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Balancing efbcienciesby squeezingn realistic eight-port homodynedetection
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We addressneasurementsf covariant phaseobsenables(CPOs)by meansof realisticeight-porthomodyne
detectorsWe donotassumequalquantumefbcienciegor thefour photodetectorandinvestigatetheconditions
underwhich the measurementf a CPO may be achieved. We show that balancingthe efbcienciesusing an
additionalbeamsplitterallows usto achieve a CPO at the price of reducingthe overall effective efbciengy, and
provethatit is never asmearingf theideal CPOachiesable with unit quantumefbcieng. An alternatve strategy
basedn employing a squeezedacuumasa parameteibeldis alsosuggestedyhich allows oneto increasehe
overall efbcieny in comparisorto the passve caseusing only a moderateamountof squeezingBoth methods
aresuitablefor implementatiorwith currenttechnology
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I. INTRODUCTION

In quantummechanicsthe conceptof phasefor a radi-
ation mode has always remaineda someavhat controversial
topic, with both fundamentahndtechnologicaimplications,
see[1Dr7] andreferenceshereinfor areview. A major reason
for thisis thatin trying to dePnethe phaseof a quantumos-
cillator onecanclearly seetherestrictionsof the corventional
approachwhich identiPesobsenablesas self-adjointopera-
tors,or equivaently, their spectralmeasureslndeedjt canbe
shavnthatnospectrameasuresatisbeshephysicallyrelevant
conditionsposedon phaseobsenables[8P11]. However, this
problemhasbeenovercomewith theintroductionof themore
generakoncepif obsenablesaspositive operatormeasures.
In this approactthe conceptof a covariantphaseobserable
(CPO) naturally emepges and theseobsenables have been
completelycharacterizeil0,11]. An importantclassof CPOs
arise as the angle margins of certain covariant phase-space
obsenablesthe mostfamiliar examplebeingthe Q function
of the beld. Their physical signibcances furtheremphasized
by thefactthatarny phase-spacebsenablecanin principlebe
measuredia eight-porthomodynedetectiona methodwhich
wasintroducedn the microwave domain[12] andthenexten-
sively analyzedn theopticaldomain[13ER1]. Othermultiport
homodyng22,23] andheterodynealetectiong24ER6] may be
emplojedaswell, the latteralso in the presencef frequeng
mismatch{27].

Any realistic measuremenis subject to noise due to
imperfectionsn themeasuringapparatusin the caseof eight-
porthomodynedetectionponeof therelevantsourcef noise
is the presenceof detectorinefbcienciesIndeed asreported
in [28], the quantumefbcienciesof commerciallyavailable
detectorsrangefrom very high to aslow as a few percent
and their effect is far from being nggligible. In eight-port
homodyningthe presenceof detectorinefbcienciescauses
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a Gaussiansmearingon the measuredobsenable [29,30].

This appearsas a convolution structure which causesthe
actually measuredistributions to be smoothedversions of

the ideal ones.As a matterof fact, quantumefbcienciesof

thephotodetectoraretraditionallyassumedo be equalwhich
resultsin a rotation invariant corvolving measure.ln other
words,thesmoothingeffectis the samein any directionin the
phasespace.A detailedanalysisshavs thatthis symmetryis
lostif we droptheassumptiorof equalefPciencieg31]. This
lossof symmetryis crucialwhenthemeasuremeris intended
to gain information aboutthe phasepropertiesof the beld,
andit is the purposeof this paperto addresghis problemin

detail.

We considettwo methodsfor regainingthislostsymmetry
At brst, we show that the efbcienciescan be balancedby
inserting an additionalbeamsplitter in front of one of the
photodetectorsThis resultsin a decreasedverall efocieny
for the measuremenscheme We also shav that the angle
maigin of the measuredphase-spacebsenrable is never a
smearingof the ideal one. We then considerthe effect of
squeezinghe parameteeld while keepingthe efbciencies
bxed. As it turnsout, this aso compensatethe efpciencies
mismatchthusretrieving thelostsymmetry We alsocompare
thetwo methodsandshaw thattheoverall efocieny isaways
greateffor the squeezingtrateyy.

The paperis organizedas follows. In Sec.Il we lay out
the generalframevork and give the necessarydepnitions.
Sectionlll is devotedto themathematicatiescriptiorof eight-
porthomodyneletectiorinvolving nonideaphotodetectorsn
SecslV andV we describén somedetailtheaforementioned
methodsof overcoming the problemsarising from different
guantumefbcienciesThe conclusionsandfuture outlook are
presentedn Sec.VI.

Il. COVARIANT PHASE OBSERVABLES AND
PHASE-SFACE OBSERVABLES

Let H betheinbnitedimensionalkeparabldHilbert space
associatedvith a single-modeelectromagnetideld,andlet
L (H) denotethe setof boundedoperatorsactingon H. We
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px the photonnumberbasis{|n"|n = 0,1,2, ...} anddenote
by N the numberoperatorassociatedwith this basis. By
diagonalityof aboundedperatomwe alwaysmeandiagonality
with respecto the numberbasis We will usewithoutexplicit
indication the coordinaterepresentationn which caseH is
identibedwith L?(R) and the basis vectors with Hermite
functions.The statesof the beld are representedby positive
operatorswith unit trace,andthe obsenablesarerepresented
by normalizedpositive operatormeasure& : B(! ) # L(H),
whereB(! ) standsfor the Borel " algebraof subsetsof the
measuremenbutcomespace! . For a beldin a state#, the
measuremenputcomestatisticsof an obserableE is given
by the probability measureX & tr[#E(X)].

Anobserable$ : B([0,2%9) # L(H)isacovariantphase
observablgCPO)if

NG (X)e' &N = $(X418&)

for al X %B([0,2%9) and & %[0,2%), where ¥l denotes
addition modulo 2% Accordingto the phasetheorem[11,
Theorem2.2], eachphaseobsenableis of theform

1&
$(X) =

m,n=0

ei(m! n)' d’ |m...n|,

)

Cmn a0/

2% x
for some unique phasematrix (cmn)& - o, thatis, a positive
semidepnitecomple« matrix satisfying c,, = 1 for all n %
N. The phaseobsenablesmeasuredy eight-porthomodyne
detectionarise as angle mamgins of certaincovariant phase-
spaceobsenables.

An obserable G : B(R?) # L(H) is a covariant phase-
spaceobservabldf

W(q,p)G(Z)W(a,p)' = G(Z + (a.p))

for al Z %B(R?) and (q,p) %R?, where W(q,p) =
gt 1P gPQ grethe Weyl operatorsAny covariant phase-
spaceobsenableis generatedy a uniquepositive unit trace
operator' sothattheobsenrableis of theform [32,33]

" 1
G @)= 5, ZW(q,|o)" W(a,p)‘ dgdp.

Now let us denoteby $" : B([0,299) # L(H) the angle
magin of G, thatis,

$°(X)= G (X) [0,&)), X %B([0,29%),

wheretherelationbetweerthepolarandCartesiarcoordinates
is given by re’’ = %(q + ip). Thekey resultneededn our
studyis [11], Theorem4.1, which statesthat$ " is a phase
observablaf andonlyif" is diagonal Thesimplestandfrom
the experimentalpoint of view the mostusefulexampleis the
case" = |0" 0], thatis, whenthe obserableis generatedy
thevacuumstate In this casethe phasedistributionisjustthe
anglemarin of theHusimi Q functionof the beld.

It shouldbe stressedhateventhoughCPOsarisenaturally
asthe margins of covariant phase-spacebsenrables,not all
CPOsare obtainedin this way. In particular the canonical
phaseobsenableis not the anglemargin of any phase-space
obsenable [11]. In orderto go into the analysisof phase
obsenablegelatedo eight-porthomodyneletectionywe need
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to recall the detailsof the measuremenschemeThis is the
subjectof the next section.

lll. EIGHT-PORT HOMODYNE DETECTOR

The eight-port homodynedetectorconsistsof four input
modes,four balanced50:50 beamsplitters, a phaseshifter
which providesa phaseshift of %" on oneof the modes,and
four photodetectorwith quantumefbciencies;,j = 1,2,3,4
(seeFig. 1), whichare notassumedo be equal.Themeasured
guantitiesare the suitably scaledphotonnumberdifferences
betweenmodesl and 3 and betweenmodes2 and 4. The
signal beldin mode 1 is the bPeld underinvestigation while
the parameterbeld in mode 2 determinesthe measured
obsenable.Theinputmode3 is left empty soit corresponds
to a vacuumbeld andthe local oscillatorin mode 4 isin a
coherentstate| 2z". The procedurefor obtainingthe phase
distribution with this setupcanbe describedhsfollows. Each
experimentakventconsistof asimultaneousletectiorof the
two commutingdifferencephotocurrentsvhich tracea pair of
Peldquadrature€sacheventthuscorrespondso apointin the
comple planeandthe phasevalueinferredfrom the eventis
thepolarangleof thepointitself. The experimentahistogram
of the phasedistributionsis obtainedupondividing the plane
into OinPnitesimal@ngularbins of equalwidth, from 0 to 2%
thencountingthe numberof pointswhich fall into eachbin.
We shall next go into the mathematicatlescriptionin more

detail.
vacuuml 3

N ]
N

phase shifter

local oscillator

signal

1

A

N

parameter

FIG. 1. Schematidiagramof theeight-porthomodynedetection
scheme.The schemeconsistsof four input modes,four balanced
50:50 beamsplitters, a phaseshifter which provides a phase-shift
of “5" on one of the modesand four photodetectorsvith quantum
efbciencies(j, j = 1,2,3,4, which are not assumedo be equal.
Themeasuredjuantitiesare the photonnumberdifferenceetween
modes1 and 3 and betweenmodes?2 and 4, rescaledby the
amplitudeof the local oscillator i.e., a strongcoherentstate| 22"
impingedinto mode4. The signal beld in model is the beldunder
investigation, while the parameterbeld in mode 2 determinesthe
measuredbsenable. Theinputmode3isleftemptysoit corresponds
to avacuumpeld.
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In orderto obtainmeasurementsf covariantphase-space
obsenableswe needto take the high-amplituddimit, thatis,
assumea very stronglocal oscillator Indeed,if " *is the state
of the parametebeldandwe assumeédeal detectorq(; = 1
for @l j), the measuredobsenable in the high-amplitude
limit |z| # & is G", wherethe generatingoperatoris " =
C" *'C'%; here C denotesthe conjugation map (C) )(X) =
) (x){ [34]. The presenceof detectorinefbcienciescauses
a Gaussiarsmearingso thatthe actuallymeasureabsenrable
isgivenby (.. (G :B(R?) # L(H)debneds

# .9 "
“(13,(24( G (2)= u(lsv(u(z ' (q,p))dG (a,p),
wherep ., .. : B(R?) # [0,1] is a probability measurewith

thedensity
%

1 (23(24
GPI% 2 @ (9ar G .
(13 2 (24 2
Ver loar Y 2@ @
where (j; = 24, [31]. The quantities(13 and (24 may be

(i+(
viewed as overall efbcienciesrelatedto the two balanced
homodyneadetectorsn the schemeln particulay

min{(i,(;}! G ! max{(i.(}.

Thesmeareghase-spacebserableisstill covariantandthus
generatethy somepositivetraceoneoperatorindeedwe have

H(13,(24( G = GHasal" ,

is theconvoluted state[33]

Where“(w(n (

HisGe ("= W(@,p)" W(,p) i (15,4(a,P) -

Theanglemarin of the measureghase-spacebserableis
then$ Muas(" andthe problemis to determinethe conditions
under which this is a CPO. In other words, we need to
determinewhenthe generatingoperatoris diagonal At brst
we give a partialcharacterizatioim thefollowing propaosition.

Propositionl. If * isdiagonalthenp(,, (,, ( " isdiagonalf
andonlyif (13 = (24. Corverselyif (13 = (24, thenp ;. ("
is diagonalif andonly if " is diagonal.

Proof. Firstnoticethatary two traceclassoperators and
# areequalif andonly if tr[" W(q,p)] = tr[#W(q,p)] for all
(9,p) %R? andthe diagonalityis equivalent to the condition

el

for all & %[0,2%). Furthermoresince

&Nu Sl i&N —

e

e! i&NW(q,p) ei&N
= W(qcos&+ psin&,! gqsin&+ p cos&),
it follows thatastate" is diagonalif andonly if themapping

(a,p) & tr[" W(q,p)]

is invariant with respectto rotations. According to [33],
Prop.3.4] we have

tr[U(13,(24( "W(,p)] = @(13,(24(p1 Logtr[" W(a,p)],
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where .
@(13,(24([3, lq)= gPxt ) d“‘(le(24(X!y)
( )
1! (24 2 1! (13 2
= eXx | |
P 2(24 2(13 P

is nonzeroeverywhere.If eitherof thesefunctionsis rotation
invariant, their productis invariant if and only if the other
functionis alsoinvariant.This proves the proposition. "
Note that neither of the conditionsin Propositionl is
necessaryor [, , (" to be diagonal.Indeed,considera
state” = W, (15 ( " diag Where" giag is an arbitrary diagonal
state.For (137 (24 this stateis not diagonal.On the other
hand,sincethe measureu (,,,(,, ( M (. (s Nasthedensity

(13(24

2(13(24 + (24 .
- (13(24 2 2
2(13! 2(13(24+ (24(q ML

it follows from Proposition1 andthe associatvity of convolu-
tions[33], Prop.3.2] that

(Q.p) 8

27/0(1%‘!

) exp !

# L % # $
u(13,(24( H(24,(13( diag = “(13,(24(“(24,(13 ( diag

is diagonal.

We close this section with a conceptualremark. Since
the obsenable measuredwith this setupis the covariant
phase-spac@bserable GFus(" it is a slight misuse of
terminologyto call this a direct measurementf the angle
magin $Huss(" . However, the brief analysisbelov shavs
that this schemecan be usedto directly measure Hus(a("
Considerfor corveniencethe caseof ideal detectorsFor a
local oscillatorwith a bniteintensity|z| this schemedebnes
anobserableE, : B(R?) # L(H). It wasshownin [34] that,
with thechoiceary(z) = 0,

lim E, = G

|z|# &
weaklyin thesenseof probabilities(see[34] for details).Now
E, is a discreteobsenable and the measuremenbutcomes
consistof pairs (g,p) %R?. Let f : R2\ {(0,0)} # [0,2%)
be the pointer function which assignsto each pair the
correspondingugumentthatis, f (q,p) = ' ¢p debnedy

COSl ap = ¢, *—pia
q2+ p2 q2+ p2

anddenoteE}” : B([0,299) # L(H),

sin' g =

E)" (X) = E;(f ' (X)- {(Q.0)).
Thenit canbeshown that

lim El" =8’
|z|# &
weaklyin the senseof probabilitiesandthe sameargumenta-
tion holdsin the caseof inefocientdetectorsin this sensepy
choosingto recordonly thevalues' ¢, we seethateight-port
homodynedetectionin the high-amplitudelimit canbe used
asadirectmeasuremertf $ Hasa("
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IV. BALANCING EFFICIENCIES BY AN ADDITION AL
BEAM SPLITTER

Supposehat the state of the parameteibeldis diagonal,
for instance a vacuumstate.In orderto obtaina CPO,we
needto have (13 = (24. Asillustratedin Fig. 2, a given value
of (j; canbeobtainedwith inbnitelymary differentvaluesof
(i and(; . It follows thatthereis a greatdeal of freedomin
choosingthe detectorsin order to obtainthe equality (13 =
(24- This degree of freedommay be exploited to modify the
measuremergetupin orderto compensatany differencein
the overall efbciencieslndeed,supposehat the efbciencies
(j arebxed and,for instance(,4 < (13. This meansthatthe
homodynealetectorconsistingof detectord; andD 3 is more
efbcientthanthe otherone.

Since a photodetectomwith efbcieny ( is equivalent to
having a bctitiousbeamsplitter with transpareng ( in front
of an ideal detector(seee.g.,[35,36]), one can artibcially
decreasehe efbcieny of, say detectorD3 by placing an
additional beam splitter with transpareng (s in front of
the detector The resultingeffective efpcieny of D3 is then
(3 = (bs(3 andthenew overall efbcieny is

(= 2l

(1+ (bs(3
Hence with theappropriatechoice
(1(24

we may balancethe setup and obtain (j3= (24. This is
illustratedin Fig. 2. In other words, we achieve a CPO at
the price of artibcially decreasinghe largestefbcieng to the
vaue of thesmallesione.For theremaindeof this sectionwe
denote( = (73 = (24 andusethenotationp( = p.

It is interestingto notethatby balancinghe efpcienciesf
the homodynedetectorswe have a situationwhereboth the
actually measuredbsenable and the one correspondingo
ideal detectorsare phaseobsenables.Thereforeit is natural

=

FIG. 2. Contourlines for the overall efbcieny (; asa function
of (; and(; . Theadditionof abeamsplitterwith transpareng(,s can
beusedto balancethe setupand obtain(i; = (2a.
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to study the connectionbetweenthem. Since the measured
phase-spacebsenable is a smearingof the ideal one, one
might expect that this property is inherited into the angle
maigins, namely that there exists a probability measure
* :B([0,299) # [0,1] suchthat$* (" = * ($". However,
thisis notthecase.

Proposition2. The measuredbsenable$ *((" is never a
smearingof $ .

Proof Assumethat$ #(" = * ( $" for someprobability
measurée . Let (cmn( ) and(c,,,) denotethe phasematricesof
$(" and$ ", respectiely. It is easilyveribedusingEq. (1)
thatthe matrix elementssatisfy therelation

Chifek = BRI ek ©)

+ 0, L
where B(k) = 2 °€X d*('). It was shown in [37] that
liMms & C'rﬂ:'erk = 1forallk %N,Where(cm:'mw) isthephase

matrix relatedto the obserable$ I"". Now both" andp ("
are mixtures of number statesand the corvex structureis
inherited into the correspondingobsenables,and thus into
the phasematrices.Thereforewe have
nJHI#I’T}‘ Crl¢1(,r(’r1+k =1= nl}Ln}‘ Crn,m+ k

for all k %N. This, togethewith Eq. (2), shavsthat®(k) = 1
for al k %N. It follows that$ (" = $" whichis possibleif
andonlyif ¢ (" = ". Thisis satisbedf andonly if ( = 1,
thatis, thedetectorsreideal. "

In the smplest caseof the vacuumparameterbeld and
balanced efbcienciesthe corvoluted state can easily be
calculated First noticethat the necessarynatrix elementsof

theWeyl operatorsare
( )
1 1 .
'‘nW(a,p)|0" = *—= *=(q+ ip)
n! 2

n
g 1(@+p?)

sothatwith thepolarcoordinates e’ = %(q + ip), onecan
calculate

‘Nl (10"0]In" = |'n]W(a,p)|0"|*du((g,p)
_ EL r2nexp(! r2 ) dr2d’
nt1l ( 10 (2%
= (@ o
Thecorvoluted stateis thus
1&
we(lomop= (@t ("n"nl. (3)
n=0

V. BALANCING EFFICIENCIES BY SQUEEZING THE
PARAMETER FIELD

Thereis an interestingalternatve to the methodof bal-
ancing efbcienciesconsideredabore. As mentionedbefore,
therequiremenof equalefciencieds necessarynly in the
casethatthe parameteipeldis in a diagonalstate.Therefore
it is possiblethat for bPxed efbcienciesa suitably chosen
nondiagonastatecanbeusedio compensatéor thedifference
in theefbcienciesothatthecornvolutedstateis diagonal Here
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we shaw thatthis canalwaysbe doneby emplgying a suitable
squeezedacuumstateas a parametepeld.

Let us assumethat we are ableto preparethe parameter
Peld into a squeezedvacuumstate|) ;™) a|, wherea> 0
is the squeezingparameterand) a(x) = (a/ %Y * € 2@ As
in the proof of Propositionl, we needto studythe rotation
invarianceof thefunction

(@P) & tr K () a™) alW(@,p)
@(13,(24(p1 I q)') alW(q:p)l) a"

1 ( 21 (1 ( 1yn2
= & G 90 Gt )P’

4)
It is clearthatthis is invariant with respecto rotationsif we
can choosethe squeezingparametelin sucha way that the
equality

1! 1! 1
(24+ a_ (13+ 4 )

2(24 4 2(13 4a

holds.SolvingEqg. (5) for a we have
( )2
I I

a= (24! (131r 1+ (24! (13 ' ©)

(13(24 (13(24

wherethesolutionwith theplussignisawayspositive. Hence,
we cancompensat¢he differencan the efpcienciesy using
a suitably squeezedsacuumasthe parameteibeld. In order
to comparethis with the methodof balancingefcienciesve
needto solve the spectraldecompositionof the cornvoluted
state

(13, (24 ( |) a...) a| .
First,dePnea parameter

' (24! (13) 2

(13( 24

b= (13! 2(13(24+ (24

(13( 24

1+

sothat by insertingthe value (6) of the squeezingparameter
into Eq. (4) we obtain

tr[“(137(z4( ) a™) alW(q,p)] = e %(q2+p2)_ @)

Ontheotherhandwe know that
!&
“(13,(24( |) a...) al =

n=0

, n|n™ N|

sothat

tr[u(13,(24( |) am) alW(q,p)]
!&
= a'nW(a,p)n”
n=0
1&

'ne! %(q2+p2)|—n(%(q2+ pZ)), (8)
n=0
where L,(x) denotesthe nth Laguerre polynomial. Upon
rewriting the exponentialfunctionin Eq. (7) using the series
representatiof38], 8.975(1)

!&
er X = (1! 2)

n=0

Ln(x)Z", |z] < 1,
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onehas
g 1(@+p?) = g 1(@+pH gz N(@+p?)
2¢ $(@?+p?) 1& ( +1 1) no 92 + pz)

++ 1 ++1 " 2 ’
9)
11 .
Whereo < :Tl < 1. ComparingEgs. (8) and(9) we bndthat
theeigervalues, , are
g Gy
T i+l #4121
andthe stateis
!&
U(ls,(z4( Da™) al = (er (@! (er)"In™n|,  (10)
n=0
wherewe have debned
2
(eff - ++ 1!

which may beviewedastheoverall effective efpcieny of this
measuremergcheme.
Theremarkabldeatureof this methodis theinequality

(eff # (m . mMin{(13,(24}, (11)

which holds for any vaue of the quantum efbciencies.
Furthermoretheequalityholdsif andonly if (13 = (24 andin

thiscaseno squeezings neededThismeanghatfor (13 = (24

theoverall efecieny of this methodis alwaysgreatetthanthe

oneobtainedby balancingthe efbcienciedy the insertionof

anadditionalbeamsplitter. Indeed by multiplying bothsides
of (11) by (++ 1)max(13,( 24} andaftersomealgebrawe see
that(ll/) isequivaentto

(Z054+ (24! (132! |(24! (13l + (13(24,

which holdsfor al (13 and(24.
In order to make our analysismore quantitatie let us
introducethe quantity

- :(ﬂ:L
(m @+

which representghe ratio betweenthe effective efbcieny

achivableby squeezingthe parameteibeldat bxed value of

thefour efbciencieq;,j = 1, ... ,4, andthe corresponding
guantity obtainedby the insertionof a beamsplitter From

Eq. (11) we know dreadythat- # 1, whereasn Fig. 3 we

reportits behaior asafunctionof (13 and(24.

As is apparentfrom the plot - is symmetricunderthe
exchangeof (13 and(24 andachiezesits maximum- / 1.17
for (13= 0.5 and(,4 = 1 or vice versa.The functionis not
particularly pealed aroundits maximumandthis meanshat
thereis a wide rangeof valuesfor (13 and (24 for which we
have a signibcantgain in squeezingthe parameterbeldin
comparisorto the insertionof a beamsplitter On the other
hand,whenoneof thetwo efbciencieds very smallthenthe
two methodsareequallyineffective. Theamountof squeezing
neededto achiave CPO strongly dependson the values
of the efpciencies.The region of maximum improvement
correspondso amoderatesqueezingi.e.,a nottoofarfrom 1.

(12)
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