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Abstract

According to the Maxwell demon paradigm, additional work can be extracted from a classical or
quantum system by exploiting information obtained through measurements on a correlated ancil-
lary system. In the quantum setting, the maximum work extractable via unitary operations in such
measurement-assisted protocols is referred to as daemonic ergotropy. In this work, we explore this
concept in the context of continuous-variable quantum systems, focusing on Gaussian states and
general-dyne (Gaussian) measurements. We derive a general expression for the daemonic ergo-
tropy and examine two key scenarios: (i) bipartite Gaussian states where a general-dyne meas-
urement is performed on one of the two parties, and (ii) open Gaussian quantum systems under
continuous general-dyne monitoring of the environment. Remarkably, we show that for single-
mode Gaussian states, the ergotropy depends solely on the state’s energy and purity. This enables
us to express the daemonic ergotropy as a simple function of the unconditional energy and the
purity of the conditional states, revealing that enhanced daemonic work extraction is directly
linked to measurement-induced purification. We illustrate our findings through two paradigmatic
examples: extracting daemonic work from a two-mode squeezed thermal state and from a continu-
ously monitored optical parametric oscillator. In both case we identify the optimal general-dyne
strategies that maximize the conditional purity and, in turn, the daemonic ergotropy.

1. Introduction

Understanding the fundamental limits imposed by quantum mechanics on work extraction from a phys-
ical system is important not only for fundamental reasons but also for practical ones. Quantum batteries,
that is, quantum devices able to store and give back energy [1], have received a lot of attention in recent
years, given also the possibility of observing a superclassical scaling in charging power [2-8], but also

for their relevance as energy sources for powering quantum devices such as quantum computers and
quantum sensors [9, 10]. First experimental attempts in these directions have been pursued by consid-
ering fluorescent molecules in optical cavities [11, 12] and nuclear spins [13]. From a formal point of
view, ergotropy has been identified as one of the most relevant figures of merit, quantifying the max-
imum amount of energy extractable from a quantum state via unitary dynamics [14].

Maxwell’s demon is a thought experiment in classical thermodynamics, in which an intelligent
observer reduces the entropy of a system by exploiting the information obtained by measuring the
particles velocities [15]. Szilard later connected this idea to work extraction with his famous single-
particle engine [16], showing that information gained through measurement can be used to extract
thermodynamic work, thus linking entropy reduction and information processing. The same approach
can be taken into the quantum realm by following different approaches [17-19], and in particular

© 2025 The Author(s). Published by IOP Publishing Ltd
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Figure 1. Pictorial representation of a daemonic work-extraction protocol involving two correlated quantum systems, S and A
(here, two quantum harmonic oscillators). A quantum measurement is performed on the auxiliary system A, and the resulting
information is exploited by a quantum Maxwell’s demon to increase the extractable energy from the system S.

the concept of daemonic ergotropy has been introduced in [20], as the maximum amount that can

be extracted from a quantum subsystem A, by exploiting the information obtained from a measure-
ment performed on a correlated quantum subsystem B (see figure 1 for a pictorial representation). It

is shown how the daemonic ergotropy is strictly related to the quantum correlations between the two
subsystem [20, 21], and that in general different measurements lead to a different amount of maximum
extractable work [21, 22]. In addition to its fundamental interest, this scenario is particularly interest-
ing when dealing with open quantum batteries, that is, quantum batteries that undergo an open system
dynamics [23, 24]. In this context several studies have been done to study the impact of the envir-
onmental interaction [23-28] and also to study the possibilities offered by such interaction [29-32].
However, one could also consider the physical scenario in which the environment can be continuously
monitored, causing a conditional dynamics for the quantum system [33, 34]. This possibility has been
extensively theoretically studied in the framework of feedback-assisted quantum state engineering [35—
44] quantum estimation [45-62] and out-of-equilibrium quantum thermodynamics [63-66], with exper-
imental demonstration of such protocols ranging from superconducting circuits [67-70] to optomech-
anics [71-74] and atomic systems [75]. If we are interested in enhancing energy storage and extraction,
the information obtained from the environment continuous monitoring can in fact be exploited in two
ways: either in the charging protocol, with the aim of preparing quantum battery states with high ergo-
tropy via feedback [76, 77] or, following the Maxwell demon paradigm described above, in the work
extraction phase. The concept of unravelling daemonic ergotropy has then been introduced to address this
specific instance, quantifying the maximum work that can be extracted from an open quantum battery
whose interacting environment is continuously monitored in time [22, 78].

Experimental demonstrations of such daemonic work extraction protocols have recently been shown,
for example, by simulating a continuously monitored quantum battery via a collisional model on a
digital quantum computer [78], and by considering measurements on correlated trapped ions [79].

Continuous-variable quantum systems describe different physical experimental scenarios, ranging
from quantum optical platforms, quantum optomechanical, and atomic systems, and they have been
extensively studied as basis for quantum technologies such as quantum computation, quantum com-
munication, and quantum metrology [80]. Here, we focus on Gaussian dynamics, such that the corres-
ponding quantum states are fully described by first and second moments of the quadrature operators
(i.e. position and momentum operators) [80—82]. Starting from the general formula for the ergotropy of
Gaussian states, already presented in the literature [30, 83], we derive the corresponding one for the dae-
monic ergotropy under general-dyne measurements. We discuss both the scenario of bipartite Gaussian
states where one of the parties is measured and work is extracted from the other party via a (condi-
tional) unitary operation, and the open quantum system (dynamical) scenario, where the environment
is continuously monitored via general-dyne detection; in the latter case, the daemonic ergotropy quan-
tifies the maximum average work extractable by performing a (conditional) unitary on each quantum
trajectory.

In particular, we focus on single-mode Gaussian state: we unveil that the ergotropy is in fact a simple
function of the state energy and purity; as a consequence we prove that the daemonic ergotropy is a
simple function of the unconditional state energy and of the conditional state purity, which for Gaussian
dynamics is deterministic, that is does not depend on the measurement outcome, but only on the
kind of general-dyne monitoring performed. We thus find that optimizing the measurement-enhanced
extractable work is in fact completely equivalent to optimize the conditional state purity, and thus to
optimize a cooling protocol (from now onward we will use in an equivalent way the terms cooling and
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purification). While purification under general-dyne monitoring has already been addressed for discrete
variable systems [84—89], such analysis has never been performed for continuous-variable (Gaussian)
systems. We then study in detail the optimization of daemonic ergotropy and conditional purity when
possible in general, and then by discussing two paradigmatic examples: (i) a two-mode squeezed thermal
states under partial general-dyne detection, where we show that heterodyne measurement is the optimal
strategy; (ii) a continuously monitored optical parametric oscillator. In this second example we also
observe that the optimal general-dyne strongly depends on the physical parameters characterizing the
system and that, somehow unexpectedly, the unravelling leading to larger purification and daemonic
ergotropy does not correspond to the one leading to larger values of conditional quantum squeezing.
The manuscript is structured as follows: in section 2 we give a brief but comprehensive introduc-
tion to the Gaussian formalism for continuous-variable quantum systems, including the case of continu-
ously monitored open scenario; in section 3 we discuss work extraction from quantum systems, intro-
ducing the concept of ergotropy and of daemonic ergotropy; in section 4 we recall the general formula
for the ergotropy of Gaussian states, showing in particular how this simplifies for single-mode states.
In section 5 we present the formula of the daemonic ergotropy given a bipartite Gaussian state, and
we present an analytical formula for the maximum daemonic ergotropy both for the optimal general-
dyne measurement and also for the (experimental relevant) sub-cases of optimal homodyne and hetero-
dyne, by finally focusing on the special case of two-mode squeezed thermal states. In section 6 we finally
discuss the unravelling daemonic ergotropy for open Gaussian system under general-dyne monitoring,
providing some general results for the steady-state purification under general-dyne monitoring, and by
then discussing in detail the case of a continuously monitored optical parametric oscillator. We conclude
the manuscript in section 7 with some concluding remarks and outlooks.

2. Gaussian quantum states formalism

2.1. Gaussian states and Gaussian unitaries

The 2n canonical operators of a bosonic system of n modes can be arranged in a vector of operators

£ = (X1,p1,...,%.,pn) |, obeying the canonical commutation relations [f,rAT] =l — (frAT)T = i(2, where
natural units and the outer product notation have been adopted [80], and the antisymmetric symplectic
form (2 is given by

Q= P, with @ = (_01 é) (1)

j=1

A general second-order Hamiltonian can be written as H= %rc'—Hf—i— rzrr, where H is a real, symmetric
matrix of Hamiltonian couplings and r is a vector of linear driving terms. Equivalently, up to an additive
constant, one may write H= %b,;fTHfD;, where T = —H " 'r and the Weyl (displacement) operators D;
are defined as Dy = ¢ and act as translations on the canonical operators: DgfD} = £ +F.

Then, the set of Gaussian states may then be defined as the ground and thermal states of second-
order Hamiltonians with a positive definite Hamiltonian matrix H >0 [80]:

e—pH

Cwfe] :

PG

where 3 € Rt and H is a second-order Hamiltonian, as defined above (this definition is equivalent to
assuming a Gaussian Wigner function). Alternately, Gaussian states are entirely characterised by the vec-
tor of first moments and the covariance matrix (CM):

r = Tr[pct]

a:TrH(f_f),(f_f)T}pG]. ©)
The first moments can take any real values, while the CM is constrained by the Heisenberg uncertainty
relation o +1iQ2 > 0.

Unitaries generated by purely quadratic Hamiltonians form an infinite dimensional (metaplectic) rep-
resentation of the real symplectic group Sp,, r. The latter is defined as the set of real matrices of dimen-
sion 2n x 2n that preserve (), the symplectic form, under congruence: S € Spy, g <= SQST = (). More
specifically, a symplectic transformation Sy = e*¥ represents the Heisenberg evolution of the vector of
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canonical operators # under the quadratic Hamiltonian H defined above, where r = ¥ = 0 (that is what is
meant by ‘purely quadratic’).

Gaussian states described by quadratic Hamiltonians can always be diagonalised using displacements
and symplectic transformations [80]. This is achieved by the displacement that sets the first moments to
zero, followed by the symplectic transformation which puts the CM o in normal form (analogous to the
normal mode decomposition of a quadratic Hamiltonian, which always exists since o > 0):

c=3S @yjﬂz ST, (4)
j=1

where the v;’s are known as the symplectic eigenvalues of o, corresponding to the (at least twice degen-
erate) eigenvalues of |Qo|. The spectrum of a Gaussian state is therefore a function of its symplectic
eigenvalues alone, which we report here since it will have a major bearing on our discussion about ergo-
tropy:

Note also that the normal mode decomposition of a CM corresponds to rotating the Gaussian state
into a thermal state of the ‘free Hamiltonian’

=33 (2+4). (5)

i

In terms of the density operator this corresponds to the formula

n
pe = DeUs | Q)o; | ULDY, (6)
i=1

where Us denotes the Gaussian unitary evolution corresponding to the symplectic matrix $ and Uj are
the aforementioned thermal states of the single-mode free Hamiltonians HOJ = %(fc]z + pj)*. Notice that
the thermal average excitations 7; of these thermal states are related to the symplectic eigenvalues of
the CM v; via the formula v; = (2n;+ 1) = 1+ 2(e#“ — 1)1, As stated above, all the properties of a
Gaussian quantum state can be evaluated from its first moment vector ¥ and CM o; in particular one
can easily show that its energy (in terms of the free Hamiltonian) reads

E(pe) = Tr [pHo] = S1ef + ;o] @)

where Tr[-] and tr[-] denote respectively the trace of operators in the Hilbert space and of finite dimen-
sional matrices. Similarly one can prove that the purity of a Gaussian quantum state is simply equal to

(pe) = T [p3] = ——— (®)

/det[o]

As we saw, Gaussian unitaries can be decomposed into linear operations (displacement operators)
and purely quadratic operations (symplectic transformations). The former just shift the first moments
by an arbitrary amount (requiring, as one should expect, an arbitrary amount of energy). The latter
admit a useful singular-value—also occasionally referred to as ‘Euler’ or ‘Bloch-Messiah’—decomposition
(SVD)[80]:

§=0,Z0,, )

with Oy, 0, € Spp, ® N SO(2n) which is the compact subgroup of orthogonal symplectic matrices and

n Z: 0 .
Z:@(d 2141), zi>0 Viell,.,n. (10)

j=1

Symplectic transformations are thus split into passive (O; and O,) and active, ‘squeezing’ (Z) transform-
ations, a terminology which refers to the fact that the passive orthogonal transformations, implemented
in optics through phase shifters and beam splitters, commute with the free Hamiltonian, whilst squeezers
do not.



10P Publishing

Quantum Sci. Technol. 11 (2026) 015014 K H Kua et al

2.2. General-dyne measurements and conditional Gaussian dynamics

There exists a class of measurements—or, more technically, of positive operator valued measures
(POVMs) — that preserve the Gaussian character of the measured state and are readily available in prac-
tice. Such measurements are also often dubbed ‘Gaussian’ but we shall stick to the more exact denomin-
ation of ‘general-dyne POVMs), defined by the following resolutions of the identity [80]:

N 1 N N
i1=— / dtD_y pmDr, . (11)
R2n

(2m)"
Here, p,, is a Gaussian state with null first first moments and second moments o, obeying the
Heisenberg relation o, +1€2 > 0. The 2#n real displacement parameters r,, label the outcome of the
general-dyne measurement process, which is characterised by o,. The outcomes r,, occur, given a meas-
ured state p, with probability density [80]

Tr [pD—+,, pmDr,
plon) = o] 12

If the system one is measuring is also a Gaussian state, p with first and second moments, ¥ and o
respectively, the probability density becomes Gaussian:

e—(rm—f)T (04+0om) " (tn—T)
p(rm) =
/Do Tom

Notice the expediency of this parametrisation, where a o, corresponding to a mixed quantum state,
i.e. such that deto, > 1, represents noisy measurements.

The case o = 1 corresponds to ‘heterodyne detection’” (projection on the non-orthogonal but com-
plete set of coherent states) while, in the single-mode case and up to phase space rotations, the limit
om =1lim,,, o diag(zm,1/zyn) (in which case the measurement outcome reduces to a single real value)
represents the instance of homodyne detection’

In general, by applying the normal-mode decomposition (4) and the SVD (9), one may parametrise
single-mode general-dyne detections with three parameters v,,, Uy and zy. These determine, respect-
ively, imperfections, the optical phase and the type of general-dyne projection, such that o, = vSST
and S = Ry, diag(\/zm,1/y/Zm), where Ry, is a two-dimensional rotation by the angle Ry . We remark
that, in the quantum optics scenario, any general-dyne detection can be implemented via the standard
double-homodyne scheme designed to implement heterodyne detection, and by tuning a beam-splitter
transmissivity according to the desired value of z,, [90].

With regard to the parameter v, = \/Deto m, note that the POVM (11) may also be written as

(13)

A 1 o Ty—ly A R
i=— [ dr, /R zdye YYYDE ) (| Dr, —y (14)

o 22 R2
where Y = (v,, — 1)SS" > 0 and |1,,,) is the pure Gaussian state with CM SS'. This relationship holds
because any noisy CM can be derived from a pure one by adding noise through normally distributed
displacements—a CP-map known as ‘classical mixing’ [80]. Hence, any noisy general-dyne measurement
is equivalent to a convex combination of ideal, pure, displaced general-dyne projections. This will be key to
maximising the average ergotropy with respect to v.
If one now considers a multipartite Gaussian state, partitioned into subsystems A and B, as

o= ("é "AB> and = (“) (15)
O, O3B Ip,
and has subsystem B subjected to general-dyne measurements, the final conditional state of subsystem A

(i.e. the state filtered upon the knowledge of outcome rg) is a Gaussian state whose statistical moments
are mapped according to [80]

O'A>—>O'5:) ZO'A—O'AB(O'B—I—O'm)_ltTIB, (16)

fAHfic):fA—i-O'AB(O'B—FG’m)_I (I’m—fB). (17)
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2.3. Continuously monitored Gaussian quantum systems

The open, diffusive dynamics of a Gaussian state interacting bi-linearly with an environment in the
Born—-Markov regime may be dealt with through the input—output formalism [33, 81, 91]. The input

is represented as a 2m-dimensional vector of operators, fi,(f) (where the label ¢ implies interaction with
the system at a time ¢ for an infinitesimal interval dt), that interact with the system of # modes through
the general coupling Hamiltonian

He=t' Ciy (18)

where C is a completely arbitrary 2n x 2m real coupling matrix. The environmental output modes fol-
lowing the interaction, fou(#), may be in principle—and oftentimes in practice—be monitored, as we
shall assume later on.

If the input modes satisfy the white noise condition [, (¢), £in (¢)"] = iQ20(s — ), proper to a com-
pletely memory-less bath, then, by introducing the standard It6 rule, applying the symplectic formalism
and tracing out the environment, one obtains the following unconditional diffusive dynamics for the first
and second statistical moments [80] (i.e. the dynamics if monitoring of the environment does not take
place, or is forgotten):

dr
—e :Afunc‘i’da (19)
do
% =Aoync + 0'uncA—r +D, (20)
with
QcacT
A=QOHs+ s
D=QCo,CT QT 21
d= QCTinv

where o, and Ti, are the second and first moments of the input fields (with the latter giving rise to the
finite linear driving term d).

If we now assume that the output modes £, (#) are continuously measured via a general-dyne meas-
urement o', by applying the mappings (16) and (17) one can derive the modified equations of motions
of a Gaussian state, conditioned on the output of the measured photocurrent, which reads [80, 81]

dy = —BTr.dt + dw,, (22)

where B= CQ(oin + Um)*l/ 2, The vector dw; operationally corresponds to the innovation term in the
photocurrent (that is the difference between the actual result of the measurement and its expected aver-
age value) and mathematically is proven to be a vector of independent Wiener increments, satisfying the
statistics (we denote with [E[-] the average over all the possible measurement results/trajectories):

E[dw,]=0 and E[{dw,dw, }]=1d¢. (23)

In fact the evolution of the first moments under monitoring is indeed a stochastic process, depending on
the innovation term dw; as follows

dr, = Ar.dt+ ddt + (E — o B) dw. (24)

On the other hand, for the second moments, one obtains the deterministic Riccati equation (the inde-
pendence of the conditional second-moments from these monitoring outcomes is a highly non-trivial
feature of Gaussian dynamics):

do,
dt

T

=Ao.+0 A" +D—(E—0oB)(E—0o.B) (25)
with E= QCoip(oin + o-m)_l/z.

We remark that thanks to the linearity of the trace, one has that fy,. = E[r.], while for the CM one
has oype = o + X, where the excess noise matrix 3 = E[{z,T.}| — {E[r.], E[f;]} quantifies the first
moments stochasticity.



10P Publishing

Quantum Sci. Technol. 11 (2026) 015014 K H Kua et al

The formalism above, in terms of first moment vector and CM, is clearly equivalent to the one in
the Hilbert space, where the dynamics of the corresponding conditional quantum state p, is described by
a diffusive stochastic master equation, and the dynamics of the unconditional quantum state py = E[p,]
is described by a Markovian master equation in the Lindblad form [33].

3. Ergotropy and daemonic ergotropy

Ergotropy is defined as the maximum amount of work that can be extracted from a quantum state o
through a unitary cyclic process, keeping its entropy constant. In formulae, by denoting with Hy the
Hamiltonian that defines the energy we want to extract, this corresponds to the quantity [14]

E(p)=Tr [pI:I()] —minTr [UpUTI:IO} , (26)
U

where the minimisation runs over all unitary operations in the system dimension. Notice that such

a minimisation is attained by the unitary that maps all the state eigenvectors to energy eigenvectors,
such that the one corresponding to the largest eigenvalue is assigned to the lowest energy and all oth-
ers to higher energy levels in decreasing order. Such states are called passive, as they do not allow for the
reversible extraction of work. One can thus write equivalently the ergotropy as

E(p)=Tr [pI:IO] —Tr [T,)I:IO} , (27)

where we have denoted with 7, the passive state corresponding to the initial state p. One should notice
that thermal states of a certain Hamiltonian Hy are passive with respect to it, in view of their exponen-
tially decreasing Boltzmann occupation of the energy levels, but in general thermal states do not corres-
pond to the whole set of passive states. As described above, one can readily identify the passive state 7,
once the eigenvalues and eigenvectors of p and Hy are given. This allows to both identify the optimal
unitary U yielding the maximum extractable work, and to write a compact closed formula for the ergo-
tropy [14].

Let us now consider a bipartite quantum state p*Z. If the subsystem B is discarded, the maximum
amount of work extractable from the subsystem A is simply equal to £(p?), that is, the ergotropy of
the reduced state p* = Trp[p"B]. Let us now assume that a measurement, described by POVM operators
{II,} is performed on the subsystem B and that one can use the information obtained from this meas-
urement to extract energy from A; in this scenario the maximum amount of extractable work via unitary
operations is given by the daemonic ergotropy [20],

Emy=>_mE() . (28)
b

that is the average over the outcomes probability p, = Tr[p*B(I1®11,)] of the ergotropies of the con-
ditional states pj = Trp[p"*(I®11,)]. Since ergotropy is a convex function, the daemonic ergotropy is
always larger than the ergotropy of the unconditional state: £y1,y > £(p*), mathematically quantifying
the fact that a hypothetical Maxwell daemon can indeed extract more work by exploiting the informa-
tion obtained from the measurement, and by adapting and optimizing the corresponding work extrac-
tion unitary for each conditional state. In [20] it is shown how the enhancement in the work extraction
ben be linked to the presence of quantum correlations, in particular to quantum discord, between the
two parties. A more thorough study on the kind of correlations allowing to observe a daemonic gain

is described in [21], along with an algorithm able to identify the optimal (not necessarily projective)
POVM maximizing the daemonic ergotropy.

The concept of daemonic ergotropy has then been extended to the scenario of Markovian continu-
ously monitored quantum systems [22]. In this case, analogously to what was described in section 2.3
for Gaussian quantum states, one obtains a conditional dynamics, ruled by a stochastic master equations
for the conditional state p. [33]. Different measurements strategies yields different stochastic mas-
ter equations, and thus different unravellings of the corresponding Markovian master equation for the
unconditional quantum state pyp; = E[p.]. The daemonic ergotropy for a specific unravelling is then
simply defined as

Emr=E [5 (Pc)] ; (29)

that is as the average ergotropy of the quantum trajectories p.. In this framework, the convexity of the
ergotropy allows to state that £yp > E(punc), that is the daemonic ergotropy is always larger or equal

7
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than the ergotropy of the unconditional state. As in the previous scenario, the interpretation behind

this result is that a Maxwell daemon is able to optimize the work extraction for each quantum trajectory
by exploiting the information obtained by measuring the environment. By studying some paradigmatic
examples, it was also shown in [22] how for mixed states unravellings a hierarchy between the differ-
ent monitoring strategies exists, while in [78] an experimental simulation of a daemonic enhanced work
extraction in the open quantum system scenario has been demonstrated on a digital quantum computer.

4. Ergotropy of Gaussian states

We intend to determine and study the ergotropy of Gaussian states with respect to quadratic
Hamiltonians, which form the backbone of their description and are ubiquitous in physics.

The most general derivation and formula for the ergotropy of Gaussian states given a generic quad-
ratic Hamiltonian describing the energy of the system can be found in [30, 83]. However, because of
the normal mode decomposition, any strictly positive Hamiltonian matrix can be turned, through a
symplectic transformation (equivalent to a unitary operation at the Hilbert space level), into the ‘free’
Hamiltonian Hy in equation (5). Since, as we saw, any Gaussian state may be obtained by applying a
symplectic transformation on a thermal state of the free Hamiltonian © = ®;7; we can, without loss of
generality, proceed and restrict ourselves to evaluate the ergotropy of any Gaussian state with respect to
the free Hamiltonian set out above. Besides, this very same fact makes the evaluation of the ergotropy of
Gaussian states immediate: as it is apparent from equation (6), the corresponding passive state is indeed
Ty, = U and the minimisation in equation (26) is in fact always achieved by the unitary corresponding
to the symplectic transformation that turns the state’s CM in Williamson normal form, followed by the
displacement that sets its first moments to zero. Now, by first evaluating the energy of a thermal state
via equation (7) in terms of the symplectic eigenvalues v; as

E(’)):%E’/ja (30)
j=1

and then by exploiting the formula for the ergotropy in equation (27), one directly obtains the following
closed formula for the ergotropy

1 1., le
S(PG) = ZtI'O"" §|1‘|2 - EZV] (31)
j=1

4.1. Single-mode Gaussian states

Henceforth, we shall focus on the relevant case of single-mode systems. For single-mode Gaussian states,
v; = v/Deto, which follows from the fact that DetS =1 for all S € Sp,,(IR). Hence, the ergotropy of a
single-mode Gaussian state is given by

1 1 1
E(pg) = E|f|2 + i Evdeta, (32)

=E(pc) — (33)

2p(pg)”
where in the second line we have shown the explicit dependence of the ergotropy on the energy and on
the purity of the Gaussian state. One should notice that a similar, nonetheless less explicit, behaviour can
be observed also for a qubit quantum state pqupit, whose ergotropy can be written as [24]

1
E (pqubit) = E (pqubit) + 7 211 (pquoit) — 1. (34)

Now, the first and second moments of a state are completely independent, and so are their contribu-
tions to the ergotropy. Not surprisingly, the contribution of the first moments just grows monotonically
with their magnitude.

It is also instructive to analyse the contribution to the ergotropy of each real parameter character-
ising the CM. Because of the SVD of symplectic transformations and of the fact that the normal form is
always proportional to the identity (and thus rotationally invariant), the most general single-mode CM
may be written as o = VR, ZZR;, where v > 1 is the symplectic eigenvalue, Z = diag(z,1/z) for z>0
and

R, :< cosp  sing )7 (35)
—sing cosp
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for ¢ € [0,27[. The ergotropy is then

5:% <22+Z12—2>+;r|2. (36)
The ergotropy is thus independent from the optical phase ¢ and increasing with both squeezing (> +
1/7*) and thermal noise v. Notice however that, as one should expect, for no squeezing (z=1) the ergo-
tropy has zero contribution from the thermal noise v, since the term multiplying it vanishes. Remarkably
we observe that, as long as any squeezing operation is present in the symplectic diagonalization of the
CM, the thermal noise amplifies, so to speak, the energy extraction process.

5. Daemonic ergotropy of Gaussian states

Let us now consider a generic multipartite Gaussian state, partitioned into subsystems A and B and
described by first moment vector ¥ and CM o as in equation (15). Our first goal is to derive the dae-
monic ergotropy corresponding to the scenario where a general-dyne measurement oy, is performed on
party B and work is extracted from party A, and thus one obtains conditional states described by first
moment vector and CM reported in equations (17) and (16). We start by observing that the formula for
the daemonic ergotropy in equation (28) can be rewritten via equation (27) as

Emy = p(E(oy) —E(13)) (37)
b
=E(p") =) pE(7) (38)
b

in terms of the passive states 7' corresponding to the conditional states p. Since the CM of the condi-

tional states is deterministic, and the passive state of a Gaussian state is completely determined by the
CM, the second term can be readily evaluated and one can write a closed formula for the daemonic
ergotropy for Gaussian states as

1 1 1
s _ Tzt (o)
Eorm = 4'[I‘O'A + 2|rA| 22 Vajs (39)
]:

where we denote with 1//(3 the symplectic eigenvalues of the (deterministic) CM a'[(f) of the conditional
states we reported in equation (16). We observe here that as expected for no correlations o 45 = 0, that
is for a product Gaussian state p*5 = p* ® p?, one obtains £, = £(p") and thus no daemonic gain can
be observed. For Gaussian states, non-vanishing correlations o 45 # 0 is a necessary and sufficient con-
dition for non-zero discord [92, 93] and non-zero quantum mutual information, and, if we restrict to
pure states, for non-zero entanglement. We have thus proven that (quantum) correlations are a necessary
condition for observing a daemonic gain &, > £(p*). This result for Gaussian states strengthens the
findings of [20], where it was proven that non-zero discord is sufficient for daemonic gain, but the con-
verse does not hold in general. While this result seems to give a particular emphasis on the relationship
between daemonic ergotropy and correlations, in section 5.2 through specific examples we will actu-
ally show that no quantitative (monotonous) relationship exists between these quantities, as in several
instances ergotropy and (quantum and classical) correlations show a opposite behaviour as a function of
certain physical parameters.

If we now consider the situation where subsystem A corresponds to a single mode, then the formula

can be directly written as
— 1 1 1 ¢
Eon :Ztrc"A""E‘fAP_EW/det {ag)} , (40)

Ltros+ 2 [EaP
=—tro4+ -t
g AT

1 _
2\/det{o'AaAB(a'B+0'm) IUXB:|. (41)

We also notice that the formula above can be conveniently rewritten as

(42)
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that is in terms of the energy E(p?) of the reduced Gaussian state of the subsystem A, and of the purity
u[p?] of the single-mode conditional states (we remind that, as the conditional CM is deterministic, the
purity of each conditional state is deterministic too). It is then clear that, for single-mode Gaussian sys-
tems, larger daemonic ergotropies are obtained via measurements on correlated subsystems that lead to

better purification (cooling) of the conditional states.

5.1. General-dyne optimization of the daemonic ergotropy

We now restrict to the scenario of two-mode Gaussian states, and look for the maximisation of the func-
tion €, in equation (41) over the physical CM o, that characterises the general-dyne daemon acting
on subsystem B.

Let us first recall that for pure initial bipartite state, i.e. such that deto sz = 1, then any rank-one
general-dyne measurements, that is such that deto,, = 1 is going to be optimal [21, 22], as all the con-
ditional states are pure and one simply obtains that the optimized daemonic ergotropy is equal to the
energy of the reduced state (a part from a constant, corresponding to the energy of the ground state),
Emax =E(p") —1/2 = ttroa + 3 [Eal”.

So, let us now focus on initial mixed bipartite states, where the measurement optimization is not
trivial. First off, notice that the optimisation over all general-dyne measurements on mode B allows
us to apply any symplectic on it without loss of generality: we can therefore put o5 in Williamson
normal form, o = b1, and then apply a further proper rotation, which allows us to undo a rotation
in the SVD of o4, so as to write o4 = Ry, diag(cs,c_), where |c;| and |c_| are the singular values
of the completely generic matrix o4p (it should be noted that one can set, without loss of generality,
lcx| = |e—|, ¢4 =0, and c— > 0 if Detoap > 0 or c— < 0 if Deto 45 < 0).

Furthermore, we can take advantage of the fact that the ergotropy of the conditional states of
mode A (after the measurement) is invariant under phase rotations, and diagonalise the matrix o4 =
adiag(z,1/z) (the action of this rotation on o 45 can be absorbed by redefining the angle 7 introduced
above).

Summing up we can, without loss of generality, consider an initial two-mode state of the form (15)
with submatrices

o4 =adiag(za,1/z4), o =bl,, oap = Rydiag(cs,c_). (43)

We also remark that, since 1 vs # mode Gaussian states may always be turned into 1 vs 1 mode states
through a symplectic operation [80], our argument applies to the daemonic ergotropy of 1 vs # mode
states too.

We have thus reduced our analysis to a problem with 6 real parameters (as well as the initial first
moments, whose roles are however trivial, as we shall see). While the initial squeezing z4 and the angle n
are unconstrained, a, b, ¢+ and c_ are bound by the Heisenberg uncertainty relation as follows:

(ab—ci) (ab—c) —a* —b* —2cpc_ +1 20, (44)

aswellasbya>1,b>1and |ci| > |c_| (the latter stemming from the free ordering allowed by the
SVD).

The CM describing the general-dyne measurement on the single-mode subsystem B can be gen-
erally written as oy = v,,Ry, diag(zm,1/ zm)Rng. As already discussed, the ergotropy is maximised by
maximising the conditional purity Tr[(p2)?]. Equation (14) shows that any non-ideal (v,, > 1) general-
dyne measurement results into a statistical mixture of Gaussian states with the same second moments as
those resulting from an ideal (v,, = 1) general-dyne (note that, as well known, the conditional second
moments are deterministic for Gaussian measurements, i.e. they do not depend on the measurement
outcome) and different first moments (because of the integral over dy). Hence, the convexity of the pur-
ity guarantees that v,, = 1 achieves the optimal purification and is thus optimal to our aims.

Let us now focus on the other parameters characterizing the measurement: ¥y, is an angle between
zero and 7/2, while in principle zy takes values from zero to infinity; however, it is easy to observe that
one can map zy to 1/zy by a subsequent rotation, and thus by properly changing the value of ¥y. For
this reason we can restrict the parameters range to zm €]0,1] and 9y, € [0,7/2].

The optimisation over the general-dyne angle may be obtained analytically by minimising the
determinant entering equation (41), yielding the optimal general-dyne phase

1 2sin (2n) cac_ (24 —
Imopt = z—|—7arctan (2n) et (A

)
2 2 (G =) (G +1) —cos(2n) (& +¢) (3 — 1)

(45)
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This value of l9m opt then ylelds the daemonic ergotro )4 for two-mode Gaussian states maximised over
,0p! 8 P
general—dyl 1€ measurements:

Esonman =5 1Al + (ZA+ 1) a3 (1,8 eazm — (B +E) (14) (1+2ben +23) 0

+4za (b+zy) (1 + bzy) a* +(ZA 1) acos(2n) ((c]

(+ CZ_)(1+2bzm+z)
— (G + ) (an = 1) cos (20man)) + (an — 1) a (¢ = 2) (4 + 1) cos (20mop)
+2cic_ (23 — 1) sin (2n) sin (29 opt) )) /\/4za (b+zm) (bzm + 1). (46)

It is worthwhile to report the homodyne limit z, — 0:

- 1 1 1 1 asin’ .
gHom,max :E ‘1'A|2 + Z (ZA + ZA> a— 5 (ﬂz - bZA iU (Zifi C032 'lgm,opt + Cz, Sln2 ﬁm,opt)

1

(z— )c+c_sin(zz9m,opt)>, (47)

acos’n asin (2n)

ZbZA

(4 cos® I opt + 256~ sin’ Dnopt) —

bZA
as well as the heterodyne case zy = 1 (where there is no dependence on ¥p):

1

- 1, 1 1 \
gHet:E\I'A| +4<ZA+ZA>Q\/27A( 2 ¢ za cos* ()

) |
+ (a(14b)zy — & sin’ (n)) (a+ab — & zasin’ (n))

+cos* () (—a(1+b) (& + 2 2;) +2¢ & zasin’ (n ))]1/2. (48)

There exist cases whose phase-dependence is such that the optimal measurement is a general-dyne
measurement with finite zy, # 1. It is easy to optimise the expression (46) with respect to zy in each
specific instance. The most prototypical class of two-mode entangled Gaussian states can be dealt with
exactly, and deserves a dedicated treatment.

5.2. Example: maximal daemonic ergotropy of phase-invariant and two-mode squeezed thermal states
The case of phase-invariant states, which in our parametrisation corresponds to ¢ = ¢; = F¢;, z4 = 1 and
1n =0, is particularly relevant, as it subsumes thermally seeded two-mode squeezed states, which describe
non-degenerate parametric down conversion at finite, non-zero temperature.

(o)

In all such cases, the conditional determinant deto,’, which we are tasked to minimise so as to

maximise the conditional purity and hence the ergotropy, reads simply

Deto (), = (a-+abzm — zm) (= +a(b+2m)) _
’ (b+Zm)(1+me)

The derivative of this quantity with respect to zy is proportional to a positive factor by (22 — 1).
Therefore, the heterodyne daemon, and the associated expression Eyet of equation (48), is always optimal
in phase-invariant cases. We remark that (efficient) heterodyne, and in fact any (efficient) general-dyne
detection with z,, # {0,00} (not homodyne) does not correspond to a projective measurement, but to a
rank-one generalized (POVM) measurement (over a set of continuously-parametrised, non-orthogonal
states). We have thus found that also for continuous-variable system generalized measurements may
allow to obtain higher values of daemonic ergotropy, as already demonstrated in discrete-variable sys-
tems [21].

For thermally seeded two-mode squeezed states, with squeezing parameter r acting on a thermal
state with a mean number N of excitations, one has set of values a = b= (2N+ 1) cosh(2r), c; = —c_ =
(2N + 1)sinh(2r), z4 = 1 and 7 =0. Then, the maximal (heterodyne) daemonic ergotropy reads

@ny  (2N+1)*sinh? (2r)
gHet .
T 242 (2N +1)cosh (2r)

(49)
As regards homodyne detection, one observe that, due to phase-invariance, there is not a privileged value
for the homodyne phase, and one gets the result

(2ms)

Eronmax = (2N + 1) sinh’r. (50)
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Of course, gﬁe?:ax > g:foms}nax, with the two ergotropies being equal as expected only for N = 0: indeed,
for globally pure states, any pure general-dyne detection, corresponding to the projection on rank-1 pro-
jectors, will result into a pure local conditional state.

We also observe that, as the reduced state p* is a thermal state, the ergotropy if no measurement is
performed on subsystem B would be equal to zero. On the other hand both daemonic ergotropies are
monotonically increasing with the number of thermal excitations N. This shows that general-dyne dae-
mons may turn heat into energy, as long as any degree of correlations is present; in fact, as we observed
in equation (36), the presence of a squeezing operation in the symplectic diagonalization of the condi-
tional states, the thermal noise amplifies the extracted work. After equation (39) we have observed how
non-zero daemonic gain is equivalent to non-zero entanglement for pure states, and to non-zero discord
and non zero quantum mutual information for mixed states. We can now investigate in this example
whether a quantitative relationship exists between daemonic ergotropy and quantum correlations. For
such states we can analytically quantify entanglement (logarithmic negativity, as per [80, 94]), quantum
mutual information and quantum discord [80, 92, 93]. One may then notice that as expected dae-
monic work may be extracted through marginal measurements even if the original state is not entangled,
as is the case for e?l'l < (2N 4 1). Also, although all thermally-seeded two-mode squeezed states have
non-zero discord and non-zero quantum mutual information, both these quantities are monotonically
decreasing with the thermal noise N (as well as entanglement), and thus exhibit a behaviour opposite to
that of the daemonic ergotropy, disproving any monotonous relationship between daemonic ergotropy
and (quantum and classical) correlations.

6. Daemonic ergotropy for continuously monitored Gaussian systems

Let us now address the problem of evaluating the daemonic ergotropy for open Markovian Gaussian
systems continuously monitored via general-dyne measurements, that we described in section 2.3. The
scenario is fundamentally similar to the one we have just described, as also in this case we will observe a
probabilistic (stochastic) evolution of the first moments, and a deterministic evolution of the CM of the
conditional states. As a consequence we can generally evaluate the daemonic ergotropy, given a certain
open system dynamics (described by the coupling matrix C and the bath CM o7,) and a general-dyne
measurement CM o, via the formula

~ 1 1 1 <
8o.m = Ztraunc+5|runc‘2_£21/j(6)a (51)
]:

where here we denote with z/j(c) the symplectic eigenvalues of the (deterministic) CM o of the condi-
tional states evolving according to the Riccati equation (25), and where we remind that o, and Ty
correspond respectively to the CM and the first moment vector of the unconditional state evolving
according to equations (19) and (20). For a single-mode system, then the formula can be directly writ-
ten as

— 1 1, 1
Eorp = ZtroqmC + E\runc|2 — E\/detac7 (52)
1

= E(punc) - Wa

where again it becomes clear how larger daemonic work extraction does actually correspond to unrav-
ellings that are able to better purify the corresponding conditional states. Although this situation is ana-
logous to the maximisation performed in the previous section, in this case we have a proper dynamics
which actually depends on the measurement we have chosen to perform. As before we will now proceed
by discussing how to identify the optimal general-dyne, maximising the daemonic ergotropy for single-
mode Gaussian systems; we will first consider and fully characterise the steady-state scenario, and we will
then assess what happens in the transient regime by focusing on a paradigmatic example.

We start by observing that, to obtain a steady-state value for ?im one needs to have a steady-state
solution for both the unconditional dynamics, o, and 5, and for the conditional CM o*. One can
easily show that having a Hurwitz drift matrix A (i.e. such that all the eigenvalues {\} of A satisfy
Re(A) < 0) is a necessary and sufficient condition to satisfy the requirements above: in fact A being
Hurwitz is a necessary and sufficient condition for the existence of o7}, and };., and a sufficient con-
dition for the existence of o (if A is Hurwitz, then one has (B, A)-detectable by definition, see [38,

(53)
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95] for more details). Henceforth we will assume that this condition is satisfied for the dynamics we will
consider.

Before proceeding with the optimization of the general-dyne measurement, we first note that,
without loss of generality, we can apply a symplectic operation on the environment (offset by consider-
ing any possible general-dyne detection in the optimisation) and take an environmental CM oy = vjp 1,
for vy > 1 quantifying the amount of thermal noise in the environment. As mentioned above, the
optimisation of the daemonic ergotropy over the general-dyne measurement o, amounts to determine
the optimal increase of purity of the conditional states, and thus to minimising the symplectic eigenvalue
of o%. The argument that we applied in the previous section, regarding the convexity of the ergotropy in
terms of the conditional CM o, still applies, and thus we can already state that the optimal unravelling
will always correspond to an efficient general-dyne measurement. In the following we will show how the
optimal general-dyne is not necessarily unique. We will now focus on the optimization at steady-state,
differentiating between the case where the environment is at zero-temperature or at finite temperature.

Steady-state optimization for a zero temperature environment —In this case we can set v, = 1, and we are
thus describing an environment in a pure state (e.g. describing pure loss dynamics, or the interaction
with a pure squeezed bath). If we assume now that the system is initialized in a pure state and that
the continuous monitoring is a performed via an efficient general-dyne detection, that is such that
detom, =1 and corresponding in the Hilbert space to rank-one POVM operators, then the conditional
state remains pure during the whole dynamics, and thus one also obtains deto?® = 1. Since the condi-
tional steady-state, if exists, is unique and obtained irregardless of the initial state, we have just proved
that any efficient general-dyne detection is going to completely purify all conditional states in the long
time dynamics. Thus one obtains that for zero temperature environments the optimized steady-state dae-
monic ergotropies is simply equal to the unconditional steady-state energy (a part from the zero point
energy) Efnsax =E(p%.) —1/2 and is achieved for any general-dyne measurement such that detoy = 1.

Steady-state optimization for a non-zero temperature environment — In the presence of a thermal environ-
ment, we can set the noise parameter v, > 1; let us now focus on efficient homodyne detection, such
that we can write the matrix (o, + o) ™!, key to the parametrisation of our monitoring, as

(oin + O'm)71 :zlir_lgongmdiag(uin ~+ Zm, Vin + l/zm)flRQ—S.rm
=Ry, diag(1/v},0) R;—m, (54)

where ¥y, is the homodyne detection optical phase. We recall that by setting the time-derivative in (25)
to zero, we can write the Riccati equation for the steady-state conditional CM as

AcS +0¥AT +D— o BB 0¥ =0, (55)

where A=A+ EB" and D= D — EE'. Since, for efficient homodyne measurements, the matrix (o, +
om) ! scales as 1/, one can directly estimate the scaling of the Riccati equation coefficients with v,
for pure general-dyne monitoring, and then evaluate the determinant of the general solution. One can
easily verify from their definitions that A does not depend on vj,, while D scales like v, and BBT scales
like 1/v45. Therefore, the solution to the Riccati equation must be o = vj,o’, where o’ represents the
solution obtained for v, = 1, which, as we have proven above, has determinant equal to 1. This thus
corresponds to obtain det[o®] = 12 = det[o,] and thus to the following formula for the optimal dae-
monic ergotropy under efficient homodyne monitoring at steady-state

s 1., 1 1
gHom,max = D) |Finel” + thffnc LV detoin , (56)
where £, = —A~'d and o} solves the linear Lyapunov equation (20) with time-derivative set to zero.

Notice that this result is completely general, applying to all couplings C and local Hamiltonians Hg. As
it turns out, at steady-state the optimal homodyne monitoring does not depend on the homodyne angle,
even in systems which are not phase-invariant: all efficient homodyne measurements will lead to condi-
tional states having the same purity of the interacting environment.

However, the argument regarding the scaling of the matrix (o, + o) ™! in terms of v, cannot be
extended to all efficient general-dyne detections. For this reason one will have to evaluate the steady-
state conditional CM under general-dyne detection, and then identify case by case which is the optimal
general-dyne unravelling.
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6.1. Example: daemonic ergotropy in a continuously monitored optical parametric oscillator

It is interesting to assess the advantage allowed by monitoring in the interesting case of a optical para-
metric oscillator (producing single-mode squeezing) under loss and thermal noise, whose unconditional
dynamics is described by the following Markovian master equation

d X ran o oaa i
(T’; = _% [%p + px,p] + K (nn + 1) Da] p

+ kngpD [&T] 0, (57)

where we have defined d = (X —ip)/v/2 and the Lindblad superoperator D[A]p = ApAt — (ATAp+
pATA)/2. The physical parameters ruling the dynamics are y, describing the strength of the squeezing
Hamiltonian, the loss parameter x and the number of bath thermal excitations ng,. The unconditional
Gaussian dynamics is described by the drift matrix A = diag(—~/2 — x,—+/2+ x) and D = ko =
kvin1,, where we have introduced v, = (214, + 1) [33, 81]. Notice that stability (i.e. the drift matrix A
being Hurwitz) dictates |x| < /2 for this dynamics. For the sake of simplicity we will restrict ourselves
to the range of positive couplings, i.e. 0 < x < k/2. The Gaussian steady-state can be easily derived and

is characterized by a null first moment vector i, = 0 and a diagonal CM

1
—_— 0
Tine = Vin <1+0>< 1~> (58)

1-x

where we have introduced the dimensionless parameter ¥ = 2 /x. The formula above shows how a
squeezed X quadrature can be obtained at steady-state, (o%5.)11 = 2(Ax?) < 1, for example by consid-
ering a zero-temperature environment v, = 1 and for any value 0 < x < /2. The corresponding uncon-
ditional steady-state ergotropy reads

Vi 1 1
gy =10 — . (59)
unc 2 1 _ Xz 1 — )22

We can now derive the conditional states corresponding to the different unravellings; we will start by
focusing only on homodyne and heterodyne strategies. In particular as regards to homodyne, by fixing
the homodyne phase to ¥y =0 we obtain

SS 1 N X 0
O ¢ (Hom,9m-g — Yin ( 0 (1 - )2)1) 7 “

leading to the minimum fluctuations in the X quadrature, and thus to maximum amount of squeezing
in the X quadrature (infinite squeezing near instability, that is (Ax?) — 0 for ¥ — 1). On the other hand
for homodyne phase ¢ = 7/2, one obtains

1- ¢ 0
Uz?(Homvﬂmw) = Vin ( 0 (1— )2)_1> , (61

which may still yield squeezing in the x quadrature for v, < (1 + X), but much lower than what was
obtained for ¥y, = 0. If we now consider heterodyne detection, we find

ss 1 Het _Het
O et = diag (011 y022 )

et L (Vm 1= (14 + \/(1 + Vin) [Vin (14X +(1 “Z)zm

11 2

ohtt = % <Vin —14+X(1+vn)+ \/(1 + Vin) [(—1 +X) 4 vin(1 +>2)2}> (62)

which for a zero-temperature environment simplifies to o3y, = diag(—x + VIHEX VIR It

is easy to check that in general heterodyne monitoring yields an intermediate value of squeezing in %,
respect to the two homodyne strategies. In the zero-temperature scenario, as we discussed before, despite
the corresponding (pure) conditional states show very different features, the different unravellings lead to
the same steady-state daemonic ergotropy, in formula
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Figure 2. Steady-state daemonic ergotropy for a continuously monitored optical parametric oscillator interacting with a finite
temperature environment (v, = 3) and near criticality (¥ = 0.99), as a function of the general-dyne parameter zy, (green solid
line). The red dotted line corresponds to the maximum value obtained by fixing zm opt = 0.005, while the blue dashed line corres-
ponds to the daemonic ergotropy obtained via general-dyne detection (zn = 1).

= 7){ (nth = 0) . (63)

For the non-zero temperature scenario (vj, > 1), as described above all homodyne unravellings still lead
to the same steady-state unravelling, rescaled by the thermal noise, in formula

-2
=58 VinX
Ehom = 2(1_22)7
2(2ng, +1)x2
_ (2ng + )X. (64)
K% — 4?2

In the formulas above we observe how the daemonic ergotropy is monotonically increasing with the
thermal noise ny,, yielding another example where squeezing in the symplectic diagonalization of the
conditional states, allow to exploit thermal noise for the work extraction. Also for heterodyne detection,
the corresponding daemonic ergotropy & can be evaluated analytically, by exploiting the formula in
equation (41), the unconditional CM in equation (58) and the heterodyne CM in equation (62); as the
formula is rather cumbersome, we are not reporting it here, but it is easy to check that

Ert > Eory for v > 1, (65)

that is heterodyne is allowing to extract more work than any other homodyne unravelling whenever the
bath has non zero temperature (ny, > 0).

As regards the optimization over all the general-dyne measurement, one proves that if one fixes the
measurement phase to zero, ¥y, = 0, then the conditional steady-state purity, and as a consequence the
daemonic ergotropy is maximized for the general-dyne parameter

1-X

m. (66)

Zm,opt —
We have also numerically verified that non-zero phases ¥, lead to worse result, and we can thus conjec-
ture that this fully characterizes the optimal steady-state general-dyne monitoring. This result seems to
suggest that, as one approaches the critical value ¥ — 1, the optimal general-dyne measurement tends
toward homodyne detection, i.e. zypt — 0. At first glance, this appears to contradict our previous find-
ings, where we stated that heterodyne detection consistently outperforms homodyne. However, as shown
in figure 2, for ¥ = 0.99, there is a pronounced drop in € when varying z, from its optimal value
Zm,opt = 0.005 to zy = 0, also confirming that Ehet > Eppom- This behaviour is in fact confirmed for any
value of ¥. As introduced previously, single-mode general-dyne detection can be implemented by gen-
eralizing the usual double-homodyne scheme needed for heterodyne detection: this is accomplished by
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Figure 3. Daemonic ergotropy for a continuously monitored optical parametric oscillator interacting with a zero temperature

environment, and continuously monitored respectively via homodyne detection with ¥ = 0 (red dotted line), homodyne detec-

tion with ¥m = 7/2 (green solid line) and heterodyne detection (blue dashed line). Parameters are fixed as follows: x/x = 0.4,
ng =0, ngp=2.

choosing a beam-splitter transmissivity to achieve the desired value of z,, [90]. However, the level of
continuous fine-tuning necessary to implement the precise optimal general-dyne in experimental scen-
arios may go beyond current capabilities, in particular for behaviours as the ones described here above.
Crucially, enhancement is still obtainable: larger values of extractable work extraction is typically achiev-
able compared to both the homodyne and heterodyne limits by choosing a sub-optimal detection setting
within a wide region of z,, values.

We now investigate what happens during the transient dynamics by considering as initial state a
thermal state with ny thermal excitation, that is described by a CM ¢ = (215 + 1)1, and zero first
moments. In this instance, we will focus on homodyne (with phases ¥y =0 and ¥y, = 7/2) and het-
erodyne only, being the more experimentally relevant scenarios. The results are shown in figure 3 for a
zero temperature bath (ng, = 0) and for ny = 2.

We observe that as expected the three strategies yield the same amount of steady-state daemonic
ergotropy, as eventually all unravellings purify the initial state; however, during the dynamics, the res-
ults are much different. If we restrict to homodyne unravellings, our numerics show that a hierarchy
is immediately apparent: the optimal homodyne detection is obtained with phase ¥y, = 7/2, while the
worst results are obtained by fixing ¥, = 0. Remarkably, we have thus demonstrated that homodyne
strategies leading to larger daemonic ergotropy (and thus larger purity) are the ones leading to lower
amount of squeezing. The interpretation of the result is the following: we first remind ourselves that
for states with zero correlations between x and p (that is with diagonal CMs), the purity of the state is
inversely proportional to the product between the quadrature uncertainties ((A%?)(Ap?))'/2. Purifying
thus corresponds to jointly decrease the fluctuations of the two quadratures. If the Hamiltonian dynam-
ics is already allowing to reduce the variance along the X quadrature, our results show that in order to
faster purifying the state one should exploit the measurement to reduce the fluctuation of the orthogonal
quadrature, rather than exploiting the measurement to further increase the squeezing of X. On the other
hand heterodyne detection, being phase invariant, simultaneously reduces the fluctuations for both quad-
ratures, and one can expect a different and non-trivial behaviour respect to the homodyne strategies.
For the values of parameters we have considered, we observe how the heterodyne strategy yields, in
fact, values of daemonic ergotropy similar to the optimal homodyne strategy; as can be observed in the
inset, heterodyne is slightly better at small times, with homodyne becoming the optimal unravelling for
Kt > 0.96.

Let us now focus on the scenario where the environment temperature is larger than zero (ng, = 1),
whose numerical results are shown in figure 4. As before, if we restrict to homodyne unravellings we still
observe a well-defined hierarchy, showing that larger daemonic ergotropy (and thus larger purity) are
obtained for homodyne phase ¥, = 7/2, that is for the unravelling yielding lower squeezing; as expec-
ted, at steady-state both homodyne strategies yield the same amount of daemonic ergotropy, quantified
by equation (64). However, we also find that for these values of the parameters heterodyne is clearly the
optimal strategy, not only at steady-state, but also during the whole dynamics.
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Figure 4. Daemonic ergotropy for a continuously monitored optical parametric oscillator interacting with a non-zero temper-
ature environment, and continuously monitored respectively via homodyne detection with ¥ = 0 (red dotted line), homo-
dyne detection with ¥ = 7/2 (green solid line) and heterodyne detection (blue dashed line). Parameters are fixed as follows:
X/k =04, n4 =1,n9=2.

7. Conclusions and outlook

We have seen that the task of maximising the average conditional (i.e. ‘daemonic’) ergotropy is, for
single-mode bosonic Gaussian states, equivalent to the maximisation of the conditional purity of the
state. Given that all entropies of one-mode Gaussian states are a function of their single symplectic
eigenvalue and thus induce the same hierarchy on the set of states, this maximisation amounts to optim-
ising the parametric cooling (purification) of the state through general-dyne measurements. And so the
present study, by providing one with solutions for the most iconic and common Gaussian scenarios,
determines both the maximum extractable energy and the optimal general-dyne cooling scheme in all
such cases.

The multimode scenario of our problem is more delicate, as the general-dyne minimisation of the
sum of the symplectic eigenvalues that has to be determined is far from trivial for multiple degrees
of freedom. Notice also that, although such a sum does retain a clear entropic quality, being a sum of
thermal quadrature noises, it does not technically correspond to any—von Neumann, linear or Rényi—
entropy. The conditional minimisation of such a sum would hence be a very interesting endeavour.

Another scenario that could be the worthwhile focus of future investigation is the further enhance-
ment of the ergotropy of continuously monitored systems through adaptive, rather than fixed, general-
dyne strategies, which have not been considered here.
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