitz continuity of ) Letn = 2 and T € (0, +00). Assume
that the hypotheses of Theorem 2.2 are satisfied and M > 0 is sufficiently large.
Then the control-to-state mapping S defined by (3.5) is well-defined and bounded
on [0, T]. Moreover;, the operator S is Lipschitz continuous from U into the space

W :=[C(0,T]; V)N L2(0, T; HX())]
x[C([0. T1: B2(2) N L2(0, T: H3(Q))]. (3.6)

3.3. Existence of the Optimal Boundary Control

In what follows, we prove the existence of an optimal boundary control for
problem (CP).

Theorem 3.1. (Existence of an optimal boundary control) Let n = 2. Suppose that
the assumptions (Al)—(A2) are satisfied and (vo,dg) € V x H2(Q) is a given
initial datum. Let M > 0 be sufficiently large. Then the optimal control problem
(CP) admits a solution ((v,d), h) such that h € Ué‘g and (v,d) = S(h) is the
unique global strong solution to problem (1.1)—(1.5) with initial condition (vq, do).

Proof. The proof essentially follows from the convexity/coercivity of the nonneg-
ative cost functional 7 ((v, d), h) [see (1.6)]. To this end, we introduce the reduced
cost functional

Jh): U — [0, +00) suchthat J(h):= J((v,d),h)

forany h € U, where (v, d) = S(h) is the unique global strong solution to problem
(1.1)-(1.5) with initial datum (vg, dg). It is easy to see that the optimal control
problem (CP) is equivalent to the minimization problem (CP)’:

min J (h).
heugf‘é’
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It follows from Remark 3.2 that the admissible set L/ \d 18 non-empty under our
assumption. Then there exists a bounded minimizing sequence (v, dD hD))
(i =1,2,...)0f T suchthath®) € &M and (v(?,d?) = S(h”) € H is the unique
strong solution to problem (1.1)—(1.5) subject to the initial condition (vg, dg) and
boundary condition h). Moreover,

lim Jhm®) = inf J(h). (3.7)
i——+00 heL[

Since UM . 1S a bounded subset of U, then there exists a weakly convergent
subsequence of {h®} satisfying the compatibility condition h®|,_g = dol|r, which
is still denoted by {hD} without loss of generality, such that

h —~n* ind,
for some ht € 1. Besides, since Z/N{;‘g is convex and closed, it is also weakly closed
and we can infer that h* e (/M.

For the weakly convergent subsequence ] {h<i )}, we consider (v >', dD) = S(h®).
From Proposition 3.1 and the definition of uM 4 it follows that S (h®) are uniformly
bounded (with respect to the index i) in the space H. Hence, there exists a weakly
convergent subsequence of {(v?), d)}, which s still denoted by {(v("), d))} with-
out loss of generality, such that

v X VE in L0, T V),
v~ vE in L20, T: H2(Q) N H' (0, T; H),
d® L@ in L0, T; HA(Q)),
d9 —~d® inL%0, T; H*(Q)NH' 0, T; H(Q)),
for some limit functions (v%, d%) € H.
Next, we proceed to verify that (v¢, d?) = S(h?). By the Aubin—Lions lemma

and the compact embedding theorems for n o= 2 (see, e.g., [43]), we have the
following strong convergence results for {(v("), d?)} (again up to a subsequence):

v S vE in C([0, T]: HI5(Q)) N L2(0, T; H2(Q)),
d? — d° inC([0, T]; H* () N L*(0, T: H 5 (),

for some s € (0, 1). As a consequence, we also have v() — v# d®@ — d® a.e. in
Q x [0, T] and the convergence for the initial data

v 0) > vH0) =vo inH'*(Q), d?0) — d*0) =dy in H>*(Q).

Using the above strong convergence results we are able to show the following
convergence for nonlinear terms:

v vy ~vELuvE in L2(0, T; L2(Q)),

V. (vd? ovd?) ~v.(vd*ovd’) inL*0,T;L*Q)),
v . vad® - vi.vd®  in L2(0, T; L2(Q)),

fd?) > f@d* inCE x[0,T)).
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The above convergence results easily enable us to pass to the limit (up to a subse-
quence) in the weak formulation of problem (1.1)—(1.5) for every (v, dDy such
that the limit function (v¥, d*) satisfies the weak formulation of problem (1.1)—(1.5)
with initial condition (vg, do) and boundary condition h*. Since (v#, d%) € H, we
can conclude that (v¥, d%) = S(h").

Therefore, the limit ((v¥, d*), h*) is admissible for the control problem (CP).
Since the cost functional .7 is weakly lower semi-continuous in H x U/, by the weak
convergent results (up to a subsequence) obtained before, it holds that

liminf 7((v?,d"), h?) = 7((v*, d%), h¥).
i— 400

Recalling the definition of j (h) and (3.7), we conclude that

J(F, @), 1) = min J((v.d).h),

ad

which yields that ((v¥, d*), h*) is a solution to the optimal control problem (CP).
The proof is complete. O

4. Differentiability of the Control-to-State Operator S

In this section, we aim to prove the differentiability of the control-to-state
operator S with respect to the boundary control h in /.

4.1. The Linearized System

Let h* € I/ be an arbitrary but given vector. We denote by (v*, d*) = S(h*)
the associate unique global strong solution to the state system (1.1)—(1.5) given by
Theorem 2.2.

Below we investigate the linearization of the state system (1.1)—(1.5) around
((v*, d*), h*) for the unknowns denoted by (@, ¢) with an arbitrary given vector
IS U — {h*} (e, a perturbation with respect to h*), that is,

3w — Ao+ VP + (v Vo + (@ V)V*

= -V . (V¢ OVd") — V- (Vd* O V¢), inQx0,7T), 1)
V.w=0, inQx0,7T), 42
W — Ap+ (V- V)P + (w-V)d* = —f'd)¢p, inQx(0,T), (“3)

subject to the following boundary and initial conditions:

w=0  ¢=§ onT x (0,7), 4.4)
wli=0=0, ¢l;=0=0, inQ. (4.5)

In (4.3) we have denoted

f'(d*)¢ = 2(d* - p)d* + |d* ¢ — ¢.
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Proposition 4.1. Let n = 2. For any § € Uu— {h*}, problem (4.1)—(4.5) admits a
unique weak solution (@, ¢) such that

weC0, T H)NL*O, T;V)NH' 0, T; V), (4.6)
¢ € C(0,T: H(Q) N L*0, T; H*(Q)) N H' (0, T; L*(Q)). 4.7

Proof. Let {u;}72,, {#;}72, be the basis of the Hilbert spaces V and H(I)(Q), re-
spectively, which are given by the eigenfunctions of the Stokes problem

(Vu;, Vw) = A (u;, w), Vw eV, with lu;]l{2 =1,
and the Laplace equation

(V¥i,VE) = (¥, §), V& € Hy(Q), with |92 = 1.

Here A; is the eigenvalue corresponding to u; and p; is the eigenvalue correspond-
ing to ¢;. It is well-known that 0 < A} < Ay < --- /' 400 is a monotone
increasing sequence, {u;}7°, forms a complete orthonormal basis in H and it is
also orthogonal in V (see e.g., [47]). Similarly, 0 < u; < w2 < --- 7 400
is a monotone increasing sequence, {¥;}7°; forms a complete orthonormal basis
in L?(2) and it is also orthogonal in H(l)(Q). By the classical elliptic regularity
theory, we have w;, ¢¥; € C °°(§) for all i € N. For every m € N, we denote
by V,, = span{uy, ..., u,}and W,, = span{y, ..., ¥,,} the finite dimensional
subspaces of V and H(l)(Q) spanned by their first m basis functions, respectively.
Moreover, we use I1,, for the orthogonal projection from H onto V,, and I1,, for
the orthogonal projection from L%($2) onto W,,,.

Given a vector € € U — {h*}, we denote by ¢ the unique solution to the elliptic
problem

—Adr =0, inQx0,T7),

4.8)
¢ =E&x,1), onl x(0,7).

It is easy to see that ¢g|;—9 = 0 according to the definition of &. Then, for every
integer m = 1, we look for solutions of the form

W" =" a" Ow(x), " =¢r+¢" =r+ > b OY;i(x),

i=1 i=1
solving the following approximate problem of (4.1)—(4.5), a.e. in [0, T'] and for
i=1,2,...,m:
(00", u;)yr v +/ Vo™ : Vu;dx + / [V - V)™ + (0 - V)V*] - u;dx
Q Q

= / (V@" © Vd*) : Vu;dx + / (Vd* © V") : Vu;dx
Q Q

+ / (Vér © Vd*) : Vu;dx + / (Vd* © Vég) : Vudx, (4.9)
Q Q
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/ B¢ - Yidx + / V" Vidx + / [V - V)@ + (@ - V)d*] - idx
Q Q Q
+ / £'(d*)" - Pidx
Q

. /Q £(d)pp - Pidx — /Q dr - Pidy — fg " - Vg - yidx, (4.10)
"= =0, ¢";—o=0, in€. 4.11)

From the fact (v*,d*) = S(h*) € H and applying Lemma 8.1 to ¢, we infer
that (4.9)—(4.11) is indeed a Cauchy problem of a linear ODE system for a” (¢) =
@), ...,ap®)" and b™ (1) = (bY'(t), ..., b (1)" with all the coefficients
belonging to L>(0, T). Then it is standard to conclude that the approximate problem
(4.9)—(4.11) admits a unique solution (a™ (1), b"(t)) € H'(0, T; R*™).

Next, we derive some a priori estimates for the approximate solutions (@™, ¢™)
that are uniform with respect to the parameter m. For i = 1, ..., m, multiplying
(4.9) by a" (t) and (4.10) by u;b}" (t), respectively, and then adding the resultants
together we get

1 d ~ -~
Ea(nw’”niz + V" I12) + VO™ 72 + 1 A¢™ 17
- —f(wm-V)v* -w”’dx+f(w’"-V)d*.A$'"dx
Q Q
+ / (V- V)" - AP dx + / F'(d)g" - A" dx
Q Q
+ / (V" © Vd*) : Vodx + / (Vd* © V@) : Vo dx
Q Q
+ / (Vor © VA*) : Vo' dx + / (Vd* © Vég) : Vo' dx
Q Q

+ fQ [f'(d)s + dbs + (v - V)gr]- AP dx

9
k=1

where we have used the conditions V - v* = 0 and $’" Ir = A;ﬁm Ir =0.

For the sake of simplicity, we shall denote by C the constants that may depend
on the global strong solution (v*, d*) € H [cf. (2.14)—(2.16)], 2 and T, but not on
m.

Now, we estimate the right-hand side of (4.12) term by term. Using the Holder
inequality, Young’s inequality and the estimates (2.14)—(2.16) for (v*, d*), we ob-
tain

Ji S @ s IVV¥ ipall@™ [l 2
S ClIvillgz Vo™ 2 @™ [l 2

2 -1 2 2
S el Vo I, + Ce vl ll0™ [l 2,
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2 = @™ VA s | Ag™ 2

1 1 _~
< Clld*lgell@™ I 2 1Ve™ 125 | AG™ [Ig.2
el Vo™ 1, + el Ad™ (I}, + Ce 2 |d* I fp o™ [112.
IV lLe V™ 2 | A™ .2
ell A" 1L, + Ce HIVF g I V™17 2.,
I£/(@*) Lo 19" 2 | Ad™ Il 2
ell A" 11, + Ce™ (ld*[lfp + DIV™ lIf.,
IV I+ VA* |4 V™ |2
el Vo™ 1, + el A™ 17> + Ce 2 (|d* (I3 I V™ II7 ».
Vel VA* s Vo™ |2
elVe™ 12, + Ceigr 1 plld* 2

Vo™ 1, + Ce IENP s (1A 30,
H2(T)

(IF'@) < £l + 10 el + IVl I Ve lys) A" g2
e|AG" T, + Ce7 (1d* [l + Dllelfs + Ce o el 2
+ Ce7 IVF Il 52

el AP™ |2, + Ce7 (a2 + DIEN> s+ Ce 19117,
H2 () H2 (T

J3

Jy

Js+ Js

J1+Jg

A IAHA A IA TN TN TIACTIATIA

Jy

A A

A

-1 2 2
+Ce V¥l lENT s .
H2 ()

Taking ¢ sufficiently small, from (4.12) and the estimates (2.14) for || v*|| Lo°(0,T;H)>
1d* || oo (0, 712y We infer from the above estimates that

d " Y
3 (10" Iz + IV 1) + Vo™ I, + 1A¢™ I

<C(+ V"‘2 wlz + Vq)’”z +C 2 + /|0 2 .
(4.13)

It follows from (2.15) that [[v*[|;2(9 7.p2) is bounded. Then, by Gronwall’s lemma
and the condition || (0) ||i2 + Vo™ (O)||i2 = 0, we deduce, for any m = 1,

t
o™} + V" O + /0 (IVe@™ ()52 + A" (T) 11 )dT

t
§C/(||§<r>||23 +8E@I*, )dr
0 H2(T) H2 ()
< ClEIF, Yielo,T]. (4.14)

Furthermore, by means of the linear equations (4.9), (4.10), we obtain the following
uniform estimate for the time derivatives of " and ¢":

19:@™ 120, 7:vr) + 10:0™ [ L2¢0.7:12) = ClIE Nl (4.15)
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és a consequence, from (4.14) and (4.15) it follows that there exists a pair
(w, @) satisfying

we L®0, T;:H)yN L0, T; V)N H (0, T; V),
¢ € L0, T; H' () N L2(0, T; HX(2)) N H' (0, T; L?()),

which is the weak (or weak star) limit of convergent subsequences {®"}, {$’”} (not
relabelled for simplicity) in the corresponding spaces in (4.6), (4.7), as m — +o00.
Then, by a standard compactness argument, we are able to pass to the limit as
m — —+o00 (up to a subsequence) in the approximate system (4.9), (4.10) and to
verify that the pair (, ¢) with¢p = $ +¢ isindeed a weak solution to the linearized
problem (4.1)—(4.5) satisfying (4.6), (4.7). Here, we also use the elliptic estimates
for ¢ (cf. Lemma 8.1) and the assumption & € U/ — {h*}. Then, by the interpolation
theorem (cf. [43]), we conclude that w € C([0, T]; H), ¢ € C([0, TT; H!(Q)).
Finally, the uniqueness of weak solutions to the linearized problem (4.1)-(4.5)
follows from the standard energy method, which is omitted here.
The proof is complete. O

Define the lower-order function space (compare with H given by (3.4))
Hy = [C(0, T, ) N L*(0, T; V)N H'(0,T; V)]
x [C(0, T1; H'(2)) N L*(0, T; HX(Q)) N H' (0, T; L*(Q))].  (4.16)

We introduce the linear mapping Lp+ associated with the given vector h* as well
as (v*, d*) = S(h*), such that

Lo :U—(*} > H, Ecl— ) L) := (0, ¢) €Hi. (4.17)

In particular, in the definition (4.17), (@, ¢) is the unique global weak solution to
the linearized problem (4.1)—(4.5) on [0, T'] given by Proposition 4.1.

For the linear parabolic problem (4.1)—(4.5), it follows from the simple energy
estimates like (4.14), (4.15) that we have

Corollary 4.1. The linear mapping Ln+(§) = (@, @) is a (Lipschitz) continuous
mapping from U — {(h*} to H.

4.2. Differentiability of S

First, let us introduce the precise definition of differentiability for the control-
to-state operator S.

Definition 4.1. Let
Wi = [C(0, T]; H) N L*(0, T; H'(Q))]
x [C(0, T1; H' (2)) N L*(0, T; HA(Q)) ] (4.18)

and I and H be deﬁneNd as in (3.2) and (3.4), respectively. Consider the control-
to-state operator S : U/ — H associated with a given initial datum (vo, dp) €
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V x H2(2) (see Definition 3.2). In particular here we view S as a mapping from U
to the weaker space Wi. We say that S : U— W; is Fréchet dlfferentlable inid if,
for any h* € U, there exists a linear operator denoted by S’ (h*) : U—{h*} > W
such that

i ISth* +§) = Sh*) = S' ") &) lw,
1m

=0, (4.19)
1€ llz4—0 1€ Nl

where £ € U-— {h*} is an arbitrary (small) perturbation of h*.

Then we can prove the following result:

Theorem 4.1. Let n = 2. Suppose that (vo,dp) € V x HZ(Q) is a given initial
datum. Then the control-to-state operator § is Fréchet differentiable in the sense
of Definition 4.1. Moreover, for any h* € U, its Fréchet derivative S'(h*) is given
by

S'(h")E = (w,¢), VE el —{h*}, (4.20)

where (@, §) is the unique global weak solution to the linearized problem (4.1)—
(4.5) obtained in Proposition 4.1. Namely, we have 8'(h*) = Ly, where Lpx is
the linear operator defined in (4.17).

Proof. Let h* € I{ be an arbitrary but fixed vector. We consider any of its pertur-
bation h = h* + & with & € & — {h*} such that

1€l = , 4.21)

for some fixed constant x > 0. For the given initial datum (vo, do) € V x H2(R),
we denote

(v,d)=S8h), v,d)=8h"), (0, ¢)=~Ln().

It follows from Theorem 2.2, Remark 2.2 and Proposition 4.1 that the following
uniform estimates hold for (v, d), (v*, d*) and (w, @), respectively:

Iv. Dlx = K1, 16V, A9l = Koy (@, @)y, = K3llEll, (422

where K1, K2, K3 are positive constants that may depend on ||[vo|gt, |Idollg2,
[Ih*| s, loshE| 1 ,Qand T. The constant K; also depends
L2(0,T;HZ () L40,T;HZ ("))
on k but it is independent of &.
Besides, from the continuous dependence result for global strong solutions to
problem (1.1)—(1.5) (see Proposition 2.3), we infer that

ES
+ ”d d ”C([O T] HZ)

*12
V= vl o rym
2
IV = V¥ 20 ey + 1D = 51720 7o)

< K417, (4.23)
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where K4 > 0 is a constant depending on ||vollg1, |do(lg2, [Ih*|]
|o;h*|] 1 ,k,Qand T.
L*(0,T;H2 ("))

Set the difference functions

L200.7:H3 (1))’

w,e) i =(vV—-—v'—w d-d —¢).
We can easily see that (w, e) € Hy, i.e.,
we C(0, T H)NL*0,T; V)N H' 0, T; V),
ec C([0, T]; H'(2)) N L*0, T; H*()) N H' (0, T; L*()),
and (w, e) turns out to be a weak solution to the following system in 2 x (0, T')

HW— AW+ VP +[(Vv=v") - V](v=v") + (V" - V)W + (w - V)v*
=-V.[Vd-d)oVd-d)] -V -(Vd*® Ve) — V- (Ve Vd"),

(4.24)
V.-w=0, (4.25)
dge—Ae+[(v—v" - V]id—-d")+ " Ve+ (w-V)d*
= —f(d) + f(d*) + f'(d*)¢, (4.26)
subject to the homogeneous boundary and initial conditions
w=0 e=0, onI" x (0, 7), 4.27)
Wli=0 =0, e[;==0, ing. (4.28)

In (4.24), the pressure is given by P = P — P* — P, with P, P* and P being
associated with (v, d), (v*,d*) and (w, ¢), respectively. Besides, the right-hand
side of (4.26) can be re-written into the following explicit form:

—f(d) + £(@d@*) + ' @)
=—|d—d*Pd—d*) —|d—d*’d* —2[(d — d*) - d*](d — d*)
—2(d* - e)d* — |d*|%e +e. (4.29)

Testing (4.24) by w, integrating over €2, and using the incompressibility condi-
tion for v* as well as w, after integration by parts, we deduce

1d
5 g IWIE + VWi,
=—/[(V—V*)'V](V—V*)'de—f(W'V)V*«de
Q Q
+ / [Vd—-d*) O V(d—d")]: Vwdx
Q

+ f (Vd* ® Ve 4+ Ve © Vd*) : Vwdx
Q

4
= rj. (4.30)
j=1
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In a similar manner, testing (4.26) by —Ae, we obtain
ld
2dt

= /Q[(V — v . V]d—-d*) - Aedx + /Q[(v* -V)e + (w-V)d*]- Aedx

IVel?, + llael?,

+ / [|d —d*)?(d — d*) + |d — d*?d* 4+ 2[(d — d*) - d*](d — d*)] - Aedx
Q

+ / [2(d* - e)d* + |d*|%e — e] - Aedx
Q

8
= Z rj. (4.31)
j=5
In what follows, we estimate the remainder terms 7; (j = 1, ..., 8) in (4.30)

and (4.31), by means of the uniform estimates (4.22) and the stability estimate
(4.23). More precisely, we can deduce that

rt SV = Vil IV = v izl wiips

1 1
L
< Clv = v I3 WL VWi

[IA

1
Euwniz Wl + Cllv = V¥

A

1
l—ouwniz + lIwll2 + CIEN.

ra S IWIFIVVFIILe < ClIWle VW2 vl
< 1—10||Vvv||iz + Clwlia

r3 SV —d)[{a VW2 £ Clld — d* |3 [ VW2
< %uwniz + ClEN,

ra £ 2|VA* |4l Vellpa | VWIIg2
< Clld* g Vel 2, 1 Al 2, [ Vw2
< %uwniz + l—lonAeniz +Cl|Vel7,,

rs < IV —v*lps IV — d*) |+ ]| Aelly
< Cllv = vl 1A — d*[lg2 | Aelly2
< 1—10||Ae||i2 + ClEN

re < [IV¥lpslIVellpslAellrz + [Iwlips [ Vd* ]l Aellg
< CIV Vel I Ael, + Cla e w2, [9wl2, | Ael -
<

1 2 1 2 2 2
Tollaelt: + T IVWIE: + ClIVeli: + Clwi.
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r7 < (Id — d*[l +3lld — d* [}, 1d* L) | Aellp

1
< 1—0||Ae||iz +C(ld—d* )8, + [1d — d*[})

A

1

EuAeniz + CE1F, + DIEN,

rg < C(1+ d*lF0) llell 211l Aelly2
< C(L+ 1d* 15 11 Vellp2 Il Aelly2

1
< EuAeniz +C|| Vel

Collecting the above estimates, from the assumption (4.21) and the inequalities
(4.30), (4.31) we infer that
d 2 Vel?2 Vwl2 Aell2
S (IWIE2 + IVel?2) + 1V wii: + 1 Ael
< C(Iwlfa + IVellf2) + Cle® + D& (4.32)
where the positive constant C depends on K1, ..., K4 and .
Taking (4.28) into account, from (4.32) and the Gronwall’s lemma we deduce
||W”2C([O,T];L2) + ”e||2C([0,T];H1) + ”wH%Z(O,T;Hl) + ”eHiZ(O,T;HZ) § CT”E”?/{’

where the constant Cr depends on K71, ..., K4, k, Q2 and T. As a consequence, it
follows that

ISh* + &) —Sh*) — (@, P)lw, _ (W, &)llw,

1§ 1124 1€ 1lzs
S Crlllly — 0, as &l — 0.

Recalling the fact (@, ¢) = Ly+(€), where Ly« is the linear operator defined in
(4.17), we can conclude that the control-to-state operator S is Fréchet differentiable
at h* in the sense of Definition 4.1. Moreover, its derivative at h* is given by
S’'(h*) = Lp+. Since h* is an arbitrary vector in U, we arrive at the conclusion of
Theorem 4.1.

The proof is complete. O

5. The First-Order Necessary Optimality Condition

Based on the differentiability of the control-to-state operator S (see Theorem
4.1), it is straightforward to derive the first-order necessary optimality condition
for the optimal control problem (CP). By a direct calculation, we have

Theorem 5.1. Let n = 2. Suppose that the assumptions (Al)—(A2) are satisfied and
(vp,dp) € V x HZ(Q) isagiven initiaL datum. Assume thath® is an optimal control
forproblem (CP) in the admissible setUé‘g with the associate state (v¢, d*) = S(h?).
Then, for any h € Z;{V;‘g denoting by (w, ¢) = Lyz(h — h®) the unique global weak
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solution to the linearized problem (4.1)—(4.5) corresponding to the perturbation
h — h%, we have the following variational inequality

ﬂ]/(vﬁ—vQ)-wdxerrﬂz/(dﬁ—dQ)-¢dxdt
0 0
+ s / (V(T) - vg) - @(T)dx
Q
+ﬁ4/(dﬁ(T)—dQ)-¢(T)dx+y/ h®. (h —h%)dSdr >0, Vheil
Q P
(5.1)

Proof. Recall the reduced cost functional j (h) introduced in the proof of Theorem
3.1 such that 7 (h) := J((v,d), h) for any h € U, where (v, d) = S(h). For the
cost functional Z((V, d), h), here we regard itas J : W) x U — [0, +00) with
spaces W and U being defined in (4.18) and (3.2), respectively.

From the convexity of the admissible set Ué‘g and the well-known result [48,
Lemma 2.21] on the necessary condition for optimal control problems, it follows
that

J' ¥ —h*) >0, VheUM. (5.2)
To determine the operator T (h?), we infer from the chain rule that
T 0%) = TG 1o (S(hF), h) 0 §' (%) + Ty, (S(h), h¥). (5.3)

For every fixed g € u, J,(z, g) stands for the Fréchet derivative of 7 (z, g) with
respect to z = (21, Z2), at z € V. By the definition of J (see (1.6)), we deduce
that, for any y = (y1, y2) € Wi, it holds that

Tz, 8)(y) = Bi /Q(Zl —Vg) -y1dxdr + B /Q(Zz —Vp) - y2dxdt
B /Q (21(T) — v) - y1(T)dx + B fQ (2(T) — dg) - y2(T)dx.
(5.4)

In a similar manner, for every fixed z € Wy, Jg’(z, g) stands for the Fréchet deriva-
tive of J (z, g) with respectto g, at g € Ucu, namely,

Ih(z,8)¢ = V/Eg -¢dSde, V¢ el —(g). (5.5)
Returning to (5.3), here we take
g=h" z=8m" =" d%, ¢=h-ht
and by Theorem 4.1 we further choose

y =S (h)(h —h¥) = (0, ¢) e W),
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where (w, ¢) is the unique global weak solution to the linearized problem (4.1)-
(4.5) corresponding to h — h®. As a consequence, it follows from Theorem 4.1
and the abstract chain rule [48, Theorem 2.20] that the operator j ’(h?) in (5.3) is
well-defined and then we can deduce from (5.2)—(5.5) that the variational inequality
(5.1) holds.

The proof is complete. O

6. First-Order Necessary Optimality Condition via Adjoint States

In this section we aim to eliminate the pair (@, ¢) from the variational inequality
(5.1) and derive a first-order necessary optimality condition in terms of the optimal
solution together with its adjoint states. For this purpose, we shall first derive the
corresponding adjoint system for the control problem (CP) (also referred to as
optimality system) that serves as the basis for computing numerical approximations
of optimal solutions. On the other hand, it turns out that the adjoint states serve as
Lagrange multipliers associated with the state problem (1.1)—(1.5).

Generally speaking, optimality systems and necessary optimality conditions can
be directly deduced from the well-known abstract Lagrange multiplier principle,
i.e., the Karush—-Kuhn—Tucker (KKT) theory for optimization problems in Banach
spaces (see [2,29,48]). However, as has been pointed out in [48, Section2.10],
direct application of the KKT theory is rather difficult in many cases, requiring
extensive experience in matching the operators, functionals, and involved function
spaces. More precisely, the given control-to-state operators have to be differentiable
in suitably chosen Banach spaces, the adjoint operators have to be determined, and
the Lagrange multipliers must exist in the right spaces. We can refer to [20,21] for
its nontrivial applications to optimal Dirichlet boundary control problems for the
evolutionary Navier—Stokes equations.

Since our state problem (1.1)—(1.5) is a highly nonlinear PDE system with
strongly coupling structures, it is rather difficult to apply the above mentioned
abstract Lagrange multiplier principle (see e.g., [2, Section 3.2]) to derive the opti-
mality system and the existence of Lagrange multipliers. Instead, we shall extend
the formal Lagrange method described in [48], which turns out to be an effective
tool for finding the form of the partial differential equations from which the adjoint
operator can be determined. This method is successfully illustrated for various el-
liptic and parabolic control problems (see [48, Chapters 2—5] for details). Roughly
speaking, our strategy is as follows: first, we derive the adjoint system by using the
formal Lagrange method, then we prove in a rigorous way the existence of adjoint
states in suitable function spaces and we derive the necessary optimality condition.

6.1. Formal Derivation of the Adjoint System

For the control problem (CP), we introduce the Lagrange functional G (in a
formal way)
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G((v,d),h, (®,p1. P, @ @)

= J((v,d), h) — f [0,V + (V- V)V— AV + VP + V- (Vd O Vd)] - pdxdr
0
- / (V- v)Pdxdt — / [8,d + (v-V)d — Ad + £(d)] - Gdxdr
0 0

—/ V-f)]det—/(d—h)~(11det, 6.1)
)y )y

for any h € ZZ{\C’][ and (v,d) € H.

Remark 6.1. Here, in the expression of G we only try to eliminate the five con-
straints due to the state problem (1.1)—(1.5) with the corresponding Lagrange multi-
pliers being denoted by p, p1, P, q, 41, respectively. The constraint on the boundary
control (3.3) is easy to handle by using variational inequalities.

Let ((v#, d%), h*) be a solution to the optimal control problem (CP) such that
h? € UM, (v*, d%) = S(h*) € H. Then, by the Lagrange principle, we expect that
(vf, d%) and h” together with the corresponding Lagrange multipliers p, pi, P, g,
q satisfy the optimality conditions associated with the minimization problem for
the Lagrange functional G denoted by (MG):

MG) min G((v, d), h, (p, p1, f’, q,q1)), with (v, d) unconstrained and h €
uM.
In particular, since the pair (v, d) is now formally unconstrained, it follows that
Gly.a) (V% d") b, (B P1. P.q.q1)) (@, ¢) =0 (6.2)
for all smooth functions (w, ¢) satisfying
wli=0 =0, ¢li=0=0, inQ. (6.3)

Here, the zero initial conditions for (@, ¢) in (6.3) follow from the fact that in the
control problem (CP) the initial datum (vg, dg) for the state problem (1.1)—(1.5) is
given and fixed.

A direct (formal) calculation yields that the condition (6.2) is equivalent to

Bi fQ(vﬁ —vp) - wdxdt + fQ(dj —dy) - ¢dxdr
8 /Q (VF(T) = vg) - @(T)dx + fiy fQ @(T) — do) - $(T)dx
- /Q[B,w + (V' VYo — Aw + VP + (@ - V)V'] - pdxds
- /Q[V (V¢ © Vd*) 4+ V - (Vd* © V¢)] - pdxdr — /Q(v - @) Pdxdz

- / (0,6 — Ad + (V- V)b + (@ - V)& + ' (d)] - Gdxdr
0
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—/ w-ledet—/ ¢ - qdSdr
z z
=0. 6.4)

After integration by parts and keeping the constraint (6.3) in mind, we get
ﬂ1/(vj—vQ)~wdxdt+ﬁ2/ (d* —dp) - pdxdr
0 Q
+ﬁ3/ V(T) = va) ~w(T)dx+ﬂ4/ (d*(T) —dg) - $(T)dx
Q Q
+/ atf)-wdxdt—/ f)(T)~w(T)dx+/ (AP) - wdxdrt
0 Q@ 0
a op N
+/ —“’.pdet—/ —p-wderJr/ P(V - p)dxds
» on x on 0
—/ ﬁ(f)-n)det—i—/ vﬁ-wdxdz—/(ﬁn)-wdsm
b 10) z
+ f V" V)P - wdxdr — f [(VVF)P] - wdxdt
o o
—f vi(vjd}jvjﬁ,»)qskdxdz—/ Vi (Vid!V; pi)grdxdr
0 o
— f (V¢ © Vd*)n] - pdSdr — / [(Vd* © V¢)n] - pdSds
b b)
+/ (de]ngﬁi)n[(]ﬁdedt-{-/(V,‘dlfvj'ﬁ,')nj(ﬁdedt
b b

+/ 8,(1~¢dxdt—/ Q(T)-¢(T)dx+/ (A(j)-qbdxdt—i—/ 99 qasdr
0 Q 0 ) on

Y
— —q-¢det+ / (v* - V)q - ¢pdxdr — / [(Vd™")q] - @dxds
b)) on 0] (0]
—/ f’(dﬁ)q-¢dxdr—/ P -wdet—/ 1 - pdsSdr
o = )
-0, (6.5)

where n = (n1, n2)" denotes the unit outer normal vector on I.

We hope to determine the Lagrange multiplies, i.e., the adjoint states (p, p1, P,
q, q) from the equality (6.5). To this end, grouping the terms in (6.5) with respect to
the test functions (@, P, ¢) that can be chosen in an arbitrary way, after integration
by parts, we (at least formally) arrive at the adjoint system in terms of partial
differential equations.

More precisely, the triple (p, P, q) satisfies the following linear PDE system
in Q:

WP+ AP+ VP + (v V)P — (V)P — (VA)G + Bi1 (v —vp) =0, (6.6)
V.p=0, (6.7)
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¥+ Aq+ (v - V)§ — £'@)g — £(d*, p) + po(d” — dg) = 0, (6.8)
where the vector #(d*, p) is given by

f(d*, p) =V [V'd* O (VD + VP, (6.9)

while on I" and at time # = T, we have the following boundary and final conditions

p=0, q=0, onX, (6.10)
Plicr = B3(V(T) —va), dli=r = B4(d*(T) —dg), inQ. (6.11)

Moreover, the other two Lagrange multipliers (p1, q;) corresponding to the bound-
ary constraints can be uniquely determined by (p, P, q) such that

M -
131+£+Pn=0, on %, (6.12)
s
i+ a_q =[V"d* O (Vp+ V'P)In, on X (6.13)
n

6.2. Unique Solvability of the Adjoint System

We proceed to prove the existence of the adjoint states (p, P, q) that satisfy a
proper variational formulation of problem (6.6)—(6.11).

For this purpose, making the change of variable t — T —1 to the adjoint system
(6.6)—(6.11) and denoting the new variables

PO =p(T —1), q@)=qT —1), P@)=P(T -0, (6.14)

we derive the following linear parabolic system for the new variables (p, P, q) in
Q:
dp—Ap— VP — (' V)p+ (Vv)p+ (VdH)g = Bi1(v —vp).  (6.15)
V.p=0, (6.16)
0q— Aq— (v* - V)q +1'(d%)q + r(@*, p) = po(d* —dp). (6.17)
subject to the boundary and initial conditions
pir=0, q|r =0, (6.18)
Pli—o = BV (T) = va)., qli—o = A(@*(T) — dg), (6.19)

where in (6.17) we have r(d”, p) = V - [VT"d* © (Vp + V'p)].
Then we can prove

Proposition 6.1. Let n = 2. Suppose that (v*, d*) € H and the assumptions (Al)—
(A2) are satisfied. Besides, we assume

va eV, if B3>0,
dg e H'(Q) with (@*(T) —dg)|r =0, if B4 > 0.
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Then the linear parabolic problem (6.15)—(6.19) admits a unique weak solution
(p, P, q) such that

peCU0,T; V)NL*>O0, T; HX(Q)NV)NHY (0, T; H), (6.20)

P e L*0,T; H () with / Pdx =0, (6.21)
Q

q e C([0, T]; L2(2)) N L0, T; HY(2) N H' (0, T; H'(Q)). (6.22)

In particular, (p, q) satisfies the following weak formulation, for a.e. t € (0, t),
/ a,p-udx—i—/ Vp : Vudx —/(Vu'V)p~udx
Q Q Q
+ / [(Vv¥)p] - udx + / [(Vd*)q] - udx
Q Q
= B / (v* —vp) -udx, YueV, (6.23)
Q
(0, V)1 ) + / Vq: Vidr - f (V- V)q- pdx
Q Q
+ / f'(dYq - ¥dx — f [VYd* © (Vp + V'p)] : Vdx
Q Q

= ,32/ (d* —dp) - ¥dx, V¢ € H(Q), (6.24)
Q

and the initial conditions (6.19). Furthermore, the following additional regularity
for q holds, for some s € (%, 1),

qeC0, T HS(Q) NL>O, T: H'* Q) nH' (0, T: B* Q). (6.25)

Proof. The proof follows from a similar argument used in Proposition 4.1, by
means of the Faedo—Galerkin method. Therefore, we simply omit the approximation
scheme and just perform the necessary a priori estimates. Here below C7 stands
for a positive constant that may depend on [|(v%, d*) |7, B1lIVF — Vol 120.7:12)»
B> ld? —dollz2¢0.7:12), B3lIvellur, Ballde g, € and 7', while C denotes a constant
depending on €.

Testing (6.23) by Sp (S being the Stokes operator) over €2 and then integrating
by parts, from Young’s inequality, Holder’s inequality, the Gagliardo—Nirenberg
inequality and Lemma 2.1, we infer that

1d
zanwniz + 1I1Spl;»
- fQ (v} - V)p - Spdx — /Q [(Vv))p] - Spdx — /Q [(Vd’)q] - Spdx

+/ B (v — vp) - Spdx
Q

< CIVFIIa VPl ISPl + Cllpliga IV VA s ISPl
+ Cllqllgs IV g4 l1Splig2 + CBiIVY = vollp2 I Splly2



1068 CEcILIA CAVATERRA, ELISABETTA Rocca & Hao Wu

1 3 1 1
< CIV I VPRI ISPl + CIRIZ, 9Pl 2, IV [z 1 Spl 2

1 1
+ Cllqll 2 I1Vally 1 ]lg2 [ Spllrz + CAIIVF — Vol 21 Spllge

1 1
SISPIE: + Z1Vallz + CUVi IR + 1Vl + DIVPIE

+ Clld* I§ Iqllf > + CBT IV = voli,- (6.26)
Next, testing (6.24) by q and integrating over €2, and using (6.10), we get
1d 2 )
5 3l + 1 vali

- / '(d)q - qdx — / r(@. p) - qdx + / fold — dg) - qix
Q Q Q

C(19*E~ + Dllgllf2 + CIIVA* L~ [ VP2 [ Vally2

+ Chalql2lld" —dolly

1

ZIValiL: + Cld g I VPIE: + CId E + Dllallg

+CB3Id* —dgllF. (6.27)

A

A

Then adding (6.26) and (6.27) together, since (v¥, d*) € H (recall the global es-
timates (2.14), (2.15) for (v¥, d%)), from the Gronwall lemma and Lemma 2.1, it
easily follows that

t
PO lIg + a2 + /O (P I + lla@l5)dt < Cr, V€0, T],
(6.28)

and P € L?(0, T; H'()). Estimate (6.28) combined with equations (6.23) and
(6.24) also yields uniform estimates for time derivatives of (p, q) such that o;p €
L?(0, T; H), 8,q € L>(0, T; H 1(Q)).

Therefore, by the standard compactness argument we can conclude the existence
of a weak solution (p, P, q) to problem (6.15)—(6.19). Furthermore, the uniqueness
is a straightforward consequence of the energy method for the linear parabolic
system.

Next, we improve the spatial regularity of q. For s € (%, 1), by the Sobolev
embedding theorem (n = 2), we see that

1 2 I—s o . 1 1 1-—s5
H (Q) — LT=(Q), H7(Q) — L7 (), with — = )
o
and thus
. o1 | 1 1—-s5 . 2
L°(Q) — H™ (), with —=-+ , le., o=
o 2 2 2—3s

As a consequence, from the Holder inequality it follows that

g < t
[r@, p)llgs—1 = Clrdd ,p)IIL%
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A

CIVE| 2 Pl + CIAG] 2 | Vplr:

A

Clld*|lg2Ipllg2 + Clla g3 I VPIlp2, (6.29)
and

167Vl = CIOG - Vgl

2
2—s

[IA

CIIVtIIL%_v IVallr

A

ClIvF I 1Vl (6.30)
Then from (6.28), (6.29), (6.30) and the fact (v%, d*) € H, we infer

T
/0 Il (d*, p) -1 dt

T T
< C osup A0 f Ip()llfdt + C sup VP2 / 1% (1) [135dt
te[0,T] 0 t€[0,T] 0
< Cr, (6.31)
and

T T
f (v V)qllfge—idr < C sup V()5 / IVq()]If dt
0 te[0,T] 0
< Cr. (6.32)

Hence, testing (6.24) by (—A)*q in H* (R2), from the Holder inequality and Young’s
inequality we obtain

1d
mnqn%{s + llalzpes
- /Q [V - V)q] - (—A) qdx — /Q £'(d")q- (—A) qdx
- / r(d*, p) - (—A)*qdx
Q

+ /Q (@ —dg) - (—A) qdx

< CIV - V)qligs— gl
+ Clr (@, p)llgs-1llallgi+s + CIE' @) gl llqllge
+ Challqllg ld* — dollp

174\

1
Sl + CIO7 - Vallggo + Clle (@, g
+ C(1d°IF~ + Dllallf. + CA31d* — dglf .. (6.33)

From (6.31)—(6.33) and the Gronwall lemma, it follows that

t
la() I + /0 la(0) 35,7 < Cr, 1 €10, T1. (6.34)
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Then by a comparison argument in (6.17) we also have 9;q € L20, T; H*~1(Q)),
which combined with the interpolation theory furtherimpliesq € C([0, T']; H*(£2)).
The proof is complete. 0O

Recalling the change of variables (6.14) and the relations (6.12)—(6.13), we
have

Corollary 6.1. Under the same assumptions of Proposition 6.1, the adjoint system
(6.6)—(6.11) admits a unique weak solution (p, P, q), satisfying the same properties
as for the weak solution (p, P, q) to problem (6.15)—(6.19) stated in Proposition 6.1.
Moreover, the Lagrange multipliers (p1, q1) are uniquely determined by (6.12),
(6.13) such that

pi € L0, T; H2(I'), q; € L3(0, T HZ(I")). (6.35)

Proof. We only need to prove (6.35). It easily follows from (6.12), (6.14), (6.20),
(6.21) and the trace theorem that p; € L%0, T; H%(F)). Next, by (6.14), (6.22)

and the trace theorem we also have g—g e L*0,T; H% (I")). On the other hand,
using Sobolev embedding theorem and Agmon’s inequality (n = 2), we deduce

IV'd* © (VP + VD)l
S IVU@ O Vpllg + V7 d* © VPl
< Clld* w24 [IPliwrs + Clld* oo 1Pl + CllA? lyyr.s [Pl .4

1 1 1 1 1 1
< ClIA* 13 1Bl 197 1 2 Bl Fy + CllA% ] Fs 1% 11 1Bl + C 1A% g2 [z
As a consequence, we infer from the fact (v*, d") € H and (6.20) that
VU O (VP + V) € LI(0, T: H'(Q)),
which implies
~ ~ 4 1
[V'd* O (Vp+ V'P)In € L3 (0, T; H2(I)).

Therefore, it follows from (6.13) that q; € L3 (0, T; H2 (T")).
The proof is complete. 0O

Remark 6.2. We can easily see from the regularity of the boundary control h,
the state constraints (v, d) and the Lagrange multipliers (p, p1, P, q, q1) that the
Lagrange functional G in (6.1) is well-defined.

6.3. The First-Order Necessary Optimality Condition via Adjoint States

Now we are able to eliminate the pair (@, ¢) from the variational inequality
(5.1) and, alternatively, form the first-order necessary optimality condition by the
state system (1.1)—(1.5) for (v%, d% together with the adjoint system (6.6)—(6.13):
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Theorem 6.1. Let n = 2. Assume that (Al)—(A2) are satisfied, (vp,dg) € V x
H?(Q) and

vo eV, if 5> 0,
do € H'(Q) with @(T) —dg)|r =0, if fs > 0.

In addition, suppose that hﬁNis an optimal boundary control for the control problem
(CP) in the admissible set L{fg with the associate state (v¢, d*) = S(h%) as well as

the adjoint state (p, q). Then, for anyh € Zjﬁ , the following variational inequality
holds:

y / h® - (h — h*)dSdr — / [(V@n)]- (h — h*)dSds
) )

+ / (IV"d* © (VP + V'P)In) - (h — h)dSdr
)

>0, Yhel (6.36)

Proof. Concerning the minimization problem (MG) for the Lagrange functional G,
since the control function h is constrained such thath € Z/Iaﬂg , then, by the Lagrange
principle, we have

Gr((v*, d%), b*, (. p1. P, q@, @))(h—h*) >0, VhelM. (6.37)

A direction calculation yields that
y/ h* . (h — h%)dsdr +/ Q- (h—hHdSdr >0, VYhelM. (638
b =

On the other hand, we recall that q; can be uniquely determined by (6.13), i.e.,
41 = —(V@n + [V"d* O (VP + V'P)In, (6.39)

where (P, q) are the adjoint states associated with h* that can be obtained in Corol-
lary 6.1. Hence, from the variational inequality (6.38) and (6.39) we arrive at our
conclusion (6.36).

The proof is complete. O

Remark 6.3. Based on the Lagrange principle, an alternative proof of (6.36) can
be given as follows. Forany h € U let (, ¢) = Ly: (h—h?) be the unique global
weak solution to the linearized problem (4.1)—(4.5) corresponding to & = h — h®,
Then from the optimality condition (6.4) and the facts w|r = 0, ¢|r = h — h?, it
follows that

Bi / (v —vp) - @dxdr + ﬂzf (d* —dyp) - ¢pdxdr
0 0
+ B3 fQ (V(T) = vo) - @(T)dx + B4 /Q @ (T) — dg) - p(T)dx
= / qi - (h—h%)dsds, VhelM, (6.40)
)

which together with the variational inequality (5.1) immediately yields our conclu-
sion (6.36).
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Finally, we remark that (6.36) allows for the interpretation of the optimal bound-
ary control via the following projection formula:

Corollary 6.2. Suppose that y > 0 and h* ZZ%’ is an optimal boundary control
to problem (CP). Then h® together with its associated adjoint states (p, q) satisfies
the projection formula

b = % g {[Va— V' © (Vp+ V') n}

where Pg% is the orthogonal projector in L*(X) onto the convex set L[fg .

Acknowledgements. C. Cavaterra and E. Rocca are supported by the FP7-IDEAS-ERC-StG
#256872 (EntroPhase) and by GNAMPA (Gruppo Nazionale per 1’ Analisi Matematica, la
Probabilita e le loro Applicazioni) of INHAM (Istituto Nazionale di Alta Matematica). E.
Rocca is supported also by IMATI — C.N.R. Pavia. H. Wu (the corresponding author) is
partially supported by NNSFC under the grant No. 11371098, 11631011 and the Shanghai
Center for Mathematical Sciences of Fudan University.

8. Appendix

8.1. Lifting Functions and Variable Transformation

The natural energy functional of the problem (1.1)—(1.5) consists of the kinetic
and elastic potential energies, which is given by

1 1
5(r)=Euv(r)niz+5||Vd<r>||iz+ fQ F(d(r))dx, r€[0,T]. (8.1)

However, due to the time-dependent boundary condition h(z, x) for the molecule
director d, one cannot expect the total energy £(¢) to be decreasing in time as in
the autonomous case [37].

In order to overcome this difficulty and obtain proper energy estimates for global
weak solutions, suitable lifting functions were introduced in the literature (see, e.g.,
[4,8,9,23]). The first lifting function dg = dg(x, t) is of elliptic type (see, e.g.,
[4,8,9])

(8.2)

—Adg =0, in Q2 x (0,7),
dg =h(x, 1), onI" x (0, 7).

The second lifting function dp = dp (x, t) is of parabolic type (see, e.g., [23])

odp — Adp =0, inQ2x(0,7),
dp =h(x, 1), onl" x (0,7), (8.3)
dP|t=0 = dEOa in 95
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where the initial data d g can be viewed as a lifting function for the original initial
datum dg:

—AdE() = 0, in Q,

(8.4)
dgo = do, onl.

Remark 8.1. (i) Since we assume dg|r = h|,—¢, then the elliptic lifting functions
(8.2) and (8.4) are compatible at ¢ = 0, thatis dg|;=0 = dEo.

(i1) The elliptic lifting function d g will be helpful to get uniform lower-order energy
estimates for the solution (v(¢),d(?)) in LZ(SZ) x HY () (see Lemma 8.5),
which is crucial to proving the existence of global weak solutions to problem
(1.D)—(1.5).

(iii) The parabolic lifting function d p implies the property (A(d—dp) —f(d))|r =
0, which enables us to perform integration by parts and derive some higher-order
differential inequalities for problem (1.1)—(1.5) (see Lemma 8.6). We note that
the lifting function dp is slightly different from the one introduced in [4,9]
since they have different initial values. Both choices work for the existence of
strong solutions [4,9,23], while the current definition of d p also turns out to be
convenient for the study of long-time behavior [23].

Below we report some properties of the lifting functions dg and d p that have
been used in the previous sections. Here, we denote by ¢ a generic positive constant
which depends on the spatial dimension # and €2 at most.

From the classical elliptic regularity theory [39,46] it follows (see [4, Lemmas
A.8, A.9]) that we have:

Lemma 8.1. Suppose that h satisfies (2.2) and (2.3), then the lifting problem (8.2)
admits a unique strong solution

dg € L2(0, T; H(Q)) N L®(0, T; H2(Q)) n W40, T; H (R))
such that, fort € [0, T]and k =0, 1,

t t
d 2 Ldr < h(1)|? dr,
/0 lde (D lgrs2dt = C/O I (T)||H%+k(l“) T

t t
/ 18,dE (0)llfedt < ¢ / lah ), dr
0 0 H 2()

Concerning the parabolic lifting problem (8.3), we have the following result
(see, e.g., [4, Lemmas A.2-A.4] and also [23, Lemma 6.2]):

Lemma 8.2. (1) Suppose that dy € H' () and the assumptions (2.2)-(2.4) are
satisfied. Then the lifting problem (8.3) admits a unique weak solution

dp € L=, T; H'(Q)) N L*(0, T; HX(2)) N H' (0, T; L*(Q))

such that, fort € [0, T],

t
ldp ()12 + /0 (lap @1 + ldp ()1, )dr
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2 ! 2 2
< teoly +e [ (IO, +oh@R Y ©5)
0 H2 () H 2()

(2)Ifdgy € H2%(Q) and the assumptions (2.12), (2.13) and (2.4) are satisfied,
then the lifting problem (8.3) admits a unique strong solution

dp € L0, T: H>()) N L%(0, T: H(R))
NAWL® 0, T; L2(Q) N H' 0, T: H (Q))

such that, fort € [0, T],
t
ldp ()12, + fo (lap (@I + 19:dp (D)1, )dr
t
< teolfp e [ (@2 +lahoR, Y 66
0 H2(T) H2 ()

t
I3, dp®)lf, < ¢ / lah(l*, dr. (8.7)
0 H2 ()

Then, if (2.6) is fulfilled, the solution d p satisfies the weak maximum principle such
that

[dplrr £ 1, ae inQ x[0,T].

The following lemma states the relation between the two lifting functions dg
and dp (see [23, Lemma 6.2]):

Lemma 8.3. Under the assumptions of Lemmas 8.1, 8.2, we have

t
||dp(r>—dE<r)||f{k§c/ loh@I?, 3 dr, k=12, Vre[0.T]. (8.8)
0 H 2(T)

Using the lifting functions introduced above, problem (1.1)—(1.5) can be written
into different equivalent forms, which will be convenient to obtain suitable a priori
estimates for the solution via energy method.

Let dg be defined as in (8.2). Set

d=d—dg. (8.9)

Then the system (1.1)—(1.3) can be rewritten into the following form for (v, ﬁ);

Vv, +V-VV— AV + VP = —(VA)'Ad, (8.10)
V.v=0, (8.11)
d,+v-Vd = Ad — f(d) — 3,dg (), (8.12)

subject to homogeneous Dirichlet boundary conditions and initial conditions

v=0, d=0, onl x(0,T), (8.13)
Vli=o = Vo, dl;=o =do—dgo, inQ. (8.14)
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In (8.10) we have used the identity V- (VA © Vd) = %V (|Vd|2) + (Vd)"Ad and
absorbed the gradient term into the pressure (cf. [37]).
Next, let d p be defined as in (8.3). Set

~

d=d-dp. (8.15)

Ihen system (1.1)—(1.3) can be rewritten into the following form for the pair
(v,d):

Vi+V-Vv—AV+ VP = —(VA)"Ad, (8.16)
V.v=0, (8.17)
d, +v-Vd = Ad — f(d), (8.18)

subject to homogeneous Dirichlet boundary conditions and initial conditions

v=0, d=0, onT x (0, 7T), (8.19)
V|r=0 = vo, d|;=0 = do — dEo, in Q. (8.20)

The following lemma on equivalent norms will be useful in our proofs (cf. e.g.,

[9D:

Lemma 8.4. Let d, d be the functions defined in (8.9) and (8.15), respectively.
The following equivalences between norms hold (provided that they are smooth
enough):

Idlge ~ Vdll2, [[dllg ~ IVd]l2,  in H)(<Q),
Il ~ [Ad]l2, dllge ~ [Adllg2,  in Hi(2) NHA(S),
Idllgs ~ IV(Ad) [z + |Ad]g2,  lid]lgs

~ V(A |12 + [|Ad]ly2 in HY(RQ) NH3(Q).

Furthermore, we have

1Adp2 < [Adp 2 + A — £(@) 2 + [F(@) g2,
[Ad]l2 = [[AdE(: + A — £(@)]2 + [E@)]lL2.

8.2. Proof of Theorem 2.1: Existence of Global Weak Solutions

Introduce the lifted energy functional (cf. (8.1))
~ 1 , ol
&) = EIIV(I)IILz + EIIVd(t)IILz + | F@)dx, t€[0,T], (8.21)
Q

where d is given by (8.15). Then we can derive the following basic energy inequality
for problem (1.1)—(1.5):
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Lemma 8.5. Let (v, d) be a smooth solution to problem (1.1)—(1.5) on [0, T]. The
following differential inequality holds:

d ~ 1~
GO+ IVVOIl 2 + Sl1ad@ - £d®) 12

_3 , 1 , 13 1
s EllardE(t)IILa + Z”atdE(t)”U + 3 /g F(d(z))dx + ZIQI, viel0,T]
(8.22)

Proof. Multiplying (8.10)and (8.12) by vand — Ad+f (d), respectively, integrating
over 2 and adding the results together, we get

d (1 1~ —~
o <5||v||iz + 5 IVl + /Q F(d)dx) + Vvl + 1Ad — £@)];,

= / d,dg - Addx. (8.23)
Q

Here, we have used the facts [ (V- V)v-vdx = 0, [ VP -vdx =0, [o(V-
V)d - f(d)dx = 0, due to the incompressibility condition V - v = 0. Recalling
that F(d) = 4—11(|d|2 — 1)2 (as mentioned before, we simply set ¢ = 1), and using
Young’s inequality, we have

2 1 16
1d)? < §F(d) +3 and |d|* < ?F(d).

As a consequence, the right-hand side of (8.23) can be estimated as follows:

/ 8,dg - Addx
Q

A

' / d,dg - (Ad — £(d))dx
Q

+ ‘/ oidg - f(d)dx
Q

< llad — @)z 18Iy +/ (1 + |d])[0,dE|dx
Q

1 , 3 , 1 P B S B
< LIAT — F@I3, + 5 19l + 719 del + 5 fQ apdr+ 3 fQ d|*dx
1o , 3 , 1 , 13 1
< {183~ F@IE: + 310de s + 10t + 5 [ F@ar+ g0l

(8.24)
which easily yields our conclusion (8.22). The proof is complete. O

Proof of Theorem 2.1. We sketch the proof for the existence of global weak solu-
tions to problem (1.1)—(1.5); it follows from the arguments in [4,9,37] with some
necessary modifications. In particular, here we do not assume the condition (2.6)
that yields the weak maximum principle for d.

Let the family {u;}7°, be a basis of the Hilbert space V as introduced in
the proof of Proposition 4.1. We denote by V,, = span{uy, ..., u,} the finite
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dimensional subspaces of V spanned by the first m basis functions and by IT,, the
orthogonal projection from H onto V,,,.

Step 1. Semi-Galerkin approximation. For every m € Nand T € (0, +00), we
consider the following approximate problem (AP): determine the vectorial func-
tions V" (t,x) = Y 1", g" (t)vi(x) and d™ (¢, x) such that

(V' Wiy v + [oOV" - VOV wdx + [, Vv 0 Vwdx
= [(Vd" © Vd™) : Vwdx, VweV,,
(AP) } @7 + v . Vd" = Ad™ — £(d™), ae.inQ x (0, 7),
d” =h(x, 1), ae.onl x (0,7),
V=0 = vy = Iyvo, d"|;=0 =do, inQ.

Proposition 8.1. Let n = 2, 3. Under the assumption of Theorem 2.1, for every
m € N, there is a time T,, € (0, T] depending on vo, dg, m and Q2 such that the
approximate problem (AP) admits a unique solution (v", d™) on [0, T,,] satisfying

V" e H'(0, Ty Vin), @™ € L0, T,,; H'(Q)) N L2(0, T,,; HX(Q)).

Proof. Let us fix an arbitrary vector
m
V(1) = )& (O € C([0, T; Vi),
i=l
where

m
@ecao.rh. @)= [ vowd s Y FOPL,
Q 1€[0.T1 1=

with L =2 4 2|vg ||i2. It is obvious that

v 2 - 2 2
sup V"t )llf2 = L, sup [[V"(t, %)llf = L max [ujf{e = LCp.
1€0,T] t€l0,T] 1<i<m

(8.25)

(1) We first consider the following semilinear parabolic problem with convection
term for d”, under the given fluid velocity v'":

dit +v" . vd" = Ad" —f(d"), ae. inQ x(0,7),
d” = h, ae.onI x (0, 7), (8.26)
d"|;,—o = do, in Q.

By a standard fixed point argument [4,9,37] one can prove that problem (8.26) is

well-posed on [0, T'] and admits a unique weak solution d” € L*°(0, T’; HY Q)N
L?(0, T; H?(R2)). As in [9], it suffices to show that under the assumption (8.25)
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there exists a constant K = K (T, m, L) depending on ||do| g1, |/h]|
llo:h| 2, T, m and L such that

L2(0,T;H% )y’

L40.T3H3 (1))’
my2 m 2
”d ||LOC(0’T;H] () + ”d ”LZ(O,T;HZ(Q)) é K(T, m, L) (827)

For this purpose, we consider the lifted system for d" =da"—d E, where dg is the
lifting function in (8.2) such that

A7 +v" . vd" = Ad” — f(d") — d,dg, ae.inQx (0,T),

an = 0, ae.onl' x (0,7), (8.28)
d"|,—o = do — dgo, in Q.

Multiplying the equation for dar by —Ad" 4+ £ (d™) and integrating over €2, using
similar estimate as in (8.24), we obtain

d (1 _~ N

— (= vam? +f F(dm)dx)+||Ad’"—f(d'")||2

dr <2 L, L

- —/(fr’”-Vd’")~(—Aﬁm+f(d’”))dx+/ ddg - Ad"dx
Q Q

—~ . 13
< A" —£(d™)F, +2C, L(IVA" 1}, + IVAE? ) + 3 / F(d)dx
Q

R —

3 , 1 . 1
+ S10dE ] + 13dels + 191 (8.29)

From Gronwall’s Lemma and Lemma 8.1 it follows that
1 <
SIVE @, + /Q F(d" (1)dx
1
< (EHV(dO —dpo)l? + f F(d())dx>e(4CmL+5)t
Q
t
+2(Cul + 1) /0 (VeI + 18,de ]2, + lade s +191)dr

t
< C(|ldollgg)e™CntTD1 4 C/ (||h||2 .+ 1okt )df +Ct
0 H2 () H2 ()
< K(T,m,L), Ytel0,T].

Then, integrating (8.29) with respect to time, we also have
t
/ | A" — £(@"))17, < Ko(T,m, L) Vi €l0,T].
0

The above estimates together with Lemmas 8.1, 8.4 and the Sobolev embedding
theorem (n = 2, 3) easily yield the estimate (8.27).

For the semilinear parabolic equation (8.26), it is easy to prove the continu-
ous dependence on the initial data as well as the given velocity field v""". There-
fore, the solution operator defined by problem (8.26) " : C([0,T]; V) —
L>®(0, T; H'(Q)) N L*(0, T; H>(RQ)) such that d” = " (V") is continuous.
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(2) Once the solution d” to problem (8.26) is determined, we turn to look
for functions v (t, x) = > it , g (t)u; that satisfy the following system, for i =
1,...,m,

v u)vy + [o(v" - VIV widx + [ VY™ Vadx
= [,(Vd" © Vd") : Vudx, (8.30)
V=0 = II;pvo, inQ,

which is equivalent to a nonlinear ordinary differential system for the coefficients
{g!" (1)}, Itis standard to prove that problem (8.30) admits a unique local solution
on [0, Ty]suchthat v (r, x) = Y i, g™ (Dw; € HY0, Ty; V), where Ty, € (0, T']
may depend on L, d” and m. Similarly to [4, Lemma A.7], we have

T
sup V" (D)1 + / IVV™[}2dt < [Voll;24+CnTi sup VA" |f,. (8.31)
1€[0,7%] 0 1€[0,7%]

Moreover, it is easy to prove the continuous dependence result for the ODE system
(8.30) on its initial data and the given function d”. As a consequence, the solution
operator defined by problem (8.30) W™ : L°°(0, T,.; H'(2))NL%(0, Ty,; H*(Q)) —
HY(0, Ty; V,,) such that v = W (d™) is continuous.

(3) We see that the mapping

U6 ®" : C([0, Tyl: Vi) — HYO, Tu; Vyy), W™ o @"(F") = v"

is continuous, where v"”* is the solution to problem (8.30). The compactness of
H l(0, Ty; Vi) into C([0, Tx]; Vi) (because V,, are actually finite dimensional
spaces) implies that W o " is a compact operator from C([0, T]; V,,) into
itself. Due to our choice of L and the estimates (8.27), (8.31), it holds that

L
sup [V'(0)llz < 5 + TCn LK. (8.32)
1€[0,Ty]

Hence, we can take T, € (0, T;) to be sufficiently small such that ||v" (¢) ||i2 <L
forallt € [0, T;,]. Then applying Schauder’s fixed point theorem, we can conclude
that there exists at least one fixed point v in the bounded closed convex set

[¥" € CO0. 10V | sup NI, S L with v 0) = Tyve. |
1€[0,Tn]

such that v € H'(0, T),; V,y) and d™ € L>(0, T,,; H'(2)) N L2(0, T},; H*()).
Finally, uniqueness of the approximate solution (v"”*, d™) is an easy consequence
of the energy method. The proof of Proposition 8.1 is complete. O

Step 2. Uniform estimates and passage to the limit. One can easily verify
that the approximate solutions (v, d”) (m € N) obtained in Proposition 8.1 by
the semi-Galerkin scheme satisfy an energy inequality like in Lemma 8.5, which
yields that [[V"|| oo (0. 7;,:12)s V" 12200, 7, ;101> 14" | Loo 0,75, :11y> 147 | 220,75, : 1125
18" | Lo ©,7:v7) 19:@™ | Lp0.7,12) (P = 21if n =2, p = $if n = 3) are uni-
formly bounded with respect to the parameter m and these bounds only depend on
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T, not on T,,. Therefore, all the local approximate solutions (v, d”) on [0, T,]
can be extended up to [0, T']. Moreover, using the same argument as in [4,37], we
can pass to the limit as m — 400 and prove the existence of global weak solutions
to problem (1.1)—(1.5). The details are omitted here.

Thus, Theorem 2.1 is proved.

8.3. Higher-Order Estimates for Global Strong Solutions in 2D

The following higher-order energy inequality will be helpful to derive a priori
estimates for global strong solutions to problem (1.1)—(1.5):

Lemma 8.6. Let n = 2. Assume that the assumptions of Theorem 2.2 are satisfied.
If (v, d) is a smooth solution to problem (1.1)—(1.5), then it satisfies the following
higher-order differential inequality

j—tAP (1) + Bp(t) < Cr(Ap (1) + R(1)), (8.33)
with
Ap(@®) = VYOI, + Ad() — £@@)2,.
Bp(t) = ISV}, + 1V(Ad() — £ O3
R(t) = |ldp ()5 + 1dp(®)ll3s + 1. (8.34)

Here, d = d — dp with dp being the parabolic lifting function (see (8.15)),
and Cr is a positive constant depending on ||vollr2, l|dollg, |[hl]

ll0:h] QandT.

1200.7:H3 (1))
L40.7:HE (1))

Proof. The proof mainly follows from [23, Lemma 2.6]. However, since we do not
assume (2.6), the weak maximum principle (2.8) no longer holds. Therefore, some
modifications are necessary in the proof, which will be sketched below.

Taking the time derivative of Ap(t), using the facts Ad —f (d)|]r = 0 and
Jo SV - vidx = [o(—AV) - v,dx, then by a direct calculation we obtain

1d ~
53 AP O+ USVIE +1V(ad — £(@)]2)
= —/ Sv.(v-Vv)dx — / Sv- (V)Y Ad]dx
Q Q
— / [V(v-V)d]: V(Ad — f(d))dx — / 3f(d) - (Ad — £(d))dx
Q Q
4
= 1Ij. (8.35)
j=1

Here we also used the fact 9,f(d) = 2(d - 9,d)d + |d|28,d — 0;d :=1'(d)o,d.
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By means of the Sobolev embedding theorem (rn = 2), it is easy to see that (see
[23,37])

111 < ellSvI? + ClIVv2.

Next, on account of El}e lower-order estimates for (v, d) in Proposition 2.1 and the
facts that d|r = (Ad — f(d))|r = 0, from the Sobolev embedding theorem and
Agmon’s inequality (n = 2) we infer

Idllgz < lldllge + lldp g2
< ClAd - f@ gz + If @Il + [dp g
< ClAd - f@2 + Idpllge + C,
Idllgs < ldllgs + dp g
< CllAd|g + 1dp g
< ClAd — £@ g + CIE@) g + lldpllge
< CIV(Ad — £@)ll2 + C(IdI% + Dl + ldpllgs
< C|V(Ad — £(@)l2 + Clidllgz + lldpllgs
< C|V(Ad —£@)lly> + Clldpllys + C.

As a consequence, we have

IVdlZ, < Clidllge lldllg:
< Cllad — £(@)lp2 + Clldp g2 + C,
VAl < ClIVA|lg2 IV

< C|Iv(ad — (@)l + Clldpllgs + C,
Iad — £(@)[2, < CIV(Ad — £(@)ll2 | Ad — £(d)]lp2-

Using the above inequalities, we obtain the estimates for I> and /3 such that

|| = ‘/ SV - [(Va)" (Ad — £(d))]1dx
Q

N ‘ / Sv - [(V)"F(d)]dx
Q

+

/ Sv- [(Vd)"Adpldx
Q

< ISVl IVdllgs | Ad — £(d)llgs + 1SVIIg2 | VL [dp g2

< ellSvIiZ, + CIVA|E, | Ad — £, + C[Vd|lldp |3,

S ellSvi, + CIV(Ad — £(@)[lp2llAd — £(d)ll 2 (I Ad
—f@|ly> + lldp g2 + 1)
+ Clldplf(1V(Ad — £(@)lg2 + [ldp g + 1)

S ellSvii, +elV(ad —£@)[2, + Cllad - f(@]lf,
+Cldplfp + Cldpls + C.

I3 < IV(Ad — £@) |2 (IVVIILa [ Vellgs + [VIiLe | d]|g2)
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< el vad — f@)IZ, + CIVVIZNIVAIZ, + ClIVIE ld]Z,

< &|V(Ad — £@)[I}, + ClIAV2 VY2 (1 Ad — (@)l + lldp g2 + 1)
+ ClIAVI VI (1Ad — £@) 12, + [ldp |3, + D

S ellSvi, +elV(ad —£@)IE, + CIIVVIE, + Clad — f@)|*
+Cldplge + C.

For the term Is,

Is = —/ f'(d)d, - (Ad — £(d))dx — / (F'(d)d,dp) - (Ad — £(d))dx
Q Q
= Isq + Isp, (8.36)
then recalling the equation for d (see (8.18)), we have

Isal < IE' @l VIgs | VA s Ad — £(d) s + 1@ [lg2llAd — £@)]7 4
S CIVVI VI VA, + CIIV(Ad — £(@) 2 [1Ad — £(d) ;2
< e|v(ad - f@)[Z, + CIVVI* + ClAd — (@) + ClldpliZe.

Isp] < I/ @213, dpllps | Ad — £(d)|g
<e|vad —f@)[E, + ClAd — £(@))* + CllddplZ,. (837

Collecting the above estimates and taking ¢ to be sufficiently small, we deduce

d ~
AP+ ISVI* + IV(Ad — £(@)[1* < Clldp 5
+Clldpl3s + Cladpl3 + C,
which together with the fact 9;dp = Adp easily yields the inequality (8.33). O

Next, recall the following analysis lemma (see [55, Lemma 6.2.1]):

Lemma 8.7. Let T be given with 0 < T < +4o00. Suppose that y(t) and h(t)

are nonnegative continuous functions defined on [0, T| and satisfy the following
conditions:

dy
— <cy*+cr+h,
dr = 1y 2

with fOT y(t)dt < c3, fOT h(t)dt < ¢4, where ¢; (i = 1,2,3,4) are some nonneg-
ative constants. Then for any é € (0, T'), we have that

y(t+8) < <C38_1 + 28 + C4) e€1e3
forallt € [0, T — 8). Furthermore, if T = +00, then lim y(t) = 0.
t——+00

We can prove
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Proposition 8.2. Under the assumptions of Theorem 2.2, it holds
t
AP(t)+/ Bp(t)dt = Cr, Vtel0,T], (8.38)
0

where Ct > 0 is a constant depending on ||[vo|lg, |ldollgz, [hl
|0:h| QandT.

L2(0,T;H%(r))’
L40.T:H2 (1))’

Proof. From Lemmas 8.1, 8.2 and the basic energy inequality derived in Lemma
8.5, it follows that

T T
/ Ap(t)dt < Cr, / R(1)dt < C7, (8.39)
0 0

where Cr > 0 is a constant depending on ||volly2, [[dollgt, |[h]]

|o:h]| , Qand T, while C;, > 0 is a constant depending on ||do g2,

I o, romn3 oy 1 o o oy
easy to see from the differential inequality (8.33) that A p(¢) is bounded on [0, §].
On the other hand, using (8.33), (8.39) and applying Lemma 8.7, we deduce that
Ap(t) is also bounded on [8, T']. Finally, integrating (8.33) with respect to time,
we can conclude that (8.38) holds. The proof is complete. O

L200.7:H2 ()’

LHO,T;H%(F))
Taking § > O to be sufficiently small, it is

Remark 8.2. From the definitions of Ap, Bp, Lemma 8.2 and the lower-order es-
timates obtained in Proposition 2.1, we can easily prove the conclusion of Theorem
2.2.
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