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Ultimate bounds for precision of atomic clock frequency measurement:
Rabi, Ramsey, and coherent-population-trapping techniques
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We investigate the ultimate quantum limits to the achievable uncertainty in the estimation of the transition
frequency between two atomic levels. We focus on Rabi, Ramsey, and coherent-population-trapping (CPT)
techniques, which are widely employed in experiments. We prove that in the Rabi and Ramsey schemes,
measuring the atomic population allows one to reach the minimum uncertainty, but for the CPT setup, a
measurement involving the coherences between the levels results in a further improvement of the estimation.
As a paradigmatic example of possible noises, the effect of cavity coupling fluctuations is considered in the Rabi
and Ramsey scenarios. As a figure of merit, we assess the Fisher information of the population measurement
and compare its value with the maximum one given by the quantum Fisher information, which is achieved by
optimizing over all the possible measurements allowed by quantum mechanics.
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I. INTRODUCTION

Estimating the frequency of an atomic transition is at the
basis of a large variety of physical measurements, including
frequency metrology [1,2], high-resolution spectroscopy [3],
and possible time variation of the fundamental constants [4].
Several techniques have been developed to observe atomic
transitions, particularly those characterized by a high signal-
to-noise ratio and only partially influenced by broadening
mechanisms. Moreover, to accurately determine the frequency
of a transition with high precision, it must remain observable
for an extended period, in accordance with the Heisenberg
uncertainty principle. In this context, laser cooling techniques
[5] have enabled the measurement of atomic clock frequencies
with unprecedented accuracy, first using Cs or Rb fountains
[6] and later with optical clocks [7].

The optimization of an atomic frequency measurement and
the determination of the intrinsic precision bounds can be
tackled at a more fundamental level by means of the esti-
mation theory. Among the available unbiased estimators, the
one with the smallest variance offers the highest precision
of the estimate. In turn, a lower bound on the variance of
any unbiased estimator may be defined by the Cramér-Rao
inequality [8].

Specifically, to estimate the (angular) frequency ωA of a
two-level atomic transition, we start from a sample of atoms
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prepared in one of the two levels. Then we let them interact
with an oscillating electric field, and a signal proportional to
the transition probability pωA (ω) is maximized (or minimized)
by changing the frequency ω of the applied field. This process
leads to an estimate of ωA through a measurement of pωA (ω).
The framework of estimation theory imposes a bound on the
uncertainty of the estimation of ωA, that is, its variance, which
in this case satisfies the inequality

var(ωA) �
[
MFωA (ω)

]−1
, (1)

where FωA (ω) is the Fisher information and M is the statis-
tical scaling, that is, the number of measurement repetitions
or outcomes [8]. Given that population measurement has only
two possible outcomes, we have

FωA (ω) =
[
∂ωA pωA (ω)

]2

pωA (ω)
[
1 − pωA (ω)

] . (2)

The transition probability depends on the specific technique
adopted to excite and detect the atomic transition. It is then of
interest to investigate how the Fisher information expressed
by Eq. (2) changes accordingly.

In this paper we consider three techniques commonly used
in atomic clock operation and investigate their fundamental
limits: (i) the Rabi method, where the atoms interact with
a single-mode electromagnetic field pulse; (ii) the Ramsey
scheme, where the interaction is split into two Rabi-like in-
teractions separated by a much longer noninteracting region;
and (iii) the coherent-population-trapping (CPT) phenomenon
where the atoms interact with two phase coherent fields cou-
pling the two clock transition levels to a common excited state.
For each technique, we will calculate the Fisher information
and the corresponding quantum Fisher information [8–10],
i.e., the Fisher information achievable with the same physical
probe and optimizing over all possible measurement allowed
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by quantum mechanics. Moreover, since imperfections un-
avoidably affect the considered schemes, as a paradigmatic
example we address the effect of cavity coupling fluctuations
on our results in the case of the Rabi and Ramsey frameworks;
in the CPT scenario the loss of coherence and spontaneous
decay are instead embedded into the theoretical model from
the beginning. We remark that our study is a theoretical in-
vestigation into the fundamental bounds to precision as set
by quantum mechanics and is not related to the practical
limitations, such as those connected with local oscillator noise
or feedback loops.

In general, if ρ̂ = ρ̂(λ) is the density operator describing
the state of the system under investigation and λ is the param-
eter we want to estimate, the minimum uncertainty is bounded
by (we drop the statistical scaling factor)

varmin(λ) � [H (λ)]−1, (3)

where H (λ) is the quantum Fisher information [9]

H (λ) = Tr
(
ρ̂L̂2

λ

)
, (4)

where we introduced L̂λ, the symmetric logarithmic deriva-
tive, such that

L̂λρ̂ + ρ̂L̂λ = 2∂λρ̂. (5)

If we write ρ̂ = ∑
n rn |ψn〉〈ψn|, with {|ψn〉} the eigenbasis of

ρ̂ and {rn} the corresponding eigenvalues, we have

H (λ) = 2
∑
n,m

|〈ψn|(∂λρ̂)|ψm〉|2
rn + rm

, (6)

where the sum includes only the terms with rn + rm �= 0.
In the following, we show that estimation strategies based

on the considered Rabi, Ramsey, and CPT techniques allow
one to achieve the ultimate limits to precision imposed by
quantum mechanics since, at resonance, the corresponding
Fisher and quantum Fisher information coincide. Our ap-
proach based on estimation and quantum estimation theory
leads us to prove that the Ramsey method beats both the Rabi
and the CPT performance, as also suggested by the results of
current experiments [1,2]. Interestingly, when a measurement
involving the coherence between the levels is considered, we
find that for the coherent population trapping, the Fisher and
the quantum Fisher information are only slightly different
for any value of the detuning �ω = ωA − ω and coincide
at resonance; however, for the Rabi and Ramsey methods,
the quantum Fisher information is sensibly higher than the
classical information for nonzero values of �ω, thus fostering
new investigation for different detection schemes allowing
one to reach that limit.

The paper is organized as follows. Section II introduces
the Rabi (Sec. II A) and Ramsey (Sec. II B) schemes for the
estimation of the atomic transition frequency together with
the corresponding Fisher information and their quantum coun-
terparts. Here we also address how these results are affected
by fluctuations of the cavity interaction couplings (Sec. II C),
while the possible comparison with typical experiments is
discussed in Sec. II D. The fundamental bounds of the CPT
technique are investigated in Sec. III. We summarize our work
and discuss our findings in Sec. IV.

FIG. 1. Scheme of the Rabi method.

II. RABI AND RAMSEY APPROACHES

A. Rabi method

Initially conceived for measuring nuclear magnetic mo-
ments [11], the Rabi resonance method soon became a
relevant tool to investigate atomic spectra with high resolu-
tion. In this technique, the atoms interact with a single laser or
microwave pulse, depending on the frequency of the transition
considered. Observing the atoms’ absorption as a function of
the local oscillator frequency results in a discriminant curve
that carries the information about the atomic resonance fre-
quency. Rabi excitation is nowadays very often used in optical
frequency standards [7] because of its experimental simplicity
compared to the Ramsey approach, as we will see later.

The scheme of the Rabi method is sketched in Fig. 1. A
two-level atom, initially prepared in its ground state |g〉, inter-
acts with an oscillating electric field inside a cavity for a time
t . At resonance, i.e., when ω is equal to the atomic transition
frequency ωA, if the interaction time is set to t = π/	0 (that
is, in the presence of a π pulse), with 	0 the Rabi frequency,
the atom is finally found in the excited state |e〉 with certainty.
However, in the presence of a detuning �ω = ωA − ω, the π

pulse brings the atom to its excited state with probability (see
Appendix A for details of the calculations)

p(e)
ωA

(ω) = 1

[
	0 (�ω)]2
sin2

(
π

2

	0 (�ω)

)
, (7)

with


	0 (�ω) =
√

1 +
(

�ω

	0

)2

, (8)

which is plotted in Fig. 2(a) as a function of �ω/	0.
It is clear that the maximum p(e)

ωA
is attained at �ω = 0

and thus we can use p(e)
ωA

to estimate the atomic transition
frequency. In this case, the uncertainty of the estimation of
ωA, that is, its variance, satisfies the inequality (we drop the
statistical scaling factor)

var(ωA) � 1

F (Rbi)
ωA (ωA)

, (9)

where the F (Rbi)
ωA

(ωA) is the Fisher information [8], namely,

F (Rbi)
ωA

(ω) =
∑
k=g,e

p(k)
ωA

(ω)
{
∂ωA ln

[
p(k)

ωA
(ω)

]}2
(10)

=
[
∂ωA p(e)

ωA
(ω)

]2

p(e)
ωA (ω)

[
1 − p(e)

ωA (ω)
] , (11)

with p(g)
ωA (ω) = 1 − p(e)

ωA
(ω) the probability to detect the

ground state of the atom after the interaction with the cavity.
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(a)

(b)

FIG. 2. (a) Plot of the Rabi probability p(e)
ωA

to find the atom in
the excited state after the interaction with the cavity as a function of
�ω/	0. The atom is initially in the ground state and the interaction
time corresponds to a π pulse. (b) Plot of the Fisher information
F (Rbi)

ωA
associated with the Rabi method as a function of �ω/	0. Note

that at ω = ωA the Cramér-Rao theorem does not apply; see the text
for details.

It is worth noting that at ω = ωA the statistical model changes
rank (we only have one non-null element, namely, the atoms
are always found in their excited state) and the Cramér-Rao
theorem does not hold.

The analytical expression of F (Rbi)
ωA

(ω) is quite clumsy and
it is not reported here explicitly. We illustrate its behavior in
Fig. 2(b) as a function of �ω/	0. If ω ≈ ωA, the following
expansion holds:

F (Rbi)
ωA

(ω) ≈ 1

	2
0

[
4 −

(
8 − 3

4
π2

)(
ω − ωA

	0

)2
]
. (12)

By explicitly evaluating Eq. (6) in the presence of the corre-
sponding evolved state (see Appendix A for details), we can
retrieve the quantum Fisher information, which is reported in
Fig. 3. We note that for �ω = 0 the values of the Fisher and of
the quantum Fisher information are the same: In this regime
the atomic population measurement turns out to be optimal.
However, we can also see that for �ω �= 0 the quantum Fisher
information may be greater than the classical information
obtained from the atomic population detection.

B. Ramsey method

The atomic resonance can be also probed by the Ramsey
method of separated fields where the atoms interact with two
phase coherent laser or microwave pulses separated by a dark
interval [12]. Compared to the Rabi method, the Ramsey
excitation provides a narrower Fourier-limited linewidth for
the same interrogation time. The atomic resonance frequency
is then determined with a higher resolution. For atomic clock

FIG. 3. Plot of the quantum Fisher information H (Rbi)
ωA

associated
with the Rabi method (orange solid line) as a function of �ω/	0.
The blue dashed line is the Fisher information of Fig. 2(b).

applications, the Ramsey technique was first introduced in
Cs beam tubes [13], then in cold-atom fountains (see [6]
and reference therein), and more recently also in vapor cell
arrangements [14–17].

The scheme of the Ramsey method is reported in Fig. 4.
With respect to the Rabi scheme addressed in the preceding
section, now, after the interaction with a first cavity, the atom
undergoes a free evolution for a time T and then it interacts
with a second cavity before the final measurement. Without
loss of generality, we can set T = κτ . The interaction time
is set to τ = π/2	0 for both cavities (note that if T → 0
we recover the Rabi scheme), and, after the whole evolution,
the probability to find the atom in the excited state reads
(see Appendix B for the derivation)

P(e)
ωA

(ω; κ ) = 4

[
	0 (�ω)]2
sin2

(
π

4

	0 (�ω)

)

×
[
cos

(
κ�ω

4	0

)
cos

(
π

4

	0 (�ω)

)
− �ω/	0


	0 (�ω)

× sin

(
κ�ω

4	0

)
sin

(
π

4

	0 (�ω)

)]2

, (13)

where 
	0 (�ω) is still given by Eq. (8).
In Fig. 5 we plot P(e)

ωA
for two different values of T . The

typical Ramsey interference fringes are evident and the longer
the free-evolution time T between the cavities, the larger the
number of peaks. For comparison, in the same figure we plot
p(e)

ωA
(green dashed lines).

FIG. 4. Scheme of the Ramsey method.
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(a)

(b)

FIG. 5. Probability P(e)
ωA

to find the atom in the excited state after
the whole evolution as a function of �ω/	0 (red solid lines). The
atom is initially in the ground state and the interaction time τ with
the cavity field corresponds to a π/2 pulse. We set (a) κ = 5 and (b)
κ = 10 for the free-evolution time T = κ τ . The green dashed lines
refer to p(e)

ωA
given in Fig. 2.

Since the width of the peak of P(e)
ωA

at ω = ωA is smaller
than the one of p(e)

ωA
, we also expect the Fisher information

F (Rmy)
ωA

(ω) =
∑
k=g,e

P(k)
ωA

(ω; κ )
{
∂ωA ln

[
P(k)

ωA
(ω; κ )

]}2
(14)

=
[
∂ωA P(e)

ωA
(ω)

]2

P(e)
ωA (ω)

[
1 − P(e)

ωA (ω)
] (15)

to be larger. Now the analytic expression of F (Rmy)
ωA (ω) is

clumsy and it is not reported here explicitly, but it is plotted
in Fig. 6 for the same values of T chosen in Fig. 5. As for
the Rabi method, also in the case of the Ramsey method
the rank of the statistical model changes at ω = ωA and the
Cramér-Rao theorem is not applicable.

We can see that the maximum of the Fisher information is
still attained at ω = ωA. If ω ≈ ωA, we find the expansion

F (Rmy)
ωA

(ω) ≈ 1

	2
0

[
4

(
1 + π

4
κ

)2

−
(

8 − 3

4
π2

+ (10 − 3π )
π

2
κ

)(
ω − ωA

	0

)2
]
. (16)

Note that for κ = 0, F (Rmy)
ωA (ω) reduces to F (Rbi)

ωA
(ω) in

Eq. (12). Remarkably, if the free-evolution time T = κτ is
much longer than the in-cavity interaction time τ , namely,

(a)

(b)

FIG. 6. Plot of the Fisher information F (Rmy)
ωA

associated with the
Ramsey method as a function of �ω/	0. The maximum is achieved
at ω = ωA. We set (a) κ = 5 and (b) κ = 10 for the free-evolution
time T = κ τ . As in the Rabi method, at ω = ωA, the Cramér-Rao
theorem does not apply; see the text for details.

κ � 1, Eq. (16) reduces to (still for ω ≈ ωA)

F (Rmy)
ωA

(ω) ≈ 4

	2
0

(
1 + π

4
κ

)2

, (17)

which is independent of ω. It is also worth noting that, in the
correspondence of the maximum (ω = ωA), the ratio between
the Fisher information in the case of the Ramsey and Rabi
methods scales as

F (Rmy)
ωA (ωA)

F (Rbi)
ωA (ωA)

=
(

1 + π

4
κ

)2

. (18)

The quantum information associated with the Ramsey mea-
surement follows from Eq. (6) with the corresponding evolved
state (see Appendix B for details). The result is shown in
Fig. 7. As in the case of the Rabi configuration, when �ω = 0
the Fisher and the quantum Fisher information exhibit the
same value, underlying that the population measurement is
still optimal. Nevertheless, we still find that there are intervals
with �ω �= 0 for which the quantum Fisher information may
be greater than the classical information attained due to the
atomic population detection.

C. Effect of cavity coupling fluctuations

There are many imperfections that can affect the evolution
of the atoms throughout the whole setup. Since the dissipative
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(a)

(b)

FIG. 7. (a) Plot of the quantum Fisher information H (Rmy)
ωA

asso-
ciated with the Ramsey method (orange solid line) as a function of
�ω/	0. The blue dashed line is the Fisher information of Fig. 6. We
set κ = 5 for the free-evolution time T = κ τ . (b) Magnification of
the top plot.

effect is negligible (in experiments the two hyperfine levels
of the ground state are considered), we can focus on nondis-
sipative effects. This kind of fluctuations may arise from the
presence of coupling fluctuations, but similar results can be
obtained in the velocity spread of the atomic sample (in the
considered scenarios the interaction time depends on the ac-
tual velocity of the atoms) [18].

Here we are not interested in providing a full analysis of
how the possible imperfections affect the actual implementa-
tions, thus we introduce a simple effective model that takes
into account coupling fluctuations within the cavities [19].

We assume that the Rabi frequencies introduced above
fluctuate around their mean values 	0, namely,

	0 → 	0(1 + ζ ), (19)

where ζ = δ	0/	0 can be seen as a mean-zero stochastic
variable with suitable distribution. In the following, for the
sake of simplicity and clarity, we assume that ζ is distributed
according to a normal distribution.

Thereafter, in the case of the Rabi scheme, the statistical
model describing the evolved atomic state can be written as

�(Rbi)
ωA

(t ) =
∫
R

dζ
e−ζ 2/(2σ 2 )

√
2πσ 2

�
(Rbi)
ωA|ζ (t ), (20)

where

�
(Rbi)
ωA|ζ (t ) = |ψζ (t )〉〈ψζ (t )|, (21)

with

|ψζ (t )〉 = Ũ (	0(1 + ζ ); t )|g〉, (22)

where Ũ is given in Eqs. (A7).
In the Ramsey scheme the two cavities may exhibit Rabi

frequencies that fluctuates independently. The corresponding
statistical model leads to the density operator

�(Rmy)
ωA

(τ, T )

=
∫
R2

dζ1 dζ2
e−ζ 2

1 /(2σ 2
1 )√

2πσ 2
1

e−ζ 2
2 /(2σ 2

2 )√
2πσ 2

2

�
(Rmy)
ωA|ζ1;ζ2

(τ, T ), (23)

and now

�
(Rmy)
ωA|ζ1;ζ2

(τ, T ) = ∣∣�ζ1;ζ2 (τ, T )
〉〈
�ζ1;ζ2 (τ, T )

∣∣, (24)

with

|�ζ1;ζ2 (τ, T )〉
= Ũ (	0(1 + ζ1); τ )Ũfree(T )Ũ (	0(1 + ζ2); τ )|g〉,

(25)

where Ũ is still given in Eqs. (A7), while Ũfree is in Eqs. (B1).
For the sake of simplicity, in the following analysis we set
σ1 = σ2 = σ .

Accordingly, the probabilities of finding an atom in the
excited state after the evolution are (we still assume that
	0t = π and 	0τ = π/2)

p(e)
ωA

(ω) = 〈e|�(Rbi)
ωA

(t = π/	0)|e〉 (26)

and

P
(e)
ωA

(ω) = 〈e|�(Rmy)
ωA

(τ = π/2	0)|e〉, (27)

respectively, and one can (numerically) evaluate the corre-
sponding Fisher information

F
(Rbi)
ωA

(ω) =
[
∂ωA p(e)

ωA
(ω)

]2

p(e)
ωA

(ω)
[
1 − p(e)

ωA
(ω)

] (28)

and

F
(Rmy)
ωA

(ω) =
[
∂ωA P

(e)
ωA

(ω)
]2

P
(e)
ωA

(ω)
[
1 − P

(e)
ωA

(ω)
] . (29)

To calculate the quantum Fisher information associated with
a density operator ρ̂λ, we can use the relation [20]

H (λ) = 8 lim
ε→0

1 − Tr(
√√

ρ̂λρ̂λ+ε

√
ρ̂λ)

ε2
, (30)

which allows us to numerically evaluate H
(Rbi)
ωA

and H
(Rmy)
ωA

.
The results are shown in Figs. 8 and 9.

It is worth noting that now the Fisher information goes to
zero as �ω → 0. This result can be explained by investigating
the mathematical definition of the Fisher information. As in
the noiseless case, we have ∂ωA p(e)

ωA
, ∂ωA P(e)

ωA
= 0 for �ω = 0

but now p(e)
ωA

, P(e)
ωA

< 1 (see Fig. 10); therefore, the statistical
model is well defined and the ratio in Eqs. (28) and (29) goes
to zero. Analogous behaviors can be found also investigating
other scenarios, as in quantum interferometry [21]. A similar
result arises when the excitation rates of Rabi and Ramsey
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FIG. 8. Plot of the quantum Fisher information H
(Rbi)
ωA

(orange

solid line) and the Fisher information F
(Rbi)
ωA

(blue dashed line) as
a function of the ratio �ω/	0 in the case of the Rabi method for
σ = 0.15, characterizing the coupling fluctuations. For comparison,
we also plot the quantum Fisher information in the noiseless case
(black dotted line). Note that for �ω = 0 now we have F

(Rbi)
ωA

= 0.
See the text for details.

spectra do not reach 1 due to temperature effect, spontaneous
emission, Raman scattering between atoms and light, and so
on [22].

We note that, by postprocessing the data, it is possible to
renormalize the probabilities p(e)

ωA
(ω) and P

(e)
ωA

(ω) with respect

to the known and fixed quantities p(e)
ωA

(ωA) and P
(e)
ωA

(ωA),
namely,

p̃(e)
ωA

(ω) = p(e)
ωA

(ω)

p(e)
ωA

(ωA)
, P̃(e)

ωA
(ω) = P

(e)
ωA

(ω)

P
(e)
ωA

(ωA)
. (31)

Thereafter, p̃(e)
ωA

(ωA) = P̃(e)
ωA

(ωA) = 1 and ∂ωA p̃(e)
ωA

(ωA) =
∂ωA P̃(e)

ωA
(ωA) = 0. The Fisher information calculated with the

renormalized probabilities can be written as

F̃ (Rbi)
ωA

(ω) =
[
∂ωA p(e)

ωA
(ω)

]2

p(e)
ωA

(ω)
[
p(e)

ωA
(ωA) − p(e)

ωA
(ω)

] (32)

FIG. 9. Plot of the quantum Fisher information H
(Rmy)
ωA

(orange

solid line) and the Fisher information F
(Rmy)
ωA

(blue dashed line) as a
function of the ratio �ω/	0 in the case of the Ramsey method with
κ = 5 and for σ = 0.15, characterizing the coupling fluctuations.
For comparison, we also plot the quantum Fisher information in the
absence of velocity fluctuations (black dotted line). Note that for
�ω = 0 now we have F

(Rbi)
ωA

= 0. See the text for details.

(a)

(b)

FIG. 10. Plot of the probabilities p(e)
ωA

and P
(e)
ωA

as a function of the
ratio �ω/	0 in the case of (a) the Rabi method and (b) the Ramsey
method with κ = 5. In both the panels we set σ = 0.15. Note that for
�ω → 0 we find p(e)

ωA
, P

(e)
ωA

< 1.

and

F̃ (Rmy)
ωA

(ω) =
[
∂ωA P

(e)
ωA

(ω)
]2

P
(e)
ωA

(ω)
[
P

(e)
ωA

(ωA) − P
(e)
ωA

(ω)
] , (33)

respectively, and are plotted in Fig. 11.

D. Comparison with experiments

Though we are interested in the theoretical fundamental
limits of frequency estimation, we can provide a comparison
with some experimental result concerning the investigation of
atomic transitions as well as the atomic clocks.

Cesium beam clocks, atomic fountains, and optical clocks
represent three generations of atomic timekeeping, each with
increasing levels of precision. Cesium beam clocks, the ear-
liest standard, use a beam of cesium atoms and microwave
radiation to define the SI second based on the hyperfine
transition frequency of cesium-133 [2]. Atomic fountains im-
prove on this by cooling atoms with lasers and launching
them upward, allowing for longer interaction times and thus
greater accuracy [6]. Both cesium beam clocks and atomic
fountains operate using the Ramsey technique of separated
oscillatory fields. Optical clocks, the most advanced, employ
optical (rather than microwave) transitions in atoms or ions,
such as strontium or ytterbium, and benefit from much higher
frequencies, leading to unprecedented time resolution [7]. The
stability of these clocks is often analyzed using the Allan
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(a)

(b)

FIG. 11. Plot of the Fisher information F̃ (blue solid line) ob-
tained by normalizing the probability (see the text for details) as a
function of the ratio �ω/	0 in the case of (a) the Rabi method and
(b) the Ramsey method with κ = 5 for σ = 0.15. We can see that the
Fisher information again approaches �ω = 0 (now, at resonance, the
statistical model is no longer well defined as it happens in the lossless
scenario). For comparison, we also report the Fisher information
without rescaling (blue dashed lines; see also Figs. 8 and 9).

variance [23], a statistical tool that quantifies frequency sta-
bility over time and reveals noise processes that can affect
long-term precision.

In order to compare the results obtained in this study with
the traditional tool of Allan variance, we begin by considering
that the frequency stability of an atomic clock is conven-
tionally characterized by the Allan deviation evaluated at an
integration time of 1 s [23]. Therefore, we consider in Eq. (1)
a sufficient number of averages to ensure that the Allan devi-
ation at 1 s is estimated with a 10% uncertainty.

We start by considering the Ramsey approach applied to
an atomic fountain; in the limit ω → ωA, due to Eqs. (1)
and (16), we can estimate the (ultimate) fractional statistical
fluctuations as

δωA

ωA
= 1√

NatM

1

ωA

[
F (Rmy)

ωA
(ωA)

]−1/2
(34)

= 1√
NatM

2	0

ωA

(
1

4 + κπ

)
, (35)

where the factor (Nat M )
−1/2

accounts for the statistical scaling,
related to the quantity M in Eq. (1), with Nat the total number
of measured atom and M the number of averages. In typical
fountain experiments involving cesium atoms one has (see,

FIG. 12. Three-level system interacting with a couple of phase-
coherent laser fields in a � scheme: ωL1 and ωL2 are the (angluar)
frequencies of the lasers that couple levels |1〉 and |3〉 and levels |2〉
and |3〉, respectively.

for example, Ref. [24]) ωCs
A = 2π × 9.2 GHz, 	0 ≈ 350 s−1,

κ ≈ 102, M ≈ 100, and Nat ≈ 106, leading to

δωCs
A

ωCs
A

≈ 10−14. (36)

Optical clocks operate based on a Rabi interrogation scheme,
in which a coherent laser field drives a transition between
two atomic energy levels over a well-defined interac-
tion time. Considering a sample of ytterbium atoms (see,
for instance, Ref. [25]), we have ωYb

A = 2π × 518 THz,
	0 ≈ 102 s−1, M ≈ 100, and Nat ≈ 5×103, and Eq. (12)
yields

δωYb
A

ωYb
A

≈ 5×10−18. (37)

The values expressed by Eqs. (36) and (37) represent the
limits to the achievable statistical uncertainties in a clock
frequency measurement considering the population measure-
ment. These estimates are an order of magnitude lower than
the experimental results, as in both cases the stability is lim-
ited not by statistics but by the noise of the local oscillator
(microwave or laser, respectively) that is transferred onto the
atomic transition. We still notice that the present analysis does
not concern the accuracy of atomic clocks, which is defined by
the evaluation and correction of systematic frequency shifts
affecting the atomic transition.

III. COHERENT-POPULATION-TRAPPING APPROACH

Coherent population trapping is a quantum phenomenon
in which two metastable levels (which usually are the two
sublevels of the ground state defining the clock transition)
are coupled to a common excited state through two phase-
coherent laser fields [26], as shown in Fig. 12.

The trapping is made evident when the laser frequency
difference ωL1 − ωL2 matches the atomic frequency ωA, the
so-called Raman resonance condition. In this case, the atomic
population is trapped in a coherent superposition of the two
clock levels; the atoms are no longer able to absorb photons
from the laser fields and consequently the fluorescence signal
appears strongly reduced (dark line) [27–29]. For frequency
standards applications, coherent population trapping has been
implemented in cold-atom setups but above all in vapor cell
clocks using hot atoms. While CPT is not currently used in
the best optical clocks, it is widely employed in compact
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atomic clocks [30,31] also for possible satellite applications
and emerging quantum technologies. A thorough quantum-
limited analysis of coherent population trapping is still lacking
and we aim at providing a reference for future studies in
quantum metrology.

With a density-matrix approach, it is possible to evaluate
the atomic populations and the coherence generated by the
CPT phenomenon in the ground state. The Hamiltonian of the
system can be written in the matrix form as

HCPT = h̄

⎛
⎝ ω1 0 	R1

0 ω2 	R2

	R1 	R2 ω3

⎞
⎠, (38)

where ωk is the frequency associated with the kth level,
k = 1, 2, 3, while 	R1 and 	R2 are the Rabi frequencies con-
nected to the coupling between levels |1〉 and |2〉 and level
|3〉. Here, for simplicity, we consider a symmetric � scheme,
in which we have the same Rabi frequency 	0 = 	R1 = 	R2.

The master equation describing the behavior of the atomic
ensemble under CPT interaction can be written as

∂ρ̂

∂t
+ �̂rel(t ) = 1

ih̄
[HCPT, ρ̂] + �̂exc(t ), (39)

where the density operator ρ̂ has the matrix elements ρ j,k =
〈 j|ρ̂|k〉, j, k = 1, 2, 3. We recall that ρk ≡ ρk,k represents the
population of the kth level whereas ρ j,k , with j �= k, corre-
sponds to the coherence between levels j and k.

In Eq. (39), �̂rel(t ) represents the relaxation operator as ex-
pressed in the Bloch-Wagsness-Redfield theory (see Ref. [2]
for details),

�̂rel(t ) = 1

2

⎛
⎝ γ1ρ1 2γ2ρ1,2 �∗ρ1,3

2γ2ρ2,1 γ1ρ2 �∗ρ2,3

�∗ρ3,1 �∗ρ3,2 2�∗ρ3

⎞
⎠, (40)

and �̂exc(t ) describes all the excitation process not induced by
the coherent fields, namely,

�̂exc(t ) = 1

2

⎛
⎝�∗ρ3 + γ1ρ2 0 0

0 �∗ρ3 + γ1ρ1 0
0 0 0

⎞
⎠. (41)

The coefficients γ1 and γ2 are the phenomenological relax-
ation rates of population and coherence in the ground state,
respectively, and �∗ is the relaxation rate of the excited state.

Assuming the rotating-wave and adiabatic approximations
for the optical coherences and the absence of saturation of the
optical transitions, in the steady-state conditions Eq. (39) has
the solution [32]

ρ1 = ρ2 = 1
2 (1 − ρ3), (42a)

ρ3 = 2�p

�∗

(
1 − 2�p(γ2 + 2�p)

(γ2 + 2�p)2 + (�ω)2

)
, (42b)

ρ1,2 = − �p

γ2 + 2�p + i�ω
, (42c)

ρ1,3 = ρ2,3 = 0. (42d)

Here �ω is the two-photon Raman detuning defined as

�ω = (ωL1 − ωL2) − ωA. (43)

FIG. 13. The � scheme in terms of the coupled, |C〉, and uncou-
pled, |NC〉, states. This represents an optical pumping situation in
which the atoms are pumped in the dark state. See the text for details.

Since the CPT approach is widely adopted in frequency stan-
dards operating with hot vapor cells, in previous equations we
introduced the relaxation rates of the ground-state coherence
and of the excited state, γ2 and �∗, respectively, which take
into account the decoherence processes occurring in the cell
[2]. The laser pumping rate is given by �p = 	2

0/2�∗. The
CPT physics can be better captured by describing the system
using the so-called coupled, |C〉, and uncoupled, |NC〉, states
[33]. In the case of the symmetric � scheme, they read

|C〉 = 1√
2

(|1〉 + |2〉), (44a)

|NC〉 = 1√
2

(|2〉 − |1〉). (44b)

It is possible to prove that the state |NC〉 is not coupled to the
radiation field [33]; thereafter, the following matrix element is
identically null, namely,

〈3|HCPT|NC〉 = 0, (45)

whereas

〈3|HCPT|C〉 = h̄	0√
2

. (46)

Therefore, if the atom is in the |NC〉 state it cannot be ex-
cited to level |3〉 and consequently no fluorescence signal
can be generated: Whatever the initial condition is, the CPT
Hamiltonian HCPT pumps all the atoms in the |NC〉 state.
The situation is represented in Figs. 12 and 13 in terms of
the levels basis {|1〉, |2〉, |3〉} and coupled and noncoupled
basis {|C〉, |NC〉, |3〉}, respectively. This is an optical pumping
process, where the |NC〉 state is populated by the relaxation
from the excited state |3〉 and from the depopulation pumping
from level |C〉, which is coupled to the radiation field [33].

We can use Eq. (44a) to calculate the matrix elements
expressed in the basis of |NC〉, |C〉, and |3〉. In particular, we
are interested in ρNC = 〈NC|ρ̂|NC〉, which gives the atomic
population of the noncoupled state, and in ρC = 〈C|ρ̂|C〉. It is
straightforward to see that

ρC = 1
2 [1 − ρ3 + 2 Re(ρ1,2)], (47)

ρNC = 1
2 [1 − ρ3 − 2 Re(ρ1,2)], (48)

which depend on the coherences ρ1,2 between levels |1〉 and
|2〉, and Eqs. (42) then yield

ρC = 1

2

[
1 − 2�p

�∗

(
1 + (γ2 + 2�p)(�∗ − 2�p)

(γ2 + 2�p)2 + (�ω)2

)]
(49)
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(a)

(b)

FIG. 14. Plots of (a) �3 and (b) ρC and ρNC as a function of
the rescaled Raman detuning �ω/2�p (see the text for details). We
consider the typical values γ2 = 400 s−1 and �p = 104 s−1.

and

ρNC = 1

2

[
1 − 2�p

�∗

(
1 − (γ2 + 2�p)(�∗ + 2�p)

(γ2 + 2�p)2 + (�ω)2

)]
. (50)

The behavior of ρ3 and of ρC and ρNC versus the rescaled
Raman detuning �ω/2�p is shown in Figs. 14(a) and 14(b),
respectively. As expected, at resonance (�ω = 0) almost all
the atomic population is pumped into the uncoupled state
|NC〉, that is, ρNC ≈ 1 and ρC, ρ3 ≈ 0. Now scanning the
frequency detuning �ω across the resonance, one observes
a dark resonance usually called a dark line [29].

First, we evaluate the Fisher information associated with
the measurement of the population ρl (�ω) of the level |l〉,
with l = C, NC, 3, where we put in evidence the dependence
on �ω given in Eq. (43):

F (CPT)
ωA

(�ω) =
∑

l=C,NC,3

ρl (�ω)
{
∂ωA ln[ρl (�ω)]

}2
. (51)

Analogously, we can evaluate the Fisher information associ-
ated with the measurement involving the atomic energy states
|n〉, with n = 1, 2, 3,

F (CPT)
ωA|1,2,3(�ω) =

∑
n=1,2,3

ρn(�ω)
{
∂ωA ln[ρn(�ω)]

}2
. (52)

Finally, due to Eq. (6) and by using Eqs. (42) we obtain
the corresponding quantum Fisher information H (CPT)

ωA
(�ω),

whose analytic expression is rather cumbersome and it is not
reported explicitly (see Appendix C for further details). We
recall that, by definition, the quantum Fisher information does

(a)

(b)

FIG. 15. (a) Plot of the Fisher information F (CPT)
ωA

(red solid line)

and F (CPT)
ωA |1,2,3 (blue dashed line) as a function of �ω/2�p. We set γ2 =

400 s−1 and �p = 104 s−1. (b) Same as in (a) but now we set γ2 → 0,
that is, we neglect the relaxation of the ground-state coherence. The
maximum is achieved at ωL1 − ωL2 = ωA. See the text for details.

not depend on the particular basis chosen to describe the
system. In Fig. 15 we plot F (CPT)

ωA|l as a function of �ω/2�p:

We can see that the maximum value of F (CPT)
ωA|l is similar to that

obtained with the Rabi method (see Fig. 2). It is clear that the
information gained by the measurement of the energy levels
(blue dashed lines in the figure) is much less with respect
to that retrieved by measuring the system in the coupled and
uncoupled basis. Therefore, performing a measurement that
involves coherences between the energy states |1〉 and |2〉, as
the assessment of the density-matrix elements ρC and ρNC,
allows retrieving a higher Fisher information that, in the limit
of very small relaxation rate γ2 and at resonance (�ω = 0),
reaches the maximum value given the quantum Fisher infor-
mation, as highlighted in Fig. 15(b). Concerning the practical
point of view, we point out that the maser approach represents
a technique to detect the clock transition through the atomic
coherence [17,34].

In Fig. 15(a) we can clearly see the presence of a dip at
�ω = 0. If compared with the results from Rabi and Ramsey
schemes in ideal conditions, where the Fisher information
achieves the maximum at resonance, this result could sound
odd. However, this follows from the very definition of the
Fisher information and an analogous behavior emerges also
in the Rabi and Ramsey schemes when the excitation prob-
abilities do not reach 1 at resonance (see, for instance, the
discussion at the end of Sec. II C and Fig. 11). In fact, while
the derivative with respect to ωA of all the elements ρl van-
ishes at resonance (there is a maximum or a minimum), as one
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(a)

(b)

FIG. 16. (a) Plot of the single-level Fisher information F (CPT)
ωA |l ,

l = C, NC, 3, as a function of �ω/2�p. We set γ2 = 400 s−1 and
�p = 104 s−1. (b) Same as in (a) but now we set γ2 = 0, that is, we
neglect the relaxation of the ground-state coherence. As expected, the
maximum is achieved at ωL1 − ωL2 = ωA. See the text for details.

can see, for instance, in Fig. 14, in realistic conditions, none
of these reaches 1 or 0 due to the presence of the relaxation
of the ground-state coherence γ2 > 0. Hence, the Fisher infor-
mation vanishes and the quantum Fisher information displays
a dip as well. Nevertheless, in actual experiments one can
postprocess the data to “normalize” the measured quantities:
The effect of this normalization is that the elements ρl now
can reach 1 or 0 and the Fisher information no longer goes to
zero at resonance but reaches a maximum, as expected. This
can be seen in Fig. 15(b), where we neglected the relaxation
of the ground-state coherence by setting γ2 = 0, which is
mathematically equivalent to suitably normalizing the matrix
elements ρl , as one can see in particular from Eq. (42b). To
better investigate the latter consideration, we can evaluate the
Fisher and the quantum Fisher information associated with the
measurement of just one of the states |l〉, with l = C, NC, 3
(analogous results are obtained addressing the energy-level
states). Since now the measurement outcome is dichotomic,
the Fisher information can be written as

F (CPT)
ωA|l (�ω) = [∂ωAρl (�ω)]2

ρl (�ω)[1 − ρl (�ω)]
. (53)

This makes evident that, at resonance, F (CPT)
ωA|l vanishes since

∂ωAρl (0) = 0 but ρl (0)[1 − ρl (0)] �= 0. If we set γ2 = 0 or,
equivalently, suitably normalize ρl as discussed above, we still
have ∂ωAρl (0) = 0 while now ρl (0)[1 − ρl (0)] = 0 and the
Fisher information reaches a maximum as shown in Fig. 16.

IV. CONCLUSION

In this paper we have investigated the ultimate quantum
limits to the achievable uncertainty in the estimation of the
transition frequency between two atomic levels.

We have used classical and quantum estimation theory to
assess the three most important techniques in this field and
proved that measuring the atomic population allows one to
reach the minimum uncertainty. We have also shown that
the Ramsey method beats both the Rabi and the CPT per-
formance, confirming the current experimental evidence and
justifying it within the framework of estimation and quan-
tum estimation theory. In the case of the Rabi and Ramsey
schemes, we investigated the effect of cavity coupling fluctu-
ations: As expected, we have found a reduction of the actual
value of the Fisher information and of its quantum counter-
part, but our analysis has shown also that both of them drop
to zero at resonance. The latter finding can be explained by
considering that in the noiseless case the Cramér-Rao theorem
cannot be applied at resonance, since here the statistical model
changes its rank; however, when noise is considered, the rank
of the statistical model remains always the same, leading to
the found dip. A noiselesslike behavior can be restored by
suitably postprocessing the data and rescaling the involved
probabilities.

On the CPT side, we have found that the Fisher and the
quantum Fisher information coincide for any value of the
detuning �ω = ωA − ω, whereas for the Rabi and Ramsey
methods, the quantum Fisher information is sensibly higher
that the classical information only for nonzero values of �ω.
We believe that this can foster new investigation in the search
for different detection schemes able to reach that limit ad-
dressing also the coherences between the involved levels.

Even though the Ramsey method proves more effective
in terms of Fisher information compared to Rabi and CPT
techniques, it is nevertheless evident that some applications
require very small devices (see, for example, Ref. [35]) for
which coherent population trapping is particularly suited,
since the clock transition is excited without the need of any
microwave cavity. Also, in optical clocks the Rabi interac-
tion is widely used, being much easier to implement than
the Ramsey one. In this paper, however, we analyzed the
three techniques from a statistical point of view, regardless
of the implementation and practical uses of the clock. Our
results may in turn foster further investigations beyond the
well-established measurement schemes employed in atomic
clocks. To this aim, in future investigations, we aim to ex-
amine the impact of physical noise sources (such as laser
phase fluctuations and collision-induced decoherence) on the
quantum Fisher information and its classical counterpart. This
is particularly relevant in the context of the CPT scheme,
where the clock signal is directly linked to atomic coherence.
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APPENDIX A: DERIVATION OF EQ. (7)

A two-level atom, with transition frequency ωA between
the ground (|g〉) and the excited (|e〉) states, is described by
the Hamiltonian

HA = h̄ωA

2
σz, (A1)

with σz = |e〉〈e| − |g〉〈g| the Pauli matrix. We assume that
the atom interacts with an oscillating electric field �E (t ) =
E0�εF(e−iωt−iφ + eiωt+iφ ) inside a cavity, where E0, ω, and �εF

are the amplitude, the frequency, and the polarization of the
field, respectively. If we assume the dipole approximation,
the interaction between the atom and field can be described
by the Hamiltonian

Hint = −D̂ · �E (t ), (A2)

where D̂ = �d (σ+ + σ−), with �d the dipole transition moment,
whereas σ+ = |e〉〈g| and σ− = |g〉〈e| are the raising and low-
ering operators, respectively.

Upon introducing the detuning �ω = ωA − ω, the total
Hamiltonian can be written as

H = h̄�ω

2
σz + h̄ω

2
σz

− h̄	0

2
(σ+ + σ−)(e−iωt−iφ + eiωt+iφ ), (A3)

where 	0 = 2 �d · �εFE0/h̄ is the Rabi frequency.
In the interaction picture with respect to the Hamiltonian

H0 = h̄ω

2
σz, (A4)

and performing the rotating-wave approximation, i.e., neglect-
ing the terms proportional to e±2iωt , Eq. (A3) becomes

H̃ = h̄�ω

2
σz − h̄	0

2
(σ+e−iφ + σ−eiφ ) (A5a)

= h̄	

2
�n · �σ , (A5b)

where �σ = (σx, σy, σz ) is the vector of the Pauli matrices, 	 =√
	2

0 + (�ω)2 , and

�n = − 1

	
(	0 cos φ,	0 sin φ,−�ω). (A6)

Thereafter, the evolution operator (in the interaction picture)
reads

Ũ (	0; t ) = exp

(
−i

H̃
h̄

t

)
(A7a)

=
(

At (	0,�ω) e−iφBt (	0,�ω)
eiφBt (	0,�ω) A∗

t (	0,�ω)

)
, (A7b)

with

At (	0,�ω) = cos

(
	t

2

)
− i

�ω

	
sin

(
	t

2

)
, (A8a)

Bt (	0,�ω) = i
	0

	
sin

(
	t

2

)
. (A8b)

In Eq. (A7b) we used the matrix formalism, where we consid-
ered as the basis

|g〉 =
(

0
1

)
, |e〉 =

(
1
0

)
. (A9)

Now, given the evolved state

|ψ (t )〉 = Ũ (	0; t )|g〉, (A10)

if we choose the interaction time such that 	0t = π , namely,
in the presence of a π pulse, the probability

p(e)
ωA

(ω) = |〈e|ψ (t = π/	0)〉|2 (A11)

is equal to Eq. (7).

APPENDIX B: DERIVATION OF EQ. (13)

The evolution through the cavities is still described by
the evolution operator given in Eqs. (A7), whereas the free
evolution, in the interaction picture, is obtained by applying
the operator

Ũfree(t ) = exp

(
−i

�ωt

2
σz

)
(B1a)

=
(

exp(−i �ωt
2 ) 0

0 exp(i �ωt
2 )

)
. (B1b)

If the interaction time is τ for both cavities, the whole evolu-
tion can be written as

|�T (τ )〉 = Ũ2(	0; τ )Ũfree(T )Ũ1(	0; τ )|g〉, (B2)

where Ũk (τ ) is given in Eqs. (A7) with φ = φk and, without
loss of generality, we can assume φ1 = 0 and φ2 = φ. Now if
we now assume φ = 0, τ = π/2	0 (that is, a π/2 pulse), and
T = κτ , the probability to find the atom in the state |e〉 after
the whole evolution is

P(e)
ωA

(ω; T ) = |〈e|�T (τ = π/2	0)〉|2, (B3)

which leads to Eq. (13).

APPENDIX C: DERIVATION OF THE QUANTUM FISHER
INFORMATION FROM THE CPT DENSITY MATRIX

To evaluate the quantum Fisher information from Eq. (6) it
is enough to find the eigenvectors |ψl〉 and the eigenvalues rl ,
l = 1, 2, 3, of the density matrix ρ̂ whose matrix elements are
given by Eqs. (42). We have

|ψ1〉 = (1 − i�̃)|1〉 +
√

1 + �̃2|2〉√
2(1 + �̃2)

, (C1)

|ψ2〉 = (1 + i�̃)|2〉 −
√

1 + �̃2|1〉√
2(1 + i�̃)

, (C2)

|ψ3〉 = |3〉, (C3)
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where |l〉, l = 1, 2, 3, are the three energy levels of the atom
and

�̃ = �ω

γ2 + 2�p
. (C4)

The corresponding eigenvalues ρ̂|ψl〉 = rl |ψl〉 are

r1 = 1

2

(
1 − 2�̃p√

1 + �̃2
− r3

)
, (C5)

r2 = 1

2

(
1 + 2�̃p√

1 + �̃2
− r3

)
, (C6)

r3 = 2�p

�∗
γ̃ + �̃2

1 + �̃2
, (C7)

with

γ̃ = γ2

γ2 + 2�p
, �̃p = �p

γ2 + 2�p
. (C8)

Finally, the analytic expression of the quantum Fisher infor-
mation can be retrieved through straightforward calculations
from

H (CPT)
ωA

(�ω) = 2
∑
m,n

∣∣〈ψn|∂ωA ρ̂|ψm〉∣∣2

rn + rm
, (C9)

where m, n = 1, 2, 3. Due to its clumsy appearance, it is not
reported here.
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