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Abstract

We consider the Hodge Laplacian A on the Heisenberg group H,, endowed
with a left-invariant and U(n)-invariant Riemannian metric. For 0 < k < 2n + 1,
let A denote the Hodge Laplacian restricted to k-forms.

In this paper we address three main, related questions:

(1) whether the L? and LP-Hodge decompositions, 1 < p < 0o, hold on H,,;
_1
(2) whether the Riesz transforms dA, ? are LP-bounded, for 1 < p < oo;

(3) to prove a sharp Mihilin-Hérmander multiplier theorem for Ay, 0 < k <
2n + 1.

Our first main result shows that the L?-Hodge decomposition holds on H,,,
for 0 < k < 2n + 1. Moreover, we prove that L2A*(H,) further decomposes into
finitely many mutually orthogonal subspaces V, with the properties:

e dom Ay, splits along the V,’s as 3, (dom A, NV,);

e Ay :(domAxNV,) —V, for every v;

e for each v, there is a Hilbert space H,, of L?-sections of a U (n)-homogeneous
vector bundle over H, such that the restriction of Ay to V, is unitarily
equivalent to an explicit scalar operator acting componentwise on H,,.

Next, we consider LPA*, 1 < p < co. We prove that the LP-Hodge decom-
position holds on H,, for the full range of p and 0 < k£ < 2n + 1. Moreover, we
prove that the same kind of finer decomposition as in the L2-case holds true. More

precisely we show that:
1
e the Riesz transforms dA, *> are LP-bounded;

e the orthogonal projection onto V, extends from (L2N LP)A* to a bounded
operator from LPA¥ to the the LP-closure VP of V, N LPA*.

We then use this decomposition to prove a sharp Mihlin-Hoérmander multiplier
theorem for each Ay. We show that the operator m(Ay) is bounded on LPA*(H,,)
forallp € (1,00) and allk =0, ...,2n+1, provided m satisfies a Mihlin-Hérmander
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vi ABSTRACT

condition of order p > (2n + 1)/2 and prove that this restriction on p is optimal.
Finally, we extend this multiplier theorem to the Dirac operator.
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Introduction

The theory of the Hodge Laplacian A on a complete Riemannian manifold M
shows deep connections between geometry, topology and analysis on M. While
this theory is well developed in the case of functions, i.e., for the Laplace-Beltrami
operator, much less is known for forms of higher degree on a non-compact manifold.

A question of fundamental importance is whether, on a given complete non-
compact Riemannian manifold M, the L? and LP-Hodge decomposition holds, 1 <
p < 00, that is,

LPAR(M) = dCgPAR=1(M) @ d*CPAF1(M) @ $%

where ﬁg denotes the space of harmonic LP-forms.

A related, basic question that one would like to answer is whether the Riesz
transform dA~7 is LP-bounded in the range 1 < p < oo. In fact, in [St] it was
proved that the boundedness of dA~2 on LINY(M) for £ = k,k +1 and q = p, 7/,
where p’ denotes the conjugate exponent of p, imply the LP-Hodge decomposition
of the space of k-forms. See also [Li3l[Loh| and references therein. For the case
k = 1 we also mention the papers [ACDH|[Li1].

In an earlier work [D] it was proved that on a complete non-compact manifold
the existence of a spectral gap for Ay implies the so-called strong L?-decomposition,
that is,

L2A* (M) = dWAF=Y (M) @ d*W AR (M) @ 97,

where W* denotes the classical Sobolev space. Concerning the strong LP-Hodge
decomposition, in [Li2] it was shown that it holds if the Riesz transform dA~2
is bounded on L? and L? on k and k + 1-forms and the Riesz potential A~2 s
bounded on LPA*(M).

We refer the reader to recent paper [Li3| for a discussion of the connections
between the Hodge decompositions, the boundedness of the Riesz transforms, and
geometric properties of the underlying manifold, as well as an extended bibliography
on this topic.

In a similar way, functional calculus on self-adjoint, left-invariant Laplacians
and sublaplacians L on Lie groups and more general manifolds has been widely
studied, cf. [AllAn|[AnLoh|[Chl/[ChMI!CIS|[CoKSil HelHeZ Hul, Mar, LuM,
LuMS|MauMe|MS|[Sil[Ta]. A key question concerns the possibility that, for
a given L, a Mihlin-Hérmander condition of finite order on the multiplier m(\)
implies that the operator m(L) is bounded on LP for 1 < p < oo. A second
fundamental question is the LP-boundedness, in the same range of p, of the Riesz
trasforms XL~z for appropriate left-invariant vector fields X [CD|ICMZLGSjl
Loh2lLohMul.

1
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2 D. MULLER, M. M. PELOSO, and F. RICCI

Also in these situations, not much is known for operators which act on sections
of some homogeneous linear bundle over a given group. The most notable case is
that of sublaplacians associated to the Jy-complex on homogeneous CR-manifold
[CoKSIlFS]

In this paper we consider the Hodge Laplacian A on the Heisenberg group
H,,, endowed with a left-invariant and U(n)-invariant Riemannian metric, and give
answers to the above questions.

The rich structure of the Heisenberg group makes it a natural model to ex-
plore such questions in detail. First of all, it has a natural CR-structure, with a
well-understood Kohn Laplacian [FS], and nice interactions with the Riemannian
structure [MPRI].

For operators on H, which act on scalar-valued functions and are left- and
U (n)-invariant, the methods of Fourier analysis are quite handy to study spectral
resolution, and sharp multiplier theorems for differential operators of this kind
are known [MRS1,[MRS2|. This class of operators is based on two commuting
differential operators, namely the sublaplacian L and the central derivative T, in
the following sense:

— the left- and U(n)-invariant differential operators on H,, are the polyno-
mials in L and T

— the left- and U(n)-invariant self-adjoint operators on L?(H,,) containing
the Schwartz space in their domain are the operators m(L,i~'T), with m
a real spectral multiplier.

The same methods also allow to study operators acting on differential forms,
like the Kohn Laplacian, which have the property of acting componentwise with
respect to a canonical basis of left-invariant forms, cf. (L4).

On the other hand, the Hodge Laplacian restricted to k-forms, which we denote
by Aj and whose explicit expression is given in (L22) below, is far from acting
componentwise.

Nevertheless, we are able to reduce the spectral analysis of Ay to that of a
finite family of explicit scalar operators. We call scalar an operator on some space
of differential forms which can be expressed as D ® I, i.e., which acts separately on
each scalar component of a given form by the same operator D.

In order to carry out this program, we first prove the L?-Hodge decomposition
on H,, for 0 < k < 2n+ 1. Next, we show that L?A*(H,,) admits a finer decom-
position into finitely many mutually orthogonal subspaces V, with the following
properties:

(i) dom Ay, splits along the V,’s as > (dom Ax NV,);
(ii) Ag: (domApNV,) — V), for every v;

(iii) for each v, there is a Hilbert space H,, of L?-sections of a U (n)-homogeneous
vector bundle over H,, such that the restriction of Ay to V, is unitarily
equivalent to a scalar operator m,, (L,i~'T) acting componentwise on H,,;

(iv) there exist unitary operators U, : H, — V, intertwining m, (L,i~'T)
and Ay which are either bounded multiplier operators w, (L,i~'T), or
compositions of such operators with the Riesz transforms

1

R=dA™2, R=00"%, R=00 2.
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INTRODUCTION 3

This is done in the first part of the paper (Chapters BHS]), and we refer to this
part as to the “L2-theory”. The main results in this context are Theorems [
and 6, resp., where we obtain the decomposition of L2A* into the Aj-invariant
subspaces V,, respectively for 0 <k <nandn+1<k<2n-+ 1.

This decomposition is fundamental for all the second part of the paper, which
we are going to describe next. A quick description of the logic and the basic ideas
in the construction of the V), is postponed to the last part of this introduction.

In Chapters[Q{I2] we develop the “Lp—theory”. We prove that, for 1 < p < oo,
the same kind of decomposition also takes place in LPAF. Precisely:

(a) the intertwining operators U, in (iv) have LP-bounded extensions;
(b) consequently, the orthogonal projections U*U, from L?A* to V, extend
to bounded operators from LPA¥ to the the LP-closure VP of V, N LPAF;

1

(c) the Riesz transforms Ry, = dA, ? are LP-bounded,
(d) the LP-Hodge decomposition holds true for k = 0,...,2n + 1, and more
precisely LPA* is direct sums of the subspaces V’s.

The (much simpler) case of 1-forms was already considered in [MPRI1]. We
expect that our results can be applied to the study on conformal invariants on
quotients of H,, along the lines of [MPR2], cf. [LotlLii.

In our last main result, as consequence of the LP-theory we develop, we prove
a sharp Mihlin-Hoérmander multiplier theorem for Ay, for all kK =0,...,2n+1. We
show that, if m : R — C is a bounded, continuous function satisfying a Mihlin—
Hoérmander condition of order p > (2n + 1)/2, then, for 1 < p < oo, the operator
m(Ay) is bounded on LP(H,,)A¥, with norm bounded by the appropriate norm of
m (cf. Theorem [ITI]), and that the condition p > (2n + 1)/2 cannot be relaxed.

We briefly comment on some interesting aspects of the proof and on some
consequences and applications. It is always assumed that 1 < p < oco.

e Our inductive strategy requires that two statements be proved simultane-
ously at each step: property (a) above for the given k and LP-boundedness

of the Riesz transform Rj = dA,:l/ ?. Precisely, the validity of (a) for a
given k implies LP-boundedness of Ry, and this, in turn, is required to
prove (a) for k+ 1.

e In order to handle the complicated expressions of the intertwining opera-
tors U,,, we identify certain symbol classes, denoted by W%, which satisfy
simple composition properties, contain all the scalar components of the
U,, and, when bounded, give LP-bounded operators (cf. Chapter [0.2).

e Taking as the initial definition of “exact LP-form” a form w which is the
LP-limit of a sequence of exact test forms (cf. Proposition for p = 2),
we prove in Chapter that this condition is equivalent to saying that
w is in LP and a differential in the sense of distributions. Incidentally, this
allows to prove that the reduced LP-cohomology of H,, is trivial for every
k.

IThere is an unfortunate notational conflict, due to the fact that the letter p is the commonly
used symbol for both Lebesgue spaces and bi-degrees of forms. In this introduction and in the
titles of chapters we keep the notation LP, while in the body of the paper we will denote by L"
the generic Lebesgue space.
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4 D. MULLER, M. M. PELOSO, and F. RICCI

e The Mihlin—Hormander theorem for spectral multipliers of Ay, proved in
IMPRI1] for k =1, extends to every k.

e Our analysis of A easily yields analogous results for the Dirac operator
d 4+ d*. Studying the Hodge laplacian first has the advantage of isolating
one order of forms at a time. Corollary is a multiplier theorem for
the Dirac operator completely analogous to Theorem 1.1

Outline of the decomposition of L>AF.
We go back now to the construction of the subspaces V, of L2A¥(H,,).

First of all, by Hodge duality, we may restrict ourselves to form of degree k < n.
We start from the primary decomposition into exact and d*-closed forms:

L2AR(H,) = (LPAF) gox @ (L2A%) g1

where each summand is Ag-invariant. )

Since the Riesz transform R,_1 = dA,;_El commutes with A and transforms
(L2A*=1) 4oy onto (L2AF) ey unitarily, any A-invariant subspace V,, of (L2A*~1) 4y
has a twin A-invariant subspace Ry_1V, inside (L?A*)gex.

The analysis is so reduced to the space of d*-closed forms. Associated with the
CR-structure of H,, there is a natural notion of horizontal (p, q)-form as a section
of the bundle

AP? = APITEH,, |

. . k [&3) ,
and of horizontal k-form as a section of Afy =37, AP1.

Every differential form w decomposes uniquely as
w=w;+0Awsy,

where w1, ws are horizontal and 6 is the contact form. Moreover, a d*-closed form
w is uniquely determined by its horizontal component ws.

From now on it is very convenient to introduce a special “test space” Sy, con-
tained in the Schwartz space, together with its corresponding spaces of forms, SyA*,
SoAP'? etc., which are cores for Ay and the other self-adjoint operators that will
appear.

For forms in the core, we have enough flexibility to perform all the required
operations in a rather formal way, leaving the extensions to L?-closures for the very
end. For instance, we can say that to every horizontal form w; in the core we can
associate a “vertical component” € A ws, also in the core, to form a d*-closed form
w1 + 0 A ws in the core.

Setting ®(wy) = wy + 0 A wa, we can replace Ay by the conjugated (but no
longer differential) operator Dy, = ®~1 o Ay o ®, which acts now on the space of
horizontal k-forms in the core and globally defined.

Here comes into play another invariance property of Ay, which is easily read
as a property of Dy and involves the horizontal symplectic form df. The following
identity holds (cf. Lemma [5TT]) for a horizontal form w of degree k:

(0.1) Dy(dd ANw) =di A (Dg—2+n—k+ 1w .

This brings in the Lefschetz decomposition of the space of horizontal forms, as
adapted in [MPR1] from the classical context of Kéhler manifolds [W]. Denoting
by e(df) the operator of exterior multiplication by df and by i(df) its adjoint, it is
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INTRODUCTION 5

then natural to think of the core SyAP? in the space of horizontal (p, g)-forms as

the direct sum
min{p,q}

SoAP9 =" e(df)’ keri(df) .
j=0
Here each summand is Dg-invariant, and the conjugation formula (0] allows
us to focus our attention on keri(df).
Nevertheless, keri(df) still is too big a space to allow a reduction of Dy to
scalar operators. It is however easy to identify, for each pair (p,q) with p + ¢ =k,
a proper Dy-invariant subspace of keri(df) N SoAP>?, namely

WET = {w € SpAP! : 0*w = 0*w =0} .

It turns out that Dy, acts as a scalar operator on W{'?, so that the L?-closure
Vi of ®(W§?) will be one of the spaces V, we are lookmg for
Next, we take to the orthogonal complement of

52
W=y wpe
p+q=Fk
in SoA%,. We have
(W)t ={06+0n: & neSoAif '},
and we can telescopically expand this splitting to obtain that
Solfy = Wi @ {0+ 0n:&neSAj; '}
=Wto {oc+om:&ne W(;C_l} ® {00 + 00n : &,n € SOA];I_Q}
=Wi@{0¢+0n:&ne W™ @ {006 +00n: EneWy 2@
52 ® _
=Y Wiie > {og+0m:&ne W}
pt+q=k ptg=k—1
@ _ _
® Y {00¢+00n:Emewhi e
ptg=k—2
The subspaces
WP = {06+ 0n:&ne W} (p+q=k—1)
whi = {885—!—8877 f,nEWé”’q} p+gq=k-2)
etc.

generated in this way are Dy-invariant and mutually orthogonal.
Matters are simplified by the fact that, for j > 1,

whe = e(d@)Wp’q

Jj+2
So only W, WP and part of W4"? are contained in keri(df). Setting
WEE =e(do) WP, WP =e(do)' WP,

we obtain that

SUwpte U wite Y wi

p+q=k p+q+20=k—1 p+q+20=k—2

ZWéj’q is nontrivial, unless p + ¢ =n and 0 < p < n, cf. Proposition [£.3]
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6 D. MULLER, M. M. PELOSO, and F. RICCI

On each W¥"? and W19, Dy, acts as a scalar operator, as required.
The situation is not so simple with W%, because the best one can obtain is a
representation of Dy as a 2 X 2 matrix of scalar operators, after parametrizing the

elements of W with pairs (£,7) of forms in W%
5/ . mll(L,iflT) mlg(L,iilT) f
'17/ o mgl(L,i_lT) mQQ(L,i_lT) n
A formal computation can be used on the core to produce “eigenvalues”

Ax(L,i71T) and the splitting of W7 as the sum of the two “cigenspaces” WP%E,
The final decomposition is in formula (&I]).
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CHAPTER 1

Differential forms and the Hodge Laplacian on H,

The Heisenberg group H,, is C"* x R with product
1
(1.2) (z,t)(2,t) = (z+z',t+t’— 5sm<z,z'>) .

On its Lie algebra, also identified with C™ x R, we introduce the standard
FEuclidean inner product, and we consider the left-invariant Riemannian metric on
H,, induced by it. The complex vector fields

7 =V2(o., - izjat) 2 =v2(0s + izjat) . T=0

(with 1 < j < n) form an orthonormal basis of the complexified tangent space at
each point, and the only nontrivial commutators involving the basis elements are

(1.3) (Z;,Z;] =iT .
The dual basis of complex 1-forms is

1 - 1

(14) G = Edzj U=z, O=dit o Y (zydzy = zdz) -
j=1

V2

The differential of a function f is therefore
df = (Z;f¢; +Zif¢) +TF0.
j=1

This formula extends to forms, once we observe that d(; = dC_j = 0 and the
differential of the contact form 6 is the symplectic form on C",

n
(1.5) o =—i» G AG -
j=1
A differential form w is horizontal if .w = 0, i.e. if
(1.6) WZZfI,I'CI/\QTI/ :
I’

Every form w decomposes as
(1.7) w=w; +0Aws,

with wy,ws horizontal.

A differential operator D acting on scalar-valued functions is extended to forms
by letting D act separately on each scalar component (LG of each horizontal com-
ponent (7). Such operators will be called scalar operators.

7
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8 D. MULLER, M. M. PELOSO, and F. RICCI

The partial differentials 9, 0, dg (resp. holomorphic, antiholomorphic, hori-
zontal differential) of a form w are defined as

(1.8) awzzg“j/\ij, 5w=2§j/\2jw, dpw = 0w + dw .

j=1 j=1
As in [MPRI], Prop. 2.2, for w = f¢! A ¢,
(19)  dw=> e/ (Zef)¢! A", dw= (1) el (Zuf) AT
0,7 00
where 5{71 =0 unless £ ¢ I and {£} UI = J, in which case
527],1 = Hsgn(z’ -0 .
iel
Obviously, they act separately on each horizontal component (L7) of w, and
the same is true for their adjoints 0%, 0%, d};, where

(110) 0w =—> el J(Z))I NS, Ow= (-1 "l (Zof)CI AT
0,J 0,J’
=x2

Moreover, 82 = 92 = 9** =9 = 0.

Two operators that will play a fundamental role in this paper are
(1.11) e(df)w =do ANw and i(df)w = e(df)*w = dfw .
Together with 9 and 0, they satisfy the following identities:

00 + 00 = d3 = —Te(dh) ,

(1.12) A ,
9% 0" + 979" =dy;” =Ti(df) ,
and
(1.13) 00 = —0*0  and 0*0=—00" .
Other formulas involving 0,0, e(df) and their adjoints are
(1.14) [z(d@),a} = —z?* , 7[z(d9),8] = u?* ,
[8*,e(d9)] =10, [8*,6(619)] = —i0
(1.15) [i(df),0*] = [i(df),0*] =0 = [e(dh),d] = [e(db), D]
and
(1.16) [i(d9), e(df)] = (n—k)I .

For these formulas and the following in this chapter, we refer to [MPRI].
We define the holomorphic, antiholomorphic and horizontal Laplacians as

0=00"+00,
(1.17) O0=00"+0%0,
Ag =dudy +dydg =0+0.
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1. DIFFERENTIAL FORMS AND THE HODGE LAPLACIAN ON H,, 9

Each of these Laplacians acts componentwise. Calling (p, ¢)-form a horizontal
form of type

w = Z fI,I'CI/\EI )
=p,|I'|=q
and introducing the sublaplacian

(1.18) L=-Y(Z;Z;+Z;Z;) ,
j=1
the operators (1, ], A coincide on (p, ¢)-forms with the following scalar operators:

1 n
O=-1L '(——)T,
9 +1 5 P

= 1
(1.19) D:—L—i(ﬁ—q)T,
2 2
Ag=L+i(g—p)T .
To be more explicit, we shall occasionally denote the “box”’ operators by [,

and O, when they act on (p, s) and (r, ¢)-forms, respectively. Some commutation
relations that we will use are (see [MPR1])

06 =80 —iT), 0F =& @+iT),
00 = o(0 +4T), 0o* = 9*(0d —iT).

The full differential d of a form w = w1 +60Aws and its adjoint d* are represented,
in terms of the pair (wq,ws), by the matrices

(1.20)

(1.21) d= (T —dH) 4= (i(d@) —dy)
and the Hodge Laplacian A = dd* + d*d by the matrix
Ay —T? + e(df)i(do) [di;,e(df)]
A =
[i(df), du| Ay —T? +i(df)e(do)
(1.22)
Ay —T? + e(d)i(df) id — i0
i0* —i0* Ag —T? +i(d)e(dd)

When A acts on k-forms, it will be denoted by Ay. In particular,
Ao=L-T?.

We denote by A* the k-th exterior product of the dual b;, of the Lie algebra
of H,, (identified with the linear span of (i,...,(n, (1, -+, Cn, 0), by A% the k-th
exterior product of the horizontal distribution (i.e. the linear span of the ¢;,(;),
and by AP? the space of elements of bidegree (p,q) in A¥. Symbols like LPA¥,

SAP:? etc., denote the space of LP-sections, S-sections etc., of the corresponding
bundle over H,,. Clearly, LPA* = LP @ A* etc.

Licensed to University Degli Studi di Milano. Prepared on Thu Feb 12 06:47:11 EST 2015for download from IP 159.149.197.190.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



Licensed to University Degli Studi di Milano. Prepared on Thu Feb 12 06:47:11 EST 2015for download from IP 159.149.197.190.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



CHAPTER 2

Bargmann representations and sections of
homogeneous bundles

The L2?-Fourier analysis on the Heisenberg group involves the family of infinite
dimensional irreducible unitary representations {my},.0 such that 7, (0,t) = e**1.
These representations are most conveniently realized for our purposes in a modified
version of the Bargmann form [FJ.

Let F = F(C™) be the space of entire functions F' on C" such that

|FI% = / F(w) e duw < oo |

The family of Bargmann representations ) on F is defined, for A # 0, as
follows:

(i) for A =1,
(2.1) (m1(2, 6)F) (w) = eit67%<w’z>7i‘z‘2F(w +2z).
(ii) For A >0,
(2.2) Tz, t) = m (AT 2, M) ;
(iif) for A < 0,
(2.3) ma(z,t) = m_a(Z,—t) .
The unitary group U(n) acts on H,, through the automorphisms
(28) — (1) = (g51), (g€ Um)) ,
and on L?(H,) through the representation
(a(@)f) (1) = f((= 1)) -

We also consider the pair of contragradient representations U, U of U(n) on F,

given by

(2.4) UF=Fog?t, U,=U;.
Then

25) (g2, t) = Ugma(2,t) Ug-r , for A >0,

ma(g2,t) = Uy ma(z,t) Ugfl , for A\<O0.

The representation U in (24)) splits into irreducibles according to the decom-
position of F

(2.6) F=)_P;,

Jj=0
11
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12 D. MULLER, M. M. PELOSO, and F. RICCI

where P; denotes the space of homogeneous polynomials of degree j.
We denote by P; the orthogonal projection of 7 on P;, and by F°° the space
of functions F' € F such that

(2.7) |PFllz=0("Y), VNeN.

Then F*° is the space of C°°-vectors for all representations 7.
The differential of 7y is given byl m(T) = i) and

V2 0y ifA>0 _ _. /2 i
(2.8) mA(Ze) = N o ™\ (Ze) = \/;W A0
—\/ 5w, ifA<O0; V2|A 0w, HA<O.

We adopt the following definition of my(f):

(2.9) m(f) = /H f(x)ma(z) " de € L(F,F) .

Notice that mx(f *g) = mx(g)7A(f), but this disadvantage is compensated by a
simpler formalism when dealing with forms or more general vector-valued functions.
The Plancherel formula for f € L? is

— 00

+o0 +oo
I1£13 = Cn/ len(F)[rs A" dX = Cn/ D P Pyrllrs (A" dA -
—0o0 j,j'

Let V be a finite dimensional Hilbert space. Defining 7y (f) for V-valued func-
tions f by ([23]), we have

m(f) e L(F,F)@V =2L(F,FeV).
Suppose now that V' is the representation space of a unitary representation p of

U(n), and consider the two representations U ® p, U ® p of U(n) on F @ V. Denote

by Xt = X7F (resp. ¥~ = ¥#7) the set of irreducible representations o € U(n)
contained in U ® p (resp. in U ® p), and let

(2.10) FeV= &
ceLTE

be the corresponding orthogonal decompositions into U(n)-types. When V = C,
the decomposition (2I0) reduces to (2.6). To indicate the dependence on p, we
shall sometime also write £F = £+,

LEMMA 2.1. Each £ is finite dimensional and decomposes into U(n)-invariant
subspaces

E=Pern(rav).
J

In particular EF € F @ V. More precisely, E& C F>* @V, where F* is defined in

@D).

1Even though dmy (D) is the more standard notation, we prefer to reduce the number of d’s
around.
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2. BARGMANN REPRESENTATIONS AND SECTIONS OF HOMOGENEOUS BUNDLES 13

Proor. We only discuss the case of U ® p. For every j, P; ® V is an invariant

—

subspace. Therefore, for o € U(n), &5 =32, E5 N (P; @ V). Let xj, Xp, Xo De the
characters of U|,, , p, o respectively. The multiplicity of o in P; ® V' is then given
J
by
/ ( )Xj(g)xp(g)xa(g) dg = (Xj» XpXo) »
U(n
which is the multiplicity of U}, in p® o (with p denoting the contragredient of p).
J

Since this representation is finite dimensional, the multiplicity can be positive only
for a finite number of j. It follows that £ has finite dimension.

Since £F consists of V-valued polynomials, it is obviously contained in G® V.
Q.E.D.

The decomposition of F @ V given above leads to the following form of the
Plancherel formula for L2V, with PF denoting the orthogonal projection of F @ V/
onto £F:

—+oo
112 = e / ST EE A ()P, s A dA
T jEN,sexsen A

(2.11) o
—cn / S IPE A () s A A

sESsEn A

Let p’ be another unitary representation of U(n) on a finite dimensional Hilbert
space V’. The convolution

f K (x) = /H K(y'2)f(y) dy

of integrable functions f with values in V' and K with values in £(V, V') produces
a function taking values in V. In the representations my, A # 0,

m(K)e LF,F)Q LV, V)X LFRV,FV'),
and
m(f * K) = m(K)m(f) € L(F, Fa V') .
Let p (resp. p') be the representation o ® p on L?V (resp. a ® p’ on L?V"') of
U(n) and suppose that convolution by K is an equivariant operator, i.e.

(2.12) P (9)(f+K)=(p(g)f) * K
for g € U(n) and f € SV. Since for f € SV and £ € F, with A\ > 0,

n(F ) = [[ 00K 01w, ¢dyda,
n (60N 0)e = [[ K Doorw me e dud
by letting f tend weakly to dp ® v, with v € V, we see that (Z12) implies

[ @K @U@0, gds = [ K@plgm e e ds
Replacing & by Ug&, we obtain

Uy @ ¢/ (9) (mr (K) (€ ©0) ) = ma(K) (Uy € @ plg)v)
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14 D. MULLER, M. M. PELOSO, and F. RICCI

for every ¢ € F,v € V. A similar formula holds for A\ < 0 with U in place of U. Thus
[(2I12) implies the following identities, for K defining an equivariant convolution
operator:

(U p)(g)m(K) =m(K)(U®p)g), A>0
U p)(g)ma(K) =m\(K)(U®p)(g), A<0

for g € U(n), i.e. m\(K) intertwines U®p and U®p’, or U®p and U ®p’ depending
on the sign of A. The following is an immediate consequence.

(2.13)

LEMMA 2.2. Assume that convolution by K € L* ® L(V,V') is an equivariant
operator. Then, setting ypp'send — yipsgnd Zp"sgn)‘,

mEK) = @ molK),

O.Ezp,p’,sgnA
- ’
with 7y 5 (K) : ELS80A — £p1s8n A,

By a variant of Schwartz’s Kernel Theorem, the convolution operators D with
kernels K € §’(H,,) ® L(V, V") are characterized as the continuous operators from
S(H,) ®V to S'(H,) ® V' that commute with left translations on H,. Lemma
applies to operators of this kind, provided that the Fourier transform 7y (K) is
well defined for A\ # 0. This is surely the case if K has compact support, and in
particular for a left-invariant differential operator Df = f x (Ddgy). We then have

mA(Df) = ma(Ddo)ma(f) = ma(D)ma(f) -

We apply these remarks to the differentials and Laplacians introduced in Chap-
ter [

With py denoting the representation of U(n) on A¥ induced from its action on
H,, by automorphisms, and, as before let pp = o ® pi be the tensor product acting
on L?AF. Then d,d*, A} are equivariant operators. The same applies to 9,0, dy
etc. on the appropriate L2-subbundles.

Notice that [, and Ay have the special property of acting scalarly on (p, q)-
forms, by (LI9). Since the sublaplacian L has the property that 75 (L) acts as a
scalar multiple of the identity (namely, as |A\|(2m + n)I) on P,, C F, the same is
true for the image of 00,0, Ay under Ty.
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CHAPTER 3

Cores, domains and self-adjoint extensions

For 0 < 6 < R and N € N, denote by Ss g n(H,) the space of functions f
satisfying the following properties:

(i) f € S(Hn);
(ii) mx(f) =0 for |A| < d and |A| > R;
(iii) for 0 < |A| < R, Pjmx(f) =0for j > N.

We set Sy = Ug)R)N Ss.rR,N-
LEMMA 3.1. Sy is invariant under left translations, and dense in L2.

PROOF. The first statement follows from the identity wx(L.nf) =
mA(f)ma(z,t) 7!, where L., f is the left translate of f € Sy by (z,t)!. Take
now f € S. For §,R > 0, fix a C>-function usr(\) on R, with values in [0, 1],
supported where § < |A| < R and equal to 1 where 26 < |A\| < R/2.

Given € > 0, by Plancherel’s formula it is possible to find §, R > 0 and N € N
such that the L2- function g such that 75 (g) = us r(\) > j<n Pjma(f) approximates
fin L? by less than ¢.

We claim that ¢ is in S, hence in Sy, and this will conclude the proof, by the
density of S in L2.

By definition, g = f*h, where h is the function with 7y (h) = us r(X) >_,;< v Pj-
By explicit computation of the matrix entries of the representations of H, [Th],
the Fourier transform h(z, 5\) of h in the t-variable equals

h(z, ) = usr(N) Y i (IA72)

J<N

where the ; are Schwartz functions on C". Hence h € S(H,,) and so is g. Q.E.D.

We regard Sy as the inductive limit of the spaces Ss g, n, each with the topology
induced from S.

Obviously, SoV = Sy ® V is contained in SV and dense in L?V. Assume,
as in Chapter 2] that V is a finite dimensional Hilbert space on which U(n) acts
unitarily by the representation p. Taking into account the action of U(n), one can
then introduce a different chain of subspaces filling up SpV. Given 0 < 6 < R,
N € N and finite subsets X* of X%, define Ss.r.x+V as the space of functions f
such that

(ii") ma(f) =0 for |A| < d and |A| > R;
(iii’) for § < ‘)\| <R, P;gnkﬂ')\(f) =0foro ¢ ngn)\;

15
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16 D. MULLER, M. M. PELOSO, and F. RICCI

It follows from Lemma [2]] that finite unions of the S5 x+V exhaust finite
unions of the S5 g vV and viceversa.

In order to develop the L2-analysis of differentials and Laplacians, we establish
some general facts about densely defined operators from L2V to L?V', wih (V, p),
(V',p’) finite-dimensional representation spaces of U(n). Precisely, we consider
operators whose initial domain is SpV' and which map SyV into SoV’, continuously
with respect to the Schwartz topologies. Most of the operators to be considered in
this paper will belong to this class.

LEMMA 3.2.
(i) Let (V,p), (V',p') be finite-dimensional representation spaces of U(n),
and let
B: 8§V — SV,
be a left-invariant linear operator, U(n)-equivariant and continuous with

respect to the Sp-topologies. Then there exists a family of linear operators
By o : ELSERA — 55/’Sg“)‘, depending smoothly on X\ # 0, such that

(3.1) m(Bf)= @  BroPEmS)

ocexpr.p’ sgn

(ii) Conversely, given any family of linear operators By , : EL5&"A —s é’[;/’sgn’\,
depending smoothly on A # 0, there is a unique left-invariant operator
B : 8V — SV, U(n)-equivariant and continuous with respect to the
So-topologies, such that BI) holds for every f € SoV. We set

moe(B)=Brs, Bi= > By,P#*,  m(B)=By.

ocexpr.p’ sgn X

(ili) The closure of B as an operator from L*V to L*V' has domain dom (B)
consisting of those f € L?V such that

+o00
(3:2) | B P (Dlfs I dx < oo
2

(iv) If (V,p) = (V',p') and B is symmetric (equivalently, By , is symmetric
for every X\, o), then B is essentially self-adjoint.

(v) If B is symmetric and m is a Borel function on the real line such that
m(Ba,s) is well defined for every X, o, the domain of m(B) is the space
of those f € L2V such that

“+oo
/_ S {[m(Bro) P A A (f) |57 I dA < 00 .

Moreover, the space SV N dom (m(B)) is a core for m(B) and the
identity

+oo
m(B)f.g) = o [ 3t (m(Bra) PE A (£)ma9)") A" i

holds for f € dom (m(B)) and g € L*V.
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3. CORES, DOMAINS AND SELF-ADJOINT EXTENSIONS 17

ProoF. To prove (i), let {®y}sen be an enumeration of the orthonormal basis
of monomials in F. Define linear operators E;, : F — F by setting E; ¢ F =
(F, @¢) 7®y. Let also {e;} and {e}} be (finite) bases of V and V"’ respectively.

Given two compact intervals [a,b] and [a’,b] such that [a,b] C [a’,¥]°, with
a’ > 0 (for intervals contained in R~ the proof is similar) and ¢ € N, there exists
ge € Sp such that wx(ge) = Epy for A € [a,b] and wr(ge) = 0 for A & [a, V] (cf. the
proof of Lemma Bl and [Thl]).

Then B(gy ® ¢;) € SoV' and

(3.3) T (B(ge © €:)) :Z(Zchm Eh7k)®e;- :
J
where the sum in h ranges over a fixed ﬁmte set of indices independent of A. The

coefficients cg i ; are smooth in A and, since B is left-invariant, supported in [a’, b'].
Take now f Yo fi®e € SV, with my(f) =0 for A & [a,b]. Then

f= Z(fi*gz*gz) ® e,
30
where the sum is finite. Hence, by the continuity assumption on B,
Bf =) (fixg))* Blgi®ei) .
30
Introducing the notation
Fi 0. 0) = (mA(f:) @0, 00 5

we have

T(fi ¥ ge) = Epomr(fi) = Zﬂkf@ Eip .

The composition 7y (B(gg ® ei))wA(fi * gg) is well defined, because the second
factor has the one-dimensional range C®,. Therefore the index k in B3] can only
assume the value £, and

ﬂ—)‘ Bf Z (chhfj EhjZf}(}\,&f/)E&e,) ®€;-
0

= Z (ZZ (Zchm )fi(A Z))EM/) ®¢) .
i Rt
The infinite matrix C; j(A) = (cﬁze ]()\))h , has only a finite number of nonzero

entries, hence it defines a linear operator Bf:j from the linear span of the ®, (i.e.
the space of polynomials inside F) into itself, by setting

A
B @ = Zch 219

Notice that Bz‘):jEM/ => ch M( )En,e. Then, setting £, = (-, e;)ve; € LIV, V),
one easily verifies that

(3.4) B,\_ZB’\ ®E};,
maps V-valued polynomials into V’-valued polynomials and

(3.5) m(Bf) = Bama(f) »
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18 D. MULLER, M. M. PELOSO, and F. RICCI

for every f € SoV with ma(f) =0 for A & [a, b].

It is now easy to prove that for A € [a,b], B, is uniquely defined by the identity
33), which shows that it does not depend on the choice of the functions g, and
that if we repeat the same argument starting with a larger interval [a?, b*] D [a, b]
contained in R, the new operators Bf\‘aﬁ coincide with By for A € [a,b]. Covering
the positive half-line by compact intervals of this type and repeating the same
argument on the negative half-line, we find a unique map A — B) defined for
A # 0 and for which (335) holds for every f € SpV.

Since B is U(n)-equivariant, a repetition of the proof of Lemma shows
that By maps 25" into £7 58" A for every o € %P¢ 58X Tt is obvious from
the smoothness of the coefficients ci’f& j that the restricted operators B) , depend
smoothly on A.

The proof of (ii) is quite obvious.

To prove (iii), denote by B be the operator on dom (B), defined in ([B:2), such
that mx(Bf) = Bama(f). It is easy to verify that B is closed and that SyV is dense
in dom (B) in the graph norm of B. Since B coincides with B on SV € SV, B is
the closure of B.

To prove (iv), assume that B is symmetric. Then each operator B) , is self-
adjoint, hence so is m)(B). If B’ is the adjoint of B, taking g in the domain of B’
and f € SyV, we have

(B'g, [) = {9, BS)

+oo
e [ S (m() MBI ) A A

— 00 o

+oo
o [ S (m() B P (g) A" A
By the arbitrariness of 7 (f) subject to conditions (i’)-(iii’), we conclude that

+oo
/ DB P ()l A" dA < oo

i.e. g € dom (B), and that m\(B’g) = mx(B)7x(g), i.e. B'g = Bg.
Finally, (v) is proved in a similar way. Q.E.D.

Consistently with the identity m\(m(B)) = m(m\(B)), we write 75, (m(B))
for m(mx - (B)).

REMARK 3.3. As a typical instance of operations that will be done in the sequel,
consider an expression like dA,;l. As soon as we find out that the finite-dimensional
operators my o (Ay) are invertible and depend smoothly on A (see the next Chapter),
an operator ¥ satisfying the identity WA, = d is automatically defined on SoA*
with values in SpA**? by imposing that

Zm o (d)mr0 (AR) ' PRmA(W) -
Its closure W is defined on the space consists of the w € L?A¥ such that

“+oo
/ S 0 (@) (A) " PATA () 3 A dA < 00 -
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3. CORES, DOMAINS AND SELF-ADJOINT EXTENSIONS 19

Notice that formal identities, like
11
(i) dAlil = (dAg*)AL %
(i) mA(dAL) = ma(d)ma(AL);

(iii) WAﬁa(dAlzl) = ﬂAﬁg(d)WAyg(Agl);
are fully justified on SyA*.

In many instances we will make use of homogeneity properties of operators B
as those considered in Lemma As before, we assume that (V,p), (V',p’) are
finite dimensional representations of U(n).

We assume that the multiplicative group Ry acts on V' by means of the linear
representation v : Ry — L£(V) and on V' by means of the linear representation
v+ Ry — L(V’) such that the operators v(r) and +/(r) are self-adjoint, and in
such a way that each of these actions commutes with the corresponding action of
U(n) (on V given by p and on V' given by p’).

We also denote by 4, the dilating automorphism of H,, defined by

Or(2,t) := (rl/Qz,rt), r>0,
and let R, act on functions on H,, by the representation
ﬂ(T’)f = f e} 5r—1 .

Then B is said to be homogeneous of degree a if
(3.6) Bo(BeY)(r)=r"*(B&~)(r)oB on SV, for every r >0 .

We shall repeatedly use the following lemma, which applies in particular to

operators such as 0,0, dy etc.

LEMMA 3.4. Let (V,p), (V' p') be finite dimensional unitary representations of
U(n) and let 8,7, be as above.

If B is a U(n)- equivariant, left-invariant operator as in Lemma (i), ho-
mogeneous in the sense of [B.0) for some a € R, then

ran BN SV’ = B(SV).
PrOOF. We just have to verify that
ran BNSyV' C B(SV) ,

the other implication being contained in the assumptions.
The homogeneity of B implies that

(3.7) TA(B) = A" (1 @' (A1) Tsgux (B) (T @ (A])) -

Assume in fact that f € SoV. For A # 0, ma(f) € L(F,F ® V) and, by [22)
and (23),

(@A) ma(f) = (T @ Y(IA)) Tsgar (B f) = Tsgna (B @) (IAD ).
Similarly,
(I @' (IAD) mA(Bf) = msgna((B@ ) (IAD(BS)),
and thus, by the homogeneity ([3.8) of B,
TV (IA)) TA(Bf) = A" Tsgn A (B ((B7)(IA)f) ) = [A* Tsgn A (B)TRY(A]) 7A(f)-
This yields (B7)).
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20 D. MULLER, M. M. PELOSO, and F. RICCI

Since v and ' commute with p and p’, I ® 7 respects the decomposition

Fev= @ &,

ocexeE

in ([2I0), we have
(3.8) Byo =" (@5 (A7) Begnao (1)

where By, = a0 (B) : E£580% —; £058n 2 g the operator defined in (3.
We restrict now our attention to A = +1 and write, for simplicity, B instead

of Bil,o-
Since domain and codomain are finite dimensional, we have an inverse QF :
ran BY — (ker BX)* of Bf‘ . Denote by QF the extension of Q¥ to £/%

(ker B(:,.E)J-

equal to 0 on (ran BE)L. If f € SyV', define the function J f by requiring that
P AT f) = AT T @y (A7)Q7 (T @ (IAD) P ma(f)-

If f € ran BN SV, then the range of P$8"*m,(f) is contained in the range of
7T>\,U(B).

Choose 0 < § < R such that (i) in the definition of SoV holds for f. Since for
§ < |\ < R the functions 7/(|A|) and «(|A|7!) are smooth in ), it is easy to see that
Jf € SoV. Moreover, applying (B8) to g := Jf, we see that m\(B(Jf)) = ma(f),
hence f = B(Jf) € B(SyV). Q.E.D.

ProposITION 3.5. Let (V,p), (V',p"), B,7v,7" be as above. Then the following
hold.

(i) If B is a U(n)- equivariant, left-invariant linear operator, homogeneous
in the sense of [B.8)), and bounded from L?V to L?V', then B satisfies the
assumptions of Lemma (3).

(ii) Assume that H C L?V is a closed subspace, which is invariant under left-
translation by elements of H,, under the action of U(n) and invariant
under the dilations (8 ® v)(r), r > 0. Then

SoV =(SoVNH)D(SVNHY) ,
where SV N H is dense in H and SoV N HL is dense in H+.

PROOF. As in the proof of Lemma [B2] let {®}seny be an enumeration of the
orthonormal basis of monomials in F and set Ep ¢ F = (F, ®y) 7Py. Let also {e;}
and {e}} be (finite) bases of V' and V"’ respectively.

We fix an interval I = [a,b] with 0 < a < b and, for every ¢ € N, a function
ge € Sp such that 7x(gs) = Eg for A € I. Then B(ge ® ¢;) € L?V' and

(3.9) (Bl ® €;)) = Z (Z Cf;,ik,j ()\)Eh,k) ®e;,
i hk
with cffh ; € L2(I) for every choice of the indices. Then almost every point A € I

is a Lebesgue point for all Cifk,j and for >, , |ci’fk7j OV

For every f =), fi®e; € SoV and for a.e. A € I,
ma(f) =D ((fi # g0) * (ge @ €3))

il
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3. CORES, DOMAINS AND SELF-ADJOINT EXTENSIONS 21

where the sum is finite (say over ¢ < N). The invariance of B under translations
by elements (0,¢) of the center of H,, implies that B preserves the A-support of the
group Fourier transform. Therefore, we also have

mA(Bf) =Y ma(B((fi* g0) * (9e ® €3)))
i,

for a.e. A € I. On the other hand, B((fl *gy) * (ge ® ei)) = (fi * g¢) * B(ge ® e;).
Hence, for a.e. A € I (say, A € A),

m™(Bf) = ZW)\(B(QZ ®e;))malfi * ge) -
00
The same computations in the proof of Lemma produce an infinite matrix
Cii(\) = (ci’fg’ j(/\)) pe With at most N nonzero entries on each row, defined for
A € A. Defining By by ([B.4]), we have that

(3.10) m™(Bf) = Bama(f) ,
for A € A.
Now, the homogeneity of B easily implies that, for A, \ € A,

By = (A/N)* (I ®+' (N/X) By (I@~v(A/X)) .
This identity allows to extend B as a smooth function of A to every A > 0.
Obviously, the same construction can be made for A < 0. Then, for every f €
SoV, the identity (BI0) holds for every A # 0, which shows that B(SoV) C SpV”.

Then Lemma 22 and the following remarks imply that we are in the hypotheses of
Lemma (ii).

In order to prove (ii), let us denote by P the orthogonal projection from L2V
onto H. Since H is invariant under left-translations, U(n)-invariant and dilation
invariant, P is a left-invariant operator which is U (n)-equivariant and homogeneous
of degree 0. Moreover, by the Schwartz kernel theorem, it is given by the convolution
Pf = fx K with a tempered distribution kernel K taking values in £(V, V). We
may therefore apply (i) to B := P and conclude by means of Lemma [3:4] that
P(S0V) € SV, and similarly, (I — P)(SoV) C SoV'. Q.E.D.
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CHAPTER 4

First properties of Aj; exact and closed forms

The domain dom (4Ag), defined according to Lemma B2 is the “left-invariant
Sobolev space” H? consisting of those f € L? such that X f, XY f € L? for every
X,Y € b,. This follows from the L? boundedness of the operators X (1 + AO)_%,

XY (1+ Ag)~!' [MPRI1]. We also recall that the operators XY A", XA(;% are
bounded on L? for every X,Y € b,,.

For k > 1, we have the analogous description of dom (Ay).
LEMMA 4.1. For every k, dom (Ay) = H2AX.

PROOF. It is evident from (L22) that H?A* C dom (Ag).
Since Ag = L — T?, identifying Ay with the matrix (L22) we have

A Ay — L+ e(df)i(d) id — i0
(i 4)+
0 Ao i0* —i0* Ay — L +i(df)e(dd)
=Ag+P.

where P is symmetric on H2A*. By (LI), each entry in P involves at most
first-order derivatives in the left-invariant vector fields. Therefore, for w € H2A,

[Pwllz < C([[wllz + 1A¢w]l2)
< C(llwll2 + [Aowl| 3 [|ewllF)
<C(l1+ Eil)HWHQ + Ce||Agwl]|2

for every ¢ > 0. By the Kato-Rellich theorem [Kal|, Ay + P is self-adjoint on
dom (Ag) = H2AF. Q.E.D.

The following statement is an immediate consequence.
PROPOSITION 4.2. Ay is injective on its domain.
PROOF. Let w =w; + 0 Aws € dom (Ag), with wq, ws horizontal. Then
(Apw,w) = (Agwr,wi) + || Twi |3 + |i(dO)wr |3 + ([d}, e(dh)]wz, wi)
+ ([i(df), dir]wr, w2) + (Amws, w2) + || Tws 3 + [le(df)ws]3 -
Notice that
(Agwi,wi) = ||dgw |3 + [diwl]3 .

23
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24 D. MULLER, M. M. PELOSO, and F. RICCI

and the same holds for ws. Moreover,
<[ *H,e(dﬁ)]wg,w1> + <[i(d9),dH]w1,wz>
= 2§Re<[i(d9),dH}w1,w2>
= 2Re (dpwy, e(df)wa) — 2Re (i(dO)wy, dfws)
> —|ldawil3 — lle(d)well3 — [li(df)wr |13 — lldfwell3 -

It follows that

(4.1) (Arw,w) > [ldjwill + [daws3 + [Twi |13 + | Tws]3 -
Therefore, if Agw = 0, then Tw = 0. Since wx(T) = ¢\ I, this implies that
mx(w) = 0 for almost every A, and finally that w = 0. Q.E.D.

COROLLARY 4.3. For every A > 0 and o € ©F, dmiz,o(Ay) is invertible and
for every pair of elements u,v € EF, (Tixo(Ag)u,v) is a polynomial in \. For
every a > 0, A" maps SoAF into itself.

1
ProOF. By (@), [|AZwl||2 > || Tw]||2 for every w € SoA*. This implies that

1 sgn
1m0 (AR)ZEN 2 AIEN, € € €58,
for every A, o with A # 0. The rest is obvious. Q.E.D.

We call Riesz transforms the operators
Ry = dA, 2 : SyAF —s SoAF+T |
and their adjoints
R = AL 2d* - Syt —5 SoA” .

LEMMA 4.4. The following identities hold (with the convention that R_; =

R2n+1 = 0)

(4.2) Ro=Achd, Ri=d'Ad
(4.3) Ryi1R, = RiR;, =0,
(4.4) RiR,+ Ry 1R, =1.

In particular, R Ry_1 = 0.
Moreover, if 1 < k < 2n, Ry_1R}_,, R;R; are orthogonal projections on
complementary orthogonal subspaces of L>A* and Ry, and R} are partial isometries.

PrOOF. From the identity dAx = Agy1d on test functions we derive that
o (d)Tx o (Ak) = Tr0 (Akt1)Tr0(d)

for all A\, 0. Hence

WA,a(d)W)\,a(Ak)_% = 7T,\,J(Ak+1)_%7T,\,a(d)

by finite-dimensional linear algebra. In turn, this gives the first identity of (£2]) on
SoA¥. The second identity is proved in the same way.
Then (£3) follows from (2] and the identity d? = 0.
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4. FIRST PROPERTIES OF Aj; EXACT AND CLOSED FORMS 25

On SyA*, by applying again 7, , to each term,
1 1 1 1
RyRp + Ry Rp_y = AL >d*dAL? + A, 2 dd™ A, °
1 1
= A PARA,?

which gives ([{4).

Since the two summands on the left-hand side of ([@4]) are positive operators,
they are L2-contractions. Since their sum is the identity and their product is zero
by ([@3)), they are idempotent. This proves that they are orthogonal projections. It
follows that Ry and Rj_, are partial isometries. Q.E.D.

The following statement gives the L?-Hodge decomposition of L?AF, and in
particular that the cohomology groups of the De Rham complex are trivial.

PROPOSITION 4.5. Let 1 < k < 2n. The following subspaces of L>A* are the
same:

i) the range of Ri_1R}_,;
(ii) the range of Rik—1;
(iii) ker Ry;
(iv) kerd;
(v) d(SoAM);

(vi) d(DAF-1);
(vii) {w € L2A* : w = du in the sense of distributions for some u € D'AF~1}.
We call this space (L?A*)g.ex or (L2A¥) g1 Similarly, the following spaces
(") the range of Ry Ry;

ii’) the range of R};
(iii’) ker R} ,;
(iv’) kerd*;
(V’) d* (80Ak+1),'
(vi') d*(DAF+1);
(vii") {w € L2A* : w = d*v in the sense of distributions for some v € D'AF+1}

are the same; we call them (L?AF)g-_o or (L2A%)ge_q1.
PROOF. Since Rj_1 is a partial isometry, its range is closed, and
ranRy_1 = (ker Ry )" = (ker R,_1R} )t =ranR, 1R} _, .

This proves the identity of the spaces in (i) and (ii). In the same way one
proves the same for (i) and (ii’). From Lemma 4] we then obtain the orthogonal
decomposition

L*A* =ran Ry, ® ran R}, .

But ran R}, = (ker Ry,)L, so that ran Ry = ker Ry, i.e. (ii)=(iii).

By Plancherel’s formula and LemmaB.2} w € ker dif and only if 7y ,(d)7y - (w) =
0 for a.e. A and every o. By Corollary 3] and ([@2]), this is equivalent to saying
that 7y o (Rk)mxe(w) = 0 for a.e. A and every o, i.e. that Rgw = 0. So (iii)=(iv).
By Corollary B3] d(SoA*~1) = Ry 1(SpA*~1) and this implies that (v)=(ii).

We thus have shown that the spaces (i) - (v) are the same, and the equality of
the spaces (i’)- (v’) are proved in the same way.
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26 D. MULLER, M. M. PELOSO, and F. RICCI

In order to prove that the spaces (i) - (v) agree also with the space (vi), we first
observe that d(DA*~1) C ker d, since d> = 0 on DA*~1. We thus have d(DA*~1) C
Rp_1(L?A*=1). To prove that these spaces are indeed the same, it will suffice to
prove that o 1 Ry_1(L?A*~!) whenever o € L2A* satisfies 0 L d(DA*~1). But, the
latter condition means that d*c = 0 in the sense of distributions. So, by Lemma
B2 o € domd*, and since (iv’)=(ii’), we see that o = R;¢ for some £ € L2AFFL,
This implies that for every Ry_jp € Ry_1(L2A*1)

(0, Ri—1pt) = (R& Rie—1p) = (& R Ry—1p1) = 0.
We have thus seen that the spaces (i) - (vi) all agree, and in a similar way one
proves that the spaces (i’) - (vi’) are all the same.

The proof that these spaces also do agree with the space (vii) respectively (vii’)
will require deeper LP-methods, and will therefore be postponed to Chapter [[T] (see

Corollary IT.3]).
Q.ED.

Working out the same program for 0,0, their adjoints and the box-operators
one encounters some differences. One simplification comes from the fact that [J
and O act as scalar operators on horizontal forms of a given bi-degree.

On the other hand, a complication comes from the fact they have a non-trivial
null space in L? for certain values of p or ¢. It is well known since [F'S|] that L+iaT
is injective on L? if and only if a # +(n + 2j), j € N, and that it is hypoelliptic
under the same restriction. It follows from (([CLI9) that O (resp. O) is injective, and
hypoelliptic, on (p, ¢)-forms provided that p # 0,n (resp. ¢ # 0,n).

For p = 0, Oy = 0*0 and ker = kerd, while, for p = n, 00 = 00* and
ker (] = ker 0*. Similarly, ker 0 = ker  for ¢ = 0, and ker 0 = ker 9* for ¢ = n.

For these values of p (resp. ¢), we shall denote by [0’ (resp. ﬁ/) the unprimed
operator with domain and range restricted to the orthogonal complement of the
corresponding null space. Notice that the core SyAP'? splits according to the de-
compositions ker d @ (ker 9)*, ker 0 @ (ker 9)*. The negative powers ('~ “(resp.

E/_a) are then well defined on SyAP? N (ker )1 (resp. SpAP4 N (ker 9)1).
By (L.I9)

_ 1 _ 1
Oo=0,= 3L +inT), O,=00=3(L—inT).

We denote by C (resp. C) the orthogonal projection from scalar L? onto ker(L+
inT) (resp. ker(L —inT)). The same symbols will be used to denote the extension
to forms by componentwise application.

Thus, C is the orthogonal projection onto ker & when acting on (0, ¢)-forms as
well as onto ker &* when acting on (n, q)-forms, and C is the orthogonal projection
onto ker d when acting on (p,0)-forms as well as onto ker 9* when acting on (p, n)-
forms.

Regard O as a closed operator from L2AP9 to L2APT14, The holomorphic Riesz
transforms are defined on SoAP+? (with values in SyAPT1:4) by

amﬁlzujla 1 for1<p<n-2,
(4.5) Rp=19 00, 2(I-C)=0,%0 forp=0,
21
8E|n_21:|j’;%8 forp=n-—1.
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4. FIRST PROPERTIES OF Aj; EXACT AND CLOSED FORMS 27

We observe that, is all cases,
1 1
(4.6) Ry =01 Rpy=0.
The adjoint operators Ry from SoAPT19 to SyAPY are
D;éﬁ*:(‘)*lj;_él forl<p<n-2,
(4.7) Ry = Dg;l%a* =00, forp=0,
0,20 =0"0,2(I—-C) forp=n—1.
The analogues of (@3] and ([@4]) are
RptiRp=R;R;,.1 =0,

p’Vp+
(4.8) RyRp+Rp-1Rp =1, (1<p<n-1)
RoRo=1—-C, Rn_lRfl_lzl—C_.

Proposition has the following analogue.

PROPOSITION 4.6. For 0 < p < n — 1, the following subspaces of L2AP9 are
the same:
(1) ker R,,;
(i) ker 0;
We call this space (L2AP?)5_q.
For 1 < p < n, the following subspaces of L>?AP? are the same:
(iii) the range of Rp—1R;_1;
(iv) the range of Rp—1;
(v) O(SpAP—1:9).
We call this subspace (L?AP'?)g_cx.
For1<p<mn—1, (L2AP%)g.o = (L2AP?) 5 cy.
Similarly, for 1 < p < n, the following subspaces of L>AP? are the same:
(i) ker Ry _y;
(ii’) ker 0*;
and we call this subspace (L>AP9)gx_1.
For 0 < p < n—1, the following subspaces of L2AP9 are the same:
(i4’) the range of RiRy;
(iv’) the range of Rj;
(v) O (SoAPFha);
and we call this subspace (L?AP'7)gx_cx.
Finally, for 1 <p<n—1, (L?AP%) g = (L?AP7) g oy

We also set (L2AK)p.ox = Zerq:k (L2AP7) ek etc.
The antiholomorphic Riesz transforms ﬁq and their adjoints ﬁ: are defined

by conjugating all terms in (@3] and (1) respectively, and replacing p by ¢q. The
analogue of formula (I03)) also holds true for all ¢

(4.9) Ry02 =002, Ry =0 .

The rest goes in perfect analogy with the holomorphic case.
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28 D. MULLER, M. M. PELOSO, and F. RICCI

DEFINITION 4.7. On (p, ¢)-forms, we also define the operators
Cp=1-R,R,, ﬁq:I—ﬁ;ﬁq, for 0<p,g<n-—1,
C,=1=0C,.

Notice that, by @8), C, = Rp-1R;_; for 1 < p < n —1, and similarly C, =
Rq—lRZ—l forl<g<n-—1.

(4.10)

The following statements are obvious in view of Proposition

LEMMA 4.8. C,, is the orthogonal projection of L*AP*4 onto the kernel of 9, and
C,, is the orthogonal projection of L>AP? onto the kernel of 0,

Moreover, if w € SgAPY, with 1 <p <n —1, then

Cpw =0 if and only if w € O*(SgArt19) if and only if d*w =0,
whereas for p =10,
Cow=0 if and only if  w € 0*(SpA19),
and forp=n,
Chw=0 if and only if w=0.

Analogous statements hold for the operators 6(1, if we replace p by q and conjugate
all terms. In particular, Cy = C,Cy = C, and 0*w = 0 whenever Cpw = 0, and
0"w = 0 whenever ﬁqw = 0.

Given a horizontal k-form w = Zp +q—k Wpq We finally set

(4.11) Cw = Z Cpwq 5 and Cw = Z C yWpq -

p+q=k p+q=Fk
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CHAPTER 5

A decomposition of L?A% related to the 9 and 0
complexes

In this chapter, we shall work under the assumption that 0 < k < n, as this
turns out to be more convenient in view of the Lefschetz decomposition described
in Prop. 2.1 of [MPRAI]. The case where k > n can be reduced to the case k < n
by means of Hodge duality, as will be shown later in Chapter Bl

Our starting point in the spectral analysis of Ay, is the decomposition obtained
in Proposition

(5.1) LPAF = (LPA%) goex @ (LPA") gl -

Since dAk_1 = Agd for all k > 1, using the results from [MPR1] for A,
we can lift the decomposition of L2A' into A;-invariant subspaces and the related
spectral properties to (L?A2)4.c. Therefore, inductively we analyse the (L2A¥) gcx-
component in the decomposition of L?A*¥ by means of the preceeding step.

Thus, we are led to study the (L?A*)4-_q-component in the decomposition of
L2AF.

By (L2I) we can characterize the d*-closed forms. Notice that, if w € SoAF,
w = w1 + 0 A wse with wq,wy horizontal, then

w e (SoAk) if and only if Wy = Tﬁld;le .

d*-cl

In fact, if wy = T_ldz,wl, then the second equation i(df)wy — djjws = 0 arising
from in (LZ2T)) follows from the first one.
Hence, if we set

(5.2) P(w)=w+ AT 'dhw
we obtain an isomorphism

P S()AIIC_I — (SOAk)d*-Cl .

Notice that, because of the invariance of § and the equivariance of dj;, ® commutes
with the action of U(n).

Clearly, A, maps a subspace V of (SgA¥)g«.q into itself if and only if the
(non-differential, see (5.IT) below) operator

(5.3) Dy =07 'ALD,

maps W = @1V C SyA%; into itself.
For this reason, we begin by decomposing SyA% into orthogonal subspaces
which are invariant under Dy and on which Dy takes a simple form.

29
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30 D. MULLER, M. M. PELOSO, and F. RICCI

5.1. The subspaces

The decomposition is based on the following lemma.

LEMMA 5.1. Every w € SoA%, decomposes as

(5.4) w=uw + 06+,
where £,1 € SoAlﬁfl, and W' € SoAF satisfies the condition
(5.5) 0w =0" =0.
The term w' is uniquely determined, and we can assume, in addition, that
(5.6) Cp1€=Cyin=0.

Notice that, even with the extra assumption (B.6]), ¢ and 1 are not uniquely
determined.

PROOF. Assume that w is a (p,q)-form. If p = 0, we obviously have the
decomposition w = w’ 4+ O, with 9*w’ = 0, and 9*w’ = 0 holds tivially, since w’ is
a (0,q)- form. A similar argument applies if ¢ = 0.

We therefore assume that p,q > 1. Consider the homogeneous U (n)-equivariant
differential operator

0 9) : (g) s ¢+ Dn

acting from L2(AP~19) @ L?(AP971) to L2APY and its adjoint (g*)

In L2AP9, we have

*

ran (0 0) =rand +rand , ker <g*) = ker 9* Nker 0* ,
so that
L*AP? = (ker 0* Nker 9*) @ (ran d + ran d) .
Moreover,
(9 0)(SoAP™ 11 @ SoAP ™) = OSeAP ™1 4 OSeAP T |
so that, by Lemma [3.4]
SoAP'? = (ker O* Nker 0* N SoAP?) @ (OSgAP~ 1 + ASEAP 1) .

This gives the decomposition (5.4). By orthogonality, the two terms w’ and
0¢ + On are uniquely determined. Since Cj,—1 and Cy—; preserve So-forms, we can
replace £ by (I — Cp_1)§ and n by (I — C,—1)n, without changing the equality.
Q.ED.

Observe that the decomposition (5.4]), without the extra assumptions on £ and
7, can be iterated, so to obtain in a next step that

w=w + 0+ 0ay +9pB1) + I + daz + 9f)
=w' + 0+ 0n' +00B, + 90p,

where now each of the primed symbols represents a form satisfying (5.5]). If w is a
horizontal k-form, the iteration stops after k steps, leaving no “remainder terms”.
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5. A DECOMPOSITION OF L2A’};{ RELATED TO THE & AND & COMPLEXES 31

We are so led to introduce, for each m < k the spaces of forms

(5.7) w=---000¢+:--009n
m-terms m-terms

with &1 € SoA% ™ and 9*¢ = 0*¢ = 9*n = *n = 0.

It is convenient to observe that in a sequence of at least three alternating 0’s
and J’s, we can replace a product 99 or 99 by d3 = —Tle(df). Since T~!
preserves Sp-forms, the form w in (&) can thus be written as

_ Je(do)t(9¢ + om) ifm=20+1,
| e(d8)(90¢ + 8dn)  if m=20+2.

DEFINITION 5.2. We set

Wi = {w € SuAP : 0" w = 0w =0} ,
WPt ={w=06+0n :&,ne W},
Wt ={w =006+ 00n : &,meWh}.
For / € Nand j =1,2, we set
WP = e(df) Wi
We also set
W= > Wpt={weS A} :0'w=0w=0},
p+q=k
and, for j =1,2 and ¢ € N,
kE_ :
wi= > wp
p+q+j=k
and
, k—2¢
Whe= > WPI=e(do) W,
pta+i+20=Fk

whenever k > j 4 2/£.
The symbols Wf, Wf 4 etc. denote the L2-closures of the corresponding spaces

Wr, Wk etc.
We wish to characterize which spaces among the Wg"? and W;! are non-trivial.

PROPOSITION 5.3. Let 0 < k <n and p+ q = k. Then W5 is trivial if and
onlyifk=nand1 <p,g<n-—1.

PROOF. We show first that W{"? is non-trivial for p + ¢ < n — 1. In order
to do so, it is sufficient to prove that, under this assumption, there is a non-zero
B € P1 @ AP, with Py = span{ws,...,w,} as in (Z.6), such that

T (07)8 =m(57)8=0.

From this it will easily follow from (LI0) and (Z8) that 7 (9*)3 = 7A(9*)3 =0
for every A > 0.

Let w € AP be such that mx(w) = x(A\)Pg, where x is a smooth cut-off function
with compact support in (0, 4+o00) and Pjg is the orthogonal projection of F @ AP4
onto CAB. Then w € SyAP?¢ and 9*w = 0*w = 0.
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Take
p+1
8= (Z(—l)ijCAmchA~-~Acp+1> ne',

where I' = (p+2,...,p+ ¢+ 1). Then, writing I;:(l,...,;,...,p—l— 1) we have

1 pHl . I= J -1’
m(0)(8) = —= Y > (1) e jwew; ¢ AL
\/5 L,J j=1
1 p+1 Il ~ —~
=/ (*1)3[2(*1%7110@% CAAGAANGA- ACpa
2 j=1 =1
p+1 . N .,
+ > (D wews G A AG A AGA A G| AL
l=j+1
=0.

Next, since 71(Z;) = v/20,, we have
ok ! =
m(0)(B) = (=)PTV2 Y el (Ow,w; )T AT =0,
6J

since j & I’, so that 9,,w; = 0.
This shows that W} # {0} when p+ ¢ <n—1.
Next, consider W(;L’O. Take = A+ Alp € Po® A™0. Clearly 7y (0*)8 = 0

for every A\ # 0, while m,(0*)8 = 0 for A < 0 by (LI0) and [21). As before, this
implies that W, # {0}.

Finally, consider W'~ *°, with 1 < s <n —1 and let w € W *°. Since O is
injective on this space and 0*w = 0 we have

w=09" (8D_1)w =:0"v .
Similarly, since 9*w = 0,
w=000 'w=000 0
_ 560" (@ iT) v = 59" (= 5@ — iT)'v)
ie.
(5.8) w=0900u,
for some p. But 9*w = 0 if and only if
0=0%0"(0*u) = (0*0* + 0*0%)(0* ) = Ti(dO)(0* ) .

It follows that, if u is as in (58], then w = §*9*u € W'~ ° if and only if
(5.9) i(d8)(0°) = 0 ,
ie. 0*p € keri(df).

Therefore, 0*p € So(kerAs,nfsi»l i(d@)). Since max{0,s+ (n —s+ 1) —n} =

max{0,1} = 1 > 0, according to Prop. 2.1 in in [MPR1], we have ker ys,n—s+1 1(df) =
{0}, that is, 0" = 0; hence w = 0. Q.E.D.
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5. A DECOMPOSITION OF L2A’};{ RELATED TO THE & AND & COMPLEXES 33

PROPOSITION 5.4. Assume that j = 1,2. Then the space W7 is non-trivial if
and only if {+j+p+q < n. In this case, e(df)* is bijective from W onto WP

PROOF. We first prove the “only if” part. Observe that W§"? and W{? are in
the kernel of i(df), which is immediate from ([12]) and (TI4).

In order to prove the statement for j = 1, we set (p, §) = (p+1,q) or (p,q+1). By
Prop. 2.1 in [MPRI1] we know that e(d@)é(keri(dﬂ)u“ﬁyq) is non-trivial if and only
if max(0, p+G+2¢—n) < ¢, that is, ¢ < n—p—q. Since W7 C L2APH1a 4 [2APaF!
it follows that WY’/ can be non-trivial only when £ <n —p—q— 1.

To prove that e(df)* is injective on WF'? under this condition, we show by
induction on ¢ that e(df)’ is injective on keri(df)| ,. when £ < n—p—gq =
n—p—q—1. The case £ = 0 is trivial. And, by ([LT6]) we see that for £ > 1 when
acting on (p, §)-forms

-1
[i(d6), e(d6)'] = " e(df)”[i(df), e(d6)]e(dd) '~

[N
= o

> (n—p—q—20+2+2w)e(df)" !
=0
n—p—q—~{+ 1)€(d9)€_1

(n—p—q-— é)e(dH)L]_l ,

(5.10)

(ST TN

|,5.q from injectivity of e(df)t1

which allows to prove injectivity of e(df) on ker i(df)
under the assumption on /.

We now turn to the case j = 2, which requires a more refined discussion. Let
us set

Kg,q = W2p’q N keri(d@)‘ L2A§1+q+2.
We claim that W2'? decomposes as an orthogonal sum
(5.11) WP = KDY @ e(dg)WE.

It is obvious by ([LI2) that e(df)W{? c W1? and clearly the two subspaces on
the right-hand side are orthogonal.
Assume that w = 99¢ + don € W, with €, n € W7, Then

i(df)w = i(On — 0E) € WP,
Indeed, by (LI3) and (L20) we have
i(d9) (90¢ + ddn) = T~ d};” (09€ + o)
=T~ (-9790¢ + 9*00¢ + 0*0on — 0790n)
=T~ (-00¢ + (O —4T)3¢ + (O + i7)0On — O0n)
= i(On —0¢) .

We have seen that i(d9)W5? ¢ W?, and therefore w € W N (e(dd)W )+ if
and only if w € K3*?. This proves (5.I1). Let us set K37 = e(df) K3?. Then

(5.12) W = K3{ @ e(df) ™ Wi,

and this decomposition is again orthogonal.
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34 D. MULLER, M. M. PELOSO, and F. RICCI

Indeed, if w € ker(i(df)) and o is a form orthogonal to w, then for every ¢ > 1
(e(dB)*w, e(df) o) =
For, by (BI0), we have
i(df)e(df)w = ce(df)* 1w
which implies, by induction on ¢, that
(e(dB)*w, e(df)’o) = (i(dh)e(dh) w, e(dd)* 1o) =0 .

In order to prove the statement in the lemma for j = 2, using the orthogonal
decomposition in (BIZ) we may now argue as before by means of Prop. 2.1 in
[IMPR1] in order to see that W3/ can be non-trivial only if £ < n —p—q—2,
Moreover, to verify that e(df)" is injective on W3¢ under this condition, it suffices
to check injectivity on each of the subspaces on the right-hand side of (G.I1]). But
this can be done by the same reasoning that we used for the case j = 1.

For the “if” part, assume again that p+ ¢+ j+ ¢ < n and j = 1,2. Then,
p+q < n—1,so that Wg* # {0} by Proposition 5.3 Then W # {0}, and by
the first part W7 # {0}. Q.E.D.

LEMMA 5.5. For £ € Wh,

D*e(df) ¢ = e(de) O + ile(df)* 1 0¢
d*e(dB)* 0.

(5.13) - A
d*e(dh) ot = (do) 0¢ — ite(dh) 1 00¢
d*e(dh) ot =

and

D% e(dh) 00 = —e(d) 00IE

9" e(df) 00¢ = e(dh)*0(0€ — (¢ + 1)T)¢
(5.14) _ _ _

d*e(dh) 00 = —e(dh) 00¢

9" e(df) 00¢ = e(dh)" 0(0€ +i(t + 1)T)E .

PROOF. Since [0, e(df)] = id commutes with e(df) (compare (LI4), (LIF))
and similarly for 0*, we obtain by induction that

(5.15) (0%, e(df)"] = ilde(df)* ", (0%, e(df)"] = —ilde(dh)* 1 .

We verify the first identity in (B.I3)), the others being similar and following by
invoking also (LI2]) and (T20):

D*e(dh) o¢ = e(dh) 0" 0¢ + iLde(dh) D¢
= e(d0) 0 + ile(dh) ~1O¢ .
Q.E.D.

This immediately gives the following inclusions.
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5. A DECOMPOSITION OF L2A’;{ RELATED TO THE & AND & COMPLEXES 35

COROLLARY 5.6. For { > 1,
IWC W, IWI Ccwil
and similarly for 0*.
PROPOSITION 5.7. L2A%, decomposes as the orthogonal sum
® ®
20k , ;
pa = Yowpre Y o
ptq=k 34,09

j=1,2
pa+j+2(=k

whe S0 whoe 37 Wi,

1+20<k 2+420<k

We recall that W' is non-trivial for p+q <n—1, and if p+q = n for pg = 0.

PROOF. We have already shown that SyA% is contained in the sum of the
subspaces on the right-hand side. It is then sufficient to show that any two Sg-
forms belonging to two different subspaces are orthogonal.

It is quite obvious that W[ is orthogonal to W0p/7q/ if (p,q) # (v, q)-

The fact that W[ is orthogonal to Wk for j = 1,2 is a consequence of the fact
that W§ C ker * Mker 8%, whereas WF, C rand + ran d.

To prove the remaining orthogonahty relations, we shall proceed inductively.
For this purpose, it will be convenient to represent the elements of ng,e in the form
1) with m = j + 2¢, and rename, for the purpose of this proof, Wﬁ’f as Wb if
m = j+2¢. Given m > m’ > 1, there are three kinds of scalar products to consider,

<8g... 0’, 85... 0'/> 5 <58... 0'7 85... 0'/> 5 <58...0" 58... 0'/> 5
~— ~—~— ~—— ~—~— ~—~— ~—~—
m-terms m/-terms m-terms m’-terms m-terms m/-terms

with o € WP and o/ € WP7. In the first case we have
<38 088 oY ={0--0,0°00---0") .
N~ —
m m’ m—1 m/’
By Corollary [£.6] this is the scalar product of an element of W, with an
element of WP, 7,.

By induction on m/, this shows that W2 L Wf:l/,’q/ unless p = p’, ¢ = ¢/,
m=m'. Q.E.D.

We discuss now to what extent the pairs (£,n7) € W x W provide a
parametrization of the spaces W/ for j = 1,2.

LEMMA 5.8. Given § € Wi, there exists a unique §' € W such that 9§ = 9¢'
and Cp&’ = 0. An analogous statement holds for 0 in place of 9.

PROOF. The case p = n is trivial - here £ = 0. If 1 < p < n — 1, then by
Lemma L8 we have &' = &.

There only remains the case p = 0, where Cy = C is the orthogonal projection
onto the kernel of [J (which in this case agrees with ker ). This is a self-adjoint
operator, so that, by Lemma B4 SoA%? = (ker0 N SpA%9) @ (ran T N SyA%9).
The commutation relation 9*() = (0 —47)0* from (L20) then implies that the two
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36 D. MULLER, M. M. PELOSO, and F. RICCI
subspaces in this decomposition are mapped under 9* to ker(C] —iT) N SoA®? and
ran (O — ¢T) N SyA 9, respectively. This shows that
0*C¢ = PO*¢ =0,
where P denotes the orthogonal projection onto the kernel of (0 — ¢T. Then £ =

(I — C)¢ has the desired properties. Q.E.D.
Set
(5.16)

XPO={£eW 1 Cre =0}, YPI={neWd?:Cm=0}, ZP7=XPIixyPd,

In combination with Proposition 5.4 the previous lemma implies that the spaces
ZP 1 provide parametrisations for the spaces W;f Ve

COROLLARY 5.9. Assume that j =1,2 andp+ q+ j+ £ <n. Then the maps
e(d0) (9 0): ZP% — WY, (&,m) — 0+ On,
e(df)“ (00 99) : zP1 — W, (&,m) — 00¢ + 0dn

are bijections. Notice that this applies in particular to the spaces Wf’; appearing
in the orthogonal decomposition of L>A%, in Proposition 5.1 under the assumption

k <n.
REMARK 5.10. Recall that, by Lemma .8
w4 ifl<p<n-1,
XP1 = ¢ {0} ifp=n,

{€ €SN :CE=0,0¢ =0} ifp=0.

By the proof of Lemma 5.8 the latter space is indeed nothing but (I — C)Wé) .
Analogous statements hold true for Y?¢. Finally, notice that the spaces 27
are non-trivial if p+ ¢ <n — 1.

5.2. The action of A,

Let @ be the bijection (B.2) from SyA%, onto (SoA¥) -1, and let Dy, = ®~1A,
be the operator in (B3).
For w € SoA%;, by (L22) we have

Dyw = (Ap — T? + e(df)i(df))w + (T~ [d};, e(df)]d};)w

= (A — T+ T 'dje(dd)dy )w .
The following identities are easily derived from ([I12), (TI4) and (TI5):
Oe(df) = e(df)(O —4T),

(5.17)

(5.18) Oe(df) = e(do)(O +4T) ,
[Am, e(dd)] =0.
It follows from (LI9) that, when acting on k-forms,
(5.19) O-O=i(n—k)T .

LEMMA 5.11. The following identities hold
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5. A DECOMPOSITION OF L2A’}{ RELATED TO THE & AND & COMPLEXES 37

(i) Dye(dd) = e(df)(Dr—a +n —k+1);
(i) Dre(df)* = e(dd)" (Dy—20 + l(n —k + 1)), for€>1.

Proor. By ([LI4), (I15) and (&I7), (518, when applied to a horizontal (k —

2)-form,
(5.20)
Dye(df) = e(d) (A — T?) + T~ (djre(df))”
— e(df)(Ag — T?) + T~ (e(df)d} +i(D — 9))*
= e(d0) Dy +iT~e(d0) (i (D — 8) + (8 — D)d}y) — T~(D — 0)?
= e(df)Dy_o +iT e(dd)(0 — O) — e(dd
=e(df)(Dg—2+n—k+1)
Identity (ii) now follows by induction. Q.E.D.

T 2. e subspaces , are tnvariant under the
PROPOSITION 5.12. The subspaces W, W[, Wi [ t under th
action of Dy.

Proor. If w € W%, then dj;w = 0 and therefore
(5.21) Diw = (Ay —T*)w = (A +i(g — p)Tw,

by (LI9), where Aq denotes the scalar operator L — T2. The last expression shows
that Dyw is a (p, ¢)-form, and the previous one that d}; Dyw = 0, by (L20).
By Lemma [B.I1] when j = 1,2, it suffices to take £ = 0.

Take now w € WF, w = 0¢ + 9, with 9*¢ = 0*¢ = 0*n = 0*n = 0. We have
(5.22)
Dyw = (Ay — T + T~ dje(d)d};) (9 + On)

Ay —T?* +iT)E+ (A —T? —iT)n+ T~ dye(df)dy; (06 + On)
Ay —T?+iT)E+0(Ay —T? —iT)n
+ T~ dye(d0)0¢ + T~ dje(d0) 0y
INAg —T? +iT)E + (A —T? —iT)n + T~ 1(i0 — i0)(0€ + On)
O((Ag — T? +4T —iT~'0)¢ — T~ '0n)
+0((Ag —T? —iT +iT~ 'Oy +iT ') .
Therefore, Dy (0¢ + 0n) = 0¢' + On', where
¢ = (Ay —T?+iT —iT'0)¢ —iT 'Oy
n = Ay —T?*—iT +iT 'Oy +iT'0¢ ,

that is,
(5.23)
A ~ (Apg —T?+iT —iT710 —i7-'g
D0 0)=(0 9) ( 'O Ay —T? —iT +4i77'0

5 e (O —T7? O
=(0 9 [(AH—Tz)I—zT 1< 0 —E+T2>} :
Using the commutation relations (L20) we see that
a*é-/ — 6*5/ — a* (A 6*17/ =0.
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38 D. MULLER, M. M. PELOSO, and F. RICCI

Therefore, also W is Dy-invariant. Moreover, if & and 7 are (p, ¢)-forms, so are &’
and 7', hence each W}*? is Dj-invariant.

Finally, take w € W¥, w = 00¢ + 90n, with 0*¢ = 0*¢ = 0*n = 0*n = 0. We
first compute

dire(d0)d00¢ = dipe(df)(—d0¢ + THE)
= e(d)dj;(—00¢ + 0OE) +i(d — 9)(—00¢ + To¢)
= e(df)(-00¢ + 0*00¢) + i(000¢ + 9010¢)
= e(df) (- O0¢ + (O +4T)E) + (900 + 00(0 + iT)E)
= iTe(df)¢ + i000 + i00(0 + iT)¢
=i00(-0+ 0+ iT)¢
= (n—k+1)T00¢ ,
by [@I9), since £ is a (k — 2)-form. Similarly,
dye(df)d;;00n = (n — k + 1)T00n .

df)
df)
)

Therefore,
(5.24) Dw= Ay —T?*4+n—k+1)w

As before, (L20) implies that Dyw € W¥, and each subspace W57 is mapped
into itself. Q.E.D.

5.3. Lifting by @

Denote by V57, V["/, etc., the subspaces ®(Wg"?), (W), etc., of (L2AF) g1

We want to show that their closures V5™, V/, etc. give an orthogonal decompo-

sition of (L2Ak)d*_cl.

In a way, this is not a priori obvious, because ® is not an orthogonal map.
The fact that it preserves the orthogonality of the subspaces we are working with is
quite peculiar. On the other hand, the reader may have noticed already an instance
of this peculiarity in the fact that a non-symmetric operator such as Dy admits a
rather fine decomposition into invariant subspaces which are orthogonal.

PROPOSITION 5.13. For 0 < k < n we have the orthogonal decompositions

52 53]
20k _ D,q D,q
(5.25) (L A )d*—cl = E Vot @ E Vie s
ptg=k<n J:4.pq
p+q=n, pq=0 Jj=1,
p+q+j+20=k
where each of the subspaces V', Vf’@q is non-trivial and Ag-invariant.

PROOF. Since ® is a bijection from SpA¥ onto (SoA¥)g- a1, it follows from
Proposition B.7] that

® ®
k _ P.q 2 : P,q
(SoA )d*-cl - E : Vo ® VM )
pt+g=k<n 7,,p.q
p+q=n, pg=0 Jj=12
ptq+j+2¢=k
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5. A DECOMPOSITION OF L2A’}{ RELATED TO THE & AND & COMPLEXES 39

Hence it remains to show that this decomposition is orthogonal. By (5.2)), this
amounts to proving that
dy (W) L d*H(ij//”Zq,/) whenever W77 # ij,l”ﬁ/.
This, in turn, is an immediate consequence of Corollary and Proposition (.7
Notice that dj;W{"? = {0}. Q.E.D.
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CHAPTER 6

Intertwining operators and different scalar forms
for Ak

Following the decomposition of L2A* described in the previous chapter, we
continue assuming 0 < k < n.

In this chapter we describe the form that Ay attains on each of the subspaces
of the decomposition (5.25)) of (L2A¥)4_q. In particular, we will show that, up to
conjugation with invertible operators, A, acts on V" and on each V)" as a scalar
operator. For V/}? instead, a further splitting will be necessary in order to reduce
Ay to a scalar form in a similar way.

In the process, we will also describe the intertwining operators that reduce Ay
to such scalar forms.

6.1. The case of V"

The simplest case is the one of V"7, because ® acts on this space as the identity
map and we already know by ([@.21]) that Dk}wm = Ao +i(q—p)T. Hence, in this
0

case Ay is itself a scalar operator and we simply have the following
PROPOSITION 6.1. Letp+q<n—1 or, pg=0 if p+q=mn. Then, on VI,
(6.1) A =Ao+i(lg—p)T .

When we pass to j = 1,2 we want to express Ay in terms of the parameters
(&,m) in the definition of ij 1 which we can choose from the parameter spaces
P4 — XPd % VP, '

6.2. The case of VQZT’;

According to Corollary (5.9, we can write
(6.2) Wyl ={w= e(df) (90 + 90n) : (€,m) € ZP1}.

Recall from the discussion in Chapter [l and the definitions of X7 and Y7 (see
(EI6) that O is injective when restricted to XP:9 and O is injective when restricted
to YP4,

41
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42 D. MULLER, M. M. PELOSO, and F. RICCI

PROPOSITION 6.2. Let Ay = ®e(dd)’ (00 00) : ZP1 — VY. Then, Agy is
injective on ZP1.

The operator Ay, restricted to the subspace VQIT’; is given by the following ex-
pression:

(6.3) Ak’ = Az,z(Ao+i(q—P)T+ (54‘1)(”—]‘34'44‘1))/12_,%-

P,q
Vale

Proor. By Corollary it follows at once that As is injective on ZP9.
When k = p+ g+ 2+ 2¢, from Lemma [5.11] we have

Dye(dh)” = e(d0)* (Dy-2e + tn — ki + 1))
Moreover, by (5.24) we know that Dy _o, when acting on W5*? is given by Ao +
i(g—p)T +n— (k—2¢)+1, so that on W14
6.4)  Dye(dd)t = e(da)f(Ao +ilg—p)T+({+1)(n—k+0+ 1)).

By the definitions of ® and V), and the commutation relations (L20), this
proves (G.3]). Q.E.D.

6.3. The case of V!

We now turn to the case j = 1. In this case the situation is quite more involved,
as we already observed in the case of 1-forms, see [MPR1]. Let us begin by recalling
that according to Corollary B9 we can write

(6.5) Wil ={w= e(d0) (¢ + an) : (&n) € ZP9}.
Consider the subspace V{')' = ®(WY/).

. . . . (O-T? O
Our next goal will be to formally diagonalize the matrix ( 0 A+ T2>

appearing in formula (5.23]). This matrix operator is acting on column vectors (g)

corresponding to pairs (§,7) € XP? x YP9 = ZP9 where p+q+ 1+ 20 = k. We
put

(6.6) si=pt+q=k—20—1.

Notice that 0 < s <n — 1.

We define the operator matrix ) acting on <g> by

4 _
(67) o= (& ).
where, for €, = +£, the expression of Q5 is

Qs =T +em—06iT ,
where

n—s

(6.8) "T T

I'=vVAg -T2 +m?2.
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6. INTERTWINING OPERATORS AND DIFFERENT SCALAR FORMS FOR Ay 43

Observe here that the operator Ay — T2+ m? satisfies the estimate Ay — T2 +
m? >m? > 1/4, so that it has a unique positive square root.
The following identities are easily verified:

QTQ- =20
QTQ; =20
(6.9) _ 0 . — o .
QIQT =2[0-T°—iT(m+T)] =2[0-T° +iT(m—1T)]
Q-QT =2[0-T?—iT(m-T)] =2[0-T*+iT(m+1)] ,
since
(6.10) O—imT =0+ imT = %AH.

LEMMA 6.3. If p+ q <n — 1, then the following properties hold true:
(i) The operator matriz Q : SoAP? x SoAP1 — SoAP1 x SyAP? is invertible,

with inverse
Qfl — 1 _Q: _QI
47T\ QT  Qf )~

Moreover, Q maps the subspace WE x W' bijectively onto itself.
(ii) If p=0, then Q_C = CQ- =0, and if ¢ = 0, then Q;C = CQ = 0.

Proor. To prove (i), we compute formally the determinant of @ and find by
@.9) that det @ = —44¢TT . The formula for @~ is now obvious. Notice also that
the operators Q5 leave the space W['? invariant. The remaining statement in (i) is
now clear.

As for (ii), notice that if p = 0 then C projects onto the kernel of 9, which
coincides with the kernel of (J. And, on ker OJ, by (GI0) we have Ay = —2imT > 0,
so that I' = v/—2imT — T2 + m2 = m—iT, and hence Q~ = 0 on ker 9. This implies
CQ~ = Q~C = 0. The remaining identities in (ii) are proved analogously. Q.E.D.

We set
(6.11) EPT = XPINYPI = (£ e WP : Cp¢ = Cp =0},  ZP9 = WPIxEPT
LEMMA 6.4.

I-0, 0 7P — 70,4
( 0 I—éq>Q(Z ) =2
PROOF. It suffices to show that
1-C, 0 =pay (1 —Cp 0 p.q p.q
( 0 I—C’q>Q(Z )= 0 I_qu QW x Wg?),

since Q(W§™ x W) = Wt x Wi,
We have EP7 = (I — C), — Cy)W{?, which means that it suffices to show that

(0% 0, )e () - (Yognn

is zero for every n = (C), + C,)n’. This follows from the identities
(I_Cp)(cp+éq) :Cq ) (I_Cq)(cp+éq) =Cp,
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44 D. MULLER, M. M. PELOSO, and F. RICCI

and from (ii) of Lemma [6.3] Q.E.D.
LEMMA 6.5. Let
O-17 [m]
be the matriz appearing in formula [5:23). Then, —iT~ G admits the diagonaliza-
tion

-G =Q (m:)rr m— r) Q"

PROOF. In order to formally compute the eigenvalues Ay of —iT'G, observe
that the characteristic equation for G is
?—7[0-0/+7?0+0-7%] =0,
which has roots

Ty =imT + \/—T2[D+E—T2+m2} =iT(m=*T) .

Therefore,
(O-=T%—iT(m+T) g
G_Ti1_< -0 —E+T2—iT(mj:F)> ’
and, by (6.9),
QL QrQ; )
G — I = + + t
™ ( Qi@ -QrQ-

1
2
[ + ot
3 (%)@t @y,
and analogously,
G-1 I:1 Q7 (Q* Q*)
_ 3 \—qr - 1) -

These equations show that eigenvectors of G of eigenvalues 7, are given, re-

spectively, by

+ _Qt - _ _Q;
(6.13) @ =(F) e=(&)
so that
Q=(Q"Q7)
is indeed a matrix which formally diagonalizes —iT~'G as claimed. Q.E.D.

Recall now from (6.3 and the definition of Vf ,! that if we define the operator
Ay (W2 — L2AF as

Arg (f?) = de(d0) (2 9) (f?)
_ (T{ " ) e(d0) (& ) (f’) ,

then Ay ,(ZP7) = V). Observe also that Lemma shows that we may realize

/P4 in this identity as the space Q(Zp’q) and use ZP9 as a parameter space for
V1. This has the advantage of reducing the operator Dy in (5.23]) to diagonal
form.

(6.14)
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6. INTERTWINING OPERATORS AND DIFFERENT SCALAR FORMS FOR Ay 45

We therefore define the modified intertwining operator A; ; by
(615) ALg = A17£Q|Zp,q : Zp,q — fo .

By (523), Lemma 51T and Lemma 6.5 we have

B ° m+T 0
(6.16) Ap A —ALZ(Ah —T7+ln—k+0)+ < 0 m—F) )

This suggests to further introduce the operators Aﬁ acting by

611 Afe= A (§) = Qe Ara=Au () =A@,
with QT as in (B13). The following proposition is then immediate.
PROPOSITION 6.6. The space V{'}' decomposes as the direct sum
VI = AL (W5 + Ap ()
Moreover, the linear mappings
AL WPt — AT (WE), AT, i EPT — AT (D)
are bijective, and the following identities hold, on W and =P respectively:
(AT )T AGAT , = L—T? +i(qg—p)T+Ln—k+£)+m
+VL=T?+i(qg—p)T +m?,

(19 (AL ) 'ARAL, = L=T* +i(g—p)T+L{(n—k+ ) +m
~ VL -T2 +i(qg—p)T +m?2 .
Define
(6.19) VT = AL WG s VT = AL (E7).

It should be stressed that up to this point we have not yet shown that the sub-
spaces V} 7 and V;b™ are mutually orthogonal. This fact will be a consequence
of the analysis of the intertwining operators of the next chapter, see Lemma
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CHAPTER 7

Unitary intertwining operators and projections

The intertwining operators for Ay that we have defined in the previous chapter
were non-unitary and unbounded. In order to verify that the forms to which A,
when restricted to the subspaces Vi, VI’ ’;’i and V3", had been reduced on the
corresponding parameter spaces by means of the formulas (6.1), (GIR) and (63) are
indeed describing the spectral theory of A on these subspaces, we need to replace
the previous intertwining operators by unitary ones. Our next tasks will therefore
be the following ones:

(1) replace these intertwining operators with unitary ones;
(2) determine the orthogonal projections from L2A* onto Vg’q,Vf”g’i and

. . +
VI the L2-closures of the invariant subspaces Vg7, VF;7™ and V.

These two tasks can be accomplished simultaneously by making use of the polar
decomposition of the intertwining operators.

We shall repeatedly use the following basic fact from spectral theory (compare
[RS] for the case H = K).

PrOPOSITION 7.1. Let H, K be Hilbert spaces and A : domA C H — K be a
densely defined, closed operator. Then there exist a positive self-adjoint operator
|A|: dom A C H — H, with dom |A| = dom A, and a partial isometry U : H — K
withker U = ker A andranU = ran A, so that A = U|A|. |A| and U are uniquely de-
termined by these properties together with the additional condition ker |A| = ker A.

Moreover, |A| = /A*A, U*U is the orthogonal projection from H onto (ker A)~*
=ran A*, and UU* is the orthogonal projection from K onto ran A = (ker A*)*.

In order to pass from a possibly unbounded intertwining operator to a unitary
one, we also need the following general principle.

PROPOSITION 7.2. Let Hy, Hy be Hilbert spaces and let Dy C Hy, Dy C Ho
be dense subspaces. Assume that for j = 1,2, S; : domS; C H; — Hj is a self-
adjoint operator on H; for which D; is a core such that S;(D;) C D;. Moreover,
let A:domA C Hy — Hs be a closed operator such that the following properties
hold true:

(i) D1 C dom A and A(Dy) C Da;
(ii) A intertwines S1 and Sy on the core Dy, i.e.,

(71) ASlf = SQA& fO’I’ all € € D;.

Consider the polar decomposition A = U|A| from Proposition[l1], where |A| =
VA*A, and where U : Hy — Hs is a partial isometry, and assume furthermore that
D: C dom|A|, and that

(iii) [A[(D1) = Dy;
47
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48 D. MULLER, M. M. PELOSO, and F. RICCI

(iv) the commutation relation
(7.2) S1|Al€ = |A]S1€ for all & € Dy
holds true on the core Dy.
Then, also U intertwines S1 and So on the core Dy, i.e., U(D1) = A(Dy) C D,

and
(7.3) US €& = SU¢ for all £ € Dy .

Moreover, we have ran A = A(Dy) = U(H;), ker A = ker|A| = kerU, and
P :=UU* is the orthogonal projection from Hy onto A(Dy).
Let us finally denote by ST = Sg| the restriction of Se to A(Dy), with

A(D1)
domain dom SY := dom Sy N A(Dy). If we assume in addition that
(v) ker|A] = {0} ;
(vi) (I —iS1)"}(D1) C Dy
(vii) P(D2) = A(Dh),
then U is injective, and we even have that U(dom S;) = dom S3, and

Sy =US U™ on domSj.

PROOF. Let us re-write (1)) as
U|A|S1€ = S2U|A|€ for all £ € D; .
Applying [Z2), we find that
USL(|AJ§) = SU(1A]§)  forall € € Dy,

which implies (T3]) because of (iii). Note that U(D;) = A(Dy) C Dz in view of
iii).

( )Since A is closed and D; is a core for A, we have ranA = A(D,), and the
remaining statements about ran A, ker A and UU* are obvious by Proposition [l

If we assume in addition that (v) and (vi) hold true, then clearly U is injective.
Moreover, ([Z3)) implies that

U(I—1i51)¢=(I—-1S2)U¢ for all £ € D;.
Since U(D;) C Dy, by (vi) we then obtain that U(I —iS1)™1¢ = (I —iSe) U for
every £ € Dy, hence
(7.4) U(I—iS) = (I —iSy)~'U
on Hj. Noticing that dom S; = ran (I —iS;)~!, (T4) implies that U(dom S;) C
dom Sy, so that U(dom S;) € dom S35, and that ([Z3]) holds true even for every
¢ € dom Sy :

If v = (I —iS1) 'y € domS; (with y € Hy), then Uz = (I —iS2) Uy €
dom S5, and
(I —iSo)Ux=Uy=U —iS1)x.
It therefore only remains to show that dom S C U(dom S).
To this end, we first observe that, because of (vii) and (Z1),

SoP(Ds) C S5 A(Dy) C AS1(Dy) C A(Dy) = P(D»).
Since S5 is self-adjoint, this implies
SQP(DQ) g P(DQ) and (SQ(I — P)(DQ) g (I — P)(HQ)
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7. UNITARY INTERTWINING OPERATORS AND PROJECTIONS 49

Assume now that x € dom S NranU. Then z = Uy for some unique y € H;.
Choose a sequence {x, }, in Dy such that

r, —x and Sex, — Sx.

Since Sz, = So(Pzy) + S2((I — P)xy,)), where the components in this decom-
position lie in mutually orthogonal spaces, we see that there is some z = Uw €
P(D;) C U(Hz) such that

Pz, -2 =Uy and S2(Pz,)— z=Uw.

We can write Pz, in a unique way as Pz, = Uy,, with y,, € D1, since U(D;) =
A(Dy) = P(D3). Since U is isometric on H;, we then must have that y, — v.
Moreover, by (C3), US1y, = S2Uy, = So(Pz,) — z, so that S1y, — w. This
shows that y € dom S, hence z = Uy € U(dom Sy). Q.E.D.

REMARK 7.3. If we do not require that the crucial commutation relation in (iv)
is satisfied, but that in addition to the conditions (i) to (iii) the natural assumptions
Dy C dom A* and A*(Ds) C D hold true, then one can conclude that

(7.5) S|A%¢ = |APS1¢6 forall & €Dy .

Indeed, then for £ € Dy and n € Dy, ([TI)) and (i) imply that (£, S14%*n) =
(&, A*Sam), hence
S1A™n = A*San for all n € Dy.
Combining this with (ZII), we obtain S;A*A¢ = A*AS; for every & € Dy, which
verifies (Z.H).

One might hope that (T.2]) would follow from (Z5]) by means of general spectral
theory. However, this hope is destroyed by a classical example due to Nelson (cf.
[RS]), which shows that condition (73] will in general not suffice to conclude that
the operators S; and |A|?> commute, in the sense that their respective spectral
resolutions commute. This, however, would be needed in order to derive (72).

However, in our applications, S; will turn out to be a scalar operator on the
Heisenberg group, and A a positive square matrix whose entries are scalar operators
too, so that ([T2) will easily follow from formula (I277)) for the square root of such
a matrix.

In the sequel, by P, : H — H; we shall denote the orthogonal projection from
the Hilbert space H onto its closed subspace H;.

In our later applications of Proposition [l the next observation will often
facilitate the computation of the corresponding operators A*A.

LEMMA 7.4. Let H, K be Hilbert spaces and Hy C H and K1 C K be closed
subspaces. Let A : domA C H — K be a densely defined, closed operator, and
assume that D C dom A is a core for A. Assume furthermore that D1 := DN Hy is
dense in Hy and that dom A, := dom AN H; is mapped under A into K1, so that the
operator Ay : dom A; C Hy — K1, given by restricting A to dom A; := dom AN Hjy,
is densely defined and closed.

Under these conditions, also A* is densely defined, and dom A*NK; C dom Aj.
We shall further assume that € C K 1is a subspace of dom A* such that A(D) C €
and A*(E) C D (so that, in particular, & := EN K7 is contained in dom A} ). Then
we have

ATAlf = PHIA*Af forall € € Dy .
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50 D. MULLER, M. M. PELOSO, and F. RICCI

In particular, if we know that A* A maps Dy into Hy, then AT A€ = A* A€ for every
& e Ds.

PRrROOF. Since A(D;) C &y, it suffices to prove that A7 = Py, A* on &;. But, if
x € D1 Cdom Ay, € € & C dom Af, then

(x, A7E) = (A1, &) = (Ax, &) = (x, A*E) = (z, Py, A*E).
This implies that AJ¢ = Py, A*¢, since D; is dense in Hj. Q.E.D.

7.1. A unitary intertwining operator for V¢

We recall from the preceding discussion that the intertwining operator on V§*
is @, which reduces to the identity on this space. Hence, this case is trivial.

7.2. Unitary intertwining operators for V" i

Our next goal is to replace the intertwining operators AliZ from Proposition
by unitary ones. Recall from Proposition and (6I7) that

A, =A41,QF,  domAf, =W, dom A, =ZEP7,
where, according to (G.14),

(7.6)
A 6(6{9)58 e(d@)fg
VT T e(d0) 100 + T~ 'e(dh)'d  —ilTe(d) 100 + T~ te(dh)'T) -

According to Proposition [[.2] we seek to define unitary intertwining operators
Ulj_tZ by defining

—1
2

(7.7) U, = UPP* = AL ((Afe)*flit,e) :

which are expected to be isometries from the closed subspaces Wp 4= WP resp.
=p.4, onto their ranges Vp ’q’i. Recall, however, that we have not shown yet that
the latter spaces are mutually orthogonal; this will in fact follow easily from the
subsequent discussions.

Now, since

(Afe) 1 L Qi*( T,ZAI,Z)Qia
we shall begin by computing A] ;A1 ¢.

Subsequently, we will compute the product Q* T’ZAMQ, showing, in particu-
lar, that it is a diagonal matrix. The diagonal terms will give the explicit forms of
(.Ai )*Ali s> Whereas the vanishing of the off-diagonal terms will prove the orthogo-
nality of the spaces Vp 4£ Since these computations are tedious and unenlighten-
ing, we shall only state here the relevant identities, postponing their proofs to the
Appendix.
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7. UNITARY INTERTWINING OPERATORS AND PROJECTIONS 51
Let us set, for s +j < n,

(78) Cs,j = (

LEMMA 7.5. We have that AT,EALK = —Cs114T 72N, where

N (D(D—MT—T2) 00 >

(7.9) 0og OO+ 4T — T?)

LEMMA 7.6. Let R=—-T72Q*NQ on (W}'")2. Then
o Riq 0
= (0 )
where

Riy = (L +m)*(Ag +2m(2m — £)) + 2(0 +m)((2m — O)Ay — 2mT?)
+ Ap(Ay —T?) +2meT? |
maps W, bijectively onto itself, and
Ra = (0 = m)* (Mg +2m(2m — 0)) = 2(T = m)((2m — Ay — 2mT2)
+Ag(Ag —T?%) +2meT? |

maps =P bijectively onto itself, and is zero on C,WH'* & C,WE*, the orthogonal
complement of ZP4 in W,

PROOF. The proof of the formulas for the components of R is postponed to
the Appendix. Given these formulas, we prove here the mapping properties of R1;
and R22.

On W§, Ryy acts as a symmetric scalar operator. Since Ay = L+1i(q —p)T,
I’ and —T? are positive operators, we have

Riy > (T +m)* (A +2m(2m — () — 4m>*T? + 2mLT?
= (I'+m)*(Ay +2m(2m — £)) — 2m(2m — £)T?
>2m3(2m —0) > 0.

It follows that the operators (Ri1)a,» in (B)) also satisfy the same inequality
from below, and hence are invertible. Applying Lemma[3.2 (ii), we obtain that Rqq
admits an inverse Rj}' : Sy — So.

We tensor with AP and restrict Ry;' to W%, By (I20), the composition 9* Ry,
can be expressed as [};0%, with R{; differing from R;; in that Ag is replaced by
A —iT (also in the expression of I'), and similarly for 0* Ry, 0* R}' and 0* R}
Therefore, Ry1; maps W' bijectively onto itself.

As to Rys, we first observe that

Ri1Ros = det R
=T *(det Q)*det N
=T H(—4iTT)*(-T%)(Ay — T? + ¢(2m — ¢))0O
=16(Ag — T? + m?)(Ay — T? + ¢(2m — ¢))00 ,

(7.10)
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52 D. MULLER, M. M. PELOSO, and F. RICCI

so that
(7.11) Ry = 16(Ag — T +m?) (Ag — T? + ¢(2m — £))OORT .
Moreover, by the injectivity of Ryq,
ker Ros = ker R11Rgs = ker O @ ker O .

In order to repeat the same argument used above for Riy, we start from the
operator Roz = Raa + 0,0C + 04,0C (with & denoting the Kronecker symbol) acting

on scalar-valued functions. By (ZIIl), Ree in invertible on Sy and, after tensoring
and restricting, it is also invertible on W§"9. For £ € =99,

Ry Ros€ = Ryy Ran€ = € .

The conclusion now follows at once. Q.E.D.

COROLLARY 7.7. We have that
Al pAre = csii iR,
In particular,
(AT )" AT, = correRun (AL ) AL = csi10Ro2) 000

and the subspaces VI'I'" and V¢~ are orthogonal.

PrOOF. Obviously, R maps the subspace ZP4 of (W2 into itself, so that
the identities follow from Lemma and Lemma [(4l The first statements are
obvious. And, since the matrix Q*NQ is diagonal, so is A7 ,A;,. Thus, the

map Aj; ¢ preserves the orthogonality of the coordinate subspaces W{"? x {0} and
{0} x =B1. Q.E.D.

Let us finally compute Ufz more explicitly. To this end, notice that if we
combine the column-vectors of operators Ufz to form a square matrix, then

(7.12) Urei= (Ul Upy) = AvelAf A 7E
Recall that we have set s =p+ ¢ and m = (n —s)/2.

ProroOSITION 7.8. We have that

(7.13) Ure = ¢y g e(d0) ™ (gi g;z) (Eél 2022) ,
where

Si1 = e(df)(—0QT +0QY)
(7.14) S12 = 6(?9)( 8?+ +0Q7)

Sg1 = £(00 — 00) — ie(df) [Ag + (T +m)(2m — 0)]

Sgg = —£(00 — 90) + ie(df)[Ay — (T —m)(2m — 0)]
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7. UNITARY INTERTWINING OPERATORS AND PROJECTIONS 53

and Y11, Yoo are given by
(7.15)
S =R = [(r +m)2(Ag +2m(2m — 0)) + 2(T +m)((2m — £) Ay — 2mT?)

Yoo = Ry = [(F —m)2(Ap + 2m(2m — £)) — 2T — m)((2m — () Ay — 2mT?)

)
+Ap(Ay —T?) + 2meT2} o

)

]

+Ag(Ag —T?) + 2meT?

Proor. From Corollary [Z7, we have
_1 -1 _1
(Af pA1e) 2 =c. 2 RT7,
so that
« _1 -1 _1
Ure = A10Q(AT pA1e) "7 = ¢ jALIQR™?

“hi (gt )0 o (G @) (" @)

We verify that the factor 7! in the second row is going to disappear. From
Lemma 5.5 we have
T~ dje(df) (0 9) =T 'e(dd)" (O D) +ilT 'e(dd) " (00 —00) .

Let us define the matrix S by requiring that
—1g _ I ¢ 5 (—QF —QF
e(df) S = (T‘ldj‘q> e(d9)" (8 0) < o Q)

=

Then

g e(df)o e(df)o -Qf -Q3f
T \UTT00+ T e(d9)D —ikT~'00+T te(d)T) \ Qf Q- )~

In particular,

S = e(df)(-9QT + 5@1)
S12 = e(d)(—0Q7 + 9Q7~) .
Moreover,
Soy = [T100 + T~ e(d0)D] (—QL) + [ — i¢T~'00 + T~ 'e(dh)D] Q1
=0(00 — 90) —ie(dd) Ay — (T +m) [ilT~ (00 + 00) + T~ "e(df)(0 — O]
= 0(00 — 00) — ie(df) [Ay + (T +m)(2m —0)] .
Finally, a similar computation shows that
Sgo = —£(00 — 90) + ie(df)[Ag — (T —m)(2m — 0)] ,

as we claimed. )
In order to conclude the proof, it suffice to notice that 3;; = R;ﬁ, ji=12,

where R;; are given in Lemma Q.E.D.

We wish now to apply Proposition to Alie. We restrict ourselves to A| ,,
the other case being simpler.
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We set
D, =29, Hy =Z=pra,
Dy = SoAF,  Hy = L2AF,
S1=D", Sy=Ay,
where

(7.16) DF .= L—-T?*+i(q—p)T+Ll(n—k+0)+m=++/L -T2 +i(q—p)T +m?2,

and denote by A the closure of A; ,. The commutation relation (T.I) is then satisfied
because of ([@I8). Moreover, clearly S3(D2) C Ds.

Notice also that A maps D; bijectively onto V"j"'~ C D,.

Next, according to Corollary [ A*A'i isa positive scalar operator, and so is

Si1. But then also |A| = VA*A = \/Cr1e R22 is a scalar operator, hence commutes
with S, so that condition (1V) in Proposition [[2] is satisfied too.

Conditions (iii) and (v) of Proposition [[:2 follow from Lemma[T.6land condition
(vi) is obvious.

Finally, our explicit formulas for U = U, , in Proposition show that here U
maps the space ZP¢ into SyA¥, so that U* maps SoA* into ZP-9, and we see that
P(Ds) = P(SoA¥) = U(=P9) = A(|A|*1(Epvq)) — A(EP9) = A(D;). This shows
that also condition (vii) is satisfied. Q.E.D.

In the same way, we see that all the hypotheses of Proposition are satisfied
by U;,, and as a consequence we obtain

PROPOSITION 7.9. Ufe defined by (1) maps W, respectively =P, onto
Vf’;’i and intertwines DT with Ay on the core.

Moreover, Ufre : WE — L2AF and Uy Zrd — L2AF are linear isometries
onto their ranges Vi’ + and VIPT, respectively, which intertwine DV resp. D~
with the restriction of Ay to Vp . i, i.€.,

(7.17) Ak| . =Uf, D= (Uf,)"" on domAk‘

p,q, P,q, %
% Vi

Here, (U1 )~! denotes the inverse of U 1.0 when viewed as an operator into its
range VP OF

ge Vie -
Finally, if we regard of Uliz as an operator mapping into L2A*, then Pliz =

Pf’t,q’ = UE (U ,)* is the orthogonal projection from L*A* onto Vf’f’i

7.3. A unitary intertwining operator for V;'

We next wish to replace the intertwining operator Aj, from Proposition
by a unitary one, denoted by U, = U2 /» which, according to Proposition [Z.2]
should be given by Agx(A;lAg,g)*E. In fact, it will be convenient to modify this
expression introducing the unitary central factor o(T) =i~ 1T/|T).
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7. UNITARY INTERTWINING OPERATORS AND PROJECTIONS 55

Recall that the non-unitary intertwining operator Az, from ZP9 to V5] is

Ay = De(dd) (90 09) = (Tf d;]) e(d0)! (90 90)
(7.18) 7 e(d)*dd e(d0) 00
- <T1d;,e(d9)féa Tld;{e(de)faé>

Since Ay 4 acts on ZP9, the identities in Lemma [5.5]in combination with (20
imply that
dj;e(d0) 00 = e(dd)*[(O +itT)0 — (O +4T)J) .
Analogously,
dje(d0) 90 = e(df)"[(O — itT)0 — (O —4T)J) .
Therefore,
(7.19)

00 00
Az = e(dB)" (T—l (O +iT)d — (O+iT)d] T [(O—ilT)d— (O~ @'T)a]) '

LEMMA 7.10. We have
(i)

B, E
A% Aoy = —Coin T 2E = —cyq 072 (21 12
2,0412,¢ +1,¢ +1,¢ <E21 Fas

where
By =00y —T?) +i((+1)T0O[Ay —T? —i(n—s— - 1)T] ,
(7.20) By = By = -00(Ag —T?)
Eyp =00(Ag —T%) —i((+ 1)TO[Ag —T* +i(n — s — L — 1)T] ;
(ii)

[N —
(A3 0An0)® = Y020 [E—T2 OOA A 1},
’ ITIvVA!
with E as above.
1
Moreover, (Ag,zAM) 2 maps ZP1 bijectively onto itself, and, on ZP4,

1 1 ~
A* A Vi 2= — Ma
( 2t 27) Vestrec/T|VOOA A"

where M and A’ are given by

~ = 11 M 0
M =00(Ay - T?) (1 1) + ( 0 M22) :

with

My = =i(t+ )TO(Ay = T2) = 720+ VeODA" )
(7.21) _

Maz = i(¢+ )TO(Ap = T2) = T2 (0 + VeOTA")

ro_ = _ 272 g2y 2 2 =
- A= <2DD (6 +1)°T )(AH T?) - T ( T +2\/CDDA”> :

A”I:AH—TQ—I—C,
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56 D. MULLER, M. M. PELOSO, and F. RICCI

and
ci=l+1)(n—s—L—-1).

PROOF. The proof of the formulas is postponed to the Appendix, where we
also prove the identity
(7.23) det E = cT*00(Ag — T? +¢) .

1
2

Hence we only prove here that (A;ZAM) maps ZP? bijectively onto itself,

assuming the validity of (720)) and (7.23)).

We can factor F as
O o
__m2 e /
E=-T ( 0 D) E
where
det B/ =cA” > 2 >0.
Applying Lemma as in the proof of Lemma [[.6] we can conclude that the

operator
- O+9,0C 0
E=-T? A 5] E
( 0 O+ 5q’oc>
maps bijectively (W?)? onto itself. Restricting to ZP*9, we obtain the conclusion.

Q.E.D.

Some cancellations occur when we proceed to computing the matrix product
Ag oM, as the next lemma shows.

LEMMA 7.11. We have that

st = ety e = tany'r (1 P2

Py Py

where

(7.24)

Py =Pz =9 [z’(@ +1)0(Ag — T2) + T (0 + \/CDEA”)] — e(d9)TT(Ay — T?) ,

Py = Poz = —0[O(Ap — T%) + @+ i(¢ + NT)( + VeTDA")| + 50(T + VeTDA") .
All A12
A1 Az
(CI9), and set P = T~'AM. Then

PROOF. Let A = < ) denote the matrix on the right hand side of

ART = 90 +090 99 + 90
s )0-0) —itt+1)(-9)
58]\/[11 85M22
T\ @+ iy — ©+in)d My TH[(@ - itT)d — (O — iT)d] Moo,
where by ([LI2) 00 + 09 = —Te(df). This implies that

Py = -0 [z’(e +1)0(Ag - T?) + T(D + \/CDEA”)] — e(d0)00(Ay — T?)

) O0(Ag — T?)

and Pys = Pi1, which proves the statements about Py; and Pis, and
Py =T~ Y0+ 1)(0 - 8)00(Ay — T?)
+ 72 [(E T — (O + iT)é] [ —i(t+ )TT(Ay — T?) — T2 (T + \/cDEA")]
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7. UNITARY INTERTWINING OPERATORS AND PROJECTIONS 57

where Pyy = Psy.
Next, using (IL20) and the identity (519), with s = p+ ¢ in place of k, we have

Poy =iT (£ 41)(8 — 9)00(Aw — T?)
+ T [o@+i(e+1)T) - 00| [~ i(e + 1)O(An = T°) = T(D + VeODA) |
= [iT*l(a — )0 —T o0+ (£+1)d + iT’IBD] (¢ +1)T(Ax — T?)
~ [o@+ite+ 1) - 80 (D + VDAY
= —c00(An —T) = [0@ +i(¢ + 1)) - 80 (0 + VerDA")
=9 [ci(AH — T+ (@ +i(f + 1)T) (D + @)} +80(cT + VeOTA”) .
This proves the lemma. QE.D.

From the previous results we immediately get an explicit formula for Us ¢, at
least when p # 0 and ¢ # 0. However, if p = 0 or ¢ = 0, our formulas, when properly
interpreted, persist, and we obtain the following result:

Recall that if p = 0, then X?? = (I — C)XP4, and if ¢ = 0, then YP? =
(I —C)YP4. Let us correspondingly put

if p > — O ifg>
0, = O ?fp_l7 5 - 9/ ifg>1,
O ifp=0, O ifg=0,

so that [, is always invertible on X?9, and [J,. on Y9,

PROPOSITION 7.12. The operator Us ¢, which acts on ZP-9, is given by

e(do)* 1
7.25 Usy = H ,
( ) 2t Vest1,6C  VA'A
- _ (Hii Hig\ .
where the operator matrix H = is defined by
Hy1  Hao
(7.26)

1

Hyy = iy = —RR(E+7)}[i(e+ D)O? (Ay — T?) +T(c

=

+D%\/W)}
— e(d)DFT (Ay — T?)
Hyy =T = ~R[e0 (A — T + @+ (0 + DT)(cT* + O Ved?)]
+ R(cOID 4+ O0? Ved?)
and where A', A" and c are given by Lemma [[10.

Finally, we have the following analogue of Proposition [7.9}

PROPOSITION 7.13. The operator Us ¢ in Proposition [[L12 maps the space ZP9
onto V3! and intertwines D = N +i(q — p)T + (£ + 1)(n — k + £ + 1) with Ay
on the core. Moreover Usy : ZP9 — L2AF is a linear 1sometry onto Vg:eq which

intertwines D with the restriction of Ay to VY], i.e.,

7.27 Ay =Us o D(Usy)™t on domAy )
| 7 ’ |

p.a p.a
vE Vale
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58 D. MULLER, M. M. PELOSO, and F. RICCI

Here, (Uz,g)f1 denotes the inverse of Ua when viewed as an operator into its
range VY[
Finally, if we regard of Uz, as an operator mapping into L2A*, then Py =

PYJ = Us ¢(Ua )™ is the orthogonal projection from L2A* onto V.

Proor. This will follow by applying Proposition to Az . To this end, we

set

Dy =279,  Hy = ZP4,

Dy = SoAF,  Hy = L2AF,

Sl = D7 S2 = Aka
and denote by A the closure of Ay, on ZP9. The commutation relation (71 is
then satisfied because of ([@3]). Moreover, clearly S3(D3) C Dz, and A maps D,
bijectively onto VI C Ds.

Next, according to Lemma [[.J0] A*A is a positive matrix with scalar operator
entries, and S; = S17 is a scalar operator. But then also |A| = VA* A is a matrix
with scalar operator entries, hence commutes with S;I, so that condition (iv) in
Proposition [7.2] is satisfied too.

In order to verify conditions (iii), (v) and (vi), we can make use of the joint
spectral theory of L and i~!'T described in Chapter @l Indeed, it is immediate by
means of the spectral decomposition of Sy that (vi) is satisfied.

Moreover, |A| maps ZP-? into itself; this can be verified as follows:

1

The formula for |A| = (A; ZAM) 2 in Lemma [ I0]shows that it suffices to prove
that the operator matrix F maps ZP'¢ into itself. This in return will be verified
if we can show that E1o maps Y77 into Xp’q,_and FE51 maps XP:7 into YP4. But,
according to Lemma 23] in the Appendix, OO maps W§? into ZP%, so that the
latter claims are immediate.

And, the formula for A; 4Az ¢ in Lemma [ T0in combination with Lemma [[0.9]
and Plancherel’s theorem shows that A3 Ay » = |A|? has a trivial kernel in L?, and
then the same applies to |A|, which proves (v).

Finally, our explicit formulas for U = Us, in Proposition [[.12] show that U
maps the space ZP'9 into SyA*, so that U* maps SoA* into ZP9, and we see that
P(Dy) = P(SyA¥) = U(2ZP4) = A(|A|—1(vaq)) = A(2ZP9) = A(D;), where P =
UU*. This shows that also condition (vii) is satisfied, which concludes the proof of
Proposition [[.T3

Q.ED.
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CHAPTER 8

Decomposition of L?A*

We are now in the position to completely describe the orthogonal decomposition
of L2A* into Aj-invariant subspaces and the unitary intertwining operators that
reduce Ay into scalar form.

THEOREM 8.1. Let 0 < k < n. Then L2A* admits the orthogonal decomposition

1) A= Y7 wreY" YT wree 37w

ptg=k<n e=* ptq+20=k—1 pHq+20=k—2
p+q=n, pq=0
5] 5] 57 5]
® Y RVe) > RVIPE e ) RVYY
p+q=k—1 e=*+ ptq+20=k—2 p+q+20=k—3

where R = Ry_1 denotes the Riesz transform.

PROOF. This follows immediately from (5.1I), Proposition 513 and Proposition
[4.3] since, according to Lemma 4l Ry 1Ry o = 0. Q.E.D.

The Hodge Laplacian Ay leaves all the subspaces in this decomposition in-
variant, and we have seen that, after applying the unitary intertwining operators
derived in the previous chapters, it will assume a scalar form on each of the corre-
sponding parameter spaces.

In Table [Il we list these subspaces, the corresponding scalar forms of Ay, the
associated unitary intertwining operators as well as the orthogonal projections onto
these subspaces.

By J, we denote the inclusion the operator of a given subspace into LZAF.

8.1. The *-Hodge operator and the case n < k < 2n +1

We now remove the condition 0 < k < n and prove a decomposition theorem
for L2AF also in the case n < k < 2n + 1.

We are going to use the x-Hodge operator defined on an arbitrary Riemannian
d-manifold M, acting for each point m € M as a linear mapping

% Aﬁl — Aﬁ;k,
where A* denotes the k-th exterior product of the dual of the tangent space at m.
It will be viewed also as a linear mapping acting on forms on M. For its definition

and basic properties we refer to [Ra]. We summarize the main properties in the
following statement.

59
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8. DECOMPOSITION OF L2AF 61

PROPOSITION 8.2. The *-Hodge operator is almost involutive, i.e., , *(xw) =
(—=1)kA=k), and the following properties hold true:
(1) for wy,ws € L2AF(M),

/ w1 A xwg = (w1, Wa)p2pk ;
M

(2) as a mapping * : L2A* — L2AY"% the operator * is unitary;
(3) d* = — = dx;
(4) *Ak = Adfk*-

In our situation, M = H,, and d = 2n + 1.

It follows from property (4) above that a subspace V C L2A* is Aj-invariant
if and only if ¥V C L2AY"* is Ay_jp-invariant. Thus, we wish to describe the
Ap-invariant subspaces of L?A*, when n < k < 2n + 1.

We denote by A]‘“, the space of wvertical k-forms, that is, the forms w = 6 A wa,
with wy € A];I_l, and by p =60 Adf A --- Adf the volume element on H,,. Similarly,
pg =dOA---Adf will denote the corresponding volume element on the horizontal
structure. In the same way as the x-Hodge operator on H,, is determined by the
relations o A @ = (o, w)pu for all o,w € A¥, we can introduce the *-Hodge operator
x g acting on the horizontal structure, by requiring that o A xgw = (o, w)uy for all
o,w € Ak

The following results are easy consequences of these defining relations.

LEMMA 8.3. Let w € SyA%,. Then the following hold true:
(i) if we put w’ := (=1)¥ x5 w, then xw = 0 AW';
(i) *gw = (0 Aw).

We set
* TS

(8.2) Wy ={w € SA"®: ' = 0w’ =0}
and define

zZy® = {w =AW € SOA%/ s W EV?/(; } ,
_ * TS
(8.3) 77 ={w=0Aw €SoA} : W' =00+ 01, 0,7 EW, },
2y ={w=0Aw €SN} : ' =000 + 00T, 0,7 €Vy[ﬁ/07
We also set

(8.4) Zi, =i(d) Zy* j=1,2.

J

Notice that Z* is a subspace of SoAY,, where k = r+s+1, Z]"* C SoA¥, with
k=r+s,and Zy° C SoAY with k = r + s — 1. Therefore, e SoAY, where
k=r+s+1—j5—-2¢5j=1,2.

Observe also that from (L2I]) it follows that w € SoA*, w = wy + 0 A ws is
d-closed if and only if w; = T~ 'dgws.

The mapping ®: SoAY, — (SoA?~F),. defined by

o OAW) =T tdyw' +0N,

where w’ € SyA%;, is an isomorphism.
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LEMMA 8.4. The following properties hold true:
(1) *(LQAk)d_eX = (L2Adik)d*_ex and *(L2Ak)d*_cl = (LzAdik)d_Cl;
(ii) if w € SoAk;, then *®(w) =3 (+w) .
Moreover, if for given p,q we putr =n —q and s =n — p, then

(i) «(WP) = Z0°, hence +(VPY) = (Z0°);
(iv) # (W) = 2%, hence +(VP{) =d (27%);

*
(v) *(Wﬁ’;) = Z;’Z, hence *(VQZj’Zq) = (Z;;)
Finally, the spaces Z3';, j = 1,2 are non-trivial, and Zy"* are non-trivial if and
only if r+s>mn or, ifr+s=mn, rs=0.

PRrROOF. Property (i) follows from Proposition (3).
If w € A¥, we shall put

W= (=1)* xg w,

so that according to Lemma B3] *w = 6 A w'.
Then
#P(w) = 2w +*(O AT 'dyw) = +w + T xy dfyw

= %+ (_1)(2n7k+1)(k71)+1T71dH *p W
=0ANY +T Ydyw'

which proves (ii).
Using Lemma B.3] the fact that (on horizontal forms) 9% = — xg 9y and the
analogous formula for 0%, for w € W['? we obtain

w=0A (1P xgw=0Ad,

where here w’ € SyA™* and dw’ = 0w’ = 0.
This shows that *(W§"?) C Z;”, and in a similar way one proves that =(Z;*) C
W{?. Combining this with (ii), we obtain (iii).

Next, if w = 0 + On, with &,7 € W7, then
ww = (—=1)k0 A x5 (9€ + On)

8.5 _ _
(8:3) =ON(O g E+ 0" xgn) = O0A(0"c+0%T)

* TS _
where 0,7 €W, , hence 0 A (0*c + 0*7) € Z]"*. This shows that «(W}'?) C Z°,
and in a similar way one proves that *(Z;"*) C W!"% and we obtain (iv) in the case
{=0.
For the general case, we observe that, for all test forms w and o,

/0’ A xgi(df)w = (o, i(d)w) = (e(db)o, w)
= /e(d@)a N kgl = /0’ Ae(df)(xpw) .

It follows that
wpi(df) = e(df)*p and wpe(df) = i(dl) =g .
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8. DECOMPOSITION OF L2AF 63

Hence, if w = 9¢ + On, with &, € Wi,
5@ (e(dh) w) =d (* e(df)w)
= (=1)*0 A xpge(dd)w + (—D)*T g +5r (e(d) w)
= (=D)*O AN i(dO)" x5 w + (—1)*T " dyi(dO)* 5 w

—d (i(d0)"0 A o)
where § Aw' = 0 A (0%0 + 0*71) € Z]°, with 0,7 as in ([85). This shows that
«(WP ) € Z7;, and in a similar way one proves that =(Z]7)) C WP/, and we
obtain (iv).
The proof of (v) follows along the same lines and is therefore omitted.

The proof about the non-triviality of these subspaces follows from Propositions

and B4 Q.E.D.

DEFINITION 8.5. When r + s > n we set
* * *
YOt = (Z57) = 257, YT =0 (Z]07) V) =e (45)),
and denote by Yg*, TI’,‘Z’i respectively T35 the closures of these spaces in L2AF.

Let us finally observe that, in view of Lemmas[@4land 8.2 the Riesz transforms
on H, satisfy
*Rop_p(w) = =R (xw).
Then, from Theorem 8] Lemma[84]and Proposition R.2lwe immediately obtain the
following decomposition of L2A* into Aj-invariant subspaces when n < k < 2n+1.

THEOREM 8.6. Let n < k < 2n+ 1. Then L2A* admits the orthogonal decom-
position

53] @ 53] @
(86) LA = > PESCTIN > e ) 15
r4+s=k—1>n e=+ r4s—20=k r4+s—20=k+1
r4+s=n,rs=0

oS R oY YT mrte U RTR,
r4s=k e=t+ r4s—20=k+1 r4+s—20=k+2
where R* = Ry .

Moreover, since the x-Hodge operator transform the subspaces in this decompo-
sition into the corresponding subspaces in the decomposition given by Theorem B,
with p:=n — s and q :== n —r, the unitary intertwining operators which transform
Ay on each of these subspaces into scalar forms are simply given by those from
Table [0 at the end of Chapter B, composed on the right hand side by the x-Hodge
operator, and similar remarks apply to the orthogonal projections and scalar forms.
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CHAPTER 9

LP-multipliers

The decomposition of L?A* presented in the previous chapters, together with
the description of the action of Ay on the various subspaces, can be used for the LP-
functional calculus of Ay. For this purpose, we are going to show that LPA* admits
the same decomposition when 1 < p < oo. Concretely, this means proving that
the orthogonal projections on the various invariant subspaces and the intertwining
operators that reduce Ay to scalar forms are LP-bounded.

9.1. The multiplier theorem

The joint spectrum of L and i~ '7T is the Heisenberg fan F C R? defined as
follows. If

e ={(N, &) : E=FE(n+2k)\ AR},
then -
F=JWhs+Utp).
keN

The variable A corresponds to i 17 and & to L, i.e., calling dE (), £) the spectral
measure on F', then

—1 _ _
i T—/F)\dE()\,g), L_/ngE(A,g).

If m is any bounded, continuous function on R x R, we can then define the
associated multiplier operator m(i T, L) by

m(i T, L) = /F m(\€) dE(N,€),

which is clearly bounded on L?(H,,).

It follows from Plancherel’s formula that the spectral measure of the vertical
half-line {(0,&) : £ > 0} C F' is zero. A spectral multiplier is therefore a function
m(A, &) on F whose restriction to each £ is measurable w.r. to d\ for every k.

We shall use the following results from [MRS1IMRS2] concerning LP-bounded-
ness of spectral multipliers, see also Section 5 in [MPR1].

Given p,o > 0, we say that a measurable function f(\,&) is in the mixed
Sobolev space L2 , = L2 ,(R?) if

1, = [ 0+ D20+ Y]+ €D 1N €0 ax de
= cl|(1 -+ 06?1+ [0r] + 0€)7 FIB < oo

65

(9.1)
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Let no € C§°(R) be a non-trivial, non-negative, smooth bump function sup-
ported in R := (0,00), put ni(z) := no(x) + no(—x) and set x = n ® no. If
f(X€) is a continuous, bounded function on R x R, then we put f"(X\§) =
frixre€), v = (r1,m2) € (R%)?, and say that f lies in L2, . (R x R%) if for
every r = (r1,72) € (R%)?, the function f”y lies in L2 , and

(9-2) 1f1lz2

p,o,sloc

= sup HfTXHLgﬁ <00 .
kA

DEFINITION 9.1. A function m satisfying ([@.2) is called a Marcinkiewicz mul-
tiplier of class (p,0). A smooth Marcinkiewicz multiplier is a Marcinkiewicz multi-
plier of every class (p, o), i.e., satisfying the pointwise estimates

(9.3) |0 0Fm(X, €)| < Crul N7 J€|7F
for every j, k.

THEOREM 9.2. ([MRS2]) Let m be a Marcinkiewicz multiplier of class (p, o)
for some p>n and o > L. Then m(i~'T, L) is bounded on LP(H,) for1 < p < oo,
with norm controlled by HmHLz otoa”

c

9.2. Some classes of multipliers

We introduce the classes 27 of (possibly unbounded) smooth multipliers, in
terms of which we will understand the behavior of the projections and intertwining
operators presenteded in the previous chapters.

These classes are defined by pointwise estimates on all derivatives, in analogy
to (@.3)), which must be satisfied on some open angle I',,_. := {(\,£) € R? : £ >
(n —€)|A|} containing the Heisenberg fan F' taken away the origin.

DEFINITION 9.3. We say that m € ¥2? (p.o,7 € R) if
gri—k foré<1
(E+N)Pze7F  fore>1.
for every j,k € N. We also say that m € *U27 if m € W27 gnd, moreover,
T for & <1
(E+N2)PEe for€>1.
Prototypes are given by the smooth functions m such that
E4+pA+aX?)” for £ <1
m(n g = TP
(E+A)P(E+qN)°  for &> 2,

with [pl,|¢q| < n. The following properties are easy to prove.

(9.4) |39Em(N, €)] < {

(9-5) m(A€) 2 {

LEMMA 9.4. The classes W27 satisfy the following properties:
_1
() owee C W7, gewre C wo
(11) \IIﬁ?U\Ilpj’Ul c \I/Pipl,,tf-i-tf/.
T T+T ’
(iii) if m € *UL7 and then m® € W57 for every s € R (for s € N, m € UL?
is sufficient);
(iv) ifp+o<p +0',2p+0 <2 +0" and 1> 7', then V27 C V"7 .
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9. LP-MULTIPLIERS 67

(v) In particular, if p+0 <0, 2p4+0 <0 and 7 > 0, then V27 C \Ilg’o, and
WP consists of Marcinkiewicz multipliers.

REMARK 9.5.

(i) Observe that if x is a smooth cut-off function on R, compactly supported
on R\ {0} and with 0 < x < 1, then 5 = x(£/|A|) and 1 — 7 are in W)".
By Lemma [0:4] (ii), multiplication by 7 or 1 —n preserves the classes 027,
This property provides a certain amount of flexibility, of which we give
two examples.

(ii) If we are given a multiplier m, which satisfies the inequalities (@A), but
is only defined on an angle I' leaving out a finite number of half-lines
l + of F', we can easily extend m to a multiplier in U2 which vanishes
identically on the missing lines.

(iii) Property (iii) in Lemma also applies to the situation where s > 0,
@3) only holds on an angle omitting a finite number of half-lines in F,
and m vanishes identically on these half-lines.

We denote by the same symbol U2 the class of operators defined by the
multipliers in this class. For notational convenience, we shall often use the same
symbol to denote an operator M € U7 and (a convenient choice of) its multiplier
M(A,€).
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CHAPTER 10

Decomposition of L?A* and boundedness of the
Riesz transforms

Since the letter p is already used to denote degrees of differential forms, the
summability exponent will be denoted by 7.

If V is any of the spaces Vi"?, V'/, T1'], etc., by "V we shall denote the closure

of this space in L"A*. Our goal will be to prove the following theorem, whose parts
(i) and (ii) extend Theorems B and BI3] and in particular give the LP-Hodge
decomposition of LPA*(H,,).

THEOREM 10.1. Let 1 < r < .

(i)x For 0 <k <n, L"A* admits the direct sum decomposition,

(10.0) ab= 37 npaeg 3T ST ryppec g §F 0 rppe

p+g=k<n e=* ptq+20=k—1 pHq+20=k—2
p+q=n,pq=0
57 57 52 57
® E Rk_l”v(’)”q ©® E E Rk_lrvlp:g,s ©® E Rk_l’“vg’,’g ,
p+q=k—1 e=+ p+q+2£:k72 ptq+26=k—3

where Ry, = dA, ?, is the Riesz transform;
(i) Forn+1<k<2n+1, L"A* admits the direct sum decomposition

(o) A= 3 orTre T 3 rEte 3Ty

r+s=k—1>n e=* r4s—20=k r+s—20=k+1
r+s=n,rs=0

5] D 5] 57
a Z R*TTQS ey Z Z R*TT??E o Z R*TTQZ ,
r4+s=k e=* r4s—20=k+1 r4+s—20=k+2
* __ Tk
where R* = Ry .

i)y For0 < k < 2n, the Riesz transform Ry, 1s bounded from to .
iii), For0<k<2 he R ;f R b ded f LTAF to LT AFHL

By L"-boundedness of the x-Hodge operator, we can restrict ourselves to the
case 0 < k <n.

The proof is based on the following lemma.

Ui Uiz g0 4o any of the operators Uy} in (L13)
Us1 U 7

or U;’g in (L28). Then each component U;j of U consists of a multiplier operator

LEMMA 10.2. Let U = (

mn \Ilg’o, possibly composed with powers of e(df) and the holomorphic and antiholo-
morphic Riesz transforms R, R.

69
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70 D. MULLER, M. M. PELOSO, and F. RICCI

In particular, for 1 <r < oo, all these operators are L"-bounded on the spaces
of differential forms of the appropriate (bi-)degrees.

This lemma will be proved in the last part of this chapter. Taking it for granted,
we give the proof of the theorem.

Proor or THEOREM [I0.Jl We prove the two parts of the theorem simultane-
ously, via the inductive steps ((i),_; + (ii),_,) = (i), = (ii),. The statement
(i), is trivial, and (ii), and (i), are proved in [MPRI].

Assume that (i),_, and (ii),_; hold, and consider anyone of the orthogonal
projections in the last column of Table[Il This is a product (or a sum of products)
of factors, each of which can be either Rj_1, or its adjoint R},_,, or P =UU*, U
being one of the operators in Lemma [[0.2] Then (i), follows easily.

We prove now the implication (i), == (ii),. Factoring

Ri=dA[* = RyAZA,?

SR

and using (ii),, it suffices to prove the boundedness of Aj A, * on LTA*.
Referring to the decomposition ([I01]), we disregard the d-exact components of
L"A* (i.e., those with Rj,_1), on which Ry = 0, and adopt the simplified notation

D
(L'A")ge—a = "Vg.
B

Denote by Ug :"Z3 — " Vg the L"-closure of the unitary intertwining operator
in Table[I], with”Z3 denoting the L"-closure of the appropriate space X?9, Y77 or
ZP% in ([BI6). Let Pg = UgU} be the projection of L"A¥ onto"Vg.

Decomposing w € L"AF as

w=2 ws =2 Usos,
B B
with og €"Z3, we have

i _ 1 1 _1
AZAPw=> AZUsD, 04,
B

where Dg = U;AUg is the scalar operator appearing in (1)), (€3), GI8). Ex-

plicitely,
Ao +i(qg—p)T if "V ="VE
Ag+i(g—p)T+ln—k+€)+m=x/Ag+i(g—p)T +m?
Dp= _ n=p=q\ ifry. _rpPdE
(m="=5=1) if "Vg Vi
No+i(lg—p)T+({l+1)(n—k+0+1) if "V ="Vy [
Denote by mg be the spectral multiplier of Dg. Then, for each of the above
cases,
E+N+(p—a)A e}’
E+N+@p—A+ln—k+0)+m+/E+ N+ ( — A+ m? ey
mg=CE+N+P—A+l(n—k+0)+m—/E+ X2+ (p— A +m?
e*wpif f =0, *¥p° otherwise
E+XN+(p—gA+({+1)(n—k++1) S 7
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10. DECOMPOSITION OF LPA* AND BOUNDEDNESS OF THE RIESZ TRANSFORMS 71

_1 _1 _1

respectively. By Lemma [0.4] (iii), Dy * is in \Ilii’o or in ¥, 2’0, depending on the
2

case. Combining together Lemma [[0.2] Lemma [ (ii) and (v), and the fact that

1 _1

the multiplier £ +\2 of Ag is in *\I/}’O, we conclude that the composition Aj UgDg*

has all its components in \Ilg’o.
Therefore,

182 AL 2wl < S IAZUsD; 2op)
0=k = oYstp " 0pllr

B
< CZ llosll
B

< Cllwlls -
Q.E.D.

10.1. L?- boundedness of the intertwining operators Ulig

Our next goal will be to prove

PrOPOSITION 10.3. Assume thatp+q+1+2¢ <n and 1 < r < oco. Then there
is a constant C, so that

1Ty €l < Crllg]
10U enller < Crllnller for every n € EP1.

I for every & € W,

PRrROOF. According to Proposition [.8 we have to prove the L"-boundedness
of the operators:

(1) a_Qizlll 5@12117
(11) (38 — 88)211, when ¢ Z 1,

defined on W}, with p+¢+2¢+1 <nin (i) and (iii), and p+ ¢+ 2¢ < n in (ii),
and of the operators:

(i") 0Q7 Y22, Q” Yo,
(ii’) (88 — 88)222, when ¢ > 1,
(111’) [AH - (27’77, - é) (F - m)] 222.
defined on 279, with p4+ ¢+ 2+ 1 < nin (i’) and (iii’), and p+ ¢+ 2¢ < n in
(it’).
Recall that if p = 0, then & = (I — C), and if ¢ = 0, then 9 = (I — C), so
that, putting again

if p > — O, ifg>
O = O, Tfp*l, 5 - 9; ?qul,
O, ifp=0, 0, ifg=0,

we have

(10.3) o=7R0O7, §=R0O?2,

(S
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72 D. MULLER, M. M. PELOSO, and F. RICCI

where R and R are the holomorphic and antiholomorphic Riesz transforms of (L),
which are known to be Calderén-Zygmund type singular integral operators, and
consequently are L"- bounded for 1 < r < oo.

Moreover, observe that 99 — 00 = 200 + Te(df). Since this term appears only
when ¢ > 1 and p 4+ g + 2¢ < n, we have p + ¢ < n — 2, which easily implies that
the operator O + 47T is injective on its domain in L?AP9, so that we can factorize

_ _ 1 — J— — J— 1
(10.4) 90 =RO0 = RO +iT)? = RR (O +4T)20% on WP,
_ _ _1 _
since, on the core, 0 = d(LJ +4T'), hence [J*0 = 9(J + iT)z.
Observe also that P4 = (I — C), — C)(W{?).
Thus it will suffice to prove that the following scalar operators are in \Ilg’o:

(1) OFQ* Sy, T2 QT %1, [Ag + (2m — O)(T +m)|Say, for £ > 0;
A1) (O +iT)2 028y, i 1Ty, for £ > 1;

(I') 02Q7 oz, E%Qizzz, [Ag — (2m — £)(T — m)]Sas, for £ > 0;
(IP) (O +iT)3003 Loy, i~ T80y, for £> 1.

This will be a direct consequence of the following Lemmas [[0.4] [[0.5] [[0.6] on
the basis of Lemma [9.4] Q.E.D.

Observe that m = (n —p —¢)/2 > 1/2, 2m —¢ > 1 in (I) and (I’), and
m>1, 2m —¢>1in (IT) and (IT).

LEMMA 10.4. Assume that p+ q+ 1 < n. Then the following hold true:
(a) i"'T e 02",
1 =3 0,1 = o 0,3
(b) Oz,0% e 2, and (O +iT)2 € ¥,'2;
2 2
(c) Ag e U9 c 01 Ag—aT? € U1 for everya € C, and (Ag—T%+¢)* €
l110470
o for every ¢ > 0.
PROOF. (a) is obvious.
As for (b), note that
(20)2 (X, €) = (€ — (n — 2p)A)2. We have
5_(n_2p)>‘N§7
on an angle containing the whole fan if p > 1, and, if p = 0, on an angle avoiding
1
just the half-line £ = nA, A > 0. By Lemma (i), Oz € \IIZ’Z, and a similar
2
_1 _
argument applies to 02 and (J+4i7)2. Remark [15] (iii) must be used for 2 when
p=0and for (O+iT)2 when ¢ =n — 1.
Moreover, (2(0+iT))2 (A, €) = (£+ (n—2q—2)\)2, where p+¢+2 < n, hence
_ 1
2(g+1) < 2n—2, ie., |n—2(q+1)| < n—2. This implies that (3 +iT)? € U =.
2

Finally,
(10.5) Ag(A\&§) =&+ —ar~¢,
on an angle containing the full fan, which shows that Ay € \Il(l)’l. In combination
with (a) and Lemma [0.4] this easily yields (c). Q.E.D.
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10. DECOMPOSITION OF LPA* AND BOUNDEDNESS OF THE RIESZ TRANSFORMS 73
According to (I0.A]), the quantity £ + (p — ¢)A, which we will also denote by I3
is comparable to £&. We then set
(10.6) T(\E) = (E+ A2 4+m?)7 .
Let Ry; be as in Lemma[.6 so that, according to (TI5), X11 = Ry;>.
LEMMA 10.5. For p+ q+ 2041 < n, the following hold true:
1
(a) T+m, Q, QF € *wg";
1 _
(b) Ry, € *\I/é’l, consequently ¥11 = Ry € Uy 2’

Nl
N

PROOF. We have

[SIE

T\ €) = (E+ A2 +m?)2,

and, since € ~ &, this shows that ' € *\Ilé’o. Then (a) follows easily.
As for Rqq, recall that

Riy =T +m)*(Ag +2m(2m — ) + 2 + m)((2m — O)Ag — 2mT?)
+Ag(Ag —T?%) +2meT? .
By Lemma [0.4] and in view of what has been shown already, we find that

(10.7)

1g_1 1
Ry € 02002000 4wz 0wl 4 g0lglf 4 gl0 c gl
Moreover, since here I' > 0, we have
Ry > T2%(Ay +2m(2m — ) + 2m(—2mT?) + 2mlT?

= (E+N+m>)(E+2m(2m —0)) +2m(2m — 0)|T|?
Z E+N+D(EF,

1

which shows that also the estimates from below for R;; hold true, so that R,,> €
_1_1

¥, 2" 2. This concludes the proof of (b). Q.E.D.

LEMMA 10.6. Forp+ q+ 20+ 1 < n, the following hold true:
(@) T—m, Q. Q- ew?’;
(b) Rz € UL and Sas(I — Cp — Cy) = Ry’ (I — Gy — Cp) € U377,
Proor. We have
T\ €) —m = (E+A3)(D(A€) +m) e wh0u, 70 c wi’
By (II), on W7 we have the identity
Rao = 16(Ay — T? +m?) (A — T2 + £(2m — ¢))OORy;
where
T2 i L £0

c w2t
U2 il =0 2

(10.8) (Ag —T*+m*)(Ay —T*+((2m —¢))00 € {
Applying Lemma (b), we obtain that Ryy € Uh'.
To prove the last part of the statement, observe that the presence of the factor
I — C, — C, allows us, on the basis of Remark (ii), to restrict, if necessary,
our analysis to an angle omitting one of the external half-lines of F', where the
multipliers of [J and O are non-zero, and their reciprocal satisfy (@.5) with p = 0
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74 D. MULLER, M. M. PELOSO, and F. RICCI

and 0,7 = —1. Each of remaining factors in (I0.§]) is in *\Il(l)’o, and this, together
with Lemma [I0.5] (b), gives the conclusion.

Q.E.D.

10.2. LP- boundedness of the intertwining operators U,

We next turn to the intertwining operator Us ¢. Our goal will be to prove

PRrROPOSITION 10.7. Assume thatp+q+2+2¢ <n and 1 < r < oo. Then there
is a constant C,. so that

102, (&:m)llr < Coll(§m)llr for every (§,m) € 271

In view of the explicit expression for Uy, in Proposition [[12] it will suffice

to prove that the operators \/g“A” and gflA” are L"-bounded on X?4, and the
operators —412— and —222_ on Y?4 (notice the the multiplier o(7') corresponds

\/A' A \/A’A”
essentially to the Hilbert transform along the center of the Heisenberg group, which

is L"-bounded).

We shall prove the estimates on X only, since the estimates on Y79 follow
along the same lines.

Using again the factorizations (I0.3]), (I0.4) by means of Riesz transforms, we
see that we are reduced to estimating the following scalar operators on X?¢ with
respect to the L"- norm:

i 1 — 1 1__1
@+iT)i0% Ay —T%) T@+T)30°  0:0° (Ay — T?)

(IH) /AN ! /AN ’ NG ’
TOF (@ +4T)%
VA ’
) T (ag -T2 @O+i¢+)DE 08 o000

VAR VAR VAN VA
@ +i(e+ 1)T)0}
VA

LEMMA 10.8. Let A', A" be as in Lemma [LI0. Then, the following properties
hold:

(a) (A")> e \118‘70 for every a € R;
(b) if g > 1, then (A")* € T3> for every o € R;
(b) if g > 1, then (A'A") 2 e w11,

2

PROOF. (a) is immediate from Lemma [I04] (c).
As for (b), we first recall that ¢ > 0. Moreover, A’ has multiplier

[%(g —(n=2p)A)(£+ (n—29)A) + (L + 1)2A2] E+—ar+2?)

22 [eX? 4\ fe(€ = (n = 2p)) (+ (n —20)0) (E+ (P — A+ A2 ).
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10. DECOMPOSITION OF L”A* AND BOUNDEDNESS OF THE RIESZ TRANSFORMS 75
Here, £ = (n+2k)A\, k€ Ny and k > 1,if A > 0 and p = 0, since we are acting on
XP4, Since we are also assuming that g > 1, this shows that
(10.9) E—(n—2p)A~§  E+(n—29A~&.

By means of Lemma [[0.4] and Lemma 0.4 we thus easily see that
1 3
A e U0 4wl (wg 4+ \Ifg’l) R N \Ifgl cwl?.

Moreover, the inverse estimate (@8] holds true for p = 1,0 = 2 and 7 = 3 because
of (I09), which yields (b). Finally, (c) is a direct consequence of (a) and (b).
QED.

The lemmata [[0.8] and [[0.4] now easily imply that

_ 1—1 — 1—1 1_1
O+47)202 (Ag — T2 T@O+:i7)202 -1 0202 (Ag — T?
(111 (0 +4T) (Al )6‘1101’0, (O +4T) 6‘11120, " (Am )6‘1101’0,
A/A// E A/A// E A/A// E
1 1
TO2 (O +4T)2 0.0
S TR goo,
VA %
—1 _ —1 1_
02 (Ag — T2 1 O+i(+1)T)O2 “1,1 020 1,k
(IV) #e@g 21 Me\ljol27 r 6‘11012,
A/A// A/A// A/A//
—1 — 1
0,02 e\f%% (O+i(¢+1)T)0O72 e\f%’%
VAT o VAT © '

All these classes are contained in \118’0, so that all these operators are L'-
bounded Marcinkiewic type operators, for 1 < r < oo. This proves Proposition [0.7]
when ¢ > 1.

The situation is slightly more complicated when ¢ = 0. The problem is that
the second relation in (I0.9) will fail to be true in this case on the ray

pi={(N&:A<0and E =n|A[} CF

of the Heisenberg fan, on which the multiplier of O will vanish identically. If we
remove this ray, the preceding arguments remain valid and we get L”- boundedness
of the restrictions of our operators to the orthogonal complement of the kernel
of 0, i.e., on (I — C)(XP). So, what remains is the restriction on C(X?:?). This
corresponds to the restrictions of our multipliers to the ray p. %—Iowever7 all of the
multipliers listed in (I1I) and (IV) which contain a factor 0 or [J* vanish identically
on this ray, so what remains are the operators

i = — 1
TOZ (O +iT)2 g @+ie+ )70
an .
VA VA
On the ray p, the multipliers of these operators are given, up to multiplicative
constants, by

)\2

. \/(c—|— (0 + 1)2)>\4 +(L+1)2(n—p)|AP

and .
A2

\/(c+ (0 + 1)2)/\4 + (£+1)2(n = p)[A]® |

M2 =
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76 D. MULLER, M. M. PELOSO, and F. RICCI

It is easy to see that these are Mihlin—-Hormander multipliers in A, so that

1 1 — 1
TO (O +4dT)= - O+¢+1)T)0O7 S " .
ﬂc and C+ile+ )T) C are compositions of Calderén-Zygmund
/A/ A /A/
operators acting in the central variable of the Heisenberg group with the singular
integral operator C, which shows that they are L"-bounded, for 1 < r < oo, too.

This completes the proof of Proposition I0.71

Finally, let us denote by p* the rays
pti={(NE)E=4ENA>0CF
of the Heisenberg fan F, and define for (X, €) € F the spaces

e {OF Tp=0md (€ pn

S, ifp=0and (\,&) & pt, orif p>0,
YPO(L €) {0}, ifg=0and (\§) €p,

G el ifg=0and (N\,&) ¢ p, orif¢g>0,

and

ZPa() ) = { (5) Lpe XPIN ), v e YM(A,g)}.

LeMMA 10.9. For (A &) € F let B\, €) — (%88 2’2288) , where the

E;; are given in Lemma [LI0. Then, when viewed as a linear mapping from the
space ZP1(\, €) into itself, E(\, &) is invertible for almost every (\, &) with respect
to the Plancherel measure on F.

PROOF. When (X, &) € F\ (pT Up~), then O\, &) # 0,00(\, &) # 0, and since,
according to (T.23), det E = ¢T*0J0A”, the claim is immediate.
Assume next that (X, &) € pT. Then, if p > 0, we can argue as before. So,

assume that p = 0. In this case, O(X, &) = 0, ZP9()\, &) = { (g) tv € (C}, and

E(\E) = (8 Egg?)\,f)) , where Eaa(X, &) = —i(£+1)(n—g)A\(A—n+£+2). Since
P+ q+ 20+ 2 < n, the factor (n — ¢) is non-zero, and the claim follows.
Finally, the case where (), £) € p~ can be dealt with in a very similar way.

Q.E.D.
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CHAPTER 11

Applications

11.1. Multipliers of A;

We are in a position now to extend Theorem 6.8 of [MPRI1] to forms of any
degree. A function p definied on the positive half-line is a Mihlin—-H6rmander
multiplier of class p > 0 if, given a smooth function x supported on [%, 4] and equal
to 1 on [1,2],

”,Uf |p,sloc ‘= sup Hﬂ(t')XHL2 < 00 .
t>0 P

THEOREM 11.1. Let m : R — C be a bounded, continuous function in L2 . .(R)
for some p > (2n+1)/2. Then, for every k =0,...,2n+ 1, the operator m(Ay) is
bounded on LP(H,)A* for 1 < p < oo, with norm controlled by ||m||, sioc. Moreover,

the condition p > (2n + 1)/2 is sharp.

PROOF. The proof of the sufficient condition follows the same lines as in
[MPR1]. Here we show that the condition p > (2n + 1)/2 is sharp.

We wish to apply (the argument in the proof of ) Theorem 2 in [KST] | Consider
the operator (of order 2) Ay, acting on L2A*. For f € L?AF set

2n+1

Spf(z,t)=R" "2 f(R 'z, R't),

and

Dp = R 2SpALSp-1 .
Identify f = w; + 60 A ws with (wy,ws) € L2A’f_1 X LQA];J_I. For (w1, ws) € C{)’OAI;I X
CgoAk1 by (L22) we have that

DRw—><AOe Ao>w in L2A%, x L2A%7Y as R — oo,

where A, denotes the euclidean Laplacian.

The proof of Theorem 2 in [KST] shows that if m(Dg) are uniformly bounded
in LPA* for all R > 0, then m Aoe AO is bounded on L”A’}{ X LpA’;fl, i.e.
e

m(A.) is bounded on LP(R* 1), that is, m(|€|?) is an LP-multiplier on LP(R*"+1).
The conclusion now follows by classical results on radial Fourier multipliers. Q.E.D.

1We wish to thank A. Martini for bringing this reference to our attention.

s
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78 D. MULLER, M. M. PELOSO, and F. RICCI

11.2. Exact LP-forms

As a corollary to Theorem [[0.1] and its proof, we can derive the following
extension of Lemma 4.2 in [MPRI].

LEMMA 11.2. Let v be such that 1/2 — 1/r = 1/(2n + 2). If w € L2AF is
such that w = du in the distributional sense for some u € D'AF~1, then there
is some v € L"A*=1 such that w = dv in the sense of distributions. Moreover,
w e Rk_l(L2Ak71).

PROOF. Define )

vi= LT3 (LA R yw.
We have seen that the operator AéA;_%l is LP-bounded for 1 < p < oo, which
1 111
implies that the same is true for L%Akfl = (L%AO ?)(A§AL2). As in the proof of
Lemma 4.2 in [MPRI], we can thus conclude that v € L"A¥~1. And, if ¢ € SA¥,
then
_1 1
(dv, &) = (w, Re—1(A 2, L2)L72d"€) = (w, Rio1 Rj_1€) = (Re—1 Ri_yw,€),
so that dv = Ry_1R}_,w € L?>A*. By Lemma 4] this implies that
w = dv + R} Ryw,

and by the same lemma Rpw = A;éldw, where dw = d?u = 0 in the sense of
distributions. This implies that w = dv, and thus also that w € Ry_;(L2AF1).
Q.E.D.

COROLLARY 11.3. Ifw € L?A*, then w € Ry_1(L?>A*=1) if and only if there is
some u € D'AF~1 such that w = du in the sense of distributions.

PRrROOF. One implication is immediate by Lemma To prove the converse
implication, let us assume that w € Ry,_1(L2A*~1). Then, according to Lemma A4
and Proposition @5, w = Ry_1Rj,_,w. Moreover, if we define v as in the proof of
Lemma [IT2 then v € L"A*~! and dv = R,_1 R} _,w, hence dv = w. We may thus
choose u = v. Q.E.D.

11.3. The Dirac operator

2n+1
Let us denote by A = 269 AF the Grassmann algebra of b, and by LPA =
k=0

2n+1
LP(H,)A = Z@ LPA* SA etc. the space of LP-section, S-sections etc. of the

correspondingklz)andle over H,,.

The Dirac operator acting on SA is given by
(11.1) D:=d+d" .

Notice that D? = A on dom (A), that is, the Dirac operator D and the Hodge
Laplacian A commute as differential operators.
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11. APPLICATIONS 79

However, in order to reduce the spectral theory of D to that one of A we need to
show that D and A strongly commute, in the sense that the all spectral projections
in the spectral decompositions of D and A commute.

PROPOSITION 11.4. We have that D° = A. In particular, D and A strongly
commute.

PrOOF. Recall from the previous chapter that the Riesz transform R = dA~z
and its adjoint R* = A~3d* = d*A~% are LP-bounded for 1 < p < oco. Let us put
1 1
=1l 7

One easily verifies that P2 = Py and P{ = Py, so that P, and P_ are orthogonal
projections, which are in fact LP-bounded for 1 < p < co. Moreover,

Py IiDA—%> - (Ii(R+R*)).

(11.2) DPy = +A2 Py,
ie.,
D=A3P, —AIP_ .

Let A= [[" XdE(), so that

+oo +oo B
A? = VAE()N) :/ sdE(s) ,
0

0

where E denotes the image of the spectral measure E under the mapping A — v/A.
Therefore,

+oo _ +oo
D=A3P, —AZP_ :/O sd(EP+)(s)—/0 sd(E,P_)(s)

Now, if A C R is a Borel set, let us put

(11.3) F(A):= E(A{)P, + E(-A_)P_,
where Ay := AN[0,400) and A_ := AN (—00,0). Then F is a spectral measure
on R, and

D—/+Oode(s) on SA.
Indeed, notice that, since the opf::ators R, R* are bounded and commute with A
on the core, they also commute with the spectral projections E(B), i.e.,
(11.4) E(B)P. = PLE(B) .
Moreover, we clearly have
F(A)=F(A )+ F(A-),

and P, P_ = P_P; = 0. This implies that F'(A) is an orthogonal projection, and
that F' is a spectral measure on R.
We set

(11.5) D= /+OO sdF(s) ,

— 00

as a closed operator, and claim that indeed D =D.
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80 D. MULLER, M. M. PELOSO, and F. RICCI

To verify this, denote by Dy the restriction of D to SpA. Since D = D on SA,
we then have Dy C D C D, and clearly

—+o0 —+o0
D? = / s2dF(s) = / NAE(\) = A .
—00 0
Thus, it remains to show that D C D.
Let £ € dom D. Tt suffices to assume that there is an interval I = [a, b], with
0 < a <b,so that F(R\ K)¢ =0, where K = I U (—1I); hence D¢ = S sAF(s)E.
Let ¢ be a smooth cut-off function, even, identically 1 on K and with support
contained in K’ =I' U (=1I'), where I' = [a/,b'] with 0 < a’ < a <b < V. Then,

ae= D= [ Pare= [ felares- | TN dBOVE

where 1 is a smooth function with compact support in K? = {s?: s € K'}.

Hence, if Q = ¢(A) = [;° ¢¥(N)dE()), we have that A = AQE. Tt is clear
that @ is given by right-convolution with a Schwartz function, and that @ is U(n)-
equivariant, hence it preserves the core SyA for A.

Choose a sequence {&,} C SpA such that &, — & and AE, — AC.

Then {Q¢,} C So, Q& — QS and AQE, — AL. Therefore, we may assume
that &, = Q&, and £ = Q¢. Then

A%§=A%Qs=/0 Mp(N) dE(VE

~ bm [ A2(N) dE(N)E,,
n—+0oo Jq
= lim h sp(s) dF(s)&, -

n—-+oo 0

Hence, by (I13)) it follows that
D¢ = lim DE, = lim Do, .

n—-+oo n—-+oo
This implies that SoA is a core also for D; hence D = Dy. We have thus seen that

ﬁ—/+oode(s) .

—0o0

By (IL3) and (IT4) F(A) and E(B) commute; hence D and A strongly com-
mute. Q.E.D.

Moreover, if m is a bounded, Borel measurable spectral multiplier of R, then
(11.6) m(D) = m(A?)Py +m(—A%)P_.
As an immediate consequence of Theorem [[T.J] and Theorem [I0.1l we therefore

obtain

COROLLARY 11.5. Let m : R — C be a bounded, continuous function in
Li’SIOC(R) for some p > (2n + 1)/2. Then m(D) is bounded on LP(H,)A for

1 < p < oo, with norm controlled by ||m|| sioc-
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CHAPTER 12
Appendix

In this final chapter we collect some technical facts and proofs that we have
previously set aside.
We need some preliminary computations.

Recall first from Lemma that

(12.1) (0%, e(dB)"] = ilde(dB)* ' | (0%, e(dB)"] = —ilde(dd)* 1 .
Taking adjoints, this implies
(12.2) [0,4(dB)*] = id*i(dO)* ! | 0,i(d0)"] = —ild*i(df)* 1 .

LeEMMA 12.1. If o € keri(df) C A and s +2j < n, then
i(df)’e(df)i o = c5 jo |
where the coefficients ¢, ; are defined in ([L8), i.e.,

Moreover, the following relations hold:
2 . . .
Jhest1j-1=Csj—Csy1y,  Csj(n—5—J) =csr15(n—35), jesyri1(n—s5—7j)=cCsy1;-

PROOF. Use formula (2.8) in [MPRI] to compute i(df)e(df)’o. Observe that
wj there corresponds to our ¢ and the value £ = p+q there is our s+2j. Therefore,

i(df)e(df) o = j(n—s—j+1)e(dd) o .

Consequently,
i(d0) e(d0) o = j(n— s — j + 1)i(d0) " e(dO)y o
and the statement follows inductively. Q.E.D.

If £ € W§, then &, ¢, O¢ are in keri(df), and consequently we see that
(12.3)
i(d0) e(d) € = coy1 €, i(dO)Te(d)OE = csr1,;06, i(dO) e(dh) O = cqy1 0E .

This is not necessarily the case for 09¢, 00¢. We therefore need some more
computations to simplify the expressions

D*0%i(df) e(dh) 00 , i(dh)’e(dd)* 1D , etc. .
LEMMA 12.2. For & € W,
9*9%i(d0)’ e(d0) DOE = coy1,;(O+i(j + 1)T)0E
9*9*i(df)’ e(df) 90E = coy1,;(0—i(j + 1)T)OE
0*0%i(d0)7 e(d0) 00¢ = 0*0*i(d)  e(dB)’? 0OE = —csq1 ;00 .

81
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82 D. MULLER, M. M. PELOSO, and F. RICCI

Proor. We have, by (I2.2)

0*0%i(d0)’e(dh)? 00¢ = 9*0*[i(dB)?, D]e(dh)’ D¢ + 9*0*Di(dh)’ e(dh)? D¢
=ij0*0*0*i(d0) " e(dB) O + cs11,;070FDOE
= ijT0%i(d0) e(df)’ O + cs41,,070*OE
= cs11,;0" (O +45T)0¢
= cor1,;(O+i(j +1)T)OE .

The second identity follows in a similar way. Finally, we have

0*0%i(df) e(dh)?00¢ = 9*0*[i(dA)?, Dle(dh)? D¢ + 0*0*Di(dB)’ e(dB)? D&
= cs+1,j8*5*5‘5§
= —Cy11,;0700%0¢
= —cst1,,00€

This proves the lemma. Q.E.D.

LEMMA 12.3. The following properties hold true.
(i) For all p,q, OWP? = XP4 and OW} = yPa.

(i) In particular, O maps XP? into itself, and O maps YP4 into itself. We
therefore set

(12.4) Ox = Oy, s X295 X740 Oy =0,,, : YP? - YP9,

lyp.a

Then D;{l and ﬁ;l are well defined on XP? and YP1, respectively.

PROOF. (ii) is immediate from (i). To prove (i), we verify the statements
concerning the spaces X4, the discussion of the spaces Y4 being similar. Observe
first that O leaves W[ invariant because of (L.20).

Thus, in view of Remark 510] if 1 < p < n — 1, then X?? = W} and we
are done. And, if p = 0 and & € Wg’q, then 0J€ = 9*9¢, so that by Lemma [L§
Co0€ = 0, hence 0§ € XP4. Finally, if p=n and £ € W9, then 0§ = 0*¢ = 0.

Q.E.D.

PROOF OF LEMMA Define B ¢ to be the unbounded operator from L?AP+4
to (L2A*)? defined by the matrix on the right-hand side of (Z.6)), with core SoAP+4,
and set

* 5~ (Bu B
(12:5) BMBL”(W(?“’)2 b= <B21 322> '
We will use Lemma [7.4] to see that

A7 A1, = B} ,B .
1,0411,¢ 1,4P1,¢ (Wpea)2
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12. APPENDIX 83
Then, the matrix entries of B are:

Bi1 = 0%i(d6) e(d)"d

+ (ieTfla*é*i(de)“ - T*Di(de)f) (iéT*le(de)“a‘a n T*le(da)fm)
Bas = 0%i(d6) e(d)"d

+ ( — T 59 i(do) T — T’lﬁi(de)e) ( — T e(d0)" 90 + T*le(de)’fi)
By = By, = 9%i(d0)e(d0) D

- (iéT—la*é*i(do)’f—l - T—lmi(de)’f) (iéT—le(de)‘—laé - T—le(da)‘ﬁ) .

By ([I23) and Lemma [[2:2] we have that
(12.6)

Bii = cop1, 0+ T2 [ — 20" 5i(d0)" e (d0)' 100 + il 5*i(dh)" e(df)'DI
— i00i(d9)*e(d0)* 100 — Di(d@)‘e(de)fm]
= Coyr 0+ T2 [ ey (O+iT)O
—iT~19*0%i(d)"Le(dh)* (00 + 00)0
— T IO T + 597 )i(d6)" e(dO)* 100 — cs,gmﬂ .

Now notice that by Lemma [12.2]

070%i(d0) 1e(dd) "1 (00 + 09) = —csp1.0-100+ cop101(0+i0T)O
= ilcep101T0,

and, by taking adjoints,
(00" + 90)i(dh) " Le(dh) 100 = ilcg 1 o TO .

Therefore, substituting into (I2.6]) and applying the identities from Lemma [12.1]
we obtain that

Bi1 = copr 0+ T2 [ — Peyir 1 ([T +iT)O + 20241 4102 — cs,gmﬂ
=720 [CHMTz + €2cs+u,1(D —O—-iT) + (—csp + ﬁzcs,l,g,l)D]
=720 [cs+17gT2 + i£203+17g_1(n —s—0)T — CS+174|:|]
= Cop1, 720 {T2 +ilT — D} .

By conjugation, we also get

By = cs+17gT’25[T2 — T — E] .
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84 D. MULLER, M. M. PELOSO, and F. RICCI

Finally, arguing in a similar way, we find that

Bio = T2 [428*5*i(de)f—le(de)f—l&é — ey OO0 + 00" 0*i(d)*~e(d0) T
+ i00i(dB)*e(d)* 100
— 72 [ — (i1 + co0)OT — ilT~19*5i(d0)e(d0) (98 + H50)T
LTI 00 9 + 5*3*)i(d9)’v’—1e(d9)4—163}
- T—2Dﬁ[ — g1 — oy +ilesit o1 T T — ilegsr o T~ H(T + ilT)
—ilegir g T 0+ ibes 1o THO - ieT)}

= T_QDE[ —PCsi1,0-1 — Co + 25265+17e—1}
= —Cs+17gT72E|i .

These computations show that

B =B /B = —Cop1,0T? (D(D — il = T7) oo )

Y wpayz — oo 00+ itT — T?)

It is obvious that B maps (W}?)? into itself, so that, by Lemma [T.4] Af Ay =

BT’ZBI’Q(WS”‘I)?' This proves the lemma. Q.E.D.

COMPLETION OF THE PROOF OF LEMMA [(.6l Since ) maps the subspace
(WE)? into itself, we have that

R

-QF QT (OO —iT —T?) od -Qt -Q;
(—Q+ Q) ( 0d ﬁ(ﬁ—i—iéT—T?)) ( Qf Q- )

<R11 R12>
Ryy Rao)

We compute first Ry;. Using the identity O — O = 2imT and (6.9), we have
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~T%R11 = (Q* )
= (-QTDO - T —T%) +QT00)(-Q") + (- QTOT+ Q10D +ieT — T%)) QT
QF)? ( — T — T%) — 2QT QOO + (Q1)?T(@ + itT — T?)

T4 m +47)20(0 — ilT — T?) — 2(T + m — ¢T)(T + m + ¢T)00

+ (T +m —iT)20(0 + ieT — T?)

=
=(

= (" +m)? [0 — ieT — 72) — 200+ 5@ + T - 72

+2iT(T +m) [D(D — T —T2) OO + T — T2)]

— 72 [D(D — 0T — T?) + 200 + O(T + 6T — T2)]
=(r+m)?[O0-D)? - ir(@-0) - T*(0+D)]

+ 2iT(T +m) [(D +O)@-0) —ar@+0) - 720 - i)]

_ 72 [(D +0O)2 —wr@-0) - T>(0 + i)]
- [(r +m)2(Ag + 2m(2m — £) + 2(T + m)((2m — ) Ay — 2mT?)

+ (Ap(Ap —T?) + 2m£T2)] .

In the same way one finds that
~T?Ry = (Q*NQ)22
= _T? [(r —m)2(Apg + 2m(2m — £)) — 2T — m) ((2m — O) Ay — 2mT?)
+ (A Ay = T%) + 2meT?) |
Finally, using the formulas in (9] we see that
—T?Ri2 = —T?Ro1 = (Q*NQ)12
= (- QT0O —iT - T?%) + Q100)(-Q3)
+ (- QIO0+ QIOO+ 4T — T%)Q=
=QtQ;00 - T - T?) - QL 00 - QTQ-00
+QTQ-O@+itT — 1%
=200(0 — T — T?) — (Ay — 27% — 2iTT)00
— (Ag —2T? + 2iTT)0O00 + 200(0 + 4T — T?)
=0.
Q.E.D.

Proor or LEMMA [TI0 (1). In order to compute Aj,A2, we apply again
Lemma[7-4l We first define Bs ¢ as the term on the right hand side of (7.19) acting

as an unbounded operator from (LQA’W)2 to (LQAP”J)Q, with core (SOAp*q)z, and
then we compute B := B} . If we then show that B maps ZP¢ into it-

lwg)?
self, the equality A3 A, = B‘ZP o which in turn equals —cqy1 7 2E, will follow.
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We have that
B g, - (070 =TT (O+ilT) — 0" (0 +iT)]
20026 = \gror —T1 (070~ itT) - 0"(@ —iT))]
90 ) 99
T (@ +ilT)0 — (O+4T)d] T-[(0—ilT)d— (@ —iT)d]) -

Using Lemmas [[2.2] and [2.1] and recalling that we are acting on elements in
W5, we see that the matrix entries of B; By are

xi(df) e(df)" <

By = 0%9%i(df)*e(d9)* 0
—T72[0*(@ +iT) — 0" (O +4T)]i(df) e(dd)" [(T + itT)0 — (O +iT)J]
= copre[0 40+ 1)T)O
— o1, T2 [0" (O +ilT) — 0*(O+iT)] [(O +ilT)0 — (O +4T)0)
= o [O+i(0 +1)T|0
— o1, T2 [0+ i(0+ 1)T)0* — 00*| [(O+i¢T)d — (O +4iT)0)]
= Cop1, T2 [[ﬁ +i(e+1)T]OT2 — @+ i(e+ 1)T)20 — DQE}
_ cs+1,gT*2D[[ﬁ +i(+ )T T? - (T +i(+ 1)T)° - Dﬁ] .
From this it follows that
By = -0[@+i(e+1)T)T? - @+i(e+ 1T)* - 07
=00Ay —T?) +i(¢+1)TO[20 - T2 +i(¢ + 1)T]
=00(Ay — T +i(t+ )TO[Ay —T? —i(n—s— € — 1)T] ,

where we have used the the equality (TI9).

Thus, the statement for Eq; follows. The term Ey, is its complex conjugate
and thus it follows as well.

Finally, we compute F12, and hence E3; too. We have that

Biy = 0%0*i(df) e(d6) 00
72 [a* @ +ilT) — 8O+ iT)}@'(da)fe(de)ﬁ [(D — T — (O - iT)a} .
Therefore, using Lemmas and [M2.7]
Bis = —cyp1, 00+ oy T2 [(ﬁ (0 + 1)T)0* ([T — iT)d + Do (0 — ieT)é}
= —Cop1, 00+ ey, T2 T+ (¢ + DT)OT + (O - i(¢ + HT)OT]
= o1/ T200(Ay —T?) .
Recalling that By = —cs+17gT’2E12, the assertion follows.

It is now easy to check that B maps ZP-? into itself. For, suppose that £ € XP-?
and 7 € YP4 and put ¢ = B11§ + Byon. Observe that both By; and Bss factor
as By; =0Dyj, j = 1,2, where Dy, leaves W{"? invariant. Therefore Lemma [2.3]
shows that 0 € XP9. In a similar way, one shows that Bs1£ + Baon € YP9 which
concludes the proof. Q.E.D.
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To compute the square root of a matrix, we shall make use of the following
formula, which is an application of Cayley-Hamilton’s theorem: For a positive
definite 2 x 2 matrix A we have that

A+ +det AT
tr A+ 2vdet A '

D=

(12.7) A

PRrROOF OF LEMMA [ZI0] (11). We have

a5, 401 = Yo gy e gyt T gy
2,042, 2,042,
’ |T| ’ v Cs+1,¢

where the matrix F is as in Lemma [[.10]
Then, recalling that we set c = ({+1)(n — s — £ — 1),

trE=200(Ag —T*) +i(0+ 1)T(O-0)(Ag — T?) + cT?Ay
= 200(Ag —T?) — (£ 4+ 1)(n — s)T*(Ag — T?) + cT*Agy
= [200- (¢+1)°T?|(Ag — T?) + T .

Moreover, using ([L.I9) and recalling that the operators are acting on s-forms,
we have

det E = O0(A g — T?) [z‘(e +1)TOAy — T —i(n — s — € — 1)T)
0+ D)TO(Ay —T? +i(n—s— € — 1)T)}

+(+1)*T?00((Ay —T*2 + (n—s — £ —1)*T?

— O0(Ay — T?) [z‘(f + 1)_T(AH ~T)@O-0) + cT2AH} —

+ (¢ +1)*1*00

(Ag — T2+ (n— s — € —1)°T?]

O0(Ay — T2)T? [ —(L+1)(n—s)(Ay —T?) + CAH}

+ 0+ 1)27200((Ag — T2 + (n — s — £ — 1)*T?]
— o7 [AH _T? 4 c}
= cOOT*A" .
This implies in particular that
A :=trE+2VdetE
= [2000 — (£ + 1)?T2](Ag — T2) + cT* + 2/ cOOT*A”
= [200 - (¢ + 1)?T?](Ay — T?) — T2< —cT? + 2\/@) :

The formula for (AS,ZAM)% in Lemma [Z10] (ii) is now immediate.
And, if we write

1
-1 (co)
- F
det £
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then we have

_1 T 3
A* A 3= "1 plo)2
(43.042.) GrriVdet B

171 ! (B 4 V/det E(c0)])

GtV det E \/ir E(co) + 2v/det B

= 7] ! (B + V/det ET)
VCst1.Vdet E\/tr E + 2v/det E

1 1
- (co)
- Corre| TV eOOA” VA (B + Vdet ET) .

The result for (A;ZAM)*% now follows easily, since

E©) 4 VdetET

=00(Ay — T?) G })

N O/ —i(t+1)T(Ag —T?) — cT?] 0
0 O[i(¢ + )T (Ag — T?) — cT?]
— TV cOOA" T
e g2y (101 M
=00QAg —-T )<1 1>+< My )
where My, and My are as claimed in (Z2T]). Q.E.D.
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