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Abstract

We investigate the relations between bipolar logical argumentation frames and the three main t-norm-based fuzzy logics:
Lukasiewicz (L), Gdodel (G) and product logic (IT). The arguments that we consider are complex entities, and the infer-
ence relation between the support and the claim is instantiated with the standard consequence relation of one specific
fuzzy logic. We introduce several argumentative principles defined in terms of the attack and the support relation that
refine the existence of such relations whenever the involved arguments share some propositional formulas. Through the
notion of argumentative immunity introduced in Corsi and Fermiiller (2018a) we finally recover complete semantics for

L, G and II.
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1 Introduction

In his seminal work (Dung 1995), Dung introduces abstract
argumentation frameworks. Dung conceives the arguments
as completely abstract entities related to each other by a
binary relation intuitively understood as an attack relation.
Therefore, abstract argumentation frameworks can be rep-
resented as directed graphs in which the nodes represent
the arguments and the edges represent the attack relations
between them. In the present work, we consider a variation
of Dung’s original argumentative setting that differs in the
definition of the arguments and the relations that subsist
among them.

Many are the works aimed at deductively formalising
Dung’s work (Garcia and Simari 2004; Amgoud and Bes-
nard 2009; Rahwan and Simari 2009; Amgoud and Besnard
2010; Amgoud et al. 2011; Besnard and Hunter 2001; Goro-
giannis and Hunter 2011). Following the same approach, we
understand the arguments as complex entities made of three
parts: the support, the claim and the method of inference that
makes explicit how the claim follows from the support. In
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addition, in the argumentative frameworks we will consider,
the arguments are related not only with a “negative” rela-
tion, the attack relation but also with a “positive” one, the
support relation. Argumentation frameworks with both the
attack and the support relations are called bipolar (Cayrol
and Lagasquie-Schiex 2005b; Amgoud et al. 2008; Boella
et al. 2010; Cayrol and Lagasquie-Schiex 2013; Proietti
et al. 2019; Prakken et al. 2020; Yu and Van der Torre 2020;
Gonzalez et al. 2021).

Suppose argument A is attacked by a set of arguments
and supported by a different set of arguments. In that case,
we might still be deciding whether to consider 4 a reason-
able point of view, assigning it value 1 as per acceptance of
A, or not, assigning it value 0 as per not acceptance of A.
Thus, intermediate acceptance levels might be necessary to
formalise a position of indecision regarding a given argu-
ment’s acceptance status.

Since fuzzy logic relies on the idea that truth comes in
degrees (Cintula et al. 2011), we might think that the con-
nection between argumentation frameworks, in our specific
case bipolar argumentation frameworks, and fuzzy logic is
straightforward. However, even if we consider argumenta-
tive frameworks with only the attack relation, their relation
with classical and some non-classical propositional logic
is only sometimes clear (see Besnard and Hunter (2008)).
Sequent-based argumentation frameworks represent one
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possible way to establish such a connection (see Arieli and
Straler (2015)).

In the present work, as the method of inference between
the support set and the claims of arguments, we consider
the consequence relations relative to the main three t-norm
based fuzzy logics (Cintula et al. 2011): Lukasiewicz (7),
Gadel (G) and product logic (IT). In these new frameworks,
we introduce argumentative principles defined using both
attack and support relations. As the attack principles in
Corsi and Fermiiller (2017, 2018b, 2018a), the argumenta-
tive principles refine the existence (or non-existence) of the
attack and support relations once the arguments involved
share, in their claims, some or even all propositional for-
mulas. Following the same approach as Corsi and Fermiil-
ler (2018a), we define argumentative immunity in bipolar
t-norm based argumentative frameworks. Thus, through the
notion of argumentative immunity jointly with specific sets
of argumentative principles, we recover sound and complete
semantics for L, G and T1.

It is important to point out that we are not claiming that
fuzzy logic is the logic of bipolar argumentation frame-
works. Instead, we investigate under which (argumentative)
conditions it is possible to recover new semantics for the
above-mentioned logics.

With the concept of immunity, as pointed out in Corsi
and Fermiiller (2018a), we have an alternative notion of log-
ical validity not based on Tarskian-style semantics but that
only refers to t-norm based arguments and specific restric-
tions on the definition of the attack and support relations.
Thus, the present work aims to contribute to the literature on
alternative semantics for fuzzy logics like, e.g. Gile’s game-
based semantics for Lukasiewicz logic (Giles 1982, 1977),
the voting semantics by Lawry (1998) and the acceptability
semantics by Paris (1997).

From the point of view of argumentation theory, possible
applications of the argumentative frameworks and princi-
ples introduced remain an open line of research for future
investigations.

The paper is organised as follows. In Sect. 2, we recall
some notions of abstract and logical argumentation theory.
In Sect. 3, we give a glimpse of the three main t-norm based
fuzzy logics. The first contribution of the paper can be found
in Sect. 4 with the introduction of bipolar t-norm based logi-
cal argumentation frameworks and bipolar principles. In
Sect. 5, we prove completeness theorems for L, G and II.
Finally, in Sect. 6, we discuss related work, and in Sect. 7,
we conclude.
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2 Abstract and logical argumentation
theory

Dung’s abstract argumentation frameworks are defined as
a set of arguments and a binary relation, the attack relation,
defined over it Dung (1995). In Dung’s setting arguments
have no inner structure, they are abstract entities and also
the attack relation is not instantiated in any specific way.
These very general frameworks can be used to model vari-
ous scenarios in Artificial Intelligence and related fields.

Definition 1 (Argumentation framework (AF) (Dung 1995))
An argumentation framework is a pair A= (Ar, %)
where:

1. Aris aset of arguments, and
2. -, is a binary relation over Ar (%—, C Ar x Ar).

Given an argumentation framework A = (Ar, Z_,), we say
that S C Ar attacks an argument b € Ar ifthere exists a € S
such that (a, b) € Z_,. In the sequel, whenever an argument
a attacks an argument b, instead of writing (a, b) € %Z_, we
will use a more intuitive notation and write a — b. We
will also use — to denote Z_, itself. S C Ar defends an
argument @ whenever S attacks b for every argument b that
attacks a.

To enlarge the expressive power and consequently pos-
sible applications of abstract argumentation theory, frame-
works with also a positive relation among arguments, called
support, have been investigated (Karacapilidis and Papa-
dias 2001; Verheij 2002; Amgoud et al. 2008; Cayrol and
Lagasquie-Schiex 2013); these are the bipolar argumenta-
tive frameworks.

Definition 2 (Bipolar =~ Argumentation = Framework
(BAF)) A bipolar argumentation framework is a triplet
A= (Ar,%_,, %) such that:

Ar is a set of arguments,

%, is the attack relation and it is a binary relation over
Ar (#Z_, C Ar x Ar),

X is the support relation and it is a binary relation
over Ar (%= C Ar x Ar).

As for AFs, instead of writing (a,b) € #-., we use the
notation @ = b. The symbols —/+ and =~ stand for “not
attacking” and “not supporting”.

In some specific situations, support and attack are depen-
dent notions. For example, if in a given argumentation
framework there is an argument b that defends and argu-
ment a, then we infer that b supports a. However, whenever
the arguments are instantiated with actual propositions, this
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way of reasoning does not always apply, as the following
example shows.

Example 1 (Cayrol and Lagasquie-Schiex (2005a)) There is
a family that would like to go hiking. They prefer sunny
weather to a cloudy one and cloudy weather to a rainy one.
If it is rainy, then they will not go hiking. Otherwise, they
will go. However, clouds could be a sign of rain. They look
at the sky early in the morning, and it is cloudy.

The following exchange of informal arguments occurs:

a: Today it is a holiday, and we go hiking.

b: The weather will be cloudy; clouds are a sign of rain, so
we should cancel the hiking.

c: These clouds are early patches of mist; the day will
be sunny without clouds, and the weather will be not
cloudy.

d: Clouds will not grow. Thus, the weather will be cloudy
but not rainy.

In Example 1, we have that d — ¢ — b — a. Even
just by looking at the graphical representation of the exam-
ple in Fig. 1, we see that the argument d defends b and ¢
defends a. However, both ¢ and d support the idea of going
on a hike. Therefore, considering chains of arguments and
counter-arguments, counting the links between them and
assessing the odd ones as attacks and the even ones as sup-
ports is an oversimplification of the definition of support.
Thus, in bipolar argumentation frameworks, the definition
of the attack relation should be independent of the definition
of the support relation. However, through the argumenta-
tive principles, as shown in Sect. 5, it is possible to enforce
some constraints on the existence of both relations in a
given framework.

With the introduction of argumentative principles, we do
not pretend to contribute to the theory of bipolar argumenta-
tion frameworks directly, but we rather use some concepts
of these frameworks to provide a new type of semantic
framework for fuzzy logic.

In logical argumentation theory, both the arguments and
the relations among them are instantiated. The following
definition of logical argument has been broadly used in

Fig. 1 Graphical representation of Example 1

the literature (Besnard and Hunter 2001; Gorogiannis and
Hunter 2011; Amgoud and Cayrol 2002).

Definition 3 (Deductive Argument Besnard and Hunter
(2008)) Let £ = (L,F) be a propositional logic (£ stands
for the propositional language and - for a Tarskian conse-
quence relation over £). Let A be a finite set of proposi-
tional formulas in £ (the database). An argument based on
£and A is a pair (I', ) s.t. ' C A and:

1. Tk

2. T'is consistent

3. T is a minimal subset of A satisfying (1).S((T, ¢))
denotes the support of the argument and C((T', ¢)) its
claim. Forall S C A, Arg(S) denotes the set of all argu-
ments that can be built from S.

Although this definition seems to be a good starting point
for constructing and identifying arguments, we will now
point out some limitations of this approach. As stated in
D’Agostino and Modgil (2018), formalisations should be
compatible with real-world modes of reasoning and con-
sider that real-world computational abilities are resource-
bounded. Deciding whether the support set of a given
argument is consistent or not is, in general, and depending
on the underlying logic, an NP-complete decision problem
(Besnard and Hunter 2006) and determining whether it is
minimal is a IT5-complete problem for CL and at least as
hard for many other logics (Parsons et al. 2003). These two
assumptions are generally computationally unfeasible but
feasible in many situations. In fact, in the generating process
of the arguments from a given set A of £-formulas, C-mini-
mality and consistency of the support sets can be checked
while constructing the arguments.

An alternative definition of logical argument has been
introduced in Arieli (2013) and widely investigated by
Arieli and StraB8er in Arieli and Straller (2016, 2015, 2019,
2014, 2020). In Arieli and Strafler’s approach, arguments are
understood as sequents, as introduced by Gentzen (1935),
and in their definition, the assumptions about the minimality
and consistency of the support are omitted.

In logical argumentation theory, the attack relation can be
instantiated in several ways.

Definition 4 (Attack Relations Gorogiannis and Hunter
(2011); Besnard and Hunter (2018)) Let A be a database on
the underlying logic £ = (£,F) and (I'1, 1) and (s, 12)
two deductive (or sequent-based) arguments in Arg(A). We
define the following attack relations by listing the conditions
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under which (I'y, 1) attacks (I, 12). On the left side, we
list the symbol for each attack relation.

[Def] (T'1, 1) is a defeater of (I'y, 1)9) if
1 F = AL

[Ucut] (T'1,4n) is a direct undercut of (I'a, 1pg) if
1 F = ATz and = ATy = 4y for some
Iy CTo.

[Reb]  (T'y, ) is a rebuttal of (Ta,bs) if 1 F —ab
and _‘¢2 - ’(ﬂl.

[C-Reb] (T'y,4n) is a compact rebuttal of (T'a, 1)2) if
Ty - s,

[D-Reb] (T'y, ) is a defeat rebuttal of (T'y, o) if
Y1 = .

[I-Reb]  (I'1,4)1) is an indirect rebuttal of (I'y, o)

if there exists ¢ € L such that ¢; - ¢ and

Yo b -
In the existing literature, additional attack relations are
defined, but in the present paper, we only consider some
of them. A logical argumentation framework is defined as
follows.

Definition5 (Logical Argumentation Framework (LAF)) Let
£ = (L,F) beapropositional logic, A a database over £L-for-
mulas and &7 a set of attack relations. A logical argumenta-
tion framework over A isapair A = (Arg(A), Attack(</))
where Arg(A) is the set of all arguments generated by A
and Attack(e/) C Arg(A) x Arg(A) is an attack relation
such that (Ay, A2) € Attack(</) iff there is some Z € o/
such that A; Z-attacks As.

In logical argumentation theory, the support relation can be
instantiated in several ways. The many definitions reflect
the different kinds of support among arguments. In the fol-
lowing, only the definition of direct support is given, which
can be seen as a positive counterpart to defeat rubuttal.

Definition 6 (Direct Support - [D-Sup)]
Let (T'1;¢1) and (Ta;12) be two deductive
A (AAB, A)
o °
Abstract Semi-Abstract Logical
a b A —A (A A B, A) (mA,-A)
[ ] [ ] [ ] [ J o —> 0

Fig. 2 Levels of abstraction relative to the different argumentation
frameworks introduced (Esther Anna 2025)
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arguments in Arg(A). We say that (I'y, 1) directly sup-
D-Su .
ports (L2, ¢p2) ((T'1, 1) = (T2, 902)) if Y1 F 4o

We can find many intermediary levels of abstraction between
Dung’s style argumentation frameworks and logical argu-
mentation frameworks. In Corsi and Fermiiller (2017,
2018a), the authors have introduced semi-abstract argumen-
tation frameworks (SAFs). SAFs are logical argumentation
frameworks in which the arguments are still understood as
complex entities, but the claims are the only part instanti-
ated. In SAFs, attack principles (see Corsi and Fermiiller
(2017)) have been introduced and they can be intuitively
seen as rules that refine the existence of the attack relations
whenever the arguments involved share some propositional
formula. See Fig. 2.

Definition 7 (Semi-Abstract Argumentation framework
(SAF))

A semi-abstract argumentation framework (SAF) is a
pair S = (C(AF),%—,), where C(AF) is a set formu-
las representing claims of arguments of a logical argu-
mentation framework A = (Arg(A), Attack()), ie.,
C(AF) ={p | (T,¢) € Arg(A)},and Z_, isanattackrela-
tiondefinedover C(AF) x C(AF)suchthat (1, 2) € Z—,
iff there is some (T'1, ¢1), (T2, @2) in Arg(A) and Z € o
such that (I'1, 1) Z-attacks (I'z, @2).

In a semi-abstract setting, X — A can be interpreted as
“there exists an argument with claim X that attacks an argu-
ment with claim A.” Let us recall the attack principles.

(A4.N) IfX — AorX — Bthen X — AAB.
(Av) IfX — AvBthen X — Aand X — B.
(4D) IfX — Band X—/+Athen X — A D B.
(4.-) IfX — Athen XA,

(CN) IfX — AANBthenX — Aor X — B.
(Cv) IfX — Aand X — BthenX — AV B.
(CD) IfX — AD Bthen X — Band X/~ A.
(C.—) IfX—/>Athen X — —A.

In a fully instantiated logical argumentation framework the
attack principle (A.A) can be read as follows. In a given
framework, if there exists an argument with claim X such
that it attacks (using a specific attack relation) an argument
with claim 4, then there are arguments with claim A A B
that are also attacked by the argument with claim X. Thus,
the attack principles can also be defined in fully instantiated
frameworks.

As shown in Corsi and Fermiiller (2017), all of the above
attack principles can be used, together with the definition of
an argumentative entailment relation, to recover recover a
complete semantics for CL (classical logic).
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It is not surprising that some of these attack principles
are intuitively very demanding and also, considering the fol-
lowing modal interpretation of the attack relation, not for-
mally justified.

WX — A) = O(X A -A).

The attack principles justified by the modal interpretation ¢
of the attack relations are:

MAP = {(A.A), (A.V), (C.V), (C. D), (A.)}.

Neglecting the problematic attack principles, it is possible
to characterise a fragment of the classical sequent calculus
in which some of the logical rules are missing. This calculus
is referred as LM and consists of the rules for classical logic
LK except for (—,7), (A,7) and (D,1).

3 T-norm based fuzzy logics

We will now recall the basic definitions relative to
Lukasiewicz (L), Godel (G) and product logic (IT), the
three fundamental t-norm based fuzzy logics (Hajek 1998).

Definition 8 (t-norm) A t-norm (or triangular-norm) is a
binary function * on [0, 1] such that

1. x is commutative and associative.
2. x is non-decreasing in both arguments.
3. 1xx=xand0xz=0forall z € [0,1].

A t-norm * is a continuous t-norm if it is continuous on
[0,1]2. For an extensive study of t-norms and continuous
t-norms see Klement et al. (2013).

The Lukasiewicz, Go6del and product t-norms are,
respectively,

xxg y=max{0,x +y—1},
x *g y = min{x,y} and
THEILY =T Y.

Considering the continuous t-norms as truth functions for
conjunction, the corresponding truth function for implica-
tion can be defined uniquely. The truth function for implica-
tion is called residuum.

Let x be a continuous t-norm. Then, forany z, y, z € [0, 1],
the operation

xD.y=max{z|zxz<y}

is the unique operation satisfying the condition

(xx2) <yiff z<(xz D, y).

Here below, we recall the residuum of *g, , g and *7.

2 Dy, y=min{l,1 —z+y}

1 ifa<y

T Dug Y= { y otherwise.
1 ifz<y

T D4 Y= % otherwise.

Since for any continuous t-norm * the function min and
max can be defined in terms of * and D, 1, and they extend
the bivalent truth-tables for classical conjunction and dis-
junction on {0, 1}, respectively, we can consider them the
truth-functions of weak conjunction (\) and weak disjunc-
tion (V) while the one interpreted by the t-norm is referred
as strong conjunction (&). In the case of Godel logic the two
conjunctions coincide, but they differ for all other t-norms.
Negation can be defined as =& := x D, 0, the fuzzy inter-
pretation of reductio ad absurdum.

The (residual) negation of the three continuous t-norms
considered is defined as follows:

_ _J 1 ifz=0
T#e® = 5n? =\ 0 otherwise.

The functions *, D,, min and max equip the interval [0, 1]
with an algebraic structure that can be used for a standard
definition of algebraic semantics for fuzzy logic. These
algebras are called t-algebras (see Cintula et al. (2011)) and
we denote them by [0, 1]*. The t-algebra of « is the algebra

[0,1]* = ([0, 1], *, D, min, max, 0, 1).

For any set of K of continuous t-norms we denote the cor-
responding set of t-algebras by K, and vice versa. Now we
can define the syntax and standard semantics of logics based
on continuous t-norms as follows.

Definition 9 (Syntax and Standard Semantics of Logics of
Continuous T-norms Cintula et al. (2011)) The language £
of the propositional fuzzy logic Lg of continuous t-norms
consists of the propositional variables p, ¢, 7, , the binary
propositional connectives & (strong conjunctions), O (impli-
cation), A (weak conjunction), V (weak disjunction), the

' min{z,y} =z * (z Dx y) and
max{z,y} = min{(z D« y) D« Y, (y D« @) Dx x}.

@ Springer
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unary propositional connective — (negation) and the propo-
sitional constants 1 (truth) and 0 (falsity).

The set of propositional variables of £ will be denoted by
Var and the set of all formulas of £ by F'm . Capital letters
denote formulas and upper case greek letters denote sets of
formulas.

A [0, 1]-evaluation of propositional variables is a map-
ping e, : Var — [0,1]. The evaluation of propositional
variables extends uniquely the %-evaluation to all formulas
by the following recursive definition. For any proposition
variable p and any formula 4, B:

e.(p) = e(p) e.(0) =
) STk Ct) e
e, (AZB) = e.(A)  e.(B)
ex(A D B) =e.(A) D, ex(B)
ex(A N B) = min{e.(A),e.(B)}
ex(AV B) = max{e.(A),e«(B)}

The standard consequence relation of Lk is defined as
follows.

Definition 10 (Standard Consequence Relation of Lg Cin-
tula et al. (2011)) A x-evaluation e, is a x-model of a set I'
of formulas ife(A) = 1 forall A € I'. A formula 4 is a stan-
dard consequence of T in L (I' Ex A) if for each * € K,
all x-models e, of I are x-models of 4.

A formula 4 is Lg-valid, Fx
-evaluations e,.

In general it is not possible to axiomatize the consequence
relation =k by rules with finitely many premises, but its

finitary version® ="

A, iff e.(A) =1 for all %

is finitely axiomatizable for any set K
of t-algebras, with modus ponens as the only deduction rule.

Definition 11 The logic of a set K of continuous t-norms (or
equivalently the logic of K) is identified with the finitary

consequence relation Izém and denoted by L.

The logics of *y , *g and *gg are, respectively, Lukasiewicz
(L), product (IT) and Gédel logic (G). The logic of all con-
tinuous t-norms is the basic logic (BL).

In Definition 10, “1” is the only designated truth-value
and the consequence relation is defined semantically by the
truth-preserving paradigm. It is possible to define an alter-
native consequence relation, the order-based consequence
relation, that preserves not only truth in its maximal degree,

2T }:me A iff there is a finite set I” C T such that T’ = A.

@ Springer

but all available degrees. Refer to Font (2015) for a detailed
introduction to the two consequence relations.

Definition 12 (Order-Based Consequence Relation) A for-
mula 4 is a order-based consequence of T'in Ly (T’ |:I§( A)
if for all evaluation e, inf cr e, (y) < e.(A).

For all three logics L, G and IT we can define a standard
consequence relation and an order-based consequence rela-
tion. If we only consider validity, then the two consequence
relations coincide, i.e. =i A iff |:IS< A. Note that, modus
ponens 1s not sound with the order-based consequence
relation.

Axiomatic systems for logics of continuous t-norms can
be defined. A Hilbert-style axiomatisation sound and com-
plete for Lukasiewicz Logic is the following.

Tr]: (FOG)D((GD>H)D(FDH))
Wel: FD>(GDF)

Ez]: (FD>(GDH))D(G>(FDH))

A-1] (FANG)DF

A-2] (FAG) DG

A-3] (HODF)D((HDG)D (HD>(FAG)))
v-1] F>(FVQG)

V-2] GD>(FVG)

V-3]: (GODF)D((HDF)D(GVH)DF))
Lin]: (FD>G)V(GDF)

1] 1>oF

Wajl: (FOG) DG D(GDF)DF)

together with the deduction rule of modus ponens.

[MP]: from F and F D G, infer G.
Theorem 1 The above Hilbert-style system is sound and
complete for Lukasiewicz logic. In other words: a formula F
is derivable in the system iff F is L-valid.

As axiomatic system for Godel logic we consider [77], [ We],
[Ex], [A=1], [A=2], [A=3], [V=11, [v=2], [V=3], [Lin], [L]
plus [Con] and modus ponens as inference rule.

[Con]: (FD(FDG)D(FDG)

As axiomatic system for product logic we consider

BLl]: (FO>B)D((GDH)D(FDH))
BL4]: F&(FD>G)DG&(GDF)

BLb5a]: (F&G D H)D (FD(GDH))

BL5b|: (FD>(GD>H))D(F&G D H)

BL6]: (F>G)DH)>(((G>F)D>H)DH)
BL7]: 1OF

Pj: -FV((F > F&G)DG)
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together with modus ponens.

4 Bipolar T-norm based argumentative
frameworks

The consequence relations recalled in Definition 10 and
Definition 12 can be considered as the method of inference
between a support set and a claim of an argument. Thus,
we can recover two definitions of t-norm based arguments.
In these definitions, as in Arieli and Straer (2016, 2015,
2019), we do not make any assumption on the support set
except for requiring it to be a set of formulas in F'm .

Definition 13 (Argument based on |=x) Let £ be the lan-
guage of the propositional fuzzy logic Lx and F'm, the
set its well formed formulas. Let A be a finite set of propo-
sitional formulas in F'm,. An argument based on = is a
pair (I'x, X) such that

1. qu{X}gFmL,
2. I'sx C Aand
3. T'x EFx X.

Definition 14 (Argument based on )=I§<)

Let £ be the language of the propositional fuzzy logic
Ly and Fm the set its well formed formulas. Let A be a
finite set of propositional formulas in F'm . An argument
based on = is a pair (I'x, X) such that

1. FXU{X}QFmL,
2. I'sx C Aand
3. Tx Ex X.

To better understand the argumentative characteristics of
these two ways of defining a t-norm based argument, we
consider several attack relations and explore which attack
principles are justified, and which are not. Since the attack
principles are defined in terms of the claims of the argu-
ments, for this analysis, we consider attack relations defined,
at least partially, in terms of the claims of the arguments
as well. The attack relations we consider are the following:
defeat, compact rebuttal, defeating rebuttal and indirect
rebuttal.

Following Definition 13, we have that the argument
(Ta, A) attacks the argument (I'p, B) using the defeat
attack relation iff A = = A T'p, i.e. for every evaluation e
such that e(A) = 1, then e(—~ A T'p) = 1. By Definition 14,
the argument ("4, A) attacks the argument (I'p, B) using
the defeat attack relation whenever A ’:]% - AT, ie. for
every evaluation e, e(A) < e(~ AT'p).

The attack principles are implications between (disjunc-
tion or conjunction) of assertions of the form X — A or
X —/+A. Thus, in each attack principle we can distinguish
the premise and the conclusion. For example, the premise
of (A.N)is “X — A or X — B”, while its conclusion is
“X — A A B”. We say that an attack principle is justified
whenever the attacking condition of the conclusion of the
principle logically follows (in L) from the attacking con-
dition of the premise. We now analyse the attack principles
considering defeating rebuttal as attacking relation and both
definitions of L-based arguments. The other cases can be
found in Appendix A.

4.1 Analysis of the attack principles considering
[D—Reb] and =y,

We assume to work in fully instantiated argumentation
frameworks such that the arguments mentioned in the attack
principles belong to the set of arguments.

(AN I (T, X) 27 A) then X g, —A

, 1.e. for any evaluation e s.t. e(X) =1

,e(nA) =1—e(A) = 1. Since for any
evaluation e e(~(AAB))=1—¢(AANB) =
1 —min{e(A),e(B)} > 1 —e(A), if
1—e(A)=1,thenalsol —e(AAB) =1,ie.
X Er (A A B) and the principle is justified.
If (T, X) 272 p ) 5, A A BY, then

for any evaluation e such that
e(X)=1,e(-(AAB))=1ie.
1—e(AAB)=1-—min{e(A),e(B)}=1.
Therefore, either e(A) =0 or e(B) = 0, i.e.
either (I'x, X) 1D-Ret], (Ta, A), or

<Fx, X> [D—Reb)
justified.

(C.A)

(I'p, B) and the principle is

[D—Reb]

(AV)  IfTx, X) —=5 (T4yp, AV B),, then

X = (A V B), i.e. for any evaluation e s.t.
e(X)=1,e(~(AVB))=1—e(AV B) =

1 —max{e(A),e(B)} = 1. There-

fore, max{e(A), e(B)} = 0, which

implies both e(A) = 0 and e(B) = 0, i.e.

(T, X) 27BN ip ) and
<FX7 X>
justified.

If (Tx, X)

D—Reb
(Tx, X) 1D Ret], (T', B), then for any evalua-

tion e s.t e(X) = 1, we have that e(—A) = 1 and
e(—B) =1,1i.e.e(A) = 0and e(B) = 0. There-
fore,e(—(AV B)) =1 — max{e(4),e(B)} =1,

1D=Ret], (T'p, B). The principle is

[D—Reb]
-

(C.v) (T4, A) and
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(A.D)*

(C.o)*

(A7)

(C.m)

@ Springer

e (T, X) 27BN 0 s, AV B) and the

principle is justified.

If (T, X) 272y BY and
[D~Reb]

(T, X) 22T 4, A), then X =p, B

and X [£g, —A, i.e. for any evaluation e s.t.
e(X) =1,thene(-B) =1 —e(B) = 1, which
implies e(B) = 0. Moreover, there exists at

least one evaluation €’ s.t. ¢/(X) = 1 and

e’(A) > 0. To have the principle hold we would
need that for any evaluation e s.t. ¢(X) = 1, then
e(n(AD>B))=1,ie.1—e(A D B)=1from
which it would follow that e(A D B) = 0. Since
e(AD B) =min{l,1 —e(A) +e(B)},e(ADB)=0
onlyif1 —e(A) +e(B) =0,ic.e(4) =1

and e(B) = 0, but this does not follow from the
premises and the principle is not justified.

If (T, X) L2754 0, A S B), then

X Ern —(A D B), i.e. whenever

there is an evaluation e s.t. e(X) = 1
,thene(w(ADB))=1—-¢e(ADB)=

1 —min{1,1 —e(A)+ e(B)} = 1. Thus,
1—e(A)+e(B)=0,ie. e(A) =1and
e(B) =0.Frome(B) =0ande(4) =11t
follows that (T'x, X) 2", (", BY and

(T'x,X) M(FA, A). Thus, the attack

principle is justified. From the premise it follows

also that (I'x, X) D= Reb], (T4, A).

If (T, X) 277 1 A4) then

X E1 —A, ie. for any evaluation e s.t.
e(X)=1,e(-mA)=1—-e(A) =1ie.
e(A) = 0. We want to show that there
exists an evaluation ¢’ s.t. ¢/(X) = 1 and
e'(=(-A4)) < 1,i.e. ¢'(A) < 1. From the
premise we have that e(A) = 0. Therefore,
(Fx, X> [D—Reb]
is justified.

(-4, —A) and the principle

(D~ Reb]

If (Tx, X) —/—— (T4, A), then

for some evaluation ¢’ s.t. ¢/(X) = 1,

e'(-—A) = ¢/(A) < 1. However, from this
hypothesis it does not follow that for any evalua-
tionest. e(X)=1.e(-A4)=1—¢(4) =1,ie.
e(A) = 0. Thus, the principle is not justified.

4.2 Analysis of the< attack principles considering
[D—Reb] and |=¢

(A.N)

(C.A)

(A.V)

(C.v)

(A.D)*

[D—Rebd]
—_

If Ty, X) (T'p, A), then

X |:§ -4, i.e. for every evaluation

e,e(X) <e(—A)=1-—e(A). Since

for every evaluation e

e(A A B) = minf{e(A),e(B)} < e(4), 1 —e(A) <1 —el
. Therefore, e(X) <1 —e(A A B), ie.

(Tx, X) LA,
ciple is justified.
[D—Reb]
If (Tx,X) —— (T'anp, A A B), then
X |:§ —(A A B) i.e. for every evaluation e
e(X)<e(-(AAB))=1—min{e(A4),e(B)}1t
could be that there exists an evaluation e; s.t.
ei(A A B) = e;(A) and other evaluation e;
for which e; (A A B) = e;(B). Therefore, we
cannot deduce that for every evaluation e either
e(X) <e(—A)ore(X) < e(—B). The principle
is not justified.
[D—Reb]
If <Fx, X> e <PAVB; AV B>
, then X |:§ —(AV B) i.e. for every
evaluation e, e(X) < e(-(AV B)) =
1—e(AV B)=1—max{e(A),e(B)}. Since
for every evaluation e, e(A V B) > e(A)
and e(A V B) > e(B), it fol-
lows that 1 —e(AV B) <1 —e¢(A)
and1 —e(AV B) <1—¢(B),ie.

(Tx, X) L27F 0 A) and

(Tanp, A A B) and the prin-

(Tx, X) PR p o BY. The principle is

justified.

If (T, X) 272 p 0 A) and

Ty, x) 25y By, then X =5 —A

and X =5 -B, i.e. for every evaluation e,
e(X)<1—e(A)ande(X) <1—e(B). Since
e(A N B) = max{e(A),e(B)} =e(A) or
e(ANA B) = max{e(A),e(B)} = e(B),

e(X) <1—max{e(A),e(B)}ie.

<FX 7 X> [D—Reb]
ciple is justified.

If (T, X) 22 BY and

D, Reb)]

(Tx, X) L2504 A), then X =5 —B
and X béf —A, i.e. for every evaluation
e, e(X) <1 —e(B) and for some evalu-
ation e*, e*(X) > 1 — e*(A). We would
need to show that for every evaluation e,

(Tavp, AV B) and the prin-
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e(X) <1—min{l,1 — e(A) + e(B)}, but this
does not follow from the premises and the prin-
ciple is not justified.

[D—Reb]
If <Fx,X> _— <FADB7A D B>, then
for every evaluation e, X =5 —(4 D B), i.e.

(C.O)*

e(X)<1—e(AD B)=1-min{l,1—e(A)+e(B)}. Since
for every evaluation e,

min{1l,1 —e(A) + e(B)} > e(B), it follows
that 1 — min{1,1 — e(A) +e(B)} <1—¢(B)

Jie Dy, X) 2289 0 By

. However, the other part of the claim,

(I'x, X) M)(FA, A), does not follow from

the premise and the principle is not justified.

If (T, X) 278 pA), then X 5 -4,
i.e. for every evaluation e, e(X) < 1 —e(A). To
have the principle justified, we need to find some
evaluation e’ s.t. ¢/(X) > €’(A), but this does
not follow from the premise and the principle is

not justified.

[D~ Reb]
If Tx,X) —/—>(T'-a,A), then
X bé% -4, i.e. there exists an evaluation €’
s.t. €/ (X) > e/ (-—A) = €/(A). However, from
this premise it does not follow that for every
evaluation e, e(X) < e(—A) =1 — e(A). Thus,
the principle is not justified.
Whenever the attack relation is instantiated with direct
rebuttal and the arguments are defined using Definition

13, the attack principles justified are AP ‘E)L_Reb] ={(A.N),
(C.A), (AV), (C.V), (C. D), (A.=)}. If Definition 14 is
the one used for the definition of t-norm based arguments,

[D—Reb] — [(AN

(A7)

(C.m)

then the attack principles justified are AP
(A.V), (C.V)}.

In Tables 1, 2 and 3, we summarise the attack principles
justified by the defeat, compact rebuttal and indirect rebut-
tal attack relation considering the two definitions of t-norm
based argument. For the case of defeat, we have indicated
which additional conditions the arguments need to satisfy to
have the attack principle hold. Interestingly, the attack prin-
ciples justified by most of the attack relations under Defini-
tion 13, are the same satisfied by the modal interpretation
of the attack relation previously recalled and introduced in
Corsi and Fermiiller (2017). This is not the case whenever
the order-based definition is considered. In this case, none
of the attack relations considered satisfy either (C.D)* or
(A.—). The attack principle (C.—) is problematic with both
definitions. However, this is not surprising since it is a very
demanding principle. Again, we have a confirmation that
some of the attack principles are more acceptable, i.e. easier

Table 1 Attack principles justified by the defeat attack relation

[Def] EL |=§

(A1) T'a CTanB T'a CTanB

(A.V) FTavB CTaandTavp CT'p TFavp €Taand
Tave CT'p

(A.2)* I'p CTlass I'pCTa>B

(A.—) X X

(C.N) TanB CTaorTanp CTI'p TFaap CT4o0r
Tans €T

(C.v) 'n CTavporI's CTavs I'a CTavpor
I'pCTavs

(C.O)* T'aop CT'p, T4 CTaypand X

v ¢Ta
(C.—) X X

Table 2 Attack principles justified by the compact rebuttal attack rela-
tion

[C-Reb] ey s
(AN v v
(A.V) v v
(AD)* X X
(A-) v X
(C.A) X X
(C.V) v X
(C.O)* v X
(C.-) X X

Table 3 Attack principles justified by the indirect rebuttal attack rela-
tion

[I-Reb] E = E
(A.N) v/ v
(A.V) v/ v
(A.D)* X X
(A7) X X
(C.A) X X
(C.V) v/ v
(C.O)* X X
(C.H) X X

to justify, than others. In particular, those attack principles
satisfied by the modal interpretation of the attack relation
are justified in different scenarios: in sequent-based argu-
mentation frameworks and now also in t-norm based ones.
As shown in Corsi and Fermiiller (2018a), semi-abstract
argumentation frameworks are not adequate to characterise
fuzzy logics. In Corsi and Fermiiller (2018a), a complete
argumentative semantics for , G and II is recovered con-
sidering weighted semi-abstract argumentation frameworks,
i.e. argumentative frameworks where the attack relation
is graded. An alternative way to recover complete seman-
tics for the above mentioned logics is to consider bipolar
t-norm based argumentative frameworks. From now on,
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we consider as t-norm-based arguments only those defined
according to Definition 13.

Definition 15 (Bi-LAF) A Bipolar L-based Argumentation
Sframeworkisatriplet AF = (Ar, Attack(</), Support(.7))
such that:

Ar is a set of L-Lbased arguments, i.e. (T’
only if T =g, ¢

o7 is a set of attack rules and . is a set of support rules.
((Ta, A),('p, B)) € Attack(«/) iff there is some
X € of such that (T' 4, A) Z-attacks (I'p, B).

((Ta, A),(T'p, B)) € Support(.) iff there is some
Z € % such that (T' 4, A) Z-supports (I'p, B).

Uy € Ar if

The definition of Bipolar G-based and Bipolar IT-based
Argumentation Frameworks is similar. In bipolar argumen-
tation frameworks, we can define (bipolar) principles that
are similar to the attack principles, but in these, both rela-
tions are used. For example, for implication we can intro-
duce the following principle.

(CB,'.D) If(FX,X>—><I‘ADB,ADB>,then
(I'x,X) — (I'p, B) and
(T'x,X) = (T'4, A). In words: If an argu-
ment with claim X attacks an argument with
claim A D B, then the argument with claim X
also attacks an argument with claim B and sup-
ports an argument with claim 4.

If we consider a Bi-LAF argumentation frame-

work such that o/ = {[D—Rebl|} and

& = {[D-Supl}, the principle (Cp;.D) is justified. In fact,
if X =5, —(A D B),thenwhenevere(X) = 1, we have that
e(~(ADB)=1—¢e(ADB)=1.Thus, e(ADB)=0
holds. Since e(A D B) =min{l,1 —e(A4) +e(B)}, if
e(ADB)=0,then 1 —e(A)+e(B)=0, ie. e(4) =1
and e(B) = 0. Therefore, for any evaluation e such that
e(X)=1,e(A) =1and e(B) =0, we have that X =5, A
and X =3, —B.
In the same setting, also the following principles hold.

(As.V) If(Tx,X) = (Tayp, AV B), then

Px,X) = (T's,A) or T'x,X) = (I'p, B).
If X =5, AV B, then whenever e(X) = 1, we have that

e(AV B) = min{e(A),e(B)} = 1. Thus, either e(4) =1
ore(B) =1,ie. either X =, Aor X 1 B.
(AS.D) If <Fx,X> — <FA,A> and

<Fx,X> - <FADBaA D B>, then

<Fx,X> — <FB,B>
If X Fr, Aand X =1, A D B, then whenever e(X) = 1
we have that e(A)=1 and e(AD B)=1. Since
e(AD B)=min{l,1 —e(A)+e(B)} and e(A)=1,
e(A D B) =min{l,e(B)} = e(B). Thus, ¢(B) =1 and
X EL B.

@ Springer

(As.ﬁ) If <FX7X> =
<FX> X> #<F—\Aa "A>
If X =1 A, then whenever e¢(X)=1 we have that
e(A) = 1. Thus, e(—A) = 0and X =5 —A.
(Cp;) If 'x,X) — (T4, A),
Tx,X) = (I'.4,A).
If X |, —A, then whenever e(X) =1 we have that
e(mA) =1,ie. I'x,X) = (I'-4,A).
(AT) (I'x,X)= (I't,T) for every argument

(T'x, X).
X [ T forevery X.

(T4, A), then

then

5 Characterisingt, G and I1

To relate fuzzy logics to the realm of all possible t-norm
based argumentation frameworks that satisfy certain prin-
ciples like the ones discussed in the previous section, we
define a closure operation on t-norm based argumentation
frameworks similar to the one introduced in Corsi and Fer-
miiller (2018a).

Definition 16 (Syntactic Closure of Bi-LAFs) Given A a
finite set of propositional formulas, a Bi-LAF AF is syntac-
tically closed with respect to A if all formulas and subfor-
mulas of formulas in A occur as claims of some argument
in AF.

Definition 16 extends to Bi-GAFs and Bi-IIAFs in the
obvious way and we will suppress the explicit reference
to A whenever the context makes clear what formulas are
expected to be available as claims of arguments.

As explained in Corsi and Fermiiller (2018a), the fol-
lowing notion of immunity, provides a new view on logi-
cal validity that only refers to claims of arguments, to the
attacks and to the supports between them.

Definition 17 Let P be a set of principles. A formula F is P
-argumentatively immune (shortly: P-immune) if in all syn-
tactically closed Bi-LAFs (with respect to F) that satisfy the
principles in P, F'is not attacked.

In addition, as validity for the three logics analysed in the
paper is co-NP-complete (see Baaz et al. (2001) and Han-
ikova (2002)), the respective forms of argumentative immu-
nity can, presumably, be verified much more efficiently than
semantic properties that appear in the context of non-mono-
tonic reasoning, see the work of Gottlob in Gottlob (1992).

Let us denote with L P the following set of principles.
Some of them are attack principles, the others are the prin-
ciples just introduced.
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LP={AN), (CA), (AV), (C.v), (A.T), (Cpi.D),
(As.D), (As.\/), (CBi-_‘) }

As proved in the following proposition, LP-immune
arguments are closed over modus ponens.

Proposition 2 (Closure of L P-immune arguments over
Modus Ponens) If A and A O B are argumentatively £ P
-immune, then also B is argumentatively L P-immune.

Proof Since both 4 and A D B are L P-immune, then
for any X in a syntactically closed Bi-LAF framework
X . —Aand X e, —(A D B). Thus, there is an evalu-
ation e; s.t. e1(X) =1 and e;(—A) < 1 and an evaluation
e s.t. e2(X) = 1 and ez(—(A D B)) < 1. Our claim is that
X Fr —B for any X in the framework, i.e. there exists
an evaluation eg s.t. e3(X) = 1 and e3(—B) < 1. Since 4
belongs to the framework, also X A A is in the framework
and from the hypothesis it must be that X A A |5, —A and
X ANA WL —(A D B), ie. there is an evaluation ey s.t.
es(X N A) = landes(—(A D B)) < 1.Sincees(X AN A) =
min{es(X),es(A)} = 1, then e4(A) = 1. Moreover, since
es(—(A D B))=e4(A D B)=min{l,1 — eg(A) + es(B)}
and e4(A)=1, we have that es(—(ADB))=
1 —min{l,e4(B)} =1 — e4(B). Thus, from
es(—(A D B)) < 1, it follows e4(B) > 0 and e4(—B) < 1.
Therefore, for any argument X in the framework we can find
an evaluation showing that X 4, —B. O

Theorem 3 (Bipolar Argumentative Soundness of L ) Every
L -valid formula is argumentativelyL. P-immune.

Proof By Theorem 1 and Proposition 2 remain to check that
the axioms of the axiomatic system for Lukasiewicz logic
recalled in Sect. 3 are L P-immune. In the following, we
implicitly assume that all arguments occur in a Bi-LAF that
is syntactically closed with respect to the axiom in question.
In each case, we argue indirectly, and we derive a contradic-
tion from the assumption that there is an argument X that
attacks the axiom in question.

(7] If
X— (FD>GD>(G>H)D(F>DH)),then
by (Cp;.D) we have that X = F D (G D H)
and X — ((F > G) D (F D H)). Again
by (Cp;.D) we have X = F' O G and
X — F D H from which it follows, by (Cp; . D
), X — H and X = F'. Since X = F' and
X = F D> (G D H), by (As.D), we have
X = G D H and from X = F D G and
X = F, by (Ag.D), it follows X = G. Again
by (Ag.D), from X — G D H and X = G it
follows X = H which goes against X — H.

(We] IfX — F D (GDF),by(Cg;.D)itfol-
lows X — F D G and X = F. From
X — F D Gitfollowsby (Cp;.0) X = G
and X — F which is incompatible with
X =F.

[Ex] IfX —(FD>(GDH))D(GD(FD>H))by

(Cp;.D) it follows that X — (G D (F D H))

and X = (F D (G D H)). Again, by (Cp;.D),

we have that X — F' D H and X = G. Since

X — F D H it follows also X — H and

X = F.FromX = (F D> (G D> H)) and

X = Fby(Ag.D)itfollows X = G D H

and by X = G D H and X = G it follows

X = H which is incompatible with X — H.

If X — (FAG) D Fby(Cg,;.D) it follows

X—F,X—FANGand X -~ FANG

. Moreover by (A.A) we have X —/ F and

X —/~ G which contradicts X — F.

[A-2]  See the previous case.

A3 IfX — (HDF)D((HDQG)

D (H D (F AQG))) by (Cp;.D) it follows

X— (H>GED(HD>DFANG))and

X = H D F and again, by the same prin-

ciple we have X — H D (F A G) and

X = HD>G.Since X — H D (FAQG)

it follows X — F'A G and H = H. From

X — F NG by (C.A) it follows that X — F'

or X — G.Since X = H D Fand X — H

,by (As.D)wehave X = Fandby X — H

and X — H D (it follows X = G, but this is

in contradiction with X — For X — G.

IfX — F D (FVG)by(Cp;.D) we have

X —FVGand X = F.From X — FV G

by (A.V) it follows X — G and X — F which

is in contradiction with X — F.

[V-2]  See the previous case.

[v-3] If
X—(GOF)>(HO>F)>(GVH)DF))
by (Cp;.D) we have
X — (HD>F)>D(GVH)DF)and
X = G D F. Again, by (Cp;.D), we have also
X — (GVH)DFand X = H D F. From
X — (GV H) D Fitfollows also X — F
and X = GV H.Since X = GV H,by (Ag
.V) either

[A-1]

X =G (1

or

X = H. )
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In case (1), since X = G and X = G D F, by
(As.D) we have that X = F. However from X — F
and (Cp;.—) it follows X = —F and this is in contradic-
tion with X = F'. In case (2), we reach the contradiction
in the same way.

[Lin] IfX — (FD>G)V(GDF)from(A.V)it
follows X — F' D Gand X — G D F. From
X — F D G, by (Cp;.D), it follows X — G
and X = F while from X — G D F'it fol-
lows X — F and X = G and we have reached
a contradiction.

[L] If X — 1 D F, then by (Cp;.D) it follows

X — Fand X = 1. Thus by (Ag.—) and (A

.T) we reach a contradiction.

IfX —(FOG)D>GDH(GDF)DF),

then by (Cp;.D)wehave X — (GD F) D F

and X = (F' D G) D G. From

X — (G D F) D F again by (Cp;.D) we have

X — Fand X =— G D F. Therefore,

[Waj]

Xy —F, 3)

XkEL GDOF 4)

and

XkEFL (FO>G)DG. (3)
From (3) it follows that whenever e(X)=1

1—e(F)=1, e(-F)=, ie. e(F)=0. From (4)

it follows that whenever e(X)=1, e(GDF)=

min{l,1 —e(G)+e(F)} =1 and given e(F)=0
this is satisfied only if e(G) = 0. From (5) we have that
whenever e(X) =1 for some evaluation e, e¢((F D G)
DG)=1,ie min{l,1 —e(F D G)+e(G)} = 1. Since
e(F D G)=min{l,1 —e(F)+e(G)}, given e(F)=0
and e(G)=0, we have e(F D G)=1. Therefore,

Table 4 Principles used in Theorem 5

Axiom Principles used in the proof
[Tr] (CBi-D), (As.D)

[We] (CpBi.D)

[Ex] (CBi-D), (As.D)

[A-1] (CBi-D), (A.N)

[A-2] (CBi-D), (A.N)

[A-3] (Cgi-D), (As.D), (C.A)
[v-1] (CBi-D), (A.V)

[v-2] (CBi-D), (A.V)

[v=3] (CBi-D), (As.D), (As.V), (Cpi.7)
[Lin] (Cgi.D), (A.V)

[1] (CBi-D), (As.7), (A.T)
[Waj] (CBi-D)
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min{1,1 —e(F D G) + e(G)} = 0 while it should have
been 1.

In Table 4 we summarise which principles have been used in
the corresponding section of the proof. (JTheorem 4 (Bipo-
lar Argumentative Completeness of £ ) Every argumenta-
tively L P-immune formula is £ -valid.

Proof We have to show that if F'is not an L -valid formula,
then it is not L. P-immune. If F is not an L -valid formula,
then there is an evaluation e such that e(F') < 1. Since
e(—F) =1—e(F), any formula F is attacked by its nega-
tion, i.e. = F — F.[J

Concerning the attack principles needed to prove a
completeness theorem with G-based argumentation frame-
works, we first need to verify that the interpretation of
(C.N), (A.V), and (C.D)* are justified in in Bi-GAFs where
o/ = {[D—Reb|} and .’ = {[D-Sup|}.
(C.A)  If X =g —(A A B), then for any evalu-
ation e such that e(X) = 1, we have that
e(-(A A B)) = 1. Thus, min{e(A4),e(B)} =0
which implies either e(A) = 0 or e(B) = 0.
Therefore, either X =g —A4, or X =g —B.
If X ¢ —(AV B), then for any evaluation
e such that e(X) = 1, thene(=(AV B)) =1
. Therefore, max{e(A),e(B)} = 0, which
implies ¢(A) = 0 and e(B) = 0,i.e. X =g =B
and X =g A
If X =¢ =(A D B), then for any evaluation e
such that e(X) = 1, then also e(=(A D B)) =1
and this happens only if e(A D B) = 0. The
only case in which the implication has value 0
is whenever e(B) = 0 and e(A) > 0. Therefore,
e(-B) =1and e(—A) =0,i.e. X g B and
X g —A.
In addition, we also need the following principles.
(C%i.D) If<Fx,X> — <FADB,ADB>
,then (I'x, X) — (I'p, B) and
(Tx, X) = (D, A) I X g (4 B),
then whenever there is an evaluation e such that
e(X) =1,then e(—(A D B)) = 1. There-
fore, (A D B) = 0, from which it follows
e(B) =0and e(A) > 0. From e(B) = 0 it fol-
lows e(—B) = 1 and from e(A4) > 0 it follows
e(—A) = 0and e(——A) = 1. Conclusively,
X g “Band X =g ——A.
(T'x,X) — (T';, L) for every argument
(T'x,X). X Eg —L for every X.
Let us define the set GP of principles as follows.

GP = {(C.A), (A.V), (C.D)*, (A. 1), (Cz;. D)}

(A.V)

(C.D)*

(A1)
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Proposition 5 (Closure of GP-immune arguments over
Modus Ponens) If A and A D B are argumentatively GP
-immune, then also B is argumentatively G P-immune.

Proof We have to show that if

X fg —A (6)
and
X e ~(AD B), )
then
X fc -B. (8)

From (6) it follows that there exists an evaluation e;
such that e;(X) =1 and e;(—A4) < 1, from which it fol-
lows e1(-A) =0 and e;(A) > 0. From 7 it follows
that there exists an evaluation ez such that ex(X) =1
and ex(~(ADB)) <1, ie. ex(-(ADB))=0 and
e2(A D B) > 0. If we consider an evaluation e* such
that e*(X) =1, e*(A) = 1 and e*(A D B) = 1, then this
evaluation e* is compatible with both hypothesis 6 and 7.
Since e*(A D B) = 1, we have that e*(A) < e*(B). Since
e*(A) =1, it follows e*(B) =1 and e*(—B) =0, ie.
X Wg —B.0O

Theorem 6 (Bipolar Argumentative Soundness of G) Any
formula F is G-valid iff it is G P-immune.

Proof (=) Given Proposition 5, it remain to show that every
G-axiom is argumentatively GP-immune.

[Tr] If there is an argument X such that
X — (FD>G) >(G>H)D(F>DH)),then,
by (C’g;.D) it follows

X —(GDOH)D(FD>H) 9
and
X = -(F>G). (10)

From 9 and (C’z;.D) it follows

X —-F>H (11)
and

From 11 and (C'g;.D) it follows

X —H (13)
and
X = —F. (14)

From 14 it follows that whenever there is an evalua-
tion e such that e(X) = 1, then e(——F) = 1. Therefore,
e(—=F)=0and

e(F) > 0. 15)

From12itfollowsthatwheneverthereisanevaluationesuchthat
e(X) =1,thene(—-—~(G D H)) = 1,ie.e(~(G D H))=0
and e(G D H) > 0. Since e(H) = 0, from 13 it follows,
e(G) = 0. From 10 it follows that e(——(F D G)) =1,
e(—~(F D G))=0and e(F D G) > 0. Since e(G) =0, it
follows that e(F') = 0, but this is in contradiction with 15.

[We]  Ifthere is some argument X such that
X — F D (G D F), then, by (C'3;.D) we have
that
X—GDOF (16)
and

From 16 and (C'5;.D) it follows

X —F (18)
and
X = -—G. (19)

From 17 it follows that whenever there is an evaluation
e such that e(X) =1, e(=F') =1, i.e. ¢(F) = 0. From 18
it follows that whenever there is an evaluation e such that
e(X)=1,e(—-—F)=1,ie. e(~F)=0and e(F) > 0, but
this is in contradiction with e(F") = 0.

[Ex] If there is some argument X such that
X — (FO(GD>H))D(G>(FDH)),then,
by (C’z;.D) we have

X —G>((FDH) (20)
and
X = ——(F > (G>H)). (21
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From 20 and (C'g;.D) it follows

X—F>H (22)
and
X = -G (23)

From 22 and (C'5;.D) we have

X —H (24)
and
X = —F. (25)

From 24 it follows that whenever there is an evaluation
e such that e¢(X) =1, it follows e(H) = 0. From 23 it
follows that e(F) > 0 and from 23 it follows e(G) > 0.
From 21 it follows e(—=(F D (G D H))) = 1. Therefore,
e(F D (G D H)) > 0. This last inequality holds if either

e(GDH)>0 (26)
or
e(F)=e(G D H). 27

From 26 and e(H) = 0, it follows e(G) = 0, but this is
in contradiction with e(G) > 0. From 27, e(G) > 0 and
e(H) = 0 it follows e(G D H) = 0. Therefore, e(F) =0,
but this is in contradiction with e(F') = 0.

[A—1] Ifthere is some argument X such that

X — (FAG) D F, then, by (C'y;.D) it fol-
lows X — F and X = ——(F A G). There-
fore, whenever there is an evaluation e such that
e(X)=1,thene(F)=0ande(—(FAG)) =1
from which it follows min{e(F'),e(G)} > 0. In
particular, e(F') > O that is in contradiction with
e(F) =0.

[A=2] This case is similar to the previous one.
[A=3] Ifthere is some argument X such that
X —(H>F)>(H>G) > (H>(FAG)),then,
by (C’z;.D) it follows
X—(HD>G)DHDDFANG) (28)
and
X=—(HDF). (29)

From 28 and (C'5,.D) it follows
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X —H>(FAG) (30)
and
X = -—(H>G). (1)

From 30 and (C'5;.D) it follows

X — (FAG) (32)
and
X — ——H. (33)

From 32 and (C.A) it follows either

X -—F (34)
or
X —G. (35)

In the case 34 we have that whenever there is an evalu-
ation e such that e(X) =1, then e(F)=0. From 33
it follows that e(H) >0 and from 29 we have that
e(——(H D F)) = 1. Therefore, e(H D F) > 0. However
from e(H) > 0 = e(F) it follows e(H D F) =0 and we
have found a contradiction. In the case 35 we can reach a
contradiction in a very similar way.

[V—1] Ifthere is some argument X such that

X — F D (F V G), then, by (C'g,.D) we have

X —FVv@ (36)
and
X = —\—\F_ (37)

From36and (A.V)itfollows X — F'and X — G.There-
fore, whenever there is an evaluation e such that e(X) = 1,
e(F) =0 and e(G) = 0, but this is in contradiction with
what follows from 37: e(F') > 0.

[V—2] This case is similar to the previous one.
[V—3] Ifthere is some argument X such that
X —(GD>F)D>((H>F)>(GVH)DF)), then,
by (C’z;.D) we have
X—HD>F)D(GVH)DF) (38)
and
X — (G5 F). (39)
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From 38 and (C'g;.D) it follows

X— (GVH)DF (40)
and
X = -—(HDF). 41)

From 40 and (C'5;.D) it follows

X — F (42)
and
X = -—~(GVH). (43)

From 42 it follows that whenever there is an evalua-
tion e such that e(X) = 1, e(F) = 0. From 43 it follows
e(GV H) >0, ie. max{e(G),e(H)} > 0. Therefore,

cither

e(G) >0 (44)
or

e(H) > 0. (45)

In the first case we have that e(G) > e(F') = 0 from which
it follows e(G D F') = e(F') = 0, but this is in contradic-
tion with what follows from 39: (G D F') > 0. In the case
45 we reach a contradiction form 41 as in the previous point.

[Lin]  Ifthere is some argument X such that

X — (FD>G)V (G DF),by(Cy,.D) we have
X—F>G (46)
and
X—GDOF (47)

From 46 and (C.D)* it follows X — G and X -/~ F,
but this is in contradiction with what follows from 47 and
(CO)* X — Fand X -~ G.

[L1] If there is some argument X such that

X — 1 D F, then, by (C.D)* we have
X — F and X -4 L. However, this it cannot
be since every argument is supposed to attack
falsum as (A. 1) requires.

If there is some argument X such that
X — (FD>(FD>G)) D (F>G),by(Clg.D)
we have

[Con]

Table 5 Principles used in Theorem 6

Axiom Principles used in the proof
[Tr] (o))

[We] (C5;.D)

[Ex] (C’5;.D)

[A-1] (C’5;.D)

[A-2] (C’5;.D)

[A=3] (C'z;.D), (C.A)

[v-1] (Clg;-D), (AV)

[V-2] (C'z;.D)

[V-3] (C'z;.D)

[Lin] (C.D)*

[1] (C.O)* (A.L)

[Con] (Cg;-D)

X—F>G (43)
and

X = ~(FD>(FDQG)). (49)
From 48 and (C'3,.D) it follows

X —G (50)
and

X = -F. (51)

From 50 and 51 it follows that whenever there is an
evaluation e such that e(X) =1, then e(G) =0 and
e(F) > 0.Therefore,sincee(F) > e(G) = 0,e(F D G) =0
and e(F D (F D G)) = 0, but this is in contradiction with
what follows from 49: ¢(F D (F D G)) > 0 0.

Theorem 7 (Bipolar Argumentative Completeness of G)
Every argumentatively G P-immune formula is G-valid.

Proof We prove the theorem indirectly. Suppose there is a
formula F that is not G-valid, we will show that F' is not
argumentatively GP-immune. Since F that is not G-valid,,
then there is an evaluation e such that e(F') < 1. We distin-
guish two possibilities:

e(F)=0 (52)
or
e(F) € (0,1). (53)
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If e(F) =0 (52), then e(—~F) =1 and —F g —F, ie.
—F — F.Ife(F) € (0,1)(53),thene(—F) = 0.Therefore,
e(—F) <e(F) and e(F D —F) =0, i.e. also the formula
F D =Fisnot G-validand —(F D —F) — (F D —F).O

In Table 5 we summarise which principle has been used
in the corresponding sub-case of Theorem 6.

To recover a complete semantics for product logic, we
procede in a similar way. The attack principles needed are:
(A.V), (A.7), (C.D)*, (A.D)* together with two additional
attack principles regarding strong conjunction: (A. &) and
(C. &).

(A.&) If(Tx,X)— (T4, A)or
(T'x,X) — (I'p, B), then
<FX7X> — <FA&B,A&B>.
(C.&) If(T'x,X)— (Tagn, A&B), then

('x,X) — (Ta,A)or T'x,X) — (I'p, B).

Let us now verify that the above mentioned principles
are justified in Bi-IIAFs where &/ = {[D—Reb]} and
" = {[D-Supl}.
(A.-)  If X |=rp ——A, then for any evaluation e
such that e(X) = 1, e(-—A) = 1. Therefore,
e(-A) =0,ie X o A
If X Em —(A V B),, then for any evaluation
e such that e(X) = 1, then e(=(A V B)) = 1.
Therefore, e(A V B) = max{e(A),e(B)} =0
, from which it follows e(A) = 0 and e(B) = 0,
ie. X Fnp~Aand X = —B.
If X = —Aor X =1 —B, then for any
evaluation e such that e(X) = 1, then either
e(mA) =1,ie.e(A) =0,0re(-B) = 1,1ie.
e(B) = 0. Therefore, e(A) - e(B) =0, i.e.
X En “(A[INONSPACE&B).
If X = —(A&B), then for any evaluation
e such that e(X) = 1, then e(—(A&B)) =1
. Therefore, e( A& B)=0 which implies either
e(A) =0,ore(B) =0.
If X Eg —Band X £ —A, then, whenever
there is an evaluation e such that e(X) = 1
,then e(—B) = 1 and e(—A) < 1. There-
fore, e(B) = 0 and e(A) > 0 which implies
e(ADB)=0ande(-(ADB))=1.
If X = —(A D B), then for any evaluation
e such that e(X) = 1, then e(=(A D B)) = 1.
Therefore, e(A D B) = 0 and this happens only
ife(B) = 0and e(A4) > 0. From this it follows
e(—-B) =1land e(—A) =0,ie. X g B and
X %H —A.
Let us define the set ITP of principles as follows.

IIP={(A.-), (A.V), (A.1), (A. &), (C. &), (A.D)*}

(A.V)

(A. &)

(C. &)

(A.D)*

(C.D)*
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Proposition 8 (Closure of ILP-immune arguments over
Modus Ponens) If A and A D B are argumentatively T1P
-immune, then also B is argumentatively I1 P-immune.

Proof We have to show that if, for any X in the framework,

X m —A 54
and
X o —(A D B), (55)
then
X W —B. (56)

From 54 it follows that there is an evaluation e; such
that e;(X) =1 and e;(—A) <1, from which it fol-
lows e1(A) > 0. From 55 it follows there is an evalua-
tion ez such that e3(X) =1 and ea(=(A D B)) < 1, i.e.
e2(—(A D B)) =0 and ex(A D B) > 0. In particular, we
have that eo(A D B) > 0 if either

ea(A) < ea(B), (57)
from which it follows e3(A D B) =0, or

ea(A) > ex(B) and ey(B) >0, (58)

from which it follows es(A D B) = ZE?; If 58 is the case

we have already identified an evaluation such that e(X) = 1
and e(—B) = 0 from which it follows X W~ —B. Other-
wise, since both Xand 4 belong to the framework, also X A A
it does and from the hypothesis we have X A A 1 —A and
X AN AW —(A D B), i.e. there is an evaluation ez such
that e3(X A A) = 1 (from which it follows e3(X) = 1 and
e3(A) = 1) and e3(—(A D B)) < 1. Therefore, e3(A > B) >0
and if e3(AD B)=1, then 1=e3(A) <e3(B) from
which it follows e3(B) = 1; if e3(A D B) € (0;1), then
e3(A) > e3(B) > 0.Conclusivelyinbothcaseses(—~B) = 0.
([

Theorem 9 (Adequateness Theorem for G) Any formula F is
G-valid iff it is G P-immune.

Proof Given Proposition 8, it remain to show that every
axiom is argumentatively IIP-immune.

[BL1] Suppose there is an argument X such that

X— (F>B)D((GD>H)D(F>H)).By
(C.D)* we have that
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X—(GDH)D(FD>H) (59)
and
X -/ F>B. (60)

From 59 and (C.D)* it follows

X-—>F>H (61)
and
X /+GDH. (62)

From 61 and (C.D)* it follows

X—H (63)
and
X > F. (64)

From 60 and (A.D)* it follows

X +G (65)

or
X —F. (66)
From 62 and (A.D)* it follows X -/ H or X — G.

Since 63 holds, then also X — G and X — F, but this
is in contradiction with 64.

[BL4] Suppose there is an argument X such that
X — F&(F D G) D G&(G D F). By (C.D)*
we have
X —G&GDF) (67)
and
X -/~ F&(F D G). (68)

By 67 and (C. &) it follows either

X —a (69)

or

X —GDOF (70)

From 70 and (C.D)* it follows

X —F (71)
and
X 4G (72)

From 68 and (A. &) it follows

X 4 F (73)
and
X /4 FOG. (74)

From 74 and (A.D)* it follows either

X —F (75)
or

X -/ G. (76)
Since 72 holds, then 75 does not hold and X —/ G. There-

fore, 69 does not hold and 71 it does, but this is in contradic-
tion with 73.

[BL5a]  Suppose there is an argument X such that
X — (F&G D H) D (F > (G D H)). There-
fore, by (C.D)* we have
X —F>(G>H) (77)
and
X /4~ F&G D H. (78)

From 77 and (C.D)* we have that

X—GDH (79)
and
X = F. (80)

From 79 and (C.D)* it follows

X —H (81)
and
X /G (82)

From 78 and (A.D)* it follows either
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X — F&G (83)

or

X —G. (84)

Since 81 holds, 84 does not and from 83 and (C. &) we have
either X — F, that cannot be because of 80, or X — G
that is in contradiction with 82.
[BL5b]  Suppose there is an argument X such that
X — (FO>(GD>H))D(F&G D H).By
(C.D)* we have

X — (F&G) D> H (85)
and
X+ F>(G>H). (86)

From 85 and (C.D)* it follows

X —H (87)
and
X /4 F&G. (88)

From 88 and (A. &) it follows

X A/ F (89)
and
X 4G (90)

From 86 and (A.D)* it follows

X-/+~GDH (91)

or

X—F (92)

and from 81 and (A.D)* we have

X/ H (93)

or

X —d. (94)

@ Springer

Since 89 holds, 92 does not. Since 87 holds, 93 does not.
Therefore, should hold both X -~ G90and X — G (94),
but this cannot happen.

[BL6] Suppose there is an argument X such that
X—(FOG)>H)D((GDF)D>DH)DH)
. Therefore, by (C.D)* we have

X—({(GODF)DH)DH 95)

and

X 4~ (F>G)>H. (96)

From 95 and (C.D)* it follows

X —H 7
and
X /4 (GD>F)>H. (98)

From 96 and (A.D)* we have either

X /> H (99)

or

X —F>G. (100)

From 100 and (C.D)* it follows

X —dq (101)
and

X -4 F (102)
From 98 and (A.D)* it follows either

X+ H (103)
or

X—GDOF (104)

from which it follows, by (C.D)*, X — Fand X -/~ G.
Since 97 holds, 99 and 103 do not and 100 it does. However,
both 101 and 102 are in contradiction with what follows
from 104, and this it cannot happen.
[BL7] Suppose there is an argument X such that
X — 1 D F. Therefore, by (C.D)* we have
X — Fand X —/ L, but this it cannot be
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since every argument is supposed to attack | as
(A. 1) requires.

[P] Suppose there is an argument X such that
X — =F V ((F D F&G) D Q). Therefore, by
(A.V) we have

X — -F (105)

and

X — (FD (F&@G)) D F. (1006)

From 105 and (A.—), it follows

X /4~ F (107)
From 106 and (C.D)* it follows X — F and

X -/~ F D (F&G). However X — F' is in contradic-
tion with 105.

CITheorem 10 (Bipolar Argumentative Completeness of P)
Every argumentatively I1 P-immune formula is P-valid.

Proof We prove the theorem indirectly. Suppose there is a
formula F that is not P-valid, we will show that F is not
argumentatively ITP-immune. Since F that is not P-valid,,
then there is an evaluation e such that e(F") < 1. We distin-
guish two possibilities: (a) e(F') = 0, and (b) e(F') € (0, 1).

(a) If e(F) =0, then e(—F) =1 and —F = ~F, ie.
-F — F.

(b) If e(F) € (0,1) then
e(-wF)=0.  Therefore, e(—F)<e(F) and
e(F D —F) =e(—F) = 0,i.e.alsotheformula F’ D —F
is not P-valid and —=(F D =F) — (F D —F).O

6 Related work

In Sect. 2, we recalled the notion of attack principles; in
Sect. 4, we introduced bipolar and support principles. The
analysis of argumentative frameworks based on such prin-
ciples can be seen as a postulate-based investigation, a stan-
dard mode of analysis in formal argumentation. Caminada
and Amgoud did the first works on postulates in argumenta-
tion (see Caminada and Amgoud (2005, 2007)). The postu-
lates introduced in these works are more general than the
principles recalled and introduced in the previous sections
and the correspondence with the two can be found only in
specific cases. In addition, also the general perspective is
different. In the work of Caminada and Amgoudit, the pos-
tulates serve as metrics for measuring the quality of a given

argumentative framework and they are desirable properties

that any well-defined framework should satisfy. By contrast,

we do not justify any principle a priori but rather analyse,
under specific and given circumstances, which of these prin-
ciples apply and which do not.

In Gorogiannis and Hunter (2011), Gorogiannis and
Hunter introduce additional logic-based postulates about
the attack relations. Also in this case, under specific cir-
cumstances, some of our attack principles coincide with
such postulates. These postulates are useful for classifying
the attack relations. In fact, the authors use them to char-
acterise some of the attack relations and show that an arbi-
trary attack relation satisfies a specific list of postulates if
and only if the attack relation % is a specific element of
of = {|Def], [Ucut], [Reb|, [C-Reb], [D-Reb], [I-Reb]| }
Let us now recall some of the postulates introduced Goro-
giannis and Hunter (2011) and give the corresponding inter-
pretation within the argumentative frameworks defined in
Sect. 2. Let (I'1, ¢1), (I'2,%2) and (I's, 13) be three deduc-
tive arguments (Definition 3).

(DOYIF (s, 46r) = (T4, 04) and (s, ia) = (I, %) (the
sign = stands for logical equivalence), then (T'1, 1)
Z-attacks (T'a, 1)) iff (T, 1)) Z-attacks (I'y, h).

(Dl)If <Fl7 ’(/)1> I -attacks <F2, ’l/)g>, then ¢y Ul F L.

(D2)If (T'y, 1) Z-attacks (T, 1)) and 13 = 11, then
<F3, 2/13> P -attacks <F27 ’(/J2>

Postulate (DO) is a syntax-independence requirement. The

syntax of the components of two arguments should not play

arole in defining the attack relations.

Postulate (D1) affirms that if an argument attacks another
argument, then the claim of the attacking argument is incon-
sistent with the support of the attacked one.

Postulate (D2) states that arguments with equivalent
claims should attack the same argument. As future work, it
would be interesting to characterise different support rela-
tions in terms of support principles.

In the recent work by Arieli, Borg and Strafer Arieli et al.
(2023), the authors provide an exhaustive postulate-based
study of the properties of logical argumentation frameworks.
In addition, they give a complete characterization of their
semantics and inference relations. In this work, arguments
are not defined as in Definition 3 and only minimal require-
ments are made on their structure. By not requiring that the
support sets are neither minimal nor consistent, the authors
capture a wide range of logic-based arguments and avoid
some computational concerns. With the same perspective
as the other cited works, the authors consider several desir-
able properties and then check in which setting they can be
warranted. In the present work, we rather investigate which
principles can be formally justified without prior desire for
their level of acceptability.
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A comprehensive analysis on the rationality postulates in
the ASPIC™ and ABA systems can be found in D’ Agostino
and Modgil (2018); Modgil and Prakken (2013, 2018).

7 Conclusions and future work

In the present paper, we have introduced new semantics for
the main three t-norm based fuzzy logics based on t-norm
based arguments and bipolar frameworks. We have focused
on a specific instantiation of both attack and support rela-
tion, namely direct rebuttal and direct support. This choice
isrelated to the fact that the principles considered are defined
in terms of the claims of the arguments. Considering argu-
mentative principles defined using also the supports of the
arguments, it would be interesting to investigate whether it
is possible to recover additional complete semantics for the
same logics based on different instantiations of the attack
and support relation. The overall methodology used to
prove our results is similar to the one used in Corsi and Fer-
miiller (2018a). What changes is the underlying framework
both on the level of definition of arguments, we have intro-
duced t-norm based arguments, and on the possible relations
among them, we consider instantiations of both the attack
and the support relation.

Some of the principles introduced are easier to justify
than others. This is not surprising and it has already been
the case in the characterisation of classical and fuzzy log-
ics in Corsi and Fermiiller (2017) and Corsi and Fermiiller
(2018a). The specificity of some principles might be seen
as a way to look at the characteristics of the various logics
from a new perspective and answer to the question “what is
needed on the level of argumentative frameworks in order to
characterise, e.g., Lukasiewicz logic?"

As future work, we aim to investigate the potential bene-
fits of argumentation-based semantics of fuzzy logics in var-
ious types of applications. It would be of particular interest
to examine whether the argumentative principles outlined
in Section 4 are applicable in real-world scenarios such as
discussion analysis and conflict resolution. Thus, it would
then be relevant to compare the present work with Gonzalez
et al. (2021); Karamlou et al. (2019).

@ Springer

Appendix A: Justification of the attack
principles considering t-based arguments

A.0.1 [Def] and |=1 -based arguments

(AN I (T, X) 29 im0 A then X =r, = AT4

, i.e. for any evaluation e s.t. e(X) = 1,
e(- AT'a) = 1. For every evaluation e we have

e(wATa)=1-e(AT4) =1—minyer,(e(7))
. Therefore, considering the argument
(Cang, AN B),ifT'y4 CTap, we have

1- min,yepA (6(7)) <1- min’yGFA/\B (6@/))
and if 1 — min er, (e(y)) =1

also 1 — minyer,,,(e(y)) = lie.

X Er — AT anp- The attack principle is
justified.

1f (D, X) 205 (00, AN BY
, then X ':L - /\ T'anB, ie. for
any evaluation e s.t. e(X) = 1,
e(=ATanp) =1 —minyer,, ;(e(y)) =1
. Therefore, (I'x, X) 1Dedl, (T'a, A) or
(Tx, X) 2L 0 BY only if cither
Papp CTaorlanp CI'p.
If (Tx, X) L9 ryup, AV B)
,then X =5 ~ AT ayp, ie. for
any evaluation e s.t. e(X) = 1,
e(=ATavp) =1 —-minyer, ;(e(y)) =1
. Therefore, (I'x, X) 1Pefl, (T'a, A) and
<FXa X> [Def]} <FB, B> Only ifFA\/B - FA
and'4yyp CI'p.

[Def]
If <Fx,X> — <FA, A> and
(Cx, X) 29 (0 B), then
X ':L —\/\FA and X ':L —|/\FB
, i.e. for any evaluation e s.t. e(X) = 1
e(=/\Ta) =1 - min (e(y)) = e(~ \T's)

=1- g;g(e(v)) =1

Therefore, (I'x, X) 1Dedl, (Tavp, AV B) only
ifeitherI'y CTyyporl'g CTaypB.
If<Fx,X> % <FA3B;A D) B>, then

for any evaluation e s.t. e(X) = 1, then
e(mATasp) =1-—minyer,,,(e(y)) =1
AfTa5p C ', then

minyerg (e() < MiNyer, -, (e(7) and

1 —minyer, ;5 (e(y)) <1 —minyerg(e(v))

(C.A)

(A.V)

(C.V)

(A.D)*
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(C.O)*

(A7)
(C.m)

[Def]

. Therefore, (I'x, X) ——= (', B). To show
[Def]

that (I'x, X) ~£25 (I 4, A) follows from the
hypothesis, we need to find a specific evaluation
e*s.t.e*(X)=1,but 1 —minyer,(e*(y)) <1
while 1 — min,er,- ,(e*(v7)) =1

. Given an evaluation e s.t. e(X) = 1

, if we indicate with ;" the elements of
FCaspste(y]) = minyer, 5 (e(7))

,ifI'a CTa5p and ) € T'4 for any i,

then min, er,, (e(7)) < miner, ((7))
from which it follows

1~ min,er, (e()) < 1 - min,er,,. , ((7)):

If (T, X) 2% 0y BY and

('x, X) %(FA, A), then for

any evaluation e s.t. e(X) = 1,

e(mAT's) =1 —miner,(e(y)) =1 and
there is an evaluation e* s.t. ¢*(X) = 1, but
e*(=AT4) =1—minyer, (e*(v)) < 1. There-
fore, (I'x, X) —— LEZIN (Ta5p, A D B) only if

I's CTass.

The principle is not justified.
The principle is not justified.

A.0.2 [Def] and |:f-based arguments

(A.N)

(C.A)

(A.V)

(C.v)

If (T, X) 27

X |:§ - AT 4, i.e. for every evaluation e,

e(X) < (= AT4) = 1 - min,er, (¢())
. If we consider the argument
(Tang, AN B),ifT'y CTgnp, we have

1- min’YGFA (6(7)) S 1- min’YGFAAB (e(ly))
. Therefore, for every e we have

e(X) <e(=ATang),ie

(T4, A), then

(I'x,X) —= LEZIN (Tanp, A A B) and the prin-
ciple is justified.

Defl, .
If (Tx,X) ——= (T'anp, A A B), then it

follows either (I'x, X) —— 1Defl, (T4, A) or

I'x,X) —— oSl (T, B) ifeither Typnp C T4
or 'anp C I'p, respectively.

If (T, X) 2% Dy s, AV BY, then
it follows (Tx, X) 2L (1, A) and

Ix, X) —— Dedl, (T'p,B)onlyifTyyp C T4
andI'gvp C I'p.

If (T, X) 29 1y A) and

[D€f]

(I'x,X) ——= (I'p, B), then it follows

(Tx,X) —= (Tavp, AV B) only if either
FyCTlavporl'p CTayp.

AD)* If{Tx,X) —— [Def] (Ta>B, A D B), then for any
evaluation e ¢(X) < e(—~ AT a5p), There-

fore, if Tasp C Ty (Tx, X) 2 0y ).
However from the hypothesis we cannot deduce

[DEf]

that (I'x, X) %(FA, A). The principle is not
justified.
€Oy If (T, X) 2 0y BY and

(T'x,X) %(FA, A), then it follows

(T, X) L2900 45 5, A S B) only if

I'p CTass.
(A.—) The principle is not justified.
(C.—) The principle is not justified.

A.0.3 [C-Reb-1] and |=; -based arguments

[C-Reb-1]
ey

AN If(Tx,X) (T4, A), then

I'x 1 —A4, ie. for any evaluation e s.t.
e(ATx)=1,e(-A) =1—¢(A) = 1. Since for
every evaluation e e(A) > (A A B),ife(A) =0
alsoe(AAB)=0ande(~(AAB))=1,ie.

(T, X) LB p o AN BY).
(C.A) I Ty, X) B p o AAB)

, then for any evaluation e s.t. e(AT'x) =1
,e((AANB))=1—e(AANB)=1,ie.
min(e(A), e(B)) = 0. However, this is different
from having either e(A) = 0 or e(B) = 0. The
principle is not justified.

(AV) I Ty, X) B p o AV B)

, then for any evaluation e s.t. e(AT'x) =1
,wehavee(—-(AV B)) =1, ie.

1—e(AV B)=1-—max(e(Ad),e(B)) =1
from which it follows max(e(A),e(B)) =0

. Since e¢(A) < max(e(A),e(B)) and

e(B) < max(e(A), e(B)) for any evaluation
e, if max(e(A),e(B)) = 0also e(A) = 0 and

e(B) =0,ie. (I'x, X) M (T4, A) and
(Tx, X) 2, pp By,

(Cv)y If{Tx,X) 10=Rebr], (T'4, Ay and
(I'x, X) M (T'p, B), then

for any evaluation e s.t. e(ATx) =1
we have e(—A) =1 —e(A) = 1 and

@ Springer



E. A. Corsi

e(-B)=1—-¢(B) =1,i.e.e(A) =0and
e(B) = 0. Therefore, max(e(A4),e(B)) =0
,1 —max(e(A),e(B)) =1and

C-Reb-1
(Tx, X) LB 0 AV BY).

(AD)*  If Ty, X) LB p A5 B)

, then for any evaluation e s.t. e(AT'x) = 1
,e(n(ADB)=1-¢ADB)=1
,i.e.e(A D B) = 0. Since

e(A D B) =min(1,1 —e(A) + e(B)),
1—e(A)+e(B)=0,ie. 1+ ¢(B)=e(A)
which implies e(B) = 0 and e(A) = 1. There-
fore, whenever an evaluation e is such that
e(ATx)=1,thene(—-B)=1—e(B) =1
ande(—mA)=1—¢€(4)=0

Jie. Dy, X) L5 p o BY and

(Cx,X) M(FA, A). The principle is
justified.

If (Tx, X) (T, B)

and (U, X) G50, )

, then whenever an evaluation e is s.t.

e(ATx)=1l,e(-B)=1—-¢(B)=1

,l.e.e(B) =0.Since e(B) =0

e(A D B) =min(1,1 —e(A) + e(B))
=min(l,1 —e(A)) =1—e(4)

[C-Reb-1]

to have (I'x, X) ——— (T'a5p,A D B)

we need to show that (A D B) < e(B)

,ie. 1 —e(A) < e(B). In fact, if this

last inequality holds we would have

l=1-eB)<1—-1+4+¢(A)=1—¢e(ADB)

,ie. (Ix, X) 1e-Reb1], (Fasp, A D B)

(C.o)* [C-Reb-1]

. In order

. However, we are under the hypothesis that
e(B) = 0, Therefore, we would need e(A4) = 1

for any e while from the hypothesis that

(I'x, X) QM(FAJD we can only have

that for some e* s.t. e*(AT'x) = 1, e*(A4) > 0.
The principle is not justified.

If (T, X) 150 p, A), then

for any evaluation e s.t. e(AT'x) =1
,e(mA)=1—e(A)=1ie. e(A) =0.
Therefore, e(——A) =1 -1+ ¢(A4) =0, i.e.

(Cx,X) M(Fg, —A). The principle is

justified.
[C5Reb-1]

If (I'x, X) —/——(T'p, ~A), then there
is some evaluation e* s.t. e*(AT'x) = 1 and

e*(—nA) = e*(A) < 1. In order to have

<FX X> [C-Reb-1]

(Am)

(Cm)

(T4, A) we would need

@ Springer

e*(mA)=1—e*(A) =1lie.e*(A) =0, but
from the hypothesis we can only infer e*(A) < 1
. Therefore, the principle is not justified.

A.0.4 [C-Reb-1] and I:E-based arguments

(A.A)  The principle is justified for the same reason (A.A)
holds using Definition 13.

(C.N) The principle is not justified because from
e(ATx) <1—e(AA B) we cannot deduce neither
e(ATx) <1—e(A)nore(ATx) <1—e(B) since we
only know that 1 — e(A4) < 1 — min(e(A), e(B)).

(A.V) The principle is justified for the same reason (A.V)
holds using Definition 13.

(C.V) The principle is not justified.
A2y Ik X) T A B)

, then for every evaluatione e(AT'x) <1 —e(4A D B)

. Since e(A D B) = min(1,1 — e(A4) + e(B)), if
1—e(A)+e(B)<1,thene(ADB)=1—¢(A)+e(B)
. Therefore, e(B) < e(AD B).If1 —e(A) +e(B) > 1
e(A D B) = 1and also in this case e(B) < ¢(4A D B)

. In any case (I'x, X) 1o-Reb], (T'p, B). How-

ever, from the hypothesis we cannot deduce that

(T'x, X) %CM%FA, A). Thus, the principle is not justi-

fied, but its shorter version (A.D)* holds.

€Oy If(Tx, X) LB p L BY, then for every
evaluation e (A T'x) < 1 — e(B) and in order to show

that (Tx, X) 25 0 o A 5 B) we would need

1—e(B) <1—e(A D B),but this it cannot be because
for every evaluation e, e(B) < e(A D B). The principle is
not justified.

(A) If (C'x, X) (T'a, A), then for any

evaluation e e(AT'x) < e(—A) = 1 — e(A). In order to

show that (I'x, X) M(Fg, —A) we would need

e*(ATx)>1—e*(—A) = e*(A) for some evaluation e*,
but it does not follow from the hypothesis and the principle
is not justified.

C-Reb-1

(C.—) If (T, X) S5 0 - A), then there
exists some evaluation e* s.t. e*(AT'x) > e*(A) and in

order to have (I'x, X) 1o-Reb1], (T4, A) we would need
that for any evaluation e (A T'x) < 1 — e(A), but this
cannot be deduced from the hypothesis. Therefore, the
principle is not justified.

[C-Reb-1]
-
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A.0.5 [I-Reb] and |=; -based arguments

(A.N)

(C.A)

(A.V)

(C.v)

If (Tx, X) 1Ret], (T4, A), then there is a

formula p € Fmyg s.t. X g, pand A =1, —p
. Therefore, whenever there is an evaluation e
s.t.e(X) = 1e(p) = 1 and whenever e(4) = 1,
e(—p) = 1. Since e(A A B) = min{e(A4),e(B)}
, whenever e(A A B) = 1,both e(4) =1

and e(B) = 1. From the hypothesis we have

that from e(A) = 1 it follows e(—p) =1

. Conclusively A A B 1, —o, i.e.

<]_—‘X7X> [I-Reb]
ciple is justified.

If (T, X) 5 0y, A A BY, then

there is a formula ¢ € Fmy, s.t. X 1, ¢ and
AN B g, —. Therefore, whenever there is
an evaluation e s.t. e(X) = 1 e(¢) = 1 and
whenever e(A A B) = 1 we have e(—p) = 1
Ife(A A B) =1, thenmin{e(A),e(B)} =1
,i.e.bothe(A) = 1 and e(B) = 1 and from this
we cannot deduce that having just, for example,
e(A) = 1 is enough to conclude e(—y) = 1.
Therefore, the principle is not justified.

If (T, X) 25 r 4 5, AV BY, then
there is a formula ¢ € Fmy, s.t. X g, @ and
AV B |1, —p. Therefore, whenever there is
an evaluation e s.t. e(X) = 1, thene(p) = 1
and whenever e(AV B) = 1, e(—yp) = 1. If
e(AV B) =1, then max{e(A),e(B)} =1

. Conclusively whenever there is an evalu-
ationes.t. e(A) =1,e(AV B) =1and
e(—p) = 1. The same holds with B. This
implies that both A =5, —p and B =g, —p

Jie. (T, X) 2B ip A) and

<1_‘X7 X> [I-Reb]
justified.

(A.D)*

(Tanp, A A B) and the prin-

(C.O)*

(I'p, B) and the principle is

If (T, X) 25 im0 A) and

(T'x,X) R, (T, B), then there are ¢
and ¢’ in Fmy, st. X E1 o, X Er ¢,

A —pand B =g, —¢'. Therefore, when-
ever there is an evaluation e s.t. e(X) = 1
,then e(p) = 1 and e(¢’) = 1, which implies
e(p A ¢') = min{e(y), e(¢’)} = 1. When-
ever there is an evaluation e s.t. e(AV B) =1
,» then max{e(A), e(B)} = 1. This implies
that at least one between e(4) and e(B) is

1. From the hypothesis it follows either
e(-p) =1lore(—p’) =1,ie. e(p) =0

or e(¢’) = 0. Conclusively we have that

(Am)

(C.m)

whenever there is an evaluation e s.t. e(X) = 1

,e(e A ¢') =1 and whenever e(AA B) =1

ce(mlpng)) =1—e(pn¢) =1,ie.
[I-Reb]

<Fx,X> <FA\/B,A\/B>.

If (T, X) 5 iy 5 A S B), then
there is a formula ¢ € Fimy, s.t. X g, ¢
and A D B 3, ¢, i.e. whenever there is
an evaluation e s.t. ¢(X) = 1, e(p) = 1 and

whenever e(A D B) = 1, then e(—p) = 1. Our

first claim is that (I'x, X) lRet], (T'p, B)

. Therefore, we have to show that there is

¢ € Fmy st. X 1 ¢ and B 1 —o.
Whenever there is an evaluation e s.t. e(B) = 1
,since (A D B) = min{l,1 —e(A) + e(B)}
,also ¢(A D B) = 1 and from the hypothesis
we have that e(—¢) = 1. Therefore, X =1, ¢

and B =5, o, ie. (Tx, X) 2224 0y By,
However from the hypothesis it does not follows

that (T'x, X) MG‘A, A) and the principle

is not justified.

If Ty, X) Ret], (T'p, B), then there is a

formula ¢ € Fmy, s.t. X |, pand B | —p

Jdf (Tx, X) M(FA, A), then for any for-

mula o’ € Fmy, s.t. X E5, ' Al ¢, de.
there is at least an evaluation e* s.t. e*(A4) =1
and e*(—¢') = 1 — e*(¢') < 1, which implies
e*(¢') > 0. Therefore, whenever e(4 D B) =1
,then min{1,1 — e(A) + e(B)} = 1 and this
happens whenever e(B) > e(A). However for
some evaluations e*, e*(A) = 1 and e*(¢) > 0
. At the same time, since we are under the
assumption that e*(A D B) = 1, we have
e*(B) > e*(A) = 1. Therefore, e*(B) = 1 and
from the first hypothesis e*(p) = 0, but this is a
contradiction and the principle is not justified.

If 'y, X) lRet], (T4, A), then there is a
formula p € Fmy, s.t. X g, pand A = —p
, i.e. whenever there is an evaluation e s.t.

e(X) =1,e(p) = 1 and whenever e(A) = 1

, then e(—¢) = 1. We should then show that
there is an evaluation ¢* s.t. ¢*(—A) = 1 and
e*(—¢) < 1, but this does not follow from the
hypothesis and the principle is not justified.

The attack principle is not justified.
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A.0.6 [I-Reb] and |=f-based arguments

(AN) [I-Reb]

If (Tx, X) (T4, A), then there

is a formula ¢ € Fimy s.t. X |:§ @ and

A )zf —p. Therefore, for any evalua-

tion e e(X) < e(p) and e(A4) < e(—gp)

. Since e(A A B) = min{e(A),e(B)}

,e(A N B) < e(A) from which it follows
e(ANB) <e(A) <e(—yp),ie. ANBE —¢p
and the principle is justified.

If (Tx, X) L2 14 5. A A BY, then

there is a formula € Fmy, s.t. X sz ®

(C.A)

and AN B FE =, i.e. for any evaluation e
e(X) <e(p)and e(A A B) < e(—g). However,
since e(A A B) = min{e(A),e(B)} < e(4)
and e(A A B) = min{e(A),e(B)} < e(B)
from the hypothesis we cannot conclude neither
A \:E -por B |=§ —p and the principle is not
justified.

If<Fx,X> (FA\/B,A\/B>,then

there is a formula ¢ € Fmy, s.t. X |:§ ©

AV) [I-Reb]

and AV B =5 -y, i.e. for every evalua-
tione e(X) < e(p)and e(AV B) < e(—p)

. Since e(A V B) = max{e(A),e(B)} we

have both e(A) < e(AV B) < e(—¢) and
e(B) < e(AV B) < e(-y),i.e. A =5 -y and
B |:§ - and the principle is justified.

1f (T, X) L5 1y A) and

(Cx,X) Ret], (T'p, B), then there are ¢ and
@ in Fmy st. X 5 o, X 5 o, A= g
and B =5 —¢'. Therefore, for every evaluation
e e(X) < e(), e(A) < e(~g), e(X) < ()
and e(B) < e(—¢’). Since e(X) < e(p) and
e(X) <e(¢), e(z) <elpA¢). In fact, when-
ever e(p A ') = min{e(p), e(¢')} = e(p)
from e(X) < e(p) we have e(X) < e(p A ¢')
and the same holds whenever e(p A ¢') = e(¢’)
. Since e(A V B) = max{e(A),e(B)}
, whenever e(A V B) = e(A),
e(AV B) = e(4) < 1—e(g) < 1—e(p A )
and the same holds if e(A V B) = e(B)
. Therefore, in both cases we have that
e(ANB) <1—e(pA')and the principle is
justified.

[I-Reb]

If<Fx,X> e <FA3B7A D B),then
there is a formula ¢ € Fmy, s.t. X ):% o and

(C.V)

(A.D)*

ADB |:E -, i.e. for every evaluation e

@ Springer

e(X) <e(p)and e(A D B) < e(—¢). Since
for every evaluation e e(B) < 1 — e(A) + e(B)
and e(A D B) = min{l,1 —e(A) + e(B)}
,e(B) < e(A D B) and from the hypothesis
e(B) < e(AD B) <e(-y),ie Blp —pand
(T'x, X) 1R, (T'p, B). However from the
hypothesis we cannot deduce (I'x, X)

M(F 4, A) and the principle is not justified.

(€O If (T, X) 24 (p oy BY, then there is a
formula ¢ € Fmy, st. X =5 pand B =5 -

, 1.e. for every evaluation e e(X) < e(y) and
[I> Reb]

e(B) <e(—p). If (I'x,X) ~/——(T4,A)
,then ¢’ € Fmy, s.t. X ):I% ¢ and A b&f -
, l.e. for some evaluation e* e*(X) < e*(¢) and
e*(A) > e*(—p). We would need to show that
there is a formula ¢” € Fmy, s.t. X sz o
and A D B sz —p, i.e. for every evaluation e
e(X) <e(p)and e(A D B) < e(—¢"), but this
does not follows from the hypothesis and the
principle is not justified.

If Ty, X) Ret], (T4, A), then there is a
formula ¢ € Fmy, st. X =5 pand A =5 -

(A7)

, 1.e. for every evaluation e e(X) < e(y) and
e(A) < e(—p). We would need to show that for
some evaluation e*, e*(—A) > e*(—p) and the
principle is not justified.

(C.—) The principle is not justified.
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