Calc. Var. (2026) 65:163

https://doi.org/10.1007/500526-026-03337-x Calculus of Variations
()

Check for
updates

Some geometric properties of generalized ¢-vacuum static
spaces

Letizia Branca' - Paolo Mastrolia’® - Marco Rigoli’

Received: 8 September 2025 / Accepted: 26 March 2026
© The Author(s) 2026

Abstract

In this paper we study the geometry of generalized ¢-vacuum static spaces, proving estimates
for the ¢-scalar curvature and for the first eigenvalue of the Jacobi operator, and also rigidity
under various geometric assumptions; in particular, we prove a result related to the famous
Cosmic no-hair conjecture of Boucher, Gibbons and Horowitz.

1 Introduction and statement of the results

The aim of the present paper is to study the geometric properties of what we call a generalized
@-vacuum static space, that is, an m-dimensional Riemannian manifold (M™, g), m > 3,
with possibly non-empty boundary d M, for which we have a smooth solution u of the problem

{uRic“’ — Hess(u) = Ag, (1.1)

ut(p) +de(Vu) =0,

withu > 0,u = 0 on d M in case the latter is non-empty and where A is a smooth function on
M, ¢ is a smooth map from (M"™, g) to a second Riemannian manifold (N", i) of dimension
n, Ric? is the @-Ricci tensor (see below for the definition) and 7 () is the fension field of
the map ¢, that is the trace, with respect to g, of the generalized second fundamental tensor
Vdg of the map ¢, which extends the notion of mean curvature vector field for isometric
immersions (see [12]). We recall the definition of the ¢-Ricci tensor:

Ric? = Ric — ag™h, (1.2)

where « is a non-null real coupling constant; this (0, 2)-tensor has been first introduced by B.
List, [25], in his study of the Ricci-harmonic maps flow. We shall introduce other modified
curvature tensors of a similar nature: they merge the Riemannian geometry of M with that
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of the map ¢. Clearly, in case ¢ is constant, Ric? coincides with its classical counterpart Ric
(and this holds also for all the remaining ¢-curvatures that we will define later); the ¢-scalar
curvature is obtained from (1.2) by contraction in the metric g, thus

¢ =S —aldp|?; (1.3)

note that %|d(p|2 is the energy density of the map ¢. For suitable choices of the function A,
system (1.1) describes several important structures, both from the mathematical and physical
point of view: for instance, in case ¢ is constant and

S
A=—"u, (1.4)
m—1
system (1.1) recovers the equation of vacuum static spaces; for
S o
A=———u———, (1.5)
m—1 m—1
where o is a real constant, we obtain the V -static equation (see Miao and Tam, [28]). Observe
that, in the paper of Miao and Tam, the constant ¢ is equal to —1. However, it is easy to check
that their result can be extended to the case of o € R; moreover, in this case S is constant
(see Theorem 7 of [9, 28]). For

1
m—1

A=(u—p) u, (1.6)
with 1 and p smooth functions on M to be interpreted as energy density and pressure of a
perfect fluid, we recover the static perfect fluid equation (see e.g., [10, 20] and the references
therein). In the aforementioned examples, ¢ is constant; otherwise, ¢ is to be considered as
a non-linear field, possibly interacting with a potential U : N — R. However, we shall not
consider this latter case here; for details, we refer to [6].

Our first result gives a lower bound on the g-scalar curvature S¥: we recall that, for
f € C®(M), the f-Laplacian operator is defined as Ay = A — g(V f, -); moreover, we
define

SY = inf §¥.
M

Theorem 1.1 Let (M™, g) be a complete manifold of dimension m > 2, satisfying (1.1).
Assume o > 0,

A
A7210gu<;> <0 (1.7)
and
. A
A = inf (—) > —00. (1.8)
M\ u
Then:

i) if » >0, then M is compact and (m — 1)1 < SY < ma;
ii) if A =0, then S = 0;
iii) if » <0, then SY > ma.

Remark 1.2 Note that:

i) conditions (1.7) and (1.8) are automatically satisfied for a vacuum static space, that is for
A given in (1.4), since in this case S is constant.
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ii) For a static perfect fluid, that is, for the choice of A in (1.6), (1.7) amounts to the request

A(pn — p) +2g(Vlogu, V(u — p)) <0, (1.9)
while (1.8) becomes
inf(u — p) > —oo0. (1.10)
However, in this case, by the dynamics of the fluid we know that
Vu
VP=—(M+P)7» (1.1D)
so that (1.9) becomes
A(u+p) < g(Vp,V(u — p)) (1.12)
(n+p)

whenever ;1 + p > 0, which, in turn, can be written as

(IVpP? = 1Vl + (IVpl = Vr)?)
(n+p)

and (1.8) is satisfied. What is interesting, in the latter case, is that neither (1.7) nor (1.8)
depend on u. Similar considerations hold for ¢ non-constant.
iii) For the V -static equation, since S is constant, (1.7) becomes

Alog(p + p) < —

g
m—1

A _2logu (”_1) <0,

which is equivalent to
oAu <0,

while (1.8) becomes

inf (_E) > —00,

M u
which is automatically satisfied for ¢ < 0 (which is the case of Miao and Tam, see the
discussion above).

Remark 1.3 Observe also that Theorem 1.1 provides a generalization of Theorem 7.29 of [3],
where the authors studied Riemannian manifolds carrying a smooth solution of the system

(1.13)
(p) =de(Vf),
for u, A € R. Indeed, the main difference is that in our case A is a smooth function and we

have to deal with the quantity % Note that, in case the latter is constant our result recovers
that of [3] for u = 1.

{Ricw 1 Hess(f) — udf @ df = Ag,

Our second result is related to the famous Cosmic no-hair conjecture of Boucher, Gibbons
and Horowitz (see [4]), that can be rephrased in the following form:

“an m-dimensional, compact, static manifold (M, g) with positive scalar curvature and
connected boundary dM # ) is isometric to a round hemisphere S' (c) with an appropriate
radius ¢”. This conjecture has been confirmed under different further hypotheses, but dis-
proved for dim(M) > 4 (for more information, see e.g. [10, 14, 15]). We prove the following
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Theorem 1.4 Let (M, g) be a compact, connected manifold of dimension m > 2 with bound-
arydM # (. Let ¢ : (M, g) — (N, h) be a smooth map, « > 0, A € C*®°(M) and suppose
that u is a C-solution of

uRic? — Hess(u) = Ag,

u=>0 on int(M), (1.14)

oM = u~" ({0},

with % e CO(M). Assume the following conditions:

uS? > (m — 1A, (1.15)
A .
A(zm_3)10gu<5‘/’ — m—) <0 on int(M), (1.16)
u
m(m — )| Vul*|ypm fmﬁfllx{mAu—S‘puz}. (1.17)
Then A
m— — 8% =c?, (1.18)
u

with ¢ a positive constant, and (M, g) is isometric to S} (cz).

Some comments on the assumptions are in order. Suppose ¢ is constant and A = %u, that
is, we are dealing with a vacuum static space: then (1.15) is automatically satisfied. The same
is true for (1.16), since S — m% = —.2, which is a constant. Note that (1.17) becomes

N
Vul? s 2 1.1
[Vul IaMSm(m_l)mﬁx{u 1. (1.19)

which is the usual gravitational constraint imposed on the boundary 0 M (see e.g. [5]): it is
meaningful since, in this case, S > 0 and, obviously, max s {142} > (. This latter fact is not
at all obvious for the general condition expressed in (1.17); however, to show that (1.17) is
meaningful we may reason as follows. Set

A=5Y— m% e CO%(m), (1.20)
so that, tracing the first equation in (1.14), we deduce
Au = Au. (1.21)
We claim that there exist ¢ € int(M) such that

A(g) <0. (122)

Indeed, suppose the contrary and let A > 0 on int(M) and thus, by continuity, on M. Since
u attains its maximum on int(M), by (1.21) and the maximum principle u is constant, and
therefore null, since # = 0 on dM, and this is a contradiction. Hence (1.22) holds: this is
enough to guarantee that the right-hand side of (1.17) is strictly positive.

Our third result is a rigidity theorem: first we recall that a manifold (M, g) is harmonic-
Einstein (with respectto ¢ : (M, g) — (N, h) and @ € R\ {0}) if

Ric¥ = %g,
T(p) =0,

and we require S¥ constant in case m = 2 (in case m > 3, S% is automatically constant, see

[3D-

(1.23)
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Theorem 1.5 Let (M, g) be a complete manifold of dimension m > 2 satisfying, for some
A € C®(M),

uRic? — Hess(u) = Ag, (1.24)
ut(p) +de(Vu) =0,
with
u>0 on M (1.25)

Assume S? is constant and that ‘Rcic(ﬂ‘ € L®¥(M), |Vu| € LY (M); then (M, g) is harmonic-

Einstein. Furthermore, if u is non-constant, then one of the following alternatives hold

i) (M, g) is ¢-Ricci flat
ii) ¢ is constant and (M, g) is isometric to a Euclidean sphere S™ (k) of constant sectional
curvature
Y%
k=—"—79Z—>0;
m(m — 1)
iii) ¢ is constant and (M, g) is isometric to a Hyperbolic space H™ (k) of constant sectional
curvature
Y%
k=—"79Z—<0;
m(m — 1)
iv) (M, g)is the Riemannian product (M, g) x (R, gr) of a complete Riemannian manifold
(M, g) and the real line (R, gRr)-

Remark 1.6 Observe that in Theorem 1.5 we assume ‘Roic(p‘ e L®(M), |Vu| € LY(M);
however, it is sufficient to require a weaker hypothesis, that is

lim inf / Ric? (Vu, )*dV, =0,
Byp\Bgr

R—o0

where Bg denotes the geodesic ball of radius R centered at some p € M. Indeed this
assumption is needed to apply an extended version of Stokes’ theorem for non-compact
manifolds by Karp ( [23]).

Remark 1.7 We point out that when (M, g) is compact Theorem 1.5 recovers an analogous
result, proved in [3], for compact Riemannian manifolds carrying a solution of system (1.13)
when A € C® (M) and u = 1.

To introduce our last result, we need the following

Definition 1.1 (Jacobi Operator) Let (M, g) be a smooth Riemannian manifold with bound-
ary M and let ¢ € C*°(dM), then the Jacobi operator, denoted by Jg, is defined as

Job = Ao+ (Ricg(v, V) + |H|§>¢, (1.26)

where A denotes the Laplace operator with respect to the metric g on the boundary, v is the
outward unit normal and II denotes the second fundamental form of d M. The first eigenvalue
of J, is defined as

- faM Jg¢ dvglaM

1.27
faM ¢2dV’I3M ( )

(A1)e := inf
YT k0
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Moreover, given ¢ : (M, g) — (N, h), where (X, g) and (N, h) are smooth Riemannian
manifolds and ¢ is a smooth function, we define the ¢-Yamabe invariant as

Y(M,[g])? = inf Vol(M)_"f/ S%Vg, (1.28)
gelgl M

where [g] denotes the conformal class of g. We say that g € [g] is a ¢-Yamabe minimizer if
it achieves the infimum in (1.28); we also denote with ¢ the map ¢ : (M, g) — (N, h).

Theorem 1.8 Let (M, g) be a compact Riemannian manifold of dimension m > 3 with non-
empty connected boundary, and let ¢ : (M, g) — (N, gn) be a smooth map, where (N, gn)
is a second Riemannian manifold of dimension n. Let us assume the validity of the equation

uRic? — Hess(u) = Ag, (1.29)

where u € C®°(M), u > 0 on M and M = u='({0}). Let § € [g] be such that §|yuy is a
@-Yamabe minimizer on OIM, A € C*(M), % € CO(M). Then

1 2 -
(Mg < 3 <(m - D(m — 2)w,g;11Vol(aM)*% - Smm),

where $9 is the @-scalar curvature of the metric g and @y is the volume of the unit
(m — 1)-sphere. Moreover, if equality holds, then S¥ is constant on M, ¢4, = 0, OM is
totally geodesic in (M, g) and (0M, g|anr) is conformally equivalent to the standard sphere.

Remark 1.9 The technique used in the proof of Theorem 1.8 is similar to the one used by
Andrade in [2], where she considers Riemannian manifold (M, g) with boundary satisfying
the equation

uRic — Hess(u) = Ag.

In particular, she provides an estimate for the first Jacobi eigenvalue (with respect to the
metric g) in terms of Vol(d M) and the Yamabe invariant of the (m — 1)-sphere. However,
note that the assumptions in [2] are stronger than ours, indeed the boundary is assumed to be
Einstein with positive scalar curvature.

2 Examples and physical motivation

In this section we provide a mathematical and physical motivation and a connection with
established physical models, justifying both the relevance and naturalness of (1.1).

From a mathematical point of view, we point out that the map ¢ : (M, g) — (N, h)
arise naturally in the context of the harmonic-Ricci flow, first introduced by List in [25]
and later studied by Buzano in [29]. This flow combines the classical Ricci flow equation
(introduced by Hamilton in [19]), with the presence of a harmonicmap ¢ : (M, g) — (N, h),
where (N, h) is a target manifold. In particular, the coupled system is obtained by evolving
simultaneously a Riemannian metric g(¢) with a map ¢(¢):

3:8(1) = —2Rice() + 209(t)*h;
0 p(t) = T(p(1)).

A central geometric object in this theory is the modified curvature tensor Ric? defined in
(1.2), that is
Ric? = Ric — ag™h,

@ Springer



Some geometric properties of generalized ¢-vacuum static spaces Page70f32 163

which plays a role analogous to the Ricci tensor in the classical Ricci flow. Self-similar
solutions of the Ricci-harmonic flow are known as Ricci-harmonic solitons and are strictly
related to harmonic-Einstein manifolds.

It is important to remark that the presence of ¢ is not relevant only from a mathematical
perspective, but it also has a physical meaning. Indeed, system (1.1) is strictly related to
solutions of the Einstein equations in the Lorentzian setting. Let (M, ) Lorentzian manifold
of dimension m + 1, i.e. a smooth (m + 1)-dimensional manifold with a non-degenerate
(0, 2)-symmetric tensor ¢ with signature (—, +, ..., +). Then, we say that it satisfies the
Einstein equations, if

Ric—~g="1T, 2.1
where, Ric, § are the Ricci tensor and the scalar curvature relative to 8, respectively, and T
denotes the stress-energy tensor. When T is the stress-energy tensor of a scalar field ¢, it
satisfies following expression

. do| . -

7b=a¢h—d3lg+UWM-

This tensor can be obtained via a Lagrangian formulation, computing the Euler-Lagange
equations of a suitable functional (see Chapter 3 of [20] for more details). We point out that
here ¢ : (M, g) — (N, h), is a smooth map, (N, h) is a target Riemannian manifold and
U : (N, h) - R is asmooth function.
If (M, g) can be written as a warped product of an m-dimensional Riemannian factor, (M, g),
and the real line, M = R, x M with metric

¢=—uldi@dt+g, (2.2)

u € C®(M),u > 0on M, we have that the components of the curvature tensors of M can
be rewritten in terms of those of M and, in particular, given ¢ : (M, g) — (N, h) as above,
we can consider the scalar field ¢ := ¢ o 7wy, where 7, is the projection on M (note that
in the above definition of ¢ we have used a somewhat loose style: we should have written
g= Tars (—uP) TR (df @ dt) + )M «8, Where mr and )y are the canonical projection of M
onto its factors).

As a consequence, using the relations between RAic, S and Ric, S, (see e.g. Chapter 2 of [6]
for more details and an explicit computation) we have that (M , &) satisfies (2.1) if and only
if u is a solution of the following system

uRic — Hess(u) — (u% — Au)g = u(U((p)g + ap*h — a%g),
S _ —U( )+a\d<ﬂ|2
2= 4 2

which gives us

uRic? — Hess(u) = A(x)g,
5 =-U.

for A(x) = Ay u(x) = Swl u.

m—
In our setting, we consider a generic smooth function A gaining in generality and recov-

ering at the same time a large number of examples.
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Another important physical motivation is that system (1.1) can be obtained variationally
computing the Euler-Lagrange equations of the functional

Slg, ¢] = / (s —a|dg)? - U((,b))dVg,, (2.3)
Q

for @ CC M. The corresponding field equations are
Ric = ap*h + U(@). (@) +U@) =0

(for more details we refer the reader to [11]); in particular, when (M , &) is a warped product
as above, we have the validity of

uRic? — Hess(u) = Ag,

where u = ¢~/ and A = m“_ 1U (). The second equation of system (1.1) is strictly related

to the conservation of energy (see e.g. [6, 26] for more details): in particular, whenever
VU (p) = 0, the equations of motion reduce to the second equation of (1.1) and they are
satisfied by several physical examples, such as the Schwarzschild space: see Example 2.1 for
more details. As a matter of fact, well-known examples of non-trivial potential U (¢) are given
by U(p) = n*¢? (see [16, 20]), whose corresponding equations of motion lead to the so-
called Klein-Gordon equation, and the Higgs potential (see [21, 27]), U(¢) = n’¢* + y¢*,
which reduces to the previous case when y = 0. In both settings (N, h) is (R, dx ® dx).

Let us now give a further explicit example of a family of manifolds satisfying (1.1), for a
non-trivial choice of ¢ : (M, g) — (N, h):
Example 2.1 A scalar field solution to (1.1) is the Fisher solution (see [13]), that we describe
hereafter following [7] (see, in particular, equations (56-58) in this reference). These solutions
are 3-dimensional Riemannian manifolds depending on two parameters k, n € R such that
k # 0, |n| < |k| and such that

M = ki, +00) x S%  g:= P(w) tdw ®dw + P(w)' " Twge,

where k4 := max(k, 0), w is the coordinate function on (2k, +00) and

2k
Pw)=1—-—.
w

These spaces satisfy
Ric —df @ df —d¢ @ d¢ + Hess(f) =0,

where

”

1
fi=—LmPw), ¢:=-— 7<1— 5

T 5 >ln P(w).

Hence, taking (N, h) = (R, dx @ dx)leta =1, 9o = ¢, u = e~/ and A = 0 we have that
the space (M, g, u, ¢) satisfies (1.1).
We point out that the Lorentzian metric associated to these solution is provided by

§=Pw) tdw®dw+ Pw) Tuwlgy — P(w)idt ®dt,

where, for the sake of simplicity we have, once again, omitted the projections on the factors.
We remark that, for n = k, we obtain ¢ = 0 and (M, g) coincides with the Schwarzschild
space, which satisfies

uRic — Hess(u) = 0.
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3 Proof of Theorem 1.1

In the rest of the paper we shall freely use the moving frame notation: indices will run in the
ranges
1<i,j,...,<m, 1<a,b,...,<n,

and {Oi }, {w®} will be, respectively, local orthonormal coframes on open sets U € M,
V € N such that ¢(U) € V. To prove Theorem 1.1 we shall need the following

Proposition 3.1 Let (M, g) be a Riemannian manifold of dimension m > 2 satisfying system
(1.1). Then, on the set {x € M : u(x) > 0},

lA73logus‘p = _<S(P - m£> (S(p —(m— 1)é> + (m — 1)A72logu<é>~ 3.1
2 u u u

Proof We take the covariant derivative of the first equation in (1.1), obtaining
ukRY; +uRE, | — uijie = Aiij. 3.2)
Reversing the roles of j and k in (3.2) and subtracting from (3.2) we deduce
ui Rl = RY +u(RE = RY ) = wije — wigg + Ay — Ajsi. (33)
From the standard Ricci commutation relations we know that
Wikj = Ujjk + U Ryikj;

thus, from (3.3) we get

u(R[A/;-’k — Ri‘pk,j) = —urRyjgj + Midij — Ajdix — ukR:-’} + ujR;pk. 3.4

13

Contracting with respect to i and j, using the definition of Ric¥ and the ¢-Schur’s identity,
that is,

1
Rf ;= 5s;" — agfgf (3.5)
(see for instance [3] for a proof), we obtain
1
5us;f = —agf (up! +ugf) + (m — DAg — ugS%, (3.6)
and therefore, using the second equation in (1.1), we obtain
1
Eus,‘f = (m — 1)Ax — uyS?. (3.7

Contracting (3.7) with % yields

| 7

Aguy |Vul|?

—s¥
u2

= (3.8)

Now we compute the divergence of VS?, using the relation
1

Ag u
S =(@m—1)— — 85—,
2"k (m )u u
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which is obtained from (3.7) dividing by u. After some algebraic manipulations we get

1 -1 A -1 A Vul?
SASY = L(AA— —Au) + <LA—S‘/’)—M+S“’| il
2 u u u u u

m—1
uZ

1
g(VA,Vu) — —g(VS?, Vu).
u

We observe that, tracing the first equation in (1.1), we have
A A
20 s w2
u u

moreover, an easy computation shows that

A 1 A
A—210gu — | =—-|AA - —Au|,
u u u

so that, inserting (3.8), (3.10) and (3.11) into (3.9) we get

(3.9)

(3.10)

(3.11)

1(AS“’ + 3g<VS‘/’, @>) = (m— l)Aloguq(é) - (S‘/’ — m£> (S‘/’ —(m — 1)é>,
2 u u u u

that is, equation (3.1).
We are now ready for the

Proof of Theorem 1.1 We perform the change of variable
u=e'
so that system (1.1) becomes

Ric? + Hess(f) —df @ df = Aefg,
(@) =de(Vf);

having set v = —S¥, equation (3.1) becomes
! f f s
SE (v +mAe )(v +(m—DAe ) — (m — DAy (Ae)),
so that, by assumption (1.7),
! f f
§A3fv > (v + mie )(v + (m —1)Ae >
From the first equation in (3.13), @ > 0 and (1.8) we have
Ric+ Hess f —df @ df > rg.

We now consider the three possible cases.

[m}

(3.12)

(3.13)

(3.14)

(3.15)

1) A > 0. Completeness of (M, g) implies, by Theorem 5 of Z. Qian [30], that M is
compact. It follows that there exists xo € M such that —v(xg) = 52 we now show that

S > (m— Da.
By contradiction, suppose this is not the case, that is,

S < (m— D

@ Springer

(3.16)



Some geometric properties of generalized ¢-vacuum static spaces Page110f32 163

or, equivalently,
Q={xeM:vx)>—(m—1DA} #0. (3.17)

Since (m — 1)L < mA we also have
v(x) > —mA  on .
Using (1.8) it follows that, on €2,
v+ (m—DAel > v+ (m—1Dr>0

and
v+ mAel >v+mi > 0.

Then (3.14) gives
1
§A3fv > W4+ mA)(v+ (m—1)A) on R, (3.18)
but xg € © and is a maximum of v: it follows that
0> (=S¥ 4+ md)(—=S¢ + (m — 1)1)

from which we immediately deduce the validity of the inequality in the conclusion 1).
2) & = 0. We show that S¥ > 0. By contradiction suppose that this is not the case, so that

Q={xeM:vx) >0} #£0.
Using (1.8) it follows that, on €2,
v+ (m— 1)Aef >v>0 and v+mAel >v>0.
Thus (3.14) gives

1
SAsv = v? on (3.19)
from (3.15) we obtain
Ric + Hess(f) > 0. (3.20)
By Proposition 8.11 of [1] for A < 0, from (3.15) we deduce
1
liminf — log vol¢(B,) < +00, (3.21)
r——+00 r2

where vol ¢ (B;) = f B, (0) e~/ for some fixed origin 0 € M. Now we first apply Theorem 4.2
of [1] to deduce from (3.19) that v* < +00, and then Theorem 4.1, again from [1], to infer
v* < 0, so that SY > 0.

3) & < 0. We claim that SY > A. Suppose the contrary: then

Q={xeM:vx)>—-mr} #0.
Since (m — 1)A > mX we also have
v(x) > —(m —1)A on £;
then (3.14) gives
%A3fv >+ mA)(v+ (m—1)A) on Q. (3.22)

The validity of (3.21) and the completeness of (M, g) enable us to apply again Theorems 4.2
and 4.1 of [1] to conclude. ]
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4 Proof of Theorem 1.4

We begin with the following observation, whose proof is, by now, quite standard; the aim is
to emphasize the role of the assumption % € CO(M). Let M = int(M) U dM.

Lemma4.1 Let (M, g) be a compact manifold with boundary dM # ¢ and let u € C*(M)
be a solution of
uRic? — Hess(u) = Ag 4.1)

on M for some A € C®°(M) and ¢ : (M, g) — (N, h) a smooth map. Suppose u > 0 on
int(M) and 9M = u~! ({O}); then |Vu| is a positive constant on each connected component
of OM and the inclusion 1 : dM — M is totally geodesic, provided

A

— e C'm). 4.2)
u

Proof For the sake of completeness, we include the proof here. Using (4.1) we obtain

A
V|Vul> = 2u[Ric<ﬂ(w, o —Vu].
u

Hence u = 0 on dM and (4.2) show that V|Vu|? = 0 on d M. We now show that [Vul|(p) #0
for p € d M; towards this aim, let v be the outward unit normal to 9 M at p, ¢ > 0 sufficiently
small and y : [0, &) — M aunit speed geodesic such that  (0) = p and y (0) = —v. Define

v(t) = (uoy)(t) on [0,¢).
Using (4.1) and the fact that y is a geodesic we have
v =Ric?(y, y)v — Ay),
v'(0) = g(Vu(p), y(0)),
v(0) =u(p) =0.
Therefore, if Vu(p) = 0,v'(0) = 0:inthis case wehave v = Oon [0, &’) forsome 0 < ¢’ < &.

This is a contradiction, since y ((O, 8/)) Cint(M) and u > 0 on int(M). It follows that |Vu|
is a positive constant on each connected component of d M; in particular,

_ Vu
—|Vul

is the outward unit normal on 9 M and the second fundamental form in the direction of v is
given by

II= 71 Hess(u)|r T = —|(Ri —
— ess(u — ic? — ,
V| IMxTOM [Vul 8

so that, using assumption (4.2), we deduce that: : 9M — M is totally geodesic. O

Lemma4.2 Let (M, g) be a manifold of dimension m > 2 and let u € CX(M), u > O on
int(M), be a solution of

uRic? — Hess(u) = Ag (4.3)
for some A € C®(M) and ¢ : (M, g) — (N, h) a smooth map. Let Z be the vector field
defined on int(M) by

1 S A

Z = 7v[|w|2 - <7 - —)u{|. (4.4)

u m u
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Then the divergence of Z is given by

, 2 , (Aw)? | 2 A , 2« )
div(Z) = = | [Hess@)* — === +;<S"’—(m—1);)|Vu| + —ldg(Vw)l* (4.5)

)

Proof Tracing equation (4.3) we get

A
Au = u, (4.6)
m—1
where we have set A
A=(m— 1)(5‘/) - m—) 4.7
u
to simplify the writing. Using (4.6) we infer
2 2 2 A
—g(VAu,Vu) = —2Au|Vu| +2g{V|—— ), Vu . 4.8)
u u m—1
We rewrite the components of Z in (4.4) in the form
Zi=2 24 4
k= uulkul m(m — 1) e m(m — 1) k-

Computing the divergence and recalling the definition of Ric? we obtain

div(Z) = —| |[Hess@)|" — —— | — —| —g|{ V| —— ), Vu | + A —— 4.9)
u m m|u m—1 m—1

2 1
+ f{—f Hess(u)(Vu, Vu) + Ric? (Vu, Vu) + g(V Au, Vu) + ozld(p(Vu)Iz}.
u u

Using (4.3), (4.6) and (4.8) into (4.9) we deduce

2 Au)? | 2 A 2
div(Z) = |:|Hess(u)|2 - (”)} + 7<S“’ —(m— 1)f>|v”|2 + Zalde(Vu)|?
u m u u u
(4.10)
A A \Y%
L DN —em-3g(v(—2=). ).
m m—1 m—1 u
Inserting (4.7) we obtain(4.5). ]
We are now ready for the
Proof of Theorem 1.4 We set
1
v=|Vul* - Au?, 4.11)

m(m — 1)

where A has been defined in (4.7). We now show that v is constant on M: towards this aim,
since M is compact, by Lemma 4.1 we have that there exists a constant ¢ > 0 such that

|Vul> > ¢
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on each connected component of d M. We can thus fix § > 0 sufficiently small such that, for
each0 < ¢ < 4§ and
M, ={xeM :u(x)> ¢}

% is positive and bounded on M, and M, is a C'-hypersurface. Under assumptions (1.15)
and (1.16) of the theorem, together with &« > 0, equation (4.5) of Lemma 4.2 gives the
validity of

1
Av— —g(Vu,Vv) >0 on M,. 4.12)
u
Hence, by the maximum principle,
maxv =maxv for 0 <e& <3§. (4.13)
M, oM,

Since, for 0 < ¢ < §, Ms C M., from (4.13) we deduce

max v < maxv. (4.14)
M M,
Now
lim max v < max |Vu|?|yum, (4.15)
£l0t aM;
and therefore
max v 5max|Vu|2|3M. (4.16)
IMs

Using the previous relation and assumption (1.17) we infer

1
maxv < max { ———— Au’ }. 4.17)
M M m(m — 1)
We let |
K = M:————Au’(p) = - AU*} |
{pe ey mﬁx{ m(m —1) ””

K is closed, and therefore compact (since M is compact), and for p € K we have u(p) > 0.
It follows that
n}}nu =2n (4.18)

for some 1 > 0. Then, choosing § < n,
K <€ Ms \ oM,

and using (4.17), for each p € K we have
1

1
I Py G S S ot 42
mlz{ix m(m—l)AM } m(m—l)Au (p)fv(p)fnl}zxvfmﬁx{ m(m—l)AM }
Hence, for each p € K,
1
v(p) = max — VP ,
Ms m(m — ])

that is, v assumes its absolute maximum at the interior point p of Ms. Using (4.12) and the
maximum principle we deduce that

v = max {—LAMZ} (4.19)
M m(m — 1)

on the connected components Cs of M3 such that Cs N K # . Letting § | 0 we infer
that (4.19) holds on M and v is constant; indeed, let p, ¢ € int(M): then, by connectedness,
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there exists a path y : [0, 1] — int(M) such that y(0) = p, y(1) = ¢. Since y ([0, 1]) is
compact, then infy, 0,17y u > 0; it follows that y ([0, 1]) C Ms for 0 < § < 1. Hence g and
p are in the same connected component of p. Now choose p € K; since v is constant, the
vector field Z defined in (4.4) is identically null and (4.10) gives

A
Hess(u) = —— g (4.20)
m

and
A 2
S —(m—1)— )|Vul"=0 4.21)
u
on int(M) and, by continuity, on M itself. From (4.6) and (4.7) we have
A
Au = (S‘ﬂ — m—)u =uS? —mA,
u

so that inserting into (4.20) yields

Y4
Hess(u) = <gu — A)g on M. (4.22)

Taking the gradient of the constant function v, from (4.11) we obtain
2

. VA=

m(m — 1) m(m — 1)

Thus, using (4.22) into (4.23) and (4.7) we infer

0 = 2 Hess(u)(Vu, -)* — AuVu. (4.23)

A
V(m——S‘p> =0 on M.
u

Connectedness of M and (1.22) imply

A
m— — 8¢ =C?
u

for some constant C # 0. We can thus rewrite (4.22) as

2
Hess(u) = ——ug,
m

with u non-constant. Furthermore, since % e COM),1:0M — Mis totally geodesic, and
therefore we can apply Lemma 3 of Reilly ([31]) to deduce that M is isometric to S (C%».o

Remark 4.3 Note that assumption (1.15) and conclusion (1.18) of Theorem 1.4 imply

A
(0<)C?><= on M.
u

5 Proof of Theorem 1.5

For the proof of Theorem 1.5 we need a series of formulas.

Proposition 5.1 Let (M, g) be a manifold of dimension m > 3, X a conformal vector field
onM,aeR, a#0andp: (M, g) — (N, h) asmooth map. Set

w = div(X). 5.
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Then
B O L
m—1m-—2""2m-Dm—-2°

m

H =
ess(w) oY

[,xRiC(p

(VS?, X)g —
(5.2)

a(ﬁx(</’*h) - ﬁ tr (EX(ﬁf’*h))g)v

where Lx denotes the Lie derivative in the direction of X and tr is the trace with respect to
the metric g. In particular,
S¢ m
w— g(
m—1 2m —1)

m—2

Aw = —

Vs?, X) atr (Lx(¢*h)).  (5.3)

m
2(m — 1)
Remark 5.2 Note that, when ¢ is constant, (5.2) and (5.3) reduce, respectively, to

. i VS, X m
(m—l)(m—Z)wg+z(m_l)(m_z)g( , )g—m_2

> MoV, X) 5.5)
- w — , X). .
m—1" 2m-1°
These two formulas are known (see for instance the book [32]) and we shall use them to
prove (5.2). However, for the sake of completeness we shall provide a proof here.

Hess(w) = LxRic, (5.4)

Aw =

Proof (of Proposition 5.1) To show the validity of (5.2) we shall use (5.4); thus, we begin to
prove the latter, and towards this aim we first establish (5.5). Since X is conformal,

2
Xij+Xj; = Zwaij; (5.6)

contracting (5.6) with the Ricci tensor we infer

w
RijXij = —S. (.7

By the definition of w, and using the commutation relation
Xijk — Xikj = X¢Ryijk, (5.8)
we compute
Aw = (Xii)j; = (Xiij)j = (Xiji + XkRkiij)j = Xijij — (XiRij)j
= (Xij);; — Rij.jXi — Rij Xij.

With the aid of (5.6), Schur’s identity and (5.7), the last equality can be written in the form

2 1 S
Aw=|-Xj; + —w(Sij — =S Xi——w 5.9)
m ij 2 m
— X"'-—G—ZA 1S‘X‘ S
- Jitj m w 5 DI mw-

Using the commutation relation (see e.g. [8])
Xijkt — Xijik = Xtj Reivt + Xit Rejia
we immediately obtain

Xjiij = Xjiji, (5.10)

@ Springer



Some geometric properties of generalized ¢-vacuum static spaces Page170f32 163

and inserting into (5.9) we infer

2 1 S
Aw = _(inj)i + zAw — ESiXi -

Using once again (5.8) and (5.6), Schur’s identity and (5.7) we get

- 2 1 S
Aw = _(iji + XkRkjij)i + %Aw — ESiXi — %w
2 1 S
= —Xjjii — Rk Xp); + —Aw — 8§ X; — —w
m 2 m
2 1 S
=—Aw — Ry i Xy — Rki Xoi + —Aw — =S5 X; — —w
m 2 m

2 2
=—-Aw—§X, - —Sw+ —Aw,
m m
that is, (5.5). We now compute Hess(w).

wij = Xpij = Xiitj + X¢j Ruii + Xo Rutij
= Xyiji + Xti Rutj + Xt Reity — X4j Rei — Xt Ryi

2
= <_Xil + EanSﬂ) — XiiRij — XijRii + XiuRitj — X Ryi
ji

2
= —Xiji + ;ani — XtiRj — XijRei + X1t Ryitj — Xi Ryi
2
= —Xiju — XuRitj — Xt Ryigj1 + ;ani — XiRyij — XtiRyj — Xij Rei + Xt Ryigj
2
= —Xiju + ;Xttji — Xt Rritj + Xt Reitj — XiRijr + Xe Ryj i — Xi Ry
— XtiRij — Xt Ryi

2
= —X;ju + ;ani — XuRuij + X¢(Riji — Rii j) — (XiRiji + Xii Rij + X1j Rir)

2 .
= —Xiju + ;Xttji — XuRuij + Xi(Riji — Rii j) — (LxRic),;.

Since w;; = wj;, symmetrizing with respect to the indexes i and j we get

1 2 .
Xuij = _E(Xij + Xji),; + axllij — (LxRic);;

1 2 .
= ——Xwrudij + — Xuij — (LxRic);;.
m m

Hence, rearranging the terms and using (5.5), we obtain (5.4).
Starting from (5.4), we now prove (5.2). Towards this aim, we observe that from § =
S¢ + a|dg|?, differentiating and contracting with X we have

S X, =8/X, + a9, 0t X (5.11)
From the symmetry of Vdg we get
o4 X = o Xe = (07 X1), — 9 Xk, (5.12)
and therefore

2uf,0f Xi = 20{((pr,)1€¢,‘€’ —2a¢] of Xk
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Thus, using (5.6), 2
o
2agf, ¢ X = 2a(¢?X,) 0f — ;w|d¢|2. (5.13)

Inserting (5.13) into (5.11) we infer
@ a a 20 2
S Xy =S, X,—I—Za((pt Xf)k‘/’k o wlde|”. (5.14)

Now we analyze LxRic: since
Rij = Rf; + a9 9],

we have
Rij. =R}, +oc<<pi“,<p;‘ + wf‘w?t).

Hence, using (5.12),
XiRiji + XiiRij + XijRis = XiRY , + X, (008 + 0008, ) + X R,
+ OleiQD?‘P;‘l + thR,-(%; + aX:jof of
= (LXRij)ij +a(ef X), 4} +“(‘/’?Xl)j¢’?’

that is,
(LxRic);; = (LxRic?);; +a(Lx(@"h)),;- (5.15)

Inserting (5.11) and (5.15) in the local form of (5.4), we find (5.2). O
As a consequence of Proposition 5.1 we have the following

Corollary 5.3 In the assumptions of Proposition (5.1), suppose

Lx(¢*h) = 0. (5.16)
Then

Hess(w) = s ¥ e (VS?, X) — — LyRic?

= o hm =2 T 2= Dhm =2\ m— 2 XN
(5.17)

S¢ m

Aw = — - VS, X). 1

w e 2(m_l)g( 5%, X) (5.18)

Remark 5.4 Equation (5.16) geometrically means that ¢*# is invariant under the flow of X.

Note that, for a conformal vector field X,

° 1 2
LxRic? = LxRic? + f(g(VS“’, X) + fS“’w>g, (5.19)
m m

o
where Ric? is the traceless ¢-Ricci tensor, so that (5.17) can be written as

. 1 m ° 2
Hess(w) — wRic? — Awg = Eg(VS“’, X)g — 2EXRlc“’ — wRic?. (5.20)
m—
Furthermore, suppose that X is conformal and it satisfies
V(de(X)) =0; (5.21)
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then it also satisfies (5.16). Indeed, we have

From the identity
((¢f'x1),), =0,

conformality of X, the commutation relations
R NRubeaw? oSt
(pz]k ‘/)lk] + tl/k(/)[ + abcdP; @ ;P

and
tht = Xtts + XiRis

we deduce

0= ((¢f'X1),),

= @l Xt + 0fy Xis + 05 Xt + ¢f Xis

= @gs Xe + — > w(ﬂn + ¢ Xies

=X (wﬁw + ¢ R + NRabcd¢f¢f¢f) - %wqo?t + ¢! (—Xm + %wr)

= X,0%, + Xi0f Rir + ™ Rabeaw’ oS0 X, + %wwf, + %%“wz — ¢ (X5t + Xt Rier)
= X9, + " Rabca®® oS 0l X, + %w%“, + %wi‘wr — ¢l w;

= X190, + " Rabca®® oS 0l X, + %wwf‘, - mT_zwf’ w.

Therefore, we have

m—2 y 2 m-=2 .
7(’”‘/’11 + w,go,) X195 + Rabcd@v ) Xt + w(ptt - 7‘/’[ Wy

m—2
+ (wef, + wigy)
== w(pn + (psstXt + Rabcd(ps (,0, (72 Xt

that gives the validity of the formula
_m N b ¢ d
wr(g) +dg(Vw) = ——[wr(p) +g(Vr(p). X) + “Rucapl 99! X, Ea . (523)
where {E,} is the frame dual to the local orthonormal coframe {w“} considered on N.

Now, the condition
X e Ker (do) (5.24)

implies (5.21), and in this case (5.23) simplifies to

wrt(p) +de(Vw) =

ni Sl (@) +8(Vrip). X)]. (5.25)

We now state the following consequence of equations (5.20) and (5.25).
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Proposition 5.5 Let (M, g) be a harmonic-Einstein manifold of dimension m > 3, with
respectto @ : (M, g) — (N,h)and o € R, a # 0. Let X be a conformal vector field on M
such that X € Ker (dg). Then w = div X solves the system

{Hess(w) — Awg — wRic? =0, (5.26)

wt(p) +de(Vw) = 0.

Remark 5.6 Of course, w # 0 if and only if X is not a Killing field.

Proof Simply observe that, since (M, g) is harmonic-Einstein, then Ric? = 0, 7(p) = 0 and
S? is constant. Then the conclusion follows from equations (5.20) and (5.25). ]

Remark 5.7 Note that, in the present case, the second equation in (5.26) becomes dp(Vw) =
0, that is, Vw € Ker (dg).

Here is another consequence of Proposition 5.1, extending a well-known result of Yano and
Nagano [33]. The role of the Einstein condition in [33] is here replaced by the harmonic-
Einstein request.

Proposition 5.8 Let (M, g) be a complete manifold of dimension m > 2, which is harmonic-
Einstein with respectto ¢ : (M, g) — (N, h) and o € R, o # 0. If there exists a conformal,
non-Killing vector field X on M satisfying

Vde(X) =0, 5.27)
then one the following alternatives occurs:
i) (M, g) is ¢-Ricci-flat;
ii) (M, g) is isometric to a Euclidean sphere S™ (k) of constant sectional curvature k =
4
_S$ _ 20
mm=1 =V

iii) (M, g) is isometric to a Hyperbolic space H™ (k) of constant sectional curvature k =
¢
< 0.

m(m—1)

Proof From (5.27) we know that Lx(¢p*h) = 0, S¥ is constant and Ric? = 0, thus from
(5.20) we deduce

Y%
Hess(w) — Awg — —wg =0, (5.28)
m
with w = div X. Tracing (5.28) gives
S9
Aw = — w; (5.29)
m—1
inserting into (5.28) yields
Y%
Hess(w) + ———wg = 0. (5.30)
m(m — 1)

Suppose now that (M, g) is not ¢-Ricci flat: then w cannot be constant, because otherwise
w = a # 0, since X is not Killing, and from (5.29) S¥ = 0, contradicting the fact that (M, g)
is not ¢-Ricci flat. Thus w is a non-constant solution of (5.30) and either S > 0 or S¥ < 0,
corresponding, by a theorem of Kanai [22], to cases ii) and iii), respectively. ]
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Remark 5.9 In particular, in cases ii) and iii), the constant sectional curvatures are given by

S¢
P and

kY2
Ric = —g.
m

Thus, using the harmonic-Einstein condition, we deduce

¥ _ _ ¥
—g =Ric? =Ric —ap*h = —g —ap*h
m m

and since o # 0
¢*h=0,

so that ¢ is constant.

Remark 5.10 In case M is compact, only alternative ii) can occur. Indeed, integrating (5.29)

on M, we obtain
kY%
/|Vw|2=— w?,
M m—1Jy

showing, since w = 0, that S¥ > 0. However, S¥ = 0 implies, by (5.29), Aw = 0 on M, so
that w is constant. Thus

w Vol(M) :/ divX =0,
M

and then w = 0, which is a contradiction. It follows that S¥ > 0.

We need now a further preliminary result.

Lemma5.11 Let (M, g) be a manifold of dimension m > 2, ¢ : (M,g) — (N, h) be a
smooth map and X a vector field on M. Then

div (Rioc‘/’(X, )ﬁ) = %d}(, VS?) + %tr (Rioc“’ o Lxg) —ah(t(p), dp(X)).

(5.31)
Proof We recall the p-Schur’s identity (see equation (3.5))
1
R;'i‘,j = ES;/’ — agl e
and we compute
0 [ S;p @ S?
Rini = Rij,j — ; X; + Rin,'j — E&,-X,-j
j
1 @ a a 1 ¢ 1 ¢ 1§¢
= Xi( 37 —awiie] ) = — S Xi+ SRG(Xij + Xji) = 5—8i;(Xij + X i)
m—2 0 1 20

= Wg(X, VS?) — ah(z(p), dp(X)) + Etr Ric¥ o Lxg |,

that is, (5.31). O

We are now ready for the
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Proof (of Theorem 1.5) We let u be the solution of (1.24) and we set X = Vu in (5.31) to
obtain

° _ 2
div <Ric“’(X, ):> _ o 2)g(X, V) + (
2m

o
Ric?

+a|r((p)|2>u. (5.32)

Since ’Rie“” € LM and [Vu| € L' (M), we have that

R—o0

lim inf / Ric? (X, )*dV, =0,
ByR\Bg

where Br denotes the geodesic ball of radius R centered at some p € M. As a consequence,
we can apply an extension of Stokes’ theorem for non-compact manifolds due to Karp ( [23]),

which implies
f div <Ric‘p(X, )ﬁ> =0.
M

Thus, integrating (5.32) on M and using the constancy of S¥ we infer

L

Since « > 0 and u > 0 on M, from the above we obtain

. N2
Rlc‘p = Zg’
7(p) =0,

o 12
Ric?

+ot|t(g0)|2)u =0.

that is, (M, g) is harmonic-Einstein. Suppose now that u is non-constant; from the first
equation in (1.24) and the (just proved) validity of (1.23) we have

S? A
Hess(u) = — — — Jug,
m u

so that Vu is a conformal vector field on M. Furthermore, when M is compact
de(Vu) = —t(p)u =0,

and Vu is non-Killing because otherwise, from (1.23), Hess(#) = 0 and, by compactness of
M, u would be constant, a contradiction. From Proposition 5.8 and Remark 5.7 applied to
X = Vu, we have the validity of conclusion ii) of Proposition 5.8, and hence the theorem.
When M is non-compact, we conclude by Proposition 5.8 if Vu is non-Killing. On the other
hand, if it is a Killing vector field Au = 0, that is

0=Au= 5% — Am.

As a consequence, we have
Hess(u) =0

and by Theorem B of [22] (see also [33] for a proof) we conclude that (M, g) is the the
Riemannian product of a complete Riemannian manifold and the real line with its standard
metric. ]
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6 Proof of Theorem 1.8

This section is dedicated to the proof of Theorem 1.8, which provides an estimate for the
first Jacobi eigenvalue of the boundary, with respect to a suitable metric, of a Riemannian
manifold satisfying the first equation of (1.1). The proof is based on the existence of a solution
of the ¢-Yamabe problem.

Let (M, g) be a Riemannian manifold of dimension m > 3; we will denote by [g] the
conformal class of the metric g, i.e.,

[g]:={g =g, reCm}.

Yamabe, Trudinger, Aubin, and Schoen (see [24] and the references therein for more details)
proved that on a closed Riemannian manifold (M, g) it is always possible to find a metric
g € [g] such that the scalar curvature of g is constant. The problem of finding such a metric
is known as the Yamabe problem: its solution involves variational methods applied to the
normalized total scalar curvature functignal.

Under the conformal change g = um-2g, form > 3, u € C°(M) positive, the scalar
curvature transforms according to the well-known formula

_mi2 (—4(m -1

_ m+2

Agu + Sgu> =:u m2Lgu, 6.1)

S 5 = m—2

g =4 m—2
where the operator L, is called the conformal Laplacian. Solving the Yamabe problem, for
m > 3, is equivalent to finding a positive solution of the equation

m+2 .
Lgu = Aum=—2, with A € R.

Note that the above equation is the Euler-Lagrange equation of the normalized Einstein-
Hilbert functional

6(§)=Volg(M>—%/ Sav;,
M

where g € [g] and S denotes the scalar curvature with respect to the metric g.

To prove Theorem 1.8 we introduce a suitable modification of the Yamabe invariant, which
we will need to obtain a metric on d M with constant ¢-scalar curvature. We now fix some
notation. Let (M, g) be a compact Riemannian manifold of dimension m > 3; the Yamabe
invariant of (M, g) is defined as

Y(M,[gl) = inf Vol(M)™ " / Sav;.
gelel M

Lety : (M, g) — (N, h) be a smooth map, where (N, k) is a second Riemannian manifold;
in analogy with the usual Yamabe invariant, define the ¢-Yamabe invariant by setting

Y(M, [g])? = inf Vol(M)~ "= / $%d vy, (6.2)
gelgl M
where ¢ is the map ¢ : (M, g) — (N, h). By definition,

Y¥(M, [g]) = inf VOl(M)—'”T’Zf 5%qv,
gelgl M

— inf VOl(M)—%Z</ SdVg—/ a|d¢|§,dv~,>.
gelgl M M
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Observe that, when o > 0, we have
YP(M,[g]) <Y(M,[g]) < Y(S™, gsm),

so that

Y¢(M. [g]) < mim — Do

Remark 6.1 We observe that, in analogy with the Yamabe problem, Gursky and LeBrun in
[17, 18] introduced the following modification of the Yamabe invariant

~ ) SyyuLhudv,
Y(M,[gl) = inf Py
ueWl2(M) (fM” m/(m— )dVg)
where
/ 4m — 1)
L=~ m_2 Ag+5g+t|wg|g

is a modification of the usual conformal Laplacian. Note that Y(M, [¢]) is conformally
invariant; moreover, making use of aregularization argument, they proved that ?(M ,1gD) <0
and then the problem of finding a conformal metric g € [g] which attains ?(M ,[g]) can be
solved adapting the techniques in [24].

Form > 3,let g = uﬁg, u € C®(M) positive; setting ¢ for the map ¢, considered ad a
map from (M, g) to (N, gn), using (6.1) we have

~ = m 4(m — 1
§¢ =y <—L2)Agu + S“’u).
m—

We can rewrite the ¢-Yamabe invariant Y¥ (M, [g]) in the form

S (Pl gu + 504 )av,

-2
Y(M.[gh) =Y¢()= inf —
u;ﬁo,uEWl*z ||M|| 2m
Ln—2
ulludv,
= g JwtEendVe st (6.3)
ut0uew!2 lul|” 4,
L m=2
where Lg is the second order elliptic operator
4(m —1)
LY = —ﬁAg—l—S‘/’, (6.4)

As a direct consequence of the transformation law of the ¢-scalar curvature we have the
following

Lemma6.2 Letm >3 and g = uﬁg; then E?l// = uf%ﬁg(lﬁu).
Adapting an argument due to Gursky ([17]), we obtain the next

Lemma 6.3 Each conformal class of a compact manifold (M™, g), m > 3, admits a C*
4 -~ -~ -

metric § = um-2 g with either S¥ > 0, S¥ < 0 or S¥ = 0; moreover, this three possibilities

are mutually exclusive.

@ Springer



Some geometric properties of generalized ¢-vacuum static spaces Page250f32 163

Proof The proof is based on that of Proposition 3.2 of [17]. Let 1(g) be the principal eigen-
value of Eg, namely
f M uﬁgu dV,

wu(g) ==
87 somew'2  [lull2

Since Lg is conformally covariant, the sign of £ (g) is invariant under conformal changes of
g. Let ¢ denote the first eigenfunction of the eigenvalue 1 (g): by the minimum principle
can be assumed positive. Then from the equation

LYY = n(@y,
we have ( 2)
m —
M = =30 (57 + )

and since S and p(g) are smooth, by a bootstrap argument we conclude that v is a smooth
4
function. Let g = W m-2 g: then
~ m+2
S‘P = wimt2 Lgllj
2, 4
= u@IlYlzy 2.

Therefore, $¢ has the same sign of j4(g): positive, negative or identically zero, and since
the sign 1£(g) is invariant under conformal changes of the metric, these three alternatives are
mutually exclusive.

[m}

Given (M, g) a closed Riemannian manifold of dimension m > 3, it is always possible to
find a metric g € [g] such that S? is constant. To prove this, it is sufficient to guarantee

YoM, [gD) < Y(S™, [gsn])

and to apply the arguments in [24] and conclude that in every conformal class there exists a
metric with constant p-scalar curvature. However, for the sake of completeness we provide
a proof, which is obtained adapting an argument of Lee and Parker ([24]) to our case. On a
compact manifold the Yamabe problem can be solved using a variational approach, provided
Y(M,[g]) < Y(S™, gsm). We focus on Section 4 of [24]. Note that, by construction, for
a>0

YO (M, [g]) < Y(M, [g]).

Hence, if
Y(M,[g]) <Y (S, [gsn])

we have
Y(M,[g])?¥ <Y (S, [gsm]).

First let us fix some notation, let

N 5%dv;
05(3) = I <
(f M deZ’) r
where p = nfTZ. As for the classical Yamabe problem Q, can be written as

_ E()
05(®) = Qpu) = ——.,
uel
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where

E(u):/ <—M|Vu|2+8‘pu2>dvg.
M m—2

Therefore, u is a critical point for the ¢-Yamabe invariant if it satisfies
Lou =P, (6.5)
E(u)

ull}y *
Note that, as in the classical Yamabe problem, the inclusion

with A =

wh? cLp (6.6)

is not compact. Let {u;} be a sequence of smooth functions such that Q, (u;) — Y¥(M, [g])
and suppose (by homogeneity) that ||u; ||, = 1, forany i. Then, by Holder’s inequality, {u;} is
bounded in W'2(M) and there exists a subsequence converging to a fucntion u € W2 (M).
However, by (6.6), we cannot guarantee that the constraint ||u;|| = 1 is preserved by u;
moreover u may be identically zero.

Following Lee and Parker ([24])we consider an associated subcritical equation. We define

E(u)

2
el 5

0y (u) =
for2 <s < p and let
Y¢ =inf {Qf () : u € C*(X)}.
Note that if « is a minimizing function with ||u||, = 1, then
-1
Lou =Y u'"". 6.7)

We now state the analogous of Proposition 4.2 of [24] in our setting. We omit the proof
since it works exactly as that of [24].

Proposition 6.4 For s € [2, p] there exists a smooth positive solution ug to the subcritical
equation (6.7), for which Q;(u) =Y¢ and [luglly = 1.

Lemma 6.5 If Vol(M) = 1, then |Ys¢| is non-increasing as function of s € [2, pl; moreover,
ifY?(M,[g]) =0, then |YS¢| is left-continuous.

Proof Letu € C*°(M), u # 0. By Holder inequality if s < s’, then ||u||, < ||u||y. Now

2
][5

2
[uell5

05 (u) = 05 (u)

and then if s < s’ we have Qf; < Q;. It follows that

b

<|r¢l. (6.8)
Assume that Y} (M, [g]) = Y}, > 0, by (6.8) we have that

Y >0
for every s € [2, p]. Take s € [2, p]. Given ¢ > 0, there exists u € C°°(M) such that

Q;(u) <Y¥+e.

@ Springer



Some geometric properties of generalized ¢-vacuum static spaces Page270f32 163

By continuity of ||u||,, for s’ < s, sufficiently close to s we have
’
Y) < Quy, <Y +2e
and since Y is non-increasing, we deduce that Y. ? is continuos from the left. O

Following the proof in [24], we can now prove that if Y¥(M, [g]) < Y (S™, [gs=]) holds,
than the ¢-Yamabe problem can be solved.

Proposition 6.6 Let {ug} be the collection of functions given by Proposition 6.4. There are
constants so < p, r > p and C > 0 such that ||us||, < C for every s > sp.

Proof Let § > 0. We multiply (6.5) times u!*?° and we integrate

4 1
Y;P/ usT?dv, :/ ( (m_z) l1+25AuS+S‘/’u§+2“)dvg
M M

4Gm — 1
=/ (M 2(1 4 28)|Vuy 2 + S%u 2+25>dvg.
M m—2

146

Let w = u;™°, then we have

(1428 [ 4m—1
A+8*Jy m-2

To conclude the proof we recall the following theorems (see [24] for more details).

)|Vw|2dvg = /M (Y¢w?u' =2 — $Yw?)dV,

Theorem 6.7 Let X be a compact manifold. Let oy be the optimal Sobolev constant. For
every & > 0 there exists Cy such that for every v € C*°(M)

i3 < +8)0M/ |Vv|2dVg+CS/ v?dV,. (6.9)
M M
Theorem 6.8 The m-dimensional Sobolev constant is oy = % /A, where A =
Y (S™, [gsn]). Thus, the sharp Sobolev inequality on R™ is
4im —1)
I3 < =D Je |Vo[?dV,. (6.10)
Combining (6.9), (6.10) we deduce
2 4(m B
wll, <1+ )7 |V dVg+Ce | wdV,
M
(1 +5)2 1 / 5 s (148)% 4(m —1) 2
=(1 — Y¥ S=2dV, — (1 SwdV,
reT s ), v Ve = e e =) wave
+Cs / w?dV,
M

(1+8)21 S 5
<(1+e¢) T3 29 XfMYs“’w uj dVg—i—Cé/Mw dv,

and using Holder inequality

1+8?2yy
= w3 g 15573 2 + Cllwl}3.

1
llwll}, < (1+ )7 T35 A
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IfY9(M,[g]) <O, then
llwl2 < Cllwl|3.

If0 < Y¥(M, [g]) < Y(S™, [gsn]), since Y is non-increasing and left-continuous, we infer
the existence of so < p, sufficiently close to p such that

)2 44
s <ﬁ

— < <1,
A A

for s > so. Moreover, since w

< s, by Holder’s inequality we have
lletslls=2m < [lugll; = 1,

therefore
2 2
lwll;, < Cllwll3.

To conclude the proof observe that
145 148
lwlla = sl sy < a1
Therefore, ||w]|, is bounded independently of s. m}

Proposition 6.9 Let {us} be the functions given in Proposition 6.4. As s — p, us converges
(up to a subsequence) to a positive function u € C*°(X), which satisfies

Q)b =Y?(M,[g]), Lfu=Y?M,[ghu’"",
hence the metric § = uP~2g has constant -scalar curvature.

Proof By Proposition 6.6, the sequence {us} is uniformly bounded in L” (M) and by The-
orem 4.1 of [24], they are uniformaly bounded in C>* and by Arzela-Ascoli Theorem a
subsequence converges in C2 norm to a function u € C?(X) such that

Lou=uP~" Q) =1,
where A = limy_, YZ. If Y(M,[g]) = 0, by Lemma 6.5 Y¢ is left-continuous, so that

A=Y(M,[g]).IfY(M,[g]) < O,since|Yy|isnon-increasing, we have that ¥ is increasing.
Thus, A < Y (X, [g]) and since Y (M, [g]) is the infimum of Qf,f, equality holds. ]

Note that when Y9 (M, [g]) = Y (S™, [gsn]), by definition of the ¢-Yamabe invariant, we
have that
Y9 (M, [g)) =Y¥(M,[g]) =Y (", [gsn])

hence, by the classical results of Aubin and Schoen we have that (M, [g]) is conformally
equivalent to the standard sphere. However, note that when equality holds it is not guaranteed
that g € [g], such that S is constant coincide with the Yamabe metric.

Remark 6.10 Note that the sign of the ¢-Yamabe invariant is conformally invariant and it
determines the sign of the ¢-scalar curvature relative to the metric g € [g] that attains the
minimum.

Before proving Theorem 1.8, we racall that from Gauss equation, we have
R?i% = Rijrr — WM i + eIl
RM = RIM — Rt — Wiy Ty + Wi H (m — 1);
SM = § — 2Ry + (m — 1)(m — 2)H?,

@ Springer



Some geometric properties of generalized ¢-vacuum static spaces Page290f32 163

which imply
MY = §9 4 a(92)? = 2Rpum + (m — 1)(m — 2)H>. (6.11)
Moreover, we prove the following
Lemma6.11 Let (M, g) be a compact Riemannian manifold with boundary dM and let
f € C®(dM). Then, there exists f € C*°(M) such that flay = f.
Proof Let U, be a tubular neighborhood of the boundary d M, namely, we consider
U Z90M x [0, ¢)

for ¢ > 0 sufficiently small.

In particular we can identify a point x € U as (y,t), where y € dM and ¢ € [0, ¢).
We define F : U, — R, such that for every x € U, F(x) = F((y,1)) = f(y), note that
FeC®WUg)and Flyy = f.

Let U = {U;}; be an open covering of the boundary such that U; C U, for every i. Since
dM is compact, we can assume it is finite. We consider a partition of unit {1/;}; subordinate
to U; by construction supp(v;) € U;. Then, we define

B Y vi(x)F(x) ifx € Ug;

T =10 x e M\ UL

By construction when y € dM f(y) =Y ; ¥:(y) f(y) = f(y) and f € C®°(M).

We are now ready to prove Theorem 1.8.

Proof of Theorem 1.8 By Proposition 6.9 we can always consider a metric g, € [g]sa] such
that the p-scalar curvature of the boundary associated to g;, is constant. Since g, € [glam],
there exists a function f on dM suh that g, = ¢*/g. By Lemma 6.11, we can exten f on
M;; in particular there exists f € C°°(M) such that f|yy = f. Let us consider the metric

g = eﬁg. By construction we have gl = &5 on the boundary and S%?M is constant.
Since (M, g) is totally geodesic due to the validity of (1.29), the second fundamental form

I1of (M, g) writes as
- - af
My =e™/ (Ilab + fgab>;
av

and the mean curvature H is given by

- (M —of
H_Lze—fﬂ_
m—1 ov

Therefore, by definition of Jz, we deduce

- H’
ngb = Ag¢ + (RIC(\), V) + (m—1)2)¢’

where Ric denotes the Ricci tensor with respect to g. Moreover,

(M)g/ ¢2dng§—f 10 dVy,
oM oM
72
/ Va0|% — [ Ric(v, DR — P dVg,.
aM 8 (m —1)? b

@ Springer



163  Page 30 of 32 L. Branca, P. Mastrolia, M. Rigoli

Taking ¢ = 1 in the above equation and using (6.11), we get that when o > 0 the following
inequalities hold

| I
(x1)zVolg, (AM) < f/ §PM gy, — f/ §?avy, —/ a(@e)*dvy,
2 Jom 2 Jom M

H?2
— - av:
/BM (m—1)2" "%

1 I 1 .
f/ §eM gy, — f/ §%avy,
2 Jom 2 Jom

1 G.0M Sflin
3 BMS’ dVz, — =5 Volg, (0M)

IA

IA

1 @ m—3 Sftin
EY (OM, [glam])Volg, (dM)m=T — > Volg, (M),

IA

which implies

<(m — D(m — 2)(1);;;%', Volg, (0M) 7T — S;f;m). (6.12)

NSRR

(A1) <

If equality holds,
Y@M, [glam]) = Y@M, [glam]) = Y (S [gsn])

and it follows directly by the classical results of Aubin and Schoen (see [24] and the references
therein) that d M is conformally equivalent to a sphere. Furthermore, let g € [g|an] be the
metric which achieves the infimum of Y (M, [g|am]): then

m=3
SBMVOlg'b(M)m_I

§9-0M _
- m=3
Volg (M)m=T
where .
Volg, (M) m=1

Vol (M) =1

is constant. Moreover, if equality holds

H* =0.
oM
which implies that the boundary is totally geodesic. Furthermore, we have that S = Sflm
on oM, that is S? is constant on 9 M. Moreover, ¢, = 0 on dM.
O

Remark 6.12 Observe that the proof of Theorem (1.8) is completely independent from the
choice of A. For instance, when ¢ is constant and A assumes the values discussed in the
introduction, we have the validity of the theorem for some well-known models (see the
discussion in the introduction).
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