
NUT-charged black holes in matter-coupledN ¼ 2,D¼ 4 gauged supergravity

Marta Colleoni1 and Dietmar Klemm1,2
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Using the results of Cacciatori, Klemm, Mansi, and Zorzan [J. High Energy Phys. 05 (2008) 097],

where all timelike supersymmetric backgrounds of N ¼ 2, D ¼ 4 matter-coupled supergravity with

Fayet-Iliopoulos gauging were classified, we construct genuine NUT-charged BPS black holes in

anti-de Sitter4 with nonconstant moduli. The calculations are exemplified for the SUð1; 1Þ=Uð1Þ model

with prepotential F ¼ �iX0X1. The resulting supersymmetric black holes have a hyperbolic horizon and

carry two electric, two magnetic, and one NUT charge, which are however not all independent, but are

given in terms of three free parameters. We find that turning on a NUT charge lifts the flat directions in the

effective black hole potential, such that the horizon values of the scalars are completely fixed by the

charges. We also oxidize the solutions to 11 dimensions, and find that they generalize the geometry found

in the work of Gauntlett, Kim, Pakis, and Waldram [Phys. Rev. D 65, 026003 (2001)] corresponding to

membranes wrapping holomorphic curves in a Calabi-Yau fivefold. Finally, a class of NUT-charged

Nernst branes is constructed as well, but these have curvature singularities at the horizon.
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I. INTRODUCTION

Black holes in anti-de Sitter (AdS) spaces provide an
important test ground to address fundamental questions of
quantum gravity like holography. These ideas originally
emerged from string theory, but became then interesting in
their own right, for instance, in recent applications to
condensed matter physics (cf. [1] for a review), where
black holes play again an essential role, since they provide
the dual description of certain condensed matter systems at
finite temperature. In particular, models of the type that we
shall consider here, that contain Einstein gravity coupled to
U(1) gauge fields and neutral scalars,1 have been instru-
mental to study transitions from Fermi-liquid to non-
Fermi-liquid behavior, cf. [2,3] and references therein.

On the other hand, among the extremal black holes
(which have zero Hawking temperature), those preserving
a sufficient amount of supersymmetry are of particular
interest, as this allows (owing to nonrenormalization the-
orems) to extrapolate an entropy computation at weak
string coupling (when the system is generically described
by a bound state of strings and branes) to the strong-
coupling regime, where a description in terms of a black
hole is valid [4]. However, this picture, which has been
essential for our current understanding of black hole
microstates, might be modified in gauged supergravity
(arising from flux compactifications) due to the presence

of a potential for the moduli, generated by the fluxes. This
could even lead to a stabilization of the dilaton, so that one
cannot extrapolate between weak and strong coupling any-
more. Obviously, the explicit knowledge of supersymmet-
ric black hole solutions in AdS is a necessary ingredient if
one wants to study this new scenario.
A first step in this direction was made in [5,6], where the

first examples of extremal static or rotating BPS black
holes in AdS4 with nontrivial scalar field profiles were
constructed. Thereby, essential use was made of the results
of [7], where all supersymmetric backgrounds (with a
timelike Killing spinor) ofN ¼ 2, D ¼ 4 matter-coupled
supergravity with Fayet-Iliopoulos gauging were classi-
fied. This provides a systematic method to obtain BPS
solutions, without the necessity to guess some suitable
Ansätze. Perhaps one of the most important results of [5]
was the construction of genuine static supersymmetric
black holes with spherical symmetry in the stu model. A
crucial ingredient for the existence of these solutions is the
presence of nonconstant scalar fields. These black holes
were then further studied and generalized in [8,9].
In this paper, we shall go one step further with respect to

[5], and include also NUT charge. Apart from the super-
symmetric Reissner-Nordström-Taub-NUT-AdS family in
minimal gauged supergravity [10], there are, to the best of
our knowledge, no other known BPS solutions of this type.
In addition to providing an interesting scenario to study
holography [11–13], these are intriguing for the following
reason: In gauged supergravity, electric-magnetic duality
invariance is obviously broken due to the minimal coupling
of the gravitinos to the vector potential (unless one intro-
duces also a magnetic gauging, but we shall not do this in
what follows). Nevertheless, it was discovered in [10] that
supersymmetric solutions of minimal gauged supergravity

1The necessity of a bulk U(1) gauge field arises, because a
basic ingredient of realistic condensed matter systems is the
presence of a finite density of charge carriers. A further step in
modeling strongly coupled holographic systems is to include the
leading relevant (scalar) operator in the dynamics. This is
generically uncharged, and is dual to a neutral scalar field in
the bulk.
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still enjoy a sort of electric-magnetic duality invariance in
which electric and magnetic charges and mass and NUT
charge are rotated simultaneously. A deeper understanding
of this mysterious duality might reveal unexpected geo-
metric structures underlying gauged supergravity theories.

In addition to the motivation given above, a further
reason for considering supersymmetric NUT-charged
AdS black holes is the attractor mechanism [14–18], that
has been the subject of extensive research in the asymptoti-
cally flat case, but for which only little is known for space-
times that asymptote to AdS. First steps toward a
systematic analysis of the attractor flow in gauged super-
gravity were made in [19,20] for the non-BPS and in
[5,9,21,22] for the BPS case, but it would be interesting
to generalize these results to include also NUT charge. In
fact, what we shall find here is that (at least for the simple
prepotential considered below) the flat directions in the
effective black hole potential (which generically occur in
the BPS flow in gauged supergravity [5]) are lifted by
turning on a NUT charge.

The remainder of this paper is organized as follows: In
the next section, we briefly reviewN ¼ 2, D ¼ 4 gauged
supergravity coupled to Abelian vector multiplets [pres-
ence of U(1) Fayet-Iliopoulos terms] and give the general
recipe to construct supersymmetric solutions found in [7].
In Sec. III, the equations of [7] are solved for the
SUð1; 1Þ=Uð1Þ model with prepotential F ¼ �iX0X1, and
a class of one-quarter BPS black holes carrying two
electric, two magnetic, and one NUT charge is constructed.
We also discuss the attractor mechanism for this solution
and its near-horizon limit. Moreover, it is shown how the
results of [10] are recovered in the case of constant moduli.
In Sec. IV, we oxidize the solution to 11 dimensions and
comment on its M-theory interpretation. Section V con-
tains our conclusions and some final remarks.

II. THE SUPERSYMMETRIC BACKGROUNDS OF
N ¼ 2, D¼ 4 GAUGED SUPERGRAVITY

We consider N ¼ 2, D ¼ 4 gauged supergravity
coupled to nV Abelian vector multiplets [23].2 Apart from
the vierbein ea�, the bosonic field content includes the

vectors AI
� enumerated by I ¼ 0; . . . ; nV , and the complex

scalars z� where � ¼ 1; . . . ; nV . These scalars parametrize
a special Kähler manifold, i.e., an nV-dimensional Hodge-
Kähler manifold that is the base of a symplectic bundle,
with the covariantly holomorphic sections

V ¼ XI

FI

 !
; D ��V ¼@ ��V � 1

2ð@ ��KÞV ¼0; (2.1)

whereK is the Kähler potential andD denotes the Kähler-
covariant derivative. V obeys the symplectic constraint

hV ; �V i ¼ XI �FI � FI
�XI ¼ i: (2.2)

To solve this condition, one defines

V ¼ eKðz;�zÞ=2vðzÞ; (2.3)

where vðzÞ is a holomorphic symplectic vector,

vðzÞ ¼ ZIðzÞ
@
@ZI FðZÞ

 !
: (2.4)

F is a homogeneous function of degree two, called the
prepotential, whose existence is assumed to obtain the last
expression. The Kähler potential is then

e�Kðz;�zÞ ¼ �ihv; �vi: (2.5)

The matrix N IJ determining the coupling between the
scalars z� and the vectors AI

� is defined by the relations

FI ¼ N IJX
J; D ��

�FI ¼ N IJD ��
�XJ: (2.6)

The bosonic action reads

e�1Lbos ¼ 1
2Rþ 1

4 ðImN ÞIJFI
��F

J��

� 1
8 ðReN ÞIJe�1�����FI

��F
J
��

� g� ��@�z
�@� �z

�� � V; (2.7)

with the scalar potential

V ¼ �2g2�I�J ½ðImN Þ�1jIJ þ 8 �XIXJ�; (2.8)

that results from U(1) Fayet-Iliopoulos gauging. Here, g
denotes the gauge coupling and the�I are constants. In what
follows, we define gI ¼ g�I.
The most general timelike supersymmetric background

of the theory described above was constructed in [7], and is
given by

ds2 ¼ �4jbj2ðdtþ �Þ2 þ jbj�2ðdz2 þ e2�dwd �wÞ; (2.9)

where the complex function bðz; w; �wÞ, the real function
�ðz; w; �wÞ, and the one-form � ¼ �wdwþ � �wd �w, to-
gether with the symplectic section (2.1),3 are determined
by the equations

@z� ¼ 2igI

� �XI

b
� XI

�b

�
; (2.10)

4@ �@

�
XI

�b
� �XI

b

�
þ @z

�
e2�@z

�
XI

�b
� �XI

b

��

� 2igJ@z

�
e2�

�
jbj�2 ðImN Þ�1jIJ

þ 2

�
XI

�b
þ �XI

b

��
XJ

�b
þ �XJ

b

���
¼ 0; (2.11)

2Throughout this paper, we use the notations and conventions
of [24]. 3Note that also � and V are independent of t.
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4@ �@

�
FI

�b
� �FI

b

�
þ @z

�
e2�@z

�
FI

�b
� �FI

b

��

� 2igJ@z

�
e2�

�
jbj�2 ReN IL ðImN Þ�1jJL

þ 2

�
FI

�b
þ �FI

b

��
XJ

�b
þ �XJ

b

���

� 8igIe
2�

�
hI ; @zIi � gJ

jbj2
�
XJ

�b
þ �XJ

b

��
¼ 0; (2.12)

2@ �@� ¼ e2�
�
igI@z

�
XI

�b
� �XI

b

�
þ 2

jbj2 gIgJ ðImN Þ�1jIJ

þ 4

�
gIX

I

�b
þ gI �X

I

b

�
2
�
; (2.13)

d�þ 2 ?ð3Þ hI ; dIi � i

jbj2 gI
� �XI

b
þ XI

�b

�
e2�dw ^ d �w ¼ 0:

(2.14)

Here, ?ð3Þ is the Hodge star on the three-dimensional base
with metric4

ds23 ¼ dz2 þ e2�dwd �w; (2.15)

and we defined @ ¼ @w, �@ ¼ @ �w, as well as

I ¼ ImðV = �bÞ: (2.16)

Given b, �, �, and V , the fluxes read

FI¼2ðdtþ�Þ^d½bXIþ �b �XI�þjbj�2dz^d �w½ �XIð �@ �bþiA �w
�bÞþðD�X

IÞb �@z��XIð �@b�iA �wbÞ�ðD ��
�XIÞ �b �@ �z ���

�jbj�2dz^dw½ �XIð@ �bþiAw
�bÞþðD�X

IÞb@z��XIð@b�iAwbÞ�ðD ��
�XIÞ �b@�z ���

�1
2jbj�2e2�dw^d �w½ �XIð@z �bþiAz

�bÞþðD�X
IÞb@zz��XIð@zb�iAzbÞ�ðD ��

�XIÞ �b@z �z ���2igJ ðImN Þ�1jIJ�: (2.17)

In (2.17), A� is the gauge field of the Kähler U(1),

A� ¼ � i

2
ð@�K@�z

� � @ ��K@� �z
��Þ: (2.18)

III. CONSTRUCTING NUT-CHARGED
BLACK HOLES

In this section, we shall obtain supersymmetric NUT-
charged black holes, which have nontrivial moduli
turned on. In order to solve the system (2.10), (2.11),
(2.12), (2.13), and (2.14), we shall assume that both z�

and b depend on the coordinate z only, and use the sepa-
ration Ansatz � ¼ c ðzÞ þ 	ðw; �wÞ. Then, (2.10) becomes

c 0 ¼ 2i

� �X
b
� X

�b

�
; (3.1)

where a prime denotes differentiation with respect to z and
X � gIX

I. Furthermore, we can integrate (2.11) once, with
the result

e2c@z

�
XI

�b
� �XI

b

�
� 2ie2c ½jbj�2ðImN Þ�1jIJgJ

þ 2

�
XI

�b
þ �XI

b

��
X
�b
þ �X

b

��
¼ �4
ipI; (3.2)

where pI are related to the magnetic charges, as we shall
see later. Using the contraction of (3.2) with gI, (2.13) boils
down to

� 4@ �@	 ¼ �e2	; � ¼ �8
gIp
I: (3.3)

This is the Liouville equation, which implies that themetric
e2	dwd �w has constant curvature �, determined by the pI.

A. SUð1; 1Þ=Uð1Þ model

In what follows, we shall specialize to the SUð1; 1Þ=Uð1Þ
model with prepotential F ¼ �iX0X1, that has nV ¼ 1
(one vector multiplet), and thus just one complex scalar
�. Choosing Z0 ¼ 1, Z1 ¼ �, the symplectic vector v
becomes

v ¼

1

�

�i�

�i

0
BBBBB@

1
CCCCCA: (3.4)

The Kähler potential, metric, and kinetic matrix for the
vectors are given, respectively, by

e�K ¼ 2ð�þ ��Þ; g� �� ¼ @�@ ��K ¼ ð�þ ��Þ�2; (3.5)

N ¼ �i� 0

0 � i
�

 !
: (3.6)

Note that positivity of the kinetic terms in the action
requires Re� > 0. For the scalar potential, one obtains

V ¼ � 4

�þ ��
ðg20 þ 2g0g1�þ 2g0g1 ��þ g21� ��Þ; (3.7)

which has an extremum at � ¼ �� ¼ jg0=g1j. In what fol-
lows, we assume gI > 0. Notice also that FI ¼ �iIJX

J,
where

4Whereas in the ungauged case, this base space is flat and thus
has trivial holonomy, here we have U(1) holonomy with
torsion [7].
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IJ ¼
0 1

1 0

 !
: (3.8)

Moreover, ðImN Þ�1 ¼ �4diagðjX0j2; jX1j2Þ.
For this model, (2.12) becomes

@z

�
e2c ð�2iIJÞ@z Re

�
XJ

�b

��
� 2i@z

�
e2c

�
jbj�2 ReN ILðImN Þ�1jJLgJ þ 8Re

�
FI

�b

�
Re

�
X
�b

���

� 8igIe
2c

�
� i

2
�KJ

� �XK

b
@z

XJ

�b
� XK

�b
@z

�XJ

b

�
� jbj�2

�
X
�b
þ �X

b

��
¼ 0: (3.9)

We now make the Ansatz

XI

�b
¼ �Izþ �I

Az2 þ Bzþ C
; (3.10)

where A, B,C,�I, and�I are complex constants.5 Without loss of generality, we can take A ¼ 1 and B ¼ iD, withD 2 R,
since we are free to shift z � z� ReB=2. As a consequence, (3.1) reduces to

c 0 ¼ 4
Im�z3 þ z2ðIm��DRe�Þ � zðImð ��CÞ þDRe�Þ � Imð ��CÞ

z4 þ z2ð2ReCþD2Þ þ 2Dz ImCþ jCj2 ; (3.11)

with � � gI�
I, � � gI�

I. Inspired by minimal gauged
supergravity [25], we choose

Im��DRe� ¼ 0; (3.12)

� 4ðImð ��CÞ þDRe�Þ ¼ 2 Im�ð2ReCþD2Þ; (3.13)

� 4 Imð ��CÞ ¼ 2D Im� ImC; (3.14)

so that (3.11) simplifies to

c 0 ¼ 4z3 þ 2ð2ReCþD2Þzþ 2D ImC

z4 þ z2ð2ReCþD2Þ þ 2Dz ImCþ jCj2 Im�;

(3.15)

which can be integrated once to give

c ¼ Im�ðln½z4 þ z2ð2ReCþD2Þ
þ 2Dz ImCþ jCj2� þ ln �CÞ; (3.16)

where �C denotes an integration constant that can be set to 1
without loss of generality by using the scaling symmetry
c � c � ln�, 	 � 	þ ln�, � � �=�2, pI � pI=�2,
with ln� ¼ Im� ln �C, that leaves (3.1), (3.2), and (3.3)
invariant.

In order to solve (3.2), we take into account that

jbj�2ðImN Þ�1jIJgJ ¼ �4
jXIj2
jbj2 gI;

where there is of course no summation over I on the right-
hand side. Then, (3.2) becomes

� 4
ipI ¼ ½ðz2 þ iDzþ CÞðz2 � iDzþ �CÞ�2 Im�

�
����Iz2 � 2�Izþ �IC� �IiD

ðz2 þ iDzþ CÞ2

þ ��Iz2 þ 2 ��Iz� ��I �C� ��IiD

ðz2 � iDzþ �CÞ2
�

� 2i

�
�4gI

�������� �Izþ �I

z2 þ iDzþ C

��������2þ8Re

�
�Izþ �I

z2 þ iDzþ C

�

� Re

�
�zþ �

z2 þ iDzþ C

���
: (3.17)

In order to simplify the calculations further, we shall also
take Im� ¼ 1=2, so that (3.17) boils down to a sixth-order
polynomial equation,

A0 þ A1zþ A2z
2 þ A3z

3 þ A4z
4 þ A5z

5 þ A6z
6 ¼ 0;

(3.18)

where A6 ¼ 0 iff

� Im�I þ 4gIj�Ij2 � 8Re�Re�I ¼ 0; (3.19)

and thus

Im�I ¼ 1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 16gIð4gI Re2�I � 8Re�Re�IÞp

8gI
:

(3.20)

Using Im� ¼ 1=2, and defining 8g0 Re�
0 � x,

8g1 Re�
1 � y, this yields

x4 þ y4 � 8ðx2 þ y2Þ � 2x2y2 � 32xy ¼ 0: (3.21)

To proceed further, recall that

5Note that (3.10) generalizes the Ansatz used in [5] to obtain
black holes without NUT charge.
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� ¼ Z1

Z0
¼ X1

X0
¼ �1zþ �1

�0zþ �0
: (3.22)

If we require that the scalar asymptotically approaches
the AdS vacuum, that is, � ! g0=g1 for z ! 1, we must
have �1=�0 ¼ g0=g1, and thus x ¼ y. (3.21) implies then
x ¼ 0, hence Re�I ¼ 0. Plugging this into (3.20) gives6

Im�I ¼ 1

4gI
: (3.23)

(3.12) and (3.13) reduce, respectively, to

Im� ¼ 0; Re� ¼ �D

4
; (3.24)

implying

� ¼ �D

4
: (3.25)

Using the above results, one finds that (3.14) is identically
satisfied.

Let us go back to (3.18). Requiring A0 ¼ 0 leads to

� 4
pI ¼ ReC

2gI
þ 8gIj�Ij2 þ 2DRe�I; (3.26)

which gives the magnetic charges in terms of some nu-
merical constants. Note that the above equation, together
with (3.25), implies

g0p
0¼g1p

1; �¼�16
g0p
0¼�16
g1p

1: (3.27)

Eventually, one finds that A6 ¼ 0 and A0 ¼ 0 are sufficient
conditions for (3.18) to be satisfied.

We now turn to (2.12). After some lengthy calculations,
one gets

e2c
�
hI ; @zIi � jbj�2

�
X
�b
þ �X

b

��
¼ � D

16g0g1
; (3.28)

and thus (2.12) can be integrated once to give

e2c@z

�
2i Im

�
FI

�b

��
� 2igJe

2c

�
jbj�2 ReN ILðImN Þ�1jJL

þ 8Re

�
FI

�b

�
Re

�
XJ

�b

��
þ i

gID

2g0g1
z ¼ �4
iqI; (3.29)

where qI are related to the electric charges. In order to
solve (3.29), notice that

ReN ¼ �X0X1 � �X1X0

2i

jX0j�2 0

0 �jX1j�2

 !
; (3.30)

from which

ReN ILðImN Þ�1jJLgJ ¼ 2ið �X0X1 � �X1X0Þð�1ÞIgI
ðno summation over IÞ:

Using this, (3.29) boils down to a fifth-order polynomial
equation,

B0 þ B1zþ B2z
2 þ B3z

3 þ B4z
4 þ B5z

5 ¼ 0: (3.31)

One finds that B5 vanishes identically provided that (3.24)
holds. Requiring B0 ¼ 0 yields

IJ

�
ImC

4gJ
�D Im�J

�
þ 4ð�1ÞIgI Imð�1 ��0Þ ¼ 2
qI;

(3.32)

which determines the electric charges. Given that (3.25)
holds, the above equation leads to

g�1
I ImC ¼ 8ð
IJqJ þ Im�IDÞ; (3.33)

where IJ denotes the inverse of IJ. Note that (3.32)
implies also

ImC ¼ 4
ðg1q0 þ g0q1Þ; (3.34)

which, combined with (3.33), yields (no summation over I)

ð�1ÞIgI Im�I ¼ 
ðg1q0 � g0q1Þ
2D

: (3.35)

It turns out that then all coefficients in (3.31) vanish, and
thus (3.29) is satisfied.
Finally, taking

e2	 ¼
�
1þ �

4
w �w

��2
(3.36)

as a solution of the Liouville equation (3.3), one can
compute the shift vector from (2.14), with the result

� ¼ iD

32g0g1

wd �w� �wdw

1þ �
4w �w

: (3.37)

Note that d� is proportional to the Kähler form on the two-
space with metric e2	dwd �w. The four-dimensional line
element reads

ds2 ¼ �4jbj2ðdtþ �Þ2 þ dz2

jbj2 þ
z2 þ 16g0g1Reð�1 ��0Þ

4g0g1

� dwd �w

ð1þ �
4w �wÞ2 ; (3.38)

where

jbj2 ¼ 4g0g1
jz2 þ iDzþ Cj2

z2 þ 16g0g1 Reð�1 ��0Þ : (3.39)

As we said, positivity of the kinetic terms in the action
requires Re� > 0. From (3.22), one sees that this is equiva-
lent to

z2 >�16g0g1 Reð�1 ��0Þ: (3.40)

As can be seen from (3.39), jbj diverges when Re� ¼ 0,
signaling the presence of a curvature singularity at the
point where ghost modes appear. The solution we have

6Taking the lower sign yields Im�I ¼ 0, and thus a constant
scalar.
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found will have an event horizon for some z ¼ zh, with
z2h þ iDzh þ C ¼ 0, and thus z2h ¼ �ReC and Dzh ¼
�ImC, which in turn imply

Im 2C ¼ �D2 ReC; (3.41)

and therefore ReC< 0. Putting these results together, we
can be more specific about the geometry of the horizon.
First of all, contracting (3.26) with gI and taking into
account (3.25) and the second equation of (3.3) yields

� ¼ 2ReCþ 16
X
I

g2I j�Ij2 �D2: (3.42)

If we want the dangerous point where ghost modes appear
to be hidden behind the horizon, we must have �ReC>
�16g0g1 Reð�1 ��0Þ. Using this in (3.42) gives

� < 16j�j2 �D2; (3.43)

which, together with (3.25), yields � < 0, so that the
horizon must be hyperbolic. Note that one can also have
solutions with spherical instead of hyperbolic symmetry,
but these are naked singularities. A special case occurs for
� ¼ 0, i.e., for a flat horizon. Then, the point where ghost
modes appear coincides with the horizon. The resulting
geometry describes a Nernst brane [26], whose entropy
vanishes at zero temperature. Solutions of this type have
potential applications in AdS/cond-mat, but unfortunately
for � ¼ 0 the spacetime (3.38) has a curvature singularity
at z ¼ zh, where

R����R
���� � ðz� zhÞ�2: (3.44)

Coming back to the case of arbitrary �, the fluxes can
be computed from (2.17), with the result (no summation
over I)

FI ¼ ðdtþ �Þ ^ dz
16g0g1

ðz2 þ 16g0g1 Reð�0 ��1ÞÞ2
��

ImC

4gI
þD Im�I

�
ð16g0g1 Reð�0 ��1Þ � z2Þ

þ 2z

�
16g0g1 Reð�0 ��1Þ

�
Re�I þ D

4gI

�
� Reð�I �CÞ

��
� ie2	dw ^ d �w

z2 þ 16g0g1 Reð�0 ��1Þ �
��

D2

4gI
þDRe�I þ �

8gI

�
z2

þD

�
ImC

4gI
þD Im�I

�
zþDReð�I �CÞ þ �

8gI

�
ReC� �

2

��
: (3.45)

To sum up, the metric is given by (3.38), the U(1) field
strengths by (3.45), and the complex scalar � reads

� ¼ g0
g1

z� 4ig1�
1

z� 4ig0�
0
; (3.46)

where the constants �I 2 C are constrained by (3.25).
A priori, the solution is labeled by the 7 real parameters
�I, C, D, but (3.25), together with (3.42), leave 4 inde-
pendent constants. Note that � can be set to 0, �1 without
loss of generality by using the scaling symmetry
ðt; z; w; C;D;�I; �Þ � ðt=�; �z; w=�; �2C; �D; ��I; �2�Þ
leaving the metric, fluxes, and scalar invariant. A con-
venient way of parametrizing the constraint (3.25) is

g0 Im�0 ¼ �g1 Im�1 ¼ �

4
; g0 Re�

0 ¼ �� n

4
;

g1 Re�
1 ¼ ��þ n

4
; (3.47)

where n ¼ D=2. Then, (3.39) becomes

jbj2 ¼ 4g0g1
jz2 þ 2inzþ Cj2
z2 ��2 � �2 þ n2

; (3.48)

with

ReC ¼ �

2
��2 � �2 þ n2: (3.49)

If, in addition, we want the metric to have a horizon, the
additional constraint (3.41) must be satisfied. We have thus

obtained a three-parameter family (�, �, n) of black holes,
whose NUT charge is given by n.
The magnetic and electric charges read, respectively,

PI ¼ 1

4


Z
�1

FI ¼
�
pI � D2

8
gI
� D

2

Re�I

�
V;

QI ¼ 1

4


Z
�1

GI ¼
�
qI þ D

2

IJ Im�J

�
V;

(3.50)

where GþI ¼ N IJF
þJ [24], �1 denotes a surface of

constant t, z for z ! 1, and V is defined by

V ¼ i

2

Z
e2	dw ^ d �w: (3.51)

For � ¼ �1, this yields in terms of the parameters �, �, n,

P0 ¼ � V

4
g0

�
n2 þ n�� 1

4

�
;

P1 ¼ � V

4
g1

�
n2 � n�� 1

4

�
;

Q0 ¼ nV

4
g1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
þ�2 þ �2 � n2

s
þ �

�
;

Q1 ¼ nV

4
g0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
þ�2 þ �2 � n2

s
� �

�
:

(3.52)

The values of the scalar field on the horizon and the entropy
are
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�h ¼ g0
g1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2 þ�2 þ �2 � n2

q
� �þ ið�þ nÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
2 þ�2 þ �2 � n2

q
þ �� ið�� nÞ

;

S ¼ Ah

4G
¼ 
V

4g0g1
;

(3.53)

where we have taken into account that 8
G ¼ 1 in our
conventions. If the horizon is compactified to a Riemann
surface of genus h > 1, we can use Gauss-Bonnet to get
V ¼ 4
ðh� 1Þ, and thus

S ¼ 
2ðh� 1Þ
g0g1

: (3.54)

For a noncompact horizon, V is infinite, but the entropy
and charge densities are finite. If we define the complex
charge

zI ¼ PI þ iIJQJ; (3.55)

as well as the symplectic vector

Z ¼ zI

�iIJz
J

� �
; (3.56)

the Bekenstein-Hawking entropy can be rewritten in the
form

S ¼ � 16i
3

V
hZ; �Zi; (3.57)

where h�; �i denotes the symplectic product. For nonvanish-
ing NUT parameter n, one can express �h in terms of the
charges,

�h ¼ g0
g1

1� 16
g0z
0=V

1� 16
g1z
1=V

: (3.58)

If the NUT charge is zero, both the nominator and the
denominator of (3.58) vanish, and �h ceases to be a func-
tion of the charges: In this case, we have QI ¼ 0, PI ¼
V=ð16
gIÞ, while �h depends on the two parameters �, �
which are independent of the charges. The scalar field is
thus not stabilized for n ¼ 0; �h takes values in the moduli
space SUð1; 1Þ=Uð1Þ.7 These flat directions are lifted by
turning on a NUT parameter, since then �h is completely
fixed by the charges, cf. (3.58).

B. Near-horizon limit

The near-horizon limit is obtained by setting z ¼ zh þ
�ẑ, t ¼ t̂=ð2�Þ, and taking the limit � ! 0. Then, the metric
(3.38) boils down to

ds2 ¼ � ẑ2

L2
dt̂2 þ L2 dẑ

2

ẑ2
þ e2	dwd �w

8g0g1
; (3.59)

which is AdS2 � H2, with the AdS length scale L set by

L�2 ¼ 16g0g1ð1þ 2�2 þ 2�2Þ:
Note that the shift vector � is scaled away in this limit.
The near-horizon limit of the fluxes (3.45) can be cast into
the form

FI¼�8ImðXI �XJgJÞdt̂^dẑþ2
ipIe2	dw^d �w: (3.60)

C. Constant scalars

In order to shed further light on the physical meaning of
the parameters appearing in (3.38), and to compare with the
results of [10], we will now consider the case of constant
scalars. As we are interested in solutions with genuine
horizons, we take � ¼ �1 in what follows.
First of all, from (3.46) it is clear that � is constant iff

g0�
0 ¼ g1�

1. Taking into account (3.25), this implies

�I ¼ � D

8gI
: (3.61)

Since � ¼ g0=g1, the scalar potential V in (2.7) reduces to
a cosmological constant � ¼ �3=l2, with l�2 ¼ 4g0g1.
Setting

z ¼ r

l
; w ¼ 2ei� tanh

�

2
; (3.62)

as well as8

ReC¼N2

l2
�1

2
; ImC¼� M

2N
; D¼2N

l
; (3.63)

and transforming the time coordinate according to
t � lðN�� t=2Þ, the metric (3.38) becomes

ds2 ¼ � �

r2 þ N2
ðdt� 2N cosh�d�Þ2 þ r2 þ N2

�
dr2

þ ðr2 þ N2Þðd�2 þ sinh2�d�2Þ; (3.64)

with � given by

� ¼ 1

l2
ðr2 þ N2Þ2 þ

�
�1þ 4N2

l2

�
ðr2 � N2Þ

� 2Mrþ
�
2N2

l
� l

2

�
2 þ l2M2

4N2
: (3.65)

This represents a subclass of the (hyperbolic) Reissner-
Nordström-Taub-NUT-AdS spacetime. The fluxes (3.45)
boil down to

7Nevertheless, the entropy is independent of the values of the
moduli on the horizon not fixed by the charges, in agreement
with the attractor mechanism [14–18].

8Notice that, with (3.61) and (3.63), the constraint (3.42) is
automatically satisfied.
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FI ¼�ðdt�2Ncosh�d�Þ^ dr

2lgIðr2þN2Þ2
�
Ml

2N
ðr2�N2Þ

þ2rN

�
2N2

l
� l

2

��
�sinh�d�^d�

2lgIðr2þN2Þ
��

2N2

l
� l

2

�

ðr2�N2Þ�Mlr

�
: (3.66)

It is not difficult to see that the action (2.7) reduces to the
one of minimal gauged supergravity considered in [10] for
g0F

0 ¼ g1F
1 � F=ð2lÞ. The field strength F computed

this way from (3.66) coincides exactly with the expression
following from the RN-TN-AdS gauge potential (2.4) of
[10] if we identify

Q ¼ �Ml

2N
; P ¼ 2N2

l
� l

2
: (3.67)

These are precisely the conditions on the electric and
magnetic charge found in [10], for which the Reissner-
Nordström-Taub-NUT-AdS solution is supersymmetric.9

Moreover, if (3.67) holds, the function (3.65) reduces to
Eq. (2.1) of [10]. As a nontrivial consistency check, we
have thus reproduced the known BPS conditions of mini-
mal gauged supergravity. As we said, in order to have a
horizon, the additional constraint (3.41) must be satisfied.
In this case, (3.41) leads to

M ¼ 4N2

l

�
1

2
� N2

l2

�
: (3.68)

This leaves a one-parameter family of supersymmetric
black holes, labeled by the NUT charge N. From (3.63),
it is also clear that the imaginary part of C is related to the
black hole mass.

IV. LIFTING TO M THEORY

We now want to uplift the black hole solutions obtained
in Sec. III A to M theory, and comment on their higher-
dimensional interpretation. The Kaluza-Klein Ansatz given
in [27] allows to reduce 11-dimensional supergravity to
N ¼ 4 SO(4) gauged supergravity in four dimensions,
which can be further truncated to the F ¼ �iX0X1 model
of Sec. III A. The reduction Ansatz for the metric reads [27]

ds211 ¼ �2=3ds24 þ
2�2=3

g2
d�2 þ �2=3

2g2

�
c2

c2X2 þ s2
X3
i¼1

ðhiÞ2

þ s2

s2 ~X2 þ c2

X3
i¼1

ð~hiÞ2
�
; (4.1)

where

~X¼X�1q; q2¼1þ�2X4;

�¼½ðc2X2þs2Þðs2 ~X2þc2Þ�1=2; c¼ cos�;

s¼ sin�; hi¼�i�gAi
ð1Þ; ~hi¼ ~�i�g ~Ai

ð1Þ:

(4.2)

Here, the �i are left-invariant 1-forms on S3 ¼ SUð2Þ, and
~�i are left-invariant 1-forms on a second S3. They satisfy

d�i ¼ �1
2�ijk�j ^ �k; d~�i ¼ �1

2�ijk ~�j ^ ~�k: (4.3)

Ai
ð1Þ, ~Ai

ð1Þ denote the SUð2Þ � SUð2Þ ffi SOð4Þ Yang-Mills

potentials, g is the gauge-coupling constant, and
X ¼ expð�=2Þ. � and � are the dilaton and axion of the
N ¼ 4, D ¼ 4 theory, respectively. The Ansatz for the 4-
form is given by [27]

Fð4Þ ¼ �g
ffiffiffi
2

p
U�ð4Þ � 4sc

g
ffiffiffi
2

p X�1 	 dX ^ d�

þ
ffiffiffi
2

p
sc

g
�X4 	 d� ^ d�þ F0

ð4Þ þ F00
ð4Þ; (4.4)

with 	 the Hodge dual operator of ds24, and �ð4Þ the corre-
sponding volume form. The expressions for F0

ð4Þ and F00
ð4Þ

are rather lengthy, and can be found in Eqs. (9) and (10) of
[27]. U is defined by

U ¼ X2c2 þ ~X2s2 þ 2: (4.5)

Plugging the above reduction Ansätze into the 11-
dimensional equations of motion gives rise to the equations
of motion of N ¼ 4, D ¼ 4 gauged supergravity. If we

truncate further by setting A1
ð1Þ ¼ A2

ð1Þ ¼ ~A1
ð1Þ ¼ ~A2

ð1Þ ¼ 0

[which corresponds to considering only the Cartan sub-
group Uð1Þ � Uð1Þ of SOð4Þ], the bosonic Lagrangian in
four dimensions becomes [27]

L4 ¼ R 	 1� 1

2
	 d� ^ d�� 1

2
e2� 	 d� ^ d�� V 	 1

� 1

2
e�� 	 F3

ð2Þ ^ F3
ð2Þ �

1

2

e�

1þ �2e2�
	 ~F3

ð2Þ ^ ~F3
ð2Þ

� 1

2
�F3

ð2Þ ^ F3
ð2Þ þ

1

2

�e2�

1þ �2e2�
~F3
ð2Þ ^ ~F3

ð2Þ; (4.6)

where F3
ð2Þ ¼ dA3

ð1Þ, ~F3
ð2Þ ¼ d ~A3

ð1Þ, and the scalar potential

reads

V ¼ �2g2ð4þ 2 cosh�þ �2e�Þ: (4.7)

This is (up to a constant prefactor) equal to the Lagrangian
(2.7) for the prepotential F ¼ �iX0X1, if we identify

F0¼ 1ffiffiffi
2

p F3
ð2Þ; F1¼ 1ffiffiffi

2
p ~F3

ð2Þ; �¼e��� i�; (4.8)

and take g0 ¼ g1 ¼ g=
ffiffiffi
2

p
for the gauge-coupling con-

stants. This allows to oxidize the solution (3.38), (3.45),
and (3.46) to 11 dimensions. The functions X, ~X are then
given by

9Actually, the conditions given in [10] are Q ¼ 
Ml=ð2NÞ
and P ¼ �ð2N2=l� l=2Þ, corresponding to vanishing B
 in
(3.10), (3.12) of [10]. We have here the upper sign, but the lower
one can easily be generated by the CPT transformation � �
��, t � �t (that leaves the metric invariant).

MARTA COLLEONI AND DIETMAR KLEMM PHYSICAL REVIEW D 85, 126003 (2012)

126003-8



X2 ¼ ðzþ �Þ2 þ ðn��Þ2
z2 ��2 � �2 þ n2

;

~X2 ¼ ðz� �Þ2 þ ðnþ�Þ2
z2 ��2 � �2 þ n2

:

(4.9)

Choosing Euler angles c , #, ’ on the first S3 and�,�,�
on the second S3, we have for the left-invariant 1-forms

�1 ¼ sinc d# � cosc sin#d’;

�2 ¼ cosc d# þ sinc sin#d’;

�3 ¼ dc þ cos#d’;

and similar for ~�i. After that, the expressions
P

iðhiÞ2 andP
ið~hiÞ2 in (4.1) simplify in our case to

X3
i¼1

ðhiÞ2 ¼ d#2 þ sin2#d’2 þ ðdc þ cos#d’� gA3
ð1ÞÞ2;

X3
i¼1

ð~hiÞ2 ¼ d�2 þ sin2�d�2 þ ðd�þ cos�d�� g ~A3
ð1ÞÞ2;

(4.10)

where

A3
ð1Þt ¼ 2g

�ðn��Þ þ 4nð��2 � �2 þ n2Þ � 2zðImCþ 2n�Þ
z2 ��2 � �2 þ n2

;

A3
ð1Þw ¼ � i �w

2gð1þ �
4w �wÞðz2 ��2 � �2 þ n2Þ

��
n2 þ n�þ �

4

�
z2 þ nzð2n�þ ImCÞ

þ
�
�

2
��2 � �2 þ n2

��
�

4
� n2 þ n�

�
þ n� ImC� �2

8

�
;

A3
ð1Þ �w ¼ ðA3

ð1ÞwÞ?, and A3
ð1Þz ¼ 0. The expressions for ~A3

ð1Þ
result from those for A3

ð1Þ by replacing � ! �� and
� ! ��.

For � ¼ � ¼ n ¼ 0, the solution (4.1) can be inter-
preted as the gravity dual corresponding to membranes
wrapping holomorphic curves in a Calabi-Yau fivefold
[28]. It would be interesting to see whether the general
solution (4.1) (for�, �, n � 0) has a similar interpretation.
This might allow for a microscopic entropy computation of
the four-dimensional black hole (3.38), which can then be
compared with the macroscopic Bekenstein-Hawking re-
sult (3.54).

V. FINAL REMARKS

In this paper, we constructed a family of one-quarter
BPS black holes in N ¼ 2, D ¼ 4 Fayet-Iliopoulos-
gauged supergravity carrying two electric, two magnetic,
and one NUT charge. The solution is given in terms of
three free parameters, and has a hyperbolic horizon. We
saw that for vanishing NUT charge, there are flat directions

in the effective black hole potential, in agreement with the
results of [5], where a general near-horizon analysis was
done. Turning on a NUT parameter lifts these flat direc-
tions, so that the horizon value of the moduli are com-
pletely fixed in terms of the charges.
A possible extension of our work would be to use the 11-

dimensional interpretation of our solution, cf. the oxidized
metric obtained in Sec. IV, to compute microscopically the
entropy, which can then be compared with the classical
Bekenstein-Hawking result (3.53). Moreover, it would be
interesting to consider other prepotentials, for instance, the
t3 model, which allows for supersymmetric black holes
with spherical symmetry [5], and try to add rotation and
NUT charge to the known static black holes [5,8,9].
We hope to come back to these points in a future
publication.
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