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Chapter 1
Introduction

In this thesis we study semilinear problems of the following type

Lu = f(z,u) in

(1.0.1)
B(z,u, D) =0 on 0,

where € is a bounded domain (open set) of RY with sufficiently smooth boundary, L
is an elliptic differential operator of order two or four, f(z,u) is the forcing term and
B(x,u, D*u) are the boundary conditions. We are interested in proving existence/non-
existence of (weak) solutions of problem ([1.0.1)), regularity of the possible solutions and
a priori estimates for solutions. The thesis is divided in two main parts, the first one
is dedicated to the Hardy-Sobolev inequalities and some applications, while the second
one is more focused on the Trudinger-Moser inequality.

In particular, the first part is divided in two main chapters. The first one is dedicated
to the study of second order Hardy-Sobolev inequalities. We consider the second order
case of the Hardy-Sobolev inequalities and, moreover, the case in which the origin is
inside the domain. Then, there exists a positive constant C such that for all u € Hg(Q)F_-I
the following inequality holds

P */p
/ |Aul|?dz > C </ [ul d:L‘) ,
0 o |zl

with N >5 0<7<4and2<p<o:=2%"7):= %. We study the possibility to

add to the preceding inequality a remainder term. Historically, the study of remainder

terms for the Hardy-Sobolev inequalities has been a large field of research. We want
to cite, among all the results, the well known results by H. Brezis and L. Nirenberg
for the Sobolev inequality [I4] and its counterpart for the Hardy inequality [16], by

H. Brezis and J. L. Vazquez. We want to generalyze their results to the case of the

'The Sobolev space W*2(Q2) with Dirichlet boundary conditions.
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biharmonic operator (—A)2. The main difficulty, in the fourth order case, is that some
of the standard methods for second order elliptic equations are not available, namely
symmetry argument and maximum/minimum principles, at least in the case of Dirichlet
conditions.

The second chapter is devoted to the study of a specific biharmonic problem with
Dirichlet boundary conditions. We consider the Hardy potential ﬁ and the related

biharmonic problem with Dirichlet conditions

. 2 —up_l 1
(=A)*u = o in Q
u:g:jzo on 00\ {0}
u >0 in Q,

where (2 is a star-shaped domain with respect to the origin 0 € 92 and

2N | _N+4

lap—le<2ali=—t g2 T%
p N_—4 N_—1

Our aim is to generalize the result by J. Dévila and I. Peral Alonso [22] to the fourth
order case. We are able to prove non-existence of (weak) solutions in star-shaped domain
but we are not able to prove the existence of positive (weak) solutions in pathological
domains, namely dumbbell domains, as done by D&avila and Peral in their paper. As
before, the main difficulty here is the fact that maximum principles are not available.
Moreover, we have to prove a priori regularity of the solutions. The key ingredient, in
the proof of the non-existence, is an a priori estimate, in the spirit of the work of B.
Gidas and J. Spruck [38]. Another difficulty here is the position of the origin, which is
located on the boundary of 2 and not, as usual, in the interior of the domain 2.

In the second part, we consider the limiting case of Sobolev embeddings for W1P(€2),
that is p = N. It is well known by the Trudinger-Moser inequality that the maximum
order of integrability for functions in the Sobolev space W1V (Q) is e‘“'ﬁ. We study

a priori estimates in L™ for (weak) solutions of the following problem

—Ayu= f(u) inQ
u=0 on 012,

where Ay is the N—laplacian operator and f(s) has some specific growth conditions.
We improve the results obtained in [44] considering more general functions f. Also in
this case, we have to prove a priori regularity for solutions. The main problem is that we
want to fill the gap in the work [44] between subexponential forcing terms and functions
which behave like the exponential. We are able to improve their results but we are not

still able to fill completely the gap.
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1.1 Hardy-Sobolev inequalities

1.1.1 Hardy-Sobolev inequalities with remainder terms

In this chapter we present a joint work with Bernhard Ruf of Universita degli Studi di
Milano [53].

Let us consider N > 3 and the critical Sobolev embedding WO1 2(Q) ¢ L¥(Q), where Q

2N
N-2

known that the best embedding constant Sy in the corresponding Sobolev inequality

2/2*
/ |Vu|*dz > Sy </ \u|2*dfc> ,
Q Q

is independent of 2 and is never attained if Q # RY. A natural question is whether the

is a bounded domain in RV and 2* = denotes the critical Sobolev exponent. It is

preceding inequality remains valid if some suitable lower order terms (so-called remainder
terms) are added. Brezis and Nirenberg showed in [I4] that this is indeed the case.
They proved the following result. Let 1 < ¢ < % Then there exists a constant
C = C(£,q) > 0 such that for all u € W&’Z(Q)

2/2*
/Q VuPdz > Sx ( /Q \uP*dx) T Olfula.

Brezis and Lieb proved in [I1] a slightly stronger form with the weak Lebesgue norm in
place of the strong Lebesgue norm. Similar results are obtained for the Hardy inequality
by Brezis and Vazquez in [16] and for Hardy-Sobolev inequalities by many others authors.
Similar questions can be asked about higher order Sobolev and Hardy inequalities. The

best Sobolev and Hardy constants are given by

[y N
Sk,p(Q) = inf M , pf= p ,
wir@\or Wl o) N —=kp
and Jul?
u
Hyp(Q) = inf 0T 1.

wir@\o} | allzo@)
The constants S, and Hy, , are again independent of 2, and are not attained if 2 # RN
in the Sobolev case, and never attained in the Hardy case. It is a natural question
whether the best embedding constants depend on all these traces or not. It is clear that
the best constants computed in the space with Navier boundary conditions are less or
equal than the constants computed in the space with Dirichlet boundary conditions, but
the question is whether the opposite inequality holds. When k = p = 2 the question was
answered positively, just for the Sobolev constant, by Van der Vorst in [76]. Also for

general k and p the answer is positive, and it was given by Gazzola, Grunau and Sweers
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in [31]. Moreover Gazzola-Grunau-Sweers showed improvements of higher order Sobolev
inequalities in [32].

Let us consider the following second order Hardy-Sobolev inequality

P Yp
/|Au|2d:1: > CIT{5< dew) ,
Q q ||
2(N—71)

for all u € WO2’2(Q), where N > 5, 0<7<4and2 < p < o = 2%(7) = “g—~
A priori, the fourth order critical Hardy-Sobolev constants may depend on the domain
and on the boundary traces we are considering. By a simple scaling argument it is easy
to see that the critical constants for W%2(£2) do not depend on the domain, coherently
with the second order case.

We consider the following questions.

1. Does the critical Hardy-Sobolev constant depend on all traces or not?

That is, if we define

9

/ |Au|?dx
Chew(Q) = _inf 2 —

W2} [ [ [ul”  \ 7
(L)
|zl

is it true that Cfg »(€2) = Cfpg for all 0 <7 <47

The answer to this question is positive and is given by the following result.

Theorem 1. Let N > 5, and Q C RN a bounded domain containing the origin with
boundary 0 € C*, 0 < 17 < 4. Then

Clrs(Q) = Chg(Q2) = Clg.

The second natural question is:

2. Can the preceding inequality be improved by adding some lower order terms, which
can depend on the L%-norm or on the weak L%-norm of the function u?

The answer is, again, positive and it depends on the boundary conditions. In the case

of Navier boundary conditions we have the following result.

Theorem 2. Let us consider N > 5, Q C RN a bounded domain containing the origin

with 00 € CH 0 <7 <4andl1 < q < %. Then there exists a constant C' > 0,

C =0C(Q,q,71), such that for any u € W3’2(Q) the following inequality holds

o 2/Cr
u
[ 18w = o ( / :U:dx) T Cllul.

For the Dirichlet boundary conditions we have a slightly stronger result.
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Theorem 3. Let N > 5, Q C RY a bounded domain containing the origin with 0Q € C?,
0<7<4andl1 <qg< %. Then there exists a constant C > 0, C = C (£, q,T), such
that for any u € W02’2(Q the following inequality holds

o 2/0
/QyAuﬁdg;zc,gS </Q ”Z:de) +Cllul2g.

1.1.2 A supercritical semilinear biharmonic problem with Hardy po-

tential

In this chapter we present a result in collaboration with Maria Medina of Universidad
Auténoma de Madrid [46].
In the framework of Hardy-Sobolev inequalities, we consider the following particular

biharmonic problem with Dirichlet boundary conditions and with a Hardy-type potential

wP™t
(A u= P in Q,
(111) 4> 0 nq,
uz%zO on 002\ {0}.

We assume © C RY a smooth bounded domain with 0 € 02, N > 5 and p— 1 subcritical
with respect to the Sobolev embedding and supercritical with respect to the Hardy
weight, that is,
2N N +4
1 —1<2*—1i=——-1=—.
<pmi< N_4 N_1

The main result we prove is the following.

Theorem 4. Let  star-shaped with respect to the point 0 € 0S). Then the problem

(1.1.1) has no positive (weak) solutions.

This result is a generalization of the result in [22]. The key point in the proof is an a
priori estimate in the spirit of [22, Lemma 2.2] and [38].

In the second order case the preceding problem with N > 3 is well studied. In
the subcritical case, that is 0 < p — 1 < 1, it is simple to prove existence of weak
solutions, independently of the location of the origin. If p = 2, that is in the critical
case, the problem was studied by Ghoussoub-Kang in [34] and by Ghoussoub-Robert
in [36]. Finally J. Davila and I. Peral studied in [22] the problem in the supercritical
setting, thatis 1 < p—1 < % Dévila and Peral proved in [22] non existence of positive
weak solutions if the domain 2 is star-shaped. There are also some generalizations of
problem , for example in the case of more general second order operators, that is

in the case of p-Laplacian operator, as in the series of papers [47], [48] and [49].
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1.2 A priori estimates for superlinear problems

In this chapter we present a joint work with Bernhard Ruf of Universita degli Studi di
Milano [54]. We consider the following problem

—Ayu= f(u) inQ
(1.2.1) u>0 in O
u =0 on 0,

where Q is a strictly convex, bounded and smooth domain in RV, N > 2 and Ayu :=
div (|Vu|N _QVU) is the N-Laplacian operator. On the function f we assume the follow-

ing conditions

(1.2.2) f: Ry — Ry is a locally Lipschitz function;
o f(s)
and
(1.2.4) 3o >0, IC,50>0: f(s) < Celos7 ) s>
or
(1.2.5) d0<a<1l IC1,Cy,8 >0 : Cl(s—iil)a < f(S) < (Ce® Vs> s.

The main result is the following a priori estimate.

Theorem 5. Under assumptions (1.2.2))-(1.2.3)-(1.2.4) or (1.2.2)-(1.2.3)-(1.2.5) there
exists a constant C > 0 such that every positive weak solution u € WOI’N(Q) satisfies

|l Loy < C.

The first general result for a priori estimates for superlinear elliptic equation is
due to Brezis and Turner [I5]. They considered a second order elliptic equation with
nonlinearity f = f(z,u) and they proved a priori bounds for positive weak solutions

under the assumption

N+1
0< fla,s) < Cs! 1<p—1<2*—1:=N7+1.

If we restrict to the case of much more regular solutions, that is classical solutions, the

Brezis-Turner exponent is not critical anymore. Indeed Gidas-Spruck proved in [38] that
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the a priori estimates hold for positive classical solutions, under the condition that there
exists a continous function a : @ — R such that

o S

s—+oo gp—1

= a(z),

uniformly in z € Q, for 1 < p—1 < 2* — 1. A similar result was obtained by de
Figueiredo, Lions and Nussbaum in [23].

All the preceding results are for N > 3 and are based on the fact that, thanks to
the Sobolev embedding Theorem, we have H}(Q) < L?(Q2) for all 1 < ¢ < 2%, and the
embedding is compact for all ¢ < 2*. For N = 2 we have the embedding H} () < L9()
for all ¢ > 1, but it is easy to prove that Hg(Q) #» L°°(£). Thus, one may ask which is

the maximal growth function g(s) such that
/ g(u)dz < +oo Yu e HY(Q).
Q

This maximal growth is given by the Trudinger-Moser inequality, which says, for N = 2,
that
sup / e dy < CQ) Va<ay.
Il 1.y <1 /€2

So, one can ask whether in dimension N = 2 it is possible to prove a priori estimates for
nonlinearities with growth up to the Trudinger-Moser growth. This is not possible since
Brezis and Merle provided in [I3] examples of nonlinearities f(z,s) = h(z)el*l” with
a > 1 for which there are no uniform estimates. Moreover, using the result of Brezis-
Merle and the boundary estimates of de Figueiredo-Lions-Nussbaum for € a convex
domain, it is possible to prove a priori estimates for nonlinearities f such that Che® <
f(z,s) < Ce®, s > 0. Recently, Lorca-Ubilla-Ruf proved in [44] an a priori result
for the N-Laplacian in dimension N and for nonlinearities of maximal growth els|* for
a < 1 in the subcritical case or for f ~ e° in the critical case, s > 0. Our result is a
direct improvement of their work, since we are able to prove a priori estimates also for
nonlinearities f of maximal growth e”'°s”+*) with ¢ > 0 in the subcritical case or for

nonlinearities f such that C’lﬁ < f(s) < Cqe® with o < 1 in the critical case, s > 0.
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Chapter 2

Preliminaries

2.1 First order Hardy-Sobolev inequalities

Sobolev inequalities are well known functional inequalities. They estimate the integra-
bility of a function u in terms of the integrability of its derivatives. They are often used,
in the theory of PDEs, in the process of regularization of a solution. We want to consider
here the first order version of the Sobolev inequalities.

Let N > 2 and Q be a bounded domain in RY with sufficiently smooth boundary
0. The Sobolev embedding theorem asserts that if 1 < p < N then

(2.1.1) WPQ) o LI(Q)  1<q<p = NN_pp,

that is there exists a positive constant Sy, such that for all u € VVD1 () the following
inequality holds

(2.1.2) lullLa) < SnpllVullpr@)y 1 <g<p"

Equivalently

sup / |ulPdz < +o0.
ueWyP(Q) /2
IVullfy <1

Moreover, the embedding in is compact if ¢ < p*. The exponent p* is called
Sobolev critical exponent and the maximal growth |u|P” for which holds in the
case p < N is called critical Sobolev growth. A priori, the constant Sy, in may
also depend on the domain Q. In [71] and [7] G. Talenti and T. Aubin computed the
best constant Sy, for the Sobolev embedding in the whole RY in the critical case ¢ = 2*
and they found that

1—
SNJD(RN) = W_%N_% <p -1 )
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Moreover, they computed the explicit value of functions, often called Talenti’s functions,
for which the equality sign holds in the Sobolev inequalities. These functions have to be

of the form

u(z) = (a+ b|xlﬁ> .
By the Aubin-Talenti result, it is easy to prove that the best constant in the Sobolev
inequality (2.1.2)) in the critical case ¢ = p* is independent of the domain {2 and it is
never attained if Q # R¥. Indeed, it is sufficient to note that the norms in ([2.1.2)) are

invariant under the following scaling
N
ur u () :=¢e qu (f) .

Hence, we have Sy ,(Q) = Sy ,(RY) for each bounded domain € sufficiently smooth.
Since in the next section we want to consider higher order Sobolev inequalities with
constants depeding also on kEL we drop the dependence on N and we denote the Sobolev
constant with S),.

In their groundbreaking article [14], H. Brezis and L. Nirenberg showed that the
critical elliptic equations associated to the Sobolev embeddings have solutions if they

are perturbed with suitable lower order terms. They proved the following result.

Let Q be a smooth domain in RN with N > 3 and let us consider the following semilinear

problem

“Au=u"14 ) inQ
(2.1.3) u>0 in Q\ {0}
u=20 on 0f).

If N > 4, then for any X € (0, A1), with Ay the first eigenvalue of the Laplacian operator,
there exists a positive weak solution of the preceding problem. If N = 3 then there exists a

A* € [0,A1) such that for any X\ € (A", A1) there exists a positive weak solution. Moreover
if Q@ = B1(0) C R? they computed \* = )\T'

Furthermore, due to the Pohozaev identity [56], the corresponding critical elliptic equa-
tion with A < 0 has no solution if  is starshaped. This result had an enormous impact
on the study of critical equations, for understanding lack of compactness, for illuminat-
ing the phenomena of concentrating solutions, and leading eventually to the solution of
the famous Yamabe problem.

A related question is whether critical Sobolev inequality for p = 2

2/2*
(2.1.4) / \Vul?dz > Sy </ |u2*dx> )
Q Q

!The k denotes the number of derivatives.
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remains valid if some suitable lower order terms (so-called remainder terms) are added.
In [14], among the main result, Brezis and Nirenberg showed that this is indeed the case.

They proved the following.

Let1<qg< % Then there exists a constant C' = C(2,q) > 0 such that

2/2* 2/q
[vupaez sy ([ wiac) o ([ ) foran wewi@).
Q Q Q

The following slightly stronger form was obtained by H. Brezis and E. H. Lieb in [12].

Let ||ullp..o denote the weak L9-norm of u and assume that ¢ = ~. Then there exists

a constant C such that

2/2*
/ |Vul?dz > Sy </ |u|2*dx) +Cullfe g for all ue Wy*(Q).
Q Q

In this result the remainder term is given by the weak Lebesgue norm, defined by

l/p
lullgier = (sup8.(0))
>0
with &, the distribution function of u

du(t) :=

o s luta)] > 1)

We can also use the following equivalent definition of weak Lebesgue norm, due to
Calderon, see [41l Equation 1.7],

_1
[ull s () == sup {|A| q/|u|d$}-
ACO A

|Al<+o0

Another fundamental inequality in mathematical analysis is the (generalized) Hardy

inequality, see [28],
/ VulPde > H, / | for all w e WiP(@)
Q ollzl

The critical constant H,, is independent of €, and is never attained (not even in RM).
Hardy inequality, sometimes called Uncertainty Principle, can be viewed as a weighted
version of the Poincaré inequality.

So, it is natural to ask if the Hardy inequality may be improved by adding lower
order terms. This is indeed possible, and again the name of Haim Brezis is connected

to the pioneering result; together with L. Vazquez they proved in [16]
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Suppose that 0 € Q, and let 1 < g < ]\2,—]_\72 Then there exists a constant C' > 0 such that

9 2/q
/Q]Vu|2dx > Ho /Q ‘]xu\‘ dx 4+ C </Q |u|qdm> for all u e Wol’z(Q).

In their paper, Brezis and Vazquez asked if it is possible to find an infinite improvement
of the Hardy inequality, in the sense of adding an infinite sequence of remainder terms.

This question was answered positively by Filippas-Tertikas in [27]. They proved

Suppose that 0 € Q and let D > sup,cq ||, then for any u € HL(QY) there holds
) e IS (P T e (2
/Q|Vu] dx > HQ/QM:E“ dx—|—4; (/kal_[le <D> da:)
where X1(t) = (1 —1log(t))™! fort € (0,1] and Xj(t) = X1(Xp_1(t) for all k € N.
Moreover, in [35] Ghoussoub and Moradifam gave a characterization of the optimal
allowed perturbation term.

In the article [I7] Caffarelli-Kohn-Nirenberg derived a family of sharp first order

interpolation inequalities with weights. They proved

Let N > 3 then there exists a positive constant C such that the following inequality holds
for all u € CS°(RY)

" afp (a-a)/q
(/ mmm%u) gc(/ ywpywm) </ \xyﬂqyuqu> ,
RN RN RN

forp,q,r, a, B,,a real parameters which satisfy some technical conditions.

A special case are the so-called Hardy-Sobolev inequalities

- p/r
/ |VulPdx > C(p,r) / ‘L ‘ dx for all u € W,7P(),
) o ¥

where % + & = %, which are intermediate cases between the Sobolev and the Hardy
inequalities. Also in these cases, improvements with lower order terms have recently
been proved, see Radulescu, Smets, and Willem in [60] and Z.-Q. Wang - Willem in [77].
In particular Radulescu, Smets, and Willem proved the following result, which is a direct
generalization of the result by Brezis-Lieb in the more general setting of Hardy-Sobolev

inequalities.

For 0 < a < 1 there exists a positive constant C such that for every u € H}(Q) the
following inequalitiy holds

2/p
2 |ul? 2 _ N
/Q [Vul"dz > S, (/Q |x|apd$> + CHUHL?U(Qy q= N_9o
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2.2 Higher order Hardy-Sobolev inequalities
For a bounded domain  c RY let

Wor (@) = et {ue Q) : Jullwrsm < oo},
where

1/p

lullweoiy = | 3 1D%ull0 |
1<k

denotes the standard Sobolev norm. Moreover, it is well known that

||Ahu||Lp(Q) for k = 2h

ullwer ) =
O IV A ) for k= 20+ 1,

denote equivalent norms on Wé"’ P(Q). We denote by A" the polyharmonic operator of
order h, given by
(A u = A (Ahilu) .

In particular, we are interested in the biharmonic operator (—A)? = A2,
Alternatively, if the boundary 0f2 is sufficiently smooth, it is possible to define the
traces of a function v € W*P(Q) as the continuous extensions to the space WP () of

the following linear operators defined on C*(Q)

du

oN
where v denotes the unit outer normal to 9€2. In this case, we can define equivalently
k—1

Wg’p(Q) = ﬂ ker(T}).
=0

Note that for functions v € Wf P(€) all traces || D?(u)|rp90) up to order k — 1 are
vanishing. These are the so-called homogeneous Dirichlet boundary conditions.

It is also possible to define other closed subspaces of W*P(Q) with different types
of boundary conditions. A natural choice is the space of functions with homogeneous

Navier boundary conditions which is given by
; k
Wq’;’p(ﬂ) = {u e WFP(Q) : Alulsg = 0 in the sense of traces V0 < j < 2} .

Moreover, if k = p = 2 it is well known that H3(Q) = H%(Q) N HI(2). In this work,

we consider only Dirichlet and Navier boundary conditions. For more general boundary
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conditions and also for a more precise introduction to polyharmonic elliptic problems we
refer to the book of Gazzola-Grunau-Sweers [32].

For k = 1 the Sobolev inequality has an underlying geometric meaning which is
situated in the deep relation between isoperimetric inequalities and best constants for
Sobolev embeddings. This is more clear if we consider the case p = 1, but is also true for
1 < p < N. For higher order Sobolev spaces, that is W*P(Q) for k > 1, this geometric
connection between Sobolev inequalities and isoperimetric inequalities is less clear but
the Sobolev embedding theorem still holds. The generic formulation of the Sobolev
embeddings theorem says that if N > 2, Q a bounded domain in RV with sufficiently
smooth boundary 92 and 1 < p < N then

Wéc’p(Q)L)Lq(Q) 1<qg<p:= N]ipk:p’
and the embedding is compact for ¢ < p*. In terms of inequalities this means that there

exists a constant Sy, such that for all u € I/VéC P(Q1) the following inequality holds
[ull ooy < Skpll Drullpr@) 1< q<p™

The same natural extension to higher order Sobolev spaces can be done for the

Hardy inequality. The best Sobolev and Hardy constants are then given by

ol
Skp() := . inf —
wer@\oy lullppr o)
and )
HuHWkp(Q)

Hea(82):= Wé“’lng)\m} [Imdey

The constants Sy, and Hy, ), are again independent of €2, and are not attained if 2 # RN
in the Sobolev case, and never attained in the Hardy case. This is, as in the first
order case, a consequence of the invariance under scaling of the norms considered in the
inequalities.

It is a natural question whether the best embedding constants depend on all these
traces or not. In other words, if we consider the Sobolev space with Navier conditions
Wj; P(Q)) and we define the Sobolev and Hardy constants in the same way as before, that

1S

e
Stpat(@) = _inf B
whr@noy [l o
and »
Hunk,p(Q)

Hipo(Q) =  inf W@
g whr @y It 70
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then it is clear that
Sk,p,ﬂ(gn < Sk,;m Hypo < Hyp

but the question is whether the opposite inequality holds. When k = p = 2 the question
was answered positively, just for the Sobolev constant, by Van der Vorst in [76]. Also
for general k£ and p the answer is positive, and was given by Gazzola-Grunau-Sweers in
[31]. The result says that for any dimension N € Nand 1 < p < %, then for a bounded

domain 2 with sufficiently smooth boundary we have
Skp0(Q2) = Skps  Hipo(2) = Hyp.

Concerning improvements of higher order Sobolev inequalities with lower remainder
terms, we mention recent results by Gazzola-Grunau-Sweers who proved such improve-
ments for the polyharmonic Sobolev inequality, [32, Theorem 7.58, Corollary 7.59 and
Theorem 7.60], both for Dirichlet and Navier boundary conditions. They proved the fol-
lowing two results, which generalize both the result of Brezis-Lieb and Brezis-Nirenberg

to the case of higher order Sobolev inequalities with both Dirichlet and Navier conditions.

Let k € Nt and let Q a bounded domain in RN, N > 2k. Then there exists a constant
C =C(9, N, k) such that

N

2 2 9
||uHH(’)“(Q) > Sk,QHuHLQ*(Q) + C”uHqu(Q), q= m

Let k € Nt and let Q a bounded C™-smooth domain in RN, N > 2k. Then for all
p € [1,q), there exists a constant C = C(Q, N, k) such that

N
N — 2k’

”qu'—IS(Q) > Sk,2||u”i2*(g) + CHUH%P(Q)v q=

There are also analogous improvements of the Hardy inequality for the biharmonic op-
erator, see Tertikas-Zographopoulos [73], Gazzola-Grunau-Mitidieri [30] and Yao-Shen-
Chen [79].

A generalization of the result by Caffarelli-Kohn-Nirenberg done by C. S. Lin [43]

is the following.

Let N > 3 then there exists a positive constant C such that the following inequality holds
for all u € CS°(RY)

. Yr a/p (1-a)/q
(/ |xyvr\pﬂuvda;) <C (/ \x|°‘p|Dmu]pd:c> (/ ya;\ﬁqyu\qu) ,
RN RN RN
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for p,q,r, a, 8,7, a real parameters and j, m integers such that they satisfied some tech-

nical conditions.

As a Corollary of the result by Lin we can derive, in particular, the following second

order Hardy-Sobolev inequalities

P *p
(2.2.1) /Q|Au|2dx >C (/ [ul dz:) . ue WHQ),

ol

where N > 5,0 <7 <4 and
2(N —71)
N—-4 =
Inequality is an interpolation inequality between the Sobolev and the Hardy
inequality, and appeared in this form in Yao-Shen-Chen [79] and Yao-Wang-Shen [80].

2 < p < o= 2%1) =

We can define the critical Hardy-Sobolev constant as the largest constant such that
(2.2.1)) holds for any u € VVO2 2(Q)) in the critical case p = o = 2*(7) or, equivalently, as

/ |Au|?dz
Q

= inf 7y
Wi (@)\{0} ( lul® dx) 7

o lz|”

Chs(Q) :

The critical Hardy-Sobolev constant does not depend on the domain  (see below) and

/ |Au|*dx
T £ RN

so if we define

Chs = i :
15 paa(@h)\o) ( / [ul” )2/"
dz
RN ||7

D2(RY) := ¢l {u € C°(RY) /RN |Aul® < oo},

we have Cf;¢(R2) = Cfg-

We consider then the following two natural questions.

with

1. Does the critical Hardy-Sobolev constant depend on all traces or not, that is, if we
define

C}_-IS’,&(Q = inf Q N
W2 (@)\{0} < / !u\”dx> %
o |z

Chsy(Q2) = Chg, forall 0 <7 <47

is it true that

2. Can inequality (2.2.1) be improved by adding some lower order terms, which can

depend on the L%-norm or on the weak L?-norm of the function u?
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2.3 A conjecture by Pucci and Serrin

The problem of adding remainder terms to functional inequalities like Hardy-Sobolev
inequalities is not only interesting by itself but it is also related to a conjecture of P. Pucci
and J. Serrin. Let us denote with \; 4 the first eigenvalue of (—A)¥ under homogeneous
Dirichlet boundary conditions. As we said before, H. Brezis and L. Nirenberg proved
that in the case k = 1 if €2 is a ball then there exists a positive radial solution of
for every A € (0,A11) if N > 4 and for every A\ € (%,)\1,1) if N = 3. Moreover, in
this second case, they proved that problem has no nontrivial radial solution if
A< %. We can consider the polyharmonic version of problem as the following.

(=AY u=|u>2u+I inQ
(2.3.1) u#0 in O
D% =0 on 0, Vol <k-1

P. Pucci and J. Serrin in [58] raised the question in which way this critical behavior
of certain dimensions depends on the order 2k of the semilinear problems . Let
Q C RY be a ball. The dimension N is called critical with respect to problem if
there exists a positive A* such that if there exists a nontrivial radial solution of problem
then A > \*, or equivalently if A < A\* then there are no nontrivial radial solutions
of problem ([2.3.1). Brezis and Nirenberg proved in [I4] that N = 3 is critical for second
order problems, so for £ = 1. Pucci and Serrin proved that for all £ € N the dimension
N = 2k + 1 is critical and moreover if we consider £ = 2 then also dimensions N = 6,7

are critical. So, they conjectured:
the critical dimensions for problem (2.3.1)) are exactly N =2k +1,...,4k — 1.

Hence, the conjecture is proved completely for k£ = 1,2 by the work of Brezis-Nirenberg
and Pucci-Serrin. For a generic k > 2, only the fact that N = 2k 41 is critical is known.

By the well known result by Gidas-Ni-Nirenberg [37], for £ = 1 and A > 0 if the do-
main 2 is radial it is equivalent to consider positive solutions or positive radial solutions
of problem . A generalization of the result by Gidas-Ni-Nirenberg to polyhar-
monic operators is given by [32, Theorem 7.1] and hence also for a generic k it is true
that it is equivalent to consider positive solutions or positive radial solutions of problem
(2.3.1). Hence, Gazzola-Grunau-Sweers proposed a weakened version of the Pucci-Serrin
conjecture. The dimension N is called weakly critical with respect to problem if
there exists a positive A* such that if there exists a positive solution of problem
then A > \*.

In this weakened formulation, the conjecture is proved by Gazzola-Grunau-Sweers

and it is strictly related with the existence of remainder terms in the Sobolev inequalities.
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For more details about the Pucci-Serrin conjecture and its weakened version by Gazzola-
Grunau and Sweers we refer to [32] and [58].

Since symmetry results, like Gidas-Ni-Nirenberg, hold also for semilinear problems
with Hardy-Sobolev type potentials, which is opposite to what happens for Hénon type
potentials in which symmetry breaking phenoma may occur, the question to add remain-
der terms to Hardy-Sobolev inequalities in any order k is possibly related to a weakened

version of the preceding conjectures for more generic polyharmonic problems.



Chapter 3

Hardy-Sobolev inequalities for
the biharmonic operator with

remainder terms

The results written in this chapter are collected in the paper [53]. The techniques we use
to prove the following results are a combination of old techniques, coming from the pa-
per of Brezis-Nirenberg [14] and Brezis-Lieb [12] and some adaptations to polyharmonic
problems, see for example [32]. In particular it is important to remark that the situation
with Navier boundary conditions is easier than the case with Dirichlet boundary con-
ditions. Indeed, polyharmonic problems with homogeneous Navier boundary conditions
can be treated as systems of coupled harmonic problems, leading to a substantially easier
argument. In the Dirichlet conditions case, on the opposite, the problem is inherently
a fourth order problem and some of the well known techniques of second order elliptic

problems, like maximum principles and symmetrization, are not true.

3.1 A Talenti comparison principle

We recall here a few basic concepts about symmetrization and rearrangements. A more

detailed treament of this argument can be found in the book of S. Kesavan [40].

Given a bounded measurable set Q C RY and a measurable function v : @ — R, we

define the distribution function of u as
Ou(t) = {x € Q & u(x) >t}.

The (unidimensional) decreasing rearrangement of w is hence defined as the function

25
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uf 1 [0,]9Q|] — R such that

esssupq, (u) fort=0
uf(t) ==
inf{s : 0,(s) <t} fort>0.
Given a set ) with finite measure, we denote with 2* the open ball centered at the
origin and having the same measure of , i.e |Q2*| = |Q|. Moreover, we denote with wy

the measure of the unit ball in RY. Finally, the Schwarz symmetrization or spherically

symmetric and decreasing rearrangement of u is the function u* : Q* — R such that
u*(z) = u (wN]:L"|N) Vo e Q.

Among all the well known properties of rearrangements, we recall here two of the most

important. Given a non-negative Borel measurable function F' : R — R, then

* Q
In particular this implies that
[u*ll Loy = llullzr) V1< p < +oo.

The second one is the famous inequality by G. Pélya and G. Szegd, see [57].
Let 1 < p < +co and let Q C RY be a bounded domain and u € Wol’p(Q) such that
u > 0. Then

/ Vot (@) P < / Vu(z)|Pda.
Q Q

A crucial tool in the proof of our results about Hardy-Sobolev inequalities is the
following result due to G. Talenti [72, Theorem 1]. Altough the result presented here

is not original, we include the higher order version given in [31], Proposition 3] with a

detailed proof, in order to make the dissertation more self-contained.

Proposition 3.1.1. Let N > 2, Q Cc RY be a bounded domain with 0Q € C* such that
Q| = wy. Let r > ]\2,—]_?_72 and k = 2h. Let f € L"(Q2) and u € Wg’r(ﬂ) be the unique
strong solution to

(-A)'u=f in Q,

(3.1.1) .
Ay =0 on 0N, Vji=0,...h—1.
Let f* € L™(Q), u* € W(}’T(Q*) and let v € Wq’;’T(Q*) be the unique strong solution to

(=A)'o =+ in Q¥

(3.1.2) ,
Ay =0 on 0N*, Vj=0,...,.h—1.

Then v > u* a.e. in Q*.



3.2. The dual cone decomposition of Moreau 27

Proof. We proceed by finite induction. For h = 1 the result is exactly [72, Theorem
1]. Hence we consider h > 2. As we said before, with Navier boundary conditions is

often convenient to rewrite a polyharmonic problem as a system of coupled harmonic

problems. Hence, we may rewrite problems (3.1.1)) and (3.1.2) as

—Aup=f inQ —Au; =uj—1 in Q ]
(3.1.3) 1=2,..,h,
up =0 on 0f), u; =0 on 0,
—Avy = f*  in Q* —Av; =v;—1 inQ* )
(3.1.4) i=2,..h
vy =0 on 00", v; =0 on ON*,

Clearly up, = w and v, = v. Applying the result for i = 1, we know that vy > u] in Q*.
Assume that v; > u} for i = h — 1. Then, by (3.1.3) and (3.1.4), we have that

—Aujy1 =u; In§ —Av;1 1 =v; 1n Q*
(3.1.5) i i
Ui+1 = 0 on 8(2, Vi+1 = 0 on 00*.

By combining equation (3.1.5) with the maximum principle for the Laplacian and a

further application of the Talenti result we have that v > u* a.e. in Q*. O

As pointed out in [31, Remark 4], to apply the Talenti original result we need only
that the boundary of € is C'! and not C*. In this case, the solution of the problem with
right hand side f € L"(Q) is in WE’T(Q). Nevertheless, if we do not have more regularity
on 99, the solution of is not in W) (Q).

3.2 The dual cone decomposition of Moreau

We discuss here an abstract result by J. J. Moreau in [50] about the decomposition of a
generic Hilbert space into dual cones. Altough this result is well known, we report here
the full detailed proof in order to make the work more self-contained. We recall that a
cone in a real Hilbert space is defined as a subset X C H such that if u € X and a > 0
is a scalar then au € X. Given a cone X in a real Hilbert space H we define its dual

cone as
X' ={weH: (wov)g<0 veX}.

Then we have the following decomposition of an Hilbert space into dual cones, due to
Moreau. See [50] and also [32] for more considerations about the dual cone decomposition

and its applications.
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Proposition 3.2.1. Let H a Hilbert space. Let X C H be a closed convex nonempty
cone and let X* be its dual cone. Then for any uw € H there exists a unique pair
(ui,u2) € X x X* such that

U = U + Uz, (Ul,’LLQ)HZO.
Moreover if we decompose u,v € H in u = uy + ug and v = v1 + vo then we have
lu—=ollF > lur = o1|F + [lus — v2|| -
In particular, the projection onto X is Lipschitz-continuous with constant 1.
Proof. Let u € H fixed. Let u; the projection of u onto X defined as
||lu — w1l == min||Ju — v||#,
veX
and let ug := uw — u1. Then for all t > 0 and v € X we have, by the definition of a cone
and of uy, that
lu —wlffr < lu— (ur +t0)|[F = [lu—wllf —2t(w —ur,0)m + ol
so that
2t (ug,v) g < t2|v]|%.
Then, dividing the preceding expression by ¢t and letting ¢ \ 0, we obtain that
(ug,v)g <0 VYvedX,

and hence ug € X*. Choosing v = u; allows us to take ¢t € (—1,0] and then, dividing by
t < 0 and letting ¢ 0, we have that
(ug,u1)g > 0.
Hence, we have that
(ug,u1) =0,
and this proves the existence.
Now we prove the Lipschitz continuity of the projection. We take u,v € H and we
consider u = u1 + ug and v = v; + v9. Then by the inequalities
(u1,v2)g <0, (v1,u2)g <0,
and by the orhtogonality, we obtain
Ju— U”%} = (u1 +uz —v1 —v2,u1 +uz — V1 — V2)H
= ((u1 —v1) + (ug —v2), (u1 — v1) + (ug — v2))m
= lur — vi|F + [Juz — val3 + 2(u1 — vi,u2 —v2)m
= llur = w1l + lluz = v2llFr = 2(ur, v2) i — 2(v1, ua)

> Jur — v |7 + lluz — v2ll7,
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and then we have the Lipschitz continuity. By the Lipschitz continuity, taking u = v,

we obtain the uniqueness of the decomposition. ]

The dual cone decomposition by Moreau is a generalization of the standard decom-
position of a function « in its positive and negative part, u4 and u_ respectively. To see

this fact it is sufficient to consider as X the positive cone in H, that is
X::{UGH cu>0a.e },

for H = {L*(Q), H}(Q), ..., H}(Q)}. If H = L*(2) then X* = —X and then the dual

cone decomposition is the standard decomposition
U= Uy — U_.
If H= H}(Q) then v € X* if and only if
/QVU-VUCZ:U§O Vue X.

Therefore
X* = {v € H}(Q) : v is weakly subharmonic} c-X.

Then, altough
/ Vug - Vu_dzr <0,
Q

the decomposition obtained in H}(€) is different from the decomposition in positive
and negative part. In higher order Sobolev spaces the decomposition in w4 and u_ is
no longer admissible since if u € H*(Q) then a priori uy,u_ ¢ H¥(Q). In general, if
H = HE(Q) then

X* = {v € HY(Q) : (-A)v <0 Weakly}.

3.3 The Boggio formula

Here we present the well known result by T. Boggio in [10]. We do not report the proof
of this result because it is extremely technical. We refer to the book [32] for a complete
analysis of the Boggio formula and its consequences.

Let us consider a generic polyharmonic boundary problem with homogeneous Dirich-

let boundary conditions

(~A)ru=f inQ

(3.3.1)
D%u =0 on 02 Vol <k-—1,
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where Q C R¥ is a bounded smooth domain and the datum f is in a suitable functional
space. In order to give an explicit solution of the problem (3.3.1) we have to compute
the fundamental solution of (—A)* in RY. We define

A ||V it N > 2k or N is odd

@k7N<$) =
By n|z/*~N(—log|z|) if N <2k is even,

with Ay ny and By y two constants, so that, in distributional sense,
(=AY, v = .

Thanks to the fundamental solution one may define the Green function Gy n(z,y) for a
domain 2. Formally, the unique solution of problem (3.3.1) is given by

u(x) = /Q G (2, 9) f(4)dy.

If the datum f is in a suitable functional space then the preceding equation is well defined
and it gives the explicit formula of the unique solution. As in the second order case,
the explicit representation of the Green function is not easily determined. T. Boggio

computed the Green function for the unitary ball in RV,

Proposition 3.3.1. The Green function for the Dirichlet problem ({3.3.1)), with Q the

unitary ball, is positive and given by

/|z—y]

121y 1%
Gk7N($7y) = Ck7N|IL' — y|2k—N/ (’U2 _ 1)k_1U1_NdU.
1

The positive constants Cy n are defined by

r(1+%)
Ck N = = .
Nz 4b=1((k — 1)1)2

The Boggio formula is important for two facts. The first one is that it gives us the
explicit formula of the Green function in the unitary ball. We use this fact to show
the improved Hardy-Sobolev inequalities with Dirichlet boundary conditions. Moreover,
the Boggio formula says also that the Green function in the ball is positive. This is
crucial when we want to consider maximum principles. As we said before, polyharmonic
boundary problems with Navier conditions can be solved as systems of coupled harmonic
problems. This is important because for harmonic problems maximum principles are
well known and hence they also hold for polyharmonic problems with Navier boundary

conditions. In the Dirichlet boundary conditions case, this is not true anymore.
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We say that problem (3.3.1) has the positivity preserving property when for all u
and f satistying (3.3.1]) we have that

f20 = wu>N0.

In the second order case for regular domain this is given by the maximum principle.
In general, verifying the positivity preserving of a domain is an hard problem. Never-
theless, in case that the Green function exists, the positivity preserving property of the
domain 2 holds true if and only if the Green function for the domain {2 is non-negative.
Then, the Boggio formula says that the positivity preserving property holds also in the

polyharmonic case with Dirichlet boundary conditions for the balls in R,

3.4 Independence of the critical optimal Hardy-Sobolev

constants on the domain and on the traces

We recall that we are interested in the following second order Hardy-Sobolev inequality

P v
(3.4.1) /Q|Au|2dx >C (/ [ul dz) . ue WPQ),

ol

where N > 5,0 <7 <4 and

(3.4.2) 2 < p<o:=2%1) = 2(]]\7\7__47)

We remember also the definition of the critical Hardy-Sobolev constant with Dirichlet
boundary conditions, that is the largest constant such that inequality (3.4.1]) holds

/|Au|2dac
= inf &2 27y
Wi (@)\{0} < |u|"d ) ’
x

o |z

(3.4.3) CT(Q) :

and also the definition of the Hardy-Sobolev constant with Navier boundary conditions

/]Au|2d3:
(3.4.4) Chss(Q):= _ inf 0 7
We3()\{0} < lu|” p ) ’
X
ozl

and finally the definition of the Hardy-Sobolev constant on R

/ |Au|?dx
RN

inf S
DQ,Q(RN)\{O} </ ’u|a >/a
dx
RN |z
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with
D*2(RY) := ¢l {u € C°(RY) / |Aul? < oo} .
RN

A priori, the second order critical Hardy-Sobolev constants may depend on the domain
and on the boundary traces we are considering; but this is not the case, as mentioned
in Chapter 2, We prove first that the critical constants for W22(Q) do not depend on

the domain.

Proposition 3.4.1. Let N > 5, and Q C RY a bounded domain containing the origin
with boundary 02 € C*, 0 < 7 < 4. Then

Chs(?) = Chs.

Proof. By the Dirichlet boundary conditions we can extend any function u € W02 2(Q)
by zero outside {2 obtaining a function in D*?(RY). So we have that CF4(Q) > CFg.
Conversely, if {u;} is a minimizing sequence for the critical Hardy-Sobolev constant in
D22(RY), that is

iS40 o 2o
RN ||

(3.4.6) urr us(x) :=¢ iy (§> .

Scaling the sequence {u;} for sufficiently small €; we find that the sequence of rescaled
function {v;} := {ue,} is in C§°(Q2). But the quotient

is invariant under the scaling (3.4.6]). Indeed
2 _4-T T 2
/ |Aug(x)|*dx = / ’A (5 =2 (—))‘ dx
Q Q €

=25 [ N au(y)Pay
Q

4—7
:5_20—2+N_4/ ‘AU|2CL’L’,
Q
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and
( Jul” dm)”“ e ( |u<y>|U€Ndy>%
|| o leyl”
_od=T 2N |ul” e
= £ o—2 O'( T) d:lj .
o lz|”
Hence
Quz) = NN TIQ(w)
= Q(u),
since
B 2(N —1)
7T N1

Then we have that
Chs(Q2) < liminf Q(v;) = Chs.
j—o0

d

Hence, we can drop the dependence on the domain in the critical Hardy-Sobolev con-
stants, writing CFg.

The second question we want to answer is about the dependence on the traces. We
prove that the critical Hardy-Sobolev constant do not depend on all the traces in the
space W22(0Q), in particular we prove that the constant with Navier conditions coincides
with the constant with Dirichlet boundary conditions. This is a generalization of [31]
Theorem 1 and Theorem 2] concerning the best Sobolev and Hardy constants. Indeed,
the Sobolev case corresponds to 7 = 0 and the Hardy case to 7 = 4 in the following

Theorem.

Theorem 3.4.1. Let N > 5, and Q C RN a bounded domain containing the origin with
boundary 0 € C*, 0 < 17 < 4. Then

(3.4.7) Clrs(Q) = Cig(Q2) = Clg.

To prove Theorem [3.4.1] we need the following result, which is a Corollary of the

Talenti comparison principle, Proposition [3.1.1

Proposition 3.4.2. Let N > 5, Q Cc RN be a bounded domain containing the origin
with O € C* and | = wy, 0 <7 < 4 and let u € Wg’Q(Q). Then there exists a positive
radial function v € Wg’z(Q*) such that

(i) r— —Av(r) is positive and radially decreasing;
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(ii) the following inequality holds

/!Au\Qdaﬁ / |Av|?dx
Q > O*
o 2/0 - o 2/0.
( [ul dx) (/ [v] dx)
ozl o 2|

Proof. We are in the even case of [31, Lemmata 5-6]. Moreover we are considering a

weighted Lebesgue space with weight |z|~7. Let us consider the function v € Ws’z(Q*)

defined as the unique strong solution of
—Av = (—Au)* in QF,
v=20 on 00*.

Then, by definition of v we have that —Auw is positive, radially symmetric and radially
decreasing in Q*. Then, using Proposition [3.1.1] we can conclude that v > u* a.e. in
Q*. Using the fact that Schwarz symmetrization non decreases LP-norms with singular

weight [6, Theorem 2.2], we can conclude that

o 2/ *|0 2/o o 2/
(L) L 57 ()
o 2|7 o |z a lz[7

Finally, it is clear that

/ \Av\de—/ \(Au)*|2dm—/ Aul2da.
Q* O* Q

Hence the quotient

is non increasing if we replace u with v. O
We are now able to prove Theorem [3.4.1]

Proof of Theorem |3.4.1].

Let us consider a minimizing sequence for Cfg 4(S2) in Wg’Q(Q). Since 2 is bounded

and sufficiently regular, then smooth functions are dense in Wg’Q(Q). We remark that
2N ~

2> =
N +2 "
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which is the exponent we have in Proposition So we can reduce, without loss of
generality, to minimizing sequences in W3’2(Q) N Wg’T(Q). If we define

R?f(Bl) = {convex positive cone of W§’2 (B1) containing positive radially

symmetric functions v s.t. r — —Awv(r) is radially decreasing},

then we know, by Proposition [3.4.2] that
/ |Au|?da
C}—{S,'R = inf Bi

R129’2(Bl)\{0} </ ‘u|o'dx>2/a
B, 2|7

So, the proof is complete if we can prove that

< Chse(Q) < Chg.

(3.4.8) Chsr = Chs-
Suppose by contradiction that
Chsr < Chs-

Then, we can assume that there exists a function u € REQ(Bl) such that
/ |Au|?dz
Bi T

<
o 2/0
(i)
B1 ‘$|T

But the function w : B1(0) — R is radial, so we can denote it with u(r) : [0,1] — R.
Without loss of generality we can assume that u/(1) # 0, since v/(1) = 0 would imply
u € W02’2(B1) but this is in contradiction with and . So we can suppose that
u/(1) < 0, by the decreasing property. Now we apply the extension argument of Gazzola-

(3.4.9)

Grunau-Sweers, [31), Section 3]. Starting from the function u we construct another radial
function w with the same laplacian but with a larger Lebesgue norm weighted with |z|~":
we add a constant in the ball B1(0) and a multiple of the fundamental solution outside

of the ball, namely we define

u(r) + N 2|u’(1)| Vr e (0,1],
w(r) =

PN

N—Q‘u (1)] Vre[l,+o00),

We remark that w, as a function from RY — R, is in D>2(RY) and is in C11((0, +00)),

as a real function. Moreover, by construction, we have

[Awllz2(p,) = [|AullL2(sy)-
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Outside of the ball w is a multiple of the fundamental solution and then the laplacian

vanishes. Moreover, by adding a positive quantity, results that

o 2o o 2o
([ 0" ([ )"
B || By |z|

and then we have, by (3.4.9) and by the preceding estimates, that

/ | Au|?dz
B1

< Chg,

which is a contradiction. O

The fact that the critical Hardy-Sobolev constant does not depend on all the traces
in the critical case is in contrast with the subcritical embeddings where the best constant
does depend on the traces. as proved for the Sobolev case by A. Ferrero, F. Gazzola
and T. Weth in [26]. Moreover, as we said in Chapter [2 in the case p = 1 the Sobolev
embeddings behave in a different way and Theorem [3.4.1]is false, as proved by D. Cassani,
B. Ruf and C. Tarsi in [19].

As a final comment, we want to remark that the proof of Theorem follows the
lines of [30, Theorem 1] and it is a generalization of [30, Theorem 1 and Theorem 2] . The
main difference is that we have to recall that symmetrization increases also LP-norms

with singular radial weight in the origin and not only LP-norms with no weights.

3.5 Improved Hardy-Sobolev inequalities with Navier

boundary conditions

The result we prove is an L?-norm improvement of the critical Hardy-Sobolev inequality
with Navier boundary conditions for a smooth bounded domain 2. In the Navier
conditions case we can use the generalization of the Talenti comparison principle and
then we can use an argument by symmetrization. So we can reduce to the case of v and

—Auw positive and radially symmetric decreasing. Moreover, the biharmonic problem

(-A)?u = f(u,z) inQ,

(3.5.1)
u=Au=0 on 0f),
is equivalent, with the substitution w := —Au, to the system of harmonic problems
—Aw = f(u,z) in Q, —Au=w in €,

w =70 on 01, u=0 on 0f2.
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So, we can use standard methods for harmonic problems, such as maximum principle

and Hopf Lemma, and then the proof is an argument of constrained minimization of the

- 2/q
E(u) ::/ |Auldz — C </ |u\qu> ,
Q Q

F(u) := < ’“‘de> " 1.

ol

energy functional

on the constraint

Thus, in the Navier case, we can basically follow the proof in [14], by adapting the
arguments to the singular potential |z|~7. We also have to compute a Pohozaev type
identity in the biharmonic case for problem . Pohozaev type identities are well
known, even in the polyharmonic cases and even for Dirichlet conditions, [32] Theorem
7.27, Theorem 7.29], but with f depending only on the solution u. Here, we need to

consider functions f = f(u,x), in particular

‘u|0—1

|7

flu,z) = A + BlulT,
with A, B positive constants.

We remark here that, with respect to the original proof of Brezis-Nirenberg, we do
not need that the domain €2 is star-shaped. Indeed, by the symmetrization argument
we can reduce, starting from a general bounded domain 2 containing the origin, to the
case of the ball of radius one centered in the origin. It is also possible to give a proof of
the following result by unconstrained minimization, following the argument in [33] and

using the mountain-pass-type geometry of the free energy functional.

Theorem 3.5.1. Let us consider N > 5, Q@ C RN a bounded domain containing the
origin with 00 € C*, 0 <17 <4 and1 < q< %. Then there exists a constant C' > 0,
C =0C(Q,q,71), such that for any u € WE’Q(Q) the following inequality holds

o 2/0 2/11
(3.5.2) / |Aul?dz > Cfg </ [ul d:z:) +C (/ ]u\qdm> .
Q o lz|” Q

We want to use the well known argument by Brezis-Nirenberg, [14, Equation 1.53],

that is a proof by contradiction or, equivalently, a non-existence Theorem. For this, we
need a Pohozaev type identity for our problem. As said before, similar identities for
the polyharmonic cases are well known. We need to adapt them to the case of a given

datum f which depends both on x and u and which is, moreover, singular in the origin.



38 3 Hardy-Sobolev inequalities with remainder terms

Proposition 3.5.1. Let N > 5, Q= B1(0) CRY, 0<7<4and1<q< %. Let
U € Wg’z(Q) be a weak solution of the following problem with Navier boundary conditions

o—1
(—A)u = AI|L | +Bu?!  in Q,
€T T
(3.5.3) u=Au=0 on €,
u >0 in Q\ {0},
where A, B are given positive constants. Then u satisfies the following Pohozaev-type
identity
g A
(3.5.4) / |Au|dx = a/ L dr + 5/ ulde + 'y/ 9(&u) @(aﬁ V) dHN T,
Q a lz[ 0 oo Ov v
with 2N — 1) oN 2
-7
=A—-——2 =B—F—— =
a=ATNTyy PEB Ny YT N

Proof. We set
Qe = Q\ B:(0) = B1(0) \ B:(0).

We can localize the solution w to the set ()., obtaining that u is a weak solution of
the same problem but in the smaller set 2.. Now, viewing the problem as a system of
harmonic and elliptic problems and using elliptic regularity, we can say that u € C*(€.).

We can choose x - Vu as test function in €2, to obtain

90—1
— (7 - Vu)dz + B/ ul™ !z - Vu)dz.
x| Q.

/QE((—A)%)(QE - Vu)dr = A/QE u’

Being the function v € C*4(€.), we can do all the computations in a classical way and
we find

(3.5.5) / (—A)20) (2 - Vi)da = / (VAu(ac-Vu)—AuVu

B Qe
4—N
—Au(z, D*u) + ;U|Au|2> cvdHN T 4 — |Au|?dz,
Qe
Doing the same for the right hand side. we obtain
—1 1 N-1 N
(3.5.6) u Nz - Vu)dr = —— u?|z| dH —— [ udz,
Qe q JoB. q Jo.

and

o—1 1 N — o
(3.5.7) / u (x - Vu)dr = —/ u’ i dHNTL — T/ Y d.

. |z|” o Jop. |x[” o Ja. |zl

Now, we use in (3.5.5)), (3.5.6) and (3.5.7) the facts that u = Au = 0 on 012, that the

limits for € — 0 of the integrals over (2. converge to the same integrals over {2 by the
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Dominated Convergence Theorem, and that the limits for ¢ — 0 of the surface integrals
over OB, converge to zero, using the same argument as in [I8][Pag. 121-122], to obtain
the thesis. O

Next, we prove a Brezis-Lieb type result as [I1]. Again the problem is to take care

of the singularity due to the weight ||~ in the origin.

Proposition 3.5.2. Let Q@ C RY a domain containing the origin, 1 < p < 400 ,
{f;} € LP(Q2) such that

(1) | fillze) < C < +o0 for all j;
(it) fj — f for a.e. x € Q.

Then

@59) ([, e )%:jﬁﬂo«n'ﬁip ) (L |dm>%>'

Proof. First of all we observe that for all € > 0 there exists a constant C. = C'(g) > 0
such that for all s € R the following inequality in R holds

(3.5.9) |[s + 1P — |s]P — 1] < els]? + C..

Indeed the function

s+ sP

is convex for all 1 < p < 4o00. Then, from (3.5.9), we obtain that for all a,b € R the
following inequality holds in R

(3.5.10) Ha + 0P — |alP — |b|p‘ < elal? 4+ Cc|bP.
Now we define

wj = || £ = 1f; = fIP = 1f17],

(3.5.11)
vy = (uj — el f; — f17), = sup {u; — el f; — 17,0}

Since f; — f a.e then u; — 0, v; — 0 for a.e. = € RY. Moreover using (3.5.10) in the
first and the second line of (3.5.11)), respectively, we find
0 <vj < CelfPP,

and

0 <u; < C|fIP +elfs— fI"-
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Now passing to the integral and using the fact that u; — 0, v; — 0 a.e., we obtain

lim /Uj(x)da::/ lim 2 g o,
j—=too Jo |xfP Qi—+oo |x|P

and
Q \UCV’ !flf\p o |z
p /p p Y\ P .
. ( |ﬁ<>|d$> _+< s, )P [ kel
o |z o |z o |z
<e 2Mp+/ vj(x)da:,
CMPH J, T
with y
()P P
M :=sup ( @)l da:) .
o |zl
Then
: u; () - v;()
lim sup dr < e (2M)? + limsup dx <e(2M)P.
jotoo Ja |ZP jotoo Jo [P
and so

lim u](x) d
s Jon Jal?

which implies (3.5.8)). O

Proof of Theorem [3.5.1].

We need to prove 2)) only for any u € I/V2 2(Q*) where Q* is the ball centered in the
origin such that |Q*\ = |Q| Indeed if we suppose that (3.5.2)) holds for any u € Ws 2(0%)
then for any u € Wg’Q(Q) we can choose a v € Wg’z(Q*) such that v is the unique strong

:07

solution of
—Av = (—Au)* in QF,
v=20 on O0N*.

Then by Proposition and a rescaling argument we can conclude that v > u* a.e.

By standard properties of Schwarz symmetrization, we obtain

/ |Au|*dx = / |Av|?dx
Q Q*
. [l N7 .
2 CHS Wdiﬁ —+ C |U|qd$
* Q*
|u|” /o 2/q
> Chs </ Tda:) +C (/ |u]qu>
o Q
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So we can reduce without loss of generality to the problem with the further assumptions
that €2 is the unitary ball centered in the origin, u € Wg’z(Q) is positive and radially

symmetric decreasing and that —Auw is positive and radially symmetric decreasing.

Step 1. We prove that the following statements are equivalent

(i) there exists a constant C'(N, g, 7) > 0 such that (3.5.2) holds for any v € X with

X = {v € Wg’z(Q) tv>0 a.e.};

(ii) there exists a constant C'(N,q,7) > 0 such that 5}{5 = Cfg with

/\Au!2dx— (/ \u|qu)
= o)
ue 0 4
< |ul dx)
o |z

We are considering here also C};¢ as an infimum over X. If (i) holds then we have

o 2/‘7
/|Au| dx — C (/ |uyng;) >CHS( Q||“|’Td>

and so 6’}15 > Chg- The opposite inequality is true by definition and then 5’}{5 = Chg-

AT

Conversely we have for any u € X

_ o Yo 2/q
/ |Aul|?dz > Chg (/ ’u‘Tdm> +C (/ ]u!qu>
Q o |z| Q
o ([ )" ar)”
=Chs —dx +C |u|9dx
o |z| Q

And then (3.5.2)) holds for any u € X.

Step 2. We prove that if CF¢ < Cfg then CJ g is attained in X'\ {0}, which means that
there exists a function v € X \ {0} such that

5[25 = E(“’)a

with the energy functional E defined as

Q/q
/ |Auf?dz — C </ ]u|qdm>
Q 0
o Yo '
( !u\T dm)
a |zl
Let us consider a minimizing sequence in X for 5}15, that is a sequence {u;} C X such
that

E(u) :=

E(uj) = Chg.
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We can suppose without loss of generality that

/‘uj‘ dr =1.
o |zl

If not, we can simply consider

Using Sobolev and compactness of embeddings, we have, up to a subsequence,

uj —u in L"(Q) Vr<2*
uj —u in W3’2(Q)

uj — u for a.e x € (L

Moreover, using Fatou Lemma

(o .|
/'“’Tda;gnminf/ 4l g =1,
Q|| 1o+ Jo x|

Let vj := u; — u, then
v; =0 inL'(Q) Vr<2*
v; =0 in H3()
v; =0 foraexeQ,

We want to prove that u # 0. By the minimizing property of {u;}, we have that
E(u;) — 6’}15 which means

2/q _
(3.5.12) lim (/ |Auj|*dx — C (/ yuqudx> ) =g
J—+oo Q Q

Now, we can use the fact that v; — 0 and [11, Theorem 1] to conclude

2/q 2/q
lim / |Auj|*dx — C (/ \uj|qd:1:> >Cpg—C </ ]u\qu> ,
J=too \ Jo Q Q

and then
_ 2
(3.5.13) Crig > Clig— C (/ yu\qu> .
Q

Taking into account Cfq < Cg in (3:5.13), we find

2/q B
C (/ ’U‘qu> 2 C}:IS - CI‘I:IS > O,
Q
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and then u # 0. Using Proposition [3.5.2] we know
. g .|o g
1= / Mdm = ‘U]‘T daH—/ |U‘Tda: +o(1),
o |zl Q |zl a |zl

931 0N (1)
1§< J d:v) +< dm) +o(1).

o |z

and then

Now, we want to prove the following inequality

% o /s
(3.5.14) / |Auf?dz — C (/ ]u\qdac) < Chg ( [ul dm) .
Q Q o |z
(a) Let 5’}15 > 0, then
Q

AT |ul” e CHS/
<
< CHS( ; |$’de e |Av;2dx + o(1),

So, we obtain (3.5.14)) in the following way
2 o 2/o
2 a T "LL|
|Au|*dz — C lul%dx | < Chg dx
Q Q a |zl
Chs _ 2
+ 1 |Avj|“dz + o(1)
Chs 9)

e ()T
< Cj d .
=S < ozl

(b) Let 5’}{5 <0, then we find
o 2/
- o lzI”
With a similar argument to case (a) we find again (3.5.14]).

Then

E(u) < CHS = Xl\n{%}E(u)

and then u is a minimum.

Step 3. We prove . Suppose on the contrary that for any C' > 0 we have that
Chg # C’HS, Wthh means C’HS < Cfg- By the preceding step, we have that there exists
a function v € X, u > 0, such that

Chg = E(u).
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Now, C~’IT{S is a minimum obtained by unconstrained minimization of the functional F.
At the same time. we can obtain 5}15 as a minimum by constrained minimization of
the functional E defined as

~ 2/q
E(u) ::/ |Auldz — C </ |u\qu> ,
Q Q

on the constraint F'(u) = 1 with

[\
Flu) = dx .
() (mxv >

The functional E is Frechet differentiable and then by the Lagrange multiplier theorem

we have

(3.5.15) E'lu)(v) = Chs F'lul(v) Yo e W,?(9Q).

with

(3.5.16) Blul(v) = 2 /Q Autvdz — 20 |ul578, /Q fuf? L ode,
and

o (2=0)/o o—
(3.5.17) F'lul(v) =2 / [ul dx - / [ul 1vdx.
o lzm o |z

Finally, using the boundary conditions of v, we find

(3.5.18) /AuAvdx:/A2uvdx.
Q Q

Using (3.5.16)), (3.5.17) and (3.5.18)) in (3.5.15]), we obtain

o (1l N el - .
2/ A*uvdr = 20Y g (/ |x”7dx PR vdx + ZC’HUHin]Q) lu|? tvdz,
Q Q Q Q

for any v € W3’2(Q). Using the fact that F'(u) = 1, we find that u is a weak solution in
Wg’Q(Q) of the problem

o—1
A2y = Azr | +Bu?t! inQ
€T T
(3.5.19) u=Au=0 on 0f)
u >0 in '\ {0},
with

A:=Chs, Bi=Clulily.
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We can apply Proposition to conclude that
g 0
(3.5.20) / |Aul2dz = a/ LA /3/ Wdz + 7/ (), 2 (5 ) a1
Q a |zl Q 29 ov
Moreover, integrating the equation in (3.5.19) and using (3.5.18]) with v = u, we obtain
~ u? 2
Taking ([3.5.21]) minus (3.5.20]), we find
Ya ou
(3.5.22) 0= a/ —dx +f3 </ uqu> — 'y/ (Au)y=—(z - v) dHN L.
a |zl Q o9 ov

with

- _ 2(N —1) 5 2 _ 2N 2
a:=Cpg (1 a(N—4)> , Bi= CHuHLq(Q) <1 q(N—4)) I N_4

Using (3.4.2) and 0 < 7 < 4, we obtain & = 0 and then, inserting this in (3.5.22]),

(3.5.23) 0=2 (/ uqu> " — 7/ (Au), 8u( vy dHN L
0 o0 ov
By ¢ < %, we have 8 < 0. We want to find the sign of the second term.
We have z - v =1, (Au), = (Au)’, and g—g = u/. With the substitution w := —Au, we
can split problem in
—Aw = f(u,z) in Q —Au=w in
w=0 on 0f2, u=0 on 012,

with f(u,2) > 0. Then, applying the maximum principle, we obtain —Aw > 0. Hence,

by the Hopf Lemma, we can conclude
u' <0, (—Au) <0, ondQ.

Then 5
—fy/ (Au)y—u(:c v)dHN T >0,
o0 aV

so we have two terms with different signs. But v and Awu are radially symmetric and
then

/mmw u AN = wy (1) D) (1)

! udS> ( m(Au)’d’HN_l)

(
le ) < Vu-vdHN" 1)( VAU.VdrHN—1>
( / Audx) < / A2udx>

le

1

N-1

E
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Now, let ¢ the unique radial positive and smooth solution to the problem

—Ap=1 inQ
=0 on 0f),

then
—/ Audx:/goAQde.
Q Q
Hence
—/ (Au)'v/ dHN T = — : </ Audw) (/ A2udx>
o0 wN 1
</ Audm) (/ A2udx>
WN 1
= (/ ¢A2udx> </ A2udx> .
wN-1 \Ja
Finally

/A2udm’:/
Q |z|<
<)
|z

<
] <

< K(N)/ ©A*udz ;
Q

A%udx + / Audz
<Jz|<1

1
2

1
A%udz + K (N)A%u (2>

in

1
2

A?udz + K(N) / A?udz

3 |z|<1

indeed ¢ is radial symmetric decreasing and then

/ oA udz > K(N)/ A?udz.
l2[<3

lz|<i

Using the Sobolev inequality, we have

—y /8 Q(Au)’u’ dHN "t > K(N) < /Q A2udm>2

2/q
> K(N) </ uqda:)
Q
Coming back to (3.5.23]), we find
oz(K—B)/uqu>o VO < C,
Q

with

l

_ qK(N —4)
==
2N [Jull7s (o

So, we find a contradiction for any 0 < C < C.
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3.6 Improved Hardy-Sobolev inequalities with Dirichlet

boundary conditions

The third result we prove is an improvement of the critical Hardy-Sobolev inequality
with Dirichlet conditions with a weak L? remainder term. The proof of the following
Theorem follows the argument of [12] Inequality 1.4]. The main difference is we cannot
use a symmetrization argument and moreover we cannot use the maximum principle, in
the case of Dirichlet conditions for a biharmonic problem. So, we can not reduce ourselves
to the case of radial and positive functions, as in the Navier conditions case. However,
using Proposition we can reduce to the case of fixed sign functions. Then, we
need an extension argument to apply the Hardy-Sobolev inequality in R. This is also
the strategy used in the proof of the Li-remainder term for the polyharmonic Sobolev
inequality [29] or [32, Theorem 7.58, Corollary 7.59 and Theorem 7.60].

Theorem 3.6.1. Let N > 5, Q C RY a bounded domain containing the origin with
NeCH,0<rt<4and1<¢q< %. Then there exists a constant C = C(Q,q,7) > 0,
such that for any u € W02’2(Q) the following inequality holds

|ul”

2/(7
(3.6.1) /Q |Auf*dz > Cg ( i Wda:) +CllulZg -

Proof. € is bounded, then there exists a radius R > 0 such that  C Bgr(0). Now by
the Dirichlet conditions we can extend any function u € WO2 2(Q) by zero outside €2
obtaining a function u € I/VO2 ’2(B Rr). So we have to prove the Theorem only for functions
u € Wy (Bg(0)).

Consider the closed convex cone in W02 ’2(B r) of non-negative functions
X = {v e W2*(Bg) : v>0ae. in BR(O)} .

Let g € L*>°(Bgr) and let v € W02 2(Bg) a solution of the following problem with Dirichlet

boundary conditions
(=A)*v =g in Bg(0)
v=|Vu|=0 on dBg(0).

Then, v € WOQ’Q(BR) NL>(Bgr). We take a function v € X'\ {0} and define the auxiliary

function

U*’UﬁLH’UHLoo(BR) in BR

P et [(8)7 - (8)"] s
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So ¢ is a function in VVO2 ’2(]RN ) and we can apply the Hardy-Sobolev inequality to ¢ in
all RY obtaining

o \Ye
(3.6.2) / |AG|?dx > CFg (/ WT dx) :
RN RV 2]

With straightforward computations, we obtain

(2— N)?(3— N)2R2N-6
‘1‘|2N—2

R\N-3 RN 2
|A(<m> () ) -
(2—N)(3—=N)?(4— N)R?N-T (3—N)2(4— N)2R2N-8

’$|2N—3 + ’3;‘|2N—4 ’

/RN |A¢|2dx = / A (u— v+ ||v||pe) \de

+||Rv|r%oo /B% A ((ﬁ)N%_ <|xR|>N4> )

_ / A — v)2dz + Kl[v]%e,
Br

SRS

dzx
:2_N23_N2R2N—6/ _ar
(2-N)?E-N) s

dx

dzr

c
R

dx

— (2—N)(3—N)2(4—N)R2N7/BC TZEN=3

dx
. |z|2N—4

+ (3= N)*(4—N)’R*N"® /
B
= C111 + Caly + C313.
Using polar coordinates, we find

WN 2-N WN 53-N WN 4-N
[ = —— Ih=—""— I3 = —
! N—2R ’ 2 N—3R ’ 3 N—4R ’

so that

(3.6.3) k=CRN™4,

Finally, we can conclude

(3.6.4) / A[2dx = / A — )2z + k[[v]|2 .
RN Br
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But
/ |A(u —v)2de = / |Aul?dx + / |Av|?dz — 2 Au Avdz,
BR BR BR BR

and integrating by parts twice and using u = 0 and |Vu| = 0 on dBg we find

(3.6.5) 2 Au Avdx = 2/ ugd.
Br Br

Moreover, using v > 0 and —v + ||[v||p~ > 0, we can conclude

(3.6.6) / 191 dxz/ i g
RN |27 By 12[7

Now, using ([3.6.4)-(3.6.5))-(3.6.6|) in (3.6.2) we find

N
(3.6.7) / |Au|2dx+/ |Av|2da:+2/ ugdz + k||v||2e > Chg (/ [ul dx) :
Br Br Br B

R

Substituting g — Ag, v — Av, A > 0 in (3.6.7]), we have
E(X) ::/ |Au|2dm—|—)\2/ |Av|2+2>\/ ugdz + N2k||v||%
Br Br Br

ul” N7
— COF / da:) > 0.
s ( By 2|7

Minimizing in A, we find

ugdx
; J,

LB =0 it A= -
/ |Avdz + K|[v]2e
Br

i

then

w 121 |Av[2dz + El[v]2e

2
e e )
(3.6.8) / |Auf?dz > CFg </ uda:) + Br :
Br B /

Br

for any u € X\ {0}, for any g € L°°(Bpg) and for any v € W02’2(BR) N L>°(Bg) solution
of
(-A)?v=g in Bpg

v=|Vu|=0 on dBpg.

Consider g = x4, with A C Q C Bgr(0) a measurable set. Then

(3.6.9) / ugd:c:/ udz.
Br Br
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(3.6.10) / Av2dz < C A+
Br

Indeed, using the fact that v is a solution of the preceding problem with Dirichlet bound-

ary conditions and integrating by parts we find

/ |Av|?dx = / vgdx = / vdz.
Br Br A
Then, using Holder inequality Sobolev inequality with p = ]\%—JL and ¢ =
/ |Av|?dx = / vdx
Bnr A
< / |v|dx
A

1
< vl zoayl Al

2N
N+4>

1
< vl Le(Br) 1Al

< Cllv

w2255 yAVW.

Then (3.6.10)) is proved, just dividing by ||vHW2 2 and taking the square power.
Finally, using Proposition and computations as in [31, Theorem 7.58], we find

(3.6.11) ]| < C|A|R.

Using (3.6.9)-(3.6.10)-(3.6.11)), the definitions of k£ in (3.6.3)) and that A C Q C BRH we
find

(3.6.12) / |Av|2dz + k|v]2e < CRN4A|N.

Br

Using (3.6.12)) in (3.6.8)), we obtain,

2
< ugdx)
Br

]Av| dx + k||v]|3 =

([, )"

cch (] o) o (f )
(55
(] 55

2
+C(Q sup{]A\J%/udx}
ACQ A

n this way |A| < CRY.
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for any A C Bpg, where in the last line we use the following characterization of the weak

_1 1 1
ul|rp oy := sup < |A Q/udm}, —+-=1,
follzg ey = sup {14175 [ L1

and with the constant

norm

This concludes the proof of the theorem in the positive cone.
Let w a generic changing sign function in VVO2 ’Q(BR). We can just apply the dual cone

decomposition choosing

X:={ve W02’2(BR) :v >0 a.ein Br},

={veW, (BR) : v <0 a.e in Bg},
to conclude, using [31l Proposition 3.6], that
|ur + ug| < max{lual, luzl},
and then for any r > 0 we have
lur + ua|” < max{|u1|", Juz|"} < |ui1|” + |ug|” for a.e. x € Bp.

Ifr>2, we fix r =0, p= 7 and we have

</BR :Z;jdx> T (/BR (gb%) 2o

2

ol i
HU1 +U2‘
IR

L7 (Br)
< ([ (laly v (lelyar)”
< Un )+

<l

Lo (BRr) H |x]P‘ Lo(Bgr)

Finally, we know that the thesis holds separately for u; and us and then the theorem is

proved. O

Using the properties of the weak Lebesgue norm, namely |Jufza < [lul[ 2 for ¢ < g
(see [39, Pag. 255]), we have the following Corollary, which is the counterpart of Theorem
[B.5.1] for the Dirichlet case.
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Corollary 3.6.1. Let N > 5, Q ¢ RN a bounded domain containing the origin with

NecC,o0<rt<4d4andl <q< %. Then there exists a constant C' > 0, C =

C (2, q,7), such that for any u € WO2’2(Q) the following inequality holds

0l 1) "
(3.6.13) / |Au|?dz > CFg < dx) +C </ |u|qd:z:> .
Q o lz|” Q

From Chebyshev’s inequality we obtain for all 1 < ¢ < 400

lullLg, ) < llullza)

and then it is clear that for all 1 < ¢ < % Corollary implies also Theorem W
But in the limit case ¢ = % inequality (3.6.13) fails, because the remainder term with
the L%-norm is too big, while the inequality (3.6.1)) still holds, since the remainder term

with the weak L9-norm is slightly smaller.



Chapter 4

A supercritical semilinear
biharmonic problem with Hardy
potential

The results written in this Chapter are obtained in collaboration with Maria Medina of
Universidad Auténoma de Madrid [46].

4.1 A brief history of the problem

Let us consider the following fourth order problem with Hardy potential

uP~1

(—A)ZLL:W an
u >0 in Q
ou
u:a—zo 01'189,
1%

where 0 <p—1< % and Q C RY is a bounded smooth domain, with N > 5.

In the Hardy case we have that 7 = 4, 0 = 4 and hence p = 2 in . When
p —1 > 1 or equivalently when p > 2 we are in the supercritical case of the Hardy
inequality. We want to prove a non-existence result for the preceding problem when the
origin is located on the boundary of €.

In the second order case the problem

p—1
—Au = v in Q
||
(4.1.1) u>0 in €
U = on 0,

93
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with NV > 3 is well studied. In the subcritical case, that is 0 < p — 1 < 1, it is simple
to prove existence of weak solutions, independently of the location of the origin, by
using the Hardy inequality as in [I]. If p = 2, that is in the critical case, the problem
was studied by Ghoussoub-Kang in [34] and by Ghoussoub-Robert in [36]. To be more

precise, they studied the problem in the more general setting of critical Hardy-Sobolev

potential
ucrfl
—Au=—— in{)
Edl
u>0 in
u=0 on 00\ {0},
for0<7<2and o= 2%\[:27 ), They gave sufficient local conditions on the boundary at

0, precisely a condition of negativity of the curvatures and the mean curvature at 0, for
the best constant in the corresponding embedding to be attained, which yields existence
of a solution to the preceding problem.

Finally J. Davila and I. Peral studied in [22] the problem in the supercritical setting,
that is 1 < p -1< N+2 We recall that u € HJ(Q) is a positive weak solution of the
problem (|4 if u > 0 a.e. in () and satisfies

/Vu-Vgodx:/u 5 pdx ’/ Q@dx
Q |z o |z|

for every ¢ € H}(€2). Davila and Peral proved in [22] the following result

< 400,

Let N >3 and1 < p—1< % Then problem (4.1.1)) has no positive weak solutions
if 0 € 902 and Q2 is a smooth domain star-shaped with respect to 0.

Moreover, they were also able to prove existence of weak solutions for problem (4.1.1]
for domains with specific geometry, in particular for dumbbell domains. A dumbbell
domain 25 is a bounded domain with smooth boundary of the form Q5 = Q1 U Qs U Cs
where €; and € are smooth bounded domains such that Q; Ny = () and Cj is a region
contained in a tubolar neighborhood of radius less than § > 0 around a curve joining ¢

and 9. In this case, they proved the following existence result.

Let N >3 and 1 <p—-1< % Assume that Qg is a dumbbell domain with

0 € 091 N OS5 then there exists a &g > 0 such that if § < &y then there exists a positive
weak solution of problem (4.1.1]) in Qs.

There are some generalizations of problem , for example in the case of more
generic second order operators, that is in the case of p-Laplacian operator, as in the
series of papers [47], [48] and [49].

We want to generalize the non existence result of [22] to the setting of the biharmonic

problem with Dirichlet boundary conditions, that is we want to prove non existence of
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positive weak solutions of the following problem

up

2 .
(—=A)*u = L in Q

(4.1.2) u>0 in Q2
U= % =0 on 012,

with N > 5, Q a bounded smooth domain star-shaped with respect to 0 € 9€) and
1<p< {4

Still, we are not able to generalize the second part of [22] to the problem (4.1.2)).
Indeed, the original proof of Davila-Peral is heavily based on maximun principles and
comparison principles which are not available in the setting of biharmonic problems with

Dirichlet boundary conditions for dumbbell domains.

4.2 Regularity of solutions

Concerning regularity, in this Chapter we distinguish two different kinds of solutions.

More precisely, if we consider a general problem

~A)*u = fin Q
(4.2.1) ( - )85 fin &

u-a—Oonaﬂ,

by weak and strong solutions we mean the following.

Definition 4.2.1. We say that u € HZ(Q2) is a positive weak solution of the problem
(4.2.1) if w > 0 a.e. in Q and satisfies

/QAuAcpdx:/Qfgpd:U, '/prdzz:

for every ¢ € HZ(9Q).

< 400,

Definition 4.2.2. We say that u is a positive strong solution of the problem (4.2.1))
if u e HZ(Q)NWH(Q) for some ¢ > 1, u > 0 a.e. in €, and the equation and the
boundary conditions in (4.2.1)) are satisfied a.e.

The purpose of this section is to prove that positive weak solutions of problem (4.1.2])

are actually much more regular. Indeed we will see that solutions of (4.1.2)) are positive

1We notice that here the notation is changed. Indeed, in problem (#.1.2)) we denote the exponent by
p while in the notation of the preceding chapter it was denoted by p — 1. Since we are only interested in
the differential problem and not in its variational counterpart it is more comfortable to work with the

simpler form p and not with p — 1.
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strong solutions of the same problem and, moreover, that they are smooth away from
the origin.

From [32], Theorem 2.20 and Corollary 2.21], we know that if we consider f = f(u) €
L%(Q) with ¢ > 1 in the general problem , then every weak solution of problem
is also a positive strong solution of the same problem. Moreover, there exists a
constant C' = C(2, N) > 0 such that

ullwa) < Cllf(u)l|Laa)

First of all, we prove that a priori a positive weak solution of (4.1.2) is also in W*4()
for some ¢ > 1. And moreover u satisfies the equation a.e, that is weak solutions are

also strong solutions.

Proposition 4.2.1. Let u € H3(Q) be a positive weak solution of problem ([#.1.2)). Then

u is a positive strong solution of the same problem, and in particular, u € W44(Q) for

every 1 < q < %gii).
P
Proof. Consider f(z,u) := We want to check if f(z,u) € LI(Q2) for some g > 1.

[+

Let us take in particular ¢ € (1, ]\]I\%; Lll)). Thus, applying Holder inequality we find that
uPd uPtl Ys
L= [ Hiae< ([ ) ([l mtmas)
0 q |z[* a ||t
: _ prl __ptl . N(p+1) 4q
with r = 2 and s = iy Since q < NpFd then g < N and the second

integral is finite. Moreover, since u is a weak solution of (4.1.2]), testing in Definition
with ¢ := u we know that necessarily

and therefore f € L(Q) provided that ¢q € (1, Ajf\%ii))- -

We notice here that, in order to have u € C%7(2) for some 0 < v < 1 directly by
Sobolev embeddings, we need that

and hence g > % Since by Proposition 4.2.1| ¢ < ]\;p +1 and by assumptions 1 < p <

% and N > 5, we have that ¢ < %. So, we can not bootstrap directly from a strong

solution to a continuous solution.

2For Morrey embeddings if u € W*P(Q) then u € c” LNJ*l(ﬁ).
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Notice that in the previous result no assumption on the position of the origin is
made. We are assuming that 0 can be either inside or on the boundary of 2. Let us
suppose now that 0 € 912, and define, for fixed € > 0,

(4.2.2) I'.:= B-(0)NQ, Q.= Q\T..

The boundary of € and the boundary of I'. are smooth but the boundary of €).,

which is exactly
(4.2.3) 00 == 0QL UINZ = (0Q\ (02NT.)) U (AT- N Q),

is not smooth in the intersection of the two components 9Q! and 9902. Nevertheless, we
may assume that 0€). is smooth, since locally it is a Lipschitz graph and hence it can be
smoothened by a standard mollification argument. Therefore, without loss of generality,
we will assume that €2, is a smooth domain for every € > 0.

We want to prove that solutions of are indeed smooth far from the origin.
The idea is to consider a cut-off function and to prove that the solution multiplied by

the cut-off function is regular far from the origin.

Proposition 4.2.2. Suppose 0 € Q. If u is a weak solution of problem (4.1.2)), then
for every € > 0 we have that u € C%(Q.) for some 0 < v < 1, where Q. is defined in
@22).

Proof. Fix € > 0 and consider a smooth function 7 such that 0 <7 <1 and

0 x| <e
nx)=¢>0 &<z <2
1 |z| > 2e.

Let us define also the following function,
(4.2.4) w(z) = n(z)u(x), x €.

First of all we observe that w is well defined in 2. and w has zero Dirichlet values on the
boundary 92.. Indeed u has zero Dirichlet conditions on Q! by assumption, while n = 0
on 992. Using the cut-off  we are avoiding the origin, where the problem is singular,
obtaining a semilinear problem for the function w. Indeed, let us take ¢ € C§°(€2).
Thus, using that u is a weak solution of ,

AwApdzx :/ enfdr + / ¢ (2Auln + uA®n + 2VAu - Vn
Qe

£

(4.2.5) Q.
+2V AR - Vu + 2div(D*u - Vi) + 2div(D?*n - Vu)) dz,
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up
where f = f(z,u) := EE

with ¢ > 1, and therefore all the previous computations are justified in the weak sense.
Moreover, by a density argument, we can say that (£.2.5) holds for every ¢ € HZ(Q.),

and thus we can conclude that w is a positive weak solution of the problem

Notice that, by Proposition |4.2.1, we know that v € W49(Q)

A%w = F(x,u,n) in Q.

(4.2.6)
w = 87111 =0 on 0f),,
ov

F(z,m,u) :=ul®n +nf + 2Auln + 2VAu - Vn + 2VAn - Vu
+ 2div(D*u - V) + 2div(D?n - Vu).
Now we want to compute r such that F'(z,n,u) € L"(€.). First of all we observe that
Z o (D*u - V),

= Zal ZUZJ'T]]‘ = Zuzzﬂ?j + Zuljnjl
! l J i Lj
<y Z \uuj| + Cs Z ‘Ulj‘
l,j Lj

Here we used the fact that for weak derivatives the symmetry of mixed derivatives

(4.2.7)

]diV(DQU -Vn)| =

always holds. The use of formal integration by parts to define weak differentiation puts
the symmetry question back onto the test functions which are smooth and satisfy the

Schwartz theorem. Then we have

Il < O(Huume) 1l + Il gy + Aulr )

1 1
+||VAUHLT(QE)+</Q Z|ui,~jlrd$> +(/Q mew) >

€ 4, Y

(4.2.8)

Notice that, since x € €, the term f is not singular anymore. In particular, f(z,u) =
% < CuP. Therefore, using that « € H2(Q2) N W*4(€).), and the Sobolev embeddings
associated to every order of derivatives, we can assure that F' belongs to L"(€) if

. 2N Ngq Nq Ngq Ngq Ngq
T = 1min § max
(N—=4)p" (N —4q)pJ N —4¢'N—3¢' N -2¢’' N —¢q

min {ma { 2N Na } Ng }
= X ) b
(N—4)p" (N —4q)p) "N —q

By [32, Corollary 2.21] we get that u € W47 (€)). Now if r > & we conclude. Indeed,
if r > % we can directly apply the Sobolev embedding theorem to conclude that w,

#We are using the following notation. If A := (a(),...,a(q))” is a vector in R? then (A); := a is his
Ith coordinate. If u : R? — R is a function in 2 then u; := C%fl. Hence div(A) := ", 01(A) = >, Oiaq).
4The numbers in the definition of r come from the Sobolev embeddings. Since Diu € W54

. Ng
then D € LN-G-94 for j = 0,1,2,3. Moreover, since u € H> N W*? then v € L® with a :=

2N Nq
max { N—0)p’ (N—4q)p }
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and therefore u, belongs to C%7(Q.) for some 0 < v < 1. If r = % we are in the

limit case of the Sobolev embeddings and we can conclude that u, w € L(€).) for every

q > 1. Repeating the preceding argument, we obtain that there exists an r such that

_ N
r=r(q) > 7.

Suppose now that r < %. The idea is to perform an iterative argument, via a boot-

strapping technique, to reach the desired integrability. More precisely, let us define

(4.2.9) S {max{ 2N Ngip_1 } Nqip_1 } ke N
(N—4)p" (N —4q_1)pJ "N —q_1 |’

Firstly, notice that if {gx} is non constant, that is g, # ﬁ, since g1 < % because
if not we can stop the iterative argument in k — 1, then {gx}ren is a non decreasing
sequence. This is not enough to assure that ¢ overcome the value % for some k.
Indeed, we need to study the behavior of the increments gx — qi_1, to exclude the case

where this quantity tends to 0. Suppose first that

= Nag—1
TN g
Thus, , )
Qi Qi
Qb — Q1 = ) Q1 — Qo =
N —qr—1 N —qp—2
Let us define )
T N
g(:n)::N_m, T <

It is easy to check that for this range of values of z, ¢’(z) > 0, that is, g is increasing.

Therefore, since {gx }ren is non decreasing, we can assure that for every k € N,
(4.2.10) Qe — qk—1 > q1 — qo =: ¢1 > 0,

where ¢ is independent of k. On the other hand, let us suppose that

{ 2N Nap—1 }
gr = max , )
(N —=4)p’ (N —4qp_1)p

In particular, it can be checked that

2N Ngj—1 . ) 2N
> if and only if g1 < .
(N—=4)p = (N —4g—1)p YR = Ny

Thus, assume first

and consider the function
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By definition,

2N 2N
h(zx) > =:cy,

“(N—4)p N+4

with c2 independent of x. Notice that ca > 0 if and only if p < N +4 , that is true by the

general assumptions on p. Therefore, we can conclude that also in thls case
(4.2.11) qr — Qk—1 =>=:c3 > 0,

with ¢s independent of k. Finally, suppose that

Ngp—1 . - 2N
Ak = 77 . L€, 4k .
(N —4gk—1)p N +4
Consider
() = Nz S 2N
TE N —dypy T YT N4
Hence,
() (N — Np+4xp)  x(N — Np+ 4zp)
(N —4dz)p Np
Moreover, since x > %,
2N N +4
N —Np+4xp > N — Np—|-4N 4p>()ifandonlyifp<N—l—4.

Therefore, there exists ¢g > 0 such that 7(x) > ¢3 for all z > ]\2,11 7- Thus, in this case

(4.2.12) Qe — qr—1 ==:¢3 >0,

with c3 independent of k. Finally, putting together (4.2.10), (4.2.11)) and (4.2.12)), we

can assure that

Qk — Qr—1 > ¢ := min{eci, ¢, c3} > 0,

with ¢ independent of k.

That is, in every iteration we increase at least by a fixed quantity. Therefore, in a finite
number of steps we obtain necessarily that ¢, > % and we finish. More precisely, if
we start with F' € L9%(Q), after k iterations we know F' € L% (), and therefore, once
qx > %, we conclude again by the Sobolev embeddings theorem. O

Proposition 4.2.3. Suppose 0 € 9. If u is a weak solution of problem (4.1.2)), then
for every e > 0 u € C¥(Q:) N WotH4(Q,), where a := |p|, ¢ > % and 0 < v < 1.

Proof. We prove first that u € C17(Q.). Consider w defined in , satisfying prob-
lem ([4.2.6)). In Proposition we obtained that w, and therefore u, belong to C%(Q)
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by means of an interative argument. More precisely, we proved that F', defined in (4.2.7]),
is in L% (€.) with g > .

The idea now is to reproduce this argument to see that F' belongs not only to L (£,),
but also to W1 (Q.). Therefore, we have to compute the gradient of F, and check its
integrability. By straightforward computations we find that

|VF(u)| < Co|Vu| + Cipuf ™ Vu| + CoAu + C3|VAu| + C4A%u.

Since F' € L% (Q.), we knew u € W% (Q,), that is, every derivative up to order 4
belongs to L% (). Moreover, since u € C%7(Q.) and p > 1, we can bound uniformly
the term wP~!. Thus, VF € L% (€).), and therefore F € W1 ((.). Hence, by [32]
Corollary 2.21] we obtain that u € W5 ((,).

Finally, since ¢z > %, by [25, Theorem 6] we conclude u € C17(Q.) for some 0 < v < 1.
Likewise, if p > 2, we can reproduce this argument to check if F € W2 (Q,). In such
a case, u € WO (Q,) and finally u € C?7(Q.). But again, D*F € L% it is just a
consequence of the fact that u € W>4%(Q.) N CH7(€,), since

[P =% < C, |Vu| < C, and DPu e L*(Q.), B <5.

Iterating this argument, if p > a, we obtain u € C%7(Q.)NW T4k (), ) as a consequence
of u € CO7LY(Q) N Wota(Q,) with g, > ¥ and 0 <y < 1. O

Finally, we can prove that the solutions are indeed smooth in ()..

Proposition 4.2.4. Suppose 0 € Q. If u is a weak solution of problem (4.1.2)), then
for every e > 0 and for every k € N, u € C®(Q.) N WH4(Q,).

Proof. By Proposition we know u € C%(Q.) N Wot4a(Q,) for a < p, ¢ > % and
0 <~ <1 Let 2° € Q. and let r > 0 such that B,(2) C Q.. Taking ¢ small enough
in Proposition we know that u € C%Y(B,(x0)) N Wo*t44(B,.(2°)). In particular,

since u is positive and continuous in B,.,
(4.2.13) there exists a constant p > 0 such that u(x) > p, V& € B,(2°).

Suppose then that a > p. Let us define now w(x) := n(x)u(z), where in this case 7
is a smooth cut-off function supported in B,. Thus, one can reproduce the proof of
Proposition to check that w satisfies the problem but in B, instead of ..
Hence, as in the proof of Proposition [4.2.3] we reduce the problem to control the
Wat44(B,) regularity. But the conclusion follows in a very similar way, only taking
into account that in this case p — a < 0 and thus, to control the term =% instead of
the continuity we need to use (4.2.13). Then we obtained that the function u is C* in
every point 2° of Q. and then we get that u € C*°(£.). O
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4.3 A priori estimates

For second order equations an important tool is the Gidas-Spruck estimate [38, Theorem
1.1]. There is also a polyharmonic version of the same result [62, Theorem 1] and [63]
Theorem 1]. To apply these kind of results we need to have some informations about the
boundary regularity of our solutions. But a priori we can not assure that positive weak
solutions of are continuous up to the boundary of €2, due to the presence of the
singularity in the origin, which is located on the boundary. However we can use a scaling
argument, as in the proof of [22, Lemma 2.2], to reduce ourselves to a situation in which
we can apply a blow-up argument to reduce the problem to a Liouville equation, [78]
Theorem 1.4] for the entire space, or [68] for the half-space with Dirichlet conditions.
The key point of the proof is to avoid the possibility that the positive blow-ups of the
function are exploding in the origin. This kind of argument is heavily based on the
fact that the weight we have in the forcing term f(x,u) is coherent with the number of
1

derivatives we are considering. So, for second order problem, we have the weight PR

[22], and for our fourth order problem we have ﬁ.

Proposition 4.3.1. Suppose 0 € 9. If u is a weak solution of problem (4.1.2)), then
u € L>®(Q).

Proof. Step 1. Suppose xg € Q). Define
(0) 1= 3 dist(x0,00) = £ inf |ao 9]
= = —dis == -
r=r(xo 5 dist(zo, 2yle%9$0 yl,
Then B, (z¢) C Q and 0 € B,(zg). Finally notice that
(4.3.1) |zo| > 2r VYo € .

Indeed suppose by contradiction that there exists a Zg € 2 such that |Zg| < 2r then we
have

5 nf (50— 3] = 5[50l <
r=— inf |Zg —y| = Z|T T
2 yeon 0 YT Rl

Now we define the rescaled function

O-—
(4.3.2) Vg (y) :=u(zo +ry) Vye€ " T _ B1(0),

that satisfies

’1“4

2 _
(Pry) Avg, = m“go

in By (0).

Since 0 ¢ B,.(z¢) we have that u is smooth in B,(xg) and hence the rescaled function

Vg, 1s also smooth in B;(0). So vy, satisfies equation (P,,)) pointwise. Thus, noticing
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that u(xg) = v4,(0), if we prove the existence of a constant such that |vy,(0)] < C for

every zo and for every solution vy, to (Py,), the result follows.

Step 2. Assume by contradiction that for every constant C' > 0, there exists a point xg
and a solution vy, to the problem (P, satisfying v,,(0) > C.

Thus, we can build a sequence of pairs {(zo x, Vs, , )}, Where vy, , is a solution of problem

4
-

P Avy p=—"E P in B1(0),
( fﬁo,k) z0,k ‘ﬂfo,k I Tky|4 zo0,k 1( )
with 7, 1= (24, %), so that

Mk = ”Uxo,k||L°°(B1(0)) — 00, as k — oo.

For simplicity, we denote vy := vy, ,, but recalling that for every k, v; can be a solution
to a different problem.

Let us now define the blow-up functions

(433 wnl) = g0 (0,75,

p—1

Thus, wy, is well defined in B, (0), where pj, := MkT, and
(4.3.4) lwkllLe<(B,, (0)) =1, and wi(0) <1 for every k € N.
In such a case, clearly

lim pg = +o0.
k—+o00

Moreover,
« _ %la‘_l o 1%4;7
D%wy(y) = M, D%y | M, * y |,

and thus,

1—p
A2wk(y) = Mk_pA%k (Mk 4 y) in B, (0),

Now from (P, ,|) we deduce
1-p
Azwk(y) = Mk_pAQUk <Mk 4 y>

P T p =S
— - 4
=M, 2 Y20,k (Mk y>

= fu(y)
where
4 4 .
— T r 1-p
Te(y) : i g vp(zr) = b zp =Mty
) P lwo g + rrzkl k(@) |zok + TRkt F K
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Then, since y € B, (),

1-p
2k < M " Jyl <1,

and hence, recalling the definition of 7 and (4.3.1),

(4.3.5) |0k + Trzk| > |To k| — rilze] > 2r — 1 = 1.
Thus, A

fi) = b ) < wfly) VheN,
and by we conclude that
(4.3.6) 1 fellLo(B,, 0)) <1 Yk €N,

Therefore, since pp — +00, using [62, Corollary 6] on the balls B(0) with R > 0 and
(4.3.6), we find that for every ¢ € (1,400)

lwillwaasr) < Cla, R) (1 fellLasr) + lwillLosr))
< C(q, R) (Ifxll oo (Br) + 1wkl oo (Br))
< C(q, R).

[62, Corollary 6] is a direct consequence of the general regularity results by Agmon-
Douglis-Nirenberg, [4], using a cut-off function. Now using the Morrey Immersion and

choosing ¢ > N we find that also

||wk"c3,w(?R) < C(q,R,N) for some v € (0,1),
so we may extract a subsequence, which we still denote by {wy }ren such that
(4.3.7) wy, — w in C¥7(BR) for every R > 0,

so that w € Clgo’z (RY). Moreover by |w|| oo (mrvy = 1. Furthermore, since for every
compact set K C RN the sequence {f;}ren is uniformly bounded in L>®(K) by ,
we can say by Banach-Alaoglu Theorem, that, up to a subsequence, fi — F in L>(K).
Now we want to compute the limit function F. Since by we deduce that the
weight is uniformly bounded

rii

0<

I —— |
= wog +rezelt T

and by (4.3.7), we can say that, up to a subsequence, there exists a positive constant
C > 0, not depeding on k, such that fi is converging to

F(y) = CuwP(y).
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Since we may assume that wy — w in W/ZQO’C(J(RN ), we have that w is a bounded weak

solution of the problem
(4.3.8) A?w = CuwP(y) in RY.
Furthermore, since F' = CwP € L®(RY), by bootstraping we obtain that

w € Wl (RY) N e (RY),

loc loc

and therefore, w is a bounded strong solution of . Using now that the right hand
side is much more regular, indeed F € CZBO’Z, and Schauder estimates for w, we can
conclude that w is also a bounded classical solution of (£.3.8). Now by [62, Lemma A]
we can conclude that w is also non negative. Thus, by [78, Theorem 1.4], necessarily
w = 0, a contradiction with the fact that [[w||feo@ry = 1.

Therefore, we have proved the existence of a constant C' > 0 such that for every
g € €,

u(w) = v,y (0) < €,

and hence u € L>(2). O

Since by Proposition weak solutions of problem are at least C'! up to
the boundary far from the origin, and by Proposition they satisfy the equation and

the boundary conditions almost everywhere, we can say, being v = 0 on the boundary
of 2, that there exists a constant C' > 0 such that

u(z) <C VzeQ) {0}

By Proposition we can prove, by scaling, a priori estimates on the derivatives of u

up to order three.

Corollary 4.3.1. Suppose 0 € Q. If u is a weak solution of problem (4.1.2)) then there

exists a constant C > 0 such that

C
[Vu(z)| < R |D?u(x)] <

Proof. Let us consider zg € 0\ {0}. Then we define

Vo eQ\{0}.

Il
' 2
and €, := B,(79) N Q. From the choice of 7 we have that 0 ¢ .. Now we define, as
before, the rescaled function vy, (y) = u(xo + ry). for every y € £=20 < B;(0). Since

r

V., (0)] = r|Vu(xg)|, we have that the thesis is equivalent to prove that there exists a
0
constant C' > 0 such that

Vv, (0)] < C,
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for each zg € Q \ {0} and for each v,,. We notice that the rescaled function vy satisfies
in a classically way the problem (F,,) in @ eventually coupled with the Dirichlet

boundary conditions, since we are far from the origin

Oy Q—=x
(4.3.9) vz = 57 =0 on 8( ; °> N By (0).

By the same argument as before and since |u| < C we can prove that the right hand
side of problem (P, is uniformly bounded by a constant. Indeed

7’4 oP
o +ry|t ™

<,

< sup B ‘Up |
L (25m0) |zo + 7yt 1O

with C' which is not depending on xz, by Proposition |E|

Now v, is a solution of the more general fourth order problem

’I“4

Lvg, = —— P in B
o |1:0+ry]4 s} 1

Uz N

Voo = 5 0 on {z; = 0},

where the coefficients of the elliptic operator L are smooth. |E| Now using [62, Corollary

6 part (ii)] we can conclude that
losolyeagary < € (lulza + 1£l10) < C.
Using Morrey immersion and choosing ¢ > N, we can say that
Ugy € C3’“’(Bifr) for some 0 < v < 1.

Moreover the bound on the norm is uniform since it depends on the bound of f :=

mvgo which is uniform. So we have that there exists a constant C' > 0 such that

<C.

HUIO HC3Y'Y(B7T) —

Hence we have that |Vu,,(0)], |D?vs,(0)| and |VAwv,,(0)| are uniformly bounded by
C. Then by scaling we have the thesis which holds for every o € @\ {0} since zq is
arbitrary. O

5We notice here that the set Q;IO

pathological domains, that €2, is given by two or more connected components, and the same holds for
@. Restricting to a small connected neighborhood U C @ of 0 we can say that vy, € W"(U)

C Bi(0) is not a priori connected. Indeed it is possible, for

for every ¢ € (1,400). Indeed by a diffeomorfism ¢ we can say that U is diffeomorphic to the half-ball

Bi"(0) together with zero Dirichlet boundary conditions on {x € By : x1 = 0}.
5The coefficients of the elliptic operator L depend also on the diffeomorphism ¢ of the preceding

note.
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4.4 Nonexistence of positive solutions in star-shaped do-

mains

The second tool we need to prove non existence of positive weak solutions of problem
is a Pohozaev type identity. The original result [56], is for the classical Laplace
operator. Moreover versions of the same identity are well known also for polyharmonic
operators , [32], Theorem 7.27] and [32, Theorem 7.29], both for Dirichlet and Navier
boundary conditions. In Chapter [3| we proved a Pohozaev type identity, in the easier
case with Navier boundary conditions and in which the origin is in the interior of the
domain. Here, we need to consider the situation in which the boundary conditions are

of Dirichlet type and in which the origin is located on the boundary.

Proposition 4.4.1. Suppose 0 € 9. If u is a weak solution of problem (4.1.2)), then
the following Pohozaev type identity holds

2 uP Tt 1
Aul?de = —— dx—/ ul,(z-v)dHN L
/Q| | p+1Jo |2/t N —4 Joo @-v)

Proof. We define Q. as in (4.2.2) for any e positive. If u is a weak solution of (4.1.2)),
by Proposition we know that v is smooth in §2., and thus, multiplying both sides
of the equation by (x - Vu), we get

(4.4.1) A?u(z - Vu)dz = / (x - Vu)dzx.

Q. Qe |33|4

We analyze first the left hand side.

A?u(z - Vu)dr = / div(VAu)(x - Vu) dx

Q. c
= / div(VAu - (z - Vu)) dx — VAu-V(x-Vu)dx
€ QE
= / div(VAu - (z - Vu)) dz — / VAu-Vudx
- VAu - (z, D*u) dx
Qe

= / div(VAu - (z - Vu)) dz — / div(VulAu) dx + / |Aul? dz

Qe Qe Qe

—/ div(Au - (z, D*u)) dz + | Audiv({(z, D*u)) dz.
€ QE

Moreover,

Audiv({z, D*u)) dz = / |Aul? dx + / Au(z - VAu) dx,
Qe

Qe

€
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2
Au(z - VAu)dr = /xv<|A2u|)d:C

= /div($|Au2) d:L‘—N/ |Au|? dz.
Q. 2 2 Jo.

Thus, putting all together and applying the Divergence Theorem,

Qe

Au(z - Vu)dr = / div(VAu - (z - Vu)) dz — / div(VuAu) dzx
Qe e e

—/ div(Au - (z, D*u)) dz -l—/ div (£|Au\2) dx
Q Q. 2

4—N
+/ |Aul? dz
2 Q.

= VAu(z - Vu) - vdHN =t — VulAu - vdHN !
9. GIeR
— Au(z, D*u) - vdHN 1 + / Z1Auf? - vauN
9. 09. 2

4— N
+— / |Au|? dz.
2 Q.

Finally, applying the boundary conditions and reminding (4.2.3))we reach that

Au(x - Vu) dz = VAu-(z-Vu) -vdHN ! - VulAu - vdHN !
Q. 002 902
(4.4.2) — Au - (z, D*u) - vdHN 1 + / g|Aul2 cvdHN !
0. Qe
A-N
+— |Au|? da.
2 Q.

On the other hand, attending to the right hand side of (4.4.1)), we get

uPtl 1 T
- (x- dr = —— pHy. g
/QE P (z-Vu)dx p_'_l/QEV(u ) o T

1 1
= — div upﬂ% d:c—/ uPHdiv % dzx
p+1Jo || p+1 /o, |z

1 N —4 p+1
= / div (upHZ) dx — / Y T dz,

and again, applying the Divergence Theorem and the boundary conditions, we deduce

p+1 1 N —4 p+1
(4.4.3) / Y (- Vu)dz = / up+1i4 cvdHN T - / u T dx.
Q. || p+1 Janz || p+1 Jo ||
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Thus, joining (4.4.2)) and (4.4.3), we obtain

N —4
/ |Aul|? dx :/ VAu(z - Vau) - vdHN ! — / VulAu - vdHN !
2 Ja. 002 002
(4.4.4) - Au - (z, D*u) - vdH Nt + / LAuf? v
09 0. 2
1 up+1x-deN1+N_4/ up+1dx
p+1 Joqz Edl p+1 Jo. |z*

Finally, we want to pass to the limit when ¢ — 0 in this identity. Since u is a weak
solution of problem (4.1.2)) we have

p+1

/ |Au|?dx < +oo, u—4dx < 400.
Q Q |7l

But then, applying the Dominated Convergence Theorem, we have

(4.4.5) lim/ |Au|? dz = lim/ |Aul|?xq, de = / |Aul? dz,
e—0 Q. e—0 Q Q
and
p+1 p+1 p+1
(4.4.6) lim [ rde=lim [ o dv= | Tt da.
e—0 Q. |JI’ e—0 Q |.T‘ Q ’.’IZ‘

Moreover using Proposition and Corollary we know that

|Au(z)| < < |D%u(z)| < o IVAu(z)| < <

|z’ ]2’

(@) < O, [Vu(x) < ‘j

for all z € Q. Then we have that

lim VAu(z -Vu) - vdH 1 =0 <= |lim VAu(z - Vu) - vdH¥ 1 = 0.
e—0 aﬂg e—0 aﬂg
But then

lim VAu(z - Vu) - vdHN 1

< lim/ IV Al ][Vl [] dHN
e—0 893

e—0 an
2
< Clim M
- e—0 g3
< ClimeV 4 =0.
e—0
So we have that
(4.4.7) lim VAu(z - Vu) - vdH¥ 1 =0.

e—0 an
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Moreover
. TV _ . uP Tl _ . _
lim up+1(74) dHN Y < lim 3 dHN P < ClimeVN 4 =0,
e—0 002 ]a:\ e—0 202 ‘l’| e—0

and
lim Vulu -vdHY 7 < lim/ IVu||Au| dHN ! < Clim eV~ = 0.
e—0 893 e—0 89? e—0
So we have
(4.4.8) lim VulAu - vdHN ™! =0,
e—0 aﬂg
and
(4.4.9) m [ et T v
e—0 692 ‘$|4

Using Proposition and Corollary we can prove that

lim £|Aul2 vdHY T =0.
e—0 002 2

But then

lim §|Au\2 cvdHN L = lim §|Au|2 v dHN T 4 lim g]AuF cvdHN T

e—0 895 e—0 BQ; e—0 an
= lim £|Au|2 cvdHN T
e—0 BQ,}_ 2
A 2
= lim Ayl (z-v)dHN !
e—0 39%
Aul?
= lim Ayl (z - v)xgqr dHN !
e—0 o0 €
A 2
= / Ay (z-v)dHN L.
o0 2

We can put the limit inside the integral using the Dominated Convergence Theorem.
Indeed by Corollary we have

|Au(z)| < Vo eQ\{0}.

[
But then

1
/ m\AuFdHN_l <C | —mduN!
o0 2 o0 |7l
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Now let O(0) := B,(0) N 9N a spherical neighborhood of 0 in 9. By the regularity up

to the boundary of the function ﬁ far from the origin we can say that

1 1
/ — dHNT 1</ —SdHN L+ /Sd%N 1<c+/ — dHN T
20 7| N\O |z| o || o |zl

Consider a point x € O(0) \ {0}, z = (x1,z2,...,xN). Since Q is smooth O is a smooth

graph. Thus, after an appropriate rotation, this graph can be written as
IN = h(xla Za, ... 7:CN*1))

with h smooth and in a way such that Q lies locally above this graph, that is O lies
above this graph. So we have, using the fact that h is smooth, that

1+ |Vh(z')|? < C Va'such that z € O.

But then
3
/|:c3d7-LN1:/ (23 +...+2%_ + (h()?) 2 V1+ |Vh(z)|2 do’
@ @
<0 [ (@t s+ ()P
(4.4.10) <C/ a3+ .+ ah_)

<C/|:1:| 3 da

:C/ PN Pdp=C VYN >4.
0

e

dz’

N\W

dx’

But this implies that the functions g(z) := Z|Au|? € L' (99) and then, by the Dominated

Convergence Theorem, that

(4.4.11) lim ]Au|2 vdHN ! / §|Au|2-deN_1.
e—0 90, 2 692

Finally, we can apply the same argument to the last term. Indeed

lim Aulz, D*u,v) dHN ' = lim Aulz, D*u,v) dHN 1
e=0 /a0, e—0 o0l

+ lim Aulz, D*u,v) dHN 1,
e—0 902

As before
lim Aulz, D?u,v)y dHN 1 < hm Au|D?ul|z| dHN 1
=0 Joqz —0.Jo02

< ClimeV = =0.
e—0
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Finally

lim Aulz, D*u,v) dH" ! = lim Aulz, D?u, v)xgor dHY !
e—0 o0l =0 Jan :

= [ Au(z, D*u,v)dHV L.
[2)9]

if we are able to put the limit under the integral. To do that we need
Aulz, D*u,v) dHN 1 < 4o0.
onN

But using the regularity up to the boundary of the solution u and the computation in

(4.4.10) we have

Aulz, D*u,v) dHN ! < / % dHN !
00 o0 |z|
<C 2|3 dHN Tt + 0/ 2|73 dHN T
892\0(0) o

<C.

So we find

(4.4.12) lim Aulz, D*u,v) dHN 1 = Au(z, D*u,v) dHN L.

=0 /50, a0

Joining ({.4.5), (E4.6), {4.7), E48), [@49), [EA411), (E4.19) in (F4.4) we find
N —4 N -4 p+1
/ |Au|? dz = / u4da:+/ E]Au|2 cvdHN T

2 Jg p+1 Jo |z 090 2

- Au - (x, D*u,v) dHN L.
o0

(4.4.13)

Since u = 0 on 0f) we have that Vu = % on 0f). Since

V(u1)
D?y := : 7
V(UN)
and the fact that 3
Us;
V(Uz) E )
we have 52 o2
2,0\, “ _ogu
(D) = G, — o027

"We recall the notation used before, that is u; = f%z'
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But then )

0 u 0u 2

Ay = ke Z g2Vi = v
i i i
and ) )
o“u 0 u
(z, D*u,v) = Z:Lymy] = leﬁl/zuf =u2 (z-v).
17 ¥

Finally joining the preceding computations in (4.4.13)) we find the thesis. O

We have now all the tools to prove the nonexistence of positive (weak) solutions of
problem . We need one more assumption, that is 2 has to be star-shaped with
respect to the origin. We remember that the origin is on the boundary of 2. We need
to give carefully the definition of a domain star-shaped with respect to a point in its
closure. In general a set S C RY is star-shaped with respect to a point xo € S if for
every x € S the line segment [z, zo] C S. If Q is a domain, that is a bounded subset of
RY . we define Q star-shaped with respect to zo € 99 if the closure of € is star-shaped
with respect to xg, with respect to the definition of starshaped set. So, we give the

following definition.

Definition 4.4.1. Let Q C RY a set. Q is star-shaped with respect to a point zq € § if

for every x € Q the line segment [z, 0] is entirely contained in .

Lemma 4.4.1. Let Q) strictly star-shaped with respect to the point 0 € 0Q2. Thenxz-v > 0
for every x € 092, x # 0.

Proof. Suppose by contradiction that there exists a point z # 0, x € 99 such that
x-v < 0. We remark that = -v = |z| cos ) where ¥ is the angle between x and v. Since 2
is star-shaped with respect to the origin we have that for every x € 0f) the line segment
(z,0) =z C . Moreover if z - < 0 then cos? < 0 and then ¥ € [Z, 3. Since v is the
exterior normal vector in the point € 9 this implies that the segment = ¢ Q which

is a contradiction. O

Theorem 4.4.1. Let Q star-shaped with respect to the point 0 € 9. Then the problem
(4.1.2) has no positive (weak) solutions.

Proof. If u is a positive weak solution of problem (4.1.2)) we have by Proposition m

/|A |2d __Z Up+1d _1/ 2( )deN—l
ul” dx p—i—l o ol O aﬂuwx v .

Integrating the equation in 2|) against the function u we obtain

uPtl
Aul?dx = —— dzx.
A o To
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Substracting the first equation minus the second we obtain

2 uP Tl 1 5 N_1
—(— -1 -~ : -1,
0 (p—i—l )/Q FL dx N_4/aQuW(:U v)dH

But since (z - v) > 0 and 1% — 1 < 0 we have that v = 0 which is a contradiction. [
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A priori estimates for superlinear

problems

75






Chapter 5

Preliminaries

5.1 Trudinger-Moser inequality

In Chapter [2| we considered the classical case of the Sobolev embeddings, that is p < N,

and we said that
Np

Wy P(Q) — LYQ) V1<qg<p* =
—-p

Now, we want to consider the limiting case. Let @ C RY and N > 2 and let p = N.
Then we have that
Wy s LIQ) Vg>1.

Hence, every polynomial growth is allowed, in contrast with the subcritical case in which
the maximal growth is given by |u|P". Since formally
«._ Np

= — — N
p N—p +oo asp ,

one may expect that a function u € W& N(Q) is in L>(Q), but it is a well known fact
that

Wy (Q) #» L=(9Q).

Indeed, one may consider the counterexample given by

log |log|z|| 0<|z| <1

0 elsewhere.

It is easy to see that for any domain 2 C RN containing the unit ball centered in the
origin

WN-1

N -1’

N
||VUHLN(Q) =

77
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but clearly u ¢ L*°(£2). Still, one may look for the maximal growth function g : R — R
such that

sup / g(u)dr < +o0.
ueWy N (@) /@

V. I Yudovich [81], S. I. Pohozaev [55] and N. S. Trudinger [75] proved independently

that the maximal growth is of exponential type. More precisely, they proved that there

exists a positive constant oy, depending only on the dimension N, such that

N
sup / NN g < 4o,
uewy, () /0
||VU||LN(Q>S1
The original arguments by Yudovich-Pohozaev-Trudinger relied on the same idea. They
devoloped the exponential function in a power series and proved that the series of LP-
norms converges. Howewer, this argument does not produce the optimal exponent .
Later, J. Moser [51], using a different approach, found the best exponent a, proving

the following result.

There exists a constant Cn > 0 such that

N
(5.1.1) sup / ey < 400 Va < ay,
ueWwy N () /2

where ay = Nw;\/,(i\[{l). Furthermore, inequality (5.1.1)) is sharp, that is if « > an then
the supremum in (5.1.1)) is infinite.

As for the Sobolev embeddings theorem, we may want to consider the general higher

order case k > 1. In this case, the result is given by D. R. Adams in [2].

Let k € N and Q a domain in RN with k < N. Then there exists a constant Cin >0
such that

N
(5.1.2) sup / PN TF drdr < 400 VB < BN,
uewt Ny 0
1D ull vy, ) <1

where v
w22 F(§) m 1S even
r N*k)
N L 2
Br.N = o

N r N k k+1 N/<N*k>
T 2NF£+f)] m is odd.
| T(F=)
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Furthermore, inequality (5.1.2)) is sharp.

We can see the Adams-Trudinger-Moser inequality as the counterpart of the Sobolev
embeddings theorem in the critical case kp = N. In this work, we are interested only in
the embedding of the space I/VO1 N (Q) with Q a bounded domain.

We refer to the monograph of F. Sani [67] and to the related papers [45] and [65] for
more details about Adams-Trudinger-Moser inequalities, their generalizations and some

of their applications to elliptic problems.

5.2 Classical results about a priori estimates

What do we mean by a priori estimates 7 Let us consider the following semilinear elliptic

problem

—Au= f(z,u) in
(5.2.1) uw=0 on 99

u >0 in Q,

where € is a bounded smooth domain in R, N > 3 and f = f(x,u) is a continuous
function (more generally a locally Lipschitz function) in the second variable with a
superlinear growth at infinity. By an a priori estimate we mean a uniform L*°-estimate
for solutions of problem , that is we want to prove that there exists a constant C
such that

ull o) < € Vu solution of (5.2.1).
The possibility to obtain such a kind of estimate depends both on the term f and on

the type of solution we are considering.

We want to recall here the basic definitions for solutions of problem . We
assume that the function f is a Carathéodory function, that is f(-,t) is measurable and
f(x,-) is continuous.

If f(-,u(-)) € C°%Q) and u € C%3(Q) N CY() we say that u is a classical solution
of problem if u satisfies pointwise the equation and the boundary conditions in
G-2.1).

If f(-,u(-)) is not a regular function then the definition of classical solutions does not
make sense. Hence we may define weakened formulation of solutions. If f(-,u(:)) € L?()
then we say that u € H}(Q) is a weak solution of problem if

/Vu'Vvdx:/f(a:,u)vdx Vo € Hy(Q).
Q Q

It is well known that it is sufficient to check the preceding equality for all v € C§°(€2) by

density. Weak solutions are often called also variational solutions since they are critical
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points of the energy functional

E(u) := ;/Q|Vu]2d1:+/QF(x,u(m))d$, F(x,t) ::/0 f(z,s)ds.

If we accept to relax further the definition of solution we can consider f(-,u(-)) €
LY(2). In this case case we call a L!-solution of problem (5.2.1)) a function u € L*(Q
such that

/—uAvdx:/f(x,u)vdx Vo e C3(Q), 0.
Q

0 ”‘ag =

L'-solutions are also called distributional solutions.
Now let us denote with 0(z) := dist(z,09Q) for all z € Q. For all 1 < p < +o0 we
define
L’g(ﬂ) = LP(Q,0(x)dx),

1/p
lullzgioy = ([ 1otz )

If f € Li(Q) we say that u is a L}-solution of problem (5.2.1)) if u € L} is such that

endowed with the norm

/_UAvdx:/f(%U)vdw Vo e CH(Q), vy, =0.
[¢) Q

L};—solutions generalize L'-solution in case of singularity on the boundary of €.
A priori estimates for solutions of elliptic equations have been a deep focus of research
in the last three decades. We present here some of the classical results about this theme.
The first general result for a priori estimates for superlinear elliptic equation is due
to H. Brezis and R. E. L. Turner [I5]. They considered a second order elliptic equation
with nonlinearity f = f(z,u) and proved a priori bounds for positive weak solutions

under the assumption

N+1
0< f(z,s) <CsP 1<p<2*—1::N7+1.

The critical exponent

(5.2.2) 9, = 2N
2. =

is called Brezis-Turner exponent and notice that it is smaller than the critical Sobolev
exponent 2% := % for all N > 3. The proof of Brezis-Turner is heavily based on the
Hardy-Sobolev inequality.

If f(z,u) € L}() the exponent 2, — 1 is crucial if we want to consider Lj-solutions.

Quittner and Souplet in [59], generalized the result of Brezis-Turner to L}-solutions for
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nonlinearities with p < 2, — 1. Moreover Souplet proved in [69], that the Brezis-Turner
exponent is critical for L%—solutions, that is if the growth of the nonlinearity is greater
than uP for p > 2, — 1, then there exist examples of unbounded L};—solutions. Del Pino,
Musso and Pacard proved a counterexample also for the case p = 2, — 1 in [24].

If we consider slightly more regular solutions, namely L'-solutions, then the critical
growth is not anymore given by the Brezis-Turner exponent, but by 2 — 1 := %
A priori estimates for L'-solutions were proved in this case by extending the result of
Quittner and Souplet for L%—solutions. Combining two different results by Ni-Sacks and
by Aviles, [52] and [8], it is possible to show that 2 — 1 is critical, finding unbounded
L'-solutions for p > 2 — 1.

If we restrict to the case of much more regular solutions, that is classical solutions,
the Brezis-Turner exponent is not critical anymore and same for 2 — 1. Indeed, Gidas-
Spruck proved in [38] that under the condition that there exists a continous function
a: Q — R such that

f(z,s)

SEIEOO sP - a(x) ’

uniformly in z € Q, for 1 < p < 2* — 1, then for positive classical solutions the a
priori estimates hold. Their technique is based on a blow-up argument and a Liouville
Theorem on RY. A similar result was obtained by de Figueiredo, Lions and Nussbaum,
[23]. They proved a priori bounds under the condition that the domain €2 is convex and

the nonlinearity f is superlinear at infinity and satisfies
flx,s) <es? 1<p<2"—1.

Their argument is based on moving plane techniques and hence on maximum principle.

5.3 A priori estimates for the m-Laplacian operator

Concerning the m—Laplacian case, Azizieh and Clément proved in [9] a priori bounds

for positive solutions of the problem
—Apu = f(x,u) in Q
u>0in Q
u = 0 on 0,
for 1 <m < 2 and f(x,u) = f(u) with C1uP < f(u) < CouP and 1 < p < st,"f;nl) and

the domain 2 is convex. We recall here that the m-Laplacian operator is defined as

A = div(|Vu|™ V).

It is trivial that if m = N = 2 then A,,u = Au.
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A more general case was studied by Ruiz, [66]. If 1 < m < 2, Q does not need to
be convex and f can also depend on z. All the preceding results are for N > 3 and
are based on the Sobolev embeddings. Since for m = N we are in the limiting case of
Sobolev embeddings, one may ask whether it is possible to prove a priori estimates for
nonlinearities with growth up to the Trudinger-Moser growth for the operator —Ay.

If we restrict ourselves to the case N = 2 then this is not possible since Brezis and
Merle gave in [13] examples of nonlinearities f(z,s) = h(x)e* with a > 1 for which
there exists a sequence of unbounded solutions.

Nevertheless, using the result of Brezis-Merle and the boundary estimates of de
Figueiredo-Lions-Nussbaum for € convex, it is possible to prove a priori estimates for
nonlinearities f such that Cie® < f(x,s) < Cee®. Recently, Lorca-Ubilla-Ruf proved
in [44] a priori results for the N-Laplacian in dimension N and for nonlinearities of
maximal growth e*” for a < 1 or for f ~ e*. Howewer, notice that their result leaves
open the small range between e** and e®, for example nonlinearities of the form ﬁ
or /157 (=1 Qur result below narrows this gap. Indeed, we are able to prove a priori
estimates also for nonlinearities f of maximal growth e”1os7(¢+9) with ¢ > 0 in the
< f(s) < Cye® with a < 1 in

+1)
for a« > 1. It it not clear to the authors if this is a matter of techniqualities or whether

subcritical case or for nonlinearities f such that Cl G +1

the critical case. Still we are not able to prove the result for nonlinearities f ~

the case o > 1 is intrinsically different from the other cases.



Chapter 6

Superlinear problems for the

N-laplacian

The results written in this chapter are collected in the paper [54]. The argument of our

proof is inspired by the original work [44]. By the same argument of de Figueiredo-Lions-

Nussbaum it is possible to obtain uniform boundary estimates, for convex domain. The

boundary estimates lead to uniform L!-estimates of the right hand side f(u). Finally

we can use this uniform bound on the forcing term to obtain uniform L°°-bounds on

u. We use the Trudinger-Moser inequality and some more subtle considerations on the
s

estimates in [44]. Still, in the case Gim= for o > 1 our argument does not seem to work.

Let us consider the following problem

—Anyu = f(u) in Q
(6.0.1) w>0in Q
u = 0 on 0f),

where € is a strictly convex, bounded and smooth domain in RY, N > 2 and
(6.0.2) Anu = div (|Vu|V V) ,

is the N-Laplacian operator. On the function f we are assuming the following conditions:

(fo) f: Ry — Ry is a locally Lipschitz function;
e f(s)
(f1) 3d >0 : liminf =520 > 0;
(f2) Jo>0, IC,s0>0: f(s) < el s> g

83
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1
e’ 1
(s+1)?]

I e 1og(::+e)

Figure 6.1: Improvements of conditions in [44] choosing o = 1 and « = % in assumptions

and . The limit case —&~— for o > 1 is still outside from the set of admissible

(s+1)e
nonlinearities.
or
(fé) dJ0<a<1 301,62,80>02Cl(sf_—l)agf(s)SCbes Vs > sg;

We remark here that conditions and generalize both conditions [44, (f3),
(f1)] respectively. In case the condition is unnecessary because condition (/f5)
implies the superlinearity at infinity.

We consider positive weak solutions for problem in the following sense.

Definition 6.0.1. We say that u in WOLN(Q) is a positive weak solution of problem

(6.0.1)) if u is positive a.e and
/ \Vu|N "2V - Vods = / flu)edz Yo e W™ Q).
Q Q
The main result is the following a priori estimate.

Theorem 6.0.1. Under assumptions —— or —— there exists a con-

stant C > 0 such that every positive weak solution u € WOI’N(Q) satisfies
|l oo () < C.

We divide the proof of Theorem [6.0.1] in two cases. First, we consider the forcing

term f satisfying assumption ((f2)). Then, we consider f satisfying condition .



6.1. Orcliz spaces 85

6.1 Orcliz spaces

We recall here some basic facts about Orlicz spaces, for more details see for example [3]
and [61]. A continuous function ¢ : R — Ry is called a N -functionﬂ if it is convex,
even, ¢(t) =0 iff t = 0 and

lim@:O, lim @:+oo
t—0 ¢ t——+oo t

Given a N-function ¢ we can define its conjugate function 5 as

&(s) :=sup{st — ¢(t)}.

>0
Associated to a N-function ¢ and a domain Q@ ¢ RY we introduce the Orlicz class
of functions defined by

Ky(Q) := {u : Q — R : wu is measurable and / d(u(z))dr < —i—oo} .
Q

In general Orlicz classes are convex sets but not linear spaces. We define the Orlicz space
as
Ly () := {the vector space generated by K,(£2)}.

On the Orlicz space Ly(2) we can define the following norm, called Luzemburg norm

(6.1.1) |MM:&M{A>Oaé¢<dex§1}

finding that (Lg(£2),] - ||¢) is a Banach space.

Given a N-function ¢ and its conjugate 5 it is clear that 5 = ¢. Moreover they
satisfy the Young inequality

(6.1.2) st < ¢(t) +o(s) Vs, teR,

with equality when s = ¢/(t) or t = ¢/(s).
Moreover in the spaces Ly and L(; the Holder inequality holds

(6.1.3) < 2ullg[lv

/Qu(x)v(x)daf

13-

Orlic spaces are a generalization of the classical Lebesgue spaces in the following
sense. If we choose as N-function ¢(t) = tP for 1 < p < +00 we have that its conjugate
function is given exactly by qz = 57 with %4—% = 1. In this sense the Young inequality and

the Holder inequality are generalizations of the standard properties of Lebesgue norms.

!N is not related to the dimension of the space RY.
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The definition of spaces in the sense of Orlicz is useful when we consider functions with

exponential or logarithmic growth. For example if
o(t) =t (eﬂ -1) 7yE€R,
then its conjugate function is given by

@(s) := s(log(s +1))".

6.2 Regularity of solutions

A priori we are considering weak solutions of problem , that is functions in
Wol’N(Q). Howewer, we are able to prove that they are in C!*7(Q) for some 0 < v < 1.
If N = 2, that is when the N —Laplacian operator coincides with the classical Laplacian
operator, it is easy to prove more regularity, that is weak solutions are also classical
solutions in C%(Q) while in the case N > 2 the C'7 regularity is optimal. The idea of
our argument is similar to [20, Proposition 3.1]. To prove the regularity result we need

the following result by G. Stampacchia [70] .

Proposition 6.2.1. Assume ¢ is a nonnegative, monincreasing function defined in

[0, +00). Suppose that there exist positive constants C, 0,3 with > 1 such that

o(h) < (h_ck)égo(k)ﬂ VYh>k>0.

Then there exists kg > 0 such that p(h) =0 for all h > k.

Proposition 6.2.2. Let u € WOI’N(Q) be a weak solution of problem (6.0.1). Then
u € CH(Q) for some 0 <y < 1.

Proof. By the Trudinger-Moser inequality (5.1.1)) we have that

(6.2.1) /Q |f(u)|%dz < C(u) < +oo

for all ¢ > 1. Now we define
Ap(u) :={x € Q : u(x) >k} Vke€R,,

and the function Gy : Ry — Ry as

0 ls| < k.

2We use the notation here C' = C(u) to stress the fact that the estimate is not uniform in w.
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Let us consider v := Gg(u). Then v is an admissible test function in the definition of
weak solution. Hence using (6.2.1)) and Hélder inequality we obtain

/|VGk(u)|Ndﬂc:/ \Vu| N2V Gy, (u)dz
Q Q

= /Q f(u)Gr(u)dx
< @)z |Gl o

with

1 1
qa (9
We can choose also ¢/ := % Now we take r < N such that

* rN /

= >q .
" N —r 4

Then, we have

IVGr(w)lIx 0y < I1F @) Lo |Gr(w)]| Lor g
< | f @)l ra@ |Gr(w)l| rs () | Ak ()] 2
< Cf@lza@ IV Gr(u) || Lr (o) | Ak (u) |«
(

< Clf ()o@ IV G (W)l Ly ) [Ar(u)] 7

U=
g

\\H

_ 1
7"*

1
Py

Hence we obtain

\\H

(6.2.2) IVGr(w) 125 ) < CIIF (W)l Lagey | Aw(w)| =
Approximating Ay (u) by open sets we find also
(6.2.3) IV G| Yiy > [An(w)| ¥ (b — k)N
Now we choose as ¢ in Lemma [6.2.1]

o(k) = A(w)'F

Then we have by (6.2.2)) and (6.2.3) that

p(h)p(k) " (h = k)M < Ol f (u) | Loy k),

hence
Plh) < el

Hence by Proposition we have that there exists ko such that ¢(h) = 0 for all h > ko
but hence u € L*(Q2). Now that we have that every weak solutions of problem is
bounded we can use the result of Tolksdorf [74], to conclude that u € C17(Q2) for some
0<~<l. 0
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6.3 Boundary estimate and uniform bound

In this section we consider f satisfying assumptions —— or ——.

Proposition 6.3.1. There exist positive constants C and r such that every weak solution

u € WOI’N(Q) of problem (6.0.1)) satisfies
ue (), lullern @y < C,
for some 0 < v < 1 with Q, := {z € Q : dist(xz,00) < r}.

Proof. For x € 08 let v(z) denote the outward normal vector to J§2 in the point x.
By [21, Theorem 1.5] there exists a top > 0 such that u(x — tv(x)) is nondecreasing for
t € [0,tp]. The number ¢y depends only on the geometry of §2. Now following the proof
of [23, Theorem 1.1] we can prove that there exists an angle ¥ > 0, depending again
only on €, such that u(z — to) is nondecreasing for all ¢ € [0, ¢1], where |o| = 1 is such
that o - v(z) > a, z € 90 and t; depending only on Q. We remark here that a priori ¢;
is smaller than tg. Since u(z — to) is nondecreasing in ¢ for all z € 992 and ¢ as above
we can find positive numbers 6 and e, depeding on €2, and a measurable set I, = I(x)

such that for all x € . we have
(i) ] =9,
(i) I, C {z € Q : dist(z,00) > 5},
(iii) u(y) > u(x) for all y € I,.

By the Picone Identity for the N-Laplacian [5], we know that for all u,v differentiable
with v > 0 and v > 0 the following inequality holds

_ UN
VoY > | Vu[N 2V (UN_1> -Vu.

Now we choose as v = ey, that is the first (positive) eigenfunction of the N-Laplacian
in Q and u a (positive) weak solution of problem . We may assume also that e;
is normalized. Since by the Hopf Lemma u has nonzero outward normal derivative on
the boundary of €2 and since u is positive then ui,—{il € WOI’N(Q). So we have, using the

N
Picone Identity and the fact that the function ueNl,l is a test function

N N—2 et e
c> Q|V61\ dx > Q\Vu| Vu -V NI dex = Qf(u)uN_ld:U.

We split our domain 2 in €21 and 9 with

O ={zeQ:ulx)<so}, Qa={recQ:ulr)>s}
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Now using the condition (f;)) we find that there exists a constant d > 0 such that

/ude]lvdx :/ ude]lvdm+/ ueN dx
Q Q Q2
< sg/ e{vdaﬁ—l—Cl/ fzs,li)le]lvdat
Ql QQ U
N

e
<C+C fu)—Lt=dx
1 . ()uNfl

<C.

But this implies

nN/ uldz < C,
o\0¢

where e1(z) 2 n > 0 for all z € 2\ Q:. By (i) we have also that

77N/ u® < C.
Iy
Since
ul(x)|I,| < / u?,
Iy
we have that, by (i) and (i), u?(z) < &% and hence u(x) < C for all x € Q.. Finally
by [42, Theorem 2] we have the thesis for r := 5. O

Proposition 6.3.2. There exists a positive constant C' such that for every positive weak

solutions of problem (6.0.1)) it holds

/ flu)dz < C.
Q
Proof. Let v be a cut-off function in Q\ £, that is ¢ € C5°(€2) such that ¢ = 11in Q\ Q,,

where r is chosen such that the preceding Proposition holds. Since v is an admissible

test function we have that
/ V|V "2V - Vipda = / f(w)pde.
Q Q

Now using the boundary estimates of Proposition and the properties of 1) we have

/ flu)dx = f(u)dx + / flu)dx
Q Q. ANQ,-
< [ fppds s [ fppda s [ f1 - os
Q. Q\Q, Q,

< /Q f(uypda + C

:/ |wyN2vu-wdx+cz/ |Vu|N "2V - Vypdz + C < C.
Q Qr
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6.4 Case (f9)

In this section we assume that f satisties assumptions , and . Moreover, let
us consider the N-function

(6.4.1) o(t) =t (eﬂ -1),

and its conjugate N-function

(6.4.2) B(s) := s(log(s + 1)),

with v € R to be defined. It is easy to see that there exists d, > 0 such that
o(t) < eb?’ —1.

Proof of Theorem [6.0.1]. Since u € Wol’N(Q) is a weak solution of problem (6.0.1)) we

have that
/]Vu|Nd93:/f(u)uda:.
Q Q

But then, since u # 0, we can multiply and divide by u” log®(e + u) for some o and 3
to be defined and conclude that

(0% (6%
/ ‘VU’Nd.%' — f(u) loc% (e+u)u1+5dx < (u)alog (e+u)qu1+,de+C’
Q q uPlog®(e + u)) o log®(e+ u)ub

where
1 Vz :u(zr)>sp

0 Vz : u(z) < s,

Xu =

with sg to be defined. Hence, we can conclude by (6.1.3]) that

ulth

log®(e + u) TG

®p

/ VulVdz < C H flu)log”(e +u)
Q

@
with ¢ and ¢ as in (6.4.1) and (6.4.2)) respectively. We have to estimate the two Lux-

emburg norms in the preceding inequality.

tdk ul d
=i >0 - Y Var<1
L0 { /Q“" <loga<e+u>k> v }
ults8 w(1+8)7
—infdk>0: / Y (emmerT —1)de <1
q log®(e + u)k

d w18y
<inf {k >0 : / <e 7 (klog¥(e+u))T — 1) dr < 1} )
Q

w8

log®(e + u)
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First of all we can observe that for all € > 0

g a4 b0
/ <e 7 Telog™(eFu))T — 1> dr = / (e Y e log™(eFu))T — 1) dx
Q Q.

d w(1+8)Y
—|-/ < '*(klog"‘(e+u))”Y —1|dx,
where

1 a
Qazz{xeﬁzlogm(e+u)2} = Qsz{meQ:u(:r)Ze_aw—e}.
€

d w(IHB)Y
/ ( ’YWW}/_1>d;’L‘§C€k-
¢

It is important to remark that the constant C. ; is indepedent of u, since in €2 we have

It is easy to see that

a uniform bound on w in term of e, while it is still depending on € and k. In ). we have

d ﬂ d u(1+8)
e Tlog®(eru))’ — 1 | dx < e w  —1)dr.
Q
£

If we want to apply the Trudinger-Moser inequality we have to choose « and § such that

N
4. 1 = —.
(6.4.3) L+ 8y =
With this choice, using the Trudinger-Moser inequality, we find that for all £ > 0
U1+ﬁ C v NNl 'y C
4.4 — || <
(6.4.4) e, < O Vel +

For the second norm we have
« 1 "
Hf(U)log (e+u)x ::inf{k>0 (f og” (e +u)x >dw§1}
_ uBk
@
f

ub “
— inf k>02/f(u)105;l£6+U)Xu<l ( ()log (€+“) u+1>>1/wdx§1}

k> 1 (u)log®(e +u)Xu <log (f(U) loga(e+u)xu n 1>>% dz < 1}

uPk uPk

k> )105:5 ) (log (f(u) + 1)) de < 1}

ubk

> )105;]§e+u)xu (log <Cem)>% dr < 1}

1
R C/f logﬁ e—l—u)Xu zuw i <1
uPk log7 (e 4+ u)

{

<int{k>1s [TOREEE (og (c5tu) e <1
{
{

E>1: /f ﬁlogaf%(e—i-u)xudxg 1}.
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Choosing

1
(6.4.5) ~_B=0, a-2<o,

Y Y
we find that

1 (6%
(6.4.6) Hfunoi;e+uxﬁt ghﬁ{k21:ii/fﬁﬁmﬂx§1}§(i
@ 0

By (6.4.4) and (6.4.6) we have for all ¢ > 0

(6.4.7) IVl v o <1C5ﬁHVUW3&%+(7

By (6.4.3) and (6.4.5) we have that

N
TTNZ1 T N-1U

and
0<a<o(N-1),

which is always possible since o > 0. Since % = N —1in (6.4.7) we obtain that for all
e>0

(6.4.8) ||Vu||LN < CeNT 1|]Vu||LN(Q +C.,

for some C and C, which are not depending on u. Then, for ¢ sufficiently small, we can

conclude that

(6.4.9) ||Vu||LN ) < Cn
with o
€

On = 1—CeN-1

which is not depending on w. From the uniform energy estimate (6.4.9) we obtain a
uniform L°°- bound in the following way. Let p > 1, then for given & > 0 there exists a
C = C(g) such that

Thus we can estimate

[1swpasc [ () w o
Q

L
<c/‘”N ©dy +C

N
§C(€)/e€|u|N dx + C.
Q
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Now, choosing € > 0 such that ECXI/ Y <y, the estimate (6.4.9) and the Trudinger-
Moser inequality imply

L irras <) [ o

/ ) Pdz < C,
Q

N/(N-1)

dx < C(Q).

/W=D

P
”V""HLN(Q)

So, since

we have by [44] Lemma 3.2]
1wl Lo (i) < C,

for every K compact set of Q. Since by Proposition [6.3.1] we have the uniform estimate

near the boundary we have proved the thesis. O

6.5 Case (f))

We assume in this section that f satisfies ((fq)), and (f]). Following the idea in [44]

we introduce the following number

|2V 2z — |y N2y, 2 — )

6.5.1 dy := inf
( ) N z,yeRN |l’ - y|N
zFy

It is easy to see that dy < 1. Moreover by [64, Proposition 4.6] we know that

92 1 N-2
> (= .
w5 ()

In case N = 2 it is trivial that do = 1 and hence the following argument is substantially

easier.

Proof of Theorem [6.0.1] (The proof follows ideas of [15] and [44])
First Step: suppose by contradiction that there is no a priori estimate, then there would

exist a sequence {u,} C WO1 N (Q) N ch(Q) of weak solutions of problem (6.0.1)) such
that
[unllpee (@) = +00  asn — +oo.

Moreover we know by Proposition that

/ flup)de < C VneNlN
Q

We may assume that f(u,) — © on € in the sense of measures, where p is a nonnegative

bounded measure, that is

/ f(up)pde — / dp V1) simple function in .
Q Q
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We say that a point zg € Q is regular with respect to p if there exists an open neighbor-
hood V C Q of x¢ such that

/Xyd,u:/d,u<NN_le.
Q %

Next we define the set A in the following way: a point x € A iff there exists an open
neighborhood U C 2 of x such that

/ dp < NN_ledN.
u

Since dy < 1 we have that if z € A then x is a regular point. Moreover we define
B :=Q\ A and we observe that
#(B) < +o0.

Indeed if x € B then

/ dp> N""uydy VR : Bg(z) CQ,
Br(x)
which implies

p({a}) > NV wndy.

Hence, since p is bounded,

> ulfz}) <@ <c,

zeB
then if #(B) = 400 we would have a contradiction.
Second step: we claim that if zq is a regular point then there exist a constant C, and a
radius R such that for all n € N there holds

First of all we consider the case in which z¢o € A. By the definition of points in A we
have that there exists R such that

M(BR(:xo)) < NN_ledN.

Since f(uy) converges to p in the sense of measures then there exist § and ng such that

¥1 1 1
( / f(un)dx> < (M—l _ 5) ey
Br(zo)

Let ¢, be a solution of

for all n > ng

—Anw, =0in Bgr(x
(6.5.2) N@ Rr(70)
©n = Up on 0Bg(xo).
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By the weak maximum principle for the N-Laplacian we have that ¢, < u, in Bgr(xo).
Since by Proposition and assumption (f7)), there exists a ny € N such that for d > 1

Un

C'Z/ undeC'/edsz/ugdx Vn > ng,
Qf( ) ' Jo (un + 1)@ Q '

then
/gonNdx<C Vn>ni.
9

Now applying [44, Lemma 5.3], see also [64, Lemma 4.1 and 4.3], we have

1
N—=-1 N
/ edlun—enl 1, < Nwy 'R™C
— 6/ )
Br(zo)
with
1
N N-1 _ 5/ 1
(6.5.3) gi= —oN % gt

1 )

for all ' € (0, ijl\/,(N_l)). Taking ¢’ small enough we have that ¢ > 1 and hence

J

Using |44, Lemma 3.2] we can conclude that

eQ|un—<Pn|dx S / e‘J|un_<Pn|dx g C
R/a Br

||90n||Loo(BR/2) < CR_l(HSOnHLN(BR) +c) <G,

/ et'n < C.
B

R/2

Then using we have that for large n

and hence

/ | f(up)|%dx < C.
B

R/2
Again by [44, Lemma 3.2] we can infer that for large n
[unllzoe (B, < C,

and hence
||u7LHL°°(BR/4) < C VneN.

Now let us suppose that xg ¢ A but still z( is regular. Since B is finite we can choose
R > 0 such that 0Br(xz¢) C A. Taking x € 0Bgr(zg) we have by the preceding point
that there exists 7 = r(z) such that for all n € N

Junll e (s,,,,) < Ca).



96 6 Superlinear problems for the N-laplacian

This implies, by the compactness of 0Bg, that for some k € N

k
0B, C | ) By (@i)-
=1

If y € OB, then y € Br(acio)(-fio) for some 1 <4 < k. Hence

unll Lo (0Br) < max C(x;)) =K VYneN.

goooy

Let U,, be the solution of

—ANU, = f(uy) in B
U, = K on 0Bg,

which is equivalent to
—AN(U, — K) = f(u,) in Bg
U, — K =0 on 0Bg.

Therefore Uy > u,, on Br by the weak maximum principle. Thus, by [44, Lemma 5.2],

for any &' € (0, Nw;\/,(N_l)) we have

/(N=1) ~ pN
/ eq‘U"7K|dgj< NWN CR
Bgr o o' ’

with ¢ defined as in (6.5.3]). Since xg is regular there exists Ry < R and ng € N such
that for all n > ng we have for some § > 0

1

N-1 1
/ f(up)dz < Nwy ™' —4.
BR1 (:EO)

Again taking ¢’ sufficiently small we obtain that ¢ > 1 and hence

/ edUndy < C,
Bg,

which implies

/ etirdr < C.
B

1

Now, using assumption we have that also

flup)dx < C,
Bg,

and then also

[unl[px g,y < C.



6.5. Case 97

Hence by [44, Lemma 3.2]

[unllLo(Br, ) < C-
Third step: Now we define X := {z € Q : z is not regular} and we prove that ¥ = ()
and then by the preceding step we have the thesis. We notice that since ¥ C B and
B has a finite number of elements then also X is finite. Suppose by contradiction that
there exists g € B and R > 0 such that

Br(zo) N = {zo}.

Since all the points in Br(xo)\{zo} are regular we have that, up to subsequence, u,, — u
in C'(K) for all K compact subsets of Br(xg) \ {z¢}. Consider

w(z) := N log

|z — 0|’

such that
—Anyw = NN_le(;xO in BR(:L‘())

w =0 on OBR(zo).
For k£ > 0 define

0 s<0
Ti(s):=¢s 0<s<k
k s>k,
and
2B = Ty (w — uy).

Then 2" € WOI’N(BR). Moreover 2" (xg) = k for all n. Also 2 5 2 with

) Ti(w—u) x# xo

k T = xgp,

with z(®) measurable. We have, by the fact that w and w, are weak solutions of their

respective problems,

/ (IVw|VN 2Vw — [Vu, [N 2Vu,) - VePde = NN wyk — f(up)2rda.
Bpr Br

Now, setting dpu,, := f(uy)dx, we have, by [44, Proposition pag. 2052],

n—o0 n—oo

> / 2By,
Br

> NV=lynk.

liminf f(un)zflk)dx = lim inf/ zflk)d,un
Br Br
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Hence
/ (IVw|N2Vw — [Vu|N2Vu) - V2Fde <0 Vi,

Br

and then

/ (VN 2Vw — |[Vu[N2Vu) - V(w —u)dz <0 Yk,
Brn{0<w—u<k}

Finally, for k — oo and using (6.5.1])
dN/ IV(w—u)T|Ndz <0 VE,
Br

and so w < u by the weak maximum principle. Now we observe that since o < 1 the

is monotone increasing for all s € R, indeed

§i<@i1w>:(sfna<l_si1

which is true for all s > 0. Then we have, since w < u, and assumption (|f5)

. es
function R

>>Oiﬂ's>a—1,

n—o0

c > liminf/ fluy)dz
Br

eun
-
>t O [ s
e’lL
>C ———dzr
By (u+1)°

ew
zc/ "
By (W+ 1)

w

>(C e—adm

Br W
1 1 @
= log( )) dx
By 1T — zolV < |z — xo| N
R 1

since 0 < a < 1. Hence we have a contradiction and then B = (). To conclude the proof,

we may assume that there exists a sequence of points x, in ) such that
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By the compactness of  and up to subsequence we may assume that z, — xg € €.
Since by Proposition we have an a priori estimate near the boundary of €2 we can

conclude that zg € 2. It is easy to see that

lim |upl| Lo (By(ag)) = +00 VR >0,

n—-+o0o

and hence xg € B. But this is a contradiction and then we have the thesis. ]
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