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ABSTRACT. We consider the approximation in the reaction-diffusion norm with
continuous finite elements and prove that the best error is equivalent to a sum
of the local best errors on pairs of elements. The equivalence constants do
not depend on the ratio of diffusion to reaction. We illustrate the usefulness
of this result with two applications. First, we discuss robustness and locking
properties of continuous finite elements with respect to the reaction-diffusion
norm. Second, we derive local error functionals that ensure robust performance
of adaptive tree approximation in the reaction-diffusion norm.

1. INTRODUCTION

Finite element methods are well-established for the numerical solution of elliptic
and parabolic problems. An important aspect in their mathematical understand-
ing and foundation are the approximation properties of finite elements spaces. In
view of adaptive mesh refinement, the local features of the latter under minimal
regularity assumptions are of interest.

The most basic finite element approach to the homogeneous Dirichlet problem
for Poisson’s equation leads to the following approximation problem: Approximate
a function u € H}(Q2) in the H!-seminorm with functions from a space S consisting
of continuous piecewise polynomials of degree < /¢ associated with a given simplicial
mesh 7. In this context one of the authors [23] proved that

1/2
(1.1) it V(= o)l = (Z pnt 9= P>||§<) ,
KeT

i.e. the global best error is equivalent to the fs-norm of the local best errors on
elements. Notice that the right-hand side does not involve any coupling between
elements and that no additional regularity of w is invoked. Thus, the (broken) best
error with continuous and possibly discontinuous piecewise polynomial functions
is about the same. If u disposes of additional piecewise regularity, this result and
the Bramble-Hilbert Lemma readily imply error bounds. Moreover, it shows that
adaptive tree approximation [8] by P. Binev and R. DeVore with the local best
errors as error functionals yields near best meshes for the global best error on the
left-hand side.

In view of problems with extreme parameters, it is important that approximation
properties are robust. An important and basic example for such a problem is given
by reaction-dominated diffusion, whose stationary variant is also of interest in the
discretization of the heat equation. In this context the H'-seminorm in (1.1) is
replaced by the so-called reaction-diffusion norm

2 2 .
(1.2) W7 = I-1° + e V-7, withe >0,
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and one is interested in a variant of (1.1) where the hidden constants are indepen-
dent of the parameter . For € N\, 0, the reaction-diffusion norm (1.2) becomes the
L?-norm, while for ¢ oo, it formally corresponds to the H'-seminorm appear-
ing in (1.1). The exact counterpart of (1.1) for the reaction-diffusion norm cannot
be robust; this arises from the fact that, for ¢ = 0, a discontinuous piecewise con-
stant function yields 0 for the sum of the local best errors, but not in general for the
global best error. In other words, the global best error with discontinuous piecewise
polynomial functions may be much smaller than the one with continuous ones.

In this article we establish robust alternatives for (1.1) with the reaction-diffusion
norm. Our departure point is to replace the local spaces P;(K) = S|k by the spaces
S|y (@) of continuous piecewise polynomials on pairs wy (E) of elements sharing an
internal face E € £q. The derived results imply the robust relationships
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as well as the non-obvious parts of the following comments:

e The first sum provides a robust localization in terms of best errors that, in
contrast to (1.1), take the coupling between elements into account.

e The second sum involves best errors that are localized to single elements as in
(1.1) but augmented by a trace term. For € = 0, it is a robust localization of
the norm that I. Babugka et al. [1, 2] use to show a close-to-L? quasi-optimality
of the corresponding Galerkin method.

e The non-robustness of the continuous elements in (1.1) with the reaction-
diffusion norm is closely related to the trace augmentation. The augmentation
cannot be a robust lower bound of the global best error in the reaction-diffusion
norm, because it requires an additional 1/2-derivative for ¢ = 0. Its overesti-
mation and the non-robustness are limited by and may actually reach e=1/4,
but they are restricted to low regularity.

As the equivalence (1.1), the relationships in (1.3) have several applications. In
what follows, we address in particular:

o Error bounds with piecewise reqularity. Estimating the second sum by means of
the Bramble-Hilbert lemma on single elements leads to error bounds that do not
invoke regularity across interelement faces. The latter has the advantage that
the bounds are also sharp if the target function is close to a discrete function.

e L2-error of DG methods. We determine the critical penalization of the interele-
ment jumps in DG methods that annihilates the aforementioned advantage of
possibly discontinuous discrete functions.

o Adaptive tree approximation. Adopting the idea of minimal rings in P. Binev
et al. [7] to pairs, we modify the first sum so that a regrouping of its terms
defines local error functionals which are still relatively easy to implement and
weakly subadditive on conforming leaves. Consequently, tree approximation
as in P. Binev [6] can be used to construct robust near best approximations
in the reaction-diffusion norm. This can be applied to create non-asymptotic
benchmarks for the corresponding adaptive Galerkin method and for coarsen-
ing. The latter may be useful in the solution of parabolic problems by implicit
Euler-Galerkin methods or in the solution of elliptic semilinear problems by
means of adaptively discretized infinite-dimensional Newton iterations, similar
to those in A. Cohen et al. [11].
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The article is organized as follows. In §2 we show that the hidden constant
of the nontrivial inequality of (1.1) for the reaction-diffusion norm blows up for
e \( 0. In §3 we fix notations, while in §4 we show that localization results like the
first part of (1.3) follow from a suitable property of a quasi-interpolation operator.
This is exploited, in §5 and §8 respectively, to prove the first part of (1.3) and its
counterpart for minimal pairs. Section §6 analyzes the non-robustness of §2 more
precisely, thereby deriving alternative ways to compute the local best errors in the
first part of (1.3) and verifying its second part. Finally, we extend in §7 our results
to conforming approximation of functions with vanishing boundary values.

Throughout the article we indicate the L2-norm with respect to the d-dimensional
Lebesgue measure restricted to a measurable set 2 C R? simply with [|-||. With a
slight abuse of notation, the same symbol is used also for L?-norms with respect to
restrictions of the (d — 1)-dimensional Hausdorff measure. Moreover, we shall write
| |g.0 for the highest order seminorm of the Sobolev space H*({)) over an open set
Q Cc R

2. DECOUPLING OF ELEMENTS IS NOT ROBUST

The purpose of this section is to show that, for the reaction-diffusion norm |-,
the ‘<’-part in (1.1) cannot hold with a constant independent of €. The coun-
terexample provides functions u. € H' () converging to a discontinuous function
up ¢ H'(Q) such that the global best error is bounded from below independently
of &, while the local best errors decrease with /e.

We consider the one-dimensional domain Q = (—2,2) C R and assume that T
is a partition of ) into intervals such that 0 is a breakpoint. Let S be the space of
continuous functions that are piecewise polynomial of degree at most ¢ with respect
to 7. We denote by P the L2-projection onto S, by ‘R% the Ritz projection onto
S with respect to the reaction-diffusion norm and by R% the local counterpart of
RS- The functions u. € H'(Q2) and ug € L*(Q) are given by

—1 forz <0,

ue(z) = q 7= for —Ve<a<e uo(z) = 1 for0<gz

1 fore<u,

On one hand, for the local best errors, the fact that ugx € P¢(K) for every K € T
implies

-1 for z < — /¢, {

NG

2 2 8
> e — Ricue|l% < Z|||Usuo|||%</\/€|uls| + [ue — uol :5\/5,
—\/E

KeT KeT
On the other hand, for the global best error, it holds

[lue — Ryucllo > [Jue — Ryuellg
> |Jue — Prucllg — |luo — Prugllg >0 for £ \ 0,

since u. converges to ug in the L?-norm, the L2-projection onto S is continuous
and ug ¢ S. Consequently, the constant in the nontrivial inequality of (1.1) for the
reaction-diffusion norm has to grow at least with e~%/4. In §6 below, we shall see
that this rate is the worst possible one.

This simple example reflects a more general situation. Consider in fact any
conforming simplicial triangulation in R? with at least one (d — 1)-dimensional
face belonging to two simplices and fix an element K € 7T containing such an
interelement face. Taking u.(x) = min{1,e~/2dist(z,R?\ K)}, z € Q, and ug =
Xk and reasoning as above shows that the aforementioned constant blows up again
with e /% as e \, 0.



4 F. TANTARDINI, A. VEESER, AND R. VERFURTH

These observations suggest to modify (1.1) for the reaction-diffusion norm by
invoking local best errors that take into account the continuity constraint across
faces.

3. MESHES, COVERINGS, AND BASIS FUNCTIONS

We denote by 7 a conforming simplicial mesh of a polyhedral domain Q C R¢,
d € N, by £(T) the set of its (d — 1)-dimensional faces, and by Eq(7T) the subset of
& of those faces which are not contained in the boundary 0. Except for §8, the
mesh 7 will be fixed and then we write simply £ or £q. If K € T is an element
and E € & is a face, we write |K| and |E| for its d-dimensional Lebesgue and
(d — 1)-dimensional Hausdorff measure, respectively. For every face F € &£, the set

wr(E):=| {K € T: 0K 2 E}

is the union of elements sharing the face E. It consists of two elements if £ € £q
and of one element otherwise. We stress that E belongs to various meshes and that
w7 (F) actually depends on T too. Moreover, we denote the set of nodes of S by

d d
N = U Ni with Nk = {Z %ai T € Ngﬂ’zai = @}
KeT i=0 i=0
whenever ag, ..., aq are the vertices of a simplex K. In accordance with the defini-
tions of N and Eq, a subscript E, Q, etc. to N, £ indicates that only those nodes,
faces which are contained in the index set are considered.
A family W of subdomains of Q2 is a S-finite covering of T if for every element

KeT

e there exists w € W with w 2 K and

e it holds > )y Xw < B on K,
where x,, stands for the characteristic function of w. The families {K}xe7 and
Wr = {wr(E)}Eges, in (1.1) and (1.3) are 1-finite and (d + 1)-finite coverings,
respectively. Notice that § arises in (1.1) and (1.3) as multiplicative constant in
the straight-forward inequality. Another S-finite covering appears in §8. We shall
also need ‘local’ coverings associated with elements. Let W be a S-finite covering
of T. A family of local coverings from W for T is given by a map that associates
a subset Ax of W with each element K € T such that

e for every K € T, there is a subdomain w € A such that w D K,

e the cardinality of the subsets Ak is bounded independently of K € T,

e the number of elements with Ax > w is bounded independently of w € W.

The numbers
= # d ) = # K ; : w

will be called, respectively, the maximal cardinality and the overlapping index of
{Ak}tker- U W = {K}ke7, then, for each element K € T, the subdomains
Ax ={K' € T : KN K’ # ()} cover the patch around K. This family appears in
the proof of (1.1).

The space

S:=80T)={vel®Q): VK c T, vePy(K)}
consists of all continuous functions that are piecewise polynomial over 7. Given a
set w C §2, we indicate its restriction with
S|y :={veC®w):IWesS, i, =uv}
In particular, for any element K € T, it holds S|k = P¢(K) and, for any F € &g,
we have S|, (p) = {v € CO(wr(E)): VK € T with K C wr(E), v € Py(K)}.
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We denote by {6, }.ca the nodal basis, for which each ¢, is uniquely determined
by
p.€8S and  VyeN ¢.(y) =0y
Given an element K € T, the L?(K)-dual basis functions {1X},c s, are such that,
for every z € N, it holds

VK ePy(K) and  VyeNg / VG, =06,y
K

We thus have, for every p € Py(K) and for every z € N,
(31) o) = [ ok
K

We also recall some basic scaling properties of different norms of ¢, and ¥X.
We denote by K := conv{0,ey,...,eq} the reference d-simplex, by h = diam(K)
the diameter of K, by {¢:}, {1:} respectively the basis and dual basis functions
on K. For every element K € T, there exists an affine transformation F : R — R¢
with F(K) = K. Given also z € N, there are different choices for 2 = F~1(z2).
While ||¢:| #r is independent of this choice, ||V(£z||K does depend on it. In order
to have a unique value for the latter, we take F' such that Z has a minimal sum
of its coordinates. Since 1/32 = (det B)yX o F, where B is the non-singular matrix
associated to F, the transformation rule and the proof of [9, Theorems 15.1 and
15.2] imply

|K‘1/2 R |K|1/2 .
(3~2) ||¢z||1{ = rﬂl/z ||¢2HK’ waHK = |K|1/2 ||7/’2||f(7
H|K|1/2 R
3.3 \% < ————||Vos| »,
(33) IVl < e 19l

where pg denotes the maximum diameter of a ball inscribed in K. These inequal-
ities are related to the following quantities, which describe properties of the mesh
entering our results. Denoting by w7 (K) the set of the elements KeT touching
an element K € T, we define

K|/ hig
(3.4) [ = max _max —= and o7 := max _max —&.
KeT Kear(K) |K|'/2 KeT Keor(K) PK
The quantity 7 measures the local quasi-uniformity of 7 in terms of element
volumes, while o7 is related to the element shapes and the local quasi-uniformity
in terms of the element diameters: in fact, it is bounded by maxxe7 hi /pK, which
is small for isotropic meshes, and a counterpart of py for element diameters.

4. LOCALIZATION AND INTERPOLATION

In this section we reduce the problem of localizing the global best error to the
problem of defining a global quasi-interpolation operator that is locally near best.
Roughly speaking, the latter means that the difference between the interpolant and
a local best approximation is bounded, up to a constant, by a finite sum of local
best errors. The results of this section are used in §5 and §8.

Let |||]||o be a norm on H'(§) such that its square is set-additive. Then it holds
113 = > gerll-ll%. Moreover let W be a S-finite covering such that [||-|[|,, is
well-defined for all w € W. For every subdomain w € W, let Q,, : H*(w) — S|, be
the local operator which maps a function to its corresponding best approximation
in S|, with respect to [||-||l.. We thus have, for all w € W and every u € H'(w),

4.1 — Quullo = inf [Ju— V]|
(4.1) e = Quulll = inf fllu = Vi
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Definition 4.1 (Local near best interpolation). An interpolation operator II is
near best with respect to W 3 w +— ||||||, if there exist a family {Ax } ke of local
coverings from W and a constant Cj,; > 0 such that, for every K € T and z € N,

(4.2) > 1Quu(z) = Tu(2)| [¢:lllx < Cine > e — Quortt]|u
zENK w' €Ak
with some w € Ag such that w D K.

Local near best interpolation entails global near best interpolation. This reveals
the proof of the following proposition.

Proposition 4.2 (Localization by interpolation). Let W be a SB-finite covering of
T. If there exists an interpolation operator into S that is near best with respect to
W 3w ||lle, then, for every u € HY(Q),

1/2
. . 2 .
(43) ggm—uascm<§%&guw—vug < BCioc influ — o]l

where the constant Cloe = (/araz(l + Cing) of localization is determined by the
quantities appearing in Definition 4.1; oy and oo are, respectively, the maximal
cardinality and the overlapping index of the family of local coverings therein.

Proof. Let 11 : HY(Q) — S be an interpolation operator that is locally near best
with respect to W 3 w +— |||'|||o- Bounding the infimum on the left-hand side of
(4.3) by |||lu — Hul||q and writing the norm as a sum over elements results in

1/2
inf |||lu — < ||lu—TII = — Tul||? }
Ulgslllu vlle < [[lu — Hull|lo <lelu u|K>

KeT

Fix an element K € T and choose a subdomain w O K as in Definition 4.1. The
triangle inequality then yields

lu =Tl < {lu = Quulllx + [Ty — Quullx-

Since both Mu|gx and Q,u|k are in Py(K), we can represent them in terms of the
local nodal basis {¢.}.cn and obtain

T — Quaulllx < Y 1Quu(z) = Tu(2)| [l dl -
2ENK

Using (4.2) and inserting back up to the first inequality, we get

inf |||u — <
it Jlu—oflo < [ S

KeT

1/2

2
<1+am>§jnw—gwmmw

w EAK

2 .
As #Ax < a1 we can use (31, a;)” <nd.r, a? with n < ay. Moreover every
w € W belongs to at most g of the sets Ax and so, upon rearranging terms, we
arrive at

1/2
inf[[lu —vlllo < Varaz(l+ Ci) (Z llu — Qm) :
wew
In view of (4.1), this proves the first inequality in (4.3). To verify the second one,
take v € S, observe |||u — Quul||w < |||lu —v]||w for any subdomain w € W and recall
that every element K € T appears in at most 3 subdomains w € W. (]
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Our task is now reduced to find an operator IT that is locally near best. Since
point values are in general not defined for the norms of our interest, the definition
of II below invokes local average processes. More precisely, for nodes belonging to
several elements, we shall use dual basis functions % where K is fixed for each
such node z. This entails that ITu|x on some element K € 7 may depend also on
u|j on certain other elements K. To deal with this dislocation in a locally near
best manner, we invoke suitable paths of overlapping subdomains from W, which
will lead to the definitions of the sets Ag. The following proposition applies also
to the covering in §8, whose subdomains are in general not unions of elements of
the mesh 7.

Proposition 4.3 (Dislocation control). Let W be a B-finite covering of T and

K, K € T two elements sharing a node z € N. If there exist a finite sequence
{wj}j—1 CW and v € (0,1] such that

e w DK andanK,
o any intersection wj Nwjy1 s a simplex T containing z and there is an element
K; € T which again contains z and satisfies |T;| > v|Kj|,

then

K —1/2).5 . |IA(|1/2
‘leu(z) —/f{wbz ' <oV ||¢z||Kz; TORE ||iju—u||L2(wj).
J:

with K, = K.

Comparing with Proposition 4.2, we notice that the bound involves not best
errors but L?-errors of best approximations.

Proof. For every j =2,...,n, we add and subtract Q,,,u(z), which is well-defined
thanks to z € w;, and use the triangle inequality to get

\leuw— |RAE ]anu@)— [k

We bound the terms on the right-hand side separately. Exploiting property (3.1)
and the Cauchy-Schwarz inequality, we obtain

n—1

+Z‘ij Q“’J+1 ( )’

j=1

‘anu(z) ’/ (Quyu < 1Qunt oy [0, )
and similarly, for every j =1,. 1,
|Q“’7 Qw7+1 ’ - |/ Q"J7 QW7+1 )wT
< HQ%‘ - ij+1uHL2 T;) sz HL2(T])

= (HQ% UHL2 y T 1Qu UHLz(Tj)> 27 HL2(Tj) :

When summing the last inequality over j, the L?-norm of Qu,; u—u appears on both
T; and Tj_;. We bound both contributions by the L?-norm on w; and combine this
with the scaling property (3.2) of ¢, and |T}| > v|Kj|. Finally, for simplification,
we incorporate the term with K into the sum and obtain the claimed inequality. [

For the covering Wy = {wr(F)}Eges, appearing in (1.3), the existence of the
path in Proposition 4.3 follows from the following property of the mesh 7.



8 F. TANTARDINI, A. VEESER, AND R. VERFURTH

Definition 4.4 (Face-connectedness). A conforming simplicial mesh 7T is face-con-
nected, if for every element pair K, K € T sharing a node z € N, there exists a
pairwise disjoint finite sequence {K;}”_, C 7T such that

e k1=K and K,, = K,
e each intersection K; N K;;1 € Eq is an interelement face containing z.

The length n of the path is bounded in terms of
(4.4) = ng\)/{#{K €T K>z}

Notice that, for a fixed node z € N, there exists a finite sequence as in Definition
4.4 whenever the interior of the support of ¢, is connected. The latter is verified
if z is interior to € or if z lies on a Lipschitz boundary. Non-Lipschitz boundaries
are more subtle: it holds, e.g., on the boundary of the slit domain Q = {z € R? :
lz] < 1}\ ([0,1] x {0}), but not in the origin in case of Q = {x € R? : 21| < |x2|};
see also [23] for further discussion.

Essentially, Propositions 4.2 and 4.3 cover both (1.1) and (1.3); in fact, [23] uses
a variant of Proposition 4.3, where the intersection of subdomains are faces. The
following definition specifies the property of the covering W that is crucial for the
robustness in the first part of (1.3).

Definition 4.5 (Internal face covering). A S-finite covering W covers interelement
faces internally if for every interelement face E € £q, there exists w € W such that
its interior almost contains F, i.e. E C w and |[ENw| = |E|.

While Wt covers interelement faces internally, 7 does not. As a consequence,
the local best errors associated with Wy take into account the continuity constraint
across interelement faces, a feature that is crucial for robustness by the observations
in §2.

5. ROBUST LOCALIZATION TO PAIRS OF ELEMENTS

The purpose of this section is to prove the first part of (1.3). The reaction-
diffusion norm (1.2) has the L?-norm and the H!-seminorm as limiting cases for
e \( 0 and € oo, respectively. We consider these cases first in a unified manner
by applying Proposition 4.2 with the same covering; the associated interpolation
operators differ only in the involved local best approximations.

Throughout this section the mesh 7 is face-connected and, in view of §2, we
choose the covering Wr = {w7(E)}gee, and start with the L?-norm, which ap-
pears the more critical limiting case.

5.1. Pure reaction norm. We first introduce an interpolation operator and then
show that it is locally near best with respect to [|[llo = [l 2(,), w € Wr. For
simplicity, we write Pru for the best approximation to u in S|, () with respect
0 [|llo 2y = Il L2 (0o () -

The definition of the interpolation operator relies on a classification of the nodes.
For nodes that are interior to an element, we define the corresponding nodal value
of II with the help of a best approximation. For the other nodes that belong to
several elements or are on the boundary 0f2, we use the averaging technique of L. R.
Scott and S. Zhang [21]. More precisely,

e for every element K € T, we fix a face E = Fx € £ such that Ex C 0K and
e for every z € NN X with ¥ := Uge70K, we fix an element K, € T such that
z € 0K,.
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Given u € H'(2), we then set
Peu(z) if z € Ng with K € T,

5.1 % := uyp, with wu, =
(5:1) ;V ¢ / wpf= if e NN X
K.

Notice that in general II%u|x depends not only on u|x but also on u|z for neigh-

boring elements K.

In order to verify that II° is locally near best, we fix an element K € T, write
E := FEx for short and choose w = wy(F) in (4.2). This is an admissible choice
for w since wy(E) 2 K. Tt is also a natural choice because in this way, for every
zeN 2, we have

(5.2) |Pru(z) — T0u(z)| = 0.
Otherwise, if 2 € Ng N' Y, we exploit Proposition 4.3. Since T is face-connected,
there exists a finite sequence of faces {E; }?:1 such that the corresponding sequence
{wi oy = {wr(Ej)}j=1 C Wr satisfies

e w =wyr(F) D K and w, 2 K,

e cach intersection K := w; Nw;41 is an element of 7 containing z.
We can therefore apply Proposition 4.3 with v = 1 and get
12

K|/ [Pe,u— “ij

(5:3) [Pru(z) — TCu(z)] < 20dsll D

with K, := K,. Combining (5.2) and (5.3) with the scaling property (3.2), we
obtain

N N "OK|Y/2
> [Peuts) - ute) ol <2 3 Islgldel 2 o Pl
j=1

2€ENK 2€NsK
|K‘1/2

_max —=
Reor(K) |K|Y/?2

< Mo - Z [Pgu— “HW(E) i
Ecvyr(K)
where R R

My = Mo(l,d) =23 coe 10z Ml 02l e
the symbol &7 (K) stands for the set of the elements K € 7T touching K, and
vr(K):={E € & : ENJK # 0} are the faces in the skeleton of w7 (K). In order
to achieve a bound that is independent of K, we recall 7 from (3.4) and arrive at

(5.4) > [Peule) ~Ou)| 6:llc < prMo Y- ||Pgu—ull,, g -
zENK EE’)’T(K)

We observe that #v7(K) is bounded in terms of d and 7 from (4.4). Given E € &g,
the same holds for #{K € T : v (K) > E}. We can therefore apply Proposition
4.2 and get the following theorem.

Theorem 5.1 (Localization of best L2-error). For every u € L?(Q) it holds

1

2

gggllu—vllgécloc<z et u—vniT(E>> < (d+ 1)l inf lu —v]lg
Eegg ' © o7 ()

where the localization constant Clo. depends on the dimension d, the polynomial
degree £, pr from (3.4), and i from (4.4).

Notice that there is no explicit dependence on the shape regularity of 7 but a
dependence on the local quasi-uniformity of 7 through 7 and pr.
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5.2. Pure diffusion seminorm. The counterpart of Theorem 5.1 for the H'-
seminorm follows from (1.1). In this subsection we present an alternative approach
relying on an interpolation operator that is very close to the one in §5.1. The
obtained inequalities will turn out useful for dealing with the reaction-diffusion
norm.

Since [[V-|[, = [|V+[|12(, is only a seminorm, best approximations in S|, are only
unique up to a constant. This freedom allows to bound the L?-errors appearing
in Proposition 4.3 by local best errors in the H!-seminorm with the help of the
Poincaré inequality. We are thus led to the following local best approximation
operators: given u € H*(2) and any E € &g, let R be the best approximation to
u in S|y, () with respect to [[V-[|,, g such that

(5.5) / Reu= / u.
wr (E) wr (E)

The interpolation operator II°° is then given by (5.1) where Pg, is replaced by
RE, - Consequently, 1Y and 11> differ only in the involved local best approxima-
tions. Before embarking on the proof that II*° is locally near best, we provide the
following tailor-made Poincaré inequality.

Lemma 5.2 (Poincaré inequality for element pairs). Let w be the union of two
adjacent elements Ky, Ko sharing a face E = Ky N Ky. For every v € H(w) it

holds
b
v—— | v
|wl Jo,

where Cp < (& + d%)l/z and hy, = max{diam(K}), diam(K>)}.

< Cphy [[Voll,

Proof. Since the mean value on w is the best approximating constant with respect
to the L?-norm, we can substitute it with the mean value on the common face E:

1 / 2 1 / 2 2 1 / 2
v—— [ vl <|lv—-—= [ v|| = v—— [ v
H Wl L. @), 2 T
Thanks to the trace identity from [24, Pr0p051t10n 4.2], we may write

5.6 7/ / / @p - Vo,
(5:6) Il ] dum 4

where q; () := z — % and z; is the vertex of K; opposite to E. Moreover the
classical Poincaré inequality on convex domains, see [4, 19], implies

2

1 1
- R
K Ji " d\K-|/ WE VY

v —
K;
2
- “‘m/ d2|K|</ Vo)
< diam(K;)? [ Vol
< diam(K;) s} + ﬁ [Volly, -
Combining (5.6) and the two inequalities yields the claim. O

In order to show that II°° is locally near best with respect to ||V-||wT(E), E € &g,
we fix an element K € 7T, write E := Eg for short and, as in §5.1, we choose
w = wy(E) in (4.2). If 2 € N, we have again

(5.7) [Reu(z) — I%u(z)| = 0.
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Otherwise, if 2 € Nx N, we apply also Proposition 4.3 with v = 1 and obtain
| fql /2

1K,[72 R, u—ul,

IRpu(z) — I%u(2)| < 2[4z >
j=1

with K, = K,. Here we invoke the Poincaré inequality Lemma 5.2, which yields

oo n = |IA<|1/2
(5.8)  |Rpu(z) — I™u(z)] < 2Cp|d:)z > h”T(E”W IV(RE,u—u)|,,
j=1

with Ay, (g) = maxXger K cwy(p) diam(K). Combining (5.7) and (5.8) with (3.3)
leads to

> [Rpu(z) — T®u(2)] [|Vé: | «
2ENK
et e X B (K]
<2h Z ||¢£||R\|V¢£||RCPZW HV(REJU*U)HW(EJ-)
2€NsK j=1
|K|1/2 h

S M(x; max — j v R‘”U, —u -
Kewr(K) |K[Y? Rewr(K) PK Ee%:(K) H R )H“’T(E)

where hj := diam(K) and
My = MOO(& d) = 2\/§CP Zéeaf( ”dSZHKHVQEZHK

We thus see that the use of the Poincaré inequality compensates the scaling of
V.|, if the shape parameter o7 from (3.4) is moderate. We therefore have

Y [Rpu(z) = T™u(2)] |Vl
ZENK

< orpT Moo Z ||V(Rﬁu_u)”w7’(é)
Ecvyr(K)

(5.9)

and can apply Proposition 4.2. Apart from the dependencies listed in Theorem 5.1,
the involved constant depends in addition on o7 in (3.4).

5.3. Reaction-diffusion norm. We now turn to the main result of this section:
the robust localization of the best error in the reaction-diffusion norm. To this end,
we follow the lines of §5.1 and §5.2, combining their results. For simplicity, we write
2 2

-1l for (115 + e [IV-[I5) 2.

Here we use the following local best approximation operators: given u € H*(Q)
and E € &g, let RZu be the best approximation in S|, (g) with respect to the
norm ||-|ls, (&) Then, for every v € S|, (g), it holds

6/ Vu-Vv+/ uvze/ V’REEU-VU+/ REuwv.
wr () wr () wr () wr (E)

Testing with v = 1 yields

(5.10) / Su = / u,
wr(E) wr(E)

which shows that (5.5) is a natural choice. The interpolation operator II¢ is then
given by (5.1) where Pg, is replaced by R%,.- Thus, TI° differs from II° and II>®
only in the choice of the local best approximations. This and (5.10) entail that the
counterparts of (5.4) and (5.9) for II* and R%, hold.

In order to show that II° is locally near best in a robust manner, we again fix K €
T, write E := Ef for short and choose w = wy(F) in (4.2). Due to the equivalence
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of norms on a finite dimensional space, there exist constants cy = cny(¢,d) and
Cn = Cn(4,d) such that, for every reference node Z,

enll:llx < Vsl x < Cnlldsllz
Using (3.2) and (3.3), we derive from this

o\ 172
C% h?
(5.11) |¢z|KS<1+E % ) -1l &
PKr

on one hand and

1 K2
(5.12) ol < (14 3 25 ) P

N

on the other. Inequality (5.11) and the counterpart of (5.4) imply

> [Ryu(z) ~ ICu(:)] 16 llxc < prMoy |1+ LED I (TR

2ENK Pk Eevyr(K)

while (5.12) and the counterpart of (5.9) give

Y IRuu(z) — u(2)| lle-lx

ZENK

< prorMy Z e'/? HV Hw (B)’
! B 7
Combining the last two inequalities, we arrive at

(5.13) > IRGu(z) = u@)| [¢:llx < prMe Y IRGu—ulll,, gz

zeNK EG'YT(K)

| C%h? 1 h?
M, := min ¢ M, 1—|—5NT,MOOU7— 14— 252
Pk eeNp

satisfies lim.\ o M, = My and lim, ~oc M. = Mo1 as well as

where

Cyhh
M. < max {My, Mscor} 14 NZZK
CN P PK

Using this in Proposition 4.2 provides the main result of this section:

Theorem 5.3 (Robust localization for reaction-diffusion norm). For every e > 0
and v € H*(Q), it holds

2
vlggnm—vnmwloc(Z infJu— vuww) < (d+1)Cioe inf [Ju — vl

Beeg, V€ lwr ()

where ||-||| stands for ( -7 +e ||V-1? )1/2 and the localization constant Cioc depends
on the dimension d, the polynomial degree £, Ti from (4.4), ur and o1 from (3.4),
but not on €.

If ¢ is small with respect to mingeT p%, the localization constant Cio. can be
chosen independently of the shape parameter o .
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6. LOCAL BEST ERRORS: SINGLE ELEMENTS VERSUS PAIRS

According to §2 and §5.3, the best errors in the reaction-diffusion norm (1.2)
on single elements do not provide a robust localization, while those on pairs of
elements do. This section analyzes their difference. As side-products, we derive
the remaining part of (1.3), alternative ways to compute best errors on element
pairs, and give regularity assumptions ensuring that the global best error in the
reaction-diffusion norm is free from locking under uniform refinement.

Throughout this section w is the union of two simplices K7 and K5 with common
face E = K1 N Ks. For example, w = wr(F) with E € £q. We write h; := hg, and
pi ‘= pk, for short, ¢ = 1,2, and set

hi,h in{| K|, | K
op == 7méx{ 1,5} and hg:= min{ [, [ K[} 2|}
min{p1, p2} |E|
Moreover denote by Vg the best approximation in S|, := S%°({K;, Ko}) with
respect to the reaction-diffusion norm |||-|||, whence
6.1 —Vg||lo = inf —V|lw-
(61) llu= Vel = inf lu=V]

6.1. Jump augmentation and interpolation. If one wants to bound (6.1), one
may be tempted to replace the space S|, by the smaller one Py(w) and then to
apply the Bramble-Hilbert lemma. The resulting bound however requires regularity
across the interelement face E, like e.g. (Julf,, + €|u\§;w)1/2. The latter comes with
overestimation: in particular, if uy, € S|, then the bound is (formally) oo, while
(6.1) vanishes. This observation suggests to apply the Bramble-Hilbert lemma on
single elements. On the other hand, the best errors on single elements alone do not
provide a robust upper bound. We therefore first identify a quantity that fills the
gap between (6.1) and the best errors on K; and K.

Lemma 6.1 (Jump augmentation). Let Cp > 0 be a constant and u € H'(w). If
P, € Py(K;) satisfies the Poincaré inequality

(6.2) lu=Pill, < CrhiIV(u=Pllg,, =12
then it holds
2
1/2
lu = Vell. < C (hE/ 1Py = Poll g+ D lllu— Pz’||K1-> ,
i=1

where C' depends on Cp, ¢, d, o, but is independent of .
Proof. We may assume | K| > |K;| without loss of generality. Define V € S|, by

~ Pl(Z) A NKl\E with 7 € {1,2},

V(z):=

Py(z) ze€Ng.
Thanks to (6.1) we have [|u — Vg||o < ||lu — V|]lo. Observing
llw = Villx, = llv = Palllk, and |lu—= Vg, <lllu—Pillx, + P = Vllx,,

we are left with establishing a suitable bound for [||[Py — V||k,. To this end, we

proceed similarly to §5.3. We expand P; — V' with respect to the nodal basis on K3
and obtain

(6.3) 1P = Vi, < Sieny 1P1(2) = Pa(2)| 621,
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because |P;(z) — V(z)| = 0 for every z € N\ For the shared nodes z € Ng, we
have
60 1P -REI< [ (AR < 2
. z) — Pa(z -
1 2l = | I = PP = pa

by (3.2). Taking also (5.11) into account, the last two inequalities imply

~ 02
P = Vil < Y 1P1(z) = Pa2)y 1+ ||<z5z||;<1
2€ENE

1P1 = Pl g [z

(6.5)
l+e O h hil* P — Pl
with .
o = 'I]f;"li? 5 el el

2¢E
To derive an alternative bound when € is big, we first observe that the trace

identity (5.6) and the Poincaré inequalities (6.2) yield

hi|E|

| K|

(6.6) lu— P2 < Cp <0p+ ) IVu—-P)|%,, i=1.2

Using this in (6.4) gives

|P1<z>—P2<z>|s¢ (cr+3 )|E|||wz||EZ|K1/2||v Pl

which together with (6.3), (5.12) and (3.3) implies

~ 1 A2
P = Vi, < Y [Pr(2) = Pa(2) |y [ 1+ 2 -5 2|V, k,
2€NE Np

Z Mz vt — Py,

(6.7)

<m
= o €CNp

where

E
Moo = e (i £.d) = \/c ()i 'thwanszuK

Combining (6.5) and (6.7) yields

2
D 1/2
1P = Pllx, <C (h‘E/ 1Py = Pall g+ llu — Pilf@-)

i=1
with
Cn hh
C = max{mg, meop i/ 1+ N
V' v
and thus establishes the claimed inequality. O

Next, we check that the jump term in the upper bound in Lemma 6.1 does not
overestimate, if we choose P; € Py(K;) as the best approximations to u with respect
to the reaction-diffusion norm |||-|||, that is

(6.8) llu =

£ fu-

K, = In 1=1,2.
PE]PZ(K'L)
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This leads to the following characterization of the best error on a pair by the
best approximation on its single elements. Notice also that this characterization
is less costly to compute, although still some communication between elements is
necessary.

Theorem 6.2 (Sharp jump augmentation). For any u € H'(w), it holds

2 3
2
lu = Vel ~ (hE 1Py = Poll + Y llu — Pill?g)

i=1
whenever P; are given by (6.8). The hidden constants depend on d, ¢, o, but are
independent of €.

Proof. We start by bounding |[|u — Vg|||, from above. The choice (6.8) implies
J x, b= / K, W see (5.10). Therefore the classical Poincaré inequality on convex
domains, see [4, 19], ensures that (6.2) holds with Cp < % and Lemma 6.1 yields
the desired bound.

In order to bound |[||u — Vgl||. from below, we first observe

2 2
(6.9) D ol — PilliE, < llw = Vellk, = lllu—Vell2
i=1 i=1

using (6.8). Therefore the critical term is the jump term. To bound it, we first add
and subtract Vg and use the triangle inequality:

(6.10) [P = Palp <[P —Velg+ 1P~ Velg-

Since P; and Vg are both polynomials on E, we write their expansion with respect
to the nodal basis on E. Every z € N is also a node of K; and so we can use (3.1)
on K;. Using also the Cauchy-Schwarz inequality and the scaling properties (3.2),
we derive the following explicit inverse inequality:

B2 IP = Vil < B> S /K (P Vel 162

ZENE
|K1|1/2 . . . ‘K|1/2 |E‘1/2

ZENE
<mo||P; — Vellg, ,

where we have assumed |Ks| > |K;| without loss of generality and

o |K|/2 A R
o = ol d) = > ez 5
Z€eE
Inserting u and recalling (6.8), we get
(6.11) hig* |1Pi = Vil < 2ol — V|l .

Combining (6.9), (6.10) and (6.11), we conclude

2
2 ~
he |Pr = Pall + )l — Pill%, < (1+8mp) [llu — VElIZ,
i=1

where the constant depends only on ¢ and d. O

Theorem 6.2 shows that best approximations on elements augmented with in-
terelement jumps provide also a robust localization. As a consequence, the non-
robustness in §2 is caused by the absence of these jump terms. This fact is illustrated
by the following corollary for the limiting case ¢ = 0.
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Corollary 6.3 (Sharp jump augmentation for L?). Let u € L?(w) and denote by
Vi, P; the best approzimations to u in S|, and Pe(K;), respectively with respect to
the L?-norm. Then

2 2
lu = V||, = (hE 1Py = Pallf + D llu — Pi@(i) :

i=1
where the hidden constants depend on ¢ and d, but are independent of op.

Proof. Consider only the L?-part of the reaction-diffusion norm in the proof of
Theorem 6.2. (]

Corollary 6.3 is of interest in the analysis of the L?-error of discontinuous Galerkin
(DG) methods.

Remark 6.4 (Jump penalization in DG methods). In the light of §2, the space
SETHT) i={w e L®(Q): VK € T, v e Py(K)}

of possibly discontinuous piecewise polynomial functions offers advantages over
S%0(T) in particular when approximating in the L2-norm. This suggests to use
DG methods based upon subspaces of S“~1(7) in such cases. Yet, DG methods
have to be stabilized by penalizing jumps over interelement faces. More precisely,
the stability estimate usually involves terms of the form dg ||[v]||2E, where [v] de-
notes the jump of v € S4~1(T) across E € &, and Jg is a suitable scaling factor.
Theorem 5.1 and Corollary 6.3 reveal that such DG method does not exploit the
aforementioned advantages of S“~1(T) over S“°(T) whenever 6 > hp.

The function V in the proof of Lemma 6.1 with the polynomials (6.8) is an
example of a robust near best approximation in S|, with respect to |||-|||l,. The
best approximating polynomials (6.8) require in general the solution of two linear
systems. Using suitable Scott-Zhang interpolation, we can obtain such robust near
best approximations that are explicit and therefore easier to compute. To this end,
for any node z € N, we fix a simplex KZ such that z € KF C w holds. With
these choices, we define Ilgu € S|, by

(6.12) VzeN,  Hpu(?) :=/ uyy,
KP

where ¥F stand for the dual basis functions of the simplex KZ corresponding to 2.

Lemma 6.5 (Local robust near best interpolation). The local interpolation operator
Il given by (6.12) is a robust near best approzimation in S|, with respect to the
reaction-diffusion norm |||-|||.: for any u € H'(w), it holds

lu = Mgulll, < Cllu = Vel
where C' depends on d, ¢, og, but is independent of ¢.

Proof. The claim follows essentially from the arguments in the proof of Theorem 5.3,
because the definition of (6.12) is quite close to the definitions of 1I¢ in §5. In fact,
considering {K7, K2} as a mesh for w, both (5.1) and (6.12) use the Scott-Zhang
approach for the nodes on the skeleton of w. For the remaining nodes, II¢ invokes
local best approximations, while (6.12) uses again the Scott-Zhang approach, where
here we have even z € K E_ Consequently, property (5.2) is not given but can be
replaced by arguments that are similar to the ones for skeleton nodes, yet are
simpler because there is no dislocation. O
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It is worth observing that II¢ itself does not depend on e and therefore I1¢u is a
simultaneous near best approximation with respect to |||-|||, for all € > 0. Similarly,
the appropriately defined Scott-Zhang interpolation operator is a simultaneous near
best approximation with respect to |||-|||q for all € > 0. This however comes at the
price of a relationship with the global best error inf,cgl|||u — v|||q that is less close
than the one in Theorem 5.3: indeed, since (5.2) does not hold, the constant in the
upper bound is expected to be larger, and the constant in the lower bound does
not depend only on d.

6.2. Trace augmentation. In order to bound the right-hand side of Theorem 6.2,
one may add and subtract the trace of u in the jump term and apply the triangle
inequality. This simple idea leads to the following proposition, which establishes
the second part of (1.3), uses only best errors on single elements and avoids any
communication between the elements.

Proposition 6.6 (Trace augmentation). For any u € H'(w), it holds

1/2
2 |Ki| 2
- P .
K, T 0K, [|u ||3K,;>

2
= Vallo <€ inf Qm—m
=1

PePy(K;)
where the constant C' depends on £, d, o, but is independent of €.

Proof. Let P;, i = 1,2, be the best approximations associated with the two infima
in the claimed bound. It suffices to verify that they satisfy (6.2). In fact, inserting
u in the jump term of Lemma 6.1 yields the claim. Fix i € {1,2} and write K := K
and v := u — P; for short. Similarly as (5.10), we obtain

/v—i—ﬂ v=20
x  |0K| Jox

from the optimality of P;. Hence we can write

i ol (e Lo )
V— 77 v — | T/ v — v .
TN PR TS RN

Adding the trace identity, cf. (5.6), for every face of K in a suitable weighted
manner, we obtain a vector field gx such that

ot Lo~ =1,
—_— v — v - Vv
0K Jor '~ Ji e

Consequently the classical Poincaré inequality on convex domains, see [4, 19], shows

that (6.2) holds with Cp < (% + ﬁ)l/% -

2
ol =

h
< 7|K|1/2 [Vl g -

The key difference between the right-hand sides in Theorem 6.2 and Proposition
6.6 is that the latter is only defined in the limiting case ¢ = 0, if u has a trace on 0K,
that is, if u has at least 1/2-derivative in that u is an element of the Besov space
Bi/Q (LQ(K)); see, e.g., L. R. Scott [20]. As a consequence, the opposite inequality
of Proposition 6.6 cannot be robust. To see this, consider a family {u. }.~0 C H'(K)
of functions such that ||u6|\§( +e ||Vu€||§< =1 and ||uc — ugl/, — 0 as e \, 0, where
up € L2(K)\ Bi/2 (L?*(K)). Then, as ¢ \, 0, the right-hand side in Proposition 6.6
becomes oo, while its left-hand side remains bounded. If K = [0, 1] the functions
ue in §2 are an example for such a sequence.

In spite of this non-robustness for low regularity, the inequality in Proposition
6.6 is interesting in its own right. Let us illustrate this by a connection to Galerkin
approximations in S%°(7") and three applications.

The bound in Proposition 6.6 is closely related to quasi-optimality properties
of the Galerkin approximation U in S5°(7) := S“0(T) N HE(2) to the solution of



18 F. TANTARDINI, A. VEESER, AND R. VERFURTH

—Au = finQ, u = 0on 9. In the one-dimensional case, I. Babuska and J. Osborn
[1, (6.5)] have shown that, while the Galerkin approximation U is not quasi-optimal
with respect to the plain L?(2)-norm, it is so for the augmented L?(£2)-norm

1/2
(6.13) loll 2y = <v||é+ S he ||v|%> -

Ec&q

Multidimensional generalizations follow from I. Babuska et al. [2] and K. Eriksson
and C. Johnson [13, Lemma 8.1], which however assume (weak) quasi-uniformity
of the mesh T and convexity of the domain 2. Remarkably, the global best error in
this norm is equivalent to the sum of the bounding local best errors in Proposition
6.6 in the case of ¢ = 0:

. 2 : K 2
11€§?£(T) ||’LL N U”Lz(T) ~ I;TPE%?(‘K) (Hu B PHK + |8I(|| H a PHaK) .

In fact, the ’<’-direction is straight-forward, while the other one can be shown with
the help of Theorem 5.1 and Proposition 6.6. Thus, the aforementioned difference
between Theorem 6.2 and Proposition 6.6 describes, in a local manner, what the
Galerkin approximation U lacks to be quasi-optimal in L?().

Next, we use Proposition 6.6 to show that the scaling e~/4 of non-robustness
in §2 is the worst possible one. To this end, we replace v by |v|? in (5.6) and apply
the Cauchy-Schwarz inequality to obtain

K]
(6.14) vl + OK] loll5 < 2lloll% + hK [0l & [Vl -

Combining this with

2 2 —
2|[oll 1Yol < —= IIollx + VEIVOlR < e V2 loli%,

€
NG

we get

. K| 2 1hg
f — P||? K] -P 24 -2 -P
patth (IIIu % + O] [|w |6K> < ( + NG Pt (K)\Hu %

which proves the third part of (1.3). Observe that the powers of ¢ here and in the
example of §2 coincide. Consequently, the power of ¢ here cannot be improved and
the example in §2 is a worst case.

Next, we illustrate how Proposition 6.6 can be combined with the Bramble-
Hilbert Lemma on single elements to derive an error bound in terms of piecewise
regularity. To this end, for any element K € T, denote by Px € P; the polynomial

given by
Vja| <1 / 0% Pk :/ 0%u.
K K

Thanks to (6.14), the Poincaré inequality [4, 19], and the fact that the mean value
is the best constant with respect to the L?(K)-norm, this polynomial verifies

AT 2
llw = Prcllfie + 77 OK] lu = Prellox
ZhK
< 2w = Pl + = lu = Pl ¢ IV (u = Pl ¢

2 /1 1
<2(z+3) <|u|iK el ) W

s m
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Hence Theorem 5.3 and Proposition 6.6 yield the error bound
1/2

(6.15) inf lu— vl < C | Y Wi (|uffx +elulfx)
KeT

in terms of weighted broken Sobolev norms. Observe that the right-hand side of
(6.15) vanishes whenever its left-hand sides vanishes. It is also worth mentioning
that (6.15) does not follow by means of known error bounds for Lagrange, Clément
[10] or Scott-Zhang [21] interpolation.

Finally, we discuss with the help of (6.15) robustness properties of S%°. In
particular we shall show that, under suitable regularity assumptions with respect
to e, uniform refinement yields locking-free global best errors in S%° in the sense of
[3, Definition 2.1]. Motivated by (6.15) as well as regularity theorems for reaction-
diffusion boundary value problems, we consider a family of functions {uc}eso C
H?2(£) such that

(6.16) |uelf 0 +eluclsn < 1.
Applying (6.15) then yields
inf f[lue —vlle < CHT)™ V!

with C independent of € for any mesh of a quasi-uniform and shape-regular family.
Combining this uniform error bound as in [3] with n-width results for ¢ = 1, we
get that inf,cg||ue — v|||q is free from locking under (6.16). We may replace the
latter, which requires one additional derivative in a e-uniform manner, by a variant
assuming s € [1/2, £+41] additional derivatives, where in the borderline case s = 1/2
one uses the seminorm of the Besov space B, /2 (L?(£2)) instead of the fractional
Sobolev seminorm. Then a similar, but more technical argument with a sharp
trace theorem and Taylor polynomials averaged on maximal balls of elements as in
[12] ensures a robust error bound with (#7)~*/¢. On the other hand, §2 implies
that the global best errors of S*° under uniform refinement show locking whenever
s<1/2.

7. ROBUST LOCALIZATION WITH DIRICHLET BOUNDARY CONDITIONS

In this section we briefly discuss the modifications of our results if the boundary
values of the target function are imposed on the approximants. This is of interest,
for example, when conforming finite element methods are applied to the homoge-
neous Dirichlet problem of the reaction-diffusion equation. For simplicity, we con-
sider target functions in H}(€) approximated by elements from Sy := S5°(T) :=
SEO(T) N HE(Q).

Considering u.(z) = min{1,e~/2dist(z,Q)}, 2 € Q, as in §2 reveals the fol-
lowing: if any local best error on a subdomain w with positive (d — 1)-dimensional
Hausdorff measure [0wNo$2| > 0 does not take the boundary condition into account,
robustness cannot hold. This suggests the following modification of the setting for,
e.g., Theorem 5.3. We associate to every E € £q the local space

So0lw if £ €&y,
(7.1) Sy 1= 4 Solor(m) 7o
Slwr(m)  otherwise,

where &y = {E' € £ : wy(E’) has a face on 9Q}. Notice that we have Sg #
Solw, () if and only if wr(£) N O is not empty but does not contain a (d — 1)-
dimensional face. This however, at least, does not create a problem for the second
inequality in Theorem 5.3 since Sg 2 Solu, (E)-
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The interpolation operator II§ now has to vanish on the domain boundary 052
To this end, the elegant approach of averaging on boundary faces in [21], which has
been adopted in [23], cannot be applied because the use of traces does not allow for
(5.3) and so for robustness. We therefore use the original approach of suppressing
the boundary nodes in P. Clément [10] and set

IM§u := Z Uy Py

2€Nq

with u, as is (5.1), where Pg, u is replaced by the best approximation Rf g, u in
Swr(Ex) t0 u with respect to the reaction-diffusion norm. Consequently, II° and
II§ differ only at boundary nodes and at nodes invoking a face in &s.

Nevertheless the counterpart of (5.4) holds. To see this, consider K € T such
that K N 0N is non-empty and notice that only the boundary nodes z € Nx N 9N
are critical. If K has a face on the boundary 952, then the same holds for wr(Fk)
and so we have u, = 0 = R§ g, u(2) for all boundary nodes z € N N 9Q. If the
intersection K' MO is only a k-face with k < d—1, we can find a path {wr(E;)}}_,
of pairs such that wy(E;) 2 K and wr(FE,) has a face on 992. Hence we can bound
IRE e w(2)| = IRG g u(2) — RG g, u(2)] as in the proof of Proposition 4.3 for all
boundary nodes z € Ny N 9.

Inequality (5.9) hinges on a Poincaré-type inequality on pairs. If E' € £y, then
(5.10) may not be correct and the counterpart of (5.9) is built on the following
Friedrichs’ inequality, which is a tailor-made variant of Lemma 5.1 in [24].

Lemma 7.1 (Friedrichs inequality on element pairs). Let w be the union of two
adjacent elements Ky, Ko sharing a face E = K1 N Ky. Moreover let Ey be a face
of K1. For every v € H*(w) with on v =0, it holds

[oll, < Crhy Vo, ,

where h,, = max{diam(K),diam(K2)} and Cr depends on d and the shape pa-
rameter of { Ky, Ks}.

Proof. Adding and subtracting the mean value over the common face E, we obtain

U_L/v L/v
El /B [El /e

We treat the first term on the right-hand side as in the proof of Lemma 5.2. For
the second term, we use twice the trace identity (5.6) to get

1 1
E|/Ev_d|K1 Kl(ZEo—ZE)-Vv,

where zg, and zg are the vertices opposite to Ey and E, respectively. Hence

+ ‘w|1/2

w

[o]l,, <

1 lzE, — 26| [V
12| L < (K 12 |k 1/2) 0 K
vl wmév, K112 + || s
diam(K7) |K2\1/2|2E — zg|
< ( T e ) 19,
Since
|Ky|'?| 2, — 25 < |E|"/2diam(K3)"?|z25, — 25| _ |28, — 28]"?
| Ky |1/2 - |E|Y/2dist(zg, E)/2 = dist(zg, E)1/2

we conclude

1 g — 2p|1/2?
||vw3(Cp++ 25, — 22|

d W) he Vol - O

We thus obtain the following variant of Theorem 5.3.
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Theorem 7.2 (Robust localization with boundary condition). Using (7.1), it holds

2
inf —vller | > inf [Ju— V|2
vefsrim'”“ ol ( Al IIIME))

FEe&q

for every u € HY(Q). The hidden constants have the same dependencies as the
corresponding constants in Theorem 5.3.

8. ROBUST LOCALIZATION FOR TREE APPROXIMATION

Adaptive tree approximation is a form of nonlinear approximation due to P. Binev
and R. DeVore [8]. In this section we give a variant of the localization in Theo-
rem 5.3 that is useful for tree approximation in the reaction-diffusion norm. The
robustness of the localization ensures robust performance of tree approximation.

The need and manner of modifying Theorem 5.3 arises from assumptions in tree
approximation and properties of the employed adaptive refinement technique. We
therefore start by recalling them, in a form suitable for our purposes. In what
follows, we consider only d > 2, because the case d = 1 is of different nature.

8.1. Bisection and tree approximation. We adopt bisection of simplices to
produce adaptively refined meshes. This technique was introduced by W. Mitchell
[16], I. Kossaczky [14], and J. M. Maubach [15]. Roughly speaking, it subdivides
a simplex into two of equal volume by bisecting an assigned edge, the refinement
edge. This leads to a tree structure and, by suitably assigning the refinement edge
of successive bisections, one can produce conforming meshes with bounded shape
parameter. This is important for our purposes, because both conformity and bound-
edness of the shape parameter are exploited for the localization in Theorem 5.3.

Bisection for d = 2 is less technical than for d > 3. We therefore recall these two
cases separately so that a reader who is interested only in d = 2 can skip the parts
for d > 3. For proofs, we refer to the articles by Binev et al. [7] and by Stevenson
[22] or the accounts [17, 18].

In the case d = 2, the refinement edge can be assigned via a labeling of the edges.
Given a triangle with edge labeling (1,141, 14 1), its bisection connects the midpoint
of the edge labeled [ with the opposite vertex. This produces two new triangles and
the three new edges containing the midpoint obtain the label [ + 2. The refinement
edge of a triangle is thus the one with the lowest label. The procedure is started
from a conforming initial mesh Ty by assigning to every triangle an edge labeling
(0,1, 1) such that

(8.1) the labels of an edge shared by two triangles coincide.

Such a labeling always exists. In conforming refinements of 7y, the labels of an
edge shared by two triangles continue to coincide.

In the case d > 3, the refinement edge is assigned with the help of an ordering of
the vertices and an additional type. If K = (ao,...,aq): denotes a tagged simplex
with ordered vertices ag,...,aq € R? and type t € {0,...,d — 1}, its bisection
generates a new vertex @ := 3(ag + aq) and the two children

(8.2) (ao,@,a1,...,0d-1)(t41) modd> (Ad,@, A1, Q1 Ad—1, -+ At 11)(t41) mod d-

The refinement edge of K is thus [ag, agq]. Notice that K and its so-called reflection
Kr = (ag,a1,...,a4,a4-1,...,0t+1,a0)r have the same children. Putting d = 2
in (8.2), the type gets superfluous and we get the aforementioned subdivision rule
for d = 2. Assumption (8.1) generalizes to the so-called matching condition. To
formulate it, we need the following three notions about neighboring simplices:

e Two simplices are neighbors whenever their intersection is a common face.
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e Two tagged simplices K and K’ are called reflected neighbors whenever they
are neighbors and the ordered sequence of vertices of K or its reflection Kg
coincides with that of K’ for all but one position.

e Two neighbors K and K’ match if the following holds: if one of the refinement
edges is included in the common face, then K and K’ are reflected neighbors,
otherwise the pair of their neighboring children are reflected neighbors.

The matching condition for the conforming initial mesh 7y then reads as follows:
(8.3) all simplices of Ty have the same type and all its neighbors are matching.

This can be always met by replacing 7y with a certain refinement of itself.

For general d > 2, assume that 7j is a conforming mesh of  verifying (8.1) or
(8.3). Then bisection generates a so-called master tree Bo,. This is the forest of
infinite binary trees, the roots of which correspond to elements of the initial mesh
and each element is connected with its children, which in turn are connected to
their children etc. An element K’ € B, is a descendant of K € B,, whenever
K’ C K. The simplices in By, form a shape-regular family.

We say that B is a finite subtree of B, and write B € B whenever #B < oo,
B C By, and, for every element in B that has a descendant in B, both children
are in B. The symbol £(B) stands for the set of leaves, i.e. the elements without
children, of a subtree B. The leaves £(B) form a mesh of some subset of 2, which
in general is not conforming. We set By := {B € B | B D 7o} and let B° denote the
subfamily of the trees in B whose leaves form a conforming mesh. Then

T:={L(B): BeBy} and T°:={L(B):B e BynB}

collect all (conforming, for T¢) meshes of © that can be produced with bisection
from the initial mesh 7g.

Given a subtree B € B, we denote by complete(B) the smallest subtree in B¢
containing B. Noteworthy, a single bisection applied to a tree in B¢ may require
an arbitrary number of additional bisections to re-establish conformity. If the roots
of B form a conforming mesh R(B) satisfying (8.1) or (8.3) in place of Ty, then
complete(B) can be constructed by means of a recursive procedure and it holds

(8.4) N( complete(B)) < CeontN(B),

where N(B) := #(B\ L(B)) stands for the number of bisections and Ceons depends
only on d and R(B). If B is single rooted, i.e. #R(B) = 1, then (8.1) or (8.3) is
verified and C,on¢ depends only on d.

In adaptive tree approximation, one assumes that the error associated with a
conforming mesh 7 € T€ is given in terms of so-called local error functionals, i.e.

(8.5) E(T):= Y e(K),
KeT

where e(K) > 0 is a positive real number for any element K € B,. Roughly
speaking, the goal is to construct conforming meshes with an almost optimal balance
of error E and cost. Since the cost is bounded from below by the number #7 of
mesh elements, the best global errors

(8.6) E,:=min{E(T):T €T #T <n}

set benchmarks. An algorithm constructs near best conforming meshes if there
exist constants C; > 1 and ¢z € (0, 1] such that any output mesh 7, satisfies

(8.7) E(T.) < C1E, whenever n < co#T..

The number of competing meshes in (8.6) grows exponentially with the budget n
of mesh elements. Nevertheless, one can construct near best meshes at essentially
linear cost, if one assumes a property of the local error functionals in (8.5) that is
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called subadditivity. Here we shall need the following variant: the error functional
e is weakly subadditive on conforming leaves if there exists a constant Cy > 1 such
that

(8.8) Z e(K) < Coe(K*) whenever B € B® has the single root K*.
KeL(B)

In other words: a possible growth of the error under conforming refinement is

limited irrespective of the refinement depth.

In light of the piecewise structure in (8.5), one may try to construct near best
meshes by applying a greedy strategy on the local error functionals. Counterexam-
ples however show that this can fail. A remedy is to apply the greedy strategy not
to the local error functionals but to modified ones that take the refinement history
into account. The following recursive definition is due to P. Binev [5]:

e(K) it K € 7o,
n(K) = m if e(K) +n(K*) >0,
0 otherwise,

where K* stands for the parent of a non-root element K ¢ 7Ty. Furthermore, for
notational convenience, we define E(B) also for all trees B € By, using £(B) in
place of T on the left hand side of (8.5). The variant of tree approximation that is
suitable for our purposes then reads as follows:

TreeApprox

Require: a tolerance tol > 0

Ensure: a conforming mesh 7, € T° with E(7) < tol

: Byp:="Tp,i:=0

while E(B;) > tol/Cj do
choose some leaf K; € £(B;) that maximizes 7 in £(B;)
produce a new tree B;y1 € By by bisecting K;
increment ¢

end while

: Tx = L(complete(B;))

N TRy

The number of operations and evaluations of e is O(#7T log #7); for a modification
of the algorithm with O(#T7), see [8, Remark 5.3]. In any case, this is asymptoti-
cally much smaller than the number of competing subtrees in (8.6).

Theorem 8.1 (Near best conforming meshes). If the error functional e is weakly
subadditive on conforming leaves, then the algorithm TreeApprox produces near best
conforming meshes. The involved constants depend only on the dimension d, the
initial mesh Ty, and Cy in (8.8).

Proof. If (8.8) were without the restriction to conforming leaves, then the claim
would follow from the arguments establishing [6, Theorem 2.1]. Using an idea of
P. Binev exploiting (8.4), one can allow for the restriction to conforming leaves at
the cost of bigger constants. Details, which have been checked by the authors, will
be found in an up-coming version of [6]. O

8.2. Minimal pairs and local error functionals. In order to exploit the al-
gorithm TreeApprox and Theorem 8.1 for approximation in the reaction-diffusion
norm, we need to find an error functional e such that

e for any conforming refinement 7 € T¢ of 7y, the best reaction-diffusion norm
error in SO(T) is equivalent to the global error E(7T) from (8.5),
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FIGURE 1. (Two-dimensional minimal pairs) Top row: different
element pairs of an edge F (bold line); the labeling of the edges is
such that E has label 0 and the refinement edge of a triangle has
the lowest label. Bottom row: corresponding minimal pairs (gray)
with virtual refinements (dashed lines).

e ¢ is weakly subadditive, at least on conforming leaves; compare with (8.8).

In view of Theorem 5.3, one may be tempted to define a local error functional e(K)
by simply collecting the local best errors on the pairs associated with the faces of
K. An element K € B, however typically belongs to various triangulations and
therefore e(K) would not be well-defined. We therefore mimic the idea of ‘minimal
ring’ in P. Binev et al. [7] and introduce the following variant of wr(E): given a
face E € E(K) of any simplex K € By, we define

wi(E):= (]  wr(B).

TET<:E€E(T)

If F is an interelement face of some mesh 7 € T¢, then w,(F) is the union of two
elements K| and K that belong to some virtual refinement of 7 and are such that
K{ N K, = E. Figure 1 illustrates the ‘generic’ minimal pairs in the case d = 2.
The following observations ensure in particular that the minimal pairs still cover
interelement faces internally.

Remark 8.2 (Properties of w,). For any conforming mesh 7 € T¢, there hold:

(i) Let K € T and E € £(K). Then K C w,(F) if and only if the refinement edge
of K is contained in the face E.

(ii) Let E € E(T). For every K € T with K C wy(FE), the set w,(F) N K is an
element of T or of some virtual refinement of 7 so that |w.(E) N K| > |K|/2.
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(iii) For any K € T, there exists E € £(T) such that w,(E) D K. Moreover it is
possible to take E € Eq(T) if and only if there exists a face E of K such that
E ¢ 99 and E contains the refinement edge of K.

(iv) The family W, := {w.(E)}gee is a d-finite covering of T and covers interele-
ment faces internally (see Definition 4.5).

Proof. We start with (i). Since E C 0K, we have K C w(F). Denoting by er the
refinement edge of K, we consider the two cases e C F and er € E separately. In
the first case, if K is bisected, E is also bisected and therefore E cannot be a face
of any conforming refinement 7' € T¢ of 7. Hence K C w,(F). Next, consider the
second case eg € E. If K is bisected, one of its children K’ still contains F and its
refinement edge is contained in E. Consequently K’ C w,(F) and K’ C K entails
K ¢ w,(E).

In order to verify (ii), we note from the proof of (i) that either w,(E)NK = K
or we(E)NK = K', where K’ is a child of K. Since bisection yields |K'| = |K|/2,
we have also |w.(E) N K| > |K|/2.

Finally, taking a face which contains the refinement edge of K and applying (i)
shows (iii), which then together with (i) implies (iv). O

Using minimal pairs, we define the following local error functional in connection
with the reaction-diffusion norm:

(8.9) e(K):= > inf [lu=VI2, g  KE€Bu.
EEE(K) wx (B)

This indeed depends only on K because each w,(E) depends only on E and the
tagged simplices of the initial mesh 7y. Let us first verify that these error functionals
have the desired subadditivity (8.8).

Proposition 8.3 (Weak subadditivity on conforming leaves). Let B € B be a finite
subtree with single root K and assume that its leaves form a conforming mesh of
K. Then the functional e in (8.9) satisfies

> e(E') <2de(K).

K'eL(B)

Proof. For every face E of K, denote by Vg the best approximation in S|, g) to
u with respect to the [[|-[||,,, (z)-norm. For every face E’ of some leave K’ € L(B),
there exists E C K such that w,(E’) C w,(E) and so

lu = Vellw. ) < llw = Vel @)-

Notice that a given point in w,(FE) is contained in at most d pairs w,(E’) with
E' € £(L(B)). Hence we obtain

S o)<z S -Vl <20 Y - Vel e

K'eL(B) E'€&(L(B)) Eec&(K)
= 2d e(K). O

It is worth mentioning that, in view of the overlapping of the local error func-
tionals, Cy cannot be 1 as for the error functionals arising from (1.1). Moreover,
for trees with non-conforming leaves, Cy cannot be bounded independently of the
refinement depth.

The next theorem is the announced variant of Theorem 5.3 and establishes the
equivalence of the error functionals (8.9) and the best reaction-diffusion norm error.



26 F. TANTARDINI, A. VEESER, AND R. VERFURTH

Theorem 8.4 (Localization with minimal pairs). For any u € H'(Q) and any
conforming mesh T € T¢, it holds

1/2
sonf = vlla = [Z e(Kﬂ ,

KeT
where the hidden constants depend only on d, ¢, To but not on €.

Proof. Writing S := S%9(T) for short, the result follows from
1/2

(8.10) inf fllu —vllle ~ Yoo imf =V,

where the hidden constants depend on d, ¢, and the shape parameter 7. In fact,
E(B) regroups only the terms of the sum inside the square root of (8.10) and the
shape parameter o7 is bounded in terms of the o7,; see, e.g., [17, Corollary 4.1].

The proof of (8.10) resembles the one of Theorem 5.3 and we restrict ourselves
to emphasize the differences.

In order to define the interpolation operator, we fix K, for every z € N NY as
before but, for every K € T, we fix Ex such that w,(Fk) 2 K using Remark 8.2
(iil). The latter allows to choose w = w,(F ) in the verification of (4.2) but requires
to incorporate the faces on the domain boundary 99 in the localization (8.10); see
the second part of Remark 8.2 (iii). The interpolation operator II¢ is then given by
(5.1) where Pg, is replaced by R: By the best approximation operator associated
with S|, (£,) and the reaction-diffusion norm.

We show that II is locally near best with respect to the covering W, in Remark
8.2 (iv). To this end, we fix K € T, write F := Ex and choose w = w,(FE) in
(4.2). Again, we have |R; pu(z) —II5u(2)| = 0 for z € J\/'I% and exploit Proposition
4.3 for z € Ng N Y. For the covering W, however, the construction of the path of
subdomains is more involved.

Since T is face-connected, there exists a sequence {K;}7_; of elements of T such
that K1 = K, K, = K, and each intersection K; N K;1 € £, is an interelement
face containing z. We write EZ := K; N K;;1 for the intersections and, for every
element K;, we choose a face Fk, such that w,(FEk,) 2 K;. We then construct the
path {w;}7_; = {w.(£;)}}-, of subdomains by means of the following algorithm:

E1 = E, j =1
if Ey # ELthen
Ey:=FE,j:=j+1
endif
for i::l,.:,7"——2 do
if |w*(Ez) mg*(Ei—i-l” > |Ki+1|/2 then
Eji1:=FEip, j:=j+1
else ~
Ejy1:=Ex,,, Ejro=FEip1, j:=j+2
endif
endfor
Ej+1 = Ek,

In view of Remark 8.2, this path is admissible for Proposition 4.3 with v = 1/2.
We therefore can follow the lines in the proof of Theorem 5.3, replacing pairs by
minimal pairs. Taking into account v = 1/2, hy, gy < by, () and the fact that
more faces are involved, we derive
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(8.11) 3 (RS pulz) ~ u()lollx < V2urde 3 IR pu—ull,, 5
2ENK Eeyr(K)

with 37 (K) := v(K)U{F € £ : E C dwr(K)}. Since #37(K) and #{K €
T : E € 47(K)} are still bounded in terms of 7 and d, Proposition 4.2 ensures
(8.10). 0

The combination of Proposition 8.3, Theorems 8.1 and 8.4 leads to following
result involving the best reaction-diffusion norm errors

E(u,T).:= inf — , T e Te.
W)= gt el

Theorem 8.5 (Robust near best approximation). For any u € H(S), the al-
gorithm TreeApprox with the error functionals (8.9) outputs a conforming mesh
T. € T° such that

E(u,T.): < C4 TeTigﬁngn E(u,T). whenever n < co#T.

where the constants C1 and co depend on d, £, the initial mesh Ty but not on €.

Remark 8.6 (Boundary conditions). If u € H}(Q), we may replace the discrete
space S“°(T) by the smaller one SS’O(T) and use the counterparts of (7.1) for the
minimal pairs in the definition of (8.9). Proposition 8.3, Theorem 8.4 and therefore
Theorem 8.5 continue to hold for these slightly modified error functionals.
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