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Long Range Potential Effects in Low Density Krypton Gas
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Small angle neutron scattering (SANS) in low density86Kr gas has been performed in order to mea-
sure the small-k behavior of the static structure factorSskd. Three number densities between 1.52 and
2.42 nm23 along theT  297 K isotherm have been studied. The small-k dependence of the Fourier
transformcskd of the direct correlation functioncsrd has been derived. The experimental determination
of the k3 term in the behavior ofcskd has led to a direct measurement of the London dispersion interac-
tion in the pair potential of krypton. Also the contribution of the three-body potential in the asymptotic
behavior ofcsrd has been observed and related to the magnitude of the three-body interaction potential.
[S0031-9007(97)03538-2]
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The London dispersion energy due to the induc
dipole interactions determines the form of the long ran
potential of pairs, as well as the form of the long ran
irreducible three-body interaction in ground state ato
[1,2]. One possibility for a direct assessment of the
long range interactions among the particles in a fluid
given by the connection between the small-k behavior of
the static structure factorSskd [Eq. (1) below] and the
long range microscopic forces. This connection has b
pointed out by Enderby, Gaskell, and March [3], w
emphasized the importance of direct observation of s
terms. Several papers have been devoted to this su
[4–6], and recently this matter has been discussed
Reatto and Tau [7]. The main result of these papers is
for classical fluid insulators, like noble gases,Sskd and
cskd [Eq. (2) below], which is the Fourier transform o
the direct correlation functioncsrd, are expected to hav
at smallk a nonanalytick3 term directly related to ther26

tail of the microscopic van der Waals interaction poten
in the fluid. In particular, the theory of Reatto and T
[7] takes into account the effect of retardation whi
modifies k3 to k4 as k ! 0. Moreover, they confirm
that measurements of thek3 behavior of cskd in low
density gases can, in principle, give an experimental di
verification of ther26 power law of the pair potential an
might determine the long range behavior of the dres
three-body vertex. However, we shall show that in t
present case thek2 term includes a larger and mor
useful measure of the dressed three-body vertex, giv
a direct and unique experimental access to the long ra
interaction.

Neutron diffraction measurements, when possible w
high accuracy, have been proven to be a direct met
for the determination of the interaction potential betwe
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pairs of atoms in gases [8,9]. Recently, both norm
diffraction and SANS experiments have been perform
in argon gas in order to measure thek3 dependence of
cskd and give an experimental value of the amplitudeB of
the long range2Byr6 pair potential [10,12] in agreemen
with that determined by more traditional methods. He
we report the results of the measurements of the sm
k dependence of thecskd of krypton at low density
from which the strengthB is measured together with
the approximate effect of the three-body forces on t
asymptotic behavior ofcsrd. This is the first direct
detection of this effect. Krypton has been chosen in th
case because the strength of the three-body potentia
larger than in argon, where the effect of the Axilro
and Teller (AT) three-body potential [12] could not b
detected [11].

By means of theoretical calculations ofcskd, performed
with the modified hypernetted chain equation, Reatto a
Tau [7] have shown that in low density noble gases, t
k range useful for the determination of thek3 dependence
is 0.5 , k , 3.5 nm21. This range is experimentally ac
cessible with modern SANS instrumentation. The low
limit is determined by retardation effects and the upp
limit by higher order terms. Our measurements have be
performed with the PAXE diffractometer at the Labora
toire Léon Brillouin in Saclay. An important innovation
was to use the isotope86Kr in the neutron experiment
in order to minimize contributions from nuclear absorp
tion and incoherent scattering. The neutron cross secti
of 86Kr are scoh  8.2s5d, sinc  0, and sabs  0.003
(barn), for the coherent, incoherent, and absorption cr
sections, respectively [13].

In the theory of simple fluids, the static structur
factor Sskd and the Fourier transformcskd of the direct
© 1997 The American Physical Society 221
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correlation functioncsrd are defined by

Sskd  1 1 n
Z

dr exps2ik ? rd f gsrd 2 1g , (1)

cskd 
Z

dr exps2ik ? rd csrd , (2)

wheren is the number density,gsrd is the pair correlation
function, and csrd is given by the Ornstein-Zernike
relation

gsrd 2 1 ; hsrd  csrd 1 n
Z

dr0 csr 0d hsr 2 r0d .

(3)

Sskd is an experimentally accessible quantity andcskd can
be derived fromSskd by using the relationship obtaine
from Eqs. (1)–(3):

cskd  fSskd 2 1gynSskd . (4)

The present experiment has been performed along
297 6 1 K isotherm at a range of low densities, so th
higher order many-body contributions were minimized
in previous experiments [9,11,14]. For the analysis
the present paper we use only the most accurate da
densitiesn  1.52, 1.97, and2.42 nm23. The densities
are determined with a relative accuracy of 0.5%. T
86Kr gas was kept in a flat cell of 3.48 cm thickne
with single crystal sapphire windows to reduce contain
scattering and capable of withstanding more than 100 b
of pressure. The experiment was performed with
neutron wavelength of 4.0 Å, and the distance betwe
the sample and the two-dimensional BF3 gas detector was
171.5 6 0.5 cm. The choice of these values allowed t
0.5 , k , 4.3 nm21 range to be covered with an overa
resolutionDkyk , 10%.

A detailed description of the experimental procedu
as well as of the data analysis will be given elsewhe
Here we mention only that the neutron intensity data w
corrected for the effect of background, self-shieldin
multiple and inelastic scattering, and detector efficien
and normalized in absolute units to obtainSskd. The
data agreed with the compressibility limit atSsk  0d
(see Ref. [15]) to within 1.5%. As a final adjustme
we renormalized theSskd to the k  0 value calculated
from PVT data [15], which was equivalent to replacin
8.2 by 8.1 barns for the86Kr coherent cross section. W
estimate that this data analysis procedure leads to a
uncertainty on the absolute scale ofSskd of the order
of 1%. The final cskd’s were then derived from the
Sskd’s by means of Eq. (4). Figure 1 shows thecskd’s for
86Kr at three measured densities, together with previo
experimental data (measured for natural krypton) in
higher part of thek range [14], and with experimenta
csk  0d values obtained by combining Eq. (4) wit
the thermodynamical data of Ref. [15]. The agreem
between the two sets of experimental data is reasonab
the overlapping region.
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FIG. 1. The experimentalcskd for krypton at T  297 K is
given by the filled circles. From top to bottom:n  1.52,
1.97, and 2.42 nm23 (1.97 and 1.52 nm23 data have been
shifted upwards by 0.05 and 0.10, respectively). The statistic
uncertainties are within the size of the symbols. The ope
circles and error bars are the data of Ref. [14].k  0 values
are calculated fromPVT data [15].

In very low density systems the interaction law can b
written retaining only the pair and triplet contributions
and it has been demonstrated [7] that, within suitabl
approximations, the asymptotic behavior ofcsrd is given
by

csrd  2bfsrd 1 Csrd, asr ! ` , (5)

with

Csrd  n
Z

dr3 gsr13d gsr23d

3 hexpf2bf3sr1, r2, r3dg 2 1j , (6)

where b  1ykBT , and fsrd, f3, and Csrd are the
pair, triplet potential, and dressed three particle verte
respectively. The total interatomic interaction is given by

usr1, r2, . . . , rN d 
X
i,j

fsrijd 1
X

i,j,k

f3sri, rj , rkd .

(6a)

When the long range dispersion term is the dominan
one we have

fsrd  2Byr6, asr ! ` . (7)

Moreover, if the irreducible three-body interaction is as
sumed to be of the AT form [12], it can be demonstrate
[7,16] that the asymptotic behavior ofCsrd is

Csrd  2s8py3d bnnyr6, asr ! ` . (8)
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Heren is the strength of the AT potential. By using e
pressions (5)–(7) and asymptotic Fourier analysis [7] it c
be shown that the small-k expansion ofcskd is given by

cskd  cs0d 1 c2k2 1 c3jk
3j 1 c4k4 1 · · · , (9)

where bothc2 and c3 involve the two- and three-bod
potentials andc4 and higher terms will be neglected. B
comparing Eq. (9) of Ref. [17] with Eq. (5) of Ref. [7] i
may be seen that bothc2 andc3 involve the three-particle
vertex of Eq. (6). After algebraic reduction a very simp
result forc3 is obtained [7] which is exact for systems wi
a pair plus AT interaction potential:

c3  bsp2y12d fB 2 s8py3d nng , (10)

which depends linearly on the density due to the A
potential. In principle a determination ofc3 as the function
of density would yield experimental values forB as well
as for n. In contrast, forc2 no analytical expression i
available. Note thatCsrd  0 andc3 is a constant as the
function of density in the absence of irreducible long ran
three-body interactions.

In order to display thek3 dependence of the experime
tal cexpskd it is more convenient to plot the quantitylskd
defined as

lskd  fcskd 2 cs0dgyk2  c2 1 c3jkj 1 · · · . (11)

Over the range wherelexpskd is linear ink, we may neglect
c4 and higher terms in Eq. (9) (Reatto and Tau [7] estim
this range to be0.5 , k , 3.5 nm21). To derive the best
data onlskd we used two independent methods to evalu
it. In one we performed a least squares fit for the th
parameterscs0d, c2, andc3 in Eq. (9), and then calculate
lskd analytically. In the other we deducedcs0d from the
PVT data [15] and evaluatedlskd for each experimenta
value of cskd. There was excellent agreement betwe
these two methods, and we noted thatlskd was a simple
function, being nearly linear ink.

Figure 2 shows the experimentallexpskd for krypton
at T  297 K for three different measured densitie
together with the theoretical results for the low dens
expansion ofcskd using the Aziz pair potential and
the AT three-body interaction (Table 3 in Ref. [17]
From this figure the lineark dependence oflexpskd
for k , 3.5 nm21 and therefore thek3 dependence o
cexpskd [see Eq. (9)] can be observed. The experimenta
observed near-linearity also demonstrates the approxim
correctness of the long range behavior offsrd and of the
three-body vertexCsrd given in Eqs. (7) and (8). Adding
the AT potential in the theoretical calculation oflskd
clearly changesc2, but hardlyc3, which is not surprising
since B ¿ 8pnny3 in the expression forc3, Eq. (10)
(B  12.7 3 10224 J nm6, 8pnny3  0.45 3 10224 for
the highest density [17–19]). Therefore, in this casec3
cannot be used for an experimental determination ofn.

By fitting a straight line to the experimental data
Fig. 2 and by using a value forn obtained as describe
below, we findB  s13 6 1d 3 10224 J nm6, which is
-
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FIG. 2. Experimental results forlskd [see Eq. (11)] forn 
1.52, 1.97,2.42 nm23, respectively, reading from top to bottom
(1.97 and 1.52 nm23 results have been shifted upwards b
0.005 and 0.010, respectively). The dotted line in these figu
is based on the Aziz pair potential calculations reported
Ref. [17], while the full line includes also the Axilrod-Teller
term. Note that for the highestk values the calculated lines
show a slight curvature.

in good agreement with the previous estimates given
the literature [18,19], which areB  s12.7 6 0.9d and
s12.4 6 0.1d 3 10224 J nm6, respectively. This confirms
that for krypton low-k Sskd measurements can lead t
the experimental determination of the London dispersi
energy.

We note that the theoretical curves in Fig. 2 a
calculated withn  2.23 3 10226 J nm9 as reported in
literature [17–19]. Since inclusion of the AT potentia
in the calculation ofcskd has a significant effect on
c2 (see Fig. 2), this coefficient should be used for th
experimental determination ofn. Since there is no
analytical expression available forc2, we used a different
procedure. A least-squares fit of the theoretical low
density expansion [17] was made tolexpskd for each of
the three densities separately by varyingn. The average
yielded n  s2.4 6 1.2d 3 10226 J nm9. Although the
value of n we derive from our measurements is poor
defined, it is consistent with previous estimates of th
quantity [18,19]. The accepted values ofB and n were
determined from dipole sum rules using a combination
several experimental and/or theoretical data. In princip
the technique described in this Letter is unique [7] in th
it allows direct experimental access to the long range p
of the interaction potentials in an insulating fluid.
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