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Abstract

We investigate the use of discrete-time quantum walks to sample from an almost-uniform dis-
tribution, in the absence of any external source of randomness. Integers are encoded on the ver-
tices of a cycle graph, and a quantum walker evolves for a fixed number of steps before its posi-
tion is measured and recorded. The walker is then reset to the measured site, and the procedure

is iterated to generate the sequence of outcomes. We show that when the number of nodes of the
graph is odd, i.e. the condition of the ergodic theorem for classical random walks on finite groups
are satisfied, the marginal distributions converges to the uniform distribution. Although correla-
tions between successive outcomes are unavoidable, they can be significantly reduced by a suitable
choice of the evolution time.

Introduction

Uniform distributions are central to many applications in science and technology, since they are the fun-
damental model for processes with equally likely outcomes. In random number generation, they are
essential for producing unbiased random sequences and they are the basis to derive more complex dis-
tributions. Indeed, many technological applications require random numbers, such as Monte Carlo sim-
ulations, cryptography, numerical integration and testing of computer programs [1]. In general, we can
identify two main families of methods to generate random numbers. On the one hand, pseudo-random
number generators exploit deterministic algorithms, able to provide sequences of values having similar
statistical properties to a truly random sequence [2]. On the other hand, true-random number gener-
ators are based on either chaotic classical physical systems [3, 4] or quantum mechanical devices [5—
7]. Among the most used methods to produce a string of random numbers there are radioactive decay
[8, 9] and quantum optical systems [10-13]. In most random number generation tasks, it is essential
to produce values sampled from a uniform distribution, which can then be used either directly or as a
building block for generating other distributions.

Recently, discrete-time quantum walks (DTQWs) have been used to develop random number gener-
ator protocols [14-16]. DTQWs were first introduced as one of the possible ways to naturally general-
ize classical random walks into a quantum mechanical framework [17], together with their continuous-
time counterparts [18, 19]. Although the relation between the two models has not been completely cla-
rified, it has been subject of intense recent research [20-23]. A DTQW describes the coherent motion
of a quantum particle that can jump among connected discrete positions in discrete time steps and is
equipped with an internal degree of freedom, called the quantum coin [24, 25].

DTQWs find applications in different contexts. They provide a universal model for quantum
computation [26] and they are employed to solve a variety of problems, such as quantum spatial search
[27-29], quantum teleportation [30, 31] graph isomorphism [32, 33] and quantum metrology [34-36].
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DTQWs are also used to achieve quantum state transfer [37-39]. Moreover, they are suitable candid-
ates to build cryptographic protocols [40, 41], security schemes [42, 43] and image encryption [44].
Wavefunction interference in the unitary DTQW dynamics leads to spatial probability distributions that
depend sensitively on the initial state, the coin operator, and the evolution time. When measurements
are performed, the Born rule maps the quantum state to intrinsically random classical outcomes, which
can be exploited for randomness generation [45, 46].

Even though techniques for randomness generation are well established, we consider a scenario in
which the only available physical resource is a quantum walk and we investigate whether randomness
can be generated from its dynamics, analyzing the strengths and limitations of the resulting approach. In
particular, we analyze whether it is possible to exploit a DTQW to generate outcomes whose probability
distribution is uniform over the sample space. This means that each outcome has a uniform marginal
distribution. Accordingly, in this work we do not address the problem of random number generation,
but we focus specifically on the task of uniform sampling in this sense.

We focus on DTQW on cycle graphs, which, compared to quantum walks on an infinite line, allow
for a compact implementation and, thus, can be embedded in more complex networks. Suitable plat-
forms to implement these systems include optical [47-49], photonic [50-52] and solid-state physics
settings [53—55]; moreover, they can also be efficiently simulated on quantum computers and processors
[56, 57].

Here, we first briefly review previously proposed algorithms [14, 58] and then we introduce a pro-
tocol to uniform sampling, based on the iterated convolution of the transition probability of a DTQW.
Specifically, the resulting dynamics can be described in terms of classical Markov chains driven by trans-
ition probabilities derived from the DTQW dynamics. We also assess the presence of correlations in the
sequence of drawn numbers which are typical of this kind of protocol, and we provide an operational
strategy to reduce them.

The paper is organized as follows: in section 1 we introduce the basic tools to describe DTQWs
together with the concept of randomness associated with its limiting distribution; in section 2 we briefly
review existing DTQW-based protocols for almost uniform sampling and, then, in section 3 we present
a novel scheme for sampling numbers from a uniform distribution on a cycle graph using DTQW, along
with a proof of its convergence. We conclude the paper with some final remarks in section 4.

1. DTQWs

DTQWs, first introduced in Rqf. [17], describe the time-step evolution of a quantum particle with an
internal degree of freedom, called quantum coin, on a set of N discrete positions. They are defined on
the composite Hilbert space /% ® 7%, where .7, represents a positional Hilbert space, while J is the
coin space. The spatial basis vectors are localized states over the N discrete positions {|x)} € 7, with
x=0,...,N—1. The coin is a two-level quantum system described by the orthonormal basis {|1), |{)}
in JZ. The unitary operator U, that is applied at each time-step, is composed by two contributions: a
coin-flip operator C, acting on #, and a conditional shift operator S on the global system. The coin
operator C can be written as a general element of U(2):

(1)

C’(G o, B,7) = &7 ( cosfe® sinf e'f )

—sinfe B  coshe i

which includes the Hadamard coin Cyy = C (Z,%,%,~7) and the x-axis rotation Cx = C (,0,%,0).

We consider discrete spatial positions arranged as the vertices of a cycle graph, with the boundary
condition |N) =0). The conditional shift S then moves the walker, according to the state of the coin,
between adjacent sites:

><T|®il(x+1)N> ([ + 13 <H®i [ (e = 1) (¢, (2)

where the symbol (x)y stands for x mod N. The single-step operator I/ is therefore defined as:
U=38(Cety), (3)

where ﬁp is the identity operator on the positional space. Given an initial state |¥,) € J ® S, the final
state of the DTQW after t € N steps is given by

W) =U' D). (4)
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The probability for the walker to be found on site |x) after ¢ steps is

px(t) = [(1 @ ()W + [ (U @ (x) T (5)

The outcomes of a position measurement for the walker are intrinsically random, distributed accord-
ing to the probability distribution in equation (5). This randomness can be exploited to generate strings
of random numbers that can be used also for quantum cryptographyc tasks. Therefore, it is important to
have a tool to assess the unpredictability of the QW measurement outcomes.

Entropy is a reliable way to quantify the randomness of independent and identically distributed
(i.i.d.) outcomes. Consider a random variable X with possible discrete values (xg,x,...,xy—1) and
probability distribution P(X) = (po,p1,--.,PN—1), Where py is the probability to obtain the outcome
Xk, k=0,... N— 1. The randomness associated with the random variable X can be computed with the
Shannon entropy [59], defined as:

N—1
H(X)=->_pslog,ps. (6)
x=0

In this framework, the set {x;} corresponds to the possible QW positions over a cycle graph and the set
{px} to the QW spatial probability distribution at time #, as represented by equation (5).

When generating randomness, the goal is to produce outcomes whose probability distribution
has maximal entropy. The maximum value of the Shannon entropy is obtained for a variable X, dis-
tributed according to the uniform distribution Py(X,) = (1/N,1/N,...,1/N) and it takes the value
H(X,) =log, N. The uniform distribution thus serves as the reference for randomness generation. It is
therefore necessary to quantify how close a given probability distribution is to the uniform one. To this
purpose, we employ the Kolmogorov distance, also known as the total variation distance, between two
discrete probability distributions {p,} and {q,}, [60]:

K(ped g =23 Ipe—ad- o)

The quantity in equation (7) vanishes if and only if the two distributions are identical. Following [58],
almost-uniform sampling refers to a procedure that outputs elements whose distributions are within

€ total variation distance of the uniform distribution over a finite set, for an arbitrary accuracy
parameter € > 0.

2. Approaches to (almost) uniform randomness via QW

In this section, we briefly review two techniques that have been employed to achieve an approximate
uniform sampling through quantum walk measurements on a cycle graph.

The simplest technique consists of sampling directly from the spatial distribution of the quantum
walker after a fixed number of timesteps T. Due to the reversible nature of the quantum evolution, this
distribution does not converge to the uniform one, regardless of the number of timesteps considered.
Therefore, an approximation is necessary, and T must be chosen to minimize the deviation of the dis-
tribution from uniformity, corresponding to the maximization of its Shannon entropy. In figure 1, the
behavior of the Shannon entropy H of the QW-distribution (direct sampling) is shown as a function
of the number of timesteps T, compared with the uniform one. To achieve quasi-uniformity T' must be
chosen to correspond to the maximum value of H within the attainable timestep interval.

The random number generation performance of quantum walks on the bi-infinite line by using this
direct protocol has been discussed in [14].

A different technique is based on the sampling of the so called Cesdro distribution [61]. This protocol
introduces an element of irreversibility in the procedure, thus allowing the convergence of the spatial
distribution to the almost uniform one.

Given the probability distribution of the position variable X, P;(X) at the timestep #, the Cesaro dis-
tribution is defined as its time-average up to T>> 1 timesteps, namely:

T
Br(X) = lTZR (X). (8)
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Figure 1. Shannon entropy of the spatial probability distribution on an N =25 cycle as a function of timesteps 7, both for the
direct sampling and for the Cesaro distribution obtained with Hadamard coin (see the main text for details).

It is straightforward to prove that, VT, P7(X) is a normalized probability distribution if and only if
P,(X) is. If the number of positions on the cycle N is odd then the time-average distribution, obtained
using the Hadamard coin, converges to the uniform one (see [61]), as shown in figure 1. However, if
the evolution operator (3) admits degeneracy in the spectrum, the Cesédro distribution does not con-
verge to the uniform one. Specifically, for the coin operator Cy, the uniformity cannot be attained (see
appendix A for details).

An efficient protocol for sampling from the Cesaro distribution was proposed in [58] and consists of
the following steps: first, a random integer time ¢ € [0, T] is generated; the quantum walk is then evolved
up to time ¢, after which a position measurement is performed; these steps are repeated as many times
as needed to obtain a sample of the desired length. This protocol allows for the sampling of an asymp-
totically uniform distribution. However, a significant limitation is that it requires as input a source of
uniform randomness, to be used to extract the times ¢ (for details about this protocol and its perform-
ance see [58]).

3. Almost-uniform sampling via DTQW

In this section, we propose an alternative method for almost-uniform sampling based on the evolution
of a DTQW on a cycle graph. Unlike the approach of [58], here we assume that we have no access to
an external source of randomness. It relies on the spatial measurements of a DTQW and the concept of
convolution of probability distributions.

Due to the translational symmetry of the cycle graph, the protocol is independent of the choice of
the initial position x,. The steps of the protocol are the following:

(I) fix an integer number m and prepare the initial state |¥,) for the DTQW by choosing an arbitrary

initial position xq and setting the coin state to an arbitrary fixed initial state |co), such that
[Wo) = |co) @ |x0)3

(II) evolve the quantum walk for m steps, according to equation (4); then perform a position
measurement and record the outcome x;

(IIT) reset the coin to its initial state and initialize the walker at the measured position x, i.e.
[Wo) = [eo) @ |x).

(IV) repeat steps II-III as many times as needed to generate a sequence of integers.

The protocol generates a sequence of outcomes whose extracted values are marginally uniformly
distributed in the asymptotic regime. This marginal uniformity, however, does not imply that the out-
comes are i.i.d., since the underlying process is Markovian rather than i.i.d. Notably, re-initializing the
walker at the previously measured position (see the step III) introduces correlations among successive
outputs, as each new initial state depends on the outcome of the previous measurement. This distin-
guishes the protocol from the one in section 2, which sampled i.i.d. random variables. Below, we discuss
the implications of these correlations for random number generation. Here we just note that, if access to
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an external source of randomness is allowed, such that it is possible to extract a random number g uni-
formly in [0, N — 1], then one could replace the initial state in step III above with |¢) ® |g). In this way,
one can still get the smoothening effect of the change in the initial position, but without introducing
correlations. However, using an external source of randomness is not always feasible, and it is precisely
this scenario that we are addressing in the present work.

With the introduction of the correlations mentioned above, it is very important to clarify the ter-
minology that we are going to employ. In particular, the protocol generates a realization of a string of
correlated random variables X;.s = {X ... Xs}, associated with a joint probability distribution P(X.s).
The marginal probability distribution P(X,,) refers to the nth outcome alone, and it is obtained by mar-
ginalizing over all the other random variables in the string.

In the present protocol, the probability distribution of the variable X,, only depends on the previ-
ously extracted value X,,_, the dependence being given by the spatial re-initialization of the walker. The
joint probability distribution P(X).5) then corresponds to a classical Markov chain, where the transition
probabilities are generated by the very quantum dynamics of the walk after m steps:

P(Xy = xa| X1 =%01) = Y _ [{c®@ XU |c) @ x1) [ 9)
c

in accordance with equation (5).
In the following, we prove that the marginal distribution P(X,,), namely that of the n'" outcome,
converges to the uniform distribution in the asymptotic regime #n > 1.

3.1. Convergence of the marginal P(X,,) to the uniform distribution

The discrete rotational symmetry of the cycle implies invariance under translations of the initial node

of the walk and therefore we can choose site xo =0 as the starting point, without loss of generality. The
transition probability for the first step of the protocol, which we call p(x;), is the conditional probability
of reaching node x; starting from the initial node 0:

u(xl):P(X1:x1|X0:0). (10)

1(x) is also referred to as the propagator and, for a fixed graph size N, it depends on the coin oper-
ator, the number of steps m and the initial state of the system |¥y), in accordance with equation (9).
Hereafter, we use the shorthand notations:

P (Xj|Xi) =P (X; = %[ Xk = x¢) (11)
P(X;) =P(X;=x). (12)

The rotational symmetry of the cycle graph implies that
PX|X) =P(X; 0 Xi|Xo=0) = p(x6x), (13)

where the symbol © represents the difference modulo N. In other words, the probability of finding the
quantum walker at position x, starting from x; on the cycle is equal to the probability of finding the
walker at position x, © x; starting from the position xy = 0. It follows that yi(x) represents the transition
probability between two sites separated by a displacement x (modulo N).

The marginal probability of X, is thus given by P(X;) = u(x;). For the second step, the chain rule
for joint probabilities gives:

P (Xi1:2) = p (2 ©x1) pr(x1) (14)

and, marginalizing over X,, we obtain

PX) = 312 ©.5) () = 7 ). (13)

Xj=

where %’ denotes the convolution operator, defined recursively as

" (x) = [u*u*(”_l)] (x) forn > 2, (16)
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Figure 2. A single application of the protocol of section 3 yields a string S®) of correlated outcomes, although each element is
marginally distributed according to p*", which converges to the uniform distribution for n >> 1. By resetting and repeating the
protocol to generate independent strings {S(® }, the set C(") = {xf,l) pus ...} forms a sample of iid uniformly distributed
variables.

with p*!(x) = p(x). Generalizing, we obtain the marginal probability for the nth extraction:

P(X,) = p™" (xn). (17)
Proving that the marginal probability P(X,,) converges to the uniform is, hence, equivalent to proving
that
1
. *n _ - _
nlgngo/i (x)—N Vx € [0,N—1]. (18)

A classical random walk that satisfies this property is called ergodic. We now resort to the following the-
orem for random walks on finite groups [62, 63]:

Theorem 3.1 (Ergodic theorem). A random walk with transition probability p on the N-cycle is ergodic if and
only if the support of i is not contained in any coset of a proper subgroup of the N-cycle.

As long as the number of nodes of graph are properly chosen, the hypotheses of the ergodic theorem
are easily satisfied. In fact, every proper subgroup of the N-cycle is generated by each of the non-trivial
divisors of N. As an example, consider the group Cs = {0,1,2,3,4,5}, which is isomorphic to the addit-
ive group of Zs. It has two proper subgroups, namely {0,2,4}, generated by 2, and {0,3}, generated by
3. The cosets of a subgroup are all the possible translations of such a subgroup on the cycle. To ensure
an ergodic random walk, it is therefore sufficient that the support of p(x) does not follow the structure
of any subgroup (or its cosets). This implies, for instance, that when the number of nodes N is even, the
conditions of the ergodic theorem are not satisfied since the support of p is always contained in a coset
of a proper subgroup of the N-cycle, thus preventing convergence to the uniform distribution.

Thanks to the ergodic theorem, the n™h extracted value x, is distributed according to p*" which con-
verges to the uniform distribution for sufficiently large n. However, successive outcomes within a single
realization of the protocol i.e. steps I-IV, are correlated and therefore cannot be regarded as independ-
ent random samples. To generate an ensemble of independent and uniformly distributed outcomes, the
protocol described in section 3 must be repeated multiple times. Specifically, one generates independent
strings {S®) = ngi}, by restarting the protocol from step I after each string realization. Then, from each
string only the final outcome P is retained. The resulting set C(") = {x,gl),x,(f), ...} then constitutes an
independent sample drawn from the uniform distribution. A schematic representation of this procedure
is shown in figure 2.

Different choices of m, C and initial state, for fixed N, affect the convergence speed of the marginal
distribution toward uniformity. The convergence can be quantified through the Kolmogorov distance
between the marginal p*" and the uniform distribution P, namely:

N—1

K(u™,Py) = %Z I

x=0

(19)
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Figure 3. Cycle graph size: N = 25. Kolmogorov distance between the convoluted probability p*"(x) and the uniform distri-

bution as a function of the number of iterations #, for two different coin operators, éH and C 'x and two different numbers of

timestep m. The initial coin state is fixed: |co) = % (1) + [4))-

As an illustrative example, in figure 3, we report K(u*",IP,) as a function of #n, for two different coin
operators and number of the DTQW steps m, for a fixed initial state and graph size N. Faster conver-
gence toward uniformity is observed when the transition probability is more evenly distributed over
the nodes of the graph. The probability distributions corresponding to m =12 and m =101 for the coin
operators used in figure 3 are shown in the the bottom panels of figure 4. It is worth noting that, for a
cycle graph, which has a finite a periodic structure, the spatial distribution p spreads monotonically only
for small values of m while, as m increases further, the spreading exhibits a non-monotonic behavior.
These considerations shows that the choice of different coin operators and the parameter m can signi-
ficantly influence the convergence rate, indicating that appropriate operating conditions are required to
achieve almost-uniform sampling.
We remark that the same analysis can also be applied to other choices of the coin operator and initial
coin states, provided that the conditions of the ergodic theorem are satisfied.

Assuming that the hypotheses of the ergodic theorem are satisfied, it is also possible to derive a lower
bound for the convergence of the Shannon entropy of the marginal distribution to its maximum value,
which corresponds to the uniform distribution. Given the Fourier coefficients of  as

N—-1

k)= p(s)e=Tem, (20)

s=0

the Diaconis—Shashahani bound [62] yields for the Shannon entropy of the marginal distributions:

H(p™) > log, N — (log, N+ 1) (21)

If the support of p is not contained in any coset of a proper subgroup of Zy, then every nonzero
Fourier coefficient satisfies |/i(k)| < 1. Under this hypothesis, the Diaconis—Shahshahani bound ensures
that H(p*") — log, N as n — oo, since the sum under the square root tends to zero exponentially fast.

3.2. Single application of the protocol

It is important to remark that a single run of the protocol does not provide a sample of independent
random variables. Indeed, the values within a single string are generated by a classical Markov chain
with the same transition probability p and are therefore correlated. As a consequence, despite each
outcome being marginally uniformly distributed in the asymptotic regime, a single string cannot be
regarded as a sample of true randomness in the sense of i.i.d. variables.

In general, uniform marginal distributions do not necessarily imply a uniform joint distribution. The
dependence between the two random variables X,, and X, is strongest when the conditional distribu-
tion P(X,|X,—1) deviates most from the uniform distribution P,(X,,). Therefore, to minimize correla-
tions between consecutive outcomes, the protocol parameters (11,C, |c,)), for a fixed graph size, should
be chosen so that the transition probability, u(x, © x,—1) is as close as possible to uniform. This can be
quantified by minimizing the Kolmogorov distance between the transition probability and the uniform
distribution, K(u,Py).
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Figure 4. Cycle graph size: N = 25. Upper plot: Kolmogorov distance between the transition probability 1(x) and the uniform

distributions as a function of the number of timesteps m, for two different coin operators, Cy and Cx. The initial coin state
for both evolutions is [cp) = % (|1 + |4))- Bottom plots: Transition probability 1(x) for two selected values of m, obtained

for the same coin operators and initial state as above. The blue dashed line is a guide for the eye, corresponding to the uniform
distribution.

As an example, figure 4 shows the Kolmogorov distance as a function of the number of timesteps
m, for a fixed graph size N and initial coin state, for two representative coin operators. We consider
Cx which leads to a symmetric transition probability, and Cy which results in an asymmetric dynam-
ics for the chosen initial state (see bottom plots). Small values of the Kolmogorov distance indicate a
transition probability closer to uniformity and therefore weaker correlations between following outputs.
For small m, K decreases as the transition probability spreads over the nodes. For larger m, however, the
dependence on m becomes non-monotonic, showing that increasing the number of steps does not neces-
sary improve uniformity. Consequently, the choice of m must be made carefully to mitigate correlations
between successive outcomes. Similar considerations apply to other choices of coin operators and initial
conditions.

The correlation length in a single string can be quantified through the correlation function:

C(r) = (xiXj+r) — (%) (Xjr)- (22)

Correlations decay for outcome separations r 2> 71, where 7 is the minimum number of iterations
required for the the random walk to become ergodic, i.e. such that p*"(x) ~ 1/N, (see appendix B for
details).

4, Conclusions

Being able to sample uniformly distributed numbers is a crucial task for many applications, from
quantum cryptography to quantum information processing. In this work, we have proposed and ana-
lyzed a quantum-inspired protocol for sampling from an almost-uniform distribution by exploiting the
dynamics of a DTQW on the cycle graph, under the assumption that no external source of random-

ness is available. To achieve randomness in this setting, it is necessary to introduce irreversibility into

the procedure. We do so by means of a measure-and-reset scheme: the quantum walk is initialized in a
state that gives rise to the transition probability ;(x) with a significant support across the nodes of the
graph; the walker evolves for m steps, after which its position is measured; the corresponding vertex label
is recorded; the walker is reset to the measured site with its coin prepared in the fixed initial state. The
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previous steps are repeated # times. In the limit of large n, this protocol returns a string of n integers
with almost-uniform randomness.

Although correlations between successive outcomes cannot be completely removed, they can be sig-
nificantly reduced by a suitable choice of the timestep parameter m, for fixed initial state and coin oper-
ator. Using the ergodic theorem for Markov chains on the N-cycle and the properties of iterated self-
convolution of transition distributions, we have proved that, for sufficiently long strings, the marginal
distribution P(X,,) converges to the uniform distribution in the limit of large n. Moreover, by analyz-
ing the Fourier spectrum of the transition probability 1(x), we have shown that the convergence of
the Shannon entropy towards its maximal (uniform) value can be quantitatively bounded using the
Diaconis—Shahshahani inequality.

The results of our research can stimulate further investigations on randomness generation based on
quantum walk evolutions. This simple model may serve as a building block for more complex archi-
tectures and for the design of realistic and reliable platforms for the quantum random number genera-
tion. Such platforms could to be embedded into larger and more sophisticated quantum devices, such as
quantum computers or quantum networks.
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Appendix A. On the Cesaro convergence for a DTQW distribution with a degenerate
spectrum

Here we derive the long-time averaged (Cesdro) spatial probability distribution for a DTQW with a
degenerate spectrum and show that, in general, it does not converge to the uniform one.

Following [61], we consider a walk with initial state |¥o) = |cy) ® |0). The state after t steps is given
by |W,) = U'|W,), where I{ is the unitary step operator of equation (3). The time-averaged probability
distribution of a walker over the node set {|v)} is

T—1
_ 1
pr(v) =5 _p(). (23)
=0
The long-time limit averaged distribution is
7 () = Jim 5y (v). (24)

To compute 7(v), we consider the following theorem.

Theorem A.1. Let { \j,|¢;)} be the eigenvalues and eigenvectors of the step operator U. If a, = (¢,) o, then
the limiting time-averaged distribution is

7T(V) = Zzan“;@» V>¢n<¢m>cv Ws/\n)\mv (25)

where |c,v) denotes the DTQW basis state in #, @ ;. Notice that the sum has contributions only from the
pairs (n, m) such that A, = \p,.
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Proof. Upon expanding the generic state |¥,) of the DTQW after t time steps in the basis state |c,v), we
have:

|{c, ) U,[* =

Z)\tan V)

Now, as proved in [61], for T >> 1 the quantity T~! ZT o (\AL)! converges to 1 if A, = A, and to 0 other-
wise. Thereafter, taking the time average

Zan ) (€ V) u(dm)e,v (26)

T-1
1
=2 e (27)
=0
and summing over all the coin states |c), one straightforwardly obtains equation (25). O

We can now prove the following Corollary.

Corollary A.1.1. LetU be the step operator of a DTQW on an N-cycle, with coin operator Cx defined in
section 1. If N is odd, then the limiting time-averaged distribution equation (25) does not converge to the
uniform one.

Proof. For a walk on a cycle, U has the form given in equation (3), with operators C and & defined in the
main text. In order to build the eigenvectors of such operator, we introduce the Fourier (momentum) states

Ixe) = Ze ), (28)

with k=0,...,N — 1. A reasonable guess for the form of the 2N eigenvectors of I/ is then:
Ulgi) =i loy) (29)
with
[65) = i) ® ), (30)

where )\ki = et% and |7ki> are eigenvectors of the 2 X 2 matrix

R eZ7rik/N 0
Hy = AL, Ak_< . e_mk/N>

with eigenvalues )\,f. We remark that (fyf(hil) = Jsv and, in general, for k #j, <7f<”y;> # 0, withs,;s" € {£}.

Using the expression for the Cx coin operator, we obtain the eigenvalue equation for Hy:
:t k
(A ) -2 Ay cos ~ +1=0. (31)

which gives the relation:

cos(6y) = %cos (27er<> ) (32)

For a fixed value of k, there are two distinct solutions associated with 0y e 2 — 6 belonging to the inter-
vals [/4,37 /4] and [57 /4,77 /4]. However, for different momenta k and k” the degeneracy occurs when
k’ = N — k. Referring to equation (25), the only terms that survive in the sum are those corresponding to
degenerate eigenvalues and those with n=m.

If we consider N odd, all eigenvectors are pairwise degenerate except for k= 0 which corresponds to the
only non-degenerate eigenvectors \gb,(i:O). Substituting equation (30) into the long-time averaged distribu-
tion 7 (v) and summing over the coin states, one obtains:

)=+ Zexp (—1 W) < S (i) (Real o) (33)

s=%

where Iy = |¢y) {co| is the projector onto the initial coin state. The first term, N, is the contribution from
same index eigenvectors, i.e. # = m in equation (33) and yields a uniform distribution: this is the only term

10
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that survives in the presence of non-degenerate spectra. The second term in equation (33) does not vanishes
and induces deviation from uniformity, hence the thesis follows. O

Similar arguments can be applied to the case with an even number of nodes N. We eventually note
that, in the presence of the Hadamard coin, the last term in equation (33) vanishes leading to the con-
vergence of the Cesdro distribution to the uniform one [61].

Appendix B. Correlation length

Given the string:

S= {xh X <y Xjdrs - } (34)

of numbers x; € {0,1,2,...,N— 1} generated by the protocol in section 3, we introduce the correlation
function:

C(r) = (X Xj+r) — (%) (Xj4r), (35)

where, following the formalism of subsection 3.1:
=> xu (x) (36)
Xj

with:

j—1
! xJ):Z“'ZHM(ka@xk)M(xl@xo% (37)

X1 Xj—1 k=1
= u* (x]x0) (38)

Xo being a fixed starting number (see subsection 3.1). Thereafter, we have:

(xjxi1r) = szﬂ%rﬂ X]+r|xj) (xj|x0) ; (39)
X Xjtr
with:
jHr—1
M*(J-H) x]+r|x] Z Z H u xk+1 @Xk (xj+1 @x]') . (40)

Xjp1 Xjr—1 k=j+1

We can now estimate the correlation length, that is the minimum value of r such that C(r) vanishes.
Assessing the Kolmogorov distance (19) between */(xj|xo) and the uniform distribution Py, and
invoking the ergodic theorem (see subsection 3.1), we can find the number of iterations 7 such that
i (xjxo) ~ 1/N. If j > 7, the equation (39) reduces to:

(XixXjr) R — ZZx]x]+ u( x+r|x]) (41)
X Xjtr
while:
N-1
(x5) = (xj4r) = 5 (42)

We note that, due to the ergodic theorem, the x;’s appearing in p*U+" (x;1,|x;) of equation (41) are uni-
formly distributed and, thus, given j > 7 and for a fixed xj, 1*U+" (x;4,|x;) plays the role of (38) with
the replacement xy — x; (the new starting number) and x; — x;;, (the drawn number after r steps). It is
straightforward to see that if also r > 7, then z*U+") (x;1,|x;) ~ 1/N, and equation (41) reduces to:

1
(xiXjpr) R N ij Ex]Jr, %) (Xjr) 5 (43)

Xj x]+,

leading to C(r) ~ 0. Clearly, the actual value of 7 depends on the transition probability and, thus, on
the features of the quantum walk on the cycle. We can estimate it posing a suitable threshold on the
Kolmogorov distance which is monotone with respect to the the number of iterations of our algorithm
(see figure 3).
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