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Abstract We derive threshold resummation of semi-inclusive

deep-inelastic scattering (SIDIS), by building upon previous
results by some of us for the resummation of the Drell-Yan
process at fixed rapidity, which is related to SIDIS by cross-
ing. We consider both a double-soft limit, in which both the
Bjorken and the fragmentation scaling variables tend to their
threshold value, and single soft limits in which either of them
does. We show that in the former limit only soft radiation con-
tributes, and in the latter limit only collinear radiation, and we
derive resummed expressions for the coefficient functions in
all cases. We determine explicitly resummation coefficients
in the nonsinglet channel up to next-to-next-to-leading log
by comparing to recent fixed next-to-next-to-leading order
results. Expanding out the single-soft resummation we repro-
duce recent next-to-leading power results.
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1 Introduction

Interest in Semi-Inclusive Deep Inelastic Scattering (SIDIS)
has been growing recently, in view of physics at the forthcom-
ing Electron-Ion Collider (EIC) [1], and indeed two indepen-
dent groups have recently computed coefficient functions for
this process up to next-to-next-to-leading order (NNLO) [2-
5]. It was pointed out long ago [6] that, because SIDIS
is related by crossing to Drell-Yan production, threshold
resummation can be achieved for the former by using well-
known results for the latter process.

Of course, SIDIS coefficient functions depend on a pair of
scaling variables: the Bjorken variable x, physically related
to the fraction of the incoming hadron momentum carried by
the incoming parton, and the fragmentation variable z, related
to the fraction of the final state parton that fragments into the
final-state hadron. The crossing relation therefore relates it
to the rapidity distribution of the Drell-Yan process, that can
also be parametrized by two scaling variables, x; and x»,
related to the momentum fractions of the incoming partons.

The threshold resummation obtained by crossing in
Ref. [6] corresponds to the threshold resummation that was
derived long ago in Ref. [7] for the Drell-Yan rapidity dis-
tribution in the limit in which both scaling variables tend
to their threshold value. In the case of Drell-Yan this is the
limit in which the available center-of-mass energy tends to
the threshold value needed to produce the desired final state,
namely the final-state gauge boson mass. This resummation
for Drell-Yan has been extended recently up next-to-next-
to-leading log (NNLL) matched to NNLO in Ref. [8], and
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next-to-leading power in Ref. [9]. Exploiting crossing, these
results have been used to derive the corresponding resumma-
tion for SIDIS at increasingly high logarithmic accuracy and
then also to next-to-leading power in Refs. [10-13].

The resummation of the Drell-Yan rapidity distribution
has been extended to the case in which only one of the scal-
ing variables tends to its threshold value using SCET tech-
niques in Refs. [14,15], and more recently by us [16] using
the renormalization-group based approach to soft resumma-
tion in direct QCD of Ref. [17]. Here we show that using
techniques very similar to those of Ref. [16] it is possible to
similarly perform resummation of SIDIS in the limitin which
the Bjorken variable tends to its soft limit, but for fixed values
of the fragmentation variable, or conversely.

In the case of Drell-Yan these single soft limits correspond
to the case in which the final-state gauge boson is boosted by
a fixed amount along the direction of one of the two incoming
partons in the partonic center of mass frame, and the energy
tends to the minimum value which is necessary in order to
produce this configuration. This corresponds to the situation
in which only the collinear radiation which is necessary in
order to produce the required boost survives. In the case of
SIDIS, as we shall show, the two soft limits similarly corre-
spond to the case in which only radiation collinear to either
the incoming or the fragmenting parton is allowed, and this
is why the same resummation formalism applies.

We first derive a general resummation formalism by adapt-
ing to this case the formalism of Ref. [16]. This essentially
amounts to deriving the kinematic configurations that cor-
respond to the various soft limit and, as in our previous
work [16—18], determine the relevant soft scales through a
phase-space analysis. The resummation of the dependence on
the soft scale then follows using the argument of Ref. [16],
and the resummation coefficients can be determined by com-
parison to the fixed order. We will determine them explicitly
in the nonsinglet channel up to NNLL accuracy by matching
to the fixed order results of Ref. [3,5], thereby also obtaining
a nontrivial consistency check of the resummation.

2 Kinematics and the soft limit

We consider resummation of SIDIS coefficient functions.
Because we will match our resummed results to the fixed
order results of Refs. [3,5] we follow notation and conven-
tions of these references. The measured cross-section for the
process

H(P1)+ G(g) = h(Py) + X, ey

where G is an off-shell gauge boson, is parametrized by struc-
ture functions ]-'112(5, Z, Q2), with F =L, T, 3 and

0% = —¢*, 2
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The structure functions can be factorized in terms of parton
distributions f; and fragmentation functions Dﬁ’ as

fh@;Q)—Z/ dx/ —ﬁ( )

s
0%’ 0% Q?

o (£.). )

The kinematics of the partonic subprocess

xCl; (x,z,as(uﬁ ,

Qi(p1) + G(q) = (p2) + X(k), (6)

is parametrized by the scaling variables

2
‘e 2le %)
Pl Pz ®)
P1-9q

We will henceforth focus on the partonic cross-section, and
study the partonic process Eq. (6), which can be thought of as
a2 — 2process, parametrized by the masses of the incoming
gauge boson, g2 = —(Q?; the invariant mass of the system
X that recoils against the final-state parton, k2; and the two
Mandelstam invariants

1_
s=(p1+q?= QZTX )

22

t=(p1—p)’=-0 < (10)

Resummation is performed in Mellin space, where the
double convolution of Eq. (5) reduces to an ordinary product:

FEN. M. 0 =" fitN. bt

ij
I‘LR Ml Mz h 2
x (N M, ag(ud), 25, =5 22 ) DM, 1id), (1D
( § VPR Q2 Q2 Q2 J 2
where

1 1
Fi(N. M, Q%)= fo dge"™! /0 dseM I Fp (5.5, 0%).
(12)
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and
1
ﬁ(N,u§)=‘A dxxV f e i), (13)
1
D?UW}M§)=QA dz M1 Dz, ), (14)
2 2 2
2. Mg M7 M3
Cl‘l; (NanaS(lu/R)ﬂQ_l;aQ_lz7@>
1 1
=/ dxxN”/ dz M1
0 0
2 2 2
F 2y Mr M1 MKy
X C,] <x’ 2, aS(H’R)ﬂ av @7 a) . (15)

By abuse of notation we denote the Mellin transform of
cross sections, parton distribution functions and fragmen-
tation functions with the same symbol as the untransformed
quantities. This should not cause any confusion, as long as the
arguments of the various functions are explicitly indicated.

2.1 Soft limits

Inclusive DIS is a 2 — 1 process with one massive object,
and thus it is parametrized by two invariants, that can be
chosen as Q2 and the center-of-mass energy s Eq. (9), or
equivalently the scaling variable x Eq. (7). The soft limit is
defined as that in which s — 0, so x — 1. Because SIDIS
is the 2 — 2 process of Eq. (1), with two massive objects G
and X, we have two more invariants, that we may choose as
k2, the invariant mass of the system that recoils against the
final-state parton, and 7 Eq. (10). We may then define several
distinct soft limits, corresponding to different physical limits
of both the partonic and the hadronic process. In order to
understand them, we first study the kinematic bounds on the
invariants of the process.

The kinematic bounds for the Mandelstam invariant # can
be easily worked out in the center-of-mass frame, where

p1=(E.0,0,F) (16)
qg=KE*—-Q2%0,0,—E) (17
p2 = (E',0, E'sinf, E' cos ) (18)

k=GE?+k20,—E sin0, —E’' cos9) (19)

with k2 > 0. In this frame

G E+VE =g e 4B R, 20)

which give E and E’ as functions of invariants:

s+ Q? . s —k?
E= . E = . 21
NG NG @D

As a consequence

t=(p1— p2)> = —2EE'(1 — cosb)
5+ 0HG — k)

= - (1 —cosh) (22)

and therefore

5+ 0HG kY
N

<t<0 (23)

when 0 < 0 < 7. The minimum value of ¢ is attained when
k2 = 0, hence for fixed s

M <1 <0, (24)

o (54 07) = -2

X

(25)

The kinematic limit for k% can be determined substituting
Egs. (9, 10) in Eq. (23). We find

2 2
i (26)
X X 1 —x
whence
K< sz. 27)

X

The soft limit is in general that in which all radiation is
suppressed, so the process tends to the leading-order process.
At leading order p; + ¢ is the momentum of an on-shell
parton, hence Eq. (9) implies that x = 1, while p; — p» =
—q, hence Eq. (10) implies that z = x. We can consequently
define: a double soft limit, as the limit in which both x — 1
and z — 1; and two single soft limits, in which x — 1 at
fixed z or z — 1 at fixed x. Clearly, in terms of Mandelstam
invariants the limit x — 1 at fixed z corresponds to the case
in which s tends to its minimum, s — O but ¢ takes some
fixed value in the limit, while the limit z — 1 at fixed x
corresponds to the case in which ¢ tends to its minimum
Eq. (25), 1 — ™" but s is fixed.

The physical meaning of these limits can be understood in
terms of the allowed radiation in each case. In the limitx — 1
from Eq. (7) we have (p; + 9)* — 0. Using momentum
conservation,

(P1+a)P =2+ =k*+2py -k — 0, (28)

which is achieved when k is either soft, k — 0, or massless
and collinear to p2,k — ap;.Inthelimitz — 1 instead from
Eq. (8) we have p1 - po — p1 - ¢, so using again momentum
conservation

pr-(p1—k)=—p1-k—0, (29)

@ Springer
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which is achieved when £ is either soft, k — 0, or massless
and collinear to p1, k — bp;.

It follows that the double soft limit corresponds to the
case in which k is soft, while each of the two single soft
limits corresponds to k being either collinear to p; or to p».
In particular the two limits for the non-soft scaling variable
are respectively given by
P1-p2 1

lim z= lim = , (30)
k—aps k—ap» p1-p2+p1-k  1+a
— k — p1)?
lim x= fim —P2Tk=pPO" 31)
k—bp k—bp1 2p1 - (p2+k)

Aspointed outin Ref. [6] and as mentioned in the introduc-
tion, SIDIS is the crossed process to Drell-Yan, and indeed
these soft limits are in one-to-one correspondence with the
soft limits of the (partonic) Drell-Yan rapidity distribution,
discussed in Ref. [16]. Specifically, one can view the Drell-
Yan partonic process at nonzero rapidity asthe 2 — 2 process

Q1 (p1) + Q(p2) = G@) + X (k), (32)

in which two incoming massless partons Q; produce a gauge
boson with mass ¢g> = Q2 and a partonic system with invari-
ant mass k2 that recoils against the gauge boson in order for
it to have nonzero rapidity.

The crossing relations between the two sets of momenta
are

P1 < DI (33)
p2< —p2 (34)
k< k (35)
q < —q (36)

and the relation between Mandelstam invariants is
s <t 37
The scaling variables for the Drell-Yan process can be

defined by choosing the partonic center-of-mass frame, in
which

p1L= g(l,(), 0,1) (38)
ﬁz:%g(l,o,()’—l), (39)

and then letting

X1Xp = — (40)
N

—=e”, 41)
where y is the rapidity of the gauge boson.

@ Springer

The double soft limit x; — 1, x, — 1 then corresponds to
the case in which s — 2, so all radiation is suppressed and
k is soft. The two single soft limits x; — 1 with x» fixed and
conversely correspond to the case in which the rapidity of the
gauge boson is fixed in the limit, and s reaches the minimum
value compatible with this requirement. This means that the
transverse momentum of the gauge boson then tends to zero,
and consequently in the center-of-mass frame k is massless
and collinear to the incoming partons, specifically collinear
to p1 or to pp according to whether x; is fixed and xo — 1
or conversely. The physical interpretation of the two limits
is thus the same for SIDIS and Drell-Yan.

2.2 The phase space measure in soft limits

In this Section we work out an expression for the phase space
measure for the SIDIS process with the emission of n mass-
less partons. Following the approach of Refs. [16-18], the
goal is to show that in the soft limit all the dependence on the
scaling variable goes through a dimensionful combination
that corresponds to the soft scale of the process. The phase
space measure can be written as

dnr1(p1+q; p2, ki, ..., k)
kaIX k2
=/ 2—d¢2(P1 +q; p2, k) dou(k; ki, ..., ky)
0 T
(42)
where R ) )
—0)(1 -z
krznax = szv (43)

as shown in Sect. 2.1. We first compute the two-body phase
space in d = 4 — 2¢ dimensions

d¢a2(p1 + q; p2, k)
B ddflk ddfl I
- m)d12k0 (27)d-12
_ 1 d"p,
~4Qm)d=2 pdk0

. @m)? 8D (p1+q — p2—k)
2

s(P)+q"—p—k). @

We adopt the center-of-mass frame defined in the previous
subsection, and we switch to (d — 1)-dimensional polar coor-
dinates for p,. After performing an irrelevant azimuthal inte-
gration, we get

d

. 1 2n
IR CY

|p21973d | pa|
VIp2|* + k2
x 8 (ﬁ— 1p2l — \/Ip2I? +k2> :

(45)

[N]

do(p1 + q; p2, k)

x sin?™*0d cos 6
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The energy delta function

) («/E— P2l =/ 1P21? +k2)
VIR AR (L s =k
_Ts <|P2|_ 2\/5 ) (46)

can be used to perform the | p | integration. The only remain-
ing independent variable, the scattering angle 6, can be traded
for z:

. — k2
—ppz_ S (1 —cos ) 47
P1-q 2s
2
sing = 25 (=9 — 1. 48)
s — k2

Hence, setting as usual d = 4 — 2e,

1 @) [s—k> . \ =
sin @ dz

dgn(p1+q; p2, k) =

8T (1—€) \ 25
(49)
and the phase space in Eq. (42) becomes
(4m)€
d s P2k, ky) =d7 —————
Snr1(p1 + g5 p2. ki n) o
/k,%mdﬂ s — k2 - _2Ed¢(kk N
X — | = sk, .o k).
o 2r \ 25 nE e B
(50)

We can now collect all the dimensionful dependence by
setting

K =vk2,: 0<wv<l, (51)

so that

dk? = dv sz. (52)
X

The factor

2

(S_kzsin9> —z[s(1 —2) — k] =k z(1—v) (53)
Zﬁ = 7| - - — "max -

is simply the squared transverse momentum of the radiated
system, as one can read off Egs. (19) and (21). We see from
Eq. (43) that it vanishes both in the double soft and in the sin-
gle soft limits. The phase space d¢, (k; k1, ..., k;) has the
same structure as in deep-inelastic scattering, with incom-
ing momentum k. As in Ref. [17], it is written in terms of

a dimensionless integration measure, with the dimension-
ful dependence contained in a power of k2. Thus, following
Ref. [17], we obtain

N(e n—1
dgn(k; ki, ... kn) =27 [—}
2
(kz)n—2—(n—l)€d9n—l(€)’ (54)
where N(¢) = W and

A" Y e) =dQ - dS2_1

1
x f A2y 12" 070D — g i
0

1
/ d2225 (1 — 7). (55)
0

The definition of the dimensionless z; variables is irrelevant
here.

We are now in a position to discuss the scale dependence
of the phase space in the soft limits. As shown in Sect. 2.1,
k* — 0 as either x or z approach 1. In then follows from
Egs. (50, 54) that the dimensionful dependence of the full
phase space is entirely contained in powers (A2)"€ of a soft
scale

A’ =k2, = 0*1—x)1 -1 +0d—x)]. (56)

The logarithmic dependence of the cross section then comes
from the interference with poles in € that arise when integrat-
ing over the squared amplitude with the remaining dimen-
sionless measure [17]. In the double soft limit the soft scale
is thus given by Eq. (56), while in each of the two single soft
limits the variables 1 — z or 1 — x are not soft, and thus the
soft scale can be equivalently taken to be equal to Q*(1 — x)
or Q%(1 — z) respectively, up to a finite rescaling factor.

3 Resummation up to NNLL accuracy

The main result of Sect. 2 is that the SIDIS structure func-
tions depend on a single soft scale in both the double soft
and the two single soft limits. The situation is identical to
that encountered when deriving the corresponding limits of
the Drell-Yan process, discussed in Ref. [16], and the under-
lying physical reason is the same, namely, the collinear nature
of these limits. Resummation can then be performed follow-
ing the same argument as in Ref. [16]. We first summarize
the resummed results, then determine the resummation coef-
ficients by comparison to the fixed order calculation.

@ Springer
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3.1 The resummed coefficient function

Resummation is performed in Mellin space, where the soft
scale Eq. (56) becomes [16]

2

A= 2 (57)
MN

The double soft limit corresponds thento M — oo, N — 00,
while the two single soft limits corresponds to either M —

oo with finite N or conversely In the two single soft limits

the soft scale thus becomes % or Q up to a finite rescaling

by the non-soft Mellin variable. Resummatlon is performed
by only retaining terms in Mellin space that do not vanish in
the respective limits.

Resummed results are found by a rerun of the argument
of Ref. [16]. We note that only the transverse structure func-
tion is enhanced in the soft limit. For this reason, to simplify
notations, we omit henceforth the F label that distinguishes
different structure functions. In the double soft limit, choos-
ing u2 = 3 = u3 = Q? the resummed coefficient function
is given by

Cay (N M,y (0Y) = €&, (s(0h) exp

/QZ di?
X
2 12

N

2

A (s (K2) 1
[(ot())n 0

DdS (a2(k2))i|
(58)

where both parton indices are taken to be g because in the
soft limit only the quark-quark channel is enhanced.

In Eq. (58) the functions A, Dds and C?Sq o are all power
series in o

o
Aglay) = z; (%) A (59)
o
o
D) =Y (2) Dl (60)
n=1
o0
co (@) =1 +Z(‘;‘T‘) cdsm, (61)

—_

n=

A, is the quark cusp anomalous dimension. Assuming
knowledge of the cusp anomalous dimension up to (’)(oszr1 ),
the fixed N¥LO result fully determines N*LL resummation;
below we will determine Ddf] and Cf”qq up to C’)(a?) by
comparison with the fixed order calculation [2-5].

In the single soft limit, up to leading power accuracy,
only soft diagonal radiation is allowed from the soft parton,
which thus for the DIS process must be a quark, while all
collinear radiation is allowed from the non-soft parton. The

resummed coefficient function is consequently labeled by a

@ Springer

quark index and a parton index j, that runs over all parton
flavors, for the non-soft parton. In order to ensure consistency
of the resummed result with standard perturbative evolution,
which dictates the dependence on ,u% = Q7 of the coeffi-
cient function, the parton index j must run over evolution
eigenstates [19]. Considering for definiteness the x — 1,
N — oo single soft limit, the resummed result is then

s (N, M, aS(QZ)) (o (as(Qz), M) exp

0? 2
X /2 dkkz |:A (as(kz))ln& — D (« f(kz),M)].

g 0
62)

The result in the z — 1, M — oo limit has the same form,
but with N <> M. The functions Dsi. and C3° ; now depend
parametrically on the non-soft variable. In Eq. (62) the soft
scale is

2
—5 0
ASS == W (63)
The result can of course be rewritten by choosing any scale
A2 = kA2 that differs by a finite factor k, such as specifi-
cally the double soft scale A2 Eq. (57).

3.2 Expanded resummed results

In order to determine the resummation coefficients, we match
the resummed expression to the fixed order calculation up to
(’)(asz), specifically using the result of Refs. [3,5]. As men-
tioned, whereas in the double soft limit only the quark-quark
channel is enhanced, in the single soft limit the non-soft par-
ton can correspond to any parton flavor. Here we will only
consider the nonsinglet contribution, hence we only match
and resum the C'qq, Ns coefficient function. We will drop the
NS subscript and implicitly denote with gg the nonsinglet
quark channel.

The fixed-order Mellin-space expressions that we used
are listed in Appendix A.3. They have been obtained by us
starting from the NNLO (x, z)-space expressions of Ref. [3,
5], and performing the Mellin transform of the distributional
contributions using the Mathematica packages MT [20]
HarmonicSums [21].

The matching procedure requires the expansion of the
resummed results in the double soft Eq. (58) and single soft
Eq. (62) cases. We note that the double soft and single soft
expressions have the same form when expressed in terms of
a variable

A = Boas (0L (64)

where L is alarge log, though with different coefficients A ((1") ,
D,.(;.” and C,.(j'.’) Egs. (59-61), and in general a different choice
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of the large log L. It is furthermore convenient to write results
in terms of modified Mellin variables [7], defined as

N =Ne"®; M= Me'E, (65)

where Y is the Euler—Mascheroni constant, as this leads to a
simplification of the resummation coefficients. We then take
as large logs in the double soft limit

= In(NM), (66)

while in the single soft limit we give results in terms of the
large logs In N or In M respectively, but also in terms of
In M N, which of course when either M or N are fixed and
finite differs from them by a finite rescaling of the argument
of the log.

Performing the integral over scale, the resummed results
have the form

Cuq (N, M, as(Qz))

1
:gdmkm(ggmm+gﬂm+aﬂﬂm+.”>

(67)
where
o\ 2
golay) = 1+ g2 4 g (—5) T (68)
T T
and
A
g1 = 2 A+ 0 =2)1In(1 =2)), (69)
7By
A
gr(h) = b (2A+1n (1—A)+21n(1—,\))
AP DY In(1 =)
A4 log(l—a)) + 44—~ %7 70
,3(%( og( ) B0 (70)
() =471 5 =) + (1 = 2)
ST R T—n ( )
(l)b 2
q P2 A
— 9 72 (og(1 =) — Alog(1 —A) — = 42
nﬂé(l—k)(og( )~ hog(l =) — - + )
A(Z)bl (Az )
—4 7 L4 4log(1 —n)
w221 - 1)
. a2 pgh
2385(1— 1) TPl =)
!
qubl
oty =2, (71)

where b; = % for i > 1. The coefficients By and B; are
explicitly given in Appendix A.1.
Expanding now Eq. (67) up to order ozf we get

Cyy (N, M, as(Qz))zl—i-% (

(12
+(—) A pag s A(l)nﬂ A(”D“)
T

(1
q £2 D(1)£+g(l)>

1 1 2
2 (1) (1) 2) (1) ()
+/:< Ag'80" + Ay — 5mhoDyg +2qu>
+L ( D — ‘2)) + g((f)} +0@)). (72)

Resummed results will be given in both the double soft
and single soft limit, in the latter case with two different
choices of soft scale, by determining in each case the val-
ues of the coefficients Af]l), D;’q) and g(()l) to be used in the
expressions Eqs. (67-71). Note in particular that the func-
tion gy does not in general coincide with the functions C4*
and C}* Eqgs. (61-62), because different choices of soft scale
can reshuffle constant terms between the exponential and the
unexponentiated prefactor.

3.3 Double soft

As mentioned in the introduction, resummation of SIDIS in
the double soft limit was already presented in Refs. [10]
(NLL), [11] (NNLL) and even N3LL [12], also includ-
ing next-to-leading power corrections. In these references,
resummed results were obtained using crossing symme-
try [6], exploiting the close connection of differential to
inclusive resummation [7], and using recent higher-order
results for the inclusive resummation functions A and J (see
e.g. [22]). We present here resummation up to NNLL with
coefficients determined by matching to the fixed order result,
which sets the stage for our new results on resummation in
the single soft limit, and also provides an independent cross-
check of the consistency of the fixed order and resummed
results.

The coefficient function in the double soft limit is at NLO

Jrof)ra(l). o

Lo o)

W L2 7'[2
Cog =CF (7 + i

and at NNLO
(2)
C (N, M)
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1535 572 7n4+151
192~ 16 ' 720 s

127 1
+Cpr[9—6+”—+1{;]+(9( >+O(M)'

(74)

Comparing to Eq. (73) we immediately get the NLL coef-
ficients

AV =cCp (75)
ds(l) _
DY =0 (76)
S0 _ e, (2 _4) = cr - 9) (77)
8049 = “F \ g =CLr (2 )

where of course the value of Ag) provides a consistency
check, as it is already fixed by LL resummation, and the
full NLL resummation requires knowledge of the NLO cusp
anomalous dimension, which is given by

1 67 w? 5
ap = tes [(E - ?) Ca §Nf} | 78)

Atorder asz, comparing to Eq. (74) we reproduce Eq. (78),
and we find

_ 1 o1 7
2 F 27 28

5.2 _ o2 511_71_2_71_4_E§3
0.99 Flea 16 60 4

14
ds,(2)
DY >CA+27N } (79)

L e 1535 572 N T N 151
FCal =79 16 T 720 T 36 B
127 7?2 &
CrN — 422, 80
+CpNy [ o6 Toa T 18] (80)

which fully determine the NNLL resummed result, together
with the NNLO cusp anomalous dimension given in Refs. [22,
23]). This agrees with the results of Ref. [11] (note that the
definition of the coefficient D; in this reference differs by a
factor 2 from our own).

3.4 Single soft

We now turn to the new result of this paper, namely the coeffi-
cients that determine the single soft resummation in the nons-
inglet channel. In order to perform the matching efficiently, it
is useful to expand the fixed-order results in powers of either
of the large logs corresponding to the two single soft limits,
namely

@ Springer

Cog(N. M) =1+ (fz(l)(M) 2 N + (M) 1nN+f0(”(M)>
+ (n ) (£ 000 N+ 12 ) 0’ N
+A2 M) N + FPM)In N + fo(z)(M))
+o( )+O(a) (1)
Cog(N, M) =1+ = (h“>(1v)1n M+h"(N)In M + h(l>(N))
+ (ﬁ) (hf?(N) In* M + hP (N) In® M
+h (NYIn® M+ hP (N) In M + h((f)(zv))
+o<$> +O(ad). (82)

The explicit expressions of the functions fl.(j )(M) and
h'" (N) are given in Appendix A.3.

3.4.1 x-single soft

Taking as expanded resummed expression Eq. (67), but now
with

L=InN, (83)

and comparing with the expressions of the functions fl.(j ) (M)
given in Appendix A.3.1 we get

AD = cp, (84)
1 67 5

DM = 79, (86)

sts,(l)(M) = Dds’(z) —mBoF (M) + 37(,((1])1\[13(1‘/1), (87)

g ) = g + Fom = 1P ), (38)

g2 ) = 720, ®

Here )7;2) (M), )761(611)1\33 (M) are subtracted N’ LO timelike non-
singlet anomalous dimensions, obtained as the Mellin trans-
forms of the N'LO timelike nonsinglet splitting functions,
but with contributions proportional to 6 (1 — z) not included,
as explained in Appendix A.2. The suffix ¢ (for timelike) is
only present in the O(asz) coefficient because at leading order
the timelike and spacelike splitting functions coincide. Also,

2M2—M—

m+3 ($2(M)—¢2)

F(M)=%CF [S%(M)+

S1(M)
MM + 1)]' ©0)

Substituting these coefficients in the resummed expression
Eq. (62) gives NNLL resummation in the x-single soft limit.
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As mentioned, it might be convenient to rewrite this result
by choosing instead as a soft scale the same scale A2 as in
the double soft limit, so that now

= In(NM). on

In this case, the resummed expression has the same form as

in the double soft case, Eq. (58), except that the functions

go and D are now M dependent; we will denote them by
g% (M) and DXSS(M) We get

80,9
Ay =Cr, 92)
1 67 n? 5
2 _
AP = Cr [(E - ?) Ca— §Nf} . 93)
Dy V(M) =y (M), (94)
DO (M) = DS — mpoF (M) + 7 (M), (99)
gDy = g%t + F (M) (96)
= 0D M - [P OD I M + (),
(97)

Boga (M) =£,2 (M) In* M= £ (M) 1n® M+ £,7 (M)

> M — fP M)y M+ fP (M), (98)

where the expressions Egs. (97-98) of gé; (l)(M ) can be
obtained by noting that with the choice of scale ASS Eq. (63),
the coefficient of In* N coincides with the corresponding
coefficient fi(j )(M ) Eq. (81) of the fixed-order result, and
the resummed expression with scale A2 Eq. (57) is obtained
by that with scale A s Eq. (63) by simply letting everywhere
N — (InN + ln M)¥, expanding the result in powers
of In N, and then equating order by order the coefficient of
In* N to £ (M). In Egs. (94-96) we have defined

FM)=FM)+Cr |:lnM<lnM+m

—S1(M)) — %mz M} , (99)

and ?;;)’I(M ) are the anomalous dimensions but now with

also all logarithmic contributions subtracted, see Appendix
A.2, so that

Jim 7 (M) = 0. (100)
Furthermore,

lim F(M) =0, (101)
M—o0

because the extra terms in Eq. (99) remove all logarithmic
and constant terms from F (M).

Using this form of the resummed expression in the soft
limit it is easier to check that when M — oo the double soft
result is reproduced. Indeed, with this choice of scale the
resummed expressions in the double and single soft limits
have the same form, hence the single soft limit reduces to
the double soft limit provide only all single soft coefficients
become identical to their double soft form when both vari-
ables tend to to infinity. It is easy to check that this is the
case: the coefficients A?) Eqs. (92-93) are the usual coef-
ficients of the cusp anomalous dimension, and because of
Eqs. (100-101) the functions D® (M) and g1 (M) Egs. (94—
115) reduce to the M-independent form that they have in the
double soft limit. We have finally checked explicitly that the
constant also reduces to its double soft expression Eq. (80)
in the limit:

—xss,(2) (M) — ggi,](;)'

(102)
3.4.2 z-single soft

We turn to the case in which M — o0, so the large log is
now

L=InM. (103)

Results can be derived proceeding as in the x-single soft case.
We now get

AV = cp, (104)
1 67 n? 5
AP = _Cp|(=—-=)Ca—=Ns|, 105
o “27FI\18" 6 )" 9 (105)
ss, (1) — 50
Dz O(N) = 7O (N), (106)
Dy @(N) = D@ —moH(N) + 7 (V). (107)
S0y N) =80 q“) +HN) = hy (N). (108)
Zorgy” (N) = hg? (N, (109)
where the function H (N) is given by
1 S1(N)
H(N) = =Cp | S3(N) — ————
(V) 2F[1() N(N +1)
N+ s (N) (110)
NN + 1) '§) 2 .

Using instead the double-soft scale Eq. (91) we get

AP =Cr, (111)
1 67 w2 3
a0 — Lo 17 7N e O], .
A ANT I A N (112)
yzss, (1) ()
Dy (N) = 7,4 (N, (113)
D@ (N) = DE® — aoH(N) + 70xs (V). (114)
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- 1 1 1 N,
gy = ggnV + AN = b8P (V)In? N

— VNI N + AV, (115)
gD M) = hP (N In* N — nP (N) In® N+ hP (V)
In> N — A (N) In N + g (V) (116)
where now
1
H(N)=H(N)+Cp |InN (InN+——— — (N
(N)=HN)+ F[n <n el ))
1, -
N (117)

y® are the usual (spacelike) anomalous dimensions, 7 ()
denotes the anomalous dimensions splitting function with
constants subtracted and 7@ is the splitting function with
both constants and logs subtracted (see Appendix A.2) ,
which satisfies

0 _
Mlgnoo Vau (M) =0. (118)
Furthermore,

lim H(M) = 0. (119)
M— o0

3.4.3 Discussion

The interpretation of the resummed expressions in the double
soft and in the two single soft limits is transparent, and can
be summarized as follows:

e In the double soft limit, the resummed result is the same
as in the inclusive case, and consequently the origin and
meaning of the various contributions to the resummed
expression is the same. In particular, as discussed in
Sect. 2.1, in this limit all radiation is soft. The A term then
contains contributions from radiation that is both soft and
collinear, and indeed it is proportional to the cusp anoma-
lous dimension, which is by definition the soft limit of
the standard collinear anomalous dimension. The D con-
tribution only starts at NNLL, and it collects further soft
but non-collinear contributions.

e Because the double soft limit is a special case of the single
soft, if expressed using the same scale Eq. (91), the single
soft result reduces to the double soft by simply evaluating
all coefficients in the limit in which the non-soft variable
goes to infinity.

e The nontrivial single-soft generalization of the double-
soft result is embodied in the coefficients Dxgg @) (M) or

DI (M) and D (N) or D> (N). Their mean-
1ng is readily understood recalling that, as discussed in

@ Springer

Sect. 2.1, the purely single soft radiation is collinear.
Focussing on the case in which the same scale Eq. (91)
as in the double soft case is adopted, so Dy Dy

and DSZS (’)(N ) only contain terms that are power sup-
presses when their respective argument goes to infinity,
one notes that the NLL coefficient Dy is equal to the

subtracted leading-order anomalous dimensions yq(q) In
other words, it contains all radiation that is collinear to
the non-soft variable, up to the soft scale given by the
soft variable, in agreement with the results of Sect. 2.1
(recall Egs. (28-29), on top of the soft-collinear already
contained in the double-soft terms. At NNLL, the coef-
ficients Dy, @ (M) and D;qu’a) (N), which are already
nonzero in the double-soft limit, on top of a contribu-
tion equal to the NLO subtracted anomalous dimensions,
yqq)(N ) or )74(5) t(M ), also ~contain a~contributi0n pro-
portional to the functions F (M) or H(N). These (see
Eqgs. (96, 115) correspond to the contr1but10n to the NLO
constant go p (M ) orrespectively h M (N ), namely the
O(ay) contribution to the coefﬁ01ent functlon which is
respectively proportional to §(1 — x) or §(1 — z), on top
of what is already present in the double soft limit. Their
contribution to the Dyy” ‘@ (M) and Dgy @(N) coeffi-
cients amounts to running the argument of ag from the
hard scale Q7 to the soft scale Q?/N or respectively

Q0*/M.
The x-single soft and z-single soft resummation expo-
nents coincide up to NLL, because the timelike and space-

like splitting functions coincide at leading order
DI W(N) = DI D (N). (120)

However, this is no longer the case at NLO, and both
the NLO and NNLO constants and the NNLO resum-
mation coefficient found in the two single soft lim-

its differ: gy "' (N) # gf*v\"(N) and D V(N) #

zss (D (N)

As mentioned in the introduction, NLP corrections to the
double soft resummation were determined in Ref. [12],
using arguments from Refs. [24,25]. These were found by
adding to the double soft resummation coefficient Dds M
Eq. (76) a contribution equal to Q1 ( + Al,l) W1th the
coefficient Q1) determined by expanding the LO anoma-

lous dimension yq(g) (N) as

yON) =AU N+y(0)+%)+(’) ( ! ) (121)
Because of Egs. (118, 100), this manifestly corresponds
to including the first order contribution in the expansion
of the single soft coefficients D’m (1)(M ) Eq. (94) and

Dgy (1)(N ) Eq. (113) in powers of of their respective
argument about zero. Therefore, our results confirm the
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NLP results of Ref. [12], and it extends them to the full
single soft limit.

4 Conclusions

We have presented an extension to SIDIS of the asymmetric
threshold resummation formalism, previously developed for
the Drell-Yan rapidity distribution, using SCET [14,15], and
by some of us in direct QCD [16]. This asymmetric resumma-
tion of processes with two scaling variables resums large logs
arising when only one of the two variables is close to thresh-
old. This situation appears to be especially relevant in the
case of SIDIS, where the two scaling variables — the Bjorken
variable and the fragmentation variable — play different phys-
ical roles. Our results confirm in this somewhat more general
and perhaps nontrivial setting the crossing relation between
threshold resummation of SIDIS and of the Drell-Yan rapid-
ity distribution first suggested in Ref. [6]. Also, by verifying
that the fixed NNLO SIDIS results agree with the prediction
from NLL resummation, they provide a further nontrivial
check of the correctness of the asymmetric resummation of
Refs. [14-16].

These results are one step further in the direction of
enabling precision physics studies at the future EIC, by bring-
ing the theory of deep-inelastic scattering and related topics
up to the modern standards of precision QCD. They can be
used both for precision EIC phenomenology in kinematic
regions in which threshold resummation is needed in order
to achieve a good accuracy, and also in order to construct
an approximate form of higher fixed-order corrections, as
already done in Ref. [12] exploiting information from the
double soft limit. Both results can be arrived at by combin-
ing information from the double soft and the two single soft
limits.

This work provides a first proof of concept towards these
goals. In order to achieve them it will be necessary to extend
our results, that so far are restricted to the nonsinglet quark
channel, to include all partonic channels. For instance, at
large z and not too high values of Q2, small-x initial-state
partons provide a dominant contribution (see e.g. [5]) , soitis
crucial to include the singlet contribution to the non-soft leg
in the resummed expression Eq. (62). This entails some tech-
nical complications, because the resummation in Eq. (62), as
mentioned, must be performed in terms of evolution eigen-
states, which, as well-known, are not the same at different
perturbative orders. While the way to handle this situation
is also well-known [26], its implementation in a resummed
framework requires some care. Work in this direction is cur-
rently ongoing, towards the construction of fully matched
resummed and fixed order results and the study of their phe-
nomenological implications, in particular at the EIC [27].
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Appendix A

We collect for completeness and in order to fix notation
and conventions the expressions for the running coupling
up to NNLO and of the timelike and spacelike splitting func-
tions up to NLO and of their Mellin transforms (see e.g.
Ref. [28]). We then list the coefficients of the expansion of
the nonsinglet contribution to the Mellin-space coefficient
function C qT ¢(N, M) in powers of either of the large logs
corresponding to the two single soft limits, following the
notation of Eq. (81) up to NNLO, obtained using the results
of Refs. [3,5].

A.1 The QCD running coupling

The running coupling of QCD in the MS scheme to NNLL
accuracy is given by

o () = as(éue) |

(6 (m2e=meti-1) = b2t = )]

_ as(uR)

oy (/m)2

biInt +
i (28
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2
+ 0 ozsln—2 (122)
KR
where
M2
=1+ Boas(ur)In —- (123)
R
fo= o (11C4 — 2Ny) (124)
! 17C% —5C4N 3CrFN (125)
p1 = Y 2( 4 ANy —3CF f)
o L (857
27 64n3 \ 54
14]5C2N 205C CrNs+CiN
54 A f 18 ACFINE FNVf
79
+53 CAN? + 9Cpr (126)

and b| = g— by = ﬁ—z Ny is the number of light flavors and

Cr =

) CA =Nc=3.

N2—-1 4
¢ =3 (127)

2N,
A.2 NLO splitting functions and anomalous dimensions
We provide expressions for the nonsinglet quark-quark split-

ting function; all expressions given here (specifically at NLO)
refer to the pure nonsinglet contribution. We define

_ % 50 %\2 ) 3
Py =2p +(;) P+ 0@, (128)

The LO time-like and space-like expressions coincide and
are given by

- Cr3
Pig () = P () + —-36(1 = x), (129)
where
Cr 1+ x2

PO Sl 130

(x) = PR (130)
Their Mellin transforms are respectively given by

3Cr
Vag (V) =74 (N) + 5 ==, (131)
and
7o =L Lo (132)
94 2 [N(N+1) '

@ Springer

The subtracted anomalous dimension which enters the NLO
single soft coefficients Eqgs. (94, 113) is finally given by

(0)(N) [2 InN + —25 (N)] . (133)

N(N +1)

The NLO coefficient of the space-like splitting function is

Z {C% |:<—21nx1n(1 —x)— 31;”)

([ )

Lot (2 Y inx—s—x)
2.x nx 2 2 nx X

Il1lnx =2 67)

1
Pl s =

1
CrCal(=1n? — 4 —
+FA|:<2nx+ 6 6+18

- (2[11x]+_x_1>

+G+ Dlnx + w}

+1CFNf|:(—glnx—9)

2 3 9
<(lis] ) -5
1—x : 3
150 -0 [c% <6c3 43 ”—2)

4 8 2
_CFCA( 3¢5 17 11712)
2418
o (5]
2 P \6 T o '

Its Mellin transform is given by

D V) = 7P + + (2 (6 P
yqq,NS — 7qq,NS 4 F 3 8 )

17 1x%\ 1 /1 2x2
—CrCy 3§3+2 +—— )—=|-+——|CrNFr ),

(134)

4 18 2\6 9
(135)
where
5D
Vagns(N)
_ e QN +1)S1(N)  (BN?+3N +2) 5(N)
- F 2N2(N + 1)2 AN(N + 1)
(BN?+3N+2)5 3N+ N?—1
4N(N + 1) AN3(N +1)3

—081(N) + S1(N)S2(N) + S3(N) — &3)

1IN24+5N =3  55/(N) S»(N)
36N2(N + 1)2 18 6

+CrNp <—
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L2\, cne (I +1IN+3) 0 +CFNF(_51nN_11N2+5N—3
6 F=a 12N(N + 1) 18 36NZ(N + 1)2
| ISIV* +236N° + 88N 43N + 18 Ssi(N) 5(N) +9>
72N3(N +1)3 8 66
1 _ 67InN
1 67SI(N) | 11SH:(N)  S3(N) | ¢ L CrC <__ n N
S1(N)— — 2. FCa HoInN +
851N =——=¢ 12 T3 2 36
(136) _ (IIN?+ 1IN +3) 5
I2N(N + 1)
and S; (V) are harmonic sums [29] 51N + 236N3 + 88N2 + 3N + 18
The NLO timelike splitting function is given by + + + + +
72N3(N + 1)3
(.1
PN () = q D) F Aqq Ns (), (137) 1 67S1(N) 118(N) S3(N) &3
S1(N)— - 2,
T eSiN)=——=¢ 12 2 2
where (140)
AU)NS(X)
= 1—6C% (( 32[ ] +16x + 16) Hyo(x) and
+ (—1 [1 ] +12x + 12) In® x
-(1
< 32[ } 16 16) Hy (x) Fia s )
+| - + 16x + X
T—x], 2 _ e ((2N+1)51(N) . (3N2 43N +2) S2(N)
1 TP\ 2N (N +1)2 4N(N + 1
+ <24[—] — 4x —2o> lnx>. (138) N+ WV+1
I=x1y (BN2+3N+2)¢;  3N3+8N? 47N +3
, , 4N(N + 1) 4N3(N +1)3
Here H, and H,_, are harmonic polylogarithms [30]. The
Mellin transform of the difference is +2S1(N) — S1(N)S2(N) + S3(N) — &3)
$)) 5InN  11N245N -3
A (N) CrNe [ — _
. 2N 4+ 1)S1(N)  (3N?+3N +2) S1(N) e o 36NAN +1)°
=:cg[( DS : FENTGORE I
N2(N +1) 2N(N + 1) 135 6 &
(BN?+3N+2)52  6N? +9N2+ 7N +2 _
_ — 3 3 1 _ 67InN
2N(N + 1) 4N3(N + 1) +CrCa (=50 N+ —¢
+2581(N) — 28 (N)Sz(N)] (139)

The explicit expressions of the spacelike and timelike
Mellin-space subtracted anomalous dimensions that enter the
NNLO single soft coefficients Egs. (95, 114) are

qu NS (N)
_ 2 (_@N+ DS
- 2N2(N + 1)2

(3N2 +3N +2) S$2(N)
F

AN(N + 1)
3N3 4+ N2 -1
4N3(N +1)3
—581(N) + S1(N)S2(N) + S3(N)

(BN?+3N+2) 5
AN(N + 1)

—83)

(LIN? + 11N +3) &
12N(N + 1)

N 15IN* +236N> + 88N? + 3N + 18
72N3(N + 1)3

67S1(N)
36

1 115 (N
081N~ 2()

12

 S3(N)
2

{3
+5)

(141)

A.3 Coefficient functions in soft limits

We list the coefficients that enter Eq. (81)
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A.3.1 x single soft

NLO coefficients
C
i on == (142)
FO0 = (s — (143)
! 2M? +2M
fOan (ML Ly
0 =G\ rar vz TS
S1(M) 3 &
Sl S - -4 144
2M(M+1)+ M) ) (149
NNLO coefficients
2o = C2 (145)
S1(M) 1
@ 2 (S
M)=C -
37 (M) F( 2 4M(M+1)>
11C:Cy  C
i R id (146)
72 36
12 (M)
, (4M? —2M —1 3 381(M)
=Gl mparior T 1 (M) -
8M2(M + 1) AM(M + 1)
3SM) &
-2 -2
t 4 )
1181 (M) 11 o 67
+CFCA( 24 48M(M +1) 4 t75
1 1 5
C S M)+ ———— — =), (147
+ F"f< RS M+ T D 36> (147
2w
_ e (M7 +3M +5) (M) 3(MP+M+1)6
F AM(M + 1) AM(M + 1)
(16M* +32M3 + 12M? + 6M + 3) S1(M)
4M2(M + 1)2
SM* +19M3 + 14M? + 8M + 4
AM3(M + 1)3
381 (M)?

3 I
- 55251(1‘4) + ESI(M) TAMM )

5
+552M)S1(M) — $3(M) + C3)

CCN (10M? + 10M — 3) S1(M)
rs 36M(M + 1)
1 S>(M)
— — S (M)* — L2
12 12
SM+8 1) 7
e+ 2= — —
36MM+1)2 " 12 27
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2on =

(134M? + 134M — 33) S (M)
T2M(M + 1)
85M* +203M3 + 154M? + 36M + 18

T2M3(M + 1)3

1 11 , 118 (M)
—— S (M) + — S (M)* + —=
24“251( )+24SI( )"+ 7

S3(M) ¢l 1152 943 ﬂ)

+ CrCy (

2 AMM+1) 24 4 ' 54
(148)

S1(M)3
4M(M +1)

(=M3 + 13M* + 41M3 + 15M? +2) S| (M)
+ SM3(M + 1)3

800 L

LS (M)2 (TM2(M + 1)2S,(M) — 2 (4M* + 8M? + 3M? +2M + 1))

4M2(M + 1)2
(=TM(M + 1)S2(M)) S1(M)
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