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1 Introduction

Consistent query answering (CQA) is an elegant framework, introduced in the late 1990s by Are-
nas, Bertossi, and Chomicki [Arenas et al. 1999], that allows us to compute conceptually meaningful
answers to queries posed over inconsistent databases, that is, databases that do not conform to their
specifications given in the form of integrity constraints. The key elements underlying CQA are (i)
the notion of (database) repair of an inconsistent database D, that is, a consistent database whose
difference with D is somehow minimal, and (ii) the notion of query answering based on consistent
answers, that is, answers that are entailed by every repair. Since deciding whether a candidate
answer is a consistent answer is most commonly intractable in data complexity (in fact, even for
primary keys and conjunctive queries, the problem is coNP-hard [Chomicki and Marcinkowski
2005]), there was a great effort on drawing the tractability boundary for CQA; see, e.g., [Fuxman
et al. 2005; Fuxman and Miller 2007; Geerts et al. 2015; Koutris and Suciu 2014; Koutris and Wijsen
2015, 2021]. Much of this effort led to interesting dichotomy results that precisely characterize
when CQA is tractable/intractable in data complexity. However, the tractable fragments do not
cover many relevant scenarios that go beyond primary keys.

As extensively argued in [Calautti et al. 2018], the goal of a practically applicable CQA approach
should be efficient approximate query answering with explicit error guarantees rather than exact
query answering. In the realm of the CQA approach described above, one could try to devise
efficient probabilistic algorithms with bounded one- or two-sided error. However, it is unlikely
that such algorithms exist since, even for very simple scenarios (e.g., primary keys and conjunctive
queries), placing the problem in tractable randomized complexity classes such as RP or BPP would
imply that the polynomial hierarchy collapses [Karp and Lipton 1980]. Another promising idea is
to replace the rather strict notion of consistent answers with the more refined notion of relative
frequency, that is, the percentage of repairs that entail an answer, and then try to approximate it via
a fully polynomial-time randomized approximation scheme (FPRAS); computing it exactly
is, unsurprisingly, #P-hard [Maslowski and Wijsen 2013]. Indeed, for primary keys and conjunctive
queries, one can approximate the relative frequency via an FPRAS; this is implicit in [Dalvi and
Suciu 2007] and it has been made explicit in [Calautti et al. 2019]. Moreover, a recent experimental
evaluation revealed that approximate CQA in the presence of primary keys and conjunctive queries
is not unrealistic in practice [Calautti et al. 2021]. However, it seems that the simple case of primary
keys is the limit of this approach. We have recently shown that in the case of FDs the problem of
computing the relative frequency does not admit an FPRAS, while in the case of keys it is a highly
non-trivial problem [Calautti et al. 2022].

The above limitations of the classical CQA approach led to a new framework for CQA, based on
revised definitions of repairs and consistent answers, that opens up the possibility of efficient ap-
proximations with error guarantees [Calautti et al. 2018]. The main idea is to replace the declarative
approach to repairs with an operational one that explains the process of constructing a repair. In
other words, we can iteratively apply operations (e.g., fact deletions), starting from an inconsistent
database, until we reach a database that is consistent w.r.t. the given set of constraints. This gives us
the flexibility of choosing the probability with which we apply an operation, which in turn allows
us to calculate the probability of an operational repair, and thus, the probability with which an
answer is entailed. Probabilities can be naturally assigned to operations in many scenarios leading
to inconsistencies. This is illustrated using an example from [Calautti et al. 2018]:
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Example 1.1. Consider a data integration scenario that results in a database containing the facts
Emp(1, Alice) and Emp(1, Tom) that violate the constraint that the first attribute of the relation
name Emp (the id) is a key. Suppose we have a level of trust in each of the sources; say we believe
that each is 50% reliable. With probability 0.5 - 0.5 = 0.25 we do not trust either tuple and apply
the operation that removes both facts. With probability (1 — 0.25)/2 = 0.375 we remove either
Emp(1, Alice) or Emp(1, Tom). Therefore, we have three repairs, each with its probability: the
empty repair with probability 0.25, and the repairs consisting of Emp(1, Alice) or Emp(1, Tom)
with probability 0.375. Note that the standard CQA approach only allows the removal of one of the
two facts (with equal probability 0.5). It somehow assumes that we trust at least one of the sources,
even though they are in conflict.

The preliminary data complexity analysis of operational CQA performed in [Calautti et al. 2018]
revealed that computing the probability of a candidate answer is #P-hard and inapproximable, even
for primary keys and conjunctive queries. However, these negative results should not be seen as the
end of the story, but rather as the beginning since operational CQA gives us the flexibility to choose
the probabilities assigned to operations. Indeed, the main question left open by [Calautti et al.
2018] is the following: how can we choose the probabilities assigned to operations in a conceptually
meaningful way and, at the same time, the existence of an FPRAS is guaranteed?

A natural way of choosing those probabilities is to follow the uniform probability distribution
over a reasonable space. The obvious candidates for such a space are (i) the set of operational repairs,
(ii) the set of sequences of operations that lead to a repair (note that multiple such sequences can lead
to the same repair), and (iii) the set of available operations at a certain step of the repairing process.
This leads to the so-called uniform operational CQA; further justification of the above choices is
given in Section 4, where the formal definitions underlying uniform operational CQA are given.
The obvious question is how the complexity of exact and approximate operational CQA is affected
if we assign probabilities to operations according to the above refined ways. In particular, we would
like to understand whether uniform operational CQA allows us to go beyond the relatively simple
case of primary keys.

Our goal is to perform a complexity analysis of uniform operational CQA and provide answers
to the above central questions. Our main findings can be summarized as follows:

(1) Exact uniform operational CQA remains #P-hard, even in the case of primary keys and
conjunctive queries.

(2) Uniform operational CQA admits an FPRAS if we focus on primary keys and conjunctive
queries.

(3) In the case of arbitrary keys and FDs, although assigning probabilities to operations based on
uniform repairs and sequences (approaches (i) and (ii) discussed above) does not lead (or it
remains open whether it leads) to the approximability of operational CQA, the approach of
uniform operations renders the problem approximable. The latter is a significant result since
it goes beyond the simple case of primary keys, which, as said above, seems to be the limit of
the classical CQA approach.

Roadmap. In Section 2, we give the very basics on relational databases, functional dependencies,
and conjunctive queries. In Section 3, we recall the operational approach to consistent query
answering from [Calautti et al. 2018] focussing on functional dependencies. In Section 4, we
introduce uniform operational CQA, which is the main concern of the present work. The com-
plexity analysis of uniform operational CQA is performed in Sections 5-8. We conclude with
Section 9.
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2 Preliminaries

We recall the basics on relational databases, functional dependencies, and conjunctive queries. In
the rest of the article, we assume the disjoint countably infinite sets C and V of constants and
variables, respectively. For n > 0, we write [n] for the set of integers {1, ..., n}.

Relational Databases. A (relational) schema S is a finite set of relation names with associated
arity; we write R/n to denote that R has arity n > 0. Each relation name R/n is associated with a
tuple of distinct attribute names (A, ..., A,); we write att(R) for the set {A,..., A,;} of attributes.
A fact over S is an expression R(cy, ..., ¢,), where R/n € S and ¢; € C for each i € [n]. A database D
over § is a finite set of facts over S. The active domain of D, denoted dom(D), is the set of constants
occurring in D. For a fact f = R(cy, ..., ¢,), with (A, ..., A,)) being the tuple of attribute names of
R, we write f[A;] for the constant ¢, that is, the value of the attribute A; in the fact f.

Functional Dependencies. A functional dependency (FD) ¢ over a schema S is an expression
R: XY,

where R/n € S and X,Y C att(R). When X or Y are singletons, we avoid the curly brackets and
simply write the attribute name. We call ¢ a key if X UY = att(R). Given a set X of keys over
S, we say that ¥ is a set of primary keys if, for each R € S, there exists at most one key in ¥ of
the form R : X — Y. A database D satisfiesan FD ¢ = R : X — Y, denoted D k ¢, if, for every
two facts R(¢;), R(¢;) € D the following holds: R(¢;)[A] = R(&,)[A] for every A € X implies
R(¢))[B] = R(¢,)[B] for every B € Y. We say that D is consistent w.r.t. a set X of FDs, written D k 3,
if D k ¢ for every ¢ € 3; otherwise, we say that D is inconsistent w.r.t. X.

Conjunctive Queries. An atom o over a schema S is an expression R(tl, e tn), where R/n € S and
t; € CUV for each i € [n]. A conjunctive query (CQ) Q over S is an expression of the form

Ans(%) - Ry{(3,), ..., R,(3),

where R;(§;), for i € [n], is an atom over S, X are the answer variables of Q, and each variable in % is
mentioned in j; for some i € [n]. We may write Q(%) to indicate that ¥ are the answer variables of
Q. When x is empty, Q is called Boolean. The semantics of CQs is given via homomorphisms. Let
var(Q) and const(Q) be the set of variables and constants in Q, respectively. A homomorphism from
a CQ Q as the one above to a database D is a function h : var(Q) U const(Q) — dom(D), which is
the identity over C, such that R;(h(3;)) € D for eachi € [n]. A tuple ¢ € dom(D)* is an answer to
Q over D if there is a homomorphism h from Q to D with h(x) = ¢. Let Q(D) be the answers to Q
over D. For Boolean CQs, we write D k Q, and say that D entails Q, if () € Q(D).

3 Operational CQA

We proceed to recall the operational approach to consistent query answering introduced in [Calautti
et al. 2018]. Although this new framework can deal with arbitrary integrity constraints (i.e., tuple-
generating dependencies, equality-generating dependencies, and denial constraints), for our pur-
poses we need its simplified version that only deals with functional dependencies.

Operations and Violations. The notion of operation is the building block of the operational
approach. In the original framework, the operations are standard updates +F that add a set F of
facts to the database, or —F that remove F from the database. However, since we deal with FDs, we
only need to remove facts because the addition of a fact would never resolve a conflict. The formal
definition of the notion of operation follows. We write P(S) for the powerset of a set S.
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Definition 3.1 (Operation). For a database D over a schema S, a D-operation is a function op :
P(D) — P(D) such that, for a non-empty set F C D, for every D’ € P(D), op(D’) = D’\F. We
write —F to refer to this operation.

The operations —F depend on the database D as they are defined over D. Since D will be clear
from the context, we may refer to them simply as operations, omitting D. Also, when F contains a
single fact f, we write — finstead of —{ f}. The main idea of the operational approach to CQA is to
iteratively apply operations, starting from an inconsistent database D, until we reach a database
D’ C D that is consistent w.r.t. the given set ¥ of FDs. However, we need to ensure that at each step
of this repairing process, at least one violation is resolved. To this end, we need to keep track of all
the reasons that cause the inconsistency of D w.r.t. %. This brings us to the notion of FD violation.

Definition 3.2 (FD Violation). For a database D over a schema S, a D-violation of an FD ¢ = R :
X — Yover Sis aset{f, g} € D such that {f, g}#p. We denote the set of D-violations of ¢ by
V(D, ¢). For a set 3. of FDs, we denote by V(D, Y) the set {(¢,v) | ¢ € Z and v € V(D, ¢)}.

Therefore, a pair (¢,{f, g}) € V(D,X) means that one of the reasons why the database D is
inconsistent w.r.t. ¥ is because it violates ¢ due to the facts fand g. Now, apart from forcing an
operation to be fixing, i.e., to fix at least one violation, we also need to force an operation to remove
a set of facts only if it contributes as a whole to a violation. Such operations are called justified.

Definition 3.3 (Justified Operation). Let D be a database over a schema S and ¥ a set of FDs over
S. For a database D’ C D, a D-operation —F is called (D', 3)-justified if there exists (¢,{f, g}) €
V(D’,3) such that F C {f, g}.

Note that justified operations do not try to minimize the number of facts that need to be removed.
As argued in [Calautti et al. 2018], a set of facts that collectively contributes to a violation is a
justified operation during the iterative repairing process since we do not know a priori which atoms
should be deleted, and therefore, we need to explore all the scenarios.

Repairing Sequences. As said above, the main idea of the operational approach is to iteratively
apply justified operations, starting from an inconsistent database, until we reach a consistent one.
This is formalized via the notion of repairing sequence. Consider a database D and a set X of FDs.
Given a sequence s = (0p,);e[] of D-operations, let

Dy=D and D} = op,(Di_ ;)
fori € [n], that is, D} is obtained by applying to D the first i operations of s.

Definition 3.4 (Repairing Sequence). Consider a database D and a set 3 of FDs. A sequence of
D-operations s = (opl.)ie[n] is called (D, X)-repairing if, for every i € [n], op, is (D}_;,%)-justified.
We write RS(D, %) for the set of all (D, X)-repairing sequences.

It is clear that the length of a (D, X)-repairing sequence is linear in the size of D. It is also clear
that the set RS(D, X) is finite. For a (D, X)-repairing sequence s = (Opi)ie[n]> we define its result as
the database s(D) = D;, and call it complete if s(D) k X, i.e., it leads to a consistent database. Let
CRS(D, %) be the set of all complete (D, )-repairing sequences.

Operational Repairs. A candidate (operational) repair of a database D w.r.t. a set 2 of FDs is a
database D’ such that D’ = s(D) for some s € CRS(D, ). We write CORep(D, ¥) for the set
of all candidate repairs of D w.r.t. 3. Although every database of CORep(D,X) corresponds to a
conceptually meaningful way of repairing the database D, we would like to have a mechanism
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Fig. 1. Repairing markov chain.

that allows us to choose which candidate repairs should be really considered for query answering
purposes and assign likelihoods to those repairs.

The fact that we can operationally repair an inconsistent database via repairing sequences gives
us the flexibility of choosing which operations (that is, fact deletions) are more likely than others,
which in turn allows us to talk about the probability of a repair, and thus, the probability with
which an answer is entailed. The idea of assigning likelihoods to operations extending sequences
can be described as follows: for all possible extensions s-0p, , ..., s op, of a repairing sequence s, we
assign probabilities py, ..., py to them so they add up to 1. This is done by exploiting a tree-shaped
Markov chain that arranges its states (i.e., repairing sequences) in a rooted tree, where (i) the empty
sequence of operations, which is by definition repairing, is the root, (ii) the children of each state
are its possible extensions, and (iii) the set of states corresponding to complete sequences coincide
with the set of leaves. We write ¢ for the empty sequence of operations. We further write OpsS(D, %)
for the set of (D, 3)-repairing sequences {s’ € RS(D,X) | s’ = s op for some D-operation op}.

Definition 3.5 (Repairing Markov Chain). For a database D and a set 3 of FDs, a (D, X)-repairing
Markov chain is an edge-labeled rooted tree T = (V, E,P), where V. = RS(D,3), E C V x Vand
P : E — [0, 1], such that:

(1) the root is the empty sequence ¢,

(2) for anon-leaf node s € V, {s" | (s,s") € E} = Ops (D, %),

(3) for a non-leaf node s €'V, Zte{s'l(s,s’)EE} P(s,t) =1, and

(4) {s € V| sis aleaf} = CRS(D,X).

Let us clarify that, for a database D and a set 3 of FDs, we assume that a (D, 3)-repairing Markov
chain (V, E,P) is compactly represented as a function f : RS(D,2) x RS(D,X) — [0,1] U {1}
such that, for every pair (s,s”) € RS(D,X) x RS(D, %), f(s,s”) = P(s,s’) if (s,s”) € E; otherwise,
f(s,s”) = L. We give a simple example, which will serve as a running example, that illustrates the
notion of repairing Markov chain.

Example 3.6. Consider the database D = {fi, f,, f3} over the schema S = {R/3}, where
fi=R@aybe))  fo=Rabyc)  f3 = R(ay,bycp)
Consider also the set 2 = {¢;, #,} of FDs over S, where
$pp=R:A->B and ¢,=R:C— B

assuming that (A, B, C) is the tuple of attributes of R. It is easy to see that D¥Y. In particular, we
have that V(D,3) = {(é1, {f1, /2D, (d2,{f2, 3})}. Observe that for the edge-labeled rooted tree
T = (V,E,P) in Figure 1, V = RS(D, %), for a non-leaf node s the set of its children is Opss(D, ),
and the set of leaves coincides with CRS(D, X). Hence, providing that p; + p, + ps + ps + ps = 1,
Pe + D7+ pg = 1and pg + pig + p11 = 1, Tis a (D, X)-repairing Markov chain.
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The operational approach to CQA also provides a mechanism that allows us to define a family of
repairing Markov chains independently of the input database. In other words, whenever the input
database D changes, the desired repairing Markov chain should be simply extracted from D via a
procedure (parameterized by the underlying set ¥ of FDs) that takes as input D. This mechanism is
formalized via the notion of repairing Markov chain generator.

Definition 3.7 (Repairing Markov Chain Generator). A repairing Markov chain generator w.r.t. a
set 2 of FDs is a function Ms; assigning to every database D a (D, 2)-repairing Markov chain.

Coming back to our running example, given a repairing Markov chain generator Ms w.r.t. 2,
Ms:(D) is essentially a rooted tree as the one in Figure 1 such that p; + py + p3 + ps + ps = 1,
Pe + p7; + pg = 1and pg + pjp + p11 = 1. Thus, given two different repairing Markov chain
generators My and My, w.r.t. 3, Ms(D) and Ms,(D) are both rooted trees as in Figure 1, but with
different labeling functions, i.e., they calculate differently the probabilities that label the edges.

Now, an operational repair is a candidate operational repair obtained via repairing sequences
that are reachable leaves of a repairing Markov chain, i.e., leaves with non-zero probability. The
probability of a leaf is coming from the leaf distribution of a repairing Markov chain. Formally,
given a database D and a set . of FDs, the leaf distribution of a (D, ¥)-repairing Markov chain
T = (V, E,P) is a function r that assigns to each leaf s of Ta number from [0, 1] as follows: assuming
that (s, 1), (51, 52), - (Sp—1,5,), Where n > 0, ¢ = 5y and s = s,,, is the unique path in T from ¢ to s,
7(s) = P(sp,$1) - P(s1,89) - -+ - P(s,_1, $,)- The set of reachable leaves of T, denoted RL(T), is the set
of leaves of T that have non-zero probability according to the leaf distribution of T.

Definition 3.8 (Operational Repair). Given a database D, a set ¥ of FDs, and a repairing Markov
chain generator My w.r.t. 3, an (operational) repair of D w.r.t. Ms is a database D’ € CORep(D,X)
with D’ = s(D) for s € RL(Ms(D)). Let ORep(D, Ms ) be the set of all repairs of D w.r.t. Ms.

At this point, it should be clear that an operational repair is a consistent subset of the database
that need not be maximal, unlike a classical database repair as defined in [Arenas et al. 1999]. Let
us stress that the deviation of the operational approach to consistent query answering, as defined
in [Calautti et al. 2018], from the principle of applying minimal changes during the repairing process
was a deliberate design choice. The rationale underlying this choice is that, although the principle
that a repair should preserve as much information as possible perfectly applies to applications
where the data is the most valuable asset, there are applications where it is important to remove as
much inconsistency as possible at the expense of loosing more data during the repairing process.
For example, such an application is healthcare, where highly critical decisions are made based
on the available data, and thus, we cannot afford to make decisions based on conflicting data.
Consequently, since the participation of a fact in a conflict is a strong indication that it might carry
wrong information, for such applications it would be preferable to deviate from the principle of
maximal repairs, and remove as many facts that participate in a conflict as possible. This, in turn,
allows us to provide even more reliable answers to queries. The operational approach to CQA
allows us to specify the preferred repairs between the two extremes discussed above (i.e., subset
maximal repairs vs. repairs that minimize the uncertainty) by adopting the respective Markov chain
generator. The above discussion is illustrated by the following simple example.

Example 3.9. Consider the schema S mentioning only the relation Patients with attributes
(1d, Name, Age, InsuranceLevel, BloodType, BloodTypeForTransfusion).

Each tuple in Patients stores the id of a patient, together with his/her name, age, insurance level,
blood type, as well as the blood type that has been chosen for a planned blood transfusion of the
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patient. Assume now that 3 = {¢;, @, ¢3} is the set of functional dependencies over S with

¢; = Patients : Id — Name,

2
s

The FD ¢, states that the patient name is uniquely determined by his/her id, while ¢, specifies
that the insurance level of the patient depends on how old the patient is. Finally, ¢5 specifies that
the blood type determines which blood type must be used for the transfusion. Consider now the
following database D over S, which is inconsistent w.r.t. ¥ (attribute names are shortened):

Patients : Age — InsuranceLevel,

Patients : BloodType — BloodTypeForTransfusion.

Id | Name | Age IL BT | BTFT
1 | James 38 High [ AB™ | O | (f)
1 | Andrea | 36 | Medium | Ot | O" | (f,)
2 | Mary 38 Low A~ AT 1 (fz)
3 | Laura 18 | Medium | AB~ | O% | (fy)

For each tuple f, we give the name of the corresponding fact f; of the form Patients(f). The set
V(D,Z) is {(¢1, {1, o) (D2, 411, f31), (P35, {11, fuD)}. that s, f; and f, are in a conflict because of ¢,
f1 and f; are in a conflict because of ¢, and f; and f; are in a conflict because of ¢s.

Towards constructing a consistent subset of D, one might consider removing the fact f;. This
can be done for multiple reasons, e.g., because we are uncertain who the patient with id 1 is (¢,),
or because we are uncertain whether people at age 38 should have a “High” or a “Low” insurance
level (¢y), or even further, because we are not sure whether for blood type AB™, blood type O~ or
O™ is the one to be used for the transfusion (¢3). No matter the reason, assume we consider a repair
where f; is removed. Hence, there exists only one maximally consistent subset of D w.r.t. 2, i.e., a
classical database repair as defined in [Arenas et al. 1999], which does not contain f;: the database
D’ ={f,, f3, f4}. In particular, note how the maximality of D’ forces us to keep f; and f;. However,
being forced to keep f; and f; means that we are committing to a combination of possibly wrong
data, i.e., patients at age 38 only deserve a low insurance level and the patient Laura will have
a blood transfusion using O as the blood type. The amount of such possibly wrong data could
increase as the number of FDs and attributes increase in the relation. Our framework is flexible
enough to consider also other consistent subsets of the database as repairs that go beyond the
maximally consistent ones of [Arenas et al. 1999]. This allows to take into account other scenarios
where less uncertainty is preferred in the resulting repair. For example, the candidate operational
repair D” = {f,, f3} describes a scenario where not only f; is assumed to be wrong, but also f;.

Now, an operational repair may be obtainable via multiple repairing sequences that are reachable
leaves of the underlying repairing Markov chain. The probability of a repair D’ is calculated by
summing up the probabilities of all reachable leaves s such that D’ = s(D).

Definition 3.10 (Operational Semantics). Given a database D, a set X of FDs, and a repairing
Markov chain generator My, w.r.t. 2, the probability of an operational repair D’ of D w.r.t. M, is

Ppag (D) = >, 7(s),

s€RL(M5(D)) and D’=s(D)

where 7 is the leaf distribution of M, (D). The operational semantics of D w.r.t. Ms is defined as the
set of repair-probability pairs [[D]] My = {(D’,Ppar, (D)) | D" € ORep(D, M5)}.
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Table 1. Basic Notation of Operational CQA

RS(D,X) (D, %)-repairing sequences

CRS(D, ) Complete (D, X)-repairing sequences s — i.e., s(D) kX

RL(Ms(D)) Reachable leaves s of Msx (D) - i.e.,, s € CRS(D, ) with 7(s) > 0
CORep(D,Y) | Candidate repairs D’ of Dw.r.t. 2 - i.e., D’ = s(D) for some s € CRS(D, )
ORep(D, Ms,) | Operational repairs D’ of D w.r.t. My, — i.e., D’ € CORep(D, %) such that
D’ = s(D) for some s € RL(Mx(D))

Operational CQA. We now have all the necessary notions to recall the operational approach to
CQA and define the main problem of interest. For a database D, a set X of FDs, a Markov chain
generator Ms, w.rt. 3, a query Q(%), and a tuple ¢ € dom(D)¥!, the probability of ¢ being an answer
to Q over some operational repair of D is defined as

P o(D,6) = > p.
(D’,;))E[[D]]ME and ceQ(D’)

We can now talk about operational consistent answers. In particular, the set of operational consistent
answers to Q over D according to Ms is defined as the set {(é, PME,Q(Da E)) |¢e dom(D)l’zl}. The
problem of interest in this context, dubbed OCQA, accepts as input a database D, a set X of FDs, a
repairing Markov chain generator Ms, w.r.t. 3, a query Q(x), and a tuple ¢ € dom(D)*!, and asks
for the probability P Mz,Q(D’ ¢). We are, in fact, interested in the data complexity of OCQA, i.e., for
a set 2 of FDs, a repairing Markov chain generator My, w.r.t. 3, and a query Q(x), we focus on

PROBLEM : OCQA(Z, Ms;, Q(x))
INPUT : A database D and a tuple ¢ € dom(D)/.
OUTPUT: P Mz,Q(D’ ).

The non-standard notation introduced above is summarized in Table 1. Until now, a repairing
Markov chain generator is a general function from databases to repairing Markov chains. We now
discuss uniform operational CQA, which provides concrete ways of defining such a function.

4 Uniform Operational CQA

A natural way of defining a repairing Markov chain is to assign probabilities to operations according
to the uniform probability distribution over a reasonable space. The obvious options for such a
space are the set of candidate operational repairs, the set of complete repairing sequences, and the
set of available operations at a certain step of the repairing process. More precisely, given a set 2 of
FDs, it is natural to consider the repairing Markov chain generators Mi” (uniform repairs), Mgs
(uniform sequences), and Ms° (uniform operations) w.r.t. 3 such that, for a database D:

— ORep(D, My") = CORep(D, %), and for each D" € ORep(D, My"),

1

P ur D, =
24" = foRep(D, M)
— For every s € CRS(D, %), assuming that 7 is the leaf distribution of Mg*(D),

1

) = GRS (D]
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— For every s,s” € RS(D, X), assuming that My°(D) = (V,E,P), s’ € Opss(D, %) implies
1
|Ops (D, 2)|

Before we give the formal definitions of the above Markov chain generators, let us first briefly
discuss their conceptual relevance. As said in Section 3, candidate operational repairs are consistent
subsets of the database that need not be maximal, which in essence means that the operational
approach to CQA allows for the selection of candidate repairs that fall between the two extremes
of subset maximal repairs and repairs that minimize the uncertainty. Now, the task of classifying
some candidate operational repairs as more relevant than others is left to the Markov chain
generator, while the choice of the Markov chain generator is application-centric. The three Markov
chain generators discussed above adhere to the following principles: (i) My'" does not express any
particular preference, (ii) Ms® gives priority to repairs with less atoms that may carry incorrect
information, and (iii) My® favours repairs with minimal change (i.e., the opposite of Ms*®). Let us
elaborate a bit more on those Markov chain generators:

P(s,s") =

Uniform Repairs. As said above, not removing a fact during the repairing process for the sake
of keeping as much information as possible in an operational repair could be undesirable for
certain critical applications. Consider, for example, the database {f, g, ..., g,}, and assume that
the facts gy, ..., g, are all in conflict with f. This is a strong indication that all those facts might
contain incorrect information, and thus, there is no deep reason to believe that all facts g1, ..., g,
are absolutely correct simply because we removed f during the repairing process. Under this
perspective, it is natural to consider any consistent subset of the database as a conceptually valid
repair in which both information and facts that may contain incorrect information are preserved
to some extent. The Markov chain generator M;" gives no preference to any of those candidate
operational repairs.

Uniform Sequences. Differently from Mg", the Markov chain generator My® instead favours
candidate operational repairs in which the number of atoms that may contain incorrect information
is reduced as much as possible. Under this perspective, the empty repair, or, more generally, the
database containing only isolated nodes in the underlying conflict graph, which contains an edge
among conflicting facts, is the most desirable candidate operational repair in the sense that no
fact that may carry erroneous information is left at the expense of sacrificing more data than
other candidate operational repairs. This is actually achieved by taking into account the repairing
process that leads to the candidate operational repairs. In other words, Ms* assigns probabilities to
candidate operational repairs by taking into account the support in terms of the repairing process.
This is completely neglected by Ms" since a candidate operational repair obtained by very few
repairing sequences is considered equally important as a candidate operational repair obtained by
several repairing sequences. This is illustrated by the following example that builds on Example 3.9.

Example 4.1. Consider the database D and the set ¥ of FDs from Example 3.9. The set of all
complete (D, X)-repairing sequences CRS(D, X) contains the sequence — fi, the sequences —{f}, f;}
with i € {2, 3,4} and, for each permutation (i, j, k) of the numbers in {2, 3, 4}, the sequences of the
form — f;, — f;, — fy of the form —f;, {1, f;}, and of the form — f;, — f;, ={ f}, fi}. In total, CRS(D, %)
contains twenty two (D, X)-repairing sequences. The above sequences together lead to nine different
candidate operational repairs, that is, the databases D; = @, D, = {f1}, D3 = {f,}, Ds, = {f3},
Ds = {fs}. Ds = {f2, f3}. D7 = {f2. fa}. Ds = {f3. fa}. and Dy = {f, f3, f4}. The sequences leading
to the empty repair D; are the ones with three operations where the last one removes a pair of
facts. There are six such sequences, and according to the repairing Markov chain generator Msy®,
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the probability of D; is 6/22 = 27%, which is the highest probability among the probabilities of
candidate operational repairs, according to Ms*°. Conversely, the repair Dy, which contains all facts
except for fi, is obtained only via the sequence — f;, and thus, its probability is 1/22 = 4.5%, which
is the lowest probability among the probabilities of the candidate operational repairs. Hence, in
the case of the database D and set ¥ of FDs of Example 3.9 dealing with the health domain, the
repairing Markov chain generator Ms® can be seen as an appropriate choice since it prioritizes
repairs where more facts participating in a conflict are removed.

Uniform Operations. The Markov chain My, as said above, should be understood as the opposite
of M3® in the sense that it favours candidate operational repairs that keep as much information as
possible. This is achieved by considering some repairing sequences more important than others
depending on their structure. The key structural property here is the length of a sequence, which
in turn translates into the number of removals applied to the given database. Since the intention of
Ms° is to keep as much information as possible, it classifies shorter sequences as more important
than longer ones. In essence, Ms° assigns probabilities to repairs by consolidating two parameters:
the number of sequences that lead to a repair and the number of modifications applied to the given
database; this is reflected in Example 3.6 and it is further illustrated by the following example.

Example 4.2. Consider again the database D and the set X of FDs from Example 3.9, and recall
the (D, X)-repairing sequences and candidate operational repairs discussed in Example 4.1. We first
focus on the empty repair D;. For this, recall that the only (D, 3)-repairing sequences leading to
Dj are the ones of the form — f;, — f;, ={ f1, fi}, with i, j, k all distinct and different from 1. All such
sequences have the same probability, according to Ms°, which we discuss below. Observe that
there are seven possible (D, 3)-justified operations, i.e., removing either one of the four facts in
D, or one of the pairs { fi, 5}, {f1, f3}. {f1, fa}- After removing a single fact f; different from f;, we
obtain the database D’ = D\{f;}, and thus, we are left with five (D’, 3)-justified operations, that is,
remove one of the three facts left in D’, or one of the two pairs {fi, f]} with j # 1 and j # i. After
removing again a single fact f; from D’, we obtain the database D” containing only two facts, one
of which is f;. Hence, we are only left with three (D”, 3)-justified operations: remove one of the
two facts or both. We conclude that the probability of each sequence of the form —f;, — f;, —{ f1, fi},
with i, j, k all distinct and different from 11is 1/7 x 1/5 x 1/3 = 1/105. Since there are six such
sequences, the probability of D; is 6/105 = 5.7%, according to My°, which is the lowest among
the probabilities of the candidate operational repairs according to My°. If we consider instead the
candidate operational repair Dy = {f;, f3, f4}, which contains the largest amount of facts from
D, —f; is the only sequence leading to Dy, whose probability is 1/7, and thus, the probability
of Dy is 1/7 = 14.2%, which is the largest probability among the probabilities of the candidate
operational repairs, according to Ms°. Hence, in the case of the database D and set % of FDs of
Example 3.9 dealing with the health domain, the repairing Markov chain generator Ms° might
not be appropriate as it prioritizes repairs where the highest number of facts is kept, potentially
carrying wrong information, such as the wrong blood type to be used for a transfusion.

We now provide the formal definitions of the “uniform” repairing Markov chain generators
discussed above, and show that they indeed capture our intention. In what follows, for brevity,
given a database D, a set % of FDs, and a sequence s = 0p,,...,0p, € RS(D, %), we write s, for the
empty sequence ¢, and s; for the sequence 0Py 0P, for each i € [n].

4.1 Uniform Repairs

We start with the Markov chain generator based on the uniform probability distribution over the set
of candidate operational repairs. Since multiple complete sequences can lead to the same database
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(see, e.g., —f1,—{fo, f3} and — f35,—{f}, f>} in Example 3.6), we would like to have a mechanism
that gives non-zero probability to exactly one such sequence. To this end, for each set of complete
sequences that lead to the same consistent database, we identify a representative one. Given a
database D and a set 3 of FDs, we say that a (D, 3)-repairing sequence s € CRS(D, X) is canonical
if there is no s” € CRS(D, X) such that s(D) = s’(D) and s’ < s for some arbitrary ordering < over
the set RS(D, ). Let CanCRS(D, %) be the set of all sequences of CRS(D,X) that are canonical.
Furthermore, for a sequence s € RS(D, 2), we write CanCRS((D, %) for the set of all sequences
s’ of CanCRS(D,Y) that have s as a prefix, i.e., s’ = s-s” for some (possibly empty) sequence s”.
Hence, for s € RS(D, %), CanCRS(D,Y) is the set of canonical leaves of the subtree rooted at s,
with CanCRS.(D, ) = CanCRS(D, %) being the set of canonical leaves of the tree. We are now
ready to define the desired repairing Markov chain generator.

Definition 4.3 (Repairing Markov Chain Generator Based on Uniform Repairs). Consider a set % of
FDs. Let M3" be the function assigning to a database D the (D, X)-repairing Markov chain (V, E, P),
where, for each (s,s’) € E,

% if CanCRS,(D, %) # @
P(s,s") =

m otherwise.
|CanCRS/ (D.3)|
[CanCRS,(D.)|
leaves, that is, CanCRS (D, ) = @. In this case, none of the leaves of T} is reachable with non-zero

probability, and thus, P(s,s”) can get an arbitrary probability as long as the sum of probabilities

Notice that the ratio is not defined if the subtree T rooted at s has no canonical

equals one; we have chosen m. The above Markov chain generator is well-defined since, for
each s € RS(D, %) that is not coinplete,
[CanCRS(D,3)| = >, [CanCRS(D,3)|,

s’EOpsS(D,Z)

and thus, for a non-leaf node s € V, )} et |(s.5)EE} P(s,t) = 1. The following result shows that

indeed the above definition captures our intention.

ProposiTION 4.4. Consider a set X of FDs. For every database D:
(1) ORep(D, My") = CORep(D, %).

(2) For every D" € ORep(D, Mg'"), PD,Mzur(D’) = m.

Proor. Item (1). It suffices to prove that RL(Ms"(D)) = CanCRS(D, Z). Let My"(D) = (V, E, P),
and assume that 7 is its leaf distribution. Recall that for a sequence s = op, .-, 0p, € CRS(D, ),
7(s) = P(sp,$1) % -+ x P(s,,_1, $,,) assuming that (g, 51), (51,2, --.s (S—1, S), Wheren > 0, ¢ = s,
and s = s,,, is the unique path in Mg"(D) from ¢ to s.

(2) Assume first that s = P> 0P, € CanCRS(D, ). This implies that CanCRSSi(D, ) = @,
for each i € {0, 1, ..., n}. Therefore, P(s;, s;11) > 0, fori € {0,1,..., n}, and thus 7(s) > 0. The latter
implies that s € RL(Mg"(D)), which in turn shows that RL(My"(D)) 2 CanCRS(D, %).

(©) Assume now that s = 0ps-s0p, € RL(Ms"(D)). By contradiction, assume that s ¢
CanCRS(D, ). Since s € RL(My"(D)), s must be complete. The fact that s is complete but not
canonical implies that there exists i € {0,...,n} such that CanCRSsi(D, 3) = @. In particular,
let ¢ be the smallest integer in {0, 1,...,n} such that CanCRSSZ(D, 3) = @. Clearly, £ > 0 since
CanCRS(D, %) is non-empty. Thus, by the first rule of the expression defining P in Definition 4.3,
we have that P(s;_1, s,) = 0. Hence, 77(s) = 0, and thus, s ¢ RL(Mg"(D)), which is a contradiction.
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Item (2). By the proof of item (1), RL(Ms"(D)) = CanCRS(D, X). Hence, we conclude that
|ORep(D, My")| = |CanCRS(D,X)| = [RL(Mg"(D))|.
Therefore, it suffices to show that, for s € CanCRS(D,X), n(s) =
0ps-es 0P, € CanCRS(D, ). Since s € RL(My"(D)), n(s) is equal to
|CanCRS; (D, )| |CanCRSSn(D,Z)| B |CanCRSsn(D,Z)|
[CanCRS, (D,%)]  [CanCRS, (D.%)|  |CanCRS, (D,5)]
Since CanCRSSO(D, 3) = CanCRS.(D,%) = CanCRS(D, %) and CanCRSs"(D, 3) = {s,}, we get
that 7(s) =

1 _
[CanCRS(D)|- Let s =

Wls(DZ)I and the claim follows. O

Here is an example that illustrates repairing Markov chain generators based on uniform repairs.

Example 4.5. Let D and X be the database and the set of FDs, respectively, from Example 3.6.
Recall that any (D, 3)-repairing Markov chain looks as the one depicted in Figure 1 with p; +
Pyt p3+pstps =1, pg+ p;+ pg = 1and pg + p1g + p;; = 1. Thus, illustrating what
the repairing Markov chain generator Ms" does boils down to explaining how the probabilities
P1»---» P11 are calculated by M{". Assuming that for s,s” € RS(D, %), s < s iff s comes before s” in
a depth-first traversal of the tree depicted in Figure 1, we have that CanCRS(D, ) consists of the
sequences

~f=f  —f-f —hAARBY £ -l fh

Therefore, we get that
|CanCRS(D,%)| = 5 |CanCRS_((D,Z)| = 3
|CanCRS,f2(D,Z)| = |CanCRS_{f2’fa}(D,2)| 1
|CanCRS_{f1’f2}(D,Z)| = |CanCRS_f3(D,Z)| = 0.

Hence, py = 2, py = ps =0, p3 = py = 3, ps = p7 = ps = 3> and py = pjg = py; = 3. Thus,
RL(M{"(D)) = CanCRS(D, %) and 7(s) = %, for s € RL(My"(D)), with 7 being the leaf distribution
of M{"(D). Hence, ORep(D, My") = {@,{fi}. 1o} 1fs}: 11, f3}} with PD,ME(D’) = é, for D’ €
ORep(D, Mg'").

4.2 Uniform Sequences

We now proceed to define the repairing Markov chain generator based on the uniform probability
distribution over the set of complete repairing sequences. It is defined similarly to the Markov
chain generator above with the difference that we consider arbitrary complete sequences.

Definition 4.6 (Repairing Markov Chain Generator Based on Uniform Sequences). Consider a set
% of FDs. Let My be the function assigning to a database D the (D, X)-repairing Markov chain
(V, E,P), where, for each (s,s’) € E,
_|CRS.(D,%)]

P N= ————=
() = CRs (D, 5)

The above Markov chain generator is well-defined since, for s € RS(D, %) that is not complete,

ICRS(D,%)| = > ICRSy(D,3)],
s’EOpss(D,Z)

and thus, for a non-leaf node s € V, ), P(s,t) = 1. Indeed, My* captures our intention:

te{s’|(s,s’ )EE}
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ProposITION 4.7. Consider a set % of FDs. For every database D:
(1) RL(Mg*(D)) = CRS(D, %).

(2) For every s € CRS(D, £), assuming that rr is the leaf distribution of Ms>(D), n(s) = m .

Proor. Item (1). This item follows from the fact that each s € RL(Mg*(D)) is complete by
definition, and each s = 0ps-s0p, € CRS(D, ) is such that CRSSi(D, )+ @, fori€{0,...,n},
and thus 7(s) > 0, where 7 is the leaf distribution of Mg*(D).

Item (2). It is shown via a proof similar to the one of item (2) of Proposition 4.4. 0

Here is an example of a repairing Markov chain generator based on uniform sequences.

Example 4.8. Let D and X. be the database and the set of FDs, respectively, from Example 3.6.
We proceed to explain how the probabilities py, ..., p;; that label the edges of the tree depicted in
Figure 1 are calculated by Mg®. Observe that

ICRS.(D,Z)| = 9
ICRS_; (D.%)| = [CRS_,(D.3)| = 3
ICRS_(1 ¢1(D,2)| = [CRS_;(D,Z)| = [CRS_¢f, ,(D.3)| = 1.

Hence, py = ps = 3, pp = P3 = P4 = 5. Ps = 7 = pg = 3. and pg = pyg = py; = 3. Thus,
RL(M3*(D)) = CRS(D, ) and 7(s) = %, for s € RL(Mg*(D)); mis the leaf distribution of My*>(D).

4.3 Uniform Operations

We finally define the repairing Markov chain generator based on the uniform probability distribution
over the set of available operations at a single step of the repairing process.

Definition 4.9 (Repairing Markov Chain Generator Based on Uniform Operations). Consider a set
% of FDs. Let My° be the function assigning to a database D the (D, X)-repairing Markov chain
(V, E,P), where, for each (s,s’) € E,

1
P(s,s) = —
)= [ops (0.5

It is easy to see that My captures our intention; in fact, the following holds by definition:

ProprosITION 4.10. Consider a set 2. of FDs. For every database D:
(1) RL(Ms°(D)) = CRS(D, ).
. _ ’ . . A 1
(2) Assuming that Mg°(D) = (V,E,P), (s,s") € E implies P(s,s") = [Ops. (D)
Here is an example of a repairing Markov chain generator based on uniform operations.

Example 4.11. Let D and X be the database and the set of FDs, respectively, from Example 3.6.
We proceed to explain how the probabilities py, ..., p;; that label the edges of the tree depicted in
Figure 1 are calculated by My°. It is clear that p; = p, = p; = py = ps = %, Ps=pP7r=0pg = %,
and pg = p1g = P11 = % Thus, both items of Proposition 4.10 are satisfied, as needed.

Notice that, unlike the repairing Markov chain generators My'" and My® discussed above, Ms°
is intrinsically “local” in the sense that the probabilities assigned to operations at a certain step
are completely determined by that step. As we shall see, the local nature of Mz has a significant
impact on operational CQA when it comes to approximations.

At this point, we would like to stress that there is an interesting connection between M;'® and the
notion of repair-key, a construct introduced in [Koch 2008] towards a query algebra for probabilistic
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databases. It turns out that one can achieve the same as Ms° by exploiting the repair-key construct.
However, this is not useful for our main objective, which is to analyze the complexity of uniform
operational CQA, since we cannot inherit any (in)approximability results from the repair-key
literature. Concerning positive results, we can only inherit an additive error approximation, which
we easily get from our results due to the existence of an efficient sampler, but not a relative error
approximation, which is the main target, since the main task underlying repair-keys does to admit
one. Concerning negative results, the non-existence of a relative error approximation for repair-
keys is shown via the NP-hardness of the underlying decision problem, while in our case the
underlying decision problem (i.e., checking whether the probability of a tuple is positive) when we
consider Ms® is tractable. Thus, an approximation preserving reduction from the main problem for
repair-keys to our problem would imply NP = BPP, which is unlikely to be the case.

4.4 Our Main Objective

The data complexity of OCQA for arbitrary Markov chain generators has been already studied
in [Calautti et al. 2018], showing that it is, in general, intractable. In particular:

THEOREM 4.12 ([CALAUTTI ET AL. 2018]). There exist a set X of primary keys, a repairing Markov
chain generator Ms w.r.t. 3, and a CQ Q such that OCQA(Z, Ms,, Q) is #P-hard.

The above result in [Calautti et al. 2018] is stated for arbitrary keys, but a simple inspection of
the underlying proof reveals that it holds even for primary keys. Let us also stress that this result is
not directly applicable to the Markov chain generators considered in this article; hence, we provide
an independent proof of #P-hardness. With the above intractability result in place, the authors
of [Calautti et al. 2018] asked whether OCQA(Z, Ms;, Q(%)) is approximable, i.e., whether the target
probability can be approximated via a FPRAS. An FPRAS for OCQA(Z, Ms, Q(%)) is a randomized
algorithm A that takes as input a database D, a tuple ¢ € dom(D)*, e > 0, and 0 < § < 1, runs in
polynomial time in ||D||, ||¢]|,! 1/€ and log(1/5), and produces a random variable A(D, ¢, €, §) such
that

5

Pr (|A(D,¢,€,8) = Pyg o(D,0) < €- Py o(D,0)) > 1-6.

It was shown that the problem in question does not admit an FPRAS, under the widely accepted
complexity assumption that RP # NP. Recall that RP is the complexity class of problems that are
efficiently solvable via a randomized algorithm with a bounded one-sided error (i.e., the answer
may mistakenly be “no”) [Arora and Barak 2009].

THEOREM 4.13 ([CALAUTTI ET AL. 2018]). Unless RP = NP, there exist a set 3 of primary keys, a
Markov chain generator Ms w.r.t. %, and a CQ Q such that there is no FPRAS for OCQA(Z, Ms, Q).

Again, the above result in [Calautti et al. 2018] is stated for arbitrary keys, but it was actually
shown for primary keys. Having the natural Markov chain generators discussed above in place, the
question is how the complexity of exact and approximate operational CQA is affected, i.e., how
Theorems 4.12 and 4.13 are affected if we consider these more refined Markov chain generators
instead of an arbitrary one. The goal of this work is to perform such a complexity analysis. Our
main findings can be summarized as follows (unless stated otherwise, the results hold for all three
Markov chain generators):

(1) The complexity of exact operational CQA remains #P-hard, even in the case of primary keys.
(2) Operational CQA is approximable, i.e., it admits an FPRAS, if we focus on primary keys.

1As usual, ||o]| denotes the size of the encoding of a syntactic object o.
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Table 2. The Complexity of (Exact ; Approximate) OCQA for the Markov Chain Generators My", My® and M3°

H Primary Keys Keys Functional Dependencies
OCQA(Z, Mg", (%)) #P-hard ; FPRAS #P-hard ; ? #P-hard ; no FPRAS
OCQA(Z, My, O(%)) #P-hard ; FPRAS #P-hard ; ? #P-hard ; ?
OCQA(Z, Mg°,Q(x)) || #P-hard ; FPRAS | #P-hard ; FPRAS #P-hard ; FPRAS[1] and ?

By FPRAS we mean that the problem in question admits and FPRAS. By FPRAS| 1] we mean that it admits an FPRAS
assuming that only operations that remove a single fact (not a pair of facts) are considered, whereas no FPRAS means that
it does not admit an FPRAS (unless RP = NP). The symbol ? refers to the fact that it remains open whether the problem in
question admits an FPRAS in general.

(3) In the case of arbitrary keys and FDs, although the repairing Markov chain generators based
on uniform repairs and sequences do not lead (or it remains open whether they lead) to
the approximability of operational CQA, the Markov chain generator based on uniform
operations renders the problem approximable.? The latter should be attributed to the “local”
nature of the Markov chain generator based on uniform operations.

The rest of the article is devoted to discussing the above results that are summarized in Table 2.

5 Uniform Repairs

We start our complexity analysis by considering the repairing Markov chain generator based on
uniform repairs and establish the next result:

THEOREM 5.1. The following hold:

(1) There exist a set 3. of primary keys and a CQ Q such that OCQA(Z, My", Q) is #P-hard.

(2) For every set % of primary keys and CQ Q, OCQA(Z, My", Q) admits an FPRAS.

(3) Unless RP = NP, there exist a set  of FDs and a CQ Q such that there is no FPRAS for
OCQA(Z, M5, Q).

Notice that item (3) does not cover the case of arbitrary keys, which remains an open problem.
We can extract, however, from the proof of item (3) that for keys, unless RP = NP, the problem
of counting the number of operational repairs does not admit an FPRAS. We see this as a strong
indication that item (3) holds even in the case of arbitrary keys. We now discuss how the three
items of Theorem 5.1 are shown. We start with the simple observation that, for a database D, a set
3 of FDs, a CQ Q(%), and a tuple ¢ € dom(D),

[{D’ € CORep(D,X) | ¢ € Q(D")}
|CORep(D, )|

This ratio is the percentage of candidate operational repairs of D w.r.t. 3 that entail Q(¢), called repair
relative frequency of Q(¢) w.r.t. D and %, denoted repfreqy, Q(D, ¢). Therefore, we can conveniently

PMEII”’Q(D’ E) =

restate the problem OCQA(Z, My", Q) as the problem of computing the repair relative frequency of
Q(¢) w.rt. D and %, which does not depend on the repairing Markov chain generator My'":

PROBLEM : RepFreq(Z, Q(x))
INPUT : A database D and a tuple ¢ € dom(D).
OUTPUT:  repfreqy Q(D, ¢).

We discuss the proof of Theorem 5.1 by considering RepFreq(Z, Q) instead of OCQA(Z, Ms", Q).

In the case of FDs, the approximability result holds assuming that only operations that remove a single fact (not a pair of
facts) are considered; this is discussed in Section 8.
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5.1 Proof of Item (1) of Theorem 5.1

We show that RepFreq(Z, Q) is #P-hard for a set 3 consisting of a single key and a Boolean CQ
Q. This is done via a polynomial-time Turing reduction from a counting graph-theoretic problem.
Consider the undirected graph H = (Vy, Ey), where Vg = {0,1,?} and E = {{u,v} | (w,v) €
(Vg x Vip\{(1, D}}, i.e., the undirected graph

Given an undirected graph G = (V;, Eg), a homomorphism from G to His a function h : Vg — Vy
such that {u, v} € Eg implies {h(u), h(v)} € Eg. We write hom(G, H) for the set of homomorphisms
from G to H. We consider the problem

PROBLEM : #H-Coloring
INPUT : An undirected graph G.
OUTPUT: The number |hom(G, H))|.

It is implicit in [Dyer and Greenhill 2000] that # H-Coloring is #P-hard. In fact, [Dyer and Greenhill
2000] establishes the following dichotomy result: for an undirected graph H, #H- Coloring is #P-hard
if H has a connected component which is neither an isolated node without a loop, nor a complete
graph with all loops present, nor a complete bipartite graph without loops; otherwise, it is solvable
in polynomial time. Since H above consists of a single connected component which is neither a
single node, nor a complete graph with all loops present ((1, 1) is missing), nor a bipartite graph,
we get that #H-Coloring is indeed #P-hard.

We proceed to show via a polynomial-time Turing reduction from #H-Coloring that
RepFreq(Z, Q) is #P-hard, where ¥ and Q are as follows. Let S = {V /2, E/2,T/1} and (A, B) be the
tuple of attributes of V. The set X consists of

V:A->B
and the (constant-free) Boolean CQ Q is defined as
Ans() - E(x,y),V(x,2),V(y,2), T(2).
Given an undirected graph G = (V, Ej), we define the following database over S encoding G:
Dg = {V(4,0),V(u,1) |u e Vg} U {E(u,v) | {u,v} € Eg} U {T(1)}.

We then define the algorithm HOM, which accepts as input an undirected graph G = (V, Eg):

(1) Construct the database Dy;.

(2) Compute the number r = repfreqz’Q(DG, O).

(3) Output the number 3/Vdl - (1 —r).

It is clear that HOM(G) runs in polynomial time in ||G|| assuming access to an oracle for the problem
RepFreq(Z, Q). It remains to show that |hom(G, H)| = HOM(G). Recall that

ICORep(Dg, 5, Q)|
|CORep(Dg, 2)|

where CORep(Dg, 2, Q) is the set of candidate repairs D of Dg w.r.t. ¥ such that D £ Q; we use

() to denote the empty tuple. Observe that there are 3Vl candidate repairs of D; w.r.t. 2, i.e., in

repfres, (D, 0) =
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each such repair D, for each node u € Vg, either V(4,0) € Dand V(u,1) ¢ D, or V(u,0) & D and
V(u,1) € D, or V(u,0),V(u, 1) & D. Therefore,

|CORep(Dg, 2, Q)

repfreqz,Q(DG, 0) = N
Thus, HOM(G) coincides with

3ol . (1 — ICORep(DG, %, Q)
3IVal

) = 3l — |CORep(Dg. 2, Q).

Since Dg has 36l candidate repairs w.r.t. X, we get that HOM(G) is precisely the cardinality of the
set CORep(Dg, 2)\CORep(Dg, X, Q), which collects the candidate repairs D of Dg w.r.t. ¥ such
that DFQ. We proceed to show that:

LEmMmA 5.2. |hom(G, H)| = |CORep(Dg, 2)\CORep(Dg, =, Q)|.

Proor. It suffices to show that there exists a bijection from hom(G,H) to
CORep(Dg, Z)\CORep(Dg, Z, Q). To this end, we define the mapping p : hom(G, H) — P(Dg):
for h € hom(G, H),

uth) = {V(u,*) |ue Vgand h(u) = » € {0, 1}} U {E(u,v) | {u,v} € Eg} U {T(1)}.

We proceed to show the following three statements:

(1) pis correct, ie., it is indeed a function from hom(G, H) to CORep(Dg, Z)\CORep(Dg, =, Q).
(2) pis injective.
(3) pis surjective.

The mapping p is correct. Consider an arbitrary homomorphism h € hom(G, H). We need to
show that there exists a (Dg, 2)-repairing sequence s, such that p(h) = s(Dg), sp(Dg) k Z (ie.,
sp, is complete), and Q(s,(Dg)) = @. Let Vg = {uy, ..., u,}. Consider the sequence s, = op,, ..., op
such that, for every i € [n],

n

V(1) it h(y;) =0
op, = 1-V(w;,0) if h(w) = 1
—{V(u;, 0), V(w;, 1)} if h(u) = ?

In simple words, the homomorphism h guides the repairing process, i.e., h(1;) = 0 (resp., h(y;) =
1) implies V(u;,0) (resp., V(y;, 1)) should be kept, while h(y;) = ? implies none of the atoms
V(u;,0), V(u;, 1) should be kept. It is easy to verify that s, is indeed a (Dg, X)-repairing sequence sy,
such that p(h) = s;,(Dg) and s;(Dg) E X. The fact that Q(s,(Dg)) = @ follows from the fact that,
for every edge {u, v} € Eg, {h(u), h(v)} € Eg; cannot be the self-loop (1, 1) since it is not in H. This
implies that for every {u, v} € Eg, it is not possible that the atoms V(u, 1), V(v, 1) coexist in s;,(Dg),
which in turn implies that Q(s;(Dg)) = @, as needed.

The mapping p1 is injective. Assume that there are two distinct homomorphisms h, A’ € hom(G, H)
such that p(h) = u(h’). By the definition of y, we get that h(u) = h’(u), for every node u € V;. But
this contradicts the fact that h and b’ are different homomorphisms of hom(G, H). Therefore, for
every two distinct homomorphisms h, i’ € hom(G, H), p(h) # p(h’), as needed.
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The mapping p is surjective. Consider a candidate repair D € CORep(Dg, Z)\CORep(Dg, Z, Q).
We need to show that there is h € hom(G, H) such that p(h) = D. We define the mapping
hp : Vg — Vg as follows: for every u € V5:

1 ifV(u,1) € Dand V(u,0) ¢ D
hp(w) = {0 ifV(u,1) € Dand V(u,0) € D
? V(1) & Dand V(1,0) ¢ D

It is clear that hp is well-defined: for every u € Vg, hp(u) = x and hp(u) = yimplies x = y. It is
also clear that p(hp) = D. It remains to show that hp € hom(G, H). Consider an arbitrary edge
{u,v} € Es. By contradiction, assume that {hp(u), hp(v)} & Eg. This implies that Ap(u) = 1 and
hp(v) = 1. Thus, D contains both atoms V(u, 1) and V(v, 1), which in turn implies that Q(D) # @,
which contradicts the fact that D € CORep(Dg, X)\CORep(Dg, %, Q). O

Since HOM(G) = |CORep(Dg, 2)\CORep(Dg, Z, Q)|, Lemma 5.2 implies that HOM(G) =
|hom(G, H)|, which shows that HOM is a polynomial-time Turing reduction from #H-Coloring to
RepFreq(Z, Q), and the claim follows. 3

5.2 Proof of Item (2) of Theorem 5.1

We prove that, for a set X of primary keys and a CQ Q, the problem RepFreq(Z, Q) admits an FPRAS.
Our proof consists of two main steps, which we briefly explain before going into the detailed proofs.
For further details on why the two steps below imply the existence of the desired FPRAS, we refer
the reader to Appendix A.

— We first show that, given a database D, we can sample elements of CORep(D, %) uniformly
at random in polynomial time in ||D||. The existence of such a sampler implies that we can
employ Monte Carlo Sampling to obtain a polynomial-time randomized approximation with
additive (a.k.a. absolute) error for RepFreq(Z, Q(x)), that is, a randomized algorithm A that
takes as input a database D, a tuple ¢ € dom(D)l’_Cl, €>0,and 0 < § < 1 runs in polynomial
time in ||D||, ||c||, 1/€ and log(1/5), and produces a random variable A(D, ¢, €, ) such that

Pr <|A(D, c,€,0)— repfreqz,Q(D, o) < e) > 1-4.
1
More precisely, A(D, ¢, €,5) samples N = O(lOge(25)) elements of CORep(D, %), and returns
% -|CORep(D, 2)|, where S is the number of sampled repairs D’ such that ¢ € Q(D’).
— The existence of an efficient sampler does not guarantee the existence of an FPRAS, which
bounds the multiplicative (a.k.a. relative) error. To obtain an FPRAS via Monte Carlo Sampling,
the number of samples should be proportional to [Dagum et al. 2000]. This

1
repfreqy Q(D,E)
brings us to the second step of our proof, where we show that repfrqu’Q(D, ¢) is never

“too small”. Formally, we show that, for every database D, either repfreq2 Q(D, ¢)=0or

repfreqZ Q(D, ¢) > m for some polynomial function pol. In this case, we can use Monte
Carlo Sampling (with a different, yet polynomial, number of samples) to obtain an FPRAS.

We proceed to formalize the above two steps.

3A recent result establishes that the problem is #P-hard even for self-join-free CQs of bounded generalized hyper-
treewidth [Calautti et al. 2024].
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A | Ay
f1,1 a | b
f1,2 a; | by
/i 13 || %4 bs
fz,1 a | b
f3,1 as | b
f32 || a3 | by

Fig. 2. A database over {R/2} that is inconsistent w.r.t. the primary key R : A, - A,.

Step 1: Efficient Sampler. The existence of an efficient sampler is established by the following
lemma:

LEMMA 5.3. Given a database D and a set 3. of primary keys, we can sample elements of CORep(D, X)
uniformly at random in polynomial time in || D).

Proor. For every relation name R of the underlying schema with a primary key R : X — Yin
3, we partition the set of facts of D over R into blocks of facts that agree on the values of all the
attributes of X. Clearly, two facts that belong to the same block, always jointly violate the key of the
corresponding relation. Hence, a candidate operational repair will contain, for every block B with
|B| > 1, either a single fact of B or none of the facts of B; thus, there are |B| + 1 possible options.
A candidate operational repair of the first type can be obtained, for example, via a sequence that
removes the facts of B one by one until there is one fact left. A candidate operational repair of the
second type can be obtained, for example, by removing the facts of B one by one until there are two
facts left, and then removing the last two facts together. For a block B such that |B| = 1, there is no
justified operation that removes the single fact of B; hence, this fact will appear in every candidate
operational repair. We denote all the blocks of D (over all the relations of the schema) that have
at least two facts by By, ..., B,. To sample a repair of CORep(D, X) we select, for each block B;,
one of its | Bj| + 1 possible outcomes with probability mﬁ Then, a candidate operational repair is

obtained by taking the union of all the selections, as well as all the facts of D over every relation R
of the schema that has no primary key in %, and all the facts that belong to blocks consisting of a

single fact. The probability of obtaining each candidate operational repair is W{)(Dz)l’ as the
number of candidate operational repairs is

|CORep(D, Z)| = (|By| + 1) x - x(|By| + 1),
and the claim follows. O

We give a simple example that illustrates the proof of Lemma 5.3.

Example 5.4. Consider the database depicted in Figure 2 over the schema {R/2}, with (A;, A,)
being the tuples of attributes of R, and the set 3 = {R : A; — A,} consisting of a single key. We
write f; ; for R(a;, b;). Clearly, for j # k, {f; ;, f; i }¥. The database consists of the following three
blocks w.rt. R : A; — Aj:

Uo iz fisy il s fiek

Since the fact f, ; is not involved in any violations of the constraint, it will appear in every candidate
operational repair. However, every candidate operational repair will contain at most one fact of the
first block and at most one fact of the third block. The number of candidate operational repairs
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according to the formula in the proof of Lemma 5.3 is then (3 + 1) x (2 + 1) = 12. (Note that the
blocks of size one are not considered in the computation.) Indeed, we have:

{fo1d i ford o ford {fiss forl
{for. 13 i fors i1t iz for find 1fis for fid
{for, 28 i fors 52t iz fors 32 {fiss fars fooh

The candidate repair {f; 1, f 1, f31}, for example, is obtained by keeping the fact f; ; of the first
block with probability % (as there are three facts in the block, there are four possible options: (1)
keep f; 1, (2) keep f; 5, (3) keep fi 3, or (4) remove all the facts of the block), and the fact f; ; of the
third block with probability % Hence, the probability of selecting this candidate repair is % X % = 1—12

and the same holds for any other candidate repair.

Step 2: Polynomial Lower Bound. Now that we have an efficient sampler for the candidate repairs,
we proceed to show the following lemma stating that there is a polynomial lower bound on
repfreqy, Q(D, ¢), which will then imply the existence of the desired FPRAS. The general idea

underlying the proof of the desired lemma is to focus on a consistent subset H of the database
D, which is a homomorphic image of Q(¢) in D, and then show that the number of repairs of
CORep(D, ) containing H is only polynomially smaller than |CORep(D, X)|.

LEMMA 5.5. Consider a set 3 of primary keys and a CQ Q(x). For every database D and tuple

¢ € dom(D) with repfreqz’Q(D, ¢) > 0, it holds that repfreqz’Q(D, ¢) > W

Proor. By abuse of notation, we treat Q as the set of atoms on the right-hand side of :- (hence,
|Q| is the number of atoms occurring in Q). Consider a database D and a tuple ¢ € dom(D)*. 1f
there is no homomorphism h from Q to D such that A(Q) F X and h(x) = ¢, then it clearly holds
that repfreqz’ Q(D, ¢) = 0. Consider now the case that such a homomorphism h exists. Assuming
that Q = {R;(3) | i € [n]}, let W(Q) = {R;(h($)) | i € [n]}. Let m = |h(Q); clearly, m < |Q|. For
every relation name R of the schema with akey R : X — Yin X, we partition the set of facts of D
over R into blocks of facts that agree on the values of all the attributes of X. For a relation name
R with no key in X, we assume that every fact is a separate block. Let By, ..., B, be the blocks of
D w.rt. 2 (over all the relation names of the schema). We assume, without loss of generality, that
the facts of A(Q) belong to the blocks By, ..., B,,. Clearly, no two facts of h(Q) belong to the same
block; otherwise, h(Q)¥>, which is a contradiction.

Let R?)fz,h(Q) be the set of candidate repairs E € CORep(D, 2) such that E N B; # @ for every

j € [m]. Let RE,E,h(Q) be the set of candidate repairs E € CORep(D, %) such that EN B; = @ for

some j € [m]. It is straightforward to see that

|CORep(D,3)| =

REs nol + [Bozmo)|

Now, consider a candidate repair E of R%,Z,h(Q) and assume that E is disjoint with precisely £

blocks of {By, ..., B,}. Assume, without loss of generality, that these are the blocks By, ..., B;. We
can transform the candidate repair E into a candidate repair E’ € R}Js h(0) by bringing back

‘R

an arbitrary fact of each block B; for j € [£]. Therefore, the candidate repair E is mapped to

|B; |x-+-x|By| distinct candidate repairs of RYs h(0)" Note that this mapping essentially defines a many-

to-many relation from Rf h(0) to Rpys, hO) that collects all the pairs of candidate repairs (E, E’) €

Ry s h(0) ® RYs h(0) such that E is transformed into E’ according to the above transformation.
Observe that at most 2™ — 1 candidate repairs E € RY, 5 n(o) A€ mapped to the same candidate

repair E’ € R[5 h(0)" This holds since the candidate repair E” determines, for every block B; that
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is not one of By, ..., B,,,, whether we keep a fact of Bj in the candidate repair and which fact of Bj
we keep. For the blocks By, ..., B,,, a candidate repair E that is mapped to E’ can either contain
the same fact as E’ contains from this block, or none of the facts of the block. Hence, there are
two possibilities for each block of {By, ..., B,,} and the total number of possibilities is 2™. However,
we have to disregard one of these possibilities as it represents E’ itself (where for every block of
{Bi, ..., B,;} we keep the same fact as E”). We conclude that

Bozaol < Q=0 [R50
and
ICORep(D.2)] = [R50 |+ [R50 < @ = Dx[REy sy +RE 50| = 2" X[RE 5o

Note that (2™ — 1) x ‘ E)ez h(Q)’ is just an upper bound on ’RD 5 h(Q)| because, as said above, each

candidate repair E of RS is mapped to several distinct candidate repairs of R}J's. Q)"

D.2.h(Q)
Finally, each candidate repair of R}’s h(Q) keeps a fact of every block in {B, ..., B,,}. Here, we
are interested in the candidate repairs that keep all the facts of h(Q) as these candidate repairs E
ensure that ¢ € Q(E). Clearly,
1 ne
B.[x -~ xIB,| * [R5 h00)

as all the facts of a block are symmetric. Hence, we conclude that

[{E € CORep(D,X) | H(Q) C E}| =

{E € CORep(D,®) [HQ) S B} [B15,] * Risiol 1
|CORep(D, )| - om « | gne Zh(Q)‘ "~ [By| X x [B,,| x 2m
> 1
|D|m x 2m
> b
- |D||Q| x 210l
_ 1
~ (2-|Dp@l
> L
= (-||pplel
and this is clearly a lower bound on repfrqu’Q(D, ¢), as needed. O

Here is a simple example that illustrates the argument given in the proof of Lemma 5.5.

Example 5.6. Consider again the database D depicted in Figure 2 and the set > = {R : A; - A,}
consisting of a single key. Let Q be the CQ Ans(x) :- R(ay, x). A homomorphism A from Q to D
with h(Q) k % and h(x) = by is such that h(Q) = {R(a;, b;)}. The fact R(a;, b;) belongs to the block
{f1.1> fi2> f1.3} Hence, the set RB?Z,h(Q) consists of

{firs far} {fiz: far1} {fis far1}
{fir fors f1} {fiz for1: f31} {fis: fo1: f31}
{fir fors f32} {fiz: for1: f32} {fis: for1: f32}

consists of

{fo1} {fo1, f31} {fo1, f3.2}

and the set RD 5.h(Q)
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According to the mapping in the proof of Lemma 5.5, the candidate repair {f, 1} is mapped to the
candidate repairs in

o b iz faab s fon B
that have one additional fact from the block of R(ay,b;). Similarly, {f; ;, f5 1} is mapped to the
candidate the repairs in

o fors b ifie Lo Babfis for 513

and {f; 1, f3 5} is mapped to the candidate repairs in

o fos b iz o fab iz fors 323

Hence, each candidate repair of RE,Z,h(Q) is mapped to precisely three candidate repairs of R?)e,z,h(Q)

since three is the size of the block of R(a;,b;). Moreover, in this case, 2™ — 1 = 1, and a single
candidate repair of ReD,Z,h(Q) is mapped to every candidate repair of RB?Z,h(Q)' Since all the facts of

a block are symmetric with each other, precisely % of the candidate repairs in R?)?Z,h(Q) contain the
fact R(ay, by ), i.e., three repairs. Thus, it holds that

{E € CORep(D, %) | (Q) C E}| = %x9 -3

and
|CORep(D, )| = 12.

We conclude that
{E € CORep(D,Z) |[W(Q)CE} _ 3 _ 1

|CORep(D, )] 12 4
Note that
1
(2-|DpQl 12

is indeed a lower bound for that value, and it is also a lower bound for repfreqz’Q(D, b)) = %.

5.3 Proof of Item (3) of Theorem 5.1

For showing that there exist a set ¥ of FDs and a CQ Q such that, unless RP = NP, there is no
FPRAS for RepFreq(Z, Q), we provide a rather involved proof that proceeds in two main steps. We
give the high level ideas of the proof; the full proof can be found in Appendix B.

We start by giving an auxiliary lemma that is needed by both steps of the proof; its proof can
be found in Appendix B. An undirected graph G is called non-trivially connected if it contains at
least two nodes and is connected. We write 1S(G) for the set that collects all the independent sets
of G. Recall that the conflict graph of a database D w.r.t. a set 3 of FDs, denoted CG(D,X), is an
undirected graph whose node set is D, and it has an edge between fand g if {f, g}#>. A database D
is non-trivially 3 -connected if CG(D, %) is non-trivially connected. We then show the following:

LEmMA 5.7. Consider a non-trivially X-connected database D, where % is a set of FDs. It holds that
|CORep(D,3)| = [IS(CG(D,))|.

Having the above lemma in place, we can now describe the two steps of the proof underlying
item (3) of Theorem 5.1. The first step establishes the following inapproximability result about keys.

PrOPOSITION 5.8. Unless RP = NP, there exists a set > of keys over a singleton schema such that,
given a non-trivially 3-connected database D, the problem of computing |CORep(D, X)| does not admit
an FPRAS.
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The above result exploits the fact that, unless RP = NP, the problem of counting the number of
independent sets of a non-trivially connected undirected graph of bounded degree does not admit
an FPRAS.  In particular, we show that there exists a set £ of keys over the schema S = {R/A + 1}
such that the following holds: given a non-trivially connected undirected graph G of bounded
degree A, we can construct in polynomial time in ||G|| a database D over S such that CG(Dg, 2g) is
isomorphic to G. Thus, by Lemma 5.7, |CORep(Dg, Zx)| = [IS(G)|. The construction of D exploits
Vizing’s Theorem, which states that a graph of degree A always has a (A + 1)-edge-coloring, as
well as the fact that such an edge-coloring can be constructed in polynomial time as long as A
is bounded [Misra and Gries 1992]. Hence, given a database D, assuming that the problem of
computing the number [CORep(D, 2k)| admits an FPRAS, we can conclude that the problem of
counting the number of independent sets of a non-trivially connected undirected graph of bounded
degree admits an FPRAS, which, unless RP = NP, leads to a contradiction. Therefore, Proposition 5.8
follows with ¥ = 2. Note that Proposition 5.8 establishes that for keys, unless RP = NP, the
problem of counting the number of operational repairs does not admit an FPRAS. We see this as a
strong indication that item (3) of Theorem 5.1 holds even for keys.

The second step of the proof establishes that, unless RP = NP, the existence of an FPRAS for
RepFreq(Z, Q), where . is a set of FDs and Q a CQ, would contradict Proposition 5.8 . Let X be
the set of keys provided by Proposition 5.8. We show the following auxiliary result:

LEMMA 5.9. Assume that RepFreq(Z, Q) admits an FPRAS, for every set 3. of FDs and CQ Q. Given a
non-trivially 3. i -connected database D, the problem of computing |CORep(D, 2 k)| admits an FPRAS.

To establish the above result, we show that there is a set 2 of FDs such that, for every non-
trivially ¥ g-connected database D, we can construct in polynomial time in || D|| a database Df such
that CG(Dp, 2F) consists of a graph G that is isomorphic to CG(D, 2), and an additional node that
is connected via an edge with every node of G. Therefore, by Lemma 5.7, we conclude that

|CORep(Dyr, %p)| = |CORep(D,Xg)| + 1.

Let us clarify that this is the place where we need the power of FDs; it is unclear how we can devise

a set of keys that has the same properties as . We then construct an atomic Boolean CQ Qp with
1 B 1 .

[CORep(DpZp)| — |CORep(D, )| +1°

repfrquF’QF(DF, 0) =

recall that () denotes the empty tuple. Now, by exploiting the above equality, the fact that Dy can be
constructed in polynomial time, and the FPRAS for RepFreq(Zr, Or) (which exists by hypothesis),
we can devise an FPRAS for the problem of computing |CORep(D,Xg)| given a non-trivially
Y g-connected database D, as claimed.

It is now straightforward to see that from Proposition 5.8 and Lemma 5.9, we get that, unless
RP = NP, there exist a set ¥ of FDs and a CQ Q such that there is no FPRAS for RepFreq(Z, Q).

6 Uniform Sequences
We now concentrate on the Markov chain generator based on uniform sequences.

THEOREM 6.1. The following hold:

(1) There exist a set 3. of primary keys and a CQ Q such that OCQA(Z, Ms*, Q) is #P-hard.
(2) For every set %. of primary keys and CQ Q, OCQA(Z, My*, Q) admits an FPRAS.

4Let us stress that this result is known for arbitrary, not necessarily non-trivially connected graphs [Sly 2010]. Therefore,
for our purposes, we had to strengthen it to non-trivially connected graphs.
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Notice that the above result does not cover the cases of arbitrary keys and FDs. Despite our
efforts, we have not managed to prove or disprove the existence of an FPRAS for the problem in
question. We conjecture that there is no FPRAS even for keys, i.e., unless RP = NP, there exist a
set X of keys and a CQ Q such that there is no FPRAS for OCQA(Z, My*, Q). We now discuss how
Theorem 6.1 is shown. As for Theorem 5.1, we can conveniently restate the problem in question as
a problem of computing a “relative frequency” ratio that does not depend on the Markov chain
generator. In particular, for a database D, a set X of FDs, a CQ Q(x), and a tuple ¢ € dom(D)l’_Cl,

l{s € CRS(D, %) | ¢ € Q(s(D))}
ICRS(D, )| '

This ratio is the percentage of complete (D, X)-repairing sequences that lead to an operational repair
that entails Q(C), called sequence relative frequency of Q(¢) w.r.t. D and %, denoted seqfreqs, Q(D, ¢).

PMgs)Q(D, 5) =

Thus, we can restate OCQA(Z, My*, Q) as the problem of computing the sequence relative frequency
of Q(¢) w.rt. D and %, which is independent from the Markov chain generator My*:

PROBLEM : SeqFreq(Z, Q(x))
INPUT : A database D and a tuple ¢ € dom(D)!.
OUTPUT :  seqfreqy Q(D, c).

We discuss the proof of Theorem 6.1 by considering SeqFreq(Z, Q) instead of OCQA(Z, Ms*, Q).

6.1 Proof of Item (1) of Theorem 6.1

Let ¥~ and Q be the singleton set of primary keys and the Boolean CQ, respectively, for which
RepFreq(Z, Q) is #P-hard; ¥ and Q are obtained from the proof of item (1) of Theorem 5.1. We
show that also SeqFreq(Z, Q) is #P-hard via a polynomial-time Turing reduction from #H-Coloring,
where H is the graph employed in the proof of item (1) of Theorem 5.1. Actually, we can exploit the
same construction as in the proof of item (1) of Theorem 5.1. For an undirected graph G, let D be
the database that the construction in the proof of item (1) of Theorem 5.1 builds. We show that

repfreqz’Q(DG, 0) = seqfrqu,Q(DG’ 0,

which in turn implies that the polynomial-time Turing reduction from # H-Coloring to RepFreq(Z, Q)
is also a polynomial-time Turing reduction from #H-Coloring to SeqFreq(Z, Q). Recall that
l{s € CRS(Dg, 2) | s(Dg) F O}

|CRS(Dg, 2)|

seqfreqy (DG, 0) =

By construction of Dg, each candidate repair D € CORep(Dg, ) can be obtained via |[Vg|! different
complete sequences of CRS(Dg, %). Therefore, seqfreqy Q(DG, ) is

ICORep(Dg, %, Q)| - VG|t _ [CORep(Dg, %, Q)
|CORep(Dg, Z)| - [Vgl! |CORep(Dg, 2)|

The latter expression is precisely repfreq, Q(DG, ()), as needed.

6.2 Proof of Item (2) of Theorem 6.1

We prove that, for a set 3 of primary keys and a CQ Q, the problem SeqFreq(2, Q) admits an FPRAS.
As for item (2) of Theorem 5.1, the proof consists of two steps: (1) establish the existence of an
efficient sampler, and (2) provide a polynomial lower bound for seqfreqy, Q(D, C). Further details on

why those two steps imply the existence of the desired FPRAS are given in Appendix A.
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Step 1: Efficient Sampler. To establish that we can efficiently sample elements of CRS(D, ) uni-
formly at random, we first need a non-trivial technical lemma, which shows that, in the case of
primary keys, the number of complete repairing sequences can be computed in polynomial time in
the size of the database.

LEMMA 6.2. For a database D and a set 3. of primary keys, [CRS(D, %)| can be computed in polyno-
mial time in ||D||.

Proor. Consider a database D. As in the proof of Lemma 5.3, let By, ..., B, be the blocks of D
w.r.t. 2 that contain at least two facts. For a block Bof sizem > 2 and for 0 <i < [%J we denote by
S"e the number of sequences s € CRS(B, ) such that s(B) # @, which means that s(B) contains
a single fact, and precisely i of the operations of s are pair removals. In the case where m is an
even number, we cannot obtain a non-empty repair with % pair removals; hence, we will have that

S,?f’f = 0. In any other case, we have that
nej m—1 (2i)! . '
St = x(( o )Xzi‘i!X(m_l_l).
- 1)! 2i)!
= m (m—1) x(l) x(m—i—1)!

X -
@) -(m—-2i—1) 2.

m!-(m—i—1)!

20t (m=2i—1)"

where

— m is the number of ways to select the single fact of s(B),

- (mz_l 1) is the number of ways to select 2i facts out of the remaining m — 1 facts (the facts
removed in pairs),

— (2?7?,' is the number of ways to split 2i facts into i pairs, and

— (m—i—1)! is the number of permutations of the m—i—1 operations in the sequence (m—2i—1

singleton removals and i pair removals).

Similarly, S is the number of sequences s € CRS(B, %) such that s(B) = @ and s has precisely i
pair removals. As we cannot obtain an empty repair without pair removals, S%% = 0. Fori >0,

ei _ m m-—2 (2i —2)! )
Sy o= (2)X<<2i—2)><2il-(i—l)!x(m_l_l)!)

B m! y (m-2)! y (2i —2) < (m—i—1)!
T o m-2) @2 m-2) 2l G- T
m!-(m—i—1)!

2.G—1)!-(m—2)

where
— ('g) is the number of ways to select the last pair that will be removed in the sequence,

— ('Zr:g) is the number of ways to select 2(i — 1) facts out of the remaining m — 2 facts (the facts
removed in pairs),

_(2i-2)!
2-1.G-1)!

— (m—i—1)! is the number of permutations of the m—i—1 operations in the sequence excluding

the last pair removal (m — 2i singleton removals and i — 1 pair removals).

is the number of ways to split 2(i — 1) facts into i — 1 pairs, and
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Since there are no conflicts among facts from different blocks, the repairing sequences for
different blocks are independent, i.e., an operation over the facts of one block has no impact on
the justified operations over the facts of another block. Hence, every complete repairing sequence
s € CRS(D, %) is obtained by interleaving sequences for the individual blocks. We can compute

this number of sequences in polynomial time using dynamic programming. We denote by P]k ! the
number of sequences s € CRS(B; U--U B;, %) with precisely i pair removals such that s(D)N By # @

for k of the blocks of By, ..., B;; hence, 0 < k <j. Fork < 0ork > j, we have Pkl = 0. Then,

ey
CRS(D.3) = Y. > B

k=0 i=0

s ]’

Clearly, for every i € {0, e [‘B—leJ}, we have that

and Pll Snel

0,i e,i
P =52 IXE

By
For j > 1, it holds that

ki ki e, |Blu"'UBj|_i1_i2_k)
CAEID VI (<R |

0<i <l|Bl‘J+ _,.l'/ 1\J o 1B |BlU"'UBj_1|—i1—k

0<i, < l‘ ‘J
iy +ip=i

n Pk:ll,il % Sne,iz % |By U~ U le —ip—ip—k ’
J |BJ| |B1 UUBJ_1|_11 _k+1

where the last expression is the number of ways to interleave a sequence of CRS(B; U -+- U B;_y, )
that has i; pair removals with a sequence of CRS(B;, ) that has i, pair removals. Note that, if for a
block By, the sequence s has i pair removals over the facts of B; and it holds that s(D) N B, # @,
then s contains |By| — i — 1 operations over the facts of B, (as we keep one of its facts in the repair).
If s(D) N By = @, then s contains |By| — i operations over the facts of B,. Hence, |B; U -+ U Bj| —
iy — iy — k is the total number of operations in the combined sequence, [B; U -~ U B;_4| —i; — k (or
|B; U U B]-_1| —i; —k + 1) is the number of operations over the facts of the first j — 1 blocks, and
|B;| =i (or |B;| — iz — 1) is the number of operations over the facts of the jth block. a

An example that illustrates the algorithm described in the proof of Lemma 6.2 is given in
Appendix C. Having Lemma 6.2 in place, we can establish the existence of an efficient sampler.

LEMMA 6.3. Given a database D and a set > of primary keys, we can sample elements of CRS(D,X)
uniformly at random in polynomial time in || D).

Proor. The algorithm SampleSeq, depicted in Algorithm 1, is a recursive algorithm that returns
a sequence s € CRS(D, X)) with probability m. The algorithm starts with the empty sequence
& and, at each step, extends the sequence by selecting one of the justified operations at that point.
That is, if the current sequence is s, then we select one of the (s’(D), X)-justified operations. The
probability of selecting an operation op is

ICRS(0p(s”"(D)), %)
|CRS(s"(D), %)l
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ALGORITHM 1: The Algorithm for Sampling Elements of CRS(D, 3) Uniformly at Random

Input: A database D and a set X of primary keys over a schema S.
Output: s € CRS(D, X)) with probability m.

1 return Sample(D, 3, ¢)

2 Function Sample(D, 3, s):

3 if s(D) E X then

4 ‘ return s;

5 else

6 Select a (s(D), X)-justified operation op with probability W
7 return Sample(D, 3, s - op)

8 end

Hence, the probability of returning a sequence s = 0p ;-5 0P, of CRS(D, %) is
[CRS(0p, (D)D) [CRS(op,(0p, (D)D) CRS(0p, (.. D-..). D)
|CRS(e(D), )| |CRS(op1(D), 3)| |CRS(opn71(... D...),2)|
ICRS(opn(... D..),%)|

|CRS(e(D), %)
1
ICRS(D, )|’

Most of the terms in the product cancel each other, and

ICRS(op, (... D...), )| = |CRS(s(D),Z)| = 1

since s(D) k X; hence, there is a single complete repairing sequence for s(D) w.r.t. 3, the empty
sequence. Since the length of a sequence is bounded by |D| — 1, the number of justified operations at
each step is polynomial in || D|| as this is the number of facts involved in violations of the constraints
plus the number of conflicting pairs of facts. Moreover, by Lemma 6.2, for a set X of primary keys,
we can compute [CRS(D, 3)| in polynomial time in ||D|| for any database D, Therefore, we get that
the total running time of the algorithm is polynomial in ||D||, as needed. O

Step 2: Polynomial Lower Bound. Now that we have an efficient sampler for the complete repair-

ing sequences, we show that there is a polynomial lower bound on seqfreqy, Q(D, ¢), which will

then imply the existence of the desired FPRAS. Similarly to Lemma 5.5, we prove the desired lower
bound by considering a consistent subset H of the database D, which is a homomorphic image of
Q(¢) in D, and then show that the number of repairing sequences s of CRS(D, %) such that s(D)
contains H is only polynomially smaller than |CRS(D, )|

LEMMA 6.4. Consider a set 3. of primary keys and a CQ Q(x). For every database D and tuple
¢ € dom(D)* with seqfreqz’Q(D, ¢) > 0, it holds that seqfrqu’Q(D, ¢) > W.

7 Uniform Operations

We finally consider the Markov chain generator based on uniform operations.
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THEOREM 7.1. The following hold:

(1) There exist a set 3. of primary keys and a CQ Q such that OCQA(Z, My°, Q) is #P-hard.
(2) For every set . of keys and CQ Q, OCQA(X, My°, Q) admits an FPRAS.

Notice that the above result does not cover the case of FDs, which remains an open problem.
However, as we show in the next section, for FDs we can establish an approximability result under
the assumption that only operations that remove a single fact (not a pair of facts) are considered.
Unlike for Theorems 5.1 and 6.1 presented above, there is no obvious way to conveniently restate
the problem of interest as a problem of computing a “relative frequency” ratio. Thus, the proof of
Theorem 7.1 has to directly deal with the problem OCQA(Z, Ms°, Q) for a set X of FDs and a CQ Q.

7.1 Proof of Item (1) of Theorem 7.1

As we did for item (1) of Theorem 6.1, we reuse the construction underlying the proof of item (1) of
Theorem 5.1. In particular, assuming that > and Q are the singleton set of primary keys and the
Boolean CQ, respectively, for which RepFreq(Z, Q) is #P-hard (T and Q are extracted from the proof
of item (1) of Theorem 5.1), we show that OCQA(Z, Ms°, Q) is #P-hard via a polynomial-time Turing
reduction from # H-Coloring by reusing the construction in the proof of item (1) of Theorem 5.1; H
is the undirected graph employed in that proof. Assuming that, for an undirected graph G, Dg is
the database that the construction in the proof of item (1) of Theorem 5.1 builds, we show that

repfrqu’Q(DG, 0 = PMgo,Q(DG, 0),

which implies that the polynomial-time Turing reduction from #H-Coloring to RepFreq(Z, Q) is
also a reduction from #H-Coloring to OCQA(Z, MEO, Q). In the proof of item (1) of Theorem 6.1,
we have shown that repfreqy, Q(DG, 0)= seqfreqy Q(DG, (). Thus, it suffices to show that

seqfrqu,Q(DG, 0) = PMgo,Q(DG, 0)

Let My°(Dg) = (V, E,P). Note that each node u of G induces a violation {V(u,0), V(u, 1)} in Dg
that can be resolved using one of the following three operations: remove the first, the second, or
both facts. Hence, every complete sequence in CRS(Dg, 2) is of length precisely [V, and for every
non-leaf node s € V, [Ops (Dg, Z)| = 3 - ([V| — s]). Hence, by Definition 4.9, for each (s,s") € E,

P(s,s’) = ! = !
’ |Ops (DG, 2 3-(IVsl—IsD)’

We conclude that, with 7 being the leaf distribution of MEO, for each s = op,,.-»0p, € CRS(Dg, %),

1

=P . P = —
7T(S) (50,31) (snfl’sn) 3|VG| i |VG|'

Since each s € CRS(Dg, 2) is assigned the same non-zero probability, 7 is the uniform distribution
over CRS(Dg, 2). The latter implies that seqfreqy Q(DG, 0)= PMEuo’Q(DG, (), as needed.

7.2 Proof of Item (2) of Theorem 7.1

We prove that, for a set ¥ of keys and a CQ Q, OCQA(Z, My'°, Q) admits an FPRAS. As for item
(2) of Theorems 5.1 and 6.1, the proof consists of the usual two steps: (1) existence of an efficient
sampler, and (2) provide a polynomial lower bound for P Mgo’Q(D, ¢). Further details on why the
above two steps together imply the existence of the desired FPRAS are given in Appendix A.
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Step 1: Efficient Sampler. Given a database D, the definition of My® immediately implies the
existence of an efficient sampler that returns a sequence s € RL(Z, M3°(D)) with probability 7(s),
where 7 is the leaf distribution of M{°(D). The algorithm is very similar to Algorithm 1, except
that if the current sequence is s, the probability to select a (s(D), )-justified operation is

1
[Ops (D, 5]

Hence, we immediately obtain the following result:

LEMMA 7.2. Given a database D and a set 3 of keys, we can sample elements of RL(My°(D))
according to the leaf distribution of Ms°(D) in polynomial time in || D||.

Step 2: Polynomial Lower Bound. The rest of the section is devoted to showing that there exists a
polynomial lower bound on P MSO’Q(D, ¢), which will then imply the existence of the desired FPRAS.

PropOSITION 7.3. Consider a set 3 of keys and a CQ Q(x). There is a polynomial pol such that, for
every database D and ¢ € dom(D)"_C| with PMZuo’Q(D, ¢) > 0, it holds that
ot
pol(IDI)

We proceed to discuss the main ideas underlying the proof of the above result. As usual, we treat
the CQ Q as the set {R;(3;) | i € [n]} of atoms occurring on the right-hand side of :-. Moreover, for
a database D and a homomorphism h from Q to D, we write h(Q) for the set {R;,(h(3;)) | i € [n]}.
Clearly, if there is no homomorphism A from Q to D with A(Q) k X and h(x) = ¢, then P Mgo’Q(D, ¢) =
0. Assume now that such a homomorphism h exists. We proceed to prove the claim for the case
where |h(Q)| = 1. The generalization to the case where |[h(Q)| > 1 can be found in Appendix D. Let
fbe the single fact of h(Q) and let

Ppamg o(h) = Z Pp, e (D).
D’€0Rep(D,M°) and h(Q)CD’

Note that since h(x) = ¢, it holds that
PM§°,Q(D’ 5) > PD,MSO,Q(h)'

Hence, it suffices to show that there is a polynomial pol such that Pp, Mzuo,Q(h) > |(H IR Let S¢

PMEO’Q(D’ E) Z

and 5., ¢ be the sets of sequences of RL(M5°(D)) that keep fand remove f, respectlvely, ie.,
S = {s eRL(MZ(D)) | f € s(D)} and S,y = {s€RLM°(D)) | f & s(D)}.
With 7 being the leaf distribution of M3°(D),

As
PD,M§'°,Q(h) = m,

where

Ap = Z 7(s) and Ay = Z 7(s).

SESf seSs, f
Therefore, to get the desired lower bound m for Pp, MELZIO,Q(h), it suffices to show that there
exists a polynomial pol” such that Af< pol’(||DJ|) - Ay Indeed, in this case we can conclude that

[ > ol Sp— 1)
Af+A—'f Af+ pO[ (HDH)Af l+p0l (HDH)

Ppamgolh) =
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and the claim follows with pol(||D||) = 1 + pol’(||D||). We proceed to show that a polynomial pol’
such that A < pol’(|ID|)) - A exists. To this end, we establish a technical lemma that relates the
sequences of S_, ¢ with the sequences of Sg; as usual, we write 7 for the leaf distribution of Mg°(D):

LemMA 7.4. There exists a function F : S_ ¢ — Sy such that:

(1) There exists a polynomial pol” such that, for every s € S.p(s) < pol”(||D])) - =(F(s)).
(2) Foreverys” € Sy, l{s € S, ¢| F(s) =s"}{ < 2-[|D|| - 1.

Having Lemma 7.4 in place, it is now easy to establish the existence of the polynomial pol’
such that A p < pol’(||D|) - A  Indeed, with F and pol” being the function and the polynomial,
respectively, provided by Lemma 7.4, we have that

Ayp= > x(s) < Y pol”(IDl)- x(F(s))
seSﬁf seSﬁf
< pol”(IDIN- @- 1Dl —1)- ) 7(s)
sESf

pol”(IIDIN) - (2 IIDIl - 1) - Ap,
and the claim follows with pol’(||D|]) = pol”(||D|]) - (2 - ||D]| — 1). We proceed to prove Lemma 7.4.

Proor oF LEMMA 7.4. The bulk of the proof is devoted to item (1), whereas item (2) relies on a
simple combinatorial argument.

Item (1). Let s € RL(My°(D)) be a repairing sequence that removes f,ie.,s € S, - We transform
s into a repairing sequence s’ € RL(M;°(D)) that does not remove f,ie,s" €S . by deleting or
replacing the operation that removes f, and adding additional operations at the end of the sequence
as follows. Assume that

S = 0P, 0Py, - 0P|, 0P OP, 1, - 50D,
where op, = — f. Then, we define the sequence
/7 ’ /’
s" = 0P, 0P, o LOP_ys OP s - 50D, O], ... 0P
where opi, e opé are new operations that we will describe later. If op, is of the form —{f, g}, then
VA * 4 ’
s = 0P, 0Py o LOP_ys OP, 0Py - 0P, OPf, .. 0P

where opl.* is the operation —g, i.e., it removes only the fact g.

An important observation here is that, since the sequence s removes f, the repair s(D) might
contain facts that conflict with f, but at most k such facts can exist, where k is the number of keys
in X over the relation name of f. This is a property of keys. Indeed, if s(D) contains k + 1 facts
that conflict with f, then it contains two facts gy, g, that violate the same key with fin which case
g1, &> also jointly violate this key and cannot appear in the same repair. Therefore, at the end of
the sequence s’ we add £ new operations, for some £ € {0, ..., k}, that remove the facts of s(D) that
conflict with fin some arbitrary order. Note that the sequence s’ is a valid repairing sequence as
an additional fact (the fact f) cannot invalidate a justified repairing operation, and we can remove
the £ conflicting facts at the end in any order as they are all in conflict with f. A simple example
illustrating the construction of s” follows.
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Example 7.5. Consider again the database D depicted in Figure 2 and the set X = {R : A; —
Ay R 1 Ay — A} of keys. Consider also the query Q and the homomorphism h from Example 5.6.
Recall that A(Q) = {R(ay, b;)}. The following sequence is a sequence that removes the fact R(ay, b; ):

$1 = —f1,2» —f1,1’ —f3,1-

Note that s(D) contains the facts f; 3 and f, ; that conflict with f; ;. This sequence is mapped to

st = —fig—f1—fi3—f215

where we delete the operation —fj ; that removes the fact of h(Q), and add, at the end of the
sequence, the operations — f; 3 and — f, ; that remove the facts of s(D) that conflict with f; ;.
As another example, the sequence

= —f U fizd
is mapped to the sequence
- _f3,1’ _fl,Z’ _f2,1’ _f1,3'

Here, the pair removal —{f] ;, f] ,} is replaced by the singleton removal —f; ,, and, at the end of
the sequence, we again add two additional operations that remove (in some arbitrary order) the
facts f; 5 and f,; that conflict with f; ;.

Now, according to the definition of Mgo, we have that

1 1 1 1 1
n(s) =

X — X

— X e X e X —,
Ny Nz Nii N Ny Ny

where Nj is the total number of ( _,, 2)-justified repairing operations before applying the operation
op; of the sequence; recall that D]“‘_1 is the database obtained from D by applying the first j — 1

operations of s. Hence,

1
P((op,,....0p;_1).(0pyses0p)) = N,
Then,
, 1 1 1 [ 1 ] 1 1 1 1 1
m(s’) = —— X — XX x| — X oo X — X X X —.
N, N, N4 N | N/ N/ 2¢+1 2(¢¢-1)+1 3

The probability P((op,, ..., opjil), (opy .., opj)), for 2 < j <i—1,is not affected by the decision to
remove or keep fat the ith step. The probability P((op, ..., Opj—l)’ (0p, s opj)) fori+2<j<n,
on the other hand, might decrease in the sequence s’ compared with the sequence s, because
the additional fact f(that is removed by s but not by s”) might be involved in violations with the
remaining facts of the database and introduce additional justified operations, in which case N; < Nj’.
Similarly, the probability P((op, ..., 0p,_,),(op,....,0p,_,,0p, ,)) (in the case where op. = —f) or
P((op,, ..., 0p)), (op,, ..., 0p}, op, ) (in the case where op, = —{, g}) can only decrease compared
with the probability P((op,, ..., 0p,),(0p,, ..., 0p,, 0p, ) in s; hence, Njyy < Ny

The term N denotes the probability of op and is included in brackets because it only appears in
the expression if the sequence s removes the fact fjointly with some other fact g (and the operation
op removes g by itself). Since all the (D}, X)-justified operations have the same probability to be
selected we get that P((op,, ..., 0p,_,), (opl, ey 0p.)) =P((0p,, ..., 0p,_ ), (0p,, ..., 0p}). Finally, at
the end of the sequence, the only remaining conflicts are those involving f. As said above, there
are ¢ facts that conflict with ffor some £ € {0, ..., k} at that point, and each one of them violates a
different key with f. Hence, there are 2¢ + 1 justified operations before applying op] (removing
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one of the ¢ conflicting facts, removing one of these facts jointly with f, or removing f), there are
2(£ — 1) + 1 possible operations before applying opé and so on.

Example 7.6. We continue with Example 7.5. For the sequence s;, we have that

7(sy) = P(e, (= f1.2)) x P((=f1.2): (= f1.2, = f1.1)) x P((= f1.2, = f1.1), (— fr2: = f1.1:— f5.1))
1 1 1

= — X — X —.
14 10 5
This holds since, at first, all six facts are involved in violations of the keys, and there are eight
conflicting pairs; hence, the total number of justified operations is 14. After removing the fact f; ,,
the number of justified operations reduces to 10, and after removing the fact f; ;, this number is 5.
Now, for the sequence s1,

7(s7) = P(e, (= f1.2)) x P((=f1.2): (= f1.2, = f3.1)) x P((= f1.2, = f3.1), (= fr2: = f5.1.— f1.3))

xP((—fi2:—f3.1,—f13): (= fi2: = f3.1- = fi3- = f21))
NRINEI

— X .
14 10 5 3

Indeed, the probability of applying —f; , (i.e., P(¢, (= f1 5))) is the same for both sequences (&),
while the probability of applying the operation —f3 ; in s{ (i.e., P((— f1 2), (— f1.2, — f5.1))) is smaller
than the probability of applying this operation in s; (i.e., (P((=f1.2, = f1.1), (= fi2: = f1.1: = f5.1))) )s
in fact, it is % compared with % Finally, there are £ = 2 facts in s(D) that conflict with f; ; and we

have that
P fro—Fi) iz —fo—hia) = sy = =

2x2+1

and
P(fio~fyn—fih Cha—hi—fis—hd) = 555557 = 3

As for the sequence s,, it holds that

1
7(sy) = Pe,(=f3,1)) xP((—=f3.1), (= f3.1,—{f1.1 fi2}) = >
while for the sequence s, it holds that

7(sy) = P&, (= f31)) x P((=f3.1): (= f3.1, = f1.2)) x P((=f3.1, = f1.2), (= f3.1: = f12: = f2.1))

xP((~f3.1,—fr2:—fa1)- (= 3.1, —f1.2, = f21, = f1.3)
1 1 1 1

X — X =X =

14100503
Again, the probability of applying the operation — f5 ; is the same in s, and s;. The probability of
applying —{f; 1, f1 2} in s, is the same as the probability of applying the operation — f; 5 in s3, and

the probability of the two additional operations is again % X %

1
10

5

Forje{i+1,...,n} let r; be the difference between Nj and Nj’ (ie., N}.’ = N; + ;). Hence,

~ [1 1 1
zr(s)zyr(s)x[ﬁ]xNi+1 ><~~-><ﬁn><(N,-+1+ri+1)><~-><(Nn+rn)><(2€+1)><~~~><3

1

< m(s’) x

1
X oo X — X (Njyq +7igq) X X (N + 1) x (28 + 1) X - x 3.
i+1 Nn
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Note that the term %l only appears if the original sequence s removes falone, in which case the
term ﬁ does not appear in the expression for 7(s”). We will show that

1
Nin

1
e X (N 4 1) e (N 1) (20 + 1) x 3 < pol”(|IDI)
n

for some polynomial pol”, or, equivalently,
(Nipq + 1) % x (N, + 1) x (28 + 1) x -+ x3 < pol”(||D]]) x Nijq x =+ x Nj,.

Note that since £ < k and k is a constant (since we are interested in data complexity), (26+ 1) x -+ x3
is bounded by a constant; henceforth, we denote this value by c. Thus, we need to prove that

(Niy1 +141) X - x (N, + 1) x ¢ < pol”(|IDI[) x Niyq x - x N

To show the above, we need to reason about the values rj. Forje{i+1,..,n}let Njf be the
number of facts in the database that conflict with f after applying all the operations of s’ that
occur before op; and before applying the operation op;- Moreover, for every p € {1,..., k}, let n}b be
the number of facts in the database that violate the pth key jointly with fat that point. Note that

n} +o 4 n}b > Njf as the same fact might violate several distinct keys jointly with f. If n]p > 2, then
every fact that violates the pth key jointly with f participates in a violation of the constraints even
if fis not present in the database (as all the facts that violate the same key with falso violate this
key among themselves). Hence, for each one of these nf facts, the operation that removes this fact
is a justified repairing operation regardless of the presence or absence of fin the database, and
it is counted as one of the N; operations that can be applied at that point in the sequence s. The

addition of fthen adds njp new justified operations (the removal of a pair of facts that includes f

and one of the nf conflicting facts).

On the other hand, if nf = 1, then the single fact that violates the pth key jointly with fat that
point might not participate in any violation once we remove f. In this case, the presence of fimplies
two additional justified operations in s’ compared with s, that is, the removal of this fact by itself
and a pair removal that includes fand this fact. If nf = 0, then clearly the pth key has no impact
on the number of justified repairing operations w.r.t. fat that point. Now, assume, without loss
of generality, that for some 1 < p; < p, <k, it holds that nJP > 2forall p < py, n}? = 1 for all

p1 < p< py,and n}? =0 forall p > p,. It then holds that
r < N+ (pp—p)+ 1.

(N]f operations remove fjointly with one of its conflicting facts, at most p, — p; operations remove

a fact that violates the pth key with fif n]P = 1, and one operation removes fitself.) Moreover,

1¢,,1 _ PP N2 o . P1y2 14 ... P
nj(nj 1)+...+nj (nj 1) _ (nj) + +(nj ) +nj 4t
2 2 2 '

: 14 ... P
NJan+ +nt +

This is because, as already said, for every p with nf > 2, the nf operations that remove the facts

. . . , . . nf(n/-1)
that violate the pth key with fare also justified operations at the jth step in s, and there are ~——

additional justified operations that remove a pair from these nf facts since each such pair of facts
jointly violates the pth key.
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Example 7.7. We continue with Example 7.6. Let

S3 = _f3,1s _fl,l’ _fl,z-

Before applying the operation —f; , of s5, there are five justified operations, namely

_f1,2 _f1,3 _f3,2 _{fl,Z’flﬁ} _{fl,Z’fS,Z}-

At this point, the database contains three facts that conflict with f; ;. The facts f; ; and f; 5 jointly
violate with it the key R : A; — A,, while the fact f, ; jointly violates with it the key R : A, — A;.

Observe that the operations —f 5, — f1 3, —{ f1.2, f1.3} are justified operations at this point, even
though the fact f; ; no longer appears in the database, because f; , conflicts with f; 5. If we bring
f1,1 back, we will have two additional justified operations that involve these fact (one for each
fact): ={f1 1, f1.2} and —{f] ;, f1 3}. Contrarily, the fact f, ; is not involved in any violation of the
constraints at this point (before applying the operation —f; , of s;); hence, removing this fact is
not a justified operation. However, if we bring f; ; back, we will have two additional justified
operations that involve this fact: —f, ; and —{f; ;, f, 1}. Finally, f; ; introduces another justified
operation, that is, the removal of this fact (i.e., — f1,1)- Hence, in the sequence

s3 = —f31.—fr2—fo1,—fi3

to which s3 is mapped to, the number of justified operations before applying the operation —f; , is
ten, while the number of justified operations before applying this operation in s; is five. Conse-
quently,

P~ fyr—fid Chan—fin =) = ¢
and
1 1
P(~f.) (~for~fi2) = 555 = 1o

According to the Cauchy-Schwarz inequality for n-dimensional Euclidean spaces, it holds that

(o) < (59 ()

i=1 i=1
where v > 1 is an integer, and x;, y; for i € [v] are real numbers. By defining y; = 1, for every
i € [v], we obtain that
(o + - +x)° < vx (x4 +x2).
Hence, we have that

1, ...4,P1\2
(nj+ +n; )

N2 4 ... P1y2 1, ...4pqP 14 ...4p9P
(nj)+ +(nj)+nj+ +n; +nj 4t

P
. >
= 2 - 2
_ (! + -+ 0P+ pyx (nf + - +nl")
2P
(Njf— (P = p1))* + pr % [N]f— (P2 — o)l
> 2. .

Note that Njf— (py — py) is a lower bound of n} + e+ nfl because, for every p, < p, there are
no facts that violate the pth key with f, and for p; < p < p,, there is a single fact that violates
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the pth key with f; hence, njl-)1+1 + -+ n}-pz < py — p; and njl-)2+1 + -+ nj-‘ = 0. As said above,
n} + 4 n}‘ > N]f Therefore, we get that

n} +--~+nJP1 > J\Gf—(nf"Jr1 +~~~+nf2)—(rlffr1 +~~~+n§‘) > N]-f—(Pz - po)-
We conclude that
< N+ (py-p)+1
and
N/ = (py = p)? + 1 <IN/ = (p, = p1)]
B 1 1 g 2~ D1
7= 2py

Hence, it holds that

N > (Vj—z(Pz_Pl)—1)2+P1X[Vj—Z(Pz_Pl)—l]
= 2p .
Ifr; > 2(py — p1) + 1, then py x [r; = 2(p; — py) —1] 2 0 and

(rj—2(py — p1) — 1)°
N2 2p

and

ri < 2pN;j+2(py — py) + 1< J2kN; + 2k + k < /4k21\/}+3k\/ﬁj=5k\/ﬁj.

Ifr; < 2(p, — p) + 1, thenr; < 2k + k < 5k, /N]. Thus, in both cases, we have that r; < 5k,/N;.

Recall that our goal is to show that
(JVi+1 + ri+1) Ko X (Nn + rn) xc < pOI”(lDl) X Nipp X X Ny

We have that
(Ni1 +i0) XX (N 1) < (Nigq + 5k Ny 1) % - x (N, + 5k N
Thus, it suffices to show that
(JNig1 +5k) x - x ([N, + 5k) x ¢ < pol”(ID]]) x \[Niy1 % -+ x [N,

For brevity, let x; = \/ﬁ] Moreover, we can clearly define pol”(||D||) as ¢ x pol”” (|| D|[) for some

polynomial pol”, and get rid of the constant c. Therefore, we now show that
(%41 + 5k) x -+ x (x, + 5k) < pol” (||D|]) x %541 x -+ x x;,
for some polynomial pol”, or, equivalently,

X1 +5kx---x X, + 5k

< pol”(|IDID.

Xit+1 n
Note that in the sequence s, there are n — j + 1 operations after the operation op; (including the
operation opj). Since the number of justified operations can only decrease after applying a certain
operation, this means that N; > n— j+ 1. Hence, we have that N;;y > n—i, Nyy > n—i—1,and so
on, which implies that x;,; > vn —i, x;,5 > n —i — 1, etc. Now, an expression of the form %Sk
increases when the value of x decreases (because &xSk =1+ 5—f); hence,
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xi+1+5kxmxxn+5k<\/ﬁ+5kxm+5kxmxl+5k
Xi+1 N Jn—i—1 1
<[\/ﬁj+5kxlmj+5kx__x1+5k
= W [Vn—i1] T
Next, for every m > 1, it holds that vm — 1 > /m — 1 and thus, lmj > [ﬁj—l.Hence,
|Vn—i|+5k |Vn—i—1]|+5k 1+ 5k
No=i] =~ [a-i-1 1
|Vn=i|+5k |[Vn—i|-1+5k 145k
Wn—i]  [n-i]-1 1
(|vn —i] + 5k)! _([\/ﬁjﬁk)
([Vn=i]! x (5K)! 5k

(eqmj + 5k))5k g (eqm + 5k))5k

5k 5k

(&) < ipl+ 5wy

(Observe that the maximal length n of a sequence is |D| — 1.) The claim follows with

5k
pol”(IDI) = () * (JIDI+ 5k

Recall that ¢ = (2 + 1) x - x 3, where { is the number of facts that conflict with fand are not
removed by the sequence s; hence, £ < k. Therefore, for every sequence s that removes f, there is
some sequence s’ that does not remove fsuch that

m(s) < 2k + 1)! x pol”(||D|]) x =(s"),
and item (1) of Lemma 7.4 follows with
pol”(IIDI}) = (2k + 1)! x pol™ (|| DI}).

Item (2). We now show that the function F from sequences that remove fto sequences that do not
remove fmaps at most 2|D| — 1 sequences of the first type to the same sequence of the second type.
A sequence s” € Sy is obtained either from a sequence s € RL(Mz°(D)) that has one additional
operation that removes f, or from a sequence s that removes fjointly with some other fact g, while
s’ removes the fact g by itself. (Some of the operations at the end of s’ might not appear in s, as
they remove facts that conflict only with f.) Since the length of s” is at most |D| — 1, there are at
most |D| possible ways to insert an additional operation that removes f, and |D| — 1 ways to add f
to an existing operation. Hence, there are at most |D| + |D| — 1 sequences that remove fthat are
mapped to the sequence s’. Here is an example that illustrates the above combinatorial argument.

Example 7.8. We continue with Example 7.7. Consider again the sequence s3. Recall that

s3 = —f31.—fr2—fo1, —fi3

This sequence can be obtained from any of the following sequences that have an additional operation
that removes f; ;:

_fl,l’_fS,l’_fl,Z _f3,l’_fl,1’_f1,2 _f3,1’_f1,2’_f1,1'
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Note that the operations — f 1, — f; 5 do not appear in these sequences, as after removing f; ; they
are no longer involved in violations of the constraints.

The sequence s; can also be obtained from the following sequences that replace an operation of
s3 that removes a single fact with an operation that removes a pair of conflicting facts:

_{fl,l’ f3,1}’ _fl,Z _f3,1’_{f1,1’f1,2}

This completes the proof of Lemma 7.4. O

7.3 The Case of Functional Dependencies

Recall that Theorem 7.1 does not cover the case of FDs, which remains an open problem. At this
point, one may wonder whether Monte Carlo sampling can be used for devising an FPRAS in the
case of FDs. Indeed, the efficient sampler provided by Lemma 7.2 holds even for FDs since the proof
of that lemma does not exploit keys in any way, but only the “local” nature of the Markov chain
generator. However, we do not have a result analogous to Proposition 7.3, which states that the
target probability is not “too small”. In fact, we can show the following; the proof is in Appendix D.

ProPOSITION 7.9. Consider the FD set{R : A; — Ay} over the schema {R/3} and the Boolean CQ
Ans() - R(0,0,0). There exists a family {D,},~; of databases such that

1
0 < PMEO,Q(Dn:O) < m

Proposition 7.9 tells us that for FDs there are settings where the target probability is unavoidably
“too small”. Note, however, that this does not preclude the existence of an FPRAS in the case of FDs,
which remains an open problem. It only tells us that for devising an FPRAS in the case of FDs (if it
exists), we need a more sophisticated machinery than the one based on Monte Carlo sampling.

8 Singleton Operations

So far we considered the operational CQA framework for FDs in its full generality, where an
operation can remove a singe fact or a pair of facts. An interesting question that comes up is
whether we can gain something in terms of complexity or approximability when we consider the
simpler version of the framework where only operations that remove a single fact are considered,;
this is precisely what we call here singleton operations. Formally, given a database D and a set 3 of
FDs, we consider only the set of sequences of CRS(D, %), denoted CRSY(D,3), mentioning only
operations of the form — f, i.e., removing a single fact. Analogously, we consider the set of candidate
operational repairs CORep!(D,3) = {D’ € CORep(D, %) | s(D) = D’ for some s € CRS'(D, %)}.
We would like to understand whether the main results established so far, i.e., Theorems 5.1, 6.1,
and 7.1, are affected when we focus on singleton operations. The goal of this final section is to
provide an answer to this question. As we shall see, adopting singleton operations does not affect
Theorem 5.1, Theorem 6.1, and item (1) of Theorem 7.1 that deals with exact query answering. On
other hand, item (2) of Theorem 7.1 can be stated for arbitrary FDs (not only for keys). This is a
significant finding as it allows us for the first time to push the limits of approximability beyond
keys. The main results of this section are summarized in Table 3.

Classical CQA Under Primary Keys. As we shall see, in the case of primary keys, we will be
able to inherit results from the classical CQA framework. In particular, we can show that in the
case of primary keys and singleton deletions, uniform OCQA coincides with the classical CQA
framework, which is an interesting fact in its own right that allows us to inherit known complexity
and approximability results. The classical CQA framework is based on the notion of repair, which
is a maximal consistent subset of the database. Formally, given a database D and a set ¥ of primary

ACM Trans. Datab. Syst., Vol. 51, No. 3, Article 15. Publication date: March 2026.



Uniform Operational Consistent Query Answering 15:39

Table 3. The Complexity of (Exact ; Approximate) OCQA for the Markov Chain Generators My™',
M>' and Mp>!

H Primary Keys Keys Functional Dependencies
OCQA(Z, Mgr’l, Q(x)) || #P-hard ; FPRAS #P-hard ; ? #P-hard ; no FPRAS
OCQA(Z, My>',Q(%)) || #P-hard ; FPRAS #P-hard ; ? #P-hard ; ?
OCQA(Z, Mgo’l, Q(x)) || #P-hard ; FPRAS | #P-hard ; FPRAS #P-hard ; FPRAS

By FPRAS we mean that the problem in question admits and FPRAS, whereas no FPRAS means that it does not admit an
FPRAS, unless RP = NP. The symbol ? refers to the fact that it remains open whether the problem in question admits an
FPRAS.

keys, a repair D’ of D w.r.t. X is a database D’ C D such that D’ ¢ X but, for every D’ C D”, D" ¥3.
Let repy (D) be the set of all repairs of D w.r.t. 2. It is known that there is a simple way to construct
the set repZ(D) via the notion of block. For every relation name R of the underlying schema with a
primary key R : X — Yin X, we partition the set of facts of D over R into blocks of facts that agree
on the values of all the attributes of X. We write blockss(D) for the set of all blocks of D (over all
the relations of the schema) w.r.t. 3. It is then easy to verify that the following holds:

ProrosITION 8.1. Consider a database D and a set Y. of primary keys. Assuming that blockss (D) =

{Bi..... Bat reps (D) = {f1, s fud | (fis o fu) € By x - x By}

The above proposition essentially states that a repair of D w.r.t. X can be formed by simply
keeping exactly one fact from each block of blocksy (D). Now, the relative frequency of an answer
is the percentage of repairs entailing that answer [Maslowski and Wijsen 2013]. To formally define
this notion, for a CQ Q(x) and a tuple ¢ € dom(D)!, let reps o C_(D) be the set of repairs D’ of D

w.r.t. 2 such that ¢ € Q(D’). The relative frequency of ¢ w.r.t. Q, D and X is defined as the ratio
repy (D)

repy (D]
A key problem in the context of CQA is RelFreq(Z, (%)), where ¥ is a set of primary keys and Q(x)
a CQ, which accepts as input a database D and a tuple ¢ € dom(D)!, and asks for rfreq, . (Q,):

rfreqy, Q(D, ¢) =

PROBLEM : RelFreq(Z, Q(x))

INPUT : A database D and a tuple ¢ € dom(D)"_“
OUTPUT:  rfreqs Q(D, )

The next result is well-known; item (1) has been established in [Maslowski and Wijsen 2013],
whereas item (2) is implicit in [Dalvi and Suciu 2007] and made explicit in [Calautti et al. 2019]:
THEOREM 8.2. The following hold:

(1) There exist a set 3 of primary keys and a CQ Q such that RelFreq(Z, Q(x)) is #P-hard.
(2) For every set 3. of primary keys and CQ Q, RelFreq(Z, Q(x)) admits an FPRAS.

Classical vs. Operational CQA Under Primary Keys. As said above, in the case of primary keys we
will be able to inherit results from the classical CQA framework by showing that uniform OCQA
coincides with the classical CQA framework. The latter will rely on the following result that relates
candidate operational repairs and classical repairs; the proof is in Appendix E:

PROPOSITION 8.3. For a database D and a set ¥, of primary keys, CORep(D, %) = repy, (D).
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We now proceed to discuss our main results on singleton operations.

8.1 Uniform Repairs
We focus on the repairing Markov chain generator Mg, "1 such that:
— ORep(D, My"!) = CORep’ (D, %), and
— for every repair D’ € ORep(D, Mgr’l), it holds that PD,MZ‘”’l (D)=

1
’ORep(D,Mgr’l)

It is not difficult to adapt Definition 4.3 in order to obtain the Markov chain generator My "l we
proceed to prove the version of Theorem 5.1 that considers singleton operations:
THEOREM 8.4. The following hold:

(1) There exist a set 3. of primary keys and a CQ Q such that OCQA(Z, Mgr’l, Q) is #P-hard.

(2) For every set X of primary keys and CQ Q, OCQA(Z, Mgr’l, Q) admits an FPRAS.
(3) Unless RP = NP, there exist a set 3 of FDs and a CQ Q such that there is no FPRAS for
OCQAE, My, Q).

As we did for Theorem 5.1, we can restate the problem of interest as the problem of computing
a “relative frequency” ratio. Indeed, for a database D, a set 3 of FDs, a CQ Q(%), and a tuple
G |%] 5) = 1 g
¢ € dom(D)*!, PMgr,l)Q(D, ¢)= repfreqz,Q(D, ¢), where
D’ € CORep!(D,%) | ¢ € QD]
|CORep' (D, )|

Hence, OCQA(Z, Mgr’l, Q(x)) coincides with the following problem:

repfreq;)Q(D, ¢) =

PROBLEM : RepFreq!(Z, Q(%))
INPUT : A database D and a tuple ¢ € dom(D)l’_‘l.
OUTPUT : repfreq; Q(D, é).

We proceed to establish Theorem 8.4 by directly considering problem RepFreq!(2, Q), which is
independent from Mg 1 instead of OCQA(Z, Mg nl Q).

Proof of Items (1) and (2) of Theorem 8.4
Having Theorem 8.2, to establish items (1) and (2) of Theorem 8.4, it suffices to show the following:

PROPOSITION 8.5. For every database D, set S, of primary keys, CQ Q(%), and tuple ¢ € dom(D)!,
repfreq; Q(D, ¢) = rfreqy, Q(D, ).

PrOOF. By Proposition 8.3, we get that CORep!(D, %) = reps (D). Since, by definition, Mgr’l
induces the uniform distribution over its operational repairs, it is easy to see that

’ 1 c ’ Ireps, ,, (D)
[{D’ € CORep (D1 %) | ée (D)} _ 5.0 = rfreq, (D.2)
|CORep!(D, )| Irepy (D)) Q

and the claim follows. O

repfreq%)Q(D, ¢) =

Proposition 8.5 essentially shows that the problems OCQA(Z, M;r’l, Q(x)) and RelFreq(Z, Q(x))
coincide. Therefore, items (1) and (2) of Theorem 8.4 readily follow from Theorem 8.2.
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Proof of Item (3) of Theorem 8.4

The proof of this item is along the lines of the proof of item (3) of Theorem 5.1. Here we highlight
the key differences. We first need to prove a result analogous to Lemma 5.7, but for the setting of
singleton operations. For an undirected graph G, we denote by IS..4(G) the set of all non-empty
independent sets of G.

LEmMMA 8.6. Consider a non-trivially 3-connected database D, where ¥ is a set of FDs. It holds that,
|CORep!(D,2)| = [1S..4(CG(D,%))|.

Proor. (C) Consider a candidate repair D’ € CORep!(D, ). Since D’ ¢ ¥, by definition of
the conflict graph of D w.r.t. 3, we get that no two facts of D’ are connected via an edge in
CG(D, ). Hence, D’ is an independent set of CG(D,X). It remains to show that D’ # @. Since
D’ € CORep!(D, ), there is a sequence s = 0ps-ws 0P, € CRSY(D, %) such that s(D) = D’. Since
op, must be (s,—1(D), Z)-justified, there is a violation (¢,{f, g}) € V(s,_1(D), %), for some FD
¢ € X. Hence, op, = —f, and then g € s(D), or op, = —g, and then f € s(D). Thus, s(D) = D’ # @.

(2) Consider now an independent set D’ € 1S_.,(CG(D, X)). As shown in the proof of Lemma 5.7
in Appendix B, one can construct a sequence s € CRS(D, %) such that s(D) = D’. In particular,
by inspecting that proof, we can see that indeed s uses only operations of the form — f, and thus,
s € CRS}(D, ). Hence, D’ € CORep!(D, %). |

The rest of the proof proceeds in two steps. We first prove the following result, which is analogous
to Proposition 5.8. We write #CORep®™!(Z) for the problem of computing [CORep!(D, %)
a non-trivially ¥-connected database D.

, given

ProPosSITION 8.7. Unless RP = NP, there exists a set > of keys over a singleton schema such that,
given a non-trivially 3-connected database D, the problem of computing |CORep'(D, %)| does not
admit an FPRAS.

Proor. We provide a reduction from the problem of counting non-empty independent sets of
con

non-trivially connected graphs of bounded degree. With #IS{ ;, for some integer A > 0, being

the problem of computing |IS_.,(G)|, given a non-trivially connected graph G with degree A, we
can prove the following; the proof can be found in Appendix E:

LEMMA 8.8. Unless RP = NP, for each A > 6, it holds that ﬁISCA‘?QQ has no FPRAS.

With the above lemma in place, we establish our main claim by showing that there exists
a set X of keys such that, given a non-trivially connected undirected graph G, we can con-
struct a non-trivially ¥g-connected database D in polynomial time in ||G|| such that [IS_.4(G)| =
|CORep!(Dg, 2)|. Hence, unless RP = NP, the existence of an FPRAS for the problem of com-
puting |CORep’ (Dg, )| would imply an FPRAS for #1S)"% 5 contradicting Lemma 8.8. The set
>k and the database Dg are defined as in the proof of Proposition 5.8. We recall that D and
Sk are such that [IS(G)| = [IS(CG(Dg, 2k))|. Hence, [IS.4(G)| = [IS.4(CG(Dg, Zk))|. Since Dg
is non-trivially X g-connected, by Lemma 8.6, |[IS_.(CG(Dg, 2g))| = |CORep!(Dg, 2x)|. Hence,
1IS.0(G)| = |CORep!(Dg, Zg)|, as needed. a

It remains to prove a result analogous to Lemma 5.9. Let X be the set of keys provided by
Proposition 8.7.

LEMMA 8.9. Assume that RepFreq! (2, Q) admits an FPRAS, for every set 3. of FDs and CQ Q. Given
a X -connected database D, the problem of computing |CORep*(D, Zx)| admits an FPRAS.
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Proor. The proof proceeds in the same way as the one of Lemma 5.9. The key difference is that
now, given a non-trivially X g-connected database D, we must show that for the set 2 of FDs and
the Boolean CQ Qr as defined in that proof, the database D obtained from D is such that

1
|CORep!(D,=g)| +1°

repfreqs , (Dp.() =

This is done using the same argument as in the proof of Lemma 5.9, with the difference that we use
Lemma 8.6, instead of Lemma 5.7, to prove that |[CORep!(Dg, Zp)| = |CORep! (D, 2| + 1. O

It is now easy to see that Proposition 8.7 and Lemma 8.9 imply item (3) of Theorem 8.4.

8.2 Uniform Sequences
Recall that, for a database D and a set X of FDs, CRS!(D, %) is the set of sequences of CRS(D, %)
using only singleton operations. We focus on the repairing Markov chain generator M;S’l such that,

for every s € CRS!(D, %), assuming that 7 is the leaf distribution of M;S’l(D), m(s) = WI(DZN'

It is not difficult to adapt Definition 4.6 in order to obtain the Markov chain generators M;S’l. We
proceed to establish the version of Theorem 6.1 that considers singleton operations:

THEOREM 8.10. The following hold:

(1) There exist a set % of primary keys and a C such that OCQA(Z, M”S’l, ) is #P-hard.
p >

2) For every set 2 of primary keys and CQ Q, OCQA(Z, M”S’l, admits an FPRAS.

) y p Y Key. Q )

As for Theorem 6.1, we can restate the problem of interest as the problem of computing a “relative
frequency” ratio. Indeed, for a database D, a set 3 of FDs, a CQ Q(%), and a tuple ¢ € dom(D)/,
P,us1 (D, ¢) = seqfreq1 (D, ¢), where

M0 %0

lfs € CRS'(D, %) | ¢ € Q(s(D))}]
|CRSY(D, )| '

Hence, OCQA(Z, Mgs’l, Q(x)) is in fact the following problem, which is independent from M;S’I:

seqfreqé’Q(D, ¢) =

PROBLEM : SeqFreq!(Z, Q(%))
INPUT : A database D and a tuple ¢ € dom(D)W!.
OUTPUT : seqfreq; Q(D, 0).

As for uniform repairs, we establish Theorem 8.10 by showing that for every database D, set ¥ of
primary keys, CQ Q(x), and tuple ¢ € dom(D)!, it holds that seqfreq; Q(D, ¢) = rfreqy, Q(D, );
the proof can be found in Appendix E.

8.3 Uniform Operations

For a database D and a set X of FDs, we write RS!(D, %) for the set of sequences in RS(D, %) using
only operations of the form —f, i.e., removing a single fact. Similarly, we write Ops; (D, %) for

{s’ € RS}(D,=) | s’ = s- op for some D-operation op}. Then, we define the Markov chain generator
Mgo’l such that for s, s’ € RS!}(D, X), assuming that Mgo’l(D) =(V,EP),ifs’ € Opss1 (D,X) then
1

P(s,s’) = —— .
Ops}(D, )|
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Observe, however, that the Markov chain generator M;O’l is defined over all the sequences of
RS(D,3). If s € RSY(D, %) but s’ € RS(D,=)\RS'(D,X) (and s’ € Ops (D, %)), then we define
P(s,s’) = 0.If s € RS(D,2)\RS!(D, ), none of the leaves of the subtree T, is reachable with
non-zero probability, and thus, P(s,s"), for any s” € Ops (D, %), can get an arbitrary probability

(as long as the sum of probabilities equals one), e.g., We proceed to establish the version

1
[Ops (D)
of Theorem 7.1 that considers singleton operations:

THEOREM 8.11. The following hold:

(1) There exist a set 3. of primary keys and a CQ Q such that OCQA(Z, Mgo’l, Q) is #P-hard.

(2) For every set X of FDs and CQ Q, OCQA(Z, Mgo’l, Q) admits an FPRAS.

Proof of Item (1) of Theorem 8.11

As in the case of uniform repairs and uniform sequences, we show that OCQA and classical CQA
coincide, and then use item (1) of Theorem 8.2.

PROPOSITION 8.12. For every database D, set 3. of primary keys, CQ Q(%), and tuple ¢ € dom(D)!,
PMZL;O,I,Q(D, P = rfrqu’E(Q, ).
Proor. Let D be a database and ¥ a set of primary keys. It suffices to show the following:
(1) The set of operational repairs and the set of classical repairs coincide, i.e., ORep(D, Mgo’l) =
repZ(D).
(2) The Markov chain generator Mgo’l induces the uniform distribution over the operational
repairs, i.e., for every operational repair D’ € ORep(D, M;o’l), it holds that

1
Pyppot(D) = ————rr.
Db |ORep(D, M)

We first show item (1). By Proposition 8.3, CORep!(D,3) = reps (D). Note that the latter
statement is independent from the underlying Markov chain generator. Hence, it remains to show
that ORep(D, Mgo’l) = CORep!(D, ). It is straightforward, from the definition of M;O’l, that
RL(M;O’I(D)) = CRSY(D, %), and since the repairs of CORep!(D, ) are precisely those obtained
by sequences from CRS!(D, %), we get that ORep(D, Mgo’l) = CORep!(D,X), as needed.

We proceed with item (2). Let D’, D” € ORep(D, M;O’l) be operational repairs of D w.r.t. Mgo’l.
Assume that blocksy (D) = {By, ..., B,}. For some f € D, let By be the unique block that contains f.
Recall that, for D* € {D’, D"},

Pp e (D) = >, n(s),
SERL(Mg>!(D)) and D*=s(D)
where r is the leaf distribution of M;O’l(D). Let RLp: (Mgo’l(D)) be the subset of reachable
leaves s € RL(Mgo’l(D)) such that s(D) = D*. We provide a bijection y : RLD,(Mgo’l(D)) -
RLp~ (Mgo’l(D)) such that, for every s € RLp, (Mgo’l(D)), 7(s) = m(u(s)). Since every repair is of
the same size (as every repair contains one fact from each block), we also have that every repairing
sequence in CRS!(D,3) is of the same length, i.e., it contains [D\ D’| many singleton operations.
Let m = |D\D’|. Fix some repairing sequence s’ € RLp, (M;O’l(D)) and lets” = op/,...,op/ . We
are now going to construct a repairing sequence s” = op’’, ..., op’” such that s”(D) = D”. For each
i € [m],if op! = —fand f & D”, then let op!” = op!; otherwise, If op] = —fand f € D”, then
let g € D’ N Byand op” = —g. Note that g, and thus the operation op”, is uniquely defined as
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there is only one fact from every block in D’. Now, let u(s”) = s”, for each s’ € RLp, (M;O’l(D)).
Intuitively, we define s” to be the same as s’, except when some operation op! removes a fact which
appears in D”, then op;” removes the fact from the same block which appears in D’ instead. It is
straightforward to see that p is indeed bijective. In fact, it follows directly from the definition that p
is injective. Furthermore, note that |RLp, (Mgo’l(D))| = |RLD,,(M§O’1(D))| = m! since the singleton
operations removing the m facts in D\D’ or D\D” can be applied in an arbitrary order (see the
discussion in the proof of Proposition 8.5), and thus, y is also surjective.

It remains to show that 7(s’) = n(u(s")), for every s’ € RLp, (Mgo’l(D)). Recall that the
probability of a sequence is the product of the probabilities of every operation in that sequence.
In fact, we will show by induction that the ith operation of s’ has the same probability as the i-th
operation of s”, for each i € [m]

For some i € [m], let s/ = op,...,0p!_ (5" = op7,...,0p" ) and op’ =—f (op;’ = —f"), for
j € [i]. We need to show that for My 1(D) = (e, P), it holds that P(s/ sss) - op) = P(s)’,s{" - op!”).
Note that, for every op -1, for j € lil, we know that e ij, by construction of s”.

Since for every operation op/, for i € [m], we have that P(s/ and similarly,

ry _ 1
l’ l OPI) - |OpS;_,(D,2)|,
i

P(sf’,s{" - op]’) = it suffices to show that |Ops$_,(D, )| = |OPS;_~ (D, %)| for each i € [m].

|0PS§,, O3
Indeed, we will show that [B; N s/(D)| = [B; N s"(D)| for all j € [n] and i € [m] by induction on i.
Note that this statement is stronger since for some repairing sequence s € RS(D, ) we have that

|Ops!(D,3)| = > |B; N s(D)|.
J€ln] with |Bns(D)|>2

Fori =1, since 5] = 5" = ¢, i.e,, both 5] and s{’" are the empty sequence it straightforward to
see that indeed |B; N s/ (D)| = |B; N s/"(D)| for aH] € [n], and thus, (D )| = |Ops . (D, %)

Assume now that [B; N s (D)| = [B;n sy (D)| for all j € [n] and k € [i — 1] We want to show that
|B;ns{(D)| = |B;Ns [n]. Clearly, if f & Bj, i.e. op] does not
remove a fact from block Bj, then also oplf’ does not remove a fact from Bj, as f/ and fl" are of
the same block for all operations in s” and s”; thus, |B; N s/(D)| = |B;N's{_(D)| = [B;n's{” {(D)| =

|B;N's{’(D)| by induction hypothesis. Consider now the case where f € B;, and thus, also f” € B,
Since both operations op; and op!” remove a single fact from block B;, by induction hypothesis,
IB;n's{(D)| = |B;ns_1(D)| —1=|B;ns” (D) —1=|B;Ns”(D)|. This concludes our proof. [

Proof of Item (2) of Theorem 8.11

The proof consists of the usual two steps: (1) existence of an efficient sampler, and (2) provide a
polynomial lower bound on the target probability. Again, further details on why the above two
steps together imply the existence of the desired FPRAS are given in Appendix A. Concerning the
efficient sampler, we can sample elements of RL(M;O’l(D)) according to the leaf distribution of

Mgo’l (D) in polynomial time in ||D||. This is done by employing the same iterative algorithm as the
one used to sample elements of RL(M5°(D)), but with the difference that only justified operations
that consist of singleton operations are considered: at each step, the algorithm extends the current
sequence s by selecting one of the (s(D), X)-justified operations of the form — f with probability

1
N
0ps!(D,3)]

Hence, we immediately obtain the following result:
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LEmMMA 8.13. Given a database D and a set 3 of FDs, we can sample elements of RL(M;O’l(D))
according to the leaf distribution ofMgo’l(D) in polynomial time in ||D||.

We now show that there exists a polynomial lower bound on the target probability.

LeEmMMA 8.14. Consider a set Y of FDs and a CQ Q(x). For every database D and tuple ¢ € dom(D)
With P} o1 Q(D, ¢) > 0, it holds that
>

_r
(e ID|'”

Proor. Consider a database D. If there is no homomorphism ki from Q to D such that A(Q) k 3 and
h(x) = ¢, then clearly P pgot Q(D, ¢) = 0. We now focus on the case where such a homomorphism h

PMZUO’I,Q(D’ 6) 2

exists. Assume that |h(Q)| = m for some m € [|Q|]. We prove by induction on n, that is, the number
of facts in D\h(Q) that are involved in violations of the FDs (i.e., the facts f € (D\h(Q)) such that
{f, g}¥= for some g € D), the following:

1
PD,M;‘)’1 Q(h) 2 (n-’;m >
where
PD,Mgo’l,Q(h) = Z PD,M;o’l (D/)

D’€0Rep(D,My*") and h(Q)CD’

Base Case. For n = 0, since h(Q) k 3, there are no violations of the FDs in D and D has a single
operational repair, that is, D itself. In this case, the probability of obtaining an operational repair
that contains all the facts of A(Q) is 1 = ﬁ

Inductive Step. We now assume that the claim holds for databases where n = 0, ...,k — 1, and we
prove that it holds for databases D where n = k. Every repairing sequence s € RL(Mgo’l(D)) for
which h(Q) C s(D) is such that the first operation of s removes a fact of D\A(Q) that is involved in
violations of the FDs. Let fi, ..., fi be these facts of D\h(Q), and for each i € {1, ..., k}, let op; be
the operation that removes the fact f;. We then have that P(¢, (op;)) > ﬁ

probability of removing a certain fact is ﬁp’ where p is the number of facts involved in violations

. This is because the

among the facts of A(Q). Since p < m, we get that ﬁ < ﬁp After removing a conflicting fact of
D\A(Q) from the database, we have at most k — 1 such facts left, regardless of which specific fact
we removed. For every i € {1,..., p}, we denote by D; the database op,(D) and by n; the number of
facts of D,\h(Q) that are involved in violations of the FDs; hence, we have that n; < k — 1. By the

inductive hypothesis, we have that

1 1

PDi:Mgo'l’Q(h) = ("i;'r'lm) 2 (k—r1n+m)'

Clearly, every sequence s € RL(Ms°(D)) with h(Q) C s(D) is of the form op,-s; for somei € {1,...,k}
and s; € RL(M5°(D;)) with h(Q) C s;(D). Now, the following holds

k
Pp s o) = Z}(P(s,(opi))x Ppager o).
=
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Therefore, we can conclude that

(1 1 k 1 k 1
PD,M;"’l,Q(h) 2 Z k+m % (k—1+m) - k+m x (k—1+m) - k+m % (k—1+m)!
i=1 m m m!x(k—1)!
m! x k!
~ (k+m)
B 1
()

Finally, it is well known that (Z) < (%)k We conclude that, for a database D such that D\h(Q)
contains n facts that are involved in violations of the FDs, we have that

P (h) > ! > ! = m—mxé > T>m>< ! > 1>|Q|><1
DM VY = ("M T (entm)\™ e (n+mym T (e 175]| (e |[D||1el
) ()

Since h(Q) C D’ implies ¢ € Q(D’), it holds that
1 1

> > s
~ (i@l T (el

which concludes our proof. O

PMgD'l,Q(D’ é) 2 PD,Mgo'l,Q(h)

9 Conclusions

The take-home message of our work is that uniform operational CQA is flexible enough to lead to
approximability results that go beyond the simple case of primary keys. Although we understand
relatively well uniform operational CQA, there are still interesting and highly non-trivial open
problems concerning approximability:

(1) the case of keys and uniform repairs (we only have a negative result for the problem of
counting repairs),
(2) the case of keys/FDs and uniform sequences, and
(3) the case of FDs and uniform operations (we only have a positive result assuming singleton
operations).
Another interesting direction for future research is to consider conceptually relevant distributions
that deviate from the uniform ones considered in this work, and analyze the complexity of exact
and approximate operational CQA. It will be also interesting to consider application-centric Markov
chain generators that are designed having a specific application in mind such as data integration.
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Appendices
A Efficient Approximations

We discuss the general technique we employ in the main body of the article for obtaining the desired
FPRASSs: establish the existence of an efficient sampler and provide a polynomial lower bound for
the ratio of interest. Consider an alphabet I and let x € T be a string over this alphabet. Moreover,
let § : T* — 21" be a function that assigns a finite set of strings to a string, 7 : T* xT* — {0,1},
and 2 be a randomized procedure such that, given a string x € I'*, produces an element y € S(x)

with some probability p, ,, such that Zye Sty Pry = 1, namely 2 samples elements from S(x)
according to some probability distribution. Assuming that Pg » 1,(x) denotes the probability of

sampling some y € §(x) such that P(x,y) = 1, i.e., the number
) Px,y
y€S8(x) and P(x,y)=1

we are interested in the following problem:

PROBLEM : ExpVal(§, P, D)
INPUT : A string x € T,
OUTPUT:  Pg p p(x).

Now, an FPRAS for ExpVal($, P, D) is a randomized algorithm A that takes as input a string x € T'*,
€ > 0,and 0 < § < 1, runs in polynomial time in |x|, 1/€ and log(1/8), and produces a random
variable A(x, €, §) such that

Pr(|A(x,€,8) =Pgp p(x)| < €-Pgpn(x)) > 1-6.
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Consider, for example, the problem RepFreq(Z, Q(x)) for a set 3 of FDs and a CQ Q. It is easy
to verify that RepFreq(Z, Q(%)) is essentially the problem ExpValS$, P, D), where a string x € T'*
encodes a database D together with a tuple ¢ € dom(D)*!, $(x) is the set of all encodings of repairs
in CORep(D, %), P(x,y) = 1iff yencodes a repair D’ € CORep(D, X) such that ¢ € Q(D’), and D
samples elements from S(x) uniformly at random, in which case

$() | Plxy) =
Psp () = VS <X>|Clg( x(;f M = 1)

Hence, the existence of an FPRAS for ExpVal(§, P, D), with 8, P, and 2D defined as above immedi-
ately implies the existence of an FPRAS for RepFreq(Z, Q(x)); we can have an analogous discussion
for the case of uniform sequences and uniform operations. We now recall the following result,
which is somehow well-known in probability theory, on which we heavily rely in the main body
for providing FPRASs for the problems of interest.

= repfrqu’Q(D, c).

THEOREM A.1. Consider a function § : T* — 2" that assigns a finite set of strings to a string,
a function P : T* xT* — {0, 1}, and a randomized procedure D such that, given a string x € T'*,
samples elements of S(x) according to some probability distribution. The problem ExpVal(S, P, D)
admits an FPRAS if the following conditions hold:

— D runs in polynomial time w.r.t. the size of its input.

—Forallx eT* and y € 8(x), P(x,y) can be computed in polynomial time w.r.t. |x|.
— There exists a polynomial function pol : IN — N such that

P ( ) >0 ] pl P ( ) > 71
X implies X .
S,P,D S, P,D p0|(| D

Proor. Consider the randomized procedure A that takes as input a string x € I'*, € > 0, and
0 < § < 1, and performs the following steps:

() N = B0 e

(2) ctr :=0.

(3) Fori =1 to Ndo the following:
(a) Sample y € S(x) by executing 2D with input x.
(b) If P(x,y) = 1, then ctr := ctr + 1.

ctr
4) Ret —.
(4) Return N

We proceed to show that A is an FPRAS for ExpVal(S, P, D). The fact that A runs in polynomial
time w.r.t. |x|, 1/¢, and log(1/6) follows from the assumption that 2 runs in polynomial time,
P(x,y) can be computed in polynomial time w.r.t. |x|, and by definition of N. It remains to show
that A enjoys the desired probabilistic guarantees. We first observe that, if Pg » 5 (x) = 0, then
the claim follows immediately. Hence, we assume that Pg ;» 1,(x) > 0. In this case, we note that

A computes the random average Xy of N independent Bernoulli random variables Xj, ..., Xy, i.e.,
random variables whose value is either 1 or 0. In other words,

1 X
Xy = — Y X.
N N; i

Moreover, since the elements of S(x) are all sampled according to the same probability distribution
given by 2, we have that all such variables have the same probability of being equal to 1, namely

p = Pspp(x)
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log(2/6)

By the well-known Hoeffding’s inequality from probability theory, for every N > 2.2 p2
. 6 .

Pr(|[Xy—p|<e-p) > 1-6.
Since p > 0, by hypothesis, we have that
1

= P X 2 TN
P 8.2,0(x) ST

log(2/6)
2

and since N = e pol(|x|)?, we conclude that
log(2/6) log(2/6)
2-€2

N: 5
z.ez.pz

pol(x)* >

which, together with Hoeffding’s inequality, implies that
Pr(|A(x,€,8) —Pgp p(x)| < €-Pspp(x)) = 1-6,

and the claim follows. O

B Proofs of Section 5

Recall that the main result of Section 5 is the following:

THEOREM 5.1. The following hold:

(1) There exist a set % of primary keys and a CQ Q such that OCQA(Z, My", Q) is #P-hard.

(2) For every set % of primary keys and CQ Q, OCQA(Z, My", Q) admits an FPRAS.

(3) Unless RP = NP, there exist a set ¥ of FDs and a CQ Q such that there is no FPRAS for
OCQA(., MY", Q).

As discussed in Section 5, we actually need to prove the above result for RepFreq(Z, Q). Items
(1) and (2) have been already proved in the main body of the article. On the other hand, for item (3)
we only discussed the high level ideas underlying its proof. We proceed to give the full proof.

B.1 Proof of Item (3) of Theorem 5.1

As discussed in the main body of the article, the proof of item (3) of Theorem 5.1 proceeds in two
main steps, which correspond to Proposition 5.8 and Lemma 5.9. Before giving the formal proofs,
we first need to introduce some auxiliary notions and results. In the sequel, we concentrate on
undirected graphs without self-loops.

Auxiliary Notions and Results. Consider an undirected graph G = (V, E) and an integer A > 0. We
say that G has degree A if each node of V participates in at most A edges. Moreover, G is connected
if there is a path between every two nodes of G. We call G trivially connected if |V| < 1; otherwise, it
is non-trivially connected. Finally, IS(G) denotes the set of all independent sets of G. For a database
D and a set % of FDs, the conflict graph of D w.r.t. 3 is the undirected graph CG(D, %) = (V, E),
where V = D, and {f, g} € Eif {f, g}¥>. We call D non-trivially (resp., trivially) X-connected if
CG(D, %) is non-trivially (resp., trivially) connected.

To prove the desired claims, we need an auxiliary result that relates the number of candidate
repairs of an inconsistent database that is non-trivially connected with the number of independent
sets of the underlying conflict graph; this is Lemma 5.7, which we recall and prove here:

LEmMMA 5.7. Consider a non-trivially %.-connected database D, where . is a set of FDs. It holds that
|CORep(D,=)| = [IS(CG(D, ).
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ProoF. We establish the lemma by showing that actually CORep(D,X) = IS(CG(D, %)).

(©) Let D’ € CORep(D, ). By definition, D’ is consistent, i.e., there are no two facts f, g € D’
such that {f, g}¥>. By definition of the conflict graph of D w.r.t. %, we conclude that no two facts
f,& € D’ are connected via an edge in CG(D, X). Hence, D’ is an independent set of CG(D, X).

(2) Consider now an independent set D’ € 1S(CG(D, 2)). Since there are no two facts f, g € D’
that are connected via an edge of CG(D, X), D’ is consistent w.r.t. 2. It remains to show that there is
s € CRS(D, ) such that s(D) = D’; we distinguish the two cases where either D’ # @ or D’ = @.

Case 1. Let us first focus on the case where D’ # @. To define the repairing sequence s € CRS(D, %)
such that s(D) = D’, we first define a convenient stratification of the facts of D. We inductively
define the strata Ly, L, ... as follows:

- LO = D,.

—Foreachi>1,L;={feD| f ¢ LyU...UL;_; and there is f* € L;,_; such that {f, f'}}.
Observe that, since CG(D, X) is connected, each fact f € D occurs in some L;, i.e., if nis the smallest
integer such that L, = @, for £ > n, we have that D = U?:o L.

Let L; = {fl,..., |iL-|}’ for each i € [n]. We now construct the desired sequence s as follows. We
let the first |L,| operations be —f7', ..., —flﬁ E To see that —fjn is a (D;—l’ 3)-justified operation for
every1 < j < |Ln|, observe that, by definition of L,,, each fj” is in a violation with some fact in L,,_,

: -1 -1
s Opan|+\Ln_1| will be — f7' ’”"_flz,ﬂl’
which are all justified because there exists a violation for each fact with some fact from L, _, that

which has not been removed yet. The operations DL |+1°
n

has not been removed yet. The next operations of s are defined in the same way for the remaining
strata, until the last |L;| operations, which will be — fll, e, — f|i1|' Again, these operations are

justified since, by definition, each of the facts fll, e f|114 : is in conflict with some fact from Ly = D’.
1
Summing up, s is
-1 -1 1 1
—fl - Iznl’ -fi ,...,—fﬁnill, =1 ""’_f|L1|'
We have that s € RS(D,2) and that s(D) = D’ k X. Hence, s € CRS(D, ), which implies
D’ € CORep(D,X), as needed.

Case 2. The case where D’ = @ is treated similarly. We only need to slightly adjust the last
operation of the sequence s. Fix some fact f* € D. We stratify the facts of D as in the first case, but
we let Ly = {f*}. We then define s in the same way as above. Let L, be again the last non-empty
stratum. Since CG(D, X)) is non-trivially connected, D¥>, and thus, we have that n > 0, i.e., at
least stratum L; is non-empty. Then, we have that the first |L,| operations are —f7', ..., — f|’L’"|. We

continue with the remaining strata L,_; to L, as before. The last |L,| operations are defined as

—fll, o —f& -1 —{f& B f7}. Note that, by definition of L, every fact fll, o f& -1 is in a violation
1 1 1

with f*, and thus, their removal is a justified operation. Now, there are only two facts left, fli |

1

and f*, which together violate X (recall that L; is non-empty). Therefore, —{ f|114 B f*}is a justified
1

operation, and we have that s € RS(D, %) and s(D) = D’ = @ k 3. Hence, s € CRS(D, %), which in
turn implies that D’ € CORep(D,X), as needed. O

We can now proceed with the two steps of the proof of item (3), which correspond to Propo-
sition 5.8 and Lemma 5.9, respectively. Note that both results are essentially dealing with the
following counting problem for a set ¥ of FDs:
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PROBLEM : #CORep“"(2)
INPUT : A non-trivially ¥-connected database D.
OUTPUT: The number |[CORep(D,X)|.

Step 1: An Inapproximability Result About Keys. The formal statement, already given in the main
body, and its proof follow. Note that the statement of Proposition 5.8 given below is more compact
than the one given in the main body of the article since we explicitly use the name #CORep°"(Z).

PrROPOSITION 5.8. Unless RP = NP, there exists a set = of keys over a singleton schema such that
#CORep®°"(2) does not admit an FPRAS.

Before giving the proof of Proposition 5.8, we need an auxiliary result about the problem of
counting the number of independent sets of undirected graphs. For an integer A > 0, we define

PROBLEM : #ISp
INPUT : An undirected graph G of degree A.
OUTPUT:  The number |IS(G)|.

We know from [Sly 2010] that the following holds:
ProOPOSITION B.3. For every A > 6, unless RP = NP, #1S, does not admit an FPRAS.

Note that the above result states the inapproximability of #IS, for arbitrary, not necessarily
non-trivially connected graphs. However, for showing Proposition 5.8, we need the stronger version
of Proposition B.3 that establishes the inapproximability of #1S, even for non-trivially connected
graphs. Let #IS3°" be the problem defined as #1S with the difference that the input is a non-trivially
connected undirected graph. We proceed to show the following:

LEMMA B.3. For every A > 6, unless RP = NP, #IS{°" does not admit an FPRAS.

ProoF. By contradiction, assume that #ISX°" admits an FPRAS, for some A > 6, i.e,, there is a
randomized algorithm A that takes as input a non-trivially connected graph G = (V, E) of degree
A,€>0,and 0 < § < 1, runs in polynomial time in ||G||, 1/¢, and log(1/5), and produces a random
variable A(G, €, §) such that

Pr((1—€)-IS(G)| < AG,e,8) < (1+€)-ISG)) > 1-8.

From this, we can construct an FPRAS A’ for #1S, as follows. Given a graph G = (V, E) of degree
A, let the connected components, i.e., the maximal connected subgraphs, of Gbe CCy, ..., CC,, with
CC; = (V,, E;). Furthermore, we assume, without loss of generality, that CCy, ..., CC, are all the
trivially connected components of G, for £ < n. Given G, € > 0, and 0 < § < 1, A’ is defined as

n
, e e 5
A'(G,e,6) = 2 il;IIA<CC” 2(n—f)’2(n—f)>'

Note that a run of A does not depend on any other run, and thus, A(CC;, ﬁ, 2(75—0) are random

variables independent from each other. It is also easy to see that
n

Is@@)| = 2t~ T his(ccyl.
i=t+1
Therefore, since A is an FPRAS for #ISy’", we have that
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Finally, we know (see, e.g., [Jerrum et al. 1986]) that the following hold: for 0 < x < 1andm > 1,
x \™ x \™
1—x£<1——) and (l—i-—) <1+x.
2m 2m
Consequently,

Pr((1—e)-IS(G)| < A(G,e,8) < (1 +€)-IS(G)) = 1—6.

Hence, A’ fulfills the probabilistic guarantees required for an FPRAS. To confirm the desired running

time of A’, note that there are at most n = |V| connected components of G, which can be computed
con

in polynomial time via any textbook algorithm. Thus, since A is an FPRAS for #IS3™", for each

i € [n], the random variable A(CC;, 2(n€—f)’ z(n‘s_[)) can be computed in polynomial time w.r.t. CC;,
|—‘6/|, and log(%). Since A’ multiplies at most |V| such random variables, A’ is an FPRAS for #1S,,
which contradicts Proposition B.3. O

With Lemma B.3 in place, we can now prove Proposition 5.8.

PROOF OF PROPOSITION 5.8. Consider a non-trivially connected undirected graph G = (V,E)
with degree A = 6. Let S be the schema consisting of the single relation name {R/A + 1} with
(Ajq,..., Ap41) being the tuple of attributes of R, and 2y = {¢;, ..., Pr,1} a set of keys over S,
where ¢ = R : A; — att(R) for each i € [A + 1]. We show that we can construct a non-trivially
Y x-connected database Dg; in polynomial time in ||G|| such that |IS(G)| = |CORep(Dg, Zx)|- Hence,
the existence of an FPRAS for #CORep®" (2 k) would imply the existence of an FPRAS for #ISR",
which in turn contradicts Lemma B.3.

The database Dg should enjoy the following key property: there exists a bijection p1 : V —
Dg from the set of nodes of G to the facts of Dg such that (u,v) € E iff {p(u), u(v)}¥Zk. The
latter immediately implies that [IS(G)| = [IS(CG(Dg, 2k))|, which, together with the fact that G
is non-trivially connected, and hence, D is non-trivially Y g-connected, implies that [IS(G)| =
|CORep(Dg, 2 x)| by Lemma 5.7. The formal construction of Dg; follows.

The Database Dg. It is known that the edges of G are (A + 1)-colourable and such a coloring
can be constructed in polynomial time in ||G|| [Misra and Gries 1992]. Therefore, we are able to
efficiently assign the colours C = {cy, ...,cp41} to the edges of G in such a way that none of the
nodes belongs to two distinct edges of the same colour. Let M : E — C be such a coloring. The
database Dg is such that dom(Dg) = E U F, where Fis a finite a set of constants with EN F = @,
and consists of the following facts:

(1) for each node v € V, we add to D a fact of the form R (a}’, e axﬂ), and
(2) the constants of such facts are defined as follows:
(a) for every edge e = {u, v} € E, assuming that M(e) = ¢;, we let a' = a} = ¢, and
(b) for every a} not defined in the above step, we let ¢/ = ffor some constant f € Fonly to be
used once.
For brevity, we writeR(a") for R(aj, ..., ay_ ). Note that every a is well-defined since v has at
most one edge of colour ¢;, and thus, g} is uniquely defined by either the edge with colour ¢;, or in
case there is no such edge, by a fresh constant f € F. Let us also stress that we can build D in
polynomial time in ||G||. We can now prove the following crucial property of the database Dg:

LEmMA B.3. Consider two nodes u, v of G. Then, {u, v} is an edge in G iff {R(a"), R(a")}¥2 .

Proor. Consider an edge e = {u, v} in G with M(e) = ¢, for some i € [A + 1]. By construction
of Dg, it is clear that there will be exactly two facts in Dg such that the constant e appears at
position i of those facts. These two facts will be precisely R(aY, ...,a} ;) and R(aj, ..., a} , ;), having
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ai = af = e. Since there are no multiple edges between two nodes, the constants at the other

plositions will be pairwise different, i.e., a}‘ * a}’ for all j # i. Hence, the two facts together violate
¢;, and thus, {R(a*), R(a")}¥2 k.

Consider now two facts R(a¥, ..., a} ;) and R(aj, ..., ay_ ) that together violate ¢ = R : A; —
att(R) for some i € [A + 1]. Thus, the same constant appears at position i in both facts, i.e., a' = a;.

By construction of Dg, af' = a because {u, v} is an edge of G, and the claim follows. U

By Lemma B.3, we get that |IS(G)| = |IS(CG(Dg, k)|, and that D is non-trivially Z-connected.
Hence, by Lemma 5.7, [IS(G)| = [IS(CG(Dg, Zx))| = |CORep(Dg, Zg)|, and the claim follows.

Step 2: Transferring FPRAS. We proceed with the second and last step of the proof of item (3) of
Theorem 5.1, which corresponds to Lemma 5.9. The formal statement, already given in the main
body, and its proof follow. Note that the statement of Lemma 5.9 given below is more compact than
the one given in the main body since we explicitly use the name of the problem #CORep“°"(Zg),
where X is the set of keys provided by Proposition 5.8.

LEMMA 5.9. Assume that RepFreq(Z, Q) admits an FPRAS, for every set X of FDs and CQ Q. Then,
#CORep®°" (k) admits an FPRAS.

Proor. By Proposition 5.8, unless RP = NP, X is a set of keys over a schema {R/n} such that
#CORep®°"(Zg) does not admit an FPRAS. Let S = {R’ /m}, where m = n + 2, and, assuming that
(A4, ..., A,) is the tuple of attributes of R, let (A, B, Ay, ..., A,) be the tuple of attributes of R’. We
first show that there exist a set X of FDs over S and a Boolean CQ Qr over S such that, for every
non-trivially ¥ -connected database D over {R}, we can construct in polynomial time in ||D|| a
database Dp over S such that
[COR : ' )

ep(D,Zp)| + 1
By exploiting the above equation, the fact that Dy can be constructed in polynomial time, and the
FPRAS for RepFreq(Zr, Q) (which exists by hypothesis), we will then explain how to devise an
FPRAS for #CORep“"(Zg).
We start by explaining how X and D are defined in a way that

|CORep(Dp, Zp)| = |CORep(D, Zg)| + 1.
We define the set X of FDs over S as follows:
R : X>Y|R: X>YeZ uU{R : A— BL

Note that each key ¢ of X over R becomes an FD ¢’ over R’; indeed, ¢’ is not a key since R’ has
two additional attributes. Now, given a non-trivially Y g-connected database D over {R}, we define
the database Dy as follows with a, b being constants not in dom(D):

{R’(a,b,ay,...,a,) | R(ay,...,a,) € D}U{R (a,q,...,a)}.
For brevity, let f* = R’(a, a, ..., a). It is not difficult to verify that the number |CORep(Dp, 2p)| is
D’ € CORep(DR3p) | f* € D'} + D’ € CORep(Dp5p) | f* & D'},

that is, the sum of the number of candidate repairs containing f* and the number of candidate
repairs not containing f*. It is not difficult to see that {*} is the only candidate repair containing
f*. This is because f* is in a conflict with every other fact of Dp due to the FD R’ : A — B.
Moreover, one can easily devise a sequence s € CRS(Dp, 2p) removing all facts in Dp\{f*} in
an arbitrary order, and therefore obtaining { f*}. Regarding the number of candidate repairs not
containing f*, observe that since D is non-trivially ¥y -connected, and since f* is in a conflict

repfrea , (Dp.0) =

ACM Trans. Datab. Syst., Vol. 51, No. 3, Article 15. Publication date: March 2026.



15:54 M. Calautti et al.

with every other fact of Dp, then Dg is non-trivially Yp-connected. Therefore, by Lemma 5.7,
CORep(Dp, 25) = IS(CG(Dy, 2F)). Since {f*} is the only candidate repair of Dy containing f*, and
thus, the only independent set of CG(Dp, 2) containing f*, the set of candidate repairs without
f*,ie,{D’ € CORep(Dr2p) | f* & D’} = IS(CG(Dp\{f*}, Zr)). Note that, by construction of
Drand 3, since D is non-trivially Xg-connected, Dp\{f*} is non-trivially 3 p-connected, and thus,
by Lemma 5.7, IS(CG(Dp\{f*},2f)) = CORep(Dp\{f*}.Zp).

Finally, by construction of Dy and X, we have that |[CORep(Dp\{f*},2p)| = |CORep(D, Z)|.
In fact, it suffices to observe that two facts R(ay, ..., a,), R(by, ..., b,) € D violate 3 iff the facts
R'(a,b,ay,...,a,), R (a,b,by,...,b,) € Dp\{f"} violate 3. Hence, we can conclude that

|CORep(Dp, 2p)| = |CORep(D,Xg)| + 1.
Let us now define the Boolean CQ Qr in such a way that the equation () holds. We define Qr as
Ans() - R’(x, x,...,x).

In simple words, Qp asks whether there exists a fact such that all the attributes have the same value.
Clearly, the only candidate repair of CORep(Dg, 2F) that satisfies the query Qpis {f*}, i.e.,

1
|CORep(Dp, Zp)|

Since, as shown above, |CORep(Dp, 2p)| = |CORep(D, 3 k)| + 1, we get that (x) holds, as needed.

repfrequ)QF(DF, 0) =

Building the FPRAS. We proceed to devise an FPRAS for #CORep“"(Zg) by exploiting the
equation (*), the fact that D can be constructed in polynomial time, and the FPRAS A’ for
RepFreq(Zf, Op), which exists by hypothesis. Given a non-trivially Xg-connected database D,
€>0,and 0 < § < 1, we define A as the following randomized procedure:

(1) Compute D from D

(2) Lete’ = 55;

(3) Let r = max {2.(;7;%, A’(Dg, (), €', 5)};

(4) Output % -1

We show that A is an FPRAS for #CORep“°"(Zg). Since Dr can be constructed in polynomial

time in ||D||, A(D,€,d) runs in polynomial time in ||D||, 1/€ and log(1/8). We now discuss the
probabilistic guarantees. By assumption,

Pr ((1 —€)- repfrequ,QF(DF, 0) <A (DR, (),€,8) <(1+€)- repfrquF,QF(DF, ())) >1-6.
Thus, it suffices to show that the left-hand side of the above inequality is bounded from above by
Pr((1—€)-|CORep(D,2x)| < A(D,€,8) < (1+€)-|CORep(D,Zx)).

To this end, by equation (*), we get that

Pr <(1 —€)- repfrquF’QF(DF, 0) <A'(DR,(),€,6) <(1+¢€): repfrquF,QF(DF, ())) = Pr(E),

where E is the event

1—¢ 1+¢
< A'(Dg, (), €,6) < .
1+|CORep(D, Z )| = (Dp0,€.8) < 17 |CORep(D, 3]

Note that |CORep(D, Xx)| is at most the the number of all possible subsets of D. Hence,
1—¢ S 1—¢€
1+ |CORep(D,Zg)| ~ 1+ 2D
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Thus, for E to hold is necessary that the output of A’(Dp, (),€’,8) is no smaller than -1 I 2|D| Hence,
for any number p < ‘ D‘ E coincides with the event
1 —€ 1+¢
< ,A’(Dp, (),€’,0)} < )

1+ |CORep(D s = maxip A'(Dp O.€%. 0} < T eap 5

Therefore, with p = m < 11%2%‘, we conclude that
1—¢ 1+¢
Pr(E) = P < ,A’(Dr, O),€”,6)} < .
(E) = Pr (1 +|CORep(D,=)| max{p, A'(Dp 0, €". 0} < = |CORep(D, zK)|)

Since the random variable max{p, A’(Dgz, (), €’, §)} outputs a rational strictly larger than 0, the latter
probability is

p (l + |CORep(D, k)| < 1 < 1+ |CORep(D,ZK)|>
r .
1+¢€ ~ max{p,A’(Dp,(),€’,8)} ~ 1—¢
For short, let X be the random variable m Since # =1+ 15—’6, and T3¢ +e =
1- m > 1 — =, the probability above is less or equal than

I

Pr((l - f6> (1 +|CORep(D, Zx))) < X < (1 + = 6,) (1 + |CORep(D, zK)|)).

If we subtract one from all sides of the inequality, then the above probability coincides with

Pr((l - 1i€,>-(l +|CORep(D, X)) -1< X -1<

(1 + s i,) -(1+|CORep(D, Z)|) — 1).

By expanding the products in the above expression, we obtain

’ 7’

€ €
1-¢/ 1-

Pr(|CORep(D, )| — -|CORep(D,Zp)| < X —1<
K e’ K

’ ’

|CORep(D, )| + 1€ + < .|c0Rep(D,zK)|).
- —€

e

Finally, since |[CORep(D, Zg)| > 1, we have that
€ €

1-¢ = 1-¢

Thus, the above probability is less or equal than

-|CORep(D, Zg)-

’

Pr<|CORep(D, SRl -2 €

- |CORep(D.Z)| < X — 1
€

<|CORep(D, Zg)| +2- - .|CORep(D, zK)|>,
— €

which coincides with
’

Pr<<1—2- € ,)~|c0Rep(D,zK)|g X—1§<1+2- 16

€,> -|CORep(D, ZK)|> .

Recalling that €’ = 5%, = €. Moreover, X — 1 is A(D, ¢, 5). Hence, the
above probability is

Pr((1—¢€)-|CORep(D,Zx)| < A(D,€,8) < (1 +€)-|CORep(D,Zx))).
Consequently, A is an FPRAS for #CORep“°"(Zg), as needed. d
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It is now straightforward to see that from Proposition 5.8 and Lemma 5.9, we can conclude
item (3) of Theorem 5.1.

C Proofs of Section 6
C.1 Proof of Lemma 6.2
The proof of Lemma 6.2 has already been given in the main body of the article. Here is an example

that illustrates the algorithm described in the proof of Lemma 6.2.

Example C.1. Consider again the database D depicted in Figure 2 and the set > = {R : A; - A,}
consisting of a single key. The complete repairing sequences over the facts of the first block (that
consists of fj 1, f1 2, f13) are the following:

—fr—he —hAu—hs e fist
—fo—f1  —he—hs  —fie—{f fis
—fz—f1 —hs—he  —fis i fiol
—{fivfi2d i fisd —{fie fish

There are no repairing sequences over the facts of the second block as it only contains a single fact
f2.1- The complete repairing sequences over the facts of the third block (with facts f3 , f3 ») are

-1 —fe —{fs1fr2k

Every complete repairing sequence over D is obtained by interleaving the complete repairing
sequences over the different blocks. For example, the following is one possible complete repairing
sequence, which has one pair removal:

_f1,2’ _{fB,l’ f3,2}5 _fl,l'

For the first block, we have that

he 31.(3-0—1)! 12

53’ = 0 = — =6
20.0-(3-2x0—-1)! 2

nel 31.(3-1-1)! 6

53’ = 1 :—:3
21 3-2x1-1)! 2

=0

31-3-1-1)! 6
st = ( r__fo,

2L-(1-1)!-(3-2x1)! 2
Indeed, there are 12 repairing sequences over the facts of the first block that contains three facts; six
of them have no pair removals, three have a single pair removal and result in a non-empty repair,
and three have a single pair removal and result in an empty repair. For the third block, which has
two facts, it holds that

21-(2-0—1)! 2

Sne’o = = - = 2
2 20.0!-(2—-2%x0—1)! 1
spel =0
s =0
20-(2-1-1)! 2
st = ( ) = =1

2L.(1—=1)-(2-2x1) 2
Indeed, there are two sequences with no pair removals (that result in non-empty repairs) and a
single sequence with one pair removal (that results in an empty repair). Finally, we denote the
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block with three facts by B; and the block with two facts by By. We have that
00 _ ce0 _ 10 _ che0 _ 01 _ cel _ L1 _ chel _
Pt =5"=0 Pr=8"=6 P =5 =3 P =8 =3
Next,
= 0x0x10 = 0.

00 _ p00 _ o0 (5-0)!
B = BxS, X@—oyx@—oy

Indeed, if s has no pair removals, s(D) N B; # @ for i € {1, 2}; hence, Pg’k > 0 only for k = 2. Thus,

5-1)! 5-1)!
Y0 = PMOxspelx ( ' )_ S+ PPOxss 0 x _( ' )_ - = 0x2x4+6X0%6 = 0
G-0)x(2-1) G-1DIx(2—-0)
and
5—2)!
P20 = pl0x spe0 x (6-2) = 6x2x3=36.

2 GB-DIx(2-1)
Similarly, we compute

5—1)! 5—1)!
Yt = pPOxselx G-1) +PO1x 580 x G-1 = 0x1x4+3x0x6 = 0,
B-0)!x(2-1) B-1)!x(2-0)
5-2)! 5—2)!
Pll Pll % 54230 ( ) + P{)’l % Szne,() % ( ) + Pll,O % S;’l
(3-2)x(2-0)! G-1x(2-1)!
(5-2)
“B-DIx@2-1)
5—2)!
+ PO x gpet x (>—2) = 3x0x3+3x2x3+6x1x3+0x0x1 = 36,
(3-0)x(2-2)
5—3)! 5—3)!
p2l = plOygnely ( ) +pblxgnedy ( ) = 6x0x1+3x2x2 = 12.
2 L7722 "G-nix@2=-2) 1 772 "(B-2!'x(2-1)!
Finally,
5—2)!
P02 — pOlygel ( — 3x1x3 = 9,
2 1 2 T GB-1Dx2-1)
5—3)! 5—3)!
P12 _Pllxsel ( ) +P0,1X5ne,1x ( ) :3X1X2+3XOX1 — 6,
G-2)x2-1)! 1 772 "3-1Dx2-2)
(5—4)!

P22’2=P11’1XS£"”1>< =3x0x1 = 0.

(B-2)!x(2-2)
We conclude that
CRS(D,2) = 0+0+36+0+36+12+9+6+0 = 99,

that is, there are 99 complete repairing sequences of D w.r.t. 3.

C.2 Proof of Lemma 6.4

LEMMA 6.4. Consider a set 3. of primary keys and a CQ Q(x). For every database D and tuple

¢ € dom(D)* with seqfreqz,Q(D, ¢) > 0, it holds that seqfrqu)Q(D, c) > W

Proor. The proof is very similar to the proof of Lemma 5.5, except that here we reason about
sequences rather than repairs. Recall that we treat a query Q as the set {R;(3;) | i € [n]} of atoms on
the right-hand side of :-, and, for a database D and a homomorphism h from Q to D with h(x) = ¢,
we denote by h(Q) the set {R;(h(3;)) | i € [n]}. Here, we denote by S¢ D3A(0) the set of sequences

s € CRS(D, %) such that s(D) N B; = @ for at least one block of {By, ..., B;,} (recall that these are
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the blocks that contain the facts of A(Q)), and by Si°; 1) the set of sequences s € CRS(D, %) such
that s(D) N B; # @ for every block of {By, ..., B,y}.
Now, for every sequence s € Slejzh(Q) and for every block BJ- such that s(D) N Bj = @, the

last operation of s over the facts of B; must remove a pair {f, g} of facts. We map each sequence

s € Sle),z,h(Q) to a sequence s’ € SB‘?ZJI(Q) by replacing the last operation of s over each such

B; e {By, ..., B,,} with an operation that removes only one of the facts of the pair, i.e., either for g.
Hence, if s(D) N B; = @ for precisely ¢ of the blocks of {By, ..., By}, the sequence s is mapped to 2t
distinct sequences of S/’ Q)" Note that this mapping essentially defines a many-to-many relation

from Sle),z,h(Q) to SB?Z,h(Q) that collects all the pairs of sequences (s,s”) € SE),Z,h(Q) x SB?Z,h(Q) such

that s is transformed into s” according to the above transformation.

Similarly to the proof of Lemma 5.5, for every sequence s” € SB?Z, h(Q)’ there are 2™ — 1 sequences
se S that are mapped to it. This is because the sequence s’ determines all the operations

D,>,h(Q)
over the blocks outside {Bjy, ..., B}, and for each block B; € {B1;..., By}, it determines all the

operations over B; except for the last one. If s’(D) N B; = {f} and the last operation of s” over
B; removes the fact g, then the last operation of s over B; either also removes g or removes the
pair {f, g}. If the last operation of s" over B; removes a pair {g, h} of facts, then the last operation
of s over B; must also remove the same pair of facts. Hence, there are at most two possible cases
for each block of {By, ..., B,,} and 2™ possibilities in total. And, again, we have to disregard the
possibility that is equivalent to s’ itself.

Therefore, we have that

m_l)x‘

[Stsh0 < @ Spso)|

and

ICRS(D,3)| =

m-1)x| SEs )

can be mapped to 2 distinct sequences of

| = 2" S

S50 * s < @ ¥ * |

As said above, each sequence s of SE,Z,h(Q) SB?Z,h(Q)’
where ¢ is the number of blocks in {Bj, ..., B,,,} for which EN Bj = @. Moreover, there are sequences

s’ e SE)?Z,h(Q) such that no sequence s € SE),E,h(Q) is mapped to s’. These are the sequences s’ where
the last operation of s” over every block of {By, ..., B,;} is a pair removal (but s keeps some fact of
each B;). Hence, (2™ — 1) x |SB?Z,h(Q)| is only an upper bound on |SeD,2,h(Q)|' Since all the facts of a
single block are symmetric,

1

s € CRS(D,2) | Q) € DY = (=751 % B

and we conclude that

1
[fs € CRS(D,%) | h(Q) S s(D)}l i) S50

ICRS(D, 3)| 2 x ‘Sffz,h(Q)‘
~ 1
~|Bylx - x|By| x 2m

1
> 1
|D|m x 2m
. 1
= (2-|pplel
. 1
= (2-|pplel”
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Since all the sequences of {s € CRS(D, %) | h(Q) C s(D)} are such that h(Q) C s(D) and h(x) = ¢,
the claim follows. (|

We proceed to give an example that illustrates the argument given in the proof of Lemma 6.4.

Example C.2. Consider the database D, the set ¥ of keys, the query Q, and the homomorphism h
from Example 5.6. Recall that h(Q) = {R(ay, b;)}. The set Shs, h(0) contains, for example,

_f1,2’ _f3,1s _{fl,l’ fl,?)}

as the resulting database s(D) contains no fact from the block of R(a;, b;). According to the mapping
defined in the proof of Lemma 6.4, this sequence is mapped to the sequences

_f1,2s _f3,1’ _f1,1 and - fl,Z’ —f3,1, _f1,3

that replace the last pair removal over the block of R(a;, b;) with a singleton removal. In this case,
[{s € CRS(D,Z) | h(Q) C s(D)}| = 24.

These are the sequences obtained by interleaving the following operations over the facts of the first
block (that do not remove f; ;) with any of the three operations over the facts of the third block:

_fl,Z’_fl,S _f1,3’_f1,2 _{fl,Z’fl,S}

Moreover, as we have seen in Example C.1, we have that
|CRS(D, )| =99
Indeed, it holds that
24 1 1
= > =
99 12 2 D|)|Q|

as claimed.

D Proofs of Section 7

Recall that the main result of Section 7 is the following:

THEOREM 7.1. The following hold:

(1) There exist a set 3. of primary keys and a CQ Q such that OCQA(Z, Ms°, Q) is #P-hard.
(2) For every set . of keys and CQ Q, OCQA(Z, My°, Q) admits an FPRAS.

Item (1) has been shown in the main body of the article. Concerning item (2), we have shown
in the main body of the article that there exists an efficient sampler (see Lemma 7.2) and that the
probability that we want to approximate is not “too small” (see Proposition 7.3), which together
imply the existence of the desired FPRAS. However, the proof of Proposition 7.3 given in the main
body of the article considers only the case where the image of the query is a singleton. It remains
to prove the arbitrary case where where the image of the query consists of more than one atom.
Before giving the proof, let us first recall the result in question.

ProprosSITION 7.3. Consider a set 2 of keys and a CQ Q(x). There is a polynomial pol such that, for
every database D and ¢ € dom(D)! with PMZLIIO’Q(D, ¢) > 0, it holds that

1

Pijwo n(D,C) > ——m—.
myo(D:6) 2 T
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PROOF. As usual, we treat the CQ Q as the set {Ri(§;) | i € [n]} of atoms occurring on the
right-hand side of :-. Moreover, for a database D and a homomorphism A from Q to D, we write
h(Q) for the set {R;(h(§3)) | i € [n]}. Clearly, if there is no homomorphism h from Q to D with
h(Q) & X and h(x) = ¢, then P Mgo,Q(D, ¢) = 0. Assume now that such a homomorphism h exists.
The claim for the case where |h(Q)| = 1 has been shown in the main body of the article. We now
proceed to generalize it to the case where |h(Q)| = m, for some m > 1.

As in the case where [h(Q)| = 1, we map sequences that remove at least one of the facts of A(Q)
to sequences that keep all these facts by deleting or replacing every operation that removes a fact
of h(Q) and adding a constant number of operations at the end of the sequence that remove all
the facts that conflict with some fact of A(Q). More formally, let s € RL(Mg°(D)) be a repairing
sequence that removes r of the facts of A(Q), for some r € [m]:

S = 0Py e OPys e S0P e 0P, 0D,
where the operations op, , ..., op, remove these r facts. Note that there are no conflicts among the
1 T
facts of h(Q); hence, it cannot be the case that a single operation removes two of these facts. We
transform s into a sequence s” € RL(Mg°(D)) where each operation op; that removes a single fact
J
is deleted, and every operation P, that removes a pair { f, g} of facts where f € h(Q) and g & h(Q)
is replaced by the operation o] that removes only the fact g. At the end of the sequence s’, we add
]

operations o0p], ..., op; that remove the facts that are in contlict with one of the facts of h(Q) that
appears in s(D). As we have already explained in the proof for the case where |h(Q)| = 1, for each
such fact the sequence s keeps at most k conflicting facts, where k is the maximal number of keys
in ¥ over the same relation R; hence, the total number of conflicting facts that s does not remove
is bounded by m x k, and this is a bound on the number £ of additional operations that remove
these conflicting facts one by one in some arbitrary order. As in the case where [h(Q)| = 1, the
probability of applying the additional £ operations at the end of the sequence is some constant that
we denote by % We provide below more details about this constant.

The probability P((op, ..., Opj—l)’ (0p, s op}.)), for 2 < j <i; —1, is not affected by the decision
to remove or keep a certain fact at the i; th step. However, for j > i;, the probability of applying
the operation op. might decrease in the sequence s’ compared with the sequence s because the
additional facts of h(Q), which are removed by s but not by s’, might be involved in violations with
the remaining facts of the database and introduce additional justified repairing operations at each
step. As we have already shown in the main body of the article, if the number of (D;_l, 3)-justified
operations before applying the operation op; of s is N;, then the addition of a fact can increase

this number by at most Sk\/ﬁj. Hence, the addition of at most m facts, that is, the facts of h(Q),
can increase this number by at most 5km\/ﬁj. We denote by r; the factor by which the number of
operations increases and we have that r; < 5km, [N

Now, all the arguments for the case where |h(Q)| = 1 apply also in this case, with the only
difference being the value of rj. Therefore, we can conclude that

n(s) < pol”(|[DI[) x 7(s")
with

5km
pol”(IDI) = e (5-) " x (DI + Skm)**™.

Recall that % is the probability of applying the additional operations at the end of the sequence, and
ris the number of facts of h(Q) that are removed by the sequence s. We would like to provide a lower
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bound on this probability (hence, an upper bound on c). Clearly, the lowest probability is obtained
when the number of additional operations is the highest, since for each additional operation we
need to multiply the probability by a number lower than one, and when the probability of each
individual operation is the lowest. As mentioned above, for each one of the r facts of A(Q) that are
removed by s, there are at most k facts that conflict with it and are not removed by s. Hence, r x k is
an upper bound on the number of additional operations. Moreover, the lowest probability of each
operation is obtained when the number of justified operations at the point of applying it is the
highest. When there are { facts in a database D’ that are involved in violations of the constraints,
then an upper bound on the number of (D’, 3)-justified operations, which is obtained when every
fact is in conflict with every other fact, is

ee—-1) 2+t

we+1) < (¢ +1)?

£+ = < < (t+1)2
2 2 2 2
Therefore, we have that
1 > ! X ! X ! X oo X 1 > ! > !
c = (k+r+1)2 (Gk+r)2 (k+r-—1)> 3 7 (rk+r+1)2)! = ((mk+m+1)2)!

and

¢ < ((mk+m+1)>2)!
Observe that rk + ris the number of facts involved in violations if each of the r facts of A(Q) that s
removes conflicts with k facts of s(D). Now, it holds that

)Skmx<M+5km>5km < ((IQIEI+1Q1+ D) 1xe? (/| DI+ 5[QI[5]) I,

e

((mk+m+1)2)!><<5 e

Hence, with

pol”(IDIl) = ((IQIIZI + 101 + 1)2)t x 3= x (J]ID]| + 5[Q][) €I
we have that
(s) < pol”(|IDI[) x 7(s").

Finally, we show that our mapping from sequences that remove at least one of the facts of h(Q) to
sequences that do not remove any of these facts maps at most polynomially many sequences of the
first type to the same sequence of the second type. Given a sequence s’ that does not remove any of
the facts of h(Q), we can obtain this sequence from any sequence s that has additional operations
that remove some of the facts of h(Q) individually or operations that remove these facts jointly
with another fact (while s” removes only one of these facts). The sequence s can remove any number
r € [m] of facts of h(Q). Furthermore, in the case where it removes r of the facts of h(Q), for every
£ <, there are (;) possible ways to choose a subset of size £ of h(Q) of facts that will be removed
alone, while the remaining r — € facts will be removed jointly with another fact. Given s’, there are
at most ('D L_l) possible choices for the positions of the additional singleton deletions, since the
length of a sequence is bounded by |D| — 1, and £! ways to order these operations in the sequence.
Moreover, there are at most (I?I__il) possible choices for the individual fact removals from s’ that
are pair removals in s. Note that here we do not need to multiply by (r — £)! since the ordering of
these operations is determined by the sequence s’. Hence, the number of sequences that remove a
fact of h(Q) that are mapped to the sequence s’ is bounded by

v (r\_(IDI-1 ID| -1
22 (e ()
r=1¢=0
o <er)fx<e(|D|—1))*xf,X (e(lDl—l))"E
o\ ¢ r—t

=0

r
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1ol 10|
< ), ) (ElQD" x (e(ID] = 1) x et x (e(|D| - 1))

r=1£=0

101 (101 + 1) x (elQ)'?' x (e(ID| = 1))€ x Q]! x (e(ID] - 1))
< (elQN? x (el x (e(1D] — 1) x Q1! x (e(|D] - 1))<!

= (el x (e(ID] - 1) x Q!

This is clearly a polynomial in ||D||. We define

pol’(IDID) = pol” (DI - ((el@)®? x (e(1D] - 1))*' x Q)

IN

Then, similarly to the case where |h(Q)| = 1 (Equation 1), we have that

1
P uo h > e ————
B ()]

With pol(||D]]) = 1 + pol’(J|D

), we obtain that

-
pol(|IDI)’

which concludes our proof. U

Pago o(D,€) 2 Pp ppwo o(h) >

D.1 Proof of Proposition 7.9

Unlike the case of keys, in the case of FDs, there is no polynomial lower bound on the target
probability. We proceed to give the proof of this statement, which has been already stated in the
main body of the article and we recall again here.

ProPOSITION 7.9. Consider the FD set{R : A; — Ay} over the schema {R/3} and the Boolean CQ
Ans() - R(0,0,0). There exists a family {D,},~; of databases such that

1
0 < Pppwo o(Dy, 0) < D1

Proor. Let D, be the database that contains the fact R(0, 0,0) and n — 1 additional facts R(0, 1,1)
fori € {1,...,n — 1}. Observe that each fact R(0, 1,i) is in conflict with R(0, 0,0), but there are no
conflicts among two facts R(0, 1,i) and R(0, 1, j) for i = j. Clearly, it holds that 0 < PMEO,Q(D, 0)
as the operational repair that keeps the fact R(0, 0, 0) entails Q. We prove by induction on n, i.e.,
the number of facts in the database, that for a database D that contains the fact R(0,0,0) and n — 1
facts of the form R(0, 1, 1), it holds that

1
Prge o(D.0) < 55

Base Case. Forn =1, D = {R(0, 0, 0)} and there are no violations of the FD. In this case,

1
PM;“,Q(D, 0) = 91-1 =1L
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Inductive Step. We assume that the claim holds forn = 1, ..., pand prove that it holds forn = p+1.
Let D be such a database with p + 1 facts; that is, D contains the fact R(0,0,0) and p facts of the
form R(0, 1,i). Whenever we have p facts of the form R(0, 1,i) in the database, there are 1 + 2p
justified operations: (1) the removal of R(0, 0, 0), (2) the removal of a fact of the form R(0, 1,1), or (3)
the removal of a pair {R(0, 0,0), R(0, 1,i)}. Only the p operations of type (2) keep the fact R(0, 0, 0)
in the database. We denote these operations by 0p ;e opp. For everyi € {1,..., p}, we have that

1

P(e, (opy)) = T+ 2p

After removing a fact of the form R(0, 1,1) from the database, we have p—1 such facts left, regardless
of which specific fact we removed. For every i € {1, ..., p}, we denote by D; the database opl.(D). By
the inductive hypothesis,

1
Pago oD, 0) < o1

Every sequence s € RL(M5°(D)) with R(0,0,0) € s(D) is of the form op, - s; for some i € [p] and
s; € RL(M5°(D;)) with R(0,0,0) € 5;(D). The probability P Mzuo’Q(D, () can then be written as

p
oD = Y 2 = Y [Pe@yx Y ]
seRL(ME(D)) i=1 SERL(ME(D,)
0eQ(s(D)) 0eQ(s(Dy)
As said above, for every i € {1,..., p},
1
Page o(D;, 0) = Z m(s) < o1
S;ERL(M5°(D;))
0eQ(s(Dy)
Therefore, we can conclude that
p
1 1 p p p 1
PageoD.0) < 3 (50 % 501 ) = SR < - L
o ; 1+2p  2p71 (1+2p)x2p-1 — 20 T4 px2P = px2P 2P
and the claim follows. O

E Proofs of Section 8
E.1 Proof of Proposition 8.3
PROPOSITION 8.3. For a database D and a set % of primary keys, CORep'(D, %) = repy (D).

Proor. (C) Let D’ € CORep!(D, ). We proceed to show that D’ € reps (D). Assuming that
blockss (D) = {B;,..., B,}, we observe that D’ € {{fi,..., fi} | (fi,--., f,) € By x - X B.}, i.e, D’
keeps exactly one fact from each block By, ..., B,. Clearly, D’ does not keep more than one fact
from a block since, in this case, it would be inconsistent, which cannot be the case since it is a
candidate operational repair. Moreover, during the construction of D’, we cannot remove all the
facts of a block with singleton deletions since the removal of the last fact fof a block would not be a
justified operation as it does not violate X jointly with another fact (all facts that violate ¥ together
with fhave already been removed). Consequently, by Proposition 8.1, we get that D’ € repz(D).

(2) Let D’ € rep (D). We proceed to show that D" € CORep!(D, ). Consider the sequence s

which removes all facts in D\D’, one by one, in an arbitrary order. Clearly, s"(D) = D’. We need to
show that, for every fact f € D\D’, the operation — fin s’ is indeed justified. Fix some f € D\D’.
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Since D’ U {f} is inconsistent while D’ is consistent (by the maximality of D’), there must exist a
violation of the form {f, g} in D’ U {f}, for some primary key in 3 and fact g € D’; thus, —fis a
justified operation. We get that s’ € CRSY(D, ), and hence, D’ € CORepl(D, ). O

E.2 Proof of Lemma 8.8
LemMA 8.8. Unless RP = NP, for each A > 6, it holds that # CA(TQ(D has no FPRAS.

Proor. By contradiction, assume that ﬁISCA?iw admits an FPRAS, for some A > 6. We then show
that #ISR°" admits an FPRAS, contradicting Lemma B.3. Assume that A is an FPRAS for #| CA(’;@
Let A’ be the randomized algorithm that, given a non-trivially connected undirected graph G, € > 0
and 0 < § < 1, is such that A’(G,€,5) = A(G,€,0) + 1. We proceed to show that A’ is an FPRAS
for #1S°". Since A is an FPRAS for ﬁISCA?:tw,

Pr((1—€)-15.5(G) <AG,€,8) < (1+6€):1S.5(G)) > 1-6.
By adding 1 in all sides of the inequality, we obtain that
Pr((1—e)- IS4G +1 < A'(G,e,8) < (1+€)-[IS.(G)|+1) > 1-6.

Since
(1-6)-N1S.5B)+1 > (1—€) [IS,(G)+1—-¢€
and

(1+6e)-l1S.3B)+1 < (1+€)IS.p(G)+1+¢,
by factorizing the terms in the two inequalities, we obtain that
(1=6) 155G +1 > (1—e)-(IS.x(G)] +1)
and
(1+6)[1S.(G)+1 < (1+6)-([IS.5(G)] + 1).
Since [IS.4(G)| + 1 = [IS(G)|, we conclude that
Pr((1—-¢)-11S(G)| < A'(G,e,8) < (1+€)-1IS(G)) > 1-6,

and the claim follows. 0

E.3 Proof of Theorem 8.10
THEOREM 8.10. The following hold:
(1) There exist a set 3 of primary keys and a CQ Q such that OCQA(Z, MY, Q) is #P-hard.
p y key >
2) For every set 2 of primary keys and CQ O, OCQA(Z, M”S’l, admits an FPRAS.
(2) y P y key Q 5

As in the case of uniform repairs, we show that OCQA and classical CQA coincide, which in turn
allows us to inherit intractability and approximability results from classical CQA. We show that:

ProposITION E.1. For every database D, set 3. of primary keys, CQ Q(%), and tuple ¢ € dom(D)!,
seqfreq; Q(D, ¢) = rfreqy Q(D, 0).

Proor. It suffices to show that the set of operational repairs and the set of classical repairs
coincide, and that the Markov chain generator Mgs’l induces the uniform distribution over the
operational repairs. We start with the first property.

Let D be a database and 3, a set of primary keys. By Proposition 8.3, CORep!(D,¥) = repy, (D). It
thus suffices to show that indeed ORep(D, Mgs’l) = CORep!(D, ). For every database D we have
that every complete repairing sequence of singleton deletions is a reachable leaf of the Markov chain
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M;S’l(D) by definition; thus, we know that every candidate operational repair D’ € CORep!(D, %)
is also an operational repair w.r.t. the Markov chain generator My® 1 ie. D’ € ORep(D, M;s’l).
The opposite direction follows directly from the definition of operational repair, that is, every
operational repair is necessarily also a candidate operational repair.

We continue to show that Mgs’l induces the uniform distribution over the repairs. Let D

be a database and ¥ a set of primary keys. From the definition of Mgs’l, we know that for
every s € CRS!(D,X), assuming that 7 is the leaf distribution of Mgs’l(D), it holds that

m(s) = |CR§71(D,Z)|' As the probability of an operational repair D’ € ORep(D, M;S’l) is defined as

sERL(Mgs’l) and D’=s(D) 7(s),
of complete repairing sequences of singleton operations. We have already argued in the proof of
Proposition 8.1 that D’ can be obtained via a repairing sequence s which removes the facts in D\D’
one by one in an arbitrary order. Hence, every operational repair D’ gives rise to (|[D\D’|)! many

it suffices to show that every repair is obtained via the same number

different repairing sequences leading to that repair. Thus, for every repair D’ € ORep(D, Mgs’l),
we have that

by o DN (ID\D')! _ 1
DAL CRS'(D,%)|  (ID\D’[)!- [ORep(D, Mg™>")|  [ORep(D, Mz™")|’
which concludes our proof. a
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