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Abstract. We consider solutions to some semilinear elliptic equations on complete noncompact Rie-
mannian manifolds and study their classification as well as the effect of their presence on the underlying

manifold. When the Ricci curvature is non-negative, we prove both the classification of positive solu-
tions to the critical equation and the rigidity for the ambient manifold. The same results are obtained

when we consider solutions to the Liouville equation on Riemannian surfaces. The results are ob-

tained via a suitable P-function whose constancy implies the classification of both the solutions and
the underlying manifold. The analysis carried out on the P-function also makes it possible to classify

non-negative solutions for subcritical equations on manifolds enjoying a Sobolev inequality and satis-

fying an integrability condition on the negative part of the Ricci curvature. Some of our results are
new even in the Euclidean case.

1. Introduction

In this paper we consider solutions to critical and subcritical semilinear elliptic equations on complete
noncompact Riemannian manifolds. We are interested in their classification as well as on the effect of
their presence on the ambient manifold.

The prototype of one of these problems is the classification of positive solutions of the critical Laplace
equation

−∆u = u
d+2
d−2 in Rd , (1.1)

with d ≥ 3, which arises as the Euler-Lagrange equation of the L2 Sobolev inequality as well as from the

study of Yamabe problem, where u
4
d−2 gRd provides a metric of positive and constant scalar curvature.

It is well known that positive solutions to (1.1) can be completely classified, see the classical papers
[1, 16, 25, 31] where the classification was obtained under further decay or variational assumptions on
the solution. These assumptions were removed in the celebrated paper [5] (and later in [10] and [23]),
where the classification result is obtained by only requiring the positivity of the solution. The results of
[5, 10, 23], whose proofs are crucially based on the moving plane method and on the Kelvin transform,
tell us that positive solutions to (1.1) assume the form

u(x) =

(
1

a+ b|x− x0|2

) d−2
2

, (1.2)

for some a, b > 0 with 1 = d(d− 2)ab and x0 ∈ Rd.
A related result was obtain in [17], where it was shown the nonexistence of positive solutions to

subcritical equations
−∆u = up in Rd , (1.3)

where 1 ≤ p < d+2
d−2 , with d ≥ 3.

When d = 2, a different line of investigation comes from the classification of entire solutions of the
Liouville equation

−∆u = eu in R2 , (1.4)

which also arises from the study of conformal metrics eugR2 . This problem goes back to the work of J.
Liouville [22] who found that solutions to (1.4) can be represented by some meromorphic functions on
the complex plane C. A century and a half later, in [10], solutions to (1.4) were completely classified
under the finite mass condition ∫

R2

eu dx < +∞ . (1.5)
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Under the latter condition, the authors of [10] prove that solutions of (1.4) are given by

u(x) = log
1

(a+ b|x− x0|2)2
,

for some a, b > 0 with 1 = 8ab and x0 ∈ R2. The proof in [10] relies on the moving plane procedure
and on the knowledge of the precise asymptotic behaviour of the solution at infinity (the latter being
obtained thanks to the finite mass condition (1.5) and a result of [4]).

In what follow, we first consider problems (1.1) and (1.4) on complete noncompact Riemannian
manifolds with nonnegative Ricci curvature and we aim at providing a unified approach that allows
us to classify both the solutions to those equations and the ambient manifold. Such results will be
obtained by using a suitable P -function which captures all the “geometry” encoded in equations (1.1)
and (1.4) and, whose constancy implies both the classification of the solutions and the rigidity of the
underlying manifold. Then, by exploiting the analysis performed on the P-function, we classify non-
negative solutions for subcritical equations on manifolds enjoying a Sobolev inequality and satisfying
an integrability condition on the negative part of the Ricci curvature.

Our first main result is the following.

Theorem 1.1. Let (M, g) be a complete, connected, non-compact, boundaryless Riemannian manifold
of dimension d ≥ 3 and with nonnegative Ricci curvature. Let u ∈ C3(M) be a positive solution to

−∆u = u
d+2
d−2 in M. (1.6)

Assume that one (and only one) of the following three conditions holds

(i) d = 3, 4, 5;
(ii) d ≥ 6 and u(x) = O(r−α) as r → +∞, with

α >
(d− 6)(d− 2)

4(d− 4)
, (1.7)

where r = r(x) denotes the geodesic distance from a fixed reference point of M ;

(iii) d ≥ 6 and u ∈ L
2d
d−2 (M).

Then (M, g) is isometric to Rd with the Euclidean metric and u is given by

u(x) =

(
1

a+ b|x− x0|2

) d−2
2

, (1.8)

for some a, b > 0 with 1 = d(d− 2)ab and x0 ∈ Rd.

Note that, in particular, Theorem 1.1 tells us that the non-compact Yamabe problem on a complete,
connected, boundaryless Ricci-flat manifold of dimension d = 3, 4, 5 is solvable if and only if the manifold
is isometric to Rd with the Euclidean metric.

Theorem 1.1 recovers and improves the results available in literature in several directions.

In [14], the conclusion of Theorem 1.1 was obtained under the decay assumption u = O(r−
d−2
2 ) at

infinity (together with a further assumption either on the volume growth of M or on the finiteness of
the energy of u). Since the asymptotic assumption made in [14] immediately implies that u satisfies
(ii), we fully recover the results in [14]. In [8], the case (i) with d = 3 was already obtained, while
the classification result was proved for dimension d ≥ 4 either under the finite energy condition (i.e.,

u ∈ L
2d
d−2 (M) and∇u ∈ L2(M))1 or under a decay assumption of the solution at infinity (more restrictive

than our condition (ii) when d ≥ 7, and coinciding with (ii) when d = 6).
We observe that, if we do not make further hypothesis on the positive solution u, the non-negativity

assumption on the Ricci tensor is necessary to obtain the rigidity result of the underlying manifold.
Indeed, there are hyperbolic-type model manifolds supporting bounded, positive and radially symmetric
solutions to (1.6) (see [3], [24]). Nevertheless, the rigidity result still holds true if one assumes that M is
a Cartan–Hadamard model manifold and the solution to (1.6) is radially symmetric and of finite energy
or that it minimizes the Sobolev quotient [24].

In the case of Riemannian surfaces we have the following new and optimal result

1The authors of [8] informed us that item (iii) of our Theorem 1.1 can also be deduced by combining Lemma 2.9 and

Theorem 1.2 of [8].
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Theorem 1.2. Let (M, g) be a complete, connected, non-compact, boundaryless Riemannian manifold
of dimension 2 and with nonnegative Gaussian curvature. Let G = G(t) be any positive nondecreasing
function satisfying

∫∞
c

dt
tG(t) = +∞, for some c > 1 and denotes by r = r(x) the geodesic distance from

a fixed reference point of M .
If u ∈ C3(M) is a solution to

−∆u = eu in M, (1.9)

such that

u(x) ≥ −4 log
[
r(x)G

1
2 (r(x))

]
, for r(x) > c, (1.10)

then (M, g) is isometric to R2 with the Euclidean metric and u is given by

u(x) = log
1

(a+ b|x− x0|2)2
, (1.11)

for some a, b > 0 with 1 = 8ab and x0 ∈ R2.
Furthermore, the coefficient 4 in the asymptotic lower bound (1.10) is optimal. Indeed, for any β > 4

there is a non flat, complete, connected, non-compact, boundaryless Riemannian manifold (M, g) of
dimension 2, with nonnegative Ricci curvature and supporting a (finite mass) solution to the Liouville
equation (1.9) satisfying u(x) ≥ −β log [r(x)] , for r(x) >> 1.

Note that the above result is new even in the Euclidean case. Indeed, differently from all the previous
works, we do not assume the finite mass condition (1.5). Regarding the Euclidean setting, we mention
the recent paper [13] where the authors provide some classification results without the use of the finite
mass condition, under different assumptions from ours and by using complex analysis techniques.

We also notice that the lower bound (1.10) is quite natural since, in the Euclidean case, it is satisfied
by all the solutions having finite mass (just choose G(t) a positive constant larger than b in (1.10) and
c large enough, depending on b).

We also observe that Theorem 1.6 in [8] is a particular case of our Theorem 1.2. Indeed, in [8] the
authors assume both the finite mass condition∫

M

eu < +∞ (1.12)

and the lower bound (1.10) with the special function G(t) = logγ(t), γ ∈ [0, 1).2

Finally we mention the very recent work [6] where the conclusion of Theorem 1.2 was obtained by
assuming both the finite mass condition (1.12) and the asymptotic lower bound : u(x) ≥ −4 log [r(x)] +
o(log [r(x)]), as r(x) −→ +∞.

As already noted, the lower bound (1.10) of Theorem 1.2 is optimal. Nevertheless, the flexibility of
our approach allows us to weaken the lower bound (1.10) and still achieve a (new) classification result.
This is the content of the next result.

Theorem 1.3. Let (M, g) be a complete, connected, non-compact, boundaryless Riemannian manifold
of dimension 2 and with nonnegative Gaussian curvature. Let G = G(t) be any positive nondecreasing
function satisfying

∫∞
c

dt
tG(t) = +∞, for some c > 1 and denotes by r = r(x) the geodesic distance from

a fixed reference point of M .
If u ∈ C3(M) is a solution to

−∆u = eu in M, (1.13)

such that

u(x) ≥ −6 log
[
r(x)G

1
3 (r(x))

]
, for r(x) > c, (1.14)

then (M, g) is conformal to R2 with the Euclidean metric.
Furthermore, the result is optimal in the sense that there are complete manifolds (M, g) of dimension

2, with nonnegative Ricci curvature, conformal to R2 with the Euclidean metric, and supporting a (finite
mass) solution to the Liouville equation (1.9) satisfying the lower bound (1.14).

2Observe that, for any k ≥ 1, Gk(t) =
∏k

j=1 Lj(t), where L1(t) = log(t) and Lj(t) = log(Lj−1(t)) if j ≥ 2, are (more

general) functions satisfying the assumption of Theorem 1.2.
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Once again, the previous result is obtained without making the assumption of finite mass (1.12).

In the next two results we study non-negative solutions to subcritical equations. In order to fix the
notations, we set pS the critical exponent, i.e.,

pS =


d+ 2

d− 2
if d ≥ 3

+∞ if d = 2 .
(1.15)

Then, we have

Theorem 1.4. Let (M, g) be a complete, connected, non-compact, boundaryless Riemannian manifold
of dimension d ≥ 2 and with nonnegative Ricci curvature. Let u ∈ C3(M) be a nonnegative solution to

−∆u = up in M, (1.16)

with 1 < p < pS. Then u = 0.

Theorem 1.4 was already known in literature, and it goes back to [17] (see also [8]). Hence, the
novelty of the theorem is not in the result itself but the way we obtain it. Indeed, our approach appears
to be very simple and for this reason we think that it deserves to be emphasized.

In the subcritical case, we can also weaken the condition on the Ricci curvature whenever the manifold
M satisfies a Sobolev inequality of the form

‖∇ψ‖L2(M) ≥ S‖ψ‖Lν(M) ∀ψ ∈ C1
c (M), (1.17)

for some ν > 2 and where d ≥ 3.
More precisely, we define Ric− : M 7→ [0,∞) by Ric−(x) = 0 if Ric(x) ≥ 0 and, if Ric(x) has a

negative eigenvalue, then −Ric−(x) is the lowest eigenvalue of Ric(x).

In this context, our new result is the following

Theorem 1.5. Let (M, g) be a complete, connected, non-compact, boundaryless Riemannian manifold
of dimension d ≥ 3 and let u ∈ C3(M) be a nonnegative solution to (1.16), with 1 < p < pS.
Let M enjoy a Sobolev inequality (1.17) for some ν > 2 and assume that

‖Ric− ‖L ν
ν−2 (M)

≤ 1

48
(pS − p)(p− 1)(d− 2)S2 . (1.18)

Assume also that, for a fixed point x0 ∈M , the volume of the geodesic ball BR = BR(x0) satisfies

Vg(BR) = O(R2+ 8
p−1 ) as R→∞. (1.19)

Then u = 0.

We observe that, for any d ≥ 3 and any 1 < p < pS , there is a complete, connected, non-compact,
boundaryless Riemannian manifold with non trivial Ric− and satisfying all the assumptions of Theorem
1.5. See item (vi) of Remark 1.6.

There are some further noteworthy observations on Theorem 1.5, which we collect in the following
remark.

Remark 1.6.

(i) It is interesting to note that the conclusion of Theorem 1.5 holds true under the sole assumption
that the manifold M has a polynomial volume growth. See Theorem 4.5.

(ii) The exponent appearing in the volume growth condition (1.19) is always larger than d, the
dimension of the manifold M. Indeed, 2 + 8

p−1 > 2(d− 1) > d, since d ≥ 3 and 1 < p < pS .

(iii) As we will explain in Section 2, it will be useful to introduce the parameter

n = 2
p+ 1

p− 1
. (1.20)

Notice that n ≥ d, and n = d if and only if p = pS . Hence, in terms of n, conditions (1.18) and
(1.19) can be written as

‖Ric− ‖L ν
ν−2 (M)

≤ n− d
3(n− 2)2

S2 (1.21)

and

Vg(BR) = O(R2(n−1)) as R→∞ , (1.22)
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respectively.

(1.23)

(iv) When M enjoys an Euclidean type Sobolev inequality, i.e., when M satisfies (1.17) with ν =
2d

d− 2
, then (1.18) boils down to

‖Ric− ‖
L
d
2 (M)

≤ 1

48
(pS − p)(p− 1)(d− 2)S2 . (1.24)

(v) The volume growth in (1.19) is automatically satisfied in many situations. For instance, if one

assumes that Ric− ∈ L
d
2 (M) ∩ L

µ
2 (M), for some µ > d, then there exists a positive constant

R0 = R0(d,Ric−) such that

Vg(BR) ≤ C(d)Rd
(

log

(
2R

R0

)) d
2−1

if R ≥ R0 ,

(see for instance the survey [7] and also [2, 15, 21, 28, 29] for other related results). Hence,
thanks to Remark (ii), (1.19) is satisfied.

(vi) Hereafter we provide an example of a complete, connected, non-compact, boundaryless Rie-
mannian manifold with non trivial Ric− and satisfying all the assumptions of Theorem 1.5.
The example can be seen as a “small perturbation” of the Euclidean space Rd, d ≥ 3. We are
indebted to Matteo Muratori, who suggested this example.

For any d ≥ 3 and any 1 < p < pS consider the model manifold (M, g), namely the manifold
with a pole o and whose metric is given, in polar coordinates around o, by

ds2 = dr2 + ψ2(r)dθ2 r > 0, θ ∈ Sd−1, (1.25)

where dθ2 is the standard Euclidean metric on Sd−1 and

ψ(r) = r + εη(r), r > 0, (1.26)

with ε ∈ (0, 1) and η a fixed smooth cut-off function on (0,+∞) such that: η(r) = 0 for
r ∈ (0, 12 )

⋃
(3,+∞), η(r) = 1 for r ∈ (1, 2) and 0 ≤ η(r) ≤ 1 for r > 0.

By definition of ψ, for any ε ∈ (0, 1) we have

r ≤ ψ(r) ≤ 4r for r > 0, (1.27)

hence there is a constant C1(d) > 0, depending only on d, such that Vg(BR(o)) ≤ C1(d)Rd for
any R > 0. Thus (1.19) is satisfied.

Also, by construction there exists a constant C2(d, η) > 0, depending only on d and η, such
that for any ε ∈ (0, 1) 

Ric− 6≡ 0 on M,

Ric− ≤ εC2(d, η) on M,

Ric− = 0 on M \B4(o),

and so

0 < ‖Ric− ‖
L
d
2 (M)

≤ εC2(d, η) [Vg(B4(o))]
2
d ≤ εC2(d, η)C1(d)

2
d 42. (1.28)

Since (1.27) is in force, we see that, for any ϕ ∈ C1
c (M) and for any ε ∈ (0, 1){

‖ϕ‖
L

2d
d−2 (Rd)

≤ ‖ϕ‖
L

2d
d−2 (M)

≤ C3(d)‖ϕ‖
L

2d
d−2 (Rd)

,

‖∇ϕ‖L2(Rd) ≤ ‖∇ϕ‖L2(M) ≤ C3(d)‖∇ϕ‖L2(Rd),

for some constant C3(d) > 1, depending only on the dimension d. Therefore, M enjoys the
following Euclidean type Sobolev inequality,

‖∇ϕ‖L2(M) ≥ S(Rd) [C3(d)]
−1 ‖ϕ‖

L
2d
d−2 (M)

∀ϕ ∈ C1
c (M), ∀ ε ∈ (0, 1),

where S(Rd) denotes the best constant in the Sobolev inequality in the Euclidean space Rd.
Since the positive constant S(Rd) [C3(d)]

−1
is independent of ε ∈ (0, 1), we see that also (1.24)

is satisfied by taking ε small enough in (1.28).
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Strategy of the proof. The proofs of our main results exploit a common strategy which is related to
the definition of a suitable P -function. Indeed, after letting

u = v−
2
p−1

for equations (1.6), where p = pS , and (1.16), and

u = −2 log v

for (1.9), we find that v satisfies

∆v = P ,

where

P =
1

v

(
n

2
|∇v|2 +

2

n− 2

)
with

n

2
=
p+ 1

p− 1
,

(notice that n ≥ d and that n = d when p = pS) and

P =
1

v

(
|∇v|2 +

1

2

)
for d = n = 2. The main goal in Theorems 1.1 and 1.2 is to prove that P is constant, which implies the
classification results, while Theorems 1.4 and 1.5 follow by proving a contradiction argument on P . In
both cases, this is done by noticing that P satisfies

div(v2−n∇P ) = nv1−nk[v] , (1.29)

where

k[v] =
∣∣∣∇2v − ∆v

d

∣∣∣2 +
n− d
nd

(∆v)2 + Ric(∇v,∇v) .

By exploiting the definitions of P and of k[v], we obtain that

div
(
P t−1v2−n∇P

)
≥
(
t− 1

2

)
P t−2v2−n|∇P |2 + nP t−1v1−n

{
Ric(∇v,∇v) +

n− d
n2

(∆v)2
}

for any t ∈ R. Since ∆v = P , by letting ψR a suitable cut-off function, one easily obtains that(
t− 1

2

)∫
BR

P t−2v2−n|∇P |2 +
n− d
n

∫
BR

P t+1v1−n

≤ n
∫
BR

P t−1v1−n Ric− |∇v|2 −
∫
B2R\BR

P t−1v2−n∇P · ∇ψR .

Then the conclusion follows once we can provide suitable bounds for the RHS in the inequality above
for t > 1/2. This will be done by carefully choosing the parameter t, as well as other parameters
appearing in the proofs, and by letting R → ∞. In the case of Theorems 1.4 and 1.5 these estimates
will force a contradiction (unless u ≡ 0 in M), while in the case of Theorems 1.1 and 1.2 the conclusion
will follow by showing that P is constant, since this implies that ∇2v = P

d g = const.g and the result
follows from a classical theorem by Tashiro [32] (see Theorem A.1). The strategy of proving that the
Hessian matrix of v is a multiple of the metric has already been exploited in the existing literature,
but with some substancial differences with respect to our approach. Indeed, starting from [25], many
authors considered the identity

div(v2−nX) = nv1−nk[v] (1.30)

for a suitable vector field X (see for instance [17], [30], [8], [14]). However, they did not exploit the fact
that X = ∇P and therefore they could not use the full strength of the fact that P is a positive solution
of the second order elliptic PDE (1.29). This is the core of our approach and the crucial difference
with the previously mentioned works. Indeed, with equation (1.29) in force, we can prove that P t is
a positive subsolution of a second order elliptic PDE, and the possibility to choose t < 1 implies the
constancy of P , which in turns immediately provides ∇2v = const.g.

Also, besides the fact that the use of the P -function provides a unified approach to a variety of
problems (a unique approach simultaneously handles critical, subcritical and Liouville equations), we
also notice that, differently from [8] and [14], the P -function approach enables us to use the full strength
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of the constancy of P and directly jump to the conclusion, thanks to [32]. Indeed, the approach used
in [8] and [14] leads only to

∇2v ≡ ∆v

d
g and Ric(∇v,∇v) ≡ 0 , (1.31)

without any information on ∆v. This is why the authors of [8] and [14] has to invoke some splitting
theorems which exploit both the conditions in (1.31).

Finally, we mention that our approach can be used as a starting point to obtain further results when

considering positive solutions to ∆u + K(x)u
d+2
d−2 = 0, as done in [8]. We chose not to include these

results in this paper to prevent overshadowing the main ideas of our approach with excessive technical
details. This will be the object of future work.

Organization of the paper. In Section 2 we introduce the P -function and show that it is a subsolution
of a suitable equation. In Section 3 we prove the results for subcritical equations Theorems 1.4 and 1.5.
We prefer to start from these theorems since, in this case, the results follow almost straightforwardly
from the discussion above and by arguing by contradiction. Then we move to the classification results in
Theorems 1.1 and 1.2. In Section 4 we prove some preliminary integral estimates which are particularly
useful for the proofs of Theorems 1.1 and 1.2. Then in Sections 5 and 6 we will give the proof of
Theorems 1.1 and 1.2, respectively, by showing that P is constant. In Appendix A we recall some
auxiliary results for the reader’s convenience.

2. The p-function

In this section we introduce an auxiliary function, the so-called P -function and prove some preliminary
results. Let u be a solution to

−∆u = up in M, (2.1)

where 1 < p ≤ pS when d ≥ 3, and 1 < p < +∞ for d = 2. Let

u = v−
2
p−1 . (2.2)

Notice that if p = pS then (2.2) reads as u = v−
d−2
2 . Since

∇u = − 2

p− 1
v−

2
p−1−1∇v and ∆u = 2

p+ 1

(p− 1)2
v−

2
p−1−2|∇v|2 − 2

p− 1
v−

2
p−1−1∆v

it is readily seen that v satisfies

∆v =
p+ 1

p− 1

|∇v|2

v
+
p− 1

2

1

v
,

which we write as

∆v = P , (2.3)

where

P =
1

v

(
n

2
|∇v|2 +

2

n− 2

)
(2.4)

with
n

2
=
p+ 1

p− 1
,

i.e.

p =
n+ 2

n− 2
.

We notice that n ≥ d and n = d for p = pS and d ≥ 3. If d = 2 then n > d.
In the case d = 2, we also consider the Liouville equation

−∆u = eu in M, (2.5)

and, by letting

u = −2 log v (2.6)

we see that v satisfies (2.3) where now

P =
1

v

(
|∇v|2 +

1

2

)
, (2.7)

and in this case we set n = d = 2.
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This is our starting point. Indeed, by letting

n =

2
p+ 1

p− 1
if u is a solution to (2.1) ,

2 if u is a solution to (2.5) ,
(2.8)

and noticing that n ≥ d, we have that both (2.1) and (2.5) can be reduced to the study of positive
solutions to

∆v = P ,

where

P =
1

v

(n
2
|∇v|2 + cn

)
(2.9)

with

cn =


2

n− 2
if n > 2

1

2
if n = 2 .

(2.10)

The right-hand side of (2.3), which is defined in (2.9), is what we call P -function. Our main goal in
the proof of Theorems 1.1 and 1.2 will be to show that P is constant, while we will prove nonexistence
results by contradiction in the case of Theorems 1.4 and 1.5. The crucial property of P is that P is a
positive subsolution to a suitable elliptic equation, as it is proved in the following lemmas.

Before stating these lemmas, it will be useful to introduce the following quantity

k[v] = |∇2v|2 − 1

n
(∆v)2 + Ric(∇v,∇v) . (2.11)

It is straightforward to verify that

k[v] =
∣∣∣∇2v − ∆v

d
g
∣∣∣2 +

n− d
nd

(∆v)2 + Ric(∇v,∇v) . (2.12)

Notice that, since n ≥ d, if Ric ≥ 0 then k[v] ≥ 0.
In the first lemma we prove a differential identity which is crucial for our approach.

Lemma 2.1. Let (M, g) be a Riemannian manifold of dimension d ≥ 2. Let P and n be given by (2.9)
and (2.8), respectively, and let v ∈ C3(M), with v > 0. Then we have

div

(
v1−n

(
n

2
∇|∇v|2 − n∆v∇v + (n− 1)P∇v

))
= nv1−nk[v] + v

(
∆v − P

)
∆(v1−n),

where k[v] is given by (2.11).

Proof. We first notice that

n

2
div
(
v1−n∇|∇v|2

)
=
n

2
v1−n∆

(
|∇v|2

)
+ (1− n)

n

2
v−n∇v · ∇|∇v|2 ,

and Bochner identity yields

n

2
div
(
v1−n∇|∇v|2

)
= nv1−n

(
|∇2v|2 +∇v · ∇∆v + Ric(∇v,∇v)

)
+ (1− n)

n

2
v−n∇v · ∇|∇v|2 . (2.13)

Since

−ndiv
(
v1−n∆v∇v

)
= −n

[
v1−n(∆v)2 + v1−n∇v · ∇∆v + (1− n)v−n∆v|∇v|2

]
,

from (2.13) we obtain

div
(n

2
v1−n∇|∇v|2 − nv1−n∆v∇v

)
= nv1−n

[
|∇2v|2 − (∆v)2 +Ric(∇v,∇v)

]
+ (1− n)v−n

(n
2
∇|∇v|2 · ∇v − n∆v|∇v|2

)
,

i.e.

div
{(n

2
v1−n∇|∇v|2 − nv1−n∆v∇v

)}
= nv1−nk[v] + (1− n)v1−n(∆v)2

+ (1− n)v−n
(n

2
∇|∇v|2 · ∇v − n∆v|∇v|2

)
. (2.14)
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Now we consider

(n− 1) div(v1−nP∇v)

= (n− 1)v1−n (P∆v +∇P · ∇v)− (n− 1)2v−nP |∇v|2

= (n− 1)v1−n
(
P∆v − P

v
|∇v|2 +

n

2v
∇|∇v|2 · ∇v

)
− (n− 1)2v−nP |∇v|2 ,

where in the last equality we used

∇P = −P
v
∇v +

n

2v
∇|∇v|2 ,

and hence

(n− 1) div(v1−nP∇v) = (n− 1)v1−nP∆v +
n

2
(n− 1)v−n∇|∇v|2 · ∇v − n(n− 1)v−nP |∇v|2 . (2.15)

Thus from (2.14) and (2.15) we find

div
(
v1−n

[n
2
∇|∇v|2 − n∆v∇v + (n− 1)P∇v

])
= nv1−nk[v] + (1− n)v1−n(∆v)2

+ n(n− 1)v−n∆v|∇v|2 + (n− 1)v1−nP∆v − n(n− 1)v−nP |∇v|2 ,
i.e.

div
(
v1−n

[n
2
∇|∇v|2 − n∆v∇v + (n− 1)P∇v

])
= nv1−nk[v] + n(n− 1)v−n|∇v|2(∆v − P ) + (n− 1)v1−n∆v(P −∆v)

and thus

div
(
v1−n

[n
2
∇|∇v|2 − n∆v∇v + (n− 1)P∇v

])
= nv1−nk[v] + (n− 1)v−n(n|∇v|2 − v∆v)(∆v − P ) .

Since
v∆(v1−n) = (n− 1)v−n

[
n|∇v|2 − v∆v

]
we conclude. �

From Lemma 2.1 we readily obtain the following crucial differential identity for the P -function.

Lemma 2.2. Let (M, g) be a Riemannian manifold of dimension d ≥ 2. Let n and P be given by (2.8)
and (2.9), respectively. If v is a positive solution to (2.3) then P satisfies

div
(
v2−n∇P

)
= nv1−nk[v] in M . (2.16)

Proof. From Lemma 2.1 and since ∆v = P we have

div
(
v1−n

(n
2
∇|∇v|2 −∆v∇v

))
= nv1−nk[v] . (2.17)

Since ∆v = P and from (2.9), we have that

∇P =
n

2v
∇|∇v|2 − 1

v
P∇v =

1

v

(n
2
∇|∇v|2 −∆v∇v

)
(2.18)

which, together with (2.17), implies (2.16). �

Lemma 2.2 is also preliminary to the following lemma, which provides another fundamental differen-
tial inequality.

Lemma 2.3. Let (M, g) be a Riemannian manifold of dimension d ≥ 2. Let n and P be given by (2.8)
and (2.9), respectively. If v is a positive solution to (2.3) then

div
(
P t−1v2−n∇P

)
≥
(
t− 1

2

)
P t−2v2−n|∇P |2 + nP t−1v1−n

{
Ric(∇v,∇v) +

n− d
n2

P 2

}
(2.19)

in M , for any t ∈ R.

Proof. We first notice that from (2.18), we have that

∇P =
n

v

(
∇2v − ∆v

n
g

)
∇v ,

and Cauchy-Schwarz inequality yields

|∇P |2 6 n2

v2

∣∣∣∇2v − ∆v

n
g
∣∣∣2|∇v|2 .
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Since P > 0, for any t ∈ R we can write

P t−2v2−n|∇P |2 6 P t−2v2−nn
2

v2
|∇2v − ∆v

n
g|2|∇v|2 = P t−1v1−nn2|∇2v − ∆v

n
g|2 |∇v|

2

vP
. (2.20)

From the definition of P (2.9) we have

|∇v|2

vP
6

2

n
, (2.21)

and then (2.20) and (2.21) yield

P t−2v2−n|∇P |2 6 P t−1v1−n2n
∣∣∣∇2v − ∆v

n
g
∣∣∣2 . (2.22)

Now we notice that∣∣∣∇2v − ∆v

n
g
∣∣∣2 = |∇2v|2 +

d

n2
(∆v)2 − 2

n
(∆v)2 = |∇2v|2 − 1

n
(∆v)2 − n− d

n2
(∆v)2

and hence from (2.11) we find∣∣∣∇2v − ∆v

n
g
∣∣∣2 = k[v]− Ric(∇v,∇v)− n− d

n2
(∆v)2

and from (2.22) we have

P t−2v2−n|∇P |2 6 P t−1v1−n2n

{
k[v]− Ric(∇v,∇v)− n− d

n2
(∆v)2

}
,

i.e.

P t−2v2−n|∇P |2 + 2nP t−1v1−n
{

Ric(∇v,∇v) +
n− d
n2

(∆v)2
}
6 2nP t−1v1−nk[v] . (2.23)

Since

div
(
P t−1v2−n∇P

)
= P t−1 div

(
v2−n∇P

)
+ (t− 1)P t−2v2−n|∇P |2 ,

from (2.3), (2.16) and (2.23) we obtain (2.19). �

3. Classification results for subcritical equations

In this section we prove Theorems 1.4 and 1.5. We notice that, in this case, we only use Lemma 2.3
and an information on the volume growth of geodesic balls.

We first consider the case of manifolds with nonnegative Ricci curvature. We recall that, since
Ric ≥ 0, Bishop-Gromov relative volume comparison theorem [27, Lemma 7.1.4] implies

Vg(Br) ≤ ωdrd, ∀ r > 0, (3.1)

where ωd is the Euclidean volume of the ball.
To proceed further we recall that, having fixed a point x0 ∈ M , for every R > 0 there exists a

(standard) cutoff function ϕ = ϕR, i.e., a function ϕ = ϕR ∈ C0,1
c (M) such that :

ϕ = 1 in BR, ϕ = 0 in M \B2R and 0 ≤ ϕ ≤ 1, |∇ϕ| ≤ 1

R
on M, (3.2)

where Br = Br(x0) denotes the geodesic ball of center x0 and radius r > 0.

Proof of Theorem 1.4. When d = 2, the volume growth (3.1) implies that M is a parabolic manifold,
and therefore u must be constant, since it is superharmonic (see [11, Corollary 1]). Hence, u = 0 on M .

We also notice that this case is a particular case of Theorem 4.5 below, which then provides an
alternative proof.

Now we assume d ≥ 3. By the strong maximum principle we immediately have that if u(x0) = 0 for
some x0 ∈M then u ≡ 0 in M . Hence, we assume that u > 0 and we define v as in (2.2).

Since Ric ≥ 0 and from (2.19), we have(
t− 1

2

)
P t−2v2−n|∇P |2 +

n− d
n

P t+1v1−n ≤ div
(
P t−1v2−n∇P

)
(3.3)

in M , for any t ∈ R. Let ϕ be a standard cutoff function as in (3.2). By multiplying (3.3) by ϕθ, for
some large θ to be chosen later, and integrating by parts we obtain(

t− 1

2

)∫
M

ϕθP t−2v2−n|∇P |2 +
n− d
n

∫
M

ϕθP t+1v1−n ≤ −θ
∫
M

ϕθ−1P t−1v2−n∇P · ∇ϕ
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and hence by Young inequality(
t− 1

2

)∫
M

ϕθP t−2v2−n|∇P |2+
n− d
n

∫
M

ϕθP t+1v1−n ≤
∫
M

(P
t−2
2 v

2−n
2 |∇P |ϕ θ

2 )(θP
t
2 v

2−n
2 |∇ϕ|ϕ θ

2−1)

≤ ε
∫
M

P t−2v2−n|∇P |2ϕθ + C(ε)θ2
∫
M

P tv2−n|∇ϕ|2ϕθ−2 ,

i.e.(
t− 1

2
− ε
)∫

M

ϕθP t−2v2−n|∇P |2 +
n− d
n

∫
M

ϕθP t+1v1−n ≤ C(ε)θ2
∫
M

P tv2−n|∇ϕ|2ϕθ−2 . (3.4)

Now we use Young inequality again to estimate the RHS in (3.4), as follows

C(ε)θ2
∫
M

P tv2−n|∇ϕ|2ϕθ−2 =

∫
M

(
P tv(1−n)

t
1+tϕθ

t
1+t

)(
C(ε)θ2v

1−n
1+t v|∇ϕ|2ϕ

θ
1+t−2

)
≤ ε

∫
M

P t+1v1−nϕθ + C̃(ε, θ, t)

∫
M

v2−n+t|∇ϕ|2(t+1)ϕθ−2(1+t)

and from (3.4) we obtain(
t− 1

2
− ε
)∫

M

ϕθP t−2v2−n|∇P |2 +

(
n− d
n
− ε
)∫

M

ϕθP t+1v1−n

≤ C̃(ε, θ, t)

∫
M

v−(n−2−t)|∇ϕ|2(t+1) . (3.5)

We choose

t = n− 2 and 0 < ε <
n− d
n

,

so that

t− 1

2
− ε > 0 and

n− d
n
− ε > 0

for any 3 ≤ d < n. By choosing θ ≥ 2(t+ 1) and since ϕ satisfies (3.2), then (3.5) implies(
t− 1

2
− ε
)∫

M

ϕθP t−2v2−n|∇P |2 +

(
n− d
n
− ε
)∫

M

ϕθP t+1v1−n ≤ C∗(ε, θ, t)R−(n−2)−(n−d) .

In particular, this implies that ∫
BR

P t+1v1−n ≤ CR−(n−2)−(n−d) ,

where C does not depend on R. By letting R → +∞, we obtain that P t+1v1−n ≡ 0 in M , which is a
contradiction. Hence, u must vanish everywhere in M . �

Now we consider the case of Theorem 1.5, where we assume that d ≥ 3 and that the manifold enjoys
a Sobolev type inequality (1.17), i.e.

‖∇ψ‖L2(M) ≥ S‖ψ‖Lν(M) ∀ψ ∈ C1
c (M),

for some ν > 2. We recall that in this case we do not restrict to manifolds with nonnegative Ricci
curvature, but we assume that the negative part of the Ricci tensor satisfies (1.18), i.e.

‖Ric− ‖L ν
ν−2 (M)

≤ n− d
3(n− 2)2

S2 ,

(see Remark 1.6). Moreover, we assume the volume growth condition (1.19) which is given by

Vg(BR) = O(R2(n−1)) (3.6)

as R→∞ (again, see Remark 1.6).

Proof of Theorem 1.5. By the strong maximum principle we have that if u(p) = 0 for some p ∈M then
u ≡ 0 in M . Hence, by contradiction, we assume that u > 0 in M and we define v as in (2.2).
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Let ϕ be a standard cutoff function as in (3.2) and let θ > 0 to be chosen later. From (2.3) and
(2.19) we get∫

M

ϕθ div
(
P t−1v2−n∇P

)
≥
∫
M

(
t− 1

2

)
P t−2v2−n|∇P |2ϕθ + n

∫
M

P t−1v1−n
{

Ric(∇v,∇v) +
n− d
n2

P 2

}
ϕθ

for any t ∈ R and, by using the divergence theorem, we find∫
M

(
t− 1

2

)
P t−2v2−n|∇P |2ϕθ +

n− d
n

∫
M

P t+1v1−nϕθ

≤ n
∫
M

Ric− ϕ
θP t−1v1−n|∇v|2 −

∫
M

θϕθ−1P t−1v2−n∇P · ∇ϕ

≤ 2

∫
M

Ric− ϕ
θP tv2−n −

∫
M

θϕθ−1P t−1v2−n∇P · ∇ϕ .

where in the last inequality we used that

|∇v|2 < 2

n
vP , (3.7)

which follows from vP = n
2 |∇v|

2 + 2
n−2 . From Hölder inequality with exponents (ν2 ,

ν
ν−2 ) we have that

2

∫
M

Ric− ϕ
θP tv2−n ≤ 2‖Ric− ‖ ν

ν−2
‖v2−nϕθP t‖ ν

2
,

and we obtain(
t− 1

2

)∫
M

P t−2v2−n|∇P |2ϕθ +
n− d
n

∫
M

P t+1v1−nϕθ

≤ 2‖Ric− ‖ ν
ν−2
‖v2−nϕθP t‖ ν

2
−
∫
M

θϕθ−1P t−1v2−n∇P · ∇ϕ .

Hence, Young inequality yields(
t− 1

2
− ε
)∫

M

P t−2v2−n|∇P |2ϕθ +
n− d
n

∫
M

P t+1v1−nϕθ

≤ 2‖Ric− ‖ ν
ν−2
‖v2−nϕθP t‖ ν

2
+
θ2

4ε

∫
M

P tϕθ−2v2−n|∇ϕ|2 . (3.8)

Since

P t−2v2−n|∇P |2ϕθ = |v1−n2 ϕ θ
2P

t
2−1∇P |2 =

4

t2
|v1−n2 ϕ θ

2∇P t
2 |2 =

4

t2
v2−nϕθ|∇P t

2 |2

and

|∇(v1−
n
2 ϕ

θ
2P

t
2 )|2 ≤ 3

(
1− n

2

)2
v−nϕθP t|∇v|2 + 3

θ2

4
ϕθ−2v2−nP t|∇ϕ|2 + 3 v2−nϕθ|∇P t

2 |2 ,

i.e.,

4

t2
v2−nϕθ|∇P t

2 |2 ≥ 4

3t2
|∇(v1−

n
2 ϕ

θ
2P

t
2 )|2 − 4

t2

(
1− n

2

)2
v−nϕθP t|∇v|2 − θ2

t2
ϕθ−2v2−nP t|∇ϕ|2 ,

we find(
t− 1

2
− ε
)
P t−2v2−n|∇P |2ϕθ ≥

(
t− 1

2
− ε
)

4

3t2
|∇(v1−

n
2 ϕ

θ
2P

t
2 )|2

−
(
t− 1

2
− ε
)

4

t2

(
1− n

2

)2
v−nϕθP t|∇v|2 −

(
t− 1

2
− ε
)
θ2

t2
ϕθ−2v2−nP t|∇ϕ|2 ,
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provided t > 1
2 . From (3.8) we obtain(

t− 1

2
− ε
)

4

3t2

∫
M

|∇(v1−
n
2 ϕ

θ
2P

t
2 )|2 +

n− d
n

∫
P t+1v1−nϕθ

≤ 2‖Ric− ‖ ν
ν−2
‖v2−nϕθP t‖ ν

2
+
θ2

4ε

∫
M

P tϕθ−2v2−n|∇ϕ|2

+

(
t− 1

2
− ε
)

4

t2

(
1− n

2

)2 ∫
M

v−nϕθP t|∇v|2 +

(
t− 1

2
− ε
)
θ2

t2

∫
M

P tϕθ−2v2−n|∇ϕ|2

and from (3.7) we find(
t− 1

2
− ε
)

4

3t2

∫
M

|∇(v1−
n
2 ϕ

θ
2P

t
2 )|2 +

1

n

[
n− d−

(
t− 1

2
− ε
)

2(n− 2)2

t2

] ∫
M

P t+1v1−nϕθ

≤ 2‖Ric− ‖ ν
ν−2
‖v2−nϕθP t‖ ν

2
+

[
1

4ε
+

(
t− 1

2
− ε
)

1

t2

]
θ2
∫
M

P tϕθ−2v2−n|∇ϕ|2 .

Sobolev inequality (1.17) yields

2

[(
t− 1

2
− ε
)

2

3t2
S2 − ‖Ric− ‖ ν

ν−2

]
‖v2−nϕθP t‖ ν

2

+
1

n

[
n− d−

(
t− 1

2
− ε
)

2

t2
(n− 2)2

] ∫
M

P t+1v1−nϕθ

≤
[

1

4ε
+

(
t− 1

2
− ε
)

1

t2

]
θ2
∫
M

P tϕθ−2v2−n|∇ϕ|2 . (3.9)

Now we choose the parameters in (3.9) in such a way that{(
t− 1

2 − ε
)

2
3t2S

2 − ‖Ric− ‖ ν
ν−2
≥ 0

n− d−
(
t− 1

2 − ε
)

2
t2 (n− 2)

2
> 0 .

(3.10)

In particular, we first choose t and ε such that{
t− 1

2 − ε > 0

n− d−
(
t− 1

2 − ε
)

2
t2 (n− 2)

2
> 0 .

(3.11)

In particular, we set

t = n− 2 and ε = n− 2− 1

2
− n− d

4
, (3.12)

and we notice that, since n > d ≥ 3, then t > 1 and ε > 1
2 . Moreover, such a choice of t and ε implies

that

t− ε− 1

2
=
n− d

4
> 0

and

n− d−
(
t− 1

2
− ε
)

2

t2
(n− 2)

2
=
n− d

2
> 0

and (3.11) is satisfied.
Moreover, by noticing that (

t− 1

2
− ε
)

2

3t2
S2 =

n− d
3(n− 2)2

S2 ,

we also have that the first inequality in (3.10) is satisfied, thanks to the assumption (1.21) on ‖Ric− ‖ ν
ν−2

.

Now that (3.10) is fulfilled, from (3.9) we find

c1‖v2−nϕθP t‖ ν2 + c2

∫
M

P t+1v1−nϕθ ≤ θ2
∫
M

P tϕθ−2v2−n|∇ϕ|2 , (3.13)

where c1 = c1(n, d, S, ‖Ric− ‖ ν
ν−2

) ≥ 0 and c2 = c2(n, d) > 0. Now we estimate the last term in (3.13).

We write

θ2
∫
M

P tϕθ−2v2−n|∇ϕ|2 =

∫
M

(P tv(1−n)
t

1+tϕθ
t

1+t )(θ2v
1−n
1+t vϕ

θ
1+t−2|∇ϕ|2) (3.14)
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and, by using Young’s inequality with exponents ( t+1
t , t+ 1), we find

θ2
∫
M

P tϕθ−2v2−n|∇ϕ|2 ≤ c2
2

∫
M

P t+1v(1−n)ϕθ + C(c2, θ)

∫
M

v2−n+tϕθ−2(1+t)|∇ϕ|2(t+1) .

By choosing θ > 2(1 + t) and using the properties of ϕ, from (3.13) we find

c1‖v2−nϕθP t‖ ν2 +
c2
2

∫
M

P t+1v1−nϕθ ≤ C(c2, θ)R
−2(t+1)

∫
B2R\BR

v2−n+t ≤ C(c2, θ)R
−2(n−1)Vg(B2R) ,

(3.15)
where in the last inequality we used that t = n−2. Now, it remains to use the volume growth condition
(3.6) to conclude.

If we assume that Vg(B2R) = o(R−2(n−1)) then, by letting R → ∞, from (3.15) we immediately
obtain that

0 ≤ c1‖v2−nP t‖ ν2 +
c2
2

∫
M

P t+1v1−n ≤ 0

so that P = 0, which gives a contradiction and we conclude.
If Vg(B2R) = O(R−2(n−1)) then (3.15) yields

c1‖v2−nP t‖ ν2 +
c2
2

∫
M

P t+1v1−n < +∞.

which implies that

lim
R→∞

∫
B2R\BR

P t+1v1−n = 0 . (3.16)

Since supp∇ϕ ⊂ B2R \BR and from (3.13) we find

c2

∫
M

P t+1v1−nϕθ ≤ θ2
∫
M

P tϕθ−2v2−n|∇ϕ|2 = θ2
∫
B2R\BR

P tϕθ−2v2−n|∇ϕ|2

and, by arguing as in (3.14) and using Hölder inequality, we obtain

c2

∫
M

P t+1v1−nϕθ ≤ θ2
(∫

B2R\BR
P t+1v(1−n)ϕθ

) t
t+1
(∫

B2R\BR
v2−n+tϕθ−2(1+t)|∇ϕ|2(t+1)

) 1
t+1

.

(3.17)
By repeating the argument done in (3.15), from (3.17) we obtain

c2

∫
M

P t+1v1−nϕθ ≤ θ2
(∫

B2R\BR
P t+1v(1−n)ϕθ

) t
t+1 (

CVg(B2R)R−2(n−1)
) 1
t+1

.

Since Vg(B4R) = O(R−2(n−1)) then we find that∫
BR

P t+1v1−n ≤
∫
M

P t+1v1−nϕθ ≤ C

(∫
B2R\BR

P t+1v(1−n)

) t
t+1

and, by taking the limit as R→∞ and using (3.16), we find that∫
M

P t+1v1−n = 0

which gives the desired contradiction. �

4. Integral estimates for solutions to (2.3)

In this section we prove some integral estimates for solutions to (2.3), which will be used for proving
Theorems 1.1 and 1.2.

Lemma 4.1. Let (M, g) be a Riemannian manifold of dimension d ≥ 2. Let v be a positive solution to
(2.3) and let n be given by (2.8). Then, for any q ∈ R and ψ ∈ C0,1

c (M), it holds

(
n

2
+ 1− q)

∫
M

v−q|∇v|2ψ + cn

∫
M

v−qψ = −
∫
M

v1−q∇v · ∇ψ , (4.1)

where cn is given by (2.10).



SEMILINEAR PDES ON RIEMANNIAN MANIFOLDS : A P-FUNCTION APPROACH 15

Proof. From (2.3) and (2.9) and by integrating by parts, we get∫
M

v1−qψP =

∫
M

v1−qψ∆v = (q − 1)

∫
M

v−q|∇v|2ψ −
∫
M

v1−q∇v · ∇ψ .

Using again (2.9) we immediately get (4.1). �

Corollary 4.2. Let (M, g) be a Riemannian manifold of dimension d ≥ 2. Let v be a positive solution
to (2.3) and let n be given by (2.8). Let q,m ∈ R, ψ ∈ C0,1

c (M) and let P be given by (2.9). Then it
holds

(
n

2
+ 1− q)

∫
M

v−qPm|∇v|2ψ + cn

∫
M

v−qPmψ

= −
∫
M

v1−qPm∇v · ∇ψ −m
∫
M

v1−qPm−1∇v · ∇Pψ , (4.2)

where cn is given by (2.10).

Proof. We recall that, thanks to the regularity properties of v, P is smooth and we can choose ψPm in
place of ψ in Lemma 4.1, which immediately gives (4.2). �

In the following lemma we provide integral estimates which play a crucial role in the proof of Theorem
1.1. These are rather standard tools to study positive solutions of p-Laplace type equations involving
power-like nonlinearities (see for instance [17, 30, 9, 26, 33]).

Lemma 4.3. Let (M, g) be a complete, connected Riemannian manifold of dimension d ≥ 2 and assume
that n > d if d = 2, where n is given by (2.8). Let v be a positive solution to (2.3). For any R > 0 we
have

(i) if 2 6 q < n
2 + 1 then ∫

BR

v−q|∇v|2 +

∫
BR

v−q 6 C Vg(B2R)R−q . (4.3)

(ii) If 0 ≤ q 6 n
2 + 1 then ∫

BR

v−q 6 C Vg(B2R)R−q . (4.4)

In both cases, Vg(Br) is the volume of the geodesic ball Br = Br(x0) centered at a point x0 ∈M and of
radius r > 0, and C = C(n, q) is a positive constant depending only on n and q.

Proof. Let ϕ be a cutoff function as in (3.2).
(i) Assume θ > q. By letting ψ = ϕθ in Lemma 4.1 and using Cauchy-Schwarz inequality, we have

(
n

2
+ 1− q)

∫
M

v−q|∇v|2ϕθ + cn

∫
M

v−qϕθ ≤ θ
∫
M

ϕθ−1v1−q|∇v||∇ϕ| . (4.5)

Let ε > 0 be a (small) constant to be chosen later. By using Young’s inequality we have

ϕθ−1v1−q|∇v||∇ϕ| ≤ εϕθv−q|∇v|2 +
1

ε
|∇ϕ|2ϕθ−2v2−q , (4.6)

and a further application of Young’s inequality, this time with exponents
(

q
q−2 ,

q
2

)
and assuming q > 2,

yields

ϕθ−1v1−q|∇v||∇ϕ| ≤ εϕθv−q|∇v|2 + εϕθv−q + C(ε, q)|∇ϕ|qϕθ−q , (4.7)

where C = C(ε, q) is a positive constant depending only on ε and q. We notice that if q = 2 then (4.7)
immediately follows from (4.6).

From (4.5), (4.7) and by using (3.2), we get

(
n

2
+ 1− q)

∫
M

v−q|∇v|2ϕθ + cn

∫
M

v−qϕθ

6 θε
∫
B2R\BR

ϕθv−q|∇v|2 + θε

∫
B2R\BR

v−qϕθ + θC(ε, q)

∫
B2R\BR

|∇ϕ|qϕθ−q . (4.8)

i.e.

(
n

2
+ 1− q − θε)

∫
M

v−q|∇v|2ϕθ + (cn − θε)
∫
M

v−qϕθ 6 θC(ε, q)R−q
∫
B2R\BR

ϕθ−q . (4.9)
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Since θ > q and (n2 + 1− q) > 0 and by taking ε > 0 small enough, we obtain∫
BR

v−q|∇v|2 +

∫
BR

v−q 6 C Vg(B2R)R−q,

where C = C(n, q) is a positive constant depending only on n and q.

Now we prove (ii). We first notice that the case q = 0 is trivially true, while if 2 ≤ q < n/2 + 1 then
(4.4) follows from (4.3).

In the case 0 < q < 2, (4.4) follows by a direct application of Hölder inequality and part (i) of
the assertion. Indeed, let 0 < s < 2. We apply Hölder inequality with exponents ( qs ,

q
q−s ), with

2 < q < n/2 + 1, and get∫
BR

v−s 6

(∫
BR

v−q
)s/q

Vg(BR)(q−s)/q 6 (C Vg(B2R)R−q)
s
q Vg(BR)(q−s)/q ≤ C

s
q Vg(B2R)R−s, (4.10)

where in the second inequality we used (4.3) for 2 < q < n/2 + 1. Therefore, the estimate (4.4) holds
for 0 6 q < n/2 + 1.

It remains to prove (4.4) for q = n/2 + 1. From Lemma 4.1 we have

cn

∫
M

v−
n
2−1ϕ 6

1

R

∫
B2R\BR

v−
n
2 |∇v| . (4.11)

Now we estimate the right hand side of the last inequality. By writing v−
n
2 = v−

n
4−

1
2+

ε
2 v−

n
4 + 1

2−
ε
2 and

using Cauchy-Schwarz inequality we find∫
BR

v−
n
2 |∇v| 6

(∫
BR

vε−
n
2−1|∇v|2

) 1
2
(∫

BR

v−
n
2 +1−ε

) 1
2

.

By choosing 0 < ε < n−2
2 on the r.h.s. we can apply (4.3) for 2 < q < n

2 + 1 on the first term, and (4.4)
for 0 < q < n

2 + 1 on the second term to get∫
BR

v−
n
2 |∇v| 6

(
CVg(B2R)R−(−ε+

n
2 +1)

) 1
2
(
CVg(B2R)R−(ε+

n
2−1)

) 1
2

. (4.12)

Inequality (4.4) then follows from (4.11) and (4.12). �

Remark 4.4. It is clear that from (2.9) and (4.3) we obtain that∫
BR

vγP 6 C Vg(B2R)Rγ−1 (4.13)

for any −n2 < γ ≤ −1. These estimate will be used later.

We notice that part (ii) of Lemma 4.3 implies the following straightforward classification result, where
only a volume growth is assumed on the manifold M .

Theorem 4.5. Let (M, g) be a complete, connected Riemannian manifold of dimension d ≥ 2 and let
u be a nonnegative solution to (2.1), where 1 < p ≤ pS when d ≥ 3 and 1 < p < +∞ for d = 2.

If

Vg(BR) = o(R
2p
p−1 ) (4.14)

then u = 0.
In particular, if d ≥ 3 and

Vg(BR) ≤ CRγ , (4.15)

for some C, γ > 0 then u = 0 whenever p < pM , where

pM =
γ

(γ − 2)+
. (4.16)

We notice that, when γ = d ≥ 3 in (4.15) then pM = d/(d − 2)+, which is the well-known Serrin’s
exponent.

Proof of Theorem 4.5. By the strong maximum principle either u = 0 on M or u > 0 on M . Let us
prove that under the assumption (4.14) the latter case is not possible. For contradiction, assume that

u > 0 in M and define v as in (2.2), then lim infR→∞
Vg(BR)

R
n
2

+1 = lim infR→∞
Vg(BR)

R
2p
p−1

> 0, thanks to part

(ii) of Lemma 4.3. The latter contradicts (4.14). Hence u = 0 on M .
�
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5. The critical Laplace equation for manifolds with nonnegative Ricci

In this section we assume that Ric ≥ 0 and we prove Theorem 1.1. We notice that throughout this
section, we consider solutions to (2.1) and hence in this case n = d (see (2.8)). However, we prefer
to use both and n and d, since n appears in quantities which are related to the equation while the
dimension d plays a role only in the asymptotic volume ratio. This will be useful for future works and
generalizations.

We firstly give two preliminary propositions.

Proposition 5.1. Let (M, g) be a complete, connected Riemannian manifold of dimension d ≥ 3 with
Ric ≥ 0. Let n and P be given by (2.8) and (2.9), respectively, and assume that n = d. Let ϕ be a
standard cutoff function as in (3.2). If v is a positive solution to (2.3) then

1

θ2

(
t− 1

2

)2 ∫
M

P t−2v2−n|∇P |2ϕθ ≤ 1

R2

∫
B2R\BR

ϕθ−2v2−nP t , (5.1)

for any t > 1
2 and θ > 2.

Proof. We first notice that, since n = d and Ric ≥ 0, from (2.19) we have

ϕθ div
(
P t−1v2−n∇P

)
≥
(
t− 1

2

)
P t−2v2−n|∇P |2ϕθ ,

and an integration by parts yields(
t− 1

2

)∫
M

P t−2v2−n|∇P |2ϕθ 6 −θ
∫
M

ϕθ−1v2−nP t−1∇P · ∇ϕ

6 θ

(∫
M

ϕθv2−nP t−2|∇P |2
) 1

2
(∫

M

ϕθ−2v2−nP t|∇ϕ|2
) 1

2

, (5.2)

where in the last inequality we used Hölder’s inequality. Hence, inequality (5.1) follows since t > 1
2 and

|∇ϕ| ≤ 1
R in B2R \BR. �

Proposition 5.2. Let (M, g) be a complete, connected Riemannian manifold of dimension d ≥ 3 with
Ric ≥ 0. Let n and P be given by (2.8) and (2.9), respectively, and assume that n = d. Let ϕ be a
standard cutoff function as in (3.2). If v is a positive solution to (2.3), then for any q < n

2 + 1, γ > 1,
θ ≥ max(2, γ) and t,m ∈ R there exists C > 0 such that∫

B2R

v1−qPm+1ϕθ ≤ C

Rγ

∫
B2R\BR

ϕθv1−q+
γ
2 Pm+1− γ2

+
C

R2

∫
B2R

vn−2q+1P 2m−t+1ϕθ−2 + εR2

∫
B2R

P t−2v2−n|∇P |2ϕθ+2 , (5.3)

for any positive ε = ε(n, q) sufficiently small.

Proof. From Corollary 4.2, by choosing ψ = ϕθ we know that

(
n

2
+ 1− q)

∫
M

v−qPm|∇v|2ϕθ +
2

n− 2

∫
M

v−qPmϕθ

= −θ
∫
M

ϕθ−1v1−qPm∇v · ∇ϕ−m
∫
M

ϕθv1−qPm−1∇v · ∇P ,

which, combined with (2.9) and Cauchy Schwarz inequality, implies

c(n, q)

∫
M

v1−qPm+1ψ ≤ θ
∫
M

ϕθ−1v1−qPm|∇v||∇ϕ|+ |m|
∫
M

ϕθv1−qPm−1|∇v||∇P | , (5.4)

where c(n, q) > 0 provided that q < n
2 + 1. By Young inequality with exponents (γ, γ

γ−1 ) we bound the

first term on the RHS of (5.4) as follows

θ

∫
M

ϕθ−1v1−qPm|∇v||∇ϕ| ≤ ε
∫
M

ϕθv1−qPm+1 + C(n, θ, ε, γ)

∫
M

ϕθ−γv1−qPm+1−γ |∇v|γ |∇ϕ|γ

and, by using |∇v|2 < 2
nvP , we have

θ

∫
M

ϕθ−1v1−qPm|∇v||∇ϕ| ≤ ε
∫
M

ϕθv1−qPm+1 +
C(n, θ, ε, γ)

Rγ

∫
B2R\BR

ϕθ−γv1−q+
γ
2 Pm+1− γ2 , (5.5)
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where we also used the definition of ϕ (3.2).
Now we consider the second term on the RHS of (5.4) by using Young’s inequality:

|m|
∫
M

ϕθv1−qPm−1|∇v||∇P | ≤ εR2

∫
M

ϕθ+2P t−2v2−n|∇P |2 +
C(ε,m)

R2

∫
M

ϕθ−2vn−2qP 2m−t|∇v|2

and using again |∇v|2 < 2
nvP we obtain

|m|
∫
M

ϕθv1−qPm−1|∇v||∇P | ≤ εR2

∫
M

ϕθ+2P t−2v2−n|∇P |2 +
C(ε,m, n)

R2

∫
M

ϕθ−2v1+n−2qP 2m−t+1 .

(5.6)
The conclusion immediately follows from (5.4), (5.5) and (5.6) by choosing ε < 1

2c(n, q), where c(n, q)
is the constant appearing on the LHS of (5.4). �

Now we are ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1. The main goal of the proof is to show that P is constant, i.e. that |∇P | ≡ 0 in
M . Indeed, since P is constant then k[v] ≡ 0 and hence

∇2v ≡ P

d
g .

The latter immediately yields the conclusion from an old theorem by Tashiro [32], which we recall in
Appendix A for the reader’s convenience.

Hence, the rest of the proof is devoted to show that ∇P ≡ 0 in M .

(i) We first observe that n = d ≥ 3 in this case and hence Proposition 5.1 applies, and we have that(
t− 1

2

)2 ∫
M

ϕθP t−2v2−n|∇P |2 ≤ 4

R2

∫
B2R\BR

ϕθ−2v2−nP t , (5.7)

for any t > 1
2 and R > 1.

Now, we divide the proof in three cases accordingly to the value of n.

– Case 1: n = 3. In this case we just set t = 1 in (5.7) and Lemma 4.3 (we apply part (i) with q = n−1,
so that 2 ≤ q < n

2 + 1) yields that∫
B2R

v2−nP =

∫
B2R

v−(n−1)
(n

2
|∇v|2 + cn

)
≤ 2d+1ωdCR

d−n+1

and from (5.7) we immediately obtain that∫
BR

P−1v2−n|∇P |2 ≤ 2d+5ωdC

R
.

By letting R→ +∞ we find that |∇P | ≡ 0 in M .
– Case 2: n = 4. Again, we have to estimate the RHS of (5.7). To this end we choose

t =
1

2
+ δ with δ = (5− n)/5 ∈

(
0,

1

5

)
(5.8)

and set

γ =
n

2
− δ . (5.9)

Since 1
2 < t < 1 we can use Hölder’s inequality with parameters ( 1

t ,
1

1−t ) to get∫
B2R

v2−nP t =

∫
B2R

v2−n+γtv−γtP t ≤
(∫

B2R

v
2−n+γt

1−t

)1−t(∫
B2R

v−γP

)t
=

(∫
B2R

v−
n−2−γt

1−t

)1−t(∫
B2R

v−(1+γ)
(n

2
|∇v|2 + cn

))t
and Lemma 4.3 yields

1

R2

∫
B2R

v2−nP t ≤ CRd−n−t , (5.10)
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provided that 
1
2 < t < 1

2 ≤ 1 + γ < n
2 + 1

0 ≤ n−2−γt
1−t ≤ n

2 + 1 .

(5.11)

We notice that the first two lines in (5.11) are verified thanks to (5.8) and (5.9). A simple calculation
shows that also the last line in (5.11) is satisfied. Hence from (5.10) and (5.7) we obtain that |∇P | ≡ 0.
– Case 3: n = 5. Let δ ∈ (0, 1/2). Since n = 5 then n

2 − 2 + δ > 0 and from 2/3 ≤ vP we can use

1 ≤ 3

2
(vP )

n
2−2+δ

in the integral on the RHS of (5.7), and obtain that

1

R2

∫
B2R\BR

ϕθ−2v2−nP t ≤ 3

2R2

∫
B2R\BR

ϕθ−2v−
n
2 +δP t+

n
2−2+δ . (5.12)

We apply Proposition 5.2, by letting

m+ 1 = t+
n

2
− 2 + δ and q =

n

2
+ 1− δ (5.13)

(and θ−2 in place of θ) and the other parameters to be chosen later. From (5.7), (5.12) and Proposition
5.2 we obtain that((

t− 1

2

)2
− ε
)∫

M

ϕθP t−2v2−n|∇P |2

≤ C

R2+γ

∫
B2R\BR

ϕθ−2v−
n
2 +δ+ γ

2 P t+
n−4
2 +δ− γ2 +

C

R4

∫
B2R

ϕθ−4v−1+2δP t+n−5+2δ ,

and by Hölder’s inequality with exponents (s, s
s−1 ) and since suppϕ ⊂ B2R, we obtain((

t− 1

2

)2
− ε
)∫

M

ϕθP t−2v2−n|∇P |2 ≤ C

R2+γ

∫
B2R\BR

v−
n
2 +δ+ γ

2 P t+
n−4
2 +δ− γ2

+
C

R4

(∫
B2R

v−s+3sδP (t+n−5+2δ)s

) 1
s
(∫

B2R

v−
s
s−1 δ

) s−1
s

. (5.14)

Now we have to choose the parameters in order to apply Lemma 4.3 (see also Remark 4.4). We choose
t > 1

2 , s > 1 and δ > 0 small such that{
−n2 < −s+ 3sδ ≤ −1

(t+ n− 5 + 2δ)s = 1 .
(5.15)

For instance, since n = 5, by choosing t = 1
2 + δ and s = ( 1

2 + 3δ)−1 we have that the conditions in
(5.15) are satisfied. Since s, γ > 1 then

t+
n− 4

2
+ δ − γ

2
< (t+ n− 5 + 2δ)s = 1

which implies

1− t− n− 4

2
− δ +

γ

2
> 0 ,

and from 2/3 ≤ vP we have that

1 ≤
(

3

2
vP

)1−t−n−4
2 −δ+

γ
2

which we use in the first integral on the RHS in (5.14). Hence, from (5.14) we obtain((
t− 1

2

)2
− ε
)∫

M

ϕθP t−2v2−n|∇P |2 ≤ C

R2+γ

∫
B2R\BR

v−n+3+γ−tP

+
C

R4

(∫
B2R

v−s+3sδP

) 1
s
(∫

B2R

v−
s
s−1 δ

) s−1
s

. (5.16)

By choosing γ > 1 such that −n2 < −n+ 3 + γ − t ≤ −1, i.e.,

n

2
− 3 + t < γ ≤ n− 4 + t ,
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δ > 0 small enough, and by using (5.15), we apply Lemma 4.3 and from (5.16) we obtain((
t− 1

2

)2
− ε
)∫

M

ϕθP t−2v2−n|∇P |2 ≤ CRd−n−t + CRd−5−
1
s+2δ .

Once t > 1
2 is fixed, since n = d = 5 we obtain that

lim
R→∞

∫
BR

P t−2v2−n|∇P |2 = 0 ,

which implies that P is constant in M .

Now we turn to the proof of item (iii).

(iii) We first prove that the assumption u ∈ L
2d
d−2 (M) implies

∫
M
|∇u|2 < +∞. To this end, we multiply

the equation (1.6) by uϕ2, where ϕ is a standard cutoff function as in (3.2), and then we integrate by
parts to get∫

M

|∇u|2ϕ2 =

∫
M

u
2d
d−2ϕ2 −

∫
M

2uϕ∇u · ∇ϕ ≤
∫
M

u
2d
d−2ϕ2 +

1

2

∫
M

|∇u|2ϕ2 + 2

∫
M

u2|∇ϕ|2. (5.17)

Hence, for every R > 0,

1

2

∫
BR

|∇u|2 ≤ 1

2

∫
M

|∇u|2ϕ2 ≤
∫
M

u
2d
d−2ϕ2 + 2

∫
M

u2|∇ϕ|2

≤
∫
M

u
2d
d−2ϕ2 + 2

(∫
M

u
2d
d−2

) d−2
d
(∫

M

|∇ϕ|d
) 2
d

≤
∫
M

u
2d
d−2 + 2

(∫
M

u
2d
d−2

) d−2
d (

R−dVg(B2R)
) 2
d ≤

∫
M

u
2d
d−2 + 8ω

2
d

d

(∫
M

u
2d
d−2

) d−2
d

where in the latter we have used (3.1). Then, we obtain
∫
M
|∇u|2 < +∞ by letting R −→∞.

Next, we fix a point p ∈M and apply Lemma 2.3 with t = 1, θ ≥ 2 and ψ a standard cutoff function
as in (3.2). This leads to

1

2

∫
M

P−1v2−d|∇P |2ψθ 6 −θ
∫
M

ψθ−1v2−d∇P · ∇ψ

6 θ

(∫
M

ψθv2−dP−1|∇P |2
) 1

2
(∫

M

ψθ−2v2−dP |∇ψ|2
) 1

2

. (5.18)

Then, we observe that

∫
M

ψθ−2v2−dP |∇ψ|2 ≤ 1

R2

∫
B2R\BR

v2−dP =
1

R2

∫
B2R\BR

v1−dPv

=
1

R2

∫
B2R\BR

v1−d
(
d

2
|∇v|2 +

2

d− 2

)
=

1

R2

∫
B2R\BR

v

(
d

2
v−d|∇v|2 +

2

d− 2
v−d

)
=

1

R2

∫
B2R\BR

v

(
2d

(d− 2)2
|∇u|2 +

2

d− 2
u

2d
d−2

)
(5.19)

and we recall that, since u is superharmonic on M and Ric ≥ 0, we have the existence of two positive
constants A0, R0 such that

u(x) ≥ A0

r(x)d−2
∀x ∈M \BR0

, (5.20)

where r = r(x) denotes the geodesic distance from a fixed reference point of M (see for instance [14]
and [8]). The latter implies that

v(x) ≤ A
2

2−d
0 r(x)2 ∀x ∈M \BR0

(5.21)

and therefore, from (5.19), we get that, for every R > R0
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∫
M

ψθ−2v2−dP |∇ψ|2 ≤ 1

R2

∫
B2R\BR

v

(
2d

(d− 2)2
|∇u|2 +

2

d− 2
u

2d
d−2

)
≤ 2dA

2
2−d
0

∫
B2R\BR

(
|∇u|2 + u

2d
d−2

)
. (5.22)

Now we plug (5.22) into (5.18) to get

∫
BR

P−1v2−d|∇P |2 ≤
∫
M

P−1v2−d|∇P |2ψθ ≤ 4θ2
∫
M

ψθ−2v2−dP |∇ψ|2

≤ 8dθ2A
2

2−d
0

∫
B2R\BR

|∇u|2 + u
2d
d−2 −→ 0 as R −→∞, (5.23)

since u ∈ L
2d
d−2 (M) and

∫
M
|∇u|2 < +∞.

Finally, we prove item (ii).

(ii) When d ≤ 5 the conclusion follows from (i), therefore in what follows we consider only the case

d ≥ 6. If α ≥ d−2
2 , then u ∈ L

2d
d−2 (M), and so the result follows from item (iii). We can therefore

assume α < d−2
2 and d ≥ 6.

Our goal is to estimate the RHS in (5.7). If we assume that t ≥ 1, then the RHS in (5.7) can be
estimated by

4

R2

∫
B2R\BR

ϕθ−2v2−dP t ≤ 4

R2
2t−1

(
dt

2t

∫
B2R\BR

v2−d−t|∇v|2t +
2t

(d− 2)t

∫
B2R\BR

v2−d−t

)
. (5.24)

Let

t =
d− 2

2
and let δ > 0 to be chosen sufficiently small.

We consider the first integral on the RHS of (5.24), and we write

v2−d−t|∇v|2t = v−
3
2 (d−2)|∇v|d−2 = v−δ

(
|∇v|
v

)d−4
v−(

d
2+1−δ)|∇v|2 . (5.25)

Recalling that u = v−
d−2
2 , from [14, Proposition 2.1] (see Theorem A.3), we have that

sup
Bρ(x)

|∇v|2

v2
≤ C

(
1

ρ2
+ sup
B2ρ(x)

1

v2

)
(5.26)

for any x ∈M , ρ > 1 and for some dimensional constant C > 0. Since u(x) = O(r−α) as r →∞, then

v−1 ≤ C ′r(x)−
2α
d−2 , as r →∞ , (5.27)

where C ′ depends on u and α, and from (5.26) we obtain that3

|∇v|2

v2
≤ C ′′R−

4α
d−2 in B2R \BR, as R→∞ , (5.28)

where C ′′ depends on u, α and d. Hence, from (5.25), (5.27) and (5.28) we find

1

R2

∫
B2R\BR

v2−d−t|∇v|2t ≤ C ′′R−2−
2αδ
d−2−

2α
d−2 (d−4)

∫
B2R\BR

v−(
d
2+1−δ)|∇v|2 .

By applying Lemma 4.3, with q = d
2 + 1− δ and any δ ∈

(
0, d−22

]
, we obtain

1

R2

∫
B2R\BR

v2−d−t|∇v|2t ≤ C ′′R−
2α
d−2 (d−4+δ)+

d−6
2 +δ , (5.29)

as R→∞.
We now consider the second integral on the RHS of (5.24). Since

v2−d−t = v−
3
2 (d−2) = v−(d−4)v−(

d
2+1)

3This can be obtained by choosing ρ = R/4 in (5.26) and arguing as in the proof of [14, Corollary 2.2].
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and by using (5.27), the second integral on the RHS of (5.24) can be estimated by

1

R2

∫
B2R\BR

v2−d−t ≤ C ′′R−2−
2α
d−2 (d−4)

∫
B2R\BR

v−(
d
2+1)

as R→∞, and Lemma 4.3, with q = d
2 + 1, yields

1

R2

∫
B2R\BR

v2−d−t ≤ C ′′R−
2α
d−2 (d−4)+

d−6
2 . (5.30)

From (5.24), (5.29), (5.30) and the assumption α > (d−2)(d−6)
4(d−4) , we can choose a positive and small

enough δ such that

lim
R→∞

4

R2

∫
B2R\BR

ϕθ−2v2−dP t = 0

and from (5.7) we obtain that P is constant, which completes the proof.
�

6. Classification results for Liouville equation

In this section we prove Theorem 1.2 and Theorem 1.3 where solutions to the Liouville equation

−∆u = eu in M

are considered. In this case, we recall that n = d = 2 and that, by letting

u = −2 log v ,

we find that v satisfies

∆v = P ,

where

P =
1

v

(
|∇v|2 +

1

2

)
.

Proof of Theorem 1.2. By applying Lemma 4.1 with q = 1 and n = d = 2 we get∫
M

v−1|∇v|2ψ +
1

2

∫
M

v−1ψ = −
∫
M

∇v · ∇ψ (6.1)

for any ψ ∈ C0,1
c (M). By using ψ = ϕ2 in (6.1), where ϕ is a standard cutoff function as in (3.2), we

deduce

∫
M

v−1|∇v|2ϕ2 +
1

2

∫
M

v−1ϕ2 = −
∫
M

∇v · ∇ϕ2 = −2

∫
M

ϕ∇v · ∇ϕ

≤
∫
M

(
ϕv−

1
2 |∇v|

)(
2v

1
2 |∇ϕ|

)
≤ 1

2

∫
M

v−1|∇v|2ϕ2 + 2

∫
M

v|∇ϕ|2 , (6.2)

and so
1

2

∫
M

Pϕ2 ≤ 1

2

∫
M

v−1|∇v|2ϕ2 +
1

2

∫
M

v−1ϕ2 ≤ 2

∫
M

v|∇ϕ|2 . (6.3)

From assumption (1.10) we infer that

v(x) = e−
u(x)

2 ≤ r2(x)G(r(x)), for r(x) > c, (6.4)

and therefore, for any R > c,∫
BR

P ≤ 4

∫
M

v|∇ϕ|2 = 4

∫
B2R\BR

v|∇ϕ|2 ≤ 4

R2

∫
B2R\BR

v

≤ 4

R2
(2R)2G(2R)Vg(B2R \BR) ≤ 43ω2R

2G(2R), (6.5)

where in the latter we have used (3.1), since Ric ≥ 0.
For t > c, set F (t) = G(2t), then

∫∞
c

dt
tF (t) =

∫∞
c

2dt
2tG(2t) =

∫∞
2c

dt
tG(t) = +∞, thanks to the integral

condition satisfied by G. Hence, (6.5) yields

lim sup
R→∞

1

R2F (R)

∫
BR

P ≤ 43ω2. (6.6)
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Now, by applying Lemma 2.3 we get ∆P t ≥ 0 on M , for any t ∈
[
1
2 , 1
)
. Since P t ≥ 0 on M , we can

thus apply Theorem A.2 (by letting U = P t and τ = t−1) to get that P t = const on M for some/any
t ∈

[
1
2 , 1
)
. The latter implies that P is constant on M and the desired conclusion then follows as in

Theorem 1.1.

The optimality of the coefficient 4 in the lower bound (1.10) can be deduced directly from the explicit
examples provided on pp.12-13 of [6]. �

Proof of Theorem 1.3. Since (M, g) is not compact, by the classical results of Cohn-Vossen [12] and
Huber [18] (see also [20, Proposition 1.1]) we know that either (M, g) is isometric to the flat cylinder
S1×R or (M, g) is conformal to R2 with the Euclidean metric. Therefore, to obtain the desired conclusion
it is enough to prove that the assumption (1.14) rules out the flat cylinder. For contradiction, suppose
that (M, g) is the flat cylinder, then (M, g) has linear volume growth, i.e., there exists some constant
C > 0 such that Vg(BR) ≤ CR, for large radii R. Therefore, by proceeding as in the previous proof we
have

v(x) = e−
u(x)

2 ≤ r3(x)G(r(x)), for r(x) > c, (6.7)

and so, for any R > c,∫
BR

P ≤ 4

∫
M

v|∇ϕ|2 = 4

∫
B2R\BR

v|∇ϕ|2 ≤ 4

R2

∫
B2R\BR

v

≤ 4

R2
(2R)3G(2R)Vg(B2R \BR) ≤ 64CR2G(2R), (6.8)

where in the latter we have used the linear volume growth of the flat cylinder.
As in the previous proof, inequality (6.8) allows us to conclude that P is constant on M , and so

(M, g) should be isometric to R2 with the Euclidean metric. A contradiction.

The optimality of the the above result can be deduced directly from the explicit examples provided
on pp.12-13 of [6].

�

Appendix A. Auxiliary results

As suggested by the referees, in this appendix we recall some well known results which can help the
reading of the paper. The first one is a classification result due to Tashiro.

Theorem A.1 (Theorem 2 (I,B) in [32]). Let M be a complete Riemannian manifold of dimension
d ≥ 2 and suppose that there exist a function v : M → R and a constant b 6= 0 such that

∇2v = bg .

Then M is the Euclidean space.

The second result is a classical theorem by Karp.

Theorem A.2 (Theorem 2.2 in [19]). Let F (r) be any positive nondecreasing function satisfying∫ +∞
a

dr
rF (r) = +∞ for some a > 0. If U is a nonconstant C2 solution of the inequality U∆U ≥ 0

on the complete noncompact Riemannian manifold M of dimension d ≥ 2, then for every τ > 1 and
x0 ∈M we have

lim sup
r→∞

1

r2F (r)

∫
B(x0;r)

|U |τdV = +∞ .

We conclude this appendix by recalling Proposition 2.1 in [14] on Yau type estimates, which are
based on a classical technique due to Bernstein. As suggested by one referee, since the proposition is
not proved in [14], in this case we also give the proof.

Theorem A.3 (Proposition 2.1 in [14]). Let (M, g) be a complete, noncompact Riemannian manifold
with nonnegative Ricci curvature of dimension d ≥ 3. Then, a positive solution to (1.6) satisfies

sup
B(x,R)

|∇u|2

u2
≤ C

[
1

R2
+ sup
B(x,2R)

u
4
d−2

]
(A.1)

for any x ∈M , for any R > 1 and for some dimensional constant C > 1.
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Proof. Let u be a positive solution to (1.1) and set w = − log u. Straightforward computations give
that w satisfies

∆w = |∇w|2 + e−
4
d−2w . (A.2)

Let

β =
4

d− 2
(A.3)

and set

F = |∇w|2 + e−βw (A.4)

so that

∆w = F . (A.5)

Since

∆
(
e−βw

)
= β2e−βw|∇w|2 − βe−βw∆w ,

from Bochner inequality, (A.5) and Ric ≥ 0 we obtain

∆F = 2|∇2w|2 + 2∇(∆w) · ∇w + 2 Ric(∇w,∇w) + β2e−βw|∇w|2 − βe−βw∆w

≥ 2

d
F 2 + 2∇F · ∇w + β2e−βw|∇w|2 − βe−βwF .

(A.6)

Let φ be a cut-off function, such that φ ≥ 0, φ = 1 in B(x,R) and φ = 0 in M \B(x, 2R). Since Ric ≥ 0,
from the Laplacian comparison theorem one has that there exists a dimensional constant C such that

|∇φ|2

φ
≤ C

R2
, −∆φ ≤ C

R2
(A.7)

in B(x, 2R) \B(x,R) for any R > 1. Let

Q = φF

Since Q is continuous, nonnegative and compactly supported, then there exists x0 ∈ B(x, 2R) such that

Q(x0) = max
B(x,2R)

Q

with ∇Q(x0) = 0 and ∆Q(x0) ≤ 0, which imply that

∇F (x0) = −F (x0)

φ(x0)
∇φ(x0) (A.8)

and

0 ≥ φ∆F (x0) + 2∇φ(x0) · ∇F (x0) + F (x0)∆φ(x0) , (A.9)

respectively. From (A.6), (A.8) and (A.9) we obtain (from now on all the quantities are evaluated at
x0)

0 ≥ φ
(

2

d
F 2 − 2

F

φ
∇φ · ∇w + β2e−βw|∇w|2 − βe−βwF

)
− 2

F

φ
|∇φ|2 + F∆φ .

We divide by F and, recalling that Q = Fφ, we obtain

0 ≥ 2

d
Q− 2∇φ · ∇w + β2 e

−βw|∇w|2

Q
φ2 − βe−βwφ− 2

|∇φ|2

φ
+ ∆φ

≥ 2

d
Q− ε|∇w|2φ− 1

ε

|∇φ|2

φ
+ β2 e

−βw|∇w|2

Q
φ2 − βe−βwφ− 2

|∇φ|2

φ
+ ∆φ ,

where in the last inequality we used Young’s inequality, with ε > 0 to be chosen small enough. Since
Q = Fφ = (|∇w|2 + e−βv)φ, then we have(

2

d
− ε
)
Q+ β2 e

−βw|∇w|2

Q
φ2 ≤

(
2 +

1

ε

)
|∇φ|2

φ
−∆φ+ βe−βwφ . (A.10)

Let ε = 1/d. From (A.7) and (A.10) we obtain that there exists a positive dimensional constant C such
that

Q(x0) ≤ C

(
1

R2
+ sup
B(x0,2R)

e−βw

)
. (A.11)

Since

sup
B(x0,R)

F ≤ max
B(x0,2R)

Fφ = Q(x0) ,
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from (A.4) and (A.11) we obtain that

sup
B(x0,R)

|∇w|2 ≤ C

(
1

R2
+ sup
B(x0,2R)

e−βw

)
,

and w = − log u and (A.3) immediately give (A.1). �
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