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Asymmetric Talbot-Lau interferometry for inertial sensing
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We study in detail a peculiar configuration of the Talbot-Lau matter wave interferometer, characterized by
unequal distances between the two diffraction gratings and the observation plane. We refer to this apparatus as
the “asymmetric Talbot-Lau setup.” Particular attention is given to its capabilities as an inertial sensor for particle
and atomic beams, also in comparison with the classical moiré deflectometer. The present paper is motivated by
possible experimental applications in the context of antimatter wave interferometry, including the measurement
of the gravitational acceleration of antimatter particles. Therefore we focus our analysis on the current state of
the art. To support our findings, we have also performed numerical simulations of realistic particle beams with
varying speed distributions.
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I. INTRODUCTION

Matter-wave interference has been demonstrated for a very
broad range of objects, from elementary particles like electrons
[1] to complex molecules like the C60 fullerene [2]. An
important goal in this field of research lies in finding the inter-
ferometric scheme that best suits the peculiar features of the
interfering particles, such as their velocity distribution. To this
end a variety of different techniques have been developed [3].
In a previous paper [4] we discussed the possible experimental
applications of Talbot-Lau setups [5] in the interferometry of
antimatter particles (e.g., positrons and positronium atoms).
Beyond the fundamental relevance, an interesting application
is the measurement of the gravitational acceleration of neutral
antimatter with Talbot-Lau interferometers, as opposed to
classical moiré deflectometers [6]. Antimatter gravity is a
subject of great attention, and there are ongoing experiments
pursuing this goal on antihydrogen [6,7], as well as proposed
techniques to address neutral antimatter [8,9]; in particular, re-
cent advancements in positronium (Ps) production techniques
[10] suggest the future possibility to produce a Ps beam with
suitable features to perform interferometry and gravimetry.

Inertial sensors for particle beams based on material trans-
mission gratings exist and have been studied extensively (see
for example [11,12]). Commonly, these devices are moiré de-
flectometers [13]: two-grating setups operating in the classical
regime, with the particles following ballistic trajectories and
producing geometrical shadow fringe patterns. The presence
of a constant and uniform force in the transverse direction
(corresponding to an acceleration a) induces a displacement
�x ∝ aT 2

1 in the fringe pattern, where T1 is the time of flight
between the two gratings. It is known that the Talbot-Lau
matter-wave interferometer also possesses the same inertial
sensitivity [14]. Unlike the moiré deflectometer, this device
operates in the quantum diffraction regime; therefore the
properties of the interference pattern depend on the de Broglie
wavelength of the interfering particles [4].

*stefano.olivares@fisica.unimi.it

Studying the most useful working regimes and config-
urations is one of the tasks one should pursue to make
antimatter-wave interferometry effective. Thus it is important
to study these interferometers focusing on the features of
current antimatter beams.

In this paper we aim at investigating the precise behavior of
the displacement �x as a function of a and T1, in both the clas-
sical and quantum regime. More in detail, we use the Wigner
function formalism [14,15] to study the statistical interference
pattern produced by a general Talbot-Lau interferometer in the
presence of an external force. Period-magnifying interferome-
ters can be realized under the appropriate resonance conditions
[16,17]: first we review this aspect and perform a systematic
analysis of their features (see Sec. II).

We then proceed to investigate the inertial sensitivity
properties of these peculiar setups, which will be referred to as
asymmetric Talbot-Lau interferometers. Our analysis shows
that the absolute fringe displacement scales quadratically
with the magnification factor in asymmetric configurations.
This is discussed in Sec. III. We then compare the standard
and asymmetric Talbot-Lau interferometers of the same total
length in order to establish whether there is a systematic
advantage in using an asymmetric setup, with respect to period
magnification and inertial sensitivity (see Secs. II B and III).
In this case we find that the gain in the absolute inertial fringe
displacement is effectively limited, and also that the relative
displacement �x/d3 (where d3 is the fringe period) vanishes
for high magnification factor. The fringe period instead scales
favorably with the magnification factor, resulting in a relevant
advantage for several interesting cases. For instance direct de-
tection of the interferometric patterns of low-energy electrons
or positrons may require spatial resolution at the micrometric
scale [4]. Efficient detection of low-energy positrons has
recently been demonstrated with nuclear emulsions [18], a
technique that could potentially provide the needed resolution.

As we mentioned above, given the specific properties of the
particle beam and the detection technique, the best trade-off
when designing an inertial sensor based on a Talbot-Lau
interferometer has to be found. The numerical analysis of
Sec. IV indicates that asymmetric configurations are useful
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FIG. 1. General Talbot-Lau setup in the presence of an external
acceleration a acting on the particles along the x direction. The
particles travel along the y axis with longitudinal speed v. Two
diffraction gratings G1 and G2 of period d1 and d2 are located on
the y = 0 and y = L planes, respectively. The detection plane is
placed at y = (1 + η)L, where an interference fringe pattern I (x)
with period d3 is formed. The time of flight between the two gratings
is T1 = L/v while T2 = ηT1 is the time of flight between G2 and the
detection plane assuming an unperturbed longitudinal motion.

for this purpose due to their peculiar properties. We finally
draw some concluding remarks in Sec. V.

II. GENERAL DESCRIPTION OF A TALBOT-LAU
INTERFEROMETER

A satisfactory theoretical treatment of grating matter-wave
interferometers exploits the analogy with classical scalar
diffraction theory [4,16]. This is justified by the formal
correspondence existing between the time evolution of the
wave function calculated via the Schrödinger equation, and the
Fresnel-Kirchhoff diffraction integral [16,19] for a classical
scalar field of wavelength λ = λ(v) = h/(mv), where m and
v are the mass and velocity of the particle, respectively.

The Talbot-Lau interferometer, sketched and described in
Fig. 1, can operate on incoherent uncollimated beams. This
result is known as the Lau effect [20,21] and originates from
the matching of the periodicity of the coherence function
generated by the first grating, acting as a pure intensity mask,
with the period of the second grating d2 [22]. For a general
discussion of the coherence properties of particle beams and
the coherence requirements of different interferometers see
[23]. Here we recall that the intensity pattern produced by
a fully incoherent beam can be modeled by integrating the
intensity distribution of point sources placed on the plane of
the first grating [4,16,17]. Schematically, the intensity pattern
measured at the detection plane is given by

I (x|λ) =
∫

IPoint(x|x0,λ)|T1(x0)|2dx0, (1)

where IPoint(x|x0,λ) is the intensity pattern produced by a
monochromatic point source of wavelength λ = λ(v) illumi-
nating the second grating from the point x0. The function T1(x)
is the transmission function of the first grating [24]. In the case
of nonmonochromatic beams (as considered in Sec. IV), the
intensity pattern I (x) is found by further integrating I (x,λ)

weighted by the probability distribution pλ(λ), or equivalently
the speed distribution P (v):

I (x)NM =
∫

IPoint(x|x0,λ)|T1(x0)|2P (v)dx0dv. (2)

The Fresnel integral formalism cannot easily take into
account the presence of an external force acting on the
interfering particles. We will thus employ an equivalent de-
scription of the Talbot-Lau interferometer based on the Wigner
function [15,25]. This approach allows us to incorporate a
constant acceleration a in a straightforward manner [14,25],
and has been used to obtain the intensity pattern for symmetric
configurations (d1 = d2 and η = 1) in the presence of a
transverse acceleration [14]. The same theoretical framework
has also been applied to the asymmetric setups of our interest
(d1 �= d2 and η �= 1), but the external force was neglected [26].

For the sake of clarity, we now present a general calculation
that takes both effects into account, together with an in-depth
analysis of the period magnification properties of asymmetric
setups. Following [14] and [26], we introduce the Wigner
function phase-space representation of the quantum state of the
particle within the interferometer, given its density operator ρ:

W (x,p) = 1

2π�

∫
eips/� 〈x − s/2| ρ |x + s/2〉 ds. (3)

In our analysis, the relevant degrees of freedom are the
transverse center-of-mass position and momentum (x and
p respectively), whereas the longitudinal motion (along the
y axis in Fig. 1) is assumed to be essentially classical,
specifically, uniform motion satisfying t = y/v where v is
the longitudinal speed of the particle. This relation links time
to the longitudinal space evolution of the interference pattern.
In the presence of a linear potential V (x) = −x ma, resulting
in a constant acceleration a along the x direction, the Wigner
function evolved at time t reads [14,26]

Wt (x,p) = W0

(
x − pt

m
+ a

t2

2
,p − mat

)
. (4)

Therefore the intensity distribution is given by the marginal
distribution

It (x) =
∫

Wt (x,p)dp.

Let us now focus on the Talbot-Lau interferometer. We
model the action of the grating on the incoming particle
in the state ρ = |ψ〉 〈ψ | by a transmission function T (x).
Therefore, just after the grating, the particle wave function is
ψ ′(x) = T (x)ψ(x), where ψ(x) = 〈x|ψ〉. The corresponding
Wigner function is

W̃ (x,p) = 1

2π�

∫
dseips/� T (x − s/2) T ∗(x + s/2)

× 〈x − s/2|ψ〉 〈ψ |x + s/2〉 , (5)

=
∫

dx0dp0K(x,x0; p,p0)W (x0,p0), (6)

where [26]

K(x,x0; p,p0) = δ(x − x0)

2π�

∫
ds ei(p−p0)s/� T (x − s/2)

× T ∗(x + s/2). (7)
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Assuming a complete incoherence of the incoming particle
beam, namely, �p � �/d1 [26], where �p is the variance
of the transverse momentum distribution, the Wigner function
after the grating G1, defined by its transmission function T1(x),
reads [26]

W̃0(x,p) = 1

Npy

|T1(x)|2P
(

p

py

)
, (8)

where py = mv is the longitudinal momentum, P(p/py) is
the transverse momentum distribution, and N is a suitable
normalization factor.

The initial state (8), first undergoes free evolution for a time
T1 = L/v, governed by Eq. (4). The grating transformation
(6) is then applied with the transmission function T2 of G2,
followed by free evolution for a time T2 = ηT1 to obtain
the Wigner function at the detection plane: WT1+T2 (x,p) ≡
W2(x,p) (see Appendix A for the explicit calculation).

Upon defining the Fourier expansions of the two functions
of G1 and G2, namely

|T1(x)|2 =
∞∑

l=−∞
Ale

i2πlx/d1 (9)

and

T2(x) =
∞∑

n=−∞
b(2)

n ei2πnx/d2 , (10)

the intensity distribution I (x) ≡ ∫
W2(x,p)dp reads

I (x) = 1

N

∞∑
l=−∞

A∗
l Bl·q(αl) exp

{
2iπl

ηd1
[x − �x]

}
, (11)

where

Bl·q(αl) =
∞∑

n=−∞
b(2)

n

(
b

(2)
n−l·q

)∗
eiπαl (l·q−2n) (12)

are the so-called Talbot coefficients [14] with

αl = L

LT

d2

d1
l, (13)

which contains the usual definition of the Talbot length LT =
d2

2/λ [5,16]. The parameter q reads

q = d2

d1

(1 + η)

η
. (14)

In general, q can be a rational number, however in the
following we focus on the special case of integer q, as this
choice corresponds to the highest visibility resonances [26].
Finally, it is apparent that the effect of a nonzero acceleration
a is to rigidly displace the fringe pattern by the following
quantity:

�x = a
T 2

1

2
η(η + 1), (15)

which is proportional to aT 2
1 as anticipated. We fully discuss

the inertial displacement in Sec. III.
Being based on the transmission function formalism, this

model is very general and can be applied to a wide range of
particles and diffraction gratings at G2, pure intensity masks

as well as phase gratings that alter the phase of the incoming
wave function. Furthermore, this treatment can also account
for a broad range of particle-gratings interactions; examples
include the van der Waals atom-surface interaction [4,27,28]
or electrostatic forces for charged particles [4,29]. Sufficiently
weak interactions, in particular, result in a reduced effective slit
width [4,27], that has also been observed experimentally [2].
For stronger interactions, a more general approach beyond
the Eikonal approximation [26] can still make use of this
formalism. The properties of the general Eq. (11) are now
discussed in detail for the cases of our interest.

A. Features of the interference pattern
and resonance conditions

First of all we note that Eq. (11), describing the statistical
interference fringe pattern in a Talbot-Lau interferometer, is a
Fourier series expansion with a magnified period d3 ≡ ηd1.
The dependence on the length L only enters through the
dimensionless ratio L/LT . The factor η can also be less than
unity, however we are particularly interested in the case η > 1,
therefore, from now on we will refer to η as the magnification
factor. As we mentioned, the properties of the gratings are
encoded in the coefficients Bl·q(αl) and Al . For the sake of
clarity, we now specialize our analysis to gratings described
by the following (single period) transmission function:

T (x|w,z,f,d) =
{
w if x ∈ [0,f d]
z if x ∈ [f d,d],

where d and f are the period and the open fraction of
the grating, respectively, and w,z ∈ C. This form is partic-
ularly convenient since, upon writing the Fourier expansion
T (x,|w,z,f,d) = ∑

n bn(w,z,f ) exp {i2πx/d}, we have the
following analytical expression for the Fourier coefficients:

bn(w,z,f ) = f sinc(πnf )(ze−iπnf + weiπnf ). (16)

Partial transparency of the grating substrate together with a
possible (constant) phase added could be accounted for by a
suitable choice of w and z. However, in the rest of this paper
we set w = 1 and z = 0, to describe material gratings realized
as open slits in a substrate [2,30]. The open fraction then
corresponds to the ratio between the slit width and the grating
period. Furthermore, in the following we drop the explicit
dependence of the Fourier coefficients (16) on the parameters
(w,z,f ) as the two gratings G1 and G2 are assumed to have
the same open fraction and transmission properties.

Now we look for the resonance conditions of Eq. (11),
i.e., the set of parameters η, d1, d2, and L/LT that maximizes
the visibility of the pattern. Note that while η, d1, and d2

characterize the gratings, L/LT refers to distance between the
gratings in Talbot length and, thus, depends on the de Broglie
length (see Fig. 1). We recall that the visibility or contrast C

of the fringe pattern I (x) is defined as

C = Imax − Imin

Imax + Imin
. (17)

Since the function I (x) is a Fourier series, one can truncate
the summation to the lowest orders, and consider the visibility
of the resulting sinusoidal function as a good approximation
of the actual visibility. This parameter is called the sinusoidal
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FIG. 2. Plots of the functions |B1(α1)|, on the left, and |B2(α1)|, on the right, for three values of the open fraction f = 0.25,0.33,0.5. These
results have been calculated by truncating the summation of Eq. (12) to |n| < 20. It is apparent that the shape of the functions |Bq (α1)| for the
symmetric case (q = 2) strongly depends on the open fraction f . The functions are always symmetrical and periodic with respect to α1 = 1,
reflecting the properties of the underlying Talbot effect.

visibility [2,31], and for Eq. (11) it reads

Csin(α1,q) = 2
|A0Bq(α1)|

|A0|2 = 2
|Bq(α1)|

|A0| . (18)

The constant coefficients A0 are the zeroth-order Fourier
coefficients of |T1(x)|2, the intensity transmission function of
the first grating (for the case z = 1 and w = 0 it coincides with
the transmission function itself). Equation (18) suggests the
modulus of the qth Talbot coefficient as a good estimator of the
pattern visibility. The requirement that q, defined in Eq. (14),
is an integer allows us to enumerate different families of
resonance conditions as a function of the physical parameters.
If we consider the lowest values of q we have

q = 2 ⇒ d1

d2
= (1 + η)

2η
, (19a)

q = 1 ⇒ d1

d2
= (1 + η)

η
. (19b)

We can see that η determines the ratio of the two grating
periods. The most common standard symmetric Talbot-Lau
setup belongs to the case q = 2 and has η = 1, implying that
d1 = d2.

In the following we will study the interesting properties of
the case q = 1 and η > 1. We will refer to this choice as the

asymmetric setup. The value of q determines the relevant Tal-
bot coefficients influencing the visibility, respectively B1(α1)
for the asymmetric case, and B2(α1) for the standard symmetric
setup. We now turn our attention to the α dependence of
|B1(α1)| and |B2(α1)|. The two functions are plotted in Fig. 2
for different values of the open fraction f . The position of
the relative maximum of the relevant Talbot coefficient sets
the resonance condition on the length. For instance we see
that for the B1(α1), this always occurs for α1 = 1, whereas
the behavior of B2(α1) is more irregular and depends on the
open fraction. Assuming for definiteness that the maximum
occurs for α1 = 1, and using the definition (13), we obtain the
resonance condition:

L = d1

d2
LT = d1d2

λ
, (20)

where the periods of the gratings and magnification factor
η have to satisfy either of the conditions (19) [or any other
combination corresponding to an integer value of q, defined
by (14)]. Quantum diffraction takes place at the second grating,
so in this general configuration with d1 �= d2, it is d2 that sets
the relevant length scale through the Talbot length LT = d2

2/λ.
Furthermore, as a manifestation of the underlying Talbot effect,
resonance is possible also at higher integer multiples of LT .
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FIG. 3. Plot of the intensity I (x) (in arbitrary units), from
Eq. (11), also as a function of the de Broglie wavelength which varies
along the y axis. For definiteness we set realistic parameters for low
energy (10 keV) positrons (or electrons): d2 = 1 μm, d1 = 4/3d2,
η = 3, L = 0.11 m, and f = 0.3. As predicted we see the main
interference fringes appear at L/LT = d1/d2 and have a magnified
period d3 = ηd1. It is worth noting that only the adimensional ratios
L/LT and d1/d2 appear in (11), thus our plot shows the general form
of the Talbot carpet for the η = 3 configuration with f = 0.3 material
gratings. We specialized in particles of mass me only to give a sense
of the physical scales.

This is reflected in the periodicity of the Talbot coefficients in
their argument α1.

The case of a standard symmetric setup (q = 2, η = 1,

d1 = d2) with f = 0.5 is peculiar, and does not satisfy the
same resonance conditions, since it is evident from Fig. 2 that
it achieves a maximum visibility for α �= 1. The case f = 0.5
is also critical in the classical case: the visibility of a classical
moiré deflectometer with f = 0.5 is exactly zero [13]. It is
interesting to see that if an asymmetric setup is employed, all
the chosen values of open fraction, including f = 0.5, behave
similarly. This property has favorable consequences, which
motivates our choice to study the q = 1 family of resonance,
as will be further analyzed in Sec. IV.

B. Asymmetric setups and period magnification

In order to study the effect of the asymmetric configuration
on the interference pattern, it is useful to start from a specific
example. Choosing the resonance condition (19b), the inter-
ference pattern is given by the general Eq. (11). The relevant
properties of the interference patterns can be summarized in a
carpet as shown in Fig. 3. This is a two-dimensional density

0.8 1 1.2 1.4 1.6 1.8
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0.2

0.4

0.6

0.8

1

L/LT

C
on

tr
as

t

FIG. 4. Visibility of the interference pattern of Fig. 3, in the
neighborhood of the main interference peak, calculated with Eq. (17).
The maximum occurs at L/LT = d1/d2, as predicted in Sec. II. Note
that the shape of the peak differs from the plots of Fig. 2. Those
curves are proportional to the sinusoidal visibility, which is only an
approximation, while here there are contributions from higher orders
of the Fourier series (11).

plot where each section is the intensity distribution I (x) for a
given value of L/LT : the carpet can be scanned by tuning the
particle energy (or the de Broglie wavelength) to adjust LT .
The behavior of the visibility is shown in Fig. 4.

In general, the features of the asymmetric Talbot-Lau setup
can be described as follows:

(i) The maximum fringe period is magnified and given by
d3 = ηd1. Fractional revivals are also present and are peculiar
of the Talbot effect (see Fig. 3).

(ii) The total length is given by L(TOT) = L(1 + η). Impos-
ing the appropriate resonance conditions on the grating periods
(19b) yields

L(TOT) = (1 + η)
d1

d2
LT = (1 + η)

d1d2

λ
. (21)

The properties of the two configurations relevant for the
calculations to follow are summarized in Table I.

It is possible to prove that for a given energy (wavelength)
and at a fixed total interferometer length, asymmetric configu-
rations allow us to maximize the period of the interference
fringes with respect to the standard setup. If the ratio
r = d3,a/d3,s is evaluated under the constraint that the two
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TABLE I. Summary of the relevant properties L(TOT) and d3=ηd1

for the standard symmetric setup (19a) with d1 = d2 = d2,s, and the
asymmetric setup (19b) with d2 = d2,a and d1 = (η + 1)d2,a/η.

Symmetric Asymmetric

L(TOT) 2
d2

2,s

λ

(η + 1)2

η

d2
2,a

λ

d3 d2,s (η + 1)d2,a

interferometers are of the same total length, namely,

d2
2,a

d2
2,s

= 2η

(η + 1)2
, (22)

the following result is obtained:

r|Equal length = d3,a

d3,s
= η

η + 1

η

d2,a

d2,s
=

√
2η. (23)

So we see that asymmetric configurations provide a systematic
improvement of the ratio d3/L

(TOT) that scales well with
the magnification factor. This can be of interest experimen-
tally for a variety of cases [4]. Magnifying configurations
have been actually realized for low-energy electrons [32],
using however different resonance conditions and an extreme
(η = 100) magnification factor, so that the observation plane
was effectively in the far field of the second gratings. As a
matter of fact that configuration requires different coherence
conditions than the Talbot-Lau interferometer and is referred
to as a Lau interferometer [23].

III. INERTIAL SENSITIVITY AND APPLICATIONS

Now we turn our attention on the inertial sensitivity of
Talbot-Lau interferometers. In Sec. II, we determined that the
displacement of the pattern induced by an external acceleration
a is given by Eq. (15).

This is a generalization of the result from [14] that allows
for gratings of different periods and a magnification factor η.
If we set η = 1 we obtain the �x|η=1 = aT 2

1 , which is the
well-known displacement law for the the geometrical shadow
pattern in a moiré deflectometer due to the same effect [13].
This correspondence will be further discussed, also in the
asymmetric configuration, in Sec. III.

More in general, the displacement (15) is quadratic in the
magnification factor η. This is an interesting property that
might be of great help in those experimental situations where
the total length of the setup is limited by the properties of
the interfering particles, for example if they have a finite
lifetime [4], or need to propagate in vacuum, under shielding
from stray fields or in a cryogenic environment [4,33]. An
interesting potential application for a Talbot-Lau inertial
sensor is the measurement of the gravitational acceleration g

of the positronium atom. In this scenario all the experimental
complications we mentioned are relevant.

It is apparent from the geometry of the setup (Fig. 1) that to
increase the asymmetry factor η at fixed total length L(TOT) =
L(1 + η) also reduces T1. Equation (15) shows a quadratic
dependence of the inertial displacement on both parameters.
For this reason we apply the same reasoning of Sec. II B to

find if there is a systematic gain in the inertial displacement
from symmetric to asymmetric setups of the same length.

Now we evaluate the displacement per unit interferometer
length, namely

r�x = �x/L(TOT)

in the symmetric and asymmetric case under the constraint
(22). Using the same notation of Sec. II B, one can prove that
(assuming η > 1)

r�x,a

r�x,s
= �xa

�xs

∣∣∣∣
Equal length

= 2η

(η + 1)
> 1, (24)

though this factor is greater than unity, but it is limited to a
maximum value of �xa/�xs = 2 for η � 1. However, already
for η = 3 one can magnify the fall of the beam by 50% with
respect to a symmetric configuration of the same length. This
can already be a sizable gain for some specific applications.

From a practical point of view, it can be proven [11] that
the relative uncertainty σa/a with which the acceleration a can
be measured by detecting a shift �x in a fringe pattern with
period d3 and contrast C reads

σa

a
= 1√

N

1

2πC �x/d3
, (25)

where N is the number of data points forming the pattern,
which depends on the beam intensity and the efficiency of the
detector. Furthermore, the contrast is mainly influenced by the
longitudinal velocity spread of the incoming particles. For a
nonmonochromatic beam the intensity pattern is recovered by
integrating over the speed distribution (see [4] and references
therein). The result is in general a loss in visibility that depends
on the width of the velocity distribution (see Sec. IV). The
chosen Talbot-Lau configuration directly influences the inertial
sensitivity via the relative displacement �x/d3, where we
recall that d3 is the period of the interference fringes. It is thus
useful to derive an expression for the ratio in the two cases of
our interest. Starting from the asymmetric setup, defined by
the resonance conditions (19b) and (20) we have

�xa

d3,a
= aT 2

1 η(η + 1)

2ηd1,a
= a

2

√
η

(η + 1)

√
m

h
[T(TOT)]

3/2. (26)

The last equality follows from simple substitutions and alge-
braic manipulations using Eq. (21), the resonance conditions,
and the definitions of the Talbot length LT = d2

2/λ and of the
de Broglie wavelength. We introduced T(TOT) for the total flight
time from the first grating to the detection plane, namely
L(TOT)/v.

On the one hand, Eq. (25) tells us that to improve
the sensitivity, the relative displacement �x/d3 should be
maximized. On the other hand, Eq. (26) shows that this
quantity increases monotonically with the total flight time,
as expected, but also that it tends to zero as η � 1.

We can physically motivate the dependence of Eqs. (26) and
(27) from the particle mass: for a fixed total interferometer
length and longitudinal speed v, any particle subjected to
the same acceleration a will undergo the same transverse
displacement, according to Eq. (15). However, the heavier
the particle, the smaller its de Broglie wavelength would be,
thus leading to shorter periods for the two gratings and for the
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resulting fringe pattern. Following this line of reasoning, the
ratio �x/d3 is expected to increase with the particle mass.

The relative displacement for the standard setup instead
reads

�xs

d3,s
= a

1

2
√

2

√
m

h
[T(TOT)]

3/2. (27)

First we remark that it does not coincide with the result of
Eq. (26) for η = 1. This is a consequence of the fact that the
two configurations belong to two different sets of resonance
conditions with different relevant Talbot coefficients, as
discussed in Sec. II. As a matter of fact the “asymmetric
configuration with η = 1” differs from the standard symmetric
setup because d1 = 2d2 in the former, whereas d1 = d2 in
the latter; as required by (19b). Even in this case we have
�xa/d3,a < �xs/d3,s at the same total length, so we see that
the asymmetric setups we studied always provide a smaller rel-
ative displacement in the presence of a constant acceleration.
This property, according to Eq. (25) can be a disadvantage if the
aim is to measure the acceleration a with great accuracy. How-
ever, in some realistic experimental situations it may be prefer-
able to have a larger absolute displacement at the expense of the
relative shift (for instance, due to the finite detector resolution).

A comparison of Eqs. (26) and (27) suggests that the impact
of random external perturbations on the pattern visibility is
effectively reduced by using a magnifying setup of the same
length. An example is the Lorentz force acing on charged
particle due to stray electromagnetic fields [4].

To summarize the results of this section, Fig. 5 displays the
scaling with η of the parameters we studied.

Comparison with moiré deflectometers

A moiré deflectometer, as described in [13], is a two-grating
setup completely analogous to the one shown in Fig. 1. The
crucial difference is that the grating periods d (m) and the length
L(m) are chosen to satisfy the constraint [4]:

L(m) λ

d (m)
� d (m) → L(m) � LT . (28)

Therefore, quantum diffraction is negligible. We introduced
the superscript (m) to denote the grating periods and length of
the classical configuration. Equation (28) implies that a given
resonant Talbot-Lau setup with parameters η,L,d1,d2 at fixed
de Broglie wavelength λ, can be made into a classical device
by changing the grating periods to larger values: d

(m)
i � di

for i = 1,2. On the other hand one could decrease the length
and keep the same gratings, so that L(m) � L. However, since
we are interested in inertial sensing application and the fringe
displacement strongly depends on the length, in the following
we always assume that the first route is taken when comparing
the two devices.

For this reason, a moiré deflectometer will always produce
a fringe system with a larger period than the Talbot-Lau setup
of the same length tuned for the same particle beam.

We now derive in very simple terms the main features
of the classical fringe pattern in the presence of an external
acceleration a. Let us suppose that the incoming particle with
speed v starts with a transverse position and speed (x0,v0), on
a plane located at a distance Ls = vTs before the first grating.

FIG. 5. The top panel shows a comparison of Eqs. (26) and (27)
(assuming arbitrary units in which a = h = m = T (TOT) = 1). It is
apparent that the asymmetric setup always provides a smaller relative
displacement under the acceleration a. The absolute displacement is,
however, always larger, as shown in the bottom panel. A smaller
relative displacement is not desirable for inertial measurements,
but also implies a reduced sensitivity to external disturbances.
Generally the best trade-off has to be found depending on the specific
experimental application.

From the laws of uniformly accelerated motion it is then
straightforward to write the following system of equations:⎧⎪⎨
⎪⎩

x1 = x0 + v0Ts + 1
2aT 2

s

x2 = x0 + v0(T1 + Ts) + 1
2a(T1 + Ts)2

x3 = x0 + v0(T1 + T2 + Ts) + 1
2a(T1 + T2 + Ts)2,

(29)

where x1, x2, x3 are the x positions of the particle on the
plane of G1, G2, and the detector respectively, T1 and T2

being the corresponding times of flight. After some algebraic
manipulations we can eliminate the dependence on x0 and v0,
solving for x3 as a function of x2 and x2:

x3 = x2

(
1 + T2

T1

)
− x1

T2

T1
+ 1

2
a
(
T 2

2 + T1T2
)
. (30)

It is worth noting that Eq. (30) does not depend on the initial
conditions x0 and v0: only the dynamics after the first grating
are relevant. The same expression could have been obtained by
assuming initial conditions on the plane of x1. One also sees
that the displacement due to a is the sum of two contributions
depending on both times of flight, as expected since the force
acts in both regions.

Equation (30) must be coupled with the requirement that the
intermediate arrival positions onto the gratings are contained
in the support of the gratings transmission function. To get an
intuitive picture we implement this requirement by the simple
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replacements

x1 = nd
(m)
1 and x2 = md

(m)
2 , (31)

that constrain the x positions to be exact multiples n and m,
respectively, of the grating periods. This substitution, together
with T2 = ηT1 yields

x3 = md
(m)
2 (1 + η) − nd

(m)
1 η + aT 2

1

2
η(η + 1). (32)

A physically interesting periodic pattern arises if the grating
periods and η are chosen to cast Eq. (32) in the form
x3 = bd

(m)
3 + 1

2aT 2
1 η(η + 1), where b is an integer number

that depends on m,n and d
(m)
3 is the period of the fringes,

generally depending on η. For example, the standard moiré
deflectometer, defined by d

(m)
2 = d

(m)
1 and η = 1, is a suitable

choice. However, we observe that also by using the asym-
metric resonance conditions (19b) we obtain the following
expression:

x3 = ηd
(m)
1 (m − n) + aT 2

1

2
η(η + 1), (33)

meaning that the final position is a multiple of d
(m)
3 = ηd

(m)
1 .

As we anticipated, the last line shows that period magnification
and a-dependent fringe displacement have the exact features
in the classical and quantum description of the setup of Fig. 1.
Given this similarity, all the considerations made about the
sensitivity [see Eq. (25)] remain valid. An important remark
is that, all other parameters being equal, the requirement
d

(m)
i � di causes the classical configuration to always produce

a smaller relative displacement �x/d3, thus generally lowering
the sensitivity (25).

However, the properties of the quantum and classical fringe
patterns are markedly different. For example, in the moiré de-
flectometer the visibility is independent of the particle energy
[4], as also shown in Sec. IV. This is why we carefully referred
to the output of the moiré deflectometer as geometrical shadow
patterns, in contrast with the genuine quantum interference
fringes of a Talbot-Lau interferometer.

IV. NUMERICAL ANALYSIS

In the Talbot-Lau interferometer, the parameters C and �x

appearing in Eq. (25) for the inertial sensitivity strongly depend
on the longitudinal speed distribution P (v) of the particle
beam. This section is devoted to a numerical analysis of this
dependence.

For definiteness, we will assume that the function P (v) is
a Gaussian with variance σ 2

v . Hence we can write the general
expression(

σa

a

)
NM

(σv) = 1√
N

1

2π C(σv) �xeff(σv)/d3
, (34)

where C(σv) is the contrast, �xeff(σv) is an effective dis-
placement and the subscript NM recalls that it applies to
nonmonochromatic beams. As Eqs. (11) and (2) suggest, the
intensity for a nonmonochromatic beam in the presence of an

external force has the general structure

INM(x) =
∫

I (x − �x(v)|v)P (v)dv (35a)

≈
∫

I (x − �xeff|v)P (v)dv, (35b)

where �x(v) and I (x|v) are given by Eqs. (15) and (11)
respectively, and we highlighted the parametric dependence
on v for clarity. Since there is a dependence on the integration
variable both from the argument and in the functional form of
I (x), the second equality is in principle an approximation.

The effective displacement �xeff that we just introduced is
what contributes to the sensitivity of the apparatus in Eq. (34),
and depends on σv (see Appendix B for more details). The
intensity factor N , can always be defined as N = MTint,
where M is the beam intensity at the detector and a Tint

is the integration time. As we will show, the visibility of a
Talbot-Lau pattern is very sensitive to the v distribution, so
in many realistic particle beams, a velocity selection could be
needed. In these cases the factorM (and in turn N ) depends on
σv as well, and the best trade-off between visibility (decreasing
with σv) and statistics (increasing with σv) has to be found.
Since this study is specific to each experimental situation, in the
following we only focus on the functions C(σv) and �xeff(σv).

Results

Numerical integration of Eq. (35a) has been performed on a
discrete set of points, with a standard normal speed distribution

P (v) = 1√
2πσv

exp

[
− (v − 〈v〉)2

2σ 2
v

]
(36)

for a certain range of σv , and the Talbot-Lau setups analyzed
are at resonance for the mean speed 〈v〉.

We have chosen realistic parameters for an experiment with
positronium (Ps) atoms subjected to the gravitational accel-
eration a = g = 9.81 m s−2, over a distance L(TOT) = 1 m.
See Appendix B for a detailed discussion on the methods
and the motivations behind this choice. We also considered
the dependence on the open fraction f of the gratings, since
the form of the Talbot coefficients indicates that not only does
the visibility generally depend on f , but also the behavior of
the asymmetric and symmetric setups can be very different
for certain values of f . In particular, Fig. 2 suggests that at
f ≈ 50% the asymmetric setups could provide an advantage
in the visibility. This property is confirmed by our simulations
and is physically relevant: in applications where the beam
intensity is low (e.g., the inertial sensing of antimatter beams),
it is most desirable to employ large open fractions (f > 30%),
in order to maximize the flux.

We calculated the contrast C of the intensity patterns via
Eq. (17) and the result is shown in Figs. 6 and 7, alongside the
visibility of the relevant moiré setups for comparison.

In Fig. 6 we have set f = 0.3 = 30%, and we can see
that the asymmetric (η = 2) configuration provides a higher
visibility than the standard symmetric setup of the same length.
This is a consequence of the fact that it is based on a lower-
order resonance (q = 1). In the highly monochromatic case
(σv/〈v〉 = 1%) both setups match the classical visibility of the
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FIG. 6. Visibility, defined in Eq. (17), as a function of σv/〈v〉.
The symmetric setup has d1 = d2 = 476 μm, f = 0.3, L = 0.5 m,
and a = 9.81 m s−2, whereas the asymmetric setup is defined by
d1 = 1.5d2 = 476 μm, η = 2 and L = 0.33 m. These parameters are
resonant for a v = 800 m s−1 positronium atom (see Appendix B).
For comparison we also include a symmetric moiré setup of the
same length with d1 = d2 = 800 μm. We note that in Eq. (11) only
the dimensionless ratios of the grating periods and the parameter
LT /L ∝ v appear, so the results on the visibility are general and do
not depend on the chosen parameters.

moiré setup, which is close to unity at this open fraction. As
anticipated, there is no dependence on the speed distribution
in the classical case.

In Fig. 7 we set the open fraction to f = 50% and
perform the same comparison of Fig. 6. However, the period
of the symmetric setup has been adjusted to satisfy the
appropriate maximum visibility condition at f = 50%, that
is L/LT ≈ 1.33 (see Fig. 2). In this situation the asymmetric
setup provides a more sizable advantage in visibility, also
compared to classical moiré deflectometers with f = 50%
and f = 40%.

While the qualitative features just highlighted are of general
validity, we now want to make our description more specific, by
considering positronium interferometry and accounting for its
finite lifetime τ . The longer lived spin triplet orthopositronium
state has a lifetime τ0 = 142 ns [34] in its ground state, and
to devise a Talbot-Lau configuration yielding a measurable
displacement under the gravitational acceleration for such a
short lived particle is impossible. However the use of excited
states of Ps is feasible and has been proposed for this purpose
[9,35,36]. In particular, for high-n Rydberg states [37], the
lifetime scales as τ ∝ n2l3 with n and l being the principal
and angular quantum numbers respectively, so it is in principle
possible to reach lifetimes of the order of τ ≈ 500 μs. We
take the finite lifetime into account by assuming that atoms
decaying before the detector plane (see Fig. 1) are not detected.

We analyzed the relative displacement �xeff/d3, both in
the presence and in the absence of decay, focusing on the
f = 30% case (the inertial displacement is unaffected by f ).
As seen in Fig. 8 the symmetric setup provides a larger

FIG. 7. Visibility in the same conditions of Fig. 6, with an
increased open fraction f = 50% and the period of the symmetric
setup set to d1 = d1 = 413 μm (see text for details). The dashed lines
show the visibility of classical moiré setups for three values of the
open fraction: f = 50, 40, and 30%. Most importantly, we observe
that the asymmetric Talbot-Lau setup provides considerably higher
contrast than the symmetric setup, for which the value f = 50% is
particularly critical, in analogy with the classical deflectometer [13]
(see also Fig. 2).

relative displacement by the factor ≈ 1.3 predicted by Eq. (24)
for η = 2. We also observe that, for the symmetric case
in particular, there is a sizable dependence of the effective
displacement on σv . This has a physical origin in the fact
that, although the maximum variance σv has been carefully
chosen (see Appendix B), as the speed distributions widen the
contribution from the slower particles starts to dominate. If one
calculates the mean value of the displacement �x(v) ∝ 1/v2,
Eq. (15) for the distribution (36), a parameter that strongly

FIG. 8. Relative displacement �xeff/d3 for the same Talbot-Lau
configurations described in Fig. 6, both for ideal stable particles
and with a finite lifetime τ = 500 μs that alters the effective speed
distribution (see the text for details).
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correlates with �xeff , the same rise appears as a function of
σv . The disappearance of this increase when the particles decay
confirms this conclusion: the exponential decay with lifetime τ

produces an effective speed distribution Peff(v), different from
the one the atoms were initially produced with, namely P (v).
This function has the following form:

Peff(v) ∝ P (v) exp

(
−L(TOT)

τv

)
; (37)

it is peaked on a higher speed than 〈v〉, and the slower end of
the spectrum is suppressed.

V. CONCLUSION AND FINAL REMARKS

In this paper we investigated the inertial sensitivity of
several Talbot-Lau configurations representative of the general
features outlined throughout our work. In particular, we con-
sidered the asymmetric configuration (η = 2, L(TOT) = 1 m),
and the symmetric setup of the same length, at resonance for
positronium atoms at v = 800 m/s. In both cases two values of
the open fractions, f = 30% and f = 50%, were studied, and
the grating periods chosen to achieve the maximum visibility,
according to the results of Sec. II. The parameter f , in addition
to the visibility, also affects the particle flux. In particular it
is reasonable to assume that the intensity is proportional to
the square of f , namely N = f 2N0. Thus we can define a
significant estimator for the inertial sensitivity as√

N0
σa

a

∣∣∣∣
N=f 2N0

, (38)

where σa/a is defined by Eq. (34), performing the substitution
N = f 2N0. The impact of the open fraction is thus taken into
account, and the rescaling is meant to remove the dependence
on the integrated flux. In Fig. 9, we plot the function (38)
in the absence of decay, that is, for purely Gaussian speed
distributions. We can see that throughout most of the σv range,

FIG. 9. Rescaled inertial sensitivity, defined in Eq. (38). We
compare the four Talbot-Lau configurations of the same total length,
L(TOT) = 1 m, defined in Figs. 7 and 6.

the best performing configuration is the asymmetric f = 50%
configuration. Moreover, the inertial sensitivity is not the only
figure of merit to be considered: the asymmetric setup also
provides a larger absolute displacement �xeff and interference
fringes period d3 by a factor 2η/(η + 1), and

√
2η respectively

[see Eqs. (24) and (22)]. These parameters are relevant when
a finite experimental resolution is taken into account. Larger
open fractions also provide a higher particle flux, increasing
the signal-to-noise ratio for a given integration time.

Due to their more regular behavior (see Fig. 2 and the
associated discussion), asymmetric setups can employ higher
open fractions, while still matching the visibility of the
symmetric setup. To showcase this general behavior, we
focused on a set of parameters (the open fraction) that
represent the best compromise between visibility and grating
transmission for each setup. A fine tuning to find the best
configuration must be performed according to the specific
experimental conditions, and is beyond the aim of this work.
In particular the form of the speed distribution can vary widely
between different applications [3].

In conclusion, this family of magnifying resonance con-
ditions were known to exist for the Talbot-Lau interferometer
[16,26], but were never studied in detail especially with respect
to their inertial sensing capabilities. As a result of our theoret-
ical and numerical analysis, we conclude that the asymmetric
Talbot-Lau setups can be very useful, in realistic experimental
contexts, to find the optimal compromise between inertial
sensitivity, raw statistics, absolute inertial displacement as well
as the period of the interference pattern. Of particular interest
is the application of Talbot-Lau quantum interferometry to
the measurement of the gravitational acceleration of neutral
antimatter. This is an emerging field of research [8,9], where
the requirements on the optimization of the interferometric
schemes are more stringent.
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APPENDIX A: DERIVATION OF EQ. (11)

Here we develop explicitly the steps necessary to evolve
the initial state (8) to the observation plane. First of all we note
that assuming the second grating has a periodic transmission
function T2(x), it can be expanded in a Fourier series.
Inserting the Fourier decomposition T2(x) = ∑

n b(2)
n ei(2π/d)nx

into Eq. (7) yields the following form for the needed grating
transformation:

K2(x,x0; p,p0) = δ(x − x0)
∑
k,n

ei2πx(n−k)/d2b(2)
n

[
b

(2)
k

]∗

× δ

[
p − p0 − π�

d
(n + k)

]
. (A1)

This is the last ingredient needed for the full calculation, which
proceeds as in the following scheme (we drop the explicit
dependence on x and p):

W̃0
G1→G2−−−−→

T1

W1
G2−−→
T2(x)

W̃1
G2→Screen−−−−−−−→

T2

W2,
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where we have introduced the Wigner functions immediately
before and after the second grating, W1(x,p) and W̃1(x,p)
respectively, and the final state W2(x,p) from which the
intensity distribution at the detection plane is recovered. We
remind that we are assuming that the grating slits extend
sufficiently in the z direction (the coordinate system is as in
Fig. 1), so that the problem is effectively one dimensional.

Applying the evolution Eq. (4) and the grating transfor-
mation (6) with the form (A1) for the grating convolution
function, we get the following expressions:

W1(x,p) = W̃0

(
x − pT1

m
+ a

T 2
1

2
,p − maT1

)
and

W̃1(x,p) =
∫

dx0dp0 K2(x,p; x0,p0)

× W̃0

(
x0 − p0T1

m
+ a

T 2
1

2
,p0 − maT1

)
and finally the state W2(x,p) after a final free evolution step
for a time T2:

W2(x,p) =
∫

dx0dp0 P
(

p0 − maT1

py

)

× 1

Npy

∣∣∣∣T1

(
x0 − p0T1

m
+ a

T 2
1

2

)∣∣∣∣
2

×K2

(
x − pT2

m
+ a

T 2
2

2
,p − maT2; x0,p0

)
.

We now first apply the following change of variables in the
integral (the Jacobian determinant is equal to 1):

p′
0 = p0 − maT1

x ′
0 = x0 − p0T1/m + aT 2

1 /2,

then insert the explicit expression (A1) for the convolution
factor K2, and integrate over p to get the final position
distribution I (x) = ∫

W2(x,p)dp:

I (x) =
∑
n,k

bnb
∗
k

Gpy

∫
dx ′

0dp
′
0dp |T1(x ′

0)|2P
(

p′
0

py

)

× exp

{
i
2π (x − pT2/m + aT 2

2 /2)

d2
(n − k)

}

× δ

[
p − maT2 − p′

0 − maT1 − π�

d2
(n + k)

]

× δ

(
x − pT2

m
+ a

T 2
2

2
− x ′

0 − p′
0T1

m
− a

T 2
1

2

)
. (A2)

After performing the integration over p and x ′
0, shifting the

k summation index as k′ = n − k, and also introducing the
Fourier series expansion of |T1(x)|2 = ∑

l Ale
i2πxl/d1 , one

obtains

I (x) =
∑
n,k,l

∫
dp′

0

Npy

P
(

p′
0

py

)
Albnb

∗
n−k

× exp

{
i 2π2 (k − 2n)�T2

m

(
k

d2
2

+ l

d1d2

)}

× exp

{
i 2π

k

d2

(
x − T2p

′
0

m
− a

T 2
2

2
− aT1T2

)}

× exp

{
i 2π

l

d1

[
x − p′

0

m
(T1 + T2) − a

2
(T1 + T2)2

]}
.

(A3)

The Talbot coefficients (12) can be recognized in the above
integral, with

ξ = 2π
�T2

m

(
k

d2
2

+ l

d1d2

)
and the scaled Fourier transform of the initial momentum
distribution ∫

dp

py

P
(

p

py

)
e−ipq ≡ P̃(q),

which can be substituted in (A3), to obtain

I (x) = 1

N
∑
k,l

AlBk(ξ )P̃
(

2π

m

[
l

d1
(T1 + T2) + k

T2

d2

])

× exp

{
i
2π

d2

[
x

(
k + l

d2

d1

)]}

× exp

{
−i

2π

d2

[
a

(
kT1T2 + k

T 2
2

2

+ ld2

2d1
(T1 + T2)2

)]}
. (A4)

To conclude the calculation, we apply a final approximation,
namely to assume (as we mentioned in Sec. II) that the
momentum distribution is broad enough that P̃(q) ≈ δ(q).
Then, by substituting T2 = ηT1, which holds in the assumption
that the longitudinal motion is unaffected by interference, our
Eq. (11) results.

Finally, we remark that the use of Fourier series expansion
to define the coefficients (12) and Al is appropriate because the
functions Ti(x) are periodic. To obtain our final result, Eq. (11),
it is also assumed that the gratings extend indefinitely in space.
This is a reasonable requirement, as long as the number of
periods N illuminated by the particle beam is large, N � 102.
The validity of this approximation can always be checked by
calculating the intensity distribution numerically at finite N by
means of (1) and the Fresnel integral.

APPENDIX B: OUTLINE OF THE METHODS
AND CHOICE OF PARAMETERS

Here we describe in more detail the methods used to obtain
the results of Sec. IV. The intensity distribution INM(x) in the
presence of the external force and a speed distribution P (v) is
evaluated as defined by Eq. (35a). A least-squares fit procedure
is then performed with the function

Ifit(x,x ′) =
∫

I (x − x ′|v)P (v)dv

with the displacement x ′ being the only free parameter. The
displacement �xeff is then defined as the best fit value of x ′,
and depends on P (v), hence in our case, �xeff = �xeff(σv). By
inspecting the results of our numerical analysis (see Fig. 10),
this is a reliable method to calculate the effective displacement,
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FIG. 10. Example result of the fit procedure outlined in Appendix B, in particular for the case σv/〈v〉 = 0.3 and the asymmetric configuration
also described in Sec. IV. The box shows a detail of the portion around the peak to highlight the very small displacement of the interference
pattern due to the gravitational acceleration with respect to the reference pattern with a = 0 (with the chosen parameters �xeff = 4 μm). Also
evident is the good agreement between the fit function, Eq. (35b), and the intensity (35a).

since the agreement between the fit function and the exact
intensity is very good [this justifies the relation between
Eqs. (35b) and (35a)], thus being sensitive even to the relative
displacements smaller than 1% that we encountered.

In order for the fit parameter to correspond exactly to
the physical displacement we are after, an absolute reference
frame has to be established. This is easily done in our
computational simulation, by displacing the (monochromatic)
intensity function I (x) so that it has an interference peak
for the speed 〈v〉 at x = 0. For example, for the asymmetric
configuration it is necessary to apply a shift of ηd1/2.

While we are interested in a systematic and general
comparison of the properties of symmetric and asymmetric
Talbot-Lau inertial sensors, we want our choice of parameters
to represent a physically relevant case. For this reason, we
focus on the possibility to detect the gravitational acceleration
a = 9.81 m s−2 of the positronium (Ps) atom. The possibility
to perform quantum interferometry on positronium has been
considered in a previous paper [4]. Positronium is the bound
state of an electron and its antiparticle, having thus a total mass
mPs = 2me, where me is the electron mass. It is an unstable
atom with a lifetime τ0 = 142 ns, for the longer lived spin
triplet state (orthopositronium).

We focus on a mean speed 〈v〉 = 800 m/s, corresponding
to a de Broglie wavelength λ = 454 nm; furthermore we set a

total interferometer length L(TOT) = 1 m, so that the expected
fringe displacement due to the gravitational acceleration on the
Earth’s surface is of the order of a few microns. The chosen
velocity distribution is a Gaussian normal (36), whose variance
σ 2

v has been chosen so that 〈v〉 − 3σv > 0, and the Gaussian
function is not truncated, to a very good approximation.
Therefore in the plots of Sec. IV, we are always comparing
distribution of the same functional form.

Our focus was set on two configurations: a symmetric setup
(19a) with d1 = d2 = 476 μm, and an asymmetric setup (19a)
with d1 = 1.5d2 = 476 μm and η = 2. We chose this low mag-
nification setup because, according to Eq. (26) (see also Fig. 5),
the relative displacement of the asymmetric configuration is
decreasing with η. As a matter of fact, we chose a particularly
challenging case where the relative gravitational displacement
is very small (�x/d3 < 1%), due to the small mass of the
positronium atom [see Eq. (26)]. For different experimental
conditions (e.g., heavier atoms), the smallness of the relative
displacement is not a stringent constraint, and it might be
useful to employ also high magnification setups.

To obtain the data in Fig. 6, a simple Monte Carlo simulation
of a moiré deflectometer has been used. It is based on a direct
calculation of the particles’ trajectories using the classical
Eq. (29), taking into account the transmission properties of
the gratings.
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