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ABSTRACT

Semi-analytic models of self-gravitating discs often apmate the angular momentum
transport generated by the gravitational instability gghee phenomenology of viscosity. This
allows the employment of the standard viscous evolutioratigns, and gives promising re-
sults. It is, however, still not clear when such an approxiomes appropriate.

This paper tests this approximation using high resolutibrnsgoothed particle hydro-
dynamics (SPH) simulations of self-gravitating protdstetliscs with radiative transfer. The
nature of angular momentum transport associated with thetgtional instability is char-
acterised as a function of both the stellar mass and thetaistar mass ratio. The effective
viscosity is calculated from the Reynolds and gravitatigtesses in the disc. This is then
compared to what would be expected if the effective visgasére determined by assuming
local thermodynamic equilibrium or, equivalently, tha¢ tlocal dissipation rate matches the
local cooling rate.

In general, all the discs considered here settle into areglfitated state where the heating
generated by the gravitational instability is modulateth®ylocal radiative cooling. Itis found
that low-mass discs can indeed be represented by adepalametrisation, provided that the
disc aspect ratio is smalH/ R < 0.1) which is generally the case when the disc-to-star mass
ratiog < 0.5. However, this result does not extend to discs with masspaphing that of
the central object. These are subject to transient burstteaad global wave transport, and
the effective viscosity is not well modelled by assumingalothermodynamic equilibrium.
In spite of these effects, it is shown that massive (compdistls can remain stable and not
fragment, evolving rapidly to reduce their disc-to-starssaatios through stellar accretion
and radial spreading.
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1 INTRODUCTION depend on the disc sound speeg, and thicknessH, through

. . . . .. = acsH, where 1.
Accretion discs play an important role in many astrophyssiia v=ac @<

uations, from protostellar systems through to discs arcupkr- This allows a number of different physical mechanisms to be
massive black holes in active galactic nuclei (AGN). Whaidtill considered as the origin of this viscosity. The most fretjyen-
very uncertain is the process through which angular monnerigu voked is turbulent viscosity, shifting the problem to thégor of
transported outwards in such discs. It is clear, from olz@ns the turbulence. If the disc is sufficiently ionised, the metgno-
of accretion rates, that classical hydrodynamical viggosi in- tational instability |(Balbus & Hawley 1991; Balbus & Papalmi
sufficient to play this role. The typical solution is to as&uan 1999; Papaloizou & Nelson 2003) can result in turbulencedha

ad hocparametrisation of the viscosity, whose origin is not well provide the required viscosity. However, if the disc is vergakly
understood. The archetype is theparametrisation introduced by  ionised (as in the case of most protostellar discs at earlgd),
Shakura & Sunyaev (1973) in which the viscositys assumed to another source must be sought. During the earliest stagssof
formation, when disc masses are likely to be high relativéheo
mass of the central protostar, gravitational instabgitf&l) may
provide the answer (Lin & Pringle 1987; Laughlin & Bodenheim
* E-mail: dhf@roe.ac.uk 1994).
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The susceptibility of an infinitesimally thin disc to graat
tional instability can be measured using the Toomre Q patetme
(Toomre 1964):
Q= Csk

m7 (l)

wherec; is the local sound speetl, is the disc surface density and
k is the epicyclic frequency (equal to the angular frequefian
Keplerian discs). Discs are gravitationally unstable igyxmetric
ring perturbations it < 1, while simulations have shown that for
Q@ < 1.5—1.7 discs are unstable to the growth of nonaxisymmetric
perturbations| (Durisen etlal. 2007). Gravitational inii#ds will
generally lead to a self-regulating, quasi-steady staseigh discs
(Paczynski 1978). Discs that are cool enough to become hlasta
will be heated by the gravitational instability through sks, in-
creasing their Q until they reach stability. Discs that aniéially
too hot for the instability to set in will undergo radiativeat-
ing towards instability. These competing processes cbititeadisc
thermodynamics such that the value@fis kept close to, but just
above, the instability boundary and is referred tovasginal sta-
bility (Paczynski 1978; Bertin & Lodato 1999).

However, to put forward turbulence generated by gravitetio
instability as the source of the unknown “viscosity”, théura of
the angular momentum transport generated in this mannet mus
be investigated. In particular, can theparametrisation be used
to evaluate the viscosity generated by the gravitationstainil-
ity? If this approximation is to be used, then the transpeeds
to be local in origin._Balbus & Papaloizou (1999) have shohat t
the energy flux generated by Gls contains terms that areentigr
non-local (associated with global wave transport), intiicathat
the phenomenology of viscosity will nevexactlyreproduce the
transport induced by gravitational instabilities. Howews shown
by|Lodato & Rice |(2004), thex-approximation may be sufficient
to explain disc behaviour in systems where global wave prams
is negligible. Therefore, the problem can be addressed hyider-
ing some key questions:

Is angular momentum transport local? Can an effective viseo

be estimated from the assumption of local thermodynami¢ equ
librium? Do realistic, self-gravitating protostellar dis settle into
marginally-stable, quasi-steady states?

Previous work on the locality of this angular momen-
tum transport has relied heavily on numerical simulations.
Laughlin & Rozyczkal(1996) used 2D grid based simulatioriato
dicate that the value ef must vary with orbital radius (to produce
the expected density evolution). In three dimensions, dnky @/ork
oflLaughlin & Bodenheimeér (1994) using smoothed particldrioy
dynamics (SPH) simulations of massive, isothermal discsved
that simplea models do indeed reproduce the correct density evo-
lution. However, the strength of the gravitational insliépis in-
herently linked to the disc thermodynamics (Pickett et &0
Nelson et al. 2000). Any physically realistic study of arsguino-
mentum transport by self-gravity must therefore includdiatve
effects ((Pickett et al. 2003; Mejia etlal. 2005). Followirge tap-
proach of Gammie (2001), Lodato & Rice (2004) used SPH simu-
lations with an adiabatic equation of state, but with a aaptime
of the following form

@)

With the above cooling, the local approximation would sigjgleat

(Gammie 2001).

PO S
=~ 99(y = Dtcoa

tcoolf) = 8 = constant.

®)

Lodato & Rice [(2004) show that this approximation is valid,
and that transport is local, in discs with mass ratios Ma /M.
less than 0.25 (and aspect ratily R < 0.1), where the self-
regulation controlled by) ensures a quasi-steady state. Further in-
vestigation of more massive dis¢s (Lodato & Rice 2005) slidbwe
that despite the evolution being clearly non-steady (wéturrent
episodes of variable accretion) there was no significardes\de
for global wave energy transport. Cossins etlal. (2009) lzdse
carried out a detailed analysis of the gravitational ingitsglunder
this cooling time approximation, investigating discs wijth< 0.1
and characterising the resultant spiral structure. Thayoxhstrated
(see also Balbus & Papaloizou 1999) that global transpartirsc
whenever spiral waves dissipate far from their corotatiadius.
For the low-mass ratios considered|in _Caossins lef al. (2008,
does not happen and the resulting transport is therefoed &l
quasi-steady to a high degree, showing that the viscousxzippa-
tion works for discs with parametrised radiative coolinighaugh
it may depend on the form of the cooling function (Mejia €t al.
2005%; | Durisen et al. 2007). Recent semi-analytic works rf@la
2009; Rice & Armitage 2009; Rice etlal. 2010) has, howeverdus
this approximation to study the formation and evolution aefssive
protostellar discs.

This paper builds on these earlier results using global 3B SP
simulations of protostellar discs over a range of stellassea and
disc-to-star mass ratios. What makes this different to reester
work is that the SPH code, in this case, uses a hybrid method of
radiative transfer (Forgan et/al. 2009), which models tffeces of
frequency-averaged radiative transfer without significamtime
losses. By adding radiative transfer, these simulatioesirathe
best position to accurately model gravitational instéibsi in re-
alistic protostellar discs. The analysis will focus on they kjues-
tions defined earlier, in effect to characterise the efficgdpe a-
parametrisation in self-gravitating protostellar disgsctior{ 2 will
outline the key physics involved in this work; sect[dn 3 vidtus
on the numerical techniques used to produce the simulatses
tion[4 will outline and discuss the results of the simulasioand
sectior b will summarise the work.

2 ANGULAR MOMENTUM TRANSPORT AND THE
a-PARAMETRISATION

If a thin disc approximation is adopted, an accretion discjga-
tions of motion can be cast in terms of vertically averagesper-
ties. Therefore, the equation of continuity (using cylindf coor-
dinates) becomes

oY 10
— 4= 4

ot * ror “)
whereX is the surface density that depends on positipand time,

t, andwv, is the radial velocity of the disc material. Conservation of
angular momentum gives

0 2 10 3 10,
— (Zr°Q) + —=— (Zr°Qu, —— (r"Tye), 5
at(r )+r8r(r U) 7"87"( (b) ®)
whereT;, is the (vertically averaged) viscous stress tensor compo-
nent. The calculation dfy, is the crux of the problem, and the most
important facet of accretion disc theory in general. As Hesady
been stated, typical hydrodynamical viscosity is insuffiti To
characteris€,, thea-parametrisation (Shakura & Sunyaev 1973)
can be used:

(r¥v;) =0,

(6)



or equivalently, in terms of the kinematic viscosity

@)

where H = ¢/ is the scale height of the disc. If the disc is in
thermal equilibrium, an expression can be foundddsy equating
the rate at which viscosity dissipates energy in the dist wie
rate at which this energy is lost through radiative cooliigcous
dissipation occurs according to
dQ
+

= Tr -,
Q o7 dr
where this describes the dissipation rate per unit surfeteeradia-
tive cooling can be parametrised in terms of the laaling time
tcooly g|V|ng

v =acsH,

®)

_ U 2
Q ==
(v = Dicool

tcool

9

whereU is the internal energy per unit surface, apds the ratio
of specific heats. Equating* and@Q~ and rearranging gives the
following expression forx (Pringle. 1981; Gammie 2001)

dinQ\ 2 1

eool ( dlnr ) Yy = Dicoa 2’ (10)
Note that equatior (10) requires that local heating andicgdie
in balance: in practice, this balance must be true over sdrae ¢
acteristic timescale, where we should instead equate tieraged
quantities, i.e< Q1 >~< Q~ >. If the disc is self-gravitating,
the component of the viscous stress tensor associatedheitirav-
itational instability is given byl (Lynden-Bell & Kalnajs T2)

Trg(;'dv - _ /

whereg, andg, are the components of the gravitational accelera-
tion in cylindrical coordinates. The full viscous stresager also
includes the ‘Reynolds’ stresses (i.e., stresses produgcedlocity
and density perturbations as a result of gravito-hydrodyos)

9:9¢ dz,

e (11)

T = —Sov:dvg, (12)

wheredv,: anddv, are (vertically averaged) fluctuations from the
mean fluid velocity (again in cylindrical coordinates). Ttheal vis-

cous stress in the disc is therefore the sum of these two rtenso

components. Usin@}, = Trr;ey“ + T%™ together with equation
(6) provides a means for calculating an effectivassociated with
gravitational instabilities

~ (dinQ\ 7!
Qtotal = (m)

If the angular momentum transport is local, the stress tenso
and consequently:ota1, depend only on local conditions in the
disc and equatiori {10) would also be valid. Gravitationedsstes
may, however, be exerted as a result of global features ipdhe
tential at large separations (such as spiral density wakrefct, it
has been shown (Balbus & Papaloizou 1999) that the enengg-tra
port associated with gravitational instabilities consagiobal terms
and, if such terms are significant, a local prescription foywdar
momentum transport in self-gravitating discs may be a vegrp
approximation. A prime goal of this work is to compati€otai,
computed as above from the Reynolds and gravitationalsgtsda
the disc, withaoo1, cOmputed by assuming that the disc is in local
thermodynamic equilibrium.

Teo

oo (13)
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3 METHOD

3.1 SPH and the Hybrid Radiative Transfer Approximation

Smoothed Particle Hydrodynamics (SPH)__ (Lucy 1977;
Gingold & Monaghan_1977; Monaghan 1992) is a Lagrangian
formalism that represents a fluid by a distribution of péegcEach
particle is assigned a mass, position, internal energy atativy.
State variables such as density and pressure are thenatattul
by interpolation (see reviews by Monaghan 1992, 2005). & th
simulations presented here, the gas is modelled using B®OGBH
particles while the star is represented by a point masscpadnto
which gas particles can accrete, if they are sufficientyseland
are bound|(Bate et al. 1995).

The SPH code used in this work is based on the SPH
code developed by Bate et al. (1995) which uses individual pa
ticle timesteps, and individually variable smoothing leévgg h;,
such that the number of nearest neighbours for each paiticle
50 + 20. The code uses a hybrid method of approximate ra-
diative transfer|(Forgan etlal. 2009), which is built on twep
existing radiative algorithms: the polytropic cooling amgma-
tion devised by Stamatellos et al. (2007), and flux-limitéflidion
(e.g./ Whitehouse & Bate 2004; Mayer el al. 2007 | see Forgah e
2009 for details). This union allows the effects of both glbtool-
ing and radiative transport to be modelled, without impgRtra
boundary conditions.

The opacity and temperature of the gas is calculated using a
non-trivial equation of state. This accounts for the effexdftH, dis-
sociation, H ionisation, H& and He" ionisation, ice evaporation,
dust sublimation, molecular absorption, bound-free aeé-free
transitions and electron scattering (Bell & Llin 1994; Botal.
2007 Stamatellos et al. 2007). Heating of the disc is albieaed
by P dV work and shock heating .

3.2 Initial Disc Conditions

The gas discs used in this work were initialised wiib0, 000
SPH particles located between, = 10 au androuwe = 50
au, distributed such that the initial surface density peofilas
Y o r~%/% and with an initial sound speed profile of o
r~1/%. We are primarily interested in considering quasi-steatly s
gravitating systems, rather than systems that could fragrwe
form bound companions. These initial conditions (in paitc the
small disc radii) were therefore motivated by recent worlgast-
ing that massive discs will fragment at radii beyords0 — 70 au
(Rafikov|2005] Stamatellos etlal. 2007; Stamatellos & Whittvo
2008;[ Clarke 2009; Rice & Armitage 2009). This result is ésns
tent with observations that massive discs tend to have oathir
less than 100 au (Rodriguez ellal. 2005) and with obsensating-
gesting the presence of a protoplanetaé5 au in the disc around
HL Tau (Greaves et al. 2008). A summary of the disc parameters
investigated can be found in Table 1. The simulations weee
to evaluate thex-approximation’s ability to function under

(i) increasing disc-to-star mass ratig,and
(i) increasing stellar mas3g/.

As we are interested in, which will evolve as the star accretes
from the disc, we should be rigorous and also defing as the
value ofq at the start of the simulation.
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Table 1. Summary of the disc parameters investigated in this work.

Simulation M (J\/[@) Qinit = J\/[d/M* My (M@)
1 1.0 0.25 0.25
2 1.0 0.5 0.5
3 1.0 1.0 1.0
4 1.0 15 15
5 0.5 0.25 0.125
6 2.0 0.25 0.5
7 5.0 0.25 1.25
8 0.5 1.0 0.5
9 2.0 1.0 2.0

3.3 Resolution

There are several resolution requirements that must bastied at
this point. The first is the standard Jeans criterion (BateugkBrt
1997). As some of the discs used in this work are very massive
compared to the mass of the parent star, the possibilityaghfien-
tation exists. To ensure that potential fragmentationgsiked, the
minimum Jeans mass resolvable (one neighbour group of SRH pa
ticles, around 50 in the case of the code used) must be sufficie
small:

Nncigh

Ntot

The minimum Jeans mass resolvable ranges bet@@efy, for the
most massive disc ant\/g for the least massive. As it is expected
that fragment masses will be typically several orders of mtage
higher than these values (Kratter et al. 2010), this estadd that
the simulations would comfortably resolve disc fragmeataif it
were to occur.

Perhaps more important are the resolution issues raised by a
tificial viscosity. While required by the SPH code used, Huitsfi-
cial viscosity must be quantified so that we know where in ike d
the artificial viscosity is likely to be lower than the effeet viscos-
ity generated by the gravitational instabilities. The &inéerm for
the artificial viscosity can be expressedlas (Artymowicz &baw
1994 Murray 1996; Lodato & Price 2010)

Mupin = 2Nncighmi = 2Miot (14)

1
Vart = — QSPHCsH, (15)

10

wherec; is the local sound speed, is the local SPH smoothing
length, andaspn is the linear viscosity coefficient used by the
SPH code (taken to be 0.1). We can define an effectiyaram-
eter associated with the artificial viscosity by using etpm{)
(Lodato & Ricé 2004)

(16)

Vart = QartCsH,

and hence combining equations[ _J(15) an@](16) gives
(Artymowicz & Lubow 11994; | Murray | 1996;| Lodato & Price
2010)

a —ia — a7)

art — 10 SPHH~

This shows that where the vertical structure is not well Ineb
(i.e., % is large), artificial viscosity will dominate. In the simula
tions presented here, this is likely to be the case insid® au, so
any data inside this region can not be used. We thereforeadidin
tially populate the region inside0 au and although particles will
move insidel0 au during the course of the simulations, we only
consider results outside this radius.

4 RESULTS AND DISCUSSION

All of the simulations presented here were evolved for 22ord-
tation periods (ORP$). This ensures that all our simulations have
sufficient time to settle into quasi-steady states. In fdt, dura-
tion of these simulations 10* years) is roughly 10% of the main
infall phase, during which we expect protostellar discs e¢csblf-
gravitating, and therefore we capture a significant fract the
self-gravitating history of such discs.

We consider two free parameters, tfisc mass\4, and the
disc mass ratipg = Ma/M.. Both g and the local sound speed
determine whether a disc is self-gravitating or not. Thenskepeed
is determined by the local radiative physics, in partictii@roptical
depth to the midplane. The optical depth is a function of tise d
surface density:, which in turn is related to the disc magd,. It
can then be seen that the values of bettind M4 will affect the
disc’s evolution under self-gravity.

Secondly, there is the issue of how to calculatg,;. The ra-
diative transfer algorithm allows the calculation ©f,; for each
SPH particle, and therefore each particle has its awga;. How-
ever, equation[{10) shows that particles with short cootintes
(e.g., those at higher elevation from the midplane) can skew
tempts to create azimuthally averaged radial profiles. dfbes,
when comparingycoo With atota1, two quantities are considered:
Qeool, USING the midplane values of,.1, 2 and~, andacoo cal-
culated using vertically averaged valueggf,;, 2, andy. We cal-
culatet... by first averaging the specific internal energgnd its
rate of change: separately, giving
(18)

teool =

Sl

This distinction between midplane and vertically averagaides
is important. Using the midplane valuestgf.; allows us to deter-
mine the validity of recent 1D semi-analytic models, sud@kske
(2009) and Rice & Armitage (2009), that calculate transpoop-
erties based on the midplane temperature. The verticatiyaged
guantities, however, give a more accurate estimate of tieeata
which the disc loses energy and allows us to establish if loeat-
ing and cooling is in balance. This will then determine if tbeal
a-approximation is still appropriate, even if using midmaralues
is not.

4.1 The Influence of Disc Mass

To study the effect of increasing disc mass on angular mament
transport, Simulations 1, 2, 3 & 4, which share the sameastell
mass (/. = 1My) are analysed together. These discs have initial
masses of 0.25, 0.5, 1.0 and 1, respectively.

4.1.1 General Evolution

Despite all four simulations beginning with a wide range sfcd
masses, their surface density profiles do not differ grémgtyeen

r ~ 20 — 60 au, as can be seen in Figlik 2. The higher mass
discs @init = 1 & ginis = 1.5) are in general much denser be-
tweenr ~ 10 — 20 au, indicating mass build-up in the inner re-
gions as suggested and seen by other authors (Armitage2604l,

Zhu et al| 2009; Rice et al. 2010). The lower-mass diggs:(=

0.25 & ginit = 0.5) undergo a period of quiescent settling lasting

1 Outer rotation periods are defined as the rotation periduesinitial outer
radius of the discrout = 50 au, with 1 ORP equal to 354 years.
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Figure 1. Images showing the surface density structure of Simulatib(top left), 2 (top right), 3 (bottom left) & 4 (bottom righafter 27 ORPs. The stellar
mass in each case isM,, and the initial disc masses of 0.28., 0.5 M, 1 M and 1.5M, respectively. The axis ranges are shown in each figure and it
is clear that the more massive discs exhibit higher amgisiral structures, in particular the = 2 mode.

approximately 2000 years, adjusting themselves by actretito
the central star, spreading in radius (see Figlire 1) and blngo
towards marginal instability, ultimately settling into agi-steady,
self-regulated states (Lodato & Rice 2004).

The higher mass discgifit = 1 & ginit = 1.5) undergo sev-
eral transient burst events, marked by persistently strang 2
spiral activity (see Figurigl 1). They also adjust theimore rapidly
compared to the two lower mass discs, with reductions bet@8e
30% over approximately 10 ORPs. This is due to significanteacc
tion, with the central star accreting a total®23 M, for ginit = 1
and0.38M, for ginit = 1.5, and is consistent with the sugges-
tion (Rice & Armitage 2009; Clarke 2009) that the mass adanet
rate has a very strong dependence on surface density ovaequi
lently, disc mass. The discs with.i; > 0.5 also spread to a much
larger radius than theinis < 0.5 discs (which is clear in Figure
[, with significant fractions of mass outside 60 au. All thgcd in
Figure[2 are stable against fragmentation, Witk ¢.012 >> 3
(acoor < 0.06) at all radii (Gammie 2001; Rice etlal. 2003). The
values ofg as a function of opacity regime are also in good agree-
ment with those predicted by Cossins €etlal. (2010).

Considering the azimuthal Fourier modes of the higher mass

discs (Figuré€13) confirms previous results regarding moamgth

and disc mass ratid (Lodato & Rice 2004, 2005; Cossins et al.

2009). The lower mass ratio discs have power distributed ave
range of modes (up tor ~ 8) with the m 2 mode (and its
harmonics) becoming dominant @asncreases, indicating the pos-
sibility of global transport in the discs. Thg.;: = 1 disc appears
to have a largefn = 2 amplitude than the;,;; = 1.5 disc. The
precise reason for this is difficult to ascertain based omatadable
evidence, but it may be due in part to a) the more rapid e\arudf

q in the latter case (Figuig 1, lower right panel), and/or b)axen
efficient cascade of power into the harmonies= 4, 6, 8 reducing
the amplitude ain = 2.

4.1.2 Thex Approximation

What we really want to establish is whether or not these dibey

the local viscous approximation. If they do, then the effecty
parameter for these discs can be approximated using equady.
Figurel4 shows the azimuthally averaged, radiakofiles for the 4
simulations in which\/, = 1 M. The radial profiles in each case
are also time averaged over the final 13 ORPs. In each paeel, th
solid line isaiota1 cOMputed using Equatiop (f13), while the dashed
line the midplanex...,1 and the dotted line a vertically averaged
Qcool -

In the low-mass caseyiGic = 0.25), it can be seen (Figufé 4)
thatacoo1 calculated from both the midplane cooling time (dashed
line) and the vertically averaged cooling time (dotted Jiapprox-
imates wellotota1, computed directly from the Reynolds and grav-
itational stresses. That,.:.; increases with radius beyond — 20
au is also consistent with numerical and semi-analyticutations
that use the local approximation for calculating the effecgrav-
itational viscosity!(Zhu et al. 2009; Rice & Armitage 2009afke
2009). The same is true far.;; = 0.5, but it can be seen that this
approximation fails for the higher-mass discs in Simulagi@ and
4, with the profile foratota1 being quite different to that for the mid-
planeac..1. The vertically averaged...; is a slightly better match
to aiotal, NOWeVer, the radial profiles are quite different witf;a;
being flatter thamx...1. This shows that, for the higher-mass discs,
the local torque - in a time-averaged sense - is different tatw
would be expected if the effective viscous dissipation naséched
the local cooling rate and suggests the presence of nohdoea
ergy transport (Cossins et/al. 2009). That:.; exceeds the verti-
cally averagedv..o1 at small radii ¢ < 40 au), and is less than the
vertically averagedv...1 at larger radii £ 2> 40 au) suggests that
energy is being transported, via global wave modes, fronmiter
to the outer disc.

Note that both of the high-mass simulations have disc aspect
ratios above 0.1 across their entire disc radius, suggeetdxd
a critical value by Lodato & Rice (2004) for deviations froo |
cal transport. Kratter et al. (2008) have suggested that gieould
be two self-gravitatinga parametrizations, one for when high-
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Figure 2. Azimuthally averaged radial profiles from tidd. = 1M simulations (Simulation 1 (solid line), Simulation 2 (dattlines), Simulation 3 (dashed
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due to the artificial viscosityart .

m modes dominate and another for when lowmodes domi-
nate. Our results would suggest that there is some meritisn th
suggestion with the local approximation being appropriaten
ginit < 0.5, changing to an approximately radially independent
whenginis > 0.5. Fixing the value ofx in the latter case appears
difficult although our results may suggest that the valuévddr
from the local approximation at ~ 40 au may be suitable.

The increase ofr with decreasing radius insid® au is a re-
sult of the numerical visocityy,+ (the triple-dot dashed lines in
Figure[4) dominating in these inner regions, illustratingywve
do not consider the region insidé au. The dash-dot lines in Fig-
ure[4 show the effective gravitational computed using only the
gravitational stresses (i.@vgrav = (dIn Q/dInr) = TE™ /2c2).
This illustrates that in the inner disc, due to the dominaoicéhe
numerical viscosity (triple-dot dashed lines), the Reysditresses
dominate over the gravitational stresses. If we were abtedoce
the numerical viscosity significantly we would expect, aggasted
bylZhu et al.|(2009) and Rice & Armitage (2009), that the dffec
gravitationalx in theq < 0.5 simulations would continue decreas-
ing to very small values in the inner disc, potentially leadio a
pile-up of mass and periodic FU Orionis-like outbursts & tem-
perature in the these inner regions becomes high enoughRir M
to operate (Armitage et al. 2001; Zhu elial. 2009).

4.1.3 Are the discs quasi-steady?

Although the mismatch between the.:.; profiles and thevcool

profiles in the higher-mass simulations (see Fiflire 4) stgdbe
presence of non-local transport, it does not tell us whethese
simulations reach quasi-steady states or not. To identify duasi-
steady the discs are, the discs’' temperature profiles anehEom-

stability profiles are averaged over the final 13 ORPs. Thedstal
deviation about this mean is then measured, and the noedalis
quantitiesor /T andoq/Q are calculated for each radius (Figure
[B). This shows the deviation of the disc from quasi-stedusrral
equilibrium (throughor/T) and its deviation from a marginally-
stable, self-regulated state (through/Q).

Simulation 1 ¢init = 0.25, solid line in Figure[b) shows
the lowest temperature deviation, maintaining thermahze to
within around 5% except in the outer regions, where this igima
due to the reduced value @f. A deviation of 1 K from a mean
of 10 K will be more significant than from a mean of 100 K. This
is also true forginit = 0.5 (dotted line in Figuréls), although the
amplitude increases further at larger radii. The lowersrssula-
tions (ginis < 0.5) are therefore not only local, but also settle into
long-lived, quasi-steady states.

The temperature profiles for the high-magsi¢ > 0.5) discs
(dashed and dash-dot lines in Figlife 5) show significanatian
(varying by as much as 60% in the worst case), illustratirag th
these discs not only have non-local transport, but also dano
tain well-defined, long-lived quasi-steady states. Thiplies that
in these discs - at any given location - there will be periotismthe
dissipation rate exceeds the local cooling rate (causiatetimpera-
ture to rise) followed by a period when the cooling rate dates.
This is presumably inherently linked to the global naturethe
energy transport in these simulations. Energy is beingsprared
non-locally, and is hence not being generated and dissiztie
same location, and therefore it is not possible for the lbealting
and cooling rates to balance at all locations in the disc.

Figure[® also shows deviations from unifoi@ with again
the lower-mass discs showing the lowest deviation in therisd
au, averaging around 10%. Simulations 3 &#.{ > 0.5) again



8 D. Forgan, K. Rice, P. Cossins and G. Lodato

1.0

0.8

0.6 N

o /T
\
N

04 N T sy AN B

0.2~ '\ ’ . =
L ’ 4

0.0 ; o ! \
30

60
r (AU)

Figure 5. Variation in the mean temperature profile (left panel) arel tiean Toomre instability profile (right panel) for tid,

T
oo

o

N

0o
00
[SIRTEN]

1
i
i
|
i
oo

0.8

ool L . \ \
10

60
r (AU)

1M¢ simulations

(Simulation 1 (solid lines), Simulation 2 (dotted linespn@8lation 3 (dashed lines) and Simulation 4 (dot-dashegk))) averaged over the last 13 ORPs.

vary much more significantly, peaking at around 40%. Thesat®
show that forginic > 0.5 a disc is unable to settle into a long-lived,
marginally-stable, self-gravitating state.

4.1.4 s the transport non-local?

Although the above suggests that there is non-local trahspthe
higher-mass discs, we have not yet convincingly shown thsatis
indeed the case. One way to do this is to compare the patteetsp
of the dominant spiral mode?,, with the angular speed of the
disc material itself(2. As shown by Balbus & Papaloizou (1999),
transport through gravitational instability can only besctibed in
viscous terms whef2, = 2. When(,, # Q, the non-local trans-
port terms become more significant. Waves producing noakloc
transport therefore have a pattern speed that deviateiicagly
from corotation |(Balbus & Papaloizou 1999; Cossins &t aQ®0
Equivalently, the non-local transport fractigmust deviate signif-
icantly from zerol(Cossins etlal. 2009), where

2=

¢ Q

(19)
|©, — Q| can be calculated from the dispersion relation for finite
thickness Keplerian discs (Bertin 2000; Cossins 2t al.[p009

2rGX|k|

- = 0%
T mH

m?(Q, — Q)* = 2k* (20)
The factor of1 + |k|H is required as the disc thickness dilutes
the vertical gravitational potential. In order to determthe dom-
inant modes, the radial and azimuthal wavenumkétsn) are
spectrally averaged for each radius (i.e., the average ighte=l

by the squared amplitude in each mode), and héngcés calcu-
lated for each radius, which allows the calculatior¢ ¢f), shown

in Figure[® (where we have averagédver the last 13 ORPs). As
can be seert, increases with increasing disc mass, exceeding 1 for
gimit = 1, illustrating that non-local transport becomes important
as the disc-to-star mass ratio exceeds 0.5. The most mafisive
(ginit = 1.5) undergoes rapid evolution to adjusttsowards 0.85
with a flat surface density profile, ensuring tigas also flat out to
larger radii (exceeding th@ni; = 1 disc outside 40 au). The peak
values of¢ at around20 — 30 AU are consistent with the peak de-
viations ofaiotal from acoor, lending weight to the conclusion that
non-local effects transport energy from the inner disc todhter
disc.

050" . |

0.0 L L 1 I
10 20 30 40 50
r (AU)

60

Figure 6. The non-local transport fractiod, for the M., = 1M simula-
tions (Simulation 1 (solid lines), Simulation 2 (dottedds), Simulation 3
(dashed lines) and Simulation 4 (dot-dashed lines)), aeeraver the last
13 ORPs.

4.2 The Influence of Stellar Mass

To disentangle the influences of disc mass and disc-to-stas na-
tio, two sets of simulations are to be analysed together.fifse
set of discs haveini: = 0.25 (Simulations 1, 5, 6 & 7), but
have different stellar mass. The previous section showattkie
a-approximation holds well for Simulation 1. If disc-to-st@ass
ratio is the key property that determines the nature of argub-
mentum transport (and not the local sound speed), thenxthe
approximation should be equally effective for all simuas in this
first set.

The second set will analyse the discs withi; = 1 (Sim-
ulations 3, 8 & 9). Ifq is key to the nature of angular momentum
transport, then it should be expected that non-local tramispould
be exhibited by all the discs in the second set.

4.2.1 Thegnit = 0.25 discs

4.2.1.1 General Evolution As with the previous set of simu-
lations, the discs undergo an initial settling phase, antbipe
marginally-stable after a period of cooling. The low initi@alue

of g is relatively unchanged in all simulations, with the mostsma
sive disc changing mass by less than 20% (see FIgure 8, bottom
right panel). All four simulations share similar aspectast this
follows from the result that the aspect ratf/r is proportional

to ¢ during marginal instability (c.fl, Lodato 2008). For this lte
possible, the surface density profiles must therefore aserevith
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Figure 8. Azimuthally averaged radial profiles from thg,;; = 0.25 simulations (Simulation 5 (solid line), Simulation 1 (damttlines), Simulation 6 (dashed

lines) and Simulation 7 (dot-dashed lines)) after 27 ORP= flgures show the time average of each variable (taken frentast 13 ORPSs). The top left

panel shows the surface density profile, the top right shbesaspect ratio, the bottom left shows the midplane temperaand the right hand panel shows
the disc-to-star mass ratig, as a function of time. Artificial viscosity dominates insiti0 au, so data from inside this region is ignored.

4.2.1.2 Thea Approximation Repeating a similar analysis of
« as was done for thé/., = 1M discs, it can be seen (Fig-
ure[9) that thex-approximation holds with increasing stellar mass,
confirming that the key parameter is the disc-to-star mags ia
which is held constant here. A local approximation therefap-
pears to be suitable for systems in whighi: < 0.5. Simulation

disc mass, as can be seen in the top left panel. However, dis ra
dependence of the surface density is roughly the same fdisal.
This in turn ensures the more massive discs are hotter (bhdétfb
panel), with similar radial temperature profiles for all f@imula-
tions.
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7 in which M, = 5Mg suggests that there may be some depen- also remains low. The seemingly higtfor M, = 0.5Mg is due

dence on the stellar mass as the calculatgg,; is somewhat lower
than the expected...; inside30 au. The aspect ratio of this disc
is, however, quite flat withH/r > 0.1 for a much wider radial
range than in the other simulations. The region where thecasp
ratio exceeds 0.1 corresponds with the region whetg. devi-
ates from the expected values, consistent with previoufy/sisa
(Lodato & Ricel 2004) suggesting that the local approxinmai®
suitable wherH /r < 0.1.

4.2.1.3 The local and quasi-steady assumptionsFigure [10
also shows that, fafinis = 0.25, the temperature fluctuates by less
than 10% and fluctuates by 10% - 20%, over the final 13 ORPs.
This illustrates that all these discs settle into quaskeyestates that
are marginally stable. The non-local transport fractioigFe[11)

to its slightly elevated mass ratio in comparison to the iottiecs
(Figurd 8, bottom right panel). This, coupled with its comataely
lower sound speed and lower surface density (with the seadgh
kept constant) will boost the non-local transport fractioa higher
value than expecteab initio. However, its maximum value is still
below that of thesinir = 0.5 disc studied in this analysis (Simula-
tion 2), so this is not inconsistent with expectations.

4.2.2 Theginit = 1 discs

4.2.2.1 General Evolution Figure[12 shows the profiles of the
ginit = 1 discs, averaged over the final 13 ORPs. The initial stellar
masses aré/, = 0.5Mq, M. = 1My, andM, = 2Ms. The
discs grow hotter with increasing disc mass (with a flatterter-
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Figure 11. The non-local transport fraction for thg,;; = 0.25 simula-
tions (Simulation 5 (solid line), Simulation 1 (dotted I8)e Simulation 6
(dashed lines) and Simulation 7 (dot-dashed lines)), geeraver the last
13 ORPs.

ature profile), while maintaining a similar surface dengitgfile.
This results in the higher disc mass simulations obtainifigteer
aspect ratio (top right panel).

4.2.2.2 Thex Approximation Figure I3 shows that all the discs
have similar qualitativex profiles, with atota1 being different to
what would be expected if the local approximation were appro
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local transport fraction (Cossins et al. 2009), moderatmuathal
Fourier mode amplitudes up t@ ~ 8 (with increased power at
m = 2), and maintain a strictly self-regulated, quasi-steadyest
(Lodato & Ricel 2004, 2005). It has also been demonstrated tha
increasing stellar mass (while keepiggconstant) does not sig-
nificantly affect the efficacy of the viscous approximatitwld-

ing over at least an order of magnitude in stellar mass. Tisgre
however, some suggestion that there is some dependencelon st
lar mass with the\/, = 5M simulation showing some evidence
for non-local transport corresponding to regions of the dikere
H/r > 0.1.

However, if the disc-to-star mass ratig.;: > 0.5, the az-
imuthal m = 2 spiral modes begin to dominate. The strength of
these global spiral waves introduces strong non-locau&sgand
are also subject to transient burst events. The disc stresdeu-
lated show that locally, in a time averaged sense, the amafunt
energy released through cooling does not match the themeae
generated by the instability. It is likely that this excesem@gy is
transported by the low-m mode global waves to larger (40 au)
radii where it can be lost through radiative cooling. Thiaislear
indication of global effects and is confirmed by their higmAocal
transport fractions (Cossins etlal. 2009). Together, thedate the
assumptions made to satisfy the viscous approximation.

In summary, semi-analytic models are justified in using the
viscous approximation to model realistic self-gravitgtprotostel-

ate (.001)- The value of the enhancement appears to increase with lar discs, provided that the parameter space studied ddes-no

increasing disc mass, showing that whijldictates whether or not a
disc deviates from the local approximation, the disc miagscon-
trols the strength of this deviation (through its influence3oand
ultimately the disc thickness). All three discs have aspa&iibs in
excess of 0.1 for most of their radial extent, again consistéth
previous predictions for non-locality (Lodato & Rice 2004)

4.2.2.3 The local and quasi-steady assumptionsFigure [14
also shows that the quasi-steady approximation also appede
violated (Figur€I}). The temperature fluctuates at valties20%
and higher, with similar fluctuations i. The non-local transport
fraction (bottom right panel in Figute 11.3) in all three caies 1
or larger showing that the transport is very non-local.

5 CONCLUSIONS

This work has studied in detail whether a local, viscous axipr
mation can accurately model the angular momentum trangport
realistic, radiative, self-gravitating protostellar aiis For the vis-
cous approximation to hold, the angular momentum trangpost
be local. If the analytical results bf Gamimie (2001) and rtlaso
hold (which calculate the stresses using the assumptiothihais-
sipation rate matches the local cooling rate), the discg aise be
in approximate thermodynamic equilibrium.

A series of simulations using SPH with radiative transferave
carried out, and the effective viscosity generated by tlavita-
tional instability was calculated directly from the Rey®land
gravitational stresses in the simulated discs. This was toen-
pared with the expected viscosity, based on the assumptiona
thermodynamic equilbrium, and the results analysed asaifum
of increasing disc-to-star mass ratio, and increasin¢pstelass.

The results show that if the discs have an initial disc-to-st
mass ratianic < 0.5, and are geometrically thirf{/r < 0.1), the
local viscous approximation performs well in calculatihg angu-
lar momentum transport. Such discs are shown to have a low non

clude discs that are too massive, or geometrically thicle -
rent semi-analytic models (Clarke 2009; Rice & Armitage 20
which the midplane cooling time is used to determine thectffe
gravitationala will, however, certainly underestimate the value of
the effective viscosity in massive, geometrically thickadi.
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