Multivariate concordance measures: a proposal
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Abstract We propose a novel multivariate measure of goodness of fit for a multiple
linear regression model when the relevant involved explanatory variables assume
mostly categorical nature. The proposed measure is based on the response variable
Lorenz curve and its dual construction. Once the linear regression estimates are
obtained, one can proceed by defining the concordance curve represented by the
response variable original values ordered according to the ranks assigned to the cor-
responding estimated values. The concordance curve position explains the goodness
of fit of the multiple linear regression model to the data. We also provide an exten-
sion of the Lorenz curve definition for ordinal variables in order to develop a further
concordance index in this case.
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1 Background and current proposal

The issue of defining a concordance index, with the role of defining and measur-
ing the existence of dependence relations among the analyzed involved variables,
has been developed during the 80’s with regard to the taxation problem in the bi-
variate context (see e.g. [5]). As well known, the statistical literature provides a
wide set of association and concordance indicators, such as the Kendall-7 and the
Spearman-p: however, these indices present a restriction. Even if invariant with re-
spect to monotone transformations, they are unfortunately based on observations
ranks and the same ranks can remain unchanged even if each individual income size
has been substantially modified by the taxation process. In [5], in order to overcome
the aforementioned restriction, the idea is based on resorting to the Lorenz curve, to
its dual and to the concordance curve. In the last two years a contribution in terms
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of concordance measures has been provided by [2] and [3]: the main interesting re-
search topic described in [2] concerns the extension of the [5] concordance measure
to the multivariate case. In particular, the purpose is based on defining a multivari-
ate measure of goodness of fit when applying a multiple linear regression model
and when the relevant involved explanatory variables assume mostly categorical na-
ture and the response variable is quantitative. This aim can be reached through the
Lorenz and concordance curves application. A relevant attention is devoted to the
extension of the Lorenz curve in the case of ordinal variable: the definition of this
topic represents the support for the further advances in the “ordinal” concordance
analysis.

2 The multivariate concordance index based on Lorenz curves

In order to define a concordance index in the hypothesis that the dependent variable
Y is conditioned by more than one explanatory variable, one can resort to to the
multiple linear regression model (see e.g. [4]). The “gap” between each observed
value y; and the corresponding estimated value y; (where i = 1,2,...,n) represents
the contribution to the residual deviance of the model. The starting point of our pro-
posal is to minimize rank differences between y and j rather than value differences
(see [2]). To this aim we build the Lorenz curve of the variable Y, denoted with Ly
and characterized by the set of ordered pairs (i/n, (1/(nMy)) ;:, Y(j))» where y(j)
represents the y;s ordered in an increasing sense and My is the mean of Y. Further-
more one can build the so called dual Lorenz curve of the variable Y, denoted with
L/Y and characterized by the set of ordered pairs (i/n,(1/ (nMy))):é-:l Yntr1-j))s
where y(,,1_;) represents the y;s ordered in a decreasing sense. Once the y;s are
obtained, one can proceed with the construction of the concordance curve based
on ordering the y; values with respect to the ranks assigned to the corresponding
¥is. Let us denote this ordering with (y;|r($;)), for each i = 1,2,...,n, and, more
specifically, by y;: the set of pairs (i/n, (1/(nMy)) 3-:1 ¥}) defines the concordance
curve that will be denoted with C(Y|r($;)). Through a direct comparison between
the set of points that represent the Lorenz curve, Ly, and the set of points that rep-
resent the concordance curve, C(Y|r($;)), one can show that a perfect “overlap”
occurs if and only if 2;:1))(]-) = 25-:1)’7-» for every i = 1,2,...,n, that is, if and
only if #(y;) = r($i). On the other hand, the comparison between the set of points
that represent the Y dual Lorenz curve, L;,, and the set of points that represent the
concordance curve, C(Y|r($;)), allows one to conclude that a perfect “overlap” oc-
curs if and only if Zi’:l)’(nﬂfj) = Z;zlyj for every i = 1,2,...,n. By proving
that Ly < C(Y|r(9;)) < Ly, a multivariate concordance index, that will be named
Cr x, x,,...X,» can thus be provided.
Its expression is the following:
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where —1 <Cyx, x,,.x, < +1.

3 The Lorenz curve in the ordinal case

In Section 2 we have described the construction of a multivariate concordance index
based on the employment of the Lorenz curves built on quantitative variables. Our
aim now consists in building the Lorenz curve when the involved variables assume
categorical nature: for this reason, a novel method is then needed.

Different definitions of inequality indices in the qualitative context have been de-
veloped in the economical literature: in [1] it has been deeply discussed about the
problem related to the arbitrary choice of the scale explaining the different ordinal
categories. The employment of different scales can lead to subjectivity and diffi-
cult interpretations of results. Our proposal can overcome the limits that arise with
an arbitrary chosen scale by resorting to the ranks tool. Through the employment
of ranks, one can obtain a more homogeneous interpretation of the measure given
to different variable categories. If Y is an ordinal categorical variable, the value y;
does not correspond to a numerical value since it represents the category assumed
by the ordinal categorical character: for this reason, our proposal is to substitute the
ordinal categories with values able to represent their meaning. As well known, in
the quantitative setting, the Lorenz curve construction satisfies the basic property
of ordering in an increasing sense all the quantitative variable assumed values: our
proposal, in the ordinal context, is to assign rank 1 to the smallest assumed category
and value (ry_1 +ng—1) to the largest one, where n;_; corresponds to the absolute
frequency associated to the k — 1 ordinal considered category. Let us consider a cat-
egorical variable Y assuming k ordinal categories: the set of points characterizing
the corresponding Lorenz curve is provided by the set of points

Z;:ln.i Z'j:l’j"j
Zk' n.’zk Py
j=1"J j=1"J"J

In particular r; corresponds to the rank assigned to j —th category: r; = 1 for
the first ordinal category, r, = (r; +np) for the second ordinal category and r; =
(re—1+ng—1) for the last ordinal category. Let us denote the x-axis values with F(r)
and the y-axis values with Q(r): in particular, we will call F(r) as the cumulative
Srequency percentage and Q(r) as the cumulative rank percentage. To illustrate our
proposal we now introduce a simple example: suppose to consider 11 individuals
and to collect information about their “Education degree” (Y) (see Table 1). The
Lorenz curve graphical representation is provided in Fig. 1.

, wherei=1,... k. 2)
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Table 1 Data
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Y =“Education degree” Absolute Frequency Rank (r;, j=1,...,3)
Secondary School Degree n =5 L(ri=1)

High School Degree np =4 6 (ry=r;+ny)
University Degree ny =2 10 (r; = r2 +m2)

Lorenz curve

F(r)y

Fig. 1 The Lorenz curve in the ordinal context

4 Conclusions

A useful measure able to summarize the Lorenz curve is the Gini measure. When
considering categorical ordinal values, the maximum homogeneity is obtained when
all the statistical units are located in an unique category: in this context, the con-
centration area is null. This conclusion satisfies the normalization axiom: the Gini
measure lower bound overlaps with the classical one since equivalent to 0. The max-
imum Gini measure value is not exactly equal to 1 but it can differ accordingly to
each category absolute frequency.
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