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Abstract

In this paper, we construct a sequence of discrete time stochastic processes that converges in
probability and in the Skorokhod metric to a COGARCH(p,q) model. The result is useful for the
estimation of the continuous model defined for irregularly spaced time series data. The estimation
procedure is based on the maximization of a pseudo log-likelihood function and is implemented
in the yuima package.

1 Introduction

The COGARCH(1,1) model has been introduced by Kliippelberg et al! (2004) as a continuous time
counterpart of the GARCH(1,1) process. The continuous time model preserves the main features
of the GARCH model since the same underlying noise drives the variance and the return processes.
For the COGARCH(1,1) case, different methods for its estimation have been proposed. For instance,
Haug et all (Iﬂm’d) develop a procedure based on the matching of theoretical and empirical moments.
Maller et all (Iﬂ)ﬂﬁ) use an approximation scheme for obtaining estimates of parameters through the
maximization of a pseudo-loglikelihood function while ) develop a Markov Chain Monte
Carlo estimation procedure based on the same approximation scheme.

The COGARCH(1,1) model has been generalized to the higher order case by [Chadrad M) and
Brockwell et all (I&)Dﬂ) Based on our knowledge, this is the only estimation method for higher order
models and it is based on the matching of empirical and theoretical moments.

In this paper, we construct a sequence of discrete time stochastic processes that converges in prob-
ability and in the Skorokhod metric to a COGARCH(p,q) model. Our results generalize the ap-
proach in [Maller et all ([2_0_08) for building a sequence of discrete time stochastic processes based on a
GARCH(1,1) model that converges in the Skorokhod metric to its continuous counterpart, i.e COG-
ARCH(1,1) model.

Results derived for a COGARCH(p,q) model in (M) are used in this paper for extending
the estimation procedure based on the maximization of the pseudo log-likelihood function. This es-
timation method is then implemented in the yuima package available on CRAN (See m,
2014; Brouste and Iacud, [2013; Tacus and Mercuri, [2015; Tacus et al), 2015, for more details on yuima
package).

The outline of the paper is as follows. In Section 2] we review some useful properties needed in in
Section [3] where we introduce a discrete version of our process and prove the convergence to the
COGARCH(p,q) model using the Skorokhod metric.

*Department of Economics, Management and Quantitative Methods. University of Milan. CREST Japan Science
and Technology Agency. E-mail: stefano.iacus@Qunimi.it.

tDepartment of Economics, Management and Quantitative Methods. University of Milan. University of Milan.
E-mail: lorenzo.mercuri@Qunimi.it.

tDepartment of Economics, Business, Mathematical and Statistical Sciences. University of Trieste. E-mail: er-
rojiQunits.it.


http://arxiv.org/abs/1511.00253v1

2 Preliminaries

In this section we review useful results for obtaining a sequence of discrete time processes that converges
in Skorokhod distance (Billingsley, 1968, see for example) to a COGARCH(p,q) model.

Definition 1. The sequence of random vectors @,, is uniformly convergent in probability to @ if and
only if:

P
sup [|Qn.o — Qoll = 0, (1)
0co
where ||| is the Euclidean norm.

Conjecture 2. The definition holds also for any vector norm ||-|| 4, induced by an invertible matriz
A, i.e ||| ,=||Az| where A is a non singular matriz.

Definition 3. Let ||| be a norm on R", we introduce induced norm [|-||,, as a function from R™*"
to R4 defined as:
| Az]|
[Allar = = sup [|Az]|
lziizo 12l =1

where A € RI*4,

Theorem 4. The induced norm ||-||,, satisfies the following properties (see Desoer and Vidyasagar,
1975):

1) [[Az| < [|All 5 ll|l

2) ||ecAl[py < laf Al

3) | A+ Blly < | Ally + 1Bl

4) 1ABly < | Al 1Bl ars

where A € R1*1, B € R7*Y and « is a scalar.

We have also that any induced vector norm satisfies the following inequality: (see [Serre, 2002):

At _ T IAHI — 1 — || At
€ B H <€ [ YRy @)
¢ M It]
Definition 5. Let [|-||,, be the induced vector norm by the norm ||-|| defined on R"™, the logarithmic

norm g (A) (seeStrom, 1975, for its properties) is defined as:

w(A4) = lim —HI+AtHM _ 1.

t—0+ t

Theorem 6. For the logarithmic norm the following inequalities hold:
HeAtHM < et (At < ellAllnt

Let anand b, be sequences of non-negative numbers for n = 1,..., N. Define as a linear recursive
equation the sequence y,,:
Yn = AplYn—1 + bn

with initial condition gy = ¢ where c¢ is a scalar.

Theorem 7. If we have that a, > 1 and b, > 0, the sequence y,, is non decreasing with

and

N-1T j
Yo +bn + [H aN+1—h‘| by—j.
h=1



3 Main Result

We recall the definition of a COGARCH(p,q) process, introduced in [Brockwell et _al! (2006), based on
the following equations:

dGy = /VidL,
‘/t = Qg + aTYt,
dY; = BY;_dt +e(ag +a'Y;-) d[L, L]* (3)

where B € R%%7 is matrix of the form:

0 1 0 0
0 0 1 0
B = 5
0 0 0o ... 1
by —bg—1 ... ... —b
and a and e are vectors defined as:
-
a=1I[a1,...,0p,Aps1,-..,qq

e=10,...,0,1]"

for apt1 = ... = ag = 0. As remarked in [Brockwell et all (2006) the state process Y; in a COGA-
RCH(p,q) model is:
}/t = Js,t}/s +Ks,t s<t

where J;s ; € R7%9 is a random matrix and K, ; € R7%! is a random vector.

In particular, if the driven noise is a Compound Poisson the matrices and vectors in the state process
have an analytical form. Let N be the number of jumps of a Compound Poisson in the interval [0, ¢].
Define 7 as the time of the last jump in this interval interval and Zy := AL = (L., — Loy_)’
the square of the jump at time 7. The process Y; can be rewritten as follows:

Y; = eB(t_TN)YTN tE€[TN,TN+1)
where Y7, is the state process at jump time 7y, i.e. the last jump of size less or equal to ¢, defined as:
Yy =CnYry_, + Dy (4)

where the random coefficients Cy and Dy in () are respectively:

Cn=(I+ ZNeaT) eBATN
DN = aOZNe. (5)

As in|Maller et all (2008), we construct a sequence of discrete processes that converges to the COGA-
RCH(p,q) model in (@) by means of the Skorokhod distance (see [Billingsley, 1968, for more details).

For each n > 0 we consider a sequence of natural numbers N,, such that 11111 N,, = +00 and we
n—-+oo

obtain a partition of the interval [0, 7] defined as:

O=ton <tin<...<tn,n=1T. (6)
The mesh of this partition is:
At, := max At;, — 0.
i=1,...,Np n—-+oo

Using the partition in (@), we introduce the process G, as follows:

Gin = Gi—1n +/Vic1n At n€in (7)



where the innovations ¢; ,, are constructed using the first jump approximation method developed in
Szimayer and Maller (2007) that we review here quickly.
Let m,, be a strict positive sequence of real numbers satisfying the conditions:

my, < 1Vn >0,

lim m, = 0.
n—-+o0o

We require the Lévy measure II to satisfy following property:

lim At,T1% (m,) =0

n—-+o0o

where II (z) := fly\>r II (dx).

We define the stopping time process:
Tin ‘= inf {t S [ti—l,n; ti,n) : |ALt| > mn} (8)

and construct a sequence of independent random variables (ln’n<+ooALTi,n) with density:

i=1,...,Np

f @) = ﬁH((ii)) (1 - ebtintion),

We introduce the innovations ¢; ,, defined as:

1Ti,n,<+OOALTi,n — Ui,n

ei,n = : (9)
Nin

where v; ,, and 7, are respectively the mean and the variance of ¢; ,. The variance process V; in (3
is approximated by the process V; ,, as:

Vin=ao+a Y, (10)
where Y; ,, is given by:
Yin =CinYi—in+ Din, (11)
with coefficients:
Cin = (I + einAtiyneaT) eBAtin
Din = g€} , At; ne. (12)
The couple (Gin,Vin) converges to the couple (G¢, V4) in the Skorokhod distance. The Skorokhod

distance between two processes U, V defined on D?[0,T], i.e. space of cadlag R? stochastic processes
on 0,71, is

p (U, V) := inf { sup ||Ur — Va || + sup [A(¢) —t|}
A€A Lo<t<T 0<t<T

where A is a set of increasing continuous functions with A (0) =0 and A(T) =T.
First of all we need the following auxiliar result.

Theorem 8. Let N, (t) be a counting process defined as:
No(t):=#{ieN: 7/, <t}

where t < T, N, (0) =0, N, (T) = N,, and T, = min {Tinstin} with 7,5, and t; , in &) and @)
respectively.
Let Ly be a Compound Poisson with finite second moment, the positive process Hy, (t) defined as:

Nt
H, ()= [] Ci.
k=1



where
C}:,n = (1 + ei,nAtk,n HeaTHZ\/j) eHBHMAti,n

converges uniformly in probability on a compact interval [0,T] (hereafter ucp) to the positive process
H, (t) as:

Nn(t)
= H Cin
k=1
with
Crm = (1 +1ry e ALZ HeaTHM) ellBllaAtin
1.e.
sup }H — H, ()| %o.
t€[0,7]

For each fixed n, H, (t) is a non decreasing striclty positive process in the compact interval [0, T] such
that vt € [0,T]:
Hy (1) < Hy (T) < e/ BInT+E0<0cr m(1+ALZ JeaT]],,)

Proof. We start from

N, (t) n(
sup |H, (t)— Hp, (t)} = sup H Cin — H Ch.n
te[0,T) te[0,T]| 1 k=1
N (1) Na(t)
< elBluT gup H 1 + 6i1nAtk,n ||93THM) - H (1 + 1Tk,n<+OOAL3k " ||eaTHM)
tel0,7] | j°; k=1 7
— BT g 2R (e dtfeaT ) _ (XY (1 e ALE, leaT] )|
t€[0,T
Observe that
Na () Nu(®)
L, := sup Z In (1 + €i1nAtk,n HeaTHM) - Z (1 + 17k,n<+OOAL'2rk,n HeaTHM)
te[0,T]| .= k=1

Nn(t)

< swp | S0 (@At lleal |y~ Tr<iwALs, lea’|y,)
tGOT 1

N (t)

<lleally g 3 |t = Lo L3, )]

As shown in [Maller et all (2008), we have that

Na(2)
2 Atpn — 1o cs00AL? )’50,
o ;; ’(% k, o<t -
that implies
Nu(t) Nn () )
sup | > (146, At fleal[,) = 30 (14 1n i Jleal |, )| >0, (13)
te0T] | k=1 Y

Using result in (I3)), we have

Nn(t)

sup |eShz m(rednatiafleaT],) _ (SR (141 ncrnt? el )| S

te[0,T]




H, (t) is a non decreasing strictly positive process since is a product of terms C‘kn > 1 a.s. and if
s >t then H, (s) has at least the same terms as in H,, (t) . Moreover

i, (T) = MBI TSR (14 <AL leaT [ ) 1Bl T+ Soc,cp (14422 Jea”||,)

since AL? = ALgl\ALs|2mn + AL§1|ALS\<mn~ [l

Remark. We observe, from Theorem|8, that

H, ()Y H, () < MBI T+ o< cr n(1+ALE e ||, ) (14)

on an interval [0,T]. Moreover, the term on the right hand side of the inequality in ([4) is bounded
almost surely on the compact interval [0,T] since Ly is a Compound Poisson process.

The following theorem is established for the Compound Poisson driven noise case.

Theorem 9. Let L; be a Compound Poisson process with E (L%) < +400. The Skorokhod distance
computed on the processes (G, V;),~, and their discretized version (Gin,Vin),_; N, converges in
probability to zero, i.e.: B

p ((Gi,n, Vin)iei...n, » (Gt Vt)tzo) £0asn— 4.

Proof. The proof follows the same steps as in [Maller et all (2008)
e Approximation procedure for the underlying process.
e Approximation procedure for the variance process.
e Approximation procedure for the COGARCH(p,q) model.
e Convergence of the pair in the Skorokhod distance.

Steps 1, 2, 4 are exactly the same as in Maller et all (2008). To prove that the discrete variance
process V; , converges ucp on a compact time interval to the continuous-time process V; we first need
to show that Y ,, “p Y;. This result is achieved through intermediate steps illustrated below.

We introduce the counting process Ny, () defined as:

N, (t)=#{ieN 1, <t} (15)
with ¢ <T', N, (0) = 0 and 77, = min {7; n, ti.n} -
N, (t) increases by 1 in each subinterval (t;—1n,tin], ¢ = 1,2,...,n, at the first time the jump is of

magnitude greater or equal to m,, or at ¢; , if that jump does not occur.
Using the process N, (t) in (I5) we construct the time process I'; ,, as:

Ny, (t)

Tim= > Atin. (16)
=1

Now we want to show_that the piecewise constant process Y; ,, :=Y; ,, with ¢ € [t; n,tit1,n) converges
in ucp to the process Yy ,, := eB(t*Ft,n)Yim ie.

sup H}/t,n - th,nH 5 0
0<t<T

For each t € [0,T], we have:
||Y;t,n - Y;E,n” = HeB(t_Ft'n)Yi,n - sz,nH
< [lePt=Tem) — 1 il
M
= ||ePt=Tem) =1 = Bt =Ten) + Bt =Tew)| ¥l

< ([JeBCrem) =1 = Bt =Tew)||, + 1B = Ten)l) [Vaunll



using the inequality in (2)), we get:
[Yim = o] < (lBCTenlr — 1) ;0
< (e”BH]MAtn _ 1) Vil (17)

Since by construction Y;,, = Y;,, with ¢ € [t;n,ti+1,n) and Y7, has cadlag paths, it follows that

sup ||Y%,] is almost surely finite and
t€[0,T]

_ P
sup_[[Vi = Vo] < (130 —1) sup Y] 50
t€[0,7T) t€[0,T

as n — +00. ~ _
The next step is to show the convergence ucp of Y; ,, to Y; , where the last process is defined as:

i}t,n = eB(tirt’n)Y/i,n (18)

with: R o ~
n — Ci,nyvi—l,n + Di,n (19)

where the random matrix CN'M and the random vector [N)m are respectively:

Cin = (I + (lTi,n<+00AL7'i,n)2 eaT) eBAtin
Dipn = a0 (15, ,<t0Lr, ) . (20)

We consider

up (¥ = | < lBete sup |70 - Vi (21)
te[0,T] i=1,..,Nn
and observe that, for i = 1,..., N,,, we have:
‘ Yin —Yin| < Héi,nf/i—l,n —CinYicin| + HDi,n —D;p (22)
We analyze the second term in ([22]) and get:
[Dim = Do = a0 (1<t ) 0~ 0 At
< Jaol |(Lry <t BLr, ,)? = 2 A (23)
The first term in (22) can be bounded by adding and subtracting the quantity C; nf/i_l,n:
‘éznzln—cznyz lnH CimYici,n — CinYic1,n + CinYic1n — CinYie ln‘
< H Yiﬂ,nH +11Csmllps || Yie1m — Yi71,nH
: H[wmaw—eanmz-,n] N
+1Cenlng |[Fimrin = Yo
e e o ey L
+ 1Cinll s [|Yie1,n — i—l,nH (24)
Substituting ([24) and [23) into [22]) we have:
Yin — anH <|Cinll Yicim — ifl,nH
+|(Urictoo AL, )* = 0 Ati | (ool + [[eal|| elPlardtin |75, ) (25)
Since a.s.:
Cinlly < (1 +e€; nAtm Hea H ) el Bl Atin . — Czn >1 (26)



and defining

Kio1n = lao| + ea™ | el Pt i (27)
we have:
Hj}l,n - Yvi,n S Cz*,n i/i—l,n - Yvi—l,n
2
n ‘(1Ti,n<+ooALﬂ,n) — 2 Aty K1 (28)

The right hand side in (28) is a linear recursive equation with random coefficients and condition (26])
implies that:

Np—1 2
SupN ’ Yi,n - sz,nH < H C]ifn—i,n HYO,n - YO,nH + ’(1"'Nn,n<+°°ALTNn,n> - E?Vn,nAth,n Kanl,n
i=1,...,Nn o
Np—1 7 2
+ > [H Cﬁrnﬂh,n] ’(17'Nn7i,n<+00ALTNn7i,n) — €Ny —im AN, —in | KNy —1—in-
i=1 h=1
(29)
The term:
N,—1
H Cltfn—i,n HYOJL - YO,n Z 0n Z 1
i=0
with
N,—1 N,—1
* ¥, * \/
E CNn_i»n Hyb,n - YO,n = E H CNn—i,n Hyb,n - Yb,n
i=0 i=0
since Yy, = Yp,, we have:
N,—1 n—1
El{ I C-in HYM ~You| =0={ I C—in HY‘*" ~Youll=0as. (30
i=0 i=0

Condition ([29) becomes:

2
sup ‘ Yvi,n - YZ,HH < ‘(17'Nnm<+ooAL‘anm) - 6?\7n7nAth,n KNn—l,n
i=1,...,Np
Np—1 i 2
+ > [H Cﬁrnﬂh,n] ’(17'Nn7i,n<+00ALTani,n> — €Ny —im AN, —in | KNy —1—in-
i=1 Lh=1
(31)
Defining:

2
2
Qn = ‘(ern’n<+ooAL‘anyn) - 6Nn,nAthm KNn—l,n

Np—1T 4
4 2
* 2
+ E |:| | CNn-H—h,n:l ‘(lTani,n<+°OALTNn7'L,n> 7€Nn—i,nAth—i,n KNn—l—im'
=1 h=1

we observe that @), can be bounded. Indeed, Vi =1,..., N,:

i Na
* *
H CNuti-han < H CNoti-hn
h=1 h=1

and, from Theorem [§ the quantity Hfj;l N, +1_h.n converges in probability to a non negative r.v.

that is a.s. bounded by:
e||BHMT+EOSS§T1n(1+AL§HeaTHM).

Even sup K, is bounded a.s. ¥n. Consequently we have:

1=1,...,Np
Np, Np,
2
@n < H Cﬁfn-H—hm |: sup Ki,n:| Z (lTi,n<+ooALTi,n) - ezz,nAti,n (32)
Pt i=1,...,Nn =




Since lim sup K;, =M < +o0 a.s. and, as shown in [Maller et all (2008),

no+0 =1, N,

Na(t)
2
sup Z ‘(1nm<+ooAer) — € Atin| 50
tel0,T] ;9

as n — 400, then @, 20 that implies Ytn “ f’tn

We observe that, since the driven noise is a Compound Poisson, we have only a finite number of jumps
in a compact interval [0,7]. We indicate with 73, the time of the k-th jump. Since the irregular grid
becomes finer as n increases and satisfies the following two conditions:

At, == max At;, — 0
i=1,..., Ny, —+o0
Ny,
T:ZAti,nv
=1

then exists n* such that for n > n*, all jump times 7 € {ton,t1.ns--.,tN,.n}. The COGARCH(p,q)
state process Y; in (@) can be defined equivalently ¥V n > n* as:

Yti,n = Cti,n}/tifl,n + Dti,n (33)

with coefficients Cy, , and Dy, ,, defined as:

Cy,, = (I + ALtQMeaT) eBAtin

2
Dt = OéoALti’ne.

i

To show the ucp convergence of process Y/tn to Y, we start observing that:

sup [V Fou]| = sup [P0 (i, ~ 7.,
te[0,T] t€[0,7] Y
< IBlLT g H (Yirn = i) H . (34)
1=1,..., Ny,

We work on  sup H (Ytn — }7”1) H and for i = 1,..., N, and for fixed n we have:
i=1,...,N,

T TR | Y P B
The term HDtm — D || in (38) is bounded as follows:
HDW — Dyl < Jaol }AL;n S TN I (36)
Since
AL?M = AL?i,n,1|ALtm|zmn + ALtQi,n1|ALtm|<mn’ (37)
the inequality in (B8] becomes:
|t = Din| < ool [ALZ 1o s, <,
Smn|ao|‘1|AL,,i,n|>o‘- (38)
Inserting ([B8) into ([BH]), we have:
| (e =) < [ (rYocos = ConFian) |+ matool 11z, ol 39)



. By exploiting

We add and subtract the term C’ti’nﬁ-,lm into the quantity HC’ti’nYtiil’n — C’iﬁnffi,l,n

the triangular inequality we obtain:

Hcti,nyti,l,n — éi,nﬁ'—l,n” < Hcti,n}/%ifl,n — Cti,n?i—l,nH + Hcti,nffi—l,n - éi,nYi—l,nH
< ”Cti,n”M ‘ Ytifl,n - ifl,nH + Hcti,n - Ci,nHM ‘ Yifl,nH
<ol Y1 = Vimtn|
2 2 T Blly At |5
+ ‘AL,&M - 1”1n<+ooALTM‘ Hea HMeH las At Yi_l,nH. (40)

Defining:
cir = (1+AL2 e, ) elBlndin > ey, ],

substituting (@) into ([BY) and using the same arguments as in [37) and (B8], we obtain:

. - .
[ = Fon]| < i [¥icsss = Ficain| #1141, oo
2 2 T BllyAtin |3
+ ‘ALti’n - 1Ti,n<+OOALTi,n‘ Hea HM 6” g Atin Yvi—lan
Using K, in (1), we have:
. - .
Vi = i < i Vs = Vi # it 1, ool (41)

We introduce a stochastic recurrence equation on the grid {tiﬂl}i:o LN, defined as as:

Ci,n = C*:nCi—l,n + m"Ki_17"1|ALtiwn|>0

. . o . o, . e < 7 _ . . * & *
with initial condition (g, = HYto,n —Yo,n|| = 0 a.s.. Since Vi C77 > 1 and mnKi717n1|ALti |50 >0
a.s., (j,n is a non decreasing process that is an upper bound for ||Y3, . —Y; .|| for each fixed 7 then:
Ny —1
sup HYtzn - YZ»"H < H Cjif:—i,n HYto,n - YOmH
i=1,...,Nn 0 :

Np—1 A
*x
+mn Z H CNptimhyn l‘ALt . |>0KNn_1_i’" + l‘ALt ‘>0KN"'_1’”

i=1 h=1 Nnp—i,n Np,n

(42)
The right-hand side in ([42) is non-negative as a summation of non-negative terms. We split it into
two parts:

Np—1
. ** Y
Gn:=| [T X\ -im HYto,n—YO,nH
i=0

Na—1T i
o— * ke X
Wy i=mp Z H CNytiohm 1|ALt ) |>0KNW—1—“" +1 AL, SoBNu-1,n

i=1 Lh=1 Np—i,n Np,n

Using the same arguments as in [B0), we can say that:

G,=0a.s.Yn>0

and
w, "3 0
since for n — +00, the quantity
Np—1T i
Z H Clv;-i-i—h,n 1|ALth7i,n|>OKNn—1—i7" + 1|ALth,n|>OKNn_1v”
i=1 Lh=1

10



is composed by a finite number of terms and then it finite a.s. for the same arguments in ([32). In
conclusion we have:

<G,+W, — 0

n—-+o0o

R
i=1,...,Np

that implies
Yin =Y (43)
where Y}, is the constant piecewise process associated to the process Y;, defined in (II). From

#3) we obtain the ucp convergence of process V; ,, to the COGARCH(p,q) variance process V;. The
remaing part of the proof follows the same steps as in [Maller et all (2008) [l

The result can be generalized to any COGARCH(p,q) model driven by a finite variation Lévy
process since, as shown in [Brockwell et all (2006), a COGARCH(p,q) driven by a general Lévy can
by approximated by the same COGARCH(p,q) process driven by a Compound Poisson. Then using
the triangular inequality, the discrete process (Gin, Vi) converges in the Skorokhod metric and in
probability to any COGARCH(p,q) model.
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