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In Hinduism, Shiva the Cosmic Dancer, is perhaps the most perfect

personification of the dynamic universe. Through his dance, Shiva sustains

the manifold phenomena in the world, unifying all things by immersing them

in his rhythm and making them participate in the dance - a magnificent

image of the dynamic unity of the Universe.

- Fritjof Capra, The Tao of Physics -



Abstract

The object of this PhD Thesis is light and matter quantum interaction including studies

on cavity and circuit quantum electrodynamics (CQED and cQED), quantum information

theory and entanglement dynamics in open systems. In recent years both theoretical and

experimental efforts have been devoted to study problems regarding the transfer of quan-

tum correlations, quantum memories, entanglement protection against decoherence and new

regimes accessible in cQED. One of the fundamental model underlying these topics is the

well known Jaynes-Cummings (JC) one for light-matter interaction, introduced in quantum

optics already in 1963. This paradigmatic model describes the coherent exchange of a sin-

gle excitation between a qubit (a two-level system) and a mode of a quantized harmonic

oscillator. The JC model describes a lot of purely quantum effects such as Rabi oscillations

and generation of entangled quantum states, which were confirmed by several sophisticated

experiments in CQED. This model has been then applied in many other frameworks. Ana-

lytical results can be derived only under the so-called rotating wave approximation (RWA),

which allows to neglect the energy contributions coming from the counter-rotating terms,

which describe the simultaneous excitation (or de-excitation) of the qubit and the field mode.

In this Thesis a first interesting investigation, based on the JC model, is related to the real-

ization of quantum memories. The main aspect is the transfer of generic quantum entangled

states of a propagating radiation to some qubits, such as two-level atoms placed in separated

optical cavities. Generalizing previous results for bipartite entangled systems, I investigated

the more complex case of tripartite systems, where the very quantification of entanglement is

still an open problem. This issue is broadened to open systems in contact with a common en-

vironment which induces decoherence effects unavoidable in realistic implementations. The

main result of this analysis is that it is possible to map in an optimal way a quantum state

from radiation to qubits in the unitary dynamics, and even in the presence of a dissipative

environment a significative amount of entanglement can be transferred. This study has been

carried on with either theoretical calculations or numerical simulations performed adopting

the powerful Monte Carlo wave function method.

A second important problem for quantum memories faced in this PhD Thesis, regards the

i



Abstract ii

protection of qubits entanglement for long enough times in order to implement quantum

information tasks. A possible way to obtain this goal is to add an external coherent field

driving two or more two-level atoms interacting with a common mode of a cavity electromag-

netic field. In fact it is possible to demonstrate that, under certain conditions, an effective

Hamiltonian of the whole system involves, together with the familiar JC terms, also the

counter-rotating ones. The main feature that comes out from this analysis is the possi-

bility to freeze, during system dynamics, peculiar quantum entangled states of the atomic

qubits in so called decoherence-free subspaces. This important property allows to store the

entanglement in matter qubits, isolating the quantum state from environment induced de-

coherence. Though the system includes dissipation, analytical results have been obtained

for multipartite entanglement and decoherence by solving the master equation through a

projection on a suitable basis and using the method of characteristics. In particular it is

possible to monitor the rate of decoherence via measurements of joint atomic probabilities,

shading light on the fascinating border between the quantum and the classical world.

A last topic investigated in this Thesis concerns the recently developed and quite promising

implementation of the JC model well outside CQED, that is cQED. Here superconductive

circuits, which play the role of artificial atoms, interact on-chip with transmission line res-

onators, instead of the usual electromagnetic cavities. These systems have the advantage

of being quite easily engineered exploiting the most advanced available technologies. More-

over they allow a great flexibility in handling the relevant parameters, since the inter-system

coupling is here of capacitive or inductive nature, instead of the usual electric dipole interac-

tion in CQED. In this way a strong and ultrastrong coupling regime have become available,

giving a direct access to the physics beyond the JC model and its possible applications. I

first performed a detailed characterization of system dynamics in order to test the main

approximations usually introduced to describe superconductive circuits as qubits. Then I

described, both analytically and numerically, the dissipative dynamics of a superconductive

qubit coupled to a resonator mode in the deep ultrastrong regime.
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Introduction

The system composed by a two-level atom and a quantized mode of a harmonic oscillator is

at the heart of our description of radiation-matter interaction. An almost ideal framework is

provided by Cavity quantum electrodynamics (CQED), where this interaction occurs within

optical cavities or microwave resonators, allowing the observation of quantum coherence ef-

fects. Similar dynamics was later observed e.g. in trapped-ion systems and in solid-state

semiconductor or superconductor devices. The nature of the coupling can be different and

may span several regimes for the matter-light interaction. The most paradigmatic example

is the Jaynes-Cummings (JC) model [1], firstly analyzed in the field of Quantum Optics,

where the main assumption is that the dipole interaction strength is much smaller than

the two-level system transition frequency and a rotating wave approximation (RWA) can be

performed. The JC model is fully solvable and it has been widely studied, extended and

applied in several experiments of large conceptual and practical extent [2].

The dynamics of a qubit-oscillator system described by the JC model, is nowadays well

understood in terms of either Rabi oscillations, collapses and revivals for the populations

of the energy qubit levels, and bare and dressed states of the whole system. Basically only

a finite portion of the Hilbert space is involved in the JC dynamics, and this renders the

model simple and physically intuitive, to the extent that it is the most important bench-

mark for matter-light interaction. To achieve these and other results in the lab, the strong

coupling (SC) regime is required, that is, the qubit-oscillator coupling has to be comparable

or larger than all decoherence rates. In CQED this kind of interaction can be investigated

experimentally under carefully controlled conditions. Under the SC condition it was possible

the implementation of the micromaser [3] and the microlaser [4]. Other fundamental results

were obtained in important experiments both in the microwave [5, 6] and optical [7] regime

of CQED, in solid-state superconducting [8] and in trapped ions [9] systems.

Extensions of the JC model to more atoms and more modes have been developed and,

presently, we enjoy a vast number of theoretical and experimental studies. A particularly

interesting case is provided by adding an external classical driving field acting on the cavity

mode or directly on the two-level system.
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Circuit QED (cQED) is a novel subject of interest in the field of solid-state quantum

computation. It appears from the association of quantum-optical cavity QED with macro-

scopic quantum mechanics. This approach offers the prospect of reaching an upper limit

for the coupling of a quantum-mechanical two-level system to a single mode of the elec-

tromagnetic field. Actually the interaction between superconducting circuits (also called

artificial atoms) and modes of a coplanar transmission line resonator can be raised until

very high values, comparable or greater than the qubit transition frequency. This happens

since, for these kind of systems, the qubit-oscillator coupling is of inductive or capacitive

nature and provides high values of the interaction strength before unachievable in CQED. In

this regime, the RWA breaks down and the model becomes analytically unsolvable, except

for some limits [10], allowing the advent of the ultrastrong coupling (USC) regime. More-

over, due to the impressive fast development of current technology, higher values should be

achieved in the near future, bringing the coupled system to what is called deep SC (DSC)

regime, a completely new arena open to innovative concepts.

The advent of quantum information [11] has been a fresh input in the field of CQED [2],

reshaping concepts and using it for fundamental tests and initial steps in the demanding field

of quantum information processing. Entanglement is the key resource for quantum informa-

tion (QI) processing, where it allowed a number of achievements such as teleportation [12],

cryptography [13] and enhanced measurements [14]. The deep meaning of multipartite en-

tanglement, its quantification and detection [15] and the possible applications are the object

of massive investigation. As a matter of fact, optical systems have been a privileged frame-

work for encoding and manipulating quantum information, since bipartite and multipartite

entanglement may be effectively generated either in the discrete or continuous variable (CV)

regime. On the other hand, the development of QI also requires localized registers, e.g. for

the storage of entanglement in quantum memories. Here, coherence and the generation of

entanglement play an important role, and in particular the manner in which they are affected

by the presence of a dissipative environment [16]. Understanding how decoherence induced

by dissipation acts on the dynamics of an interacting system has a two-fold value. Firstly

it allows to predict the behaviour of the observables of open systems in order to provide a

realistic description taking into account different noisy channels. It is also possible to find

conditions to avoid decoherence effect, preserving the quantum properties of the systems in

such a way they can be implemented for QI protocols. Secondly the analysis of decoherence

provides a better knowledge on the subtle border between quantum and classical worlds.

Outline

This PhD thesis is organized as follows.

The first chapter is devoted to some preliminary concepts and tools useful for a better

understanding and a more flowing reading. In particular we will resume the JC model, the
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entanglement quantification for bipartite and multipartite systems and, finally, the Monte

Carlo wave function (MCWF) method for numerical simulations.

The second chapter concerns the problem of the transfer of quantum entangled correlations

from radiation to matter qubits. We treat a tripartite case and we will face the issue of

multipartite entanglement, entanglement sudden death and birth (ESD and ESB) and open

system dynamics. The underlying structure is the JC model applied to a system composed

by three radiation modes interacting with three cavity modes, coupled in turn to three two-

level atoms, all in contact with a common dissipative environment.

In the third chapter we deal with an extension of the JC model, which takes into account the

interaction between N qubits, inside an optical cavity supporting one radiation mode and

an external classical driving field. Under proper assumptions and unitary transformations,

we obtain an effective interaction that includes simultaneously resonant and anti-resonant

JC terms, providing interesting effects on the dynamics of the system. In particular, by

a theoretical analysis, we show how multipartite entanglement can be protected against

decoherence and we analyze several examples.

In the last chapter we face another extension of the JC model, which arises naturally in the

new promising and appealing research field of superconducting qubits and cQED. In this

framework the anti-resonant terms of the qubit-oscillator interaction come spontaneously

by the increasing of the coupling constant between a qubit and a resonator electromagnetic

field mode, as they cannot be neglected. We enter into the details of the new regime of USC

and DSC, introducing new physical intuitions and key concepts to describe in a direct way

the dynamics of the system, which is also in contact with a dissipative environment.



CHAPTER 1

Preliminary concepts and tools

In this chapter we introduce the main key concepts and tools of Quantum Optics and

Quantum Information useful for a better understanding of the present thesis. We describe

in Sec. 1.1 the JC model in its natural framework of CQED, which is a milestone of the

matter-radiation interaction at the quantum level. Then we introduce in Sec. 1.2 some

elements of open system dynamics and the method of quantum trajectories (or the Monte

Carlo wavefunction method) to solve numerically a master equation in a more efficient

way. In Secs.1.3 and 1.4 we provide a short overview on the bipartite and multipartite

entanglement both for pure and mixed states, illustrating some separability criteria and

entanglement measures.

1.1 The JC model

A single atom in free space can interact with a continuous of electromagnetic field modes

and the dynamics is characterized by the spontaneous emission phenomenon. On the other

hand, when the atom is placed in an electromagnetic resonator supporting only discrete

field modes, because of boundaries conditions, the situation dramatically changes. When

the field mode inside a cavity is treated as a quantum harmonic oscillator, by the annihilation

â and creation â† operators, satisfying the commutation relation [â, â†] = 1̂, and the atom

as a two-level system, excited |e〉 and ground |g〉 energy levels, the dynamics of this fully

quantum interacting system is described by the well known Jaynes-Cummings (JC) model,

introduced in 1963 [1]. The most interesting properties of the dynamics of such a system

are best appreciated under a quasi-resonance condition, between the cavity field frequency

ω and the atomic transition frequency ω0 between the two energy levels.

1



1.1. The JC model 2

1.1.1 The interaction Hamiltonian

The Hamiltonian of the bare energies for the atomic and the cavity mode subsytems is

Ĥ0 = ~
ω0

2
σ̂z + ~ωâ†â (1.1)

where σ̂z = |e〉〈e| − |g〉〈g| and the two field operators â† and â are given by electromagnetic

field quantization

~̂E(~x) = i

√

~ω

2ε0V
ε̂(âei~k·~x − â†e−i~k·~x) (1.2)

with ε0 is the vacuum dielectric constant, ε̂ is the reference frame unit vector, ~k and ~x are

the momentum and position vectors.

The interaction between the atom and the quantized field is given by the electric dipole

coupling and it is described by the Hamiltonian

Ĥ1 = − ~̂d · ~̂E(0) = ~g(σ̂ + σ̂†)(â+ â†) (1.3)

where the electric dipole operator ~̂d = ~d(σ̂ + σ̂†), ~d real for simplicity, σ̂ = |g〉〈e| and

σ̂† = |e〉〈g| the lowering and the raising atomic operators, which define the Pauli operator

σ̂x ≡ σ̂ + σ̂†. The coupling constant g =
√

ω
2ε0~V ε̂ · ~̂d and a change of global phase for

the field operators has been applied to obtain the second equality in Eq. (1.3). The total

Hamiltonian of the system is then Ĥ = Ĥ0 + Ĥ1.

By analyzing the four terms in the interaction Hamiltonian (1.3) we notice that they are

related to processes of absorption and emission of a photon, in fact

σ̂†â ←→ Transition |g〉 → |e〉 and absorption of a photon (1.4a)

σ̂â† ←→ Transition |e〉 → |g〉 and emission of a photon (1.4b)

σ̂â ←→ Transition |e〉 → |g〉 and absorption of a photon (1.4c)

σ̂†â† ←→ Transition |g〉 → |e〉 and emission of a photon. (1.4d)

The first two terms are commonly referred as “energy conserving” terms, while the second

ones are “non-conserving energy” terms. This can be better illustrated by going into the

interaction picture with respect to Ĥ0, through the unitary operator Û0 = ei/~Ĥ0t, obtaining

ĤI(t) = Û0Ĥ1Û
†
0 = ~g(σ̂†â†ei(ω+ω0)t + σ̂âe−i(ω+ω0)t + σ̂†âe−i(ω−ω0)t + σ̂â†ei(ω−ω0)t). (1.5)

We assume now a quasi-resonant condition between the atomic transition frequency ω0

and the cavity mode frequency ω, that corresponds to have a small detuning parameter

∆ ≡ ω − ω0. Tipically in CQED the highest values of the ratio between the coupling

constant and the resonator mode frequency are of the order g
ω ≃ 10−6 − 10−7, to which

usually it is referred as the strong coupling (SC) regime, since g ≫ {κ, γ} where κ and γ

are, respectively, the cavity decay rate and the atomic spontaneous emission rate. Now we
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consider the Dyson series of the system evolution operator Û(t) = e−i/~ĤI(t)t

Û(t) = 1̂− i

~

∫ t

0

dt1ĤI(t1)−
(

i

~

)2 ∫ t

0

dt1

∫ t1

0

dt2ĤI(t1)ĤI(t2) + · · · (1.6)

Integrating term by term Eq. (1.6) it is straightforward to see that the non-conserving

energy terms in (1.4) are related to powers of the ratio g
ω+ω0

that are very small when

the resonance condition δ ≃ 0 is considered, whereas the resonant terms are the relevant

ones as they are related to the ratio g
ω−ω0

. Equivalently the exponentials in the interaction

Hamiltonian ĤI are rapidly oscillating and during the time evolution they average to zero.

This means that considering the resonant dynamics of such an interacting system in CQED,

we are allowed to neglect the contributions due to the anti-resonant terms σ̂†â† and σ̂â, and

we can consider the effective Hamiltonian in the Schrödinger picture

Ĥ = ~
ω0

2
σ̂z + ~ωâ†â+ ~g(σ̂†â+ σ̂â†). (1.7)

Eq. (1.7) is commonly referred as the Hamiltonian of the JC model and the procedure used

to obtain it is known as rotating wave approximation RWA.

1.1.2 Dynamics of the system: Rabi oscillations

Before solving the dynamics of the system, we notice that the total number of excitations

N̂e ≡ |e〉〈e| + â†â is a constant of motion [N̂e, Ĥ] = 0. This fact reduces the whole Hilbert

space of the system for the dynamics to the subspace spanned by the states {|e, n〉, |g, n+1〉}
for each initial number of photons n. The ground state of the system is the state |g, 0〉, which

does not evolve in time. According to this feature, the Hamiltonian (1.7) may rewritten in

matrix form on this basis, fixing the number of photons n, as

(Ĥ)n =
~

2

(

(2n+ 1)ω + ∆ Ωn

Ωn (2n+ 1)ω −∆

)

(1.8)

where ∆ = ω − ω0 is the detuning parameter and Ωn ≡ 2g
√
n+ 1 is the so-called Rabi

frequency, which depends on the coupling constant g and the number of photons.

Setting a resonance condition ∆ = 0, the resulting dynamics is quite simple and it is de-

scribed by the state |Ψ〉(t) = ce,n(t)|e, n〉 + cg,n+1(t)|g, n + 1〉 where the coefficients are

(

ce,n(t)

cg,n+1(t)

)

=

(

cos(Ωn

2 t) −i sin(Ωn

2 t)

−i sin(Ωn

2 t) cos(Ωn

2 t)

)(

ce,n(0)

cg,n+1(0)

)

(1.9)

where the normalization condition |ce,n(t)|2 + |cg,n+1(t)|2 = 1 holds ∀t and ∀n.

If the system is prepared initially in the state |e, n〉, the evolved coefficients are

ce,n(t) = cos

(

Ωn

2
t

)

(1.10a)

cg,n+1(t) = −i sin

(

Ωn

2
t

)

(1.10b)
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and the time evolution of the corresponding probabilities

Pe,n(t) = |ce,n(t)|2 =
1

2
[1 + cos(Ωnt)] (1.11a)

Pg,n+1(t) = |cg,n+1(t)|2 =
1

2
[1− cos(Ωnt)] . (1.11b)

We remark that the evolved state oscillates between the maximally entangled states |Ψ〉(t) =
1√
2

(|e, n〉 ∓ i|g, n+ 1〉), at times Ωnt = (2k+1)π
2 (the sign - corresponds to k even and + to

k odd) and the basis states |e, n〉 at Ωnt = 2kπ or |g, n + 1〉 at Ωnt = (2k + 1)π, with k

integer. The periodic behavior of the probabilities (1.11) are usually called Rabi oscillations,

particularly interesting when the cavity field is initially in the vacuum state. In this case it

is remarkable the fact that the two-level atom can emit a photon only to the single accessible

cavity mode and, after some time, absorbing it again according to the so-called phenomenon

of reversible spontaneous emission.

1.2 Elements of open system dynamics

In this section we provide some basic elements of the theory describing the dynamics of

a quantum system interacting with a dissipative environment. In particular we describe

how to derive a master equation (ME) in the Lindblad form through a deductive approach

coming from quantum information principles. Finally we illustrate a very efficient numerical

protocol to solve such a ME, called Monte Carlo wavefunction (MCWF) method [17].

1.2.1 Kraus representation of operators

Let us consider a system A whose state is given in terms of a density operator ρ̂A with an

associated Hilbert space HA. We define a linear quantum map

ρ̂A −→ L̂(ρ̂A) (1.12)

with the following properties:

1. L̂ is linear: L̂(pρ̂A + qρ̂′A) = pL̂(ρ̂A) + qL̂(ρ̂′A)

2. L̂ is hermitean: [L̂(ρ̂A)]† = L̂(ρ̂A)

3. L̂ is trace-preserving: Tr[L̂(ρ̂A)] = 1
4. L̂ is positive: A〈φ|L̂(ρ̂A)|φ〉A ≥ 0 ∀|φ〉A ∈ HA

5. L̂ is complete-positive (CP): suppose A is entangled with another system B and the

global system described by ρ̂AB. The whole dynamics is given by the operator L̂(ρ̂A)⊗1B and the complete positivity reads A〈φ|L̂(ρ̂A)⊗ 1B|φ〉A ≥ 0 ∀|φ〉AB ∈ HAB .



1.2. Elements of open system dynamics 5

Suppose that the system A is coupled to an environment B, then the evolution of the system

A only is described in terms of the quantum map given by the partial trace over the degrees

of freedom of B:

L̂(ρ̂A) = TrB[Û(ρ̂A ⊗ |φ0〉B〈φ0|)Û †] (1.13)

where |φ0〉B is a reference state of B, chosen among an orthonormal basis {|φµ〉B} of HB ,

and Û is the unitary evolution of A and B. Eq. (1.13) may be rewritten as

L̂(ρ̂A) =
∑

µ

B〈φµ|Û |φ0〉B ρ̂AB〈φ0|Û †|φµ〉B =
∑

µ

M̂µρ̂AM̂
†
µ (1.14)

and it is known as operator-sum representation or Kraus representation, where the Kraus

operators are M̂µ ≡ B〈φµ|Û |φ0〉B. Since the quantum map must fulfill the trace-preserving

property Tr[L̂(ρ̂A)] = 1, the Kraus operators must satisfy the completeness relation

∑

µ

M̂ †
µM̂µ = 1 (1.15)

that must be true1 for all ρ̂A. There is a nice interpretation that can be given to the Kraus

representation. Imagine that a measurement of the environment is performed in the basis

|φ〉µ after the unitary trasnformation Û has been applied, then the state of the system given

that outcome µ occurs, is

ρ̂A,µ =
M̂µρ̂AM̂

†
µ

Tr[M̂µρ̂AM̂
†
µ]
. (1.16)

The probability of outcome µ is given by

p(µ) = Tr[M̂µρ̂AM̂
†
µ] (1.17)

thus

L̂(ρ̂A) =
∑

µ

p(µ)ρ̂A,µ =
∑

µ

M̂µρ̂AM̂
†
µ. (1.18)

The action of the quantum map is equivalent to taking the state ρ̂A and randomly replacing

it by ρ̂A,µ with probability p(µ). It is very similar to the concept of noisy communication

channels used in classical information theory [11].

1.2.2 Master equation in the Lindblad form

Here we use a deductive approach [2] from Quantum Information principles to derive a ME

in the standard Lindblad form, without any specific model for the environment. We want

to obtain a first-order differential ME for a system A in contact with an environment E and

we begin with writing

ρ̂A(t+ τ)− ρ̂A(t) = τ
dρ̂A

dt
(1.19)

1There exist, actually, quantum operations for which
P

µ M̂
†
µM̂µ ≤ 1, but they describe processes in

which an extra information about what occurred in the process is obtained by measurements.
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assuming that the environment E is a “large” system, with many degrees of freedom, whose

evolution is not appreciably affected by its interaction with A, such as τ ≪ Tr, where Tr is

the characteristic time of A’s evolution. Then ρ̂A is computed at successive time steps τ .

Suppose that a time t the global system A+E state is expressed as a tensor product

ρ̂AE(t) = ρ̂A(t)⊗ ρ̂E,0 (1.20)

with ρ̂E,0 the steady state of E. This assumption comes from the Markov approximation

and it means that when the conditions of a large environment are met, all happens for the

incremental evolution of ρ̂A over a finite time interval τ as if the A+E system was initially

described by Eq. (1.20). We apply the Kraus representation formalism at the infinitesimal

steps τ

ρ̂A(t+ τ) = L̂τ (ρ̂A(t)) =

Nµ−1
∑

µ=0

M̂µ(τ)ρ̂A(t)M̂ †
µ(τ) (1.21)

where the M̂µ(τ) are Nµ ≤ N2
A, the dimension of HA. Since L̂τ (ρ̂A(t)) = ρ̂A(t)+O(τ) where

O(τ) is a first-order contribution in τ , one of the operators M̂µ should be of the order of

unity. We write it, without loss of generality, as

M̂0(τ) = 1− iK̂τ +O(τ2) (1.22)

where K̂ is independent of τ . We build now the hermitian and anti-hermitian parts in K̂,

defining two hermitian operators

Ĥ = ~
K̂ + K̂†

2
(1.23a)

Ĵ = i
K̂ − K̂†

2
(1.23b)

from which we obtain

K̂ =
Ĥ

~
− iĴ . (1.24)

Up to the first order in τ we have

M̂0(τ)ρ̂A(t)M̂ †
0 (τ) = ρ̂A(t)− iτ

~
[Ĥ, ρ̂A(t)]− τ(Ĵ ρ̂A(t) + ρ̂A(t)Ĵ) (1.25)

where we recognize a commutator describing a unitary evolution induced by the Hamiltonian-

like term Ĥ . This term can be easily substituted by Ĥ → ĤA, the Hamiltonian of the system

A, including a renormalization of the energy levels of A, due to small shifts induced by the

interaction with the environment E. All other terms, for µ 6= 0 in the Kraus sum are of order

τ and we can write

M̂µ(τ) =
√
τ L̂µ (1.26)

which must satisfy the normalization condition for Kraus operators

Nk−1
∑

µ=0

M̂ †
µ(τ)M̂µ(τ) = 1 =⇒ 1− 2τĴ + τ

∑

µ6=0

L̂†
µL̂µ = 1
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leading to the relation

Ĵ =
1

2

∑

µ6=0

L̂†
µL̂µ. (1.27)

Finally, from Eq. (1.19), we obtain the first-order ME

dρ̂A(t)

dt
= − i

~
[ĤA, ρ̂A(t)] +

∑

µ6=0

(

L̂µρ̂A(t)L̂†
µ −

1

2
L̂†

µL̂µρ̂A(t)− 1

2
ρ̂A(t)L̂†

µL̂µ

)

(1.28)

This derivation of the ME is based on very general arguments, stemming from the Kraus

sum formulation and the Markov approximation.

Let us now consider the evolution of ρ̂A(t) from the point of view of measurement, when

A is in contact with a system B smaller than E (a so-called “environment simulator”), in

a Hilbert space with a dimension of the same number of Kraus operators. Moreover we

consider a complete orthonormal basis |φµ〉B whose elements are associated to each Kraus

operator M̂µ(τ). We suppose that, at time t, the global system is in the product state

|φ〉A ⊗ |φ0〉B , where, for simplicity, we consider a pure state2 for the system A. This state

evolves according to a unitary operator Û :

Û(|φ〉A ⊗ |φ0〉B) = (M̂0|φ〉A)⊗ |φ0〉B +
∑

µ6=0

(M̂µ|φ〉A)⊗ |φµ〉B =

=

[1− i

~
ĤAτ − Ĵ τ

]

|φ〉A ⊗ |φ0〉B +
√
τ
∑

µ6=0

(L̂µ|φ〉A)⊗ |φµ〉B
(1.29)

An unread measurement of B for an observable whose eigenvectors are |φµ〉B, provides the

evolution of A according to the quantum map L̂τ (|φ〉A〈φ|), as in Eq. (1.13). On the other

hand, if a measurement is performed on system B, we have already shown that the same

result of an unread measurement is recovered as in Eq. (1.18). Applied to the ME (1.28),

where the Kraus operators have an explicit form, we obtain two cases:

1. if the result of a measurement on B is |φ0〉B , the projected state of A is

|φ〉0,A =
M̂0√
p0
|φ〉A =

1− i
~
ĤAτ − Ĵτ√
p0

|φ〉A (1.30)

with a probability

p0 = A〈φ|M̂ †
0M̂0|φ〉A = 1− τ∑

µ6=0

A〈φ|L̂†
µL̂µ|φ〉A. (1.31)

When this event occurs, with a probability p0 close to unity, A undergoes an in-

finitesimal change, which can be viewed as an elementary time step in a continuous,

non-unitary evolution described by an effective non-hermitian Hamiltonian

Ĥe = ĤA − i~Ĵ = ĤA −
i~

2

∑

µ

L̂†
µL̂µ (1.32)

2The general case is recovered simply by the property of linearity of the quantum map L̂, when a density

matrix of A is decomposed as ρ̂A =
P

i qi|φ(i)〉A〈φ(i)|, where |φ(i)〉A is a pure state.
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2. if the result of a measurement on B is |φ0〉µ, with µ 6= 0, the projected state of A is

|φ〉µ,A =

√

τ

pµ
L̂µ|φ〉A (1.33)

with a small probability

pµ = τA〈φ|L̂†
µL̂µ|φ〉A (1.34)

When such an event occurs, with a small probability of order τ , the state of A un-

dergoes a drastic change. It jumps from |φ〉A to the completely different state L̂µ|φ〉A
(within a normalization). The evolution of A is thus mostly a slow non-unitary evolu-

tion, where L̂µ are usually called jump operators3 (or collapse operators).

By combining this two cases and the fact that the measurement process is fictitious, in the

sense that it is equivalent to an evolution obtained by unread measurements, the ME in the

Lindblad form (1.28) can be written as

dρ̂A(t)

dt
= − i

~

(

Ĥeρ̂A(t)− ρ̂A(t)Ĥ†
e

)

+
∑

µ6=0

L̂µρ̂A(t)L̂†
µ. (1.35)

1.2.3 The MCWF method

Most often, the Lindblad master equation which describes the relaxation process in a com-

plete way cannot be solved analytically. One has then to resort to numerical solutions,

which are difficult to obtain when A is large. The number of elements of the density matrix,

ρ̂A, is the square of the Hilbert space dimension, N2
A. The calculations rapidly become too

cumbersome to be performed, even with supercomputers. In comparison, it is much simpler

to follow the Hamiltonian evolution of a wave function, since it involves only NA complex

variables.

We have seen above that the environment simulator description allows us to understand the

systems relaxation from t to t + τ as an elementary unitary evolution entangling A to an

external system B having as many states as the number of Lindblad operators plus one.

The infinitesimal evolution of the density matrix is recovered by tracing the quantum state

at t+ τ over all results of measurements virtually performed on B. Computing the quantum

state resulting from the elementary unitary A+B interaction is as simple as following an

ordinary Hamiltonian evolution. By extending this procedure to the whole time interval,

we now introduce the notion of random evolutions of the systems state vectors, quantum

Monte Carlo trajectories, whose average over many realizations allow us to recover the full

density matrix [17]. This is a very efficient scheme for numerical simulations.

The evolution is divided in small time steps, each with a duration τ . At the end of the first

step, a measurement is performed on system B (the environment simulator for E) indicating

3We point out that we will consider as Kraus operators only a small finite number of jump operators,

corresponding to the dissipative processes of photon cavity loss and atomic spontaneous emission.
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whic jump occurred, if any. Instead of tracing over all possible measurement results, we

assume that it is kept a record of the obtained value. This measurment thus project A onto

a new state vector which is taken as the initial condition for the next step. The system B

is then re-prepared in its neutral state |φµ〉B, which reflects the fact that the short-memory

real environment E is not modified during the relaxation process (Markov approximation)

and that its entanglement with A, at the beginning of each time interval, can be neglected

to compute the system’s state at the end of this interval.

In a numerical simulation the measurement performed on B are conditioned to classical dice

tosings, reproducing the probabilities of outcomes of the various jumps undergone by the

system. The recursive algorithm to simulate the evolution of A is as follows:

• from the initial state of A at time t, |φ(t)〉A, compute the no-jump probability p0 in

Eq. (1.31) and the Nk − 1 jump probabilities pµ in Eq. (1.34) associated to the jump

operators L̂µ;

• choose whether a jump occurs or not and if it occurs, choose randomly the correspond-

ing jump operator L̂ν . These choices are performing by drawing a single random value

0 ≤ r ≤ 1. No jump occurs if r < p0. If a jump takes place, its index ν is the smallest

integer such that
∑ν

µ=0 pµ > r;

• in the no-jump case, compute the elementary evolution of |φ(t)〉A under the effective

non-hermitian Hamiltonian (1.32). Renormalize the final result using the value of p0

in Eq. (1.30);

• in the event of a jump, compute the new state and renormalize it with pν in Eq. (1.33);

• repeat the sequence of steps with the resulting state |φ(t+ τ)〉A as a new initial state.

A large number Ntr of individual quantum trajectories |φj(t)〉A, all starting from the same

initial state |φ(0)〉A, are constructed in this way. From the definition of the procedure, the

time-dependent density matrix Π(t) = 1
Ntr

∑tr
j |φj(t)〉A〈φj(t)| is the average over the Ntr

trajectories. After a time interval τ , Π(t+τ) is both a mixture of the no-jump and the jump

wavefunctions, with weights p0 and 1− p0, and the average of ρ̂A,j(t+ τ):

Π(t+ τ) =
1

Ntr

Ntr
∑

j=1

[

p0
M̂0|φj(t)〉A√

p0

A〈φj(t)|M̂ †
0√

p0
+
∑

µ

pµ
L̂µ|φj(t)〉A
√

pµ/τ

A〈φj(t)|L̂†
µ

√

pµ/τ

]

= Π(t)− i

~
τ [ĤA,Π(t)] + τ

∑

µ6=0

L̂µΠ(t)L̂†
µ

(1.36)

that combined with the first derivative dΠ/dt = (Π(t + τ) − Π(t))/τ we obtain the ME in

the Lindblad form

dΠ(t)

dt
= − i

~
(ĤeΠ(t)−Π(t)Ĥe) +

∑

µ6=0

L̂µΠ(t)L̂†
µ. (1.37)
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Since Π(0) coincides, by construction, with the initial density matrix, then ρ̂A(t) and Π(t)

coincide at all times, showing that Lindblad ME and Monte Carlo approaches are fully

equivalent.

1.3 Bipartite entanglement quantification

We focus here on the case of bipartite entanglement, which has been widely studied and for

which by now it exists a solid theory. We analyze the two main categories of quantum states,

pure and mixed, and then we show some ways to establish whether a state is separable or

inseparable.

1.3.1 Pure states

Suppose we are given two quantum discrete systems each one described by states in Hilbert

spaces HA and HB. The composite system is in a quantum state that belongs to a greater

Hilbert state, tensor prouct of the previous two H = HA⊗HB. Any state is a vector |Ψ〉 ∈ H
written in the form:

|Ψ〉 =
dA,dB
∑

i,j

cij |ai〉 ⊗ bj (1.38)

where dA and dB are the dimensions of HA and HB and cij are complex coefficients.

A pure state |Ψ〉 ∈ H is called separable if we can find states |φ〉A ∈ HA and |φ〉B ∈ HB

such that

|Ψ〉 = |φ〉A ⊗ |φ〉B

otherwise the state |Ψ〉 is called entangled. Separable states (or product states) can be

locally prepared and measured without any mutual influence on each subsystem A or B.

A very useful tool is the so-called Schmidt decomposition, for which every pure bipartite

state can be written as a sum of bi-orthogonal terms. There exists at least one orthonormal

basis {|uk〉 ⊗ |vk〉} in H such that

|Ψ〉 =
R
∑

k

λk|uk〉 ⊗ |vk〉

where λk are non-negative real numbers, square roots of the eigenvalues of the matrix CC†

(with C = (cij)), satisfying
∑

k λ
2
k = 1, known as Schmidt coefficients. The number R ≤

min{dA, dB} is also called the Schmidt number (or Schmidt rank) of |Ψ〉 and it coincides

with the number of non-zero amplitudes λk. This is the powerful consequence of the Schmidt

decomposition: the Schmidt number of a state is greater than 1 if and only if it is entangled.

On the contrary when it is equal to one, it means that the bipartite pure state is factorizable,

that is separable.

Now we give two examples of two-dimensional bipartite states (qubits) in Schmidt form that
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are very useful in quantum computation and quantum information theory. The first is the

bell basis formed of these four pure states

|Ψ±〉 = 1√
2

(|01〉 ± |10〉)

|Φ±〉 = 1√
2

(|00〉 ± |11〉)

in the computational basis, which are symmetrical and antisymmetrical under qubit ex-

change. Another basis of two qubits that turns out to be natural for concurrence-based

entanglement studies (see ahead), is the so called magic basis

|m1〉 =
1

2
(|00〉+ |11〉)

|m2〉 =
i

2
(|00〉 − |11〉)

|m3〉 =
i

2
(|01〉+ |10〉)

|m4〉 =
1

2
(|01〉 − |10〉)

which is similar to the Bell basis except for phases and norm. In both these cases the Schmidt

number is equal to 2 and it means that these states are all inseparable, in particular they

are maximally entangled states.

1.3.2 Mixed states

The definition of entanglement can be extended to include mixed states, in particular those

states which cannot be written as convex combination of products

ρ =
∑

k

pkρ
A
k ⊗ ρB

k (1.39)

where pk ∈ [0, 1] and
∑

k pk = 1, ρA and ρB being statistical operators on subsystem Hilbert

space HA and HB . Quantum states in the form of Eq. 1.39 are by definition mixtures of

product states and so can only be created by local oprations and classical communication

(LOCC) from pure product states.

1.3.3 Separability criteria and entanglement measures

Given the definition of entanglement and separability it is quite natural to ask whether a

given density matrix is separable or not. This constitutes the so-called separability problem,

to which several criteria and entanglement measures are addressed. The criteria help in the

detection of entanglement while the entanglement measures (or entanglement monotones)

quantify the amount of entanglement of a quantum state. As explained in detail in the

literature [11], it is desirable that a generic entanglement quantifier E(ρ) fulfills the following

requirements:
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(i) E(ρ) is zero if ρ is separable;

(ii) an entanglement measure is invariant under local unitary transformations E(ρ) =

E(UA ⊗ UBρU
†
A ⊗ U

†
B);

(iii) as entanglement cannot be created by LOCC, it is reasonable that E(ρ) does not

increase under a LOCC positive map ΛLOCC, that is E[ΛLOCC(ρ)] ≤ E(ρ);

(iv) entanglement has to decrease under mixing of two or more states E(
∑

k pkρk) ≤
∑

k pkE(ρk). This the convexity property that express the fact that if one starts

from an ensamble ρk of states and looses information about the single ρk, then the

entanglement decreases.

PPT criterion and negativity

Let us start with the criterion called positive partial transposition (PPT). We note that a

generic density matrix of a compiste quantum system, can be always expanded in a chosen

product basis as

ρ =

N
∑

i,j

M
∑

k,l

ρij,kl|i〉〈j| ⊗ |k〉〈l|.

The operation of partial transposition of ρ is obtained by transposing only one of the two

subsystems. Thus, for instance, the partial transposition with respect to the subsystem A

is

ρTA =

N
∑

i,j

M
∑

k,l

ρij,kl|j〉〈i| ⊗ |k〉〈l|

and similarly ρTB can be obtained by exchanging only k and l. The PPT criterion (also

called Peres-Horodecki criterion), originally introduced in [18], affirms that if ρ is a bipartite

separable state then ρ is PPT, that is it is positive semidefinite matrix, with no negative

eigenvalues:

ρTA ≥ 0⇔ ρTB ≥ 0.

This powerful theorem allows to easily detect entanglement by calculating the spectrum of

the partial transpose of a density matrix. If there is at least one negative eigenvalue, the

state is entangled. But PPT is only a necessary condition for separability and it is not

sufficient to ensure a state to be separable. It was shown that the PPT criterion is actually

necessary and sufficient for bipartite systems of dimension 2 × 2 or 2 × 3. This statement

goes under the name of Horodecki theorem [19] and formally affirms that if ρ is a state in a

2× 2 or 2× 3 system, then ρTA ≥ 0 implies that ρ is separable.

The amount of violation of the PPT condition can be used to quantify entanglement. In

[20] the authors introduced an entanglement measure called negativity, which takes the

mathematical form:

N(ρ) =
‖ρTB‖1 − 1

2
(1.40)
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where ‖. . .‖1 denotes the trace norm, i.e. the sum of all singular values, of the partially

transpose density matrix. The negativity is quite easy to compute and it is a convex measure,

but, by construction, it fails to recognize entanglement in PPT states.

Entanglement of formation

The entanglement of formation is defined as the convex roof of the von Neumann entropy

EF (ρ̂) = inf
pk,|φk〉

∑

k

pkS[(ρ̂A)k] (1.41)

where the infimum is taken over all possible decompositions of ρ̂, i.e., over all pk and |φk〉
with ρ̂ =

∑

k pk|φk〉〈φk|. Physically, the entanglement of formation may be interpreted as a

minimal number of singlets that is required to build a single copy of the state.

Concurrence

A practical measure of bipartite entanglement that has a geometrical meaning and can often

be easily calculated is the concurrence, firstly introduced by Hill and Wootters [22] in 1997

for pure states according to the definition

C(|Ψ〉) =
√

2(1− Tr[ρ̂2
A]) (1.42)

where ρ̂A denotes the reduced state of a bipartite pure state |Ψ〉 made of two parties A and

B. Another way of representing C for two qubits is

C(|Ψ〉) = 〈Ψ|θ|Ψ〉 (1.43a)

θΨ = σy ⊗ σyΨ∗ (1.43b)

with Ψ∗ the complex conjugate of Ψ on the standard basis and σy is a Pauli matrix. It turns

out that this last definition is extended to mixed states via the convex roof construction.

Namely one has

C(ρ̂) = max{0, λ1 − λ2 − λ3 − λ4} (1.44)

where the λi are the decreasingly ordered eigenvalues of the matrix

X =

√

√

ρ̂(σy ⊗ σy)ρ̂∗(σy ⊗ σy)
√

ρ̂.

The importance of the concurrence measure stems from the fact that it allows to compute

entanglement of formation for two qubits according to

EF (ρ̂) = H

(

1 +
√

1− C2(ρ̂)

2

)

(1.45)

where H is the binary entropy H(x) = −x log2 x− (1−x) log2(1−x). For other dimensions,

however, such a relation does not hold and the physical interpretation of the concurrence is

not so clear. Moreover, the concurrence is not additive.
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1.4 Multipartite entanglement quantification

In this section we discuss the structure of entanglement when more than two parties are

involved. It turns out that this structure is much richer than the structure of entanglement

in the bipartite case, especially, that several inequivalent classes of entanglement exist. We

will not present the complete set of results on the multipartite entanglement case, but we

limit ourselves in describing the main achievements and the still open problems related to

it.

1.4.1 Entanglement of three qubits

Let us first consider pure three-qubit states. There are two different types of separability:

the “fully separable” states that can be written as

|φ〉A|B|C = |α〉A ⊗ |β〉B ⊗ |γ〉C (1.46)

and the “biseparable” states that can be written as a product state in the bipartite system.

A biseparable state can be created, if two of the three qubits are grouped together to one

party. There are three possibilities of grouping two qubits together, hence there are three

classes of biseparable states:

|φ〉A|BC = |α〉A ⊗ |δ〉BC (1.47a)

|φ〉B|AC = |α〉B ⊗ |δ〉AC (1.47b)

|φ〉C|AB = |α〉C ⊗ |δ〉AB (1.47c)

here |δ〉 denotes a two-party state that might be entangled. Finally, a pure state is called

“genuine tripartite entangled” if it is neither fully separable nor biseparable. Examples of

such states are the Greenberger-Horne-Zeilinger (GHZ) state [23]

|GHZ〉 = 1√
2
(|000〉+ |111〉), (1.48)

and the so-called W state

|W 〉 = 1√
3
(|100〉+ |010〉+ |001〉). (1.49)

It was proved in [24] that there are two different equivalence classes of genuine tripartite

entangled states, which cannot be transformed into another by SLOCC. One class, the class

of GHZ states is represented by the GHZ state (1.48). The other class, the class of W states

can be transformed via SLOCC into (1.49). In this sense there are two different classes of

tripartite entanglement. There are many more pure GHZ class states than W class states:

by local unitary operations one can transform any pure three-qubit state into

|Ψ〉 = λ0|000〉+ λ1e
iθ|100〉+ λ2|101〉+ λ3|110〉+ λ4|111〉 (1.50)
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where λi ≥ 0,
∑

i λ
2
i = 1 and θ ∈ [0;π] (see [25]). Thus, six real parameters are necessary

to characterize the nonlocal properties of a pure state. For the W class states, however,

θ = λ4 = 0 holds, which shows that they are a set of measure zero in the set of all pure

states.

Physically, there are also differences between the two classes: on one hand, the GHZ state

is maximally entangled and a generalization of the Bell states of two qubits. For instance,

for the most known Bell inequalities the violation is maximal for GHZ states. On the other

hand, the entanglement of the W state is more robust against particle losses: if one particle

is lost in the GHZ state, the state ρ̂AB = TrC [|GHZ〉〈GHZ|] is separable, for the W state

the resulting reduced density matrix ρ̂AB = TrC [|W 〉〈W |] is entangled. Indeed, it can be

shown that the W state is the state with the maximal possible bipartite entanglement in

the reduced two-qubit states.

1.4.2 Tangle measure

The three-tangle τ (or residual tangle), introduced in [26], is an entanglement measure for

three-qubit states. An arbitrarily pure three-qubit state fulfills the monogamy relation

C2
A|BC(|Ψ〉) = C2

AB(ρ̂AB) + C2
AC(ρ̂AC) + τ(|Ψ〉) (1.51)

where C2
A|BC(|Ψ〉) = 2

√

det(ρ̂A) is the concurrence between A and the other two qubits,

and C2
AB(ρ̂AB) is the concurrence between A and B. It can be proved [24], exploiting the fact

that it is invariant under local unitaries, that the 3-tangle is an entanglement monotone,

i.e. it decreases on average under LOCC in all the three parties. The three-tangle may

be zero for pure states that are three-entangled, i.e., that are not a product with respect

to any cut. An example is the W state and a large number of pure states that are called

W-like states, although none of their qubits is separable (the three reduced states are all of

them non-pure). The tangle vanishes on any states that are separable under any cut, and is

non-zero, for example, on the GHZ state. Therefore, the three-tangle is not a good measure

of full tripartite entanglement even for pure states, as pointed out in [27].

There was an attempt by Wong and Christensen [28] to generalize the tangle measure to the

case of N qubits, to what was called the N -tangle measure. We recall that the pure-state

concurrence for two qubits was also defined as in (1.43) in order to get a more general form

for the case of N qubits

CN = |〈Ψ|Ψ̃〉|2 (1.52a)

|Ψ̃〉 = σ⊗N
y |Ψ∗〉 (1.52b)

where |Ψ̃〉 stands for an N-qubit state. As proved in [28] the N -tangle measure τN = C2
N in

the case of N even. The N -tangle is a good measure of entanglement since it possess the

property to be a monotone under LOCC, as proved for the 3-tangle. Let us have a look at
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the generalized form |WN 〉 of the state |W 〉 (1.49). We define the state

|WN 〉 =
1√
N
|N − 1, 1〉 (1.53)

where |N − 1, 1〉 denotes the totally symmetric state including N − 1 zeros and 1 ones. For

example, we obtain for N − 4,

|W4〉 =
1√
4
(|0001〉+ |0010〉+ |0100〉+ |1000〉).

One immediately observes that the entanglement of this state is ery robust against particle

losses, i.e. the state remains entangled even if any N − 2 parties lose the information

about their particle. This means that any two out of N parties possess an entangled state,

independently of whether the remaining (N − 2) parties decide to cooperate with them or

not. This can be seen by computing the reduced density operator ρ̂AB of |WN 〉, by tracing

out all but the first and the second systems. By symmetry of the state (1.53), we have that

all reduced density operators ρ̂κµ are identical and we obtain

ρ̂κµ =
1

N

(

2|Ψ+〉〈Ψ+|+ (N − 2)|00〉〈00|
)

. (1.54)

The concurrence can easily be determined, according to (1.44), to be Cκµ(|WN 〉) = 2
N ,

which shows that ρ̂κµ is entangled. A conjecture in [24] affirms that the average value of

the squared concurrence for (1.53)

2

N(N − 1)

∑

κ

∑

µ6=κ

C2
κµ(|WN 〉) = C2 =

4

N2
(1.55)

is again the maximal value achievable for any state of N qubits.

1.4.3 Tripartite negativity

An ideal measure of the full tripartite entanglement of three qubits should have at least the

following characteristics:

i) to be zero for any fully separable or biseparable state and non-zero for any fully

entangled state;

ii) to be invariant under LU;

iii) to be non increasing under LOCC, that is, to be an entanglement monotone.

Von Neumann’s entropy of reduced states is an unambiguous measure of entanglement only

for pure states, and the concurrence, although well defined for non-pure states of two qubits,

has been extended in a practical way to higher dimensions only for pure states. Therefore,

in order to have a measure of tripartite entanglement valid also for non-pure states we will

use the negativity. In [27] it is defined the following “tripartite negativity” of a state ρ̂ as

NABC(ρ̂) = (NA−BCNB−ACNC−AB)1/3 (1.56)



1.4. Multipartite entanglement quantification 17

where the bipartite negativities are defined as in (1.40) or, equivalently, as

NI−JK = −2
∑

i

σi(ρ̂
TI) (1.57)

with I = A,B,C and JK = BC,AC,AB respectively and where σi(ρ̂
TI) are the negative

eigenvalues of ρ̂TI , the partial transpose of ρ̂ with respect to subsystem I. The tripartite

negativity fulfills both parts of condition i) for pure states, and ii) and iii) since the bipartite

negativities verify them. Moreover this multipartite entanglement measure adds a quanti-

tative appraisal of the full tripartite entanglement of a pure three-qubit states classification

explained in detail in [27]. For non-pure states the condition i) may not be verified, mainly

because of two different situations. The first one concerns two-party states in dimensions

2× 4 where there are entangled states with zero negativity (“bound entangled” states [29]),

violating the second part of i). On the other hand, NABC could be non-zero for generalized

biseparable states, violating also the first part of i). The problems related to find a measure

that is non-zero for any entangled two-party state in dimension 2 × 4, and also find a way

to discriminate unambiguously between generalized biseparable and fully entangled states

of three qubits, are still open. Nevertheless it can be proved that NABC > 0 is a sufficient

condition for distillability to a GHZ state (GHZ-distillability), a property of central impor-

tance in quantum computation. Therefore, tripartite negativity is useful also for non-pure

states, even if it does not solve the separability vs. entanglement problem.

Some examples are given for the two representative tripartite entangled states GHZ and

W. Respectively we have NABC(|GHZ〉) = 1 and NABC(|W 〉) = 0.94, that introduces a

novelty with respect to the 3-tangle measure since it can quantify the amount of tripartite

entanglement in the W state. This is better appreciable when GHZ-like or W-like states

are considered, as it distinguishes a degree of entanglement for each state, allowing a more

detailed classification of states.



CHAPTER 2

Entanglement transfer and state

mapping

In this Chapter we treat the problem of the transfer of tripartite quantum correlations

and states from radiation to matter qubits. So we are faced with the issue of multipartite

entanglement, the effects of entanglement sudden death and birth (ESD and ESB), and open

system dynamics in realistic settings.

The general problem of transferring entanglement from bosonic systems to localized qubits

for bipartite systems was recently addressed [30] also in the presence of some dissipative

effects. In the framework of CQED the Hamiltonian description of entanglement exchange

from radiation to two-level atoms was theoretically investigated in [31] and the effect of

cavity mode decay was numerically analyzed in [32]. The literature also provides examples of

similar investigations in other physical systems such as circuit QED [33] or collective spins of

atomic ensembles [34]. In the case of tripartite systems the problem of entanglement transfer

was investigated in CQED for unitary dynamics [35, 36]. In turn, tripartite entanglement of

radiation in CV systems has been widely investigated both theoretically and experimentally

[37, 38, 39, 40, 41, 42] and, recently, photon number multipartite entanglement for qubit-like

radiation states was demonstrated [43]. Another scheme for quantum state engineering has

been proposed [44] allowing also entanglement purification [45].

Here we provide a full dynamical description of entanglement transfer from three entangled

bosonic modes to three localized qubits through the action of a local environment [46]. Our

analysis provides a good framework for different physical systems and implementations. In

particular, upon exploiting current advances in the optical regime of CQED [47, 43, 48], our

scheme could be implemented with three entangled radiation modes, prepared in a qubit-

18
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like state, coupled by optical fibers to three separated optical cavities containing each one a

trapped two-level atom.

This chapter is organized as follows. After introducing the physical model (Sec. 2.1), we

first describe the whole system dynamics in the Hamiltonian case, showing the occurrence of

optimal state mapping and entanglement transfer (Sec. 2.2). In particular, an injected pure

entangled state of radiation, carried by single-mode fibers, can be mapped onto the tripartite

atomic subsystem, after a suitable interaction time among all nine parties. Switching off

the external field at that time, the quantum correlations can be periodically mapped onto

the tripartite atomic and cavity mode subsystems, according to a triple Jaynes-Cummings

(JC) dynamics [1]. In the case of external radiation prepared in a mixed Werner state we

suggest a way to observe the phenomenon of ESD and ESB [49, 50] for tripartite systems.

Also we show that, during the time evolution, each subsystem (atoms or cavity modes)

can alternatively exhibit different kinds of entanglement, including genuine tripartite GHZ

and W entanglement. We also analyze the dynamics including reflectivity losses at input

cavity mirrors, showing that it is equivalent to an error in the switching-off time of the

interaction between fibers and cavities. Moreover we study the case of multi-mode fiber

couplings between the injected field and the cavity modes, highlighting the possibility to get

a good state mapping even outside the optimal conditions explained before. In the final part

of this section we give a short glance to the possibility of injecting an entangled tripartite

CV state of radiation, which has been object of study in interesting experiments [39].

The main dissipative effects are included to obtain a realistic investigation of multipartite

entanglement transfer and swapping (Sec. 2.3), that is of interest for quantum interfaces

and memories in quantum networks [51, 52]. The effects of dissipation are compared for

different initial states and several values of parameters, in order to analyze the robustness

against decoherence.

2.1 Model of the physical system

We start describing the general scheme for an entangled three-mode bosonic system (f),

prepared in general in a mixed state, interacting with three qubits (a) through their local

environments (c). Considering a resonance condition among the three relevant energy fre-

quency of the subsystems and performing the usual RWA in order to obtain a TC model,

the system Hamiltonian in the interaction picture takes the form

ĤI =
∑

J=A,B,C

[

~gJ(ĉJ σ̂
†
J + ĉ†J σ̂J )

]

+
∑

J,K=A,B,C

[

~νJ,K(t)(ĉJ f̂
†
K + ĉ†J f̂K)

]

(2.1)

The operators ĉJ , ĉ
†
J (f̂J , f̂

†
J) are the annihilation and creation operators for the local en-

vironment (input bosonic) modes, while σ̂J , σ̂
†
J are the lowering and raising operators for

the target qubits in each subsystem (J =A,B,C). Without loss of generality, we consider

real coupling constants gJ for the c-a interaction, whereas νJ,K(t), f-c coupling, are taken
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Figure 2.1: Schematic diagram for entanglement transfer in a CQED framework. Three

entangled radiation modes are coupled by optical fibers to three cavities each one interacting

with an atomic qubit. An open system situation is also taken into account.

real and time dependent in order to simulate the interaction switching-off at a suitable time

toff . The implementation of our scheme (sketched in Fig. 2.1) may be realized in the optical

regime of CQED by choosing a tripartite photon-number entangled field for the bosonic

modes (f), guided by optical fibers, and two-level atoms as the target qubits (a). Each qubit

is trapped in a one-sided optical cavity, operating as the local environment (c). We consider

the optical fibers in the short-fiber limit where radiation is carried by discrete modes [53].

In the following section we shall distinguish the cases of single-mode and multi-mode fibers

that couple to the corresponding cavities. As we noticed in the introduction and as will be

widened in the next chapter, there exist different physical implementations of this model, in

particular in superconducting solid state devices where “artificial atoms” are used as qubits

and 1D strip-line resonators as cavities.

If the system is open, it is subjected to several dissipative effects, such as cavity losses at

a rate κc due to interaction with a thermal bath with a mean photon number n̄, the atomic

spontaneous emission with a decay rate γa, and a leakage of photons from the fibers at a

rate κf . Hence the time evolution of the whole system can be described by the following

master equation (ME) in the Lindblad form for the density operator ρ̂(t):

˙̂ρ = − i
~

(

Ĥeρ̂− ρ̂Ĥ†
e

)

+
∑

J=A,B,C

[

Ĉf,J ρ̂Ĉ
†
f,J + Ĉ

(g)
c,J ρ̂Ĉ

(g)†
c,J + Ĉ

(l)
c,J ρ̂Ĉ

(l)†
c,J + Ĉa,JρĈ

†
a,J

]

(2.2)

where the non-Hermitian effective Hamiltonian is

Ĥe = ĤI − i~

2

∑

J=A,B,C

[

Ĉ†
f,J Ĉf,J + Ĉ

(g)†
c,J Ĉ

(g)
c,J + Ĉ

(l)†
c,J Ĉ

(l)
c,J + Ĉ†

a,J Ĉa,J

]

(2.3)

The jump operators for the qubits are Ĉa,J =
√
γaσ̂J , for the fibers Ĉf,J =

√
κf f̂J , and for

the cavity modes Ĉ
(l)
c,J =

√

κc(n̄+ 1)ĉJ (loss of a photon) and Ĉ
(g)
c,J =

√
κcn̄ĉ

†
J (gain of a

photon). We remark that in optical cavities thermal noise is negligible, spontaneous emission

can be effectively suppressed, and single atoms can stay trapped even for several seconds
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[47]. From now on we consider dimensionless parameters, all scaled to the coupling constant

gA, and times τ = gAt, introducing the dimensionless switching-off time τoff = gAtoff . In

particular the decay rates will be written in the following as κ̃c ≡ κc/gA, κ̃f ≡ κf/gA,

γ̃a ≡ γa/gA.

2.2 Entanglement transfer and state mapping in the

Hamiltonian regime

In this section we illustrate analytical and numerical results on the transfer of a quantum

state from an entangled radiation, which can be in a pure or mixed state, qubit-like or CV, to

localized qubits. In particular we focus on the unitary dynamics of the subsystems, with the

conditions ({κ̃f , κ̃c, γ̃a} ≪ 1), and we analyze the effects of a reduced mirror transmittance,

of different coupling constants and we differentiate the two cases of single-mode and multi-

mode fibers. We consider here only the case of initial GHZ and W states, in order to

better understand the mechanism of the transfer protocol, which is the same for all input

states. We will introduce later, in the dissipative case, the most general pure tripartite states

written in the Generalized Schmidt Decomposition (GSD) form [54], in order to compare

their robustness against decoherence. Moreover we study the dynamics of the subsystems

in the case of initial mixed states, in particular a GHZ state mixed with white noise and a

GHZ state mixed with a w state. We focus on the time evolution of entanglement and we

provide a classification of entanglement, showing the effects of ESD and ESB.

2.2.1 Qubit-like external radiation carried by single-mode fibers

Starting from a qubit-like entangled state ρ̂0,f all subsystems (a, c, f) trivially behave

as qubits. Since we are interested in the entanglement dynamics and its classification, we

combine the information about tripartite negativity [27], entanglement witnesses [55] for the

two inequivalent classes GHZ and W [24], and some recently proposed criteria for separability

[56] (see Chapter 1). In fact, the tripartite negativity E(α)(τ) (α=a, c, f), defined as the

geometric mean of the three bipartite negativities [57], is an entanglement measure providing

only a sufficient condition for entanglement detection, though its positivity guarantees GHZ-

distillability. As we will see further on, this becomes important for initial mixed state, while

for pure states the tripartite negativity completely describes the entanglement dynamics of

the subsystems. For a better and clearer reading we report here the definition of tripartite

negativity as the entanglement measure we use throughout this chapter:

E(α) ≡ 1/3

√

N
(α)
A−BCN

(α)
B−CAN

(α)
C−AB α = a, c, f (2.4)

where N
(α)
A−BC , e.g., is the common bipartite negativity of the bipartition A and BC in every

subsystem α = a, c, f.
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Figure 2.2: Dynamics of the nine-qubit system for the external field initially prepared in

a GHZ state. In (a) the average number of photons N (c)(dashed), N (f)(dotted) and the

probability of excited state pe(solid). In (b) the tripartite negativity E(α) for atoms (solid),

cavity modes (dashed) and external field (dotted).In (c) the purity µ(a) (solid) and the

fidelity F
(a)
φ with φ = −π

2 (dashed), φ = π
2 (dotted). In (d) the purity µ(c) (solid) and the

fidelity F
(c)
φ with φ = −π

2 (dashed), φ = π
2 + π/2 (dotted).

We first illustrate the Hamiltonian dynamics for the external field prepared in a qubit-

like entangled pure state |Ψ0〉f , atoms prepared in the lower state |ggg〉a, and cavities in

the vacuum state |000〉c . Overall we are dealing with an interacting 9-qubit system where

the input field is switched off at the time τoff , when it has completely fed the cavities and

the atomic probability of excited state pe(τ) reaches the maximum. In practice, the switch

off of the injected field can be obtained, e.g., by rotating fiber polarization, interrupting

the mode-matching conditions necessary to get the fiber modes and the cavity modes to

interact.

In Fig. 2.2 we summarize the dynamics for the external field prepared in the GHZ

state |Ψ0〉f = (|000〉f + |111〉f)/
√

2. The first part of the time evolution is the transient

regime 0 < τ ≤ τoff , with τoff = π/
√

2, where each input qubit transfers its excitation to

the cavity mode, that in turn passes it onto the atom (see Fig. 2.2a). Each cavity mode,

simultaneously coupled to the external field and to the atom, exchanges energy according

to a Tavis-Cummings dynamics at an effective frequency
√

2gA [2, 58] and the mean photon

number N (c)(τ) ≡ 〈ĉ†ĉ〉(τ) in each cavity completes a cycle. In Fig. 2.2b we also see that

the atomic tripartite negativity is always positive and E(a)(τoff) = 1, that is the value of the

injected GHZ state. Until τoff the dynamics maps the whole initial state |Ψ0〉f ⊗ |000〉c ⊗
|ggg〉a onto the pure state |000〉f ⊗ |000〉c⊗ |Ψ̃〉a. The state |Ψ̃〉a is obtained from |Ψ0〉f by
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the substitution |0〉f → |g〉a and |1〉f → i|e〉a, that is |Ψ̃〉a = (|ggg〉a− i|eee〉a)/
√

2. Thus the

mapped state onto the localized qubits is of the same class of the initial state of radiation,

unless a local phase factor given by the unitary operator Û (a) =
⊗

J e
−i π

2 σ̂†
J σ̂J . Alternately

the exact state mapping might be obtained applying Û †(a) to the atomic state at time τoff ,

that is |Ψ0〉a = Û †(a)|Ψ̃〉a which is the same quantum state of the injected radiation with

the correct substitution |0〉f → |g〉a and |1〉f → |e〉a, without additional phase factors. This

is confirmed by the time evolution of the purity µ(a)(τ) = Tra[ρ̂2
a(τ)] and of the fidelity

to the initial state F (a)(τ) = f 〈Ψ0|ρ̂a(τ)|Ψ0〉f , where ρ̂a(τ) is the atomic reduced density

operator. As regards the cavity mode dynamics we note that (see Figs. 2.2b,d) the local

maximum of E(c)(τoff/2) does not correspond to a pure state, i.e. the initial state |Ψ0〉f
cannot be exactly mapped onto the cavity modes during the transient regime. Therefore we

have that entanglement is only partially transferred to the cavity modes but nevertheless

this is enough for the building up of full atomic entanglement later on. This is quite different

with respect to [36].

At the end of the transient regime the external radiation is turned off and the subsequent

dynamics is described by a triple JC ruled by oscillations at the vacuum Rabi frequency

2gA, hence with a dimensionless period π as shown by cavity mean photon number and

atomic probability in Fig. 2.2a. As shown in Fig. 2.2c, the purities oscillate at a double

frequency between pure entangled (maximum negativity) and separable (zero negativity)

states. In particular, at times τm = τoff +mπ (m = 0, 1, 2...) the atoms are in the entangled

states Û
(a)
φ |Ψ0〉a, where Û

(a)
φ =

⊗

J e
−iφσ̂†

J σ̂J is a generalization of the previous local phase

operator, where φ = 0 (φ = π) applies for even (odd) values of m, that are the peaks of

E(a)(τ) in Fig. 2.2b. At times τn = τoff + (n+ 1
2 )π (n = 0, 1, 2...) the cavity mode states are

obtained by applying Û
(c)
φ =

⊗

J e
−iφĉ†J ĉJ , where φ = −π

2 (φ = π
2 ) for even (odd) values of

n, to the state |Ψ0〉c derived from |Ψ0〉f by the substitution |0〉f ↔ |0〉c and |1〉f ↔ |1〉c.

2.2.2 Effect of cavity mirror transmittance

By choosing to turn off the external field at times τ ′ ≤ τoff we find a progressive degrada-

tion of the entanglement transfer to the atomic and cavity subsystems. This effect is fully

equivalent to the presence of a reduced cavity mirror transmittance, which may be defined

as T (τ ′) = 1 − N(f)(τ ′)
N(f)(0)

. For several fraction of the initial mean photon number injected

in the cavities (see Fig. 2.3a) we analyze the subsequent dynamics of the subsystems. In

particular in Fig. 2.3b we show the time evolution of cavity mean photon number N (c)(τ)

and in Fig. 2.3c the atomic excitation probability pe(τ). The influence on the entanglement

transfer scheme of a reduced intensity of the transmitted radiation is well described by the

plots of the tripartite negativity for both the atomic and cavity subsystems in Figs. 2.4(a,b).

As expected the lower is the input energy into the local environments, the worse is the

entanglement transfer efficiency. Nevertheless even for a 10% changes in the value of τoff ,

the fidelity remains above 99.9%, i.e. entanglement transfer is robust against fluctuations of
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Figure 2.3: Mean photon number of the external radiation and of the cavity modes and

atomic excitation probability for different values of mirror transmittance : (1) T (2.22) = 1.0,

(2) T (1.38) = 0.9, (3) T (1.19) = 0.8, (4) T (1.04) = 0.7, (5) T (0.92) = 0.6, (6) T (0.81) = 0.5,

(7) T (0.70) = 0.4.
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Figure 2.4: Effect of cavity mirror transmittance T (τ ′) on the dynamics of atomic and

cavity entanglement E(a,c): (1) T (2.22) = 1.0, (2) T (1.38) = 0.9, (3) T (1.19) = 0.8, (4)

T (1.04) = 0.7, (5) T (0.92) = 0.6, (6) T (0.81) = 0.5, (7) T (0.70) = 0.4.

the switching-off time and this feature is a relevant one in view of possible implementations.

2.2.3 Entanglement sudden death and birth

Let us now consider the injected field excited in a Werner state ρ̂f (0) = (1−p)|GHZ〉〈GHZ|+
p
8 Î, (0 ≤ p ≤ 1), for which it is possible to have full classification of entanglement, making use

of the entanglement witnesses [55] ŴG = 3
4 Î − |GHZ〉〈GHZ|, ŴW2 = 1

2 Î − |GHZ〉〈GHZ|
and ŴW1 = 2

3 Î − |W 〉〈W |. In the range 0 ≤ p < 2
7 the state belongs to the GHZ class and

to the W class up to p = 4
7 . The tripartite negativity is positive up to p = 4/5 whereas

the state is clearly inseparable under all bipartitions (from now on we denote this class by

INS), i.e. it cannot be written as convex combination of biseparable states and finally, for

4/5 ≤ p ≤ 1 it is known that the state is fully separable [59, 56].

The system dynamics can be divided again into a transient and an oscillatory regime,

and the state mapping of ρ̂f (0) onto atoms (cavity modes) still occurs at precise finite times

τm (τn). Out of these times the density matrices of all subsystems lose the form of a GHZ
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state mixed with white noise but still preserve invariance under all permutations of the

three qubits and present only one non vanishing coherence as in ρ̂f (0). This greatly helps

us in the entanglement classifications in the plane (τ, p) as shown in Fig. 2.5. In fact, in the

regions where E(α)(τ) > 0 but out of W class we can exclude the biseparability. The full

separability criteria in [56] are violated only where E(a)(τ) > 0 so that if E(a)(τ) = 0 the

state may be fully separable or biseparable. Nevertheless, in the latter case the state turns

out to be symmetric and biseparable under all bipartitions and hence it is fully separable

[60]. For any fixed value of p in the range 0 < p < 4/5 we thus show the occurrence

of entanglement sudden death and birth at the boundaries between fully separable and

inseparable states. In particular, for 0 < p < 4/7 we find genuine tripartite ESD and ESB

phenomena. Furthermore note that, for a fixed value of p, the atomic state may exhibit

transition from W to GHZ entanglement class and viceversa. The same effect is shown by

the cavity modes after the transient (see Fig. 2.5d). The W-GHZ transition is allowed by

the non-unitarity of the partial trace over non-atomic degrees of freedom, which implies

that the overall map on the initial three qubits is not SLOCC. We also notice that for times

τ ≥ τoff we can solve exactly the triple JC dynamics, thus confirming our numerical results

and providing generalization of the results of Ref. [61] to mixed states.

In Fig. 2.5b we see that, for increasing values of p, there is an increase of both the slope of

E(a)(τ) and the time interval of full separability. In Fig. 2.5c we show in detail the transient

dynamics of the tripartite negativities E(α)(τ, p) (α = a, c, f) in the crucial region around

τoff/2. We consider some values of p where the atoms exhibit in times different classes of

entanglement. We see that for p = 0.2, where the input state has GHZ class entanglement,

the ESB of subsystems (c),(a) anticipates the ESD of (f),(c), and there is an interval around

τoff/2 where all three subsystems are entangled (of INS-type). As p grows, hence the initial

state becomes more noisy, the effects of ESD occur earlier and those of ESB later. For

p = 0.4, involving W-class entanglement, only at most two subsystems are simultaneously

entangled (first (f),(c) and then (c),(a)). For p = 0.6, involving only entanglement of INS-

type, the cavity modes do not entangle at all (see Fig. 2.5d). They physically mediate the

discontinuous entanglement transfer from (f) to (a), where for p → 4/5 the time interval

without any entanglement increases while the entanglement level vanishes.

Let us now consider the class of mixed qubit-like states for the injected field ρ̂f (0) =

p|GHZ〉〈GHZ|+ (1 − p)|W 〉〈W |, 0 ≤ p ≤ 1. By analytical and numerical results we show

that our scheme for entanglement transfer and swapping is also relevant for the observation

of sudden disentanglement and entanglement effects. Since the tripartite negativity E(α)(τ)

with (α = a, c) is an entanglement measure that provides only a sufficient condition for

entanglement detection, we cannot properly talk about ESD or ESB for these kind of states in

the whole parameter space {p, τ}. Nevertheless, we can classify the atomic state by using the

entanglement witnesses as above and analyze the discontinuous evolution of entanglement

focusing only on the fully tripartite entanglement properties. For negligible dissipation and
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Figure 2.5: ESD/ESB for external field in a GHZ state mixed with white noise. a) Regions in

the plain (τ, p) for atomic entanglement of type GHZ, W, INS, and fully separable (black). b)

Sections E(a)(τ) for selected values of p. c) Zoom on E(α)(τoff/2) for field (dotted), cavity

modes (dashed), and atoms (solid) with p = 0 (black), p = 0.2 (blue), p = 0.4 (green),

p = 0.6 (red). d) Classification for cavity mode entanglement.

at times τm, the initial state of radiation is mapped onto the atoms, then the entanglement

classification is known. The state is of class GHZ for 3
4 ≤ p ≤ 1, of class W for 0 ≤ p < 1

3 and
1
2 ≤ p < 3

4 , and biseparable (B) for 1
3 ≤ p < 1

2 . Outside times τm, we can still make a partial

entanglement classification that is shown in Fig. 2.6(a) (Fig. 2.6(b)) for atomic (cavity

field) states. Since the tripartite negativity is zero in the black regions of Fig.2.6, we cannot

exclude the presence of bound entangled states. With this knowledge on the entanglement

properties in parameter space, we can anyway affirm that there is a discontinuity for the

full tripartite entanglement. Fixing, for instance, a value of p < 0.25 and looking at the

time evolution of the atomic state, we can notice that it suddenly acquires a fully tripartite

entanglement entering the W region and loses this property after some finite time exiting that

region. This effect can be addressed as an ESD and ESB of the fully tripartite inseparability

only. Moreover, since the systems share among its subsystems energy and entanglement in

a periodic way, we can highlight also that discontinuities in the fully tripartite entanglement

are exchanged among them. This occurs after the transient, where the cavity modes do not

exhibit genuine tripartite entanglement (see Fig. 2.6(b)) but only support the transfer of

quantum correlations from the input field to the atoms.
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Figure 2.6: Entanglement classification in the parameter space {p, τ} for external field

prepared in the mixed GHZ and W state ρ̂f (0). a) atomic subsystem, b) cavity mode

subsystem.

2.2.4 Entanglement transfer for multi-mode fiber coupling

We consider now the case of multi-mode coupling of the external field to each cavity mode.

As introduced (Sec. 2.1) in the description of the physical system we are dealing with, if

the external radiation is carried by optical fibers in the so-called “short-fiber” limit [53],

it propagates with discrete modes. We shall describe here a situation in which the three

injected modes can be carried together by a single fiber, allowing the interaction between a

cavity mode and a fiber which is not directly connected.

For simplicity we choose equal dimensionless coupling constants ν̃J,K ≡ νJ,K/gA 6= 0 if

K 6= J and we consider values up to 1.4. The initial state of the external radiation is always

the GHZ state. In the transient regime the dynamics is sharply modified with respect

to the case of single-mode fibers shown in Fig. 2.2. By increasing the values of ν̃J,K the

period of energy exchange decreases from 2π/
√

2 to ∼= 2.6. The maximum of cavity mode

mean photon number grows up to N (c) ∼= 0.41 whereas the maximum of atomic excitation

probability decreases to pe
∼= 0.24. The external field mean photon number does not vanish

but it reaches a minimum, that can be always found between the two maxima of N (c)(τ)

and pe(τ), such that 0.002 < N (f) < 0.02 changing ν̃J,K from 0.1 to 1.4. We investigate

the differences in the entanglement transfer for three selections of the switching-off time

τoff corresponding to the maximum of pe(τ), the minimum of N (f)(τ) and the maximum

of N (c)(τ). In Fig. 2.7(a) we show the dependence of τoff on ν̃J,K 6=J . Switching off the

external field at times τoff corresponding to the maxima of pe(τ), as in the previous case

with single-mode fibers, we find (Fig. 2.7(b,c)) that the maxima of tripartite negativities

E(α)(τ) after the transient regime reduce for increasing values of ν̃J,K for both atomic and

cavity mode subsystems. If we consider τoff corresponding to the minimum of N (f)(τ)

(Fig. 2.8(a,b)) we observe a small reduction of the peak values of E(α)(τ). Finally, if we

turn off the external field at the first maximum of the cavity mean photon number N (c)(τ)

we note that by increasing the values of ν̃J,K it is possible to improve the entanglement

transfer (Fig. 2.8(c,d)). The peak value of tripartite negativity grows up to ∼= 0.93 for
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Figure 2.7: Effect of multi-mode coupling. a) Dependence of τoff on the coupling constants

ν̃J,K for different choices of switching-off the external field: maximum of pe(τ) (o), minimum

of N (f)(τ) (x), and maximum of N (c)(τ) (+). b,c) Tripartite negativities E(α) (α = a, c) for

ν̃J,K = 0 (solid gray), 0.3 (dashed), 0.6 (dotted), 1.0 (dashed-dotted), and 1.4 (solid black)

when τoff corresponds to the maximum of pe(τ).

ν̃J,K = 1.4 and the fidelity up to ∼= 0.95 for both subsystems (a) and (c). We remark that

these values cannot be significantly increased for larger values of ν̃J,K . In conclusion, for all

the above choices of switching-off time τoff we observe that, by increasing the values of ν̃J,K ,

the amount of entanglement that can be transferred to the cavity modes in the transient

regime also increases. This is due to the fact that the amount of energy transferred to each

cavity mode increases: in fact, the peak value of N (c)(τ) progressively grows up from ∼= 0.25

to ∼= 0.41. Nevertheless, multi-mode coupling for larger values of τoff results in a less favorite

condition for entanglement transfer.

2.2.5 The case of injected CV field

In the previous sections we have considered a qubit-like approximation for the entangled

external field, showing, in the unitary case, a perfect state mapping and entanglement

transfer of any initial state of this kind. Now, we deal with an example of an experimentally

feasible CV field proposed in [62]. It is a Gaussian fully inseparable three-mode radiation

generated by two type-I noncollinearly phase-matched interlinked bilinear interactions, that

simultaneously couple the three modes. The state has the following representation on the

Fock basis:

|T 〉f =
1

√

1 +N
(f)
A

∞
∑

p,q=0

[

N
(f)
B

1 +N
(f)
A

]
p
2
[

N
(f)
C

1 +N
(f)
A

]
q
2 [

(p+ q)!

p!q!

]
1
2

|p+ q, p, q〉f (2.5)

where N
(f)
J = 〈f̂ †

J f̂J〉 (J = A,B,C) is the mean photon number in the J-th mode of external

radiation, with N
(f)
A = N

(f)
B + N

(f)
C . The generation process of the above state can be

described by the following (dimensionless) interaction Hamiltonian:

Hint = λ1f̂
†
Af̂

†
C + λ2f̂

†
Bf̂C + h.c. (2.6)
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Figure 2.8: Effect of multi-mode coupling on tripartite negativities E(α) (α = a, c) for

ν̃J,K = 0 (solid gray), 0.3 (dashed), 0.6 (dotted), 1.0 (dashed-dotted), and 1.4 (solid black):

a,b) τoff in the minimum of N (f)(τ); c,d) τoff in the maximum of N (c)(τ).

The effective dimensionless coupling constants λi (i = 1, 2) of the two parametric processes

are proportional to the nonlinear susceptibilities and the pump intensities. They are also

related to the mean photon numbers by

NB =
|λ1|2|λ2|2

(|λ2|2 − |λ1|2)2
[

1− cos2(
√

|λ2|2 − |λ1|2)
]

NC =
|λ1|2

|λ2|2 − |λ1|2
sin2(

√

|λ2|2 − |λ1|2)
(2.7)

As discussed in [36], the condition for optimal entanglement transfer is such that the photon

statistics of state |T 〉f must contain mainly three contributions whose probabilities are given

by |b110|2 = NB(1+NB+NC)−2, |b101|2 = NC(1+NB+NC)−2 and |b000|2 = (1+NB+NC)−1,

where bp+q,p,q are the complex coefficients of the state |T 〉f corresponding to the Fock states

|p + 1, p, q〉. This means that the state |T 〉f assumes a qubit-like form. For simplicity, we

consider here the case λ1 = λ2 so that the mean photon numbers for modes B and C are

given by N
(f)
B = |λ1|4

4 and NC = |λ1|2. We investigate the Hamiltonian dynamics in the

case |λ1|2 = 0.6, for which the tripartite negativity takes the maximum value at suitable

interaction times [36]. In the transient regime the behavior of the energy exchange differs

from each subsystem J = A,B,C. In particular, the oscillations of the external field mean

photon number N
(f)
J (τ) have quite similar periods T

(f)
A
∼= T

(f)
C
∼= 3.5 and T

(f)
B
∼= 3.8 but

different amplitudes because we have N
(f)
A (0) ∼= 0.69, N

(f)
B (0) ∼= 0.09 and N

(f)
C (0) ∼= 0.6. In

addition, the functions N
(f)
J (τ) do not vanish and their minimum occurs at times between

the maxima of cavity mode mean photon number N
(c)
J (τ) and atomic probability pe,J(τ).
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We choose to turn off the external field at a time τoff = T
(f)
A /2 ∼= 1.74. In Fig. 2.9 we

see that the behavior of cavity field mean photon number N c(τ) is similar for subsystems

J = A,C while for J = B the oscillations are more regular and have a short period.
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Figure 2.9: Entanglement transfer for external field in a |T 〉f state with |λi|2 = 0.6 (i = 1, 2).

N (c)(dashed), N (f)(dotted) and pe(solid) for subsystem J = A(a), J = B (b), J = C (c). In

(d) we show the atomic tripartite negativity E(a)(τ) (solid) and the purity µ(a)(τ)(dashed).

2.3 Dissipative effects on the state mapping for qubit-

like injected field

In the perspective of an experimental implementation of our scheme, an important problem

to be taken into account is the detrimental effect of dissipation on both state mapping

and entanglement transfer. Here we consider a Markovian reservoir for which it is possible

to derive a ME in the Lindblad form (4.2) where the main noisy channels are the loss of

photons from the cavities and from the fibers and the atomic spontaneous emission. As

regards the unitary part we will refer to the case of single-mode fibers we have analyzed in

Sec. 2.2.1. Since we would like to characterize the effects of dissipation and decoherence

on the system and subsystem dynamics, we consider different initial states of the injected

radiation, analyzing their behaviour under the influence of the dissipative reservoir. As we

noticed at the beginning of Sec.2.2, a three-qubit state can be always written as a GSD and

it is known that there exist different types of GSD forms [25]. In fact, it is possible to use

several procedures to write a generic state of the whole Hilbert space of three qubit on a five

elements basis. For many application of QI the choice of the five elements of the basis it is
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not relevant. We consider for the external field state the following GSD forms [54, 63, 27].

The first two are symmetric with respect to the exchange of the three qubits:

|ΨGSD(0)〉f = α|000〉f + β|001〉f + δ|010〉f + ε|100〉f + ω|111〉f (2.8)

|φGSD(0)〉f = α|000〉f + β|011〉f + δ|101〉f + ε|110〉f + ω|111〉f . (2.9)

The last GSD form is symmetric only with respect to the exchange of qubits B and C:

|ϕGSD(0)〉f = α|000〉f + β|100〉f + δ|101〉f + ε|110〉f + ω|111〉f (2.10)

From these general representations emerge the states |GHZ〉 and |W 〉 and we provide a wide

range comparison among the different dynamics in order to characterize their robustness

against decoherence.

First we consider negligible decay of the fiber modes and spontaneous emission (k̃f , γ̃a ≪
1) and, as an example, we concentrate on the qubit-like state |ΨGSD(0)〉f for the external

field, with all the coefficients equal to 1√
5
. We can see in Fig. 2.10 the effect of cavity

mode dissipation on the atomic probability pe(τ), cavity field mean photon number N (c)(τ)

and tripartite negativities E(α)(τ) for some values of the dimensionless decay rate k̃c. We

see a progressive reduction of the energy and entanglement transferred to the atoms and

the cavities by increasing the values of k̃c. At times τm,n with m = n = 0, we found

that the fidelities F (α)(τ0) and the tripartite negativities E(α)(τ0) (α = a, c) can be well

fitted by exponential functions of the type f (α)(k̃c) ∝ exp{−β(α)k̃c} whose rates for the

atomic subsystem are β
(a)
F = 0.75 and β

(a)
E = 1.09 , and for the cavity mode subsystem are

β
(c)
E = 2.94 and β

(c)
F = 1.80. We remark that for κ̃c = 0.1 the state mapping onto the atomic

(cavity mode) subsystem can be obtained with a fidelity of 95% (88%).

We now add the effect of the atomic decay to the particular case of cavity mode

dissipation κ̃c = 0.1 by selecting for γ̃a ≡ γa/gA values up to 0.1. In Fig. 2.11 we show

the tripartite negativities E(α)(τ) for some values of γ̃a and we see that at least for times

τm,n with m = n = 0 it seems to be not critical. Up to γ̃a = 0.03 we have a reduction on

tripartite negativities and fidelities less then 10%. We note that the values of fidelities and

tripartite negativities at the first peak τm,n with m = n = 0 as function of γ̃a cannot be

accurately fitted by exponential functions of the type described before.

Finally, we analyze the effect of dissipation on the fiber mode used to inject the external

field into each cavity. Clearly, this effect is relevant only up to τoff = 2.22 and we consider

the case of κ̃f up to 1.0 for negligible atomic and cavity mode decay rates (κ̃c ≪ 1, γ̃a ≪ 1)

(see Fig. 2.11). We evaluate the effect of the parameter κ̃f on N (c)(τoff/2) and pe(τoff) and

we see that the amount of energy transferred to the atoms and to the cavity modes decrease

exponentially as the value of κ̃f increase; the decay rates are ∼= 0.53 and ∼= 0.71 respectively.

Also the behavior of the tripartite negativity E(a)(τ0) and the fidelity F (a)(τ0) at the first

peak can be described by exponential functions whose decay rates are ∼= 1.93 and ∼= 0.69.
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Figure 2.10: Effect of cavity mode dissipation for the external field in the qubit-like state

|ΨGSD(0)〉f as in Eq. (2.8). k̃c = 0 (solid gray), 0.1 (dash), 0.2 (dot), 0.3 (dash-dot), 0.5

(solid). (a) atomic probability pe, (b) cavity mean photon number N (c); (c) E(a); (d) E(c).

2.3.1 Robustness to dissipation of external radiation in different

GSD states

Here we evaluate the goodness of the entanglement transfer protocol for other GSD forms

of the input radiation field state, in the presence of cavity mode dissipation (κ̃c). We briefly

remind that, as regards the unitary case, the transfer process is optimal and this means that

all the initial features of the radiation quantum state (mean photon number,entanglement)

are perfectly mapped onto the atomic degrees of freedom. For instance if we choose the

initial state in the form (2.9) with all coefficients equal to 1√
5

the peaks values for N c(τ)

and pe(τ) are different to those of a GSD state in the form (2.8), but the values of tripartite

negativities E(α)(τm,n) = are the same. In the case of an initial state in the GSD form (2.10)

with all the coefficients equal to 1√
5

the peaks values of N c(τ) and pe(τ) for subsystem A

are different from those of subsystem B and C. In addition, we have a lower value of the

maxima for the tripartite negativities E(α)(τm,n) ∼= 0.61.

What is really interesting is to compare the three GSD forms from the point of view of their

robustness against dissipative effects. We evaluate the fidelities F (α)(τ0) and the tripartite

negativities E(α)(τ0) at the first peaks τm,n (with m = n = 0) in function of κ̃c. We find

for all quantities an exponential decay behaviour and in Table 2.1 we report the respective

values of the decay rates β. We note that the state |ΨGSD(0)〉f is less affected by dissipation

than the other two GSD forms and this result can be explained in terms of the mean photon

number of the initial state that is equal to 1.2 for |ΨGSD(0)〉f , 1.4 for |ϕGSD(0)〉f and 1.8
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Figure 2.11: Effect of atomic decay and cavity mode dissipation (κ̃c = 0.1) for the external

field in the qubit-like state |ΨGSD(0)〉f as in Eq. (2.8). We consider γ̃a = 0.0001(solid gray),

0.03 (dash), 0.05 (dot), 0.07 (dash-dot), 0.1 (solid) and we show (a) E(a)(τ) and (b) E(c)(τ).

Effect of fiber mode decay rate κ̃f for the external field in the qubit-like state |ΨGSD(0)〉f
as in Eq. (2.8) for κ̃c ≪ 1, γ̃a ≪ 1. Plots of the atomic tripartite negativity (solid), the

fidelity(dash-dot), and the atomic probability (dot) at time τoff , and of the cavity mean

photon number (dash) at time τoff/2.

for |φGSD(0)〉f . Even at a first glance to Eqs. (2.8), (2.9), (2.10) one realizes that, apart

from the common basis elements |000〉f and |111〉f , the |ΨGSD(0)〉f state contains terms

with only one mode populated with one photon and, consequently, it has a lower probability

to decay.

Table 2.1: Comparison between different GSD forms of the external field with respect to

the effect of cavity mode decay rate κ̃c.

β |ΨGSD(0)〉f |ϕGSD(0)〉f |φGSD(0)〉f

E(a)(τ0) 1.26 1.42 1.44

F (a)(τ0) 0.55 0.64 0.88

E(c)(τ0) 3.35 3.86 3.95

F (c)(τ0) 1.32 1.58 2.14

2.3.2 Robustness to dissipation of the external field in a state W

and GHZ

Many applications to QI are based on the well known tripartite states W and GHZ. The W

state can be obtained from the GSD state in Eq. (2.8) by setting α = ω = 0 and β = δ =

ǫ = 1√
3

while the state GHZ with the choice α = ω = 1√
2

and β = δ = ǫ = 0. From the

point of view of the entanglement classification these states are genuine tripartite entangled

states and they represent two inequivalent classes [24]. We first consider the effect of cavity

mode dissipation (κ̃c), for negligible values of γ̃a and κ̃f , on the entanglement transfer

process starting by external field prepared in the states |GHZ〉f = (|000〉f + |111〉f)/
√

2
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Figure 2.12: Effect of fiber mode decay rate κ̃f for the external field in the GHZ state (a)

and in the W state (b), for κ̃c ≪ 1, γ̃a ≪ 1. We evaluate at time τoff the atomic tripartite

negativity (solid), the fidelity(dash-dot), and the atomic probability (dot), and at time τoff/2

the cavity mean photon number (dash).

and |W 〉f = (|001〉f + |010〉f + |100〉f)/
√

3. We consider tripartite negativities E(α)(τ0) and

fidelities F (α)(τ0) at the first peak (τm,n with m = n = 0) and we report in Table 2.2 the

values of the decay rates β obtained for the exponential functions used to fit the numerical

results. We note that in the Hamiltonian regime the maximum value for the tripartite

negativity is E(α)(τm,n) = 1 for the GHZ state and E(α)(τm,n) ∼= 0.94 for the W state. We

can affirm that the results are quite similar but the GHZ state seems to be slightly more

robust as regards the entanglement transfer (E(α)(τ0)), while the state W behaves better in

the state mapping (F (α)(τm,n)) .

We consider now the effect of the atomic decay by setting the cavity dissipation rate

Table 2.2: Comparison between W and GHZ initial states of the external field with respect

to the effect of cavity mode decay rate κ̃c.

β |W 〉f |GHZ〉f

E(a)(τ0) 1.19 1.09

F (a)(τ0) 0.55 0.75

E(c)(τ0) 3.20 2.94

F (c)(τ0) 1.40 1.80

κ̃c = 0.1. We always look at the decrease of the first peak value (τm,n with m = n = 0) for

the fidelity and the tripartite negativity, but the exponential function fit is less precise in

this case. We can only show percentages for the peak value reductions up to γ̃a = 0.03. For

the GHZ state E(a)(τ0) (E(c)(τ0)) reduces of 6% (12%) while F (a)(τ0) (F (c)(τ0)) reduces of

5% (9%). On the other side the state W seems to be less affected because E(a)(τ0) (E(c)(τ0))

reduces of 5% (9%) while F (a)(τ0) (F (c)(τ0)) reduces of 3% (4%).

Finally, we evaluate the effect of photon leakeges in the fibers for a range of values

0 < κ̃f ≤ 1.0 and negligible atomic and cavity decay rates (κ̃c ≪ 1, γ̃a ≪ 1) (see Fig. 2.12).
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We evaluate the effect of parameter κ̃f on N (c)(τoff/2) and on pe(τoff) and we see that the

amount of energy transferred to the atoms and to the cavity modes decays exponentially

by increasing the value of κ̃f ; the decay rates for GHZ (W) state are ∼= 0.42 (∼= 0.54) and

∼= 0.82 (∼= 0.77) respectively. Also the behavior of tripartite negativity E(a)(τ0) and fidelity

F (a)(τ0) at the first peak can be described as function of κ̃f by an exponential fit whose

decay rates for GHZ (W) states are given respectively by ∼= 1.51 (∼= 1.67) and ∼= 1.95 (∼= 0.76

).



CHAPTER 3

Open dynamics of N driven qubits

inside an optical cavity

We describe the dynamics of a system where N two-level atoms, strongly driven by an ex-

ternal coherent field, are resonantly coupled to a cavity field mode that is in contact with an

environment. There are different available or forthcoming routes to the implementation of

our model. In the microwave regime of cavity QED atoms excited to Rydberg levels cross a

high-Q superconductive cavity with negligible spontaneous emission during the interaction

[2]. Difficulties may arise due to the (ideal) requirements on atomic simultaneous injection,

equal velocity, and equal coupling rate to the cavity mode. In the optical regime the ap-

plication of cooling and trapping techniques in cavity QED allows the deterministic loading

of single atoms in a high-finesse cavity, with accurate position control and trapping times

of many seconds [47]. In this regime laser-assisted three-level atoms can behave as effec-

tive two-level atoms with negligible spontaneous emission [64]. On the other hand, trapped

atomic ions can remain in an optical cavity for an indefinite time in a fixed position, where

they can couple to a single mode without coupling rate fluctuations [48]. These systems are

quite promising to our purposes and could become almost ideal in case of achievement of

the strong coupling regime.

Under full resonance conditions and starting from the vacuum state of the cavity field,

and for negligible thermal fluctuations, we solved exactly the system dynamics for any

initial preparation of the atom pair, thus deriving a number of analytical results on the

whole system as well as the different subsystems. These results are confirmed and extended

by numerical simulations, e.g. investigating regimes under weaker driving conditions. In

particular we show the existence of both global (field-atoms) and atomic decoherence-free

36
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subspaces (DFSs) [65] where an initial N -qubit entanglement remains preserved and avail-

able e.g. for quantum memories or quantum processors [66]. Furthermore, the structure of

the general solution allows predicting a way to monitor the decay of quantum coherence, as

well as of purity, by measurements of atomic probabilities.

The chapter is organized as follows. We firstly introduce the general physical model (Sec.

3.1), deriving an effective master equation (ME) for the open system dynamics of N strongly

driven qubits interacting with a single cavity mode. Then we focus our attention on the

2-qubit case (Sec. 3.2), in order to understand the mathematical method of characteristics

[67] to obtain an analytical solution and also to highlight the main features of the dynamics

of the system and the subsystems, neglecting the atomic spontaneous emission [68]. Here

we analyze the dynamics of entanglement and the conditional generation of cat-like states

for the cavity field. It is, thus, straightforward the derivation of the solution for the N -qubit

case (Sec. 3.3), including the dissipative channel of the spontaneous emission of the excited

atomic level [69]. At this point DFSs come out naturally from the general solution and some

examples are provided for the particular cases of N = 3 and N = 4 atoms [70].

We point out that the basic example of N = 1 qubit is widely treated elsewhere [64] and

that, for a more general understanding of the qubit entanglement dynamics and its protec-

tion against decoherence in DFSs, it is more instructive to start from the N = 2 case.

3.1 The physical model

The system we are considering is made of N classically driven two-level atoms interacting

with a single cavity field mode, in contact with a dissipative environment. In this section

we derive an effective Hamiltonian for the system, in the strongly driven regime, that en-

compasses both JC and anti-JC terms simultaneously. Since we are dealing with an open

system, its dynamics is described by a master equation (ME) that will be written in the

standard Lindblad form. All the unitary transformations and approximations used for the

interaction Hamiltonian will be accordingly adapted to the ME and we will find that such a

model can be analytically solved in the phase space through the method of characteristics.

3.1.1 Interaction Hamiltonian

A coherent external field of frequency ωD drives the atoms during the interaction with

the cavity mode of frequency ω [71, 72]. The transition frequency ω0 between excited and

ground states, |e〉j and |g〉j (j = 1, 2, . . .N) respectively, is the same for all the qubits. The

starting point is the Hamiltonian describing the whole system unitary dynamics, which can

be written as the sum of four contributions Ĥ(t) = Ĥf + Ĥa + Ĥaf + ĤaD(t). Thes terms

correspond to the free energy of the atomic and cavity subsystems, to the JC interaction

between each atom with the cavity mode and to the coupling of the qubits to a classical
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external driving field. The basic Hamiltonian reads:

~ωâ†â+ ~

N
∑

l=1

[ω0

2
σ̂z,l + g(σ̂†

l â+ σ̂lâ
†) + Ω(e−iωDtσ̂†

l + eiωDtσ̂l)
]

, (3.1)

where Ω is the Rabi frequency associated with the coherent driving field amplitude, g the

atom-cavity mode coupling constant (taken equal for all atoms), â (â†) the field annihilation

(creation) operator, σ̂j = |g〉j〈e| (σ̂†
j = |e〉j〈g|) the atomic lowering (raising) operator, and

σ̂z
j = |e〉j〈e| − |g〉j〈g| the inversion operator.

In order to eliminate the time dependence in the Hamiltonian (3.1), by adding and subtract-

ing the term ω0â
†â we obtain

Ĥ(t) = ~ω0â
†â + ~δâ†â + ~

N
∑

l=1

[ω0

2
σ̂z,l + g(σ̂†

l â+ σ̂lâ
†) + Ω(e−iωDtσ̂†

l + eiωDtσ̂l)
]

with a detuning parameter δ = ω − ω0. Now we define

Ĥ0 =~ω0â
†â+ ~

N
∑

l=1

ω0

2
σ̂z,l

Ĥ1 =~δâ†â+ ~

N
∑

l=1

[

g(σ̂†
l â+ σ̂lâ

†) + Ω(e−iωDtσ̂†
l + eiωDtσ̂l)

]

and we perform the unitary transformation ĤI = Û1Ĥ1Û
†
1 under the resonance condition

ω0 = ωD, where Û1 = e
i
~
Ĥ0t. In this way, the Pauli operators become σ̂l → σ̂le

−iω0t and the

cavity mode annihilation operator â→ âe−iω0t and we get a new Hamiltonian operator

ĤI = ~δâ†â+ ~g
N
∑

l=1

[

(σ̂†
l â+ σ̂lâ

†) + ~Ω(σ̂†
l + σ̂l)

]

. (3.2)

A second unitary transformation is applied to (3.2) through the operator Û2 = e
i
~
ĤI

0t with

ĤI
0 = ~δâ†â+~Ω

∑N
l=1(σ̂

†
l + σ̂l). As before, this operation trasnforms the cavity annihilation

operator as â → âe−iδt and the raising operator becomes σ̂†
l → 1

2

(

σ̂x,l + |+〉l〈−|e2iΩt −

|−〉l〈+|e−2iΩt
)

, where σ̂x,l = σ̂†
l + σ̂l and |±〉l = 1√

2
(|g〉l ± |e〉l) is the rotated basis.

In the strong driving regime for the interaction between the atoms and the external coherent

field Ω ≫ g, we are allowed to apply a rotating-wav approximation (RWA) obtaining the

effective Hamiltonian:

Ĥeff(t) =
~g

2

N
∑

l=1

σ̂x,l(âe
iδt + â†e−iδt) (3.3)

which outlines the presence of JC (σ̂†
l â+ σ̂lâ

†) and anti-JC (σ̂†
l â

† + σ̂lâ) terms.

3.1.2 Open system master equation

In the perspective of experimental implementation of our scheme, we take into account the

loss of energy to the environment via both the cavity mode dissipation and the atomic
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spontaneous emission channels. The system time evolution is then described by the density

operator ρ′(t) as a solution of the following master equation (ME):

˙̂ρ′ = − i

~
[Ĥ(t), ρ̂′] + L̂f ρ̂

′ + L̂aρ̂
′, (3.4)

where

L̂f ρ̂
′ =

κ

2
[2âρ̂′â† − â†âρ̂′ − ρ̂′â†â] (3.5)

L̂aρ̂
′ =

γ

2

N
∑

l=1

[2σ̂lρ̂
′σ̂†

l − σ̂
†
l σ̂lρ̂

′ − ρ̂′σ̂†
l σ̂l]. (3.6)

L̂f and L̂a are the standard Liouville superoperators describing, respectively, the dissipative

decay of the cavity field at a rate κ and of the atomic excited level at a rate γ. We assume

that both reservoirs are at zero temperature.

As formerly we must apply the same unitary tranformation to the density operator ρ̂′, in

order to obtain a correct ME that includes the effective Hamiltonian (3.3). The first step is

to use the operator Û1 = e
i
~
Ĥ0t and, since the Liouvillean parts do not change under this

transformation, the ME for the new density operator ρ̂I = Û1ρ̂
′Û †

1 is

˙̂ρI = − i

~
[ĤI , ρ̂I ] + L̂f ρ̂

I + L̂aρ̂
I . (3.7)

A second unitary operation must applied to the ME (3.7) through the operator Û2 = e
i
~
ĤI

0t.

As before the cavity mode operators change in such a way they do not modify the formal

structure of the Liouville superoperator L̂f , but as regards the atomic spontaneous emission,

L̂a is modified by the unitar transformation. As we noted before that if we consider a strong

driving regime for the external field {Ω ≫ g, κ, γ}, we can apply the RWA obtaing the

approximated expression for the transformed Pauli operator (σ̂†
l )eff = σ̂x,l/2. This brings to

an effective description of the superoperator L̂a that corresponds to have a dephasing noise

acting on the qubits, since it can be written as follows:

L̂eff
a ρ̂ =

γ

4

N
∑

l=1

[σ̂x,lρ̂σ̂x,l − ρ̂]. (3.8)

Thus the final ME can be written as:

˙̂ρ = − i

~
[Ĥeff , ρ̂] + L̂f ρ̂+ L̂eff

a ρ̂ (3.9)

that is the correct one for the Hamiltonian (3.3) and the dissipative environment.

This is the complete description of our physical model that includes a multi-qubit system

strongly driven by a classical coherent field interacting with a single cavity mode, in the

presence of a dissipative bath for the cavity and the two-level atoms. In the following we

will show how to get an analytical solution of (3.9) and we will describe the dynamics of

this kind of system and of entanglement.
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3.2 Two-qubit case

In this section we consider the solution of the ME (3.9) in the case of exact resonance

δ = 0, cavity field initially in the vacuum state, and a generic superposition pure state

for the atoms. As regards the dissipative channel, in this treatment we will consider only

the leakage of photons from the cavity in the analytical treatment, leaving the effect of

spontaneous emission for the atoms to numerical simulations. This because we want to

highlight the main features of the analyical methods in the two-qubit case, making it as

simple and clear as possible. We will study the dynamics of the system at all times, showing

the transient and the steady state and the properties of every term of the analytical solution.

The dynamics of the subsystems is also analyzed in detail, in order to study the effect of

decoherence on the atom-atom entanglement, to be distinguished from classical correlation

functions. A first hint for the existence of DFSs for particular initial states of the atoms

is given in this case. Then we will enter into the details of the conditional generation of

cat-like (entangled) states for the cavity field. Finally we treat the dynamics with numerical

simulations, which confirm our theoretical analysis and extend it to analytical unsolvable

situations, such as the weak driving condition.

3.2.1 The analytical solution

The exact solution of the ME is based on the following decomposition for the density operator

ρ̂(t) of the whole system:

ρ̂(t) =

4
∑

i,j=1

〈i|ρ̂(t)|j〉|i〉〈j| =
4
∑

i,j=1

ρ̂ij(t)|i〉〈j| (3.10)

where {|i〉}4i=1 = {| + +〉, | + −〉, | − +〉, | − −〉} is the rotated basis of the atomic Hilbert

space. This means that the ME is equivalent to the following set of uncoupled equations for

the field operators ρ̂ij(t):

˙̂ρ11 = −ig[â† + â, ρ̂11] + L̂f ρ̂11

˙̂ρ12,13 = −ig(â† + â)ρ̂12,13 + L̂f ρ̂12,13

˙̂ρ14 = −ig{â† + â, ρ̂14}+ L̂f ρ̂14

˙̂ρ22,23,33 = L̂f ρ̂22,23,33

˙̂ρ24,34 = −igρ̂24,34(â
† + â) + L̂f ρ̂24,34

˙̂ρ44 = ig[â† + â, ρ̂44] + L̂f ρ̂44 (3.11)

where the brackets [ , ] and braces { , } denote the standard commutator and anti-

commutator symbols and ˙̂ρj,i(t) = [ ˙̂ρi,j(t)]
†. In the phase space associated to the cavity

field we introduce the functions χij(β, t) = Trf [ρ̂ij(t)D̂(β)]. We note that the functions

χij(β, t) cannot be interpreted as characteristic functions [73] for the cavity field, because
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the operators ρ̂ij do not exhibit all required properties of a density operator. As a conse-

quence the functions χij(β, t) do not fulfill all conditions for quantum characteristic func-

tions. Nevertheless, they are continuous and square-integrable, which is enough for our

purposes. Now we present a short list of the main properties of trace operation, commuta-

tor and anti-commutator together with the displacement operator D̂(β) and the operators

â and â†:

D̂(β)â† = â†D̂(β) − β∗D̂(β) , D̂(β)â = âD̂(β) − βD̂(β)

TrF [â†D̂(β)ρ] =

(

∂

∂β
+
β∗

2

)

χ , T rF [âD̂(β)ρ] =

(

− ∂

∂β∗ +
β

2

)

χ (3.12)

With these tools at hand Eqs. (3.11) become in phase space

χ̇11 = ig(β + β∗)χ11 −
κ

2

(

β
∂

∂β
− β∗ ∂

∂β∗ + |β|2
)

χ11

χ̇12,13 = −ig
[

∂

∂β
− ∂

∂β∗ −
1

2
(β + β∗)

]

χ12,13 −
κ

2

(

β
∂

∂β
− β∗ ∂

∂β∗ + |β|2
)

χ12,13

χ̇14 = −2ig

[

∂

∂β
− ∂

∂β∗

]

χ14 −
κ

2

(

β
∂

∂β
− β∗ ∂

∂β∗ + |β|2
)

χ14

χ̇22,23,33 = −κ
2

(

β
∂

∂β
− β∗ ∂

∂β∗ + |β|2
)

χ22,23,33

χ̇24,34 = −ig
[

∂

∂β
− ∂

∂β∗ +
1

2
(β + β∗)

]

χ24,34 −
κ

2

(

β
∂

∂β
− β∗ ∂

∂β∗ + |β|2
)

χ24,34

χ̇44 = −ig(β + β∗)χ11 −
κ

2

(

β
∂

∂β
− β∗ ∂

∂β∗ + |β|2
)

χ44. (3.13)

We consider as initial state of the system

|Ψ(0)〉 = |Ψ(0)〉a ⊗ |Ψ(0)〉f
{

|Ψ(0)〉a =
∑4

i=1 ai|i〉 atomic subsystem

|Ψ(0)〉f = |0〉 cavity field subsystem
(3.14)

where the for the atomic subsystem we use a general superposition state in the rotated

basis, while the cavity field is in the vacuum state. This initial condition, for each cavity

field operator becomes ρ̂(0)ij = a∗i aj ⊗ |0〉〈0| that corresponds in the phase space to the

characteristic functions

χij(β, 0) = a∗i aje
− |β|2

2 . (3.15)

Introducing the real and imaginary part of the variable β = x + iy we can derive from

Eq.(3.13) a system of uncoupled equations such that each of them can be solved by applying

the method of characteristics [67]. Then, rearranging the complex variables β and β∗, we
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group in the following the solutions with similar expressions

χ11,44(β, t) = a∗1,4a1,4 exp

{

−|β|
2

2
± 2α∗(t)β ∓ 2α(t)β∗

}

χ12,13(β, t) = a∗1,2a1,3f1(t) exp

{

−|β|
2

2
+ 2α(t)∗β

}

χ14(β, t) = a∗1a4f2(t) exp

{

−|β|
2

2
− 2α(t)∗β − 2α(t)β∗

}

χ22,33(β, t) = a∗2,3a2,3 exp

{

−|β|
2

2

}

χ23(β, t) = a∗2a3 exp

{

−|β|
2

2

}

χ24,34(β, t) = a∗2,3a4,4f1(t) exp

{

−|β|
2

2
+ 2α(t)β∗

}

(3.16)

Since the relation between these characteristic functions and the field operators is unam-

biguous, there is only one solution for the operators ρ̂ij(t):

ρ̂(11,44)(t) = a∗1,4a1,4| ± 2α(t)〉〈±2α(t)|
ρ̂(12,13)(t) = a∗1,1a2,3f1(t)e

2|α(t)|2 |2α(t)〉〈0|
ρ̂14(t) = a∗1a4f2(t)e

2|α(t)|2 |2α(t)〉〈−2α(t)|
ρ̂(22,23,33)(t) = a∗2,2,3a2,3,3|0〉〈0|
ρ̂(24,34)(t) = a∗2,3a4,4f1(t)e

2|α(t)|2 |0〉〈−2α(t)|, (3.17)

where we introduced the time dependent coherent field amplitude

α(t) = i
g

κ

(

e−
κ
2 t − 1

)

, (3.18)

and the decoherence function

f1(t) = exp

{

−2g2

κ
t+

4g2

κ2

(

1− e−κ
2 t
)

}

. (3.19)

We recall that ρ̂ji(t) = ρ̂†ij(t) and that the reconstruction of the whole system density

operator is made simply with Eq. (3.10). We notice the presence of single atom-cavity field

coherences whose evolution is ruled by the function f1(t) [64], as well as full atom-atom-

field coherences ruled by f2(t) = f4
1 (t), that we shall discuss later on. There are also two

one-atom coherences, and two diagonal terms, which do not evolve in time, corresponding

to a pure state

|0〉 ⊗ (|+−〉+ | −+〉) = |0〉 ⊗ (|gg〉 − |ee〉), (3.20)

where we recognize (up to normalization) a Bell atomic state |Φ−〉. The explanation goes as

follows. First of all, if we start with atoms prepared in states of the rotated basis used in the

decomposition of (3.10), we obtain much simpler results due to the structure of Hamiltonian

(3.3) on resonance and the obvious uninfluence of dissipation on the cavity vacuum. Actually,
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either the field states are coherent, |0〉⊗ |±±〉 7→ |∓2α(t)〉⊗ |±±〉, or there is no evolution

at all for the states |0〉 ⊗ | ± ∓〉, showing the presence of an invariant subspace for system

dynamics. It is the component of the initial state |0〉 ⊗ |gg〉 in that subspace, (3.20), which

does not evolve.

In the following we will consider, for simplicity, the atoms initially prepared in their ground

state |Ψ(0)〉a = |gg〉, that corresponds to take ai = 1
4 ∀i = 1, . . . , 4.

The transient-regime state

In the transient regime (κt≪ 1), the decoherence function can be approximated by f1(t) ≃
e−2|α̃(t)|2 where α̃(t) = −igt, and the whole system is described by a pure Schrödinger-cat-

like state

|ψ̃(t)〉 =
1

2

[

|2α̃(t)〉 ⊗ |+ +〉+ |0〉 ⊗ (|+−〉+ | −+〉) + | − 2α̃(t)〉 ⊗ | − −〉
]

. (3.21)

If we rewrite this result in the standard atomic basis

|ψ̃(t)〉 =
1

4

[

(

|2α̃(t)〉 − 2|0〉+ | − 2α̃(t)〉
)

⊗ |ee〉+
(

|2α̃(t)〉 − | − 2α̃(t)〉
)

⊗ (|eg〉+ |ge〉)

+
(

|2α̃(t)〉+ 2|0〉+ | − 2α̃(t)〉
)

⊗ |gg〉
]

(3.22)

showing the onset of correlations between atomic states and cavity field cat-like states. This

will be important for the discussion on the generation of field cat-like states later on. For

the terms related to the field subsystem we recover expressions analogous to those derived

in [74] for a strongly driven micromaser system. Unlike the present system, in that case

the atoms pump the cavity mode with a Poissonian statistics, interacting for a very short

time such that the cavity dissipation is relevant only in the time intervals between atomic

injections. Furthermore, the cavity field states are conditioned on atomic measurements.

The steady state

At steady state (κt→∞) the density operator is a statistical mixture and it is given by:

ρ̂SS =
1

4

[

| − 2αSS〉〈−2αSS | ⊗ |+ +〉〈+ + |+ |2αSS〉〈2αSS | ⊗ | − −〉〈− − |

+ |0〉〈0| ⊗ (|+−〉〈+− |+ |+−〉〈−+ |+ | −+〉〈+− |+ | −+〉〈−+ |)
]

with αSS = i g
κ . Interestingly, the steady state has not a fully diagonal structure, i.e., it

is not completely mixed, in agreement with the previous discussion on the time-dependent

solution. The change from a pure state to a mixed one and the degree of mixedness can be

we evaluated by the purity of the whole system µ(t) = Tr[ρ̂2(t)]:

µ(t) =
1

8

[

3 + 4
f2
1 (t)

e−4|α(t)|2 +
f2
2 (t)

e−16|α(t)|2

]

. (3.23)
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Figure 3.1: Purities µ(t) and µf (t) of the whole system density operator and of the cavity

field subsystem vs. dimensionless time κt for dimensionless coupling constant g/κ: (1) 0.05,

(2) 0.2, (3) 0.5, (4) 2.

In Fig. 3.1 we show µ(t) as a function of the dimensionless time κt for different values of

the dimensionless coupling constant g/κ. We see that the purity decays rather fast in the

strong coupling regime g/κ & 1.

3.2.2 Subsystems dynamics

Now we consider the time evolution of the atomic and cavity field subsystems in the case

of both atoms initially prepared in the ground state and the cavity in the vacuum. The

operation that provides the density operator for one subsystem is the partial trace over the

degrees of freedom of the other one. We will show the steady state of the cavity mode only

and the stationary mean photon number, the joint probabilities for the two atoms and their

correlation functions.

Cavity field

The cavity field reduced density operator ρ̂f (t) = Tra[ρ̂(t)] can be derived by tracing over

both atoms:

ρ̂f (t) =
1

4

[

|2α(t)〉〈2α(t)| + 2|0〉〈0|+ | − 2α(t)〉〈−2α(t)|
]

. (3.24)

Hence the cavity field mean photon number is 〈N̂〉 = 2|α(t)|2 and its steady state value

〈N̂〉SS = 2 g2

κ2 . These results hold for atoms prepared in any state of the standard basis. At

any time Eq. (3.24) describes a mixed state, whose purity µf (t) = Trf [ρ̂2
f (t)] is:

µf (t) =
1

8

[

3 + 4e−4|α(t)|2 + e−16|α(t)|2
]

. (3.25)

In Fig. 3.1 we show the purity µf (t) as a function of dimensionless time κt for different

values of the ratio g/κ, showing a better survival of the purity than for the global state of
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Fig. 3.1 except in the strong coupling regime.

Atoms

The reduced atom-atom density operator ρ̂a(t) can be obtained by tracing over the field

variables. In the rotated basis {|+ +〉, |+−〉, | −+〉, | − −〉}, we obtain

ρ±a (t) =
1

4













1 f1(t) f1(t) f2(t)

f1(t) 1 1 f1(t)

f1(t) 1 1 f1(t)

f2(t) f1(t) f1(t) 1













. (3.26)

The presence of six time-independent matrix elements is in agreement with the remarks

below Eq.(3.20). The purity µa(t) = Tra[ρ̂
2
a(t)] of the bi-atomic subsystem is:

µa(t) =
1

8

[

3 + 4f2
1 (t) + f2

2 (t)
]

. (3.27)

Its behavior is quite similar to the one of Fig. 3.1 (left) for the whole system purity.

From Eq. (3.26) we can derive the single-atom density matrices and evaluate the probability

to measure one atom in the excited or ground state

Pe,g(t) =
1

2
[1∓ f1(t)] . (3.28)

Quite similar expressions hold for atoms prepared in any state of the standard basis. We

see that from measurements of the atomic inversion I(t) = pg(t) − pe(t) we can monitor

the one-atom decoherence function f1(t) as in [64]. By rewriting the atomic density matrix

(3.26) in the standard basis we evaluate the joint probabilities Plm(t) = 〈lm|ρ̂(e,g)
a (t)|lm〉

with {l,m} = {e, g}. The corresponding correlation functions at a given time t are:

Cee(t) =
3− 4f1(t) + f2(t)

2[1− f1(t)]2

Ceg(t) = Cge(t) =
1− f2(t)

2[1− f2
1 (t)]

Cgg(t) =
3 + 4f1(t) + f2(t)

2[1 + f1(t)]2
(3.29)

In Figs. 3.2(a-c) we show the correlation functions Clm(t) versus dimensionless time kt and

coupling constant g
k . At steady-state we see that Cgg(t), Cee(t) → 3/2, that is positive

atom-atom correlation or bunching, whereas Ceg(t) → 1/2, indicating negative correlation

or anti-bunching. These results generalize those in [74], which can be derived from Eqs.(3.29)

in the limit of negligible dissipation kt≪ 1. We notice that from the joint atomic probability

Peg(t) = Pge(t) = 1
8 [1−f2(t)] one can monitor the two-atom decoherence described by f2(t).



3.2. Two-qubit case 46

a) b)

c)

Figure 3.2: Correlation functions (a) Cgg , (b) Ceg, (c) Cee vs. dimensionless time kt and

coupling constant g/k, showing atomic bunching and anti-bunching.

3.2.3 Dynamics of qubit-qubit entanglement

Until now we have discussed the solution of the ME (3.9) for both atoms prepared in the

ground state as an example of separable state. In order to describe also initially entangled

atoms now we consider the general solution for atoms prepared in a superposition of Bell

states |ψa(0)〉 = ∑4
i=1 ci|νi〉, where the coefficients ci are normalized as

∑4
i=1 |ci|2 = 1, and

{|νi〉}i=1,..,4 = {|Φ+〉, |Φ−〉, |Ψ+〉, |Ψ−〉} is the Bell basis where

|Φ+〉 = |ee〉+ |gg〉√
2

=
|+ +〉+ | − −〉√

2

|Φ−〉 = |ee〉 − |gg〉√
2

= −|+−〉+ | −+〉√
2

|Ψ+〉 = |eg〉+ |ge〉√
2

=
|+ +〉 − | − −〉√

2

|Ψ+〉 = |eg〉 − |ge〉√
2

=
|+−〉 − | −+〉√

2

(3.30)

Tracing over the atomic variables the solution for the whole density operator (3.10), we

derive the cavity field density operator generalizing Eq. (3.24):

ρ̂f (t) =
1

2

[

|c1 + c3|2| − 2α(t)〉〈−2α(t)| +

+2(|c2|2 + |c4|2)|0〉〈0|+ |c1 − c3|2|2α(t)〉〈2α(t)|
]

.

(3.31)
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For the mean photon number we obtain 〈N̂〉(t) = (|c1|2 + |c3|2)2|α(t)|2 that is independent

of the coefficients of states |Φ−〉 and |Ψ−〉, in agreement with the fact that these states

are correlated to the vacuum of the cavity field. On the other hand, tracing over the field

variables we obtain the atomic density matrix. We report the solution in the so called magic

basis [22]:

ρmB
a =













[1+f2]|c1|2+[1−f2]|c3|2
2 −if1c1c

∗
2 −i

[1+f2]c1c∗3+[1−f2]c
∗
1c3

2 f1c1c
∗
4

if1c
∗
1c2 |c2|2 f1c2c

∗
3 ic2c

∗
4

i
[1+f2]c

∗
1c3+[1−f2]c1c∗3

2 f1c
∗
2c3

[1−f2]|c1|2+[1+f2]|c3|2
2 if1c3c

∗
4

f1c
∗
1c4 −ic∗2c4 −if1c

∗
3c4 |c4|2













,

(3.32)

where we omitted the time dependence for brevity. To evaluate the entanglement properties

of the atomic subsystem we consider the entanglement of formation ǫF (t) [21] defined as

ǫF (t) = −1−
√

1− C2(t)

2
log2

1−
√

1− C2(t)

2
+

− 1 +
√

1− C2(t)

2
log2

1 +
√

1− C2(t)

2
, (3.33)

where C(t) is the concurrence that can be evaluated as C(t) = max{0,Λ4(t) − Λ3(t) −
Λ2(t) − Λ1(t)} (Λi are the square roots of the eigenvalues of the non hermitian matrix

ρmB
a (t)(ρmB

a (t))∗ taken in decreasing order). From Eq. (3.32) we can derive the probabilities

for joint atomic measurements in the standard basis

Pee,gg(t) =
1

4

[

|c1|2(1 + f2(t)) + 2|c2|2

+ |c3|2(1− f2(t))± 4f1(t)Re(c1c
∗
2)
]

Peg,ge(t) = −1

4

[

|c1|2(1− f2(t)) + 2|c4|2

+ |c3|2(1 + f2(t))± 4f1(t)Re(c3c
∗
4)
]

. (3.34)

Also, we can derive the density matrix corresponding to a single atom and obtain the atomic

probabilities generalizing Eq. (3.28):

Pe,g(t) =
1

2
[1± 2f1(t)Re(c

∗
1c2 + c∗3c4)] . (3.35)

First we consider the case of a superposition of Bell states |Φ±〉 (i.e., c1 = a, c2 =

beiθ, c3 = c4 = 0 with a, b real numbers). The initial atomic state |gg〉 (|ee〉) can be obtained

if a = b = 1√
2

and θ = π ( θ = 0). We find that the concurrence C(t) vanishes for any

time and every value of g/k, so that it is not possible to entangle the atoms. In the case

of atoms prepared in a partially entangled state we find that the entanglement of formation

can only decrease during the system evolution as shown for example in Fig. 3.3(a) in the

case a = b = 1√
2

and θ = π/4. We also see that the progressive loss of entanglement is faster

for large values of the parameter g/k. For atoms prepared in the maximally entangled state
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Figure 3.3: Entanglement of formation ǫF (t) as a function of kt and for different values

of g/k: 0.1 (1), 0.5 (2), 1 (3), 5 (4). (a) atoms prepared in a partially entangled state
|Φ+〉+eiπ/4|Φ−〉√

2
, (b) atoms prepared in the Bell states |Φ+〉.

|Φ+〉 (i.e., θ = 0, a = 1, b = 0) we derive that the concurrence simply reduces to f2(t) that

also describes the whole system decoherence. This important point will be discussed later.

In Fig. 3.3(b) we show the entanglement of formation as a function of dimensionless time

kt. For atoms prepared in the maximally entangled state |Φ−〉 (i.e., θ = 0, a = 0, b = 1) the

concurrence is always maximum (C(t) = 1). In fact, we can see from Eq. (3.32) that the

atomic density matrix is always the one of the initial state, as expected because |Φ−〉 is a

linear combination of the invariant states |+−〉 and | −+〉.
Starting from a superposition of Bell states |Ψ±〉 (i.e., c3 = a, c4 = beiθ, c1 = c2 = 0)

we obtain analogous results. In particular entanglement cannot be generated for atoms

prepared in states |eg〉 and |ge〉, for the state |Ψ+〉 the concurrence is given by f2(t), and

the entanglement of state |Ψ−〉 is preserved during system evolution. We find analogous

results also for the concurrence of atoms prepared in a superposition of |Φ−〉 and |Ψ+〉 (i.e.,

c2 = a, c3 = beiθ, c1 = c4 = 0) or in a superposition of |Φ+〉 and |Ψ−〉 (i.e., c1 = a, c4 =

beiθ, c2 = c3 = 0).

Let us summarize and discuss the main results in the case of atoms prepared in entangled

states. If we consider a superposition of states |Φ−〉 and |Ψ−〉 (i.e., c2 = a, c4 = beiθ, c1 =

c3 = 0) we find that the atomic density matrix of Eq. (3.32) does not evolve. Actually,

the atomic subspace spanned by |Φ−〉 and |Ψ−〉 coincides with the time-invariant subspace

spanned by | + −〉 and | − +〉, so that it remains protected from dissipation during the

system evolution. It provides an example of Decoherence Free Subspace (DFS) [65]. Atomic

entanglement injected in the system can thus remain available for long storage times for

applications in quantum information processing [75].

If we consider a superposition of states |Φ+〉 and |Ψ+〉 (i.e., c1 = a, c3 = beiθ, c2 = c4 = 0)

the concurrence is given by:

C(t) =
√

a4 + b4 − 2a2b2 cos(2θ)f2(t) (3.36)
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and we find the remarkable result that the initial entanglement is progressively reduced

by the decoherence function f2(t). Note that C(t) = f2(t) for states |Φ+〉, |Ψ+〉, and any

superposition as a|Φ+〉 ± ib|Ψ+〉. To understand this point let us consider the specific

example of the initial state |0〉 ⊗ |Φ+〉. The evolved density operator of the whole system is

ρ̂(t) =
1

2

{

| − 2α(t)〉〈−2α(t)| ⊗ |+ +〉〈+ + |+ |2α(t)〉〈2α(t)| ⊗ | − −〉〈− − |+
f2(t)

e−8|α(t)|2
[

| − 2α(t)〉〈2α(t)| ⊗ |+ +〉〈− − |+ |2α(t)〉〈−2α(t)| ⊗ | − −〉〈+ + |
]}

.

(3.37)

In the limit, kt ≪ 1, of short time and/or negligible dissipation, where f2(t) ≃ e−8|α̃(t)|2

with α̃(t) = i gt
2 , the system evolves into a pure cat-like state where the atoms are correlated

with coherent states

|0〉 ⊗ |+ +〉+ | − −〉√
2

7→ | − 2α̃〉 ⊗ |+ +〉+ |2α̃〉 ⊗ | − −〉√
2

. (3.38)

For longer times/larger dissipation, the system coherence decays as described by the function

f2(t). Let us now consider the atomic dynamics disregarding the field subsystem. The

reduced atomic density operator is

ρ̂a(t) =
1

2

[

|+ +〉〈+ + |+ | − −〉〈− − |
+f2(t)

(

|+ +〉〈− − |+ | − −〉〈+ + |
)]

. (3.39)

Hence, as the quantum coherence reduces, simultaneously the atoms lose their inseparability,

and the state becomes maximally mixed (in the relevant subspace). In fact, the atomic

purity is given by µa(t) =
1+f2

2 (t)
2 . Hence the time evolution of decoherence, concurrence,

and purity is described by the function f2(t), which can be monitored via a measurement of

joint atomic probabilities (see Eq. (3.34))

Pee(t) = Pgg(t) =
1

4
[1 + f2(t)]

Peg(t) = Pge(t) =
1

4
[1− f2(t)] . (3.40)

The probability Pee(t) is shown in Fig. 3.4 as a function of kt for different values of the ratio

g/k. For kt ≪ 1, when the whole system is in the cat-like state (3.38), f2(t) quadratically

decreases as exp (−2g2t2), independent of the dissipative rate k. The subsequent behavior

is approximately an exponential decay whose start and rate depend on the atom-cavity field

coupling. For g/k & 0.5, that is also below the strong coupling regime, we can introduce a

decoherence and disentanglement rate

γD ≃ k|αSS | = g, (3.41)

that is again independent of (and faster than) k. A physical interpretation of this result is

that the more coupled the two atoms are to the dissipative cavity mode, the more effective
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Figure 3.4: Atoms prepared in the Bell state |Φ+〉: joint atomic probability Pee(t) vs. kt

for different values of g/k: 0.1 (1), 0.5 (2), 1 (3), 5 (4).

becomes the decay of both the environment-induced decoherence and the initial entangle-

ment. For g/k ≪ 1, that is in a weak coupling regime, the exponential decay of coherence

and concurrence starts later and its rate, γD ≃ 8g2/k, is slower than the dissipative rate k.

We have shown that under full resonance conditions it is not possible to generate or

increase the initial atomic entanglement. This can be explained looking at the initial re-

quirements that allow us to write Eq. (3.11). In particular, the strong driving condition

Ω ≫ g, the resonance condition δ = 0 and the choice of negligible atomic decays γ = 0

are necessary to obtain an independent set of equations for the operators ρ̂ij and to exactly

solve the system dynamics. In the following we will show that removing the strong driving

condition it is possible to slightly entangle the atoms. On the other hand, it can be shown

[76] that with off-resonant atoms-cavity field interaction it is possible to generate maximally

entangled atomic states also under strong driving conditions. Also we recall that, in the res-

onant case and without driving field, two atoms prepared in a separable state can partially

entangle by coupling to a thermal cavity field [77].

3.2.4 Conditional generation of entangled states

In this section we seek information about the states of one of the two subsystems conditioned

by a projective measurement on the other one.

If the system is implemented in the optical domain and the cavity field is accessible to

measurements, a null measurement by a on/off detector implies the generation of a maxi-

mally entangled atomic Bell state [72]. In the case of atoms prepared in state |gg〉 (or |ee〉),
the atomic conditioned state will be the Bell state |Φ−〉 (see (3.20)). Analogously, for initial

atomic state |eg〉 or |ge〉 the atomic conditioned state will be |Ψ−〉.
Now we consider the evolution of the field subsystem conditioned by a projective atomic
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Figure 3.5: Wigner function of the cavity fieldW [ρ̂f,(ee)] (a) andW [ρ̂f,(eg)] (b), for κt = 0.05,

and for g
κ = 80 (a) and g

κ = 40 (b).

measurement on the bare basis {|ee〉, |eg〉, |ge〉, |gg〉}. Starting e.g. from the initial state

|0〉 ⊗ |gg〉, the cavity field will be in the conditioned states at a given time t (omitted for

brevity in this section):

ρ̂f,(ee,gg) =
1

2(3 + f2 ∓ 4f1)

[

| − 2α〉〈−2α|+ |2α〉〈2α|+ 4|0〉〈0|

+ f2e
8|α|2

(

|2α〉〈−2α|+ | − 2α〉〈2α|
)

∓ 2f1e
2|α|2

(

|0〉〈−2α|+ |0〉〈2α|+ | − 2α〉〈0|+ |2α〉〈0|
)]

(3.42)

ρ̂f,(eg,ge) =
1

2(1− f2)

[

| − 2α〉〈−2α|+ |2α〉〈2α| − f2e8|α|2
(

|2α〉〈−2α|+ | − 2α〉〈2α|
)]

.

(3.43)

Note that in the limit κt ≪ 1, the transient regime, the conditioned field state is a

Schrödinger-cat-like state

|ψ〉f,(ee,gg) =
| − 2α̃〉 ∓ 2|0〉+ |2α̃〉

√

2(e−8|α̃|2 ∓ 4e−2|α̃|2 + 3)
(3.44)

|ψ〉f,(eg,ge) =
| − 2α̃〉 − |2α̃〉
√

2(1− e−8|α̃|2)
(3.45)

where α̃(t) = i gt
2 .

It is possible to calculate the Wigner function for the conditional cavity field state. It

describes in the phase space the properties of a quantum state since, even though it is

a regular and normalized function, can assume negative values and for this reason it is

sometimes called quasi-probability function. The Wigner function can be written in the

form [78]:

W [ρ](β) =
2

π
Tr
[

ρD̂(2β)Π̂
]

(3.46)

where D̂ is the usual displacement operator and Π̂ = (−)â†â =
∑

n(−)n|n〉〈n| is the parity

operator. Since the trace operation is linear it is possible to calculate the single terms

composing the operators in 3.44 by using the following properties of displacement and parity
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operators:

D̂†(λ) = D̂(−λ) (3.47a)

D̂(λ1)D̂(λ2) = D̂(λ1 + λ2)exp

{

1

2

(

λ1λ
∗
2 − λ∗1λ2

)}

(3.47b)

D̂†(λ)D̂(z)D̂(λ) = D̂(z)exp{zλ∗ − z∗λ} (3.47c)

D̂(λ)D̂(z)D̂(λ) = D̂(z + 2λ) (3.47d)

Π̂|α〉 = | − α〉 (3.47e)

We thus obtain for each term:

W [| ± 2α〉〈±2α|](β) =
2

π
exp{−2|β|2 − 8|α|2 ± 8|α|Imβ}

W [| ± 2α〉〈∓2α|](β) =
2

π
exp{−2|β|2 ± 8i|α|Reβ}

W [|0〉〈0|](β) =
2

π
exp{−2|β|2}

W [|0〉〈±2α|](β) =
2

π
exp{−2|β|2 − 2|α|2 ∓ 4|α|Imβ ± 4i|α|Reβ}

W [| ± 2α〉〈0|](β) =
2

π
exp{−2|β|2 − 2|α|2 ± 4|α|Imβ ± 4i|α|Reβ}

By recombining these terms we obtain the Wigner function corresponding to the states

(3.44):

Wf,(ee,gg)(β) =
2e−2|β|2

π(3 + f2 ∓ 4f1)

[

2 + e−8|α|2 cosh(8|α|Imβ)

+ f2e
8|α|2 cos(2|α|Reβ)∓ 4f1 cosh(4|α|Imβ) cos(4|α|Reβ)

]
(3.48)

Wf,(eg,ge)(β) =
2e−2|β|2

π(1 − f2)

[

e−8|α|2 cosh(8|α|Imβ)− f2e8|α|2 cos(8|α|Reβ)

]

. (3.49)

In Fig. 3.5 we illustrate two of the Wigner functions (3.48) in the transient κt ≪ 1 and

in the strong coupling regime g ≫ κ. At steady state the Wigner functions are positive,

corresponding to the states:

ρ̂SS
F,(ee,gg) =

1

6

[

| − 2αSS〉〈−2αSS |+ |2αSS〉〈2αSS |+ 4|0〉〈0|
]

ρ̂SS
F,(eg,ge) =

1

2

[

| − 2αSS〉〈−2αSS |+ |2αSS〉〈2αSS |
]

(3.50)

where αSS = i g
κ .

3.2.5 Numerical results

To confirm our theoretical analysis, as well as to investigate system dynamics without the

strong driving condition, where analytical results are not available, and to include atomic
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Figure 3.6: Effect of driving parameter Ω̃ for negligible atomic decay γ̃ = 0, k̃ = 1, atoms

prepared in the Bell state |Φ+〉 ((a),(b)) and |Φ−〉 ((c),(d)), for values of Ω̃: 0.5 (1), 1

(2), 2 (3), 20 (4). The theoretical functions are the dashed lines. We show in (a),(c) the

mean photon number 〈N̂(t̃)〉, and in (b),(d) the atomic probability pg(t̃) . The number of

trajectories is Ntr = 500.

spontaeous emission, we numerically solve, by Monte Carlo Wave Function (MCWF) method

[17], the ME (3.7) in the resonant case δ = 0, that we rewrite in the Lindblad form:

˙̂ρI = − i
~
(Ĥeρ̂I − ρ̂IĤ†

e) +

3
∑

i=1

Ĉiρ̂IĈ
†
i (3.51)

where the non-Hermitian effective Hamiltonian Ĥe is given by

Ĥe =
ĤI

g
− i~

2

3
∑

i=1

Ĉ†
i Ĉi, (3.52)

the Hamiltonian ĤI is that of Eq. (3.2) for δ = 0 , and the collapse operators are Ĉ1,2 =
√
γ̃σ̂1,2, Ĉ3 =

√

k̃â. We have introduced the scaled time t̃ = gt so that the relevant

dimensionless system parameters are:

Ω̃ =
Ω

g
k̃ =

k

g
γ̃ =

γ

g
. (3.53)
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Figure 3.7: Effect of atomic decay γ̃ in the strong driving condition Ω̃ = 20, atoms prepared

in the Bell state |Φ−〉 and k̃ = 1: γ̃ = 0.001(1), 0.01 (2), 0.1 (3). (a) Mean photon number

〈N̂(t̃)〉, (b) Entanglement of formation ǫF (t̃). The number of trajectories is Ntr = 500.

The system dynamics can be simulated by a suitable number Ntr of trajectories, i.e. stochas-

tic evolutions of the whole system wave function |ψj(t̃)〉 (j = 1, 2, ...Ntr). Therefore, the

statistical operator of the whole system can be approximated by averaging over the Ntr

trajectories, i.e.,

ρ̂I(t̃) ∼=
1

Ntr

Ntr
∑

i=j

|ψj(t̃)〉〈ψj(t̃)|

.

First we consider negligible atomic decay γ̃ = 0 to confirm the analytical solutions and

to evaluate the effect of the driving parameter Ω̃. For numerical convenience we consider the

case k̃ = 1 so that the steady state mean photon number assumes small enough values. We

consider the atoms prepared in the maximally entangled states |Φ±〉. We recall that for the

state |Φ+〉 the theoretical mean photon number is 〈N̂(t̃)〉 = |α(t̃)|2, the atomic populations

Pe,g(t̃) = 0.5, the atomic purity µa(t̃) =
1+f2

2 (t̃)
2 , and the entanglement of formation ǫF (t)

is given by (3.33) where the concurrence C(t) coincides with f2(t). In Fig. 3.6 we show

e.g. the mean photon number and the atomic probability pg(t). In the strong driving limit,

Ω̃ = 20, we find an excellent agreement with the predicted theoretical behavior. We note that

we simulated the system dynamics without the RWA approximation so that pg(t̃) exhibits

oscillations due to the driving field. We remark that the entanglement of formation in the

case of state |Φ+〉 evolves almost independently of parameter Ω̃ and becomes negligible after

times gt ≈ 2. In the case of state |Φ−〉 ǫF (t) decays in a similar way for small values of Ω̃,

but it remains close to 1 for large enough values of the driving parameter as predicted in

our analysis.

Finally, we consider the effect of the atomic decay. For example, we consider the atoms

prepared in the Bell state |Φ−〉 in the strong driving limit and for the cavity field decay rate

k̃ = 1. In Fig. 3.7 we show the mean photon number and the entanglement of formation.
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We see that for γ̃ up to 10−3 the effect of atomic decays is negligible and the results of

our treatment still apply. For larger decay rates the atomic dynamics becomes no more

restricted within the decoherence free subspace.

3.3 N-qubit case

In this section we want to generalize the previous model for two qubits and a single cavity

mode in contact with a lossy environment. Firstly we recast the problem with a more general

formalism for the N atoms Hilbert space, in order to derive a compact set of differential

equations. In this general treatment we include the atomic spontaneous emission dissipative

channel, since in the ME (3.9) the corresponding Liouvillian superoperator in Eq. (3.8)

possess a particular structure that leaves uncoupled the differential equations. Secondly

we focus our attention to the topic of decoherence free subspaces (DFS), entering into the

details of N = 3 and N = 4 atoms case.

3.3.1 Analytical solution

In this section we will exploit the Hilbert space of the N atoms to get a general solution

of the system ME (3.9). To this purpose we write the effective Hamiltonian (3.3) in the

compact form

Ĥeff = ~g(â+ â†)Ŝx (3.54)

where we have introduced the collective atomic operator Ŝx = 1
2

∑N
l=1 σ̂x,l = 1

2

∑N
l=1(σ̂

†
l +σ̂l).

We recall that the eigenstates of the spin operator σ̂x,l are the rotated states |±〉l with

σ̂x,l|±〉l = λ±l |±〉l and λ±l = ±1. For the whole atomic subspace we consider the collective

basis of 2N states {|i〉N} where any |i〉N is an eigenstate of the operator Ŝx. The associated

eigenvalue si = (1/2)
∑N

l=1 λ
±
l,i is half the difference between the number of |+〉 and |−〉

components of state |i〉N , regardless of the exchange of any qubit pair, and it can assume

N + 1 values from −N/2 to N/2 with steps |∆si| = 1. Each eigenvalue si has a degeneracy

order n(si) = N !
(N/2+si)!(N/2−si)!

which is greater than one if si 6= ±N/2. Summarizing we

have:

Ŝx =
1

2

N
∑

l=1

σ̂x,l (3.55)

Ŝx|i〉N = si|i〉N (3.56)

Since atoms are represented in the ME (3.9) only by σ̂x,l operators, we introduce a decompo-

sition of the density operator ρ̂(t) on the basis {|i〉N}. Equation (3.9) is then equivalent to the

following set of 22N uncoupled evolution equations for the field operators ρ̂ij = N 〈i|ρ̂(t)|j〉N

˙̂ρij = −ig
[

si(â+ â†)ρ̂ij − sj ρ̂ij(â+ â†)
]

+ L̂f ρ̂ij −
γ

2
mij ρ̂ij (3.57)
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wheremij = 1
2

∑N
l=1

[

1−λ±l,iλ±l,j
]

. We remark that the coefficientsmij can assume the values

0, 1, ..., N , that is the number of single-qubit spin-flips for each atomic coherence N 〈i|···|j〉N .

This means that the atomic damping affects all the off-diagonal matrix elements of ρ̂, leaving

the diagonal ones unchanged. In order to obtain a solution for each time evolution equation,

we use the characteristic function [73] defined in the phase space associated to the cavity

field as χij(β) = Tr[D̂(β)ρ̂ij ], where D̂(β) is the displacement operator. As before we

remark that χij(β) are not true characteristic functions, since ρ̂ij are not density operators.

Nevertheless, they are continuous and square integrable functions and this is enough for our

purposes. Each operator equation (3.57) becomes a partial differential equation in phase

space

χ̇ij = −ig
[

si

( ∂

∂β
− ∂

∂β∗ −
β + β∗

2

)

− sj

( ∂

∂β
− ∂

∂β∗ +
β + β∗

2

)

− k

2

(

β
∂

∂β
+ β∗ ∂

∂β∗ + |β|2
)

− γ

2
mij

]

χij .

(3.58)

We choose as initial preparation of the whole system the cavity in the vacuum state |0〉 and

the atoms in a general pure state

|Ψ(0)〉 = |0〉 ⊗
2N
∑

i=1

cN,i|i〉N (3.59)

with the normalization condition
∑2N

i=1 |cN,i|2 = 1. After a change from complex to real

variables β = x+iy and the use of the method of characteristics [67], we obtain the solution

χij(x, y, t). Hence, back in the original variables, the solution of the ME (3.9) for the whole

system density operator can be written in a remarkably compact form as

ρ̂(t) =

2N
∑

i,j=1

cN,ic
∗
N,j[f(t)](si−sj)

2

e−
γ
2 mijt| − 2siα(t)〉〈−2sjα(t)| ⊗ |i〉N 〈j| (3.60)

where the atomic states are correlated with coherent cavity field states of amplitude pro-

portional to

α(t) = i
g

κ

(

1− e−
κ
2 t
)

(3.61)

and f(t) is the decoherence function due to the cavity environment coupling. It can be

written as f(t) = f1(t)e
2|α(t)|2 , where e2|α(t)|2 is a coherent state normalization and

f1(t) = e
− 2g2

κ t+ 4g2

κ2

“

1−e−
κ
2

t
”

. (3.62)

We remark that the product f1(t)e
− γ

2 t describes the basic one-atom decoherence, that in-

cludes either the cavity loss or the atomic spontaneous emission contributions.

The solution we have found comes straightforwardly from that of the one-qubit case, in fact

we recover the basic one-atom decoherence function, generalized to the case of γ 6= 0.
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3.3.2 Global system dynamics

In the Hamiltonian limit, {κt, γt} ≪ 1, both decoherence functions f1(t) and e−
γ
2 t approach

unity, α(t)→ α̃(t) ≡ i gt
2 and ρ̂(t)→ |Ψ̃(t)〉〈Ψ̃(t)| with the pure state

|Ψ̃(t)〉 =

2N
∑

i=1

cN,i| − 2siα̃(t)〉 ⊗ |i〉N . (3.63)

Hence we find the generation of global (N qubits and cavity mode) cat-like states, discussed

in [69] and [68], also in connection with the conditioned generation of entangled states.

In the steady state limit {κt, γt} ≫ 1 the density operator ρ̂(t) becomes a statistical mixture

of the pure states superimposed in the global cat-like state (3.63) generated in the transient

ρ̂SS =

2N
∑

i=1

|cN,i|2| − 2siα
SS〉〈−2siα

SS | ⊗ |i〉N〈i|, (3.64)

where αSS = i g
κ .

From Eq. (3.60) we can evaluate the time evolution of the whole system purity

µ(t) = Tr[ρ̂2(t)] =

2N
∑

i,j=1

|cN,i|2|cN,j|2[f(t)]2(si−sj)2e−γmijt. (3.65)

3.3.3 Subsystems dynamics

Now we discuss the time evolution of the subsystems. The cavity field dynamics, obtained

by tracing over the atomic degrees of freedom, holds as discussed in [69]. Here we recall

only the expressions of the reduced density operator

ρ̂f (t) =

2N
∑

i=1

|cN,i|2| − 2siα(t)〉〈−2siα(t)|, (3.66)

that is a statistical mixture of coherent states, and whose purity is

µ(t) = Tr[ρ̂2(t)] =

2N
∑

i,j=1

|cN,i|2|cN,j|2[e2|α(t)|2 ]2(si−sj)
2

. (3.67)

From the density operator ρ̂N,f(t) we can derive the expression of the mean photon number

〈â†â〉(t) = Trf [ρ̂f (t)â†â] = 4|α(t)|2
2N
∑

i=1

s2i |cN,i|2. (3.68)

In the case of all atoms prepared in the ground state, cN,i = 1/
√

2N , we obtain

〈â†â〉(t) =
|α(t)|2
2N−2

N
∑

l=0

(

l − N

2

)(

N

l

)

= N |α(t)|2 (3.69)
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which assumes the value N |αSS |2 = N
(

g/κ
)2

at steady-state. This result shows that each

atom gives the same average contribution |α(t)|2 to the cavity field. The result (3.68)

corresponds to transforming g → g
√
N relative to the one-atom theory of [64].

By tracing the whole system density operator (3.60) over the field variables, we obtain the

reduced atomic density operator

ρ̂a(t) =

2N
∑

i,j=1

cN,ic
∗
N,j[f1(t)]

(si−sj)
2

e−
γ
2 mij t|i〉N 〈j|. (3.70)

Its purity µa has the form of Eq. (3.65), provided that f(t) is replaced by f1(t). In the

steady-state limit the two purities assume the same value µSS =
∑2N

i |cN,i|4 and for atoms

all prepared in the excited or ground state it becomes 1
2N , that is the value of a maximally

mixed state for an N-qubit system.

3.3.4 Decoherence free subspaces and completely symmetric Dicke

states

The presence of atomic spontaneous emission has the obvious consequence to destroy all the

off-diagonal terms of ρ̂(t), bringing the system to a statistical mixture in the steady state.

What we could ascertain in the previous section, is that for γ ≃ 0 and the only presence of

cavity mode dissipation, particular dark states of the system are not affected by decoherence

induced from the environment, that span what we call decoherence free subspaces (DFS).

Here we want to generalize that situation to the case of N atoms.

The first step is to exploit the system dynamical invariance under exchange of any atom

pair, considering initial states (Eq. (3.59)) having in the atomic part only symmetric states

or symmetrized combinations of states |i〉N . In this case the atomic part of ρ̂(t) is confined

in the subspace spanned by only N+1 (instead of 2N) states that we denote as |N2 , s〉, where

−N
2 ≤ s ≤ N

2 with steps |∆s| = 1. We notice that these states are analogous to the so-called

completely symmetric Dicke (CSD) states [79], with the only difference that here they are

written in the rotated basis. All the previous treatment can be adapted correspondingly. In

particular, starting from any superposition of CSD states

|Ψ(0)〉 = |0〉 ⊗
N/2
∑

s=−N/2

bN,s|
N

2
, s〉 (3.71)

with the normalization condition
∑N/2

s=−N/2 |bN,s|2 = 1, the general solution (3.60) can be

rewritten as

ρ̂(t) =

N/2
∑

s,s′=−N/2

bN,sb
∗
N,s′ [f(t)](s−s′)2 | − 2sα(t)〉〈−2s′α(t)| ⊗ |N

2
, s〉〈N

2
, s′|. (3.72)
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a) b)

Figure 3.8: a) Time evolution of the purity of the whole system for different values of N

and for the fixed dimensionless parameter g/κ = 5. b) Comparison between the N-qubit

purity µa(t) evaluated at steady state and the purity of a maximally mixed state a/2N .

In this case the interaction correlates cavity field coherent states with atomic CSD states.

These results include the important acse of all atoms prepared in the ground state, where

bN,s = (1/
√

2N)n(s). In another relevant case, with all atoms prepared in the excited state,

the only change in Eq. (3.72) is the replacement f(t) → −f(t). In such cases the purity

(3.65) reduces to

µ(t) = Tr[ρ̂2(t)] =
1

22N

N/2
∑

s,s′=N/2

[f(t)]2(s−s′)2n(s)n(s′) (3.73)

whose asymptotic value can be written in a closed form in terms of the Gamma function Γ

µSS
N =

1

22N

N/2
∑

s,s′=N/2

n2(s) =
1

22N

N
∑

l=0

(

N

l

)2

=
Γ(N + 1

2 )√
πΓ(N + 1)

(3.74)

where l ≡ s + N/2 and
(

N
l

)

is the binomial coefficient. In Fig. (3.8) we show the time

evolution of the system purity (3.73) fora fixed value of g/κ and different qubit numbers

N = 1, . . . , 4, where the steady state values are µSS
1 = 1/2, µSS

2 = 3/8, µSS
3 = 5/16, µSS

4 =

35/128. The greater is the value of N , the faster is the decay of the global coherences.

Varying the ration g/κ instead of N , the asymptotic behaviour does not change whereas the

decay is faster (slower) for increasing (decreasing) values of g/κ.

We remark that the atomic preparation in one of the CSD states is equivalent to the qubit

encoding in the corresponding DFS (see the case N = 3, 4 below). In particular, for even

values ofN , the CSD atomic state with s = 0 and the cavity in the vacuum state belongs to a

global DFS, where the whole system does not evolve. In fact if the atoms are prepared in any

superposition of eigenstates |i〉N corresponding to a degenerate eigenvalue −N
2 ≤ si ≤ N

2 ,

the state does not evolve and this is equivalent to choose a particular initial atomic Dicke

state |N2 , s〉 Therefore we identify N − 1 atomic DFSs with dimension n(si) > 1, where an

initial entanglement can be protected.
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One of the effect of the presence of DFSs can be put in evidence by the atomic purity

µa(t) =

N/2
∑

s,s′=−N/2

|bN,s|2|bN,s′|2[f1(t)]2(s−s′)2 . (3.75)

The decay of the atomic purity ruled by f1(t) is faster than the global purity decay (3.65),

ruled by f(t). However the asymptotic behaviour is the same and we can use the result

(3.74) in order to make a comparison with the case of maximally mixed states, whose purity

is equal to 1/2N . In Fig. (3.8(b)) we see that the atomic state is maximally mixed only for

N = 1, where actually the atom becomes maximally entangled with the cavity field [64].

For any N > 1 the state is never maximally mixed due to the survival of coherences in

DFSs. Also we notice that the field purity (3.67)remains slightly larger than the atomic one

because the decoherence function f1(t) is replaced by a non-vanishing exponential function.

3.3.5 The N = 3 and N = 4 cases

Here we discuss interesting results on both atomic and field subsystems in the case of three

and four atoms, neglecting the atomic spontaneous emission γ ≃ 0. We investigate the

expression of the joint probabilities for the atomic level populations and we exploit the

existence of DFSs for the protection of the multipartite entanglement. We also show the

conditional generation of cavity field cat-like states during the transient and propose a way

to monitor their decoherence via joint atomic probability measurements.

N = 3 qubits

As an application of the atomic subsystem dynamics we rewrite the atomic density matrix

equation (3.70) in the standard basis for the case N = 3. Starting, for instance, from the

three atoms in the ground state, the diagonal matrix elements provide the following joint

probabilities for the atomic level populations where equations (3.76b) and (3.76c) represent

one third of the probability to detect, respectively, two atoms in the excited state or in

the ground, independently from the atomic ordering, that is to say Peeg = Pege = Pgee

and Pegg = Pgeg = Pgge. The three-atom joint probabilities (3.76) are shown in Fig.

3.9. We can see that at steady state the joint probability that three atoms are in the

same state is equal to 5/16, that is an atomic correlation (bunching) effect, whereas the

joint probability of the other two outcomes is 3/16, showing an antibunching effect. By

exploiting the above expressions (3.76) it is possible to monitor the two-atom decoherence

function f4
1 (t) measuring the sums Peee(t) + Pggg(t) or Peeg(t) + Pegg(t). Remarkably the

N-qubit decoherence originates from the one-atom decoherence function [64] which can be

monitored by atomic population measurements via the relation f1(t) = Pg(t) − Pe(t), as

well as the N-qubit purity according to Eq. (3.75). In that case the atom and the field
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Figure 3.9: Three-atom joint probabilities vs. dimensionless coupling constant g/κ and time

κt .

can approach maximally entangled states in the limits κt ≪ 1 and (g/κ)2 ≫ 1, and the

entanglement (measured by the Von Neumann entropy for one subsystem) is also described

by f1(t).

Peee(t) =
1

32

[

10− 15f1(t) + 6f4
1 (t)− f9

1 (t)
]

(3.76a)

Peeg(t) =
1

32

[

2− f1(t)− 2f4
1 (t) + f9

1 (t)
]

(3.76b)

Pegg(t) =
1

32

[

2 + f1(t)− 2f4
1 (t)− f9

1 (t)
]

(3.76c)

Pggg(t) =
1

32

[

10 + 15f1(t) + 6f4
1 (t) + f9

1 (t)
]

(3.76d)

(3.76e)

Starting from three atoms in the ground state, so that c3,i = 1/
√

8, we obtain in the

transient regime (κt≪ 1) a pure state that we rewrite in the standard atomic basis

|Ψ̃〉3 =
1√
8

[

(| − 3α̃〉 − 3| − α̃〉+ 3|α̃〉 − |3α̃〉)⊗ |eee〉

+ (| − 3α̃〉+ 3| − α̃〉+ 3|α̃〉+ |3α̃〉)⊗ |ggg〉
+ (| − 3α̃〉 − | − α̃〉 − |α̃〉+ |3α̃〉)⊗ (|eeg〉+ |ege〉+ |gee〉)

+ (| − 3α̃〉+ | − α̃〉 − |α̃〉 − |3α̃〉)⊗ (|egg〉+ |geg〉+ |gge〉)
]

(3.77)

where for brevity we have defined α̃ ≡ α̃(t). We notice a superposition of mesoscopic cat-like

states of the cavity field correlated with atomic states with the same number of ground (or
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Figure 3.10: Wigner function Wggg of the cavity field state conditioned to the detection of

the three atoms in the ground state, for parameters values κt = 0.05 and g/κ = 110.

excited) atoms, which are two fully separable and two entangled 3-qubit states (a W and an

inverted-W state) [24]. An interesting consequence of Eq. (3.77) is that a simultaneous de-

tection of the three atoms in any state prepares the cavity field in the corresponding cat-like

state. In Fig. 3.10 we show the Wigner function that describes in phase space the cat-like

state generated for atomic detections in the ground state.

Now we recall some concepts and tools in order to analyze the multipartite entanglement

properties of some atomic states encoded in DFSs. The 3-tangle measure introduced in [26]

evaluates the amount of entanglement shared by all the three qubits through the quantity

τ123 = C2
12 + C2

13 − C2
1(23), where Cij is the concurrence of the qubit pair (i, j). A gener-

alization to the case of N qubits (with N even) was given in [28] by the N -tangle measure

defined as τN = |〈ψ|ψ̃〉|2 with |ψ̃〉 = σ̂⊗N
y |ψ∗〉, where |ψ〉 is the generic N -qubit state, |ψ∗〉

its complex conjugate and σ̂y one of the Pauli matrices. Another useful tool is the residual

bipartite entanglement measure (see [24]) which evaluates the robustness of entanglement

against the loss of information; this measure is provided, for instance, by the average squared

concurrence C2 calculated for any two residual qubits when the other N − 2 are traced out.

The permutational qubits’ symmetry allows the existence of atomic DFSs capable of avoid-

ing the loss of coherence due to the coupling to the environment. In the case N = 3, there

exist four distinct atomic DFSs, as we report in Table 3.1. As an example we choose the

balanced combinations |Φ(0)〉(si)
a = (1/

√
3)(|±±∓〉+ |±∓±〉+ |∓±±〉), with si = ±1/2, as

two possible initial conditions. These states have no full tripartite entanglement (τ123 = 0)

according to the 3-tangle measure. However each qubit pair retains the maximal residual

bipartite entanglement C2 = 4/9. These kind of states show a multipartite entanglement

characteristic of W-like states.
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Table 3.1: Atomic DFSs for N = 3 qubits.

si n(si) |i〉3

3/2 1 {|+ ++〉}
1/2 3 {|+ +−〉,|+−+〉,| −++〉}
-1/2 3 {| − −+〉,| −+−〉,|+−−〉}
-3/2 1 {| − −−〉}

N = 4 qubits

We have already mentioned that a remarkable consequence of the general solution of Eq. (3.72)

is the existence of a global DFS for any even value of the number N of atoms, when

the eigenvalue si can assume the value zero. In this case there is no time evolution for

the initial states of Eq. (3.71) containing only the corresponding n(0) = N !/[(N/2)!]2

atomic eigenstates |i〉N . Let us consider for example the case of N = 4 atoms. The

DFS is spanned by the tensor product of the cavity vacuum state and n(0) = 6 states

|i〉4 with the same number of |+〉 and |−〉 components (see Table 3.2). It preserves any

initial global state within this subspace, protecting any entangled atomic preparation for

quantum information purposes. Another interesting feature of the case with even N fol-

lows from the presence in Eq. (3.72) of terms with the cavity field in the vacuum state.

Namely, if the optical cavity field is accessible to measurements, the absence of a re-

sponse by an on/off detector generates a pure N-qubit state, that can be a multipar-

tite entangled state. Starting e.g. from the four atoms prepared in the ground state,

the density operator of (3.72) contains a time-independent part (
√

6/4)(|0〉 ⊗ |Ψ〉a), where

|Ψ〉a = (1/
√

6)(|+ +−−〉+ |+−+−〉+ |+−−+〉+ | −+ +−〉+ | −+−+〉+ | −−+ +〉).
Hence a null measurement of the optical cavity field generates the pure 4-qubit state |Ψ〉a
whose entanglement properties are discussed in the following.

The four qubits case presents five decoherence-free CSD states |2, s〉, including two sepa-

rable states |2,±2〉, and the multipartite entangled states |2,±1〉 and |2, 0〉. The relevance

for applications in quantum information processing is that the state |2, 0〉 turns out to be

maximally entangled according to the 4-tangle measure (τ4 = 1), whereas the states |2,±1〉
have no four-partite entanglement (τ4 = 0), but each of them exhibits an equal maximal

reduced bipartite entanglement, C2 = 1/4 (W-like states), by tracing over any qubit pair.

We remark that all CSD states of the type |N/2, s̃〉 with s̃ = ±(N −2)/2 have entanglement

properties similar to that of states |WN 〉 introduced in [24]. By tracing the atomic den-

sity operators |N/2, s̃〉〈N/2, s̃| over any N − 2 parties we always obtain the reduced density
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Table 3.2: Atomic DFSs for N = 4 qubits.

si n(si) |i〉4

2 1 {|+ + + +〉}
1 4 {|+ + +−〉,|+ +−+〉,|+−+ +〉,| −+ + +〉}
0 6 {|+ +−−〉,|+−+−〉,|+−−+〉,| −+−+〉,| −+ +−〉,| − −+ +〉}
-1 4 {| − − −+〉,| − −+−〉,| −+−−〉,|+−−−〉}
-2 1 {| − − −−〉}

operators for the bipartite system

ρ± =
1

N

(

2|Φ−〉〈Φ−|+ (N − 2)| ± ±〉〈± ± |
)

. (3.78)

Hence for the average squared concurrence we simply obtain the value C2 = (2/N)2.

We further notice that we can rewrite the states |2,±1〉 and |2,±0〉 as

|2,±1〉 = 1√
2
(| ± ±〉12|Φ−〉34 + |Φ−〉12| ± ±〉34)

|2, 0〉 = 1√
6

(

|Φ−〉12|Φ−〉34 + |Φ−〉13|Φ−〉24+

+ |Φ−〉14|Φ−〉23
)

(3.79)

thus generalizing the results derived in [68] where we showed that the two-atom maximally

entangled Bell state |Φ−〉ij = 1√
2
(|+−〉ij + | −+〉ij) and the two separable states | ±±〉 do

not evolve in time.

Another interesting application is to encode the four qubits in some states of a special

basis called Bell gem [80], which is a generalization of the well known Bell basis |Φ±〉 =

(1/
√

2)(|gg〉± |ee〉) and |Ψ±〉 = (1/
√

2)(|ge〉± |eg〉). It is composed by maximally entangled

states, according to the 4-tangle measure (τ4 = 1), which can be obtained by simple quantum

logic circuits starting from four unentangled qubits in the computational basis. Let us

consider the cavity field prepared in the vacuum state |0〉 and the four qubits in one of the

last three elements of the Bell gem (1/
√

2)(|Φ+Ψ+〉−|Ψ+Φ+〉), (1/
√

2)(|Ψ−Φ−〉±|Φ−Ψ−〉).
The whole system does not evolve in time because these three initial atomic states belong to

the DFS corresponding to the eigenvalue si = 0, thus maintaining the maximum multipartite

entanglement in the atomic subsystem.



CHAPTER 4

Beyond the RWA: the ultrastrong

coupling regime

The framework of CQED, both in the microwave and in the optical regime, is a natural field

for the applicability of the RWA and the validity of the JC model. Here the kind of coupling

between a two-level atom and a cavity field mode is the electric dipole coupling, which can

reach values in the range g
ω ≃ 10−6 − 10−7 in the SC coupling regime. In this way the

anti-resonant terms in the interaction Hamiltonian are negligible. By using the perturbative

theory argument of the Dyson series of the evolution operator, it is easy to see that the

counter rotating terms are associated to the small ratio g
ω , so that they do not contribute

to the dynamics of the system.

On the other hand, when, for instance, one considers a matter-radiation interaction like

system in circuit QED, the coupling between a two-level “artificial” atom and a single-mode

of a transmission line resonator is of inductive or capacitive nature [8, 81]. In this situation

the innovations in technology are enhancing and increasing the coupling, reaching such high

values that the RWA is no longer applicable ( g
ω ≥ 1).

What happens in this case is the main topic of this chapter, where our goal is the study

of the dynamics of a qubit interacting with a bosonic mode in the so-called USC and DSC

regime [82, 83, 84], analyzing the interesting effects of the anti-resonant terms which were

neglected before. In particular we will present the interaction model and the analytical

solution, under a specific condition, for the density operator describing the system dynamics

in the presence of a dissipative environment (Sec. 4.1). Then we focus on the unitary case,

where a more a general initial condition is considered, in order to understand the main

features of the DSC regime (Sec. 4.2), which are better emphasized for large qubit-oscillator

65
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detuning. We will describe the effect of the detuning parameter, to the limit of resonance

conditions, using numerical simulations. Moreover we will explain the passage from a JC

to a DSC regime, varying the coupling parameter. Finally, in Sec. 4.3, we will study the

effect of dissipation on the dynamics, describing the stationary state and the influence of

the detuning parameter.

4.1 The model and the analytical solution

We are considering a system composed by one qubit coupled to a single bosonic field mode,

described by the Hamiltonian

Ĥ = ~ωâ†â+
~

2
ω0σ̂z + ~g(σ̂ + σ̂+)(â+ â†) (4.1)

where ω is the mode frequency, ω0 is the qubit transition frequency and g is the coupling

constant between qubit and field mode. As regards the bosonic mode, â and â† are the

annihilation and creation operators, while for the qubit σ̂, σ̂† and σ̂z are the Pauli operators

related to ground and excited states |g〉 and |e〉.
In order to provide a realistic description of the dynamics of this system, we can think e.g.

to a superconducting qubit coupled to a resonator mode [85] and include a thermal bath

of harmonic oscillators at zero temperature acting on the mode. The time evolution of the

whole system can be described by the following Master Equation (ME):

˙̂ρ = − i

~
[Ĥ, ρ̂] + L̂f [ρ̂] (4.2)

where L̂f [ρ̂] is the standard Liouville superoperator:

L̂f [ρ̂] =
κ

2
(2âρ̂â† − â†âρ̂− ρ̂â†â) (4.3)

with the resonator decay rate κ.

We will show in the following that the model described by the ME (4.2) is analytically

solvable under the condition ω0t ≪ 1, whereas numerical results are necessary for a full

understanding of a long-times dynamics.

In order to find the analytical solution of Eq. (4.2) we move into the interaction picture

by means of the unitary transformation Û(t) = exp{−iω0

(

σ̂z

2 + â†â
)

t}. The structure of

Eq. (4.2) holds for the the density operator ρ̂I = Û ρ̂Û † with the interaction Hamiltonian

ĤI = ~∆â†â+ ~g(e2iω0tσ̂+â† + e−2iω0tσ̂â+ σ̂+â+ σ̂â†) =

= ~∆â†t ât + ~g(eiω0tσ̂+ + e−iω0tσ̂)(ât + â†t)
(4.4)

where we have introduced the detuning parameter ∆ = ω − ω0, with 0 ≤ ω0 ≤ ω, and ât ≡
e−iω0tâ. Now we expand the density operator ρ̂I(t) onto the qubit rotated basis |±〉 = |g〉±|e〉√

2

introducing the operators, acting on the resonator mode subsystem, ρ̂ij(t) = 〈i|ρ̂I(t)|j〉 with
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(ij) = {++,−−,+−,−+}. In this way we obtain the following set of coupled differential

equations

˙̂ρ++ =− i∆[â†t ât, ρ̂++]− ig cos(ω0t)[ât + â†t , ρ̂++]

− g sin(ω0t)[(ât + â†t)ρ̂−+ − ρ̂+−(ât + â†t)] + L̂ρ̂++

(4.5a)

˙̂ρ−− =− i∆[â†t ât, ρ̂−−] + ig cos(ω0t)[ât + â†t , ρ̂−−]

+ g sin(ω0t)[(ât + â†t)ρ̂+− − ρ̂−+(ât + â†t)] + L̂ρ̂−−
(4.5b)

˙̂ρ+− =− i∆[â†t ât, ρ̂+−]− ig cos(ω0t){ât + â†t , ρ̂+−}
− g sin(ω0t)[(ât + â†t)ρ̂−− + ρ̂++(ât + â†t)] + L̂ρ̂+−

(4.5c)

˙̂ρ−+ =− i∆[â†t ât, ρ̂−+] + ig cos(ω0t){ât + â†t , ρ̂−+}
+ g sin(ω0t)[(ât + â†t)ρ̂++ + ρ̂−−(ât + â†t)] + L̂ρ̂−+

(4.5d)

where brackets [ , ] and braces { , } denote the standard commutator and anti-commutator

symbols. In order to solve these equations we move into the phase space using the continuous

and square-integrable functions χij(α, t) ≡ Tr[ρ̂ij(t)D̂(α)], where D̂(α) = eαâ†−α∗â is the

displacement operator. We thus get a set of coupled partial differential equations, that does

not present an exact solution.

The presence of cavity mode dissipation limits the interest for the study of the system

dynamics up to suitable times. Therefore, we can impose the condition ω0t≪ 1, to uncouple

Eqs. (4.5), since cos(ω0t) ≃ 1 and sin(ω0t) ≃ 0, so that the analytical treatment is possible

by generalizing previous results [64] found under resonance condition ∆ = 0 (see Chapter

3).

Here we present the analytical solution for the system prepared in the initial state

ρ̂I(0) = |g〉〈g| ⊗ |0〉〈0|,

that in the phase space is given by the following functions χij(α, t):

χ±±(α, t) =
1

2
exp
{

− |α|
2

2
∓ β(t)α∗ ± β∗(t)α

}

(4.6a)

χ±∓(α, t) =
1

2
F (t)exp

{

− |α|
2

2
∓ β(t)α∗ ∓ β∗(t)α

}

. (4.6b)

The corresponding operators ρ̂ij(t) take the form:

ρ̂±±(t) =
1

2
| ± β(t)〉〈±β(t)| (4.7a)

ρ̂±∓(t) =
1

2

F (t)

e−2|β(t)|2 | ± β(t)〉〈∓β(t)| (4.7b)

where the field coherent states amplitude β(t) and the decoherence function F (t) are defined

as

β(t) ≡ ig

z

(

e−zt − 1
)

(4.8a)

F (t) ≡ e
− 2g2

|z|2
[κt+ 2

g ℑm(z∗β(t))]
(4.8b)
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with the complex variable z = k
2 + i∆. The density operator ρ̂I(t) can be expressed also in

the original qubit basis {|g〉, |e〉}:

ρ̂I(t) =
1

4

{[

|β(t)〉〈β(t)| + | − β(t)〉〈−β(t)| + F (t)

e−2|β(t)|2

(

|β(t)〉〈−β(t)| + h.c.
)]

⊗ |g〉〈g|+

+
[

|β(t)〉〈β(t)| − | − β(t)〉〈−β(t)| − F (t)

e−2|β(t)|2

(

|β(t)〉〈−β(t)| − h.c.
)]

⊗ |g〉〈e|+

+
[

|β(t)〉〈β(t)| − | − β(t)〉〈−β(t)| + F (t)

e−2|β(t)|2

(

|β(t)〉〈−β(t)| − h.c.
)]

⊗ |e〉〈g|+

+
[

|β(t)〉〈β(t)| + | − β(t)〉〈−β(t)| − F (t)

e−2|β(t)|2

(

|β(t)〉〈−β(t)| + h.c.
)]

⊗ |e〉〈e|
}

(4.9)

Remembering that

〈n|β〉〈β|n〉 = 〈n| − β〉〈−β|n〉 = e−|β|2 |β|2n

n!
(4.10a)

〈n|β〉〈−β|n〉 = 〈n| − β〉〈β|n〉 = (−1)ne−|β|2 |β|2n

n!
(4.10b)

it is straightforward to derive the probabilities for the whole system states |Qn〉:

PQ,n(t) =
1

2
e−|β(t)|2 |β(t)|2n

n!

[

1± (−1)nF (t)e2|β(t)|2
]

(4.11)

where the sign + (or −) holds for the qubit state Q = g (or e).

As regards the qubit and bosonic mode subsystems we derive the expressions for the qubit

levels populations PQ(t) and the photon number distribution Pn(t):

PQ(t) =
1

2
[1± F (t)] (4.12)

Pn(t) = e−|β(t)|2 |β(t)|2n

n!
(4.13)

where Pn(t) is a Poissonian distribution with a mean value |β(t)|2 = 〈N(t)〉, that corresponds

to the resonator mean photon number. Moreover we notice that the photon statistics is

given by Pn(t) = Pg,n(t) +Pe,n(t), that is the partial trace over the qubit degree of freedom

TrQ[ρ̂I |n〉〈n|].

4.1.1 Generic initial state (part one)

Now we focus our attention on a generic initial preparation of the system in the pure state

|Ψ(0)〉I = (a+|+〉+ a−|−〉)⊗ |l〉 (4.14)

with the normalization condition for the qubit’s coefficients |a+|2 + |a−|2 = 1, and |l〉 a

generic Fock state for the bosonic mode. In order to obtain an analytical solution for the

ME (4.2) , we follow the same procedure in (4.5) and we solve the equations in the phase
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space. The solutions for the functions χij(α, t), through the method of characteristics, are

given by

χ±±(α, t) = |a±|2Ll(η|α|2)exp
{

− |α|
2

2
∓ β(t)α∗ ± β∗(t)α

}

(4.15a)

χ±∓(α, t) = a±a
∗
∓F (t)Ll(η|α ∓ 2β∗(t)ez∗t|2)exp

{

− |α|
2

2
∓ β(t)α∗ ∓ β∗(t)α

}

. (4.15b)

with η ≡ e−κt, whereas the coherent field amplitude β(t) and the decoherence function F (t)

are the same as in (4.8). The Laguerre polynomials Ll(·) come from the initial condition in

the phase space χij(α, 0) = aia
∗
j 〈l|D̂(α)|l〉 = aia

∗
je

− 1
2 |α|2Ll(|α|2). The general solution ρ̂I(t)

for l 6= 0 is not known at the time of writing this thesis1, nevertheless here we provide the

correct analytical solution for two specific initial states of the qubit and, in the next section,

a more general result for the unitary case. Moreover we remark that when l = 0, L0(x) = 1

for every argument x, generalizing the previous solution to every initial pure state for the

qubit and zero photons in the resonator.

Suppose the system is prepared at t = 0 in the state |Ψ(0)〉 = |+〉⊗ |l〉 or |Ψ(0)〉 = |−〉⊗ |l〉.
Among the equations (4.15), only the functions χ±±(α, t) evolve in time, while the others are

null at any time t. Such a characteristic function corresponds to a well defined and unique

density operator ρ̂±±(t). The intuition is to use a known formula [87] for the evolution of

a generic Fock state under only the lossy channel ˙̂ρ = L̂f [ρ̂], described by the Liouvillian

superoperator for the bosonic mode. The exact solution for the initial field state ρ̂±±(0) =

|l〉〈l| is a linear map

ξ[ρ̂±±(0)] =
l
∑

m=0

cm,l(η)|m〉〈m| (4.16)

where the coefficients are:

cm,l(η) =

(

l

m

)

(1 − η)l−mηm. (4.17)

When the complete ME (4.2) is considered, the evolved field state is

ρ̂±±(t) = D̂(±β(t))ξ[ρ̂±±(0)]D̂†(±β(t)) (4.18)

with β(t) defined in (4.8), and the evolved state of the whole system is

ρ̂I(t) = D̂(±β(t))ξ[ρ̂±±(0)]D̂†(±β(t)) ⊗ |±〉〈±|. (4.19)

It is clear from this solution that the probabilities for the states |g, n〉 and |e, n〉 are equal

and can be expressed in the form

Pg,n = Pe,n =
1

2
e−|β(t)|2An(t) (4.20)

1We are not still able to find the time evolution for the coherences ρ̂±∓(t) of the density operator when

the initial photon number l 6= 0, but for the diagonal terms the problem is already solved.
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where the coefficients An(t) are

l
∑

m=0

cm,l(η)|β(t)|2|n−m|
[m!

n!

(

Ln−m
m (|β(t)|2)

)2

θ(n−m) +
n!

m!

(

Lm−n
n (|β(t)|2)

)2

θ(m− n− 1)
]

(4.21)

and θ(x) is the step function that assumes the values θ(x) = 1 if x ≥ 0 and θ(x) = 0 if

x < 0. This formula has been derived through the relations

〈n|D̂(β)|m〉 =

√

n!

m!
e−

1
2 |β|

2

(−β)m−nLm−n
n (|β|2) for n ≤ m (4.22a)

〈n|D̂(β)|m〉 =

√

m!

n!
e−

1
2 |β|

2

(−β)n−mLn−m
m (|β|2) for n ≥ m (4.22b)

for the generalized Laguerre polynomials Ls
r(x), defined as

Ls
r(x) =

(

r + s

r

) r
∑

i=0

(−1)i

(

r
i

)

(

i+s
i

)

xi

i!
. (4.23)

The mean photon number for the bosonic mode 〈N(t)〉 = Tr[ρ̂I(t)â
†â], referring to Eq.

(4.19), is

〈N(t)〉 = |β(t)|2 + lη (4.24)

which corresponds to the result found in (4.12) with the addition of a decay of the initial

photon number l.

4.2 Unitary dynamics

The unitary limit, corresponding to the choice κ = 0, allows to better understand the

dynamics of the qubit-oscillator system in the DSC regime. We begin analyzing the nature

of the interaction part of the Hamiltonian (4.1), composed by two resonant (σ̂†â and σ̂â†)

and two anti-resonant terms (σ̂†â† and σ̂â), and we notice that the Hilbert space of the

system states is thus splitted into two orthogonal and unconnected subspaces, called parity

chains

|g, 0〉 ↔ |e, 1〉 ↔ |g, 2〉 ↔ |e, 3〉 ↔ . . .↔ |g, 2N〉 ↔ |e, 2N + 1〉 (4.25a)

|e, 0〉 ↔ |g, 1〉 ↔ |e, 2〉 ↔ |g, 3〉 ↔ . . .↔ |e, 2N〉 ↔ |g, 2N + 1〉 (4.25b)

where N = 0, 1, 2, . . . is an integer number.

Defining a parity operator

Π̂ ≡ −σ̂z(−1)â†â = eiπN̂e (4.26)

the states of the first parity chain (4.25a) are eigenstates of Π̂ with eigenvalue p = 1, while

those of the second chain (4.25b) have parity p = −1. The operator N̂e = |e〉〈e| + â†â is

the number of total excitations of the system. In the JC regime, that is in the domain of

applicability of the RWA, N̂e is a constant of motion since [N̂e, Ĥres] = 0, where Ĥres ∝
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Figure 4.1: (a) P+n(t) for the first states n = 0, 1, 2 (blue, red, green) and (b) 〈N(t)〉. The

values of the parameteres are ∆
ω ≃ 1, g

ω = 2 and initial state |g, 0〉.

σ̂†â+ σ̂â†. In the general case of a USC regime, a constant of motion is the parity operator

Π̂ since [Π̂, Ĥ] = 0. Thus there are two independent Hamiltonians, corresponding to the

two eigenvalues p = ±1 of the parity operator, that describe the unitary dynamics of the

system in terms of independent parity chains. The parity p = 1, for instance, is related to

the states that have an even number of total excitations, while p = −1 for those states with

an odd number of total excitations.

Let us consider the case of the system prepared at t = 0 in the state |g, 0〉. In the unitary

limit, the system is at any time in the pure state

|Ψ(t)〉 =
1√
2

[|β(t)〉 ⊗ |+〉+ | − β(t)〉 ⊗ |−〉] (4.27)

that is a typical Schrödinger cat-like state. The probabilities that the system is in a state

of one of the two chains Ppn(t) are

Ppn(t) =
|β(t)|2n

n!
PQ,0. (4.28)

since the decoherence function becomes F (t) = e−2|β(t)|2 so that the first probabilities

Pg,0(t) = e−|β(t)|2 and Pe,0(t) = 0. Hence starting from |g, 0〉 the evolved state vector

remains in the subspace corresponding to parity chain p = 1. As far as the mean photon

number is concerned, the coherent state amplitude is

β(t) =
g

∆

(

e−i∆t − 1
)

and

〈N(t)〉 =

[

2g

∆
sin

(

∆

2
t

)]2

.

In Figs. 4.1(a,b) we show the time evolution of P+n(t) for the first three states of the even

parity chain and 〈N(t)〉 in the large detuning regime ∆
ω ≃ 1 and with a coupling constant

g
ω = 2, in units of dimensionless times ωt

2π t. The oscillations of 〈N(t)〉 occur at half the

frequency of P+n(t) and the maximum value of photons in the resonator is |β|2max = 4g2

ω2 = 16.

In Fig. 4.2 we illustrate, at different dimensionless time intervals, the behaviour of the
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Figure 4.2: Time shots of the propagation of P+n(t) during the first oscillation 0 ≤ ωt
2π ≤ 1.

The photon number wavepacket reaches the maximum “distance” from n = 0 at 〈N〉max =

16, since g
ω = 2.

probabilities for every involved state of the parity chain. It is shown that, since P−n(t) = 0

at all times, the photon statistics Pn(t) = P+n(t) is a Poissonian distribution with a time-

dependent mean value equal to the mean photon number, representing a propagating photon

number wavepacket. The value of the coupling constant g is responsible for the maximum

mean photon number and, consequently, for the number of involved states in the parity

chain.

4.2.1 Generic initial state (part two)

Referring to the results in the phase space (4.15), for a generic initial state (4.14), the

analytical solutions for ρ̂ij(t) corresponding to χij(α, t) are:

ρ̂±±(t) = |a±|2D̂(±β(t))|l〉〈l|D̂†(±β(t)) (4.29a)

ρ̂±∓(t) = a±a
∗
∓D̂(±β(t))|l〉〈l|D̂†(∓β(t)). (4.29b)

Equivalentely the evolved state of the system is a pure entangled state

|Ψ(t)〉 = a+D̂(β(t))|l〉 ⊗ |+〉+ a−D̂(−β(t))|l〉 ⊗ |−〉 (4.30)

which can be written on the standard basis {|g〉, |e〉} as

|Ψ(t)〉 =
[

a+D̂(β(t)) + a−D̂(−β(t))
]

|l〉 ⊗ |g〉+
[

a+D̂(β(t))− a−D̂(−β(t))
]

|l〉 ⊗ |e〉. (4.31)
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Figure 4.3: (a) P+n(t) for the first states n = 0, 1, 2 (blue, red, green) and (b) 〈N(t)〉. The

values of the parameteres are ∆
ω ≃ 1, g

ω = 2 and initial state |g, 1〉.

By using the relations (4.22) we obtain the expressions for the probabilities of the system

states |Q,n〉:

PQ,n(t) =
1

2

{

e−|β(t)|2|β(t)|2|l−n|
[

(|a+|2 + |a−|2)± (−1)|l−n|(a+a
∗
− + a∗+a−)

]

×

×
[

θ(l − n− 1)
n!

l!

(

Ll−n
n (|β(t)|2)

)2

+ θ(n− l) l!
n!

(

Ln−l
l (|β(t)|2)

)2]}
(4.32)

where the sign + (or −) corresponds to the qubit state Q = g (or Q = e). The mean photon

number for the bosonic mode 〈N(t)〉 = Tr[ρ̂I(t)â
†â], referring to Eq. (4.30), is

〈N(t)〉 = |β(t)|2 + l (4.33)

that is, simply, a translation of the usual oscillations of the mean photon number according

to the initial photon number l.

Starting from any pure state of the system, the time evolution of Ppn(t) takes place inde-

pendently in each parity chain [86]. We illustrate here, as an example, the time evolution of

the probabilities of the parity chains states and the resonator mean photon number for two

different initial pure states.

The first case (see Fig. 4.3) is that of the system initially prepared in |g, 1〉, that is, according

to our notation in (4.14), a+ = a− = 1√
2

and l = 1. This state has parity p = −1, since the

number of total excitations is Ne = 1, and for this reason only the parity chain to which it

belongs will be excited during the time evolution. In fact P+n(t) = 0 at any time t, because

it corresponds to the states |g, n〉 with n even and |e, n〉 with n odd. Since we use the same

values of the parameters in (4.1) as in the previous case, we expect a similar behavior for the

evolution of the system. In fact, the mean photon number oscillates at the same frequency

as in the case of |g, 0〉, with the same amplitude, but with the addition of one photon more

(cfr. Fig. 4.1(b)). The probability to be in the initial state |g, 1〉 has a main oscillation at

the dimensionless frequency 1
ωt , but it also present a sort of “diffraction” pattern with two

side peaks. This happens since from the initial state start two photon number wavepackets,

one to the right and the other to the left. This last one is “reflected” by the lower limit
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Figure 4.4: Time shots of the propagation of P+n(t) during the first oscillation 0 ≤ ωt
2π ≤ 1.

The photon number wavepacket reaches the maximum “distance” from n = 0 at 〈N〉max =

16, since g
ω = 2.
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Figure 4.5: Ppn(t) for the first states n = 0, 1, 2 (blue, red, green) of the two parity chains.

The values of the parameteres are ∆
ω ≃ 1, g

ω = 2 and initial state |+〉|0〉.

state |e, 0〉 of the parity chain (p = −1) and then propagates to the right (see Fig. 4.4). As

the phenomenon is inherently coherent, there is interference between the two propagating

packets of states, with the appearence of secondary peaks.

Now we wonder what happens whether the system is prepared in a superposition state

like, for instance, 1√
2

(|g, 0〉+ |e, 0〉) = |+〉 ⊗ |0〉, with a+ = 1, a− = 0 and l = 0. We have

already pointed out that the two parity chains states undergo the same dynamics, but they

are unconnected at the same time. Since the initial probability to be in |g, 0〉 or in |e, 0〉 is

equal to 0.5, the probabilities Ppn(t) will oscillate independentely in the two chains with this

maximum value. In fact in this case Eq. (4.32), or equivalentely Eq. (4.20) in the unitary
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Figure 4.6: (a) P+0(t) and (b) 〈N〉(t) for different values of the detuning parameter: ∆
ω =

0.75 (blue), 0.5 (red), 0.25 (yellow), 1 (green). The initial state is |g, 0〉 and the coupling

parameter is g
ω = 2.

regime with η = 1, reduces to

Pp,n(t) =
1

2
e−|β(t)|2 |β(t)|2n

n!
(4.34)

which has the same structure of Eq. (4.11), but here the dynamics in the two parity chains

is the same for each value of n. In Fig. 4.5 we show the time evolution of the first three

states probabilities in the two parity chains, choosing the coupling parameter g
ω = 2 and the

detuning parameter ∆
ω =≃ 1.

4.2.2 From large detuning to resonance

We have seen up to now that an analytical solution of the ME (4.2) can be obtained only

under the condition ω0t ≪ 1, but we are also interested in studying the behavior of the

dynamics for longer times, i.e. for any values of the detuning parameter. To this purpose

we numerically solve the ME in the interaction picture by the Monte Carlo wave function

(MCWF) method [17]. We are referring always to the unitary case (κ = 0) since the effect of

approaching a resonance condition is more evident, as we will discuss later for the dissipative

case.

When we are out of the condition for solving analytically the ME, we can notice that the

four differential equations of the system (4.5) couple and the qubit transition frequency ω0

begins to affect the dynamics. As we can see by numerical simulations in Fig. 4.6, the

presence of ω0 finite or, equivalently, 0 < ∆
ω < 1, introduces a perturbation of the regular

oscillations of Ppn(t) and 〈N〉(t). As regards the populations of the parity chains, the shape

is modified as another frequency is introduced in the dynamics with the result of decreasing

the peak values of the probability revivals. We have plotted in Fig. 4.6(a) only the first

element of the chain with parity p = 1 for simplicity, but we can state that all the other

states behave in the same manner. As far as the mean photon number is concerned, it

undergoes a reduction of the amplitude of oscillations and a small shift in the peak values.

The most important result is that the independence in the dynamics of the two parity chain
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(a) (b)

Figure 4.7: (a) P+0(t) and (b) 〈N〉(t) for different values of the coupling parameter 0 ≤ g
ω ≤

2, with initial state |g, 0〉 and detuning parameter ∆
ω = 1.

is maintained with the presence of ω0 6= 0. Thus, in the case we are examining, the chain of

states with parity p = −1 remains unexcited.

4.2.3 Recovering the JC dynamics

The intuitive picture of the parity chains we have now in mind can be also helpful in

describing the crossing of different coupling regimes: DSC → USC → SC. We have seen

that when the coupling constant g
ω is increased, the mean photon number, and consequentely

the photon number wavepacket, reaches higher values involving dynamically more states of

the parity chains. What happens when we lower the couling parameter until values in the

domain of appplicability of the RWA? Trivially we recover the well known results of the JC

dynamics. We have shown up to now results for the system evolution from the initial state

|g, 0〉, demonstrating that it is no longer a ground state in the DSC regime. This happens

since a higher coupling constant provides enough energy to excite states of the parity chains

through the anti-resonant terms of the Hamiltonian. When we go into the regime of the JC

model these terms do not play any more role, |g, 0〉 becomes the ground state of the system

and only the couples of states {|g, 2N +1〉, |e, 2N〉}, belonging to a 2x2-dimensional Hilbert

space, are involved in the dynamics. Consequentely the mean photon number oscillates

between a minimum of 2N and a maximum of 2N + 1 with the resonance condition ∆ = 0.

In the far detuning regime ∆
ω we expect a dispersive dynamics, with no exchange of energy

between the qubit and the quantized field mode, leaving the states unchanged.

Here we provide a wider view about the passage through the different coupling regimes

showing, in particular, the time evolution of P+0(t) and of 〈N〉(t) also as a function of the

coupling constant in the range 0 ≤ g
ω ≤ 2 (see Fig. 4.7). Indeed, if the system is prepared

in the pure state |g, 0〉, in the far detuning regime ∆
ω ≃ 1, we can see that as g

ω approaches

small values |g, 0〉 shows the features of the JC dynamics for which it is a ground state. The

plot puts in evidence the smooth passage to the DSC regime, where |g, 0〉 is no longer the
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ground state, but its dynamics provides oscillations in the mean photon number.

4.3 The role of dissipation

The main role of a dissipative environment is obviously that of inducing decoherence in the

dynamics of a quantum system. In this section we show the results obtained when the dis-

sipative decay rate for the resonator mode is not negligible (κ 6= 0). At the beginning of the

chapter we have presented the analytical solution under the assumption ω0t≪ 1 and for the

initial condition |g, 0〉. Considering the rearrangement of the states of the system in terms

of parity chains, described in the unitary limit, we notice that the dissipation connects the

two chains. In fact the jump operator
√
κâ in the Liouvillean superoperator L̂f annihilates

a photon of the bosonic field mode, leaving untouched the qubit state. For instance the

state |e, 6〉 belonging to the parity chain with p = −1, can decay through the dissipative

channel into the state |e, 5〉, which is in the parity chain with p = 1. In turn this last one

can be transformed into the state |e, 4〉, back into the first chain, and so on. This process

puts in communication the two parity chains and the dynamics can be analytically described

through the results obtained in the first section.

We will discuss also interesting numerical results obtained outside the validity of the ana-

lytical solution, showing the dynamics of the system for the whole range of values of the

detuning parameter at long times.

4.3.1 Analytical results

Here we focus on the case g/ω = 2 and in the regime of very large detuning ∆/ω ≃ 1. In Fig.

4.8 we show different time shots of the statistics Ppn(t) in the two parity chains. We notice

that, starting from |g, 0〉 and with a decay rate κ/ω = 0.01, the two chains are connected via

the dissipative channel and the effect is more evident as time increases, breaking the rule of

independent time evolution of parity chains typical of the unitary regime. In fact in this case

the product F (t)e2|β(t)|2 < 1 for t > 0, where F (t) is the decoherence function (4.8), and

the probabilities P−n(t) 6= 0, in Eq. (4.28), since Pe,0(t) is no longer null. We notice that

the states of the second parity chain with p = −1 begin to be excited and their probabilities

grow, while those of the first parity chain with p = 1 decrease2. This happens beacuse the

value of the decay rate κ is quite low, but after about the fifth peak the dynamics in the

two chain states is the same for each value of the photon number n, as shown in Fig. 4.9.

The peak values of the oscillations of Pp0(t) occur at times tj = 2πj
ω with j = 0, 1, 2....

We show for completeness also the behaviour under dissipation of the probabilities and mean

photon number, in the case of the system initially prepared in the state 1√
2

(|g, 1〉+ |e, 1〉).
The parity chain states probabilities, which are equal, are given by Eq. (4.20) and the mean

2The profile of the time evolution of the first three bars, representing the probabilities of the first three

elements of the two parity chains, correspond to the plot in Fig. 4.9, until the time t = 8π
ω

.
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Figure 4.8: Time shots of the propagation of parity chains probabilities Ppn(t). At times

tj = 2πj
ω occur peaks in the Pp0(t), while at

tj

2 occur the maxima of 〈N(t)〉. The choice of

parameters is g
ω = 2, ∆

ω = 1 and initial state |g, 0〉.

photon number by Eq. (4.24). Also in this case we point out a decrease in the peak values of

oscillations, which occur always at dimensionless times tj for Pp1(t) and at tj/2 for 〈N(t)〉.
Increasing the dissipative decay rate until, for instance, the value κ

ω = 0.2, always in the

large detuning limit ∆
ω , the system reaches a stationary state, in the range of dimensionless
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Figure 4.9: Time evolution of (a) P+n and (b) P−n for n = 0 (blue), 1 (red), 2 (green) in

the two parity chains, with parameters g/ω = 2, ∆/ω ≃ 1 and κ/ω = 0.01.
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Figure 4.10: Time evolution of (a) Ppn and (b) 〈N〉 for n = 0 (blue), 1 (red), 2 (green),

with parameters g/ω = 2, ∆/ω ≃ 1 and κ/ω = 0.01.

times of interest (say tj ≤ 10), which has the form

ρ̂S =
1

2

[

|βS〉〈βS | ⊗ |+〉〈+|+ | − βS〉〈−βS | ⊗ |−〉〈−|
]

(4.35)

where βS = − ig
z is the steady amplitude of the field coherent state. The structure of the

steady state is noteworthy, since it is a statistical mixture of two parts, one that associates

|βS〉 to the qubit state |+〉 and the other connects | − βS〉 to |−〉. This means that the

system relaxes upon two degenerate eigenstates |±,±βS〉 of the interaction Hamiltonian Eq.

(4.4) with ∆/ω ≃ 1 corresponding to the same energy mean value ~∆|βS |2 + ~g(βS + β∗
S).

We remark that Pp0(t) vanishes at long times, while the other probabilities reach a non-zero

constant value, so that the steady state Poissonian photon statistics Pn(t) = P+n(t)+P−n(t)

has a mean value 〈N〉S = |βS |2 = 4g2

|z|2 , which depends only on the coupling constant g and

the decay rate κ.

If we consider a more general initial state (4.14), but with l = 0 initial photons in the

resonator mode, the steady state assumes the same form of Eq. (4.35), but with the different

weights |a±|2 for the two parts related to |±〉〈±|. One of the two parts of stationary state

(4.35) is reached when the system is prepared in a state like |±〉 ⊗ |l〉, with a generic intial

number of photons l. In fact the linear map (4.19), at long times, approaches one of the

two stationary parts | ± βS〉 ⊗ |±〉, with the mean photon number 〈N〉S , independent of the

initial number of photons l (see Eq. (4.24)). In Fig. 4.11 we show how the first elements of
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Figure 4.11: Steady state approach of P+n(t) (a) and P−n(t) (b) for n = 0, 1, 2, and of (c)

〈N(t)〉, with g/ω = 2, ∆/ω ≃ 1 and κ/ω = 0.2, for the initial state |g, 0〉. (d) Mean photon

number 〈N(t)〉, with the same parameters as in (a) and (b), for different initial states |+〉|l〉
(l = 10, 20, 30). The steady state value is in all cases |βS |2 = 3.96.

the two parity chains Ppn(t) (n = 0, 1, 2) and the mean photon number 〈N(t)〉, for different

initial states, approach the steady state for the relatively large value of decay rate κ/ω = 0.2.

4.3.2 Numerical simulations beyond the analytical regime

We have seen up to now that an analytical solution of the ME (4.2) can be obtained only

under the condition ω0t ≪ 1, but we are also interested in studying the behavior of the

dynamics for longer times, i.e. for any values of the detuning parameter. To this purpose

we numerically solve the ME in the interaction picture by the Monte Carlo wave function

(MCWF) method [17].

In Fig. 4.12(a, b, c) we show the effect of the detuning parameter on system dynamics for

a low decay rate κ/ω = 0.01. The behavior of parity chains probabilities Ppn(t) is quite

similar to that already explained before in the unitary case. Indeed it is heavily affected

when the detuning parameter ∆/ω is reduced. As an example in Fig. 4.12(a) we show that

P+0(t) is progressively spoiled and the shape of oscillations lose the symmetry of the case

∆/ω ≃ 1 (see Fig. 4.9(a)). The same occurs also for P−0(t) in Fig.4.12(b) after an initial

growth. Despite the distortions in the shape of Ppn(t), we see in Fig. 4.12(c) that the mean

photon number 〈N(t)〉 exhibits regular oscillations. The effect of decreasing the detuning

parameter, towards a resonance condition ∆
ω = 0, is to reduce the amplitude of oscillations
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Figure 4.12: Effect of the detuning parameter in the range 0 ≤ ∆
ω ≤ 1, with, in particular,

∆
ω = 0.75, 0.5, 0.25, 0. (a) P+0(t), (b) P−0(t) and (c) 〈N(t)〉. In all cases g

ω = 2 and
κ
ω = 0.01. (d) Mean photon number for κ

ω = 0.3, 0.5, 1 and, for each one, the four curves,

corresponding to the same values of ∆
ω as before, reaches the steady state value |βS |2 as in

the case of ∆
ω ≃ 1.

and to induce a small shift in correspondence of the peak times tj . Now we consider in

Fig. 4.12(d) the mean photon number behavior for larger values of the decay rate. We

observe that, for each value of κ/ω, the asymptotic value of 〈N(t)〉 is in good agreement,

within numerical precision, with the analytical value |βS |2 in the large detuning regime

of ∆/ω ≃ 1. In addition we notice that, after the first oscillation, the effect of decreasing

detuning parameter becomes almost negligible. This means that for high values of the decay

rate κ, the dynamics of the system in the DSC regime is almost independent of the detuning

parameter, putting in evidence that the main features of this new and interesting regime

are caught at large detuning conditions.



Conclusions

In this PhD work we have studied and explored three leading topics in the field of Quantum

Optics, applied to interesting and promising “hardwares” like cavity and circuit QED. The

central thread is the JC model, which was introduced firstly in the framework of CQED

for atom-cavity mode interactions, and it owes its large popularity to the RWA, typical of

these systems. Another common feature is the analysis of open dynamics, where a dissipative

environment acts as a source of decoherence for the quantum system, allowing a more realistic

description to be applied in real experiments. Moreover, we provided a quantitative analysis

on the entanglement dynamics, with a particular attention to multipartite entanglement

properties and its behavior under dissipation.

More in detail, we described a model for the mapping of a tripartite state and its quantum

correlations, from an entangled three-mode radiation to three separated qubits placed in

separated cavities. The Hamiltonian dynamics is basically described by the TC model when

the three subsytems interact together and, then, by a triple JC model between atoms and the

corresponding cavity modes when the external radiation coupling is turned off. We analyzed

different situations which include the effect of changing the cavity mirror transmittance and

that of multi-mode fibers coupling, the case of a continuous variables initial state and that

of mapping mixed states of radiation. In this last case we observed ESD and ESB effects

during and after the transfer of the state. We analyzed also the consequences of adding

a dissipative environment to the dynamics of the system, observing and quantifying the

detrimental effects on the entanglement transfer protocol, comparing also different reference

initial states.

As widely explained in the introduction, there exist many extensions of the JC model

that apply, for instance, to externally driven systems in CQED. We analyzed the dynamics

of a system composed by N qubits interacting with a single cavity mode, strongly driven

by a classical field, in the presence of dissipation both for the two-level atoms and the

cavity mode. The unitary dynamics is ruled by an effective Hamiltonian that includes

simultaneously rotating and counter rotating terms. This becomes important when the

system undergoes an open dynamics, since the effective Hamiltonian interaction induces a

82
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protection against decoherence for particular subspaces of the qubits Hilbert space. If the

atoms are prepared in one of these states, the dynamics is blind with respect to the external

environment action.

Finally we studied the dynamics of an interacting system of which the RWA is no more

applicable. There are, at the present time, several experimental clues that such a quantum

system can be realized in the framework of circuit QED with superconducting qubits, where

the coupling could reach high values. Thus it becomes important to find a solid description

both under an analytical and a numerical point of view. We studied the dynamics of these

kind of systems, introducing the concept of parity chains, a rearrangement of the system

Hilbert space that shows symmetry properties, due to the presence of counter resonant

terms. We introduced the unitary model, underlying the fact that the dynamics occurs

independently in the two chains, showing a characteristic behavior of collapses and revivals

in the populations of the states of the system. As usual, we introduced a dissipative reservoir

to the model and we showed how it connects the two parity chains inducing the same kind

of dynamics. We could provide anlytical results for different initial states of the system, but

still we do not have a general solution of the problem. Nevertheless we provided a quite

general treatment of the open dynamics of a quantum system in the ultrastrong and in the

deep strong coupling regime.

Future works

Several and interesting issues emerge from the research work we have presented here. Above

all, the problem of the non-applicability of the RWA is still open and it provides many

theoretical and experimental new challenges.

The first step is to generalize the analytical results shown in Chapter 4 to any initial state of

the resonator field mode, Fock states and coherent states, allowing a better characterization

of the open dynamics and the stationary state of the system. Secondly, we want to study

the dynamics in the presence of a dissipative channel for the qubit, such as the spotaneous

emission of the excited energy level.

Another main topic we want to face is the open dynamics of two qubits interacting with a

single bosonic mode in the DSC regime, studying, in particular, the entanglement properties.

As regards the unitary evolution it is already known that the Hilbert space splits again into

two parity chains. We want to analyze the dynamics of entanglement of the two qubits,

whether it is possible to generate entanglement starting from a separable state through a

DSC dynamics, manipulating the coupling parameters, the qubit and the mode frequencies.

The subject is quite new and very challenging and it requires a solid theoretical structure

upon which lean on, but the final response must come, as usual, by the experiments.
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